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Abstract

The thesis develops a novel approach, the so-called travelling-wave ap-
proach, for the analysis and control of a linear multi-agent system. The
approach takes advantage of the wave-like behaviour of a multi-agent sys-
tem by decomposing the outputs of the agents into two waves travelling
through the system in opposite directions. The main advantage of the
approach is that it splits the bidirectional interactions between the agents
into two non-interacting waves. This allows us to study the interactions
between two neighbouring agents without the necessity to consider the
effect of other agents in the system. Such a local analysis then allows us
to infer system properties, such as the string stability of even a large scale
system, which is difficult to carry out with the traditional approaches.
Another benefit of the travelling-wave approach is that it allows us to
design a feedback controller, which significantly shortens the transient of
the system.

The most challenging issue of the approach is that it employs irrational
transfer functions, which are less mathematically studied than rational
transfer functions. For instance, even the current state-of-the-art pro-
grams are not able to carry out the inverse Laplace transform of an ir-
rational transfer function. Therefore, a part of the thesis focuses on the
development of algorithms for the rational approximation of irrational
transfer functions. The programs carrying out the approximation are
published online on the webpage of Matlab Central and have already been
downloaded by dozens of users.

Key words: multi-agent system, string stability, travelling wave, wave
transfer function






Abstrakt

Diserta¢ni prace predstavuje novy, tzv. vlnovy, piistup, ktery je pouzit
pro analyzu a fizen{ linedrnich multi-agentnich systému. Zakladni myslen-
ka tohoto pristupu spociva ve vyuZiti vlnového chovani multi-agentniho
systému a rozlozeni vystupniho signalu agenta do dvou postupnych vin,
které se $ifi v opacnych smérech. Hlavni vyhodou potom je, Ze dokéize-
me rozlozit obousmérnou interakci mezi agenty do dvou postupnych vln,
které spolu neinteraguji. To nam umozn{ prostudovat vzdjemnou interakci
mezi dvéma sousedicimi agenty bez toho, ze bychom museli vzit do avahy
interakce mezi ostatnimi agenty v systému. Tato lokalni analyza je vyhod-
né v tom, ze ndm umozni odvodit vlastnosti, jako napfiklad stringovou
stabilitu, i v&tsiho systému, coz je velmi sloZité se sou¢asnymi metodami.
Vinovy pfistup dale umoziiuje navrhnout zpétnovazebni regulator, ktery
kvalitativné zlepsi rychlost odezvy celého systému.

Nejvétsi komplikaci tohoto pristupu je, Ze pracuje s iraciondlnimi pfeno-
sovymi funkcemi, které nejsou matematicky prostudovany tak dobie jako
racionalni pfenosové funkce. Naptiklad, ani ty nejlepsi soucasné programy
nedokazi vypoditat inverzni Laplaceovu transformaci iracionalni pfenosové
funkce. Cast prace se proto zabyva i algoritmy, které iracionalni pFenoso-
vé funkce aproximuji pomoci racionalnich pfenosovych funkci. Programy,
které tuto aproximaci vypocitaji, jsou zverejnény na strankach Matlab
Central a jiz byly stazeny desitkami uzivateli.

Klicova slova: multi-agentni systém, stringova stabilita, postupnéa vina,

vlnova prenosova funkce
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Il Introduction

1.1 Motivation

The distributed control is a broad and active field of research. The need
for it comes from the mobile robotics mainly due to the current advances
in miniaturization. The aim is to represent and control a large set of inter-
acting autonomous agents to reach a common goal. The motivation may
vary from purely practical (re-position large group of agents without colli-
sions) through economical (lower fuel consumption of vehicular platoons)
to feasibility issues, when a single agent is not able to fulfil the task (map-
ping of a large area). As the number of agents in the system increases,
the control becomes more challenging since the centralized information is
usually not available to all the agents. Although each agent usually has
its own local controller and performs well as individual, the interaction
with other agents may trigger unexpected phenomena such as: dramatic
increase of the required control effort (called string instability or harmonic
instability), or in some cases, even the asymptotic instability of the whole
distributed system. Sometimes, the control of the distributed system is
counter-intuitive since the system performance may be dramatically im-
proved or deteriorated by adding or removing just one communication
link between the agents.

The distributed system can be found in a many, seemingly unrelated, areas
such as: formation of agents (platoon of vehicles, sensor network, fleet
of unmanned boats), biological systems (neural and ecological networks),
social systems (Facebook), technological systems (energy networks, traffic
in cities) etc. The internet itself represents a massive distributed system.
Many of online applications are beautiful applications of the distributed
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control theory in practice, such as (Google PageRank, Netflix, BitTorrent,
Skype etc., see [Chiang (2012)]).

Nowadays, the distributed control is a very active field of research, par-
ticularly in the control community. At least one third of the papers,
but usually more, are related to the distributed control or networks of
agents on the top control-community conferences such as Conference on
Decision and Control (CDC), American Control Conference (ACC) or Eu-
ropean Control Conference (ECC). The same applies to the top control-
community journals such as Automatica or IEEE Transactions on Auto-
matic Control. Recently, a new journal has been founded (IEEE Transac-
tions on Control of Network Systems), which is dedicated entirely to the
distributed control.

1.2 State of the art

1.2.1 Laplacian approach for analysis of multi-agent sys-
tems

General graph topology

The traditional approach for the analysis of a linear multi-agent system
with a general graph topology is based on the algebraic graph theory. A
thorough introduction into this field is given for instance in (Ren et al.,
2007), [Olfati-Saber et al. (2007)] or [Mesbahi and Egerstedt (2010)].
The analysis of nonlinear systems is usually carried out either by the
Lyapunov function, see [Moreau (2005)] and [Zhang et al. (2012)], or by
the examination of the passivity of the multi-agent system, see for instance
[Chopra and Spong (2006)], [Arcak (2007)], [Zelazo and Mesbahi (2011)]
or [Yamamoto and Smith (2013)].

The simplest and most studied interaction topology of a multi-agent sys-
tem is a path graph. It represents interactions in a system where each
agent, except of the first and last ones, interacts with two neighbour-
ing agents. It is used, for instance, as a model of vehicular platoons
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[Eyre et al. (1998)], [Swaroop and Hedrick (1999)], discretized flexible
structures [Singhose et al. (1996)] or [Dwivedy and Eberhard (2006)], or
spatially-discretized models of long electrical transmission lines [Dhaene
and Zutter (1992)]. A path graph is also called a chain graph, see for
instance [Egerstedt et al. (2012)] or [Cao et al. (2012)].

Path graph topology - vehicular platooning

Regarding control strategies, among the first treatments of vehicular pla-
tooning were papers by [Levine and Athans (1966)] and [Melzer and Kuo
(1971)]. They examined a centralized control approach with a single global
controller governing all vehicles. However, [Jovanovic and Bamieh (2005)]
later showed that one has to be careful about the stability of the system,
since it might degrade with an increasing number of vehicles. Neverthe-
less, more attention is paid to fully or partially distributed control, wherein
each vehicle is controlled by its own on-board controller with only limited
knowledge about the platoon. Among the first papers dealing with such
distributed control was the work by [Chu (1974)]. Basic questions about
the feasibility and performance of such systems were introduced by [Cos-
griff (1969)] and later formalized by [Swaroop and Hedrick (1996)] under
the term string stability.

The string stability, or more precisely string instability, is a phenomenon
that causes higher control demands on the members of a vehicular pla-
toon that are farther from the source of regulation error, see the defi-
nitions in [Eyre et al. (1998)], [Ploeg et al. (2014)] or [Swaroop and
Hedrick (1996)]. The string stability is a useful analytic tool that is used
for the performance assessment of various distributed control strategies,
see for instance [Seiler et al. (2004)], [Barooah and Hespanha (2005)] and
[Shaw and Hedrick (2007)]. However, it is important to stress out that it
does not guarantee that the vehicles do not crash into each other. Similar
analytical measures of system performance are harmonic stability [Tanger-
man et al. (2012)] and flock stability [Cantos and Veerman (2014)]. A
fundamental limitation of many distributed algorithms with only local
information about the platoon is the inability to maintain coherence in
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a large-scale platoon subjected to stochastic disturbances [Bamich et al.
(2012)]. However, the coherence can be improved by introducing optimal
non-symmetric localized feedback [Lin et al. (2012)].

A common goal of each platooning algorithm is to drive the platoon with
a reference velocity and inter-vehicle distances. Many distributed algo-
rithms have been introduced in the platooning field. The most simple
algorithm, relying only on the measurement of the distance to the im-
mediately preceding vehicle, is the so-called predecessor following algo-
rithm. A straightforward extension is the so-called bidirectional control
algorithm, which additionally measures the distance to the immediate fol-
lower. Depending on the weight between the two distance measurements,
we distinguish either symmetric, see e.g. [Lestas and Vinnicombe (2007)],
[Middleton and Braslavsky (2010)], [Barooah and Hespanha (2005)] [Hao
and Barooah (2012b)], or asymmetric, see |Barooah et al. (2009)], bidi-
rectional control.

In order to assure that the vehicles in the platoon are able to track the
leader moving with a constant velocity, we need to satisfy the Internal
Model Principle [Wieland et al. (2011)], [Lunze (2012)], which, in this
case, means the presence of two integrators in the open-loop model of each
vehicle. It was shown in [Seiler et al. (2004)] that the string instability is
unavoidable for the agents with two integrators and the predecessor fol-
lowing algorithm. Later, it was shown in [Hao and Barooah (2012a)] that
the same asymmetry for all states used for coupling causes a nonzero lower
bound on the distributed-system eigenvalues, which guarantees the con-
trollability of a system with even a large number of agents, see [Barooah
et al. (2009)]. The disadvantage of such an asymmetric bidirectional con-
trol of agents with two integrators, as shown in [Tangerman et al. (2012)]
and [Herman et al. (2015a)], is that the system is harmonically unstable,
meaning that the Hy, norm of transfer functions between the agents scales
exponentially with the number of agents in the system. The asymmetric
bidirectional controllers were generalized in [Hao et al. (2012)] and [Can-
tos and Veerman (2014)] by assuming nonequal asymmetries between the
output states used in the bidirectional controller.
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Another topic of interest is the transient of the system, see e.g. [Tanger-
man et al. (2012)], [Cantos and Veerman (2014)] and [Lunze (2013)],
the locations of poles and zeros affecting the input-output behaviour de-
scribed in [Briegel et al. (2011)] or [Zamani et al. (2015)], or the scaling
of stability margin, see e.g. [Barooah et al. (2009)] or [Hao and Barooah
(2010)].

These approaches are well suited for the analysis of overall system be-
haviour such as the asymptotic stability. However, they do not reveal
how the disturbance, in our case the reference command, is locally and
temporarily amplified by an individual agent. In other words, how the
travelling wave, generated by the disturbance, changes the output of the
agent before it reflects from the boundary in the system and reaches the
agent again. This local-temporal-performance analysis can be carried out
by the travelling-wave approach proposed in the thesis.

1.2.2 Transfer-function approach to travelling waves

The origins of control based on travelling waves lies in the 1960’s in
the mathematical modeling and analysis of flexible structures. [Vaughan
(1968)] was one of the first treatments analysing simpler instances of flexi-
ble structures such as beams and plates. The analysis and control of more
complex flexible structures from the viewpoint of travelling wave-modes
was investigated in a series of papers by von Flotow and his colleagues in
[Flotow (1986a)] and [Flotow (1986Db)].

Recently, the concept was revisited by O’Connor in [O’Connor (2006)] and
[O’Connor (2007)| for vibrationless positioning of lumped multi-link flex-
ible mechanical systems. It was named wave-based control and it is based
on the so-called wave transfer function, which describes how the travel-
ing wave propagates in the lumped system. Parallelly with O’Connor,
the wave concept was also considered for the control of continuous flexi-
ble structures by Halevi and his colleagues in [Halevi (2005)], [Halevi and
Wagner-Nachshoni (2006)] and [Sirota and Halevi (2015)] under the name
absolute vibration suppression. It relies on the transfer function as well,
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though, in this case, the time delay plays a key role. Surprisingly, it was
shown by [Peled et al. (2012)] that both the wave-based control and the
absolute vibration suppression are a feedback version of the input shaping
control. It was also shown that the wave-based control can be generalized
even for continuous flexible systems, e.g., a steel rod, and then it coincides
with the absolute vibration suppression. A more thorough comparison by
[Martinec et al. (2015c¢)] revealed that the wave-based control and Multi-
Mode Zero-Vibration input shaping concept, developed by ([Vyhlidal et al.
(2013)]), can be combined, which has an advantage of both an appropri-
ate initial excitation of the system by the input shaper and the increased
robustness due to the wave-based feedback architecture.

The description of the travelling waves is based on the assumption of the
spatial causality, that is, the boundary condition does not affect the wave
travelling towards it. This assumption applied to the description of infinite
number of agents in the multi-agent system results in the description
by irrational transfer functions. The analysis of irrational and rational
transfer functions differ in several aspects, see [Curtain and Morris (2009)]
for a thorough overview. For instance, despite many examples of the
inverse Laplace transform of irrational transfer functions, see [Bateman
and Erdeélyi (1954)], it is difficult to find an exact impulse response for
many of them. We note that the travelling wave approach can be used to
describe even a system with a finite number of agents by considering the
boundary conditions.

The key idea of the wave-based control is to generate a wave at the ac-
tuated front-end of the interconnected system and let it propagate to
the opposite end of the system, where it reflects and returns back to the
front-end actuator. When it reaches the front again, it is absorbed by the
front-end actuator by means of the wave transfer function. An interesting
but troublesome property of the wave transfer function is the presence
of the square root function. This makes its implementation in the time
domain very challenging. To be able to run numerical simulations, the
author of the thesis therefore introduced a convergent recursive algorithm
that approximates the wave transfer function for an arbitrary dynamics
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of the local system.

There are other viewpoints on wave-based control. One was introduced
by [Ojima et al. (2001)] in terms of the characteristic impedance for a
mass-spring system. Alternative viewpoint was introduced by |Nagase
et al. (2005)] for the wave-based control of ladder electric networks. The
impedance matching in power networks is also closely related to the wave-
based control, e.g., [Thorp et al. (1998)] or [Lesieutre (2002)].

Although it seems to be complicated to use the wave concept in practice
due to the irrationality of the controllers, there are several implementation
of the wave absorbers in practice, see for instance [Saigo et al. (2004)],
[Kreuzer and Steidl (2011)] or [O’Connor et al. (2008)]. The wave-based
control is not limited only to the one-dimensional systems, that means
the systems with a path-graph topology, but it can also be applied to
two-dimensional systems as shown in [Mei (2011)] or [Sirota and Halevi
(2014)], and possibly to nonlinear systems [O’Connor et al. (2008)].

1.2.3 Fractional order systems

It might seem that the irrational transfer function is closely related to the
fractional order systems, see for instance [Ortigueira (2008)] and [Elwakil
(2010)] for tutorials, where the square root of the Laplace variable s ap-
pears. The fractional order systems is an interesting field of research with
a rich history, see the introduction of [Das (2011)]. The systems are well
analyzed |Petras (2008)] and even supported by Matlab Crone toolbox
[Oustaloup et al. (2000)].

The fractional order systems are based on fractional derivatives, hence,
they consider fractional orders of s, for instance 1/(s%® 4 1). Unfortu-
nately, the methods developed for the analysis of these systems cannot be
used for irrational transfer functions such as 1/v/s + 1. Yet, we can still
use some of their methods [Vinagre et al. (2000)] for approximating the
wave transfer function, for instance the continued fraction method and
the Carlson’s method.
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1.3 Aim of the Thesis

The thesis is motivated by the results of O’Connor and his colleagues
([O’Connor (2006)], [O’Connor (2007)] and [O’Connor et al. (2008)])
about the wave transfer function and its use for the suppression of vi-
bration in mass-spring model. The main goal of the thesis is to tailor
these results in the field of distributed control. In other words, we aim to
describe a wave-like behaviour of a multi-agent system. We demonstrate

n=1

the main idea on the following simple examples.
n=10
n=20

| IR A
/" A

0 50 100 150 O 600
Time [s] Tnne[§

Position [-]

Figure 1.1: Step response of a multi-agent system with 50 identical agents
driven by the symmetric bidirectional control law. The 1%¢ agent (blue)
line is the reference input to the system.

A demonstration of the wave-like behaviour is shown in Fig. 1.1 and
Fig. 1.2. The figures show the response of 50 identical agents with a
path-graph topology. Comparing top-left and top-right panels in Fig. 1.2,
we can see a wave-like response of the agents. The wave travels from the
left (15* agent) to the right. The agents with higher indexes successively
change their position from 0 to 1. The wave reaches the last agent at time
t = 60 s (middle-left panel), reflects and travels back to the left (middle-
right panel), which for instance, makes the 30" agent to move to position
2. The wave continues travelling to the 15, reflects back, and travels to
the right again. In this manner, the wave keeps reflecting back and forth,
which generates the standing wave pattern in Fig. 1.1. These reflections
also causes that the settling time of the system is very long.

If it were possible to prevent the reflection of the wave from one of the
ends, then the settling time would significantly be shorter see Fig. 1.3.

8
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Time:20s Time:40s
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Agent index [-] Agent index [-]

Figure 1.2: The response of individual agents at several time instances.
The A and B (blue and red lines) are the waves that propagate in the
system in the forward and backward directions, respectively, which will
be explained in details later.

This motivates the questions: How to describe the propagation of the
wave? How to absorb the wave on the ends of the system?

1 ‘ ‘ ‘ 11 ‘ ‘ ‘ ‘
e n=1
= n=10
(=] —
= 05} { 05} n=20 ]
2 n=30
o n=40

n=50
0 : 0 : : : :
0 20 40 60 80 O 100 200 300 400 500
Time [s] Time [s]

Figure 1.3: The response of the system from Fig. 1.1 with the wave-
absorbing control law implemented on the last agent. The wave-absorbing
control law prevents reflection of the wave at the last agent.

A natural extension of the above example is to consider a system where
the agents are not identical. For instance, let us consider a system of 25



Chapter 1. Introduction

cars followed by 25 trucks. The response of such a system is shown in
Fig. 1.4. Similarly as in previous case, we can see that the wave travels
from the first to the last agent. But as the wave reaches the last car (25
agent), it looks like that it reaches a virtual boundary and is partially
reflected back. For instance, we can see in the left panel for the first
50 seconds that the 10'" agent travels to position 1 at first, but at time
t = 30s it moves to position 0.7, while the 30*" agent does not travel
to 1 but only to 0.7. This introduces the following problems. How to
describe the reflection at the boundary between cars and trucks? How
is the reflection related to the dynamics of the agents? Is it possible to
suppress it?

=
o

n=1

n=10
n=15
n=20
n=25
n=30
n=35
n=40
n=50

[uny

Position [-]
o
[6)]

60 80 O 200 400

0 20 .40
Time [s] Time [s]

Figure 1.4: The response of the multi-agent system with 25 cars and 25
trucks.

The above examples illustrate that there is a wave phenomenon in a multi-
agent system with the path-graph topology. Does a similar phenomenon
also occur in a system with general-graph topology, that is in a system
where the agents have more than two neighbours? The numerical simula-
tions shown in Figs. 1.5 and 1.6 confirm it. We can see that the responses
of the agents are identical in all systems for about first 18 seconds. This
example raises yet another question. Why are the responses at the begin-
ning of the simulation identical?

Answering the aforementioned questions is the aim of this thesis.

10
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y k423 26
O~O-0-0-0-0~0-0~-0~-0~-0~-0~0-0-0-0-0-0-0-0-0-0-0-0-0-0-0
L 123 16
1)
L 123 16
1)
L 123 15

Figure 1.5: The topologies of the distributed systems.

1.4 Organization of the Thesis

The thesis is organized as follows. The second chapter introduces the
travelling waves in a multi-agent system with path-graph topology, which
is based on the work by [Martinec et al. (2014b)]. It focuses on the
case where the agents are identical and have the symmetric bidirectional
controller, which is generalized in the third chapter for the case where the
agents are not identical. The third chapter is mainly based on [Martinec
et al. (2014c¢)]. The fourth chapter, presented in [Martinec et al. (2015a)],
analyzes how the wave propagates in system with the path-graph topology
of identical agents but asymmetric bidirectional controller. A part of the
fifth chapter has been presented in [Martinec et al. (2015b)]. This chapter
also generalizes the travelling wave concept from the path graph to general
graph topology.

11
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Figure 1.6: The comparison of the responses of the systems with four
different interaction topologies. The topologies are given in Fig. 1.5 and
they are related to this figures as follows: top-left panel - topology 1); top-
right panel - topology IT); bottom-left panel - topology IIT); bottom-right
panel - topology 1V).
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] Path-graph topology and the
waves

In this chapter, a finite one-dimensional platoon of vehicles moving along
a highway lane is considered. Each individual vehicle in the platoon is
locally controlled by a bidirectional controller, which represents a string-
damper connection in mechanical structures and hence enables a wave to
propagate back and forth along the line. One or both of the platoon ends
are controlled by the wave-absorbing controller allowing active absorption
of the traveling wave.

The key objective of the chapter is to generalize the principle of the wave-
based control for vehicular platoons in such a way that the distances
between vehicles are additionally considered. In this regard, the presented
concept offers a symmetric version of bidirectional control enhanced by
the feedback control of one or both platoon ends. Thus, it significantly
decreases long transient oscillations during platoon manoeuvres such as
acceleration/deceleration or changing the distances between vehicles. In
addition, the chapter contributes to the following a) It generalizes the wave
transfer function description for arbitrary dynamics of the local system,
b) it offers a convergent recursive algorithm for the approximation of the
wave transfer function, c) it presents an alternative way of deriving the
wave transfer function using a continued fraction approach, and d) it
provides the mathematical derivation of the transfer functions describing
reflections at the platoon ends.

13



Chapter 2. Path-graph topology and the waves

2.1 Local control of the platoon vehicles
A vehicle in a platoon indexed by n is modelled in the Laplace domain as
Xo(s) = P(s)Un(s), (2.1)

where s is the Laplace variable, X,,(s) is a position of the nth vehicle in
the Laplace domain, P(s) represents the transfer function of the system
dynamics and U,(s) is the system input which is generated by the local
controller of the vehicle specified in the following.

Except for the leader, indexed n = 0, and the rear-end vehicle, each vehicle
in the platoon is equipped with a symmetric bidirectional controller C(s)
with the task of equalizing the distances to its immediate predecessor and
successor, giving

Un(s) = C(s)(Dn-1(s) = Dn(s)), (2.2)

where D,,(s) is the distance between vehicles indexed by n and n+1, hence
Dy (s) = Xn(s) — Xnt1(s) and Dy—1(s) = Xp—1(s) — Xy (s). Substituting
(2.2) into (2.1) yields the resulting model of the in-platoon vehicle with
the bidirectional control for the inter-vehicle distances,

Xn(s) = P(s)C(5)(Xn-1(s) = 2Xn(s) + Xnt1(s)). (2.3)

Using the notation,
a(s) = ——— +2, (2.4)

equation (2.3) is rewritten as

X(s) = s (Xt + Xsr) 2.5)

The vehicle at the rear end of the platoon is driven by the predecessor fol-
lowing algorithm and is supposed to equalize the distance to its immediate

14



2.2. Wave Transfer Function

predecessor and reference distance Dief,

=T X1 = Dur(s). 2.6

where X (s) is the position of the vehicle at the rear end of the platoon.

XN(8> =

To carry out numerical simulations, we will use the model that is of-
ten used in associated theoretical studies. The vehicle is described by
a double integrator model with a simple (linear) model of friction, &,
and is controlled by a PI controller. Hence, P(s) = 1/(s?> + £s) and
C(s) = (kps + ki)/(s), where k, and k; are proportional and integral
gains of the PI controller, respectively. Such a model was also used in the
experimental studies presented in [Martinec et al. (2012)].

2.1.1 Analyzed properties

The DC gain describing the steady-state amplification of a system and
Lo string stability describing the amplification of disturbance in a system
with the path-graph topology are important analytical tools of system
performance analysis. They are defined as follows.

Definition 1. The DC gain kg of the transfer function G(s) is defined
as kg = limg_,0 G(s).

Definition 2. (From [Eyre et al. (1998)]) A system is called Lo string
stable if there is an upper bound on the Lo-induced system norm of Ty,
that does not depend on the number of agents, where T, 1s the transfer
function from X,ef(s), that is the reference position of the leader, to X, (s).

2.2 Wave Transfer Function

The bidirectional property of locally controlled systems causes that a
change in the movement of the leading vehicle propagates through the
platoon as a wave. To describe this wave, we need to find out how a
change in the position of a vehicle is influenced by a change in the posi-

15



Chapter 2. Path-graph topology and the waves

tion of its immediate neighbours. For a moment, let us assume that the
length of the platoon is infinite, so that there is no platoon end where the
wave can reflect. A generalization for a platoon with one platoon end,
i.e., a semi-infinite platoon, is done in the next section.

2.2.1 Mathematical model of the wave transfer function

In accordance with the standard arguments for the wave equation as
found, for instance, in [Asmar (2004)], the solution to the wave equation
can be decomposed into two components: Ay (s) and B,(s) (also called
wave variables in the literature), which represent two waves propagating
along a platoon in the forward and backward directions, respectively.

