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Wavelet Estimation Via Block Thresholding :
A Minimax Study Under The L” Risk

Christophe Chesneau

University of Paris VI

Abstract: We investigate the asymptotic minimax properties of an adaptive wavelet
block thresholding estimator under the LP risk over Besov balls. It can be viewed
as a L version of the BlockShrink estimator developed by Cai (1996,1997,2002).
Firstly, we show that it is (near) optimal for numerous statistical models, including
certain inverse problems. Under this statistical context, it achieves better rates of
convergence than the hard thresholding estimator introduced by Donoho and John-

stone (1995). Secondly, we apply this general result to a deconvolution problem.

Key words and phrases Minimax estimation; LP risk; Besov spaces; wavelets; block

thresholding; convolution in Gaussian white noise model.
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1. Motivations

Wavelet shrinkage methods have been very successful in nonparametric func-
tion estimation. They provide estimators that are spatially adaptive and (near)
optimal over a wide range of function classes. Standard approaches are based on
the term-by-term thresholding. The well-known example is the hard thresholding
estimators introduced by Donoho and Johnstone (1995).

Recent works have shown that local block thresholding methods can en-
joy better theoretical (and practical) properties than conventional term-by-term
thresholding methods. This is the case for the construction developed by Hall,
Kerkyacharian and Picard (1999), the BlockShrink algorithm proposed by Cai
(1996,1997,2002) and the blockwise Stein’s algorithm studied by Cavalier and
Tsybakov (2002). If we adopt the minimax point of view then the resulting esti-
mators are optimal under the L? risk over a wide range of Besov balls for various
statistical models.

In the present paper, we synthetically analyze the asymptotic performances
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of a LP version of the BlockShrink estimator. In a first part, we consider the
estimation of an unknown function f in LP(]0,1]) from a general sequence of
models I';,. Under very mild assumptions on I';,, we determine a simple upper
bound of the LP risk

~ A~ 1 A~
R(f.f) = E(|f - FI7) = E( /0 @) - fopd,  p>2,

where f is a LP version of the BlockShrink estimator and F is the expectation
with respect to the distribution of the observations. Then, we use this result
to isolate the rates of convergence achieved by this estimator when f belongs to
Besov balls. For numerous statistical models (including several inverse problems),
we show that they are (near) minimax. Moreover, the estimator considered is
better in the minimax sense that the hard thresholding estimator.

In a second part, we provide some applications of this general result. After
a brief study of the standard Gaussian white noise model, we focus our attention
on a more delicate problem : the convolution in Gaussian white noise model.

The rest of the paper is organized as follows. Section 2 describes wavelets and
Besov balls. Section 3 introduces the LP version of the BlockShrink estimator and
the key assumptions. Asymptotic properties of this estimator will be presented
in Section 4. In Section 5, we apply this result to the Gaussian white noise model
and the convolution in Gaussian white noise model. Section 6 contains proofs of
the main theorems.
2. Wavelets and Besov balls

We work with a wavelet basis on the interval [0, 1] of the form

C={prp(z), k=0,..,27 = 1; 9 (x), j=7,....,00, k=0,...,27 —1}.

In general, ¢;1(z) and 9;;(z) are "periodic” or "boundary adjusted” dilation
and translation of a ”father” wavelet ¢ and a "mother” wavelet 1, respectively.
This last function is supposed to be N-regular. The factor 7 is a large enough
integer. For the sake of simplicity, we set ¢;x(z) = 27/2¢(2/2 — k) and ¢ x(2) =
29/24)(272z — k). We assume that the three following geometrical properties are
satisfied.

1. Property of concentration. Let p €]1,00][ and h € {¢,¢}. For any j €

{7,...,00} and any sequence u = (u;)jk, there exists a constant C' > 0
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such that
27 -1 ‘ 291
1D wjrhyully < CPPRD N qu . (2.1)
k=0 k=0

2. Property of unconditionality. Let p €]1,00[. Let us set ¢;_1 = ¢, . For

any sequence u = (u;);k, We have

co 27-1 oo 21-1
1D > witnlle = O Y fugwebnl 2B (2.2)
j=17—1 k=0 j=17—1 k=0

(The notation a < b means : there exist two constants C' > 0 and ¢ > 0
such that ¢b < a < Cb.)

