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Abstract 

 
This article describes a finite element-based formulation for the statistical analysis of the response of stochastic structural composite 

systems whose material properties are described by random fields. A first-order technique is used to obtain the second-order statistics for 

the structural response considering means and variances of the displacement and stress fields of plate or shell composite structures. 

Propagation of uncertainties depends on sensitivities taken as measurement of variation effects. The adjoint variable method is used to 

obtain the sensitivity matrix. This method is appropriated for composite structures due to the large number of random input parameters. 

Dominant effects on the stochastic characteristics are studied analyzing the influence of different random parameters. In part icular, a 

study of the anisotropy influence on uncertainties propagation of angle-ply composites is carried out based on the proposed approach.    
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1. Introduction 

 
Uncertainty and sensitivity analysis are important parts 

of studying complex systems as composite laminated 

structures. Specifically, uncertainty analysis refers to the 

determination of the uncertainty in response results due to 

uncertainties in input parameters, and sensitivity analysis 

refers to the evaluation of the contributions of individual 

uncertainties in input parameters to the uncertainties in 

response results. The uncertainty under consideration can 

be classified as epistemic or aleatory. The epistemic 

uncertainty is often referred using alternative designations 

including state of knowledge, subjective and reducible. The 

epistemic uncertainty comes from a lack of knowledge of 

the appropriate value to consider for a quantity that is 

assumed to have a fixed value used in a particular analysis. 

Epistemic uncertainty is generally taken to be distinct from 

aleatory uncertainty under the conceptual and modeling 

point  of  view.  Aleatory  uncertainty  arises  from inherent 

 

 

randomness in the behavior of the system under study. 

Designations as variability, stochastic and irreducible are 

used for aleatory uncertainty. Several approaches to 

uncertainty and sensitivity analysis have been developed, 

including differential analysis, response surface methodol- 

ogy, Monte Carlo analysis, and variance decomposition 

procedures. Reviews of these methodologies are available 

in bibliography [1–7]. 

A probabilistic structural integrity analysis is needed due 

to deviations of the structural response of laminated 

composite structures produced by existing uncertainties in 

physical properties at the layer level. Nowadays the 

definition of structural design criteria is based on ultimate 

state theory rather than on service stress theory. The 

application of such concepts to composite materials based 

on reliability analysis creates new challenges to the 

designer. A comprehensive review paper on this matter 

previous to 2002 is presented by Frangopol and Maute [8]. 

Optimal design of composite structures under probabil- 

istic constraints is a very interesting field due to uncertain- 

ties associated with physical properties of fiber-reinforced 

composites [9–12]. Manufacturing of composite materials 

with  fully  specified  profiles  of  materials  is  a    complex 
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process. Due to the large number of parameters involved, 

dispersions in microstructure, local volume fraction, lack  

of control quality, etc., the deviations may be inherent  

under the constraints of current fabrication technology. 

These fluctuations will reflect on the scattering of material 

properties, structural stiffness and consequently on the 

micro- and macro-mechanical behavior. Randomness of 

external loads can often be expected as well and it must be 

considered. 

The problem of reliability-based design of laminated 

composite structures can be formulated as an optimization 

problem [8,9] or one can address the problem of alleviating 

the effects of unavoidable parameter uncertainties. Oh and 

Librescu [13] adopted this last strategy for free vibration of 

composite cantilevers under uncertainties at layer thick- 

ness, elastic constants and ply angle. The structural 

tailoring technique was applied to design laminated 

composite structures by searching the stacking sequence 

that corresponds to the less sensitive performance proper- 

ties relatively to uncertainties in the input   parameters. 

In the present work the adopted strategy is similar to 

those proposed by Oh and Librescu [13] using different 

input parameters and applying static loading on laminated 

composite structures. Another objective of the proposed 

methodology is to identify the most important input 

parameters regarding the uncertainty propagation on 

structural response. This way the large number of input 

parameters involved in reliability analysis of laminated 

composite structures may be  reduced. 

This paper studies structural responses of statically 

loaded composite plate and shell structures with random- 

ness in material properties. It is assumed that deviations of 

random parameters are not large with respect to their mean 

values. A first-order technique based on sensitivity analysis 

is therefore adopted handling the random scattering in 

multiple parameters system. A semi-analytical approach is 

used to obtain mean values and variances of displacement 

and the stress fields with known second-order statistics for 

various system input variables. In particular, the study of 

anisotropy influence on uncertainties propagation in  angle- 
 

 

methodology are the sensitivities and the covariance–var- 

iance matrix of the input parameters. Once these elements 

are available, uncertainty analysis based on sensitivity 

methodology is the most effective, straightforward ap- 

proach [14]. 