To find a transfer function describing the wave propagation, we are search-
ing for two linearly independent recurrence relations that satisfy (2.5).
We first recursively apply (2.5) and (2.6) with Dyet(s) = 0 for a platoon
with an increasing number of vehicles. The transfer function for a pla-
toon with two vehicles is A1/Ag = (o — 1)71, for a platoon with three
vehicles A1/4p = (a— (a— 1)_1)_1, for a platoon with four vehicles

-1
Ay /Ay = (a — (o= (a— 1)*1)71> and so on. Continuing recursively,

A1 /Ay is expressed by the continued fraction

A 1
= - . (2.7)

o —

o —
o — —

On the other hand, the continued-fraction expansion of a square root is
given by [Jones and Thron (1984)]

22+y=z+ 7 . (2.8)

16



2.2. Wave Transfer Function

Letting the number of vehicles approach infinity, the right-hand sides of
(2.7) and (2.8) are equal, provided that y = —1 and z = a//2. Hence,

A _e L ey (2.9)

A 2 2
Likewise, the transfer function As/A; can be derived from (2.5) and (2.6)
for n =2 as

aA] = Ay + As. (2.10)

Substituting for Ap from the previous recursive step (2.9) gives

ad; = A, (;‘ + % a? — 4) + Ay, (2.11)

which provides

A 1

A2 L2 (2.12)

A 2 2
Continuing recursively, we can find that the transfer function A,1/A, is
again equal to (2.9) or (2.12). We can conclude that the transfer function
from the nth to (n+ 1)th vehicle is the same for each vehicle, and is equal
to

Gi(s) = — —va2(s) — 4. (2.13)

Analogously, the second linearly independent recurrence relation of (2.5)
and (2.6) is searched for by their recursive application with a decreasing
index of vehicles. After similar algebraic manipulations as for A,,, we find

(2.14)

17



Chapter 2. Path-graph topology and the waves

Letting the number of vehicles approach infinity, the right-hand sides of
(2.14) and (2.8) are equal provided that y = —1 and z = /2. Hence,

B, 1
2%4—*\/0(2—4. (2.15)

By 2

The transfer function from nth to (n — 1)th vehicle is again the same for
each vehicle, and is equal to

Ga(s) = —+ % a?(s) — 4. (2.16)

The resulting model of the vehicular platoon with an infinite number of
vehicles is therefore described as follows

2.17
2.18
2.19

(
(
(
(2.20

)
)
)
)

where (2.20) follows from the multiplication of (2.13) and (2.16). Equa-
tions (2.18)-(2.19) express the rheological property of the platoon, that is,
they define the form of how these two components propagate through the
platoon. Equation (2.20) expresses the principle of reciprocity, that is, if
A(s) propagates with the help of G1(s) to higher indexes of vehicles, then
B(s) propagates with the help of G1(s) to lower indexes of vehicles.

It should be noted that if there is a boundary in the system, e.g., if
the length of the platoon is finite, where the rheology property for wave
propagation changes abruptly, the principles must be supplemented by
boundary conditions. We discuss this case in the following section.

The resulting model is summarized in the following Theorem.

Theorem 1. The model of the vehicular platoon with an infinite number

18



2.2. Wave Transfer Function

of vehicles is

Xn(s) = Ap(s) + By(s), (2.21)
Apt1(s) = G(s)An(s), (2.22)
By.(s) = G(s)Bn+1(s), (2.23)

where G(s) = G1(s) is the Wave Transfer Function and Ga(s) = G~1(s) =
1/G(s),

Gls) = %a(s) _ % 02(s) — 4, (2.24)
G (s) = %a(s) + % 02(s) — 4, (2.95)

with a(s) =2+ 1/M(s), or, alternatively, a(s) = G(s) + G~1(s).

Remark. We can see that the Wave Transfer Function is linear and ir-
rational. The irrationality of the function comes from the separation of
the output, X, (s), into two travelling waves, A, (s) and By(s), that are
independent of each other as they travel in the system with infinite num-
ber of vehicles. However, every system with a finite number of identical
vehicles and path-graph topology has the leader and the rear-end vehicle,
which represent boundaries and cause reflections of the travelling waves.
In this case, A, and By, are no longer independent. Therefore, to find
the wave transfer functions, we have to consider a system with infinite
number of vehicles. Infinite dimensionality of the system then makes the
transfer functions to be irrational.

In basic wave physics, the boundary is assumed to satisfy the spatial causal-
ity, that is, the boundary condition does not affect the wave travelling to-
wards it. In other words, (2.21)-(2.23) hold regardless of the topological
distance and dynamics of the rear-end vehicle. Therefore, we can apply
(2.21)-(2.23) to describe the travelling waves even in a system with a finite
number of vehicles, although, these relations are valid only for the vehicles
that are not placed on the boundary. The boundary vehicle that causes the
reflection of the waves must be treated separately, see Section 2.3. In gen-
eral, any vehicle that is not described by (2.3) represents a boundary for
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Chapter 2. Path-graph topology and the waves

the travelling wave. This can be generalized even for vehicles (or agents)
that have more than two neighbours. This is shown in Chapter 5. There-
fore, the travelling-wave decomposition, (2.21)-(2.25) is valid even for a
path graph that is part of a more complex graph.

In view of the Wave Transfer Function, the term ‘travelling wave’ can be
defined as follows.

Definition 3. The travelling wave is a disturbance that travels in the
system in the forward direction from Ay (s) to Ap+1(s) and in the backward
direction from Byy1(s) to By(s).

2.2.2 Verification of the wave transfer function

We now outline an alternative way to derive the wave transfer function.
Let the model of the vehicular platoon (2.21)-(2.23) hold and now search
for the transfer functions G1(s) and Ga(s) that satisfy these three equa-
tions. Substituting (2.21) into (2.5) yields

a(An + Bn) =Ap 1+ B 1+ An+1 + By, (226)
which, in view of (2.22) and (2.23), is
a(s) = Gi(s) + Ga(s). (2.27)

We can substitute either for G1(s) or Ga(s) from (2.20). Either possibility
leads to the same quadratic equation (m = 1,2),

G2 (5) — a(s)Gpm(s) +1 =0, (2.28)

with two linearly independent solutions,

1
Gum(s) = % F Va2 -4 (2.29)

Let G1(s) be chosen as the solution with the negative sign in front of
the square root. Then (2.20) only allows Ga(s) to be the solution with
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2.2. Wave Transfer Function

the positive sign in front of the square root. Hence, G1(s) and Ga(s) are
identical to those derived in the previous section. The quadratic equation
(2.28) can be employed as a starting model for the positioning of multi-link
flexible mechanical systems [O’Connor (2006)].

2.2.3 Approximation of the wave transfer function

It will be shown later that to be able to implement the wave-absorbing
controller, we need to find the impulse response of the wave transfer func-
tion, i.e., the inverse Laplace transform of G(s). Due to the presence of
the square root in G(s), it is very challenging to find an exact impulse re-
sponse of G(s). However, we can approximate the impulse response with
a finite impulse response (FIR) filter. Therefore, we first approximate the
wave transfer function in the Laplace domain, then transform this ap-
proximate form to the time domain and finally truncate and sample the
approximate impulse response to obtain FIR filter coeflicients.

The square root function in (2.29) can be approximated by various ways,
e.g., Newton’s method, the binomial theorem, or continued fraction expan-
sion (2.7). We employ the last option since it guarantees the convergence
of iterative approximations and is applicable to an arbitrary dynamics
of the local system with generalized parameter a(s) as in (2.4). The re-
cursive formula (2.7) immediately provides the iterative approximation of

G(s),

G'(s) = ———

(5) = G1(s)’ 0

where I = 1,2, ..., and the initial value G°(s) = 1. The approximate G(s)
can be transformed to the time domain by Matlab or Mathematica. Our
experience with the inverse Laplace solvers for the Fractional Calculus
Crone [Malti et al. (2012)], invlap [de Hoog et al. (1982)], weeks |Weeks
(1966)] and nilt [Brancik (1999)] in Matlab is that, while they are not
capable of performing the inverse Laplace transform of (2.29) due to the
square root function, they carry out the inverse Laplace transform of G(s)
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Figure 2.1: Characteristics of the approximate G(s) after several iterations
by (2.30) for kp = ki =§ =4.

without complications since (2.30) is a rational function.

The approximate G!(s) can be interpreted as follows. Equation (2.30)
represents the transfer function from the position of the leader to the po-
sition of the first follower in a platoon of [ vehicles. Increasing the number
of iterations (2.30) means that the length of a platoon grows and the ef-
fect of the rear-end vehicle on G(s) weakens. The approximation of G(s)
therefore successively improves. Fig. 2.1 show the Bode characteristics
G'(s) and the associated impulse responses for various numbers of itera-
tions, respectively. Increasing the numbers of iterations makes the peak
in the Bode characteristic sharper, more localized and moves it towards
lower frequencies, eventually disappearing entirely. The basic character-
istic of the impulse response is adjusted after a few iterations while small
differences occur at longer times. To obtain the FIR filter coefficients, we
truncate the approximate impulse response at a few seconds and sample
it with an appropriate frequency. In our numerical simulations it is suf-
ficient to stop the iterative procedure after 20 iterations, to truncate the
impulse response at 15 to 25 seconds and sample it at the frequency of
100 Hz. The error caused by the truncation is shown in Fig. 2.2.
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Figure 2.2: Continued fraction approximation. Compared ’full’ and
'truncated-in-time’ approximations. The approximation was constructed
in 25 recursive steps, truncated at time 25s and sampled with frequency
200 Hz. The oscillations in the phase near frequency 100 Hz are caused by
numerical instabilities.

2.3 Reflection of the wave at platoon ends

To be able to design a wave-absorbing controller for the platoon end,
we first need to mathematically describe the wave reflection. In contrast
to the previous section where an infinite platoon is considered, we now
consider a semi-infinite platoon having one end that is either controlled
externally (forced end) or allowed to move freely (free end). When a wave
propagates along a platoon and reaches its free end, it is reflected with
the same polarity, i.e., the same sign of amplitude, but with the opposite
polarity at the fixed/forced end. This phenomenon, known from basic
wave physics [French (2003)], is discussed in the following in terms of the

wave transfer function.

2.3.1 The forced-end boundary

A vehicle that is externally controlled and is not linked with the other
vehicles is called the forced-end boundary. However, the neighbouring
vehicle is one-directionally linked with this forced boundary. The platoon
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leader therefore represents the forced-end boundary. The reflection at the

Platoon
leader B «—— B, «—

Figure 2.3: Scheme of the wave reflection at the leader, i.e., the reflection
at the forced-end boundary, described by (2.31).

forced-end boundary is sketched in Fig. 2.3. A change in the position of
the forced end, Xy, generates the outgoing wave as a first contribution to
A1. Moreover, the incoming wave (Bj) is reflected at the forced end and
transformed to the outgoing wave as the second contribution to Aj.

Lemma 1. The reflection at the forced-end boundary is described by

Ay (s) = G(5)Xo(s) — G(s)2B1(s). (2.31)

Proof. We first combine (2.21)-(2.23) to obtain

w41() = G(5)An(s) + G () Bals), (2.32)

X
Xn-1(s) = G (5)An(s) + G(s)Bn(s). (2.33)

Equation (2.5), specified for the first vehicle behind the platoon leader, is

a(s)X1(s) = Xo(s) + Xa(s). (2.34)
Substituting (2.21) for X7 (s) and (2.32) for Xo(s) yields
a(s)(A1(s) + B1(s)) = Xo(s) + G(s)A1(s) + G 1 (s)B1(s), (2.35)

24



2.3. Reflection of the wave at platoon ends

which can be rewritten for A;(s) as

“(s) — a(s
m@:1%@+ié&Gé%m) (2.36)

The term in front of Bi(s) can be arranged as

Gl(s)—als) —PL+1/e%5)-1  G(s) _ )
a(s) — G(s) @ + 3/a2(s) — 4 G~1(s) 7
(2.37)
Similarly, the term in front of Xo(s) is expressed as
1 1 1
= = = G(s). (2.38)
a5 -CG) W11 G0
Finally, we have
A1(s) = G(s)Xo(s) — G*(s)Bi(s). (2.39)
[

Eq.(2.31) first shows that changing the position of the forced end is trans-
lated to A; through G. Second, since the DC gain of G is equal to plus
one (see Fig. 2.2), the minus sign in front of G? causes the wave to be
reflected with the opposite sign.

2.3.2 The free-end boundary

A free-end boundary is a boundary where a vehicle is two-directionally
linked with one neighbour only and, additionally, it is aware of the ref-
erence distance. The rear-end vehicle described by (2.6) represents the
free-end boundary.

The reflection at the free-end boundary is outlined in Fig. 2.4. The wave
travelling from the free-end boundary (By) is composed of two parts, the
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<— By, By.1 By

—> A > AN > Ay
Rear-end
vehicle

Figure 2.4: Scheme of the wave reflection at the rear-end vehicle, i.e., the
reflection at the free-end boundary, described by (2.40).

incoming wave (Ay) which is reflected back and the component due to
adjusting the reference distance Dyer.

Lemma 2. The reflection at the free-end boundary is described by

G(s)—1

BN(S) = G(S)AN(S) + m

Dref(s)- (240)

Proof. Substituting (2.21) and (2.33) into (2.6) yields
(An(s)+Bn(s))(a(s)—=1) = G (s) An(s)+G(s) Bn(8) — Dret(s), (2.41)

which, after rearranging, gives

G Hs)—a(s)+1 1
Bn(s) = a(s) —1-G(s) An(s) — a5 —1- G )Dref(S), (2.42)
where
G ls)—a(s)+1 _ 1-F+3/a’(s) -4 _
a(s) —1—G(s) —1—|—a25) + 3/a(s) — 4
a(s) — a22(8) —/a?(s) —4+ @ a?(s) —4 2—a(s) §) — Cs
2 —a(s) _2—04(5)G()_G()'

(2.43)
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Similarly,
1 1
a(s) —1—G(s) G(s) G 1(s)—a(s)+1
<a<s> 1 a2<5)_4> 12§45V =1 _ G(s) - L
2 2 (1_a(23)> —%(az(s)—ll) 2—0((3)
(2.44)
Hence, (2.42) is
Biv(s) = G(s)Aw(s) + 1= D). (2.49
O

The reflection from the free-end boundary does not change the sign which
is expressed by the plus sign in front of G(s)An(s). Moreover, the signal
reflected from the free-end is delayed as a linear function of G(s), while
as a quadratic function when it is reflected from the forced-end boundary,
as shown by (2.31).

It should be noted that the verification of the above wave-based model
was done in [O’Connor (2007)]. The transfer function

Xn(s)
Xo(s)

1+ G(s)

_ N
=GNy

(2.46)

where N is the index of the last vehicle, was shown to be identical to
the transfer function derived by the state space description. This result
is valid not only for a double integrator with P controller, but also for an
arbitrary dynamics of the local system.

2.4 Wave-absorbing controller

The three main control requirements are: i) to have the platoon travelling
with the reference velocity vy, ii) to keep inter-vehicle distances dyer and
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iii) to actively absorb the wave travelling towards the platoon’s end.

This section introduces three possible configurations of the platoon with
the wave-absorbing controller. First, we will describe the configuration
where the wave-absorbing controller is implemented at the platoon leader.

2.4.1 Front-sided wave-absorbing controller
Absorption of the wave

To absorb the incoming wave at the platoon front, the transfer function
from Bj to Aj in (2.31) has to be equal to zero, where Bj is the amplitude
of the wave travelling from the rear-end vehicle and observed at the vehicle
indexed as 1, while A is the amplitude of the wave travelling from the
leader and observed at the vehicle indexed as 1. In other words, we are
searching for Xy (a commanded position for the leader) to satisfy the
equation GXo/B; — G? = 0. The only solution is

Xo(s) = G(s)By(s). (2.47)

To be consistent with the model (2.21)-(2.20), we denote By = GB; and
Ap = Xo — Bp- Then (2.31) is expressed as A] = GXy — GBy = GAy.
Summarizing, the wave components of the leader are

Bo(s) = G(s)X1(s) — G*(s) Ao(s), (2.48)
Ao(s) = Xo(s) — Bo(s). (2.49)
This means that, if one component of the position of the leader is equal
to By, then the leader absorbs the incoming wave. We can imagine it as

the leader is pushed/pulled by its followers and it manoeuvres like one of
the in-platoon vehicles.
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2.4. Wave-absorbing controller

Acceleration to the reference velocity

The previous algorithm actively absorbs the incoming wave to the platoon
leader. To change the platoon velocity and inter-vehicle distances are
other tasks to be solved.

To accelerate the platoon, we need to add an external/reference input,
Xref, to the leader, which causes the change of (2.47) to Xo = By + Xiet-
The rear-end vehicle represents the free-end boundary, therefore, By is
expressed by the combination of (2.22), (2.23), (2.31) and (2.48) as By =
G?*NH1 X ,os. The resulting transfer function from Xyer to Xg is

X()(S)
Xref(s)

Fig. 2.2 showed that the DC gain of G is equal to one, therefore, the DC
gain of (1 + G?N*1(s)) is equal to two. This means that to accelerate

=14+ G*NTL(s). (2.50)

the platoon to reference velocity v, the leader must be commanded to
accelerate to a velocity vper/2 at the beginning of the manoeuver, as shown
in Fig. 2.5.

Fig. 2.5 additionally shows an independent validation of the wave transfer
function approach. The derivation of the sum of A + B velocity compo-
nents (red crosses) of the wave travelling through the platoon are com-
pared against the velocities simulated by the Matlab Simulink (green plus
signs). We can see an excellent agreement between the wave-transfer-
function-derived and independently-simulated velocities.

Changing of the inter-vehicle distances

Increasing the inter-vehicle distances poses a more difficult task than
merely accelerating the platoon. The reason is that the rear-end vehicle
reacts to the change of reference distance dyf by acceleration/decelera-
tion. This creates a velocity wave propagating towards the leader who
absorbs it by changing its velocity. This means, however, that when all
vehicles reach the desired inter-vehicle distance dif, the whole platoon
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Figure 2.5: Simulation of the velocity wave propagating through the pla-
toon with the Front-sided wave-absorbing controller at several time in-
stances. At the beginning, t = 0, all platoon vehicles are standing except
for the leader which accelerates to a velocity 0.5ms™!. At intermediate
times, the wave travels to the rear vehicle, where it is reflected and travels
back to the leader to be completely absorbed. By propagating, it forces
platoon vehicles to accelerate by another 0.5ms™! to a velocity 1ms™!.
At the final stage, t = 30s, the leader is the last one reaching the velocity
1ms~! and the whole platoon moves with 1ms™!. The red crosses rep-
resent the derivation of A + B positional components computed by the
wave transfer function approach, the green plus signs are the velocities

simulated by the Matlab Simulink.

travels with a new velocity different from the original. Only by an addi-
tional action by the leader, see the next paragraph, the original velocity
can be reestablished.

Although the platoon has a finite number of vehicles, it behaves like a
semi-infinite platoon because no wave reflects from the platoon leader,
who is equipped with the wave absorber. Since (2.40) holds for a semi-
infinite platoon, it can be now used to determine the transfer function
from Dies to the velocity of the leader, Vp(s), that is

Vo(s)
Dref(s)

The DC gain of (2.51) reads as

re = lim <GN(3)S(G(S)_1)> . (2.52)

s—0 a(s) —2

s(Gls) — 1)

=GN (s
=G as) —2

(2.51)
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In the case where the reference distance is changed and the leader does
not accelerate, the velocity of the platoon changes by k¢dyer. This means
that the platoon slows down or even moves backwards. To compensate
this undesirable velocity change, the leader is commanded to accelerate
to the velocity (—rgdrer)/2. The platoon will consequently travel with
the original velocity, hence compensating for the acceleration/deceleration
of the rear-end vehicle. This leads to the DC gain of (2.51) for the PI
controller to be (—/ki/§).

Overall control of the leader

Let us now assume that the leader has a positional controller with input
X¢(s). Summarizing preceding subsections yields the resulting control law
of the leader in the following theorem.

Theorem 2. The wave-absorbing control law of the leader is

X¢(5) = Xret(s) + Bo(s) = (1 — G2(5)) Xret(s) + G(5) X1 (5). (2.53)

From the above discussion, Xyef(s) must be represented by a ramp signal
with slope wy,
1
Wy = § (Uref - /{fdref) ) (254)
to ensure that the platoon travels with a reference velocity vy and inter-
vehicle distances dyer. In case of the PI controller, wy = (Uref +Vki/ dref> /2.
The Front-sided wave-absorbing controller is summarized in Fig. 2.6.

2.4.2 Rear-sided wave-absorbing controller

Instead of placing the wave-absorbing controller at the platoon front, it
can be placed at the platoon rear. In this case, the platoon has one leader
in the front and one wave-absorbing controller at the rear. However,
the absence of the predecessor follower in the platoon has an important
consequence. Any velocity change by the leader, Vj(s), causes a change in
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Figure 2.6: Scheme of the Front-sided wave-absorbing vehicular platoon
controller.

the distance to the first follower, Di(s), as shows the following corollary.
Consequently, all other distances between vehicles are changed.

Corollary 1. The wave-absorbing controller implemented on the leader
changes the transfer function D1(s)/Vo(s), where Vy(s) is the velocity of
the leader and D1(s) = Xo(s) — X1(s) is the distance between the leader
and the first follower, as follows

Dl(s) . 1 . s
s, = 51— G, (2.55)

Proof. Assuming a semi-infinite platoon, equation (2.9) gives X;(s) =
G(s)Xo(s). Hence,

L1 Gs))Vals). (2.56)

S

Dy(s) = Xo(s) — G(s)Xo(s)

O

This negative effect is to be compensated by an acceleration/deceleration
of the rear-end vehicle. We denote k; to be the DC gain of the transfer
function from Vp(s) to Di(s). Having specified the DC gain, a certain
reference signal needs to be sent to the platoon end to set up a desired
inter-vehicle distance der. The input to the positional controller of the
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rear-end vehicle, X, (s), is expressed, analogous to (2.53), as
X:(s) = Xrefrear(s) + G(s)An—1(s), (2.57)

where G(s)An-1(s) = G(8)Xn-1(5) — (G(5))?Xyef rear(5) is the transfer
function of the wave absorber and Xiefrear(s) is a reference ramp signal
with slope wy.,

1
wr =5 (Vret — Krdyef) - (2.58)
In other words, the platoon leader drives the platoon to travel with ve-
locity vyer, while the rear-end vehicle makes the platoon travel with inter-
vehicle distances dyer. For the PI controller case, k, = ki /&.

It should be stressed that, for this type of control, the last vehicle must
know the reference velocity of the whole platoon. This may be undesirable,
since only the leader is usually aware of the reference velocity. It may,
however, be useful in situations, for instance, when the leader is not able
to measure the distance to its immediate follower, or when the leader has
no access to the reference distance.

2.4.3 Two-sided wave-absorbing controller

The Front-sided and Rear-sided wave-absorbing controllers can be com-
bined by implementing wave absorbers to both the platoon leader and the
rear-end vehicle. In this case, no wave is reflected back from neither of
the platoon ends.

The input to the positional controller of the leader is given by (2.53) with
the ramp signal (2.54), while the input to the positional controller of the
rear-end vehicle is (2.57) with the ramp signal (2.58). In this way, each
platoon end generates a velocity wave propagating towards the opposite
end. Likewise, as for the Front-sided and Rear-sided wave-absorbing con-
trollers (Section 2.4.1 and 2.4.2), the amplitudes of the two waves are
summed up to vf, meaning that the platoon travels with velocity vyer
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and inter-vehicle distances dyef.

2.4.4 Asymptotic and string stability

First, we prove the important lemma on the H,, norm of the Wave transfer
function.

Lemma 3. The Hoo norm of the Wave transfer function is limited as
follows

|G (8)|loo < 1. (2.59)

Proof. We will show that ||G71(s)||oc > 1. Then it implies that ||G(8)]|co <
1. To inspect the amplification and phase shift on frequency w, we substi-
tute jw for s in the definition of G=1(s) in (2.25), where 7 is the imaginary
unit, and obtain the complex number 29 in the polar form,

72 = r2exp(Jp2)- (2.60)

Similarly as in (2.16), we can separate zy into two parts,

1 1

where

z = a(w) = rexp(yp),
zs = 2% — 4 = roexp()ps). (2.62)

The magnitude ry is given by

rs = (12 cos(2¢) — 4)% 4 (r?sin(2¢))? = rt + 82 + 16 — 1612 cos? ¢.
(2.63)

34
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with magnitude 79 then expressed as

-

2

1
re = [4 <r2 + 75+ 2ryrs (cosgscosgo—ksingssingo))]

= [i <r2 + rs + 2r4/rs cos <<,0 - @28))} : . (2.64)

The minimum of r4 over all possible phases is for ¢ = k7, k € Z, and is
equal to

4—72 if0<r<2
min(rg) = V74 — 8r2 416 = |[r? — 4| = { - T (265)

r2—4 ifr>2

Therefore,

1
Z(7~2+rs)21. (2.66)

In the next step, we will show that |p — ¢s/2| < 7/2, which means that
cos (¢ — ps/2) is nonnegative. It is a known fact that the sum of two
complex numbers with phases §; and d9, where 61 < 9 and 61,99 €
[—7,m), yields a complex number with the phase 6 € [—m,7), that is

0 € [51,52] if |(51 — 52| <m, (267)
0 € [(52,(51] if |51 — 52| >, (2.68)
(5:51 01'5:(52 if |61—52|:7T. (269)

This implies that

‘(5—(52‘§7T/\‘51—(5’§7T. (2.70)

The phase ¢s calculated from (2.62) is ps = 2¢ — 0, where |0] < =«
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according to (2.70). Then,

Ps

1 1 1
— — | = - — = — < — . .
Y= 3 ’np g0+29’ 2|9|_ 57 (2.71)
Therefore,
Ps
5 _ %) > .
cos(gp 2)_0 (2.72)
and (2.64) gives,

This means that the amplification of G~!(s) for all frequencies is greater
or equal to one, or the amplification of G(s) for all frequencies is less than
or equal to one, hence ||G(s)||oo < 1. O

Lemma 4. If M(s) is proper and has no CRHP (closed-right half plane)
zeros and no CRHP poles, except for poles at the origin, and if

1+ 4M(jw) (2.74)

does not intersect the non-positive real azxis for w € (0,00), where M(s) =
P(s)C(s), then the wave transfer function G(s) is asymptotically stable.

