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MATHEMATICAL STUDY OF THE BETAPLANE MODEL:
EQUATORIAL WAVES AND CONVERGENCE RESULTS

Isabelle Gallagher, Laure Saint-Raymond

Abstract. — We are interested in a model of rotating fluids, describing the motion of the ocean
in the equatorial zone. This model is known as the Saint-Venant, or shallow-water type system, to
which a rotation term is added whose amplitude is linear with respect to the latitude; in particular
it vanishes at the equator. After a physical introduction to the model, we describe the various waves
involved and study in detail the resonances associated with those waves. We then exhibit the formal
limit system (as the rotation becomes large), obtained as usual by filtering out the waves, and prove
its wellposedness. Finally we prove three types of convergence results: a weak convergence result
towards a linear, geostrophic equation, a strong convergence result of the filtered solutions towards
the unique strong solution to the limit system, and finally a “hybrid” strong convergence result of the
filtered solutions towards a weak solution to the limit system. In particular we obtain that there are
no confined equatorial waves in the mean motion as the rotation becomes large.

Résumé. — On s’intéresse a un modele de fluides en rotation rapide, décrivant le mouvement
de l'océan dans la zone équatoriale. Ce modele est connu sous le nom de Saint-Venant, ou systeme
“shallow water”, auquel on ajoute un terme de rotation dont ’amplitude est linéaire en la latitude ; en
particulier il s’annule a ’équateur. Apres une introduction physique au modele, on décrit les différentes
ondes en jeu et 'on étudie en détail les résonances associées a ces ondes. On exhibe ensuite un systeme
limite formel (dans la limite d’une forte rotation), obtenu comme d’habitude en filtrant les ondes,
et 'on démontre qu’il est bien posé. Enfin on démontre trois types de résultats de convergence : un
théoreme de convergence faible vers un systéme géostrophique linéaire, un théoreme de convergence
forte des solutions filtrées vers la solution unique du systéeme limite, et enfin un résultat “hybride”
de convergence forte des solutions filtrées vers une solution faible du systéeme limite. En particulier
on démontre ’absence d’ondes équatoriales confinées dans le mouvement moyen, quand la rotation
augmente.
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CHAPTER 1

INTRODUCTION

The aim of this paper is to obtain a description of geophysical flows, especially oceanic flows, in
the equatorial zone. For the scales considered, i.e., on domains extending over many thousands of
kilometers, the forces with dominating influence are the gravity and the Coriolis force. The question
is therefore to understand how they counterbalance eachother to impose the so-called geostrophic
constraint on the mean motion, and to describe the oscillations which are generated around this
geostrophic equilibrium.

At mid-latitudes, on “small” geographical zones, the variations of the Coriolis force due to the curvature
of the Earth are usually neglected, which leads to a singular perturbation problem with constant
coefficients. The corresponding asymptotics, called asymptotics of rotating fluids, have been studied
by a number of authors. We refer for instance to the review by R. Temam and M. Ziane [34], or to
the work by J.-Y. Chemin, B. Desjardins, I. Gallagher and E. Grenier [4].

In order to a get a more realistic description, which allows for instance to exhibit the specificity of the
equatorial zone, one has to study more intricate models, taking into account especially the interaction
between the fluid and the atmosphere (free surface), and the geometry of the Earth (variations of
the local vertical component of the Earth rotation). The mathematical modelling of these various
phenomena, as well as their respective importance according to the scales considered, have been studied
in a rather systematic way by A. Majda [24], and R. Klein and A. Majda [19].

Here we will focus on quasigeostrophic, oceanic flows, meaning that we will consider horizontal length
scales of order 1000km and vertical length scales of order 5km, so that the aspect ratio is very small and
the shallow-water approximation is relevant (see for instance the works by D. Bresch, B. Desjardins
and C.K. Lin [3] or by J.-F. Gerbeau and B. Perthame [13]). In this framework, the asymptotics of
homogeneous rotating fluids have been studied by D. Bresch and B. Desjardins [2].

For the description of equatorial flows, one has to take further into account the variations of the Coriolis
force, and especially the fact that it cancels at equator. The inhomogeneity of the Coriolis force has
already been studied by B. Desjardins and E. Grenier [6] and by the authors [10] for an incompressible
fluid with rigid lid upper boundary (see also [7] for a study of the wellposedness and weak asymptotics
of a non viscous model). The question here is then to understand the combination of the effects due
to the free surface, and of the effects due to the variations of the Coriolis force.
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Note that, for the sake of simplicity, we will not discuss the effects of the interaction with the boundaries,
describing neither the vertical boundary layers, known as Ekman layers (see for instance the paper by
D. Gérard-Varet [12]), nor the lateral boundary layers, known as Munk and Stommel layers (see for
instance [6]). We will indeed consider a purely horizontal model, assuming periodicity with respect
to the longitude (omitting the stopping conditions on the continents) and and infinite domain for the
latitude (using the exponential decay of the equatorial waves to neglect the boundary).

1.1. Physical phenomena observed in the equatorial zone of the earth

The rotation of the earth has a dominating influence on the way the atmosphere and the ocean respond
to imposed changes. The dynamic effect is caused (see [14], [28]) by the Coriolis acceleration, which
is equal to the product of the Coriolis parameter f and the horizontal velocity.

An important feature of the response of a rotating fluid to gravity is that it does not adjust to a state of
rest, but rather to an equilibrium which contains more potential energy than does the rest state. The
steady equilibrium solution is a geostrophic balance, i.e. a balance between the Coriolis acceleration
and the pressure gradient divided by density. The equation determining this steady solution contains a
length scale a, called the Rossby radius of deformation, which is equal to ¢/| f| where ¢ is the wave speed
in the absence of rotation effects. If f tends to zero, then a tends to infinity, indicating that for length
scales small compared with a, rotation effects are small, whereas for scales comparable to or larger
than a, rotation effects are important. Added to that mean, geostrophic motion, are time oscillations
which correspond to the so-called ageostrophic motion. The use of a constant-f approximation to
describe motion on the earth is adequate to handle the adjustment process at mid-latitudes : Kelvin
[35] stated that his wave solutions (also known as Poincaré waves) are applicable “in any narrow lake
or portion of the sea covering not more than a few degrees of the earth’s surface, if for % f we take the
component of the earth’s angular velocity round a vertical through the locality, that is to say

1
—f =Qsi
5 f sin ¢,
where 0 denotes the earth’s angular velocity and ¢ the latitude.”

The adjustment processes are somewhat special when the Coriolis acceleration vanishes : the equatorial
zone is actually found to be a waveguide: as explained in [14], there is an equatorial Kelvin wave, and
there are equatorially trapped waves, which are the equivalent of the Poincaré waves in a uniformly
rotating system. There is also an important new class of waves with much slower frequencies, called
planetary or quasi-geostrophic waves. These owe their existence to the variations in the undisturbed
potential vorticity and thus exist at all latitudes. However, the ray paths along which they propagate
bend, as do the paths of gravity waves, because of the variation of Coriolis parameter with latitude,
and it is this bending that tends to confine the waves to the equatorial waveguide.

1.2. A mathematical model for the ocean in the equatorial zone

In order to explore the qualitative features of the equatorial flow, we restrict our attention here to a very
simplified model of oceanography. More precisely, we consider the ocean as an incompressible viscous
fluid with free surface submitted to gravitation, and further make the following classical assumptions :

(H1) the density of the fluid is homogeneous,
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(H2) the pressure law is given by the hydrostatic approximation,

(H3) the motion is essentially horizontal and does not depend on the vertical coordinate,

leading to the so-called shallow water approximation.

We therefore consider a so-called viscous Saint-Venant model, which describes vertically averaged flows
in three dimensional shallow domains in terms of the horizontal mean velocity field u and the depth
variation h due to the free surface. Taking into account the Coriolis force, a particular model reads as
Oth + V- (hu) =0

(1.2.1) n 1
O¢(hu) + V- (hu ® u) + f(hu)~ + Fth — hVK(h)— A(h,u) =0

T
where f denotes the vertical component of the earth rotation, Fr the Froude number, and K and A
are the capillarity and viscosity operators. We have written u for the vector (uz, —u1).

Note that, from a theoretical point of view, it is not clear that the use of the shallow water approxima-
tion is relevant in this context since the Coriolis force is known to generate vertical oscillations which
are completely neglected in such an approach. Nevertheless, this very simplified model is commonly
used by physicists [14, 29] and we will see that its study already gives a description of the horizontal
motion corresponding to experimental observations.

Of course, in order that the curvature of the earth can be neglected, and that latitude and longitude can
be considered as cartesian coordinates, we should consider only a thin strip around the equator. This
means that we should study (1.2.1) on a bounded domain, and supplement it with boundary conditions.
Nevertheless, as we expect the Coriolis force to confine equatorial waves, we will perform our study
on R x T where T is the one-dimensional torus R 2,7z, and check a posteriori that oscillating modes
vanish far from the equator, so that it is reasonable to conjecture that they should not be disturbed
by boundary conditions.

1.3. Some orders of magnitude in the equatorial zone

For motions near the equator, the approximations
sing ~ ¢, cos¢p~1

may be used, giving what is called the equatorial betaplane approximation. Half of the earth’s surface
lies at latitudes of less than 30° and the maximum percentage error in the above approximation in
that range of latitudes is only 14%. In this approximation, f is given by

f = ﬂxla
where z; is distance northward from the equator, taking values in the range
21 € [-3000km , 3000 km],

and [ is a constant given by

20
f="=23x10""m st
,

A formal analysis of the linearized versions of the equations shows then that rotation effects do not
allow the motion in each plane x; = const to be independent because a geostrophic balance between
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the eastward velocity and the north-south pressure gradient is required. Equatorial waves actually
decay in a distance of order a., the so-called equatorial radius of deformation,

o\ /2
~(3)

where c is the square root of gH, H being interpreted as the equivalent depth. For baroclinic ocean
waves, appropriate values of ¢ are typically in the range 0.5ms™! to 3ms~!, so the order of the equatorial
Rossby radius is

ae ~ 100 km,

which is effectively very small compared with the range of validity of the betaplane approximation.

1.4. The Cauchy problem for the betaplane model

Before describing the equatorial waves and the asymptotic behaviour of the ocean in the fast rotation
limit, we need to give the mathematical framework for our study, and therefore to specify the dissipative
operators A and K occuring in (1.2.1).

From a physical point of view, it would be relevant to model the viscous effects by the following
operator

A(h,u) = vV - (hVu),

meaning in particular that the viscosity cancels when h vanishes. Then, in order for the Cauchy
problem to be globally well-posed, it is necessary to get some control on the cavitation. Results
by Bresch and Desjardins [2] show that capillary or friction effects can prevent the formation of
singularities in the Saint-Venant system (without Coriolis force). On the other hand, in the absence
of such dissipative effects, Mellet and Vasseur [26] have proved the weak stability of this same system
under a suitable integrability assumption on the initial velocity field. All these results are based on a
new entropy inequality [2] which controls in particular the first derivative of vh. In particular, they
cannot be easily extended to (1.2.1) since the betaplane approximation of the Coriolis force prevents
from deriving such an entropy inequality.

For the sake of simplicity, as we are interested in some asymptotic regime where the depth & is just a
fluctuation around a mean value H, we will thus consider the following viscosity operator

A(h,u) = vAu,

and we will neglect the capillarity
K(h) =0,

so that the usual theory of the isentropic Navier-Stokes equations can be applied (see for instance [23]).

Theorem 1 (Existence of weak solutions). — Let (h°,u®) be some measurable nonnegative func-
tion and vector-field on R x T such that
def (R® —H)?2 KO .,
1.4.1 £° :/ ———+ = [u’]? | dz < +o0.
(141) < 2F7 7 v

Then there exists a global weak solution to (1.2.1) satisfying the initial condition

— 10 _,,0
h\tzofh’v Ult=0 = U,
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and which furthermore satisfies for almost every t > 0 the energy estimate

— 2 t
(1.4.2) / (M + ﬁ|u|2> (t,x)dx + I// /|Vu|2(t’,z)dzdt’ < &
2Fr 2 0

In this paper we are interested in describing the behaviour of the ocean in the equatorial zone. We
thus expect the Froude number Fr, which is the ratio of the fluid speed to a measure of the internal
wave speed, to be small. More precisely we will consider depth variations

h=H(1+en)
where ¢ stands for the order of magnitude of the Froude number.

As seen in the introduction, in order for gravity waves to be notably modified by rotation effects, the
Rossby radius of deformation has to be comparable to the typical length scales. In order to derive the
quasi-geostrophic equations with free-surface term used in oceanography, we will assume that ¢ is also
the order of magnitude of the Rossby number.

In non-dimensional variables, the viscous Saint-Venant system (1.2.1) can therefore be rewritten (nor-
malizing H to H =1 for simplicity)

om + %V- ((1 + En)u) =0,

1
8t((1 + En)u) +V- ((1 +enu® u) + %(1 + en)ut + E(l +en)Vn — vAu =0,

(1.4.3) Nt=0 = 1’ Ujt=0 = u®.
In such a framework, the energy inequality (1.4.2) provides uniform bounds on any family (7., ue)es0
of weak solutions of (1.4.3).

In all the sequel we will denote respectively H* and H* the homogeneous and inhomogeneous Sobolev
spaces of order s, defined by

H(R xT) = {fES’(RxT)/]-"fGL}OC(RxT)

and ey = O [ €8+ RIFFE WP d < o0},
kez /R
and
H*(RxT) = {f €S'(RxT) / 11 (rxr) = Z/ 1+ &+ K PIFf(E k) de < oo} :
keZ R

where F denotes the Fourier transform
VkeZ,VEeR Ff(&k) = /e_ik“e_igzlf(xl,xg) dzodr .

We will also denote, for all subsets 2 of R x T and for all s > 0, by H§(Q2), the closure of D() for
the H*® norm, and by H~*(Q) its dual space.

The following result is a consequence of Theorem 1.
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Corollary 1.4.1. — Let (n°,u°) € L2(R x T) and (n2,u?) such that
1
3 [ (kP + () o < €9,

(12,ug) — (°,u’) in L*(R x T).

(1.4.4)

Then, for all e > 0, System (1.4.3) has at least one weak solution (n.,u.) with initial data (n2,u?)
satisfying the uniform bound

1 t
(1.4.5) 3 /(77? + (14 en)|uc*)(t, x)dx —|—/ /1/|Vu5|2(s,x)dxds < &°.
0

Furthermore u. is uniformly bounded in L}, (R*; L*(R x T)).

In particular, there exist n € L>°(RT; L2 (R x T)) and u € L®(RT; L2(R x T))NL*(RT; H' (R x T))
such that, up to extraction of a subsequence,

(e, ue) — (n,u) in w-Li (R x R x T).

Proof. — Replacing h by 1+ 7 in the energy inequality (1.4.2), we get (1.4.5) from which we deduce
that there exist n € L®(RT; L2(R x T)) and u € L>(R*™; H' (R x T)) such that, up to extraction of
a subsequence,

(e, ue) = (n,u) in w-L7 . (RT x R x T).

Furthermore we have the following inequality:

/Q |u8|2(t,x)dxg/Q(Hang)mgﬁ(t,x)dﬁs(/ (L o dx) (/ A, 2) dx)

from which we deduce that

/2

u. € L3, (R LA(R x T),

where we have used the interpolation inequality

/|u8| tacd:z:<C/|u5| tacd:z:/|Vu5| (t,z)d

By Fatou’s lemma we get that u belongs to L>°(R™; L?(R x T)). That concludes the proof. O



CHAPTER 2

EQUATORIAL WAVES

The aim of this chapter is to describe precisely the various waves induced by the singular perturbation
(2.0.1) L:(nu) € L* (R xT) — (V-u, Bxyu’ + Vn).

In the first paragraph we study the kernel of the operator, which describes the mean flow as we will
see in Chapter 4. In the second paragraph we describe all the other waves, using the Hermite functions
in x7 and the Fourier transform in xs; this enables us to recover results which are well-known from
physicists (see for instance [14],[28],[30]-[32], as well as [7] for a mathematical study). Finally in the
last paragraph we study the possible resonances between all those waves; that result will be useful in
Chapter 3 to prove regularity estimates for the limit system introduced in Paragraph 2.3 below.

2.1. The geostrophic constraint

In this section we are going to study the kernel of the singular perturbation L defined in (2.0.1).

Proposition 2.1.1. — Define the linear operator L by (2.0.1). Then (n,u) € L*(R x T) belongs
to KerL if and only if (n,u) belongs to L*(R,,) and

(2.1.1) uy =0, pfrius+ 6177 =0.

Proof. — If (n,u) belongs to L?(R x T) N KerL, then we have
Vou=0, pBxyut+Vn=0,
in the sense of distributions. Computing the vorticity in the second identity leads to
VE - (Briut +Vn) = BV -u+uy) =0,

from which we deduce, since V-u = 0, that u; = 0. Plugging this identity respectively in the divergence-
free condition and in the second component of the vectorial condition gives

Ooug =0, 0don =0,
meaning that n and u depend only on the z; variable. The last condition can then be rewritten
Bxius + 01n = 0.
Conversely, it is easy to check that any (n,u) € L?(R) satisfying (2.1.1) belongs to KerL. O
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In the following we will denote by IIy the orthogonal projection of L?(R x T) onto KerL. It is given
by the following formula.

Proposition 2.1.2. — Define the linear operator L by (2.0.1). Denote by Iy the orthogonal projec-
tion of L?(R x T) onto KerL. Then, for all (n,u) € L>(R x T)

(2.1.2) Iy (1, u) = (/(DDT + Id) ™ ( + Dusg)dx2, 0, / DY(DDT +1d)~*(n + DuQ)de) :

where D is the differential operator defined by D- = Oy (ﬂ—)
T1

Proof. — By Proposition 2.1.1, for all (n,u) € L*(R x T), (n*, u*) def o (n, u) belongs to L*(R) and
satisfies
uy =0, PBxiuy+ oin* =0.

Averaging with respect to the xo-variable, one is reduced to the case when (n,u) € L?(R).

By definition (n — n*,u — u*) is orthogonal in L? to any element (p,v) of KerL : that implies that

1 1
[ =+ = gyem) o = [ (000 = w0y 5000 o =
An integration by parts leads then to
1 U2
- =01+ 1d|n" = 01—
( 152~T% 1+ )77 n+ 1ﬂx1

Plugging this identity in the second constraint equation gives the expected formula for u3.

That proves Proposition 2.1.2. O

2.2. Description of the waves

In this section we are going to describe precisely the various waves created by L. In the first paragraph
of this section (Paragraph 2.2.1) we compute the eigenvalues of L and present its eigenvectors, which
constitute a Hilbertian basis of L?(R x T) (that is proved in Paragraph 2.2.2). That basis enables us
in the last paragraph to introduce the filtering operator and formally derive the limit filtered system,
in the spirit of S. Schochet [33] (see also [17]).

2.2.1. Precise description of the oscillations. — In this paragraph, we are going to explain how
to obtain the various eigenmodes of L. The crucial point is that the description of these eigenmodes
can be achieved using the Fourier transform with respect to x2 and the decomposition on the Hermite
functions (¢, )nen with respect to 1. Here the Hermite functions are conveniently rescaled so that

n(a1) = =5 Py (v/Bry),

where P, is a polynomial of degree n, and (¢, )nen satisfy
—ty + B2ain = B(2n + 1)ihn.
We recall that (v,)nen constitutes a Hermitian basis of L?(R).
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Moreover we have the identities
1/] (‘Tl) + ﬁl’ﬂﬁn -Tl =V Qﬁnwn 1 .Tl
1/] (1) — Bripp(x1) = —/28(n + 1)hpi1(z1)

We have used the convention that ¢, =0 if n < 0.

(2.2.1)

In the following we will then denote by f(n, k), for n € N and k € Z, the components of any function f
in the Hermite-Fourier basis (27) /24, (x1)e™**2. In other words we have

1

V(n,k) ENxZ, f(nk)= = /.
xT

U (21)e™ 2 f (21, 20) daydas,
along with the inversion formula

V(z1,22) e R X T, f(x1,22) = Z P (x kaf(n, k).

nEN
keZ

In order to investigate the spectrum of L (which is an unbounded skew-symmetric operator), we are
interested in the non trivial solutions to

(2.2.2) L(n,u) = it(n, u).

If one looks for the L? solutions of (2.2.2) with u; non identically zero, one gets as a necessary condition
that the Fourier transform of u; with respect to z (denoted by Fou) satisfies

5

(fgul)// + <T2 — k2 52 > Fouy = 0

from which we deduce that Fau; is proportional to some 1, and that
(2.2.3) ™ — (k* +B(2n+ 1)1 + Bk =0,
for some n € N.

The following lemma is proved by elementary algebraic computations.

Lemma 2.2.1. — For any >0 and any (n, k) € N* x Z, the polynomial
P(r) =73 — (K> + p(2n + 1))7 + Bk
has three distinct roots in R, denoted in the following way:
(2.2.4) T(n,k,—1) < 7(n,k,0) < 7(n, k,1).
Moreover if T(n,k,j) = 7(n',k,j') # 0 for some (n,n’) € N? withn # 0 and (j,j') € {—1,0,1}2, then
necessarily n =n’ and j = j'.
Finally the following asymptotics hold if n or |k| goes to infinity:

Ok
k,+1) ~ £y/k? 2 1 d kE,O)v ———.
'T(n7 ) ) +6( n -+ )7 an T(TL, ’ ) k2+ﬁ(2n+1)

Proof. — To prove that the polynomial has three distinct roots we simply analyze the function P(7).
Its derivative P’(7) vanishes in +«, where

k> +B8@2n+1)
3
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It is then enough to prove that P(a) < 0 and P(—«) > 0. Let us write the argument for P(a). We
have

P(a) = —2a® + Bk.
But for n # 0, one checks easily that 2% > 3|k|. Indeed one has
4
~ 27
as soon as n > 1. So the first result of the lemma is proved.

405 (K> + B(2n+1))® > k*3?

To prove the second result, we notice that if 7(n,k,j) = 7(n/,k,j') = 7 # 0, then 2(n —n/)7 =0
from which we deduce that n = n’/, and therefore that j = j’ since the polynomial (2.2.3) admits three
separate roots for n # 0.

Finally the asymptotics of the eigenvalues is an easy computation. The lemma is proved. (|

Remark 2.2.2. — In the case when n = 0, the three roots of P are
ko1 ko1
(2.2.5) 7(0,k,—1) = 5~ 5\//{52 +4p, 7(0,k,0) =k, and 7(0,k,1) = ) + 3 k2 +48.

It follows that in the case when 3 = 2k?, the roots become k (double) and —2k.

Now let us study more precisely the waves generated by L.

o If k # 0 and n # 0, (2.2.3) admits three solutions according to Lemma 2.2.1, and one can check (see

Paragraph 2.2.2 below) that these solutions are eigenvalues of L associated to the following unitary
eigenvectors

it(n,k,j) , ik
| ek T )
\I/n,kJ (501, :CQ) = Cvn,k,je“cz2 ’l/)n (1'1)
ik , it(n,k,j)

T e N T A

which can be rewritten

(2.2.6)

—t [ Bn i Bln+ 1)
m Twn—l(fﬂl) + T(TL, k,]) % B) ’l/Jn+1(.’L'1)

n(xl)

G
! [Bn i Bln+1)
m(nk,j) +k Twn_l(xl) + r(n,k,j) — k 5 Yn+1(z1)

because of the identities (2.2.1). The factor Cy, i ; ensures that ¥, ;. ; is of norm 1 in L?(R x T), its
precise value is given in (2.2.12) below.

1kx
Uk (21, 02) = Cp g 5"

The modes corresponding to 7(n, k,—1) and 7(n, k, 1) are called Poincaré modes, and satisfy
T(n,k,£1) ~ £/k?2 + B(2n+ 1) as |k| or n — oo,
which are the frequencies of the gravity waves.

The modes corresponding to 7(n, k,0) are called Rossby modes, and satisfy

Bk

T(n,k,O)Nm

as k| orn — oo,
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meaning that the oscillation frequency is very small : the planetary waves VU, j o satisfy indeed the
quasi-geostrophic approximation.

o If £ =0 and n # 0, the three distinct solutions to (2.2.3) are the two Poincaré modes
T(n,0,£1) = £/6(2n + 1)

and the non-oscillating, or geostrophic, mode 7(n,0,0) = 0. The corresponding eigenvectors of L are

given by (2.2.6) if j # 0 and by
n + 1
Yn—1 131 \/>¢n+1 961
1

2n—|— 1
\/ 1/)n 1 $1 \/7"/)n+1 ZE1

e If n = 0, the three solutions to (2.2.3) are the two Poincaré and mized Poincaré-Rossby modes

(2.2.7) Un0,0(21) =

k
(2.2.8) 7(0,k,£1) = — = j: k2 + 40
with asymptotic behaviours given by
7(0,k, — sgn(k)) ~ —k as |k| — oo,

7(0, k, sgn(k)) ~ s as |k| — oo,

k
and the Kelvin mode 7(0,k,0) = k. The corresponding eigenvectors of L are given by (2.2.6) if j # 0
and by
- Yo(z1)
(2.2.9) \Ifo k 0(301, $2) = —6Z o2 0
w V4
i Yo (1)

Note that in the case when the fluid studied is the atmosphere rather than the ocean, the mixed
Poincaré-Rossby waves are known as Yanai waves.

We recall that the functions v, are defined by

Yn(z1) = Po(y/Bay)
where P, is a polynomial of degree n. We therefore have an exponential decay far from the equator.

As mentioned in the introduction, the adjustment processes are somewhat special in the vicinity of
the equator (when the Coriolis acceleration vanishes). A very important property of the equatorial
zone is that it acts as a waveguide, i.e., disturbances are trapped in the vicinity of the equator. The
waveguide effect is due entirely to the variation of Coriolis parameter with latitude.

Note that another important effect of the waveguide is the separation into a discrete set of modes
n=20,1,2,... as occurs in a channel.
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2.2.2. Diagonalization of the singular perturbation. — In this paragraph we are going to show
that the previous study does provide a Hilbertian basis of eigenvectors.

Proposition 2.2.3. — For all (n,k,j) € N x Z x {=1,0,1}, denote by 7(n,k,j) the three roots
of (2.2.3) and by U, 1 ; the unitary vector defined in Paragraph 2.2.1.

Then (Vi k) (n,k,j)eNxZx{—1,0,1} 15 a Hilbertian basis of L?(R x T) constituted of eigenvectors of L :
(2.2.10) V(n,k,j) e NxZx{-1,0,1}, LY, ; =1i1(n,k,7)Un ;.
Furthermore we have the following estimates : for all s > 0, there exists a nonnegative constant Cs
such that, for all (n,k,j) € N xZ x {-1,0,1},
kgl oo mxr) < Cos Wk jllwes @ur) < Cs(1+ K[> +n)*/2,

O L+ [k 4+ )2 < W gl (mxer) < Cs(L+ k[ + )72,

(2.2.11)

where W*°° denotes the usual Sobolev space. Moreover the eigenspace associated with any non zero
eigenvalue is of finite dimension.