In this work the quantification of response uncertainties 

of composite structures due to uncertainty in the properties 

and loads of the structural model is implemented based on 

linear statistical analysis. This methodology uses a Taylor’s 

series expansion to obtain a linear relationship between the 

response random variables—displacements and stresses, 

and the random structural input parameters. The adjoint 

variable method is used to obtain the sensitivity matrix. 

This method is appropriated for composite structures  due  

to the large number of random input parameters. No 

assumption is necessary concerning the form of the 

probability density function of the random input para- 

meters. Knowledge of mean and covariance matrix for the 

random structural parameters plus structural response 

equations is all that is required to obtain the mean and 

covariance matrix of the response  functions. 

 

 

3.  Propagation of uncertainties 

 
 

approach. 

 
2.  Uncertainty  analysis  based  on sensitivity 

 
Sensitivity is a measure of the variation effect of a  given 

 
 

  

input  parameter  on  a  required  response.  Usually   the 

sensitivity is calculated as a first-order derivative of the 

response with respect to an input parameter. However, for 

certain nonlinear problems, higher order sensitivities are 

required. Relative sensitivity is related with the importance 

of the input parameter. The higher the relative sensitivity  

is, the more important the input parameter in question. 

Thus, one of the important aspects of sensitivity analysis is 

to identify the most important input parameters.    Sensitiv- 
 

 
 

 

 

 

 

 

 
  

 
 

ingredients of the uncertainty analysis based on   sensitivity 

ity  analysis  is  also  used  for  uncertainty  analysis.     The 

ply  composites  is  carried  out  based  on  the      proposed 
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4. Applications to composite structures 

 
The previously described uncertainty analysis based on 

sensitivity has been applied to composite structures. The 

type of structure studied in this work considers a laminate 

shell structure commonly used in composite materials 

applications. The structural analysis is carried out using a 

displacement formulation of the Finite Element Method. 

The adopted element is the three-dimensional degenerated 

shell element with material anisotropy and stacking 

sequence of layers developed by Ahmad [16]. It is an 

isoparametric element with eight nodes and five freedom 

degrees per node based on the Mindlin shell theory. A 

structural application to angle-ply composite laminates is 

carried out using this   approach. 

 
4.1. Problem definition 
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The adopted methodology for sensitivity analysis is 

twofold: 
 

First: Solve the adjoint set of Eq. (20); 

Second: Get the sensitivities from Eq.  (25). 
Fig. 1. Cylindrical shell and angle-ply composite laminates distribution 

(ply angle y referred to  x-axis). 
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Table 1 

Mean values of mechanical properties of unidirectional composite   layers 
 

Elastic constants  Values Mechanical strength  Values 

Elastic modulus (GPa) E1 38.60 Longitudinal (MPa)   

 E2 8.27 Tensile 

Compression 

X 

X0 
1062 

610 

Shear  modulus (GPa) G12 4.14 Transversal (MPa)   

 G13 4.14 Tensile Y 31 

G23 4.14 Compression Y0  118 

Poisson’s coefficients n12 0.26 

n13 0.26 Shear (MPa) S 72 

n23 0.26 
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CV   ¼ ¼, (35)
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Fig.  2.  Maximum  values  of  the  coefficients  of  variation  CVū ð%Þ  and 
CVR̄ ð%Þ  for  response functional. Independent analysis using  CVx ¼ 6% 

for  the  input parameters. 
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Fig. 3.  Influence of anisotropy (ply angle y) on response functional ū  and R̄ . 

¯ 

M
a
x

im
u

m
 c

o
e
ff

ic
ie

n
t 
o

f 
v
a
ri

a
ti

o
n

 (
%

) 

d
is

p
la

c
e
m

e
n

t,
 u

 [
m

] 

T
s

a
i 

n
u

m
b

e
r,

 R
 



 

E1 

E2 

E1 
E2 

¼ ¼ 

ð Þ 

ð Þ 

m
a

x
im

. 
c

o
e
ff

ic
ie

n
t 
o

f 
v
a
ri

a
ti

o
n

 (
%

) 

 

vior comparing both input parameters the longitudinal 

Young’s modulus E1 and the transversal modulus E2 as 

shown in Fig. 4. The maximum coefficient of variation    of 

the  critical  Tsai  number,  CVR̄ ð%Þ   presents  the  highest 
values at y      551 for E2  and at y      751 for E1  as shown    in 

Fig.   5.   The   same   figure   shows   that   uncertainties in 
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Fig. 4. Maximum coefficient of variation of the critical displacement, CVu¯ 

ð%Þ. Independent analysis using CVx ¼ 6% for the input parameters E1,j  

and E2,j, j ¼ 1,y,4. 

transversal tensile strength Y have large influence on 

uncertainties of the response for most of the values of the 

domain of y. In opposite way uncertainties in shear  

strength  S propagates fairly on the  response. 

