-

View metadata, citation and similar papers at core.ac.uk brought to you byfz CORE

provided by Hal-Diderot

HAL

archives-ouvertes

No-arbitrage in discrete-time markets with proportional
transaction costs and general information structure

Bruno Bouchard

» To cite this version:

Bruno Bouchard. No-arbitrage in discrete-time markets with proportional transaction costs
and general information structure. Finance and Stochastics, Springer Verlag (Germany), 2006,
10 (2), pp.276-297. <hal-00003764>

HAL 1Id: hal-00003764
https://hal.archives-ouvertes.fr /hal-00003764
Submitted on 4 Jan 2005

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francgais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://core.ac.uk/display/47127957?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
https://hal.archives-ouvertes.fr
https://hal.archives-ouvertes.fr/hal-00003764

ccsd-00003764, version 1 - 4 Jan 2005

No-arbitrage in discrete-time markets with
proportional transaction costs and general

information structure

Bruno BOUCHARD*!
Laboratoire de Probabilités et Modeles Aléatoires
CNRS, UMR 7599, Université Paris 6
and CREST

email: bouchard@ccr.jussieu.fr

December 28, 2004

Abstract

We discuss the no-arbitrage conditions in a general framework for discrete-
time models of financial markets with proportional transaction costs and general
information structure. We extend the results of Kabanov and al. (2002), Kabanov
and al. (2003) and Schachermayer (2004) to the case where bid-ask spreads are not
known with certainty. In the “no-friction” case, we retrieve the result of Kabanov
and Stricker (2003).
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1 Introduction

While the “insider trading” problem, where the agent’s filtration H is strictly bigger than

the asset’s filtration F°, has been widely studied in the recent literature, see e.g. [}, [H],
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[B] and the references therein, less care has been given to the imperfect information case
where H does not contain F¥. Such situations may arise for instance if the small investor
has not a direct access to the market. In this case, his orders can be executed with a
delay and therefore at a price which is not known in advance, see [] and [[Z]. From the
point of view of the arbitrage theory, the “insider trading” case is well known. Indeed, all
the necessary and sufficient condition for the absence of arbitrage opportunities available
in the case H = F° apply to the general case F° C H. In particular, the usual “no-
arbitrage” conditions imply that, roughly speaking (see [f] and [ for precise results),
prices must be semi-martingales in the filtration H and that there must be an equivalent
probability measure Q under which they are (Q, H)-local martingales.

The case of imperfect information where H C F¥ and H # F° is much more difficult
to handle. In particular, the arguments of [ do not work in this situation. Even in the
case of infinite discrete time, the proof of [[§] does not apply. However, in finite discrete
time, it was noticed in [[[Z] that the proof of the Dallang-Morton-Willinger theorem
reported in [[IJ] still holds up to minor modifications for any given filtration H. In this
case, the no-arbitrage condition is equivalent to the existence of a probability measure
Q such that the optional projection under Q, (E?[S; | H,]);, of the asset prices (S;); on
H = (H:); is a (Q, H)-martingale.

The aim of this paper is to extend this result to the case where exchanges are subject
to proportional transaction costs. In the recent literature, such models have been widely
studied, from the seminal work of [J] to the recent papers [[1]], [[3], [I4], [I7, [I4], [
and [B] among others. The recent abstract formulation consists in introducing a sequence
of random closed convex cones (K;); and describing the wealth process as V; = ngt &

with &, € — K, a.s. The “usual” example is given by

—Kt(w):{xE]Rd:EIaEMd,x<Za” ar? (W), i <d}, (1.1)
j<d
where Mi denotes the set of square d-dimensional matrices with non-negative entries.
Here 7% should be interpreted as the costs in units of asset ¢ one has to pay to obtain
one unit of asset j. If we allow to throw out money, an exchange &; at time t is then
affordable if § € —K; a.s.

In the case of imperfect information, i.e. 7 is not H-adapted, this approach cannot be
used since K is no longer H-adapted. Hence, we have to change the modelisation Instead
of considering the £’s as the controls, we have to rewrite them as & = >~ i<d ' —nlnl,
where 7 is an H-adapted process with values in the set of square d-dimensional matrices
with non-negative entries Mi. Here, nfi is the number of physical units of ¢ we obtain,
at time ¢, against 77/'7/" units of j. Because the & may not be adapted the proofs of [IE]
[[4] and [[7 does not apply to this setting and, in contrast to [[J], we have to work a
bit more to extend their results.

In the above model, we fix the number of units nij of asset j we want to buy and



the number of units of asset i one has to sell is given by n/’m.

In the case of perfect
information, i.e. 7 is H-adapted, one can also fix the amount 7 of units of asset i
one wants to sell and compute 77? accordingly by using the formula f)ij = 77? W,fj . But
in the case where 7 is not H-adapted this is no more possible and one cannot control
exactly 7. This means that orders can be formulated only in terms of the quantity
of units of the asset we want to buy and we shall see in Subsection that, in such a
situation, orders may be non-reversible even in the case of no-friction where 7 = 77¢
for all 7, j < d. Clearly, this is not reasonable and in practice one should also be able to
fix ﬁfj . To pertain for such orders, one can slightly modify the above model by taking
¢ in the form & = Y., n'(1 + )\ij(w)]In{¢<0) — 7 (w) (1 + )‘ij(w)ﬂn?w) where 7 is
H-adapted process with values in the set M? of square d-dimensional matrices. Here, 7%/
stands for the costs in units of asset ¢ one has to pay to obtain one unit of asset j, before
to pay the transaction costs. The transaction costs 1’7’ \iJ (W), f‘nfi)\izi'(w)]lngi <0
are paid in units of the sold asset 7. With the above notation, one has m) = 7,7 (1 + \¥).