Proof. — In order to establish the diagonalization result, the three points to be checked are the
identity (2.2.10), the orthonormality of the family (¥, ;), and the fact that it generates the whole
space L?(R x T).

o U, ;. ; is an eigenvector of L

We start by establishing the identity (2.2.10), where 7(n, k, j) is defined by (2.2.4) and (2.2.5) and
U, ; is defined either by (2.2.6) (for the Poincaré and Rossby modes) or by (2.2.7) (for the non-
oscillating modes), or by (2.2.9) (for the Kelvin modes).

For the Poincaré, Rossby and mixed Poincaré-Rossby modes, we start from formula (2.2.6)

1B i Bn+1)
7(n, k: 7))+ k 1/)n 1) T(n,k,j) —k 2 Yry1 (1)

1kxo 1)

/13 i Bln+1)
(n, k 1)+ k wn 1) T(n,k,j) — k 2 Unt1(21)

We have LY, . ; = C’nﬁkﬁje k22V,, 1.; where V,, 1 ; denotes
/ . B Z\/_ iwn+1
¥y (x1) + zk\/; <W"/}n 1(z1) + W¢n+l(xl))
s (o oo = v a(o0) + I (Borbia(on) + ()

Unk,j = Cn k,j€

T(n.k,j) + k I
perta(en) + ity (ol o) + o)
which can be rewritten using the identities (2.2.1)
o ?)J})_k Tt = S [ e
S TR + S B Do)
<n(7Z ];)jlk ﬁn’/’" @) - 7(77;(,7;7,1?)3.)]6 ﬁ(n; D)
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As 7(n, k, j) satisfies (2.2.3), we have

i i _(2n+1)B1(n,k,j) + Bk
O RN e o ey el LU B gy

from which we deduce that

LY, ;; =1i1(n,k,j) ¥y, forall (n,k,7) € NxZ x {—1,1}UN* x Z* x {0}.

=ir(n,k,j)

For the Kelvin modes we start from formula (2.2.9)

L ikas Yo
lI/O,k,O = \/—4_71'6 0
Yo
We have
1 ik in o
LY o= 47T€”w2 Brio +vy | = \/—4—F€zkz2 (U I
ik Yo

or equivalently
L\P01k10 = ik\PO,k,O for all k € Z.

For the non-oscillating modes we start from formula (2.2.7)

1
1 - %d}nfl - \/g"/)nJrl

——————] 0
2r(2n + 1) —— —
Tl/]n—l - \/;wn—i-l

An easy computation shows that

V00 =

0
1 (n+1) n
L\I/n = L= / _ o /
0,0 TITESY) 5 (Z1Yn—1 —U;,_1) 5 (T1Vng1 + Upyq)
0

which is zero by (2.2.1). Thus,
LY, 00=0 for all n € N*.

o (U, ;) is an orthonormal family
By identity (2.2.10) and the fact that ((27)~'/2e"**2);c7 and (¢, (x1))nen are respectively Hilbertian
basis of L?(T) and L*(R) we are going to deduce that (¥, x ;) is an orthonormal family.

In formula (2.2.6), we choose

_ (o) 12 Bn Bln+1) o
(2.2.12) Crg = (2m) 7" ((T(n,k,j) TEE (k) k2 1)

so that

”\Pn,k,jHQL?(RxT) =1,
for all (n,k,j) € NxZ x {-1,1} UN* x Z* x {0}.



14 CHAPTER 2. EQUATORIAL WAVES

In the same way, it is immediate to check that

HW’MO,OH%?(RXT) =1,
for all n € N*, and that
[%o,k.0l

%Z(RXT) =1,
for all k € Z.

In order to establish the orthogonality property we proceed in two steps.

If 7(n,k,j) # 7(n', k', §’), as L is a skew-symmetric operator, we have
iT(n, k,j)(\lfnykyﬂ\lfn/yk/’j/) = *(L\Iln,k,j“lln/,k/,j’)
= (Yn | LV . 57)
= 7:7_(”/5 klv ]/> (\Ijn,k,j |\Ijn/,k/,j’)
from which we deduce that

(\I/n,k,j|llln’7k’,j’) =0.

If 7(n,k,j) = 7(n', k', j), we first note that
for k # K, (Wnr;j|Vnp ) =0

using the orthogonality of e***2 and e*' 2 Qo we are left with the case when k = k'. First, if T(n,k,j) =
7(n',k,j’) =7 # 0 and n # 0, then Lemma 2.2.1 implies that n = n’ and j = j’. Then in the case
when 7(0,k,7) = 7(0,k,j') = 7 # 0, with j # j', we just have to consider the explicit definition
of Wy ,; and Yo 5 given in Paragraph 2.2.1 to find that

(Tok,i|Po,k,1) = 0.

Finally, if 7(n,k,j) = 7(n/,k',5/) = 0, we have k = k' = 0 and j = j° = 0 and we deduce from
formula (2.2.7) that

forn#n',  (Vn0,0/¥n00) =0.

We thus conclude that
(Wt j W i jr) = 0,

as soon as (n,k,j) # (n/, K, j").

o (U, ;) spans L?(R x T)
It remains therefore to see that any vector ® of L?(R x T) can be decomposed on the family (¥, 5 ;).

We first decompose each component on the Hermite-Fourier basis
‘?o(kvnwn(xl)

By (k)i (1) |
Do(k, )Y (1)

isz

q)(l'l, 1'2) =

1
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which can be rewritten
_ (®o(k,n+1) + a(k,n + D)hnia(z1) + (®o(k,n— 1) — do(k,n — 1))tbn—1(z1)
ethw2 A A 20 (k, n)i/}? (x1) A
(Po(k,n+ 1)+ a(k,n+ 1)) Ynt1(21) — (Po(k,n— 1) — Po(k,n — 1))n_1(71)
(Do(k, 0) + P2 (k, 0))o(w1) + (Po(k, 1) + Dok, 1))¢h1 (21)

1 )
+ Zemz 201 (k,0)o(z1)
2vm 5 (@olk,0) + Bak, 0))bolr) + (Bo(k, 1) + Ba(k, 1))upr (1)

1
2V 21 =0
k

We then introduce for all (n, k) € N x Z the matrix M, ; € M3(R) defined by

7’L'Cn1k1,1\/6n/2 7’L'Cn1k10\/6n/2 7’L'Cn1k11\/6n/2

T(n,k,—1)+k T(n,k,0) + k T(n,k,1) + k
(2.2.13) My = Ch.k,—1 Ch.k,0 Chi1
iCnk,—1V/B(n+1)/2 iChyoy/Bn+1)/2  iChpay/B(n+1)/2
T(n,k,—1) —k 7(n,k,0) — k T(n,k,1) — k

if n # 0 and k # 0, by

7’L'Cn107,1\/ 67’),/2

—Cno0VB(Mn+1)/2 M

7(n,0,-1) 7(n,0,1)
(2214) Mn,O = Cn,O,—l 0 Cn,O,l
1Chro.—1 ﬁ(?’b—l—l)/Q i1Cho01 B(n+1)/2
bt _ 2 bt
7(n,0,-1) Croovhn/ 7(n,0,1)
if n #£ 0 and by
0 V1/an 0
Co k-1 0 Co,k,1
2.2.15 Moy = o o
( ) Ok iCok,—11/ /2 0 iCok,11/B/2
7(0,k,—1) — k 7(0,k,1) — k

As the eigenvectors Wy, . _1, ¥y, 10 and ¥, ;1 are orthogonal in L?(R x T), these matrices are neces-
sarily invertible.

We conclude by checking that one can write

® = Z Qpn,k,j\lln,k,j

n,k,j
where ¢, 1 ; is defined by
1 - A
Pn k-1 ) 1 5(‘1’0(1€,ni1)*@2(k,n*1))
Pn,k,0 = EM;]C 1 q)l(ka TL)
Pnk,1 5(<i>0(k,n+ 1)+ ®y(k,n +1))
for n # 0, and by
1 - A
©0.k,~1 ) 5(®o(k,0) + 2(k, 0))
Yok0 | = EMfé X ®4(k,0)
POk1 5 (@o(k, 1) + 2(k, 1))



16 CHAPTER 2. EQUATORIAL WAVES

e The regularity estimates are obtained using the explicit formulas (2.2.6), (2.2.7) and (2.2.9), as well
as the following bounds on the elementary Fourier and Hermite functions :

ik ik ik ik
€™ | ey = KN lL2emys 1€ oo oy = K7€ ][ Lo ()
and

[¢nll ) ~ (L+n)*"?sup [l 2@y 1nllwes @) < Cs(1 +n)* sup ¢l Lo r)

coming from identities (2.2.1) by a simple recurrence. The crucial point is therefore to have a uniform
L*°-bound on the Hermite functions, which is stated for instance in [20]:

(2.2.16) Vn €N, [[¢hnllm) < Coo with Coy ~ 1.086435.

Finally let us prove that the eigenspace associated with a nonzero eigenvalue is of finite dimension.
Suppose by contradiction that there is A # 0 and a sequence (nas, kar, jar)men in N x Z x {—1,0,1}
such that

T(?”LM,]CI\/[,jM) =X and np + |kM| — 00, as M — oo.
By Lemma 2.2.1, as n or |k| goes to infinity, the eigenvalue 7(n,k,j) goes to zero or to +oo, which

contradicts the assumption that 7(nas, kar, jar) = A

This concludes the proof of Proposition 2.2.3. |

As the behaviour of the eigenmodes are expected to depend strongly of their type, i.e. of the class of
the corresponding eigenvalue, we split L?(R x T) into five supplementary subsets, namely the Poincaré
modes, the Rossby modes, the mixed Poincaré-Rossby modes, the Kelvin modes and the non-oscillating
modes.

Definition 2.2.4. — With the above notation, let us define

pP= vect{\yn,k,j /(n,k,j) € N* x Z x {—1,1} U {0} x {(k, —sign(k))xcz-} U {0} x {0} x {1, 1}},
R=Vect{V, 1o/ (nk) e N* x Z*},

M =Vect{Uyy,;/keZ", j=sign(k)},

K =Vect{¥oro/k e Z"Y},

so that L2 (R xT)=P®R®M @® K ®KerL. Then we denote by lp (resp. g, Iy, Uy and Tly) the
L? orthogonal projection on P (resp. on R, M, K and KerL).

Moreover we define & the set of all eigenvalues of L, as well as the following subsets of N x Z X
{~1,0,1}:

&p = {7(n.kj) [ (0.5 j) € N* x Zx {=1,1}} U {(0, b, —sign(k)) / b € Z"} U{+\/B},
Sr = {T(n, k,0) / (n,k,j) € N* x Z*}, and &g =17".

Finally it can be useful for the rest of the study to sum up the previous notation in the following
picture.
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wave n k j definition of ¥, 1 ; definition of 7(n, k, 7)
Poincaré N* | Z {-1,1} (2.2.6) page 10 | 7(n,k,+1) ~ £/k2 + B(2n + 1)
{0} | Z* | —sign(k) (2.2.6) page 11 7(0, k, —sign(k)) ~ —k
Oy [ {0} | {~1,1} | (2.2.8) page 11 7(0,0,+1) = +/3
Mixed {0} | Z* | sign(k) (2.2.6) page 11 7(0, k,sign(k)) ~ %
Kelvin {0} | Z* {0} (2.2.9) page 11 7(0,k,0) =k
Rossby N* | Z* {0} (2.2.6) page 10 T(n,k,0) ~ %
non oscillating | N | {0} {0} (2.2.7) page 11 7(n,0,0) =0

TABLE 1. Description of the waves

2.2.3. Orthogonality properties of the eigenvectors. — In this section we are going to give
some additional properties on the ¥,, ;. ; defined above, which will be useful in the next chapters. We
will write II, r ; for the projection on the eigenmode ¥, . ; of L, and II, for the projection on the
eigenspace associated with the eigenvalue i\ of L. The main result is the following, which states an
orthogonality property for the ageostrophic modes (meaning the eigenvectors in (KerL)L). Note that
there is no analogue of that result for geostrophic modes.

Proposition 2.2.5. — Let s > 0 be a given real number. There is a constant C' > 0 such that for
any non zero eigenvalue i\ of L and for any three component vector field ® in (KerL)*, we have

—1 2 2 2
2217) 7 Y M@ geny < @ eny < Co 3 ki@l e
7(n,k,5)=X\ 7(n,k,5)=X\

Proof. — Let ® in (KerL)* be given and let s be any integer (the result for all s > 0 will follow by
interpolation). We have

10°M®) | 72mury = D 10° (M ;)72 Ry
T(n,k,j)=XA

T ) (0° (I 1 5 9)[0° (e e 5+ @) o ) -

T(n,k,j)=7(n* k*,j*)=X,
(n,k, §)#(n*  k*,5%)

Of course,
(2218) (asan7k7j|aslljn*,k*7j*)LQ(RXT) =0 lf k 7é k/’*

Moreover we know by Proposition 2.2.3, page 12 that if 7(n,k, j) = 7(n*,k,7*) = X # 0 and n # 0,
then necessarily n = n* and j = j*. Therefore one has in fact
Z (as(Hka(I))|as(Hn*7k*,j*(I)))L2(R><T)

T(n,k,j)=7(n* k*,j*)=X,
(n,k,3)#(n* k™, 5%)

= > (0° (Ho,k,;©)0° (o k.= P)) 2 () -

7(0,k,5)=7(0,k,j*)=X,
J#i*

But according to Remark 2.2.2 page 10, such a situation occurs only if 2k? = 3, in which case 7(0, k, 5)
is equal to k. So there is at most one possible value for k (k = A) which occurs only in the case
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when A = 4+,/3/2. In this last case, we have obviously
@12, e opy ~ IT® ]2 emy

= Z L k@172 Rxmy

T(n,k,j)=X
~ Z ||Hn7k7jq)||§i]s(R><T)'
T(n,k,j)=X
The result follows. U
Remark 2.2.6. — Note that the same argument allows actually to prove similar estimates for the

components separately :

oot Z [(ILy z.; @)% @mxT) S (5 @) || SRxT) = Cs Z (I, @)% S(RXT)’

T(n,k,j)=A 7(n,k,5)=A
O Y M@)ol e < D@l ery < S 10k ol e
T(n,k,j)=A 7(n,k,5)=A

denoting by ®g the first coordinate and by @' the two other coordinates of .

2.3. The filtering operator and the formal limit system

In the previous paragraph we have presented a Hilbertian basis of L?(R x T) consisting in eigenvectors
of the singular penalization L. We are then able to define, in the spirit of S. Schochet [33], the “filtering
operator” associated with the system.

Let £ be the semi-group generated by L : we write £(t) = exp (—tL). Then, for any three component
vector field ® € L?(R x T), we have

(2.3.1) LHP =D e L,

IAES
where II, denotes the L? orthogonal projection on the eigenspace of L corresponding to the eigen-
value i\, and where G denotes the set of all the eigenvalues of L.

Now let us consider (7., uc) a weak solution to (1.4.3), which is formally equivalent to
1
One + Ev ((1 + 5778)“5) =0,

T 1 v
Ore + ue - Vue + &uj + -Vn. — ——Au,. =0,
€ € 1+ene

_,0 _.0
775\15:0 - 775? uEltZO - us)
and let us define

(2.3.2) . =L (é) (e, ue).-

Conjugating formally equation (2.3.2) by the semi-group leads to

(2.33) 0% + L (é) Q <,c <£) B, L <£) @E) L <§) AL (é) . = R.,

where A’ and @ are the linear and symmetric bilinear operator defined by

(2.3.4) A'® = (0,Ad') and Q(®,®) = (V - (9o @), (' - V)P')
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and

R.=LC (—é) 0, —v—"" Au,).

1+ene

We therefore expect to get a bound on the time derivative of ®. in some space of distributions. A
formal passage to the limit in (2.3.3) as & goes to zero (based on formula (2.3.1) and on a nonstationary
phase argument) leads then to

(2.3.5) 0P+ QL(®,P) — vALD =0,

where A’ and @, denote the linear and symmetric bilinear operator defined by

(2.3.6) AL® = IHATL® and Q.(2,0) = > TLQUIL®, ;D).
INES M;giﬁge

The study of (2.3.5) is the object of Chapter 3. The proof that (2.3.5) is indeed the limit system
to (2.3.3) is the object of Chapter 4.

In the next section we study the resonances associated with the operator L: more precisely we describe
in what cases the equality
T(n,k,j) +7(n" k%, §7) = 7(my k + k%, 0)

can hold. That will be very important in the rest of the study, to understand the structure of the
nonlinear terms in (2.3.5).

2.4. Interactions between equatorial waves

In this section we will study the nonlinear term in (2.3.5). We will first study the resonances of L, and
then prove that the projection of (2.3.5) onto the kernel of L is a linear equation.

2.4.1. Study of the resonances. — Let us prove the following result.

Proposition 2.4.1. — FExcept for a countable number of 8 and with the notation of Section 2.2.1, the
following condition of non resonance holds for alln,n*, m € N, allk,k* € Z and all j, j*,¢ € {-1,0,1}:

T(n,k,j) +7(n" k%, §7) = 7(m, k + k¥, 0)
implies
either 7(n, k,j) =0 or 7(n*, k*,j*) =0 or 7(m,k + k*,¢) = 0,
O’f'T(n,k’,j),T(?’L*,I{Z*,j*),T(m,kZ—f—k/’*,f) € GKa

meaning that, among the ageostrophic modes, only three Kelvin waves may interact.

Proof. — Let us start by noticing that by definition of Kelvin waves, Kelvin resonances necessarily
take place simply because they correspond to convolution in Fourier space.

Before starting with technical results, let us describe the main ideas of the proof. The crucial argument
is that the eigenvalues of the penalization operator L are defined as the roots of a countable number of
polynomials whose coeflicients depend (linearly) on the ratio 8. In particular, for fixed n,n*,m € N
and k, k* € Z, the occurence of a resonant triad

T(n, k,j) +7(n*, k%, %) = 7(m, k + k*, 1)
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is controlled by the cancellation of some polynomial P, ,» m i+ (3). Therefore, either this polynomial
has a finite number of zeros, or it is identically zero. The difficulty here is that we are not able to
eliminate the second possibility using only the asymptotics § — oo. We therefore also study the
asymptotics 8 — 0, and in the case when n = 0 or n* = 0, we have to refine the previous argument
introducing an auxiliary polynomial.

e Definition of the polynomial Py px m k.1 (0)

For fixed n,n*,m € N and k, k* € Z, it is natural to consider the following quantity

P moe e (B) = H (T(n, k,j) +7(n*, k*, 5%) — 7(m, k + k*,ﬁ)) .
7,5*4€{—1,0,1}

Considerations of symmetry show that this quantity can be rewritten as a polynomial of the sym-
metric functions of (7(n,k,7))je{-1,0,1}, the symmetric functions of (7(n*,k*,j*));j+e{-1,0,1} and the
symmetric functions of (7(m, k + k*,£))se(-1,0,1}-

Therefore, as the eigenvalues (7(n, k, j));je{—1,0,13 of the linear penalization L are defined as the three
roots of a polynomial (2.2.3) whose coefficients depend (linearly) on

7 — (k* 4+ B(2n + 1))7 4 Bk = 0,

the symmetric functions of (7(n,k,j))jer—1,0,1} satisfy

Z 7(n,k,j) =0,

j€{-1,0,1}

(2.4.7) > Ik d) =~ + 20+ 1)B),

JE{-1,0,1} j'#j

H T(?’L, ka]) = —pk,

Jj€{-1,0,1}

from which we deduce that Py, m k.x+ (5) is a polynomial (of degree at most 27) with respect to 5.

In particular, for fixed n,n*,m € N and k, k* € Z, either Py, p« m k.5~ (5) is identically zero or it has a
finite number of roots. In other words, that means that

(a) either, for all 3 € R*, there is a resonance of the type
T(n,k,j) +7(n" k%, §7) = 7(m, k + k%, £)
for some j,j*, ¢ € {—1,0,1},

(b) or, except for a finite number of 3, such resonances do not occur.

o Asymptotic behaviour of Py n» m i i+ (0) as f— 0o

In order to discard one of these alternatives, we are interested in the asymptotic behaviour of the
polynomial Py, yx m ik (0) as 8 — oo.

We start by describing the asymptotic behaviour of each root (7(n, &, j))je{-1,0,1} as 8 — o0.



2.4. INTERACTIONS BETWEEN EQUATORIAL WAVES 21

Lemma 2.4.2. — With the notation of Paragraph 2.2.1, for all k € Z and all n € N, the following
expansions hold as  — oo :

T(n,k, 1) =+/(2n+1)5 — 2# +0o(1),

(2n+1)

(2.4.8) Tk, —1) = —/@n + 1) — 2(%

_k dn(n + 1)k3 1
7(n,k,0) = 2n+1 (2n+1)%3 +0(5) '

Proof. — We start with the most general case, namely the case when k # 0. We proceed by successive
approximations. As the product of the roots —gk tends to infinity as 8 — oo, there is at least one
root which tends to infinity. Therefore, we get at leading order

™ —B@2n+1)T =0,
which implies that the Poincaré and mixed Poincaré-Rossby modes are approximately given by
T(n,k,£1) ~ £1/(2n 4+ 1)5.

Plugging this Ansatz in the formula

72—(2n+1)ﬁ+k2—@—(2n+1)ﬁ 1- i + i
B T 2n+ 1)1 B@2n+1)
provides the next order approximation of the Poincaré modes, namely
k
k,j) ~ 7V (2 ) — ——-

Then, as the sum of the roots is zero (see (2.4.7)), we deduce that the third mode, i.e. the Kelvin or
Rossby mode, satisfies

7(k,n,0) =

Plugging this Ansatz in the formula
Bk + 73
(2n+1)0 + k?

leads then to

k 1 k3 k? 1
k0= 55 (4 G - @)t (5):

The other case (when k = 0) is dealt with in a very simple way. The Poincaré modes are exactly
7(n,0,£1) = £+/(2n + 1)4,

whereas the third mode is zero
7(n,0,0) =0,
and thus they satisfy the general identities (2.4.8).

The result is proved. [l
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Equipped with this technical lemma, we are now able to characterize the asymptotic behaviour of most
of the factors
T(n,k,j) +7(n* k%, 5°) — 7(m, k + k*,{)
in Pn,n*,m,k,k* (6) as 6 — OQ.
Lemma 2.4.3. — With the notations of Paragraph 2.2.1, any triad of non zero modes
(T(?’L, kaj)aT(n*a k*aj*)a T(ma k+ k*af))

with k,k* € Z and n,n*,m € N, which is not constituted of three Kelvin or three Rossby modes, is
asymptotically non resonant as f — oo.

More precisely the following expansions hold as f — oo :

(i) for three Poincaré or mixed Poincaré-Rossby modes (j # 0 and j* #0 and £ #0)
T(n,k, §) 4+ 7(n* k*, 5) — 7(m, k+ k*,0) ~ /3 (V2n+1+5V2n* +1—0V2m +1) ;

(i) for one Poincaré or mized Poincaré-Rossby mode and two Rossby or Kelvin or zero modes

T(n,k,j) +7(n*, k", 7°) — 7(m, k + k¥, 0) ~ \/B(j\/QnJr 14 5V2n* +1—0/2m + 1) ;

(i) for two Poincaré or mized Poincaré-Rossby modes and one Rossby or Kelvin mode

iC = C(nvn*ama kvk*) > 05 ’T(TL, kv]) +T(7’L*,l€*,j*> 7T(mak+k*7£)‘ Z Ca

(iv) for two Kelvin modes and one Rossby mode

C
aC = C(n,n*,m,k,k*) > 0, ’T(?’L, kj)+7(n" k%, j°) —(m, k + k*,f)‘ > 7 :
(v) for two Rossby modes and one Kelvin mode
C
c =C(n,n*,m,k, k") >0, ‘T(n,k,j) +7(n* k%, §%) — 7(m, k + k*,€)| > E

Proof. — The proof of these results is based on Lemma 2.4.2.

(1) In the case of three Poincaré or mixed Poincaré-Rossby modes, Lemma 2.4.2 provides
T(n,k, )+ 70", k", 7°) — m(m, k + k%, 0) = \/B (j\/2n + 14520 +1—0/2m+ 1) + 0(\/5),
and it is easy to check, using considerations of parity, that the constant

(V2n+1+7*V2n* +1—(v/2m+1)

cannot be zero.

(ii) In the case of one Poincaré or mixed Poincaré-Rossby mode, we have one term which is exactly
of order /B whereas the others are negligible compared with /3, thus the sum is equivalent to the
Poincaré mode, and the same formula holds

T(n,k, ) +7(n*, k", 7°) —t(m, k + k%, 0) = \/B(j\/2n+ 14+ 5V2n* +1—0/2m + 1) +0(\/B).

(iii) The third case is a bit more difficult to deal with, since the leading order terms can cancel each
other out. Without loss of generality, we can assume that £ = 0 and j,j* # 0 (the other cases being
obtained by exchanging j, j* and —/).
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If j = j* orif j 4+ 7% =0 and n # n*, the same arguments as previously show that the same formula
holds

T(n,k, §) + (0% K5, %) — m(m k + K 0) ~ /B (V2n+ 1+ V2 11— /2m+ 1),

since the factor of v/B is not zero.

If j+ 4% = 0 and n = n*, the factor of /3 cancels and we have to determine the next term in the
asymptotic expansion :
k+ k" k+ k"
k,j k5 — k+k*0)=— — 1).
k) 4 70 ) = Tlm k4R 6) = — g s = SRR o)
Considerations of parity show therefore that the limit cannot be zero if k + k* #£ 0, or equivalently if
7(m,k 4+ k*,0) #£ 0.

(iv) In the case of one Rossby and two Kelvin modes, we are not able in general to prove that the
leading order term, i.e. the limit as 8 — oo of 7(n, k,j) + 7(n*, k*,j*) — 7(m, k + k*, ) is not zero.
But we can look directly at the second term of the expansion, i.e. the factor of 371 :

d3n(n+1)  4(k*)3n*(n* +1) 4k +k*)>m(m +1)
C @2n+1E (2nr+ 1)t (2m + 1)

Considering one Rossby and two Kelvin modes means that k, k* and k + k* are not zero, and that

w1 =

exactly two indices among n, n* and m are zero. Thus wy # 0 and

(s, §) + (0" K, 5°) — 7(m, b+ K, )] > %

for 3 large enough.

