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SUMMARY

The Quadratic Programming algorithm of Theil and Van de Panne and
its extension by Geoffrion for reducing a nonlinear inequality constrained
problem to a sequence of simpler equality constrained subproblems are in-
vestigated to determine the feasibility of solving problems with non-
linear constraints in a combinatorial manner. This is found to be com-
putationally successful, although no thecoretical proofs are given.

It is also shown that, by relaxing the exactness with which each sub-
problem is solved, the algorithm still is successful and the efficiency
of the computer program is greatly enhanced from the standpoint of execu-
tion time, It is also shown that it is advantageous to use the approxi-
mated solution to one-subproblem as the starting point for certain
succeeding subproblems. The solution procedure is illustrated by an

example problem and a computer program is given.



CHAPTER I

INTRODUCT ION

Constrained nonlinear optimization refers to the determination of

the optimal solution tc the problem

Maximize : f(x) 1.1
Subject to: gi(x) =z 0, i=1,...,m 1.2
X ¢ X

where £({x) and gi(x) are real valued functions defined on E° and X is an
arbitrary set in E'. If ¥ maximizes 1.1 subject to 1.2, then we will

call X the optimal solution to the problem. All points satisfying

expression 1,2 will be called feasible points.

The above problem reduces to a linear programming problem when f
and g are linear and X = {x : x = 0}. Effective solution procedures
such as the simplex method are available for solving such problems., A
natural extension of the above linear problem is the Quadratic Programming
Problem where the function f 1is quadratie. Different approaches have
been adopted to solve such a problem, e.g.

1. Adjacent extreme point methods which move from one extreme
point of the constraint set to another. See, for example, Wolfe (41),
Dantzig (7), and Van de Panne and Whinston (40). This approach is per-

haps the most effective procedure for quadratic programming.



2., Optimizing along directions which lead to improved feasible
points, e.g. Beale (1), Zoutendijk (&45).

3. Solving a sequence of equality constrained problems, e.g.
Theil and Van de Panne (39). An outline of this approach is given below
since this study deals with the adaption of this method to a more general
problem, A thorough discussion is given in Chapter II,

The Theil and Van de Panne method maximizes a strictly concave
quadratic function subject to a convex set of linear inequality constraints.
It is an iterative method in which the inequality constrained problem is
solved using a finite sequence of equality constrained subproblems. The
unconstrained problem is fitrst maximized and, if this solution falls
outside the feasible space, we identify those constraints it wviolates.
Subsets of these violated constraints are then considered in a combina-
torial manner and the function again wmaximized with each subset of con-
straints in equational form. Constraints that are violated by each new
subproblem solution are then added to those already imposed. The subsets
are increased in size in an iterative process until either the optimal
is found or it is shown that no feasible solution exists. Theil and
Van de Panne showed quadratic convergence for this method, that is, the
solution procedure will find the optimal in a finite number of steps for
the quadratic objective function.

Geoffrion (19) has extended the Theil and Van de Panne algorithm
to a general concave nonlinear objective function and has suggested that
the requirement for concavity might also be relaxed. However, the pro-

cedure still requires that the constraints be linear.



This thesis is directed toward the following three objectives:

a. The application of the combinatorial approach to second and
higher order functions with constraints which may not be linear.

b. The Theil and Van de Panne procedure requires determination of
the additional violated constraints at each stage and not the exact solu-
tion. Means of taking advantage of this property will be investigated.

c. Since each subproblem is very "similar" to the preceding one,
it seems reasonable to use the optimal solution of one problem in solv-
ing the subsequent problem. We will investigate means by which this
can be computationally done.

Since we are dealing with an inequality constrained problem, we
will first look at means of solving such problems. In Chapter II we will
discuss the combinatorial approach and its extension. Since the combi-
natorial approach solves the inequality constrained problem by the use
of a sequence of equality constrained subproblems, a discussion of solu-
tion techniques for the equality constrained problem and a statement of
the particular solution procedure adopted for this research are given in
Chapter III. The flow charts for the solution procedure used and a dis-
cussion of the computer program appear in Chapter IV. Chapter V includes
the computational findings and the conclusions and recommendations are
given in Chapter VI. The problems solved and the computer program are

given in the Appendices,

Literature Survey

It may be recalled that the nonlinear programming problem we are

dealing with is an inequality constrained problem of the form:



Max f£(x) : x ¢ X, gi(x) = 0, i=1,...,m , In this seection, we will
discuss some of the important methods available, beth numerical and ana-
lytical, for solving this problem. Since some of the numerical methods
are based on converting the problem to an equivalent unconstrained prob-
lem, we will first discuss the methods available for solving an uncon-
strained problem,.

Unconstrained Maximization

Unconstrained maximization is accomplished generally by an itera-

tive search which uses the relation

i+l

where di is an n dimensional direction wvector and hi is a distance

moved along it so that

f(x, ) z f(x.) 1.4

X,

i+1 i
The basic scheme can be summarized as follows; At some iteration we are
given a direction di' From a point x, we proceed along di to a point

X, =x, +h,d., . At x, and repeat
i ii

i+1 jq1 Ve determine a new direction di+

1
the procedure.

Iterative optimization techniques can be classified generally into
two categories: gradient free methods and gradient methods., Gradient
free search methods are those methods not requiring explicit evaluation

of any partial derivatives of the function, but rely solely on values of

the objective function f along with information gained from earlier



iterations.
Some of the algorithms based on the above scheme are discussed
below.

Cyclic Coordinate Method. 1In this method, the directions di are

. . . , . t
the coordinate directions. These directions are the same for every n
iteration (i.e., d, = d. . The step len h., along direction d, is
t t { > d; d1+n) tep gth i g t i

found by optimizing £ along di'

Sequential Simplex Method. In this method, the direction of search

is deteymined at each stage and this direction changes at each iteration.
However, the step length at each iteration is fixed. More specifically,
this technique (1) creates a regular geometric figure, called a simplex,
(2) experiments at the wvertices of the figure, and (3) moves away from
the worst experimental point through the center of the figure locating a
new experimental point at the mirror image of that point just rejected.
As the search nears the optimal, the size of the simplex is reduced until
it is adequately small to give an acceptable estimate of the optimal.

The basic simplex method has been modified by Nelder and Meade (27) and
Box (3) to include acceleration of the search when successes are en-
countered., These modifications will be considered later in this chapter
when the inequality constrained problem is discussed.

Hooke and Jeeves Pattern Search. 1In this method, again the direc-

tion of search is determined at each stage based on local explorations.
This direction changes from iteration to iteration, and the step length
is varied to reward success in the direction of search., The details of

the procedure are as follows:



Starting from some feasible base point, which we will call X1s local ex-
plorations are made at some & distance to either side of the base point

in all n directions. If improvement of the functional value is ex-
perienced, the base point is moved to this new location, and its subscript
advanced by 1. When the local exploration phase of the method is con-
cluded, the newest temporary base point would be X . If at this time x

is different from x a step is taken in the direction (xn -~ xl). The

1’
step length is some constant, ¢, times this distance, that is, the step
length is c(xn - xl). If the new base point established after this step
shows improvement, the method is restarted from that point. If no im-
provement is found, the last temporary base point that showed improvement
is taken as the new base point and the method restarted., If at the end

of the exploration phase X, = ¥y the distance 8 is reduced and the method
restarted. When § is sufficiently small, we assume that we have found

the optimal.

Powell's Conjugate Gradient Algorithm. Here again, the direction

of search changes from iteration to iteration; however, the attempt is to
obtain n mutually "econjugate” directions of search. The step length is
determined by optimization along the direction of search. The conjugate
directions are important since it can be shown that, if we optimize along
n conjugate directions, we will reach the optimal when the objective
function is quadratic. The basis of the method used to generate the con-
jugate directions is that, if we optimize a quadratic function along a
direction « (starting from two different points) to give points x. and

1

X then ¢ and (xl - XZ) are mutually conjugate.

23



Rosenbrock Method. In this method the direction of search di is

determined so as to align it along the axis of ridges or valleys based

on the results of past success in local searches. The distance of move-
ment alsc changes from iteration to iteration.* Some details of the pro-
cedure are as follows. For a problem with n variables, n orthonormal
directions are used. Initially, unit vectors are used along the coordi-
nate axes and, after initial exploration, a mnew set of directions is
determined that is orthogonal to the previous set. The sequence of
searches along each of these new directions is repeated. Whenever a
success is followed by a failure, new directions are computed from the
old and the aggregate results of each successful evaluation., Success is
rewarded by increasing the step length in the successful direction by
some factor greater tham one and failure by multiplying the step length
in a direction that fails by some negative factor less than one. Success
is defined as an exploration resulting in a functional value that is
greater than or equal to the previous value. One drawback of the Rosen-
brock methed is that, if too long a step is made, the search must back-up
much more slowly with a series of shorter steps, each having =n local
searches, This is time consuming and detracts from the efficiency of the
method. The modification of Davies, Swann, and Campey helps eliminate
this deficiency by maximizing in each direction, thus avoiding the exces-

sive step length,

*Davies, Swann, and Campey (38) have considered a modification
using optimization altong the direction of search., However, computational
results show the modification gives no improvement in the convergence
propexty.



Computational experience has shown that the above methods generally
improve in the order in which they were presented, with the Cyclie Coordi-
nate method being the least desirable and the Rosenbrock method being,
perhaps, the most desirable. This is attributed to the fact that the
Rosenbrock method permits change in step length and direction to acceler-
ate convergence,

We now turn our attention to gradient methods. Gradient methods
are generally accepted as being the more powerful, although other con-
siderations sometimes make a gradient method undesirable. Setup time can
often be a drawback since gradient methods are not as straightforward as
the gradient free search procedures making them more difficult and time
consuming to program. In addition to this, they are not as flexible as
the gradient free search methods, as some functions are not differentiable
or the gradient may not be available in closed form. In such a case, it
is necessary to determine them by local exploration using sewveral experi-
ments, a procedure that in itself is time consuming. The effort spent
along this line can cutweigh the benefits of using the gradient search
technique. These considerations and others discussed in Chapter III lead
us to the use of a gradient free unconstrained search procedure in this
study, Therefore, we will discuss below only the Davidon-Fletcher-Powell
Method (18) which is considered to be the most powerful among the gradient
algorithms.

In the gradient methods, the direction di in 1.3 depends on the
partial derivatives of the objective function, £, with respect to the

independent variables. The Davidon-Fletcher-Powell Method (1B) is



an improved version of Davidon's method (8). It is based on the idea of
generating the inverse of the matrix of second partial derivatives of the
function at the optimal point by a series of searches. This matrix,
called the Hessian matrix, will be denoted by H. This is accomplished
without the use of the second partial derivatives. An outline of the
method is as follows.

At the ith stage of the procedure we are given a feasible point
X, and an approximation Hi to the Hessian at the optimal point., The

point x,

i+l is found by optimizing f(x) in the direction P; where

P, = H,q,(x) 1.5
where qi(x) is the gradient of the objective function at X, -

Letting

and

- q, 1.7

Hi+1 = Hi + Ai + Bi 1.8
where
T
A, = - 1.9
i BT
i Yl

and



10

B Hiyiyt!?l Hy
B, = B — 1.10

The procedure is started with some feasible point X, and initial

approximation H. = I, an identity matrix. The procedure is stopped when

0

the step length HBiH becomes sufficiently small, where HBiH is the norm

of B..

1

Inequality Constrained Nonlinear Problems

In this section we will look at some of the methods of solving the
nonlinear problem with only inequality constraints, The classical ap-

proach to this problem is via the Lagrangian function defined by

m
F(x,A) = £f(x) + zz ki(gi(x) - si) 1.11

i=1
where s is the slack variable associated with the ith constraint and hi
is the Lagrange Multiplier associated with the ith constraint. Here the
objective function, £(x), is penalized by any wviolated constraint, as
gi(x) < 0 when violated., Taking partial derivatives of the above defined
function (1.11) and then solving the simultaneous equations resulting,
we are able to determine the stationmary point, However, solving the
simultaneous equations is difficult for large problems. 1In recent years

attention has been directed at methods such as the '

'generalized Lagrangian
multiplier" approach (12).

For certain specially structured problems, we also have special

methods of solution which have been found to be computationally very
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efficient; for example, the simplex method for linear programming and
the simplex-like procedures for quadratic programming.

Yet another approach is to solve the nonlinear programming problem
by solving a series of simpler problems. One such approach is the "com-
binatorial approach'" which is the subject of this investigation and will
be dealt with in detail in later chapters. Another approach is via
"penalty functions” where we solve a series of unconstrained problems of

the form

F = f(x) +-§:P(gi(x)) 1.12
i

where the E:P(gi(x)) term is the penalty term that penalizes the function
if the con;traints are violated. This approach to solving the constrained
nonlinear problem can be divided into two classes. Interior penalty func-
tion methods are those which start from a feasible point and approach the
optimal at the boundary of the feasible space as if it were a barrier.
Exterior methods are those which start from some point outside the feasible
space, normally the sclution to the unconstrained problem, and then pro-
ceed to close on the optimal from outside the feasible region. 1In the
exterior methods, the objective function includes only those constraints
that are violated.

There are several interior methods, some of which have been in use
for several years. The wmost widely known and used of the interior methods
is Fiacco and McCormick's (13) SUMT (Sequential Unconstrained Minimization

Technique), which is a modification of the Created-Response Surface Tech-

nique of Carroll (6). Another interior method is due to Zangwill (44).
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Since all of these approaches are similar, we will lock at Fiacco and
McCormick's SUMT as an example of interior pemalty function methods as
applied to a maximization problem.

SUMT is based on the transformation

m

F(x,r) = f(x) + r E: l/gi(x) 1.13

i=1
where r 1is a sequence of decreasing values, r > 0. The method begins
with the location of a feasible start point. F(x,r) is then minimized
for succeeding decreasing values of r. As r approaches zero, the value
of F(x,r) approaches that of £(x), since the penalty term decreases to-
wards zero. Thus, at the optimal, the values of F(x,r) and f£(x} are
equivalent and both the penalty function and the objective function reach
minimums simultaneously. One of the most serious sheortcomings of this
methed is the difficulty encountered in the selection of the initial
value of r and the rate at which it should be decreased, as the product
of a very small number, ¥, and a very large number, l/gi(x), can cause
difficulty in the convergence of the method.

