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Abstract

It is shown that most, but not all, of the four dimensional metrics in the Multi-
Centre family with integrable geodesic flow may be recognized as belonging to spa-
tially homogeneous Bianchi type A metrics. We show that any diagonal bi-axial
Bianchi II metric has an integrable geodesic flow, and that the simplest hyperkéhler
metric in this family displays a finite dimensional W-algebra for its observables. Our
analysis puts also to light non-diagonal Bianchi VIj and VII metrics which seem
to be new. We conclude by showing that the elliptic coordinates advocated in the
literature do not separate the Hamilton-Jacobi equation for the tri-axial Bianchi IX
metric.



1 Introduction

The study of the integrable geodesic flows of the Multi-Centre metrics, initiated in [[q],
has been worked out completely in [R7]. Let us recall that this family of metrics has the
local form 1
Vv
where 79 = dX? + dY? + dZ? is the flat metric and V(X,Y,Z) is any harmonic function
in this flat space.

These metrics have self-dual Riemann tensor and are therefore Ricci-flat: they realize
an exact linearization of euclidean empty space Einstein equations, each four dimensional
euclidean metric being “parametrized” by the harmonic function V. The geodesic flow
is Liouville integrable only for very special potentials V' as proved in [[@] and [27]. All
these cases correspond to metrics with two commuting Killing vectors. It is therefore
interesting to ascertain for what particular potentials the infinitesimal isometries algebra
increases to three or more Killing vectors. For three Killing vectors the situation is quite
interesting since the corresponding metrics could be related with the so-called Bianchi
“spatially homogeneous” metrics (most popular in the cosmology field) which are co-
homogeneity one metrics, with a 3-dimensional “space” acted on homogeneously by the
Bianchi isometries. These were studied in [0, [B1] and [].

Even if for some particular (Riemann self-dual) Bianchi metrics, their Multi-Centre
form is known, some items were still missing. It is the aim of this article to give a complete
description of this correspondence and, as a consequence of the results in [[[§] and [7], to
ascertain which Bianchi A self-dual metrics do have an integrable geodesic flow.

Among these Bianchi A metrics with integrable geodesic flow, the Bianchi II exhibits
a quite remarkable algebraic structure: for any diagonal and bi-axial metric the geodesic
flow is integrable! For the simplest metric, with anti-self-dual spin connection, the set
of conserved quantities quadratic in the momenta (induced by Killing-Stéckel tensors)
generate a finite dimensional W-algebra with respect to the Poisson bracket which seems
to appear for the first time in problems related to General Relativity.

The structure of the article is the following: in Section 2 we have gathered some
background material and then, in Section 3 we begin with Bianchi II and display in Section
4 its finite dimensional W-algebra for the conserved quantities. In Section 5 we consider
other Bianchi II geometries which all share geodesic integrability. In Section 6 we discuss
Bianchi VI and Bianchi VII,. Another integrable metric is shown to give rise, in Section 7,
to a non-diagonal Bianchi VII; metric, for which we derive its Bianchi VI, partner. After
a quick review, in section 8, of the Bianchi VIII and IX metrics we show that the elliptic
coordinates are not separating ones for the Hamilton-Jacobi equation on Bianchi IX. After
a short discussion of the quantum integrability aspects within minimal quantization in
Section 9, we present some concluding remarks.

g=—(dt+0)*+V *dO = £ dV, (1)

2 Background material

We follow the more modern classification of Bianchi Lie algebras given in [[[(]. The Bianchi
A Lie algebras have 3 generators which we denote by £;, ¢+ = 1,2,3 with commutation
relations

(L1, Lo] = n3 Ls, (Lo, Ls] =n1 Ly, (L3, L1] = ny Lo, (2)
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with the invariant 1-forms o;, ¢ = 1,2, 3 such that
doy = ny o9 A 03, doy = ny o3 A 071, dos = n3 o1 N\ 09, Lio;=0. (3)
For type A algebras the structure coefficients are given by the triplets (nq, no, ns):
type I — (0,0,0), type II — (1,0,0), type VI — (1,-1,0),
type VII, — (1,1,0), type VIII — (1,1,-1), type IX — (1,1,1).

The type I, which is fully abelian, leads only to the flat metric and will be skipped. In
this paper we will consider diagonal spatially homogeneous metrics of the form

g:a2d52+ﬁ203+720§+52cr§, (4)

where «, (3, v and 6 depend solely on s, and our task will be to bring them to the Multi-
Centre form.
Just to settle our notations we will use the natural vierbein

eo = ads, e; = for, ey = 02, ez = 003, (5)

and the SD two forms 1
F;i :60/\62‘:{: §eijke]~/\ek. (6)
Similarly the self-dual components of the spin-connection are defined by
Wi = wy £ = €pw; (7)
7 i 9 ijk Wik

and similarly for the SD curvature components. The matrices describing the curvature in
the self-dual basis are then A and C, which are symmetric, and B. They are defined by

R = Ay Fj + By Iy, Ry = (BY)y Fj" + CyFy. (8)
The self-dual components of the Weyl tensor are obtained from
1 1

As observed in [BJ] there are two different ways of being Riemann self-dual:

1. The spin connection is itself antiself-dual (ASD), i.e.

wi =0 i=1,23 =  Rt=Wt=0. (10)

(2

2. The curvature itself is ASD but not the spin connection. In this case, since the
metric is diagonal, we can write the spin connection as

wi = \i(s) o1, wy = Xa(8) o9, wy = A\3(s) 03. (11)

Then imposing R = 0 shows that the functions )\; are independent of s and are alge-
braically constrained by

711)\1 = )\2 )\3, TLQ)\Q = )\3 )\1, TL3>\3 = )\1 )\2. (12)



For each metric we will consider successively both cases.