This corresponds to

— Kiw) = {reR?: JaecM (1.2)
7' <Y @ (1 N (@) aii<o) — a7, () (14 N () Lawsso) 5 i < d}
Jj<d

Contrary to the model ([J]), we can now fix the number of units of asset ¢ we want to
sell against units of asset j by fixing 7' < 0 so that \nfl\ coincides with the amount of
exchanged units of 7. Once again, in the case of perfect information both models are
equivalent, but this is no more true if 7 and/or A\ are not H-adapted. One could also
argue that paying the transaction costs in units of the asset which is sold, as in ([.9),
is not the same thing than paying these costs in units of the asset which is bought.
Here again one could consider a more general model which pertains for different costs
structures.

In order to take into account all these different situations, we propose a general
formalism where the wealth process V' is written as V; = > __, Fi(7;), for some sequence
of random maps F' = (F});. Here, n is H-adapted process with values in a closed convex
cone A of M? (we have in mind to take A = M however, in order to take also the
model ([L.1]) into account it is more convenient to allow for the possibility of having A =
Mi) We make no assumption on the filtration under which F' is adapted. Thus, this
approach pertains for the cases of “insider trading” or imperfect information and for all
other mixed cases (for instance, we can imagine that we do not observe the price of the
assets but have some extra information which is not contained in the filtration induced
by the processes of exchange rates. Observe that, if we know that the price of some asset
will double between today and tomorrow, we can make an arbitrage without knowing
this price - assuming that transaction costs are reasonable).

In Section [, we study the no-arbitrage conditions considered in [I3], [[4] and [[7] in
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this abstract setting. Examples of application are provided in Section

2 The abstract formulation

Throughout this paper, we fix a finite time horizon 7" € N and consider a complete
probability space (2, F,P) supporting a filtration H = (H;);er with T = {0,...,T}.
Importantly, we only assume that Hy C F. In particular, most of the processes con-
sidered in this paper need not be H-adapted. In all this paper, inequalities involving
random variables must be understood in the IP — a.s. sense, if it is clear from the context,

and inclusive relations between elements of F are assumed to hold up to P-null sets.

2.1 The model
We consider a closed convex cone A of M?, d > 1, and denote by F the set of continuous
maps F from M? into R? such that
HF; : For A >0 and a € M?, A\F(a) = F(\a) .
HF, : For A >0, 8 >0 and a, d € A, F(Aa+ fd') — (A\F(a) + SF(d')) € RL.
We then define F as the set of F-measurable sequences F' = (F});er such that F; takes
a.s. values in F, for each ¢t € T. Observe that HF; implies that F'(0) = 0.
Given F € F, we define N(F) = (N;(F))ier and N°(F) = (N?(F))ser by
N(F) = {Fi(n), n € L°(A;Hy)} and N)(F) = N(F)N(=N,(F)) .

Here, for E C M (or E C RY) and a o-algebra G included in F, L°(E;G) denotes the
set of F-valued G-measurable random variables. For a process £ such that & € N,(F)
for all t € T, we shall simply write £ € N(F). We shall similarly write £ € N°(F) if
& € NP(F) for all t € T.

Given a process £ with values in R?, we finally define
t
Vi) = ) & and  A(F) == {Vi(§) —r, E€N(F), re L'R; F)} , teT.
s=0

Observe that we do not impose that the above processes are H-adapted: F;, & and V;(&;)

need not be H;-measurable.

Remark 2.1 In financial applications, F}(n;) will correspond to the change in the num-
ber of units of asset i held in the portfolio V' (£) at time ¢. This results from the different

exchanges 7’ and 77" made between the i-th asset and the other j-th assets, under the
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self-financing condition and after paying the transaction costs. In this case, A;(F') stands
for the set of contingent claims, labeled in physical units, that can be super-hedged by
trading up to time ¢ and starting with an initial endowment equal to 0. This formalism
applies to model ([.J) with A = M? and

Fw) = Y m U+ M@y _g) — i @)1+ M (@) L.g) L i<d.

i<d

This model will be further discussed in Section [J.

In this section, we provide sufficient conditions under which Ar(F) is closed in proba-
bility and study abstract versions of the no-arbitrage conditions of [[3], [I4] and [L7].

2.2 Sufficient conditions for the closedness of Ap(F)

In all this subsection, we shall assume that the sequence of random maps F’ satisfies the

following conditions:

KP: For each ¢ and € in N(F), Vp(€) + V() € L(RY; F) implies that & € N°(F) and
V() + Vir(€) = 0.

HN’ For t € T and n € L°(A;H,), Fi(n) € N)F) = F(-n) = —F(n) and
—n € LO(A;Hy).

We call the first condition KP as “key property” as it results from what was called “key
Lemma” in [[4], see condition (iii) in [[4] and Lemma 3 in [[J. In Subsection P-4, we
shall provide sufficient conditions for this property to hold.

In financial models with transaction costs, the second condition can be understood as
follows: & := Fy(n;) € NP(F) means that the exchange &, is reversible, i.e. starting with
the endowment &; we can make immediate exchanges so as to come back to 0. Intuitively,
this means that 7, corresponds to exchanges between assets that can be exchanged freely,
i.e. without paying transaction costs. In this case, we should be able to do the opposite
operation, —;, to reverse these transactions. In the formalism of [I3] and [[4] such an
assumption is not required and the only important property is that if & € N?(F') then
—& € Ny(F'), which, in their setting, implies that —¢, is also an admissible exchange.
Since, in our case, —& may not be H;-measurable, we need to rewrite it as some Fj(7;)
for some suitable 7, € L°(A; H;). In view of the above discussion, it is natural to assume

that such a 7, should be simply given by —n;.

The aim of this section is to show that it implies the closedness (in probability) of the
set Ap(F).



For the reader’s convenience, we first recall the following Lemma whose proof can be

found in [[I{].