3. Temlyakov property. Let o € [0,00[. Let us set ¢;_1; = ¢,k. For any
subset A C {7 —1,...,00} and any subset C C {0, ...,27 — 1}, we have

IO D 12790215 = D0 > 27 llylly. (2.3)

jeEAkeC jeAkeC

The first property is standard. The others are powerful tools. See Meyer (1990)
for further details about wavelets, the property of concentration and the property
of unconditionality. See Johnstone, Kerkyacharian, Picard and Raimondo (2004)
for further details about the Temlyakov property.

For any | € {r,...,00}, a function f in L2([0,1]) can be expanded in a wavelet

series as _
2l—1 oo 27—1
§ aprdLe(x) + § E Bjxtik(x
j=l k=0

where a;j, = fo t)¢jx(t)dt and B, = fo ) (t)dt

A suitable choice of the wavelet basis ¢ depends on the considered statistical
model. Further details are given in Section 4.

Now, let us define the main function spaces of the study. Let M €]0, 00[, s €
10, N[and 7 € [1,00[. Let us set 5,_1 = o . We say that a function f belongs
to the Besov balls B; (M) if and only if the associated wavelet coefficients satisfy

271

[ Z [27(s+1/2=1/m)( Z | k VYTV < M, for v e [1,00],

j:T*l k=0
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with the usual modification if » = co. For a particular choice of parameters s,
and r, they contain the Holder and Sobolev balls. See Meyer (1990).
3. Estimator and assumptions

In the first part of the present paper, following the mathematical framework
adopted by Picard and Kerkyacharian (2000), we consider the estimation of an
unknown function f in LP([0,1]) from a general situation. We only assume to
have a sequence of models I';, in which we are able to produce estimates of
the wavelet coefficients o and ;5 of f on the basis (. The corresponding
estimators will be denoted &;; and ngz

Now, let us explain the role of two factors § and v which will appear in our
mathematical framework. The first is supposed to be a parameter characterizing
the model. It plays a crucial role in the study of certain inverse problems. For
the standard models, it is equal to zero. The second has only a technical utility.
It may depend on §.

We are now in position to describe the main estimator of the study. It is a
L? version of the BlockShrink estimator developed by Cai (1999). It was first
defined by Picard and Tribouley (2000). It is important to mention that it does
not require any a priori knowledge on f in his construction.

Suppose that p € [2,00[, d €]0,00], § € [0,00[ and v €]0, (26 + 1)~ 1]. Let j;
and j, be integers satisfying 271 =< (logn)?/? and 272 < n” (or 272 < (n/logn)").
For any j € {ji, ..., jo}, let us set L =< (logn)?/?, A;j={1,..,27L7'} and, for any
KeAj,Ujkx={ke{0,..,27 —1}; (K—-1)L<k<KL-—1}. We define the
(LP version of the) BlockShrink estimator by

2011

J2
fle)y=">" qjudprl@+> > > Bj,k1{13].,K2d26jn71/2}¢j,k(37)a (3.1)
k=0

J=j1 K€A; keU; i

where b; g = (L} Zker,K |Bj,k’p)1/p~
For the sake of legibility, we set ), = ZKEA]' and ) = ZkerK All
the constants of our study are independent of f and n.

We make the following assumptions.

(H1). Moments inequality Let us set le—l,k = @&j, k- There exists a constant
C > 0 such that, for any j € {j1 — 1,...,52}, k € {0,...,27 — 1} and n large
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enough, we have
E(|Bjk = Bil ™) < €207,

(H2). Large deviation inequality There exist two constants p and C' > 0 such that,
for any j € {j1,...,j2}, K € A; and n large enough, we have

P((L™"Y " [Bjk — Bie?)HP > 27 2% n~12) < O
(K)

For numerous statistical models, we can find &, BM, v and p which satisfy the
assumptions (H1) and (H2). Several applications will be considered in Section 5.
4. Optimality results

Theorem 4.1 below provides an upper bound of the L? (p > 2) risk of block
thresholding estimator f defined by (3.1). The function f is only supposed to
belong to LP([0,1]).