We will use Killing-Yano (K-Y) and Killing-Stéckel (K-S) tensors, for which the reader
could consult the references [I6] and [27]. The first one contains also many useful infor-
mation on the Multi-Centre metrics.

Let us conclude by mentioning an interesting result, proved by Hitchin [[[§]. It allows
to compute the cartesian coordinates X, Y, Z, given the tri-holomorphic Killing vector
K = 0, and the complex structures 2-forms J;, according to

dX =i(K)Jy,  dY =i(K)Jy,  dZ =i(K)Js. (13)

In fact these coordinates are the moment maps of the complex structures under the tri-
holomorphic action of the Killing vector 0.

3 Bianchi II metrics
The Bianchi 17 Lie algebra is generated by the vector fields
Ly =0, Lo =0y — 20, L3 =0, (14)
and the invariant 1-forms (fJ) are
o1 =dt +ydz, o9 = dy, o3 = dz. (15)
The metric with self-dual connection, given by [R(], reads
gt = msds® + % o} + s(o3 + 03), m>0, s>0. (16)

The parameter m is not essential and will be scaled out to 1 from now on. The global
properties are not good: there is a curvature singularity at s = 0 while infinity is flat as
can be seen from the curvature

1
+ . . o - _ . .
WT™=A=B=0, W-=C= = diag (—2,1,1). (17)

It is therefore Petrov type D~.
As a side remark, in [27][p.592] an apparently different metric was given

1 & &
g= V(dT — Eydx + §xdy)2 + V(da? + dy* + dz?), V=vy+ &z. (18)
By a translation of z we can set v9 = 0 and by a scaling we can take £ = 1. Then

exchanging the variables z and z and defining ¢t = —7 — %yz brings ([§) to the form ([[§),
showing the identity of these two metrics.
The triplet of covariantly constant complex structures is given by

Ji=dsNoy+soasNog, Jy=sdsNoy+o3Noy, Jys=sdsNos+ oy Nog.  (19)

There is an extra Killing vector for this metric because the coefficients of o2 and o3 are

equal. Its generator is

1
Ly =y0. — Zay - 5@2 - 22)3157 (20)



and the full algebra closes under commutation according to
[£47 ‘Cl] = 07 [‘647 ‘62] = _‘637 [‘647 ‘63] = ‘62' (21)

The Killing vectors £;, « = 1,2, 3 are tri-holomorphic, while £, is just holomorphic since
it rotates (Js,J3) as a doublet. This metric is therefore some Multi-Centre: taking for
convenience £, = 0; as tri-holomorphic Killing vector, it is trivial to reduce this metric to
the form ([l) via the identifications:

V=X, O=YdZ,
(22)
X =s, Y =y, Z =z

This metric is nothing but the metric written in [27]
1
v

Indeed by a translation of x we can set vg = 0 and scale out m to 1.
As pointed out in section 2, we may also have a non SD connection. Solving the
equations ([[) one gets !

(dt + mydz)* + V (d2® + dy* + d2?), V = vy + maz.

M=X=0 & I=A A#0
where A is some real constant. This gives rise to the tri-axial Bianchi II metric [Rd]
1
G = se™ [als2 + ag] + =0 +s02, A # 0. (23)
s

For this metric too s = 0 is a curvature singularity. The curvature is Petrov type I:

2)\s

W+=Rt=0, W =C=¢

;- diag (=2 + As, 1,1 — As),
s

and only for A < 0 is the geometry flat for s — +o0.
One can check that the complex structures are now

:fl—FZj;, :eiAy (J1+ZJ3)7 :]v? :J27 (24)

where the J; are defined by ([[9). Due to the tri-axial nature of this metric, the vector field
(B0) is no longer an isometry of G ;. The vector fields £4 and L3 are tri-holomorphic, while
L5 is just holomorphic. Since the Killing vector £; is still tri-holomorphic, the metric (23)
remains a Multi-Centre.

To determine the coordinates X, Y, Z the most convenient procedure is to use Hitchin’s
result [[§] stating that these coordinates are the moment maps of the circle action of the
tri-holomorphic vector d;. Taking for it d; = £y, and using the complex structures (24)
the identification with the Multi-Centre form () is then easily obtained:

— 1 2 22 _ 1 Y
V= =5 In((1+2X)* 4+ \°Y7), @—Xarctan(H)\X) dz
(25)
X +iY =1 (e M — 1), 7 =z
!The other solution, corresponding to A\; = Ao = 0 and A3 = X # 0, corresponds to the interchange
09 < 03.




The Killing vector Ly, which is translational when acting on the metric ([@), acquires a
rotational part when acting on the metric (B3), according to

gir G
L =0, Ly =0,
Lo=08y — 20, —  Lo=0dy — Z0 + AN Xy — Yx)
L3 = 0z L3 =0y

Let us observe, to conclude this section, that both metrics ([[§) and (J) are in fact
special cases of the most general Ricci-flat Bianchi II metric given by Taub [RF]. Its
euclidean version is

L s 2 bs 2 | (atb)s g2 sinh(vab s)
=—o; + X |05 + 05 + e 9TV%ds7| X=——"
gr X 1 2 3 \/%

Taking the b — 0 limit we get the self-dual metric (BJ) with A = —a/2 and m = 1.

