SOME BOUNDS OF LOSS IN CLASSICAL SEMIDETERMINISTIC IMMUNIZATION
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ABSTRACT

Since Samuelson, Redington and Fisher and Weil, duration and immunization are very important
topics in bond portfolio analysis from both a theoretical and a practical point of view. Many results
have been established, especially in semi-deterministic framework. As regards, however, the loss
may be sustained, we do not think that the subject has been investigated enough, except for the
results found in the wake of the theorem of Fong and Vasicek. In this paper we present some results
relating to the limitation of the loss in the case of local immunization for multiple liabilities.
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0. INTRODUCTION. .
Since Macaulay (1938),  Samuelson (1945) and Redington (1952), duration and
immunization are very important topics in bond portfolio analysis from both a
theoretical and a practical point of view. Both Samuelson and Redington showed,
independently, that if the Macaulay’s duration of assets and liabilities are equal and the
balance-sheet constraint is fulfilled, a portfolio is protected against a small shift of level
in a flat term structure. Fisher and Weil (1971) proved that it is possible to globally
immunize a portfolio with a single liability against any level shift in the spot rate curve.
Afterwards many others results are established by various authors, cfr. bibliografy. As
regards, however, the loss may be sustained, we do not think that the subject has been
investigated enough, except for the results found in the wake of the theorem of Fong
and Vasicek (1984); cfr. also Montrucchio and Peccati (1991), Moretto (2008). In this
paper we present some results relating to bounds of the loss in the case of local
immunization for multiple liabilities.

1. APPROXIMATION’S FORMULAS.

Let §,(s) = 6(t,s) be the force of interest at time t > 0 with maturity s such that

t<s< wand

(11) X = (x17 X2,y ouns xn)/(tb t25 teey tn) and y= (y15 Yo, ooy yn)/(ta t27 2 tn)

the assets and liabilities cash flows, where t is the maturity of x; (yx), k =1,..,n

and w > t, —t = -+ = t; —t. Moreover, we denote by
(12) v(t,s) = exp (— [ 6,(wdu), &, = 8.(s), s € [0,w],

the structure of the prices of the unitary zero coupon bond with maturity s, t < s < w,
that represents the financial market at time t and we consider the distribution of the

times to maturity of the assets and liabilities cash flows 7, [Ty, ] or

(-t Dx1(0) [Py,1(0,)]
(1.3) Txt[Tyt] — i tz —t px,2(5t) [Py,z (515)]
b —t px,n(at) [py,n(at)]
where
_ xkv(t,tk) _ ykv(t'tk) —
(14 per() = G2 | (80 = 22| k=1,

We put, also, fork =0, .....,m



(1.5)  Ax = Xho1pxn(8r) (tn — OF, B = Xh_1pyn(8) (tn — OF, S = Ax — By,

and we note that A, and Bj, are the durations of various orders of cash flows x and y,
while Sy is the difference of k-order durations. If the yield curve at time t*,

immediately after t, assumes the form:

(1.6) §(tt,s)=6(t,s)+Y, YER

where R is set of real numbers, the net post-shift value is

(1.7) W(Y) = Zhoy(en — yr)v(t, tyy e Y0

and its derivates are:

(1.8) WO = (—D* Th_1(xtn — yu)v(t, ty) (tn — £)* 770
therefore at Y = 0 we have

(1.9) w®(0) = (—1)*(4pA, — ByBy), k=1,..n
and in particular

(1.10) W) =A4,—By,, W'(0) =—(A4,4; — ByB,).
By n-order Taylor’s formula with Lagrange’s remainder, we have

1
(1.11)  W(Y) = (4o — Bo) — (AgAs — BoB)Y + (AgA; — BoBy)Y? + -+ +

+ 525 (oA, — BB Y™ +
+(—1)"+1 [Zn (xp, — y)v(t, tn) (tn — t)k e~ Sv(th—t) ]Yn+1
1y L&r=1Xn = Yn)VLL th)(th

&y opportune such that &y < |Y|, Y €R.

If the portfolio m = {x, —y} satisfies the balance-sheet constraint

(1.12) Ay =B,.
(1.11) gives the formula

="

n!

(1.14)  W(Y) = —AgSiY + 2 AgSpY? + -+ AgS, Y™ +

(_ 1)n+1

+ (n+1)!

[Xh=1(xn — y)v(t, tp) (th — )" e‘fY(th_t)]Yn+1,



&y opportune such that ¢yl < |Y], Y ER,

and if, also, duration constraint
is fulfilled, we obtain

="

n!

(1.16)  W(Y) =5AcS,¥2 + -+ AgSy Y™ +

(_ 1)n+1

+ o [ Zh=1 O — YRV (L ) (b, — OF e TSmOy,

&y opportune such that &y < |Y|, Y €R.