Lemma 2.1 Set G C F and E C R%. Let ()1 be a sequence in LO(E;G). Set Q
= {liminf, . ||7"]| < cc}. Then, there is an increasing sequence of random variables
(7(n))ns1 in LO(N; G) such that 7(n) — oo a.s. and n™ ™1 converges a.s. to n*lg for
some n* € L°(E;G).

In the following, we shall denote by L°(A; H) the set of A-valued H-adapted processes.

Proposition 2.1 Fiz F' € F such that KP and HN® hold. Then, Ar(F) is closed in
probability.

Proof. Let us define A, := {31, & —7, £ € N(F), r € LO(R%; F)}, t € T. We claim
that Apr is closed in probability (see 3. below) and use an inductive argument. We
assume that A, r is closed in probability for some ¢ < T'—1 and show that A, 1 is closed
too. Let (¢g™),>1 be a sequence in A, 7 which converges a.s. to some g € L°(R%; F). We
have to show that g € A, 7. Let (g™, r"),>1 be a sequence in L°(A; H) x LO(R%; F) such
that

V(") —r" =4g" (2.1)

with " := F(n") andn” = 0on {0,...,t—1}. Set o™ := ||n}'|| and B := {liminf, o™ <
oo}. Since B € H,;, we can work separately on B and B¢, by considering the two
sequences (7", 7" 1p),>1 and ("L pe, 7" L pe),>1, and therefore do as if either P [B] = 1
or P[B] = 0.

1. If P[B] = 1, then, by Lemma P}, there is a random sequence (7(n)),>1 in L°(N; H;)

) converges a.s. to some ny € L°(A;H;). Then, by a.s.

converges to Fy(n}). Since by construction g™ — Fy(n, ("))

such that 7(n) — oo a.s. and ntT("
continuity of Fy, F,(n]™)
€ Appir(F), and, by assumption, the later is closed in probability, we can find some é €
N(F) such that € = 0 on {0,...,t} and Z;F:Hl £, = g — Fi(np). Since Fy(nf) € Ny(F),
this shows that g € A, 7.

2. If P[B] = 0 then we set 7" := n™/(a™ V 1). Since liminf, . [|7}]] < oo a.s., we
can assume (after possibly passing to a H;-measurable random subsequence as above)
that " converges a.s. to some element of L°(A;H;). Arguing as above, using HF; and
observing that ¢"/(a" V1) converges a.s. to 0, we can find some 77 € L°(A; H), such that

ny — M, and T € LO(Ri; F) for which

From KP, we deduce that # = 0 and & := F,(7,) € N°(F) for all s > t. Since
17| = 1, there is partition of B into (possibly empty) disjoint sets (B;;); j<a such that
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Byj C {i # 0}. We then define ;" := 35, ; (1" = 3/7) L, Wz where 57 = (n}")" /77
on By and 7 = 0 on By;. Set Cj; = {B7 = 67|} N By and Cy; = {87 = —[87|} N
B;;. By HF, HF,, HN, (27) and the fact that 7 = 0, we get

VE(F(M) = Y)Y F(nl) + 187 Fns(Tg, — Tc,)) + 7"

1,j<d s=t
T
= SN RO + 189 (@), - F@)Te, )+
1,7<d s=t
= g"+r"+7",

for some sequence (#"),>; in L°(R%; F). Hence, we have constructed a new sequence
(" == F(i"),7 = r™ + ), for which () holds and (77)¥ = 0 on Bj;. Re-
peating this argument recursively on the different B;;’s and arguing as in [[J], we can
finally obtain, in a finite number of operations, a sequence ("),>; in L°(A;H) such
that liminf, . ||77] < co a.s. and 3.1, F,(77) = g" + 7", for some sequence (#"),>; in
LO(Ri; F). Applying the argument of 1. above then concludes the proof.

3. The fact that Ay ¢ is closed in probability is obtained by similar arguments. Given
a sequence (g"),>1 in Arz which converges a.s. to some g € L°(R%; F), we consider a
sequence (7, 7)1 in LY(A; Hey) x LO(RY; F) such that Fr(n}) —r™ = ¢g". Considering
separately the event sets {liminf, ... ||7}] < oo} and {liminf, . |[7}]] = oo} as in
1. and 2., we can construct a new sequence (9}, 7"),>1 such that Fp(g}) — ™ = g"
and liminf, . ||7%| < co. By possibly passing to a random subsequence, we can then
assume that 7% converges a.s. to some 7y € L°(A;Hr) and therefore 7" converges to
some 7 € LO(R%; F) for which Fr(ir) — 7 = g. O

2.3 Abstract weak no-arbitrage property

In this section, we use Proposition .1 to provide a dual characterization of the weak

no-arbitrage condition studied in [[T] and [[3], see also the references therein,
NAY: Ap(F)NLORE; F) = {0} .

As observed in [[[7], in financial models, it corresponds to the usual no-arbitrage con-
dition. Here, we keep the notations of [[I] and [[J to enhance the difference with the

notions of strict no-arbitrage and robust no-arbitrage that we shall consider in Subsection
B.4
We denote by e;; the element of Mi whose component (i, 7) is equal to one and all others

are equal to 0, i, 7 < d. In addition to KP, we make the following assumption on A.

HA: 1. F(ée;;) =01if de;; ¢ A, 0 € {—1,1}, 4,5 <d.
2. For 1 in LO<Md§-7:), F(n) = Ei,jgd(nij>+F(€ij) + (nij>_F(_eij)-



Here, x* and z~ stands for the positive and negative parts of . Condition 1. can be
viewed as a convention. The reason for imposing this assumption will be clear in Section
B In the examples of Section B, e;; (resp. —e;;) will correspond to a transfer of units of
asset 7 so as obtain (resp. get rid of ) one unit of asset j. Since an order, 1, can be viewed
as a composition of single transfers of the form e;; or —e;;, condition 2. simply means
that the induced changes F;(n) in the portfolio should correspond to the combination of

the changes Fj(e;;) and Fi(—e;;) associated to these single transfers.

