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Neumann Conditions on Fractal Boundaries

Yves Achdou * Nicoletta Tchou |

February 19, 2007

Abstract

We consider some elliptic boundary value problems in a self-similar ramified domain of R?
with a fractal boundary with Laplace’s equation and nonhomogeneous Neumann boundary
conditions. The Hausdorff dimension of the fractal boundary is greater than one. The goal
is twofold: first rigorously define the boundary value problems, second approximate the
restriction of the solutions to subdomains obtained by stopping the geometric construction
after a finite number of steps. For the first task, a key step is the definition of a trace operator.
For the second task, a multiscale strategy based on transparent boundary conditions and on
a wavelet expansion of the Neumann datum is proposed, following an idea contained in a
previous work by the same authors. Error estimates are given and numerical results are
presented.

self-similar domain, fractal boundary, partial differential equations
35J25, 35J05, 28A80, 65N

1 Introduction

This work is concerned with some boundary value problems in some self-similar ramified domains
of R? with a fractal boundary. The domain called Q is displayed in Figure 1. It is constructed
in an infinite number of steps, starting from a simple hexagonal domain of R? called Y° below;
we call Y” the domain obtained at step n: Y"t! is obtained by gluing 2"*! hexagonal sets
to Y™, each of them being a dilated copy of Y with a dilation factor of a”*!, for some fixed
parameter a in (0,1). Finally, Q@ = U,enY™. There exists a critical parameter a*, % <a* <1
such that, for all ¢ < a*, the previously mentioned subdomains of €2 do not overlap. We will
always take a in the interval [1,a*]. We say that  is self-similar, because Q\Y” is made out of
2+l dilated copies of Q with the dilation factor of a”*!'. We will see that part of the boundary
of Q is a fractal set noted I'*° below. Furthermore, if a > % then the Hausdorff dimension of
I"*° is greater than one.

Such a geometry can be seen as a bidimensional idealization of the bronchial tree, for example.
Indeed, this work is part of a wider project aimed at simulating the diffusion of medical sprays
in lungs. Since the exchanges between the lungs and the circulatory system take place only in
the last generations of the bronchial tree (the smallest structures), reasonable models for the
diffusion of, e.g., oxygen may involve a nonhomogeneous Neumann or Robin condition on the
top boundary I'*°. Similarly, the lungs are mechanically coupled to the diaphragm, which also
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implies nonhomogeneous boundary conditions on I'*, if one is interested in a coupled fluid-
structure model.

For partial differential equations in domain with fractal boundaries or fractal interfaces, varia-
tional techniques have been developed, involving new results on functional analysis; see [13, 9,
10, 3]. A nice theory on variational problems in fractal media is given in [14]. Some numerical
simulations are described in [19, 18].

The present work is the continuation of two previous articles [1] and [2] where the domain 2 was
already infinitely ramified and self-similar, but where I'*° had a fractal dimension of one and
was even contained in a straight line. In this case, it was possible to rather accurately study the
traces properties of Sobolev spaces, although the domain 2 was not a € — § domain as defined
by Jones [6], see also [7] and [11]. These trace results allowed for the study of Poisson problems
in  with some generalized nonhomogeneous Neumann conditions on I'*°. In [2], we proposed a
multilevel method in order to find the solution in Y by expanding the Neumann datum on the
Haar wavelet basis and solving a sequence of boundary value problems in the elementary domain
Y? with what we called transparent boundary conditions on the top part of the boundary of Y.
These conditions involve a nonlocal Dirichlet to Neumann operator, which can be obtained as
the limit of a sequence of operators constructed by a simple induction relation, thanks to the
self-similarity in the geometry and the scale invariance of the equation. It is important to em-
phasize that an arbitrary level of accuracy can be obtained. This construction is reminiscent
of some of the techniques involved in the theoretical analysis of finitely ramified fractals (see
[16, 17] and [15, 5] for numerical simulations).