Theorem 4.1 Let p € [2,00]. Let us consider the general statistical framework
described in Chapter 3. Suppose that the assumptions (H1) and (H2) are satisfied.
Let us consider the estimator f defined by (3.1) with the thresholding constant
d = p. Then there exists a constant C > 0 such that, for any a €]0,1] and n

large enough, we have

E(|f = fIF) < C(@1(f) + Q2(f) +n~ "),

where

00 J2
Qi(f) = Z 27| Z ZZﬂj,k1{bj,K§2—1un—1/225j2m+1}%’,kng
m=0

j=n K (K)
co  27-1
Qo) =11 D D Biwtbiklh-
Jj=j2+1 k=0

The geometrical properties of the basis ¢ under the LP norm is at the heart of
the proof. Such an inequality was proved for the hard thresholding estimator by
Kerkyacharian and Picard (2000, Theorem 5.1).

Theorem 4.2 below is a consequence of Theorem 4.1. We now suppose that f
belongs to Besov balls B; .(M). We investigate the rates of convergence achieved
by the block thresholding estimator f defined by (3.1) under the LP risk for p > 2.
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Theorem 4.2 Let p € [2,00|. Let us consider the general statistical framework
described in Chapter 3. Suppose that the assumptions (H1) and (H2) are satisfied.
Let us consider the estimator f defined by (3.1) with the thresholding constant
d = p. Then there exists a constant C > 0 such that, for any m € [1,00],
re€[l,o00], s €]l/m—(1/2 —1/(2v) + )4+, N| and n large enough, we have

sup  E(|f - fIE) < Con,
FeBy (M)

where

n~P(logn)*PLir>r} when € >0,

Pn =

(log n/n)2P(log n)P~"/M+He=0} . when € <0,

with a1 = s/(2(s+ )+ 1), ae = (s —1/m+1/p)/(2(s — 1/m +d) + 1) and
e=ms+ (6 +1/2)(7 — p).

For numerous statistical models, the rates of convergence exhibited in The-
orem 4.2 are minimax, except for the case € > 0 with p > 7 where an additional
factor logarithmic appeared. For further details about the minimax rates of con-
vergence under the LP risk over Besov balls, see Delyon and Juditsky (1996) and
the book of Hardle, Kerkyacharian, Picard and Tsybakov (1998).

Moreover, let us notice that if (H2) is satisfied then there exist two constants
C > 0 and p. > 0 such that, for any j € {j1,...,52}, k € {0,...,27 — 1} and n
large enough, we have : P(\Bj7k—ﬂj7k] > 271,297 /(logn/n)) < P((X (k) \ﬁj,k—
Bjx[P)H/P > 2714297 /(logn/n)) < Cn~P. So, by considering a result proved by
Picard and Kerkyacharian (2000, Theorem 6.1), under the assumptions (H1)
and (H2), the L? version of the BlockShrink estimator achieves better rates of
convergence than the hard thresholding estimator. More precisely, it removes
the logarithmic term in the case m > p.

In the following section, we apply our general results to the standard Gaus-
sian white noise model and a well-known deconvolution problem.

5. Applications

— Gaussian white noise model. We consider the random process {Y (t); t €

[0,1]} defined by

dY (t) = f(t)dt + n~/2dW (t),
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where {W(t); t € [0,1]} is a standard Brownian motion. We wish to estimate
the unknown function f via {Y'(¢); t € [0,1]}.

Here, we work with the compactly supported wavelet basis on the unit in-
terval introduced by Daubechies, Cohen et Vial (1992). It satisfies the property
of concentration, the property of unconditionality and the Temlyakov property.
See for instance Picard and Kerkyacharian (2000).

Picard and Tribouley (2000) have shown that assumptions (H1) and (H2)
are satisfied with &; = fol ¢;x()dY (1), Bj,k = fol Y p(t)dY (t), 6 =0, v =1 and
u large enough. Therefore, if we defined the estimator (3.1) with the previous
elements, then we can apply Theorem 4.2. This theorem can be viewed as a LP
version of some results obtained by Cai (1997, Theorems 2 and 3) under the L?
risk.