Proof. The proof is based on [Curtain and Morris (2009)| (Theorem A.2),
which states: A linear system is stable if and only if its transfer function
T(s) is analytic in the right-half plane and ||T||o < 00, where ||T||oo =
SUP Re(s)>0 | T'(5)]-

It was proved in Lemma 3 that the WTF defined by (2.24) satisfies
|G|l < 1. Hence, it remains to derive the condition, when the WTF is

analytic in the right-half plane.

First, we treat the square root function in (2.24). In the complex function
analysis, for instance p. 99-100 in [Stein and Shakarchi (2010)], it is
shown that the square root function f(z) = /z is analytic everywhere,
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except for the non-positive real axis. Therefore, fa(a) = vVa? — 4 in (2.24)
is analytic everywhere, except for @ € (—2,2) on the real axis. Since
a(s) =2+ 1/M(s), we can say that fa(a) is analytic everywhere, except
for the interval (—oo,—1/4). Due to the Maximum modulus principle
(Theorem 4.5 [Stein and Shakarchi (2010)]), we can assess the analyticity
by the Nyquist plot of M (s). This means that, if M (yw) does not intersect
interval (—oo, —1/4) for w € (0,00), then the WTF is stable.

The first part of the WTF, 1 + 0.5/M, is a rational transfer function. A
rational function is analytic in the CRHP if and only if it has no singular-
ities in this plane. The only possible singularities of 14 0.5/M are CRHP
zeros of M (s). Therefore, if M(s) has no CRHP zero, then 1+ 0.5/M is
analytic. Since the difference of two analytic functions is again analytic,
then the WTF is analytic and asymptotically stable under the above con-
ditions.

We follow the Lo string stability definition from Definition 2. In the case
of the platoon with the Front-sided wave-absorbing controller, the position
of the nth vehicle is described by

Xo(s) = (G™(s) + G2V (5)) X ). (2.75)

Due to the triangle inequality and the fact that ||G||s < 1, which is shown
in Lemma 3, we obtain

1G™(5) + G* 7 (5) oo < [IG™(8)]]oo +[|G*F 1T (5) |0 < 2. (2.76)

This means that the magnitude of the maximum peak in the frequency
response of the transfer function from the position of the leader to the
position of the nth vehicle is less than or equal to 2. Since the Lo-induced
norm and H, coincide, we can state that the platoon with the Front-sided
wave-absorbing controller is Lo string stable.

The position of the nth vehicle with the absorber placed at the rear-end
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vehicle is
X, (s) = G™(s)Xo(s) + (GN7"(s) — GNT"(5)) X n(s). (2.77)

We apply the same idea and state that the Hy, norm of both G™(s) and
(GN="(s) — GN*"(s)) are bounded regardless of the number of vehicles.
Therefore, the platoon with the Rear-sided wave-absorbing control is Lo
string stable.

The position of the nth vehicle in a platoon with absorbers on both ends
is expressed as

X, (s) = G™(s)Xo(s) + GN7(s) XN (s), (2.78)

which immediately shows that the platoon with the Two-sided wave-
absorbing controller is also Ly string stable.

The results of this section can be summarized in the following lemma.

Lemma 5. The platoon bidirectional controller and the wave-absorbing
controller implemented on the leader and/or on the rear-end vehicle is Lo
string stable.

2.5 Numerical simulations

We consider the linear friction of our system from Section 2.1 to be £ =4
and search for the parameters of the PI controller such that oscillations
of the impulse response of G(s) are minimized. The parameters k, =
ki = 4 satisfy this requirement. All numerical simulations are run for the
platoon of 50 vehicles to demonstrate that the wave-absorbing controllers
are capable of controlling large platoons.

To demonstrate the advantages of the wave-absorbing controllers, we will
compare their performance against a simple bidirectional control without
any wave-absorbing controller. This means that the leader travels with
a counstant velocity wvper for the whole time of the simulation. Fig. 2.7
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shows the outcome of a numerical simulation when the leader without
wave-absorbing controller increases its velocity. We can see significant
limitations in the bidirectional control, where the oscillatory behaviour in
the movement of the platoon is caused by numerous wave reflections from
both platoon ends. Eventually, the platoon settles to the desired velocity
after many velocity oscillations. These oscillations not only significantly
prolong the settling time, but they could lead to accidents inside the
platoon.

2
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Figure 2.7: Simulation of the platoon without the wave-absorbing con-
troller when the leader accelerates to a velocity vmef = 1 ms—'. The refer-
ence distance is kept fixed, dyef = 1 m, for the whole time.

The performance of the Front-sided wave-absorbing controller during two
platoon manoeuvrers is shown in Fig. 2.8. In the first 150s manoeuver,
the platoon accelerates to reach a desired velocity. In comparison with the
simple bidirectional control, see Fig. 2.7, the settling time is now signifi-
cantly shorter. Moreover, under some circumstances, it can be guaranteed
that vehicles do not crash into each other during the platoon acceleration.
In fact, the distances between vehicles are increased at the beginning of
the acceleration as suggested by (2.55) and shown in the middle panel of
Fig. 2.8. However, the distances may undershoot the initial inter-vehicles
distances in the second part of the acceleration manoeuver. If the im-
pulse response of the wave transfer function is tuned such that it does
not undershoot the zero value, then the distances between vehicles can
not become less than the initial inter-vehicle distances. In the opposite
case (not shown here), where the platoon travels with a constant velocity
and starts to decelerate, the distances between vehicles are temporarily
decreased and a collision may occur.
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Figure 2.8: Simulation of two platoon manoeuvrers with the Front-sided
wave-absorbing controller. At the beginning, the vehicles are standing
still separated by one meter. For the first manoeuver, the platoon is
commanded to accelerate to vpef = 1ms™! with dyer = 1m starting at
time t = 0s. At time ¢t = 150s, the platoon is commanded to perform
the second manoeuver such that the reference distance is increased to
dret = 1.5 m without changing the reference velocity.

At time t = 150s in Fig. 2.8, the platoon is commanded to perform
the second manoeuver such that the reference distance is increased, but
the reference velocity is kept unchanged. The rear-end vehicle reacts to
this command at the same time as the leader since it is controlled by the
reference distance that is now changing. However, the end vehicles differ
in action; the leader accelerates, while the rear-end vehicle decelerates.
This behaviour creates an undesirable overshoot in distances.

A numerical simulation of the two manoeuvrers for the platoon controlled
by the Rear-sided wave-absorbing controller is shown in Fig. 2.9. During
the acceleration manoeuver the inter-vehicle distances between vehicles
closer to the rear end are temporarily decreased while those for vehicles
near the leader are temporarily increased. During the changing-distance
manoeuver, on the other hand, no overshoot in distances occurs.

In Fig. 2.10, the acceleration and changing-distance manoeuvrers carried
out for the one-sided wave-absorbing controllers are now performed for
the two-sided wave-absorbing controller. Since both platoon ends are
fully controlled, the settling time is only half of that for the one-sided
wave-absorbing controllers. The middle panel in Fig. 2.10 shows that
there is no overshoot in distances during the second manoeuver. On the
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Figure 2.9: As in Fig. 2.8 but for the Rear-sided wave-absorbing con-
troller.

other hand, there is no guarantee that the vehicles will not collide during
the acceleration manoeuver.
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Figure 2.10: As in Fig. 2.8 but for the Two-sided wave-absorbing con-
troller. The second command to increase d,of comes at ¢ = 100s.

2.5.1 Asymmetric bidirectional controller

The so-called asymmetric bidirectional controller, introduced in [Barooah
et al. (2009)], is another approach to improve the performance of the
bidirectional controller. The idea is to implement two local controllers
with different parameters for each vehicle, the 'front’ controller and the
rear’ controller. The ’front’ controller keeps the reference distance to the
predecessor, while the ’rear’ controller keeps the reference distance to the
follower. In our numerical simulations, we choose the same parameters
for the 'front’ PI controller kf) = klf = 4, but different parameters for the
rear’ PI controller k, = ki = 3.6. The parameter of the linear friction
remains the same, i.e. £ = 4.
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Numerical simulations of the asymmetric bidirectional controller are shown
in Fig. 2.11. The settling time is shorter than for the symmetric bidirec-
tional controller (in agreement with [Barooah et al. (2009)]) but at the
cost of higher overshoots, which corresponds to the fact that H,, norm
grows exponentially with the number of vehicles in the platoon, [Herman
et al. (2014a)|. Fig. 2.11 also reveals that the performance of the asym-
metric bidirectional controller is worse, in terms of the settling time and
the overshoots, than the performance of a platoon with a wave absorber.
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g ,4& % A _A_A_A
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£ o Sﬁ\g \ o - e o
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Figure 2.11: Numerical simulation of the platoon with the asymmetric
bidirectional controller accelerating to vyt = 1 ms™! .

2.5.2 Evaluation of the performance

We now numerically evaluate the performance of the acceleration manoeu-
ver described in the previous section with the help of the mean squared
error (MSE) criterion,

N T

1 1
MSE = m nzzo T ;(Uref(t) - Un(t))2a (2.79)

where T is the simulation time (in our case 7' = 500s), veef(t) is the
reference velocity of the platoon at time ¢ and v, (t) is the actual velocity
of the nth vehicle at time .

The comparison in performance of the five controllers for various platoon
lengths is depicted in Fig. 2.12. We can see that the MSE increases
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linearly for all wave-absorbing controllers, but quadratically for the sim-
ple symmetric bidirectional control and exponentially for the asymmetric
bidirectional control. Moreover, a linear increase in MSE for the Two-
sided controller is only about half of that for the Front-sided controller.
The linear increase of MSE for the Rear-sided controller lies between these
two cases. Evidently, the wave-absorbing controller qualitatively improves
the performance of the bidirectional control.

No wave abs. One-sided wave abs. Two-sided wave abs.

60 0.8 0.8
— 45(| = = -Asym.|; [06|/ - - -Rear 0.6
= I
W 30 ;104 “0.4
2 ' .
15 / 02 T 0.2
- Cd ’ -
0 0 0
0 50 100 O 50 100 O 50 100

Platoon length [vehicles]

Figure 2.12: MSE performance evaluation of the acceleration manoeuver
from Figs. 2.7, 2.8 and 2.10. The five controllers are evaluated; simple
symmetric bidirectional and asymmetric bidirectional (left panel), Front-
sided wave-absorbing controller (solid line in the middle panel), Rear-sided
wave-absorbing controller (dashed line in the middle panel) and Two-
sided wave-absorbing controller (right panel) for various platoon lengths
according to (2.79).

The settling time of the acceleration manoeuver arising from the all five
types of controllers are compared in Fig. 2.13. We can see that the
settling time increases quadratically with platoon length for a platoon
with simple symmetric bidirectional controller with no wave absorber, as
was shown in [Hao and Barooah (2012b)], but approximately linearly for
a platoon with wave-absorbing controllers. The qualitative improvement
of the settling time is caused by the fact that the wave absorber changes
the structure of a platoon to a multiple identical system connected in
series, for instance, the transfer function of the Two-sided wave-absorbing
architecture is GV. In fact, the settling time of such a system grows nearly
linearly, as analytically outlined in 2.7.1.
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Figure 2.13: The time required for platoons of various lengths to acceler-
ate and stay within a range of 5% of vyer. The left panel shows comparison
of the asymmetric bidirectional architecture with the symmetric bidirec-
tional controller with no wave absorber. The middle panel compares the
asymmetric bidirectional architecture with the Front-sided wave absorber.
The settling time of all the wave-absorbing architectures is compared in
the right panel.

2.5.3 Effect of noise in the platoon

This subsection examines the performance of the five controllers when
noise is present in the system. The reference commands for a platoon
of 20 vehicles are vyef = Oms™! and dyer = Om, that is, the platoon is
commanded not to move. A normally distributed noise is simulated for
2000 seconds and added to distance measurements of each vehicle, except
for the leader. Different realizations of the normally distributed noise with
the mean value p = 0 and variance 02 = 1 are applied to each vehicle.

Table 2.1 assesses quantitatively the effect of noise on the performance of
the five controllers. The mean squared error of positions, MSE,., and
the arithmetic mean of positions, Meanyqs, show that the platoon without
any absorber and with the Rear-sided wave-absorbing controller perform
significantly better than with the other two controllers. This is due to the
fact that at least one of the platoon ends is anchored at position 0, mean-
ing that the platoon does not drift away from position 0, which is not the
case for the Front-sided and Two-sided wave-absorbing controllers. De-
spite the disturbances by noise, all wave-absorbing controllers are better
at maintaining the coherence of the platoon than the simple bidirectional
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controller, as indicated by the mean squared error of inter-vehicle dis-
tances, MSEgist, and the maximum distance between the leader and the
rear end, MAX jigt.

Table 2.1: Performance of the five controllers when considering the nor-
mally distributed noise affecting distance measurement of vehicles. Four
criterions used for the evaluation are introduced in the text.

MSEpos Meanpos MSEdist MAXdist

Sym. (no abs.) | 2.7x107 | 2x107% | 1.9 x 10° 5.75

Asym. (no abs.) | 1.1 x 107 | 22 x 1072 | 1.7 x 10° 5.6
Front-sided

8.4 x 107 -39 2.4 x10* | 1.37
wave abs.
Rear-sided 71%x10° | 32%x10-3 | 2.5 x 10% 1.15
wave abs.
Two-sided 1.3 % 108 _31 1.8 x 104 0.64
wave abs.

2.5.4 Oscillatory bidirectional controller

It should be pointed out that the wave-absorbing controller is conceptu-
alized as an extension of the symmetric bidirectional controller. It is not
capable of attenuating the wave travelling inside the platoon, but only at
the platoon ends. If the bidirectional control scheme is not properly de-
signed, then the wave may be amplified before it reaches one of the ends.
In such a case, the bidirectional controller needs to be redesigned to resolve
the amplification problem. A rule of thumb is to design a bidirectional
controller such that the impulse response of G(s) does not undershoot the
zero value.

Numerical simulations of a poorly designed bidirectional controller are
shown in Fig. 2.14, where the PI coefficients are the same as in the
previous section, k, = 4, ki = 4, but the linear friction is significantly
smaller, £ = 1.03 (compared with & = 4 previously). We can see that
the behaviour of the whole platoon is oscillatory and that the wave is
amplified as it travels inside the platoon. When the wave reaches the rear-
end vehicle, it is absorbed with the Rear-sided wave-absorbing controller.
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> °:§0 )11 —

Time t[s]

Figure 2.14: Numerical simulation of the platoon accelerating to vpes =
1ms~! with a poorly designed bidirectional controller. The vehicles are
indexed from left to right by 0, 5, 10, 15, ..., 120. The rear-end vehicle
is equipped with the wave-absorbing controller.

2.6 Conclusions

This chapter introduces novel concepts for the control of a vehicular pla-
toon, which significantly improve the popular bidirectional control. The
main idea is to control the front or both ends of a platoon to actively
damp the waves of positional changes arriving from the opposite platoon
end. The absorbing-end vehicle is assumed to i) measure the distance to
its neighbour, ii) know its own position and iii) represent the dynamics of
a vehicle in terms of the wave transfer function.

The new schemes allow us to control the platoon velocity and the inter-
vehicle distances without long-lasting transient and oscillatory behaviour.
The velocity errors during the platoon manoeuvres with the traditional
bidirectional control grows quadratically with the number of vehicles in
the platoon, while errors grow only linearly for the bidirectional control
enhanced with the wave-absorbing controller. Moreover, the platoon with
the wave-absorbing controller is string stable.

Additionally, the wave-absorbing controller preserves the advantages of
bidirectional control such as: i) The lack of a need for vehicle-to-vehicle

communication, ii) none of the vehicles needs to know the number of
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vehicles in the platoon, iii) an in-platoon vehicle does not need to know
its index relative position in the platoon, and iv) an in-platoon vehicle
does not need to know the reference velocity and the reference distance
of the platoon.

However, a considerable mathematical difficulty in the wave-absorbing
control lies in finding the impulse response of the wave transfer function.
Here, we proposed the iterative approach of constructing an approxima-
tion of the wave transfer function that is based on a continued fraction
representation. Even for a small number of iterative steps, when the wave
transfer function is rather roughly approximated, the wave-absorbing con-
trol still performs efficiently to damp oscillations in the platoon’s charac-
teristics (i.e., velocity, inter-vehicle distances).

It should be noted that the absorbing-end vehicle is assumed to be equipped
with the positional controller since the differences in positions between
vehicles are controlled. Alternatively, when the absorbing-end vehicle is
equipped with a velocity controller, the commanded position of the vehicle
derived using (2.53) or (2.57) can be numerically differentiated to obtain
the velocity commanded to the absorbing-end vehicle.

Undesirable overshoots in the velocities or inter-vehicle distances of the
wave-absorbing control can be eliminated by introducing time delays in
the reference signal applied to one of the platoon ends. An appropriate
value of this time delay is dependent upon the platoon length and thus it
requires the extension of the wave-absorbing control. This topic warrants

further investigation.

2.7 Appendix to the chapter

2.7.1 Settling time of systems in series

We aim to show that the settling time of the identical systems connected
in a series grows nearly linearly with the number of vehicles. The key idea
is to find an appropriate first-order system with an envelope that contains
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the impulse response of the given individual system, therefore, it gives an
upper-limit estimate of the settling time. It is important to stress that
this 'proof’ considers the settling time of the impulse response.

Let us assume an asymptotically stable linear system of an arbitrary order,
T'(s), and a linear first-order system Te(s) = A/(s + €). We denote the
settling times of (7'(s))% and (Ty(s))¥ as 7k and 7k, respectively. The
parameters A and € are chosen such that: a) 7.1 > 71 and b) the impulse
response of T'(s) is bounded by the envelope of the impulse response of
Te(s), which implies that 7o x > 7k for K € N. This means that 7 g
gives an upper limit of the settling time 7. We define 7. ; as the time
elapsed until the impulse response of T,(s) enters (and does not leave it
afterwards) a deviation band +n. In other words, 71 is a solution of the

equation
Aexp (—eren) =1, (2.80)
that is
Te,l = L (ﬁ> : (2.81)
€ A
Inverse Laplace transform of (Ty(s))¥ is
x () = )\K(Kl_th_l exp (—et). (2.82)

Therefore, the settling time 7, g is a solution of the equation

1 _
AKmTfle exp (—€Te,x) = 1. (2.83)

It may happen that there are more than two solutions of (2.83). In that
case, we take the largest real solution. In this regard, the settling time
Te, Kk 18 expressed as

1
e = —(K — 1)=W_, (—(K )Ll Ky e 1)!) ,
€
K>1, (2.84)
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where W_; is the lower branch of the Lambert-W function, see [Corless
et al. (1996)]. Finally, substituting (2.80) into (2.84) gives

KUK — 1)!) . K> 1. (2.85)

The settling time described in (2.85) grows almost linearly with the in-
creasing number of vehicles as shown in Fig. 2.15.

120

m— Systems in series .

100}| = = =Linear growth '¢'
» ¢"
2. gof - L
£ Lo’
= 60 :
E 40} "¢'
L d
L4
20' ¢'
L4
&
0 L L L
0 10 20 30 40

Number of systems connected in series [-]

Figure 2.15: The settling time of the identical systems connected in a
series evaluated according to (2.81) and (2.84) compared with a linear
growth of the settling time. Parameters of the system are: e =1, A =1
and n = 0.05.

2.7.2 Approximation of the Wave transfer function using
Newton’s method

Newton’s method is an iterative process of finding the roots of a function.
The iterative process is defined as
x
f(@n) (2.86)

T = T )
n
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where x,, is the nth approximation of the root of the function. The ap-
plicability of Newton’s method to complex quadratic polynomials was al-
ready studied by A. Cayley in 1879 [Cayley (1879)]. Later, by work of P.
Fatou and G. Julia, the method was generalized for polynomials of higher
orders. It turned out that the basin of attraction of complex polynomials,
especially of higher order polynomials is very complex and needs to be
revised very carefully. Every root of the complex polynomial has its own
basin of attraction, a Fatou set, which is separated from the basin of other
roots by the Julia set. The set of complex numbers from the Julia set do
not converge to any root. Interestingly enough, the Julia set has usually
fractal structure.

Carlson and Halijak in 1963 [Carlson and Halijak (1964)] were the first to
show that the Newton’s method can be applied even for the approximation

N\
of irrational functions, such as <> ™ Here, the method will be used to
s

approximate G(s) by a rational transfer function based on the quadratic
function

F(G(s)) = G*(s) — a(s)G(s) + 1, (2.87)
which comes from (2.28). The first derivative of f

_ dF(G(s))

F(G(s)) = G(s) =2G(s) — afs). (2.88)

Newton’s recursive formula (2.86) is then

G(8)n1 = G(s)n — }m
— G(S) _ G2(5)n — Oé(S)G(S)n +1 _ G2(S)n 1
n QG(S)n — 04(3) 2G(8)n — OZ(S) .

(2.89)

The higher number of iteration means the better approximation but also
the higher order of the approximate system. It was also proven that New-
ton’s method converges quadratically for the roots of a single multiplicity.
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Therefore, only a few iterations are usually sufficient to get a satisfactory
approximation.

How to choose the initial guess, G(s)o, is a difficult question to answer.
We expect that the Julia set is connected and that there are two basins
of attractions i.e. two Fatou sets, since we have two different roots. We
can immediately see that the initial guess G(s)o = 3a(s) is problematic.
Newton’s method also fails to converge, if the initial guess is equal to one
of the roots, i.e. G(s)g = G(s) and G(s)o = 1/G(s).

We experimentally found out that the relative order of G(s)g plays a
crucial role. Specifically, G(s)o converges to G(s) only if G(s)o satisfies

7Go < Ta, (290)

where rgo and r, are the relative degree of G(s)p and «a(s), respectively.

83+ &5 + 2kps + 2k;
]{ZpS + ki

2 3

s , , s
G(s)o = pE the iteration converge to G(s) but for G(s)g = e

G(s)o = s? the iteration converge to 1/G(s) etc. The results of the ap-

For example, 7, = 2 for a(s) = , therefore, choosing

or

proximations are shown in Fig. 2.16. We can see that 3 iteration steps give
a very similar result as 20 steps of the Continued Fraction approximation.

It is convenient to use the approximation of the Wave transfer function in
the time domain. Therefore, we carry out the inverse Laplace transform
of the approximate G(s), and truncate it in time, similarly as for the
Continued-fraction approximation. The result is shown in Fig. 2.17.

Different equation used for approximation

We can also use a different equation for Newton’s approximation. In the
platoon of two vehicles, that means one leader and one follower (N = 1),
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Figure 2.16: Comparison of Newton’s and Continued fraction approxima-
tions for system with k, = k; = £ = 4. The index at g shows the number
of iteration steps.

the transfer function between their positions is

X1(s) 1 P(s)C(s)

(2.91)

Xo(s) a(s)—1 1+P(s)C(s)

With the knowledge of the forced and free boundary reflections, we can
express this transfer function as

Xi(s) _ G(s)(1 + G(s))

Xo(s)  1+G3(s) .
Therefore,
f2(G(s)) = G(i)f;sggs» B a(s)l— =0 (29%)
and
, _ dF3(G(s)) L - G2(s) (2.94)

2(G(s)) = dG(s)  (G2(s) - G(s)+ )%
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Figure 2.17: Comparison of ‘full’ and ‘truncated-in-time’ Newton’s ap-
proximations. The approximation was constructed in 3 iteration steps,
truncated at time 50s and sampled with frequency 200 Hz.

The resulting approximation formula is then

f2(Cals))
1(Cn(s)) (2.95)

Although this approximation works, it is less numerically stable than the
quadratic-equation approximation in (2.89) because of higher order of the

G(8)nt1=G(8)n —

approximation.

It should be noted that other iterative root-finding algorithms, such as e.g.
Halley’s, Whittaker’s, Chebyshev’s etc., see [Amat et al. (2004)], may also
be used to approximate the Wave transfer function in the Laplace domain.

2.7.3 Approximation of the Wave transfer function using
binomial theorem

Another type of approximation is based on the binomial theorem

(1+z)k = i (Z) k. (2.96)

k=0
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where

n—l+1

(7)- I1 (2.97)

We carry out the binomial approximation for the system used in simula-
s3 + €5% + 2kps + 2k;
kpS + k‘l

zw

tions, where a(s) = and the Wave transfer function

$% + €57 + 2kyps + 2k;
2(k; + kps)
s\/34 + 2653 4 €252 + 4kps? + 4kpEs + 4k;s + 4k; {
2(k; + kps)

G(s) =

(2.98)

The binomial approximation has three steps. In the first step show that
the binomial expansion of the square root polynomial cancels out the non-
square root polynomial in the numerator of (2.98) and thus this transfer
function proper. In the second step we show how to expand the square
root using the binomial theorem. In the last step we find the impulse
response of (2.98).