The present paper deals with the more realsitic case when the Hausdorff dimension is greater
than one and has two goals:

1. Rigorously define a trace operator on I'*°. The definition of the trace operator will be
quite different from that in [1], because the Hausdorff dimension of I'*® is greater than
one. The trace operator will be a key ingredient for the study of Poisson problems in 2
with nonhomogeneous Neumann boundary conditions.

2. Show that the solution of the latter can be approximated in Y™ by essentially the same
program as in [2]. For this reason, the description of this and the asymptotic analysis of
the error will be short and we will refer to [2] for all the proofs.

The paper is organized as follows: the geometry is presented in section 2. In section 3, we give
theoretical results on Sobolev spaces concerning in particular Poincaré’s inequalities and trace
results. The Poisson problems are studied in section 4. In section 5, we propose a strategy for
approximating the restrictions of solutions to Y™ , n € N; since the method is close to the one
studied in [2], we describe it, in particular the modifications with respect to [2], but we omit
all the proofs. Numerical results are presented in section 6. For the reader’s ease, some of the
proofs are postponed to section 7.

2 The Geometry
Let a be a positive parameter. Consider the points of R?: Py = (—1,0), P, = (1,0), P3 = (—1,1),

Py = (1,1), Py = (—14+aV2,1+av/2) and Ps = (1—aV/2, 1+a/2). Let Y be the open hexagonal
subset of R? defined as the convex hull of the last six points.

Y0 = Interior( Conv(Py, Py, P3, Py, Ps, P6)>.



Let F;, i = 1,2 be respectively the similitudes defined by the following:

(_1)i<1 -5+t 5 (:m + (—1)’?’1«"2)

E(l‘) - a a i+1
I+ 5+ Flea+ (1) :q)

The similitude F; has the dilation ratio a and the rotation angle (—1)"+17/4.
It is easily seen that to prevent F (Y ) and Fy(Y?) from overlapping, one must choose a < v/2/2.
For n > 1, we call A, the set containing all the 2" mappings from {1,...,n} to {1,2}. We define

Mg =Fyqyo-0F,y, foroe Ay, (1)

and the ramified open domain, see Figure 1,
Q2 = Interior <WU < U u MJ(W)>> . (2)
n=1occA,

Stronger constraints must be imposed on a to prevent the sets MU(W), o€ Ay, n >0, from
overlapping. It can be shown by elementary geometrical arguments that the condition is

2V/2a° + 2a* + 2a% + V24 — 2 < 0, (3)

.€.
a < a* ~ 0.593465.

We call '™ the self similar set associated to the similitudes F; and Fb, i.e. the unique compact
subset of R? such that
I~ = Fl(FOO) U FQ(POO).

The Hausdorff dimension of I'>® can be computed since I'* satisfies the Moran condition (open
set condition), see [12, §]:

dimgy (I'*°) = —log 2/ log a.
For instance, if a tends to a*, then dimy (I'*) tends to 1.3284371.
In all what follows, we will take % <a<a*.
We split the boundary of Q into I'°, T? = [~1,1] x {0} and ¥ = 9Q\(I' UT>). For what
follows, it is important to define the polygonal open domain YV obtained by stopping the above
construction at step N + 1,

n=1occA,

VN — Interior <Wu ( O U MU(W)>> . (4)

We introduce the open domains Q7 = M, (Q) and QY = U,ec4, Q27 = Q\Y V-1, We also define
the sets I'7 = M, (I'%) and I'V = Uye 4, T°. The one-dimensional Lebesgue measure of ' for
o € Ay and of T'V are given by

9] = o™ 1% and |0V = (20)V|1Y).

It is clear that if @ > 1/2 then limy_ o |[TV| = +oc0.



Figure 1: The ramified domain Q (only a few generations are displayed).

3 Functional Setting

Let H'(Q) be the space of functions in L?(2) with first order partial derivatives in L?(Q2). We
also define V() = {v € H'(Q);v|ro =0} and V(Y") = {v € H'(Y"™);v|po = 0}.