Exterior methods are relatively new in the field of nonlinear
optimization. 1In 1967, exterior techniques were introduced by Fiacco and
McCormick (14) and Zangwill (43). In 1968, Lootsma (25) presented a com-
bination of the interior point methods and the exterior methods for solv-
ing the constrained nonlinear problem and also in 1968, Powell (29)

introduced another exterior method which appears to be the best attempt

thus far.
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Powell uses the transformation

1

F(x,r,8) = f(x) + ¥ (g.(x) + s.)z/r. 1.14

Z—L L 1 1
i=1
where s and r are sequences of decreasing values with r > 0 and
s < 0. 1In all of the penalty function methods mentioned, F is minimized
for a sequence of values of r, giving a sequence of minimums that close
on the true minimum. In those methods other than Powell's, F and f
are equal at the optimal solution. Powell has added the second parameter
S5 to reduce the difficulties encountered with the product of large and
very small numbers near the optimal. Thus, in this method it is not
necessary for F(x,r,s) to equal f(x) at the optimal solution, rather they
must simply reach their respective minimums at the same time, i.e. if X
minimizes F(x,r,s) then X minimizes f£(x) also. Notice that both param-
eters r and s are subscripted to correspond with the constraints
gi(x). This allows them to be reduced independently so that only those
parameters corresponding to the constraints not converging to zero fast
enough need be reduced, This allows those parameters whose constraints
are converging sufficiently fast to remain unchanged, thus speeding the
overall rate of convergence., When it becomes necessary to reduce r,
it is accomplished by the following relation
r, = ri/lo 1.15

where the factor of 10 is arbitrary, but recommended by Powell. 1If the

.th . . . .
i constraint is converging fast enough, the parameter s, 1is reduced as
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follows

s, < Si + gi(x) 1.16

Recall that only those constraints which are violated are included in the
penalty term and, therefore, the gi(x) ig less than zero and 84 is mono~-
tonically deecreasing. If the ith constraint is not decreasing to zero
fast enough, both r, and 5; are decreased together, both by the factor of
10. A flow chart and further discussion of Powell's method can be found
in Figure 4 and Chapter IV.

There are also several numerical methods that have been reasonably
successful in solving nonlinear programming problems. These are exten-
sions of gradient and gradient free methods discussed earlier. Some of
the gradient free search methods discussed in an earlier section have been
useful in solving the nonlinear constrained problem, for example, the
Hooke and Jeeves Pattern Search (23). In this technique, fixed search
directions and step lengths are used. When applied to the constrained
problem, each test point is checked for feasibility. Should such a point
prove infeasible, a different search direction is tried. If all search
directions giving improvement lead to infeasible points, the step length
is shortened and the same directions tried. Due to the fixed directions
of search, this technique may fail to find the true optimal since the
gsearch will be halted when the step length becomes sufficiently small and,
if we reach a point where the only directions giving functional improve-
ments lead to infeasible points, the search will be stopped even though

the optimal has not been found.
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The Sequential Simplex of Spendley, Hext, and Himsworth (353), also
discussed earlier is another methed that has been extended for constrained
optimization. This method is different from the pattern search technique
in that the direction of search is not fixed. With inequality constraints,
each new vertex must be checked for feasibility. When an infeasible one
is encountered, it is assigned a large negative wvalue which penalizes it
enough to cause the search to reflect back in a feasible direction.

Should all possible directions offer infeasible vertices, the length of
the sides of the simplex is decreased and the search continued.

Nelder and Mead (27) have modified the above method to include an
expansion and contraction of the simplex to award success by extending
the simplex in the successful direction and punish failure by contracting
the simplex in directions which fail to bring improvement in the functional
value. Should the contraction fail to bring improvement, the size of the
entire simplex is reduced.

The sequential simplex method has also been modified by Box (3)
who named his new modification the Complex method. It differs from the
simplex method in that there are k > n+l points in the figure that is
created. The sides of the figure are not necessarily of equal length.
Once again, the vertex with the worst reading is rejected and reflected
through the centroid of the figure, but some @ > 1 times as far from the
centroid as the rejected point, to establish a new point. Should this
point be infeasible, it is moved back, halfway towards the centroid.

This process is repeated as many times as necessary until a feasible point

is found. Thus, as we would expect, the complex method tends to flatten
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out along the binding constraint. The complex can then move along the
constraints to the optimal., It stops when five consecutive evaluations
give the same functional value within the acceptable tolerance, which
means the complex has essentially collapsed into its centroid. An im-
portant advantage of the complex method over the simplex is exactly the
relaxation of the requirement for a regular geometric figure. Starting
procedures are also easier due to this property since only one feasible
point need be found and the irregular figure is constructed from this
one point.

Powell's conjugate direction method is mot suitable for use with
constrained problems since the solution to such problems is likely to lie
on a boundary and the basis for the effectiveness of conjugate direction
methods is the existence of an optimal at a stationary point. It is in
that situation that the function can be approximated by the gquadratic
form.

Rosenbrock's unconstrained search, on the other hand, can be
successfully applied to constrained problems. The procedure starts with
a feasible point and proceeds in the same manner as the unconstrained
search technique, except that each new point is tested for feasibility.
A "boundary region" is defined along the boundary of the feasible space,
When we detect that the search has entered or passed through the "boundary

region,”

it is assumed that the function optimal probably lies outside the
feasible region and the function is modified so that it will remain within

the feasible region. The search is retracted a distance (depending upon

the amount of penetration into the "boundary region') back towards the
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last feasible point encountered. The search is then continued and further
modification to the function is made as the "boundary region" of other
constraints is entered.

We will now consider some of the gradient methods of approaching
the constrained nonlinear problem. Several such methods have been de-
veloped; however, no one best method exists and each seems to be hetter
suited for a particular type problem. Those to be discussed here are the
method of Glass and Cooper (20}, Zoutendijk's method of feasible direc-
tions (45), Rosen's projected gradient method (31), and Davidon's method
with linear constraints (18) as modified by Fletcher and Powell.

The method of Glass and Cooper is essentially a steepest ascent
method that follows the gradient as far as possible. Starting from a
feasible start point, we move in the direction of the gradient a predeter-
mined distance s. If the functional value is improved and no constraints
are violated, we continue in the same direction a distance ¢s where ¢
is some constant greater than 1. This procedure is repeated until failure
is encountered. If the failure is due to a poorer functional wvalue, the
last successful point is used as a new base point and a new direction
determined. If the failure is due to a constraint violation, a new base
point is established some & distance inside the binding constraint and a
new rule for the selection of search direction is adopted, since the gra-
dient takes us outside the feasible space, The step length s 1is reduced
and shorter moves are taken along the binding constraint. When the point
is found from which no direction offers improvement in the functional

value, we have arrived at a local optimal.
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Zoutendijk's method of feasible directions is restricted to prob-
lems with linear constraints only. It also starts from a feasible point
and proceeds in a direction determined by linearizing the objective func-
tion in the vicinity of the start point and solving the linear program-
ming problem., This direction is the feasible direction which makes the
smallest possible angle with the gradient at that point and offers the
greatest possible improvement in the objective function. Once the search
direction has been determined, a one-dimensional search is conducted to
determine the optimal in that direction. A large step is then taken to
the optimal in that direction if one exists, or to the first binding con-
straint encountered. In either case, a new base point is thus located
and the procedure repeated. When there exists no direction in which
functional improvement can be gained, we have located a local optimal.

The gradient projection method of Rosen is different from the pre-
ceding two methods in that rather than search around the interior of the
feasible space, it moves along the boundaries from the start. If equality
constraints are present in the problem, this method starts from their
intersection and proceeds as directed by the projection of the gradient
of the objective function. If equality constraints are not present in
the problem, a feasible start point is chosen and the gradient followed
directly until one or more constraints are binding. The projection of
the objective function gradient is then taken on the intersection of bind-
ing constraints., This direction is followed until the next binding
constraint is found, At that time the procedure is repeated and we con-

tinue in this manner until the optimal is located.
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The Davidon-Fletcher-Powell method has alsoc been applied to con-
strained problems. Recall from the previous discussion of this method
.th ., c . . .th
that the 1 direction of search is obtained from the product of the i
approximation of the Hessian and the ith gradient of the function, i.e.

p. = Hiqi(x). The basic difference in the method when applied to con-

i
strained problems is in the calculation of this direction, Py The con-
straints are taken into consideration in the formulation of the approxima-
tion of the Hessian, so that if k constraints are binding at a particular
stage, the new direction is determined by Py, = Hi qi(x) where Hik is the
new approximation of the Hessian which will vield a feasible direction
taking the constraints, k, into account,

We will now proceed with a discussion of the combinatorial ap-
proach of Theil and Van de Panne for solving the constrained quadratic

problem and Geoffrion's extenmsion of it to include problems of higher

order than the quadratic.
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CHAPTER II

THE COMBINATORIAL ALGORITHM

Theil and Van de Panne's Quadratic Programming Algorithm

Perhaps the first combinatorial approach for solving nonlinear
programming problems is that proposed by Theil and Van de Panne (39) for
maximizing a strictly concave quadratic function subject to linear inde-
pendent, inequality constraints. Dependent constraints can give rise to
the degenerate case and, therefore, Theil and Van de Panne assume all
constraints are independent. As discussed in Chapter 1, it is an itera-
tive procedure in which they consider a finite sequence of equality con-
strained subproblems beginning with the unconstrained problem and con-
tinuing with additional subproblems, each considering, in equational
form, a subset of constraints. The sequence of subproblems continues
until either the optimal is found or it is shown that no feasible solu-
tion exists. The combinatorial approach of Theil and Van de Panne and
Geoffrion's extension of it will be discussed in detail below, since
this study is concerned with testing its computational feasibility for
more general problems.

It will be helpful to begin with the definition of some notation

M : the set of all constraints = {1,2,...,m}

S : the set of constraints held in equational form in each sub-

problem, S C M, called a Trial Set
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P_. : the subproblem corresponding to a set S M:
Maximize: £(x)

Subject to: gi(x) =0,1¢$8§

XS : the solution to PS
s
TS : those constraints in (M - 8) that are violated by x
, 5
TS = {i ¢ M-S: gi(x ) < 0}
S : the set of constraints satisfied as equalities at the optimal

solution, X, to the nonlinear programming problem defined by
equations 1.1 and 1.2.

We will now discuss the method proposed by Theil and Van de Panne
(39) to sclve a quadratic programming problem. The method is based om
the following three rules.

Rule 1: If x° (the vector of the unconstrained optimal) violates
certain constraints, then X (the optimal vector) satisfies at least one
of these exactly.

Rule 2: Suppose that two or more constraints are satisfied
exactly by X and partition the set of these constraints into two subsets,
S and S', containing at least one constraint each. Then xS (the vector
which "maximizes" F subject to the constraints in S in equational form)
violates at least one constraint which is an element of S'.

Rule 3: Suppose that for some subset S of the constraints, XS
exists and violates none of the constraints; then xs =x if and only if

h
. th .
every X violates the h constraint, where

st = s - {h)
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— S —
If 5 is known, then x = x, the optimal solution. Our attempt is
to obtain g-by solving a series of equality constrained problems. Sup-
t
pose, at the k b stage, we have a set Uk whose elements are k-element

subsets of M. The elements of Uk are called the current generation of

trial sets and we would like to test whether any element, S, of the set

is equal to S. Each such S is called a trial set. Recall that TS denotes
S

the constraints violated by x .

At some stage, if each element of U has been tested, we will be

k-1

defining a new generation of trial sets. This is given by

U, = {{s,t} : S ¢ U, t e TS} 2.1

-1
It may be noted that each succeeding generation of trial sets has one
more element than the previous one.

The procedure starts with S = ¢ so that

Figure 1 gives the flow diagram for the combinatorial approach
and the following clarification may be helpful.

BLOCK 1: The solution procedure begins with the determination of
the optimal of the unconstrained problem (1.1) where S = d. The solution
vector x° is then used to identify U. Should t° = @, we have the case
where the unconstrained optimal is within the feasible space and x° = %.

When U # ¢ we begin the iterative process with Block 2.
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Unconstrained Problem
Let S5 = d
Let

U={ieM: gi(xs) < 0}

1 .

Let xS be optimal

associated with PS

Let
. _ S
TS = {i ¢ M-8 : gi(x ) < 0}

Yes

Terminate

If U has not been exhaus-
ted, replace S by next
set in U. Otherwise,
replace U by:

{8' : 8' = S+T for some

S g Uand £ ¢ TS} and put

S equal to the first set in
U
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Initiali-
zation

Iterative

Flow Diagram for the Theil and Van de Panne Algorithm
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BLOCK 2: Take a subset S of U and solve PS for XS. Now use XS

S
to identify T_, those constraints (not in 8) that are violated by x .

g’
BLOCK 3: (Test XS for optimality.) If TS = ¢, we apply Rule 3,
otherwise xS # x and we move on to Block 4. If xS = X we have solved the
problem and terminate.
BLOCK 4: We choose another untested element 5 in U and return to
Block 2. On the other hand, if all elements of U have been tested, we
redefine U with a new generationm of trial sets. Each element Sk-l of

the previous generation of trial sets gives rise to one or more elements

of the new generation of trial sets. The new elements are given by

Sk = Sk-l + t , where t g Tsk_l 2.2

Now return to Block 2.

To illustrate the algorithm we will consider the example given in
Figure 2.

The first step (Block 1) is to determine the unconstrained solu-
tion, xo, and in Fig. 2 we see that x° wviolates constraints 3 and 4.
Therefore, U  contains the subsets {3} and {4} which will now be con-
sldered as we move to Block 2.

In Block 2, we take the first subset of U, say {3} and solve our
first subproblem with constraint 3 in equational form. The solution vec-

(3)

tor to this subproblem will be written x . We now use the solution

(3>

vector, x » to determine which, if any, constraints it violates. Fig,

2 shows that it violates constraint 4.
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(2)

x
=

Figure 2. Sample Problem

Having a violation, we move through Block 3 toc Block 4. Here we
see that U is not exhausted and therefore return to Block 2 to comsider
constraint 4 in equational form.

