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e# g8llVvW# g8lfjjk# e8Vjffk#

Wggg# g8VeXkl# g8VjXeW# e8ejeWk#

#
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g# W8ggvje# W8WgVvf# v8VXvfk#

g8X# g8jejVj# g8kXjel# v8Xflfj#

g8e# g8flgfe# g8jggVe# v8VWkgV#

W# g8effvv# g8fWvvX# v8VVel#

X# g8egjk# g8eeeXX# v8VVkjW#

e# g8llllX# g8lkevV# v8VVvlj#

Wggg# g8VeVlW# g8VkjWV# v8elWkW#

#
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T.2.# '&%+"# *&# &'$&%"%8# .# 3(5/=.# *&# .%+&()",-.# *"'# :+9%"'# &# "'# $%.$%+&*"*&'# *.#2")&%+"=8#

+(:=/&(1+"2#9"')"()&#.#*&'=.1"2&().#2@I+2.#.9)+*.;#o/"().#2"+.%#M#"#4"%+",-.#*.#3(5/=.#

*&#.%+&()",-.#*"'#:+9%"'8#2"+.%#'&%@#.#*&'=.1"2&().;##
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*&'=.1"2&().#2@I+2.#*"#4+5";##

T.2$"%"(*.# &()%&# "'# */"'# )&.%+"'# /)+=+H"*"'8# ?/"(*.# 2"+.%# M# "# &'$&''/%"# *.# ="2+("*.#

h2&(.%#=yKi8#2"+.%#M#"#*+'1%&$3(1+"#&()%&#.'#%&'/=)"*.'#.9)+*.'#$&="'#*/"'#)&.%+"';#

T.2.# "# )&.%+"# <QNR# (-.# 1.()&2$="# .'# &:&+).'# *.# &':.%,.# )%"('4&%'"=8# "# )&.%+"# SQNR#

"$%&'&()"0'&# 1.2.# )&.%+"# 2"+'# %&:+("*"8# =.5.# 2"+'# $%&1+'"8# (.# ?/&# *+H# %&'$&+).# "# 4+5"'#

&'$&''"';#

E.*&2.'# 1.(1=/+%# ?/&# $"%"# 4+5"'# :+("'# "# )&.%+"# <QNR# M# '/:+1+&()&# 2"'# ?/&# $"%"# 4+5"'#
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%&'/=)"()&';#
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+(')"9+=+*"*&# =+(&"%;# T.('+*&%"%# "# &I+')J(1+"# *&# "2.%)&1+2&().# ("# &')%/)/%"# "("=+'"*"# &#

1.('+*&%"%# "# $.''+9+=+*"*&# *&# +(1.%$.%"%# 2")&%+"+'# "1)+4.'# h&I|# $+&H.&=&1)%+1.'8#
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B1K."8# B;# B;8# é# P&**O8# \;# !;# hWvvXi;# 9+"+$&# &2&0&"$# ,",2+)>)# -5# 1-0'-)+$&# 2,0+",$&)6#

!&)K&%="(*'|#u=/[&%#D1"*&2+1#E/9=+'K&%';#
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(7)(7)

O O 

(8)(8)

O O 

(1)(1)

(6)(6)

O O 

O O 
O O 

O O 

O O 

O O 

(11)(11)

(2)(2)

O O 

O O 

O O 

O O 

O O 

O O 

(3)(3)

O O 

(5)(5)

(10)(10)

(12)(12)

(4)(4)

O O 

(9)(9)

O O 

O O 

O O 

#Resolução do exercício apresentado por Wennerstrom e Backlund (1986)
restart :
 with LinearAlgebra :

 with linalg :
 with plots :
Digits d 20

Digits := 20

#HSDT COM MATERIAIS ISOTRÓPICOS
#
#

#DADOS DO PROBLEMA
#Número de camadas
NL d 3

NL := 3

 # Se forem M  matrizes elementares
 
 M d 10;

M := 10

P dK500
P := K500

#Fd1
E d array 1 ..NL, 124E9, 0, 124E9

E := 1.24 1011 0 1.24 1011

b d 10EK3
b := 0.010

L d 1
L := 1

H d array 1 ..NL C 1, K12.78625EK3 ,K12.49875EK3, 0.01221125, 0.01278625
H := K0.01278625 K0.01249875 0.01221125 0.01278625

altura d H NL C 1 KH 1
altura := 0.02557250

relacaoLH d evalf L
altura
relacaoLH := 39.104506794408055528

Le d
L
M

Le :=
1
10

!d array 1 ..NL, 0, 0, 0
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(13)(13)

O O 

O O 

O O 

O O 

O O 

(12)(12)

(14)(14)

O O 

O O 

O O 

O O 

O O 

! := 0 0 0

#MATRIZ COEFICIENTES ELÁSTICOS
#for i from 1 to NL do
 G 1 d 0; G 2 d 22E6; G 3 d 0
# end do

G1 := 0

G2 := 2.2 107

G3 := 0

for i from 1 to NL do

 " i d
! i $E i

1C ! i $ 1C ! i
 end do:
for i from 1 to NL do
 C11 i d E i
 end do:
for i from 1 to NL do
 C22 i d E i
 end do:
for i from 1 to NL do
 C33 i d E i
 end do:
for i from 1 to NL do
 C12 i d " i
 end do:
for i from 1 to NL do
 C13 i d " i
 end do :
for i from 1 to NL do
 C23 i d " i
 end do:
for i from 1 to NL do
 C44 i d G i
 end do :
for i from 1 to NL do
 C55 i d G i
 end do :
for i from 1 to NL do
 C66 i d G i
 end do :
for i from 1 to NL do
 Qb i d array 1 ..6, 1 ..6, C11 i , C12 i , C13 i , 0, 0, 0 , C12 i , C11 i ,

C13 i , 0, 0, 0 , C13 i , C13 i , C33 i , 0, 0, 0 , 0, 0, 0, C44 i , 0, 0 , 0, 0, 0, 0,
C44 i , 0 , 0, 0, 0, 0, 0, C66 i
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(15)(15)

O O 

O O 

O O 

O O 

(12)(12)

(14)(14)

(16)(16)

(18)(18)

(17)(17)

O O 

 end do

Qb1 :=

1.24 1011 0. 0. 0 0 0

0. 1.24 1011 0. 0 0 0

0. 0. 1.24 1011 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

Qb2 :=

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 2.2 107 0 0

0 0 0 0 2.2 107 0

0 0 0 0 0 2.2 107

Qb3 :=

1.24 1011 0. 0. 0 0 0

0. 1.24 1011 0. 0 0 0

0. 0. 1.24 1011 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

!d'! ':

N1dK
9
16

$ !C
1
3

$ !K
1
3

$ !K 1

N1 := K
9
16

 !C
1
3

 !K
1
3

 !K 1

N2d 27
16

$ !C 1 $ !K
1
3

$ !K 1

N2 :=
27
16

 !C 1  !K
1
3

 !K 1

N3dK
27
16

$ !C 1 $ !C
1
3

$ !K 1

N3 := K
27
16

 !C 1  !C
1
3

 !K 1

N4d 9
16

$ !C 1 $ !C
1
3

$ !K
1
3
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(21)(21)

O O 

O O 

(19)(19)

O O 

O O 

O O 

(12)(12)

O O 

(14)(14)

O O 

(20)(20)

(18)(18)

O O 

O O 

(22)(22)

O O 

O O 

O O 

N4 :=
9
16

 !C 1  !C
1
3

 !K
1
3

x d N1$x1CN2$x2CN3$x3CN4$x4 :

x1 d 0 : x2 d
Le
3

: x3 d
2 Le

3
: x4 d Le :

dxdzeta d simplify diff x, !

dxdzeta :=
1
20

Jac d dxdzeta

Jac :=
1
20

dN1 d
diff N1, !

Jac
:

dN2 d
diff N2, !

Jac
:

dN3 d
diff N3, !

Jac
:

 

dN4 d
diff N4, !

Jac
:

#só componentes de membrana - flexão
#
#
for i from 1 to NL do
 Zmbs i d Matrix 2, 6, 1, 0, z i 2, z i , 0, z i 3 , 0, 1, 0 , 0, z i , 0
 end do

Zmbs1 :=
1 0 z1

2 z1 0 z1
3

0 1 0 0 z1 0

Zmbs2 :=
1 0 z2

2 z2 0 z2
3

0 1 0 0 z2 0

Zmbs3 :=
1 0 z3

2 z3 0 z3
3

0 1 0 0 z3 0

for i from 1 to NL do
 Qmb i d matrix 2, 2, Qb i 1, 1 , Qb i 1, 3 , Qb i 1, 3 , Qb i 3, 3
 end do
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O O 

O O 

(12)(12)

(14)(14)

(25)(25)

(24)(24)

(23)(23)

(18)(18)

(22)(22)

O O 

Qmb1 :=
1.24 1011 0.