4 The W-algebra for the observables

Let us now consider the metric g;;. Its geodesic flow has for Hamiltonian
1
H=o ((Hz —yIL)? 4 S22 4 112 + Hj) . (26)

The Poisson bracket induced by the symplectic form Q = dII; A dz® is

0A 0B 0A 0B

A B = om o0 ~ awiom,

The isometry algebra with generators {£;}, i = 1,2, 3,4 produces four conserved quantities
linear in the momenta:

Ky =1L, Ky=1,-zI;, K;=1I,, K4=uyll,— I, - %(yQ — 2L, (27)
Obviously, their algebra is isomorphic to the isometry algebra (B):
{Kl, Kz} =0, {K27K3} = K, {K:s’Kl} =0, (28)
and for the extra Killing
{K4, K1} =0, {Ky, Ky} = — K, {Ky4, K3} = K. (29)
It was proved in [R7 that there is a K-Y tensor

Y =sdsA(—z0oy+yo3) + 01 A(yoy + 203) — 25> 09 A 03. (30)



It follows that Y2 and the symmetrized products of Y with the triplet of complex structures
give rise to four K-S tensors. This means that we have a set of four conserved quantities
quadratic in the momenta:

( Ll = HZ + (Hz — yHt)2
Ly =1I,I1, — sII,(I1, — yII;) — yH

= {H,L}=0,i=1234 (31
Ly = 11,11, — yIl;) + sILIL, — zH

\ Ly=sLi—ylLy— zL3— %(y2 +2HH

The isometries action on these K-S tensors is 2

{K27 LQ} = _H7 {K27L4} = _L27
{K3, L3} = —H, {Ks, Ly} = —Ls, (32)
{K47 LQ} = _L37 {K47 L3} = LQ-

The Liouville integrability of the geodesic flow is ensured by the set of observables 3
K, Ky H L,

in involution for the Poisson bracket.
The remaining brackets, bilinear with respect to the {L;}, exhibit the nice structure

{Li, Ly} = —2K,H + 2K, L {Ly, Ly} = 2K, L,
{Ll, L3} == —2K3H - 2K1L2 {LQ, L4} - 2K2L1 (33)
{L1, Ls} = —2K5L, — 2K3L3 {Ls, Ls} = 2K3L4

So we have obtained a new finite W-algebra out of 9 conserved quantities: H, K;, L;. If we
compare with the superintegrable geodesic flows in the two-dimensional Darboux spaces
discussed in [[[9] we observe that its observable algebra, made out of 3 conserved quantities,
closes up with observables which are quartic with respect to the momenta, while here the
closing occurs with cubic quantities.

Finite W-algebras can also be constructed using Poisson reduction [f]. It seems quite
unclear whether this method could lead to the W-algebra obtained here.

5 Other Bianchi II metrics

This section is intended to describe some general properties of the metrics of this class,
and to give examples with different geometries: Kéhler scalar-flat, Einstein with self-dual
Weyl tensor and Kahler-Einstein.

2The omitted brackets are vanishing.
3Using @) one can check that L; is indeed irreducible.



5.1 Separation of Hamilton-Jacobi equation

Let us begin with the proof of

Proposition 1 The geodesic flow of any diagonal and bi-axial Bianchi II metric with

isometries L;, 1 =1,...,4 1s integrable in Liouville sense.
Proof:
The metric considered in this proposition must have the following form
g = A*(s)ds® + B*(s) o} + C*(s) (05 + 03). (34)
In the sequel we will use the vierbein
eo = Ads, e1 = Boy, ey = C 09, es = Cos. (35)

The hamiltonian governing the geodesic flow is

w2 —ylh)® I

2H:A_;+C_Z+T o (36)
The Hamilton-Jacobi equation is seen to be
1 1 1 1
E(@S)Q + @(Q/S)z + ﬁ(@S)Q + E(@S —y0,5)* = 2E. (37)
Defining
S =t 4 211, + A(s) + p(y), I, =q, II,=J, (38)

leads to the separation of variables in the form

<3—Z>2+(J—qy)2202 <2E‘é_22_% (2_2)2) )

The separation constant gives a quadratic conserved quantity
L =11 + (IL, — yIL,)?, (40)

which we already encountered (as L;) in section 4 for the metric gr;. It is easy to ascertain
that this conserved quantity cannot be obtained from a quadratic form of the Killing
vectors, so we conclude to the integrability of the geodesic flow, with H, II;, II,, L; in
involution with respect to the Poisson bracket, and this ends the proof. [

5.2 Killing-Yano versus Killing-Stackel tensors

The integration of the K-Y and of the K-S equations are quite easy if the corresponding
tensors are form invariant under the isometries, and leads to the following;:
Proposition 2 The metric (B4) exhibits the K-Y tensor

2y

Y =egNey+ u(s)es Aes, L= (41)
provided that the following relation holds:
AB — i (C?) +2C* i’ = 0. (42)
It exhibits also the high-symmetry K-S tensor
S=e2+ (1+BB%el+ (1+~C%(e3 + e3), (43)

with two real constants 3 and 7.



5.3 Kahler scalar-flat metric

As explained in [, [BG] it is possible to construct Einstein generalizations with self-dual
Weyl tensor. The procedure is the following: one first looks for a Kéhler metric

s

g =
f
where f(s) is some free function. Imposing the vanishing of the scalar curvature leads to
a self-dual Weyl tensor. This gives for f the very simple equation sf” 4+ 2f" = 0, and so
f(s)=a+b/s.