(4)

Once again we have a violation, as x violates constraint 2.
Having not found the optimal, we move on to Block 4 and see that U has
now been exhausted and must be redefined. The new generation of trial
sets, U, now contains the elements {3,4} and {2,4]}.

In the next iteration we then solve for-x(3’4) and x(2,4) and find
that both may be optimal as neither solution vector violates any further

(3,4)

constraints. Rule 3 is now applied and we first consider x and ob-
serve that {3,4] is the set of constraints satisfied in equational form,

so the sets Sh to be analyzed are the set {3}, obtained by excluding
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constraint h = 4, and the set {4}, obtained by excluding h = 3, Hence

(3)

we must verify whether it is true that x violates constraint 4 and

(4)

that x vicolates constraint 3. An inspection of Figure 2 shows that

(3) (4);

this is the case for x , but not for x this vector violates con-

straint 2, not 3, and we therefore have a feasible solution, but not the

(2,4

optimal. We move on to x , which satisfies constraints 2 and 4

(4) (2)

exactly. Does x violate constraint 2, and x violate constraint 47

The answer is affirmative as seen in Figure 2 and we can therefore con-

(2,4) = ¥, While this result is obvious for so few variables,

clude that x
an algebraic device such as Rule 3 is necessary when we deal with more

than a few wvariables.

Geoffrion's Extension of the Combinatorial Approach

As mentioned above, the method discussed was developed for qua-
dratic objective functions. Geoffrion (19) presented an extension to
the combinatorial approach by considering nonquadratic concave functions
(1.1) with a set of linear inequality constraints, This extension also
entails the soluticn of a sequence of equality constrained subproblems
which terminates with the optimal solution X or with the conclusion that
no feasible solution exists.

It may be recalled that, corresponding to a subset SCM, we have

defined a subproblem PS as
PS: Maximize: f({x) 2.3
Subject to: gi(x) = 0, ie8 2.4

x e X
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The Theil and Van de Panne approach solves for the solution xS and looks
at the violation of the constraints in M - S. In Geoffrion's approach,
the Lagrangian multipliers (dual variables) associated with the above
solution are also considered, If they are of the wrong sign, the cor-
responding constraint is deleted from the succeeding generation of trial
sets. This ability to reduce the elements of the trial sets permits
Geoffrion to start with an arbitrary trial set, s°.

While the extension considers the nonquadratic concave function,
only linear constraints are included in the iterative combinatorial
execution of the solution procedure. Nonlinear constraints must be in-
cluded in the definition of the set X,

The procedure begins by considering 2.3 and 2.4 where S = §°; §
being the initial subset of M to be considered in equational form and
may be the null set or some subset of the constraints known to be satis-
fied as equalities at the optimal, x. If U, the current generation of
trial sets, does not contain the optimal, we redefine U. The first gen-
eration U0 equals s® alone (i.e. U= {{i} : i ¢ SO}). The next generation
is defined by 5 = s® + t for some t ¢ T . At any particular iteration,

5

th = _ + . ;
say the k¥ where k = 1, Sk Sk-l T t for some trial set Sk-l in the

(k-l)St generation and t € TS . The set Sk—l is called the immediate
k-1

. . - .
lineal predecessor of Sk and either SkC: Sk-l or Sk Sk-l‘ Obviously,

s is a lineal predecessor of all trial sets. The decision to add or
subtract t depends on the sign of the Lagrangian multiplier from the solu-
tion of the dual subproblem. 1If it is negative, t is subtracted from
Sk-l as we have found an Sk—l such that S C Sk-l’ where S = {1 ¢ M : gi(x)
= 0}. Essentially, the expression S % {t} denotes SU{t} when {t} £ S
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and S - {t} otherwise, The iterative process of defining U, then test-
ing its elements for optimality and redefining U continues until we are
able to find the optimal combination of equational constraints, g, or we
determine that no feasible solution exists. Normally, if s® differs from
5 by more than a half dozen indices, the technique fails to be computa-
tionally efficient. If there are only a few constraints in the problem
or it is known that only a small number are in §, then S0 = @ can be a
satisfactory starting subset.

Now suppose X is the optimal solution to the nonlinear programming
problem with associated values Ri of the optimal Lagrangian multipliers.
For convenience in the discussion that follows, we will assume hi > 0 for
i6S where S = {i ¢ M : gi(i) = 0}. Clearly, we have = %, We will
denote by Ww(K) the number of elements in a set K, e.,g. for K = 1,3,5
w(K) = 3.

We would like to define a "distance" between S° and 5 which is

correlated to the computational efficiency of the combinatorial approach.

Such a measure is given by the following definition of distance d.
a(s°,8) = u(s® - 5) + (s - 59 2.5

Geoffrion {(19) has shown that, starting from SO, the optimal subset, S,
of constraints is obtained in exactly d(So,g) generations of trials.

From experimental results, we know that, as d(So,g) inereases, the number
of subproblems required to reach the optimal increase very rapidly. From

this it is clear that the combinatorial approach is not practical if the
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optimal subset of equational constraints is very different from s°.
When considering the Theil and Van de Panne algorithm where we always
have §° = § and constraints are added one at a time, this can be inter-
preted as saying that, as the optimal subset of equational constraints
becomes large, the efficiency of the method decreases rapidly.

While the extension to the combinatorial apprecach is primarily
concerned with the strictly concave £(x), as suggested by Geoffrion (19),
it may be possible to apply this technique to the nonconcave £(x)} as well.
Possible modification of the algorithm to address the nonconcave function

might be the setting of T, equal to the indices of the constraints that

S
are violated by any sequence <x'> feasible in PS for which <f(xv)> - o,

That is, violated by a sequence of points for which the functional value,
f(xv), is unbounded, but which are feasible for the particular subproblem,

P at hand. Further discussion of the problem of nonconcavity and/or

S!
nonconvexity appears later,
The solution procedure used in this research uses a numerical

algorithm for the solution of P_ which does not yileld the Lagrangian mul-

8
tiplier used by Geoffrion to redefine his generations of trial sets,.
Without the knowledge of the Lagrangian multiplier, it was necessary to

follow the Theil and Van de Panne algorithm of starting with S° = @ and

redefine U via
U={s":58"=58H+rt, for some S ¢ U and {t} ¢ TS}

as shown in Block & of Figure 1.
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CHAPTER III
SOLVING EQUALITY CONSTRAINED PROBLEMS

As seen from Chapter II, the Theil and Van de Panne procedure
requires us to solve a sequence of equality constrained problems. If we
begin with the solution of the unconstrained problem with S = @, we nor-
mally find ourselves outside the feasible space. Solving the sequence
of combinatorial subproblems then brings us back to the point on the
feasible space boundary that is the optimal point. In this chapter we
will discuss the means used to solve these constrained subproblems.

Cne of our objectives was to take advantage of the fact that each
subproblem differs from its lineal predecessor by only one constraint.
Because of this "closeness" between the problems, it seems reasonable
that the solution to one subproblem would be a good start point for its
successor. This is facilitated by adopting a numerical solution procedure
rather than an analytical method (even if one were available) for solving
the subproblem, PS. Additionally, numerical methods are more easily pro-
grammed than analytical methods.

Consider, again, the subproblem P in the (k—l)St iteration of

Sp-1

some subproblem where the trial set § of constraints are held to equal-

k-1

ities. Recall from Chapter II that, when moving to the kth iteration, Sk

was constructed by the addition of one constraint to §

S
Now if the solution x 5! to the subproblem

by: 5, =

k-1 k

S + t, where t ¢ T .
k-1 Sk-l
P is used as the start point for P

k-1

g » We see that this start point is
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"exterior'" to P since S, contains the elements of S plus an addi-
Sk k S k-1

, k-1 .
tional comstraint that was violated by x . By "exterior" we mean out-

side the feasible space of P Thus, each subproblem is solved starting

Sk'
from a point that is exterior to its feasible space. It is this precise
point that governs our selection of numerical solution techniques, Those
techniques requiring a feasible start point were eliminated from consider-
ation in view of this, However, certain penalty function methods do
start from an infeasible point and are discussed below.

Penalty function methods essentially solve a sequence of uncon-

strained problems whose values tend toward the true walue of the objec-

tive function. The unconstrained problem has the form

F=fiZP(gi) 3.1

i

Y

where the term,LJP(gi) is a penalty term that is a function of the con-

straints and thit drives the value of the penalty function F towards the

true constrained optimal. Once the penalty function F has been defined,

one of the unconstrained optimization techniques can be used to solve it,
Fiacco and McCormick's technique uses the transformation

Pest,r) = £ - 2T ) (g0 - e’ 3.2

i=1
where f£(x) is the original function to be optimized, gi(x) represents the
constraints, ¥ is a monotonic decreasing sequence appreoaching zero, and

. .th . . .
ti is the i~ non-negative slack variable. A sequence of subproblems is
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then solved, each with decreasing values of r. The solutions to this
sequence move closer to the true optimal as r 1is decreased,
Zangwill's method is a variation of the above and uses the form

m

F(x,r) = f(x) - rt z Min(g, (x), 0)2 3.3
i=}
Here again, r 1is a monotonic decreasing sequence apprecaching zero and
f(x) and gi(x) have the same significance as in (3.2).

Both of the above methods can be used with equality as well as
inequality constraints and are based on the idea that, as the parameter
r decreases toward zero, the penalty term alsc reduces to zero. Thus,
the entire penalty function approaches the wvalue of the original function
being optimized as we close in on the true optimal. It is here that the
difficulty arises and the selection of r 1is eritical as the product of
a very large number, 1/r, and a very small number, 8;> tends toward zero.
Minimization under these circumstances is often difficult.

To overcome this problem, Powell (29) suggested that it is neces-
sary for the penalty function, F, and the original function, f(x)}, to
have their minima oceur at the same point but that they need not be equal
at that point., To accomplish this, a second parameter, s, is added to
the penalty term, thereby reducing the sensitivity in the selection of r
which is present in Fiaceco and MeCormick's and Zangwill's methods. The

transformation used is

_ N 2
F(x,r,s) = f(x) + . %JTS (gi(x) + si) /ri 3.4
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where TS is as defined in Chapter II. Again, r 1is a sequence of decreas-
ing values tending toward zero. The parameter s 1is a decreasing nega-
tive value, Notice that both parameters r and s are subscripted so
that each constraint has associated with it a parameter r and s.

Since only those constraints that are violated are included in the penalty
term, this allows selective reduction of the parameters to assist con-
vergence of the particular subproblem being considered without affecting
the parameters associated with constraints not included in the current
subproblem being solved. It further allows the reduction of only those
parameters associated with constraints that are not converging to zero at
a satisfactory rate as the penalty function tends toward the true optimal,
As in the previously mentioned penalty function methods, the penalty

term includes the square of the constraints involved to insure continuity
and differentiability. This also increases the probability of finding a
global minimum. A flow chart of the Powell penalty function method ap-
pears in Figure 4 found in Chapter IV along with a more detailed discus-
sion of the method. At this point, it is sufficient to say that this
property of a set of parameters for each constraint makes the Powell method
desirable to use in conjunction with the combinatorial approach. Addi-
tionally, Sasson (34) reports successful application of the Powell algo-
rithm and states that it is more desirable than those of Fiacco and MeCor-
mick or Zangwill, For these reasons, it was decided to apply the Powell
penalty function method in the solving of the subproblems of the combina-
torial approach.

With this choice of penalty function method, we have now to choose
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an unconstrained optimization technique to optimize the penalty function,
F. Box, Davies, and Swann (5) report that, when using gradient methods
for cptimizing the penalty functions, one can encounter serious problems
since the penalty functions introduce steep valleys or ridges. Disconti-
nuities may also arise in the second derivatives of the penalty function,
Therefore, a gradient free method was desirable for the solution of the
unconstrained problem produced by Powell's penalty funetion.

In Chapter I, several gradient free techniques were discussed that
could be used to solwve the unconstrained problem. One of the methods dis-
cussed was that due to Rosenbrock (33) along with its modification due to
Davies, Swann, and Campey (38). This technique has been compared by
Fletcher (17) with other unconstrained methods and is considered to be
favorable over Powell's conjugate direction method when the number of
variables is large and generally better compared with other approaches
for solving unconstrained problems. 1In this study we have used Rosen-
brock's unconstrained search for solving Powell's penalty function.

The procedure adopted in this study may, therefore, be summarized
as follows. A sequence of equality constrained problems is formulated via
Theil and Van de Panne's approach. These are converted into equivalent
unconstrained problems using Powell's penalty functiom which, in turn,
are solved using Rosenbrock's unconstrained search. A flow chart of the
complete solution procedure appears in Chapter IV (Figure 3). Explana-
tions of the block titles are given in the discussion of the program in

Chapter IV.
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CHAPTER IV
THE COMPUTATIONAL SCHEME

In the previous chapters we discussed briefly the techniques used

in the solution of the constrained nonlinear problem (1.1) and (1.2).
We shall now show how these techniques were fitted together to form the
exact solution procedure used. We will discuss the decision rules used
to take advantage of Theil and Van de Pamne's approach of not solving
each subproblem exactly. We will also present the test problems used.

To take advantage of Theil and Van de Panne's approach of not
solving each subproblem exactly but only close enough to determine which,
if any, constraints in the set (M - S) that particular subproblem vio-
lated, five different decision rules discussed below were tested. Each
used different criteria for stopping the search in the subproblem,

Rules 3 and 4 were tested at two levels of tolerance to see the effect of
relaxing the exactness of the solution in each subproblem. Rules 1, 2,
and 5 were run with four different levels of exactness. The attempt
being made to relax exactness far encugh to gain efficiency without
identifying the wrong constraint in (M - S) as being violated. These are
hueristic rules which we feel are useful in measuring the progress in
convergence of each subproblem and can be stated as follows.

Discontinue the search when:

1. Max {|gi(x)|} = §: This rule continues the search for a
ie TS
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more exact solution until the greatest constraint violation
is less than some acceptable value, &. The idea here is
that, if the constraint in S with the greatest violation has
been driven to within some small distance, &, of zero, all
the other constraints of S must be even closer to equalities
and therefore the desired level of exactness has been
reached in the solution.