— Convolution in Gaussian white noise model. We consider the random
process {Y(t); t € [0,1]} defined by

dY (t) = (f * g)(t)dt + n~2dW (¢),

where {W(t); t € [0,1]} is a standard Brownian motion and (f g)(t) = fol flt—
u)g(u)du. The function f is unknown and the function g is known. We assume
that f and g are periodic on the unit interval and that there exists a § > 27!

satisfying
Flg)) =7, ez, F(g)(0) = 1. (5.1)

For any h € L'([0,1]) and real number I, F(h) denotes the Fourier transform
of h defined by F(h)(l) = fol h(z)e~ 2™ dx. We wish to recover the unknown
function f via {Y'(¢t); t € [0,1]}. This model has been studied in many papers.
See, for instance, Cavalier and Tsybakov (2002) and Johnstone, Kerkyacharian,
Picard and Raimondo (2004).

Here, we adopt the statistical framework developed by Johnstone, Kerky-
acharian, Picard and Raimondo (2004). We work with a basis constructed from
Meyer-type wavelet adapted to the interval [0, 1] by periodization. We denote this
family by ¢M = {(;S%C(x), k=0,..2"—1; 1/}%6(@, j=7,..,00, k=0,..2—1},
where 7 denotes a large integer. The main particularity of ¢* is that F (™)
and F(¢™) are compactly supported. Moreover, (M satisfies the property of

concentration, the property of unconditionality and the Temlyakov property.
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Theorem 5.3 The assumptions (H1) and (H2) are satisfied with the estimator
proposed by Johnstone, Kerkyacharian, Picard and Raimondo (2004):
G = F*V)OF@O T F@j)0), Bix= Y F*¥V)OF9O) " Fi)0),
leCj leCj
= (1+26)"" and u large enough. Here, Cj = {l € Z; F(qp%c)(l) #0}={l ¢
]l| € [27r3_1Zj 87371271} and, for any integrable process {R(t); t € [0,1]},
f 227rlth

The main difficulty of the proof of Theorem 5.3 is to show the assumption (H2).

So, if we define the estimator (3.1) with the elements &, BAM, 0, v and
1 of Theorem 5.3, then we can apply Theorem 4.2. In particular, under the
LP risk for p > 2 over Besov balls, the considered estimator is better than the
hard thresholding estimator developed by Johnstone, Kerkyacharian, Picard and
Raimondo (2004).
6. Proofs

Here and latter, C' represents a constant which may be different from one
term to the other. We suppose that n is large enough.

Proof of Theorem 4.1. For the sake of simplicity in exposition, we set
05 = Bj,k — B}k Applying the Minkowski inequality and an elementary inequal-
ity of convexity, we have E(||f — f|[}) < 4°~1(G1 + G2 + G3 + Qa(f)) where

291 -1

= B( Y (G, — gy k) ju
k=0

p)

B Z ZZM {5y se<zsipn-1/2} ik lB):

Jj=j1 K

E(] Z ZZQNJ{I; K >2%9 un~— 1/2}%,

j=i K

p)-

Let us analyze each term G1, G2 and Gg, in turn.
o The upper bound for Gy. It follows from the property of concentration
(2.1) and the assumption (H1) that
2011
G, < (©on/2-1) Z E(|aj, x — ajyilP) < C'n—P/2971(6+1/2)p
k=0
< C’n_p/Q(log7”L)(5/2"'1/4)p2 < Cn~P/?, (6.1)
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e The upper bound for Ga. Applying the Minkowski inequality and an elementary

inequality of convexity, we have G2 < 2P~1(Ga 1 + Ga22), where

J2
Goa=E(| > > > BiaeL (b, e <203um-1/2y Lo, se<o09ium-1/21 ik l1p),

J=j1 K (K)

J2
GQ,Q = E(H Z Z Z 5j»k1{l;j’K<25j,un*1/2}1{bj,K>225jun—1/2}¢jak||£)’
Jj=j1 K (K)
— The upper bound for Ga,. Using the property of unconditionality (2.2), we
find

J2
Gon <CI > Z5]',141{bj’K§225j/m—1/2}¢j,k||£ < CQ1(f).