In this section, the proofs which can be obtained as easy modifications of those in [1] are omitted
for brevity.

We will sometimes use the notation < to indicate that there may arise constants in the estimates,
which are independent of the index n in Q™ or I'", Y, or the index ¢ in €7 or I'°.

3.1 Poincaré’s inequality and consequences
Theorem 1 There exists a constant C > 0, such that
Vv € V(Q), 1172 () < ClIVOlI72(0)- (5)

Proof. The proof is done by explicitly constructing a measure preserving and one to one
mapping from {2 onto the fractured open set Q displayed in Figure 2. The main point is that the
new domain () has an infinity of vertical fractures and lies under the graph of a fractal function.
This makes Poincaré’s inequality easier to prove in Q. For the ease of the reader, the details of
the proof are postponed to §7. m

Corollary 1 There erists a positive constant C' such that for all v € H*(Q),

[0]|20) < C (HWH%Z(Q) + Hvlrolliz(m)) : (©)

Corollary 2 There exists a positive constant C' such that for all integer n > 0 and for all
o €A, for allve HY(QI),

lol32@r) < € (@ IV 0llEae + a0l [Barry ) (7)
and for all v € HY(Q")

[0l 2am) < € (2 IVl 2(qm) + a" ol Fagen ) - (8)
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Figure 2: The open set §2



We need to estimate ||U||2L2(Qn) when v € H'(Q):

Lemma 1 There exists a positive constant C such that for all v € H'(Q), for all n > 0,

[0l 2am) < € 262" (190]22(0) + lolol3ro) ) - (9)

Proof. The proof uses the same arguments as that of Theorem 1. It is postponed to §7. m
Condition (3) implies 2a® < 1, because 2(a*)? ~ 0.7044022575. Thus, (9) implies the Rellich
type theorem:

Theorem 2 (Compactness) The imbedding of H'(Q) in L*(Q) is compact.
The following lemma will be useful for defining a trace operator on I'*:

Lemma 2 There exists a positive constant C such that for allv € H*(Q), for all integers p > 0,

S [ wle)? < 020 (10l +olege)- (10

o‘E.A

Proof. We start from the trace inequality: for all v € H'(Q),

[0l S 190l + ol ()

Rescaling yields
a_p /F(7 (U’Ff")2 S HV'UH%Q(QJ) + a_2pHvH2L2(QJ)7 VO' c Ap' (12)

Summing on all o € A, and dividing by 2P, we obtain

Q7 Y [ ol S27 Y 90l + @7 X el (1)

o€A, ocEA) ocEAy
Then estimate (10) is obtained by combining (13) and (9). m

Remark 1 Note that ‘IIF“O} = (2a)P, so (10) is equivalent to

mZ/ (vlre)? £ 19032 0y + ol (1)

Corollary 3 There exists a positive constant C such that for all v € H* (), for all integers
p=0,

S [ vl — (0l £ CPIVel (15

€Ay

where (v|ro) is the mean value of v|po on T,



3.2 Traces

For defining traces on I'*°, we need the classical result, see [4]:

Theorem 3 There exists a unique Borel reqular probability measure p on I'*° such that for any

Borel set A C T'™®,
1

p(A) = g (FA)) + g (' (4)) (16)

The measure pu is called the self-similar measure defined in the self similar triplet (I'°°, Fy, F).
Let Li be the Hilbert space of the functions on I'*° that are y-measurable and square integrable

with respect to u, with the norm HvHLz =/ Jpeo v2dp.