Observe from HF, HF; that, for all i, j, k < d,
FF(ej) < —FF(—ej) if (eji, —eji)) € AX A, (2.3)
since F'(e;; —ej;) = F(0) = 0.
We shall also assume in the sequel that
Fy(eij) and Fy(—e;;) € LY(R%: F) forall i,5<d and t€T. (2.4)
Here, L*(R%; F) denotes the set of P-integrable elements of L°(R?; F).

Remark 2.2 Observe that we can always reduce to this case by passing to the equivalent
probability measure whose density with respect to PP is defined by H/E[H| with H :=

exp( =225 j<a et [[Eilen) | + 1 (=eij)])-

Remark 2.3 If F € F satisfies HA, then it is completely characterized by the family
{F(ei), F(—ei)}ij<a-

2.3.1 Dual characterization of NAY under KP

For Z € L*®(R%F), the set of bounded random variables in L°(R% F), and n €
L°(A; H), we define

Ft(nhZ) = E[Z . Ft(nt) ‘ Ht] 5 te T .

Here “” denotes the natural scalar product of R%. By (2:4) and HA, these conditional

expectations are well defined.

We then define D(F) as the set of elements Z of L°°(R%; F) satisfying Z° > 0 for all
i < d and such that for all n € LY(A;H) and t € T

D;: Ft(nt;Z) < 0.

Dy: Fy(n:) g, 2)=0 € NP (F).

Theorem 2.1 Let F € F be such that HA holds. Then, D(F) # 0 = NAY. If
moreover HN® and KP hold, then NAY = D(F) # 0.



The proof will be provided in the next subsection.

In order to relate the above result to the literature, we now provide an alternative
characterization of the set D(F'). To Z € L*>((0, 00)%; F), we associate the H-martingale
7 defined by Z, = E[Z | H,], t € T. Then, to F € F satisfying HA, we associate F(-; Z)
defined as the element of F satisfying HA and

FF(dey;Z2) = E[Z¥FF(dey) | M) /2ZF , i,jk<d,teT,de{-11},

see Remark B3 Observe that Z - F'(-; Z) = F(-; Z). Given i,j < d, we then introduce
the sequence of random convex cones K(F, Z) = (K(F, Z));er defined by

KP(F,Z)w) = cone{=Fy(ey; Z)(w) , —Fi(—ey: Z)(w)} +RY

where, for E C R?, cone{E} is the smallest closed convex cone that contains E. We also
define the sequence K*(F, Z) = (K/"*(F, Z)),er by

K (F.Z)w) = {yeR?: z.y>0, forallz e K (F,Z)(w)} .

In the case of perfect information, i.e. F is H-adapted, K(F,Z) := D ij<d K" (F, Z)
coincides with the sequence of random “solvency” cones defined in [[3] and [I4]. The
following proposition combined with Theorem P.]] then extends the results of [[3], [[4]
and [[] to our context, see also Remark 2.4 below.

Proposition 2.2 Let F' € F be such that HN® and HA hold. Then, D(F) is the set of
elements Z of L>((0,00)%; F) such that Z, € (), ;<4 ri( Ki7*(F, Z)) a.s. for allt € T.

Proof. Let D'(F) denote the set of elements Z of L>((0,00)% F) such that Z;, €
Nij<a T (F, Z)), for all t € T.
1. Wefixt € T. Since Z - F(-;Z) = F(-;Z), it follows that Fi(de;;; Z) < 0 for all
§ € {—1,1} is equivalent to Z; € Kfj*(F, Z), for all i,j <d.
2. Assume that D(F) # 0, fix Z € D(F) and i,j < d. Set B := {Z, ¢ ri(K}"*(F, Z))}.
If P[B] > 0, we can find some £ in L°(R% H,) with values in (=K}’ (F, Z))\ K{(F, Z)
on B such that £ - Z, = 0. Since ¢ € —K(F,Z), there is some (n,7) € L°(A;H,)
x LO(R?; F) such that ' = 0 if (k,1) # (i,7) and £ = Fy(n; Z) — r, recall HF,. By Dy,
it satisfies Fy(n; Z) = 0 and r = 0. Set £ := Fy(n). We claim that ¢ ¢ N2(F), which,
in view of Dy, leads to a contradiction. To see this observe from HINC that E(n; Z)
— —Fy(—n; Z) whenever ¢ € N)(F). By HA, this implies that £ € K(F, Z) on B, a
contradiction too. Hence P[B] = 0. This shows that D(F') C D'(F).
3. Assume that D'(F) # () and fix Z € D'(F). In view of 1. and HA, it remains to show
that if & € Ny(F) is such that E[Z - & | Hy] = 0, then & € NP(F). Set n € LY(A;H,)
such that &€ = Fi(n). Since Fi(n; Z) = 0, it follows from H.A that

0 = > (") Filei; Z) + (7) Ful—eij; Z) . (2.5)

i,j<d



Since Z; € ;<4 K*(F, Z), we deduce that
n7 =0 on {F(ei;;Z) <0} N{Fi(—ei;; Z) <0} . (2.6)

We claim that

{Fileij; 2) =0} = {Fi(—ei;; Z) =0} C {Filey) = —Fi(—ey)}, i, < d. (27)
In view of (R.6]) and H.A, this implies that Fi(n) = —F,(—n) and therefore £ € N?(F).
It remains to prove (7). Fix i,j < d. Since Z, € ri(K”*(F,Z)), we must have
{Fi(eij; Z2) = 0} = {Fi(—eij; Z) = 0} =: Byj. If (eij, —ei;) € A x A, then (B.J) implies
that Fi(e;;) + Fi(—e;;) = 0 on B;j;, recall that Z has a.s. positive components. If e;; ¢ A,
then Fy(e;;) = 0, recall HA, and Fy(—e;;; Z) = 0 implies Fy(—e;;) = 0 since otherwise