0. 1.24 1011

Qmb2 :=
0 0

0 0

Qmb3 :=
1.24 1011 0.

0. 1.24 1011

for i from 1 to NL do
Qmb i d convert Qmb i , Matrix
 end do

Qmb1 :=
1.24 1011 0.

0. 1.24 1011

Qmb2 :=
0 0

0 0

Qmb3 :=
1.24 1011 0.

0. 1.24 1011

for i from 1 to NL do
Zmbs i d convert Zmbs i , Matrix
 end do

Zmbs1 :=
1 0 z1

2 z1 0 z1
3

0 1 0 0 z1 0

Zmbs2 :=
1 0 z2

2 z2 0 z2
3

0 1 0 0 z2 0

Zmbs3 :=
1 0 z3

2 z3 0 z3
3

0 1 0 0 z3 0

for i from 1 to NL do
 Pbm i d Multiply Multiply Transpose Zmbs i , Qmb i , Zmbs i
 end do
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O O 

(27)(27)

(12)(12)

(14)(14)

(25)(25)

O O 

(18)(18)

(26)(26)

(22)(22)

Pbm1 :=

1.24 1011 0. 1.24 1011 z1
2 1.24 1011 z1 0. 1.24 1011 z1

3

0. 1.24 1011 0. 0. 1.24 1011 z1 0.

1.24 1011 z1
2 0. 1.24 1011 z1

4 1.24 1011 z1
3 0. 1.24 1011 z1

5

1.24 1011 z1 0. 1.24 1011 z1
3 1.24 1011 z1

2 0. 1.24 1011 z1
4

0. 1.24 1011 z1 0. 0. 1.24 1011 z1
2 0.

1.24 1011 z1
3 0. 1.24 1011 z1

5 1.24 1011 z1
4 0. 1.24 1011 z1

6

Pbm2 :=

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

Pbm3 :=

1.24 1011 0. 1.24 1011 z3
2 1.24 1011 z3 0. 1.24 1011 z3

3

0. 1.24 1011 0. 0. 1.24 1011 z3 0.

1.24 1011 z3
2 0. 1.24 1011 z3

4 1.24 1011 z3
3 0. 1.24 1011 z3

5

1.24 1011 z3 0. 1.24 1011 z3
3 1.24 1011 z3

2 0. 1.24 1011 z3
4

0. 1.24 1011 z3 0. 0. 1.24 1011 z3
2 0.

1.24 1011 z3
3 0. 1.24 1011 z3

5 1.24 1011 z3
4 0. 1.24 1011 z3

6

for i from 1 to NL do
h iC 1 d H iC 1 : h i d H i ;
 end do

h2 := K0.01249875

h1 := K0.01278625

h3 := 0.01221125

h2 := K0.01249875

h4 := 0.01278625

h3 := 0.01221125

for i from 1 to NL do

Pbm i d map int, map int, Pbm i , y =K
b
2

..
b
2

, z i = h i ..h iC 1 ;



O O 

O O 

O O 

(27)(27)

(12)(12)

(14)(14)

(25)(25)

(28)(28)

(18)(18)

(22)(22)

 end do
Pbm1 := 3.5650000000000000000 105, 0., 56.982851007552083333, 

K4507.0512500000000000, 0., K0.72046778318879101562 , 

0., 3.5650000000000000000 105, 0., 0., K4507.0512500000000000, 0. , 

56.982851007552083333, 0., 0.0091096914258620399573, K0.72046778318879101562, 

0., K0.00011518912321344807230 , 

K4507.0512500000000000, 0., K0.72046778318879101562, 56.982851007552083333, 

0., 0.0091096914258620399573 , 

0., K4507.0512500000000000, 0., 0., 56.982851007552083333, 0. , 

K0.72046778318879101562, 0., K0.00011518912321344807230, 

0.0091096914258620399573, 0., 0.0000014565921965059481896

Pbm2 :=

0. 0. 0. 0. 0. 0.

0. 0. 0. 0. 0. 0.

0. 0. 0. 0. 0. 0.

0. 0. 0. 0. 0. 0.

0. 0. 0. 0. 0. 0.

0. 0. 0. 0. 0. 0.

Pbm3 := 7.1300000000000000000 105, 0., 111.40361449947916667, 

8911.6087500000000000, 0., 1.3928969934991933594 , 

0., 7.1300000000000000000 105, 0., 0., 8911.6087500000000000, 0. , 

111.40361449947916667, 0., 0.017418678853008257112, 1.3928969934991933594, 0., 

0.00021786518869840509113 , 

8911.6087500000000000, 0., 1.3928969934991933594, 111.40361449947916667, 0., 

0.017418678853008257112 , 

0., 8911.6087500000000000, 0., 0., 111.40361449947916667, 0. , 

1.3928969934991933594, 0., 0.00021786518869840509113, 0.017418678853008257112, 

0., 0.0000027254411169820943634

Pbmmd array 1 ..6, 1 ..6, sparse ;
 for m to NL do
 for i to 6 do
 for j to 6 do
 Pbmm i, j d Pbmm i, j CPbm m i, j
 end do
 end do
 end do



O O 

O O 

O O 

O O 

(27)(27)

(32)(32)

O O 

O O 

(29)(29)

(28)(28)

O O 

(18)(18)

(30)(30)

O O 

O O 
O O 

O O 

O O 

O O 

O O 

O O 

(33)(33)

O O 

(31)(31)

(12)(12)

(14)(14)

(25)(25)

O O 

(22)(22)

O O 

Pbmm := array sparse, 1 ..6, 1 ..6,

#MATRIZ B
Bbm d Matrix 6, 28, dN1, 0, 0, 0, 0, 0, 0, dN2, 0, 0, 0, 0, 0, 0, dN3, 0, 0, 0, 0, 0, 0, dN4, 0,

0, 0, 0, 0, 0 , 0, 0, 0, N1, 0, 0, 0, 0, 0, 0, N2, 0, 0, 0, 0, 0, 0, N3, 0, 0, 0, 0, 0, 0, N4, 0, 0,
0 , 0, 0, 0, 0, dN1, 0, 0, 0, 0, 0, 0, dN2, 0, 0, 0, 0, 0, 0, dN3, 0, 0, 0, 0 , 0, 0, dN4, 0, 0 ,
0, 0, dN1, 0, 0, 0, 0, 0, 0, dN2, 0, 0, 0, 0, 0, 0, dN3, 0, 0, 0, 0, 0, 0, dN4, 0, 0, 0, 0 , 0, 0,

0, 0, 0, 2 N1, 0, 0, 0, 0, 0, 0, 2 N2, 0, 0, 0, 0, 0, 0, 2 N3, 0, 0, 0, 0, 0, 0, 2 N4, 0 , 0, 0, 0, 0,
0, 0, dN1, 0, 0, 0, 0, 0, 0, dN2, 0, 0, 0, 0, 0, 0, dN3, 0, 0, 0, 0, 0, 0, dN4  ;

Bbm :=

 6 x 28 Matrix
Data Type: anything
Storage: rectangular

Order: Fortran_order

#Bbmdconvert Bbm, Matrix :
 P1 d multiply multiply transpose Bbm , Pbmm , Bbm :

Ke d map int, P1, ! =K1 ..1 :#integração normal
Ke d evalm Ke$Jac :#multiplicação pelo Jacobiano
f d Matrix 28, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, P, 0, 0, 0, 0, 0, 0 ;

f :=

 28 x 1 Matrix
Data Type: anything
Storage: rectangular

Order: Fortran_order

Kee d submatrix Ke, 8 ..28, 8 ..28 :
ff d submatrix f, 8 ..28, 1 ..1 :
linsolve Kee, ff :
#componentes de corte
!d'! ':

N11 dK
9
16

$ !C
1
3

$ !K
1
3

$ !K 1 ;

N11 := K
9
16

 !C
1
3

 !K
1
3

 !K 1

N12 d
27
16

$ !C 1 $ !K
1
3

$ !K 1 ;

N12 :=
27
16

 !C 1  !K
1
3

 !K 1

N13 dK
27
16

$ !C
1
3

$ !C
1
3

$ !K 1 ;
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O O 

O O 

(34)(34)

(27)(27)

(28)(28)

O O 

(18)(18)

O O 

(35)(35)

O O 

O O 

O O 

O O 

O O 

O O 

O O 

(33)(33)

O O 

(12)(12)

(14)(14)

(25)(25)

O O 

O O 

O O 

(36)(36)

O O 

(22)(22)

O O 

N13 := K
27
16

 !C
1
3

2
 !K 1

N14 d
9
16

$ !C 1 $ !C
1
3

$ !K
1
3

;

N14 :=
9
16

 !C 1  !C
1
3

 !K
1
3

x d x11$N11C x12$N12C x13$N13C x14$N14 :

x11 d 0 : x12 d
Le
3

: x13 d
2$ Le

3
: x14 d Le :

#dxdzetadsimplify diff x, !
#Jacd dxdzeta

#dN1d
diff N1, !