(v) The last situation is the most difficult to deal with, since the only thing we will be able to prove is
that the two first terms of the asymptotic expansion of 7(n, k, j) + 7(n*, k*, 7*) — 7(m, k + k*, ¢) with
respect to 8 cannot cancel together. By Lemma 2.4.2, we deduce that for one Kelvin and two Rossby

modes
1
T(n,k,j) +7(n*, k", 5°) — 7(m, k + k*,£) = wo + % +o0 (B)
with
k k* k+ k*
Wy = + — )
2n +1 2n* + 1 2m + 1

and

d3n(n+1)  4(k*)3n*(n* +1) 4k +k*)>m(m +1)
(2n+1)* (2n* +1)4 (2m+1)4
Recall moreover that k,k* and k + k* are not zero, and that exactly one index among n, n* and m

w1 =

is zero. Without loss of generality, we can assume that m = 0 and n,n* # 0 (the other cases being
obtained by exchanging n,n* and m).
Then, if wy = wy =0,
kn k*n*
+ =
2n+1  2n*+41
Enn+1)  (K*)3n*(n*+1)
(2n+1)* (2n* +1)4

3

:0’

from which we deduce that
(n+1) B (n*+1) ~0
n2(2n+1)  (n*)2(2n*+1)
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Therefore, as the function
z+1

222z + 1)
decreases strictly on R™, we get n = n* and thus k = —k*, which contradicts the fact that k + k* # 0.

T =

We conclude that either wy # 0 or wy # 0, so that

(s, §) + 70" K, 5°) — 7(m, b+ K, )] > %

for § large enough. Lemma 2.4.3 is proved. O

Let us go back to the proof of Proposition 2.4.1, and first consider the case when k # 0, k* # 0
and k + k* # 0. In view of Lemma 2.4.3, the asymptotic behaviour of Py, px m ki (6) as f — oo is
completely determined by the behaviour of the factor

Ononsm ki (8) = T(n, k,0) + 7(n*, k*,0) — 7(m, k + k*,0).

Indeed, Py pn* m.kkx(8) is defined as a product, eight factors of which involve triads of type (i), six
of which involve triads of type (ii), twelve of which involve triads of type (iii) and the last factor of
which is oy k* n,n*,m(5). By Lemma 2.4.3 we then deduce that there exists a nonnegative constant C'
(depending on k, k*,n,n*,m) such that

‘Pn,n*,m,k,k* (6)| Z 057‘O—n,n*,m,k,k* (6) | .

If one or two among n, n* and m are zero, properties (iv) and (v) in Lemma 2.4.3 allow to conclude
that for § large enough

Pn,n*,m,k,k* (B)‘ Z Cﬁsa
and thus P, = m. i k= has a finite number of roots.

If n,n*,m are all equal to zero or n,n*,m are all non zero, we cannot conclude as no estimate on
On,n*m ki (0) at infinity is available. Therefore, either oy, i m .k~ (5) is identically zero for 3 large
enough, or Py, n« m .k k= (0) has a finite number of roots.

Thus at this stage, in order to prove Proposition 2.4.1, it remains

(1)  to consider the case when k,k*,k + k* # 0 and 0y n+ m kk+(5) is identically zero for § large
enough, with n,n*, m all zero or all non zero;

(2)  to study the case when k or k* or k 4+ k* is zero (in order to establish that only the triads
involving a zero mode may be resonant).

o Conclusion in the case of (1)

In the case when n,n*,m are all zero, then the resonances corresponding to 0,0,k (3) = 0 are
precisely Kelvin resonances, which cannot be removed.

In the case when n, n*, m are all non zero, then o, n+* m k. x+(0) is an analytic function of 3 (the roots of
(2.2.3) — defined explicitely with Cardan’s formula — do not cross each other according to Lemma 2.2.1,
and thus depend analytically on 3) : in particular, if oy px m k= (5) cancels for 5 large enough, then
it is identically zero. Let us describe the asymptotics of the roots as § goes to zero.
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Lemma 2.4.4. — With the notation of Paragraph 2.2.1, for all k € Z and all n € N*, the following
expansions hold as B — 0 :

7(n,k,0) = % + o(1).
Proof. — Since the product of the roots goes to zero as 3 goes to zero, we infer that at least one root

goes to zero with 3. Let us consider that root. Since 3(2n + 1) is negligible with respect to k2 and 73

is negligible with respect to k27, we find that

k21 — kB ~ 0,
so that one root is equivalent to % as [ goes to zero. It is easy to see that the two other roots are then
equivalent to +k, so that we do have 7(n, k,0) ~ % (we recall that for n # 0, the roots are numbered

in increasing order). The lemma is proved. |

Now going back to the study of case (1), in view of Lemma 2.4.4 it is obvious that oy n* m.k k= (5)
cannot vanish indentically.

e Conclusion in the case of (2)

In this situation, we need to refine the previous analysis by introducing an auxiliary polynomial. We
thus define

Iowe ={(5,5%.0) € {-1,0,1}* /0 £0if k+k* =0, j#0ifk=0and j*#0if k* =0}

and

Quoemii-B = [[  (0nkg)+7(0n* k57 = 7(m, k + k).

(J,5% L) E L, jo

That corresponds to the remaining possible resonances, where we have omitted the trivial case when
one wave is geostrophic (7 = 0).
As previously, considerations of symmetry show that this quantity can be rewritten in terms of the
symmetric functions of (7(n, k, j)) je{-1,0,13 (or (7(n,k,j))jer—1,13 if & = 0), the symmetric functions of
(T(n*, k*,5%))j=e1-1,013 (or (T(n*, k", 5%))j+e{—1,1y if ¥ = 0) and the symmetric functions of (7(m, k+
k*0))eeq-1,1y (or (7(m,k + k*,£))scf—1,01) if kK + k" = 0). Noticing that the symmetric functions
of (1(n,0,7))jer—1,11 are affine in 3, we conclude that Qn = m k k- (8) is a polynomial in 3.

The asymptotic analysis of the various factors as § — oo shows that

|Qn,n*,m,k,k* (6)| Z 053

for B large enough. Therefore, Qpn n= m k k() has a finite number of roots, meaning that there exist a
finite number of 8 such that resonant triads with £ =0 or k* =0 or k+ k* = 0 (other than the triads
involving a non-oscillating mode) can occur.

We have therefore proved that

(1) in the case when k, k*, k+k* # 0 and 0y, m i k= (3) is identically zero, only the triads involving
three Kelvin modes are resonant for an infinite number of 3;

(2)  when k or k* or k 4+ k* is zero, only triads involving zero modes are resonant for an infinite
number of (.
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Combining this result with the conclusion of the previous paragraph achieves the proof of Proposi-
tion 2.4.1. O

2.4.2. The special case of KerL. — In this short section we are going to write an algebraic
computation which in particular allows to derive the following proposition.

Proposition 2.4.5. — Let ® and ®* be two smooth vector fields. Then for every n € N, we have
(\Ijn,O,OlQL((I); (I)*))LQ(RXT) =0.

Remark 2.4.6. — That proposition implies that the projection of the limit system (2.3.5) onto KerL
can be formally written
8tH0q) - Z/AILHOq) =0.

Proof. — We are going to prove a more general result, computing the quantity
(2alQr(@,, 20)

where @, ®, and ®; are three eigenmodes of L associated respectively with the eigenvalues ¢, iu

L2(RXT)

and i1 where A\ = i + fi. The proposition corresponds of course to the case when A = 0.

We have
(@A|QL(@W %)) = (‘I)A|Q((I)w %))

hence denoting by ®, the complex conjugate of ®y, we get

(‘I’A|QL(@W %))

L2(RxT) L2(RxT)

L2(RxT)
1 _ _
= / (Br0V - (B0 0@ + B g®)) + B - (B, - VB, + @, - VP)) da
1

2 / (=V®xr0+ (R0 + Dio®),) + B - (V(R), - OF) + FVE - & 4 SRV - B))) dor

1 - - _
-5 / ((Bz1 @5+ V@rp) - (4,09 + P 0®),) + (V- )P, - %) dx

1 —
+3 /@; (P (VE @ — B P ) + PF (V- @), — B11D0))dr

Using the identities
V- P\ =iA®, 0,
B @5 + VD, o = i),
as well as their combination
By =NV - D) — Bz Py )
and similar formulas for ®, and ®;, we get

(#rlQw (@, 25)

L2(RxT)

L[, -

=5 [ (D (@00 + B0 + NDLG, - 24) e
1 = . .~ 1 / 1 /

— % (I))\,g(lp, + zu)(V . (I)H — ﬁl’lq)u,o)(v . (I);] — ﬁxlqm,o)dm

1 [, _ _
~ 25 /M(vL DY — By Py 0)(Rp2(VE - @ — Br1P0) + oV - D), — B21P,0))d
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from which we deduce

(‘I’A|QL(‘I’W %))

L2(RXT)

A\ ) )
= % ((I)/A : (‘bu,o@;] + (I)ﬁ,O(I)L) + (I)A,O‘I)L . @//\) dx
(2.4.9) A o
23 P 2(V5 - @), — Br19,0) (V™ - @ — Br1Ppo)d
A _ _
23 (V5@ — By ®x0)(p2(VE - @ — B @) + po(VE - @), — B1®,0))da.

In particular for A = 0 this quantity is always zero, which proves Proposition 2.4.5. (|






CHAPTER 3

THE ENVELOPE EQUATIONS

The aim of this chapter is to study the system (SWjy) obtained formally page 19 as the limit of the
filtered system (2.3.3) as & — 0. Let us recall the system:

0P+ QL(P,) —vALP =0

q)\t:O = (7707 U’O)a

(SWo)

where A and @ denote the linear and symmetric bilinear operator defined by (2.3.6) page 19.

Two different types of wellposedness results will be proved on (SW)): first we will prove the existence
of weak solutions in L? and of a unique, strong solution if the data is smooth enough (on a short time
interval, which becomes infinite for small data). Then we will show that except for a countable number
of 3, the strong solutions exists globally in time as soon as the initial data is only in L2, of arbitrary
norm.

The statements of both theorems can be found in Paragraph 3.2, and their proofs are respectively
the object of Paragraphs 3.4 and 3.5. In order to establish those results we will need to define, in
Paragraph 3.1, suitable function spaces, compatible with the penalization operator L as well as the
diffusion operator. Some technical preliminaries devoted to those spaces are proved in Paragraph 3.3:
in particular in Paragraph 3.3.2 we prove the continuity of the bilinear operator @)1, in those function
spaces. Finally the last part of this chapter is devoted to an additional smoothing property on the
divergence.

3.1. Definition of suitable functional spaces

By construction the operators A’ and Q1 appearing in the limiting filtered system (SW}) are defined
in terms of the projections (II));xeces on the eigenspaces of L. In particular, they are not expected to
satisfy “good” commutation properties with the usual derivation V. Therefore in order to establish
a priori estimates on the solutions to (SWp) we have to introduce some weighted Sobolev spaces
associated with some derivation-like operator which acts separately on each eigenmode of L.

Let us therefore introduce the following norms. We will write as previously II,,  ; for the projection on
the eigenmode ¥, ;, ; of L and II for the projection on the eigenspace associated with the eigenvalue ¢\
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of L. Finally we define
S=Nx1Zx{-1,0,1}.

Definition 3.1.1. — Let s > 0 be a given real number. We define the space H} as the subspace
of (L*(R x T))3 given by the following norm:

def s
1@y = | D (1+n++)° Tk ®| 7z @)

(n,k,5)€S

Due to the definition of the eigenvectors of L seen in the previous chapter, one can prove the following
proposition.

Proposition 3.1.2. — Let s > 0 be given. Then one has the following property:
Vo € Hy, [|®]my ~ [|(d— A+ B°2])**®| 2 (rxm-

In particular, Hj is continuously embedded in H*(R x T), and for all compact subsets Q of R x T,
HE(Q) is continuously embedded in Hj .

Moreover for all ® € H; N (KerL)*, we have

(@] rry ~ Z [T 7. (mxr)
ixeS\ {0}

Finally if ® belongs to K U P, as defined in Definition 2.2.4 page 16, then

1

2

1@l ~ | > 1+ X IT®[72 @)
ire&\{0}

Proof. — Let us first prove the first equivalence: let ® € H7 be given. Then we have

J0d = A+ Fad) 2ot = | S0 (1d- A+ #2031, 0|
(n,k,5)€S

2
L2

By the identity

—Y + B, = 20+ 1),
the orthogonality of the family (¢, )nen and the explicit formulas (2.2.6), (2.2.7) and (2.2.9) for ¥,, 1 ;,
we infer that, for all integers o,

1(Id = A+ 3%a3) Wy gy — (L4 0+ k%) Wil 2 < C(L+n+ k)77,
which implies in particular that
(0 = A+ 8237 W |(1d = A+ Bad) W )
On the other hand,

((Id — A+ B22) W, |(1d — A+ m%)wn*,k*,j*)ﬂmﬂ) —0ifn#n" ork# k",

. T)‘ <C(l+n+k4)" L
X

so we find that
1(1d — A+ B23)7®| 7oy = Y, ((Id = A+ Ba7) Ty ;@ (Id — A + 827) MLy ;@)

n,k,j §*

~ Z (1+n+ k2>20HHn,k,j¢H%2(RXT)'
n,k,j
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We then obtain the first equivalence for all s > 0 by interpolation.

Then, from the inequality
Ve e Hy, [[®gmxT) <Cll(Id — A+ ﬂz%)S/QqD”LQ(RXT)
along with the fact that and for all ® € C>°(R x T) supported in [-R, R] x T,
I(Id — A+ B2})*?®| 2 mur) < C(1+ B?)*?|®| o)
we get the embeddings H3(Q2) C Hf C H(R x T) for all Q CC R x T.

The second result of the proposition is easy, using Proposition 2.2.5 page 17:
) 1
ViA € &\ {0}, roR > Mk @l mxry < MA@ mery Cs Y Mkl (mxcm):
8 T(n,k,j)=X T(n,k,j)=X

and recalling that by Proposition 2.2.3 page 12, we have

1
5(1 + 1+ k)2 < W gl e rxm) < Cs(14+n+E2)¥/2.

Finally the last result, concerning Kelvin and Poincaré modes is simply due to Lemma 2.2.1 and
Proposition 2.2.3 .

The proposition is proved. O

Remark 3.1.3. — The Hj estimates are both regularity and decay estimates. In particular, the
embedding Hi C L*(R x T) is compact, and we have the following equality

(VHi =S(R xT).

s>0

Note that these spaces are also used by Dutrifoy and Majda [7] to study the uniform wellposedness of
a non viscous version of (SWe).

3.2. Statement of the wellposedness result

The main results of this chapter are the following two theorems. We have written IT; ® for the
projection of ® onto (KerL)L. In the next theorem, we state the global existence of weak solutions
and the local in time existence (and uniqueness) of strong solutions.

Theorem 2 (Wellposedness results for all §). — There is a constant C' such that the following
results hold. Let ®° € L?*(R x T;R3?) be given. Then

o there exists a global weak solution ® € L=°(R*; L>(R x T)) to (SWy), such that I1, ® belongs to the
space L*(R*; HY), and which satisfies for every t > 0 the energy estimate

1 t v [t 1
LD / 1906 () gm0+ / IV LB ey < 180 ey

o if we further assume that Iy®° belongs to H; for s > 0, then Io® (which is unique) belongs
to L2 (RY; HY).

loc
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o if IIp®° belongs to L2(R x T) and 11, ®° belongs to Hi/Q, then there exists a mazimal time inter-
val [0, T, with T* = +o0 under the smallness assumption

Io®°|| L2 mxr) + LR 12 < C Mo,
L

such that ® is the unique solution to (SWy), and I1L ® belongs to L72 ([0, T*], Hi/Q)ﬂL2 ([0, T+, HE/Q).

loc loc

o if 11, 9% belongs to Hi for some 1/2 < s < 1, then I, ® belongs to L5°.([0,T*[,H;) N
L, ([0, T*[, H™).

The previous theorem is much improved if a countable set of values for 3 is removed.

Theorem 3 (Wellposedness results for generic 3). — There is a constant C and a countable
subset N' of R* such that for any 8 € R\ N, the following result holds. Let ®° € L?(R x T;R3)
be given. Then (SWy) is globally wellposed, in the sense that there is a unique, global solution ®
in L°(RT; L>(R x T)) such that 1L, ® belongs to the space L>(R*; H}), and which satisfies the energy
inequality of Theorem 2.

o if we further assume that 11, ®° belongs to H, for 0 < s <1, then I1, ® belongs to L (RT,H;)N
Li, (RT, H™).

Remark 3.2.1. — These results are based on a precise study of the structure of (SWy), and in par-
ticular of the ageostrophic part of that equation, meaning its projection onto (KerL):. One can prove
in particular that the ageostrophic part of (SWy) is in fact fully parabolic. That should be compared to
the case of the incompressible limit of the compressible Navier-Stokes equations, where again the limit
system is parabolic, contrary to the original compressible system (see [5], (8], [25]). Note however
that (SWy) actually satisfies the same type of trilinear estimates as the three-dimensional incompress-
ible Navier-Stokes system, which accounts for the fact that in Theorem 2 unique solutions are only
obtained for a short life span (despite the fact that the space variable runs in the two dimensional
domain R x T). In the case of Theorem 3, we use the study of resonances of the previous chapter
which shows that the limit system is linear, except for its projection onto Kelvin modes; but Kelvin
modes are essentially one-dimensional so energy estimates are much improved compared to the case of
Theorem 2, and that is why global wellposedness is true in L?, for arbitrarily large initial data.

The rest of this chapter is devoted to the proof of those theorems. Some preliminary results are proved
in Section 3.3 below, namely the fact that the ageostrophic part of the limit system is parabolic, along
with trilinear estimates. In Section 3.4 we prove Theorem 2, whereas the proof of Theorem 3 can be
found in Section 3.5. The last section will be devoted to an additional regularity result, giving an
estimate of the divergence of ® in both cases, which will be useful in the next chapter.

3.3. Preliminary results

Let us prove some results that will be used throughout this chapter: in Section 3.3.1 below, we prove
that the limit system, projected onto (KerL)* is parabolic. In Section 3.3.2 we prove crucial trilinear
estimates.
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3.3.1. Parabolicity of the ageostrophic limit equation. — In this section we are going to
prove that the projection of the limit system onto (KerL)" is parabolic. To obtain that result, the
important remark is that, for each eigenmode of L, the first and third components of the eigenvectors
(corresponding to n and us) have very similar behaviours, and thus controlling the regularity of the
last two components is sufficient to have an estimate on II; ® in Hj. A result of quasi-orthogonality
in H*(R x T) of the nonzero eigenmodes of L leads indeed to the following result.

Lemma 3.3.1. — Let s > 0 be given. There is a constant Cy such that for any ® € (KerL)*, we
have

18]+ < Ou(@] — AL®);.

meaning in particular that the projection of the system (SWy) onto (KerL)" is fully parabolic.

Proof. — The proof of that result consists in using the structure of the eigenmodes to prove that the
diffusion — acting a priori only on the velocity field — has also a smoothing effect on the pressure, and
more precisely that

(3.3.1) V(n,k,j) €S, ki @l s @xr) < Ol (ki @)l s (Rx)

where II,, 1 ; denotes the projection on the eigenmode ¥,, 1 ; of L (with the notation of the previous
chapter) and C’ is a nonnegative constant (independent of n, k and j). By formulas (2.2.6), (2.2.7)
and (2.2.9) we deduce that for any integer s, we have

105(¥n.ki)ollLzmxT) = 105 (¥n k. j)2llL2®RxT)

using the orthogonality of ¢, _; and 1,11, and that

1 5 S S
5H5f(‘11n,k,j)2|\L2(RxT) <107 (¥nk,5)ollL2rxt) < CUOT(Vn,k,i)2l L2 xT)-
This implies in particular (3.3.1).
By Remark 2.2.6, page 18 we then deduce that for all ® € (KerL)*

(@]~ AL®) rrory = 3 (B~ ALML@)pemery = 3 IE) [ e,
iIAEG\{0} iAeG\{0}

1
> C E ||(Hn,k,j‘1’)l||§ql(RxT)
(n,k,5)€S*

1 2
= olod Z HH"*k*j(I)HHl(RxT)
(n,k,5)€5*

1

>
= o]

@13,

recalling that

1 ,
Sr(l+n+ K2 < Wkl e ey < CL(l+n+ k%)%,

We therefore obtain the first inequality using Proposition 3.1.2.
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In a similar way, by Proposition 2.2.3, page 12, we have for all ® € (KerL)*

(@ = ALy = > (L+n+k) (M| — AL®)L2(rcr)

(n,k,j)€S*
= Y (I+n+k?)’ > (T o @] — A/ (T g = ®)) L2 (RoxT)
(n.k.j) €S T (0 k* j7)=7(n.k,)
= > (1 +n+ &) (W g i ®) I3 ey + Ro
(n,k,j)es™

T(n,k,j)#+E\/B/2
where Rg is the contribution of the modes £+/3/2, defined by

Rﬁ = Z (1 + g)s Z (HO,k,j(I)l — AIHQkJ* (I))

B/2 (4.5*)€(0,51gnk)?2
2
SED OIS0 D SR ]
2 ) o
=+./8/2 (4,5*)€(0,81gNk)2 e}
Using (3.3.1) and Proposition 2.2.5 page 17 leads then to the expected estimate. O
Remark 3.3.2. — Note that these inequalities indicate in particular that the notion of homogeneous

or inhomogeneous spaces does not make sense for these weighted Sobolev spaces.

Moreover we recall that there is no analogue of Proposition 2.2.5 in the case of geostrophic modes, so
that the geostrophic equation does not have that ellipticity property.

3.3.2. Derivation of the trilinear estimates. — An important step in the proof of Theorems 2
and 3 consists in establishing some control on the nonlinear term arising in (SWp) in terms of the
Sobolev norms introduced in Section 3.1. Such estimates are obtained using classical para-differential
methods. Obviously a more general statement could be written, at the price of more technicalities. In
order to keep the proof as simple as possible we choose to state only those estimates that will be used
in the following.

Proposition 3.3.3. — Denote by Qr, the limit nonlinear operator defined by (2.3.6), and let « be
any real number greater than 3/2. Then the following trilinear estimates hold :

3/4 1/4 3/4 3/4
(@-1QL(®, ®")) L mocry| S CITLPIA TP ooy ITLL @ T 27
( )

1/4 1/4 1/4 1/4
(Hmcb I3/ HH@HLQ(M) T T | ot o)

+ ClHLPs[ L2 xT) (HHO@HN(RxT)HHL‘I)*HH; + HHO@*HN(RxT)HHL‘I)HH;)

|(@1QL(®, ) (e | < CUTLL®I a3 I @5 [T @ T

+ CITLL® | gy [T @[y LDl 1T D] ey

+ Ol @z rocr (M@ 2 1Ty + 0@ | p2rem 1ML ® ]y )
‘((I)*|QL((I)a(I)*))L2(R><T)‘ < ColTL P2 @) [TTL @ g [T D7 | g

+ Ca| L@ 2R xT) (HHO@HN(RxT)||HL‘I’*HH; + ||Ho‘1>*|\L2(RxT>HHL‘I>HH;) ;
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and for all s <1

(®.]QL(®,8")) 5.

< C (L@ g [T gy + L@ o2 [T @ g1 ) [T D 73

+C||HL@*||H;+1 (M@l L2rx) L ®* s + [To® || L2 (R [ITLL @ 275 )

< (L@ g L7y T B2+ (T o= [T @ T2
X L@ " ITLL @ [0

AOITLP | yosr (ITo®]| 2(rxry [TLL®" 113 + [T0®" || L2(rxry [TLL @ 1y ) -

Remark 3.3.4. — 1.The estimates presented in that proposition are exactly the analogue of the usual

trilinear estimate for the three-dimensional Navier-Stokes equations. For instance in three space di-
mensions one has

|(@.]div (@ © ) 2 sy | < Cl0 ]

it (1903 o) IV 2 2wy + 19711 3. ) 90 22y )

whereas in two space dimensions one would expect

((I)*|d7,1) ((I) & ¢*>)L2(R2)

< O 4 ey (19053 g 1997 22y + 1971 e V@l 22 ).

The reason for the loss of one half derivative compared to the usual two dimensional case is linked to
the fact that differentiation with respect to x1 corresponds to a multiplication by \/n instead of n.

2. The restriction s < 1 is due do the particular structure of the nonlinear term, in particular to the
coupling between Rossby modes. For the Rossby mode associated to the eigenvalue i\ the regularity
is indeed measured by 1/\. Therefore the condition of resonance X = p+ i (which is of course not
equivalent to A=Y = =1 + i=1) does not allow to distribute the derivatives as in the usual paradif-
ferential calculus. Note nevertheless that the computation (2.4.9) page 27 allows actually to distribute
one derivative and to obtain a trilinear estimate of the form

(B1Q1(®, @) 1, | < CITLLB] s [Ty (T D] oo + [Tlo@ e )

for all s < 2.

Proof. — The method used to establish these estimates is rather standard : we decompose each

vector on the eigenmodes of L, then compute each elementary trilinear term, and finally determine

summability conditions. The fundamental result we will use to estimate the sums is the following

(see [21])

Vo e (P(N x Z x {—1,0,1}), Yw € £2°(N x Z x {—1,0,1}), v*xw € {'(N x Z x {-1,0,1})
1 1

1
with p,q,7 €]1, +oc[ and — = — 4+ — — 1,
TP g

(3.3.2)

where the convolution is to be understood in k£ and n, coupled with the classical result
(3.3.3) (14+n+ k)71 € 3/2°(N x Z x {~1,0,1}).
In the sequel we will use the following notation

S=NxZx{-1,0,1} and S*=NxZ x {-1,0,1} \ N x {0} x {0}.

We have by definition of the space H7,

(@1Qu@. @)y, = Y (e k)" (Mo @
(ny,ks,jx)ES

k.. Qr(P, ‘1)*)) Lo
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We can then write

(-1Qu(®, )y, = Y > Atk (M. @

M, k... QAP L ‘1’*))

L2
(s, ,j)ES NN ES
k-‘rk*:T(n*,k*,j*)
e Let us start by estimating the purely ageostrophic part of @@y, denoted Q 1, and defined by
(3.3.4) QL(®,d*) = > QU I, ).
iX,ip,ip* €S\ {0}
A=ptp*

We have

3.0 @,@*) - 1+ n. k“(Hn @[T, . 5. O, -@,Hn“-@*) ,

(2.1@u(@.2) > e+ kD) (Mo @ | oo Qe @, e e @)

L k+k* =k,
T(n,k, ) +7(n™ k", 57 ) =T (N kw5 )

where the eigenvalues i7(n, k, j), i7(nx, ks, jx) and i7(n*, k*, j*) run over & \ {0}.

Thus using the regularity estimates on the eigenvectors (¥, ;) of L stated in Proposition 2.2.3,
page 12, we get (writing to simplify 7 for 7(n,k,j), and similarly 7. = 7(n., ks, j.) and 7 =
T(n*, k. 5"))

S ne k) (T ..

Te=T+T7%
kow =k+k*
ity iTa,iT* €S\ {0}

S C Z (1 + N + kf)sl((p*)n*yk*qj*

Ta=THT*
ka=k+tk*
iT,iTa,iT* €S\ {0}

I, k. 5. QI 1 5 P, Hn*,k*,j*q)*)) Lo

e Pme e o (0 + K22 4 (0* + (K7)%)12),

where ¢, 1 ; is defined as in the proof of Proposition 2.2.3 by

Pnkg = (Ynksl®) p2mr) -

For the sake of clearness, we will simplify (abusively) the notations as follows : we will denote re-
spectively by ¢, ¢, and ¢* the coefficients ¢n k,j, (9s)n. k.. and @p. ;. .., and by > the sum over
(n, K,y §) (N ks G ) (0%, k%, 5) € (S*)? satisfying the following constraints

TN, Ky i) = T7(ny Ky §) + 7(n", k%, 5%) and k. = k 4+ k7.