Z, would not take values in ri(K;”*(F, Z)) a.s. Similarly, if —ey; € A, then Fi(—e;;) =0
and F}(eij, Z) = 0 implies Fy(e;;) = 0. -

Remark 2.4 Under the assumptions of Proposition B.3, M, .-, ri(K7*(F, Z)) is a.s.
non-empty whenever D(F) # (). Tt follows that

() KP(R,2) = () w(KI(F 7).
i,j<d h,j<d
Recalling that K,(F, Z) := > ij<d K{(F, Z), we then have

(K (R 2) = () di(EP(F.2)).

where

K/ (F, Z)(w) = {yeR? : z-y>0, forallz € K,(F,Z)(w)} .

2.3.2 Proof of Theorem [2.7]

The two following Lemmas prepare for the proof of Theorem P.1] which will be concluded

at the end of this subsection.

Lemma 2.2 Let F' € F be such that HA holds. Assume that D(F) # (. Then, for all
g € Ap(F) and Z € D(F) such that E[Z - g | Hr]” € LY(R; F), E[Z - g] < 0.

Proof. We use a resursive agument as in [[[3]. If g € Ao(F) then g = Fy(ny) — r for
some 19 € LY(A;Hp) and r € LO(RY; F). By Dy, we have E[Z - g | Ho] < Fy(no; Z)
< 0. Next assume that for g € A;_1(F) such that E[Z - g | H;_1]” € L'(R;F) we have
E[Z-g] <0, forsome0 <t < T. Then,if g = 3! Fy(n,)—r for some n € L°(A; H) and
re LY(RL; F), we have Z - g < Z- 3% _, Fi(n;) and, by Dy, E [Z - S Fa(ns) | H >
~E[Z- -3\, Fi(ns) | Hy] - Tt follows that E [Z - Y02 Fy(n,) | Heer] € LY(R; F) and
therefore E [Z - S2'_4 Fi(n,)] < 0. Since by Dy, Fy(n;; Z) <0, it follows that E[Z - g] <
0. Observe that we have no problem in defining the above conditional expectations

thanks to (.4) and HA. 0
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Lemma 2.3 Let F € F be such that NAY, KP, HN® and HA hold. Then, for all
t € T and p € L°(A;H,), there is Z* € L®(R% F) with (Z*)F > 0 for all i < d such
that

(i) Fi(ns; Z") <0 for allm € L°(A;H) and s € T

(i) F2 (1) Lp, (izmy=o € NP (F).

Proof. We follow the argument of Lemma 4 in [[4]. Observe from HF; and HF; that
AL(F) := Ap(F) N LY(R% F) is a convex cone which contains —L'(R%; F). Since it is
closed in L'(R% F), see Proposition P.I], and satisfies A}L(F) N LY(RL; F) = {0}, see
NAY, we deduce from the Hahn-Banach separation theorem together with a classical
exhaustion argument, see e.g. Section 3 in [[[J], that there is some Z € L®(R%; F) with
Z' > 0 for all : < d such that E[Z - g] < 0 for all ¢ € AL(F). Let Z denote the set of
such random variables Z.

1. It is clear that (i) holds for all Z € Z. Indeed, assume that for some n € L°(A; H)
and s € T, B := {Fy(n,; Z) > 0} has positive probability. Set § := H,F,(n,)lp with
Hy == exp(=|Inll) € L°((0,00); Hy). By HFy, H Fy(n)llp = Fo(Hn,lp) so that, by
(B4) and HA, g € AL(F). Since E[Z - ] > 0, we get a contradiction to the definition
of Z.

2. By the same argument as in Lemma 4 in [[4], we can find some Z* such that
P [Fi(p; Z2") < 0] = maxzez P [Fy(u; Z) <0]. Set B := {F,(1; Z") = 0} and By :=
Bn{|pl] < k}, k € N. We claim that if (ii) fails for (u, Z*) then —F,(plp,) ¢
AL(F) for some k > 0. Indeed, otherwise, for all & > 0, we could find some 7
€ L°(A; H) and ry, € LO(R%; F) such that Vp(F(ng)) = —Fy(ullp,)+ry € AL(F), so that
Vr(F(ng)) + F(ullp,) € L°(RY; F). By KP, this would imply that Fy(ullp,) € N (F),
so that, by HN®, F,(ullp,) = —F(—plp,). Sending k — oo, we would then get
Fy(ullp) = —Fi(—plp), showing that Fy(ullg) € —N;(F'), a contradiction. Hence, if (ii)
fails —Fy(ullp, ) ¢ AL(F) for some k > 0. Repeating the argument of 1., we can then find
some Z € L®(R%; F) such that E[Z - g] <0 < E[Z - (—F,(ullp,))] for all g € AL(F).
Taking Z = Z + Z", we obtain PP [Ft(,u; Z) < 0} > P [F,(y; Z") < 0], a contradiction to
the definition of Z#. This shows that (ii) must hold. O

Proof of Theorem R2.1. 1. The first implication follows from Lemma R.3 since the
elements of D(F') have a.s. positive entries.
2. We now prove the converse implication. Let Zij’t (resp. Zij’t) be an element of
L>((0,00)% F) such that (i) and (ii) of Lemma B3 hold for the process (e;;Ls=;)ser
(resp. (—eyl—y)ser), i,j < d and t € T. We claim that Z := DoteT Dij<d VAL A
belongs to D(F). Clearly, it satisfies D;. Fix n € LY(A; H;) for some t € T, and recall
from H.A that

Fin) = Y () Filey) + (n7) Fi(—ey) - (2.8)

i,j<d
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Set B := {F,(n;Z) = 0}. From the definition of (Z7' Z”"),,; we deduce that
(n) " Fy(e;;)Ip and (nY)~ Fy(—e;;) I belongs to N)(F) for all i,j < d. By HN?, HA
and (2.§), we then deduce that

~F(nlp) = Y (/) Filey) — (09) Fi(—ey)

ij<d
= Y ") Fi—ey) + () Fi(es;)
ij<d
= F(-nlp)
so that Fy(nllz) = —F,(—nllz) € —N,(F) and therefore F,(nllz) € N’(F). Hence, Z
satisfies Ds. 0O

2.4 Strict and robust no-arbitrage conditions

In this section, we study the other no-arbitrage conditions considered in [[J], [[4] and
7).