In particular, if we take a = —b = 1 the resulting metric

+ fo? 4 s(o3 + 03), Q=ds oy + soz N\ o3, (44)

S s—1

d2
s—1 s

gk = o +s(os+03), s>1, (45)

is seen to be complete if ¢ has period 4, since for s ~ 1 its local approximate form is
2 2 2
g 5 o [dt dy dz
2 ~d — = — =vs—1.
4p+p(2)+(2+2’ pP=Vs
The curvature, using the vierbein (BJ), is Petrov D

(s —2)
253

1
A=0, B=;5diag(1,0,0), C= diag (—2,1,1). (46)

For this metric the K-Y tensor ({]) reduces to the complex structure so its square is trivial,
but ([) gives two extra conserved quantities:

s—1

Swsw = e + (HB )e%+ (L +75)(€ + ). (47)

S

5.4 Einstein metric with self~-dual Weyl tensor

Starting from the metric (), it is easy to find a conformal factor p(s) which transforms
the scalar flat Kéhler metric into an Einstein one, with self-dual Weyl tensor:

, as+b 3a®

s
— d 2 2 2 = 48
s=p (e s o) et )
For a = —b =1 this metric is seen to be complete. Indeed, taking for variable r = s—1
it becomes
gp = 3 T+1dr2+ o + (r+1)(o5 + 03) 0<r<l1 (49)
Poaa—=r2 U r r4+1! 20T '
Its curvature is Petrov D
A Af1—r\°
A=—=1 Wt =0 W™ =—— diag (—2,1,1). 50
), , s (1) etz o0)
Using (1)) we get now the K-Y tensor
2b —as
Ye=ey A A = 51
B =eoAer+ p(s)ex Aes, 1(s) % + as’ (51)



with the vierbein

/ / b
€0 = assi b ds, €1 = @ 01, €2 = 4/SP 02, €3 = +/Sp03.

It is now interesting to compare the K-S tensor obtained by squaring the Yano tensor. We
get

16 \ab
Y~ gm = (u(s)? — 1)(& + ) =~ spls)(eh + ), (52)

which is just a piece of the more general K-S tensor given by (f3):

as+b

S—gr=20 p(s) €1 +7vsp(s)(e3 + e3). (53)

5.5 Kahler-Einstein metric

There is a last Bianchi IT metric, due to Dancer and Strachan [, which is Kéhler-Einstein
and can be written *:

ds? 0 2\
gxp= 5 +A0T+s(@l oY), A=T-T (54)
A s 3
with the complex structure
J=egNei+esNes=dsN\oy+ soa A 03

The situation is similar to the Kahler scalar-flat metric : the K-Y tensor reduces to the
complex structure and the K-S tensor is

SKkE — JKkE ::BAef—l—fys(eg—l—eg). (55)

6 The Bianchi VI, and VII; self-dual metrics

We will consider successively both cases.

6.1 The Bianchi VI, metrics

One has for Killing vectors
Li=0p+20,+y0., Ly =0, L3 =0,. (56)
The invariant 1-forms are
o1 = cosh 0 dy — sinh 6 dz, 09 = —sinh 0 dy + cosh 6 dz, o3 = db. (57)

The metric with ASD connection was first given in [R0] and writes °

gy = ¢ siny cos x [dx2 + 0'32,] + cot x 0% + tan x 3. (58)

4We have set s = r2/4.
5The partner metric obtained by the interchange of the coefficients of o; and o5 is not different since
it corresponds to the change of coordinate y — /2 — .
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The positivity of the metric requires y €]0,7/2[, and both end-points are curvature sin-
gularities.
The complex structures are

J1 = c(cos x dx A oy +sinx o9 A 03),
Jo = c(sin x dx A oy + cos x o3 A 1), (59)
J3 = c?sin xy cos x dx A o3 + o1 A 09.

It follows that the three Killing vectors L£; are tri-H and therefore this metric is again a
Multi-Centre.
For convenience we take 0; = L5. The canonical form ([[]) is obtained with

o _ sinxcosx o_ sinh 0 cosh 6 dz. «d© = —dV, (60)

cosh? @ — sin® y’ ~ cosh?f — sin® X

and the 3 dimensional metric

Yo = ¢*(cosh? § — sin? x)(dx* + d6?) + dz?,
Using Hitchin’s result [[[§ it is easy to get the coordinates

X =ccoshfsiny, Y =csinhfcosy, X +iY =ecsin(0+ix), Z=-z.

The potential V' becomes:

V= i (% — R%) Va2 — (Ry —R_.)?, Ri=+/(X+c2+Y2 (61)

This relation shows clearly that the coordinates X, Y are quite unnatural to look for
Bianchi metrics. Also the check that V' is a solution of Laplace equation is hairy!
It is convenient to examine the potential using elliptic coordinates

n C2_n2
52_772

Now we can compare with the more general potential [P7][p. 590] leading to an integrable

geodesic flow:
aé\/&? — 2+ bny/c? —n?
- . (63)
So, in the special case vy = a = 0, we recover the Bianchi VI, metric.

It is also interesting to have a look at the more general case where the SD connection
does not vanish

& = ccoshd, n = csiny = V= (62)

Vzvo+

wi =0, wy =0, wi = \og, A € R\{0}, (64)

still leading to an ASD curvature. The metric, given in [RQ], is
Gyr = ¢ sin y cos y e~ X [d}(2 + ag} + cot x o2 + tan x 3. (65)

10



In view of relation (f4) the complex structures J; are now
Tt ide = e M0 + i), Ty = Js, (66)

where the J; were defined in (§9). From this we conclude that £y, L3 are tri-H while £,
is not. Hence this metric is still a Multi-Centre, with the potential and connection still
given by (B(), but with cartesian coordinates

€_>‘(X+i9)

X+1Y =c T sin(x + 16) — Acos(x + 2«9)] : Z =z (67)

The potential V' and the 1-form © are still given by (6J) but it is no longer possible to get
an explicit form in terms of these new coordinates.
The curvature is such that A = B =0 so that W = Rt =0, and

1
W~ =C=——diag(1—3cos®x + Asinycosy, —2+ 3cos® x — Asinycosy, 1),

f(x)

with f(x) = c2e™sin® y cos® x. So it is Petrov L.