A Hilbertian basis of L2 can be constructed with e.g. Haar wavelets.
Consider the sequence of linear operators £ : H*(Q) — L2

HOESY (ﬁ /Fovdx> 1, (1) (17)

O'G.An

where |['?| is the Lebesgue measure of I'?. Indeed, we have that

2
n 1
el = [ (Z (s [ v o) 1Mg(m)> "

oc€EAR
1 2
-y <W / ovdw) W(Mo(I%) (18)
oeA,
2
— Z 27" <% vd:n) ,
oyl To] Jre

where we have used (M, (I'*°)) = 27", which is a consequence of the definition of the invariant
measure, see (16). From (18), using Cauchy-Schwarz inequality and the identity |T'7| = a"|T°|,

we obtain that
Z / v? dx = W v? d. (19)
o5 Jre [T Jrn

Hgn( )”L2 < 2a ’ 0’

From (19) and (10), we see that there exists a positive constant C' such that such that for all
v € HY(Q), for all integer n > 0,

1" @)IIZ2 < Cllollm - (20)

Proposition 1 The sequence ({™),, converges in E(Hl(Q),Li) to an operator that we call £*°.

Proof. We aim at proving that there exists a positive constant C such that for all v € H*(Q),
for all integers n, m such that 0 < m < n,

1"t (w) = ™ (0) 172 < C27M VoIl gy, (21)

and the desired result will follow directly from (21).
An important observation for proving (21) is that, for all nonnegative integers p,q, p < g, for
all o € Ay—p,

(v)o My =P(voM,), Yve H(Q). (22)



Going back to |[¢"*1(v) — ™ (v )HLZ, we see that

[ @) =@ = > D0 Mempemar) (E"H(”)_Em(”))uii

NEAm 0€EAnL1—m

=3 Y 2 ) ey ) — )| orto )|

NEAm 0€EAnL1—m

Note that ¢"*!(v) — ¢™(v) is constant on (M, o My)(I'™®), for n € A, and 0 € Ap41_m, and
that, from (22),

) (My 0 M) (y) = (£(v 0 My 0 Mo)) (y),
M) (My 0 Mo)(y) = (v o My)) (Mq(y)),
for all y € I'*°. Therefore,

”en—i-l(v) HL2 _ Z 9—m Z 2m—n—1 |(€0(’U o MU)) (Ma(y)) — (@0(?) o MT? o MU) (y)

neEAm cE€EAn+1—m

2

)

(23)

where y is any point on I'*°.
Calling w = vo M,, and p = n + 1 — m for brevity, we have that

277 3" [(0(w)) (Ma(y)) — (C(wo My) )P =27 3 | ((w — (wlro)) o My) ()], (24)
o€Ap ocEA,

where (w|ro) is the mean value of w|po on I'?, because £9(w) = £°((w|ro)). From (24), we deduce
that

2
27 57| (O(w)) (Mo () — (Cwo M) )P =277 S (yra / (wlre _<w\po>)>

o€A, o€A, (25)
1 2
= W Fp(’w’Ff’ — (w|ro))
by Cauchy-Schwarz inequality. Therefore, from (15),
_ 2
27 3 (@) (Mo (y)) — (©wo My) (1) S V]2 0. 26)
o€eA,
Going back to (23) and using (26), we have that
) =l S 277 3 [ [Vwe My
UE-Am (27)
—om Y / |vu|2:2—m/ Vol2,
nEAm m

which is exactly (21). =

Remark 2 The operator £°° can be seen as a renormalized trace operator.

Remark 3 A different approach consists of passing to the limit in the sequence of quadratic
forms Ny, : HY(Q) — Ry, v ‘F—ln‘ frn v2. The limit Ny is a continuous quadratic form
on HY(Q). In the spirit of [14], a continuous bilinear form as, on H'(2) x HY(Q) can then
be defined by polarisation and the connection of as to a trace operator may be studied. This
remark is not essential for what follows, since we will always work with £°.