Jac

#dN2d
diff N2, !

Jac

#dN3d
diff N3, !

Jac

#dN4d
diff N4, !

Jac
for i from 1 to NL do
 Zmbs i d matrix 1, 3, 1, z i , z i 2 ;
 end do

Zmbs1 := 1 z1 z1
2

Zmbs2 := 1 z2 z2
2

Zmbs3 := 1 z3 z3
2

for i from 1 to NL do
 Qs i d matrix 1, 1, Qb i 5, 5
 end do

Qs1 := 0

Qs2 := 2.2 107

Qs3 := 0

#factor de correcção de cinco sextos 5|6
for i from 1 to NL do



(37)(37)

O O 

(38)(38)

O O 

O O 

O O 

(33)(33)

O O 

(27)(27)

(12)(12)

(14)(14)

(39)(39)

(25)(25)

(28)(28)

(18)(18)

(22)(22)

O O 

 #Qs i d evalm
Qs i $5

6
; #alpha representa o factor 

 end do
for i from 1 to NL do
 Psh i d multiply multiply transpose Zmbs i , Qs i , Zmbs i ;
 end do

Psh1 :=

0 0 0

0 0 0

0 0 0

Psh2 :=

2.2 107 2.2 107 z2 2.2 107 z2
2

2.2 107 z2 2.2 107 z2
2 2.2 107 z2

3

2.2 107 z2
2 2.2 107 z2

3 2.2 107 z2
4

Psh3 :=

0 0 0

0 0 0

0 0 0

for i from 1 to NL do
h iC 1 d H iC 1 : h i d H i ;
 end do

h2 := K0.01249875

h1 := K0.01278625

h3 := 0.01221125

h2 := K0.01249875

h4 := 0.01278625

h3 := 0.01221125

for i from 1 to NL do

Ps i d map int, map int, Psh i , z i = h i ..h iC 1 , y =K
b
2

..
b
2

;

 end do

Ps1 :=

0. 0. 0.

0. 0. 0.

0. 0. 0.

Ps2 := 5436.2000000000000000, K0.78145375000000000000, 0.27671710767822916667 , 

K0.78145375000000000000, 0.27671710767822916667, K0.00011930195666797460938
, 
0.27671710767822916667, K0.00011930195666797460938, 



O O 

O O 

O O 

(27)(27)

O O 

(39)(39)

O O 

O O 

(28)(28)

(18)(18)

(40)(40)

O O 

O O 

O O 

O O 

(33)(33)

(12)(12)

(14)(14)

(25)(25)

O O 

(22)(22)

O O 

O O 

O O 

0.000025367868512216101664

Ps3 :=

0. 0. 0.

0. 0. 0.

0. 0. 0.

Bs d matrix 3, 28, 0, dN1, N1, 0, 0, 0, 0, 0, dN2, N2, 0, 0, 0, 0, 0, dN3, N3, 0, 0, 0, 0, 0,
dN4, N4, 0, 0, 0, 0 , 0, 0, 0, dN1, 2 N1, 0, 0, 0, 0, 0, dN2, 2 N2, 0, 0, 0, 0, 0, dN3, 2 N3, 0,
0, 0, 0, 0, dN4, 2 N4, 0, 0 , 0, 0, 0, 0, 0, dN1, 3 N1, 0, 0, 0, 0, 0, dN2, 3 N2, 0, 0, 0, 0, 0,
dN3, 3 N3, 0, 0, 0, 0, 0, dN4, 3 N4 :

Ps1 d array 1 ..3, 1 ..3, sparse ;
 for m to NL do
 for i to 3 do
 for j to 3 do
 Ps1 i, j d Ps1 i, j CPs m i, j
 end do
 end do
 end do;

Ps1 := array sparse, 1 ..3, 1 ..3,

P2 d multiply multiply transpose Bs , Ps1 , Bs :
#integração reduzida

A d 4 :
X 1 dK0.8611363116 : 
 X 2 dK0.3399810436 :
 X 3 d 0.3399810436 :
 X 4 d 0.8611363116 :
 
 W 1 d 0.3478548451 :
 W 2 d 0.6521451549 :
 W 3 d 0.6521451549 :
 W 4 d 0.3478548451 :
 
Kes d array 1 ..28, 1 ..28, sparse :
for m to A do
 for i to 28 do
 for j to 28 do
!d X m ;
 Kes i, j d Kes i, j CP2 i, j $W m
 
 end do
 end do
 end do;

 
evalm Kes :
Kess d evalm Kes$Jac :



(27)(27)

(39)(39)

(28)(28)

(18)(18)

O O 

O O 

O O 
O O 

O O 

(41)(41)

O O 

(33)(33)

O O 

(12)(12)

(14)(14)

(25)(25)

O O 

O O 

(22)(22)

O O 

O O 

f d matrix 28, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, P, P, 0, 0, 0, 0, 0 :
Kg d matadd Ke, Kess :
Kgg d submatrix Kg, 8 ..28, 8 ..28 :
ff d submatrix f, 8 ..28, 1 ..1 :
linsolve Kgg, ff :
#varios elementos

GDLno d 7 :
 GDLelem d GDLno$4;     # 4 nós por elemento
 
 NE d GDLelem;
 
 

 S d GDLelemC MK 1 $ GDLelemKGDLno ;

 KTotal d array 1 ..S, 1 ..S, sparse :

 for a from 1 to M do
 
 acresc d aK 1 $ 3$ GDLno;

 for i from 1 to NE do
 
 for j from 1 to NE do

   KTotal iC acresc, jC acresc d KTotal iC acresc, jC acresc CKg i, j ;
 
 od:
 
 od:
 
 
 od:
 
 

 
 
 #print(KTotal)

GDLelem := 28

NE := 28
S := 217



O O 

O O 

O O 

O O 
O O 

O O 

O O 

O O 

(27)(27)

O O 

O O 

O O 

O O 

O O 

(39)(39)

O O 

(28)(28)

O O 

(18)(18)

(43)(43)

O O 

O O 

(42)(42)

O O 

O O 

O O 

O O 

O O 

O O 

O O 

(33)(33)

O O 

(12)(12)

(14)(14)

O O 

(25)(25)

O O 

O O 

O O 

O O 

(22)(22)

(44)(44)

O O 

f d matrix S, 1, 0 :
#carregamento axial e transversal
#f SK 6, 1 d P :
#f SK 5, 1 d F :
#print f
KGG d submatrix KTotal, 8 ..S, 8 ..S :
#ffdsubmatrix f, 8 ..S, 1 ..1 :
#qdlinsolve KGG, ff ;

Kp d Matrix 1 ..S, 1 ..S, 0

Kp :=

 217 x 217 Matrix
Data Type: anything
Storage: rectangular

Order: Fortran_order

Kp1, 1 d 100E100 :

Kp2, 2 d 100E100 :

Kp3, 3 d 100E100 :

Kp4, 4 d 100E100 :

Kp5, 5 d 100E100 :

Kp6, 6 d 100E100 :

Kp7, 7 d 100E100 :

#KpS K 6, S K 6 d 100E100 :

KpS K 5, S K 5 d 100E100 :

#Kp26, 26 d 10E100 :

KKK d matadd KTotal, Kp :
 KKK d convert KKK, Matrix :
#f SK 5, 1 d P :
#f SK 6, 1 d F :

f 23C 21$
M
2

K 1 , 1 d P

f107, 1 := K500

qq d linsolve KKK, f



O O 

O O 

(33)(33)

(27)(27)

(12)(12)

(14)(14)

(39)(39)

(25)(25)

(28)(28)

O O 

(18)(18)

O O 

(22)(22)

(44)(44)

O O 

qq :=

2.0836572234356147309 10-118

K3.3656089796267208192 10-100

8.6560897962672075132 10-101

3.8379474710443391465 10-104

K1.2617609867728307232 10-104

K1.7413004587877165415 10-104

1.3673821284768789277 10-104

K0.000065583093924740794361

K0.0023724153364434367545

0.021156520064307210158

K3.2324127186378044336 10-7

K0.055921373495019121130

K0.000010738035946998834574

K20.266204282260431695

K0.00012984284548952527772

K0.0053033664282572220347

0.036202868461132682670

1.4222055927196081172 10-7

K0.052085493020849000562

0.0000067671604523452097574

K17.578356644441221068

K0.00018292072180943061382

K0.0087081250836089621631

0.049538960107847717408

K2.4014616391574294788 10-7

K0.054842042504693421833

K0.000011735190331812335725

K19.821906019417217776

K0.00022642287328517171119

K0.012504339486602537985

0.059751573363117686447

4.3520367518927269556 10-8

K0.052759243466563380762



(45)(45)

O O 

O O 

O O 

(33)(33)

(27)(27)

(12)(12)