First step — The transfer function is proper

Let us define € implicitly by

s\/§252 + 2683 + dkpls + 4ki€ 4 84 + dkys? + dkis = s3V1 + e
(2.99)

This gives

26 4k 2 4k dk; 4k,

: 5 5 S (2.100)

o4



2.7. Appendix to the chapter

By the binomial theorem, we have

Tdeml+ze—tay Lty i 0-5) en (2.101)
€ = —€ — —€ —€ e = €. .
2 8 16

The approximation is then given as
&L (0.5 ,
Vidtex Z €, (2.102)
n=0 n

where N,,qz 18 the maximum number of iterations.

Now, we focus on the numerator of (2.98). Setting nq, = 1 yields

3 2 3 & 2k;i§
numg = s° +&s” + 2kps + 2k; — s (1—!—0.56):—53—2]{@5— .
S
(2.103)
Increasing the number of iterations to nyq, = 3 yields
3 2 3 1Ly, 13
numg = s° + &s* + 2k,s + 2k; — s°(1 + 0.5¢ — 3¢ +E€ )
£2 2k;& 83 53
:—58—2]@75— ! +§€2—E€3
1 5¢4 1 1 1
= (282 4+ 2> )+ S () + =)+ = () F e (2104
(2T ) B Bl e a0

In other words, the largest power of s in the numerator is —1 after 3
iterations. The higher iterations do not change this power. This shows
that the binomial approximation of (2.98) is proper.
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Second step — Expansion of the square root

By the binomial theorem, we have

g
( ) oy = 3 (i) 21+ 29)% (1 + 1) P

a=0

@ B—a
SO S
a=0 =0 6=0

D

a=0

B
x-l—y
B

B a (B—a)
BY () (B —a) 5 (a=), 6, (B—a—8)
ZZ o s JTit2 YiYs
0vy=0 6=0 v

’ (2.105)

By (2.100), the nth power of € is

N <2§ 4kp+§2+4kp£+4ki+4kia>n
A B C D\"
:<+++84) : (2.106)

where A = 2¢, B = 4k, + &2, C = 4kp& +4k; and D = 4k;€. Applying the
expansion (2.105) yields

k
n n\ (k\ /n — k\ A'B&k=Dchpn—k=h)
o Z <k> <l>< h ) g(4n—2k—1—h) . (2.107)
k=01=0 h=0

Last step — Inverse Laplace transform

It is now possible, yet very laboriously, to find inverse Laplace transform
of (2.98). Let us split the transfer function into two polynomials

G(s) = Pi(s) + Py(s) (2.108)
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where
Pi(s) = 83+ €% + 2kys + 2k; — s3(1 + 0.5e — e + ) (2.100)
! 2(kps + ki) '
which was shown to be proper and
Nmaz (0.5) _n
Py(s) o s 2onmt ()" (2.110)

Q(k:ps + kil)

It can be shown that

1 A < NS
—_— = 1" -1 2.111
ey viREA le v +kzzo( ) vk (0 (21D

where £ symbolizes the Laplace transform. This formula can be used to
find the inverse Laplace transform of both Pj(s) and P»(s). Rather than
finding it by hand, we use Matlab or Mathematica.

Fig. 2.18 shows the comparison of the Binomial approximations for several
values of Ny and Newton’s approximation. We can see that we need
a large number of iteration steps of the Binomial method, which is a
significant drawback of the method.

2.7.4 Wave transfer function - double integrator model

We validate the three approximating methods by carrying out the Laplace
transform analytically for a simple example of a double-integrator system.
In such a system o = s> 4+ 2 and

82 S
G(s) :1+5—5 5?2 4+ 4. (2.112)

We will show that the inverse Laplace transform leads to the Bessel func-
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Figure 2.18: Comparison of the Binomial and Newton’s approximations
for the system with k, = k; = £ = 4. The index at g shows the number
of iteration steps.

tions. We use the following properties of the Bessel functions

1

LLR20} = =g (2.113)
(Jo(2t)) = —2.J1(2t), (2.114)
(J1(2t)) = 2Jp(2t) — Jl(ft) (2.115)

where Jy(t) is the Bessel function of the first kind and zero order.
We differentiate the square root term in (2.112) with respect to s

dG s34+ 2s s +2

— =5 —————=5— )
ds Vst 4 4s? Vs?+4

Using (2.113) and the following rules for the Inverse Laplace transform

(2.116)

f(t) = L7 {s*F(s) — sf(0) = f'(0)} (2.117)
%f(t) =Lt {/:O F(a)da} : (2.118)

o8



2.7. Appendix to the chapter

we find

g(t) = % (Jo(26))" + 2J0(21), (2.119)
where

(Jo(2t))" = (=2J1(2t)) = %Jl(%) — 4.Jp(2t). (2.120)

We note that the ‘s’ in (2.116) corresponds to the initial condition of the
Bessel functions from (Jo(2t))" as

5(Jo(2t))—g + (=2J1(2t));—g = 5. (2.121)
Therefore
2 2
g(t) = ?Jl(Qt) - EJQ(QLL). (2.122)

We can see in Fig. 2.19 that Newton’s and the Continued fraction methods
give identical approximation of the Wave transfer function.

2.7.5 Overview of some Wave transfer functions

The overview of the Wave transfer functions is shown in Figs. 2.20 and
2.21. All the step responses converge to one due to at least one integrator
in the agent’s model. The Wave transfer functions for the systems with
three integrators (bottom panels) are asymptotically stable, despite the
fact that the multi-agent system with the path-graph topology is asymp-
totically unstable (see Table 7.1, p. 156).
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Wave transfer function for various agent models.
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8] Heterogeneous agents and the
waves

The previous chapter shows that the interaction between the vehicles, or
generally— agents, causes that a change in the output (e.g. position) of
even a remote agent affects all the other agents. If we study their responses
from the local point-of-view, we can notice that the change is propagated
as a wave. For instance, if the first agent changes its output, it initiates a
wave that travels along the system to the last agent, where it is reflected
and travels back. When it reaches the first agent, it reflects back again.
These two reflections at the system boundaries significantly prolong the
settling time.

The same phenomenon is occurs if the agents are non-identical, for in-
stance, if the agents have different dynamics, or different controllers. In
fact, the travelling wave is partially reflected at non-identical agents inside
the multi-agent system. We can imagine this behaviour as the reflection
of the wave at a boundary between two media of different properties, see
for instance [French (2003)]. A wave reflection is usually an undesired
effect since it prolongs the settling time. One way to avoid the reflections
inside the system is to force the agents to be identical, which is usually
impractical, or even impossible. On the other hand, a wave description
allows us to design a feedback controller that compensates the different
dynamics of the agents, which shortens the settling time.

In this chapter, we aim to provide the mathematical description of the
travelling waves propagating along a multi-agent system with non-identical
agents and path-graph topology. The underlying questions are: How do
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the different dynamics of the agents affect the travelling wave? How to
mathematically describe this effect? How to compensate it?

The main contributions of the chapter are: i) mathematical description
of the travelling waves in a multi-agent system with non-identical agents
and a path-graph topology (Theorems 3 and 4), ii) a local performance
analysis of the multi-agent system by the analysis of the wave amplifi-
cation determined by the DC gains (Lemma 7), and iii) a design of a
controller that prevents a reflection of the travelling wave, which shortens
the transient of the system (Theorems 5 and 6).

3.1 Mathematical preliminaries

3.1.1 Local control law

We consider a multi-agent system with a path-graph interaction topology.
The dynamics of agents is described by a linear single-input-single-output
model with the transfer function P,(s), where n is index of the agent.
The output, X, (s), is given as

Xn(8) = Pp(s)Up(s), (3.1)

where U,(s) is the input to the agent generated by a local control law of
the agent. This law aims to equalize agent output with the outputs of the
two neighbouring agents. It is modelled as

Un(s) = Crn(8)(Xn-1(5) — Xn(8)) + Crn(8)(Xnt1(s) — Xn(s))
+ Cin () Wi n(s) + Crn(8)Wen(s), (3.2)

where Ct,(s) and C;p(s) are transfer functions of the controllers of the
front and rear agents, respectively, W, (s) and W, ,(s) are the inputs to
the agent. We assume that the inputs are equal to zero unless we specify
them otherwise. We consider that each agent may have a different dy-
namical model as well as a different set of controllers and denote the front
agent transfer function (ATF) and rear ATF by M, (s) = Po(s)Cen(s)
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and M, ,(s) = Pn(s)Cin(s), respectively. The resulting model of the
nth agent, assuming zero initial conditions, is shown in Fig. 3.1 and is
described as

Xn(s) = Min(s)(Xn-1(s) = Xn(s)) + Mrn(s)(Xnt1(s) = Xn(s))
+ My (5)Wen(s) + Men(s)Wen(s). (3.3)

Figure 3.1: The model of nth agent.

The first agent is described as
Xi(s) = My (s)(Wra(s) — Xa(s)) + Mra(s)(Xa(s) — Xi(s)), (34)

where Wi i(s) = Xrer(s) is the external input to the multi-agent system,
which represents the reference output of the multi-agent system. The last
agent, i.e. the rear-end agent (n = N) of the system, is described as

Xn(s) = Min(s)(Xn-1(s) — Xn(s)). (3.5)



Chapter 3. Heterogeneous agents and the waves

3.1.2 The wave generated by an input to the agent

We generalize (2.21) for the case with a non-zero input. For now, we
consider only the input W, , while W, = 0. Hence, the model (3.3) of
the nth agent is

Xn(8) = Mipn(8)(Xn—1(8) — Xn(8)) + My n(8)(Xnt1(s) — Xn(s))
+ My (8)Wr (). (3.6)

In this case, the input W; ,(s) generates a wave that propagates in the
multi-agent system in the same manner as described by (2.22) and (2.23).
However, (2.21) is changed as follows

Xn(s) = G(s)An—1(8) + G(5)Bn+1(8) + Ty n(s)Wr n(s), (3.7)

where T}, (s) = Xy, (s)/Win(s) for N — co. We are interested in finding
Ty n(s), hence, we substitute (2.22) and (2.23) into (3.6) and get

Tr,nWr,n = Mf,n(GTr,nWr,n - Tr,n r,n)
+ Mr,n(GTr,nWr,n - Tr,nWr,n) + Mr,nWr,n- (38)
Rearranging results in
Ton(s) = Min(s)
P L Mg (8) + My (s) — Men(8)G(8) — Myn(s)G(s)

(3.9)

The transfer function Tt ,,(s) = X,,(s)/Wt,, for a non-zero input Wt,, can
be arranged in a similar way as 71} ,,(s).

3.2 Soft and hard boundaries

3.2.1 Mathematical definition of the boundaries

We consider that the multi-agent system consists of non-identical agents.
In general, we can distinguish between three cases: i) M, # Mg 41, ii)
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3.2. Soft and hard boundaries

Mz, # M, 5, and iii) a combination of i) and ii). All three cases causes a
partial reflection of the travelling wave. Therefore, we can consider them
as boundaries for the wave. First, let us focus on the boundaries caused
by i) and ii).

Definition 4. The soft boundary s a virtual boundary between two agents,
indezed s and s + 1, with the following property

MI‘,S(S) 7& Mf,s—i—l(s)a (310)

where M, s(s) and M s11(s) defines the model of an agent in (3.3).

The soft boundary is, for instance, located in a platoon of non-identical
vehicles governed by the same symmetric bidirectional control law, see
[Martinec et al. (2014d)], or in a mass-spring model with identical springs
but non-identical masses.

The second type of boundary is defined as follows.
Definition 5. The hard boundary is a virtual boundary located at the hth
agent with the property

Mip(s) # M p(s), (3.11)

where Mg p,(s) and M,y (s) defines the model of an agent in (3.3).

The hard boundary is, for instance, located in a platoon of identical vehi-
cles governed by the asymmetric bidirectional control, or in a mass-spring
model with identical masses but different springs, see Fig. 3.2.

The adjective ‘hard’ emphasizes the fact that the hard boundary is lo-
cated at an agent, in contrast to the soft boundary, located between two
agents. To distinguish between the incident, transmitted and reflected
waves at the hard boundary, we decompose X to the hard-boundary
wave components as

Xn(s) = Apr(s) + Br(s) = Apr(s) + Brr(s), (3.12)
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< Bs—1 < Bs‘/\B < Bs+2 <

s+1

A
4

£\

<—B,, «—B,,<B, Bz <€B,,, <—B,,<—

)As-1 —>»> As s+l —»> As+2 —>

> Any P At A AR P AL AL, —>

4

Figure 3.2: Scheme of a multi-agent system with the soft (top panel) and
hard (bottom panel) boundaries, respectively. The blue and red squares
are agents with the WTFs of G(s) and H(s), respectively, defined later.
The virtual connections between the agents are illustrated by springs. The
blue-red spring is the soft boundary and the blue-red square is the hard
boundary.

where the indexes . and R denote the wave components that are next to
the left and right sides of the boundary, respectively. Changing the output
of the agent with the hard boundary initiates two waves propagating in
opposite directions with different dynamics. This is treated in following
technical lemma.

Lemma 6. If there is no other boundary next to the hard-boundary agent,
then

ApL(s) = G(s)An-1(s), Bur(s) = G~ (s)Bn-1(s), (3.13)
Apr(s) = H ' (s)An1(s), Bur(s) = H(s)Bny1(s), (3.14)

where

1 1 1
G(S) = 5041 — 5\/@, H(S) = 50{2 - Oé% - 47 (315)

a) =24 1/Mgy(s) and o =2+ 1/M; p(s).

Proof. The proof is the same as the proof of Theorem 1 in Section 2.2.1.

68



3.2. Soft and hard boundaries

In this case, two different sets of continued fractions can be found, one
converges to G and G~!, and the other one to H and H~'. O

The third case introduced at the beginning of this section, that is the com-
bination of the soft and hard boundaries, can be treated by generalization

of Lemma 6 given in Section 3.5.

3.2.2 Mathematical description of the boundaries

Theorem 3. A soft boundary is described in the Laplace domain by the
following four boundary-transfer functions (BTFs),

Agit H — HG? Asi1 HG — H?
aa As 1-HG ba Bs+1 1— HG '’ (3 6)
B, G - H*G B, HG-G?
Ty, = = Tgp=—=——--— 1
L T ey T Ll Wil wy T (3.17)
where

1 1 1
G(s) = 501~ 5\/04% —4, H(s)= 502~ o —4, (3.18)

a) =2+ 1/M; s(s) and ag =2+ 1/Ms 411(s).

Proof. This technical result follows the mathematical derivation of reflec-
tion at a forced boundary derived in Lemma 1. The model of a forced
boundary was shown to be 4; = GXy — G?>B;. We can use this result
and describe the soft boundary as

As+1 = _HQBS-l-l + H X, (319)
B, = —G?A, + GX, 1. (3.20)

Substituting (2.21) for X and (3.20) for By yields

Asp1 = —H?Byy1 + H(A; — G*As + G(Asi1 + Borr)). (3.21)
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Separating As11 gives the final result

H— HG? HG — H?
Asy1 = As—————— + Bsy1——————. 22
A=A He T I HG (3:22)
Similarly, substituting (2.21) for X and (3.19) for Asy1 gives
By = —G*A, + G(—H?B, 1 + H(A; + By) + By 1). (3.23)
Finally, separating B,, yields
G - GH? HG - G?
Bs = Bs As 3.24
A1 -HG T -HG (3:24)
O

The interpretation of the theorem is as follows. If there is a wave trav-
elling to the soft boundary from the left-hand side, then it is partially
reflected from the boundary (described by Ty, ) and partially transmitted
through the boundary (described by Ty,). Likewise, if the wave travels
from the opposite side, then the transfer functions T}, and T, represent
the respective waves. Mathematically,

e
—
»
~—
I

G(s)(1 + Tap(s))As—1(8) + Tpp(s) Bs+1(s), (3.25)
H(s)(1+ Tya(s))Bsta(s) + Taa(s)As(s). (3.26)

£
+
—
O
I

The forced-end boundary is an example of the soft boundary. Substituting
G =0 into (3.16) and (3.17) gives Toa = H, Tha = —H? and Ty, = Tap =
0.

Theorem 4. The BTFs describing the hard boundary in the Laplace do-

main are

_Ah,R_(l—i-G)(l—H) _Ah,R_ H-G
_B}LL_(l—f-H)(l—G) _Bh,L_ G- H
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3.2. Soft and hard boundaries

where G and H are given by (5.15).

Proof. From (3.3), the output of the agent can be rewritten as
Xh(s) = TL(S)thl(S) + TR(S)Xthl (S), (3.29)

where 11, = Mf,h/(]. + M, + Mr,h) and Tg = Mr’h/(l + M, + Mr,h)- We
combine (2.21), (3.13) and (3.14), and obtain

Xpo1=Ap-1+Bp1 =G 'Ap1 + GBy, (3.30)
Xpni1 = Apy1+ By = HApr + H ' By . (3.31)

Substituting (3.30) and (3.31) into (3.29) and using (3.12) for X}, we have

ApL+ Bry, = TL(G P ApL + GByy) + Tr(HApR + H 'ByR).
(3.32)

Rearranging (3.32) with respect to the hard-boundary wave components
gives

Ah,L(l — TLG_l) + Bh,L(l -T.G) = Bh7R(TRH_1) + Ah7RTRH.
(3.33)

The four wave components are now reduced to three components by sub-
stituting Ah,R = Ah,L + Bh,L — Bh,R into (3.33),

ToH — TrH™! 1-T,G ' —TpH

B, =B 3.34

WL R R G TRH -1 MY G TRH — 1 (3:34)
or, alternatively, by substituting By 1, = Apr + Bhr — 4AnL,
TG — T1,G71 1-T1,G—TrH™!

Apgr = Ap1 oo L = = (3.35)

TG+ ThlH —1 PR GrThl —1

These formulas can further be simplified by expressing 11, and Tg in
terms of G and H. Specifically, M) = (G—i—G_1 — 2)_1 and M, ) =
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(H+H™*' - 2)71. Substituting them into (3.34) and (3.35) yields

1+ H)(1-G) G- H

B, =B Ay ——— )
nL=Brr—T e TAwT e (3.36)
(1+G)(1-H) H-G
Apr=A Bpr——— .
nR = AnL e T Bury e (3.37)
which proves the Theorem. ]

The interpretation of the theorem is as follows. A wave incident from the
left side of the hard boundary (described by Ap;,) is partially reflected
from the boundary (described by Tap) and partially transmitted through
the boundary (described by Taa). For the wave incidenting from the
opposite side (described by B, r), the transfer functions are Tga and Tgg,
respectively. The output of the hard-boundary agent can be expressed in
two equivalent ways,

Xp =G+ Tap)An—1 + HTgpBp1, (3.38)
Xy = GTaApnAp_1 + H(l + TBA)Bh-H- (339)

The free-end boundary from Section 2.3.2 is an example of the soft bound-
ary. In this case H = 0, which gives Tapn = Tgp = G and Thg = Tga = 0.

For the case of identical agents, that is, when G = H, Theorems 3 and 4
vield Toy = Toh = G, Tap = Toa = Tap = Tpa = 0 and Tan = Tpp =1,
which is in agreement with (2.21)-(2.23).

3.2.3 Properties of the boundaries

Although the above definitions and physical interpretations of the bound-
aries are different, they have some common features. For instance, they
have bounded DC gains, or there is an inverse-reciprocity relation indi-
cating that Ty, is closely related to Tgp rather than to Taa, while T,y is
related to Tga, and so on. More specifications are as follows.
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3.2. Soft and hard boundaries

Corollary 2. The soft and hard BTFs are related as follows,

Taa(s) = TBB(s) + G(s) — 1, Tha(s) = H(s)TaB(s), (3.40)
Ton(s) = Tan(s)+ H(s) — 1, Tu(s) = G(s)Tpa(s), (3.41)
Taa(s) =14 Tan(s), Tpp(s) =1+ Tpa(s), (3.42)
Taa(s) + Tpr(s) = 2, Tag(s) + Tea(s) = 0. (3.43)

Proof. By straightforward application of Theorem 3 and Theorem 4. [

The amplitude of the wave that is reflected at or transmitted through the
boundary can be approximated by the DC gain of the BTFs. Usually,
there is at least one integrator both in the front and rear ATFs allowing
the agent to follow the ramp of X, which can, for instance, represent
that a vehicular platoon travelling with constant velocity. In this case, it
holds.

Corollary 3. If there is at least one integrator in the front ATF and at
least one integrator in the rear ATF, then the DC gains of the BTFs are
related as follows

Kaa + Kbb = 2, Kab + Kba = 0, (3.44)
Kaa — Kab = 1, Kbb — Kba = 1, (3.45)
Kaa = KBB, Kba =KAB, HKbb = KAA, Kab = KBA, (3.46)

where Ky is the DC gain of Tya, Kap s the DC gain of Ty, etc.

Proof. Under the above assumptions, the DC gain of a WTF is equal to
one, i.e. llimG(s)s0 = 1 and lim H(s)s0 = 1. Then, the proof is a
straightforward application of Corollary 2. O

The particular values of ka5 and Kpp, are given by the following lemma.

Lemma 7. Let both M, ,, and M; 1 have at least one integrator. If M.,
and Mg n41 have the same number of integrators, then the DC' gains of the
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Chapter 3. Heterogeneous agents and the waves

soft BTFs are

2 2
Faa = ——=—5 HKbb = ———=, (3.47)

n1,0ds,0 1 n2,0d1,0
n2,0d1,0 n1,0d2,0

where n1o/d1o = limg_0 " M, , noo/doo = lims_yo s" Mg i1, and ki
and ko is the number of integrators in M, , and Ms, 1, respectively. If
M, ,, has more integrators than Mz, 11, then

Kaa =0, Kpp = 2. (3.48)
If Mty 1 has more integrators than M, ,, then

KRaa — 2, Rph = 0. (349)

Proof. Let us denote ay = 2+1/M, ,, = 2+di/ny and ag = 24+1/Mg 41 =
2+da/ny. We will begin with deriving the DC gain kg, of the Ty, transfer
function,
, . H—-HG* . 1-G* 0
Faa = i Toa =l = e = I = = (3:50)
since limg;_,0 G = lims_,0 H = 1 for at least one integrator in M;, and
M 41. Applying 'Hopital’s rule to (3.50) gives
2G 2

Kaa = lli% H2H' (G) 1 +1 = l% H(G) T+ 1 (3.51)

where the symbol ’ denotes the differentiation with respect to variable s.
First, the differentiation of (3.18) yields

1 1 oo
e VR S U B 3.52
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3.2. Soft and hard boundaries

The individual contributions to lims_,q G’ are

d\ny — din! eR,ifk =1,
lim } = lim S0 — 8= e (3.53)
s— S ny 0, if k1 > 1,
and

lim 047/1 = lim 1 = dim
s=0 /o —4  s=0n;\/d? + 4dny

1; sk1/2) (s /D=1, dy gny — s®1/Ddy gn)
= 11m

50 s/ [k o + ddy gny

(k1/2)-1} 4 1 /d

— lim (5 1 1’0711) — lim kls(k1/2)*17 1,0 (3.54)

s—0 T A /4d170n1 s—0 2 n1,0 ’

where dj o = limg_0 s F1d; and n1,0 = lims_0n1. Moreover limg_,0 o1 =
2. Similarly, lims_,o H' can be evaluated. Then

H' ko |miod
. 1 (ka—k1)/2 2 1,042,0
llH(l) el ilH(l] s 7\ maodio” (3.55)

where da g = lim,_sg sk dy and ngo = lims_0ng. Finally, substituting
(3.55) into (3.51) yields

2
Kaa = lim . (3.56)

0
= S(kz—k1)/2@ M +1
k1 \| m2,0d1,0

Therefore, if M, ,, and M, have the same number of integrators (k; =
k), then (3.56) simplifies to (3.47). If ky > ki, i.e., Mg, have more
integrators than M, ,,, then (3.55) converges to zero and ka, = 2. In the
opposite case, (3.55) diverges and ks = 0. The DC gain kpp, = 2 — Kag i8S
from (3.44). O

Corollary 4. If there is at least one integrator in the front ATF and at
least one integrator in the rear ATF, then the DC gains of the BTFs are
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bounded as
_1 S K’abu Hbav '%AB7/€BA S 17 (357)
0 < Kaa, Kbb, KAA, kBB < 2. (3.58)

Proof. The soft-boundary DC gains are treated by Lemma 7 and Corol-
lary 3. The hard-boundary DC gains can be calculated using Corol-
lary 3. O

3.3 Controllers for the boundaries

We now design a feedback controller compensating the fact that the agents
are not identical. The motivation is to prevent the undesired reflection of
waves and thus to shorten the settling time.

3.3.1 The soft boundary controller

A soft-boundary controller can be designed for various purposes, for in-
stance, to prevent or modify wave’s transmission through the boundary.
We now design an absorbing controller that prevents the reflection of a
wave from the soft boundary. The derivation will be presented only for the
left side of the boundary since the derivation for its right side is analogous.