E: {|gi(x)|} = §: Here, rather than consider the greatest
e Tqg

violation, the sum of all violations is considered. This
rule prevents one constraint, which may be converging to
zero slowly, from holding back the solution procedure when
the other constraints of S may be at the exact solution.

The sum of all constraint violations is driven to within

some & of the exact solution.

j k|

. . 1 .
3., Max ‘x; - x%_1| £ § where xj = X, ... x? is the solution at

the jth step: The step length taken in each of the n di-
rections is measured here. When the largest step is less
than §, we know that the step lengths in the other (n - 1)
directions is even smaller and the search is halted.

i i i e, .
§: |x_ - X, = 8§: As in the second test rule, it is hoped

ien

that, if the step lengths in all but perhaps one or two di~
rections are c¢lose to zero, we are close enough to the exact
solution to determine TS accurately. Therefore, the sum of

the step lengths in the N directions is driven to within §

of zero.
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5. fj - fj-ll = §: The search is halted in this case when the
functional improvement resulting from the most recent step
is less than §. While it is possible that flat plateaus can
"fool" this decision rule, presumably § can be made small
enough to avoid this in most cases, It is assumed that,
when a step brings sufficiently small functional improve-
ment, we are close enough to the exact optimal to determine
TS accurately,

The computer program was modified for each of the five decision
rules and the following data were collected for each test problem and for
various levels of desired exactness,

1. Execution time required,

2. Number of steps made (corresponds to the number of times the

search routine was called).

3. Accuracy of the final solution.

Test Problems

Four test problems taken from the literature were used in this
study and are listed in Appendix A, Problems P-1 through P-3 have qua-
dratic objective functions with linear constraints in problems P-1 and
P-3, and nonlinear convex constraint set in problem P-2. Problem P-4 is
a fourth order polynomial with a saddle-point optimum and with convex
nonlinear constraints. Problem P-5 in Appendix A is a third order poly-
nomial with a nonconvex constraint set. This was used essentially to
demonstrate the problems that arise in using the Theil and Van de Panne

procedure for the case with nonconvex constraints.
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The results of the analysis of these problems are presented and

discussed in Chapter V.

Program Discussion

The program consists of a MAIN program which drives nine subpro-
grams. Essentially it selects the constraint sets, 5, to be held as
equalities for each subproblem, creates the penalty function, and solves
the now unconstrained problem for the solution vector, xS. This xs is
then tested for optimality. If it is optimal, the program terminates,
otherwise the next subproblem is solved by repeating the same process.

To assist in the explanation of the program, listed in Appendix
B, it will be helpful to first define some terms used in the program.
CUTOF : The exactness with which we solve each subproblem, i.e. the

& distance from the exact optimal to which we drive the
solution of each subproblem,
R : The initial value of the parameter r in Powell's penalty

function. Read in from data card.

RN(T) : Updated value of the parameter r in Powell's penalty
function.
S : The initial value of the parameter s in Powell's penalty

function. Read in from data card.

SN(I) : Updated value of the parameter s in Powell's penalty
function,
N : Number of variables in the problem at hand. Read from data

card,
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M : Number of constraints in problem at hand, Read from data
card.

ITRMAX : Number of iterations in each Rosenbrock search,

ISTGMX : HNumber of stages permitted in each Rosenbrock search.

(D) : The vector of the unknown variable.

K : The number of the iteration. Corresponds to the number of

constraints in the current generation of trial sets,

. . . , 5
TOTV Total number of constraint violations for a given x .

VIOLAT(I,J): A zero/one matrix indicating a violated constraint by a omne
and a constraint not violated by a zero. The columns cor-

respond to the M constraints and the rows to the set of

current trial sets.

MOLD(I,J) An "address'" matrix whose rows identify those sets of con-

straints to be held as equalities in the current generation

of subproblems. The number of non-zero columns corresponds

to the iteration number, K,

TROW : A counter which indicates the number of rows in the VIOLATE
and MOLD matrices which corresponds to the number of elements
in the current U,

ICOUNT : A counter indicating the number of times the Rosenbrock
search has been called.

AX(T) i A dummy variable used to save the solution to the uncon-
strained problem to be used as a start point for the sub-

problems of the first iteration,

BX(I,J) : A dummy variable used to save the solution to the first
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iteration subproblems to be used as start points for subse-
quent subproblems.

W(I) : A zero/one coefficient used to select those constraints
identified in the MOLD matrix as part of the penalty func-
tion.

Initialization Step

The initialization step consists of moving from some start point to
the unconstrained optimal and determining which constraints are violated
at that point, Once initial values of various variables are inserted
into memory, we are prepared to solve the unconstrained problem using
Rosenbrock's method, This is accomplished by calling subroutine ROSENB,
which is a program of the unmodified Rosenbrock search (11). ROSENB be-
gins with the start point and takes its exploratory steps, evaluating
the problem function by calling on subroutine FOFX, which has been loaded
with the function statement. This function subroutine evaluates the func-
tion itself, constructs the penalty function (4.1), and evaluates it. 1In
the initialization step we are considering the unconstrained case and,

therefore, the penalty
m
FOFX = FOFX + ;E; W(I) [(CI(I) + SN(I))Z/RN(I)] 4,1

function has no penalty term (i.e. W(I) [(CI(I) + SN(I))leN(I)] = 0),
The result is the solution x° to the unconstrained problem after 1000
iterations of ROSENB. If the problem function is nonconvex and the solu-

tion to the unconstrained problem is unbounded, the program senses this
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when the functional value exceeds 1020 at which time ISWIT is set equal
to 1 indicating that the unconstrained problem is unbounded, and we are
returned to the MAIN program. Here x° at the poeint of cutoff of the
search is divided by 1000 and saved to be used as a future start point.
{(The choice of 1000 is arbitrary.) The solution, xo, is now substituted
into the constraints to determine violations. This is accomplished by
calling subroutine CI(I) a functional subroutine that evaluates the con-
straints. Any constraint evaluation that is negative indicates a viola-
tion and another entry is made in the first colummn of the MOLD matrix.
If all constraint evaluations are = 0, we have an unconstrained optimal
that is feasible and the problem is solved. If this is not the case, the
initialization step is completed and we move on to the first iterative
step and Block 3 of Figure 3.

Iterative Step

Each iterative step begins with the updating of the iteration
counter K. If this counter exceeds M, the number of constraints in the
problem, we know that no feasible solution has been found to this point
and either the program has failed to find the true solution, no feasible
solution exists, or the problem is of such a form, e.g. nonconvex con-

straint set, that the solution technique cannot solve it. The program is

A

therefore halted in this case. When K = M, we continue by addressing the
) th . .
first subproblem of the K iteration.
The current generation of trial sets of constraints to be held as
equalities is stored in the MOLD array, each row identifying the trial

. . o
set for one subproblem. Assume that, in some problem with M = 6, x
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Figure 3. Solution Procedure
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violates constraints 2, 4, and 6. At the first iteration we will have a

MOLD matrix of the form

MOLD =

oy B N
<o o O
o S O
== I o B e ]
o O O
[T o B o

indicating that we now will solve three subproblems, one for each row of
the MOLD matrix. For example, in the first subproblem, constraint 2 alone
will be inecluded in the penalty function.

To select a single constraint to appear in the penalty function, a
(0,1) coefficient, W(I), is used in the subroutines GETWS and FOFX. In
GETWS, the appropriate row of the MOLD matrix is taken and the W(I) which
corresponds to the constraint indices in that row are set equal to one,
All others are set to zero. When the penalty function (4.1) is later
evaluated during the search, only those terms with a nonzero W(I) coeffi-
cient will be included., Thus, only those constraints identified for
that particular trial set by the MOLD matrix will be included.

Once these (0,1) coefficients have been determined, the penalty
function parameters are initialized and subroutine PENSOL (Powell's
penalty function method) is called to drive the solution to within CUTOF
of the exact solution. It is this subroutine that is the heart of the
solution procedure, controlling the convergence and calling the search
routine, A flow chart of PENSOL appears in Figure 4. Some deviations

from Powell's method occur in the execution of Block 2 where start points
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gi(x) denotes the absolute

value of viclated con-
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Powell's Penalty Function Method
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for the search are determined and the Rosenbrock search is called. For
the first iteration, the unconstrained solution is used as a start point.
Thereafter, the solutions from the first iteration subproblems are used
for subsequent start points for those problems which have the same first
element of their MOLD row. That is, a problem holding constraints 2 and

5 as equalities used as its start point the solution to the subproblem
that held 2 alone as an equality. A second difference occurs in the solu-
tion for xS in Block 2, If the search detects that the current penalty
function is unbounded, the search is halted when FOFX = 1020 and the cor-
responding solution vector saved to test for further constraint viola-
tions. The unbounded subproblem is then abandoned and the next subproblem
considered,

Block 3 is where the different rules were inserted to control the
search, The first rule is that shown where the search is discontinued
when the maximum constraint violation, gi(x), is within some & distance
of the exact optimal for the subproblem in question. Thus, by control=-
ling the wvalue of CUTOF, we are able to control the exactness with which
each subproblem is solved. It is CUTOF that was varied to determine the
effects of relaxing the exactness of each solution,

In Block 4 we test for convergence. If the procedure is converg-
ing satisfactorily (i.e. the maximum violation is decreasing), we reduce

parameter SN(I) (Block 13), making it more negative by the relation
SN(I) = SN(I) + CI(I)

where the CI{I) are the evaluations of the violated constraints only and
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therefore less than zero. This counters the decrease in magnitude of
CI(I) which is a result of convergence, thus maintaining the effectiveness
of the penalty term. If, on the other hand, we are mnot converging at a
suitable rate, both parameters RN(I) and SN(I) (Block 9) corresponding to
those constraints converging too slowly, are decreased by the same factor
of 10 recommended by Powell (2%9). This has the effect of increasing the
magnitude of the penalty term, giving more weight to the binding con-
straints in an effort to move the search closer to the point where they
are satisfied as equalities.

Once we have driven the subproblem to within & of the exact solu-
tion, we have an xs which we are ready to test for constraint violations.
The subroutine CTEST (Block 5, Fig. 3) calls the function subroutine CI(I)
to evaluate the constraints, and if a violation occurs, the appropriate
{0,1) entry is made in the VIOLAT matrix. The rows of VIOLAT correspond
to the various trial sets of a particular iteration, and the columns cor-
respond to the M constraints. Again, an entry of one indicates a vio-
lation and zero is entered otherwise. To illustrate, consider once again
the hypothetical problem considered above. Suppose the first subproblem
of the first iteration is the current trial set. Solving for xs where
S = 2, we find that constraints 1, 4, and 5 are violated. The resulting

MOLD and VIOLAT matrices at this point are

MOLD = VIOLAT =

(ARSI )
c O O
[ T o B
S O O
o O O
o o o
= BN o B
o O O
o O O
o O =
o O =~
o O O
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Encountering violations and seeing that U is not exhausted, the next sub-
problem with S = 4 is considered. Assume now that this second subproblem
has been solved to within 8 of the exact solution and when CTEST is

called no violations are detected. The VIOLAT array would remain as

shown above and this time we have a suspected optimal. CUTOF is reduced
by

CUTOF = CUTOF/100

in this case and the search resumed to give a more exact solution. Since
we suspect we are near the optimal solution, the iterations of ROSENB are
also reduced by a factor of 2, Should this further search produce an xS
which still causes no violations, we are ready to check for optimality
via Theil and Van de Panne's Rule 3.

Rule 3 is executed in the subroutine CHECK (Block 6, Fig. 3).
CUTOF ig again reduced by a factor of 100 and the iterations of ROSENB by
another factor of 2. Constraints are removed one at a time from S leav-
ing S~h, and the search resumed, When this new search is within CUTOF of
its exact solution, a check is made to see if the hth constraint is vio=-
lated, If one or more of the hth constraints is not violated, we have
failed to find the true optimal, the CUTOF and ITRMAX are restored to
their original values and the next subproblem is considered. Should we
find each hth constraint violated in this check, we have found the optimal
solution.

Block 7, Fig. 3 tests U for exhaustion. We have discussed what

happens when we enter this block and U is not exhausted and will now
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briefly explain the steps taken at the point when U is exhausted. When
this situation arises, the MAIN program reconstructs a new MOLD corres-
ponding to a new U for the next generation of trial sets (Block 8). A
dummy matrix MNEW is formed which, one row at a time, copies the K enfries
of that row from MOLD each time a one is encountered in the corresponding
row of the VIOLAT matrix and then adds the constraint index of the newly
encountered violation in the (k+1)St column of MNEW. Consider the above
example at the point where the first iteration has been completed and the
optimal has not been found. Suppose the corresponding MOLD and VIOLAT

matrices are

2 0 0 0 0 0 1 00 1 10
MOLD = |4 O O O VIOLAT =)0 ¢ 0 0 1 0
6 0 0 0 0 0 1 01 0 0 O

indicating that, where § = 2, xS violates constraints 1, 4, and 5. With
S = 4, constraint 5 is violated and for S = 6, 1 and 3 are violated. The

MNEW matrix formed will be

MNEW =

W H W
o 0O o o0 © O
O O O o0 o O
o 0 0O O O O
o 0O O o0 o ©

"'av & &~ oo o M
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MNEW is now relabeled as MOLD and we are ready to start the second itera-
tion with a new U containing six elements rather than the three of the

first iteratiom.
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CHAPTER V

COMPUTATIONAL RESULTS

As mentioned in the introduction, the objectives of this research
were essentially threefold. Firstly, we wanted to investigate computa-
tionally whether the Theil and Van de Panne algorithm could be used on
nonlinear constraints., We also wished to investigate means of taking
advantage of only approximating the optimal solution at each subproblem
rather than solving it exactly, and wanted to use the approximated opti-
mal solution to one subproblem as the starting point for the next sub-
problem. 1In this chapter, we will discuss the results of our experi-
mentation and the successes and failures encountered in the pursuit of
our objectives,

Recall that, in Geoffrion's extension to the combinatorial approach,
he included all nonlinear constraints in the set X and addressed only
linear constraints in a combinatorial manner. In this study, it was de-
cided to treat all constraints in the combinatorial manner. Test prob-
lems with nonlinear constraints posed no computational difficulty even
though no complete theoretical proofs are available for their convergence
to the optimal. In this connection, the reader may refer to (10) where
the proof of convergence for the general case contains an error., There
is some reason to believe that the approach is still theoretically wvalid

as borne out by the computational results here.
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The five test problems used in this study are listed in Appendix A

and were discussed in Chapter 1V. The results of analysis are presented
in Tables 1 and 2. To investigate the effect of relaxing the exactness
with which each subproblem had to be solved, the five different rules
discussed in Chapter IV were tested at different levels of exactness
{values of &), This was done for each of the four problems, P-1 through
P-4, As would be expected, relaxing the exactness (increasing the wvalue
of CUTOF in the program) with which each subproblem is solved leads to
reduced execution times (Table 1). As shown in Table 2, this was achieved
with no appreciable loss in accuracy of results. Tt appears further that
varying the decision rules had no effect on accuracy, but only on execu-
tion times.