2. CLASSICAL RESULTS BASED ON II° ORDER’S APPROXIMATION.

For n=2 the formula (1.13) gives

1
21) W)= (Ao—By)— (4pA; — BeB)Y + ;(AoAz — ByB,)Y? +

— % (S0 (xn — YU tr) (ty — £)3 e S0 y3

&y opportune such that &y < |Y|, Y €R.

then for |Y| enough small we obtain the following approximation

(2.2) W(Y) = (Ao — By) — (AgA; — BoBy)Y + % (AoA; — ByB,)Y?
or, if (1.12) is true,

(2.3) W(Y) = —AgS1Y +5 AS,Y?

and, if also (1.15) is true, we obtain

(2.4) W(Y) = S AS,Y?
Therefore
(2.5) WY)=>0  S,>0

if |Y| is enough small. Then, the following classical result is true:



Theorem 2.1. If the portfolio m = {x, —y} satisfies in t the constraints (1.12) and
(1.15), it results that:

A) the net value post-shift of portfolio is
(2-6) w(y) = %Aosz Y? — % [Tho1(xn — yo)v(t ty) (b, — )3 e vt Jy3

Y € R, &, opportune such that  |&,]| < |Y],

B) if the duration constraint (1.15) is fulfilled and |Y| is enough small, then the

approximation
Q2.7) w(y) = %AOSZYZ
is true, and for (2.7)

C) (Redington’s theorem) the portfolio m = {x, —y} is immunized by infinitesimal
shifts if and only if

(28) Sz =0 or A2 > Bz,

ie the cash flow dispersion for assets exceed the cash flow dispersion for liabilities.

Proof. A) is obtained directly substituting (1.12) and (1.15) in(2.1). B) follows
obviously from A). Finally, C) follows from (2.3) and (2.5).

In the case C) of previous theorem 1.1, if A, > B, immunization is valid also for
shifts Y with |Y| enough small and it is possible to determine interval width of
immunization, cfr. Montrucchio and Peccati (1991), Amato (1995).

3. AN INEQUALITY FOR THE NET ASSET VALUE POST-SHIFT.

Let us narrow our focus to the remainder in (2.6):

G.1 R3(Y) = 5 [Bhos(en — yn)v(t, ta) (ty — £)3 e =510 Jy?

Y € R, &, opportune such that |[&y| < |Y| . We can raise the rest on the nonrestrictive
assumption that |Y| < ¢ < 1,4, =By, A, = B;

(3-2) | R < 2 (Sl G — v vt £) (8 — )2 elVIGm0 13

and bearing in mind that w > t, — t > --- > t; — t , we obtain

3,,3
(3-3) |Rs()] <S50 iy [y, — yulv(t, ta)



Considering the value in t

(34) V(tr |x - y|r6t) = Zz=1|xh - yhlv(tr th)
of the bond
(3.5) lx —y| = (lxs = yals 1x2 = y2ls -slxn — yul )/ (t1s t2s -5 )5

we obtain the following result

Lemma 3.1. Under the assumptionst, —t < w, |Y| <c <1, Ay =By, Ay = By, we
have

3,3
3.0) |Rs(N)] < Z2=e V(L |x - y1,5,).

Also, substituting (3.6) in (2.6), we have the following theorem:

Theorem 3.2. Let 5.(s) = 6(t,s) be the force of interest at time t = 0 with maturity s
suchthat t <s < wand x = (X1, Xo, ..., Xp)/(t1, ta, ..., ty) and y = (y1, Y2, -,
Vo) /(L ta, ., t,) the assets and liabilities cash flows and assume that t, —t < w,

Y| <c <1, Ay =By, Ay = By. Then, for the net asset post-shift value of portfolio
= {x, —y}, the following inequality is valid

Swld

1
3.7 w() zEA(,szy2 -

ecw V(t) |x - Y|) 6t)'

We note that the quantity at second member of inequality can be negative as well as the
amount W (Y). Therefore we obtain the following

Theorem 3.3. Under the assumptions of the theorem 3.2, if W(Y) < 0 the loss L(Y) =
|W (Y)| satisfies the inequality

ASwd
3!

(3.8) L(Y) < |3 40S2¥? — e V(t1x~y1,60)],

i.e. the loss L(Y) not exceed the amount at second member.
Also, we have
Corollary 3.2. Under the assumptions of the theorem 3.2, if also A, = B, for the net

asset post-shift value of portfolio m the following inequality is valid

3,3
3.9) W)= —==e“ V(t|x—yl8),
and
3.10 L) < S8 eco p —y|,8
(‘ ) ( )— 3! e (t,lx ylr t)-



Now, we remark that the term of control of loss it depend by the value of the bond
(3.5), which is much smaller as x and y are close (perfect matching). We also give some

examples of the values considered in the inequality; if V (0, |x — y|, §; ) < 0.1 then

cw <05 = |R3(Y)] <0.00343485, cw <0.1 = |R3(Y)| < 0.00018460.

4. CONCLUSION
The established inequalities are important from a practical point of view, because you
can set bounds on losses from investments in semi-deterministic framework. They seem

relevant in a perspective of risk control, as required by the recent Basel agreements.
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