It is fundamental for the following estimates to notice that those constraints in fact imply that when &
and k* as well as j,7* and j, are fixed, then the condition 7(n., k + k*, j«) = 7(n, k, j) + 7(n*, k*, %)
implies that a given n and n* constrain the value of n,. Indeed we recall that according to Lemma 2.2.1,
page 9, there is only one value of n, associated with one value of 7(n., ks, j«) # 0. Note however that
contrary to the usual case when there is an actual convolution (as is the case for the Fourier variable k
here), we have no ovbious estimate on n., as a function of n and n*. So the usual methods of
distribution of derivatives cannot be fully used here, as derivatives in the x; direction, acting on @,
cannot be traded for derivatives on ® or ®*.
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(i) If s = 0, by the Cauchy-Schwarz inequality, we obtain
> leallelle™|(n + k)2
< (S0 + BV2(L o+ R4 P21 4 " ()5 4 12)
(S0 + K2l (1 e+ K121k (P 2)
By (3.3.2) and (3.3.3), we therefore get
> ledllelletl(n + k)2
< (H(n +E2) 20| g2 | (1 + ma + k220, |32

£2(S*)
x (It + k)2 (s

and a similar estimate for the symmetric term.

. . 3/4 1/2
(L 0" + ()2 o) 6" 1)

— 1/2 * *113/2 1/2
(L e B2 e )l |0 | (0 0" (1)) 267 342

By definition,

(3.3.5) 11+ n+ k)20l e250) < CITLLD| 11
Plugging this estimate in the previous inequality leads to
q>*~q>,q>*) <CH<I>3/4H<I>1/4 H<1>3/4H<1>3/4
550 (®elQu@, @) | < O T o T @] T2 57
1/4 1/4 1/4 1/4
x (T T @ ey + 1T @ T @ ot oy )

(ii) If s = 0, another way to estimate the L? scalar product is as follows

S leallellet |+ B2)/2
2\3/4 3/2 2\1/4 3/2 2\—3/4 13
< (S (@ nrmel)™ (@ n+ k) e 4 )
NI i/« ? 2\—3/4 e
X(Z(<1+n+k> ) (4 FYA) T (k) )

. . 3/2 . 3/2\ /3
(k3 (e o)) (@4 o2 ) )
and

Z low o]l [(n* + (K*)?)1/2

7/6 7/6 1/2
s(2<n*+<k> )2 | (k3 2]) (4 na+ K2 <1+n*+k3>1/2)

5/6 5/6 1/2
X <Z(n* —+ (k*)2)1/2|50*| ((1 +n + k2)1/2|¢|) ((1 +n, + k3)1/4|gp*|) (1 +n+ k2)1/4) .

v (3.3.2) and (3.3.3), we therefore get

D leallelle|(n + k)2 <11+ 0+ £ 40l 254 |1+ naw + &2 40u] o250
x[|(1+n* + (k)% Y4 0* |25+

(1+n+ k) 734|200 (50

37
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and
Z oallolle*|(n* + (B)2)Y2 < |(n* + (k*)2) 2 0% lea(s | (1 + n+ k)20 g2 (s
X[|(1 + ne + kDY 0 o254 11+ 1+ §2) 73| 2000 (559,

So we find
(3.3.7)
~ « 1/2 1/2 1/2 1/2
(21000 8) | < ULy FL 0 I L0 T
1/2 1/2
Ly L0y I @ Ly

(iii) If s =0 and we have additional regularity on ® and ®*, then again one can write a different
estimate. We can write indeed

(3.3.8) Z lpslllle™[(n* + (B2 < Jloulleziso) (1 +n* + ()220 o2 (s
<40+ (E)D)Y 22 e sy [T+ 1+ E2) 20 25 | (L + 0+ ) 7|l g2(50),

which, coupled with the similar estimate for the symmetric term, gives the expected result.

(iv) If s <1, we have by Holder’s inequality

Y ne + k2 losllelle] (n + k)2

< (Z(l—i—n* kol (4 k7 0l) " (40t + R 2e) (1+n+k2)1/2)1/2

(k2 honl (et 9 000) ™ (10 002 2) " 1+ (k*)?)l)m

from which we deduce
(14 4 K2 el + K2)Y2 < O+ e+ B2 s
<L+ 1+ (B)D)Y26 g

and a similar estimate for the symmetric term.

(1+n+E)* 0250
(L+ 1+ E) " oo (50

Therefore, we get

(2.1Qu(@.9)

and we conclude by interpolation
(3.3.9)

\(@@L(@,@*))H ] < O (ITLL @]y 110 @ L@ [[}5 + ITLL @ g2 T @y ML @)% )

< O Pl 2o (ITLL @ o/ T D™ (| + L@ oo [T P 1)

X T @ " ITLL B [
e Proposition 2.4.5 shows that
QL(®,9%) = Q(Ig®, 11, &%) + Qr (I &, T ®*) + Q. (D, &*).

In order to end the proof of the proposition, it remains therefore to estimate the terms coupling the
geostrophic and ageostrophic parts. We start by noticing that the constraint 7(n, k,j) = 7(n’, k, j")
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implies by Proposition 2.2.1 page 9 that necessarily n = n’ and j = j/, except if n = 0. But according to
Remark 2.2.2 that case corresponds to two different values of j for the same eigenvalue only if 2k? = 3,
in which case the multiple root is k = £4//3/2. That means that one can write

[ (2.]Q1 (M@, T, %)) .

S Z (1 +n+k2)s (Hn,k,jq)*|Q(H0q)aHn,k,jq)*))Lz(RxT)

(n,k,5)es*
Bs *
* .Zj:l (1+§) (Hoyj\/ﬁ/zoq)*@(noq)’nov 5724 ))LQ(RxT>
=
Bis *
+ Z (1+§) (HO,j\/ﬁ/qu)*'Q(HOq)’HO’ 5720% ))L2<RxT> '

j==%1
Integrating by parts when the derivative acts on IIp®, we get
(I k@4 Q (o @, Hn,k,j*(b*))L?(RxT)‘ < CU k|0 pge [ + K22 [To@| L2(rc) -
By the Cauchy-Schwarz inequality, we then get
[ (©.1Q1 (Mo, T1L &%) .. |
< O To®@|| L2 gy [|(1 4 ma + £2)*20u [l 25y (1 + 1% + (k7)) D205 |2 5
Remark that the derivatives can be distributed either on ®. or on ®*.

We finally deduce that

(3.3.10) ’(@*|QL(HO¢a¢*))Hi + (‘I)*|QL(‘I),H0(I>*)) Hz‘

< CTL®. 1y (M0 2y [T gy + [To®” ey [T @] g1 )

Note that this term is not zero as in the case of the usual Sobolev spaces, because the spectrum of L
is not symmetric with respect to 0.

One should also remark that in (3.3.10), no derivative acts on any vector field in KerL. This can seem
somewhat surprising, but is due to the very strong constraint induced by the resonance: instead of a
summation over three types of indexes (namely (n, k), (n*, k*) and (n., k«)), one only sums over n.

Combining (3.3.6), (3.3.7) and (3.3.8) with (3.3.10) (with s = 0) provides the first estimate of the
proposition, while (3.3.9) and (3.3.10) (with s < 1) give the second one.

The proposition is proved. [l

3.4. Proof of Theorem 2

The proof of Theorem 2 is divided into four steps. In Paragraph 3.4.1 is proved the existence of weak
solutions, and the propagation of regularity of the geostrophic part is proved in Paragraph 3.4.2. The
construction of strong solutions is performed in Paragraph 3.4.3, while the propagation of regularity
of the ageostrophic part is proved in Paragraph 3.4.4.
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3.4.1. Weak solutions. — In this section we are going to prove the existence of weak solutions to
the limit filtered system (SWy). We follow the lines of the classical proof of the Leray theorem, stating
the existence of weak solutions to the Navier-Stokes equations.

e Definition of the approximation scheme

Denote by Ky the truncation operator defined by

(3.4.1) KExn= Y Tk,
(n.k.j)ES
(n+k2)1/2§N

Clearly the operator KnQr(Kn®, Kn®) — vKnA}L Kn® is continuous on L?>(R x T) (with a norm
depending on N). Therefore, we deduce from the Cauchy-Lipschitz theorem that there exists a unique
maximal solution ®(y) € C([0,Tn[, L*(R x T)) to

X® Ny + ENQrL(EN® (), KN®(n)) — VEKNALKN®(n) =0,

3.4.2
(3.4.2) Bt = 0) = Kyd°.

Note that the uniqueness implies in particular that ®y) = Kn®(n)-

Now let us write an energy estimate on (3.4.2). The quadratic form being skew-symmetric in L? (this
can easily be seen by its definition as the limit of the filtered quadratic form in (2.3.3) page 18) we
find that

1d 9 ,

QEH‘I)(N)@)HL?(RxT) —v(AL®(n)| () L2®mxT) = 0.

Applying Lemma 3.3.1 implies that

—(ALTLL (3T @) L2 (mxr) = Co T @) |7 ey

so we infer by Gronwall’s lemma that

t t
1900 O smery + 2 [ IVEB0) (st + 25 [ T80 () ey’
(3.4.3) < BN 72wy < 190072 mumys
so that the approximate solution is defined globally, i.e., Ty = +00. Moreover the proof of Lemma 3.3.1
also implies that
IT. @y is bounded in L*(R*; H} ).

e Existence of a weak solution

We will only sketch the proof of the existence of a weak solution, as it is very similar to the case of
the 3D incompressible Navier-Stokes equations. By (3.4.3) we deduce that
((®(n))o) is uniformly bounded in L*(R*, L*(R x T))
(®{ ) is uniformly bounded in L>(R*, L*(R x T)) N L, (R, H'(R x T)) and

IT, () is uniformly bounded in L>(R*, L*(R x T)) N L*(R*, H}).
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For any h > 0, denote by 6,®(n)(t, z) = ®(n)(t + h,x) — ®(ny(t,2). Then
161® vy ()1 72 j0 7y x R xT

)
T t+h
= / <6hq)(N)(ﬁ)‘ / atq)(N)(S)dS> dt
0 t

L2(RxT)

t+h
// (0n® vy (D)1QL(P(w) (5), P() (s )))Lz(RxT)det

+ V/O /t (5hq)(N) (t)|A/L(I)(N)(S))L2(R><T) dsdt

By Proposition 3.3.3 and the positivity of —A’ , we deduce that

1612y (D1 720,77 x RxT)
t+h
3/4 7/4
<c / / T80 ) (1) 1100 0 (1) Yoy 1T @ ()]
1/4
x ||HL<I>(N)(3)HL/2(RxT)dsdt

t+h
e / / 160TLL® vy (1) 22 [T (5) | 2 resemy T By (5 2 sl
0 t

t+h
1/2 1/2
v [ @A R0 () i (5400 (A8 (1),

Therefore, using the uniform L*°(R*,L*(R x T)) bounds on ®y) and 6,®(y), and the uniform
L*(R*, H}) bounds on I, @y and 11165, (n) coming from the energy estimate, we get by Hélder’s
inequality
161@ () (D172 0,77 x RxT)
7/4
< O™ TL0n® ) 410,y T @) o .y P+ CT L6022 g1,

+ CvT'? (@ ( (N)lAL(I)(N))L2(R><R><T) nil ’

and thus
161.® ) (D172 (j0. 7y x R Ty < Crh'/®.
By interpolation, on gets therefore that (up to extraction)
Mo®ny — MHo® weakly in L*(RT, L7, (R x T))
<I)2N) — @ strongly in L} .(RT, L} (R x T))
I, @) — I @ strongly in Ly, (RT,L*(R x T)).
Note that, because of Remark 3.1.3, the last convergence is actually global in space. We are then

able, as in the usual case of the 3D Navier-Stokes equations, to take limits in the weak formulation
of (3.4.2), which proves that ® is a weak solution to (SWp).

e Strong-weak uniqueness

In general such a weak solution is not unique and the Cauchy problem is not well-posed in L?(R x T).
Nevertheless we have the following strong-weak uniqueness principle.

Proposition 3.4.1. — There is a positive constant C and a nondecreasing, positive function C(t)
such that the following holds. Let ® and ®, be two weak solutions to (SWy) with respective initial data
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@Y and ®Y, satisfying the energy estimate. Assume that there exists some T > 0 such that 11, ® belongs

to L>([0,T], H;m) N L%([0,T), Hzm). Then for all t € [0,T], the function 6 = ®, — ® satisfies
t
l62(®)]1Z> < [162(0)]Z- GXP(C(f)(l H@OZ2) + Co (L + T @ o rre) [ TR S/Zdt’).
([Ovt]’HL ) 0 HL

In particular, ®, = ® on [0,T] x R x T if Y = ®°.

Proof. — In order to establish the stability inequality we start by writing (formally) the equation on
0=, -
(3.4.4) 06D + QL(0D,6D) + 2QL (0D, ®) — VA, 5D = 0.
Proposition 3.3.3 implies that
[ (0P|QL(3P, D)) 2 | < CTLLP|| o2 [TLL6| 7y [T 62| 2
+ CITLL @y T 6@ 377 T 6 7

+ CIIL0®| 2 ([[Ho @ 12 [TLLOP| |y + [[Hod || 12| TLL P 1y )-

We then deduce (using the same argument as in the construction of a weak solution page 40 for the A’
term), that

t v t
16232y — 109132 mocr +2v / 1Mo (00) () 2yt + 7 / ML 60 () |, d’
t
e / (L @12 02 + L@ [y ) ITLLOR(E)] 32

t
0 [ (Mo M50 + 0000y o0l )
0
using the embedding H; C L2 Gronwall’s lemma yields

t
1590) 3 < 1691 exp(Cy [ (1+ 0B Eaqmemy + I8y + I8 ).

and the conclusion comes from the fact that I, ® belongs to L*([0,7], Hi) by interpolation be-
tween L>°([0,T], Hép) and L*([0,T), H2/2), along with the energy estimate on ®. The proposition is

proved. [l

3.4.2. Propagation of the geostrophic regularity. — The following regularity result for the
geostrophic equation is inspired by the Weyl-Hérmander symbolic calculus, even if that theory does
not seem to be appliable directly due to the possible singularity at x; = 0.

Using the formula giving Ily in Proposition 2.1.2, we first see that the geostrophic equation
8,@ - Z/H()A/HO(I) =0
can be brought back (at least formally) to the scalar equation

dyuy — vD(DDT + Id)™' DT Auy = 0,

where we recall that D is the differential operator defined by D- = 0; (ﬂ—) Then by a simple
A

change of variables this scalar equation becomes

Orp —vAp =0,



3.4. PROOF OF THEOREM 2 43

where A is some self-adjoint scalar pseudo-differential operator (possibly singular at x; = 0), the
principal symbol of which is given by

51
B2l + €

neglecting the possible singularity at ;1 = 0. Then, in order to propagate Sobolev regularity on ¢, we

a(r1,§1) =

should have to control some commutator of the type [A, V?], which is not so easy because A cannot
be written simply in terms of the usual derivatives V.

In order to find a convenient way to measure the regularity, we therefore use formally the results of
symbolic calculus. Note that the Weyl-Hormander theory is used here just to guide intuition, the
result of propagation being actually proved by explicit computations. In order to determine the class
of operators A should belong to, we have first to characterize the metric. Computing the partial
derivatives of a with respect to x1 and &;

Oz, a 262z, Oc,a 4 251
- ( 1,8) =573, & (1,8) =~ =2
5 xi + 51 & B%x JF 51
shows that the Hormander metric to be considered is the one associated to the harmonic oscillator
da? | dg

— 732 .

Then it is natural to measure the regularity by powers of the harmonic oscillator, and therefore to
study the propagation equation

at( zlzl 52 ) - VA( z1z1 52 ) [( zlzl 52 ) ) ]

The fundamental result of the Weyl-Hormander theory states the following: if A is a pseudo-differential
operator (meaning in particular that there is no singularity at 1 = 0), the commutator occuring in the
right-hand side of the previous equation is a pseudo-differential operator of lower order (for the metric
g), meaning that we expect (-0 zlxl +3221)*, Al 2(r) to be controlled by ||(—02 ., +6%23)*¢| r2(r)

and—(( zlzl-l—ﬁQ *p|A(—0 mlzl + 3Paf) )

Nevertheless, as we are not able to prove in a simple way that there is no singularity at z; = 0, we
shall not use the general theory of pseudo-differential operators and will proceed instead using explicit
computations. We have seen in the previous chapter that the family (¥, 0.0)nen defined by

/ n—|—1
2n+1¢n 1961 1/ 2n+1¢n+1$1
(n+1) n
\/ ml/fnq(m) - ,/mﬂlnﬂ(m)

constitutes an Hermitian basis of KerL, and that, due to the properties of the Hermite functions,

U, 00(21) =

Vn € N, H 1111 ZC%) lI/n’O’OHLQ(R) ~ (1 + n)s H\I/n70,0||L2(R) .
Therefore it is natural to study the propagation of the H} norm of IIy®, recalling that

ITe®ll%, = 57 (1 +n)lg |2,
neN

where we have defined
fn = (\I/n7010|H0(I)).
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In the following we will denote by Ny the operator defined by
¥neN, NI® =Y (1+n)e Voo,
so that
[ NIlo®@||r2(r) = [[Ho®|| gr2: -
We have
8tNSH0<I) - I/H()A/NSH()@ = I/[NS, H()A/]i)
e We start by computing IIgA’T,, o 0. From (2.2.1) page 9 we deduce that

0
5@1‘1’%,0,0(551) =
Bn+1)(n—1) pn(n+1) pn(n +2)
an72(zl)f “ong1 Ynlm mﬂ%w(m)
and

_ B
2V2@n+ 1) [/ )(n— 1)(n — 2)n-s(1) — Bn— DV + 1y (21)
+(3n + 4) /i1 (21) — /01 + 2)(1 + 3)hura(er)

with the usual convention that 1,, = 0 for n < 0. Therefore, using the orthogonality of the Hermite
functions in L?(R), we get

02 ‘I’;L,o,o(xl)

Tr1T1

oAU, 00 = oW, 400+ a2, 000+ aOW, 00+ PV, 000+ aPW, 400

n

with
) :_g¢<n—4><n—2><n—1><n+1>,
" 4 2n+1)(2n—7)
o B (n—2)(n+1)
B 6n?+6n—1
(3.4.5) o) = 1 @t

9 _ B n(n +3)
o = Z(4n+6)\/(2n+ )(2n+5)

@ g\/n(m 2)(n +3)(n + 5)
" 4 2n+1)(2n+9)

e From the previous computation we deduce that

[No, TIoA [T 00 = ((n—3)" — (n+ 1)%)al P W, _s00+ (n—1)° = (n+ 1)%)al 2,200
H(n+2)* — (0 + 1))l Wpya 00 + (0 +5)° — (n+1)%)at) Upia 0
Thus, using the definition (3.4.5) of the coefficients «, we get

lan] < C(n+1)
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and
[N, oA, 0.0]

rer) < Cs(n+1)° < Cs|[NoWr 0,0

L2 (R) .
Because of the quasi-orthogonality of ([Ns, IIoA’]¥,, 0.0)neN, We have actually the more general com-
mutator estimate

I[Ns, o Ao @72 )
= Z ‘((n +1)° = (n— 3)5)a5;_i)£n+4 +((n+1)°—(n- 1)5)045;_22)fn+2
2

F((n+1) = (n+3))aZye L+ (n+1)° —(n+5))alle

<G+ D> (g, 2+ e, 2+ e, 2+ e, )

<Oy (n+1)|pnl?
n
which can be rewritten

(3.4.6) 1[N, T A M@ || 2y < CsllNlo® |l 2(g).-

Note that, due to the particular choice of the operator N, there is some additional cancellation,
meaning that the commutator [Ny, IIgA’] which is expected to be a pseudodifferential operator of
order (2s + 1) is actually of order 2s.

e It is now very easy to propagate regularity using Gronwall’s lemma. We recall that
6tNSHO<I> - VnoAlNSHO(I) == Z/[Ns, HoA/]HO(I),
from which we deduce that
t t
VIO + v [ IV () e < VT8 g + Co [ INT00(0) e
and finally
t
(3.4.7) INTLo®(8)[|72(r) + 1//0 [V (NsTg®)' (1) (|72 (mydr < [[NSTIo® (|72 () exp(Cst).

This concludes the proof.

3.4.3. Local strong solutions. — In this section we are going to prove the existence of unique,
strong solutions for smooth enough initial data. As in the case of weak solutions discussed in Sec-
tion 3.4.1 above, we will not write the full proof, but detail the estimates enabling one to use the usual
Fujita-Kato theory of strong solutions to the 3D Navier-Stokes equations (see [4] for instance).

e Global existence of strong solutions for small data

We prove here that under a suitable smallness assumption there exists a (unique) global strong solution
to (SWp) such that II, ® belongs to L=®(R*, H,/*) N L2(R+, HY/?).

As previously we start from the solutions @ of the approximation scheme (3.4.2). We have of course

d
1@ (Ol 72(rxr) + 20V (o (x) (B)lI72 Ry <0
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and, by Proposition 3.3.3,

d
I @) (D12 = 20 (L @) [ALTLL @ () 12 ()
< -2 (Hiq)(N)lHLQL((I)(N)a(I)(N)))Hi/Z (t)
< C(”HL(I)(N)H?{i/zHHL(I)(N)HHi/? + ||HO(I)(N)||L2(R><T)||HL(I)(N)||H2/2||HL(I)(N)HH£/2(RXT))(t)'

By Lemma 3.3.1 and the obvious embedding Hz/ ’c Hi/ 2, that inequality can be written

d 14
—||II, ® t 21 , 29" |11, ® t 2 )
(3.4.8) ML) (Dl + 01/2” L) (D30

< CHHJ_(I)(N)HZiN (HHJ_(I)(N)HHi/? + HHO@(N)IIN(RxT))(t)-

As usual we notice that this inequality is useful only if |[I1L®(n)(t)|| ;12 and [[To®(n)[|L2rxT) are
L
small, which is a typical phenomena of global results under a smallness condition.

Define

2
12
Dy = {t R /Y <t, [[To®n ()32 mnr) + HnLq)(N)(t,)HiIiﬂ < (2001/2) }

where C' is the constant appearing in (3.4.8), and let us impose the following smallness assumption on
the initial data:

2
0 2 N z
ITo®(ny 172 (<) + HHL(I)(N)”Hi/2 = <m> '

Then clearly Dy is not empty. By construction, IIo®y) belongs to C(R*, L*(R x T)) and I1, ®y)
belongs to C(RT, Hé/Q) thus Dy is a closed set.

Denote by Ty = max Dy. If Ty < 400, then

2
2 2 v
30 (T )+ Iy ()= < ()

and we deduce from (3.4.8) that

d 2 2

= (100 () sy + T @) 12,172 gy ) (T) < 0,
which is in contradiction with the definition of Ty = max Dpy. Therefore Ty = +o0.

Then we deduce immediately that for all t € R+

t
2 v INTE ’ 0 |2
ML) (e + e [ I () < T80

Up to the extraction of a subsequence that converges to a Leray solution ® of (SW)), the previous
estimate implies that

I, ® € L*(R", H*) N L*(RY, HY?).

The strong-weak stability principle established in the previous section provides then the uniqueness of
such a solution.

e Local existence of strong solutions
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Let us now consider the case of large data. The idea (see for instance [4]) is to split @ in two parts
as follows

vy = (I)(<N) + (I)(>N)
where <I)(<N) is the unique solution to
0,:(I>< N) - VA/L(I)(<N) =0

(3.4.9) 5 (0) = D Ty, T @y + oy,
(n,k,5)€S
(n+k%)1/2< A

and A > 0 is a truncation parameter to be determined (independent of N). Using Proposition 3.3.1,
it is easy to check that
L @Gy Izt 2@y < ClIP°|| 21T

HHL(I)FN)”WJ(R*,HE) < CAS”@OHH(RxT)-

y (3.4.2) and (3.4.9) we deduce the equation satisfied by fI>> N

0: 20y = vALR () + INQL(® (), B y)) + 2INQL(R (), Ry)) = —INQL(P(y) By

(3.4.10)

‘I)(>N> 0)= ¢?N) - Z Hn,k,ngb?N) + I @)
(n,k,j)eS

(ntlk)?/2<A

We are going to show that <I>(>N) remains small in H i/ % on a time interval which does not depend on N.

Let us write an energy inequality in Hi/ % on (3.4.10): we have

1d v
5 gl (D132 + —||<I>(>N)(t)||§13/2 = —(JNQL(®(y, @ >)|‘1>(>N>)H1/2 (t)
(JNQL( N)a ))|‘I)(>N))Hi/2( ) - (JNQL( N)’ |‘I) 1/2(t),
and Proposition 3.3.3 yields
d
1200 O 2 + 25190 Ol < CIBG, Ol 123 (O

+Cl2 0 )y (II@(N)( )I\stzl\HﬂP(m( My + 1950 Ol TPy (D] 2/2)
+ Cl T Oy (190 Ol Mo @) (D) 22 () + ITLL @Gy ()l 1y TPy ()] /2)
O (Ol 22T 0y (1) ey 1T @ (1)

Now consider the set

12 < ——

Dy — {t R/ < b, |20 (1)1

v
CCyo } ’
(where C is the constant appearing in the right-hand side of the previous inequality) and Ty = sup Dy.
We are going to prove that there exists 7" > 0 such that
VN e N*, Ty >T.

We notice that if A is chosen large enough (independently of N), then Dy is not empty: we can indeed
choose A so that

(3.4.11) 1@y VN € N.

14
0 1/2 < R TE—
)( )HHL/ — 4001/2’
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As long as t < T, we can write the previous inequality in the following way:

1%
H(I)(N)( )quim + mll@ﬁv)(t)llim <3 II@(M( )3 i L@y (¢ Wi

||@(N>< M (L@ (I + T 0y ()3 e

2/3 4/3 4/3
1/3|\<1><N)< o T @ (527 1T @ ()32

+OH(I)(N)(t)”Hi/zHHO(I)(N)(t)”LQ(RXT)||Hiq)(N)( HH§/2

So we get

d v

EH‘P?N)(t)HZi/z + mll‘bfm(t)lligxz < (L4 |9y, 17, 1/2) )JF(A, @, v),
where )

FOA0) =0 (14 5 ) (L4 AN+ 19y
Gronwall’s lemma enables us to infer that for all ¢t < Ty,
185012 < (1487 (O)I, ) exp (FF (4, 8,0)) — 1

Since A is chosen so that (3.4.11) is satisfied, it suffices now to choose T in such a way that

i oy 1Y
exp (TF(A,(I) ,l/)) S 2, exp (TF(A)(I) ’l/)) 1 S 2 (CCl/Q)

so that for any ¢t < T,
2
7 ()P < _r
|| (N)( )”HL/ = (Ccl/2

VN e N*, Ty >T.

hence necessarily

e Gathering those results, we infer that any limiting point of CID( wy T CID( N) (in particular any Leray
solution to (SWy)) satisfies

Io® € L°R', L* (R x T)), (o®) € L* R, H'(R x T))
I, ® e L>(0,T), H/*) n L*([0, T), HY?).