J=n K (K)
— The upper bound for G2 2. Notice that the [, Minkowski inequality yields

<

l{bj,K>225fun’1/2}1{3j,K<25jMN’1/2} 1{|3]',K—bj,K|225jMN’1/2}

S @ S 18;40) /220 un1/2}(6-2)

Using the property of unconditionality (2.2), the generalized Minkowski inequal-
ity, the inequality (6.2), the assumption (H2) and again (2.2), we obtain

J2
Gaz < OB D D I8iwlPlgy, sommisn-172y Lo, secomsm-12y | 0i*) 7215

Jj=j1 K (K)
< C” Z ZZ |ﬁ] k‘ {bj7K>226jp,n_1/2}1{!3]-’K<25j,un—1/2})]2/pW}j,k|2)1/2”z
Jj=j1 K (K)
< L7 105 klP)VP = 2% un =) PP 4 )2 P
J=i K (K)
oo 29—1
< ORI Y 1Bl < Cllf g < Onerl2,
=7 k=0

It follows from the upper bounds of G2 and G2 that

Ga < C(Q1(f) +noP/2). (6.3)
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o The upper bound for GGs3. By the Minkowski inequality and an elementary

inequality of convexity, we have G3 < 2P~1(G3 1 + G32), where

J2
SRR 9 3 SU T TR TR

Jj=i1 K (K)

J2
Gs2 = E(| Z Z Z9]'7’61{&,;(225%*1/2}1{bj,K2253'2—1m*1/2}¢j,kHg)-

Jj=j1 K (K)

— The upper bound for G3 1. An inequality similar to (6.2), the Cauchy-Schwartz
inequality and the assumptions (H1) and (H2) imply
E(Wj,k|p1{i)j7K2251,un*1/2}1{b‘7,K<26j2_1Mn71/2})
< (B0 P[P 104l) P > 2927 unm V2V < C2%Pn e,
(K)
(6.4)

Using the property of unconditionality (2.2), the generalized Minkowski inequal-
ity, the inequality (6.4), the Temlyakov property (2.3) and the fact that v €
10, (26 + 1)71], we have

J2
Gs1 < CE(|(D ZZlej,k|21{z;j’Kzzsjm71/2}1{bj,K<25j2—1un71/2}Wj,k V2P
i=h K (K)
J2 .
< CNZ DD BBk, sass 12y L b, e <2ssz 172V P03 )2
Jj=j1 K (K)
J2 291 4 J2 29-1 '
< OnPIOQ0 Y 2P )R < Oy TN 2P il

j=1 k=0 j=1 k=0

J2
- Cn—pz2j(5+1/2)p < OnP2020+1/2)p < Oy =P p(0+1/2) < Cip—op/2,

j=r

— The upper bound for Gs2. Using the property of unconditionality (2.2),
the generalized Minkowski inequality, the assumption (H1) and the Temlyakov
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property (2.3), we obtain

Gsa < CE(|( ZZZWJH Ly, e >o0i9-1um-1/2} [k )2y

—]1 K

J2
all ZZZ |9 k[7)] /pl{b 5 >2032-1yn— 1/2}|¢J k| )1/2”5

J=i1 K (K)

Cn- p/2H Zzzl{b K >2002— 1un—1/2}226j|w3»

Jj=n K

Cn7?/? Z ZZ Loy, w>asin-1m—1/2)2 09| k| .

j=i K (K

IN

IN

O

IN

By virtue of the Markov inequality and the inclusion B}?’p C LP, we find

0 J2
fp2§:§:§: 0jp 193 (p/2-1
Cn / 1{25j2—1un71/22m§b]_,K<25j2—1’un71/22m+1}2 L2 (p/ )

Gza2 <
m:0j=j1 K
S C Z 9—mp Z ZZ ’ﬁj k‘ {b]K<26]2 Lun— 1/22m+1}2-7 (p/2-1)
Jj=j1 K (K)
S C Z 2_mpH Z Z Z/Bj k {bj K<26g2 1,un 1/22m+1}’17[)], - CQl(f)
j=n K (K)
It follows from the upper bounds of G31 and G532 that
Gy < C(Qu(f) +n ") (6.5)

Combining (6.1), (6.3) and (6.5), for any « €]0, 1], we have

E(|f = fI}) < C(@1(f) + Q2(f) +n "7

The proof of Theorem 4.1 is complete.