(14)(14)

(39)(39)

(25)(25)

O O 

(28)(28)

O O 

(18)(18)

O O 

(22)(22)

(44)(44)

O O 

print qq 23C 21$
M
2

K 1 , 1 ;

K0.056355327843384715264



(1)(1)

O O 

O O 

(2)(2)

O O 
O O 

#Resolução do exercício da tabela-3 de Dipak et all (1994)
 
restart :
# with LinearAlgebra :
with VectorCalculus :
with linalg :
with plots :
Digits d 30 :
 
 #DADOS DO PROBLEMA
 
b d 0.0127;
L d 0.1905;             # Comprimento total da viga
 
 M d 40;    # M=número de elementos

 Le d L
M ;     # Comprimento de cada elemento, supondo que são iguais

 GDLno d 3 :
 GDLelem d GDLno$3;     # 3 nós por elemento
 
 NE d GDLelem;

b := 0.0127
L := 0.1905

M := 40
Le := 0.00476250000000000000000000000000

GDLelem := 9

NE := 9

#FSDT COM MATERIAIS ORTOTRÓPICOS
#u=u0Cz$thetax
#w=w0

NL d 4; 
H d array 1 ..NL C 1, K0.01905,K0.009525, 0, 0.009525, 0.01905 ;
 

 altura d H NL C 1 KH 1 ;
 

 relacaoLH d evalf L
altura ;

NL := 4



O O 

O O 

(4)(4)

(3)(3)

O O 

(2)(2)

H := K0.01905 K0.009525 0 0.009525 0.01905

altura := 0.03810
relacaoLH := 5.00000000000000000000000000000

 #PdK.5e3;
F dK10e3;

E1 d array 1 ..NL, 129.207E9, 129.207E9, 129.207E9, 129.207E9 ;
E2 d array 1 ..NL, 9.42512E9, 9.42512E9, 9.42512E9, 9.42512E9 ;
E3 d array 1 ..NL, 9.42512E9, 9.42512E9, 9.42512E9, 9.42512E9 ;
!12 d array 1 ..NL, 0.218837, 0.218837, 0.218837, 0.218837 ;
!13 d array 1 ..NL, 0.3, 0.3, 0.3, 0.3 ;
!23 d array 1 ..NL, 0.3, 0.3, 0.3, 0.3 ;
G12 d array 1 ..NL, 5.15658E9, 5.15658E9, 5.15658E9, 5.15658E9 ;
G13 d array 1 ..NL, 4.3053E9, 4.3053E9, 4.3053E9, 4.3053E9 ;
G23 d array 1 ..NL, 2.5414E9, 2.5414E9, 2.5414E9, 2.5414E9 ;
ang d array 1 ..NL, 0, 60,K60, 0 ;

F := K10000.

E1 := 1.29207 1011 1.29207 1011 1.29207 1011 1.29207 1011

E2 := 9.42512 109 9.42512 109 9.42512 109 9.42512 109

E3 := 9.42512 109 9.42512 109 9.42512 109 9.42512 109

!12 := 0.218837 0.218837 0.218837 0.218837

!13 := 0.3 0.3 0.3 0.3

!23 := 0.3 0.3 0.3 0.3

G12 := 5.15658 109 5.15658 109 5.15658 109 5.15658 109

G13 := 4.3053 109 4.3053 109 4.3053 109 4.3053 109

G23 := 2.5414 109 2.5414 109 2.5414 109 2.5414 109

ang := 0 60 K60 0

#MATRIZ COEFICIENTES ELÁSTICOS
for i from 1 to NL do
 " i d convert ang i $degrees, radians ;
 end do;

 for i from 1 to NL do

!21 i d
E2 i $!12 i

E1 i ;

  !31 i d
E3 i $!13 i

E2 i ;



O O 

(5)(5)

(4)(4)

(2)(2)

O O 

  !32 i d
E3 i $!23 i

E2 i ;

 " i d 1K !12 i $!21 i K !23 i $!32 i K !31 i $!13 i K 2$!21 i $!32 i
$!13 i ;

end do;

#1 := 0

#2 :=
1
3

 $

#3 := K
1
3

 $

#4 := 0

!211 := 0.0159632603917744394653540442855

!311 := 0.299999999999999999999999999999

!321 := 0.299999999999999999999999999999

"1 := 0.813633261115125857886956589040

!212 := 0.0159632603917744394653540442855

!312 := 0.299999999999999999999999999999

!322 := 0.299999999999999999999999999999

"2 := 0.813633261115125857886956589040

!213 := 0.0159632603917744394653540442855

!313 := 0.299999999999999999999999999999

!323 := 0.299999999999999999999999999999

"3 := 0.813633261115125857886956589040

!214 := 0.0159632603917744394653540442855

!314 := 0.299999999999999999999999999999

!324 := 0.299999999999999999999999999999

"4 := 0.813633261115125857886956589040

for i from 1 to NL do

  C11 i d
E1 i

1K !12 i $!21 i
;
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(5)(5)

(4)(4)

(2)(2)
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 C12 i d
!12 i $E2 i

1K !12 i $!21 i
;

 C22 i d
E2 i

1K !12 i $!21 i
; 

 end do;
  
for i from 1 to NL do
C44 i d G23 i ; 
C55 i d G13 i ; 
C66 i d G12 i ; 
C13 i d 0;
C23 i d 0;
C33 i d 0;

 end do;
    

C111 := 1.29659947839967882712850047436 1011

C121 := 2.06979550975329908950519078526 109

C221 := 9.45816068467991742486504012236 109

C112 := 1.29659947839967882712850047436 1011

C122 := 2.06979550975329908950519078526 109

C222 := 9.45816068467991742486504012236 109

C113 := 1.29659947839967882712850047436 1011

C123 := 2.06979550975329908950519078526 109

C223 := 9.45816068467991742486504012236 109

C114 := 1.29659947839967882712850047436 1011

C124 := 2.06979550975329908950519078526 109

C224 := 9.45816068467991742486504012236 109

C441 := 2.5414 109

C551 := 4.3053 109

C661 := 5.15658 109

C131 := 0

C231 := 0

C331 := 0
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(4)(4)
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C442 := 2.5414 109

C552 := 4.3053 109

C662 := 5.15658 109

C132 := 0

C232 := 0

C332 := 0

C443 := 2.5414 109

C553 := 4.3053 109

C663 := 5.15658 109

C133 := 0

C233 := 0

C333 := 0

C444 := 2.5414 109

C554 := 4.3053 109

C664 := 5.15658 109

C134 := 0

C234 := 0

C334 := 0

 for i from 1 to NL do
 
 C i d matrix 6, 6, C11 i , C12 i , C13 i , 0, 0, 0 , C12 i , C22 i , C23 i , 0,

0, 0 , C13 i , C23 i , C33 i , 0, 0, 0 , 0, 0, 0, C44 i , 0, 0 , 0, 0, 0, 0, C55 i ,
0 , 0, 0, 0, 0, 0, C66 i ;

  end do;

C1 := 1.29659947839967882712850047436 1011, 2.06979550975329908950519078526 109, 

0, 0, 0, 0 , 

2.06979550975329908950519078526 109, 9.45816068467991742486504012236 109, 0, 

0, 0, 0 , 

0, 0, 0, 0, 0, 0 , 
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(4)(4)
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0, 0, 0, 2.5414 109, 0, 0 , 

0, 0, 0, 0, 4.3053 109, 0 , 

0, 0, 0, 0, 0, 5.15658 109

C2 := 1.29659947839967882712850047436 1011, 2.06979550975329908950519078526 109, 

0, 0, 0, 0 , 

2.06979550975329908950519078526 109, 9.45816068467991742486504012236 109, 0, 

0, 0, 0 , 

0, 0, 0, 0, 0, 0 , 

0, 0, 0, 2.5414 109, 0, 0 , 

0, 0, 0, 0, 4.3053 109, 0 , 

0, 0, 0, 0, 0, 5.15658 109

C3 := 1.29659947839967882712850047436 1011, 2.06979550975329908950519078526 109, 

0, 0, 0, 0 , 

2.06979550975329908950519078526 109, 9.45816068467991742486504012236 109, 0, 

0, 0, 0 , 

0, 0, 0, 0, 0, 0 , 

0, 0, 0, 2.5414 109, 0, 0 , 

0, 0, 0, 0, 4.3053 109, 0 , 

0, 0, 0, 0, 0, 5.15658 109

C4 := 1.29659947839967882712850047436 1011, 2.06979550975329908950519078526 109, 

0, 0, 0, 0 , 

2.06979550975329908950519078526 109, 9.45816068467991742486504012236 109, 0, 

0, 0, 0 , 

0, 0, 0, 0, 0, 0 , 

0, 0, 0, 2.5414 109, 0, 0 , 

0, 0, 0, 0, 4.3053 109, 0 , 

0, 0, 0, 0, 0, 5.15658 109

for i from 1 to NL do
 Qa11 i d C11 i $cos4 ! i C 2 C12 i C 2 C66 i $sin2 ! i $cos2 ! i