Following [[[3], we say that F' € F satisfies the strict no-arbitrage condition if one has
NA® : A(F)N(=N(F)+ L°(RL; F)) c N)(F)  forall teT),
and that the model has “efficient frictions” if
EF : N)(F)={0} forall teT.

As in [[7], we also define a robust version of the no-arbitrage property. We say that F
€ F satisfies the robust no-arbitrage condition, NA", if there is some sequence G € F
such that for all n € LY(A;H), t € T and i < d:

1. Gi(m) = Fi(m)
2. Fi(n) ¢ N)(F) = {3k <dsuch that GF¥(n;) > FF(n,)} # 0
3. NAY holds for G.

In financial models, the last condition can be interpreted as the existence of a model
with slightly lower transaction costs (for those that are not already equal to 0) in which

the weak no-arbitrage condition still holds, see [[[7].

In this section, we first show that these properties imply the condition KP used above.
We will then be able to use Theorem B.1] to provide a dual characterization of the absence
of arbitrage opportunities in the spirit of [[J], [[4] and [[7], see Theorem P.9 below.

Lemma 2.4 Let F' € F be such that one of the above conditions holds:
(i) NA"
(ii) NA® and EF.

Then, KP holds.
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Proof. Set & and € in N(F) such that Vp(€) + Vi(€) € LO(RY; F). Let i and 7 be
elements of LO(A; H) such that & = F(n) and € = F(), set 7 := n + 7 and £ := F(7).

1. We start with NA”. Let G be as in the definition of NA” and define ¢’ := G(7). By
1. and 2. of NA", if for some t € T Fy(n) ¢ N2(F), then we can find i < d and B € F
with positive measure such that Vi(G(7)) > Vi(€) on B. By 1. of NA™ and HF,, we
then have Vp(€') — Vp(€) — Vp(€) € LO(RL; F)\ {0}. Since Vi (€) + Vr(€) € LORE; F),
this leads to a contradiction to the fact that NA® holds for G. Hence, F(n) € N°(F)

and we must have Vp(£') = 0 so that V(&) + Vp(€) = 0.

2. We now assume that NA® and EF hold. Assume that, for some ¢t € T, & ¢ NP (F)
or & ¢ NO(F) and set t* := max{t € T : & ¢ N(F) or & ¢ N°(F)}. Then, by EF
and HF,, Vj-_,(€) = Zi:ol E+&4r=—Ep —Er +1 = =& + 1+ 1 for some 7, 7 in
LO(R%; F). This shows that Vix_1(£) € (=N (F) + L°(RL; F)) N A« (F). By NA® and
EF, we must have & € N2 (F) = {0} and r =+ = 0. Hence, &+ = —&+ € NO(F), thus

providing a contradiction to the definition of ¢*. O

Observe that NA” implies NA* and that NA*® also implies NA™ whenever N? = {0}.
In view of Lemma P.4, we can then apply Proposition R.1 and Theorem to deduce
that, under HN? and HA, NA" and (NA*® and EF) both imply that Ap(F) is closed
in probability and that D(F) is non-empty. Conversely, if D(F') # ), on can show that
NA?® and NA" hold.

Theorem 2.2 Let ' € F be such that HN° and HA hold. Then,

(i) If either NA" or (NA® and EF) hold, then D(F) # 0 and Ar(F) is closed in
probability.

(i) If D(F) # 0 then NA* and NA” hold.

Proof. 1. Since NA" implies NAY and NA?® also implies NA" whenever EF holds,
combining Lemma B.4 with Proposition R.I] and Theorem .1 leads to (i) . To show
that NA® holds under D(F') # 0, we set V; € A,(F) such that V; = —F,() + r for
some 7] € L°(A;H,;) and r € LO(RY; F). By Dy, E[Z -V, | Hy] > —Fi(; Z) > 0, and
therefore, by Lemma P.3, we must have E[Z -V, | H;] = 0, r = 0 and Fy(7}; Z) = 0 for
all Z € D(F). Then D, implies that F;() € N(F).

2. We now prove that D(F) # () implies NA”. To avoid unnecessary complications, we
first consider the case where (e;;, —ej;) € A x A for all 4,j < d. We shall explain in 2.d.
how to adapt our arguments to the general case.

Fix Z € D(F) and consider the random variables

6t = —Fi(e;;; Z) and 0jip = —Fy(—e;;Z) , i,j<d,teT.

it :
It follows from D; that

05,>0 and 0;,>0, i,j<d,teT. (2.9)

Jit
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We claim that, for all 2,7 < d and ¢t € T,
ot

J’L7t

>0 and 05, >0 on {Fi(eji; Z2) < 0} = {Fy(—eji; Z) <0} . (2.10)

Indeed, by construction, we have 05, > 0 on {Fi(e;;; Z) < 0} and 6;;, > 0 on { Fy(—e;i; Z)
< 0}. Now, set By := {Fi(e;i; Z) = 0} and B_ := {F;(—e;;; Z) = 0}. From D, and
HN", we deduce that F(e;;1p,) = —Fi(—ej;1p,) so that Fy(—eji; Z) = 0 on By. This
shows that B, C B_. Similarly, we can show the converse inclusion, which implies

(B.10).