6.2 The Bianchi VII; self-dual metrics

The Killing vectors are now
El :89+Zay—yaz, LQ :aya ‘63:827 (68)

and correspond to the choice n; = 1, ny = 1 and n3 = 0 in relation (B). The invariant
1-forms are

o1 =cosfdy —sinfdz, 09 =sinfdy + cosf dz, o3 = db. (69)

The metric with ASD connection was first given in [R0]. Another interesting derivation
was given also in [[l], which makes use of the relation between minimal surfaces in R* and
four dimensional self-dual metrics. If one takes for minimal surface the helicoid ¢, then the
corresponding self-dual metric is nothing but the Bianchi VIIj one, which can be written

gvir = ¢*sinh y cosh [dxz + crg] + tanh x o7 + coth y 0. (70)

Positivity restricts x € [0, 4+o00[ and there is a partner metric obtained by the interchange
of the coefficients of o7 and o,. The complex structures are

J1 = c(sinh x dx A o1 + cosh x 09 A 03),
Jo = ¢(cosh x dx A o9 + sinh x 03 A 01), (71)
Js3 = c?sinh y cosh x dx A o3 + 01 A 09.

It follows that both three Killing vectors L£; are tri-H and therefore this metric is again a
Multi-Centre.

6Taking the catenoid, one gets the Bianchi VI metric.

11



For convenience we take 0; = Lo. The canonical form ([]) is obtained with

Vo sinh x cosh y o_ _ sin @ cos 0 dz. «dO = dV, (72)

cosh? y — cos26’ cosh? y — cos? 6

while the 3 dimensional metric is
Yo = *(cosh? x — cos® 0)(dx?* + db?) + dz*.
We get for cartesian coordinates
X = ccosh y cos¥, Y = c¢sinh x sin 6, 7 =z,

and the potential is quite complicated

V= i (R%ﬂ%i) V(Ry 4+ R_)? — 4c2. (73)

Switching to elliptic coordinates &, n defined by
¢ = c coshy, 1N =c cosb,

the potential becomes

(/P2
V=ta e i
which can be compared again with the potential (63) so we recover the Bianchi VII metric
for the parameters vy = b = 0. In this case the Killing tensor was first given in [ as well
as the proof of separability of the Hamilton-Jacobi and Schrodinger equations.
Let us examine the more general case with

wi =0, wy =0, wy = \o3, A€ R\{0}.
The corresponding metric was given in [R(]:
Gy 1 = ¢ sinh y cosh y e ?X[dx? + (03)?] + tanh x (01)? + coth y (02)?. (75)
Now the complex structures are
Ji+idy = e (T +idy), Jy = Js, (76)

where the J; were defined in ([J]). The metric is still a Multi-Centre because £; and Lo
remain tri-holomorphic while L3 is just holomorphic. The potential and connection are
still given by ([) while the new cartesian coordinates are

c Te@=N0+if) =1+ (x+ib)

Xiiy=S
A e S S I

The potential V' and the 1-form © are still given by () but it is no longer possible to
have an explicit form for them in terms of these new coordinates, quite similarly to the
Bianchi VI case.

The curvature is such that A = B =0 so that W = Rt =0, and

W-=C= diag ( 1 — 3 cosh? y + Asinh x cosh x, —2+ 3 cosh? x — Asinh y cosh , 1 ),

1
f(x)
with f(x) = c2e"?sinh® y cosh® x. So it is also Petrov I.
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7 Non-diagonal Bianchi VI; and VII; metrics

In 27][p. 586] it was proved that the Multi-Centre metric () with the potential
N aVVXZ Y2+ X +bVVX2 Y2 - X
v
’ 2V/X? 1 Y2

has an integrable geodesic flow. The separation coordinates for the Hamilton-Jacobi equa-
tion were given, in the same reference, page 591, to be squared parabolic:

V:

(77)

1
X:§<£2_772)7 Y:@)

They simplify the metric to

1
g = V<dt + G dz)? +Vd22 + V(2 +n?)(dE? + dn?), (78)
with €1 o
a Ul —an
V=094 ——", G = . 79
RNCET & "

The separation of the Hamilton-Jacobi gives in turn an extra quadratic conserved quantity
S = SYILII; where S¥ are the components of a K-S tensor. So we have four independent
conserved quantities ”

1 ..
H= _g”HiHja HZ7 Ht7
2 (80)

S = Hg + (€T, — bIL;)? + vo(vo€? + 2a&)TIZ — 2(ve€? + a&) H,

which are in involution with respect to the Poisson bracket.

It is the aim of this section to show that this metric is a non-diagonal Bianchi VIl
metric.

Let us first observe that for vg = 0 it reduces to the Bianchi II metric given by (B3).
To achieve this identification the following change of coordinates:

T=(+b)z, Z=t,  X=a+by, Y =0b—an, (81)
allows to obtain

1
(0 +0%) g(vg = 0) = (T + YdZ)? + X(dX?+dY? + dZ?), (82)

which does indeed coincide with the metric g;; of section 3.

For the more general three parameters metric, we will now show that it is a non-
diagonal Bianchi VIl metric. The possibility of such metrics is known, but it seems that
we are getting the first example of this kind.