Using the covariance matrix (15) and the definitions (35) 

and (36) it is possible to analyze the joint effects of all input 

parameters for the uncertainties propagation on the 

response. Fig. 6 presents the behaviors of the coefficients 

of  variations  CVū ð%Þ  and  CVR̄ ð%Þ  as  functions  of  ply 

angle y. 

The behavior of displacement coefficient of response 

CVū  %    is   dominated   by   the   maximum   coefficient   of 

variation when comparing Figs. 4 and 6. In this case there 

are no synergetic effects in uncertainties propagation on 

response. However, the comparison of Figs. 5 and 6 shows 

an   important   synergetic   effect   on   the   coefficient   of 

variation for Tsai number CVR̄  % . Indeed, this coefficient 

of variation of the response obtained from the  joint  
analysis established by Eq. (15) and presented in Fig.    6 is 

always higher than the maximum coefficient of variation 

obtained using an independent analysis as shown in Fig. 5. 

The amplitude of the synergetic effect depends on ply angle 

y  of  the  composite  laminate.  Since  the  Tsai  number  is 

related with the structural failure the referred synergetic 

effect on uncertainties propagation assumes an important 

role in structural reliability  analysis. 

Figs. 7 and 8 show the behavior of the coefficient of 

variation of the response with variations in ply angle y for 

different coefficients of variation of the input    parameters. 

Fig. 7 shows that the uncertainties propagation is mild for 

critical displacement response functional. On other hand, 

the synergetic effect on the coefficient of variation for Tsai 

number is amplified when increasing the coefficients of 

variation of the input parameters becoming very important 

for  high  uncertainty amplitudes. 
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Fig. 5.  Maximum coefficient of variation of the critical Tsai number, CVR̄ ð%Þ. Independent analysis using CVx ¼ 6% for the input parameters E1,j, E2,j, 

Yj, Sj, j ¼ 1,y,4. 
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Fig.  6.  Coefficient  of  variation  of  response  CVū ð%Þ  and  CVR̄ ð%Þ  using 

Eq. (15), CVx ¼ 6% for the input   parameters. 
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Fig.  7.  Displacement  coefficient  of  variation  CVū ð%Þ  with  variations  in 

ply  angle yU Input parameters changing simultaneously as  defined in  

Eq. (15). 
 
 

The methodology proposed by Oh and Librescu [13] can 
be applied to structural tailoring of angle-ply composite 
structures in the presence of input parameters uncertain- 

ties. From Fig. 3 reporting the influence of ply angle y over 

critical displacement and critical Tsai number, the most 

favorable values for ply angle belong to the interval [751, 

901]. From Fig. 6 showing the behavior of the coefficients 

of  variation  of  response  CVū ð%Þ  and  CVR̄ ð%Þ  with  ply 
angle y, the most favorable value aiming the mitigation   of 

uncertainty propagation on structural response is y 801. 

This  is  the  value  that  will  be  considered  in    structural 

 
Fig. 8.  Coefficient of variation of Tsai number CVR̄ ð%Þ with variations in 

ply  angle  yU  Input  parameters  changing  simultaneously  as  defined in 

Eq. (15). 

 
 

 

tailoring of angle-ply composite structures according to the 

combined analysis of Figs. 3 and  6. 

 

 

5. Conclusions 

 
The sensitivity-uncertainty analysis for composite struc- 

tures presented here exhibits three major advantages: (1) 

important input parameters are identified; (2) the evalua- 

tion of the response uncertainty is done in a simple, 

systematic way; and (3) any changes on the uncertainties of 

the input parameters are easily incorporated in order to 

obtain the new uncertainties propagation on    response. 

The case study presented for angle-ply laminate compo- 

sites reveals an important synergetic effect in uncertainties 

propagation for Tsai number associated with stress  

response of the composite structures. This synergetic effect 

must be considered as an important factor in reliability 

based design of angle-ply composite  structures. 

The structural tailoring technique based on the proposed 

sensitivity-uncertainty analysis is very useful in designing 

laminated composite structures minimizing the unavoid- 

able effects of the input parameter uncertainties on 

structural reliability. 
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