We can now construct G. For all 4, j, k < d, we set
GMesi) = (FMej) +65,/(d Z0)) N (—F"(—ej0))

GM(—eji) = (F"(—eji) +6;,,/(d ZF)) N (=G (ezs)) - (2.11)

For z € M?, we then set
Glx) = > (@) Gles) + (27) Gl—ejs) -
ij<d

It satisfies HF;. By (R.3), it also satisfies the condition 1. of NA", recall (2.9). It
remains to check that HF5, 2. and 3. of NA" hold.
2.a. We first check HFy. We fix 4,5,k < d, « > 3 > 0. Then, G*(aej; — Beji) =
(o — B)G*(eji). By (BI1), it follows that G*(ae;; — Beji) > aG*(eji) +BG*(—ej). In
the case where > o > 0, we obtain the same result. Since G satisfies HA, this shows
that it also satisfies HF'5.
2.b. We now check 2. of NA". Set n € L°(A;H;) and ¢t € T such that Fy(n) ¢ N)(F).
We must show that, with positive probability, we can find k < d such that G¥(n) >
FF(n). First observe that we cannot have {n* # 0} C {Fi(e;;) = —Fi(—e;;)} for all
i,j < d since this would imply that Fy(n) € N?(F). Hence, there is (4, j) and k < d such
that B := {n7" # 0} N {FF(e;;) < —FF(—eji)} # 0, recall (23). Since, by D; and (23),
{Ff(eji) < —Ff(—eu)} C {Fiejis Z) < 0} U {F(—eji; Z) < 0}, (I0) and (EIT) imply
that G¥(n) > Ff(n) on B.
2.c. To check 3. of NAT, it suffices to observe that, for n € LY(A;H) and Z € D(F), we
have G(n; Z) < 0. Since Z has a.s. positive entries, the same arguments as in Lemma
R.2 imply NAY for G.
2.d. We now explain how to consider the case where some e;; or —e;; do not belong to
A. We assume that, for some (4, j), e;; or —ej; € A, otherwise there is nothing to prove.
We keep the definition of G as above except that in the right hand-sides of (R.11]), we
replace —F*(—e;,,) by +oo if —ep, ¢ A and —G¥(ey,,) by +oo if ¢, ¢ A. Using the
convention 1. of HA, we see that GG satisfies HF; and 1. of NA". The arguments of 2.a.
and 2.c. still hold, so that it also satisfies HF5 and 3. of NA”. To obtain 2. of NA", we
just recall that Ff(e;,) < 0, for some k < d, implies Fy(eyn; Z) < 0 whenever —ey,, & A,
see Dy, HNY and recall 1. of HA. With this in mind, adapting the arguments of 2.b.
is straightforward. a
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3 Applications to financial markets with proportional

transaction costs

In this section, we apply the above results to three examples of discrete time financial
markets with proportional transaction costs. The first one corresponds to a “security
market” where it is possible to make transactions only between a “non-risky asset”
and some “risky” ones, direct transactions between the “risky assets” being prohibited.
The two other ones correspond to “currency markets” where transactions between all
assets (interpreted as currencies) are possible. The information of the financial agent is

modeled by the filtration H and a strategy is a process n € L°(A; H).

3.1 Security market

We take the first asset as a numéraire and consider an Mi—valued process 7 such that
7t > 7t > 0 for all 4,5 < d and 7 = 1 for all i < d. Here, 7! must be interpreted as
the number of physical units of asset 1 one receives when selling one unit of i, and 7'

as the number of units of asset 1 one pays to buy one unit of i. The condition 7}* > 7!

is natural since otherwise their would be trivial arbitrages. The case w}' = 7! (resp.
71t > 7i!) corresponds to the situation with no-friction (resp. with frictions) between
the assets ¢ and 1.

We construct the sequence of random maps F' as follows. To p € Mi such that p' >

P > 0, we associate the map f(-; p) from M? into R? defined by

fa;p) = Zau (,oﬂllau>0 + p“]Iau<0) and fi(a;p) = —a' fori>1.
i<d
Then, we set Fy(-) = f(-;m) for t € T. For the sake of simplicity, we take A = M¢.
Observe that HA and HF, trivially holds, and that the condition 7 > 7' ¢ < d,
implies HF'5.

If positive, the quantity n}® corresponds to the number of units of asset i which are

sold in exchange of 77!l units of asset 1. Otherwise |n}?| corresponds to the number

of units of asset ¢ which are obtained by converting |n/'m/’| units of asset 1. The other
components of 7 play no role in this model.

In order to apply the result of the previous section, we first check that HN® holds in
this model.

Lemma 3.1 Let F be defined as above, then HNY holds.

Proof. Fix t € T and n € L°(M¢; H,) such that Fi(n) € N?(F). We have to show that
Fi(—n) = —Fi(n). By definition, there is 77 € LO(M¢;'H,) such that Fy(n) = —F,(7).
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Define S € L°((0,00)% F) by S* = (7} + 7i1)/2, i < d. Recalling that 7' = 1, direct

computation shows that
0=5-(F U+Em»::Eh“emeﬁm+ﬁmww+¢mW@

+ Z ~12 —(m' ) /2 + 7TzilI[ﬁ”>0 + 7TtliI[ﬁ“<0)

d

= > ("1 + 17 (x! = m) /2.
i=1
Since 7}t > 7! for all 4,5 < d, this shows that 7' is equal to 0 on {7}’ — 7' > 0} and
therefore Fy(—n) = —Fy(n). O

Then, it follows from Theorem R.9 that NA” < D(F) # ) = NA® and that the last
implication is an equivalence if EF holds. We then assume that NA" or (NA® and EF)
hold, fix Z € D(F'), and define the process 7 by

7 =E[Z'x7 | M) /Z} , i,5<d.
With this notation, one easily checks that Z, € ri(K}'*(Z, F)) if and only if
Zia < Zi < Ziali
with strict inequalities on {7}* > 7'}

Let Q be the equivalent probability measure defined by dQ/dP = Z'/E[Z']. Then,
7 is the optional projection under Q of 7 on H, i.e. 7, = E9[r, | H,], and there is a
(Q, H)-martingale Z/Z' such that each component i evolves in the relative interior of
the “estimated” bid-ask spread [7i!,7}]. This extends the discrete-time version of the
result of [H].