The proof of this fact relies on the existence of three isometries for ([(g), given by

L1 = —(b+2uon)0¢ + (a + 2v5€)0, + 10, — vgz oy, Ly = 0., L3 =0, (83)

"Notice that for vy = 0 we recover the conserved quantity of formula (106) in [7).
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with the Lie algebra
[El, EQ] = Ug £3, [£2, Lg] = 0, [Eg, El] = EQ. (84)

For vy = 0 it reduces to Bianchi II and this case has already been disposed of. For
non-vanishing vy the algebra is Bianchi VII;. The delicacy is now to relate the actual
coordinates used for the metric ([[§) and the coordinates adapted to the Bianchi VII,
isometries as defined by the vector fields (B§). A comparison of the vector fields suggests
the following coordinates change:

Y b
, 2 — o £ — —Qi%+rcos(29), n — —Q—UO—i—'r’sin(Qﬁ). (85)

t— Z

After this change it is possible to express dY, dZ and df in terms of the 1-forms oy, o9
and o3 given by (BY). For aesthetical reasons it is convenient to transform a — 2avy and
b — 2byy to get the final form

gyp = va(r? — a* — b*) (dr2 + 47“20?2,)

N [(r+ a)? + b?|o? + 4broyoy + [(r — a)? + b*]o3 (86)

r2 — g2 — b2

Taking for vierbein

o =vov/fdr, ey =2ury/[os, f=r"—a® -,

2br
612\/501, 622m01+\/;02, 9:(7“_@)2+b2

the spin connection has the structure

NS

b
wi =ws =0, w;:—gdr—?)ag,

which implies that the Riemann curvature is indeed anti-selfdual: R} =0 for i = 1,2, 3.

We expect that such a non-diagonal metric should exist also for Bianchi VI, so let
us write the equations giving both Bianchi VIj, and Bianchi VIIj, metrics. We take for
vierbein

eo = a(r)dr, es = B(r) o3, e = A(r) oy, ey = pu(r) oy + v(r) oy, (87)
and for connection
wi =ws =0, wy = A(r)dr + C os. (88)

Imposing the hyperkéhler structure is most conveniently done using the 2-forms F;" defined
in (f]) for which we have

AFf = —wf AFf,  dFy =wf AFF,  dFf =0.

14



This gives the differential system

a) é (BN = ev + \u® — O,

b) é (Bp)' = —pX* = Cu, =1 =1 (89)
) (@) =a-C

c - v) = v,

For ¢ = +1 (resp. € = —1) we get the Bianchi VIl (resp. Bianchi VIy) non diagonal
metric. Let us take for coordinate fixing the relation § = 2ra. Then relations (B9)b and
(Bd)c become

/ /
GID O NS CH W G L0 O NP S e (90)
ol av

implying o?uv = K r~¢~2. It is then convenient to parametrize o and v according to

G K 1
— oV C—1F == = == : 91
Q@ ="bVr ’ v rF H ¥V rFG (o1)

Substituting these forms in relations (B9)a and (B9)b leaves us with
F=G, 2(r*GG" +rGG") —r’G'? = eG* + (K /v3)*. (92)

It is convenient to define H = /G and use the variable t = Inr. The last differential
equation becomes then

A b? - dH
H=-H+ — H=—.
i dt
Multiplying by 2H and integrating leads to
. L € b?
H*=—-+-H*>- —
4 * 4 H?

where L is some constant. Then, multiplying by 4H?2, one is left with
GP=eG*+LG—-4? = r2G*=eG*+ LG — (K/v?)?, (93)

showing that only elementary functions will appear in the metric.
The metric itself can be written

<(L +€G)ot +4boy oy + G ag) .

1
022 (2 4 A2 o
g=uvgr rG'(dr® + TJ3)+7’G’

It is then easy to integrate (B3); up to simple algebra, the Bianchi VII; metric is
recovered

gvir = var*(r* — a® — b°) (dr2 + 4r20§>
(94)

[(r + a)? + b?|o? + 4br o105 + [(r — a)? + b?|o3
T 2 g2 _ 12 ’
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with the non-vanishing component of the self-dual spin connection

b
w;r:AdT+00'3, A:—m, C=-3-2c

For the Bianchi VIj metric we get

gvr = va % cosp (dr2 + 4r20§>

5
+(a — sin p)o? + 2va? — 10109 + (a + sin p)os (95)
Ccos p ’
where p = In(r/rg) and this time we have
a?—1
wy = Adr+ Cos, A= —r——F—, C=-2-2c
2r(a +sinp)

Remarks:

1. Notice that the integration process introduces an apparent fourth free parameter c
in the solution. Its irrelevance is obvious since the potential V' and the connection do not
depend on it: its only effect is to change the form of the cartesian coordinates X and Y
in terms of r and #, while the coordinate Z = z remains unchanged. So in what follows
we will set ¢ = 0.

2. The parameter vy allows for these metrics the euclidean as well as the lorentzian
signature.

For the Bianchi VIIj metric (P4) the cartesian coordinates and the potential ([7) are
explicitly known, so it is a natural question to try to get the same information for the new
Bianchi VI metric (§3). To this aim let us first obtain the triplet of complex structures:
we define a new function ¢ by wi = 2d¢ and then rotate the 2-forms F;" into the J;
according to

JT =0 +idy = e 2 +iFy), Js = Fy, (96)

and since the J; are closed, they are the complex structures we were looking for, as can be
easily checked.

From these expressions we see that the Killing vectors £, and £3 remain tri-hilomorphic
while £; is holomorphic. So we take 9; = £ and transform the metric (07) into the Multi-
Centre form ([l). The potential and connection are now

—asinh 2 2 —1cosh?2
v _cosp ’ G- —osin 0+ Va coS edz, (97)

with
D(p,0) = acosh 20 — va? — 1sinh 20 — sin p,

and the flat 3-dimensional metric

Yo = dz* +v3 D(p, 0) (dr® + 4r°d6?). (98)
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We have checked the relation dV = —xd(. The cartesian coordinates are on the one hand
7 = z and on the other hand

) 1 ) i X 1—12 i :
d(X + iY) = 210 { ;Z A+ e§(p+219) + TZ A 62(p+219)} (d’r + 2i7’d9), (99)

with AL = va=£+va?>—1. We were not able to express the potential in terms of the
coordinates X and Y as was possible for the Bianchi VIIj case.