In test problem P-1, all five exactness rules reacted similarly
when exactness was relaxed (Figure 5). Rule 1, the greatest violation
driven to less than &, recommended by Powell when he introduced the penalty
function used, was most efficient, taking less time for execution than the
other rules by more than one second at CUTOF = .001 and .1 and nearly one
second at CUTOF = .01. The fifth rule, using function evaluation improve-
ment as a criterion for stopping the search, was least efficient by far,
even when the exactness was relaxed beyond the other rules by a factor of
10. When relaxed by a factor of 100, rule 5 finally took less time than
the fourth rule at its strietest CUTOF value. As the CUTOF value was in-
creased, execution times for rules 2 and 4 decreased most rapidly, as
might be expected, since they are dependent upon summations. This suggests

that, if one continued to relax the exactness, these rules might prove to



Table 1, Execution Times

Decision h Problem #\\

Rule CUTQF P-1 P2 P-3 P-4
Icount Execution Icount Execution Icount Execution Lcount Execution
Time (sec) Time (sec) Time (sec) Time (sec)
1. . 001 90 15.548 44 9.837 11 2.371 7 1.818
.01 74 13.997 41 9,174 7 1.844 8 1.660
.1 61 10,391 35 7.305 5 1.394 7 1.536
1.0 48 8.322 25 4.736 4 1.126 ¥*
2, .001 79 17.272 84 19,723 11 2.484 7 1.807
.01 80 14.679 47 8.676 7 1,715 8 1.848
.1 59 11.857 33 6.689 5 1,365 7 1.518
1.0 45 7.586 25 5.229 4 1.090 *
3. .001 102 19.018 65 12.473 8 2.208 10 2.227
01 89 16.622 41 9.598 7 1.747 g 2.230
.1
1.0
4, .001 104 21.010 67 13.068 8 2.101 10 2.458
.01 89 16.894 45 10.433 8 1,982 9 2.061
.1
1.0
5. 001 129 28.619 #* 9 2,277 21 4,226
.01 112 25.005 127 28.681 8 2.149 21 4,234
.1 121 23.630 73 11.740 ¥ 21 4.035
1.0 90 18.638 39 8.381 ¥ 10 2,055

al

"Problem would not solve in alloted time. TNO feasible solution indicated--see page 55,

[4
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Table 2. Functional Value at Solution Point
Decision 3 Problem ﬁ\\
Rule CUTOF P-1 p-2 P-3 P-4

1. .001 99,99978 =44 ,00000 L1111121 -12.58607
.01 99.99919 =44 ,00016 .1110956 -12.58634
.1 100.0011 -44.,00059 .1109440 -12,58669

1.0 100.4059 -44.,00201 .1089062 *
2. .001 99,99996 =44 ,00215 L1111121 -12,58607
01 99,99915 -44,00006 .1110956 -12.58634
.1 99,99969 -45,08987 .1109440 ~12.58669

1.0 100.0243 ~44.00262 .1089062 *
3. .001 99,99983 =44 00001 .1111155 ~12.58612
.01 99,99953 -44,00016 .1110920 -12.58612
4. .001 99,99983 =44.00001 .1111155 -12.58612
.01 99,99953 =44 ,.00009 .1111155 -12.58612
5. .001 100.0000 % .1111155 -12.58608
.01 100, 0000 =44 ,00003 .1111083 -12.58607
.1 99,99999 ~44.,00040 T -12.58607

1.0 100, 0019 -44,00058 + *

%
Problem would not solve in alloted time,

TNO feasible solution indicated--see page 53,
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be most efficient for this problem, and, at CUTOF = 1.0, we notice that
rule 2 becomes more efficient than all others.

In test problem P-2 (Figure 6) the second rule, the sum of viola-
tions being driven to less than §, was least efficient with CUTOF = ,001
but most efficient with CUTOF = .01 and .10. As the exactness was re-
laxed further, rule 1 became the most efficient; however, the X vector
solution obtained for rule 1 is not as exact as that obtained by rule 5
starting with the third decimal place. Should no greater accuracy be
required, rule 1 would be the most desirable. Throughout, the X vectors
agree out to three or four decimal places, indicating that the exactness
could be relaxed even further and still maintain a fair degree of accuracy
giving shorter execution times,

Test problem P-3 showed little response to change in CUTOF (Figure
7). At all CUTOF values all rules were within one second of each other
in execution time. 1In this problem, rule 2 held both extremes, fastest
with CUTOF = .01, .10, and 1.0 and slowest with CUTOF = .00l., As indi-
cated in Tables 1 and 2, this problem did not solve for § = ,1 and 1 using
rule 5, At these values the change in functional evaluation is so slight
that the search for coptimum is halted before all constraints are driven
to equalities, The solution procedure therefore passes S and reports no
feasible solution, indicating that we have exceeded the level to which
exaciness can be relaxed for this problem.

In problem P-4, rule 1 proved again to be most efficient overall,
and rule 5 the least efficient (Figure 8). All rules proved to be only

slightly sensitive to changes in CUTOF.
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In general, it was noticed that the fewer elements in §, the less
the effect of relaxing CUTOF. It was also noticed that the accuracy of
the solution, X, was reduced with the relaxation of CUTOF. Executiocn
time was used as a measure of effectiveness for the rules used on each
problem. A second statistic that can be used for the same purpose is
ICOUNT, the number of times that the search subreoutine, ROSENB, is called.
This gives the number of x wvector solutions, xS, tested for optimality.
A glance at Table 1 shows that these values correlate very closely with
the execution times, but they were not used as a basis of comparison
between decision rules since the program differed slightly from one rule
to the next and the same number of calls on the search routine may take
longer in one rule than in another. Trends are more apparent when using
execution times, indicating more precisely which rules benefit most from
relaxing the exactness with which the problems are solved.

One of the objectives of the study was to investigate how to take
advantage of the closeness between various subproblems. It will be re-
called that two successive subproblems derived from the same generation
of trial sets may differ substantially from each other. In fact, the
solution of one may not be an exterior point to the other, which is criti-
cal from the standpoint of the penalty function used. However, it may
also be recalled that a problem in one generation of trial sets was de-
rived from a previous generation (lineal predecessor) by adding a con-
straint as given by equation 2.2, Hence it is reasonable to expect that
starting from the optimum of the lineal predecessor would be helpful. Be-

sides, this start peint is exterior to the new problem as desired.
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The Problem of Convexity

For nonconvex problems where the unconstrained solution may be
unbounded, recall from Chapter II that Geoffrion (19) recommends setting
TS equal to the indices of the constraints violated by some sequence

<x'> feasible in PS for which <f(xv) > —+ x, While this is not directly
applicable to our solution procedure since we use an exterior penalty
function method and remain outside the feasible space, similar steps were
attempted in this study.

Test problem P-5 is an example of this situation, as the uncon-
strained problem is unbounded. The contours in the (xl,x3) plane of this
problem are shown in Figure 9. Difficulties one might encounter in such
a case are as follows.

When the search for the solution of the unconstrained problem or
the unconstrained penalty function of a subproblem is cutoff at some
preset bound due to the unboundedness of the problem, those constraints
at the cutoff point were used to define TS for the succeeding generation
of trial sets, It was also necessary to insure that the start point to
the succeeding subproblems was moved away from the cutoff point since,
due to the nature of the Rosenbrock unconstrained search technique, a
start point at the bound will cause the search to be cutoff again immedi-
ately and the next subproblem to be called. Any rule which will move the
start point away from this bound will suffice, as long as the new start
point found is still exterior to the subproblem being considered, 1In
this study the arbitrary rule of dividing the unbounded point by factors

of 100 and 1000 were tried successfully.
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In nonconvex problems the setting of the parameters r and s in
the penalty function is also critical as arbitrary setting of r and s
may not prevent the search from proceeding without bound as was the case
in problem P-5. Sasson (34) recommends the following rules for setting
r and s. Initialize r by: r, = gi(x)/f(x) and initialize s by:
s, =0, 1 =1,...,m. Use of these rules kept the search in problem P-5
from proceeding without bound as it did when the parameters were arbi-
trarily set,

The combinatorial approach and its extension address only problems
where the constraint set is convex. The constraint set of problem P-5
is nonconvex. Attempts to solve this problem were unsuccessful until
the cause of the nonconvexity of the constraint set was removed. When
the problem was redefined without constraint 2, it solved with no

difficulty.
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CHAPTER VI
CONCLUSIONS AND RECOMMENDATIONS

In attempting to determine if the combinatorial approach could be
applied to higher than second order functions, it was found that, for the
convex functions tested with convex constraints, it can be applied with-
out any difficulty. It was also found that nonlinear convex constraints
could be included in the combinatorial treatment of constraints, although
no theoretical proofs were found for the convergence of such a problem,
This does, however, imply a hueristic notion that the combinatorial
approach may be more general than suggested by Geoffrion (19).

Five different rules for terminating the optimization search were
tested and it was found that, in each rule, as the exactness of the solu-
tion of each subproblem was relaxed, the execution time for the entire
problem decreased, sometimes with no loss in accuracy. This effect is
magnified as the number of constraints in S is increased.

Using the optimal of a lineal predecessor to a subproblem as the
new start point also proved useful, This approach insured that the
search for the scolution to each subproblem began from an exterior point
which is essential when an exterior penalty function method is used for
solving the sequence of subproblems,

Test problems made clear the difficulties encountered when noncon-
vexX constraints and/or nonconvex functions are addressed. No sure means

of solving such problems was found; however, a greater understanding of
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the subject of convexity was gained through the attempts to solve them.

It is recommended that further investigation be made into the
solution of nonconvex problems. Geoffrion recommends that the unbounded
problem might be handled by setting Tg (TS = {i ¢ M-S : aixs + bi < 0oh
equal to the indices of constraints that are violated by any sequence
<xv> feasible in (PS) for which <f(xv)> -+ o, 1In the solution procedure
used, <x'> is not feasible, but exterior to the feasible space, and it is
possible that future research could pursue a means of bringing the un-
bounded solution (obtained when the search is artifically cut off) to be
feasible in (PS), perhaps by adjusting the parameters in the penalty
function at the point where the search is halted.

It is alsc recommended that another means of defining succeeding
generations of trial sets be investigated. Although the Lagrangian mul-
tiplier was not available in the sclution to the numerical methods used

in this study, it seems reasonable that its sign, which is the primary

interest, might be determined for the problem

Maximize: £(x)

Subject to: gi(x) = bi

by using the relation

A, = 3E/3b
1 1

If bi were perturbed so as to relax gi(x) slightly, the resulting change
in £ would indicate the sign of li. This would permit the use of Geof-

frion's method of updating the generation of trial sets, allowing 5% to be



other than @#. Further investigation of this approcach might lead to an
efficient means of addressing the constrained nonlinear programming

problem,
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Maximize f(xl,xz) = 10x1
Subject to: 1. X, + X,
2. xy + 2x
3. X z0
4. X, =0
Start point: (1,1)
Solution point: x = (0,
Binding Constraints: 2
Source: Gue and Thomas
Minimize: f(xl’XZ’X3’X4
Subject to: 1. —x% - x%
2 -xi - 2x
3. -ZXf - X
Start point: (0,0,0,0)
Solution point: x = (O,

Binding Constraints: 1

Source: Kowalik and Osb

Suzuki (32)
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APPENDIX A
ST PROBLEMS
2 2

+ 25x2 - 10xl - Xy - 4x1x2
-9=0
5 - 10=0
5) f(x) = 100
and 3
(22)

2 2 2 2
) = X + x, + 2x3 + X, - 5x1 - 5x2 - 21x3

94

! 7x4

2 2 -

- x3 - x4 - % + x2 - x3 + x4 +8=z0

2 2 2 _
9 - x3 - 2x4 + xl + X, + 10 = 0
2 2 -
5 " x3 - 2x1 + X,y + x4 + 520
1,2,-1) £(x) = -44
and 3

orn (24) but originally due to Rosen and



Minimize: f(xl’XZ’ 1 9

+ 2x.x,. + 2% X

172 173
Subject to: 1. Xy =z0
2. X, z 0
3 Xq E

4. Xy - X, - 2x3 + 320

Start point: (1,1,1)
Solution peoint: x = (&4/3, 7/9, 4/9)
Binding Constraints: 4

Source: E., M. L. Beale (1)

Minimize: f(xl’XZ) = xi -+ 3X; - 4x3 - 12x§
Subject to: 1. Xy z0

2. X,y =z0

3. Xy - ¥y 3z0

& -xf + 3x1 - 4x2 +2=0

5. X, - 2.5z 0

Start point: (1,1)
Solution point: x = (1.28, 1.05)
Binding Constraints: 4

Source: €. R. Swenson {(37)

x3) =9 - 8Bx, - 6bx, ~- 4x3 + 2x2

£(x) = 1/9

£(X) = -12.58

+ 2x2

2

+X2

3
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P-5 Minimize: f(xl’XZ’XB) = x:13 - 6x% + 1lx1 + Zq
Subject to: 1. -xi - xg + xg =z 0
2, x%+x§+x§-4%0
3. -Xg + 5z 0
4 X z0
5 X, z0
6 X, =0