In the “no frictions” case, i.e. 7't = ! then Z!7i! = Z! = Z!7!" and we deduce that
there is an equivalent probability measure under which the optional projection 7 of the

discounted price processes 7 on H are (Q, H)-martingales. This is the result of [[J].

3.2 Currency market #1

We now consider a (0,00)%valued process S which models the price of the different
currencies, before transaction costs. Then 77° = S//57 is the number of units of asset j
that one can exchange at time t against one unit of asset ¢, before to pay the transaction
costs. Transaction costs are modeled by a process A\ with values in M4 4, ie. )\{i is the

proportional costs to pay in units of j for an exchange at time ¢ between j and 1.
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To construct the sequence of random maps F, we first define the maps f(-; p, ¢) from
M into R? by

(a;p, 0 Zaﬂ +€ij]Iaji<0) —api (1 +€ij]Iaij20) , p, L€ Mi )

Then, we set Fy(-) = f(+; 7, \), t € T. For A = M, this corresponds to the model ([-3)
described in the introduction. Clearly HA, HF; and HF, hold.

The quantity 'r]fj corresponds to number of units of asset j which are obtained by con-
verting units of asset i. For such an exchange, the transaction costs are paid in units of

asset .

Here again, we need to check that HHIN? holds in this model. For sake of simplicity, we
assume that {\” > 0} = {\' >0} forall i,j < d and t € T.

Lemma 3.2 Let F be defined as above, then HNY holds.

Proof. Fix t € T and n € L°(M¢; H;) such that Fi(n) € N?(F). We have to show that
Fi(—n) = —Fi(n). By definition, there is 77 € LO(M%;'H,) such that Fi(n) = —F,(7).
Since Fy(n) + Fy(n) = 0, direct computation shows that

d
0 =S (B +F@) = —> 7S] (M Lo+ A Lyso)

i,j=1

d
= 1S] (M <o + A Do)

ij=1

This shows that (7”)* = ()~ = 0 on {)\ij >0} = {Ag’ > 0} and therefore F,(—n) =
—Ft(n)- =

It then follows from Theorem that NA” <& D(F) # 0 = NA® and that the last
implication is an equivalence if EF holds. We then assume that NA" or (NA® and EF)
hold, fix Z € D(F), and define the processes 7 and A by

=R (27 (1+ M) | H] /(ZJ(1+ M) and N :=E[ZN | H,]/Z; .
With this notation, one easily checks that Z, € ri(K;7*(Z, F)) if and only if
AU+ N) < Zy < ZA A+ N

with strict inequalities on {7/"(1 + M) > 7' /(1 + A7)}
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3.3 Currency market #?2

The model ([[.1]) discussed in the introduction corresponds to the one presented in the

previous subsection with f defined by

d
fa;p, b)) = Zaﬂﬂaﬁ>0 —apl (1 +€ij) Tyisso, p, L € I\\/Jli ,

j=1
i.e. Fis defined by Fi(-) = f(:;m, \), t € T.

For A = Mi, the conditions HF,, HF; and HA hold (this is a case where —e;; ¢ A).
However, by construction, HN? does not hold except when N°(F) = {0}. As in perfect
information models, this is the case if \¥ 4+ M > 0 for all 4, j < d.

Lemma 3.3 Fizt € T and assume that for all B € H, there is B’ C B with positive
probability such that, for alli,j,k < d, (14+ A7) < (1+NF) (14 A7) and AP + N >0
on B'. Then NP(F)={0}.

Proof. Fix n € L°(M<;H,) and set B := {n # 0}. Under the above conditions, on

easily checks that the random cone
K, = {xeRd : aEMi, :U+Zaji—aij7tij (1+)\ij) >0, Vi<d}
Jj<d

satisfies K;N(—K;) = {0} on B/, see e.g. [ or [[J. Since N)(F) C{¢ € LO(R:;F) : £ €
K; N (—K;)}, this shows that F;(n) = 0. O

Remark 3.1 The condition P [(1 +ATY < (14 NFY (14 A5 | Ht] > 0 is natural since
otherwise it would be a.s. cheaper to transfer money from i to j by passing through &
than directly. In this case, any “optimal” strategy would induce an effective transaction
cost corresponding to A := (14 AF)(1 4+ M) — 1.

As argued in the introduction, if 7 or A are not H-adapted, transactions may be non-

reversible even when transaction costs are equal to zero.

Lemma 3.4 Assume that for some t € T and i < d, 77 (1 4+ A7) is not H,-measurable
for all j <d. Then, for alln € L°(M%;H,), Fy(n) € NP (F) implies Y, n°" + 17 = 0.

Proof. Fix n € L°(M¢%;H,) such that Fy(n) € N(F). By definition, there is 7 €
LO(M4;H,) such that Fy(n) = —F,(7}). Hence,

S = S ().

Jj<d Jj<d
It > i< M7 4+ 17) # 0, then the left hand-side term is H;-measurable while the right
hand-side is not. It follows that both terms must be equal to 0, so that > i<d 40 = 0.
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O

Since the conditions HF; and HF5 hold, one can argue as in the above subsection to
obtain that, if N°(F) = {0}, then NA" and NA*® are equivalent to the existence of some
Z € D(F) which must satisfy

ZP<ZIF (14 NY , dj<d,teT.
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