CC22 i $sin4 ! i ;
 Qa12 i d C11 i CC22 i K 4$C66 i $sin2 ! i $cos2 ! i



O O 

(6)(6)

(5)(5)

(4)(4)

O O 

(7)(7)

(2)(2)

O O 

CC12 i sin4 ! i C cos4 ! i ; 
 Qa22 i d C11 i $sin4 ! i C 2 C12 i C 2 C66 i $sin2 ! i $cos2 ! i

CC22 i $cos4 ! i ;
 Qa16 i d C11 i KC12 i K 2 C66 i $sin ! i $cos3 ! i C C12 i

KC22 i C 2 $C66 i sin3 ! i $cos ! i ;
 Qa26 i d C11 i KC12 i K 2 C66 i $sin3 ! i $cos ! i C C12 i

KC22 i C 2 $C66 i sin ! i $cos3 ! i ;
 Qa66 i d C11 i CC22 i K 2 C12 i K 2 C66 i $sin2 ! i $cos2 ! i

CC66 i $ sin4 ! i C cos4 ! i ;
 Qa44 i d C44 i cos2 ! i CC55 i sin2 ! i ;
 Qa45 i d C55 i KC44 i $cos ! i $sin ! i ;
 Qa55 i d C55 i $cos2 ! i CC44 i $sin2 ! i ;
  end do;

Qa111 := 1.29659947839967882712850047436 1011

Qa121 := 2.06979550975329908950519078526 109

Qa221 := 9.45816068467991742486504012236 109

Qa161 := 0.

Qa261 := 0.

Qa661 := 5.15658 109

Qa441 := 2.5414 109

Qa451 := 0.

Qa551 := 4.3053 109

Qa112 := 1.80675704412879333796041595780 1010

Qa122 := 2.42870058581247616153267697024 1010

Qa222 := 7.81684640189319160235966632349 1010

Qa162 := 7.87821105033967053857908178998 109 3

Qa262 := 2.21722357384823207834171700384 1010 3

Qa662 := 2.65976170322139753672571323726 1010

Qa442 := 3.86432500000000000000000000000 109

Qa452 := 4.40975000000000000000000000000 108 3

Qa552 := 2.98237500000000000000000000000 109

Qa113 := 1.80675704412879333796041595780 1010



(8)(8)

O O 

(6)(6)

(5)(5)

(4)(4)

O O 

O O 

(7)(7)

(2)(2)

O O 

Qa123 := 2.42870058581247616153267697024 1010

Qa223 := 7.81684640189319160235966632349 1010

Qa163 := K7.87821105033967053857908178998 109 3

Qa263 := K2.21722357384823207834171700384 1010 3

Qa663 := 2.65976170322139753672571323726 1010

Qa443 := 3.86432500000000000000000000000 109

Qa453 := K4.40975000000000000000000000000 108 3

Qa553 := 2.98237500000000000000000000000 109

Qa114 := 1.29659947839967882712850047436 1011

Qa124 := 2.06979550975329908950519078526 109

Qa224 := 9.45816068467991742486504012236 109

Qa164 := 0.

Qa264 := 0.

Qa664 := 5.15658 109

Qa444 := 2.5414 109

Qa454 := 0.

Qa554 := 4.3053 109

for i from 1 to NL do

 Qb i d matrix 6, 6, Qa11 i , Qa12 i , 0, 0, 0, Qa16 i , Qa12 i , Qa22 i , 0, 0,
0, Qa26 i , 0, 0, 0, 0, 0, 0 , 0, 0, 0, Qa44 i , Qa45 i , 0 , 0, 0, 0, Qa45 i ,
Qa55 i , 0 , Qa16 i , Qa26 i , 0, 0, 0, Qa66 i ;

 end do
Qb1 := 1.29659947839967882712850047436 1011, 

2.06979550975329908950519078526 109, 0, 0, 0, 0. , 

2.06979550975329908950519078526 109, 9.45816068467991742486504012236 109, 0, 

0, 0, 0. , 

0, 0, 0, 0, 0, 0 , 

0, 0, 0, 2.5414 109, 0., 0 , 

0, 0, 0, 0., 4.3053 109, 0 , 



O O 

(8)(8)

(6)(6)

(5)(5)

(4)(4)

O O 

(7)(7)

(2)(2)

O O 

0., 0., 0, 0, 0, 5.15658 109

Qb2 := 1.80675704412879333796041595780 1010, 

2.42870058581247616153267697024 1010, 0, 0, 0, 

7.87821105033967053857908178998 109 3 , 

2.42870058581247616153267697024 1010, 7.81684640189319160235966632349 1010, 

0, 0, 0, 2.21722357384823207834171700384 1010 3 , 

0, 0, 0, 0, 0, 0 , 

0, 0, 0, 3.86432500000000000000000000000 109, 

4.40975000000000000000000000000 108 3 , 0 , 

0, 0, 0, 4.40975000000000000000000000000 108 3 , 

2.98237500000000000000000000000 109, 0 , 

7.87821105033967053857908178998 109 3 , 

2.21722357384823207834171700384 1010 3 , 0, 0, 0, 

2.65976170322139753672571323726 1010

Qb3 := 1.80675704412879333796041595780 1010, 

2.42870058581247616153267697024 1010, 0, 0, 0, 

K7.87821105033967053857908178998 109 3 , 

2.42870058581247616153267697024 1010, 7.81684640189319160235966632349 1010, 

0, 0, 0, K2.21722357384823207834171700384 1010 3 , 

0, 0, 0, 0, 0, 0 , 

0, 0, 0, 3.86432500000000000000000000000 109, 

K4.40975000000000000000000000000 108 3 , 0 , 

0, 0, 0, K4.40975000000000000000000000000 108 3 , 

2.98237500000000000000000000000 109, 0 , 

K7.87821105033967053857908178998 109 3 , 

K2.21722357384823207834171700384 1010 3 , 0, 0, 0, 

2.65976170322139753672571323726 1010

Qb4 := 1.29659947839967882712850047436 1011, 

2.06979550975329908950519078526 109, 0, 0, 0, 0. , 

2.06979550975329908950519078526 109, 9.45816068467991742486504012236 109, 0, 



(11)(11)

O O 

(8)(8)

(6)(6)

O O 

O O 

(5)(5)

(4)(4)

O O 

O O 

(9)(9)

(7)(7)

(2)(2)

O O 

(10)(10)

0, 0, 0. , 

0, 0, 0, 0, 0, 0 , 

0, 0, 0, 2.5414 109, 0., 0 , 

0, 0, 0, 0., 4.3053 109, 0 , 

0., 0., 0, 0, 0, 5.15658 109

for i from 1 to NL do
 Qa i 1, 1 d Qb i 1, 1 CQb i 1, 2

$
Qb i 1, 6 $Qb i 2, 6 KQb i 1, 2 $Qb i 6, 6

Qb i 2, 2 $Qb i 6, 6 KQb i 2, 6 2 CQb i 1, 6

$
Qb i 1, 6 $Qb i 2, 2 KQb i 1, 2 $Qb i 2, 6

Qb i 2, 6 2 KQb i 2, 2 $Qb i 6, 6
:

 end do
Qa11, 1

:= 1.29207000000000000000000000000 1011

Qa21, 1
:= 1.01417742448416159574138020111 1010

Qa31, 1
:= 1.01417742448416159574138020111 1010

Qa41, 1
:= 1.29207000000000000000000000000 1011

for i from 1 to NL do

 Qa i 5, 5 d Qb i 5, 5 K
Qb i 4, 5 2

Qb i 4, 4
:

 end do
Qa15, 5

:= 4.3053 109

Qa25, 5
:= 2.83141025146694442108259527861 109

Qa35, 5
:= 2.83141025146694442108259527861 109

Qa45, 5
:= 4.3053 109

for i from 1 to NL do
 Q i d matrix 2, 2, Qa i 1, 1 , 0, 0, Qa i 5, 5
 end do;

Q1 :=
1.29207000000000000000000000000 1011 0

0 4.3053 109

Q2 :=



(11)(11)
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(8)(8)

(6)(6)

O O 

(5)(5)

O O 

(4)(4)

O O 

(13)(13)

(12)(12)

(7)(7)

(2)(2)

O O 

O O 

1.01417742448416159574138020111 1010 0

0 2.83141025146694442108259527861 109

Q3 :=

1.01417742448416159574138020111 1010 0

0 2.83141025146694442108259527861 109

Q4 :=
1.29207000000000000000000000000 1011 0

0 4.3053 109

Qtotal d matrix 2, 2, 0 :
 for m to NL do
 for i to 2 do
 for j to 2 do 
# print Q m i, j ;
 Qtotal i, j d Qtotal i, j CQ m i, j ;
 end do;
 end do;
 end do;
 
 print Qtotal ;

2.78697548489683231914827604022 1011 0

0 1.42734205029338888421651905572 1010

!d'! ':
 

N1 d
!
2

!K 1 : N2 d 1K!
2

: N3 d
!
2

!C 1 :

 x d x1$N1C x2$N2C x3$N3 :

x1 d 0 : x2 d
Le
2

: x3 d Le :

dxdzeta d simplify diff x, ! :
Jac d dxdzeta ;

 dN1 d
diff N1, !