Let us observe that for e = 0 we recover an apparently non-diagonal Bianchi II metric.
However, up to some easy coordinates changes, it is possible to show that this metric is
nothing but the tri-axial metric Gy, given by (B3) in section 3.

8 The Bianchi VIII and IX self-dual case

We will begin with Bianchi IX metrics, which are the most popular and display the richest
integrability properties, and present rather quickly the Bianchi VIII case, which is quite
similar.

8.1 Bianchi IX case

Here we have the Maurer-Cartan 1-forms
01 =—singdl —cosp sinfdy, o9=-cospdfd —sing sinfdy, o3=dp— cosbdiy,
with the relations
doy = 0y N\ 03, doy = 03 N\ 071, dos = o1 N\ 0s.

These forms are invariant under the vector fields

COS S

¢(cos 00y, + 0y), R = —0y,

w(cos@8¢+8¢), Ry = —cos) Oy + 7

0
sin 6 S

Ry =sinvy 0y +

n
in

which generate the su(2) Lie algebra.
The tri-axial metric

d)\? BC CA AB
:4ABC+ Aaf+Bo—§+Ca§, (100)

A=vVA—XA, B=yVN—), C=+r— )\,

was given in [[], [I7]. Its hyperkéhler nature follows from its triplet of complex structures

9

with

Ql = d(A 0'1), QQ = d(B 0'2), Qg = d(CO’g) (101)

It follows that the vector fields R;, i = 1,2,3 are tri-holomorphic. To write it in the
Multi-Centre form ([l]) it is convenient to take 9, = 9. One gets

1 AB
— =" cos’0 + Q(A2 sin® ¢ + B? cos® ¢) sin® 0,
1% C AB
© AB C (102)
2 _ AP & 2 P2\ .
v 5 cos@d<b+AB(A B*) sin 0 sin ¢ cos ¢ db),
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and the cartesian coordinates
X =Asinf cos¢, Y =Bsinfsing, Z=C cosb, (103)

with max(A;, \a) < A3 < A. This result was first given in [[J], and using Hitchin’s result

in [[[7].
Its bi-axial limits A\; = A\, were discovered earlier by Eguchi and Hanson [J], and are

best displayed using the coordinate s = v/\ — A3 which gives
s R
s? + 2
Notice that here positivity requires s > 0, and the metric is not complete due to the
singularity at s = 0.
If ¢ < 0 we obtain, in the same bi-axial limit:

o3 + s(07 + 03), ?=X3— A > 0. (104)

g:

S 82—62

9En = 53 ds® + . o3 + s(07 + 03). (105)

Now positivity requires s > ¢ and s = ¢ is an apparent bolt singularity, leading to a
complete metric. These two metrics enjoy the extra isometry d, with respect to the tri-
axial metric, but it is only holomorphic.

The potential of its Multi-Centre form was discovered a long time ago; using as cartesian
coordinates

X =vs2—c2sinflcosp, Y =+vs?—c2sinflsing, Z = scosb,
as well and the notation ro = /X2 + Y2+ (Z £ ¢)? one has

vz1<i+i), @:1(Z+C+Z_C)d¢. (106)

2 \ry - 2 T4 r_

This is a particular 2-centre metric which displays the classical as well as the quantum
integrability property [RJ].

As mentioned in section 2, there is also the possibility of having for the spin connection
the form

w = oy, wy = 09, wy = 03.

In the bi-axial case this leads to the Taub-NUT celebrated metric (still a Multi-Centre!)
and its rich structure with respect to integrability, see [[4],[[T],[If]. The corresponding
tri-axial metric was given by Atiyah and Hitchin [f[] but is no longer in the Multi-Centre

family and the integrability of its geodesic flow is an open problem.

8.2 Elliptic coordinates for tri-axial Bianchi IX

In [[7 elliptic coordinates were used for the tri-axial Bianchi IX metric in the quest for
separability of Hamilton-Jacobi equation. These coordinates (A, p, v) are defined by

A=) (= M) (v =N)
(A= A) (A1 —Az)
(A= A)(p = Ag) (v — Ag)
(A= A)(Aa = Az) 7
A= A3) (= A3)(v — As)
(A3 =A)(As3—Ag) 7

o

Y2 =

D<M <pu<d<r<iz<A (107)

o
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The flat metric 7, takes the diagonal form

Yo =dX?+dY? 4+ dZ% = g1 dN* + go dp® + g3 dv?,

with
0= RO = (- M- - )
= S = e M e, (108)
g = _4)\T)EZ)_ B Tw) = (= A — A — Aa).

B ROV ! T N\ ) S N\, v)
V_()\—,u)()\—u)’ @_QN(,LL,I/)< S A—v du—\/; A—p dA)’ (109)

with N(z,y) = (x—A3)(y — A3) — (A3 — A1) (A3 — Ag). From these formulas we have checked
the relation d®© = — *x dV.

Let us now use the necessary conditions for separability of the Hamilton-Jacobi equa-
tion due to Levi-Civita (see [B4][p. 105]). They read

OH OH O*H _8H8_H *H _8H8_H O*H _8H8_H *H
Oll; Ol; Oxi0xd  OII; Oxd Ox'0ll; Ozt OIL; OlL;zd Oz Oxd O1L,011;

—0, i #j. (110)

The Hamiltonian for the Bianchi IX metric is

m mwom ) S ICIE
0 = 2 L v 9 (—“H +—”HV)+2U, U=V -+ —.
Vg Vg Vg K Vg "' Vs K Vv

(111)

The conserved charge ¢ = IIp may be used as an expansion parameter in ([I(]): this gives
five relations, according to the powers of ¢ involved. For ¢ = 0 we have checked that the
Levi-Civita conditions hold as was to be expected. However, at the first order in ¢, taking
2t = X and 2/ = p, the Levi-Civita conditions imply the constraint

M, (alI2 + I + 411,11, ) =0,

The coefficients «, 3, v are complicated functions of the coordinates, but 3 can be seen
to be non-vanishing. Hence we conclude that the elliptic coordinates are not separation
coordinates for the Hamilton-Jacobi equation.