The weak-strong stability principle gives then the uniqueness of such a solution on [0, 7.

3.4.4. Propagation of the ageostrophic regularity. — In order to construct a strong approxi-
mation of the filtered solution to the Saint-Venant system in the next chapter, we will actually need
further regularity on the solution of the limit filtered system, which is obtained in a very standard
way from the trilinear estimates stated in Proposition 3.3.3. So suppose that IT; ®° belongs to H?,
with 1/2 <'s <1, and consider as previously the sequence (®yy) of approximate solutions to (SWp)
defined by (3.4.2). From Lemma 3.3.1 and the last estimate in Proposition 3.3.3, we deduce that for
all s <1,

d 9 2v 9
EHHJ_@(N)(t)HHz + ES”HL@(N)@)“H;“
< O vy () |z [TLL P vy (E)]] o1 (”HJ_(I)(N)( M igare + Mo® vy (¢ )||L2(R><T))

v C 2
< EHHL@(N)(t)quzﬂ + ;HHL‘P(N)(??)H%; (||HL<1’(N)( M g2+ [o® vy (¢ )||L2(R><T)) ;
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and thus by Gronwall’s lemma

HHJ_(I)(N) ||Hs / ||HJ_@(N) HH2+1dt/

< I e (£ [ (2000l + M0 (e ) )
Taking limits as N — oo in the previous inequality shows that
1@ € Ly, (10,7 H}) N Lo ([0, T*[, HE ™),
and that

I @(0), + / [T ()2 rdt

c [t 2
<T@y exp (= [ (ITLLOW)] o + To®(E) [ 2mxmy) dt') |
L v Jo L

which proves the propagation of regularity result, and completes the proof of Theorem 2. ([

3.5. Proof of Theorem 3

In this section we shall prove Theorem 3: Paragraph 3.5.1 is devoted to the global wellposedness result
in L2, while the propagation of regularity results are given in Paragraphs 3.5.2 and 3.6.

3.5.1. Global wellposedness. — In this section we shall prove the first part of Theorem 3, namely
the fact that except for a countable number of 3, the limit system is globally wellposed in L?. This
turns out to be an easy matter in view of the resonance results obtained in Section 2.4 in the previous
chapter.

Indeed Proposition 2.4.1, page 19 indicates that except for a countable set of values for 3, the limit
system reduces to the following:
8tH0q) - I/HoAqu) = 0,
GtHRd) + QQL(HQ(I), HR(I)) - VHRA/L(I) = 0,
8,51'[M<I> + QQL(HQ(I),HM(I)) - Z/HMA/L(I) = 0,
8th<I> + QQL(HO(I), Hpq)) - I/HPA/L@ = 0,
So the limit system is a linear equation on all modes but Kelvin modes; Kelvin modes being essentially
one-dimensional, it will be easy to prove the wellposedness of the system. In fact the only point to be
proved is the uniqueness of the solution, since existence was proved in the previous section. Uniqueness

will be immediate in the case of all non-Kelvin modes so let us concentrate on the equation on ITx ®.
Let ® and ®, be two solutions, and define §® = &, — ®. Then

O 6® + 2Q 1 (Igd®, i 0®) + 2Q 1 (Mo ®, L 6®) + 2Q 1 (Mod®, M ®) + Qp (I 6D, [ ID)

Now let us write an energy estimate in L?, in the spirit of the computations of Section 3.4.1 above. We
note that in the case of I, the decomposition on eigenmodes of L simply corresponds to the Fourier
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decomposition, so that
(HK5<I>|QL(HK<I>,HK&I)))B(RxT) = (HK5<I>|Q(HK<I>,HK&I)))LQ(RxT) .

Moreover in that case, the usual Sobolev spaces H? coincide with the H7 spaces, since n = 0. Using
the fact that IIy projects onto xo-independent functions and that the dependence in z1 of IIxd® is
that of the Gaussian 1y, it is easy to see that

’(HK6<I>|QL(HO<I>,HK(S@))Lz(RxT)’ < k2| a1 (rxm) Mo @[ 2 () M 0P oo (R; L2(T)) 5

and that
’(HK(S(I)lQ(HK(I)’HK(S(I)))LQ(RXT)‘ < k0@ mxer) Mk @l oo (Rxm) [T O [ L2 (R xT)
v C
< 2—C«1||HK5@”%11(R><T) + ;HHK(I)H%DO(RXT)”HK(S@”%?(RXT)'
We recall indeed that
1/’0($1)
Ug - = Z (Po,k,0 | " )r2@xT)Yo,k,0 Where Vo j (1, 22) = L ciken 0
kEZ* VA
1/’0($1)

One sees easily that |[IIx®[| L ®rxT) < CO|llx®|| 71 (®RxT), SO finally an energy estimate (coupled with
a Gronwall lemma) gives

t
v
Mk 6@ (t)]|72(rxm) + 5/0 ML 0®(E) [ oy At < [Tk 6@ (0)[|72 (e

x Qtn@’Qd’
exp ( — OIIK(t)HHlt -

Since g d®(0) = 0, uniqueness follows from the energy bound on ITx ®. Note that we have recovered
here the usual, two-dimensional Navier-Stokes type estimates since in the case of purely Kelvin modes,
the quadratic form and the spaces involved are the same as in the Navier-Stokes case. In fact Kelvin
modes are even one-dimensional (up to a multiplication by tg(x1)) so it is possible to improve those
estimates (that will be done in the last section of this chapter).

3.5.2. Propagation of regularity. — Let us now prove that if the initial data II, ®° is in Hj
with s € [0,1], then that regularity is propagated to I} ®. Recalling the special form of the limit
system for almost all 3, the only equation we need to study is the one on IIx®. Indeed denoting

U = (IIg + Hp + )P,

we have
8t\11 + QQL(HQ(I), \I/) - VA/L\I/ = 0,

and Proposition 3.3.3 gives directly

t
2 v 2 2 ¢ 2
H\Il(t)”Hi + 5/0 ||‘I’(t/)HHz+1 < ||‘I’(0)HH; exp <;|H0@||L2([O,T];L2)) .
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Now let us turn to the Kelvin modes. In that case we simply use again the fact that H® and H} spaces
coincide in the case of IIx. We have, using Proposition 3.3.3 again,

v t t
IOy + 3 [ IR s ey < | [ (DIQUTAD. T ) 1. g )

t
+C/ M@ (") || 2 [Tk @(¢) || 1= (R T R(E) || 1141 ()
0

Two-dimensional product rules give

(g @ QU P, Ik ®) e rxry| < Mi®lmerimxr) [Hx® @ k@ ®mxT)
e e 0l g T
3 1
Il g 1 e I 5
<

1% 2 C 2 4
2—C,1||HK(I)HH5+1(R><T) + ;HHK(I)HHS(RxT)HHK(I)HH%(RXT)

so that finally
v c [t
@) ey + 767 [, T reosny < 5 [ IT0®E ) e rmy @

¢ ! |12 AVIES /
g LT AT
and the result follows from Gronwall’s lemma and the energy estimate on Il ®.

That concludes the proof of Theorem 3. (|

3.6. A regularity result for the divergence

In this section we are going to prove an additional regularity result for the system (SWj), which will
be useful to study the strong asymptotics of the rotating shallow-water system in the next chapter.

Proposition 3.6.1. — Let ®° belong to L>(R x T).

For all 3 € R}, if I, ®° belongs to Hi/Q and (Up + g)®° belongs to HY for a > 3/2, then the

* 7

solution ® of (SWy) with initial data ®° defined on [0, T [ satisfies for all t € [0,T*|

t
[ 19 it <+,
0
where we recall that ®' denotes the two last components of ®.

Furthermore the reqularity assumption on the initial data can be relaxed for all but a countable number
of B. Indeed, for all 8 € RT \ N where N is the countable subset of R defined in Theorem 3, if
(Ip + k)P belongs to HY for a > 1/2, then the solution ® of (SWy) with initial data ®° satisfies
for allt e RT

t
[ 19 it < 4.
0
Proof. — Such a result is established by decoupling the equations on the various parts of @, and proving

that the regularity is propagated for the Poincaré and Kelvin modes, while a smoothing property on
the divergence holds for the nonoscillating, Rossby and mixed Rossby-Poincaré modes.
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Let us decompose ® on the supplementary subsets KerL, R, M, P and K
O =TI4P + gD + Iy, + IIpdP + [P,
and estimate each projection separately.

e For nonoscillating, Rossby and mixed modes the smoothness of the divergence is not due to a
propagation result but to a stationnary property of the eigenvectors.

Clearly, by definition of KerL, V - (IIo®)" = 0.

Let us consider the Rossby and mixed Rossby-Poincaré modes. By definition of the Rossby modes we
deduce the following relation

VOER, V-0 = Y V-dh= > iAPa)

INEGR INEGR
with the notation ®, = II,®. It follows that
2
IV = || 3 i@
INEGR
2
< C > IME ol @ -
INEGR

by Proposition 3.1.2. But, as Rossby waves correspond to 7 = 0, we have
M@)ol Fr2mxr) < CIAP Z (T k0@ )o | 772 (R )
7(n,k,0)=X
using Remark 2.2.6. Recalling the explicit form of (¥, & ;)o, we see that
(M 0®)oll Fr2 oy < (147 + )| (W k0o 1 mxr)-
But for Rossby modes, the following asymptotics hold as |k| or n goes to infinity:

_ Bk
/\77(n,k,0)~ m

So we infer that as |k| or n goes to infinity,

APk 0@)ol 2 mxr) < Cl (M g,0®oll Frr mxry-

Finally we infer that

IV-®2: < ¢ 3 IAN@olZemen

INEGR

< C Z (I, k,0®)oll771 ()
(n,k,0)EGR

< OlelF -

By the embedding of H?(R x T) into L>®°(R x T) we conclude that V - (IIg®)’ belongs to the
space L2([0,T]; L>(T x R)). The same result can easily be extended to the mixed Poincaré-Rossby
modes (it is in fact easier since n = 0 in that case) and we obtain

ITar®| 20,77, 12) < Oy IV - (e ®) | 220,77, L (RxT)) < O -
Finally we deduce that
IV - (T + g + ) @)’ || L2 (0,77, (R xT)) < O -
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e In order to establish a similar estimate for the Poincaré and Kelvin modes, we prove that the equation
governing these modes propagates the H} regularity without restriction on s. Indeed we have seen in
Remark 3.3.4 that the restriction to s < 1 for the propagation of regularity stated in Theorem 2 is due
to the coupling between Rossby modes.

The idea here is to study the propagation of the following norm on (KerL)*

12012 = D (1 + X)°[IT@[|7 2R )
AE®

which controls the Hj regularity of the Poincaré and Kelvin modes only, due to the following easy
estimate (see Proposition 3.1.2):

(3.6.1) CTH(Ix +Ip) @[y < ML @[ls < O(|(Uk +p)@| gy + TP L2RrxT))-
This norm is convenient to deal with the condition of resonance occuring in the nonlinear term of

(SWo).

Similar arguments as in Proposition 3.3.3 allow to write the following trilinear estimate:
(3.62)  |(2QL(®, ®))s| < CollTL |l (L] ss1 + [Tl ) (ITTLL /2 + [To@l| 2 (rcr))-

With the same notation as in the proof of Proposition 3.3.3, we have indeed

"’ * def S
(@.JQu(@, @), €| Y () (k@

o ke QT e g @, T e ‘1)*)) Lo

i iy ,iT* €&\ {0}
<GP 4 (14 ()72 el |((n + K22 4 (0 4 (K))1),
from which we deduce that
(@]QL(@,@))s < Cul L[ (ITL Pl wrr + [T 3 TPl /-
In the same way, for the geostrophic part, we have
(|QL I ®,I1, ®)), < C4||TLL @[ (|| TTLP||ss1 + [T @] 72 )o@ || 2 (m xT)-
Note that the H' norm appearing above is used to control the gradient of the Rossby and mixed

modes.

Using (3.6.2) and Gronwall’s lemma, we get the following propagation result
2 v ! |12 |12 /
el + & [ (ML), + el @)
012 CS ! ! / 2 /
< aa®exp (S [ (I |+ [T0B() | memy) )
0
(see Paragraph 3.4.4 for the detailed proof), and therefore by (3.6.1) we get

t
14
(I + ILp)D(t)|| 77, + 5/ [(Ie + TLp) R (t) || 3ot
s Jo L

C, [* 2
< (10 + )2 By, + 19w (2 [ (L0 + 00 rem) )
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By Sobolev embeddings we then deduce the expected control on the divergence
[V - (g +Ip)®) | 20,17, (R xT)) < Cr

for all T < T™ where T* is the lifespan of the strong solution ®.

That concludes the proof of the proposition in the case of general 3.

e By Proposition 2.4.1 page 19, we recall that, for all 3 € R™ \ NV, the only possible resonances are
Kelvin resonances.

Let us now consider the equation governing the Poincaré modes which can be seen as a linear parabolic
equation whose coefficients depend on IIy®. Therefore it is very easy to propagate regularity once one
has noticed that the multiplication by |A| for the Poincaré mode ITy® is “equivalent” to a derivation.

Introduce as previously the notation

P = Z Sﬁn,k,j\pn,k,ja

(n,k,j)eS
so that
Hp® = Z Pk, Un,k.j
(n,k,j)€SP
where

Sp=N*"xZx{-1,1}U{0} x Z] x {1} U{0} x Z; x {-1}U0x 0 x {-1,1}.
We can use Proposition 2.2.3 page 12 to deduce that for each (n,k,j) in Sp the equation govern-
ing @y, k,; can be decoupled (recall that IIp® only depends on z1):
Orn kg — VPnkg (Y| A Vo ki) L2@xt) = =200k (Y k| QW kg, Ho®)) L2 (R xT)
which can be rewritten

Ot (n,ej exp (=t (Vo ko | AV ki) L2(RXT) ) )
= =200 10 (Vi Q( W k.5, To®)) L2 (R ) €XP (— (Wi o | A Wi ke i) L2 (RXT)) -

By Gronwall’s lemma and the estimates
(P | QW g, To®)) L2 mxry | < Ch(n+ k)2,
(Ve |A W k) L2 mxmy > Ca(n + k),

we then deduce that there exists a nonnegative constant C, (depending only on v) such that,

(3.6.3) V(. k) € Spy @ ()] < lonis (0)] exp(=Cy(n + k2)1).
We have
IV p®) Ol e ey < DL b OHIY - (k) Ol e (e
(n,k,j)€SP
<C D pnr O+
(n,k,j)ESP

since (¥, ;) is uniformly bounded in L>*(R x T). Thus, by (3.6.3),

IV - (Tp®) ()]l o gy SC D |mn(0)| exp(=Co(n + E)t) (n + k)12
(n,k,j)€SP
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Integrating with respect to time leads then to

IV (Tp®) | 1 o rpinemary <CL D lnns(0)(n+ £~
(n,k,j)€SP
1/2 1/2

<Ol D lenksOP(n+E)” DGR S i I
(n,k,j)ESP (n,k,j)ESP

from which we deduce that for oo > 1/2,
V- (Hpq))/HLl([O,T],L"O(RxT)) < CHHPCI)OHHE

where C' depends only on v and «.

It remains then to establish the propagation of regularity for the Kelvin part of the equation, which is
nonlinear and has no smoothing effect for the divergence as the Rossby part.

The crucial point here is to recall as above that this equation is actually one-dimensional (modulo a
smooth function with respect to x1). The propagation of regularity result proved in Paragraph 3.5.2
implies that as soon as the initial data is in H® with 0 < o < 1, then the solution lies in L*(R*; HE‘H).
In particular V - (Il ®) lies in L2(R*; H?). So if a > 1/2, using the fact that H*(T) is embedded
in L°°(T), the result follows directly.

Proposition 3.6.1 is proved. |






CHAPTER 4

CONVERGENCE RESULTS

The aim of this chapter is to study the asymptotics of the rotating shallow-water system (1.4.3)
presented page 5. In particular we will see that the system (2.3.5) obtained formally in Section 2.3,
page 19, is indeed the limit system, after application of the filtering operator exp(—tL/e). In order to
simplify the presentation let us recall here the two main systems we will be considering in this chapter,
namely the shallow-water system

O + %V- ((1 + En)u) =0,

1
bz (1+en)u* + E(l +en)Vn — vAu =0,

(SW.) 515((1 + En)u) +V- ((1 +enu® u) + —

— 0 _,,0
Mt=0o =1, Up=0=1U,

and the limit system

P+ Qr(P,P) —vA; =0
(I)|t:O = (anuo)v

where A’ and @, denote the linear and symmetric bilinear operator defined by (2.3.6) page 19.

(SWo)

We also recall the formal equivalent form of (SW;),

1
Ou(n, u) + —L(n,w) + Q (0, w), (1. u)) —vA'(n,u) = R
(77) u)\t:O = (770) uO),
where @ and A’ are defined by (2.3.4) page 18 and

€n
R=(0,—- Au).
(’ V1+€77 u)

The study of the asymptotics of (ST, ) will be achieved through three different methods, which provide
three different types of results. In Section 4.1 we describe the weak limit of the weak solutions to (SW;)
as € goes to zero, which is proved to satisfy the geostrophic equation studied in the previous chapter,
i.e., the projection of (SW}) onto KerL. The statement is given in Theorem 4 below. Then for smooth
enough initial data, we prove in Section 4.2 the strong convergence of the filtered sequence of solutions
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towards the unique solution of (SWy). The precise statement depends on the setting, as in Chapter 3:
for all § > 0 we are only able to prove results locally in time (globally for small data) whereas if a
countable set of values of § is removed, then the convergence is strong for all times, and the smoothness
assumptions on the initial data are less restrictive (see Theorems 5 and 6). Finally in Section 4.3 we
propose an intermediate study between those two asymptotic results, by considering the asymptotic
behaviour of the filtered sequence e~*%/¢(n., u.), where (1., u.) is a weak solution to (SW.). We prove
a strong convergence result towards a weak solution to (2.3.5), where unfortunately due to the lack of
compactness of 7. in space, a defect measure remains (see Theorem 7). In order to circumvent that
difficulty we propose an alternate system to the Saint-Venant equations (SW,), where capillarity effects
are included. Technically the effect of capillarity is to have a uniform control on 7. in strong enough
norms so as to obtain an evolution equation for u.. A strong convergence result for e t%/¢(n., u.) is
established in that new setting, see Theorem 9.

In this chapter, many results and notation of the previous chapters will be used. However precise ref-
erences will be made each time, so that this chapter can be read independently of the others (assuming
the results of course).

4.1. Weak convergence of weak solutions

The first aim of the chapter is to describe the weak limit (n,u) of (1., uc) as & goes to zero.

Theorem 4 (Weak convergence). — Let (n°,u") € L*(R x T) and (n?,u2) be such that
1/ 012 0y],,0(2 0
— + (1 4+en)lu der < &7,
(1) 5 [ (1217 + (1 end)full?)
(12, ug) — (n°,u°) in L*(R x T).
For all € > 0, denote by (n.,u.) a solution of (SW.) with initial data (nl,u?), as constructed in

Corollary 1.4.1 page 6. Then (n.,u.) converges weakly in L? (R* x R x T) to the solution (n,u) €

- loc
L= (R*, L*(R)), with u also belonging to L2(R™, H'(R)), of the following linear equation (given in
weak formulation)
(4.1.2) up =0, friuz+n =0,

and for all (n*,u*) € L? x H'(R) satisfying (4.1.2)

¢
(4.1.3) /(7]77* + ugu3)(t, x) do + l// /V’U,Q Vus(t',x) de dt! = /(7707]* + udud)(z) d.
0

Remark 4.1.1. — e Theorem 4 shows that the system satisfied by the weak limits of n. and uc is lin-
ear. There is therefore no convective term in the mean flow: system (4.1.2, 4.1.8) actually corresponds
to the projection of (SWp) onto KerL: as seen in Section 2.4.2, that projection can indeed be formally
written
0t (n, 0, us) — vIIH(0,0, Aus) = 0,
(1, u)(£) = Tlo(n, w)(£) ¥t > 0,

(777 u>|t:O =1l (7707 uO).

e Note that (n°,u°) do not necessarily satisfy the constraints (4.1.2), so in general (n,u)|.—o is not
equal to (n°,u°).
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o The study of the waves induced by L, in Chapter 3, revealed the presence of trapped equatorial waves,
which however do not appear in the mean flow described by Equation (4.1.3): no constructive inter-
ferences take place in the limiting process, in other words the fast oscillating modes decouple from the
mean flow, without creating any additional term in the limit system (that feature was already observed
in [10] in the case of inhomogeneous rotating fluid equations, modelling the ocean or the atmosphere
at midlatitudes). This will be obtained by a compensated compactness argument in Section 4.1.4.

4.1.1. Constraints on the weak limit. — We recall (see Chapter 1) that the uniform energy
bound on (7., u.) implies the existence of a weak limit (7, u). In this paragraph we are going to prove
that the weak limit belongs to KerL.

Proposition 4.1.2. — Let (n°,u%) € L*R x T). Denote by (n.,uc)es0 a family of solutions
of (SW.), and by (n,u) any of its limit points. Then, (n,u) € L>®°(R*, L?>(R)) belongs to KerL, and
in particular satisfies the constraints

(4.1.4) uy =0, frius+ 6177 =0.

Proof. — Let x,9% € D(RT x R x T) be any test functions. Multiplying the conservation of mass
in (SW,) by ex and integrating with respect to all variables leads to

// (en0ex + (1 + eme)ue - Vx) dodt = 0.

Because of the bounds coming from the energy estimate (1.4.5), we can take limits in the previous

identity as € goes to 0 to get
//u - Vxdzdt = 0.

Similarly, multiplying the conservation of momentum by et and integrating with respect to all variables
leads to

// (5(1+5n5)u88ﬂ/}+5(1+5n€)u5-(ug-V)w+ﬂz1(1+sng)us~1/1L+(1+§775)77€V1/1+1/u8~A1/))dasdt =0.

Once again the bounds coming from the energy estimate (1.4.5) enable us to take the limit as & goes
to 0, and find that

//(W )+ Bryu - Yt)dedt = 0.

It follows that (n(t),w(t)) belongs to KerL for almost all t € R, and we conclude by Proposition 2.1.1
page 7 that (n,u) does not depend on x5 and satisfies the constraints (4.1.4). O

To go further in the description of the weak limit (1, u), we have to isolate the fast oscillations generated
by the singular perturbation L, which produce “big” terms in (SW,), but converge weakly to 0.

Therefore, a natural idea consists in introducing the following decomposition
(775; us) = HO(UE; us) + HJ_(nsv us)v
where I is the L? orthogonal projection onto KerL and IT; the L? orthogonal projection onto (KerL)= .

The idea to get the mean motion is then to apply Iy to (SW,) : since L is a skew-symmetric operator,
we have IIpL = 0 and we expect 9;IIp(n,us) to be uniformly bounded in some distribution space.
The difficulty comes from the fact that one has no uniform spatial regularity on 7.. That is why we
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will actually consider the weak form of the evolution equations; the point is then to take limits in the
nonlinear terms.

4.1.2. Rough description of the oscillations. — The analysis of the nonlinear terms lies essen-
tially on the structure of the oscillations. A rough description of those fast oscillations will be enough
to prove that they do not produce any constructive interference, and therefore do not appear in the
equation governing the mean (geostrophic) motion. The much more precise description given in Chap-
ter 2 will not be used in this section, but will be necessary to discuss the strong asymptotic behaviour
of the solutions in the next sections.

In the following statement we have considered a regularization kernel defined as follows: let x be a
function of C2°(R?,R™") such that x(z) = 0if |z| > 1 and [ kdx = 1. Then for any J > 0 we define s
by

ks(z) = 0 2k(6 ).

Proposition 4.1.8. — Let (n°,u°) € L2(R xT) and (n2,u?) satisfy assumptions (4.1.1), and denote

£

by (e, ue))eso0 a family of solutions of (SW.) with respective initial data (n°,u?).
Then n} = ks xne and mS = ks * (1 + ene)ue) = u® + e(neu:)? satisfy, for all T > 0, the uniform
convergences for all Q CC R x T
Ine — USHLOC(R+7HS(Q)) — 0 as 0 — 0 uniformly in e > 0, for all s <0,

(4.1.5) |lue — u§||L2([0,T1;H5(Q)) — 0 as § — 0 uniformly in e >0, for all s <1,

[Imeue — (ngug)‘s||L2([01T];Hs(g)) — 0 as 0 — 0 uniformly in e > 0, for all s <0,
as well as the approrimate wave equations

g0’ +V-ml =0,

(4.1.6) 5 5yL 5 5 5
edymg + Bxi(m)~ + Vnl = esg + b0,

denoting by s0 and o° some quantities satisfying, for all T > 0,

supsup [|o2| L2 (o, 7); 1 (RxT)) < 00,

6>0 >0

(4.1.7) S

Vé > 0, Sulg llsell (o, ;11 (RxT)) < 00
>

1 S ;
-my2 satisfies

In particular the approximate vorticity wg =V
(4.1.8) gat(w;‘ — Bwlng) + ﬁmgl = qu + 5pg,

with, for all T > 0,

(4.1.9) suIO) HngLZ([O,T];LZ(RXT)) < 400 and V§ > 0, suIO) ||qg||L1([0,T];L2(RxT)) < 4o00.
520 =
Proof. — We proceed in two steps, first stating the wave equations for (7., m.), then introducing the

regularization (12, m?).
e The first step consists in establishing some bounds for

Eat(nsvms) + L(UEa mE)'

We have
edine + V-me. = 0,
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and
e0yme + Bwlmj + Vne = ere,
with
re = =V (me @ ue) — N Ve + vAu,.
Let us now find a bound for r.. It is made of three contributions. The easiest to handle is Awu,.
Indeed w. is bounded in L>(R*, H'(R x T)), so Au. is bounded in L?*(R*, H=*(R x T)).
Next let us consider the nonlinear terms
1o o

~V . (me®ue) —n-Vn. = =V - (m: @ue) — §V775-

By the energy bound (1.4.5) we infer that they are bounded in L>®(R*, W ~11(R x T)).