Proof of Theorem 4.2. Let us investigate separately the case m > p and
the case p > .

e If m > p. According to Theorem 4.1, it suffices to show that, for any
f € B; (M) , there exists a constant C' > 0 satisfying the inequality Q1(f) V
Q2(f) < Cn=*P where a; = s/(2(s+6) + 1).
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e The upper bound for Q1(f). For any integer m, let j3 be an integer sat-
isfying 273 =< 27™/(25)p1/(2(s+0)+1) " Using the Minkowski inequality, an elemen-
tary inequality of convexity and the property of unconditionality (2.2), we have
Q1(f) < 2P71(S; + Ss), where

Z 2_mp|| Z Zzﬁ]k {b K <u28i2mn— 1/2}11}] k”pa

Jj=i1 K (K)

[e's) jo 291
So=S 2| 3

m=0 j=js+1 k=0

Let us analyze each term S7 and S5, in turn.

— The upper bound for Si. If bjx < $2%2mn =12 then we have clearly
() |85 1[P)1/P < un=1/22m20 L1/P Tt follows from the Minkowski inequality
and the property of concentration (2.1) that

S, < C Z 9=mp| Z 9J(1/2— l/p) ZZ |ﬁj7k’pl{bj,KSu%szmn*l/?})l/p]p
J=j1 K (K)
[e.o] 3 o0
< CnP? Z [Z 2 U/2=1/P) (Card(A;)2%9P L)VPP = CnP/? Z 9J3(0+1/2)p

m=0 j=1 m=0
(o, ¢]
< Cnfsp/(Q(er(S)Jrl) Z Qfmp(l+25)/(4s) < Cn~™P,
m=0
— The upper bound for S3. The Minkowski inequality, the property of con-
centration (2.1) and the inclusion B; (M) C B, (M) imply that

27 -1 0o

022 mp| Z 9i(1/2—=1/p) ZW &P 1/pp<CZ2 mp( Z 9-5)P

Jj=js+1 Jj=js+1

Sa

IN

< C Z 9=mMPY ISP < (O~ sP/(2(s+0)+1) Z 2-mP/2 < TP,

Putting the upper bounds of S; and S together, we conclude that
Q1(f) < Cn= 7. (6.6)

e The upper bound for Q2(f). Using the Minkowski inequality, the property
of concentration (2.1), the inclusion B; (M) C B, (M) and the fact that s >
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1/m—d6—1/2+1/(2v), we find

00 27 -1 0
Qa(f) = C[ Yo 202 nUrp <o( Y 27 < o
Jj=j2+1 k=0 j=ja+1
< C(logn/n)"*? < Cn=P, (6.7)

We obtain the desired result by combining (6.6) and (6.7) and applying The-

orem 4.1 with o = 2¢7.

o If p > m. According to Theorem 4.1, it suffices to show that, for any
[ € B; (M), there exists a constant C' > 0 satisfying the inequality Q1(f) V
Qa2(f) < C(logn/n)*? (logn)P~™/M+Le=0} where o, = a1lfeso0y + a2lie<oy,
1 =58/2(4+06)+1), ae = (s—=1/m+1/p)/(2(s = 1/m+ )+ 1) and € =
s+ (6 +1/2)(m — p).
e The upper bound of Q1(f). Let js be an integer such that

9Ja — 9—m/(2s) (n/log n)1/(2(5+5)+1—(2/7T)1{e§0}) )

The Minkowski inequality and an elementary of convexity give Q1 (f) < 2P~ (T} +
T5), where

T = Z 27| ZZZﬁgk {bj.x <u28i2mn— 1/2}% kllps

j=7 K (K)

Ty = 22 P Z Zzﬂyk {bj.x <u28i2mn

j=ja+1l K (K)

Let us distinguish the case € > 0 with p > 7 and the case € < 0.

e Fore >0 withp > m.