First, we add input W, s to the sth agent. By the combination of (3.25)
and (3.9), we get

X = (1 -+ Tab)As + Tbst+1 + Trjn(l + Tab)Wr,s- (359)

We want to design a controller that prevents the reflection of the wave
travelling to the soft boundary from the left, which is described by term
TapAs. Therefore, we set Wy 4(s) = Frg(s)As(s), where Frg(s) is a trans-
fer function of a controller that prevents the reflection of the wave. To

76



3.3. Controllers for the boundaries

prevent the reflection, we eliminate term T, Ag by requiring
Ton(8)As(s) + Trn(s)(1 + Tap(s)) Frs(s)As(s) =0, (3.60)
which is the constraint for the controller,

— ab(s)
Tr,n(s)(l + Tab(s)) '

Substituting for Ty (s) from (3.17) and for T} ,(s) from (3.9), the ‘absorb-
ing’ transfer function has a simple form

Fis(s) =

(3.61)

Fig(s) = G(s) — H(s). (3.62)
It remains to specify A, which represents a wave incident on the soft
boundary from the left. By (2.21), (2.22) and (2.23), we have

Ag(8) = G(Xs-1 — Bs_1) = GXso1 — G*(X,5 — Ay), (3.63)

which leads to

G
1—G2%(s)

G%(s)

As(s) TTo62(s)

Xs-1(s) Xs(s). (3.64)

Therefore, the left-side-absorbing control law Cp, g is described by the
consequential application of the above equations as

CL,S = Mr,sWr,s = Mr,st,SAs
G

=Moo (6= H) 7

(Xso1 — GXs). (3.65)
The model of sth agent with implemented left-side absorbing controller is

shown in Fig. 3.3.

By modifying (3.59), the output of the sth agent with the left- and right-
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Figure 3.3: The model of sth agent with the left-side absorbing controller
(highlighted in blue), where Ters = G(s)(G(s) — H(s))/(1 — G?(s)) from
(3.65). The front and rear ATFs are identical since, for now we assume
only one soft boundary in the system as at the top of Fig. 3.2.

side absorbing controllers is

Xs =14 Tap)As + T Bsg1 + FrsTrn(1 + Top) As
+ TbbFr,STf,nBerl = GAS,1 + GBerl, (3.66)

where F} g(s) is equivalent to Frg(s) for the right side of the soft boundary.
Likewise, the output of the (s+ 1)th agent with the absorbing controllers
is

Xot1(s) = H(s)As(s) + H(s)Bsta(s). (3.67)

The results can be summarized in the following theorem.

Theorem 5. The control law preventing any wave to be reflected from the
soft boundary is described in the Laplace domain as

Xy =M, o(Xs-1 — 2Xs + Xop1) + Cr g, (3.68)
Xs+1 — Mf,s+1(Xs - 2Xs+1 + Xs+2) + CR,Sa (369)
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3.3. Controllers for the boundaries

where
G(G—-H)
Crs = Mr’sl—iGQ (Xs—1 — GXs), (3.70)
HH -G
Crs = Mf,s+11(_H2) (Xsp1 — HX,). (3.71)

We note that the control law described in Theorem 5 is the only way to
fully absorb a wave since term T, A5 in (3.59) is cancelled by the choice
of Wi s(s) = Frs(s)As(s).

3.3.2 The hard boundary controller

Controlling the hard boundary is similar to that of the soft boundary in
Section 3.3.1. Here, we only provide a brief description of the absorbing-
controller design.

The output of the hAth agent from (3.38) controlled with additional input
Wrep(s) is

Xp = (1+Ta)Anr + TeBrr + Tt nWen, (3.72)

where Wiy (s) = Fru(s)AnL(s) and Fru(s) is a transfer function of a
controller that prevents the reflection of a wave. To prevent the reflection
of the wave travelling towards the hard boundary from the left, we set
TABAh,L = —nyHTﬁan’h. Hence,

Tan(s) _ (H(s) ~ G(s))(1 — G(s))
T n(s) G(s)(1— H(s)) '

)

Fru(s) = — (3.73)

The Aj 1, term represents the wave travelling towards the hard boundary
from the left, which is again computed by (3.64),

S 2 S
Apr(s) = 1_G(GZ)(S)X}L_1(S) - fcgz)(s)xh(s). (3.74)
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The left-side-absorbing control law is then

H-G

Cru = MepFrnApr = My, A+ G —H)

(Xp_1 — GXp). (3.75)

The design of the right-side absorbing controller is similar. When both
controllers are implemented on the hth agent, we get

Xn(s) = Ap1.(s) + Brr(s) = G(s)An—1(s) + H(s)Bn41(s), (3.76)
where (3.42) have been considered.

Combining (376) and (3.12) gives Ah,L = Ah,R and Bh,L = Bh,R~ In
words, the hard boundary between the wave components indexed by L
and R is removed at the hth agent and the wave transmits through the
agent without being reflected.

The results can be summarized in the following theorem.

Theorem 6. The control law that prevents any wave to be reflected from
the hard boundary is described in the Laplace domain as

Xp = Mp(Xn—1 + Xn) + My (Xng1 — Xp) +CLp + Crou, (3.77)

where
H-G
CLuy = M, X1 — GXy), 3.78
G—-H
C =M, X — HX;,). 3.79
R,H YA T H) = G)( ht1 h) (3.79)

By comparison of Theorems 5 and 6 we can see that we need to implement
the wave absorber on two agents for the soft boundary but only on one
agent for the hard boundary.
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3.3. Controllers for the boundaries

3.3.3 Stability of the controllers

The stability of the proposed controllers is treated by the following theo-

rem.

Theorem 7. If the WTFs are asymptotically stable, then the multi-agent
system with the path-graph topology and the control law from Theorem 5 or
Theorem 6 is asymptotically stable. Furthermore, the control laws and the
wave absorbers, located on the first or rear-end agent make the multi-agent
system Lo string stable.

Proof. In this proof, we assume that there is only one soft boundary in
a multi-agent system. However, the proof for the case with multiple soft
and/or hard boundaries can be carried out analogously. We consider a
multi-agent system with a path-graph topology with M¢; = M, ;, M ; =
M, ;, where ¢ = 1,2,...,m and j = m + 1,m + 2, ..., k. Therefore, there is
a soft boundary between agents indexed by m and m + 1.

First, we prove the theorem for the case with a wave absorber only on the
first agent. If there is a wave absorber implemented on the first agent,
then the combination of (2.22), (2.23) (3.66) and (3.67) gives

= GP(s 2m+1-p g 2k s). i m .
m_G()JrG TP H™ (), if p < m, (3.80)
Xp(s) _ m p—m m m—p .

Xref(s) =¢ (S)H (S) +G (S)H2k+1+ (S)v lfp >m.

(3.81)

In the alternative case of the wave absorbers implemented either on the
rear-end agent, or on both the first and the rear-end agents, the output
of the pth agent is described by

)??:(?) =GP(s), if p < m, (3.82)
Xp(S) _ m p—m :
Noerls) G™(s)HP™™(s), if p > m. (3.83)
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Since G and H are asymptotically stable, and ||G||ec < 1 and ||H||eo < 1,
then (3.80)-(3.83) are asymptotically stable too and have the H, norm
limited regardless of the number of agents in the system. In view of

Definition 2, we see that these two systems are Lo string stable.

Now, we prove the theorem for the case with no wave absorber on the
first or rear-end agents. First, we show a way to find the transfer function
from X, to X for the system with m = 3 and & = 5. In this case,
A = GXpor — GTHY A and By = GSH X s — GTH' By, hence

Xi(s) _ Ails) + Bals) _ Gls) + G(s)HY(s)

Xeet(s)  Xeet(s) 1+ G7(s)HWO(s) (3.84)
Similarly,
Xo(s) _ G2(s) + GO(s)H'(s) (3.85)
Xeet(s) 1+ G ()HO(s) :
and so on. For the pth agent, we have
Xp(s)  GP(s)+G* 1 P(s)H?(s)
pr— < .
Xref(s) 1+ G2m+1(S)H2k(s) , ifp <m, (3 86)
m p—m m k+2m+3—p
Xp(s) _ G™(s)HP"™(s) + G™(s)H (3)7 N
Xret(s) 1+ GZnH1(s) H2k(s)
(3.87)

Note that the transfer functions between two arbitrary agents can be
expressed similarly.

Due to (2.24), we have M/(1+2M) = G/(1+ G?). The Nyquist criterion
of stability states that if M/(1 + AM) is stable for A € (0,4), and if
there are neither CRHP poles nor CRHP zeros in M (s), then the Nyquist
curve of M (s) does not encircle the point [—1/4,0]. Hence, M(s) does
not intersect the interval (—oo,—1/4). Therefore, if (2.74) holds, then
M/(1+ 2M) is asymptotically stable.

In view of the Nyquist criterion of stability, we can say that, if M/(1+2M)
is stable, that is, if G/(1+G?) is stable, and if ||G||oc < 1 and ||H||c < 1,
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then the transfer function

G(s)
1+ G%(s)Gn(s)H(s)’

(3.88)

is asymptotically stable for q1,¢qo € N. Furthermore, since G and H are
asymptotically stable, then the transfer function

G(s)G®(s)H™ (s)
14 G%(s)Gn(s)H9(s)’

(3.89)

is asymptotically stable for g3, g4 € N. Comparing (3.89) with (3.86) and
(3.87), we can say that the transfer function between two arbitrary agents
in a system with no wave absorber on the first or rear-end agents and with
the control law given by Theorem 5 is asymptotically stable.

The proof of the control law from Theorem 6 can be carried out analo-
gously. The only difference is in different powers of G and H in (3.80)-
(3.83), (3.86) and (3.87), which does not affect neither the asymptotic nor
string stability.

3.4 Numerical simulations of the soft boundary

The numerical simulations are carried out with WaveBoz, which is a set
of functions and examples in MATLAB that numerically approximates
WTFs and BTFs. The WaveBox also contains a set of examples that
show the effect of boundaries and absorbers. Some of the examples are
presented in this section. The WaveBoxz was written by the author of the
thesis and is available at [Martinec (2015)].
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Chapter 3. Heterogeneous agents and the waves

3.4.1 Soft boundary performance

The numerical simulations are carried out for a system with 8 agents
described by

4s +4 .

Mf}i(S) = Mr,i(8> = m, 1= 1, 2, 3,4, (390)
s+1 )

My j(s) = M j(s) = (5 43) J=05,6,7,8, (3.91)

which represents a double integrator agent with a linear model of friction
controlled by a PI controller. Therefore, we consider a multi-agent system
with 8 agents and a soft boundary located between the 4th and 5th agent.

The effect of the soft boundary is demonstrated in Fig. 3.4, where the
wave-absorbing controllers on the first and rear-end agents are addition-
ally implemented.

The performance of individual control strategies are shown in Fig. 3.5.
Comparing the bottom-left and top-left panels, we can see that the soft-
boundary absorber does not shorten the settling time if it is not com-
bined with other absorbers on the first or rear-end agents. In the case
of the absorber on the first agent (top-middle panel), the wave keeps re-
flecting between the soft boundary and the non-absorbing rear-end agent
which prolongs the transient. The implementation of the soft-boundary
absorber (bottom-middle panel) shortens the transient since it prevents
the wave from being reflected back and forth. The absorbers implemented
on both the first and rear-end agents (top-right panel) cause a change of
the steady-state value, as predicted by Lemma 7. There are two possi-
ble ways to obtain a desired steady-state: a) overcompensate the input
signal (see [Martinec et al. (2014d)|), or b) implement the soft-boundary
absorber (bottom-right panel).

Fig. 3.6 shows the comparison of the inputs to the fourth agent for (i)
the multi-agent system with 8 identical agents (blue solid line), where
each agent is described by (3.90), (ii) the multi-agent system with non-
identical agents described by (3.90)-(3.91) without the soft-boundary ab-
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g et : [P : : . &
3 Ot i o o 3 0ox X X  u o = 0% X * =
0 2 4 6 8 0 2 4 6 8 0 2 4 6 8
Time:11s Time:16s Time:30s
o+ I+ . . t
T + o+ + [+ [+ ¢t o+ ]t [+ |+ +
R i R L i R R e
‘5 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
5 o 1 1 X X ort 1 U = oH T X =
X 2 x X X x X X x
0 2 4 6 8 0 2 4 6 8 0 2 4 6 8
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Figure 3.4: Simulation of the wave propagating in a multi-agent system
with the path-graph topology defined by (3.90)-(3.91). At the beginning,
t = 0% s, outputs of all agents are 0 except xre¢(t), which is changed from 0
to 1. At intermediate times, the wave travels to the soft boundary, where
it is transmitted and attenuated by factor ka, and reflected by factor kap.
As the wave propagates back to the fist agent, it forces the first four agents
to change their output by ka1, (negative value in this case). The waves are
absorbed on 1st and 8th agents by the wave-absorbing controllers. The
blue circles and red crosses represent a(t) and b(t) components of the wave,
respectively. The green plus signs stand for the outputs of the agents. The
Oth agent is the input to the system from (2.53), i.e. Xo(s) = We1(s),
Ap(s) = Xret(s) and By(s) = GBi(s).

sorber (green dashed line), and (iii) the multi-agent system as in (ii) but
with the soft-boundary absorber (red pluses). The input for (i) and (ii)
is described by Vi(s) = (Xs—1(s) + Xs41(s) — 2Xs(s)), that means the
output error. The input for (iii) is Viri(s) = Vi(s) + Cr,s(s) /M, s(s), that
means the same as for (i) and (ii) plus the control law from (3.70). The
wave absorbers on both the first and rear-end agents are implemented in
all cases. We can see that the inputs to the fourth agent are the same for
cases (i) and (iii). Therefore, the output of the wave-absorber is the differ-
ence between (ii) and (iii), which shows that the output of the controller
is feasible.
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Figure 3.5: The performance comparison of individual control strategies
for a multi-agent system with the soft boundary. The multi-agent system
is defined by (3.90)-(3.91) with z,¢¢(0) = 1 and 2;(0) = 0fori =1,2,...,N.
The step responses of six individual control strategies are compared. The
top-left: the system with no absorber; top-middle: the system with the
absorber implemented on the first agent; top-right: the system with the
absorbers implemented on the first and rear-end agents. In the bottom
panels, the soft-boundary absorber between the agents 4 and 5 is addi-
tionally implemented.

3.4.2 Local effect of the DC gains

A local effect of the BTF DC gains is demonstrated in Fig. 3.7 for first 120
seconds of the step response of a multi-agent system with a path-graph
topology described by

4s + 4

Mfﬂ'(S) = Mr’i(S) = m, 7, = 1,2, ...740, (392)
s+ k .
M j(s) = M, ;(s) = Wfi’») j =41,42, ..., 80. (3.93)

Applying (2.21)-(2.23) and (3.26), the output of the 415% agent is
X41(s) = Taa(s)Aso(s) + (1 + Tha(s))Bai(s), (3.94)

where By (s) is the wave that is transmitted through the boundary, travels
from the 415 agent to the 80'" agent, is reflected and travels back to the
415 agent, hence, By1(s) = Tya(s)H ™ (s)A40(s). It takes certain time for
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Figure 3.6: The comparison of the inputs to the fourth agent for three
different multi-agent systems. The label ’SB abs.” stands for the soft-
boundary absorber described by (3.65).

the wave to propagate, therefore, we can approximate the output Xy (s)
as

X41(8) ~ Taa(s)Aao(s)- (3.95)

The approximation gives the exact results in the time-domain until the
wave returns back to the 415 agent, which happens at about ¢t = 110 s.

We can see that it takes approximately 25 seconds (from ¢ = 30s to t =
55 s) for the wave to settle. After that, the output can be approximated
by the DC gain of Tya(s) since the input is the unit-step signal of Xie¢(s)
and the steady-state value of the wave is not changed as it travels to the
40t agent. Hence,

T41 (t) ~ Raa- (396)

This example shows that the travelling wave approach allows us to approx-
imate the output and how it is changed when we change the coefficients
of the system, which is k, in this case. The most important feature of
the approximation is that it does not consider interactions among other
agents. In other words, there can be an arbitrarily number of agents with
an arbitrarily complex interaction topology after the 415 agent.
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Output [-]

80 100 120 140
Time [s]

Figure 3.7: The numerical simulations of multi-agent system described by
(3.92)-(3.93) for different values of k,. The output of the 41%° agent is

shown.

3.5 A combination of soft and hard boundaries

The soft and hard boundaries are two special cases of system boundaries.
The two boundaries can be combined to form any type of complex bound-
ary. The idea is to represent the transfer function of a complex boundary
in terms of the soft- and hard-boundary BTFs. The combination of the
two boundaries requires to relax the assumptions for (3.13) and (3.14),
that is, there is no other boundary next to the hard or soft boundary.

A, —» A, A3'L A AL —» Ag

4

Figure 3.8: Scheme of the complex boundary between 2nd and 3rd agents
composed of the soft and hard boundaries next to each other in a multi-
agent system described by (3.97)-(3.98). The blue arrow in front of the
first agent represents the input to the system.

The approach is demonstrated for the complex boundary in the multi-
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3.5. A combination of soft and hard boundaries

agent system, shown in Fig. 3.8, and described by

4544 )
Mf7i(8) = Mrﬂ;(S) = m, 1 = 1, 2, 4, 5, (397)
s+1 45+ 4
M, =——, M = . 3.98
£3(s) s2(s+3)’ 3(5) s2(s+4) (3.98)

The boundary is formed by the combination of the soft boundary located
between the agents indexed by 2 and 3 and the hard boundary located
at the 3rd agent. This configuration violates the boundary conditions in
(3.13) since now the wave travelling to Az, and the wave travelling from
Bs 1, transmit through the soft boundary. In view of Theorem 3, we have

Az 1(s) = Taa(s)A2(s) + Toa(s)BsL(s), (3.99)
Bs(s) = Tan(s)A2(s) + Ton(s)Bs,.(s). (3.100)

The second part of the complex boundary is composed of the hard bound-
ary. Hence, by Theorem 4, we have

A3 r(s) = Tan(s)As1(s) + Ta(s)Bsr(s), (3.101)
Bg7L(8) = m(S)A&L(S) + TBB(S)B&R(S), (3.102)

where the overlined transfer functions are different from those in (3.27)
and (3.28). The original transfer function Txs describes the wave prop-
agating from blue to red agent, while Th 5 describes the wave propagat-
ing in the opposite direction. Due to the same reasoning, Tan = Tgg,
Tep = Taa, Tap = Ta and Tpa = Tap for this complex boundary.

The same procedure can be applied to the wave-absorbing controller.
They can be combined to absorb the wave reflecting from boundaries

of various complexity.

The independent validation of the WTF approach is shown in Fig. 3.9,
where the results of the WTF approach is compared with the simulation
by the state-space approach. We can see that the two results are identical.
Although the validation is based on numerical simulation, we can validate
it also analytically by finding the transfer function from Xief(s) to (A2(s)+
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Bs(s)). This transfer function is identical to the rational transfer function
obtained by the state-space approach using (3.97)-(3.98).

2.5

X, (Sim)
2r X X, (a2+b2)
g1 .
8 0.5 ’\:

0 20 40 60 80 100
Time [s]

Figure 3.9: The comparison of the outputs of the 2nd agent simulated
by the state-space approach using (3.97)-(3.98) (solid line) and that com-
puted by the WTF approach using (3.99)-(3.102). The response to the
step change of xyef(t) is shown.

3.6 Conclusions

This chapter introduces a local approach to a multi-agent system with
a path-graph interaction topology and non-identical agents agents. It
mathematically describes two basic types of boundaries in a multi-agent
system with non-identical agents and their effect on the waves travelling in
the system. The wave description allows us to design a feedback controller
to compensate the undesired effect of the boundaries, which shortens the
settling time of the multi-agent system. Moreover, such a controller makes
the multi-agent system string stable provided that the system is equipped
with at least one wave absorber on the first or rear-end agents.
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3.7 Appendix to the chapter

3.7.1 Approximation of the Boundary Transfer Functions

The soft and hard BTFs (3.16), (3.17), (3.27) and (3.28) are composed of
two different irrational WTFs. Since to find an analytical impulse response
to the irrational BTFs is usually difficult, it is convenient to construct an
approximation of BTF impulse responses. There are at least two ways to
do it, both are based on the approximations of G(s) and H(s).

First, the BTFs are approximated by a linear combination of rational
approximations of G(s) and H(s) in the Laplace domain. To find the
impulse response of a rational-function approximation is a routine pro-
cedure for the inverse-Laplace-transform solvers. However, depending on
the oscillatory character of the system, only the first few seconds of the
approximate impulse response are usually reliable. They are followed by
numerical instabilities due to a high-order approximation of the transfer
function and the limited precision of computational software.

G —»+
i FIR filter /|_> - S
H E’ *
FIR filter G «— H
FIR filter FIR filter

Figure 3.10: Feedback connection for approximating Tap(s).
Second, a numerically more reliable way is to use approximated impulse
responses of G(s) and H(s) in a feedback connection. For instance, the

impulse response of Tagp = (G — H)/(1 — HG) is approximated by the
feedback connection shown in Fig. 3.10.

3.7.2 Overview of the DC gains — Table 3.1
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24 Asymmetric control law and
the waves

It was shown in the previous chapter that any type of system inhomogene-
ity creates a boundary and causes partial reflection of the travelling wave.
The mathematical analysis of the asymmetric bidirectional connection be-
tween agents is then complicated since there are two boundaries between
the neighbouring agents, see Fig. 4.1. This chapter shows that the analy-
sis is considerably simplified by introducing the asymmetric wave transfer
function (AWTF). The AWTF is derived in the same manner as the the
wave transfer function presented in Section 2.2 but for a multi-agent sys-
tem with identical agents and identical but asymmetric controllers.

B.*B, % B *B,<B,*B

n-1,R n+1,L n+1,R

(@ @@}

ATALT ATATALTA

n-1,L n-1,R n+1,R

Figure 4.1: The travelling waves in system with the asymmetric bidi-
rectional controller. There are two boundaries (one soft and one hard)
between the agents, which causes multiple reflections of the wave inside
the system.

Recently, papers [Hao et al. (2012)] and [Cantos and Veerman (2014)]
introduce a novel type of asymmetric bidirectional control by assuming
nonequal asymmetries between the output states. They showed that dif-
ferent couplings between the positions and velocities in the double inte-
grator system can be beneficial for decreasing the transient and overshoots
of the system response. The latter paper also suggests that the symmetry
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Chapter 4. Asymmetric control law and the waves

in the positional coupling is necessary for the asymptotic and flock sta-
bilities of an oscillator array. The reasoning of both papers were based on
mathematical simulations and reasonable conjectures, which raise the fol-
lowing questions. Can the ’'symmetry’ condition be generalized for more
complex agent dynamics? Is the symmetric coupling necessary for other
types of graphs than a path graph? Answering these questions is the main
aim of this chapter. Specifically, it shows that the symmetric coupling be-
tween the agent positions, represented by the identical DC gains of the
controllers, is necessary for the string stability. This result holds for arbi-
trary graph and agent’s model, which is a complementary result to prior
findings about the string stability of asymmetric bidirectional control.

4.1 Mathematical preliminaries

We consider a formation of identical agents with a path-graph interaction
topology. The goal of the formation is to drive along a line with equal
distances between the agents.

The dynamics of agents is described by a linear single-input-single-output
model. The output of the model is the position of the agent, X,(s),
described as

Xn(s) = P(s)Uy(s), (4.1)

where n denotes index of the agent, P(s) is the transfer function of the
model and U, (s) is the input to the agent generated by the local controllers
onboard the agent. The goal of the controllers is to equalize relative dis-
tances to the immediate neighbours. Each agent has two controllers Ck(s)
and C;(s) that control the front and rear distances of the agent, respec-
tively. We describe the controllers by transfer functions, which allows the
representation of arbitrary couplings between the agents. In other words,
the controllers may be of an arbitrary order and structure. We consider
that each agent has the same set of controllers but the two controllers
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may be different, i.e. C¢(s) # Cy(s). Then

Un(s) =Ct(s) (Xn-1(5) — Xu(s))
+ Cr(8)(Xn+1(5) — Xn(s))- (4.2)

The resulting model of the nth agent is shown in Fig. 4.2 and described
by

Xn(s) =Mi(s)(Xn-1(s) = Xn(s))
+ Mi(s)(Xnt1(s) — Xn(s)), (4.3)

where M(s) = Ct(s)P(s) and M;(s) = Ci(s)P(s).

Figure 4.2: The model of nth agent.

The first agent (n = 0), the leader, is externally controlled and serves as
a reference signal for the distributed system. The rear-end agent (n = N)
of the path graph is described by

Xn(s) = Me(s)(Xn-1(s) — Xn(s)). (4.4)
Assumption 1. Throughout this chapter, we assume that
(a) Mi(s) and M.(s) have the same number of p integrators.

(b) Mg(s) and M;(s) are proper.

(¢c) Mg(s) and M.(s) have no CRHP (closed-right half plane) zeros and
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no CRPH poles except of p poles in the origin.

It is convenient to express M¢(s) and M,(s) as

Mf(S) — inf(S) — izéfio nf:ksk (4 5)
sP df(S) sP sz:fO dkask, .

M,(s) Lo(s) LZ’;?;O N s* (4.6)
' sPdi(s) P S dy sk '

where Ky, Lg, K, and L, is the order of polynomial n¢(s), de(s), nc(s)
and d:(s), respectively, and ngy, dig, nrp and d,j are their coeflicients.
Without loss of generality we assume ngo # 0, ny o # 0 and drg = dro = 1.

The traditional asymmetric bidirectional control, see [Barooah et al. (2009)]
or [Tangerman et al. (2012)], assumes that My(s) = uM,(s), where u is a
constant gain. We allow the asymmetry to be more general than scaling
and focus on the relation between the kth coefficients of (4.5) and (4.6).