Therefore in particular

(4.1.10) I7ell 2o, 1y-572(RxT)) < O

e Now let us proceed to the regularization. We recall that the energy inequality (1.4.5) provides the
following uniform bounds

V1 +enue| Lo r+ L2mxry) < C,
17l Lo mt L2RXT)) < O,

luell 2@t i (rxTy) < C-
In particular we have

luellZomxry < IV1+encuelze@mr) + Cellnel L2 el L2 @) el i1 (rxr)»
thus by the Cauchy-Schwarz inequality
1
§||u8||%2(R><T) <V + encuclF2mxry + 8C2 (0l 2 ) | Ve |72 (r oy -
and finally
(4.1.11) [ell 2 0.1y (R xm)) < Cr-
We also deduce from the usual product laws that

(4112) HTIEUEHLZ([O,T];HS(RXT)) < CS for all s < 0.
The convergences (4.1.5) are then obtained by the Rellich Kondrachov theorem.

e By convolution we get (with obvious notation)
0’ 4+ V-ul =0,
and
e0ym? + By (md)t + Vil = er? 4+ By (md)t — (Bzym?)t.
Notice that
oumi(a) — (ime)* (@) = [ ws(y)meta ) ~ (o1 = ) dy

= /yma(y)ma(w —y) dy.
That implies that
(4.1.13) a1md(z) — (x1m2)° () = 65" (y) * me,
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where ngl)(y) =6 2kW (7 ) and kW (z) = z1k(x). We therefore infer that

a1 (md)* () — Blarml ) (x) = 802 (x) + Bk * (neus),
where for all T > 0,

supsup [|o2]| L2 (o, 7311 (RxTy) < +00.
>0 >0

It remains then to control
sg = rg + ﬁé/ﬁgl) * (Nette) .
By (4.1.10) and (4.1.12) we get

Vo > 0, SU.IO) HSSHLl([O,T];Hl(RXT)) < 0Q.
e>

e Taking the vorticity in the second equation of (4.1.6) leads then to
Ol + VL (Bry(mO)F + V) =eVE sl +6VE o,
from which we deduce that
Dl 4 BV -mS + ﬁmgl = eV sl 46V a0.
Combining this last equation with the first one in (4.1.6) gives finally
Or(w? — Brin) + ﬂmg,l =eVt. 2 46Vt o?,

from which we deduce the estimate (4.1.9) on the remainder. The proposition is proved. O

4.1.3. Proof of Theorem 4. — We consider an initial data (n°,u°) € L*(R x T) and a fam-
ily (n2,u?) such that

1

3 [ (P + 1 ) ulP) o < £,

(2, ug) — (") in L*(R x T).

We consider a family (1., uc))e>o of solutions of (SW.) with respective initial data (n2,u?) (given by
Corollary 1.4.1 page 6), and (1, u) any of its limit points. Finally we consider (n*,u*) in (L? x H')(R)
such that (n*, u*) belongs to the kernel of L. In particular by Proposition 2.1.1 we know that

ui =0 and [ziui+on* =0.

Our aim is to prove that

¢
(4.1.14) /(7777* + uguy)(t, x) do + l// /Vu2 Vus(t',x) do dt’ = /(77077* +uyud)(z) d.
0

e In order to establish such an identity, the idea is to take limits in the weak form of System (SW.),
which will require some further regularity on (n*,«*), and then to extend the limiting equality to all
vector fields (n*,u*) € L? x H'(R) N KerL by a density argument.

Note that the classical regularization method cannot be applied here, since the kernel of L is not stable
by convolution. In view of the explicit formula (2.1.2) page 8 giving the projector IIy (which is written
in terms of the singular pseudo-differential operator 81 ((B3z1)~!")), it is actually natural to consider
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the Hermite functions introduced in the previous chapter, and we recall (see (2.2.7) page 11) that any
element of KerL is a linear combination of the following

1) )

0
o) — | B o)

1/10(961)
and (1o, ug) = 0

7/10(501)

We will therefore restrict our attention to these particular vector fields which are smooth and integrable

1

- forn>1,
2r(2n+ 1)

(1, un) =

against any polynomial in 2 (recall that

inten) = exp (- 51) B

where P, is the n-th Hermite polynomial), and then conclude by a density argument.

e Using the conservations of mass and momentum (SW;) it is easy to see that

t
/ (e, + Me 2un2) (t,x) dox + 1// /Vus_rg - Vuno(t', x) dzx dt’
0

= [utn )@ o [ e e V) @) doat

Now we need to take limits as € goes to zero in all four e-dependent integrals appearing in that
expression.

Clearly the three first terms converge to their expected limits, as

/ (Mot + e 2tin2) (1, 2) do — / (711 + 1zt 2) (8, 7) de

/ (Menn + ug yun2) (z) do — / ("0 + ugun,2) (2) dz
and
t t
y/ /Vu&g Vo (', x) de dt’ — 1// /VUQ -V o(t', z) dz dt’
0 0
for all t > 0, as € goes to zero.

So the only term we need to worry about is the coupling term

t
/ /ms,2U€7181un12(t/,$) dxdt’.
0

We will prove in the following lemma that it actually converges to O :
t
lir%/ /m€72’u€7181un12(t/,$) dxdt’ =0,
E— 0

which is due to the special structure of the oscillations pointed out in Proposition 4.1.3. This result
clearly ends the proof of Theorem 4, and is proved in the next paragraph.
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4.1.4. The compensated compactness argument. — Let us prove the following lemma.

Lemma 4.1.4. — With the previous notation, we have locally uniformly in t

t
lim/ /m€72’u€7181un12(tl,$) dxdt’ = 0.
0

e—0

Proof. — Let us introduce the same regularization as in Proposition 4.1.3, defining
ng = 7 * Ksg, ug = U x ks and mg = Mg * Kg.

Then
t t
/ /m€72’u€7181un12(t/,1}) dxdt’ :/ /mggmg,lalunyg(t’,z) dxdt’
0 0

t
+/ /mg,z(ug,l - mg,1)5wn,2(t/,m) dxdt
(4.1.15) 0

t
+/ /mgQ(uEJ — ugl)@lun,g(t/,z) dxdt’
0

t
—|—/ /(mag —ml H ) ue 101U 2 (', @) dudt’.
0

e By the energy estimates and the bounds on the Hermite functions given in Proposition 2.2.3 page 12,
we can prove that the two last integrals converge towards zero as § goes to zero uniformly in . Indeed
for all @ > 0 there exists some bounded subset Q, x T of R x T such that (recalling that n is fixed)

[O1un 2llwi@m\Q.) < .

Then, for 0 < s < 1 and for any s’ > 0,

t
/ /(m&2 - mg,z)ua,lawn,g(t/,x) dxdt’
0

5
< Hms,2 - ma,QHLZ([O,T];H*S*S'(QQ><T))”ue,lHLZ([O,T];Hl(RxT))Halun,2HW1’°°(R)

+ QO‘Hm&,QHL?([O,T];H*S*S/(RXT))HUE,lHLZ([OvThHl(RXT))

which goes to zero as a then § go to zero, uniformly in e by (1.4.5), (4.1.11) and (4.1.5).

Similarly, we get, for 0 < s < 1,

t
/ /mg,2(u€=1 - Ug,l)alun,z(t/, x) dzdt!
0

< |Im ol 2o,y -+ xy e, — ud 4|22 (0,77 17 (2 xT)) |01t 2 w120 (R T

+ 2a||ms.,2”L?([O,T];H*S(RXT))Hus,l”L?([O,T];Hl(RxT))

which goes to zero as a then § go to zero, uniformly in ¢ by (1.4.5), (4.1.11) and (4.1.5).

Next we prove that for all § > 0, the second integral in the right-hand side of (4.1.15) goes to zero
as € goes to 0. We have seen in (4.1.12) that n.u. and consequently m. are uniformly bounded in
the space L2([0,T]; H*(R x T)) for s < 0. Therefore, for fixed § > 0, (n.u.)’ and m¢ are uniformly
bounded in L?([0,7] x R x T). Then,

t
/ /mg,z(ug,l - mg,1)5lun,z(t/, x) dedt!
0

< ellml 5|l 2o, rxRx) | (e, 1) | 22 (0,71 xR T) 01t 2| Lo (R )
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which goes to zero as ¢ — 0 for all fixed 6 > 0.

e So finally we need to consider the first term in the right-hand side of (4.1.15). We are going to prove
that the limit of that term is zero using Proposition 4.1.4. Integrating by parts, we have, recalling
that w® = V+m?,

t
/ /mg,ng,lalun,Q(tl,fE) dxdt’
0

t
- / / (@ )md y +mP 5(Bim 1)) tin o(t', ) dedt
0

¢
—/ / ((—wg + agmgﬁl)mgl + mgQ(V . m‘g — 82771‘272)) Un o (t', ) dzdt’
0

t
[ [ (et Bannfmd 4 =B+ 0 (5 ) o) dad
0

_lt 8 V2 — (V2 — (12w o (¢ 2 dadt
2/0 /82 (( e1)” — (m2y) (12)?) un,2(t', x)dadt

and the last term is zero because Oau, 2 = 0.

Proposition 4.1.4 now implies that

0y (w? — Brind) + Bml | = eq? + dp?,
EatmgQ — ﬂxlmgl + 82772 = 55212 + 50272,

sﬁngrV-mg =0,

where ¢ and s are bounded respectively in L([0,T]; L2(R x T)) and L'([0,T]; HY(R x T)) for
any T > 0 uniformly in € (by a constant depending on §), and where pg and O'g are uniformly bounded
in ¢ and J, respectively in the spaces L?([0,T]; L*(R x T)) and L?([0,T]; H*(R x T)) for any 7' > 0.
It follows that

¢
/0 /mg,2mg,1alun,2(t/,x) dzdt’
¢ - _ 5
_ _/ / (%&s(ﬁxmg —wd)® + B(ﬁxlng — W) + B(ﬁxmg _ w,f)p‘g) o (t', ) dadt
0

t
[ [ (etutuim o) + enfsl, + 60202 ) wnalt' ) dnat
0

Now we notice that

t
/ / (Br1nd — wd)plun (¢, x) dadt’
0

<C (Tl/QHng|\Lw(R+;L2(RxT)) + ng”LQ([O,T];L?(RXT)))

X 1L+ 23)Pup 2| oo ) 2] 220,722 (Rx T

and similarly

¢
/ /ngag72un,2(t’,x) dzdt’
0

So writing

< CT1/2||77g||L°°(R+;L2(R><T))Hun,2||L°°(R><T)HUSHLQ([O,T];LZ(RXT))-

Wl 20,77 2y < IV - Ul p2o.rpz2@xy) + €l VE - (02ud) || L2 (o122 R xT)) s
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we infer that

t
/ / (Brrnd — W) piun ot z) dedt’
0

) =0, and

) =0, uniformly ine.

lim lim (é
6—0e—0 ﬂ
t
lim (5 / /ngaggqu(t',x) dadt’
§—0 0 ’
On the other hand,

t
/ /(ﬂhﬁg - wg)qgunyz(t',z) dxdt’
0

x [[(1+ x%)l/Qqu”L"o(RxT)Hqg”Ll([O,T];LZ(RxT))

< C (Il Le@+;z2@xmy) + |wlll Lo m+L2RxT)))

1
<C <|77£|L°°(R+;L2(R><T)) + 5|\us|\Loc(R+;L2(RxT)) +el| V- (ngug)||L°°(R+;L2(R><T))>

X (14 23)un 2]l oo mxm) 121 L1 (0, 73522 (RXT))

and
t
[ st 0 o] < Claflam ey o 2lmm 2oy
0
S0 ,
lim (% / /(ﬁxlng — WP un ot ) dudt’ ) =0, foralld >0,
E— 0
t
lim (5 / /ngsg oUn 2(t', ) dzdt’ ) =0, foralld>D0.
e—r 0 ’
So we simply need to let € go to zero, then ¢§, and the result follows. [l

4.2. Strong convergence of filtered weak solutions towards a strong solution

In this paragraph we will prove the following strong convergence theorems. We recall that I, denotes
the projection onto (KerL)!, and that the spaces H; were defined and studied in Chapter 3 and
defined again in this chapter, page 79.

The first result we will state concerns the case of smooth enough initial data, and requires no restriction

on f3.

Theorem 5 (strong convergence for all 3). — Let ®° = (1% u®) belong to L2(R x T), and con-
sider a family ((n°,u?))e>0 such that

1
5 [ (R + (Lt en)lP) do < € and
1
5 / (|ng —n°P + (1 +en?)|ul - u0|2) dr — 0 ase — 0.

For alle > 0 denote by (ne,u:) a solution of (SW.) with initial data (n?,u?). Finally suppose that 11 ®°
belongs to Hé/Q and that TIp®° and T ®° belong to HY for some o > 3/2. Then the sequence of

filtered solutions (®.) to (SWe.) defined by

(4.2.1) . =L (—é) (e e ),

converges strongly towards ® in L3 ([0, T*[; L>(R x T)), where ® is the unique solution on [0,T*]

loc

of (SWy) constructed in Theorem 2, page 31 .
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The next theorem requires less assumptions on the initial data; on the other hand one must first remove
a countable set of values for (.

Theorem 6 (strong convergence for generic 3). — There is a countable subset N of RT such
that for any 3 € RT \ N, the following result holds. Let ®° € L?(R x T;R?) be given, and consider a
family ((n2,u))e>0 such that

1
5/(|772|2+(1+5772)|Ug|2) de < &Y and
4.2.2
( ) 1 0 02 0\[,,0 02
5 (|775_77 | +(1+5775)|U€—u | )d$—>0 as € — 0.

For alle > 0 denote by (ne,u.) a solution of (SW.) with initial data (n°,u2). Finally suppose that I1p®°
and T ®° belong to HY for some o > 1/2. Then the sequence of filtered solutions (®.) to (SW;)

defined by (4.2.1)
o, =L (é) (nsaus)

converges strongly towards ® in L? (RT;L?(R x T)), where ® is the unique solution of (SWy) con-

loc

structed in Theorem 3, page 32 .

Remark 4.2.1. — e Note that definition (4.2.1) of ®. does make sense since as stated in Corol-
lary 1.4.1, one has a L? bound on u..

(RT,L?(R x T)) cannot be obtained directly using some a
priori estimates. Indeed we have a priori no uniform regularity on 1. with respect to the space variable
x (besides we expect the limiting system to be a mized hyperbolic-parabolic system,).

e The strong compactness of (®.) in L7

e The proof of both convergence results is based on a weak-strong stability property of (SWe). It
is therefore crucial to be able to construct a smooth approximate solution ®up, to ®., writing an
asymptotic expansion in € whose first term is ®. The regularity assumptions on the initial data stated
in both theorems are precisely that enabling one to guarantee that the limit system has a unique, stable
solution and propagates reqularity. In particular it should be noted that in both cases, the assumptions
on the initial data imply that ¥V - ® belongs to L'([0,T]; L>°(R x T)) (see Proposition 3.6.1). Once
the setting is posed so that the limit system does satisfy those properties, the proofs are very much the
same in both cases. So in the following we will only prove Theorem 6, and leave to the reader the easy
adaptations in the case of Theorem 5.

Proof. — As noted in Remark 4.2.1 above, we will only prove Theorem 6 here.

The idea is, as usual in filtering methods, to start by approximating the solution of the limit system,
and then to use a weak-strong stability method to conclude.

So let us consider the solution ® of (SWp) constructed in the previous chapter (see Theorem 3 page 32),
which we truncate in the following way:

(4.2.3) by = NI P + 11Dy,
where Jy is the spectral truncation defined by

(4.2.4) Jy = Z I,

INES N
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with
& = {ir(n.k.j) €& [n <N, k| < N},
and I denotes as previously the projection onto (KerL)*. Finally I1o®y solves

6tHO<I>N - Z/HQAIHO(I)N =0

0
M@ pni—0 = E 1L, 0,0®".
0<n<N

We recall that II, g0 denotes the projection onto the eigenvector ¥, 9o of KerL. Then for all fixed
N € N we have (see Theorem 2)

(4.2.5) @ belongs to L (R*; HY), Vo > 0.

Recall that such a result means that IIp®y is as smooth as needed, and decays as fast as needed
when 1 goes to infinity.

Moreover by the stability of the limit system (which is linear) we have of course, for all T' > 0,
(4.2.6) Jm [[To@y — Ho®| o< (jo,73:L2 () = 0.

Note also that for all fixed N € N, using the smoothness and the decay of the eigenvectors of L, we
get for any polynomial Q € R[X]

(4.2.7) Q(z1)Pn € L=([0, T]; C*(R x T))

We have moreover, for all T > 0,

(4.2.8) (HHL(‘I) = @)oo, mys22RxT)) + [T + Hp) (P — ‘I’N)||L°°([0,T];Hg)) —0as N — oo,

and

(429)  (IMLL(® —~ ®x)ll oz + ([ + Tp) (@ — Bl oo ey ) — 0 s N — oo,

Finally since Jy commutes with A, the vector field @ satisfies the approximate limit filtered system
PN + INQL(P, D) — vAL DN =0,

(4.2.10) 0

P yjp—0 = IND".

Conjugating this equation by the semi-group £ leads then to
t 1 t t t Lot
| Ll -)PNn | +=L|L|-)PNn|+INQL|L|-)DP,L[(-]D 7I/AL£ - | ®y =0,
€ € € € € €
using the definitions (2.3.6) of Q1 and A’. Let us now rewrite this last equation in a convenient way
t 1 t t t t
(e (F) ) s m (e (E)m) (e () ot () o) e (2) oo
€ € € € € €
t t L t
=(Q@—-Qr) (L B On, L - ) o —v(A' = AL - ) o
t t t t
s (2(D) 0 (1) o) var (e() on- o1 (1) o).

Because of (4.2.8) and (4.2.6), the last term in the right-hand side is expected to be small when N is
large, uniformly in e, and similarly for the third term, using the stability of the limit system proved in
the previous chapter. So we are left with the first two terms, which as usual cannot be dealt with so
easily since they do not converge strongly towards zero. However they are fast oscillating terms, and
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will be treated by introducing a small quantity e¢y (which will be small when € goes to zero, for each
fixed N), so that

0 + %L) <,c <£) 5¢N) ~—(Q-Q1) (E (é) Oy, L (é) @N) N INENAY, (é) .

Let us now define

4.2.11) ¢y = — =L QI PN, T;PN) + v TSR
( A;ﬂ iA—p—f) (L, . ; i(A—p)

INEG,ip, i€ N INEG,inES N

elﬁ(k_p‘_ﬂ) 615(/\—#)

AT, By,

and consider
O n=Pn +cdn.

Let us prove the following result.

Proposition 4.2.2. — For all but a countable number of 3, the following result holds. Consider a
vector field ®° = (ny,ug) € L*(R x T), with (Ilp + Hg)®° in HY for some o > 1/2. Denote by
® the associate solution of (SWy). Then there exists a family (Ne,n,ue,N) = L (i) ®. v, bounded in
the space LS (R, L2) N LE (R, HY), such that (Ilp + ) (e N, ue, ) is uniformly bounded in the

loc

space LSS (RT, HY) N L2

loc loc

(RT, HE‘"H), and satisfying the following properties:
o & n behaves asymptotically as ® ase — 0 and N — oo :

(4.2.12) VD >0, lim lim [ @en — @l e o07,02mxry) =

o for all N € N, (e,N,us n) is smooth: for oll T >0 and all Q € R[X],
(4.2.13) Q(z1) (e, N, ue,N) s bounded in L°([0, T]; C*°(R x T)), uniformly ine;

o (N, N,Ue,N) Satisfies the uniform regularity estimate

(4.2.14) VT >0, sup lim|V- UE,N|‘L1([01T];LOO(RXT)) < Cr;
NeNe—0

o (ne,N,Ue,N) Satisfies approzimatively the viscous Saint-Venant system (SWe) :

1
(4-2-15) at(na,Na UE,N) + EL(T/a,Na UE,N) +Q ((na,Na UE,N)a (na,N; UE,N)) - VA/(TIE,N? UE,N) = Ra,N
where R. v goes to 0 as ¢ — 0 then N — oo:

(4.2.16) ngnoo E113% (1Re,n || L0, 77 L2R 5 T)) + | Re N || o< (0,7] xR xT) ) = 0.

Proof. — Let us define ®y as in (4.2.3) and ¢x as in (4.2.11). We can write
on = oy +9o%, with

it (A—p—f)

n _ I 3
N — E . ~ /\Q(HH(I)N’HM(I)N)
S A= p— )
INES,ip,ii€S N
it(A—p)
) €« /
oF =v > AT ®y.

N & iA—p) :

INES,INES

We will check that the approximate solution ®. y defined by
(4.2.17) PNy =PN tegnN

satisfies the required properties.
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It will be useful to notice that there are two positive functions Ay (N) such that if  belongs to Gy,
then either 4 =0 or

0<A_(N)<pu<AL(N) < +o0.
It will also be useful to recall that, considering the asymptotics of A = 7(n, k, j) as k or n go to infinity,

I
the operator Z TA is continuous from HY to Hg_l for any given o € R.
A#£0

Finally we recall that the spectrum of L admits only 0 and oo as accumulation points.
e The correction ¢y is defined as the sum of two terms.

Let us consider the first one, qﬁg\}). It can in turn be written
o8 =Ty + L6 .

The first part, Hod)g\}), is easy to handle since Iy is of course continuous from H7 to H7 for any o.

Let us now study HLqﬁg\}). Clearly Q(HHQ)N,H,;(I)N) is in HY for any o > 0. We infer that Hqug\l,)
belongs to HY for any o > 0. Indeed if p+ fi # 0 then |A— p — fi| is bounded from below since p and fi
are in Gy and the accumulation points of A are 0 and co. On the other hand if i+ i = 0 then we use

II
the continuity property of Z TA recalled above.
A#£0

So we find that for all polynomials @ € R[X],
Qz1)oy € L=([0,T];C*(R x T)),
as well as

Qe (£) o) € (0 THCx R x D)),

This obviously implies that for all k € N

. t
VNEN, lm eQ(z1)L (E) ¢§\1z)|\Loc([o,T];ck(RxT)) =0.

The second term ¢S\2,) is dealt with similarly, splitting it into two terms:

2) > e Mo S e AL
OoN =V ) 0= AATL, N + v S A TPy
Fu, AF0,
INEG,ineS N\ {0} INES

Because of the relations (2.2.1) satisfied by the Hermite functions, it is easy to see that the first
contribution can be rewritten as a finite combination of some eigenvectors of L (which are smooth
functions rapidly decaying in z1), and the second contribution is dealt with again by using the fact

IT
that the operator Z —2 is continuous from HY to H‘Lffl.
A0

We conclude that for all Q@ € R[X]

Qe (2) o € L¥([0.7: (R x ).

and thus
. t
VN EN, lim [eQ(x1)L <g) W | (o ):cx <)) =0, Yk € N.
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Combining these results with (4.2.5), (4.2.6), (4.2.7) and (4.2.8) leads to (4.2.12) and (4.2.13).

e The uniform regularity estimate (4.2.14) is obtained in a very similar way. Of course the regularity
of the correction established previously shows that its contribution to V - u. n converges to zero as ¢
goes to 0 in the sense of smooth functions rapidly decaying with respect to x;. Therefore the only
point to be checked is that

t !/
V- (ﬁ (—) @N> is uniformly bounded in L*([0,7]; L>°(R x T)),
€
which is obtained as the regularity property stated in Proposition 3.6.1, remarking that the L*° bound

comes from estimates which are stable by the truncation Jy and by conjugation by the semi-group L.
Indeed for almost all 3, provided that

1
(Mg +11p)®° € HY for some o > 3’

any weak solution ® to (SW)y) satisfies the following estimates

IV - 10,772 (mxmy) < O

o (e(2)a)

where Cp depends only on T € R, [|®°]| L2(r ) and ||(IIx + I1p)®°| o (neither on N nor on e.)

as well as

<Cr,

LI([0,T]; L>>(RXT))

e It remains then to establish the equation satisfied by (7., n, ue n). A direct computation provides

oy =— Y. etOTTIIL QL PN, M Dy)

AFutp
INES,ip, iAl€ES N

+v Y EEOTIIMATL DY

AW,
INES,inES N
RS

S A=)

INES,ipn,iAES N

+ev Z

AFu,
INEG,IPNES N

eié()‘_ﬂ_ﬁ)

L, Q(I1,0,® y, T1; P )
eié(k“)n A'TL,0,®
i —p) TN

By (4.2.10) we infer that 0;®y is smooth and rapidly decaying (recalling in particular that Q@ =0
due to Proposition 2.4.5 page 26), and thus the last two terms go to zero as ¢ — 0 (for all fixed N).
The previous identity can therefore be rewritten

(4.2.18)

cOiby = —L (—é) (Q-Qu) (c (é) B, L (é) @N) . (—é) (A — AL (é) Oy + 7oy

where

(4219) Vk € N,VN S N,VQ S R[X], ;LI% ||Q(z1)7’51N||Loo([07T];Ck(R><T)) =0.
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Now let us recall that

Lo (o)) a(ceneltr) el
w220 = (@-an(e(t) e (L) on) - - apc (L) o
s (o) ) )

We thus have, recalling that

™

(naN;uaN <E> (I)N+5¢N)

(4.2.21)

D¢ (ne.n» ue N) + éL(na,N; e, ) + Q ((1e,n, Ue N )y (Ne, N5 Ue,N)) — VA (N, N, Ue V)
= (Id— Jn)QrL (L (é ®,L <£> <I>) + Q1 <£ <£) (on — @), L <£) (Pn + <I>)>
+eQ <.c (é) ox. L (é) 20y + 5¢N)> N (.c (é) ¢N) Fren

Note that the regularity estimates on & and ¢n allow to prove that the two last explicit terms in
the right-hand side go to zero as ¢ — 0 (for all fixed N), and therefore to incorporate them into the
remainder r. .

The stability of the limiting filtered system (SWj) allows to prove that the second term in the right-
hand side of (4.2.21) goes to zero as N — oo uniformly in €. We have indeed

(e onwe (G o)

and recalling that only the Kelvin waves can have resonances,
QL (PN — @, PNy + @) |L2mxT) < QL (T (PN — @), T (PN + @) [ L2(RXT)
HQr (o(®n — @), 111 (PN + D)) [[L2rxT) + QL (LL (PN — @), Io(PN + P)) |L2(mxT)>

so by Proposition 3.3.3 page 34 and two-dimensional product rules on the Kelvin part (recall as in the
previous chapter that H® and Hj spaces coincide in the case of Kelvin modes) we infer that

(4.2.22) QL (PN — @, ®n + @) r2mxT) < Calllk(®n — )|l gon [Tk (Pn + P ag
+ COo(@n — )| L2@xm) [TLL (PN + @) 112
ClTo(@n + @) L2@xm) L (PN — @) 11 -

= 1QL (Pn — @, PN + D) [|L2(RxT)

L2(RxT)

_|_

So by (4.2.8) and (4.2.9) we conclude that
Jim Q@ (Pn — @,y + @) |20,y 22(RxT)) = 0-

Let us estimate the first term in the right side of (4.2.21). We can write as above (recalling
that Q(Ilo -, o - ) = 0)

jou (e(£) 2 (5))

so we find that

(4.2.23) HQL (L (é) By, L (é) qm)

< Qe (Mg @, Mk ®)|| 12 +2(|Qr (0@, 1L @) 2
LZ

t
c <|HK£ <g) Onl7 + IHO@NI%z)

L2
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and thus
. t t
lim sup [|(Id — Jn)QL (5 (—) P, L (—) ‘I)) I z2((0,13;22 (R xT)) = 0.
N—oo ¢ 3 9
Note that in the case when 3 belongs to A/ (Theorem 5), equations (4.2.22) and (4.2.23) must be
adapted using the third estimate of Proposition 3.3.3.