Start point: (0,1,1)
Solution point: x = (0, J2.¥D
Binding Constraints: 1, 2, 4

Source: TFiacco and McCormick (15)
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RFOR, IS MAIN
FOR S9A-00/22=12:25 (+0)

MAIN PHUGGRAM
STORAGE USED: CODE{(1}
COMMON BLOCKS:

0003 BLOKA 0C0150
0004 BLOKB 064573
0005 BLOKC 000004
0006 BLOKD 000DOL
0067 BLOKE 000013
0010 BLOKF 000001
o011 BLOKG 000024
poi2 BLOKH Q00002

EXTERNAL REFERENCES (BLOCK,

0013 ROSEND
Lol4 Cl
0015 GETWS
0016 PENSOL
0017 cTEST
0020 CHECK
0021 MINTHS
QgQ22 MNROUS
o023 NIOLS
0024 NIo2%
0025 MWDUE
0026 HSTOPS

STORAGE ASSIGHMENT (BLOCK,

0000 ogQola 1F
0001 000031 1326
000G 000076 16F
0001 000342 24L
0001 000295 2556
0001 000373 3236
0001 0go456 3566
0000 D00G36 SF
600G 1 000006 I
6010 1 0000VO ISWIT
0005 000001 LCOUNT
o0go7 1 0Q00G0Q P
0003 R 000106 SN
0004 I 064570 TOTV
0003 K 0000V0 X

000466F DATA(O) Q001157 BLANK COMMON{Z2} 000000

NAME )

TYFE, RELATIVE LOCATION,
agal 000160 loL 0000
0001 000204 14l anol
0001 000266 20L oool
0001 000233 2406 onol
0001 00051l 2776 Gool
0001 poo464 3I3L oool
0001 000073 5L onol
0011 K 000012 AX 001%
0006 I 000000 ICOUNT 0000
0005 1 000002 ITRMAX 00Q0
0003 I 000L45S M 0004
0000 I oodo02 @ 0000
0012 R DOODODL SUSMIN o007
0012 R 000000 TRUVAL 0003
0000 I 000000 Y 8000

=l 2320 e T

NAME}

Q0005n
000062
00014g
000234
000433
000401
GOQlily
0000Q0p
o0po07
0do01p
043120
000004
000001
000145
000003

12F
145G
2006
2426
29L
3306
218
cl
IROW
J
MNEW
R
SUSP
U

Z

0001
0040
0001
000l
0000
0001
0001
0004
d0u5
0003
0004
0003
0000
2004

oo0u23
00UL62
000312
Q00343
000Uls
000422
000131
064071
000ulp
Qoouiu7
021450
000u50
poouwol
000600

1256
15F
22L
25L

3F
3376
7L
CUTOF
ISTAGE
K
MOLD
RN

T
YIOLAT

aoQo
0001
0001
bool
0001
0001
0000
[thH
0005
0000
¢ou3
06000
o011
0003

DO -~

000056 13F
000302 1575
000221 2316
000246 251G
000364 3206
GOoLuL 3526
000024 &F
064572 £0
000003 ISTEMX
CoND1L L
guolas N
o00p005 S
000000 TEMPX
000012 W

0f



00100
00100
00100
00100
00100
00161
00103
00103
00104
00105
00lue
00107
00110
00111
00112
00113
00114
00131
00134
00134
00134
00134
00i36
00137
00141
00143
001luy
00147
00150
00150
0015y
001549
00150
00153
00154
00155
00156
00161
00163
0dled
00165
00166
00167
00170
0Ul71
00171
00171
00171
00171
00173
00175
go204
00204
00205

1%

I
Lok
S
6%
T
et ]
g%

10*

11

12w

13

ly»

1lo*

lox

17«

o=

19*

20

21%

22%

23%

24 %

25%

2hx

27x

28

29

LIRS

S1%

S

S5%

Sy

A5 %

R

IT*

38

3G9%

40%

Gy

L ¥-2 4

3%

By

45%

Yex

47x%

4G

Y9

S0=

Slx

2

53%

S5y

NnoOOaOo0

ano

2 X2EzK 2]

o0

FORTRAN WV FOR UNIVAC 1108
CONSTRAINED NONLINEAR OPTIMIZATION
WITH POWELL PENALTY FN AND ROSENBROCK SEARCH

COMMON/BLOK A/X(10) yw (302 RNI30}sSNI30) rNsMpUeK
COMMON/BLOK B/VIOLAT{300,30) rMOLD (300,30) »MNEW(300¢30) 2 TOTVICUTOF
* FO

COMMON/BLOK C/ISTAGE s LCOUNT ¢ ITRMAX » ISTGMX
COMMON/BLOK G/ ICOUNT

COMMON/BIL.OK E/PiSUSP(10)

COMMON/BLOK F/ISWIT

COMMON/BLOK &/TEMPX{10}1AX(1U}

COMMON/BLOK H/TRUVAL ) SUSHIN

INTEGER YrUrTePeQeZs TOTVeVIOLAT

FORMAT (3F10.7+4I5¢/(10F10,3))

READ (S5r1) CUTOF¢ReSeNeMy ITRMAX, ISTGMX s {X{1}#1=1sN)
0o 2 IsleN

TEMPX(1)=X(1)

SOLVE UNCONSTRAINED PROB. USING ROSENBROCK

CALL ROSENB

IF (ISWIT ,NE, 1) GO TO B

WRITE (6¢3)

FORMAT (1X.28HUNCONSTRAINED 50L. UNBOUNDED)
DO 4 I=1«N

AXIIY = X(I

IF (ISWIT ,E@. 1) AX{I} = AX(I)/1000

USING UNCONSTRAINED SCLUTION DETEFRMINE WHICH
CONSTRAINTS ARE VIOLATED AND FILL YIOLAT MATRIX

ICOUNT = 0
IROW = 0
K=0

DG 7 I=leM

IF (CI{I} LLT, 0.0} GO TQO &
VIOLAT(I»1)=0
60 TO 7

6 TOTV = TOTV+l

IROWSIROW+1
VIOLATUIROWI)=1
MOLDIIROW 131
CONTINUE

IF NO CONST. ARE VIQLATED BY 50L, TO UNCONSTRAINED PRB(OPTIMAL
OCCURS IN FEASIBLE SPACE

IF (TOTV .NE. 0} 60 TO 10
WRITE (6:8) FOriX{YleY=1eN)

8 FORMAT (14Xs6HF (X] =¢1PEL17.6/17XKs3HX =+ 1PBELT .6/

1 20X+ 1P6ELT,6))
WRITE (6:9)

L



00207
00210
00211
00212
pozi2
poziz2
ooz12
ooz12
00213
oo21s
00217
00220
00223
o022y
00225
00235
00235
{0236
00247
00250
00250
gu2s0
0uz250
00253
00254
00257
00260
00262
00262
00262
00262
00263
00264
00266
b02e6
00266
00266
00266
00268
002749
Go27v1
00272
00273
00274
00275
002786
003vul
00303
0os04
00305
Gos0e
Qo310
00311
00312

hew
b
57
oE*
o9x
o(*x
61%
2%
6%
bix
B65%
Gon
aT*
bx
by
Tux
71x%
T2
Tiw
Ty
759%
Tox
T
Ta=x
T9%
40x%x
Hlw
82
-1
LR
45
de*
BT*
daw
HYx
Q%
91
92%
Q3%
ik
Y5k
Yo
97x
8%
9gx
100
101%
192
103%
LU
1056%
106%
U7
1U8*

oo0o0

aReNal OO0

[sRsRalakel

10
i1

12
13
14
15

16
17

18
1

20
21

22
23

2%

FORMAT (10X»50HUNCONSTRAINED OPTIMAL QCCURS WITHIN FEASIBLE SPACE)
GO TO 33

TOTV = 0.0

K = K+l

IF ITERATION NUMBER EXCEEDS N0, OF COMSTRAINTS: NO FEASIBLE 50i.
EXISTS

IF (K «LE, M} GO TO 14

WRITE (6¢12)

FORMAT [10Xr27HNO FEASIBLE SOLUTION EXISTS)

WRITE {(&p13) ICOUNT

FORMAT [10XeSHICOUNT =,15)

GO TG 33

WRITE {6+15) KeFOrixX(I}eIz1,N)

FORMAT (14Xe3IHK =2 129X 16HF (X} ZeIPELT 675X 3HX =+ 1P6ELT 6/
(20X+1PBEL17.6))

WRITE (6+16) ({(MOLDII,J)»J=1910),151+IR0OW)

FORMAT {10Xr1012}

DO 25 Uz1,IRUW

DETERMINE THE PENALTY FUNCTION AND SOLVE FOR a4 NEW X vECTOR

CALL GETWS
DO 18 I =1,M
RN{II=R
SNII)=S

CALL PENSOL
DETERMINE IF NEW X VECTOR VIULATES ANY CONSTRAINTS

CALL CTEST
IF (TQTV ,Mt. 04) G0 TO 24
IF (P .NE. U) GO TO 22

IF WE HAVE A SUSPECTCD OPTIMAL: REDUCE THE CUTOF VALUE TO MOVE
CLOSER TO THE EXACT OPTIMAL AND SEE IF OPTIMALITY TEST STILL
SATISFIED

ITRMAXZ{ITRMAX/2)
CUTOF={CUTOFE/1001}
Pzl
CALL PENSOL

ITRMAX=2xI TRMAX
60 TO 20

DO 23 I=1fN

SUsSPLIT=xX{1)

SUSMIN = TRUVAL

ITRMAXS{ITRMAX/4)
CALL CHECK

IF (P +EG, 8&8) &0 TQ 33

ITRMAX=UxITRmMAX
G0 TO 25
TOTvV=0

4



00313
00315
00316
80317
6032
00325
00327
00332
00335
00336
004541
00543
00344
00345
00347
00351
00354
00355
00360
00362
00364
00365
00366

109%
110%
111%
112%
113
1lu*
115%
116
117%
118%
1ig¥
120
121
122x%
123
124%
lZ5%
126%
127%
1268+
129%
130
151

ENU OF COMPILATION:

25
26

27

2R

29
30

31
32

33

CONTINUE
Z=IRCW
IROW=0.0
0O 3¢ G=1.2
DO 29 L=1,M
IF (VIOLATIG)L) .Ed,. 0) 60 TO 29
DO 27 T = 1K ‘
IF (L .EQ. MOLD{GsT)) GO TO 29
IROW=IROW+1
DO 28 J=1/K
MEEWEITROWrJISMOLE{Qa )
T={K+1)
MNEW{IROWe Tzl
CONTINUE
CONTINUE
D0 32 I=1,IROW
T=iK+1)
20 31 Y=1,T
MOLD{I+Y)=MNEW{T,Y)
CONTINUE
GO TO 14
COMTINVE
END

NO OIAGNOSTICS.

19



RFOR,IS GETWS
FOR S9A-~06/22-12:25 {0}

SURROUTIMNE GETWS

ENTRY POQINT 000050

STORAGE USEDY CODE(1) Q000555 DATALO) 0000213 BLANK COMMON{2) 0p0O000

COMMON BLOCKS:

oop3
0ous

BLOKA
BLOKS

0
b

00150
64573

EXTERNAL REFERENCES {BLOCK, NAME)

0005 MWOUS
pogs  NIC2S
0007  NERR3S

STORAGE ASSIGHMENT {BLOCK, TYPE, RELATIVE LOCATION, NAME}

0000 000002 IF 0001l 000015 1126 0ngl  00003p 1226 0001  0g0uw23 3L
00D% 064571 CUTOF 0004 064572 FO 0000 000007 1INJPS 0000 I 000UO0Ll
0003 I 000145 M 00UL Q43120 MNEW Ono4 1 021450 MOLD 0003  000L44 N
0003 00010s SM 0004 064570 TOTV 0003 I 00014g U 0004  000wO0 VIOLAT
0003  000DDO X

00101 ix SUBROUTINE GETWS

00103 2% WRITE (Bel}

pUL05 3% 1 FORMAT {1X,SHGETWS)

00105 yx

00105 5« C THE VALUS IN THE MOLO MATRIX IDENTIFY THE CONSTRAINTS THAT ARE TO

00105 6x  C BE DRIVEN TO EQUALITIES IN THE NEXT ITERATION

00105 7*  C

00106 g COMMON/BLOK A/X{10)}+w(30) ¢RN(ID) )SNE30) 1NyM UK

00107 9x COMMON/BLOK B/VICLAT (3004300 +MOLD{300,30) +MNEW ({300,303 +TOTVCUTOF

00107 10% * FO

00110 11% INTEGER Belrw

00111 12% DO 2 B=ZlrM

naile 13% 2 WiB}=g

o0ile 14x IF(K «NE. 0) GO TO 3

00120 i K=1

00121 1% 3 D0 4 JT1eK

00124 17% BIMOLD(UrJ}

00125 18% 4 wig)=1

00127 19% RETURN

00130 20% END

0000 I 000000 B
0003 I 000147 K
0Do3 000050 RN
0003 I Q00012 W

YL



RFORy 15 PENSOL
FGR 59a~06/22~12:25 §,0}

SUBROUTINE PENSOL

STORAGE USED:

CODE(1) 000u15;

COMMON BLOCKS:

2003
GOok
0005
uoone
o007

BLOKA
ELOKB
BLOKD
BLOKF
BLOKG

000150
CO45TS
000001
000901
000024

EXTERNAL REFERENCES (BLOCK: NAME)

0010
0011
0012
0013
0014
0015

STORAGE

0000
000l
0001
0001
0001
0001
oool
G010
0004
0000
0004
0007
0003

00101
00103
00165
00105
00105
00105
00105

R
]
I
1

R

cI

ROSENH
NWDU®
Mio2%
MIO1S®
MERK 3%

ASSIGNMENT

000557
ooo2u7
400065
000273
oop221
000321
0006100
000000
064572
000555
021450
000000
odgeuo

1%
2%

Yy
5%
Y3
T*

e e Rz Nyl

iF
130
1506
191
2326
2716
7L
[
FO

o
MOLD
TEMPX
X

(BLOCK, TYPE,

0001 000155
0001 000041
0000 a00576
0000 000607
0000 000621
0001 po0gus
0000 g00562
D000 R QO0DOOO
0000 1 000554
0003 I 000147
0003 1 000144
0004 064570
0600 1 000550