Definition 6. We say that the distributed system has symmetric posi-
tional coupling if the open-loop model of an agent has
R0 _ Mg

= 4.7
deo  dro (4.7)

In other words, the positional coupling is symmetric if the DC gain of
M;(s)/M,(s) is equal to one. Similarly, the velocity coupling is symmetric
if ngp/dey = ne1/den.

4.2 'Wayve transfer function for asymmetric bidi-
rectional connection

4.2.1 Introduction of the asymmetric wave approach

The bidirectional property of locally controlled agents causes that any
change in the position of the leader is propagated through the distributed
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connection

system as a wave. When the wave reaches the rear-end agent, it reflects
and propagates back to the leader, where it reflects again. This section
describes the propagation of this wave.

The basic idea is to describe the position of the nth agent in a distributed
system with a path graph topology by two components, A, (s) and By, (s),
that represent two waves propagating along a distributed system in the
forward and backward directions, respectively, similarly as in Chapter 2.
However, the wave propagates differently in the directions due to the
asymmetric connection. The mathematical model of such a distributed
system (see Fig. 4.3) is then

Xn(s) = An(s) + Bn(8)7 (4-8)
Any1(s) = G4(s)An(s), :
Bu(s) = G_(5)Buya(s), (4.10)

wheren € {1,2,..., N—1}, G4 (s) and G_(s) are asymmetric wave transfer
functions (AWTFs), which describe how the wave propagates in the sys-
tem in the forward, (4.9), and backward, (4.10), directions, respectively.
They are given in the following lemma.

Figure 4.3: Scheme of waves travelling in a distributed system with a path
graph topology. The squares stand for agents and springs illustrate the
virtual connections between the agents created by the controllers. Note
that all the agents are identical.
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Lemma 8. AWTFs G4(s) and G_(s) are given by

Ci(s) = 56(s) - ;\/5%) - 4%8 (1.11)
G_(s) = %a(s) - ;\/az(s) - 4%8 (4.12)

where Mg(s) and M;(s) define the system in (4.5) and

_ 1+ Me(s) + My (s)

(s) 14 Mi(s) + M(s)
o\ s Mf(s) = .

(4.13)

Proof. Quadratic-equation proof

The proof is based on the same approach as in Section 2.2.2 or also in
Section 3.1 of [O’Connor (2006)]. We note that the Laplace variable ‘s’ is
dropped in the following notation.

The substitution of (4.8)-(4.10) into (4.3) yields

An+ By = M; ((GZ'An + G_By) — (An + By))
+ M, ((G+An +G='B,) — (An + By)) . (4.14)

This equation can be decomposed into A and B parts as

1= MyG' — My + M,G — M,, (4.15)
1= MG_ — My + M,G=' — M,. (4.16)

We rearrange it and get

M,
G2 - BG, + Mf =0, (4.17)
M,
2 r_
G2 —aG+ 31 =0, (4.18)

where o and 8 are from (4.13). The solutions of the quadratic equations
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connection

are given by
Go(s)10 = %5(5) + ;\//32(5) - 4%%‘3 (4.19)
G_(s)12 = }a(s) + ;\/oﬂ( ) — %;Eg (4.20)

We have specified that G (s) describes the wave propagating along the
system in the forward direction, i.e. from mth to (n + 1)th agent. The
propagation of the wave is causal, therefore, the transfer function describ-
ing this phenomenon must be either proper or strictly proper. We will
show that the transfer functions G4 (s) with a plus sign in front of the
second term in (4.19) is not proper.

The definition of a proper irrational transfer function is given in Defini-
tion B.1 of [Curtain and Morris (2009)], which states: The function G is
proper if, for sufficiently large p, it holds

sup  |G(s)| < 0. (4.21)
Re s>0N|s|>p

Due to Assumption 1, the norm of (4.19) can be unbounded only for

s — oo. In addition, also lims_,o B(s) = 00, limg_seo /B2 — 4M; /M, =

limg .o 8. Therefore

lim (;6(3) + ;\/,82(5) - 4%(5)) = o0, (4.22)

5—00 S

(s)
. 1 1 M;i(s) _
Slggo <2ﬂ(s) — 2\/52(3) - 4Mr(8)> =0. (4.23)

Analogous arguments apply to G_(s). We choose the proper solutions of
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(4.17) and (4.18), hence,

Gos) = 2p(s) - 1\/ 2(s) — 47, (4.24)

— M(s)
G_(s) = %a(s) - ;\/ 0?(s) — 4%8 (4.25)

Continued-fraction-expansion proof

We also present the alternative proof based on the continued-fraction ex-
pansion. First, we find the transfer function describing the propagation in
the forward direction, G4 (s). The transfer function from Xo(s) to Xi(s)
in a system with one leader and one follower is X;/Xo = M¢/(1 + My).
For two followers is X1 /Xo = (My/M,) (8 — M¢/(1 + M¢)) ™. Continuing
recursively for N — oo, X7 /X is expressed by the continued fraction as

Xi(s)  Me(s)/M(s)
Xo(s) B(s) M(s)/Mc(s) (4.26)
B(s) -

Representing a square root function as the continued fraction, see [Jones
and Thron (1984)],

22+yzz+2 y_ (4.27)
zZ+
2z +
we have
X1(s) 1 1 M;s(s)
X;(s) = 58(s) — 2\/ 2(s) — 4Mr(s). (4.28)
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connection
Similarly, we can find that
Xn(s) 1 1 5 M (s)
—_— = - = —4 . 4.2
Xn,]_(S) 2/6(5) 2\/5 (S) Mr(S) ( 9)

The transfer function G_(s) describing the propagation in the opposite
direction can be found analogously. Namely, let the leader be placed at
the opposite end of the system. Then the transfer function from Xy(s) to
X_1<S) is

X_i(s)  M(s)/Mi(s) 1 1 \/az(s)_ | Mels)

Xos) 5 - Mi(s)/Mits) 27 73 Mi(s)”

a(s) — "
(4.30)

O

We note that the reflections of the wave from the leader and the rear-end
agent described by the following lemma are not used in the derivation
of the main result of this chapter. However, we feel obliged to derive
them to fully cover the issue of waves in asymmetric bidirectional control.
Moreover, we use the reflections for numerical verification of the proposed
AWTF approach.

Lemma 9. The reflection from the leader and the rear-end agent in the
path graph is described by the transfer function T1(s) = A1(s)/Bi(s) and
Tn(s) = Bn(s)/An(s), respectively. The transfer functions are given by

T(s) = () = ~C4 ()G (). (431)
T (s) = iﬁg _ G_(s)gfgz; = 1 (4.32)
respectively.
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Proof. The position X;(s) in (4.3) can be rewritten using (4.13) as

1 1
X1 =—Xo+ =Xo. 4.
1= 0+ﬁ 2 (4.33)

Substituting for X; = A; + By and Xo = G4 A + GZ'B; from (4.9) and
(4.10) yields

1 1 la Gt -
Ar=>—a—Xo+ —971631. (4.34)
“__q, Poi__q,
B B

The last expression can be further simplified by the following arrange-
ments. First, from (4.13) we have

B M
B_ M 4.
o~ L (4.35)
Further, by (4.11) and (4.35), it can be shown that
M (1 1 M,
e [ SRy . Y i
o M (25+ 2\/” 4Mr>
o 1
ﬁ( +) 50+ (4.36)
Likewise,
1B
G- = a(a - G_). (4.37)
By rearranging (4.37), it gives
G_=a—2a71. (4.38)
s
Substituting (4.35), (4.36) and (4.38) into (4.34) gives
Al = G+X0 — G+G_B1 = G+X0 +T1B;. (439)
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Now, we derive the reflection relation for the rear-end agent. Substituting
(4.9), (4.10) and (4.8) into (4.4) gives

Ay + By = Mg(G:'Ay + G_By — Ax — By). (4.40)

By rearranging, it gives

1+ Mg — MG
= An. 4.41
MG_ —My—1 % (4.41)

By

By (4.36) and (4.38), we have M;G{' = —M,G+ + (M, + M; + 1) and

M;G_ = —M,G~* 4+ (M; + M;+1). Substituting these into (4.41) results
in
Mi(Gy — 1) G -1
=—— Ay =G_ Apn. 4.42
v e Ay =G A (1.42)
OJ

4.2.2 Verification of the asymmetric wave approach

An independent validation of the AWTF approach is shown in Fig. 4.4.
The numerical simulation shows the response of 20 agents with the path-
graph topology, where

1 4s+4 1 25s+4

Mi(s) = 352(s/3+1) Mr(s) = 3s2(s/3+1)

(4.43)
We can see excellent agreement between the state-space approach based
on (4.3) and the AWTF approach. The waves Ajg and Bjg are computed
as

Ajg = GI0Xo + TnGETIGY Ay, (4.44)
Big = GPTNG Xy + TNGYTIGY Byo. (4.45)

The first term on the right-hand side describes the wave traveling to the
agent due to a change of Xy(s). The second term describes the wave
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Chapter 4. Asymmetric control law and the waves

returning back to the agent due to the reflections at the leader and the
rear-end agent. The wave Xjq is a sum of A1 and Byp.

We can also see that the approximation x19(t) = a10(t) holds in the time-
domain for the first 20 seconds, then the wave returns back to the 10th

agent which causes an increase of Bjg.

2 . . . State space: X10
4+ Wave: X10

- = = \Wave: A10

=
o
:

- = = \Wave: B10

Amplitude [-]
-

o
U1
:

80 100

Figure 4.4: The comparison of the positions of the 10th agent in the
system defined by (4.43) simulated by the state-space approach using
(4.3) (blue solid line) and by the AWTF’s approach using (4.9), (4.10)
and Lemmas 8 and 9 (green crosses). The two components Ajp and Big
from (4.8) are shown with the dashed red and blue lines, respectively. The
response on the step change of Xg is shown.

4.2.3 Properties of AWTFs

To be able to track the leader travelling at a constant velocity with the
zero steady-state error we require two integrators to be present in the
model of each agent. The DC gains of the AW'TFs in this case are limited
to one as the following lemma describes.

Lemma 10. If there is at least one integrator in M¢(s) and M (s), defined
by (4.5) and (4.6), then the DC gains of the AWTFs given by (4.11) and
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connection
(4.12) are
lim G4 (s) =k, limG_(s)=1, ifo<k<1, (4.46)
s—0 s—0
lIimGy(s)=1, limG_(s)=1/k, ifk>1, (4.47)
s—0 s—0
where
o = lim i) _ o (4.48)

s=0 My(s)  mpo

Proof. First, we prove the DC gain of G4. Since there is at least one
integrator in M;(s), then the limit of 3(s) given by (4.13) is

lim /(s) = lim (1 + Mrl(s) + Aj\i(s)> =1+k. (4.49)

s—0

Substituting from (4.49) into (4.11) gives

1
; . _ 2 _
ll_r%GJr(s) =3 (1+/1 (1+ k) 4/1)
1
25(1+/~c—|1—n|). (4.50)
The proof of the DC gain of G_ is similar. U

Another important characteristics of the AWTFs are the asymptotic sta-
bility and the Ho, norm.

Theorem 8. If M(s) and M,(s) defined by (4.5)-(4.6) satisfy Assump-
tion 1 and if the Nyquist plot of

Ta(s) = (M(s) — My(s))? + 2Mg(s) + 2M,(s) + 1 (4.51)

does not intersect the non-positive real azis, then the AWTFs given by
(4.11) and (4.12) are asymptotically stable.

Proof. The proof is based on Theorem A.2 [Curtain and Morris (2009)],

which states: A linear system is stable if and only if its transfer function
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T(s) is analytic in the right-half plane and ||T||co < 00, where ||T||oc =
SUPRe(s)>0 |T(S)|

We have shown that the norms of G4 (s) and G_(s) are bounded in the
proof of Lemma 8, hence, we focus on their analyticity. We use the result
of the complex function analysis, which states that the square root func-
tion f(z) = /z is analytic everywhere except for the non-positive real
axis (e.g., [Stein and Shakarchi (2010)]). The second term of G4 (s) is

fo4(s) = ;\/62(8) - 4%8 = % HWA%;;) (4.52)

where Mg = M2+ M2 +2M, +2M; — 2M, Mg = (M, — Ms)* + 2(M, + My).
We apply the same analysis as in Figure 1.9 of Section 1.2 of [Kelly (2006)].

Term /1/M, is analytic everywhere except for the non-positive real axis,
where it has a branch cut. The non-analyticity is caused by functional
discontinuity, which is, in this case, only a sign change. Due to that,
the overlapping branch cuts of /1/M, - 1/M, cancel each other, which
means that /1/M2 is continuous and analytic even on the non-positive
real axis. Then fs 1 is analytic if and only if /1 + Mj is analytic. Hence,
if the Nyquist plot of 14 M does not intersect the non-positive real axis,
then f2 1 is analytic.

The first terms of the AWTFs, /2 and (3/2, are rational transfer func-
tions. A rational function is analytic in the ORHP (open-right half plane)
if and only if it has no singularities, in this case ORHP zeros and ORHP
poles of My and M;. Therefore, if M and M, have no ORHP zeros, nor
ORHP poles, then «/2 and /2 are analytic.

Observe that
(4.53)

is an analytic function since the Nyquist plot of (1 + Ms(s)) does not
intersect the non-positive real axis and 3(s) and «(s) do not have ORHP
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poles due to the condition that M;(s) and M;(s) have no CRHP zeros nor
CRHP poles. O

Theorem 9. If the AWTFs given by (4.11) and (/.12) are asymptotically
stable, there are two integrators in M¢(s) and M,(s), given by (4.5)-(4.6),
and

ngo 7 Mr,0; (4.54)
dro = drp =1, (4.55)
n£,0 >0, neo > 0, (456)

then either ||G4(s)|loo > 1 or [|G=(8)|]oc > 1.

Proof. First, we prove that ||G4|loc > 1 if K > 1, where k # 1 due to
(4.54). By wp we denote a frequency that is close to 0 and evaluate the
real and imaginary parts of the individual transfer functions as

Mi(jwo) T2+ JYy2 =
) b

$1+]ylzm
r

Mo(mn) (4.57)

x = x1 + x9 and y = y; + y2. The Taylor series expansion of (4.57)
evaluated at wqg yield

z1(wo) = kg1 — kzgwg + ]6%3(.4}3 -, (4.58)
y1(wo) = ky,1wo — k:ygwg’ + k‘y73w8 - .., (4.59)
22(wo) = —lu 1w + Lo 2w — Lo 3600 + o) (4.60)
ya2(wo) = —ly71w8’ + lygwg — lyg,wg + ..., (4.61)

where we assumed that M, has two integrators. We note that k1 = &
and ly1 = 1/nyp. The other coefficients, k; 2, kz 3, etc., obtained from
Taylor series are not important due to limit wyg — 0 as we show later in
the proof.
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Substituting (4.57) into (4.11) gives the real part of G4 (jwo) as

Re(G (o)} = (1 +2) — 5y ELETeEE (4.62)

where we used Re{/z} = /|2]/2 + Re{z}/2, see e.g. Section 3.7.27 in
[Abramowitz and Stegun (1964)], and

M (o)
2 flJwo
z= wp) — d———=
B (jwo) M, (o)
= (1+ 2% —y® + 20 — 4x1) + 92y + 2xy — 4y1). (4.63)

In order to complete the proof, we show that Re{G4(ywo)} > 1, hence,
we solve the following inequality

(1+:c)—w/’z’+§e{z}>2. (4.64)

We simplify it as
(2(z — 1)% = Re{z})” — Re{z}? — Im{2}? > 0, (4.65)

substitute into it from (4.63) and obtain

—xo(xy — 1)% —yrya (21 + 20 — 1) — 22%(2y — 1) — 25
— y3(w1 + 29) > 0. (4.66)
We substitute from (4.58)-(4.61) into (4.66) and get
loi(ken — 1)%w8 + O(wg, w§, Wi, ...) > 0, (4.67)

where O(wg,w§,w§, ...) stands for the polynomial with powers wg, w§, w§

etc. The lowest order term in (4.67) is wd. Therefore, the inequality in
(4.64) holds for wq close to zero if [, = 1/ny 9 > 0. We assume in (4.56)
that ny o > 0, hence, Re{G(jwo)} > 1 and ||G4||cc > 1. Similarly, it can
be shown that ||G_||cc > 1if 0 < k < 1 and ngo > 0. Hence, if ngo # nr

then k # 1 and either ||G4(5)|loc > 1 or [|G_(8)||0o > 1. O
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4.3. Implications for the graphs with asymmetric coupling

4.3 Implications for the graphs with asymmetric
coupling

In this section, we follow the argument given in the Introduction that cer-
tain features in the performance of the distributed system can be inferred
from the analysis of wave propagation between the agents because of the
local nature of the AWTFs.

Definition 7. We say that the distributed system is locally-string stable
iof the AWTFs are asymptotically stable and

G+ (8)lloo <1 and  [|G—(s)][c0 < 1. (4.68)

Otherwise, the system is called locally-string unstable.

Similarly to the string stabilities mentioned in the introduction, the local-
string stability also deals with the performance of the distributed system.
It also describes whether the disturbance acting on an agent amplifies as
it propagates through the system. However, the local-string stability de-
scribes the performance from the local point of view without considering
the whole distributed system. The local description is particularly advan-
tageous for a large distributed system, where the traditional Laplacian
approach is difficult to apply.

The effect of the local-string instability is illustrated in Fig. 4.5. The
left panels show the response of the system with the symmetric bidirec-
tional control, which is locally-string stable. The right panels show the
response of the system with the asymmetric control, where the asymmetry
is in both the position and velocity. This makes the system locally-string
unstable. We can see (top-right panel) that the overshoot of the locally-
string unstable system increases with the index of the agent. The more
agents the wave transmits through, the larger the overshoot is, due to the
fact that ||G4(s)||cc > 1. This does not happen for the locally-string sta-
ble system (top-left panel). We can see that even the locally-string stable
system eventually overshoots the input signal (bottom-left panel) which
is due to the reflection of the wave at the last agent.
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Figure 4.5: The comparison of the responses of the locally-string stable
system (left panels) with the locally-string unstable system (right panels).

The main contribution of this chapter is given in the following Theorem.

Theorem 10. If i) there are two integrators in the dynamics of the agents,
i1) the AWTFs given by (4.11) and (}.12) are asymptotically stable, iii) a
part of the topology of the distributed system is a path graph, and iv) the
positional coupling between the agents that are lying on the path graph is
asymmetric, then the distributed system is locally-string unstable.

Proof. If the positional coupling is asymmetric, then ngo/dro # neo/deo
by Definition 6. Since we can always transform M(s) and M;(s) such
that drg = dro = 1, then nrg # nro. Therefore, ||G4(s)||loc > 1 or
||G=(s)||oc > 1, which follows from Theorem 9, and the distributed system
is locally-string unstable. O

We can interpret Theorem 10 as follows. [|G4(s)||ec > 1 causes that
the disturbance is amplified as it propagates from X;(s) to X;1+1(s), from
Xit1(8) to Xiyo(s), from X;ia(s) to X;i3(s) etc. The larger the path
graph is, the more is the disturbance amplified. Similarly, if ||G_(s)||c0 >
1, then the disturbance is amplified as it propagates in the opposite di-
rection.
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Theorem 10 is in agreement with the results of [Barooah et al. (2009)],
[Tangerman et al. (2012)] or [Herman et al. (2015a)], which state that if
the asymmetry is in the form of M¢(s) = uM;(s) with p being a constant
gain, then the system is string unstable. However, Theorem 10 is more
general since it states that the distributed system is string unstable if the
DC gain of M;/M, is not equal to one. Hence, it allows the asymmetry
to be more complex.

We should emphasize that Theorem 10 does not disprove an asymmetry in
the velocity coupling. In fact, the asymmetric velocity coupling may im-
prove the transient of the system, as the simulation example in Section 4.4
shows.

The key part of the derivation of G4+ and G_ is that the agent has two
neighbours. Therefore, we can apply the decomposition of the waves from
(4.8)-(4.12) to each agent that has two neighbours. In other words, if the
agents connected in a path-graph topology are parts of a system with a
more complex graph topology, then G and G_ are the same.

4.4 Mathematical simulations

4.4.1 Path-graph topology

The mathematical simulations compare three different control strategies
for two different sizes of a path graph. The results are shown in Fig. 4.6,
where the agent is modelled as a double integrator with a linear model of
friction controlled by a PI controller, that is

4s +4

1
M= = 4.69
73 s2(s/3+1) (4.69)
for all three cases. But
2.5 1 25s+4
M, =M, M,=—M;, M =—-————— 4.70 a, b
T f7 T 4 f) T 3 52(8/3 + 1)7 ( a‘? 9 C)

for the left, middle and right panels, respectively.
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Figure 4.6: The numerical simulations showing the position of the last
agent in the distributed system with a path-graph topology when the
leader changes its position from 0 to 1. The figure compares three different
bidirectional control strategies: i) the symmetric (the left panels) defined
by (4.70a), ii) the traditional asymmetric control with asymmetries in both
positional and velocity couplings (the middle panels), see (4.70b), and iii)
the combined symmetric positional with asymmetric velocity couplings
(the right panels), see (4.70c). The top and bottom panels show the
system with 20 and 50 agents, respectively.

We can see that the symmetric bidirectional control has a very long tran-
sient (the left panel), which is shortened when the asymmetry is intro-
duced to both positional and velocity couplings (the middle panel). How-
ever, the asymmetry in the positional coupling causes a large overshoot
which even scales with the size of the graph due to the local-string insta-
bility. When the positional coupling is kept symmetric and the velocity
coupling asymmetric (the right panel), the overshoot is smaller than for
the symmetric case. Moreover, we can see that the transient scales ap-
proximately linearly with the size of the graph.

Fig. 4.7 shows the numerical validation of Theorem 9 for My and M, de-
fined by (4.69) and (4.70b)-(4.70c). We can see that, if there is asymmetry
in the positional coupling (solid line), i.e. when ngg # n; o, then the Hy
norm of G4 is greater than one. The norm is reduced to one by making
the positional coupling symmetric (dashed line).
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Figure 4.7: The comparison of the frequency characteristics for two dif-
ferent transfer functions G4 (s). The asymmetries in the couplings are
defined as in Fig. 4.6.

4.4.2 Complex graph topology

The numerical simulations in the previous section are carried out for a
distributed system with a path graph topology. However, Theorem 10
holds also for a more complex graphs because of the local nature of the
AWTFs. This can nicely be demonstrated on a graph, where a path
graph is a part of a more complex graph as in Fig. 4.8. Although, the
string stability is defined and studied mostly for the path graphs, we can
observe the same phenomenon, that is, the amplification of a disturbance
as it propagates in the system. The top panels of Fig. 4.9 show that
the condition of the symmetric positional coupling is violated. Such a
phenomenon is difficult to identify by the traditional state-space approach.

Figure 4.8: The topology of the distributed system, where the black and
green nodes represent the agents with the symmetric and asymmetric
couplings, respectively. The ’L’-node is the leader of the system. ’Q’-
nodes lie on the same path, which differs from the path of 'P’-nodes.
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Figure 4.9: The numerical simulations showing the positions of agents Q2,
Qs, Qs, P1, Py and Py of the system with the topology in Fig. 4.8. The
input to the system is the Dirac pulse, which represents the noise acting
on the leader. The agents at the top and bottom panels have My and M,
defined as in the middle and right panels in Fig. 4.6, respectively.

4.5 Conclusions

This chapter examines a multi-agent system with an asymmetric bidirec-
tional control, where the coupling between the agents is allowed to be
arbitrarily complex. The proposed approach reveals that the symmetric
positional coupling, i.e. identical DC gains of the controllers, is neces-
sary for the string stability of the multi-agent system. This finding does
not disprove the asymmetry for other couplings. In fact, it is numerically
shown that, if the asymmetry in the velocity coupling is adjusted properly,
then the system’s performance may be improved.

4.6 Appendix to the chapter

4.6.1 DC gain of Ty

This section shows how to carry out the DC gain of the transfer function
describing the reflection of the wave at the rear-end agent from Lemma 9.
We assume that the system has a symmetric positional coupling, i.e.
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ngo = nro and drg = drp = 1, and that there are two integrators in
M;(s) and M;(s). We note that we omit argument ‘s’ from the equations

where it is obvious.

The DC gain of T (s) is given by

-1
KT N = ll_r}no Tn(s) = lim G_(s) lim Gils) =1 (4.71)

5—0 s—0 G_(s) — 1

The DC gain of G_ and G is equal to one because of the integrators in
M and M,. Therefore, we expand the second term of (4.71) as

1 1 M 92
e Y 2 e b S T W
G+—1_ 2 2 /8 Mr i_Pn,l_ Pn,2 (472)
G_.—-1 |1 1 M, 2 — T
1ot e M ]2 Faai—+/Fap
M; S

where the definition of substituted terms P, 1, P2, Pa,1, Fa,2 is obvious.