Finally to prove that for all N € N, for all T > 0, the quantity

Q1 (z <£> (@ — ®), L (é) (@ + q>)> +e(Id— JN)Q1 (c (é) ®, L <£> cp)

goes to zero as e goes to zero, in the space L*>([0,7] x R x T), we simply notice that
QL (L (é) (B — D), L <§) (Pn + @)) +(Id— JN)Q1 (g (é) o, L <£) q))
o) o2 s s (2o ()

and the convergence result is obvious if one considers the right-hand side, simply because those terms
are smooth for each fixed N.

Combining all the previous estimates shows that (1. v, ue n) satisfies the expected approximate equa-
tion (4.2.15), where R, y satisfies the expected estimate (4.2.16) as well as

(4.2.24) i Lim e[ Be vl < o, 71 xr <) = 0-

Proposition 4.2.2 is proved. [l

Equipped with that result, we are now ready to prove the strong convergence theorem. The method
relies on a weak-strong stability method which we shall now detail. We are going to prove that

(4.2.25) I\}gnoo Ehf(l) |2, ue) = (Ne,v, ue,N) [ L2(0, 71 xR X T) = 0,

where (7e,n, e, n) is the approximate solution to (SW) defined in Proposition 4.2.2. Note that combin-
ing this estimate with the fact that (ne n,ue n) is close to £ (ﬁ) ® provides the expected convergence,
namely the fact that

t
VT >0, lim H(ng,ua) - L (—) D
e—0 3

=0.
L2([0,T]xRXT)

The key to the proof of (4.2.25) lies in the following proposition.

Proposition 4.2.8. — There is a constant C such that the following property holds. Let (n°,uP)
and (n2,u?) satisfy assumption (4.2.2), and let T > 0 be given. For all € > 0, denote by (ne,u.)
a solution of (SW.) with initial data (n°,u°). For any couple of wvector fields (n,u) belonging
to L>([0,T]); C*(R x T)) and rapidly decaying with respect to x1, define -

E(t) = %/ (- —n)* + (1 +ene)|ue — ul?) (t,x)dx + I//O /|V(u8 —w)|?(t', x)dxdt’ .
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Then the following stability inequality holds for all t € [0,T]:
Ee(t) < CE(0) exp (x(t)) + we ()

t , 1
+ c/ eX(B)=x(t) / (atg + gv ‘u+V- (ﬂg)) (n —ne)(t', x)dadt!
0

¢ , 1
+ C/ X =x(t) /(1 +ene) <8tg + = (Briut + V) + (u-V)u — VAQ) (u—ue) (', x)dxdt’,
0 € -

where w(t) depends on w and goes to zero with €, uniformly in time, and where
t
€0 =C [ (19 -wlluer + IVl men)) ()

Let us postpone the proof of that result, and end the proof of the strong convergence. We apply that
proposition to (7, u) = (9, N, Ue, N ), Where (e, N, ue,n) is the approximate solution given by Proposition
4.2.2. We will denote by xe,n and & n the quantities defined in Proposition 4.2.3, where (n,u) has
been replaced by (7e, N, Ue,N)-

Because of the uniform regularity estimates on (7, n, ue,n), We have
vT >0, Slj\llpgi_lg (HVU&NH%Z([O,T];LQ(RXT)) +V- Us,NHLI([o,T];Lw(RxT))) < Cr,
so we get a uniform bound on x. v :
i oo < .
S%P &11_1}% lIxe, N llo=(po,77) < Cr
Then, from the initial convergence (4.2.2) we obtain that
VN eN, & n(0)exp (xen(t)) — 0ase— 0in L*([0,T]).
Moreover by Proposition 4.2.3 we have
1
(4.2.26)  Ou(ne, v ue,n) + Z L, e, ) + Q((e vy e N), (e e, ) = VA (1 N te,N) = B
Let us estimate the contribution of the remainder term. We can write
t
/ exen (D =xe v (t) / Re - (e — 1), (14 enc) (e w — ) (¢, a)dadt’ = 19 (8) + 1% (1),
0
with

t
Is(,lz)v(t) dof /exs’N(t)_XE'N(t/)/RE,N,O(UE,N*Us)(tlvx)dxdtlv and
0

IE(QZ)V(t) def /t eXe N () =xe N () /R;,N(l +ene)(ue,ny — ue)(t', x)dzdt’.
The first term can be estimatsd in the following way:
|I€(7112[(t)| < Orl|Re Nl oo, 2R x 1) 12,8 — Mell oo (j0, 11:22 (R X T)) -
For the second term we can write
|I€(7212[(t)| < Orl[V1 +ene(ue, v — ue)llno(o,m:22®x1) IV/1 + €neRe Nl L1 ((0,77: L2 (RxT)) -

Now we can write

V1 + eneBe nllT2 @ty < CUReNT2@or) +Ellnellze @ 1 Re N1 Zs (rocr))-

Since

el RenlFamxr) < el Re, |l Le@xmllRe vl L2 ()
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we infer that the quantity E%R& N goes to zero as € goes to zero and N goes to infinity, in the
space L2([0,T]; L*(R x T)), so in particular

. . 1
ngnoo Ehi% e2||Re N |l (jo,7);L4®xT)) = 0.

Finally by the uniform bound on 7. in L>([0, T]; L?(R x T)) and by the smallness assumptions on R, y,
we deduce that

t
/ (e () / Rey - (e — 1), (1 + ene)(uey — ue)) (¢, ) dedt’
0

(1n=,n — 776HL00( 0,7):2) T V1 +ens(us,n — E)H%x([o,T};m)) + we,n (1),

N)I»—A

where
1' 1' t oo = U.
Jim i flwe y (8] 2 (o, 7y = 0
We now recall that by Proposition 4.2.3, using (4.2.26), we have
Een(t) < C& N (0)exp (xe,n (1)) +wel(t)

t
+ C/ eXE,N(t)7XE,N(t ) /RE,N . ((n&,N — 77€>, (1 —+ 5’)’7€>(u€1N — us)) (t’,:c)dasdt/
0

where

Een(t) = (II( = e N)O72 + V1 + ene(ue — ue,w) (B)lI72 +V/ IV (ue = we,n) (@) (¢t

Putting together the previous results we get that lim lim & n(t) = 0 uniformly on [0, T, hence that

—00 e—0

Jim lim 1Me,8 = nell oo (o, 112 (RxT)) = 0,

hm hm V14 ene(ue, N — ue)| Lo (fo,77;L2(RxT)) = 0,
i e v = vl 20,7y, 1 (mxery) = 0-
By interpolation we therefore find that

lim hi% (I1me,8 = nell Los (0,11: L2 (RxT)) + U, N = uell L2 (0, 73: 11 (R X)) = 0,

N—o0 e

hence (4.2.25) is proved.

To conclude the proof of Theorem 6 it remains to prove Proposition 4.2.3. As the energy is a Lyapunov
functional for (SW.), we have

E(1) — £.(0) < /O%/ ((%f C) + O+ e MLE)) e
o [ v 29 vt ayiaar

< /Ot/ (atﬂ(ﬂ —n)+ (1+en)0eu - (u— Ua)) (t',z)ddt’
_ /Ot/ (amag+ Bp((1 + enue) - u — %@mluﬁ)) (') ddt

a /Ot / v(Au- (u—ue) — Aue - u) (', z)dzdt’.
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Using the conservation of mass and of momentum we get

el / / dm(n —n-) + (1 +en.) (Ghu — vAw) - (uw— ) (¢, @) dadt’
+/o /EV (1 + ene)ue) (ﬂ - gw) (t',z)dadt’
+ /Ot/ <@(&cluj SV 4V (14 enue ® u€)> -t ) dad!
+/Ot/f-:vnsAu- (u—ue)(t, z)dzdt’.

Integrating by parts leads then to
(4.2.27)

¢ 1
E(t) —E:(0) < / / (atg + EV ‘u+ V- (ﬂg)) (n—ne)(t', x)dxdt’
0
K 1
+/ /(1 + €ne) (0& + E(B:clf +Vn) + (u- V)u - VAQ) (u— ue)(t, x)dxdt!
0
t
- / /(1 +en)Du s (u —ue )22 (', 2)dxdt’
/ / < 2V u (=) V- (qu) + neu - Vﬂ) (t',x)dwdt’ + R,
where
t
= / /EyngAg~ (u—ue)(t', z)dzdt’.
0
The last term is rewritten in a convenient form by integrating by parts
t 1
[ [ (G nt - ndY ) e ) (¢ o
0

//( 2V u+(n— ng)(u~VQ+QV-g)+nsg~Vg> (t', z)dzdt

1
//( 2V -u+ (n—n)nV - u+u vf) (t', x)dxdt’

// )2V -t x)dxdt’ .

Plugging (4.2.28) into (4.2.27) leads to

(4.2.28)

E(t) —€:(0) < /Ot/ ((’)tﬂ—i— év ‘u+ V- (ﬂg)) (n—ne) (¢, x)dzdt’
(4229) + /Ot /(1 + £1e) ((M+ é(ﬁxlf +Vn) + (u- V)u— VAQ) (u —ue)(t, x)dxdt’

/Ot/(lJrE?]E)DQ:(gu) (', 2)dadt’ f// 12V - u(t’, 2)dedt + Re(t).
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In order to get an inequality of Gronwall type, one has to control the right hand side in terms of &..
We start by estimating the flux term. We have

t
—/ /(1 +ene)Du: (u — ue)®?* (', x)dwdt!
0
t
S/O (Ve L2@xery + ellmel 2 @xem) |Vl Lo ey ) llu = tel| 7o gser () dt’

t
< [ (192 + <Dl Vil ) = e
0

Xl = vel| g (mocry ()t

and

[|lu u€||L2 RXT) < ||\/ L +en:(u ||L2(R><T) + 5||77€||L2(RxT)HU - UEHLZ(RxT)”U - UEHHl(RXT)

which implies

= el T rocry < 20V/1 + ene(ue — W) Zarocr) + 166 [17e T2 (rocmy 12 — well s ey

Therefore, using the uniform bounds on 7., /1 + en-u. and on u. given by the energy estimate, we
gather that

- /ot /(1 +en.)Du: (u— u)®? (', z)dwdt’

t
< C/O (IVullrz + el Vullzoe )V + ene(ue — w)ll e llu — uell g (¢)dt’
(4.2.30)

t
+CE/ (IVullzz + el Val oo) = we |7, (¢)dt’
0

v C
<2 [l e+ S [ IVl I e e~ () + (0

We also have

2~ [ [0 0PV ultwied < § [ IV sl e ()0
so we are left with the study of the remainder R.. We have
R.(t) < 5V||775HL°°(R+;L2(RXT))/ [ Aul|pmxmyllu — vell o) (¢)dt.
0

The above estimate on |[u — uc|[z2(rxT) implies in particular that |u — uc|/z2rxT) is bounded
in L?([0,7]), hence we get that ||u — uc||za@mxT) is also bounded in L?([0,T]). So we infer directly
that R.(t) goes to zero in L*°([0,T]) as € goes to zero. That result, joint with (4.2.30) and (4.2.31)
allows to deduce from (4.2.29) the following estimate:

SED) - £0) < /Ot/ (0 + 29049 () tg )
+ /t /(1 +ene) <8tg+ l(ﬁmgl- +Vn) + (w- V)u— I/Ag) (u — ue)(t, z)dadt!

¢ / IVl /T e (e — )| e () + / IV -l el — el 2 () + e (8)

thus applying Gronwall’s lemma provides the expected stability inequality. Theorem 6 is proved. [



78 CHAPTER 4. CONVERGENCE RESULTS

4.3. Strong convergence of filtered weak solutions towards a weak solution

The aim of this section is to prove an intermediate convergence result, in the sense that we will seek
a strong convergence result of the filtered weak solutions, towards a weak solution of the limit system:;
thus no additional smoothness will be required on the initial data other than L?(R x T). As explained
in the introduction of this chapter, the lack of compactness in the spatial variables of 7. will prevent
us from obtaining at the limit the expected system (SWy): a defect measure remains at the limit,
which we are unable to remove. In order to gain some space compactness and to get rid of that defect
measure, we propose in the final paragraph of this section (Paragraph 4.3.4 below) an alternate model
which takes into account capillarity effects, and for which one can prove the strong convergence of
filtered solutions towards a weak solution of (STWp).

The first result of this paragraph is the following.

Theorem 7 (strong convergence towards weak solutions). — Let (n°,u°) € L?(R x T) and
(n0,u?) satisfy (4.1.1). For all € > 0, denote by (n-,u:) a solution of (SW.) with initial data (n2,u?),

and by
t
(I)a:£ - ey, Ue ).
( 5)(77 ue)

Up to the extraction of a subsequence, ®. converges strongly in L7 (RT; Hi (R x T)) (for all s <0)
towards some solution ® of the following limiting filtered system: for all i\ € &, there is a bounded

measure vy € M(RT x R x T) (which vanishes if X = 0), such that for all smooth ®5 € Ker(L —i\Id),
¢
/q) - &% (v) dr — l// /A’L@ - @3 (t, x) dwdt’
0
¢ - ¢ ~ ~
+ / / QL(®, D) - BL(t',2) dudt’ + / / V- (B%) o (dt'd) = / 80 . &% (2) da,
0 0

where Qr, and Ay are defined by (2.5.6) page 19, and where ®° = (n°, u").

Remark 4.3.1. — e Note that, by interpolation with the uniform L?, (R*; H*(R x T)) bound on u.,

loc

we get the strong convergence of ue. in L2 (RT; L?(R x T)) : up to extraction of a subsequence,

)

e As explained above, the presence of the defect measure vy at the limit is due to a possible defect of
compactness in space of the sequence (ne)eso. As the proof of the theorem will show, that measure is
zero if one is able to prove some equicontinuity in space on me, or even on €ne. Since we have been
unable to prove such a result, we study in the final paragraph of this section a slightly different model,
where capillarity effects are added in order to gain that compactness. Note that the model introduced in
Paragraph 4.3.4 is unfortunately not very physical due to the particular form of the capillarity operator
(see its definition in (4.3.9) below).

—0in L7 (RT).
L2(RXT)

Theorem 7 is proved in Sections 4.3.1 to 4.3.3, and the result in the presence of capillarity is stated
and proved in Section 4.3.4 .
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4.3.1. Strong compactness of II,®.. — Let us prove the following lemma.

Lemma 4.3.2. — With the notation of Theorem 7, the following results hold.

e For all ix € G\ {0}, \®. is strongly compact in L*([0,T]; H*(R x T)) for all T > 0 and all s € R;
o I ®. is strongly compact in L*([0,T]; Hi (R x T)) for all T > 0 and all s < 0.

Proof. — e For all A # 0, we recall that by Proposition 2.2.3 page 12, the eigenspace of L associated

with the eigenvalue i) is a finite dimensional subspace of H>(R x T). Therefore the only point to be
checked is the compactness with respect to time, which is obtained as follows.

Let (n,k,j) € N x Z x {-1,0,1} be given, such that A = 7(n,k,j) # 0, and let ¥, 1 ; be the
corresponding eigenvector. Multiplying the system (SW;) by ¥, x; (which is smooth and rapidly
decaying as |z1| goes to infinity) and integrating with respect to z leads to

= = iT(n,k,j - _
0 [ o+ me - W) () do+ DD [ @004 me ) 00) o

_ _ 1 _
—I—V/Vug DV () do — /m‘E (ue - V)W, St @) do — 3 /nfv Wy dr =0

where ¥, ;. ; denotes the complex conjugate of W,, 1 ;, or equivalently

o0 (exp (L) [0 + e W )0,0) o)

3

(. ki )
(4.3.1) + V/V (exp (M) us) sV () da

it k,j _ 1 -
- /eXP (M> (ma (e - V)‘I’%,k,j + 577?V : lI/’/n,k,j)(tax) dr = 0.

By the uniform estimates coming from the energy inequality we then deduce that

Oy (exp (M) /(ng(\i/n7k7j)0 +me - \i/;hk’j)(t,x)dx) is uniformly bounded in e.
Therefore the family

(eXp (?) HA(ng,mg))»O is compact in L?([0,T]; H*(R x T)) for any s € R,
and since en.u. converges to 0 in L?(R*; H*(R x T)) for all s < 0, we deduce that

12
exp <%) ) (12, ue) = M\®. is compact in L*([0,T]; H*(R x T)) for any s € R.

e For I[i®. = IIy(n.,u:) the study is a little more difficult since the compactness with respect to
spatial variables has to be taken into account. By the energy estimate we have the uniform bound

®. is uniformly bounded in L?, (R, L*(R x T)).

loc

We recall that we have defined in Section 3.1 (Definition 3.1.1 page 30) the space

Hi =Qv e L’ (RxT)/ Y (1+n+k) (@[ ¥nr;)7emur <+
n,k,j€S
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where S =N x Z x {—1,0, 1} or equivalently (see Proposition 3.1.2 page 30)
HS = {¢ e L2 (R xT)/(Id — A+ B%22)*/%p € L*(R x T)}.

As (Up,,0,0)nen is a Hilbertian basis of KerL, we have for all T > 0 and all s < 0

Z (¢5|W"1070)L2(R><T) ¥, 0,0 — P, — 0 as N — oo uniformly in .
=N L2([0, ) H3)
Let © be any relatively compact open subset of R x T. Proposition 3.1.2 page 30 implies that, for
all s >0

Hi(Q) C H C H*(R x T),
and conversely for s < 0,
(4.3.2) H*(RxT)CHj C H(Q).

Thus for all s < 0 and all T' > 0, we have

Z (<I)5|\Iln,070)L2(RxT) Uy.00 — Ho®e — 0 as N — oo uniformly in e.

n<N L2([0,T];H#(Q))

Moreover the same computation as previously shows that for any n € N,

Oy </(77€7_]n7010 + me ~ﬂn1070)(t,x)das) + 1//Vu8 : Vi, 0,0(t, x)dx
(4.3.3)

/ma Ue unOO(t x)d =0,
and, since en.u. converges to 0 in L?(R*; H*(R x T)) for any s < 0 we get
Z I1,,,0,0(ne, ue) is compact in L*([0,T] x R x T).
n<N
Combining both results shows finally that
o®. is compact in L*([0,T]; Hj (R x T))
for all T > 0 and all s < 0. Lemma 4.3.2 is proved. O

As the spectrum of L, & is countable (see Chapter 2), we are therefore able to construct (by diagonal
extraction) a subsquence of ®., and some @) € Ker(L — iAId) such that for all s <0 and all T > 0

(4.3.4) Vil € &, T\®. — &y in L*([0,T]; Hi (R x T)).

Note that the ®, defined as the strong limit of IIy®. can also be obtained as the weak limit
of exp (“»‘) (Ne, ue). We have indeed the following lemma.

Lemma 4.3.3. — With the notation of Theorem 7, consider a subsequence of (Pc)es0, and some Py
in Ker(L —iAId) such that for all s <0 and all T >0

Vi€ S, T, — &y in L2([0,T); Hi,.(R x T)).

(12N

Then, for all iX € &, e < (ne,u:) converges to ®y weakly in L*([0,T] x R x T). In particular, for
all i\ € &, the vector field @, belongs to L*([0,T]; H'(R x T)).
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A
Proof. — Denote by (nx,uy) any weak limit point of the sequence exp <L> (e, ue) (recall that
€

(Rt x R x T)). Let x and 9 be any test function and vector field
—ith
€

the sequence is bounded in L?
in D(RT x R x T). Multiplying the conservation of mass in (SW.) by ey exp (
with respect to all variables leads to

it i it
// (5775 exp (%) <8tx + %x) + (1 4 en:)ue exp (%) . Vx) dzdt = 0.

Because of the bounds coming from the energy estimate (1.4.5) page 6, we can take limits in the
previous identity as € goes to 0 to get

//(u,\ - VX + iAnax)dxdt = 0.

) and integrating

Similarly, multiplying the conservation of momentum by e exp (%) and integrating with respect to
all variables leads to

// (1 + en:)ue exp < ) (at"/) ZtA"/’) +eexp (%) (1 +en)ue - (ue - V)i

+Bz1 exp <t?>\) (14 ene)ue 'W +(1+ 2776)778 exp ( )\> V-

it
+evu, exp (%) . A’L/J) dzdt = 0.

Once again the bounds coming from the energy estimate (1.4.5) will enable us to take the limit as e
goes to 0, to get

//(UAV )+ Briuy - P+ iduye)dadt = 0.

It follows that (nx(t),ux(t)) belongs to Ker(L — iAld) for almost all ¢ € RT, and we conclude by
uniqueness of the limit and L? continuity of II that ®5 = (), uy). The lemma is proved. O

4.3.2. Strong convergence of ®.. — As a corollary of the previous mode by mode convergence
results, we get the following convergence for ..

Lemma 4.3.4. — With the notation of Theorem 7, the following results hold. Consider a subsequence
of (®.), and some ¥y € Ker(L —iMd) such that as constructed in (4.3.4), for all s <0 and all T > 0

Vil € &, T\®. — @y in L*([0,T]; Hi (R x T)).

Then,
o, —~ P = Z ®y weakly in L (RT; L*(R x T)),
INES

and ®. — @ strongly in L7 (RT; HE (R x T)) for all s < 0.
Moreover, defining Kn as in (3.4.1) page 40, we have for any relatively compact subset Q of R x T,
for all'T > 0 and for all s <0,

t

(435) H(Id - KN)q)EHLz([O,T];HS(Q)) + ||(Id — KN)‘C(g)(I)EHLZ([O,T];HS(Q)) —0as N — o,

uniformly in €.
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Proof. — The first convergence statement comes directly from the uniform bound on ®. in the
space L2 (R*; L?(R x T)) and the L? continuity of ITy.

loc

In order to establish the strong convergence result, the crucial argument is to approximate (uni-
formly) ®. by a finite number of modes, i.e. to prove (4.3.5). The main idea is the same as for the
approximation of II®. in Lemma 4.3.2. We have for all 7' > 0 and all s <0

Z (‘Ifn,k,j@s)Lz(RxT) Wk — P — 0 as N — oo uniformly in &,
NS L2((0.7]:H3)

and similarly

—iT(n j) = 4
D ek (P e.j|Pe) 2(mcm) Y — L(2) e —0as N — oo,
R<N,[k|<N L2([0,T];H3)
uniformly in €. Therefore for all relatively compact subsets 2 of Rx T, the embedding of H} into H*(2)
recalled in (4.3.2) implies that both quantities

Z (‘I’n,k,j@a)w(RxT) Wk j — Pe
n<N,|k|<N

and .

—it(n,k,j) L

Z e~ T(mkd)e (Wn7k7j|¢6)L2(RxT) Wi kj— E(g)@e
n<N,[k|<N

converge strongly towards zero in L2([0, T]; H*(2)) as N goes to infinity, uniformly in e. Finally (4.3.5)
is proved.

The strong convergence is therefore obtained from the following decomposition:
O, —P=(Id— KnN)P. + Kn(P. — D) — (Id— Kn)P

The first term converges to 0 as N — oo uniformly in ¢ in L} (RT,H; (R x T)) for all s < 0

by (4.3.5). By Lemma 4.3.2, the second term (which is a finite sum of modes) converges to 0 as ¢ — 0
for all fixed N in L} (RT; H*(R x T)) for all s < 0. The last term converges to 0 as N — oo

in L} (RT;L?*(R x T)). Thus taking limits as ¢ — 0, then as N — oo leads to the expected strong
convergence. O
4.3.3. Taking limits in the equation on I ®.. — The next step is then to obtain the evolution

equation for each mode ®,, taking limits in (4.3.1) and (4.3.3). In the following proposition, we
recall that the first result (concerning the geostrophic motion) relies on a compensated compactness
argument, i.e. on both the algebraic structure of the coupling term and the particular form of the
oscillating modes, which implies that there is no contribution of the equatorial waves to the geostrophic
flow. That result was proved in Section 4.1 (see also Proposition 2.4.5 page 26). Here we will prove
the second part of the statement, concerning the limit ageostrophic motion.

Proposition 4.3.5. — With the notation of Theorem 7, there is a subsequence of (®c) such that the
following result holds. Consider a family (Px)ixes such that ®y € Ker(L — iAId) and such that for
alls <0 and all T >0

Vixe S, T\, — &y in L2([0,T); Hi,.(R x T)),
as constructed in (4.5.4).
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Then, ®g = (10, uo) satisfies the geostrophic equation : for all (n*,u*) belonging to KerL and satisfy-
ing u* € H' (R x T),

t
/(77077* + wo,2u3)(t, x) dr + 1// /Vuoa Vus(t',x) do dt’ = /(77077* + u%u%)(z) dx.
0

Moreover for X # 0, &5 = (B3, ) satisfies the following envelope equation : there is a measure vy
in M(RT x R x T), such that for all smooth ®3 = (®3 , (®3)") € Ker(L —i)d),

t
/(ID,\-@;(t,x)dx—l—u/ /V@’A:V( )(twdwdt—i—//v %) oa(dt', dzx)
0

s /Q (1, ) da dt’ —/<I>0-<i>§(:c)dx,

7/”/ €S
=pt+i

where Q is defined by (2.3.4) page 18.

Proof. — Let us first recall that for A # 0, Ker(L — i\Id) is constituted of smooth, rapidly decaying
vector fields, so that it makes sense to apply II to any distribution.

Starting from (4.3.1) we get that for all smooth @3 = (@3 ,, (®3)’) € Ker(L —i\ld)
Zt)\ T ok T Kk T K T Kk
[ (%) 050+ me - @30 00de — [0£D3 04 m - (85))a)ds
! Zt/>\ Tk N\ (1! /
(4.3.6) +v V [ exp ue |+ V(@) (¢, z)dxdt
0

/Ot/eXp (i?) (me (ue - V)(DY) + UEV (@ ))(t’,z)dzdt’ —0.

Taking limits as € — 0 in the three first terms is immediate using Lemma 4.3.3 and the assumption on
the initial data. The limit as € — 0 in the two nonlinear terms is given in the following proposition.

Proposition 4.3.6. — With the notation of Proposition 4.3.5, we have

/Ot/exp<it€/)\)mg'(ug~V)( D dzdtu// > @, (2 V(@) (', 2)dadt,

ptpa=X
ip,iaeS

% / / eXPC?)W?V'(‘I’i)( z)dedt’ — 5 / / S @00V (B3)(t, x)dadt!

pta=X
ip,iaeS

7/0 V - (®3) va(dt' dz).