SUBROUTINE PENSOL
WRITE {6r1)

1 FORMAT

[1Xy6HPENSOL)

ENTRY POINT D00404

DATA(O0) 0006533

ioL
1306
16F
20F
24F
3L
9F
CK

1

K

N
TOTY
ZuLu

BLANK COMMON(2) 000000

RELATIVE LOCATICM,

0000
gool
opol
Ogcol
0901
0opo1
0600
00go
0905
0000
0003
0003

R
R
I
1
R
1

MAME )

000570 11F
0og225 16l
000111 1646
000161 20676
000233 2426
005337 3026
000552 ALARGE
000556 CNEW
000000 ICOUNT
000551 L
000050 RN
000itg U

0001
000l
0001
00901
0001
o001
0007 R
0000 R
0000
0063 I
0003 R
0004

PENSOL CONSTRUCTS THZ POWELL PENALTY FUNCTION, VARYING THE
PARAMETERS AS NECESSARY

00002
000uSY
000266
000451
00DobL
000ubn
000ulg
Q00u53
000033
000145
000106
0000600

121
1416
174
22L
251
L18

AX
coLb
INJPS
M

SN
VIOLAT

000!
gool
0001
cool
0001
0001
oood
Goo4
0006
goo4
0000
0003

000025
006227
000271
G00356
000366
000060
00c074
Geus571
00000¢G
043120
000036
oon012

1235
151
181
23L
261
(-1

BX
CUTOF
ISHIT
MNEW
S0

74



001058
00107
goloy

00110
00111
ool12
00113
0Dl14
00115
colie
ouLiv
00120
GoL22
G0125
00127
00132
00134
Q0135
Qo137
00140
00143
00145
00lue
0147
00152
00154
00155
col56
00160
00161
00163
00le6
06171
00175
00176
00200
gozo2
00204
00204
go0z204
00204
00206
00211
00213
0oz2iy
Go0z215
00221
00222
00224
00225
G0226
60227
00231

Bk
Qk
10%
11%
12x%
13%
lix
15*
lgx
17»
1=
19
20%
2l*
22%
23%
24
2h%
26%
27
2%
29K
SQ=
Jl=
a2
3 3%
Sipx
S5%
Jp*
37
Jgx
39x
4w
41
4 2%
LT
Gipw
G5%
L 1%
47*
La*
49k
SU*
o1%
o2 %
53x
DYk
S5%
b=
57=
S8%
59x
b=

(s XsXy]

10

11
12

13

COMMON/BLOK A/ZXL10)rw {30} RNI3G)»SN{IC)eNM UK
COMMON/BLOK B/VIGLAT (300,30 1MOLD{3G0,30) yMNEWL306,30} rTOTVCUTOF
* FO

COMMON/BLOK D/ICOUNT

COMMON/BLOK F/ISWIT

COMMON/BLOK G/TEMPX{10),AX{10;

DIMENSICON CK{30keS0130) vBXL30, 100

INTEGER o UrZULY

L=4a

ALARGE = 104030

COLOZALARGE

IF (K JEG. 3} GO TO 4

BO 3 I=1eM

IF (1 .NE, MOLD(U»1)) GO TO 3

DO 2 J=LleN

X{J1zBX (I}

G0 TO 19

CONTINUE

60 TO 19

DO 5 1 = 1N

X{I)=AX(I)

G0 TO 19

J =0

DO T I=ieM

1IF twlI) ,EQ. 0) GO TO 7

JEJ+L

CRiIZCIL

CONTINUE

CHNEW=0.0

IF (J +EQ, 0) GO TO 25

Do B I=1.J

IF (ABSICK{I)) +GYT. CNEW} CNEWSABS(CK(I}}
WRITE (&%) CNEWrJ

FORMAT [1uXs0HCNEW =, 1PELT.1U,5Xr3HJ = I2)
IF (CNEW oLT. CUTOF} &0 TO 26

IF {CNEw .GE. COLD) GO TO 13

IF (L «NE. 1) GO TO 10

IF (CNEW .GT. COLDZ4) GO TO 15

CONVERGING FAST ENQUGH = = REDUCT PARAMETER S ONLY

DO 12 I=1+M

IF (wi{l) LEQ. 0) GO TO 12
SC{I)=SN{D)
SNUI}=SN(IN+CI{I)

WRITE (6s1117 SN{Llel
FORMAT (10Xr@HSN =r1lPE17410¢5X¢3HI =¢12)
CONTINUE

L=1

GO0 TO 18

CHEW=COLD

IF (L «NE. 1) GO TO 15

DC 1y I=ieM

9L



00234
00236
00237
00237
00257
00237
0024l
Qo244
Qo246
go250
00251
00252
00267
00260
gozez2
C0263
00263
0Cz63
Q0263
002e4
coze5
G0266
coz7s
c0275
00276
00300
[SACRTVRY
00304
00305
00305
Coags
00305
00510
0os1z2
00313
00315
00316
co317
00320
00321

61%
b2%
B3%
Bl
6h*
1%
67*
bi*
b9=
70
Tix
Tax
73w
Tyx
ToH%
Tox
7T
Tox
79
YG=*
81
B2=x
83x
Hgx
Bo*
Box
Y7%
8a=
HB9x
Qo
Gl*
9ox
GR%
Yk
Y9ow
Y
9T=
YH*
99x%
100=

END OF COMPILATION:

OO

[sXs Nyl

(2N ol

14

15

16
17

18

19

20

21

22

23
24

25
26

IF (Wi(I) (EQ. 0) GO TO 14
SN{II=50¢1)
CONTINUE

NOT CONVERGING FAST ENOUGH = = REDUCE PARAMETERS R AND 5

DO 17 I=1/M

IF (wil} JEQs 0) G0 TO 17

IF (ABSICI{I)) LLT. COLD/4) GO TO 17

SN(I) = 5n(1)/10

RN{IY = RN{I}/10

WRITE (6:16) SN{I}eRN(I)/]

FORMAT (10Xr4HSN 29 1PEL7.105X,4HRN =2 1PEL17,10+5X3HI =12}
CONTINUE

L=0

COLD=CHEW

IF CURRENT PROB WAS UNBOUNDED, RESET START PT AND TRY NEXT SUBPROo

CALL ROSENB

ICOUNT = ICOUNT+1

WRITE (6s207 FOriXII)eIZieN)

FORMAT {14X06HF(X) =»1PEL1T7.6/1TXs3HX= »1PEE17.6/
120X:1P6ELT .0} )

IF (K JNE. 1) GO TO 22

ZULU = MOLDtU, D)

00 21 ISLlWN

BXAZULUSI} = X(I)

IF (ISWIT LEQ. 1) BX(ZULU,I) = BXx{zZULU.1)/1000

IFf CURRENT SUBPROB. UNBOUNDCED, MOVE ON TO NEXT SUBPROB.

IF (ISWIT .Eu. 1) GO TO 23
GO T0 6

WRITE (Hr247}

FORMAT {1X,9HUNBOUNDLD)

GO TO 26

CALL ROSENS

RETURN

END

NO  DIAGNOSTICS.



RFOR IS CTEST
FOR S9A-06/22=-12125 (,0}

SUBROUTINE CTEST

STORAGE USED: CODE(l) 000055; DATA(O) O0000L5: BLANK COMMON({2) 040000

COMMON PLOCKS:

0002
9004

EXTERNAL REFERENCES (BLOCK:

0005
0006
G007
0010

STORAGE ASSIGNMENT  (BLOCK, TYPE,

0009
0004
0003
0003
0003

00101
00103
00105
pol05
00105
go105
001G5
20106
oQio?y
001067
¢o011v0
golil
o011y
00116
00117
00120
golzl
po1z2
00124
60125

BLOKA 000150
BLOKB 064573

Cl
NWDUS
NIQ2%
NERR3$%

ENTRY PGINT 000051

NAME}

RELATIVE LOCATION, NAME}

agoo0l 1F 0001 poo0011 1126 onal 000028 2L 0001 000u3e 3L
R 0puS7L CUTOF 0004 064572 FO 0000 I 000000 0000 DOQUOS INJPH
1 000145 M 0004 043120 MNEW o004 021450 MOLD 0003 000444 N
000186 SM 000y R Q64570 TOTV 0003 I g0Diug U 0004 R 0Q0U00 VIOLAT
000000 X
1= SUBROUTINE CVEST
o* WRITE (6:1)
J* 1 FORMAT {1X,S5HCTEST})
Yk C
5% C CTEST DETERMINES WHICH CONSTRAINTS ARE VICLATED BY THE PRESENT
6x [ SOLUTION
T C
H* COMMON/BLOK A/X(10) ¢ w(30)+#RNL30) +SNIIQ) sNaM, UK
9% COMMON/BLOK H/VIOLAT(300,30)¢MOLD(300,30},MNEW(300,»30)+TOTVICUTOF
10=* ® Fo
1l= INTEGER U -
12= DO 3 IZ1rM
13% IF {(CItI) LT, {=CUTOF}} GO TO 2
ly= VIOLATIU,I)=0,0
15% G0 TO 3
lox 2 ToTv=TOTV+i
17 VIOLAT(U,I}=1
18 3 CONTINUE
19%x RETURN
20% £ND

0005 R 000000 CI

0003
0003
0003

000147 K
000650 RN
060012 W

8.



BFOR¢IS CHECK
FOR S9A-06/22-12125 (,0)

SUBROUTINE CHECK ENTRY POINT 000130

STORAGE USED! CODE(1) Q00137+ LATA(O) 0000521 BLANK COMMON(2) 000000
COMMON BLOCKS:

0003 RBLOKA 000150
ooy BLOKE 064573
0005 BLOKD 000001
0006 BLOKE 000013
0007 BLOKH 000002

EXTERNAL REFERENCES (BLOCKy NAME}

oo1lc PENSOL
0011 CI
ooia2 NWDUS
0013 NIo2%
ool NIOL1%
0015 NERRSS

5TORAGE ASSIGNMEMT (BLOCK, TYPE, RELATIVE LOCATION, NAME}

Bog0 000003 1F 0001 000011 1156 0001 000024 1206 0001  000w73 144G
0000 000005 SF Q0G0 000012 6F 00p0 000024 7F 0001 000110 8L
0011 R 00COUD CI1 0004 R 064571 CUTQF 0000 I 000000 F 0004 064572 FOQ
0005 I 000000 ICOUNT 0000 000034 INJPS 0003 I 000147 K 0003 I 000145 M
0004 1 021450 MOLD 0003 I 000144 N 0006 I 000000 P 0003  000u5D RN
0007 R 000001 SUSMIN 0006 k 000001 SUSP 0004 064570 TOTV 0007 00000 TRUVAL
0004 000000 VIOLAT 0003 1 000012 W 0003 000009 X G060 I oODOuD2 Y

00101 1% SUBROUTINE CHECK

00103 2% WRITE (6¢1}

00105 I 1 FORMAT (1X%s3HCHECK)

00105 4% c

00105 5= C CHECK DETERMINES IF THE SUSPECTED OPTIMAL IS IN FACT THE TRUE OPT

00105 6x C

00106 7% COMMON/BLOK A/X(10)eW(30) rRNI30) SNLI0) rNyM, UK

00107 8x COMMON/BLOK B/VIOLAT(300+30)rMOLD(300,30) rMNEWL300¢30) e TOTVsCUTOF»

0c107 9 * FO

00110 igx COMMON/BLOK L/ICOUNT

00111 lix COMMON/BLOK E/PeSUSP(10)

00112 12% COMMON/BLOK H/TRUVAL»SUSMIN

00113 1% INTEGER FeGriwrUrYesP

. oool
0001
goo0 I
oco4
0003
0003 I

000033
00011y
00go0l
043120
000106
000146

3L
aL

G
MNEW
SN
U

64



00114
00117
go122
ovizs
o126
o127
00130
Q0131
adlaz2
0G13s
00136
00149
00141
00150
00150
00151
00153
00155
00156
00157
00160
00161
00162
00163

lyx DO 4 F=1:K

15x= DO 2 GzlM

l16* IF (1G=MOLD1V¢F)) LEG, Q) 60 TO 3
17+ 2 CONTINUE

1= 3 WiG)=0

19% CUTOF = (CUTUF/100)

20* CALL PENSCL

21 WiG)=1

22% IF (CI(G) «oE, (=CUTOF3}} GO TO A
23% 4 CONTINUE

24* WRITE (6:5}

25% 5 FORMAT (10X+20HOPTIMAL SOLUTION IS}
26= WRITE (6+6) SUSMIN: (SUSPUY):YZ1ieN)
27 6 FORMAT (14Xr0HF(X) =+1PELT.6/1TXe3HX =2 1P6ELT 6/
2o 1 120%s1PEE17.6))

29x WRITE (6:7) ICOUNT

k3o 7 FORMAT (10Xr8HICOUNT =,I5)

31x p=8aas

Iz G0 TO 9

33% 8 pP=0

Syx CUTOF = {CUTUF*10000)

35% 9 CONTINUE

3nx RETURN

I7% END

ENU OF COMPILATION:

NO  DIAGNOSTICS.
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BFOR+ IS FOFX
FOR 59A=06/22-12:25 (.0)

FUNCTION FOFX

ENTRY POINT 000060

STORAGE USED: CODE(1} 000064%7 DATA(O) GO0015; BLANK COMMON(2) 00000

COMMON BLOCKS?