— The upper bound for T1. If bjx < $2%92mn=1/2 then we have clearly
(k) |8, k|P)V/P < pun=1/22m29 [ 1/P. The Minkowski inequality and the property
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of concentration (2.1) imply that

) Ja
T, < C Z 2—mp[z 2](1/2—1/1))(2 Z WM,pl{bjﬁngéijnil/Q})1/p]p
m=0 j=r K (K)

o ja oo
< O3 (3 2N < 0 /2 Y gil1/2400
m=0 j=t1 m=0

< C(log n/n)sp/(2(8+5)+1) Z 2—mp(1+20)/(4s) < (logn/n)*? .

m=0

— The upper bound of Ty. Since L =< (logn)?/?, for any k in Uj K, there exists a
constant C' > 0 such that

{bj,x < p2mTinT1/2299) C {!ﬂj,kl < Cp2™ 2%/ (log n/n)} : (6.8)

Since B; (M) C B;;l/ﬂﬂ/p(M) and € > 0 with p > 7, we have

00 J2
T, < C Z 9-mp| Z 2](1/271/]3)(2 Z WM‘pl{bj,Kguzé.izmn—m})1/p]p
m=0 Jj=ja+1 K (K)
o0 J2 271
< C(logn)(p—Tr)/Qn(Tr—p)/2 Z 27T Z Qj(1/2—1/p)26j((p—7r)/p)(Z |5jk|ﬂ)l/p]p
m=0 J=ja+1 k=0
00 J2
< C(log n)(ﬁ)—ﬂ)/?n(ﬂ—p)/2 Z 27T ( Z 2—je/p)p
m=0 Jj=ja+1
< C(logn)P=m/2p(m=p)/2 Z 9—mmo—jae
m=0
< C(logn) ™ 2nlmP)/2 (log p ) CEHITD S " gmmn/2Em(at1)(n=p)/(42)
m=0
< C(logn/n)*?.
e Fore < 0.

— The upper bound of T1. Proceeding in a similar fashion to the upper bound
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of Ty for € > 0, we obtain

0o Ja
Ty < C(logn)P=m/2p(m=p)/2 Z 2_m7"(z 21 (1/2=1/p) 905 ((p=m)/P) 9=i(s+1/2=1/m)7/p)p

m=0 j:T
> Ja
< C(logn)P=m/2p(m=p)/2 % " gmmm(y " gmic/pyp
m=0 j=T
< C(logn)P=™/2n(m=p)/2 § " gmmmyise
m=0

< C (log n/n)azp Z 2—m7r/2+m(25+1)(7r—p)/(4s) <C (log n/n)azp )

m=0
— The upper bound of T». Using the property of concentration (2.1) and the
inclusion Bj (M) C B;;é/ﬁJrl/p(M), we have

[e's) 27 -1

T, < 022””}’[ Z 2]'(1/2*1/10)(2 mjk’p)l/p]p
m=0 Jj=ja+1 k=0

o oo
< C Z 2—mp2—j4(s—1/7r+1/p)p <C (log n/n)azp Z 2—mp/2+(m/25)(p/7r—1)
m=0 m=0

< C(logn/n)*?.

We deduce that
Q1(f) < C (logn/n)**".
e For e = 0. The upper bound obtained previously for the term 7% is always

valid. Thus, it suffices to analyze the upper bound of T;. Proceeding in a similar

fashion to the upper bound of 77 for € < 0 and using (6.8), we find

00 Ja
T} < Cle 2 ogn) 72 3™ 373 A,
m=0 j=T
where A; = (27/(s+1/2=1/mm zj:_ol 1B;%|™)/P. Let us investigate separately the

case > rp and the case m < rp.