Before proving that result, let us conclude the proof of Proposition 4.3.5. It remains to check that

/ Z (I)I (@ - V)(®X) + @,0P5,0V - (‘i)i{)’) dx

HEA=X
TN, IR ES

— [ 3 (@912 @)+ V- (@,080)85,)
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since
/ Z L (@) + V- (R0%5)P% dz—/ > @ - B3 da.
pta=X BAA=X
ip,iieS ip,iieS

Clearly one has
,/@L (B, - V)(8}) di = /(% V)P, - (85) di + /@; (@)Y - B, da,

so since p and & play symmetric roles, we just need to check that

_ 1 _
> (/@L-(@;)’v-@;dzf§/@H,()(I)ﬂ,()v-(@j)’dz = > / D, 00) @3 da.

pta=X pta=X
ip,iiES PN iR, ilES

Recalling that
y©=

V& o = —iA(D}) — B (P} —i(p+ f)(®3) — B (DY),

we have
[ @)@ do =i+ i) [ @00 @3) do+ [ 0,080 (@3 a.
Then we write
iu®,o=V- CIDL
so that

/ V- (@,080) 85 0 d = / VL8, (@3 do + il / B0, - (B da

*/@u,oﬂzl@ﬁ_ (@) da.

Exchanging the roles of ¢ and fi in the first integral we get

> /v D,,0P})P} o do = /v OLP, - (D) da

pta=X pta=X
i, ES i, il ES

b [ @ (@) do— [ B0, — V) - (83)' do).
SO

> /v B, 00} o do = /v oL, - (i)dx+/¢u7ov¢ﬂ,0-(<i)§\)'d$).

pta=X ptpa=X
eSS i, il €S

The result finally follows from the fact that, by symmetry,

Z/ w0V 0 (B3 Z/ ®0Pu0) - (3) da

pta=X pta=Xx
i, il ES ip,ilES

which finally implies that

- 1
> (/¢;~(¢A)’v-@’ﬂdzf§/@H()q)“ov (3 = Y / (@pu0®}) P o de.

pta=X pta=X
i, iiES i, ifES

Now let us prove Proposition 4.3.6. The idea is to decompose ®. on the eigenmodes of L, by writing

(ne,ue)(t, @) = L (g) T(t,x) = e

IANES

PP (L, 2).
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Note in particular that by (4.3.5), for any s < 0,

(1ev)(0) = £ (1) Kv®o(0) = 0 i L, (R (R x T)

as N goes to infinity, uniformly in €. Let us also introduce the notation

t
(I)E,N = L (_E) (na,N; ua,N) = Kn®., and
. anv = IO N.

We will start by considering the first nonlinear term in Proposition 4.3.6, namely

/ot/eXp (it;)\) me - (ue - V)(2R) (t', x)dadt’.

/Ot/exp (’?) me - (ue - V)(®3) (', x)dwdt’ = /Ot/exp<

We can notice that

ltlA Tk \/ (4! !
) enete - (ue - V)(®Y)' (', x)dzdt

o t [ e <“) e - (ue - V)(B3) (¢, 2)dudt’.

The uniform bounds coming from the energy estimate imply clearly that the first term converges to 0
as € — 0. Then we can decompose the second contribution in the following way:

¢ it’' A -
/ /exp ( ) ue - (ue - V(@) (', z)dxdt!
0 €
t it'\ -
_ / / exp( )u (e - VY@L, x)dwdt’
0 J(R\[-R,R])xT €
K Zt/A Fox\/ (4] /
(4.3.7) + exp (ue = ue ) - (ue - V() (', x)dwdt
0 J[-R,R]xT €
t it'\ e ,
+/ / exp < ) Ue, N - ((Ue — uepr) - V) (@) (¢, z)dxdt
0 J[—-R,R|XT €

¢
+/ / exp ( ) e - (ue s - V)(RF) (', x)dzdt’.
0 JI-R,RIxT

Let us consider now all the terms in the right-hand side of (4.3.7). The uniform bound on u. and the

decay of ®3 imply that the first term on the right-hand side converges to 0 as R — oo uniformly in €.
By the inequality

it' A
€

! Zt/A Tk N\ (4] ’
exp (ue — ue N) - (ue - V)(®Y) (¢, z)dxdt
0 J[-R,R|xT €

< COllue = ue, Nl 20,7755 (- B, R x T) [te | L2 (0,775 (RxT) [| X[ w2000 (R x Ty, With — 1 <5 <0,
we deduce that the third term converges to 0 as N — oo uniformly in €.

Now let us consider the third term on the right-hand side. Since u. n corresponds to the projection
of ®. onto a finite number of eigenvectors of L, we deduce that

VN € N,3CN,Ve >0, |Jue n||pem+ ;1 (mxT) < CON-
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Thus
<it’)\
exp
[-R,R]xT €
< On|lue = ue,mllL2 (o, 15 (- R R) <) [[ RN [ W2 (RxT)
and, for all fixed N and R, the fourth term converges to 0 as M — oo uniformly in e.

> e N ((ue — ue pr) - V)(RR) (', 2)dadt’

It remains then to take limits in the last term of (4.3.7). It can be rewritten

¢ it'\ .
/ / exp (Z ) ue N - (e pr - V(@Y (¢, x)dxdt!
0 J[-R,R]xT €

S e, 2

This in turn can be written in the following way:

/ /RR]XT

/ /RR z,uz,uEG
/ / RR]XTz,uuLGG
S

it (N — o — i _
exp (%) (@) - (®L ;0 - V(L) (¢, ) drdlt’.
ip,ipneS

O\ — 14— i
exp (W) (I)Is N T ((I)I e, M V)((I))\) (tl,,CC)d(Edt/
i,iES

oo )
Xp<M> (@ gy = @) - (@ g - V)(@B)' (¢, )t

iy - -
exp (M) @, (L as — Piar) - V(PR (H, 2)dwdt!

L -
exp (M) ),y (D - V(@) ()t
Toin, Wee
We have denoted

q)#_’N = H#(I)N, where (I)N = KNq).
The first two terms on the right-hand side go to zero as € goes to zero, for all given N, M and R, due
to the following estimates: for —1 < s < 0,

/ / S (@ n = W) (DL gy - V) (@) ()| dd
RR

z,u ineS
< On P — Pl o,70: 15 (= r R x ) | e | Loo (0,735 51 (RxT)) | PR w2000 (Rx T

and similarly

/ / ’(I)/ N (P — P ) - V)(®3)'( ’ )| dzdt’
REIXT ; s

< Onm 9% ar — Phrll2o,1): 0 (=R R)x 1) 1P N [ Low (0,77 21 (RxT)) | RX T2 (Rx T -
Finally let us consider the last term, which can be decomposed in the following way:

//RR]XT P (M

. ) ‘I)L,N . ((ID’ﬂ,N -V)(@3) (¢, x)dzdt’

i, ES

t
= / / > P, n - (P V(@ () dwdt!
0 J[-R,R]x

i, ilES
A=p+a

t 't/ )\ _ — [ _
+/ / E exp (71 ( H ,u)) <I>;L7N . (<I>}LM -V)(®3) (¢, x)dzdt'.
0 J[=R,RIXT 4, ipcs

9
AFptp
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For fixed N and M, the nonstationary phase theorem (which corresponds here to a simple integration
by parts in the ¢’ variable) shows that the second term is a finite sum of terms converging to 0 as
g€ — 0. And the first term (which does not depend on &) converges to

/0/ Z @}, (O - V)(®3)'(t', w)dadt

PN i, ES

as N, M, R — oo, because ®y, converges towards ® strongly in L?([0,T]; L(R x T)) when N goes to
infinity, and then by Lebesgue’s theorem when R goes to infinity.

Therefore, taking limits as € — 0, then M — oo, then N — oo, then R — oo in (4.3.7) leads to

/Ot/exp (it:\) me - (ue - V(@) (', z)dxdt’ —>// Z - (O, - V) (D) (¢, x)dadt’.

pta=X
TN i, iR ES

Finally let us consider the second term of the proposition, namely

//@mcm)nV( (@) dedt.

The first step of the above study remains valid, in the sense that one can write

t t g/
/ /exp( A)n V(93 (¢, ) dxdt/zl/ / exp (ZtA
2 /o R\[-R,R]xT €

1/ '\ -
+—/ / exp <Z ) v - (3) (¢, x) dadt’,
2Jo Ji—r,mxT 3

and the first term converges to zero uniformly in € as R goes to infinity, due to the spatial decay of
the eigenvectors of L. For such a result, a uniform bound of 7. in L>®(R*; L?(R x T)) is sufficient.
However the next steps of the above study do not work here, as we have no smoothness on 7. other

)Y (@3 () daat

than that energy bound. In order to conclude, let us nevertheless decompose the remaining term as
above, for any integers N and M to be chosen large enough below:

/ / exp( i )\> 2V (@) (', x) dedt’
R,R]xT €
t/ -
- 5/ / op (l ) = eV (B3)'(t, ) ddt!
0 J[-R,R]xT
1 ' ltl Tk \/ (4! /
+ 5 eXp e, N na,M)v . ((I)k) (t ,ZC) dxdt
0 J[-R,R]xXT €

1 [ it/ A
+ 5/ / exp ! ) NenNe V- (@3 (¢, x) dzdt’.
0 J[-R,R]xT

1 it
The sequence —3 exp <Z
€

(4.3.8)

>(775 — Ne,N)Ne is uniformly bounded in N € N and € > 0 in the

space L] (RT x R x T), so up to the extraction of a subsequence it converges weakly, as £ goes to
zero, towards a measure vy n, which in turn is uniformly bounded in M(R* x R x T). Denoting
by vy its limit in M(RT x R x T) as N goes to infinity, we find that

1t it'\ - K -
5 exp( )(na—na,N)UaV'(‘Ih)'(t',w)dxdt'—’— [ V@
0 J[-R,R|xT € 0 J[-R,R|xT
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as € goes to zero and N goes to infinity, which in turn converges to

/ /V ) ua(dt'dx)

as R goes to infinity, due to the smoothness of V - (&%)’

Note that as & is countable, one can choose a subsequence such that for all tA € &, the se-

1 '\
quence —— exp <
2 5

) (Me — Me,N )N converges towards vy as € goes to zero and N goes to infinity.

Now let us consider the two last terms in (4.3.8). We recall that 7. y corresponds to the projection
of ®. onto a finite number of eigenvectors of L, so it is smooth for each fixed N. In particular we can
write, for any s < 0,

(it’/\
exp
[-R,R]xT €

) ne (e — 1)V - (B3) (¢, ) dad’

< Cn|ne - 778,MHL“’([O,T];HS([—R,R]XT))H(I)KHWZ"”(RXT)-

So letting M go to infinity we find that this term converges to zero uniformly in e for each fixed N
and R.

Finally for the last term of (4.3.8) we write similar computations as for the first nonlinear term in
Proposition 4.3.6. We have indeed

s (“
eXp
R,R]x
-1 (=
exp
R,R|XT .
(A=
L B
RR]XT’L,U.Z,LLEG
I (’“ —
exp
R, R]x zuzueG
A

The two first terms in the right-hand side are easily shown to converge to zero as € goes to zero, for
each fixed N and M. We have indeed

/ / R,R]xT
and similarly

[ f e

) NenNe V- (@3 (Y, x) dwdt’

e, N)o(Ppie,m)oV - (i)j\)'(t’, ) dedt!
i, zuEG

) w,e,N — ,u N)O(q)ﬂ,s,M)ov : ((i);)/(t/, :C) dxdt’
) Ppent — Pan)oV - (@) (¢, x) dudt!

W N—pu— [ .
exp <%> (q)u,N)O((I)ﬂ,M)ov . ((I)A)I(tl,:c) dedt’ .
Tin, zueG

it (N — o — fi _
exp (%) (@pen — Bpn)o(@icnr)oV - (B3 (¢, x) dudt!
i, z,uEG

< Cml|®pe, v — PNl Loe (0,17 55 (= R, R xT) | P w200,

W (N—p— 1 )
exp (%) (®uN)o(®aenr — Panr)oV - (@) (¢, 2) dedt!
i, we@

S ON|Ppe,nr — P nrll Loo (jo,7); 85 (= R, R) xT) PR 2.0 -
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Finally the last term on the right-hand side is dealt with by a nonstationary phase argument, and we
have as above, as € goes to zero and then M, N and R go successively to infinity,

1/t IO\ )
_/ / Z eXp (M) (@7 )0 (@)oY - (@) (', x) dwdt’
2 Jo Ji-Rr,RxT £

i, ES
1/t _
Hi// D> Buo®uoV - (23) (', x)dadt.
0

Pk A=A

i, iieES
Proposition 4.3.6 is proved, and therefore also Theorem 7. O
4.3.4. The case when capillarity is added. — In this final paragraph we propose an adaptation

to the Saint-Venant model which provides some additional smoothness on 7., and which enables one
to get rid of the defect measure present in the above study. The model is presented in the next part,
and the convergence result stated and proved below.

4.8.4.1. The model. — Let us present an alternative to the Saint-Venant model studied up to now,
which presents the advantage of providing the additional smoothness of en. which is lacking in the
original system. Its disadvantage however is that there is no real physical meaning to the capillarity
operator we use in that model. With the notation of Chapter 1, we choose indeed the capillarity
operator

(4.3.9) K(h) = k(—A)**h,
where k > 0 and o > 1/2 are given constants. After rescaling as in Chapter 1, we find the following
system:
1
Om + —V- ((1 + 577)“) =0,
1
(4.3.10) Opu+u - Vu+ B 1 + =V — ——Au+ erV(—A)y =0,
€ € 14en

Mt=0 = 770a Ujt=0 = u.

In the next part we discuss the existence of bounded energy solutions to that system of equations (under
a smallness assumption), and the following part consists in the proof of the analogue of Theorem 7
in that setting. One should emphasize here that the additional capillarity term that is added in the
system will not appear in the limit, since it comes as a O(g) term. Moreover it is a linear term, so it
should not change the other asymptotics proved in this chapter. However its unphysical character (as
well as the smallness condition on the initial data) made us prefer to study the original Saint-Venant
system for all the convergence results of this chapter.

4.8.4.2. Ezistence of solutions. — The following theorem is an easy adaptation of the result by D.
Bresch and B. Desjardins in [2] (see also [23] for the compressible Navier-Stokes system), we give a
sketch of the proof below.

Theorem 8 (existence of solutions in the case with capillarity)

There is a constant C > 0 such that the following result holds. Let (n2,u?) be a family of H** x L*(R x
T) such that for all € > 0,

1

5 [ (0 4 |- 4+ (14 2P ) o) dr < .
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If E9 < O, then there is a family (n:,u:) of weak solutions to (4.5.10), satisfying the energy estimate

1 t
§/<ng+n€2|(fA)o‘ns|2+(1+€7}8)|u8|2)(t,x) d:c+y/ /|Vu€|2(t’,:r) dedt’ < €°.
0

Proof. — Weak solutions can be constructed by a standard approximation scheme obtained by regu-
larization : compactness on the approximate solutions comes from the a priori bounds derived from
the energy inequality, which is obtained formally in a classical way by multiplying the momentum
equation by wu, using the mass conservation and integrating by parts. It allows to derive immediately
the following a priori bounds (denoting by 7 and u approximate solutions) :

n€ L*RY; L2 (R x T))
en € L°(RT; H**(R x T))
(1+en)|ul*> € L*R*; LY (R x T))
|[Vul? € LYRT; LY(R x T)).
Since a > 1/2, the first bound implies in particular that
en€ L°(RT xR x T),

and in particular if & is small enough (compared to the reference height which is 1 here), then 1+ e
is bounded from below. We infer that u is bounded in L= (R*; L?(R x T)) x L*(R*, H' (R x T)).

It is standard (see [2], [23]) to deduce that 1 + en is compact in L? (RT; H'(R x T)), and that u is
compact in L? (R*; L?(R x T)).

loc

Taking the limit in the non linear terms is now possible : we need indeed to deal with the following
nonlinear terms :

1
1+4+en
The compactness of 1 + en and u derived above allows to deal with the two first terms in a standard
fashion. For the last one we just have to recall that 1/(1 + en) is bounded in L®(R*; H?*(R x T)).
This completes the proof of Theorem 8. |

Au.

u-Vu, V- ((14+en)u) and

4.8.4.8. Convergence. — In this section our aim is to show that the capillarity term enables us to
get rid of the defect measure present in the conclusion of Theorem 7 page 78. As the proof is very
similar to that theorem, up to the compactness of 7., we will not give the full details. The result is
the following.

Theorem 9 (strong convergence in the case with capillarity). — Under the assumptions of
Theorem 8, denote by (n.,u.) a solution of (4.3.10) with initial data (n0,u2), and define

. =L (é) (e, ue).-

Up to the extraction of a subsequence, ®. converges weakly in L} (RT; Hi (R x T)) (for all s <0)

loc
toward some solution ® of the following limiting filtered system: for all i\ in & and for all smooth @3

in Ker(L — iAId),

t t
/qmi);(x) d:z:—u/ /A’Ld)-ti)f\(t’,x) d:vdt’—i—/ /QL@,@)@;(#,@ dmdt’:/@o-@f\(x) iz,
0 0

where ®° = (n°, u?).
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Proof. — We will follow the lines of the proof of Theorem 7. In particular all the results of Sec-
tions 4.3.1 and 4.3.2 are true in this situation and we will not detail the proofs. So the point, as in
Section 4.3.3, consists in taking the limit as € goes to zero, of the equation on IT)®..

Equation (4.3.6) page 83 can be written here as follows: for all smooth ®§ = (@5 ,, (®3)") belonging
to Ker(L — iAId),
(4.3.11)

[ (%) 0850+ - @30 s~ [00850 + - @5

ex /O t / (—A)® exp (”;A) DV - (A (BL) (¢, ) dadt’
2 (22} o
+/Ot/exp< )(u€~V)u€~(<I>§)’(t’,z)dzdt’/Ot/exp <“;A

Remark 4.3.7. — We have chosen to keep the unknowns (n.,u.) and not write the analysis in terms
of (ne,me) as previously (recall that me = (1 + ene)u): the study of m. rather than u. is indeed

it A _
! ) Neus - VO3 (', z)dzdt’ = 0.
- ,

unnecessary here as the factor which appears in the diffusion term in the equation on us can

€
be controled in this situation, contrary to the previous case. The advantage of writing the equations

on (Ne,ue) is that there is no nonlinear term in n., contrary to the previous study, but of course the
difficulty is transfered to the study of the diffusion operator; the gain of regularity in n. will appear
here.

Taking limits as € — 0 in the two first terms is immediate. For the third term, we simply recall that 7.
is bounded in L= (R*; L?(R x T)) and &7, is bounded in L (R™; H**(R x T)), so en. goes strongly
to zero in L= (R*; H*(R x T)) for every s < 2a. Since ®% is smooth, we infer that

¢ ”
EH/ /(—A)O‘ exp (Zt:\) NV - (=A)(®}) (¢, x)dzdt’ — 0, ase — 0.
0

Let us now consider the fourth term,

' v '\ .
/0 / 1+ EngA <exp < c > u€> (@Y) (¢, x)dzdt’.

It is here that the presence of capillarity enables us to get a better control. Let us write
t v '\ =
- A (@) (¢, z)dadt!
/0/1+€77€ (eXp(e)u‘f) (®3)'(t', w)dw
K ltl}\ x5\ (4] !
=v V | exp = ue ) V(®3) (¢, z)dxdt
0
t g/
i’ ENe L =us\ /0 ,
— \Y 'V D3 t', x)dzdt’.
o[ (o () ) 9 (@) ) (s

Clearly the first term on the right-hand side converges towards the expected limit: we have

t it \ _ t _
1// /V (exp (Z ) us) V(@Y (', x)dedt’ — l// /V@’/\ V(@) (', x)dxdt’, ase — 0.
0 & 0
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To study the second one, we can notice that

ETIE Fox\/ ETIE Fok\/ ETIE Fox\/
) - ) " y(®
v(1+sn5( A)) v(lﬂ:ng)( 3 +1+sn€v( A

and since the second term on the right-hand side is obviously easier to study than the first one, let us

concentrate on the first term. We have

EMNe eV _ EQ%V%

v - )
l+en. 14en. (1+en)?

Since 7. is bounded in L>(RT; H?*(R x T)), we infer easily, by product laws in Sobolev spaces, that
£2n.Vn. is bounded in L>®°(R™; H’(R x T)), for some o > 0.
But on the other hand 7. is bounded in L>(R*; L?(R x T)), so we have also
e2n.Vn. — 0 in L¥RT;H* *(R xT)).
By interpolation we gather that
e2neVn. — 0 in L¥RY;L*(R x T)),

and the lower bound on 1 + en. ensures that

2
\Y%
el 0 i L®(RY;LX(R x T)).
(14en.)
The argument is similar (and easier) for the term lle , so we can conclude that
EMNe

- /t/ v Ale A (CTD* )’(t' )d dt'" — /t/ ¢ (i)* )/(tl )d dt’
X Ug | - x)dx v \Y% Y x)dxdt .
0 1 3 p € A ) o A A )

Finally we are left with the nonlinear terms: let us study the limit of

! Zt/>\ T\ (4! !/ ! Zt/>\ T * !/ !/
exp (ue - V)ue - (®3) (¢, x)dxdt’ — exp NeueV - @3 (', x)dzdt’.
0 £ 0 £ ’

The study is very similar to the case studied in Section 4.3.3 (see Proposition 4.3.6), so we will not
give all the details but merely point out the differences. First, one can truncate the integral in z; € R
to 21 € [-R, R], where R is a parameter to be chosen large enough in the end. As previously that is
simply due to the decay of the eigenvectors of L at infinity. So we are reduced to the study of

¢ ”
/ / exp (zt )\) (ue - Vue - (®3) (¢, x)dzdt’  and
0 J[-R,R]XT €

‘ iﬂA B * / /
- exp Nete - VO3 o(t, x)dzdt’.
0 J[-R,R]xT € i

The limit of the first term is obtained in an identical way to Section 4.3.3, since u. satisfies the same

bounds, so we have

t "y t
/ / exp (Zt )\) (ue - V)ue - (®3) (¢, x)dzxdt’ — / / Z (@), - V)@ - (®3) (¢, x)dzdt’,
0 J[-R,R|xT € 0

HA =X
i, iiES

as € goes to 0 and R goes to infinity.
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Now let us concentrate on the last nonlinear term. With the notation of Section 4.3.3, we can write

! Zt/A B * / /
exp Nete - VO3 o(t', x)dxdt
0 J[-R,R]xT €

! it' A o ,
= exp (778 - na,N)ua . vq)/\70(t ,.’L')dl‘dt
0 J[-R,R]XT €

! it'\ o )
+ €xp Ne.N (Ue — ue nr) - VO o(t', 2)dxdt
0 J[-R,R]xT

9

¢ it/ A _
+/ / eXp (Z ) Ne,NUe, M - V(I); O(t/a $)dl‘dt/.
0 J[-R,R]xT € ’

The first two terms on the right-hand side converge to zero, due to the following estimates: for
some —1 < s < 0 and for all ¢ € [0,7],

t it' \ -
/ / exp <Z > (Ne — Ne,N)Ue - V@idt’,x)dazdt’
0 J[-R,R|xT €

< COrllne — 775,NHLDO([O,T];HS([—R,R]XT))||UsHLZ([O,T];Hl([—R,R]XT))H(i)j\”WZ"’O(RXT)v

and similarly

¢ it _
/ / exp (l ) Ne,N (Ue — e nr) - VO o(t', z)dzdt’
0 J[-R,R]XT €

< Crnllue — ve mll 2o, 1710 (- R R x ) | P2 w2 (RxT) -

Finally the limit of the third term is obtained by the (by now) classical nonstationary phase theorem,
namely we find, exactly as in the proof of Proposition 4.3.6, that

t gl t
t'A — =
/ / exp (z ) Ne,NUe, v - VO o(t', x)dedt” — / / E D09 - VO (', x)dxdt’,
0 J[-R,R]XT € 0

pta=Xx
in,ilES

as € goes to 0 and M, N and R go to infinity.

That concludes the proof of the theorem. [l
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NOTATION INDEX

A’ diffusion operator in the Saint-Venant system, p. 18

A, diffusion operator in the limit filtered system, p. 19

& (t), modulated energy, p. 73

& N (1), modulated energy applied to a sequence of approximate solutions, p. 75

F, Fourier transform, p. 5
Fa, Fourier transform with respect to x2, p. 9

~

f(n, k), coefficients of f in the Hermite-Fourier basis, p. 9

H?, inhomogeneous Sobolev space, p. 5

Hs, homogeneous Sobolev space, p. 5

H§(Q), for s > 0, Sobolev space on a bounded set §2 with Dirichlet boundary conditions, p. 5
H~%(Q), for s > 0, dual space of H5(), p. 5

H7 , weighted Sobolev space, p. 30
Jn, spectral truncation, p. 67

K, truncation operator in the (¥, j ;) basis, p. 40

K, a regularizing kernel, p. 60

(P> weakly convergent series, p. 35
L, singular perturbation, p. 7

L, semi-group generated by L, p. 18

N, pseudo-differential operator on KerL, p. 44
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I, ,j, projection on W, x ;, p. 17

II,, projection on Ker(L — i\Id), p. 17

Iy, projection on KerL, p. 8

I, , projection on (KerL)*, p. 31

IIx, projection on Kelvin modes, p. 16

IIps, projection on mixed Rossby-Poincaré modes, p. 16
IIp, projection on Poincaré modes, p. 16

IIR, projection on Rossby modes, p. 16

@, quadratic operator in the Saint-Venant system, p. 18
Q1, quadratic operator in the limit filtered system, p. 19

Q1, purely ageostrophic quadratic operator in the limit filtered system, p. 36

S, set of indices (n, k, j), p. 30

S*, set of indices (n, k, j) corresponding to (KerL)*, p. 35
(SWe), the shallow water system, p. 57

(SWy), the limit system after filtering, p. 57

G, spectrum of L, p. 16

Gk, subset of G corresponding to Kelvin modes, p. 16

G p, subset of G corresponding to Poincaré modes, p. 16
&R, subset of G corresponding to Rossby modes, p. 16

Gy, subset of G defined by a frequency truncation, p. 68
1Tn k,j, €igenvalues of L, p. 9
W#°° Sobolev space, p. 12

Dy, first coordinate of the three component vector field @, p. 18

®’ = (®1, Py), two last coordinates of the three component vector field ®, p. 18
't = (P2, —P1), image of ®’ by a rotation of angle 7/2, p. 3

®, complex conjugate of ®, p. 26

b, =L (—ﬁ) (Me, ue), where (1., u.) solves the Saint-Venant system, p. 78

®, a solution to the limit system (SWy), p. 78

), an element of Ker(L — iAId), p. 80

®, an approximation of @, p. 67
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® (), an approximate Leray solution of (SWp), p. 40
®. n, an approximation of ®., p. 85

®. \ N, the projection of ®. n onto Ker(L — iAId), p. 85
@, a solution to the geostrophic equation, p. 43

[ coefficients of @ € KerL in the (¥,, ) basis, p. 43
onN, a corrector to @, p. 69

©n,k,j, coefficients of ® in the (¥, ;) basis, p. 15

1, Hermite functions, p. 8

V., k.;, eigenvectors of L, p. 10-11
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