0oo3

BlL.OKA

000150

EXTERNAL REFEREMCES (BLOCK, NAME)

0004
0005

ci
NERR3J%

STORAGE ASSISNMENT {BLOCK, TYPE» RELATIVE LOCATIOM, NAME}

0001 000044 L 0001 000026 1106 0004 R 000009 CI 0000 R 000w0Q FOFX
Gooo 000006 INJPS 0003 000147 K 0003 I 000145 M 0003 000144 N
0003 R 000106 SN 0000 KR GOOO0O1l TRUVAL 0003 000146 U 0003 I 000ulz W

guicl
60101
o101l
ouiol
00101
00101
oolol
00103
00104
00105
00105
0o0l06
00107
00112
00114
00115
00117
00120

1% FUNCTION FOFX(DUM)

2% C

J% [ FOFX EVALUATES THE PENALTY FUNCTION FOR THE CURRENT VALUES OF X(I)
L4k [ ;

5% c IF A MINIMIZATION PRUBLEM»

6* g ALTERNATE METHOD === CHANGE «GEs TO .LEs AFTER COMMENT C9999,

Tx

8> COMMON/BLOK AZX{10) W (30) rRNLIO)sSNI30) rNeM, UK

g INTEGER W
1p= FOFX==10%{X (1) }=25%x{X{2) 2+ {10% (X (1) *%2) )+ { (X {2) 1 wk2)+0x{((X{1))n(X(
1ix *2)11)

12% TRUVAL = FOFX

13% DO 1 I=1lM

lyx IF (WII} +EQ. 0} GO TO 1

15* FOFX=FOFX+W{L) % CCILI}#SNII)Inx2)} /RN(])

lox CONTINUE

17+ RETURN

1ax= END

END OF COMPILATION: NO DIAGNOSTICS.

00p0 I 000002 I
0003 R 000050 RN
0603 R 000000 X

18



RFOR, IS CI

FOR 594-06/22=-12:25

FUNCTION I

STORAGE USED? CODE(1} 0000543 DATA(D} 000012F BLANK COMMON{2) 000000
COMMON BLOCKS?

pog3

BLOKA

(e0}

ENTRY POINT 0049050

pO01S0

EXTERNAL REFERENCES (BLOCK: NAME)

0004
0005

MERR2%
HERR 3%

STORAGE ASSIGNMENT (BLOCKe TYPE, RELATIVE LOCATION, NAME)}

00p01 opopiz2 1L 00ul 000021 2L 0no1 000031 3L
¢0Q0 pooOGLE INUPS cuo3 000147 K 0003 000145 M
0003 000106 SM Q003 p0Gl4p U o3 000012 W

golol 1= FUNCTION CI(I)

001Gl 2n c

00101 -1 Cc CI{I) EVALUATES THE CONSTRAINTS

ov101 L1 Cc

00103 5% COMMON/BLOK A/X(10)ewW{30)+RN{30),SN(30)eN)MUsrK

ouloy -1 ] GO TO (1s2+13rH)e]

00105 7% 1 CI==Xi{l)=X{2)+9

00106 B RETURN

ooi07 9% 2 CI==X{1)=2x(A(2})+10

culii0 1= RETURH

00111 li* 3 CcI=X(1)

goli12 12x RETURN

00113 13 4 cI=X(2)

0011y 14 RETURN

00115 15= END

END OF COMPILATIONS

NO DIAGNOSTICS.

0001 DOOUL36 4L
0003 000144 KN
0003 R 000u0D X

00p0 R 000600 CI

0003

000050 RN
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RFOR, IS RUSENB
FOR S9A=0b/22=-12125 (,0)

SUSROUTIMNE ROSEKB ENTRY PQINT 000621

STORAGE USED: CODE(1l) 000636F DATA(D) 0006109 BLANK COMMON(2) 0g0QQ0

COMMON BLOCKS:

0003
o0y
00csS
Boge

BLOKA 000150
BLOKB (64573
8LOKC 000004
BLOKF 000001

EXTERNAL REFERENCES (BLOCK: NAME)

0007
uaio
0011
0012
0013
Q014
0015
0016

STORAGE

0000
0001
0001
0001
0001
0ool1
00061
0000
0000
0000
0006
0000
0004
0003
0000
0004

00101
00103
00105

- T X

R

FOFX

LINES

BUMP

MNWDUS

Hlo2%

S5aRT

NSTOPS

HERR3%

ASSIGNMENT  (BLOCKy TYPE, RELATIVE LOGCATIOM, NAME)

000534 1F 0001 000163 11L 0001 000222 13L
0001905 1466 0001 000121 1556 o0nol 000305 16L
000201 2016 0001 000274 224G 0001 000345 2u4G
000374 2606 0oul 000377 2636 onol 000424 274G
0pou37 3026 0001 000447 3076 0001 000565 31L
000570 32L 0001 000476 324G 0601 0B0S77 33L
000553 3526 0001 000115 6L dool 000127 8L
000000 ALPHA 0000 Kk 00D144 BETA 0004 064571 CUTOF
000521 DUM 0000 R 00500 E 0004 R 064572 FO
000524 | 0000 I 000523 IK 0noo 000557 INJP$
000000 ISWIT 0000 1 000516 ITRIAL 0005 I 000002 ITRMAX
000526 L 0005 1 000001 LCOUNT 0003 000145 M
021450 MOLD 0003 1 000144 N 0000 I 000515 NCASE
000050 RN 0003 000106 SN 0000 R 000513 ST6
000530 SUMRT] 0004 pBUSTO TOTV 0000 R 000514 TRI
000000 VIOLAT 0003 I 000012 W 0003 R 00000 X

i SUBROUTINE ROSENB
2% WRITE (6+1)

5= 1 FORMAT (1X.6HROSENS)

0001
0ol
0001
06001
o001
0uo1
0dui
00060
ooou7
0005
0000
0000
0000
0060
0dp3
0000

TO bt b e 5D

000cuy
000142
00034g
pooueY
000465
00oo22
00GgLl3l
000466
oQounp
000000
000522
000531
000517
000027
000446
000512

14
1056
247G
AL
3136
3346
9L

D
FOFX
ISTAGE
J
MMG
NL
suUM
v]

Y

0001
Qo001
0ool
0001
0001l
0gol
0009
00Q0
0000
0005
0003
0oo4
0000
0000
0000

000104
000315
000360
000%61
020470
000534
060454
000532
000525
000003
000147
043120
000520
000533
000310

1435
171
2556
30L
3176
3426

poT
ISTGMX
K

MNEW

NXTMAX
SUMRT

€8



00106
00167
00107
00110
00111
gol1i2
00113
0011y
00117
co1z20
o1zl
golze
noied
ooizy
00125
poi1z27
00131
0ul32
00134
00135
00157
ou140o
00141
00142
00145
00150
00152
00154
00157
00lel
00161
00163
00164
00167
00171
00172
00174
00175
00175
00175
00175
00176
oo0z00
00203
00205
pozoe
G0210
ooz211
opziz
00213
00214
po2le
00217
oDzz21

Lok
Bk
[
Tk
§%
gx

i0=

11

12#

13%

1y

LY

lg»

17%

1o

19

20%

21%

22%

23%

24

2b*

26%

27 %

28*

29

30

Sl

2%

33%

Sy

S5%

Shx

37T

8%

39x

EXIES

1%

L2x

Ly Bk

iy

45%x

Yo%

4T

G5%

4Gx

S0*

S1%

b2x%x

b3
oY=

55%

S6x

57

(s X3 X el

[a 40

=N JRe - JEN

11

12

13

14

x

COMMON/BLOK A/X(10)+w (30)+RNC3I0} s SNI30) o NsM, UK

COMMON/BLOK B/VIOLAT{30030) rMOLDI30G,30) 'MNEW(300+3063TOTV,CUTOF»

FG

COMMON/BLOK C/ISTAGE:LCOUNT ITRMAX» ISTGMX
COMMON/BLOK F/ISWIT

DIMENSION ALPHA(10+10)BETA(L10¢10)eV(10¢10),A(10),D010)(ECLID)
INTEGER Yrw

DATA STG/6HSTAGES/s TRIZGHTRIALS/
NCASE=D
ITRIAL=0
ISTAGE=0
LCQUNT=O
NCASE=NCALE+L
NL=N+8

IF

NXTMAXZTS®N

IF
IF

(N .GT.

(ITRMAX
[ISTGMX

6) NL

LT,
LT,

FOZFOF X{CU4)

IF

(ABS{FO)

ISWIT=1
G0 TO 33
CALL LINES

Do 5
DO &
VIiJe IKIZ0.0

ViJrd!=1.0

Do 7

AlJdiz=2.0
D(J)=0.0
E(J)=0.1

i1

DO 10

LT.

{hL)

J=1 N
IK=1+N

JS1eh

J=1ed

=2xN+9

1) ITRMAXSB0*N
1) ISTGMX=25%N

10,04x20) 60 TO 3

XAJY=X{JPHELL) =V (T )
F1=FCGFX{DUM)

IF

[ABSIFL}

ISWIT=1
G0 TO 33

.LT'

10,0=%20) 60 TO 11

FOR MIN PROBr CHANGE ,GE, TO ,LE. IN NEXT STATEMENT

IF

Do 12

(Fi «LE. FOQ) 60 YO 13

Y=1¢N

XIYI=X(Y)=E(I)*viIeY)
E(Ii=—«5xE{I}

(ALI) oLTs 1.
GO To 14

IF

DIIV=DIIY+ELL)
E(I}=3«*E{]}
FO=F1

IF (ALl «6T.
ITRIAL=ITKIAL+L
IF (ITRIAL .GT,
IF (NXTMAX .EQ,

51 A(I1=0.0

1.3) A(I}=1.0

ITRMAX} GO TQ 30
ITRIAL)Y CALL BUMP({X»N/NXTMAX FO+ErDr¥)

ROSE 045

e



00223
00226
002340
o022
00233
00235
Q0236
00237
00240
00242
00243
00246
00251
00254
ovzs57
00262
00265
00267
0az72
00273
00276
00300
00301
00304
003U6
00311
pDa12
00315
00516
00321
00323
003286
00339
00332
00333
bU336
00340
C0s41
00344
00346
00350
00351
00354
00356
00357
00360
00361
00362
00364
00365
00366

Sg=
59%
e)*
ol=
}-24
63
[-TE
H5%
bhH¥
6T
bgx
a9x
70«
Tix
Ta*
Ta*
Tux
TH*
To*
Tk
Tax
To*
1rE ]
B1x
B2x
E5*
Bl
B5%
B
BY=
88%
89=%
EDES
91w
Yo
D3k
Yux
5%
96
97 =
9%
Yo%
100=*
101w
1D2=
103%
LU4x
1056%
1Upx*
1U7*
108%

END OF COMPILATION?

15

16

17

18

19
20

21

22

23
24
25

26

27
28
29
30
n

32
33

po 15 J=iei

IF (A(J) .5Ts 0.5} GO TO lb6
CONT INUE

650 TC 17

1F (I +E@, N} GO TO 8
I=I+1

GO TO 9

ISTAGE=ISTAGL+1

IF (ISTAGE .6TF, ISTGMX) GO TO 31
NXTMAX=ITRIAL+TS=®N

po 18 JZ1el

po 18 IK=1+¢N
ALPHA{Jr IK 2V O

po 20 JE1leN

Do 20 Y=1eld

Do 19 L=ueid

ALPHA LU Y }=ALPHALJ» Y)+D{L) *xVIiLP Y}
BETA{JrY)=ALPHALJ Y
SUM=0.0

po 21 YS1eN
SUMSSUMABETA{L» Y %x2
SUMRT1=SQRT{5UM}

po 22 Y=1+N
V(1eY)}SBETA(1,Y)/SUMRT1
Do 28 YS2eN

MMOZY=1

£0 25 J=1eMMO

pOT=0.0

po 23 IK=1'N
DOT=DOT+ALPHA{Y e IK} %V {Js 1K)
Do 24 IK=1'N

BETA{Y P IK}=BETA(Y+ IK)=DOTRV{Jr IK)
CONTINUE

SUM=G.0

Do 26 IK=1'N
SUMSSUM+BETALY ) IK) %2
SUMRT=SGQRT (SUM)

Do 27 IK=IrN
ViYeIKIZBETA{Y» IK}/SUMRT
CONT INUE

SUM=0.0

Do 29 Ix=1N
SUMZSUMAALPHA 12+ IK a2
GO TO &

CALL LINES(NL)

G0 TO 32

CALL LINES(NL)

IF (MCASE .6T. 9) STOP
CONT INUVE

RETURN

END

NO ODIAGNOSTICS.
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RFOR, 1S BUMP
FOR 59A=06,22-12:25 (.0)

SUBRCUTINE BUMP ENTRY POINT 000065

STORAGE USED: CODE(1) 000111} DATALQ) 000030; BLANK COMMON(2)

EXTERNAL REFERENCES (BLOCKr NAME}

0003 LINES
o004 FOFX

0oos NEXP1%
00pe NERR3%

STORAGE ASSIGNMENT (BLOCK, TYPE, RELATIVE LOCATIOM, NAME)

0001 000022 1076 0000 R 00UGO1 DUM 0004 R DOODOQ FOFX
00101 1% SUBROUTINE BUMP(XrNeKeFrErDsW)
00103 2% DIMENSION E(10)/D{10}yX{10)
00104 3% CALL LINES(2)

G0105 o K=K +75%N
00106 5% DO 1 I=l,N
00111 6x D(1)=0.
00112 T* E{I)=0.1
00113 &% 1 X( =X+ (XU /8 Yk (=1 ) %x]
00115 g FSFOF X (DUM)
001ile 10= RETURN
00117 11% END
END OF COMPILATION: NO  DIAGNOSTICS.

0000 I 000QUGD I

ogoo

000007 INJPS

98



GFOR+IS LINES
FOR S9A-06/22-12:25

SUBROUTINE LINES

(e0}

ENTRY PGINT 000024

STORAGE USED: CODE(1) 000026 DATA(D) 000005+ BLANK COMMON(2) 040000

COMMON BLOCKS:

DOo3

BLOKE 000004

EXTERNAL REFERENCES (BLOUCK: NAME)

o004

MERR3%

STORAGE ASSIGNMENT (BLOCKs TYPE. RELATIVE LOCATION, NAME)

0060 000000 INJPS 0003 000000 1STAGE 0003 060003 15TGMX G003 000u02 ITRMAX
00101 1* SUBROUTINE LINESIN)
00103 2% COMMON/BLOK C/ISTAGE/LCOUNT « ITRMAX» ISTGMX
00194 3% LCOUNT=LCOUNT+N
00105 ox IF {LCOUNT LT, 57} RETURN
00107 Sk LCOUNT=N+1
Q0110 o* RETURN
00111 7= ENP

END OF COMPILATION: NO DIAGNOSTICS.

0003 I 000001 LCOUNT

L8
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