— For m > rp. The inclusion B; (M) C B}

C B; . ,(M) implies }37° _A; < C

and a fortiori

T, < Cn™ P2 (1ogn)P~™/2 < C (log n/n)*2P .
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— For m < rp. Using the Holder inequality and the inclusion f € Bfr,T(M ) C
B (M), we have A; < L and (3272, Ag.’r/”)”/r < L. Therefore,

S) J 00 00 J
3 Q*m“(i A< S (3o ar ”)”/T(i LV
m=0 m=0 j=T j=r

J=j1

< C Z 27m”j4(£p_ﬂ/r) < C(logn)P=™/"),

m=0

Hence,
Ty < C(logn)P=™/Mp(m=P)/2(10g n)P~™/2 < C (log n/n)*?P (log n) P~/
Combining the previous inequalities, we obtain the desired upper bounds.
e The upper bound of Q2(f). Using the Minkowski inequality, the property

of concentration (2.1), the inclusion B ,. (M) C Bz;l/ﬂﬂ/p(M) and the fact that
s>1/m—3§—1/2+1/(2v), we have

00 271 oo
Q2(f) < C] Z 21(1/2*1/17)(2 |5j’k|p)1/p]p < C( Z 9=i(s=1/m+1/p)yp
J=j2+1 k=0 j=ja+1
< 27T HPe < O(n =P A (logn/n)*?P). (6.9)

We obtain the desired upper bounds according to the sign of e.

The proof of Theorem 4.2 is complete.

Proof of Theorem 5.3. Let us consider the following lemma.

Lemma 6.1 (Cirelson’s inequality (1976)) Let D be a subset of R and a
centered Gaussian process (n)iep- If E(supyep ne) < N and sup;cp Var(n) <V
then, for all x > 0, we have
P(supn; > 24+ N) < exp(—z?/(2V)). (6.10)
teD
For the proof of the assumption (H1), we refer the reader to Johnstone, Kerky-
acharian, Picard and Raimondo (2004, Theorem 1). Let us show that the as-
sumption (H2) is satisfied. The aim is to apply the Cirelson inequality (6.10).
Set O = Bi = Big = n 2 Y e, F*W)DF(9)() " F(4)(1). Consider
the set g defined by Qq = {a = (ajr); Xo(x)lajkl? < 1} and the centered
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Gaussian process Z(a) defined by Z(a) = > aj7kéj7k. By an argument of
duality, we have sup,cq, Z(a) = (3_(x) |t§j7k]p)1/p. Let us analyze the values of
N and V which appeared in the Cirelson inequality (6.10).

— Value of N. The Holder inequality and the assumption (H1) imply that

E(sup Z(a)) = E(| § :|9 #P1PY <137 EB(0;07)] VP < On VA P20,
a€y
(K)

Hence N = Cnfl/Ql;/pQ‘sj.

— Value of V. Notice that the assumption (5.1) yields |F(g)(l)]™% = 229
for any [ € C;. Using the fact that F*(W)(l) ~ N(0, 1), the elementary equality
E(F*(W)()F*(W)(I") = 01 —2im(I=U)t gy — 1y—yy and the Plancherel inequal-
ity, we obtain

sup Var(Z(a)) = sup [E Z Z aj, kej k@ k! gk')]

a€fy a€y keU; x k' GUJ X

= nlsup| Z Z a]kagk’zz DTREM)..

W€ peu; « keU; x leC; I'eC;
(F(g) ()" F (M) ) EFE (W) () F*(W) (1))
= nlsup[ Y > apmw Y IF(9) W TP FWI)OF () (1)

W€ peu; « keU; x 1€C;
< Cn12%5 sup [ Z Z Qj k0 K ZF %, Jk/)(l)]
W€ peU 1 keU; x 1€C;

= Cn~ 122(Sjsup Z Z a]kajk//d)]k Jk, ) x]

€ yey, x KeU; i
= Cn~'2% sup ( Z laji|?) < C2%9p~1

€L ey,

Hence V = C22%n~1. By taking d large enough and z = 4~ dn=1/2L1/P20J  the

Cirelson inequality (6.10) yields

L7 10;6P)P = 2927 dn %) < P(sup Z(a) >z + N)
(K) a€lly
< exp(—27/(2Q)) < exp(—Cd*L*7).

Since L?/? = logn, we prove the assumption (H2) by taking d large enough. The

proof of Theorem 5.3 is complete.
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