8.3 Bianchi VIII case

One has the Maurer-Cartan 1-forms
01 = —singdr —cos¢ sinhTdy, 09 =cos¢dr —sin¢ sinhTdy, o3 = d¢ — coshtdi,

which are invariant under the vector fields

i 1/} (COShTaw +8¢), R3 = —6¢,

n
nh Tt

R, = sinwﬁTjLC,Oﬂ(coshT&p—i—@d,), Ry = —cosvy 0, +
sinh 7 si
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generating the su(1,1) Lie algebra.
The tri-axial metric was given in [23]. The only change in the metric ([[00) is that now
C = /s — p, from which we can take max(py, p2) < p < ps. Its complex structures are

Ql = d(AO'l), QQ = d(B 0'2), Qg = —d(CO’g), (112)

so the vector fields R;, i = 1,2,3 are tri-holomorphic. Its Multi-Centre potential (),
taking again 0; = Oy, is still given by ([0Z), with the cartesian coordinates

X =/ —ppsinh7 cosp, Y =+/pu— pg sinh7sing, Z =+/puz—pcoshr. (113)

Here too, no definite conclusion is known about its integrability.
Its bi-axial limit, which enjoys the extra Killing vector 0,, was derived earlier by
Gegenberg and Das [[J]:

?— 52

g= ds® + o3 + s(a7 + 03), 0<s<e. (114)

2 _ o2
It is not complete due to the s = 0 singularity. Taking for tri-holomorphic Killing vector
Oy, this metric corresponds to a Multi-Centre with
2 _ 2
s =5
V= , 0=-— cosh 7 do,
2 cosh? T — §2 2 cosh? T — §2 ¢ (115)

X =+ —s?sinhtcosgp, Y =+/c?—s?sinhtsing, Z = scoshr.
This time we have
1 /1 1 1 (Z— Z
Vez(—-—), o=: C_2TC 4o, (116)
2\r-  ry 2 r_ T4

so we are back to a two-centre metric, with a positive and a negative mass, for which inte-
grability is for sure. The work by Mignemi [27] could be adapted to this case to prove the
classical (Hamilton-Jacobi) and quantum (Schrédinger) separability hence integrability.

As opposed to the Bianchi IX case, there is no possibility of having for the spin con-
nection the form ([[T) because the relations

AL =AA3, A= A, A3 = —A1Ag

have no real solution: so there is neither a Taub-NUT like metric nor an Atiyah-Hitchin
like metric for Bianchi VIII.

9 Quantum integrability aspects

Once the question of the classical integrability of some geodesic flow is obtained a natural
question arises: what about its quantum integrability? This is quite a difficult question
because there are many available quantization schemes. One of the most attractive is the
so-called “minimal quantization” defined by Carter [fJ]. Simplifying somewhat, it uses the
following quantization device up to quadratic classical observables

K(z) — K(x)I
Ki(z) I, s _%w‘ oV, +V,o0 K (117)
Ki(x)IL1;  — ~V;0 K70V},
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where the formally symmetric operators act on the Hilbert space of wave functions, which

are to be square summable for the invariant measure on the manifold. The quantized

operator corresponding to the Hamiltonina is therefore the laplacian H = —% VioV,.
These rules were completed in [§] to cover cubic observables, according to

KOFILIL I, — %(vi oK' oV, 0V, +V,0V,0 K% 0V,).  (118)
We will denote by K, some classical observable of degree n < 3 in the momenta and by

K, its quantum operator. If K7 is generated by a Killing vector and K, by a K-S tensor,
the following relations were proved in [(], H:

Ky, H] = —i{ Ky, H}, [y, H) = —i{ Ky, H} + iAg, 1, (119)
with 5
AKQ,H = g <Vi B%Q,H) 1T, B%Q,H = _Ké[z Ricl]]. (120)

Now in all cases the classical integrability is ensured by two Killing vectors and one K-S
tensor, so the relations ([19) and the Ricci-flat character of these metrics show that within
“minimal quantization” the classical integrability survives to quantization. In particular
this means that the Schrodinger equation will be separable as well as the Hamilton-Jacobi
one.

10 Conclusion

This article has mostly dealt with the integrability of hyperkéhler Bianchi A metrics within
the Multi-Centre class. Quite surprisingly this family exhibits most integrable models
(albeit not all: recall, for instance, the tri-axial Bianchi VIII and Bianchi IX cases) among
the Multi-Centre family. A striking fact is the emergence of a genuinely new W-algebra
structure for the observables for the simplest Bianchi II metric. The appearance of such
structures in problems related to General Relativity is somewhat surprising but could
lead to further developements in the future. Nevertheless the problem of paramount
importance remains the study of the classical (and quantum) integrability of the Atiyah-
Hitchin geodesic flow, governing the dynamics of two-monopole states. Some qualitative
results on the existence of closed geodesics [{], [Bg] are known and some perturbative
arguments around the negative mass Taub-NUT [[J]. If quadratic Killing-Stéckel tensors
would exist for this metric one could separate the Hamilton-Jacobi equation (and possibly
Schrédinger equation) leading to far-reaching consequences in our understanding of the
classical (and quantum) monopole dynamics.
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