Jac
: dN2 d

diff N2, !
Jac

: dN3 d
diff N3, !

Jac
:

 
Jac := 0.00238125000000000000000000000000

#só componentes de membrana - flexão



(8)(8)
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(4)(4)

O O 

(15)(15)

(11)(11)

(6)(6)

(14)(14)

(5)(5)

O O 

O O 
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#epsix:=du0dxCz$dthetaydx
#gamaxz=thetax C dw0dx
for i from 1 to NL do
 Zmbs i d matrix 1, 2, 1, z i
 end do;
 
 for i from 1 to NL do
 Qmb i d matrix 1, 1, Q i 1, 1
 end do;

Zmbs1 := 1 z1

Zmbs2 := 1 z2

Zmbs3 := 1 z3

Zmbs4 := 1 z4

Qmb1 := 1.29207000000000000000000000000 1011

Qmb2 := 1.01417742448416159574138020111 1010

Qmb3 := 1.01417742448416159574138020111 1010

Qmb4 := 1.29207000000000000000000000000 1011

for i from 1 to NL do
 Pbm i d multiply multiply transpose Zmbs i , Qmb i , Zmbs i
 end do;

Pbm1 :=

1.29207000000000000000000000000 1011, 

1.29207000000000000000000000000 1011 z1 , 

1.29207000000000000000000000000 1011 z1, 1.29207000000000000000000000000 1011 

z1
2

Pbm2 :=

1.01417742448416159574138020111 1010, 

1.01417742448416159574138020111 1010 z2 , 

1.01417742448416159574138020111 1010 z2, 1.01417742448416159574138020111 1010 

z2
2

Pbm3 :=



(8)(8)

O O 

(4)(4)

(16)(16)

O O 

O O 

(15)(15)

(11)(11)

(6)(6)

(5)(5)

O O 

(2)(2)

(7)(7)

O O 

(17)(17)

O O 

1.01417742448416159574138020111 1010, 

1.01417742448416159574138020111 1010 z3 , 

1.01417742448416159574138020111 1010 z3, 1.01417742448416159574138020111 1010 

z3
2

Pbm4 :=

1.29207000000000000000000000000 1011, 

1.29207000000000000000000000000 1011 z4 , 

1.29207000000000000000000000000 1011 z4, 1.29207000000000000000000000000 1011 

z4
2

for i from 1 to NL do
 h i d H i :
 h iC 1 d H iC 1 ;
 end do;

h1 := K0.01905

h2 := K0.009525

h2 := K0.009525

h3 := 0

h3 := 0

h4 := 0.009525

h4 := 0.009525

h5 := 0.01905

for i from 1 to NL do

 Pbm1 i d map int, map int, Pbm i , y =K
b
2

..
b
2

, z i = h i ..h iC 1 ;

 end do;
 
 Pbmmd matrix 2, 2, 0 :
 for m to NL do
 for i to 2 do
 for j to 2 do
 Pbmm i, j d Pbmm i, j CPbm1 m i, j
 end do;
 end do;
 end do;
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(8)(8)
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(18)(18)

O O 

O O 

(15)(15)

(11)(11)

(6)(6)
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(5)(5)
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O O 

O O 
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O O 

(17)(17)

O O 

 
 print Pbmm ;

Pbm11 :=

1.56298477725000000000000000000 107, 

K2.23311450049593750000000000000 105 , 

K2.23311450049593750000000000000 105, 3308.73131823481406250000000000
Pbm12 :=

1.22682507596287817832845409478 106 K5842.75442427320732428926262638

K5842.75442427320732428926262638 37.1014905941348665092368176775

Pbm13 :=
1.22682507596287817832845409478 106 5842.75442427320732428926262638

5842.75442427320732428926262638 37.1014905941348665092368176775

Pbm14 :=

1.56298477725000000000000000000 107 2.23311450049593750000000000000 105

2.23311450049593750000000000000 105 3308.73131823481406250000000000

3.37133456969257563566569081896 107 0.

0. 6691.66561765789785801847363536

#MATRIZ B
Bbm d matrix 2, 9, dN1, 0, 0, dN2, 0, 0, dN3, 0, 0 , 0, 0, dN1, 0, 0, dN2, 0, 0, dN3  ;

Bbm := 419.947506561679790026246719160 !K 209.973753280839895013123359580, 0, 

0, K839.895013123359580052493438320 !, 0, 0, 419.947506561679790026246719160 !

C 209.973753280839895013123359580, 0, 0 , 

0, 0, 419.947506561679790026246719160 !K 209.973753280839895013123359580, 0, 

0, K839.895013123359580052493438320 !, 0, 0, 419.947506561679790026246719160 !

C 209.973753280839895013123359580

#Bbmdconvert Bbm, Matrix

P1 d multiply multiply transpose Bbm , Pbmm , Bbm ;
P1 := 1.41578354632759081812732422843 1010 !

K 7.07891773163795409063662114217 109  419.947506561679790026246719160 !

K 209.973753280839895013123359580 , 0., 0., 

K839.895013123359580052493438320 1.41578354632759081812732422843 1010 !

K 7.07891773163795409063662114217 109  !, 0., 0., 

1.41578354632759081812732422843 1010 !



(19)(19)

(11)(11)

O O 

(8)(8)

(6)(6)

(5)(5)

(4)(4)

O O 

O O 

(7)(7)

(2)(2)

(17)(17)

O O 

O O 

(15)(15)

K 7.07891773163795409063662114217 109  419.947506561679790026246719160 !

C 209.973753280839895013123359580 , 0., 0. , 

0., 0., 0., 0., 0., 0., 0., 0., 0. , 

0., 0., 2.81014829087995710572954273401 106 !

K 1.40507414543997855286477136700 106  419.947506561679790026246719160 !

K 209.973753280839895013123359580 , 0., 0., 

K839.895013123359580052493438320 2.81014829087995710572954273401 106 !

K 1.40507414543997855286477136700 106  !, 0., 0., 

2.81014829087995710572954273401 106 !

K 1.40507414543997855286477136700 106  419.947506561679790026246719160 !

C 209.973753280839895013123359580 , 

K2.83156709265518163625464845687 1010 ! 419.947506561679790026246719160 !

K 209.973753280839895013123359580 , 0., 0., 

2.37821908044529691233986222099 1013 !
2
, 0., K0., 

K2.83156709265518163625464845687 1010 ! 419.947506561679790026246719160 !

C 209.973753280839895013123359580 , 0., 0. , 

0., 0., 0., 0., 0., 0., 0., 0., 0. , 

0., 0., 

K5.62029658175991421145908546802 106 ! 419.947506561679790026246719160 !

K 209.973753280839895013123359580 , K0., 0., 

4.72045907129441613560868070805 109 !
2
, 0., 0., 

K5.62029658175991421145908546802 106 ! 419.947506561679790026246719160 !

C 209.973753280839895013123359580 , 

1.41578354632759081812732422843 1010 !

C 7.07891773163795409063662114217 109  419.947506561679790026246719160 !

K 209.973753280839895013123359580 , 0., 0., 

K839.895013123359580052493438320 1.41578354632759081812732422843 1010 !

C 7.07891773163795409063662114217 109  !, 0., 0., 

1.41578354632759081812732422843 1010 !

C 7.07891773163795409063662114217 109  419.947506561679790026246719160 !

C 209.973753280839895013123359580 , 0., 0. , 



(19)(19)

(8)(8)

O O 

(4)(4)

O O 

O O 

O O 

(21)(21)

O O 

(15)(15)

(11)(11)

(6)(6)

(5)(5)

O O 

(2)(2)

(7)(7)

O O 

(17)(17)

O O 

(20)(20)

0., 0., 0., 0., 0., 0., 0., 0., 0. , 

0., 0., 2.81014829087995710572954273401 106 !

C 1.40507414543997855286477136700 106  419.947506561679790026246719160 !

K 209.973753280839895013123359580 , 0., 0., 

K839.895013123359580052493438320 2.81014829087995710572954273401 106 !

C 1.40507414543997855286477136700 106  !, 0., 0., 

2.81014829087995710572954273401 106 !

C 1.40507414543997855286477136700 106  419.947506561679790026246719160 !