Now we evaluate the individual terms. We start with B, 1,

68—2 1 1 M
Py = = - = . 4.73
.t s sM, s + sM, ( )

1
Because of two integrators in My, limg_,g L =0 and
SiViy

M; _lznfdr—nrdf (474)
sM, s snyds '

where ng(s), de(s), n:(s) and dr(s) are defined in (4.5)-(4.6). Hence,

lim nedy — nrdg _ nf,Odr,O - nr,Odf,O _ 9 (475)
s—0  sn.dg Oneodso 0

Applying I’'Hospital rule gives

(T'Lfdr — nrdf)/ . n%dr + nfdir — n;df — nrdé

= 4.76
(snpdg)’ s(nedr) + npds ( )
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Then
d drq1 — dig — d
lim P, | = ng1dro + Ngody,1 — Nr,10£,0 — Nr 0 f1 (4.77)
s—0 nr,0dso
Similarly,
1 1 M,
lim Py = lim — — —
sgr(l) d;1 sg% sM; S sM;
_ nr,ldf,O + nr,Odf,l - nf,ldr,O - nf,Odr,l (4 78)

ngodro

P, 2 term is calculated as follows

=t ) 4.79
1% Ny n%d n,3 ( )
where
1 [ ned,
Fas=3 -1 4.80
n,3 s <dfnr ) ( )
Since limg—,0 Py 3 = 0/0, we apply 'Hospital rule. It gives
lim P, — lim (ngdr + nfd;)dfnr — nfdr(dgnr + dfn;_)
s—0 H’S - s—0 d%n%
~ (ngadro + neodea)dsoneo — neodo(dr 1m0 + deony)
N d2 n2 .
£,0"%r,0
(4.81)
Similarly
2 2dy  2d3n,
Pap=s""5+ = + 5=+ Pis, 482
2 n% e nfg d d3 ( )
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and
. (nr,1dro + nrode1)deongo — nrodro(de, 1m0 + drongn)
lim Py 3 = 55 .
s—0 dr’onf,o
(4.83)
Assuming nfo = nr o and drg = d; o gives
Poi=—-PFa1, Pap=PFa2, PFPoz=—Fas. (4.84)
Then substituting (4.79) and (4.84) into (4.72) gives
dy o
Pu1— | P23 +4—=
. Pn,l -V Pn,2 " s "r,0
o VP2
520 91 — d,2 d
—Py1— | P, I? 3t 42
’ nr0
d d
P2, 2P, P2, 442 4 p2, 440
’ ’ ’ Ny 0 ’ Nr 0
P2, — P2, —4—
n,1 n,3 neo
(4.85)
where (4.81) is simplified as
— de1—d
Pn g = nI’,l nﬁl + f,]. I',l ) (486)

’ Nr,0 dro

Simplifying (4.85) and substituting it into (4.71) yields

n d
RN =14 oL P Pog+ [ P2y +4—2 ). (4.87)
2dr,0 ’ Ny.0

We illustrate the importance of the DC gain on the response of the dis-
tributed system with a path-graph topology. Fig. 4.10 shows the response
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of 40 agents defined by

ne1s + nfo
2 )

_ Nras + 10

Mf(S) = 2 )

M, (s) (4.88)

S S

where ng1 = 5 and nfg = 1. Parameters n, 1 and n,o are changed in
the simulations. We can see that the asymmetric velocity coupling signif-
icantly reduces overshoots of the system and the transient of the system
is consequently shortened. The value of the overshoot is equal to KT N,
that is the DC gain of T (4.87). Fig. 4.11 shows that the lower the value
of n; 1 is, the lower the DC gain is.

) M1 T M Mo Mo 15 n, =06, ny=n,
= A_A_ 41—
S 1l r |
3 ? ? 05
8 =

0 0

0 100 200 300 400 500 O 100 200 300 400 500
15 nrv1 =-0.2 Ehfyl, nrv0 =Ny nrv1 =0.6 Ehm, nrl0 =0.6 Ehf,o

Position [-]

4 |
! 2
A
0 )

0

0 100 200 300 400 500 O 100 200 300 400 500
Time [s] Time [s]

Figure 4.10: The response of the system defined in (4.88). The values
of the DC gain, rr y, carried out by (4.87), are: 1 (top-left panel), 0.17
(top-right panel) and 0.026 (bottom-left panel).

1

o I o
> o o

Value of the DC gain
o
N

0 "
-5 0 5
Value of n
Tl

Figure 4.11: The relation between the DC gain carried out by (4.87) and
the value of coefficient n, ; from (4.88).
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5] General graph topology and
the waves

This chapter generalizes the previous chapters by considering a system
with a general graph topology. In comparison to the system with the path-
graph topology the agent has more than two neighbours. The chapter
provides a mathematical description of the reflection and transmission of
travelling wave. It also presents a way how to prevent the reflection of
the wave in such a system.

5.1 Mathematical preliminaries
The behaviour of nth agent in a multi-agent system is described by
Xn(s) = P(s)Uy(s), (5.1)

where s is the Laplace variable, X, (s) is the output of the agent, P(s)
is the transfer function of the agent and U,(s) is the input to the agent
that is carried out by the local controller of the agent with the task to
equalize X, (s) with outputs of its neighbouring agents. We assume that
each agent may have arbitrary number of neighbours, hence,

Un(s) = C(s) Y (Xi(s) = Xu(s)), (5.2)

kENb
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Chapter 5. General graph topology and the waves

where Ny is a set of neighbouring agents of the nth agent and C(s) is the
transfer function of the controller. The model of the agent is then

Xu(s) = M(s) Y (Xi(s) = Xu(s)), (5.3)

keN,

where M(s) = P(s)C(s) can be expressed as

Xn(s) =Tn(s) Y Xi(s). (5.4)

keN,

Here T (s) = M (s)/(1 4+ NM(s)) and N is the number of neighbours of
nth agent.

5.2 Notation of the waves

To describe waves in a multi-agent system with a general graph topology,
we need to introduce a different notation for the wave components. We
replace A,, and B,, by W¢

n,n-+
index is the index of the agent where the wave departs, while the second

p and Wi, . respectively. The first lower

lower index is the index of the agent where the wave arrives. The upper
index denotes if the wave departs from (’d’) or arrives at ('a’) the agent.
The example is shown in Fig. 5.1.

Expressing (2.21) in the newly introduced notation gives
Xn(s) = Wg,n+1(8) + Whiin(s) = Wo_y ,(s) + Wg,nfl(8)7 (5.5)

where we assume that agents denoted (n — 1) and (n + 1) are neighbours
of nth agent. Similarly, (2.22) and (2.23) are expressed as

a1 (8) = G)Wi i1 (s), (5.6)
'rlzl—l-l,n(s) = G(S)Wg—&—l,n(s)v

respectively. For example, in Fig. 5.1 it holds X; = Wf{o + Wi = Wf‘fg +
Wg, = Wiy + Wg, and W, = GW{, etc.
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5.3. Mathematical description of the waves

Figure 5.1: Notation of the wave components in a multi-agent system.

5.3 Mathematical description of the waves

It was shown in Chapter 2 that the wave travelling in a multi-agent system

with a path graph topology and identical agents reflects only at the path-

graph ends: the leader and the rear-end agent. The situation is more

complicated in the case when the agent has multiple neighbours. In such

a case, the wave partially reflects at the agent itself as well, which is

described by the following theorem.

Theorem 11. The transfer function, Ty n(s), describing the wave trans-
mitting through the agent with N neighbours, and the transfer function,

T:.~N(s), describing the wave reflecting from the agent with N neighbours,

Tn(s)(1 — G?(s))

_ (
~ G(s)(1 — NTn(s)G(5))
(

, N =>2,

are
wi _1(s)
Tin(s) = ==
' WnJrl,n(S)
wi —1(s)
Ty n(s) = r;,n
( ) Wn—l,n(s)

_ (N —1)Tn(8)G?(s) + T (s) — G(s)

G(s)(1 = NTn(s)G(s))

where (n — 1)th and (n + 1)th are neighbouring agents of nth agent.
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Chapter 5. General graph topology and the waves

Proof. We substitute (5.5) into (5.4) and obtain

n— ln+Wnn 1=1In Z(Wg,n+W7CLL,k)7 (510)
kEN,

where we assume that (n—1)th agent is the neighbour of nth agent, hence
(n — 1)th agent is also a part of set M. Eq. (5.5) can alternatively be
expressed as

o =GXy— GW, =GWi_,,+GWS, | —GW{,.  (5.11)

Substituting (5.11) into (5.10) and rearranging it gives

o W =TN(GET = G) > (W)
kENb
+ NTNG(We |+ Wi ). (5.12)

Next, we separate the wave arriving from (n — 1)th agent, that is W?_, n

(I-NINGWS, =Tn(G ' =G) > (W)
kEN, k#(n—1)

+ (NTNG+Tn(GTH = G) = DHWE . (5.13)

Finally, separating the wave departing from nth agent to (n — 1)th agent,

Wg,n—h
Tn(1-G?)
Wi =mg—mer 2 Wi,
G(1 - NING) kEN kA (n—1)
(N -1)ING?*+Ty — G
. 5.14
G(1 - NTnG) b (5-14)
Then
Wi, N — DTNG? + Ty —
TN = 1_ JING" + I — G (5.15)
twe G(1 — NTxG)

is the transfer function which describes the reflection of the wave from the
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5.3. Mathematical description of the waves

nth agent, and

W;Ll,nfl _ Tn(1-G?)
Wg,  G(1-NTnG)

Tin = (5.16)

describes the transmission of the wave through the nth agent. O

Figure 5.2: The detail of the reflection and transmission of the wave trav-
elling from the Oth agent in Fig. 5.1, where G is the Wave transfer function
from (2.24), T 3 and T} 3 are the transfer functions defined by (5.8) and
(5.9), respectively, with N = 3. Note that all agents are identical. The
waves travelling from 2" or 3" agent are propagated analogously.

The interpretation of the theorem is as follows. If there is a wave travelling
to the agent with multiple neighbours, then it is partially reflected from
this agent (described by T} n(s)) and partially transmitted (described by
Ti.n(s)). For example, the output, Xi(s), of the multi-agent system in
Fig. 5.2 can be expressed as

Xl — (1 + Tr73)W(()J;1 + Tt73W£1 + Tt,3W§;1' (517)

The output is composed of three parts since the agent has three neigh-

bours: i) wave that travels from 0" agent and reflects back to 0'" agent,

2nd Oth

ii) wave that travels from agent and transmits to the agent, and
iii) wave that travels from 3™ agent and transmits to the 0" agent. We

note that X;(s) can be expressed equivalently by calculating the reflected
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Chapter 5. General graph topology and the waves

wave travelling either from 2°¢ or 34 agent.

5.4 Properties of the waves

Theorem 11 reveals an interesting relation between the transmitted and
reflected waves. It is described by the following corollary.

Corollary 5. The transfer functions Ty y and T n are related as follows

Tin — Ty v =1, (5.18)
for N > 2.
Proof. By the substitution for T; x and T y from Theorem 11. O

Theorem 11 is in agreement with the result of Section 2.3 that the wave
in a multi-agent system with a path-graph topology and identical agents
reflects only at the path-graph ends.

One of the important properties of the transfer function is the DC gain.
The DC gain can be used to analyze the amplification/attenuation of
the travelling wave as it propagates through the agent. The simulation
example is shown in Section 5.5.2.

Lemma 11. If the open-loop model of the agent, M(s), has at least one
integrator, then the DC gains of Ty n and T, n depend only on the number
of neighbours, N. Specifically,
lim T3 v (s) 2 (5.19)
= J1m = — -
T s—0 &NAS N’

2
kr = lim Ty n(s) = — — 1, (5.20)

s—0

where kT and kg are the DC gains of transfer functions Ty y and T} N,
respectively.
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5.4. Properties of the waves

Proof. If there is at least one integrator in the open-loop system of the
agent, M (s), then

M 1
lim Ty = lim (5)

_ 21
5—0 s—0 1+ NM(S) N (5 )

and

lim G = lim 1oa(s) — %\/oﬂ(s) —4=1, (5.22)

s—0 s—0 2
since limgs_0 a(s) = lims_01/M(s) +2 = 2. Then

. 1 Ty(1-G*H 0
pr = lim Ty = limy s i e N — Lo (5:23)

Applying I’'Hopital’s rule gives

TN(1—G?) + Ty (—2GG")

lim 733, = lim
s—0 s5—>

—G2G' — NT},
(1 —G?
) N(G’) + TN(_QG)
~ lim ot : (5.24)
!

where ’ denotes the derivative with respect to the Laplace variable s.

We denote M(s) = n(s)/d(s), where n(s) and d(s) are the polynomials in
the numerator and denominator of M(s), respectively. Then,

b n(s) ' _ n'(s)d(s) —n(s)d'(s)
Tn(s) = <d(s) n Nn(s)> (d(s) + Nn(s)2 (5.25)

and

oo

Glzla,—i
2 Va2 —4

: (5.26)
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Chapter 5. General graph topology and the waves

where
,_ d'(s)n(s) — d(s)n’(s)

o = n2(s) . (5.27)

Now, we need to specify the number of integrators in M (s).

One integrator in M(s)

One integrator in M (s) causes that lim_,od'(s) # 0 and lims_,o d(s) = 0,
hence, limg_,0 T # 0 and |lims_0 7| < oo.

Moreover limg_,0a’ # 0 and consequently lims_,o G’ = —oco. Substituting
for Ty, Th;, G and G’ into (5.24) gives limg_,¢ Tjim = 2/N. Then

2 2

KT—hmTtN—hm Thm— NN

(5.28)

More than one integrator in the OL

For two and more integrators, lim_,0d'(s) = 0 and lim,_,0 7% = 0, but
lims_0 o’ = 0. Hence, we need to treat separately the limit of o/ /va? — 4
as follows
o d'( )n(s) — d(s)n'(s)
a? =4 n(s)\/d(s) + 4d(s)n(
Sp/2( (B/2=1 (s)n(s) _5:0/23(3)”/(5))
(s)

sP/2n(s) \/spd2

where p is the number of integrators in M (s) and the overline symbol

~—
S
VA

~—

, (5.29)

denotes the polynomial that is factored by the highest power of s, e.g.
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5.5. The effect of the boundary in numerical simulations

-0 Iif p=1,
113% G'(s)=< XeR if p=2, (5.30)
0 if p>3.

Therefore, substituting from (5.30) into (5.24) gives

1 2
— Tim =1-21m Ty = — (5.31)
s—0

kT = lim T} y = lim .
T s—0 tN s N

0 G2

The DC gain of the 'reflected’ transfer function is inferred from (5.18) as
KRR = KT — 1. (532)

O]

5.5 The effect of the boundary in numerical sim-
ulations

5.5.1 The travelling waves

The numerical simulations are carried out for P(s) = 1/(s(s + 4)) and
C(s) = (4s+4)/s, which represents a second order system with a linear
friction controlled by a PI controller. Hence, the complete model of the
agent is M(s) = (4s +4)/(s*(s +4)). The topology of the multi-agent
system considered in simulations is shown in Fig. 5.3. We can see that
only the agent indexed P; has three neighbours. We choose such a graph
topology on the purpose to make the wave transmissions and reflections
more transparent.

The way how the wave propagates in the system with the topology in
Fig. 5.3 is shown in Fig. 5.4. The individual panels show:

e top-left — The wave is initiated by the leader and propagates to agent
P
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Chapter 5. General graph topology and the waves

Figure 5.3: The topology of the multi-agent system used in numerical
simulations, where the 'L-node’ is the externally controlled leader of the
system.

e top-middle — The wave is being transmitted to ’Q’ and 'R’ parts of the
graph (blue circles) and it is also reflected back to P’ part (red crosses).

o top-right — The wave is reflected from agent Ri2 and propagates back
to agent P7 (red crosses).

e bottom-left and middle — The wave arriving to agent Pr from 'R’ part
is transmitted to 'P’ and 'Q’ parts of the graph. We can see it by
the increase of W, ; (red crosses) for agents P, - Py and W, ; (blue
circles).

e bottom-right — The wave travelling from P; to P; is reflected from the
leader with the negative sign and travels back to P;. We can see it by
the decrease of W, ; for P - Py (blue circles).

Independent numerical validation of Theorem 11 is shown in the top panel
of Fig. 5.5. We can see excellent agreement between the state-space
and the wave approaches. The bottom panel shows individual waves
traveling through agent Pr, where W1 = Wpg pr, W2 = T 3Wpg pr,
W3 = Tt’3W517P7 and W4 = ﬂ73W1§17P7. In other words, W2 is the wave
that travels from 'P’ part of the graph and reflects from agent P, and
W3 and W4 are waves that travel from ’Q’ and 'R’ parts of the graph,
respectively, and transmit through agent P;. Therefore,

Wi pg = W2+ W3+ W4 (5.33)
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Index of agent [-] Index of agent [-] Index of agent [-]

Figure 5.4: The numerical simulation of the wave propagating in the graph
in Fig. 5.3. At the beginning, t = 0s, all agents are at position 0 except of
the leader, which changes its position from 0 to 1. At intermediate times,
the wave travels to agent Pr, where it is partially transmitted to the 'Q’
and 'R’ parts of the graph and partially reflected back to the leader. The
blue circles and red crosses represent Wi, ; and W, ; components of the
wave on the ith agent, respectively. We can imagine these components as
the left-to-right and right-to-left wave in the graph in Fig. 5.3, or as A
and B components in the notation used in (2.21), respectively.

and

Xpr =Wps pr + Wi ps
= Wge pr + T2 3Wpe pr + Ti 3W51 pr + Tt 3Wry pr- (5.34)

5.5.2 The effect of multiple neighbours

The local effect of the agent with more than two neighbours is demon-
strated for the topology shown in Fig. 5.6. The response of the system,
when the leader changes its position from 0 to 1, is given in Fig. 5.7. We
can see that the more neighbours an agent has, the smaller the amplitude
of the wave passing through the agent is. The figure also numerically ver-
ifies Lemma 11. Although the DC gain determines the steady state of the
system, we can use it to approximate its output, in this case the position,
even before the multi-agent system reaches its steady state. The trans-
mitted wave is almost settled for time between 35 and 45 seconds and the
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Figure 5.5: The top panel shows the comparison of the positions of agent
P; in Fig. 5.4 simulated by the state-space approach using (5.4) (solid
line) and by wave approach using (5.8) and (5.9) (plus signs). The bot-
tom panel shows individual contributions of three waves arriving from the
neighbouring agents of agent Px.

reflected wave returns back to agent Py after about 45 seconds. Therefore
the position of agent Py between 35 and 45 seconds is approximated by
(5.19).

5.6 Design of an absorber for the agent

The description of the boundary allows us to design a controller that
prevents reflection of the wave. The design is similar as for the soft and
hard boundary in Section 3.3. We will show how to absorb the wave
arriving to an agent from one direction. The design of the absorber for
the other directions is analogous. We will demonstrate the design for the
system shown in Fig. 5.1 by preventing the reflection of the wave travelling
from the 0'" agent.

First, we need to determine the response of the agent to an additional
input, analogously as in Section 3.1.2. The model (5.3) of the 15' agent is
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5.6. Design of an absorber for the agent

Figure 5.6: The star-graph topology of the multi-agent system. The cen-
tral agent, Cy, has N neighbours. Each branch of the star graph has 20
agents with 'L-node’ being the leader of the system.

modified as

Xi(s) = M(s) Y (Xx(s) = X1(s)) + M(s)Vo(s), (5.35)
ke{0,2,3}

where Vj 1(s) is the additional input of the agent as shown in Fig. 5.8.

We are interested in finding transfer function Tj3(s) = Xi(s)/Vo,1(s)
for N — oo, that is, the transfer function from the additional input to
the position of the agent in a system with an infinite number of agents.
Hence, we do not consider the boundary conditions in the system, i.e.
we disregard the waves reflected from the boundaries. Substituting T}, 3,
(2.22) and (2.23) into (5.35) gives

Ta3(s)Vo,1(s) = M(s) (Xo(s) + Xa(s) + X3(s) — 3Ta 3(s)Vo,1(s) + Voi(s))
= ]\/[(S) (3G(S)T373(S)Vb71(8) — 3Ta,3(S)V0,1(S) + VOJ(S)) .
(5.36)
Rearranging yields

) M(s)
Tag(s) = 1+3M(s) — 3M(s)G(s)

(5.37)

The position of the 1%% agent is described by (5.5), (5.8) and (5.9). We
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Position [-]

Time [s]

Figure 5.7: Numerical simulations of multi-agent systems with different
interaction topology. The topology is a star graph shown in Fig 5.6, where
N denotes the number of neighbours of the central agent Cy. The vertical
axis shows the position of agent Ps.

add the input Vp 1(s) to the model and get

X1(s) =(1 4 Tr3(s)) W51 (s) + Tea(s)Wa1 () + Ti3(s)Wss ()
+ Tas(s)Vo.u(s)- (5.38)

The reflection of the wave travelling from the 0'" agent is described
by term T;3(s)W¢(s). To eliminate the reflection, we set Vp1(s) =

\

Figure 5.8: The model of 1% agent with the absorbing controller (high-
lighted in blue) that absorbs the wave travelling from the 0*" agent, where
Tca(s) = G(s)/(1 4+ G(s)) from (5.45).
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5.6. Design of an absorber for the agent

—Fa(s)W§1(s) and get
T 3(s)Wy'1(s) = Tas(s) Fa(s)Wg'1(s), (5.39)

where F,(s) is the transfer function of the controller that prevents the
reflection of the wave. Rearranging (5.39) gives

a@p:}#i?:1-a@) (5.40)

The wave travelling from the 0*! agent, W1 (s), is given as in (3.64), that
is

_ G
1—G?(s)

G*(s)

W(Sl,l(s) 1_7@(8)

Xo(s) — X1 (s). (5.41)

The absorbing control law is then given as

Ca(s) = M(s)Vo,1(s) = M(s)Fa(s)Wg1(s)
G(s)

= MET6m

(Xo(s) — G(s)X1(s))- (5.42)

Substituting the control law from (5.42) into (5.38) yields
X1(s) = Wgi(s) + Ty 3(s)W31(s) + Ty 3(s) W3y (s). (5.43)

We can see that the wave does not reflect back to the 0 agent since
T; 3(s)Wg(s) term is not present in the equation. Similarly, we can design
absorbers for the waves travelling from other agents.

The results is summarized in the following theorem.

Theorem 12. Let the agent indezed as b has Ny > 2 neighbours. The
control law that prevents the reflection of the wave travelling from the
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agent indezed as m, where m C Ny, is given by

Xy(5) = M(s) 3 (Xa(s) — Xi(5)) + Cals), (5.44)
keN,
where
Culs) = M) 57 (Xns) = G10) i) (5.45)

The performance of the individual control strategies of the system shown
in Fig. 5.3 is compared in Fig. 5.9. We can see that the system without
the absorber (top-left panel) has a very long transient. The transient can
be shortened if we implement the absorber (2.53) to some of the system
boundaries (bottom-left panel). The transient can further be shortened by
implementing the absorber (2.53) to all agents with only one neighbour
(top-right panel). However, we can see that the steady state value is
changed from 1 to 2/3 due to the boundary at agent P;. This effect is
compensated by the implementation of the absorber (5.44) to agent P
(bottom-right panel), which prevents the reflection of the wave.

5.7 Extension for the non-identical agents

The travelling-wave approach can further be generalized for the case of
non-identical agents in the multi-agent system. In such a case, the input
to the agent changes from (5.2) to

Un(s) = Y Cin(s)(Xi(s) — Xn(s)), (5.46)

iEN

where C; ,, is the transfer function of the controller of the nth agent to-
wards the ¢th agent. Therefore, (5.3) is modified as

Xn(s) =D Min(s)(Xi(s) — Xn(s)), (5.47)

ieNy

134



5.7. Extension for the non-identical agents
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Figure 5.9: The performance comparison of individual control strategies
for a multi-agent system shown in Fig. 5.3. The step response of four indi-
vidual control strategies are compared. The top-left: the system with no
absorber; top-right: the system with the absorber implemented to agents
P1, Q22 and Rj2; bottom-left: the system with the absorber implemented
to agents P; and QQ29; bottom-right: the system with the absorber imple-
mented to agents Py, 22, R12 and Pr.

where M; ,,(s) = P(s)C;p, or, alternatively,

Xn(5) =Tn(s) > Min(s)Xi(s), (5.48)
iE€EN

-1
where T),(s) = (1 + D ien, Mm(s)) . The wave transfer function de-
scribing the wave propagation is defined by

4
Gin(s) =14 g Mln ol ;\/ MZi ROl (5.49)

)

Similarly, as for the path-graph topology in Chapter 3, we need to distin-
guish between two cases: 1) M; (s) # M;n(s) for 4,5 € Ny, i # j, and ii)
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(b) Two soft boundaries between
(a) Hard boundary on the 1st agent. agents 0 and 1, and, 1 and 2.

Figure 5.10: Boundaries in a general graph

M n(s) # My i (s). We can imagine that i) as a generalization of a hard
boundary for a general graph, while ii) is the soft boundary described by
the same equations as in Section 3.2.1. The two boundaries are shown in
Fig. 5.10.

Theorem 13. The transfer function, Ti(s), describing the wave trans-
mitting through the agent with more than two neighbours, and the transfer
Junction, Ty(s), describing the wave reflecting from the agent with more
than two neighbours, are

W) Ta($)Mals) (Gra() = Grals))

711:(3) Wﬁn(s) T Tn(S) Zie_/\[b Mi,n(S)Gi7n(3) , JE Nb \ k
(5.50)
d S $)G7 (s
T(s) Wi i(s) Tn(8) My (s)Gy ()

TWEL(S) 1= Tu(s) Tien Min(5)Gin(s)
Tu(5) X jenie Min(5)Giin(s) — 1
1 —T,(s) Zie/\fb Mi,n(S)Gi,n(s) 7

(5.51)

where k is the index of the agent where the wave transmits and N, is a
set of neighbouring agents to the nth agent.
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5.7. Extension for the non-identical agents

Proof. Since the derivation is entirely carried out in the Laplace domain,
we omit the argument ‘s’ from notations.