C 209.973753280839895013123359580

Ke d map int, P1, ! =K1 ..1 :         #integração exacta
Ke d evalm Ke$Jac ;                        #multiplicação pelo Jacobiano

Ke := 1.65174747071552262114854493317 1010, 0., 0., 

K1.88771139510345442416976563791 1010, 0., 0., 

2.35963924387931803021220704736 109, 0., 0. , 

0., 0., 0., 0., 0., 0., 0., 0., 0. , 

0., 0., 3.27850633935994995668446652300 106, 0., 0., 

K3.74686438783994280763939031202 106, 0., 0., 

4.68358048479992850954923789006 105 , 

K1.88771139510345442416976563791 1010, 0., 0., 

3.77542279020690884833953127582 1010, 0., 0., 

K1.88771139510345442416976563791 1010, 0., 0. , 

0., 0., 0., 0., 0., 0., 0., 0., 0. , 

0., 0., K3.74686438783994280763939031202 106, 0., 0., 

7.49372877567988561527878062402 106, 0., 0., 

K3.74686438783994280763939031202 106 , 

2.35963924387931803021220704736 109, 0., 0., 

K1.88771139510345442416976563791 1010, 0., 0., 

1.65174747071552262114854493317 1010, 0., 0. , 

0., 0., 0., 0., 0., 0., 0., 0., 0. , 

0., 0., 4.68358048479992850954923789006 105, 0., 0., 

K3.74686438783994280763939031202 106, 0., 0., 

3.27850633935994995668446652300 106

f d matrix 9, 1, 0, 0, 0, 0, 0, 0, P, 0, 0 ;



(19)(19)

(11)(11)

O O 

(8)(8)

(6)(6)

(5)(5)

(4)(4)

(22)(22)

O O 

O O 

(7)(7)

(2)(2)

(17)(17)

O O 

O O 

(21)(21)

O O 

(15)(15)

f :=

0

0

0

0

0

0

P

0

0

 Keed submatrix Ke, 4 ..9, 4 ..9 ;
ffd submatrix f, 4 ..9, 1 ..1 ;
linsolve Kee, ff ;

Kee := 3.77542279020690884833953127582 1010, 0., 0., 

K1.88771139510345442416976563791 1010, 0., 0. , 

0., 0., 0., 0., 0., 0. , 

0., 0., 7.49372877567988561527878062402 106, 0., 0., 

K3.74686438783994280763939031202 106 , 

K1.88771139510345442416976563791 1010, 0., 0., 

1.65174747071552262114854493317 1010, 0., 0. , 

0., 0., 0., 0., 0., 0. , 

0., 0., K3.74686438783994280763939031202 106, 0., 0., 

3.27850633935994995668446652300 106

ff :=

0

0

0

P

0

0



(19)(19)

(8)(8)

O O 

O O 
(23)(23)

(4)(4)

O O 

(21)(21)

(15)(15)

(11)(11)

(6)(6)

(5)(5)

(24)(24)

O O 

(22)(22)

O O 

(2)(2)

(7)(7)

O O 

(17)(17)

O O 

7.06322659698868390470318463937 10-11 P

_t11

0.

1.41264531939773678094063692787 10-10 P

_t12

0.

!d'! ':
 

N1 d
!
2

!K 1 : N2 d 1K!
2

: N3 d
!
2

!C 1 :

 x d x1$N1C x2$N2C x3$N3 :

x1 d 0 : x2 d
Le
2

: x3 d Le :

dxdzeta d simplify diff x, ! :
Jac d dxdzeta ;

 dN1 d
diff N1, !

Jac
: dN2 d

diff N2, !
Jac

: dN3 d
diff N3, !

Jac
:

Jac := 0.00238125000000000000000000000000

for i from 1 to NL do
 Zmbs i d matrix 1, 1, 1 ;
 end do;
 
for i from 1 to NL do
 Qs i d matrix 1, 1, Q i 2, 2
 end do;
 
for i from 1 to NL do

 Qs i d evalm
Qs i $5

6
;          # factor de correcção ao efeito de corte 

 end do;
 

  
Zmbs1 := 1

Zmbs2 := 1

Zmbs3 := 1

Zmbs4 := 1
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Qs1 := 4.3053 109

Qs2 := 2.83141025146694442108259527861 109

Qs3 := 2.83141025146694442108259527861 109

Qs4 := 4.3053 109

Qs1 := 3.58775000000000000000000000000 109

Qs2 := 2.35950854288912035090216273217 109

Qs3 := 2.35950854288912035090216273217 109

Qs4 := 3.58775000000000000000000000000 109

for i from 1 to NL do
 Psh i d multiply multiply transpose Zmbs i , Qs i , Zmbs i ;
 end do;
 
 for i from 1 to NL do
  h i d H i :
  h iC 1 d H iC 1 ;
 end do;
 
 for i from 1 to NL do

Ps i d map int, map int, Psh i , z i = h i ..h iC 1 , y =K
b
2

..
b
2

;

 end do;

Psh1 := 3.58775000000000000000000000000 109

Psh2 := 2.35950854288912035090216273217 109

Psh3 := 2.35950854288912035090216273217 109

Psh4 := 3.58775000000000000000000000000 109

h1 := K0.01905

h2 := K0.009525

h2 := K0.009525

h3 := 0

h3 := 0

h4 := 0.009525

h4 := 0.009525
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h5 := 0.01905

Ps1 := 4.34001148125000000000000000000 105

Ps2 := 2.85423849661939666047757370304 105

Ps3 := 2.85423849661939666047757370304 105

Ps4 := 4.34001148125000000000000000000 105

Bsd matrix 1, 9, 0, dN1, N1, 0, dN2, N2, 0, dN3, N3 ;

Bs := 0, 419.947506561679790026246719160 !K 209.973753280839895013123359580, 

1
2

 ! !K 1 , 0, K839.895013123359580052493438320 !, 1K!
2
, 0, 

419.947506561679790026246719160 !C 209.973753280839895013123359580, 
1
2

 ! !

C 1

Ps1d matrix 1, 1, 0 ;
 for m to NL do
 for i to 1 do
 for j to 1 do
 Ps1 i, j d Ps1 i, j CPs m i, j
 end do;
 end do;
 end do;
 

 P2d multiply multiply transpose Bs , Ps1 , Bs ;

Ps1 := 0

P2 := 0., 0., 0., 0., K0., K0., 0., 0., 0. , 

0., 6.04241467957534627651659733589 108 !

K 3.02120733978767313825829866795 108  419.947506561679790026246719160 !

K 209.973753280839895013123359580 , 

1
2

 6.04241467957534627651659733589 108 !

K 3.02120733978767313825829866795 108  ! !K 1 , 0., 
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K839.895013123359580052493438320 6.04241467957534627651659733589 108 !

K 3.02120733978767313825829866795 108  !, 

6.04241467957534627651659733589 108 !

K 3.02120733978767313825829866795 108  1K!
2

, 0., 

6.04241467957534627651659733589 108 !

K 3.02120733978767313825829866795 108  419.947506561679790026246719160 !

C 209.973753280839895013123359580 , 

1
2

 6.04241467957534627651659733589 108 !

K 3.02120733978767313825829866795 108  ! !C 1 , 

0., 7.19424997786939666047757370305 105 ! !

K 1  419.947506561679790026246719160 !

K 209.973753280839895013123359580 , 

3.59712498893469833023878685152 105 !
2
 !K 1

2
, 0., 

K6.04241467957534627651659733589 108 !
2
 !K 1 , 

7.19424997786939666047757370305 105 ! !K 1  1K!
2

, 0., 

7.19424997786939666047757370305 105 ! !

K 1  419.947506561679790026246719160 !

C 209.973753280839895013123359580 , 

3.59712498893469833023878685152 105 !
2
 !K 1  !C 1 , 

0., 0., 0., 0., K0., K0., 0., 0., 0. , 

K0., 

K1.20848293591506925530331946718 109 ! 419.947506561679790026246719160 !

K 209.973753280839895013123359580 , 

K6.04241467957534627651659733590 108 !
2
 !K 1 , K0., 

1.01499879131974320655396910629 1012 !
2
, 
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(17)(17)
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K1.20848293591506925530331946718 109 ! 1K!
2

, K0., 

K1.20848293591506925530331946718 109 ! 419.947506561679790026246719160 !

C 209.973753280839895013123359580 , 

K6.04241467957534627651659733590 108 !
2
 !C 1 , 

K0., 1.43884999557387933209551474061 106

K 1.43884999557387933209551474061 106 !
2

 419.947506561679790026246719160 !K 209.973753280839895013123359580 , 

1
2

 1.43884999557387933209551474061 106

K 1.43884999557387933209551474061 106 !
2

 ! !K 1 , K0., 

K839.895013123359580052493438320 1.43884999557387933209551474061 106

K 1.43884999557387933209551474061 106 !
2

 !, 

1.43884999557387933209551474061 106

K 1.43884999557387933209551474061 106 !
2

 1K!
2

, K0., 

1.43884999557387933209551474061 106

K 1.43884999557387933209551474061 106 !
2

 419.947506561679790026246719160 !C 209.973753280839895013123359580 , 

1
2

 1.43884999557387933209551474061 106

K 1.43884999557387933209551474061 106 !
2

 ! !C 1 , 

0., 0., 0., 0., K0., K0., 0., 0., 0. , 

0., 6.04241467957534627651659733589 108 !