Similarly to (5.5), we express the output of the nth agent as

Xp =W, + W =W+ Wi, jeN\k (5.52)
Hence,
Wgyj = W’g,n + WTCLl,k - Wﬁnv (553)

We assume there is no soft boundary between the agents, hence G;, =
Gn,ia Mi,n = p g and

Wi, =GinWi, €N, (5.54)
Wi, =G W, ieN, (5.55)

Substituting (5.54) and (5.55) into (5.53) gives

Wit i = GinWin + GinWi i — GjnW5: (5.56)

J7n.

Next, we substitute (5.52) into (5.48) and separate the part of the waves
with index k.

ng,n + W;Li,k :Tan,n (Wr(ik + ng)

+ 7, Y M, (W;;j n W;fn> . (5.57)
JEN\k

Substituting from (5.54) and (5.55) for W, and ngl,n and rearranging
the result yields

(1= Tu MG ) Wity + (1= Tu My nGrn) Wit =

To Y Myn (Wity+ Wi) (5.58)
JEN\Kk
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Now, we substitute for W ; from (5.56) and get

(1= T My nGrp Wit + (1 = T My oG )Wt =

n

To Y Min (GinWity + GinWiky = GaWin + Wi, ). (5.59)
JEN\K

Substituting for an from (5.55) and rearranging the result gives

JEN\K

+ 11— Tan,nGk,n - Tn Z Mjﬂij” ngk -
JEN\K

Ty 3 Myn (=Gin +G7h) Wi (5.60)
JEN\k

Finally, we substitute

~ oMy nGrn —Tn > MjnGin =Ty Y MinGin  (5.61)
JEN\K i€N,

into (5.60) and obtain

Tan»,nG];;L + Tn Z]ENb\k‘ M]’nGJ,n —1 a
1-— Tn ZiENb Mi,nGi,n k,n

TnMjm (G}ﬁ - Gj,n) e
a. 5.62
L= Tn Yien, MinGim " (562)

d _
Wn,k -

+
JEN\K

The interpretation of Theorem 13 is following. If there is a wave travelling
to the agent with more than two neighbours, then the wave is partially
reflected from the boundary (described by T;(s)) and partially transmitted
through the boundary (described by Ti(s)), see Fig. 5.11. Moreover, T;(s)
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Legend
T ——>
Tt (s) ----- >

Figure 5.11: The transfer functions describing the wave reflection and
transmission as stated by Theorem 13.

is independent of index k, which is the index of the agent where the wave
is investigated. Tj(s) changes with a change of the jth index, which means
by a change of the direction where the wave travels from. Therefore, we
can state the following Corollary.

Corollary 6. The wave transmits through the hard boundary equivalently
an all directions.

However, it should be emphasized that the wave may propagate differently
as it departs from the hard boundary after the transmission.

5.8 Conclusions

This chapter generalizes the travelling-wave approach to a multi-agent
system with a general graph topology. It is shown that there are bound-
aries even in a system with identical agents. The boundaries are created
at the agents with more than two neighbours. The undesired effect of the
boundary can be suppressed by implementing of a wave-absorbing con-
troller. By the numerical simulations we show that the wave-absorbing
controller may significantly shorten the settling time of the system.
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5.9 Appendix to the chapter

A boundary on the agent with multiple neighbours makes the analysis of
a large multi-agent system cumbersome. The analysis may be simplified
by introducing a similar "trick" as in Chapter 4. That is, we derive
a Wave transfer function that describes waves in a multi-agent system,
where each agent, except of those on the boundary, has three neighbours
as shows Fig. 5.12.

Figure 5.12: Topology of a "three-neighbours" multi-agent system. The
blue circle is the leader that represents the input to the system.

The 15 agent in the system is described by
X1(s) = M(s)(Xo(s) + Xa(s) + X3(s) — 3X1(s)). (5.63)

By the recursive process, identical to that described in Section 2.2.1, we

get

Xl(S) o 1
Xo(s)  1+3M(s) 2
M(s) — 1+3M(s) 2
M(s)  1+3M(s)
M(s)

(5.64)
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5.9. Appendix to the chapter

Applying the continued-fraction expansion from (2.8), we obtain

Xi(s) C143M(s) 1 [(143M(s)\?
Xols) ~ N = Taigy) M( ) 6

which is the Wave transfer function for a multi-agent system where each
agent has three neighbours. This allows us to more easily describe the way
how the wave propagates in such a system. It also allows us to approx-
imate the outputs of the agents, similarly as described in Section 3.4.2.
For instance, if we change the position of the leader by Xiet(s), then

Xi1(s) = Gsn(s)Xo(s), (5.66)
Xo,3(5) = Gin(5)Xo(s), (5.67)
Xa5.6,7(5) = Gan () Xo(s), (5.68)

etc.

Similarly as for the three-neighbours system, we can derive a wave transfer
function that describes the waves in a system, where the agents have
four, five, etc. neighbours. This is summarized in Table 5.1. Their step
responses are shown in Fig. 5.13.

The quadratic equation used for the Newton’s approximation is, in this

case, given as

1+ NM(s)

As) Gyn(s) +1. (5.69)

In (Gan(s)) = (N = 1)Gn(s) —
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Table 5.1: The overview of wave transfer functions for multi-agent sys-
tems, where each agent has N neighbours. The DC gain is carried out
with the assumption that M (s) has at least one integrator. We note that
we omit the argument ‘s’ from the "N" wave transfer functions.

Time [s]

Topology "N" wave transfer function DC gain
1+2M 142M\?
[ o ] - _ -1 1
N = 557 ( 2M )
._.<: Goo_ LH3M 1 [/143MN° 1
NT UM 2 2M 2
._és oo 1AM 1 [i1ean? 1
NTTeM 3 2M 3
1+ NM 1 1+ NM\? 1
= —~ —(N-1
CNN = ot = N—1\/< 2M > ( I
N=2
— N=3
1r — N =4
ll—' e N=5
— 0.8¢ — N
2 -
206 -
g
£ o4 o
0.2
00 5 1‘0 1‘5 20

Figure 5.13: Comparison of step responses of the "N" wave transfer func-
tions from Table 5.1 with M (s) = 1/s%
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Conclusions

6.1 Contributions of the Wave transfer function
approach

Wave transfer function

The wave approach is a complementary tool to the traditional state-space
approach for the description and analysis of a multi-agent system. The
wave approach gives insight into the local and temporal amplification
or attenuation of the input command on the individual agents. This is
particularly useful for a large-scale multi-agent system.

Let us illustrate it on the example of a multi-agent system with a path-
graph topology. Let, for instance, the position of one agent of a system
be externally changed due to an external reference command or a distur-
bance. Then this reference command also affects outputs of the neigh-
bouring agents. We can think of this command as a 'wave’ propagating
in the system.The closed-form formula for the transfer function among
the outputs of the agents can be found by the traditional approach, for
instance, by the state-space description of the multi-agent system. As an
example, we can find the transfer function T} »(s) = Xa(s)/X1(s) from the
output of the first agent to the output of the second agent. However, to
find this transfer function, the whole multi-agent system must be taken
into consideration. Transfer function 71 2(s) then describes the overall
behaviour of the multi-agent system since all the interactions among the
agents and, in addition, the effect of boundary conditions are captured in
this transfer function. This overall description is well suited for determin-
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ing the asymptotic stability of a system, but it does not reveal the local
behaviour of agents.

On the other hand, the transfer function As(s)/A1(s), or Bi(s)/Ba(s),
describes the interaction among the first and second agents from the local
perspective, which means that it does not take into consideration nei-
ther the interactions among other agents nor the effect of the boundary
conditions. The amplitude of the wave that is reflected or transmitted
through the boundary can be approximated by the DC gain of the trans-
fer functions. The approximation allows us to analyze the output of an
agent before a reflected wave returns back to the agent. In other words,
the wave approach provides a closed-loop formula that approximates the
output of an agent. The important aspect is that the approximation is
analytic allowing the mathematical analysis of its properties. Based on
that, we can infer properties of the multi-agent system. The approxima-
tion is not affected by the number of agents or the interaction topology
of other agents in the system. In fact, it gives exact results only until the
reflected wave returns back to the agent. However, the wave approach
also allows us to consider the effect of the reflected wave and extend the
validity of the approximation.

An important feature of the Wave transfer function approach is that it
describes the dynamics of the agent by two transfer functions (My(s) and
M, (s)). This allows us to analyze even an asymmetric bidirectional con-
trol law with an arbitrary type of asymmetry and make conclusions (e.g.
Theorem 10), which, the author believes, would be very challenging to
make with the traditional approach.

It should be noted that the local transfer functions, i.e. the Wave or
Boundary transfer functions, can also be used to provide the overall trans-
fer function Xs(s)/X1(s) by taking [Aa(s) + Ba(s)]/[A1(s) + Bi(s)]. It
can be shown on the examples that this transfer function has no square
root, so it is rational and is equal to 77 2(s). However, this calculation
again requires to consider interactions among all the other agents, which
is rather complicated with the wave approach.
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Wave-absorbing controller

The advantage of the wave controller is that it allows the modification
of the reflection conditions for the travelling waves on a boundary. Im-
portantly, this modification does not require to change controllers of the
other agents in the system and, under certain conditions, it can make the
system string stable. Another advantage is that the output of the con-
troller is only slightly modified. Therefore, the proposed control law is
feasible.

The disadvantage is that the agent with the wave controller is required
to know its own output, for instance, by the odometry, and the output
of its immediate neighbour, which can be obtained either by the relative
measurement or communication with the neighbour. Another difficulty
is that the agent requires to know its own and neighbour’s dynamical
models. If these conditions are not satisfied, for instance, the dynamical
model of neighbours is known only approximately, or the information
about the neighbour’s output is delayed in time, then the wave is not
fully absorbed and it partially reflects back to the system. However, the
numerical simulations show that the response of the system may still be
improved since these schemes are relatively robust to inaccuracies. This
is in agreement with experience from practical implementations of the
wave absorbers, see for instance [Saigo et al. (2004)], [Kreuzer and Steidl
(2011)] or [O’Connor et al. (2008)].

We consider the wave controllers as an illustration what can be achieved
by the application of the wave approach. We note that, although some
simpler controllers may improve the transient of a system, only the wave
absorber fully absorbs the travelling wave.

Relation to the basic wave physics

The important feature of the wave approach is that it is in agreement
with findings of the basic wave physics. Most of the results of this thesis
can immediately be put into correspondence with known wave physics
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phenomenons. For instance, i) the decomposition of the agent output
into two travelling waves (Theorem 1, p. 18) vs. travelling waves and
their superposition (Chapter 7 of [French (2003)]), ii) the reflections at
the forced and free-end boundaries (Section 2.3, p. 23) vs. reflections at
a fixed and free ends (Fig. 8-1, p. 255 of [French (2003)]), iii) the soft and
hard boundaries (Section 3.2.1, p. 66) vs. wave pulses encountering the
boundary between two media (Fig. 8-4, p. 260 of [French (2003)]), etc.

The fact that the links between the agents are created by the controllers
allows us to generalize the Wave transfer function approach even to the
asymmetric case (Chapter 4). As a result of this generalization, the wave
does not propagate equally in the forward and backward directions. This
makes the physical interpretation of the asymmetric link unclear, since,
to the best of author’s knowledge, a device such as an asymmetric spring
violates the Third Newton’s Law and cannot exist in nature.

It is also important to emphasize that the generalization of the wave
approach to a general-graph topology (Chapter 5) cannot be interpreted
in terms of waves in two or three dimensional space (part of Chapter 7 of
[French (2003)]).

6.2 Contributions of the author

The goal of the thesis was to analyze the wave-based control and to gen-
eralize this approach to the field of the distributed control. This required
to solve several challenging problems that were new in the field.

The first problem was to generalize the Wave transfer function for an agent
with arbitrary dynamics and to use it for the design of a wave-absorbing
controller that improves the performance of the system, specifically, the
transient and also the string stability of the system. The generalization
also required to develop a method that approximates the Wave transfer
function. The results are presented in [Martinec et al. (2014a)] and
[Martinec et al. (2014b)] (XIII! and I).

!The roman letters tag the publications of the author given on p. 169.
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The second problem was to show how different dynamics of some agents
in the system affect the wave travelling in the system. This was solved
by introducing the soft and hard boundary concept, which led to the
derivation of the local control law that prevents the wave to be reflected
from these boundaries. The most challenging problem here was to show
that this control law makes the system asymptotically and string stable.
The results are presented in [Martinec et al. (2014d)] and [Martinec et al.
(2014¢)] (XIV and II).

The drawback of the approach mentioned in the previous paragraph is
that we assume that the wave is travelling equivalently in both directions.
This assumption is satisfactory if most of the agents use a symmetric
bidirectional control law. However, if most of the agents use an asymmet-
ric control law, then there are many boundaries in the system, which is
cumbersome to handle. This drawback was resolved by generalizing the
travelling wave approach for the wave travelling unequally in both direc-
tions. An unequal propagation inherently includes the boundaries on the
agents caused by the asymmetric control law, which makes the descrip-
tion of the multi-agent system by this generalized approach significantly
easier. The most important result of this problem is that the symmet-
ric positional coupling is a necessary condition for achieving the string
stability, as presented in [Martinec et al. (2015a)] (V).

The last problem that was solved in the thesis is the generalization of the
travelling wave approach to a multi-agent system with a general-graph
topology, i.e. to a system where an agent may have more than two neigh-
bours. The agent with multiple neighbours represents a boundary for the
travelling wave even if the agent has the identical dynamics as its neigh-
bours. This case is presented in [Martinec et al. (2015b)] (XVIII). The
thesis further elaborates the approach and presents the control law that
prevents the reflection of waves. Based on the numerical simulations, it is
shown that the control law shortens the transient of the system. However,
due to the lack of time and space limitations, it has not been analytically
derived under which conditions the system with the control law is asymp-
totically stable. It is likely that the proof would be similar to the proof
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of Theorem 7. It has also been shown how to generalize the concept for a
non-identical agent with multiple neighbours.

6.3 Open problems

The travelling-wave approach is a new approach in the field of the dis-
tributed control. To the best of author’s knowledge, the approach has not
been rigorously analyzed from the control-theory point-of-view by other
authors. Despite the new results presented in the thesis, there are other
open problems ranging from general questions regarding the asymptotic
stability of the Wave transfer function over the analysis of the multi-agent
system properties to potential applications of the wave absorbers.

Here is a list of some of open problems:

Mathematical open problems

e Derive necessary conditions for the asymptotic stability of the Wave
transfer function. The conditions given by Lemma 4 are only sufficient.

e Find an exact analytical impulse response of the Wave transfer func-
tions. The state-of-the-art software is not capable to perform the in-
verse Laplace transform of an irrational transfer function (discussion
on p. 21).

e Based on the author’s experience and numerical simulations, the New-
ton’s method (Section 2.7.2) is numerically a more reliable method for
an approximation of the Wave transfer functions than other methods.
However, it remains open in which sense (norm) the approximation by
Newton’s method converges to the Wave transfer function. It is also
not solved yet how to choose the initial guess of Newton’s iterations
and why the relative order of the initial guess determines the root to
which the method converges.
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Open problems related to the control theory

e It is well described how the location of poles and zeros of a ratio-
nal transfer function affect its time response. Regarding the irrational
transfer function, it is still a challenge for investigations (|Curtain and
Morris (2009)]). Similarly, it would be also worth to analytically investi-
gate how the model of an agent affects the impulse/step/Bode response
of the Wave transfer function (Fig. 2.20, p. 61).

e The numerical simulations (Fig. 1.1, p. 8) of the symmetric bidirectional
control law show that the outputs of the agents oscillate between zero
and two if they respond to the unit step in xt. However, the proof
of that is yet to be shown. The wave approach may be a suitable tool
for the proof since it shows that the H,, norm of the Wave transfer
function is bounded by one (Lemma 3, p. 34).

e Theorem 10 (p. 110) gives the condition for the local-string stability of
the system. However, the numerical simulations show that the multi-
agent system is locally-string unstable but asymptotically stable even
in the cases when the Asymmetric Wave transfer function tends to
be asymptotically unstable. Therefore, it seems that the boundary
conditions, that is the first and the last agents, asymptotically stabilize
a multi-agent system. The way how and why it is possible is to be
solved.

e Section 5.6 derives the wave-absorbing controller for a multi-agent sys-
tem with a general-graph topology. The numerical simulations show
that the controller may shorten the settling time. However, if the
graph has a limit cycle, then the controller may even destabilize the
whole system, which raises the question. What is the optimal number
and locations of the absorbers?

e [t is shown in Section 5.6 that the Wave transfer function description
of a system with an asymmetric bidirectional control is complicated
since there are two boundaries between the neighbouring agents. This
problem is solved by introducing the Asymmetric wave transfer func-
tion. The same problem occurs in a system with the general-graph
topology since the wave also reflects at each agent with more than two
neighbours. For some topologies, the problem can be solved by the ap-

149



Chapter 6. Conclusions

Figure 6.1: Examples of topologies

proach introduced in Section 5.9. It is not clear how to apply the same
trick for more general topologies, for instance, those shown in Fig. 6.1.
The largest difficulty seems to be due the cycles that are present in the
graph.

e [t is not discussed in this thesis that the control effort of the wave-
absorbing controller is closely related to the zero-vibration input shapers.
The preliminary results, mostly based on the numerical simulations, are
given in [Martinec et al. (2015¢)] (XVII). However, a thorough analyt-
ical comparison is yet to be carried out.

e Examine the possibility to generalize the Wave transfer function for a
nonlinear system.

General open problems

e Carry on in the investigation of properties of the topologies given in
Table 5.1 (p. 142). An asymmetric coupling between the agents may
possibly be also treated by this approach. It would be worth to in-
vestigate it since systems with a general-graph topology are not well
explored and the simplification of their description may reveal inter-
esting properties similar to ‘necessity of symmetric positional coupling’
treated by Theorem 10 (p. 110).

e The physical interpretation of the ‘necessity of symmetric positional
coupling’ (Theorem 10, p. 110) is still unclear.

e Examine possible practical applications of the wave-absorbing controllers
(Theorems 2, 5 and 6, pages 31, 78 and 80).

e The authors of [Cantos and Veerman (2014)] analyze the transient of
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a large array of linear oscillators. They argue that a wave behaviour is
apparent in the response of the system and give an analytic estimate of
the so-called signal velocity, which represents the speed of the wave. It
may be possible that a similar analytic measure of the wave speed could
be obtained by the travelling-wave approach presented in the thesis.
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4 Appendix

7.1 Wavebox

The current state-of-the-art software (see the discussion in Section 2.2.3,
p. 21) is not capable to carry out the inverse Laplace transform of an
irrational transfer function such as the wave transfer function. To be able
to run numerical simulations, the author implemented a set of functions
with examples in Matlab. Therefore, the reader can run the simulations
without the necessity of implementing the approximation methods. The
set of functions, called WaveBoz, is available for download at Matlab
Central [Martinec (2015)].

The current version of the WaveBox (ver 1.1) contains:

Examples

Ezxamplel — This example demonstrates the absorption of the wave in a
multi-agent system with a path-graph topology where all agents
are identical (see Section 2.5, p. 38). The wave is absorbed on the
leader, which has no dynamics.

FErample2 — The same as in Eramplel but the leader has its own internal
dynamics.

Ezampled — This example demonstrates the absorption of the wave in a
multi-agent system with a path-graph topology where the agents
are not identical. One soft boundary is assumed to be in the system
(see Section 3.4, p. 83).

Example4 — The same as in Ezample3 but with the hard boundary.
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Examples — This example is a combination of Example3 and Eramples.
It shows behaviour of the system with a complex boundary (com-
bination of the soft and hard boundaries).

Erample6 — This example demonstrates the absorption of the wave in a
multi-agent system with a general topology where the agents are
identical but can have multiple neighbours (see Section 5.5, p. 127).

Methods

approzimate_ AWTF- Approximates the Asymmetric wave transfer func-
tions by (4.11)-(4.12) (p. 98).

approximate  BGTF — Approximates the transfer functions describing the
transmission and reflection of the waves, T n(s) and T y(s) (The-
orem 11, p. 121), on an agent with multiple neighbours.

approximate BTF — Approximates the Boundary transfer functions for
prescribed front and rear agent transfer functions (see (3.3), p. 65).

approzimate WTF — Approximates the Wave transfer function for the
given open-loop model of the agent (Sections 2.5 and 2.7.2, p. 38
and p. 49).

decompose__waves — Decomposes the outputs of two neighbouring agents
into two travelling waves A and B (Theorem 1, p. 18).

init_absorber BGTF — Initializes the wave absorber for a boundary on
an agent with multiple neighbours (Theorem 12, p. 133).

init_absorber BTF — Initializes the wave absorber for the soft and hard
boundaries (Theorems 5 and 6, p. 78 and p. 80).

it absorber leader — Initializes the wave absorber for the leader or the
rear-end agent (Theorem 2, p. 31).

It should be noted that, in some cases, the approximation methods may
run into a numerical instability. This exhibits as a sudden instability after
seemingly settled response. The problem is usually resolved by a change
of the number of iterations or the time-length of the approximation.
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7.2 Overview of the results from distributed con-
trol - Table 7.1

Comments to Table 7.1
PF1 - The eigenvalues of the system do not converge to 0 as for (SB1).

PF2, SB2 and PA2 - [Martinec et al. (2014b)] analytically shows that the
transient of identical systems connected in a series (PF2) grows better
than linearly with the number of agents. The same paper numerically
shows that the transient of the symmetric bidirectional control (SB2)
scales quadratically. (SB2) is also supported by the results of [Barooah
et al. (2009)] that the least stable eigenvalue, i.e. the smallest eigenvalue
of the system approaches 0 as O(1/N?). In contrast, the eigenvalues in
PF2 are multiplied and do not converge to 0. The least stable eigenvalue
in PA2 is also bounded away from zero and converges as O(1/N), see [Hao
and Barooah (2012a)], therefore, its transient is faster than of the SB2.

PF3, PF4 and PF5 - The closed loop transfer function from the input to
the output of the nth agent is T"(s) = (M(s)/(1 + M(s)))", where M(s)
has one, two or three integrators. A proper choose of the numerator of
M (s) can asymptotically stabilize T"(s).

PF6 and PF8 - The closed loop transfer function from the input to the
output of the nth agent is T"(s) = (M(s)/(1 + M(s)))", where M (s) has
one integrator. If ||T'(s)||ooc < 1, then the system is string (PF6) and flock
(PF8) stable.

PF7, PF9, PF10 proved by [Seiler et al. (2004)].

SB1, SB3, SB6 and SBS8 - [Barooah and Hespanha (2005)] proved that, if
the open-loop model has one integrator and the deviation of the leader’s
trajectory from a constant velocity is bounded in Ly norm, then the spac-
ing errors between the vehicles is bounded, irrespective of the number of
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Table 7.1

vehicles. Hence, we call the system string and flock stable.

SB4 - It was shown in [Barooah et al. (2009)| that the system with two
integrators can be made stable and that the least stable eigenvalue of the
system approaches 0 as O(1/N?).

SB5 can not be made asymptotically stable as showed in [Barooah and
Hespanha (2005)].

SB10, PA5, Lsl0 and LalO - [Herman et al. (2015b)] showed that a
circular system where the agents has three integrators is asymptotically
unstable, which was also showed in [Cantos and Veerman (2014)] for one
particular system. However, a path-graph can be made asymptotically
stable, for instance, by the predecessor following algorithm. [Herman
et al. (2015b)] further numerically confirms the conjecture of [Cantos and
Veerman (2014)] that, if the circular system is asymptotically unstable,
then the path-graph system is either asymptotically or flock unstable.
The reasoning is that a disturbance inside the circular system grows as it
propagates from its origin. If the disturbance acts inside the path-graph
system, then the boundary conditions (the first and the last agents) may
asymptotically stabilize the system. Therefore, a sufficiently high value
of N leads to asymptotically unstable path-graph system, however, if N
is small then the system can be made asymptotically stable.

SB7 and SB9 - It was shown in [Veerman et al. (2007)] that the peak in
the Bode characteristics grows approximately linearly with the number of
agents.

PA1 and PA3 - The system has eigenvalues on the negative real axis, see
for instance [Herman et al. (2014b)].

PA4 - It was shown in [Hao and Barooah (2012a)] that the least sta-
ble eigenvalue of the system is bounded away from 0 and the eigenvalue
approaches it as O(1/N).

PA6 and PAS - It was shown in [Herman et al. (2014b)| that at most one
integrator in the open-loop model is a necessary condition for the string
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stability. Although the condition is not sufficient, the appropriate choice
of the controller makes the system string stable.

PA7, PA9 and PA10 follows from the product form shown in [Herman et al.
(2014a)| and |Herman et al. (2015a)| that two integrators in the agent’s
model cause the harmonic instability. PA7 and PA9 are also independently
verified by [Martinec et al. (2015a)].

Ls7, Ls9, SO7 and SOY - The system with a path-graph topology can be
made locally-string stable as shown in [Martinec et al. (2015a)]. It seems
that the system is string unstable due to the boundary conditions, that
is, the first and the last vehicles, as in the case of (SB7). If that is true,
then it should be flock stable since the disturbance in the system is not
going to scaled expomnentially with the number of vehicles.

La7, La9, AO7 and AO9 - It was shown in [Martinec et al. (2015a)]
that the symmetric positional coupling (cgo = ¢r,0) is a necessary but not
sufficient condition for the string stability. Otherwise, the travelling wave
in the system is exponentially amplified as it propagates in the system.
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