C 3.02120733978767313825829866795 108  419.947506561679790026246719160 !
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K 209.973753280839895013123359580 , 

1
2

 6.04241467957534627651659733589 108 !

C 3.02120733978767313825829866795 108  ! !K 1 , 0., 

K839.895013123359580052493438320 6.04241467957534627651659733589 108 !

C 3.02120733978767313825829866795 108  !, 

6.04241467957534627651659733589 108 !

C 3.02120733978767313825829866795 108  1K!
2

, 0., 

6.04241467957534627651659733589 108 !

C 3.02120733978767313825829866795 108  419.947506561679790026246719160 !

C 209.973753280839895013123359580 , 

1
2

 6.04241467957534627651659733589 108 !

C 3.02120733978767313825829866795 108  ! !C 1 , 

0., 7.19424997786939666047757370305 105 ! !

C 1  419.947506561679790026246719160 !

K 209.973753280839895013123359580 , 

3.59712498893469833023878685152 105 !
2
 !K 1  !C 1 , 0., 

K6.04241467957534627651659733589 108 !
2
 !C 1 , 

7.19424997786939666047757370305 105 ! !C 1  1K!
2

, 0., 

7.19424997786939666047757370305 105 ! !

C 1  419.947506561679790026246719160 !

C 209.973753280839895013123359580 , 

3.59712498893469833023878685152 105 !
2
 !C 1

2

# Integração reduzida
A d 2 :
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X 1 d evalf
1

sqrt 3
: 

X 2 d evalf K
1

sqrt 3
:

 
W 1 d 1 :
W 2 d 1 :
 

Kes d matrix 9, 9, 0 :
 
for m to A do
 for i to 9 do
 for j to 9 do

!d X m ;
 Kes i, j d Kes i, j CP2 i, j $W m ;
 
 end do;
 end do;
 end do; 
# evalm Kes ;
 Kess d evalm Kes$Jac ;

Kess := 0., 0., 0., 0., 0., 0., 0., 0., 0. , 

0., 7.04948379283790398926936355856 108, 

K7.19424997786939666047757370306 105, 0., 

K8.05655290610046170202212978122 108, K9.59233330382586221397009827072 105, 

0., 1.00706911326255771275276622267 108, 2.39808332595646555349252456769 105 , 

0., K7.19424997786939666047757370308 105, 761.391455991177813233876550239, 0., 

9.59233330382586221397009827074 105, 761.391455991177813233876550239, 0., 

K2.39808332595646555349252456769 105, K380.695727995588906616938275121 , 

0., 0., 0., 0., 0., 0., 0., 0., 0. , 

0., K8.05655290610046170202212978124 108, 

9.59233330382586221397009827077 105, 0., 1.61131058122009234040442595624 109, 

0., 0., K8.05655290610046170202212978124 108, 

K9.59233330382586221397009827077 105 , 

0., K9.59233330382586221397009827069 105, 761.391455991177813233876550239, 0., 

0., 3045.56582396471125293550620095, 0., 9.59233330382586221397009827069 105, 

761.391455991177813233876550239 , 
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0., 0., 0., 0., 0., 0., 0., 0., 0. , 

0., 1.00706911326255771275276622267 108, 

K2.39808332595646555349252456769 105, 0., 

K8.05655290610046170202212978122 108, 9.59233330382586221397009827072 105, 0., 

7.04948379283790398926936355856 108, 7.19424997786939666047757370306 105 , 

0., 2.39808332595646555349252456769 105, K380.695727995588906616938275121, 0., 

K9.59233330382586221397009827074 105, 761.391455991177813233876550239, 0., 

7.19424997786939666047757370308 105, 761.391455991177813233876550239

fd matrix 9, 1, 0, 0, 0, 0, 0, 0, P, P, 0 ;  

f :=

0

0

0

0

0

0

P

P

0

Kgd matadd Ke, Kess ;
Kggd submatrix Kg, 4 ..9, 4 ..9 :
 ffd submatrix f, 4 ..9, 1 ..1 :
linsolve Kgg, ff ;

Kg := 1.65174747071552262114854493317 1010, 0., 0., 

K1.88771139510345442416976563791 1010, 0., 0., 

2.35963924387931803021220704736 109, 0., 0. , 

0., 7.04948379283790398926936355856 108, 

K7.19424997786939666047757370306 105, 0., 

K8.05655290610046170202212978122 108, K9.59233330382586221397009827072 105, 

0., 1.00706911326255771275276622267 108, 2.39808332595646555349252456769 105 , 

0., K7.19424997786939666047757370308 105, 

3.27926773081594113449770039955 106, 0., 9.59233330382586221397009827074 105, 

K3.74610299638395162982615643547 106, 0., 

K2.39808332595646555349252456769 105, 4.67977352751997262048306850731 105 , 
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K1.88771139510345442416976563791 1010, 0., 0., 

3.77542279020690884833953127582 1010, 0., 0., 

K1.88771139510345442416976563791 1010, 0., 0. , 

0., K8.05655290610046170202212978124 108, 

9.59233330382586221397009827077 105, 0., 1.61131058122009234040442595624 109, 

0., 0., K8.05655290610046170202212978124 108, 

K9.59233330382586221397009827077 105 , 

0., K9.59233330382586221397009827069 105, 

K3.74610299638395162982615643547 106, 0., 0., 

7.49677434150385032653171613022 106, 0., 9.59233330382586221397009827069 105, 

K3.74610299638395162982615643547 106 , 

2.35963924387931803021220704736 109, 0., 0., 

K1.88771139510345442416976563791 1010, 0., 0., 

1.65174747071552262114854493317 1010, 0., 0. , 

0., 1.00706911326255771275276622267 108, 

K2.39808332595646555349252456769 105, 0., 

K8.05655290610046170202212978122 108, 9.59233330382586221397009827072 105, 0., 

7.04948379283790398926936355856 108, 7.19424997786939666047757370306 105 , 

0., 2.39808332595646555349252456769 105, 4.67977352751997262048306850731 105, 

0., K9.59233330382586221397009827074 105, 

K3.74610299638395162982615643547 106, 0., 7.19424997786939666047757370308 105, 

3.27926773081594113449770039955 106

7.06322659698868390470318463937 10-11 P

1.65664902404897376447987957762 10-9 P

K1.27106281600588388993059868290 10-9 P

1.41264531939773678094063692787 10-10 P

3.31531586031835686963502398063 10-9 P

K1.69475042134117851990746491054 10-9 P

 # Se forem M  matrizes elementares
 
 #Md1;
 S d GDLelemC MK 1 $ GDLelemKGDLno ;
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 KTotal d array 1 ..S, 1 ..S, sparse :

 for a from 1 to M do
 
 acresc d aK 1 $ 2$ GDLno;

 for i from 1 to NE do
 
 for j from 1 to NE do

   KTotal iC acresc, jC acresc d KTotal iC acresc, jC acresc CKg i, j ;
 
 od: 
 od: 
 od:
  
 #print KTotal ;

S := 243

f d matrix S, 1, 0 :
Kp d Matrix 1 ..S, 1 ..S, 0 :
Kp1, 1 d 100E100 :

Kp2, 2 d 100E100 :

Kp3, 3 d 100E100 :

#Kp23, 23 d 10E100 :

#Kp4, 4 d 10E100 :

#Kp5, 5 d 10E100 :

#KpS K 1, S K 1 d 100E100 :

#Kp27, 27 d 10E100 :

KKK d matadd KTotal, Kp :
 KKK d convert KKK, Matrix :
f d matrix S, 1, 0 :
#carregamento axial e transversal
#SK M$GDLno C 1

#f SK M$GDLno C 1 , 1 d P :

#f SK 2, 1 d P :
f SK 1, 1 d F :

#ffdmatadd f, fdistr2
qq d linsolve KKK, f :



(19)(19)

O O 

(8)(8)

O O 

O O 

(4)(4)

O O 

(32)(32)

(25)(25)

(21)(21)

(31)(31)

(15)(15)

O O 

(11)(11)

(27)(27)

(6)(6)

(5)(5)

(24)(24)

(22)(22)

(30)(30)

O O 

(28)(28)

(2)(2)

(7)(7)

O O 

(17)(17)

O O 

for i from 1 to NL do

w0d 10$E3 i $b$altura3$qq SK 1, 1
F$L3

 end do
w0 := 4.56551886983057605468276096404
w0 := 4.56551886983057605468276096404
w0 := 4.56551886983057605468276096404
w0 := 4.56551886983057605468276096404