4 A Class of Poisson Problems

Take g € Li and u € H%(FO) and consider the variational problem: find U(u, g) € H'(£2) such
that

(U(u, g))lpo = u, and /Q V(U (u,g)) - Vo = / 9> (v) dps, Vo € V(Q). (28)

')

If it exists, then (U(u,g)) satisfies A(U(u,g)) = 0 in ©, and 9,(U(u,g)) = 0 on ¥. We shall
discuss the boundary condition on I'*® after the following;:

Theorem 4 For g € Li and u € H%(FO), (28) has a unique solution.
Furthermore, if g = (), § € C1(Q), if wy € HY(YY) is the solution of:

Awg=0 Y%  wylpo =u, % =0 on Y, \(TOureth),
Owg | 41
on = WEHNH on '™,
then
qli}olo (U (u, 9))lya — wgll g1 (yay = 0. (29)

Theorem 4 says in particular that (28) has an intrinsic meaning for a large class of data g. From
the definition of w,, we may say that U(u,g) satisfies a renormalized/generalized Neumann
condition on I'*® with datum g.

Proof. We introduce @, € H*(YY) as the solution of the variational problem

'l/l}q‘r‘o = u,

~ - 1 1 N
Vi, - Vv = ()0 (v) dp = T Z W/ g/ v, Yv € V(Q). (30)

Ya e oc€A 11

Then, wy — w, € V(Y?) and

Y (wy — ) - Vo = ﬁ 3 / <v(:n) (g(x)—ﬁ A g>> de,  Yoev(Q). (31)

ya o€AG+1
But
1 . 1 -
| 2 (o0 (30— [L9)) @0
o€AG+1
L (o0 3 e (a0 - L) | (32)
= To _—
‘Pq-i—l‘ Ta+1 O'E.Aq+1 ’FU‘ e
<oy ([ @) sw (30 1) it - o [
= re = )
|Fq+1| Ta+1 yer‘q+1 UGAq+1 |FU| To
and

N 1 - - N -
1ro () ‘g(y) ). 9‘ < 10| [V3lloe = a0 [V .



This yields that

> J Lo o= [2)

g
Te+1]|
|Fq | €A 1
at T (33)
<2 T liygg d
< Vil [ lota) da
1
2
<aq+1|1“0|||V9||oo <‘I‘q+1‘/ |2 dZE> )

where we have used Cauchy-Schwarz inequality in the last line. From (10), (5) and (33), we find

that Z/( (Qx)_ﬁﬁaﬁ>>dx

From (31) and (34), we obtain that

T S A Foll gy Vil (34)

IV (wg = @) z2(vay S a®H|V|oo- (35)

The desired result will be proved if we show that ||V (U (u,g) — @,)||z2(yq) tends to zero as ¢
tends to infinity. Calling e, the error e, = U(u, g)|y« — W, € V(Y?), we see that Yo € V(Q0),

Ve, - Vu
Ya
- [ @@ [ et @etd- [ Vo) ve
Too o) Qat+1l
= [ @ - @y @dn - [ @) - )i~ [ VU)o
oo oo Qat1
(36)
Passing to the limit in (21), we obtain that
@ @) < 2Tl Vol
(37)
0 a
[ @) - )] £ 20 Tole)
Therefore (5 pa1 () a1
. oo oo dy — [ 09 ~\ pq d
m  sup | (v)dp — [; @ ©)du| _ (38)
9= eV (Q) 00 vl 1 (o)
Since U(u, g) € H'(£2), we also have
vU -V
lim  sup Jounn (u,9)- Vv = 0. (39)
4= 4,eY(Q) w40 vl &1 @)

From (36), (38) and (39) we deduce that lim, . [|eg g1 (ye) = 0, which concludes the proof. m

10



5 Strategies for the Approximation of U(u, g)|yn»-

Orientation In what follows, we propose strategies in order to approximate U(u,g)|yn-1,
where n is a fixed positive integer. We will mainly distinguish two cases:

e in the first case, g is either 0 or a wavelet in the Haar basis naturally associated with the
dyadic construction of I'*°. We show that U(u, g)|y» can be found by successively solving
a finite number of boundary value problems in Y° with nonlocal boundary conditions on
I't. These nonlocal boundary conditions involve a Dirichlet to Neumann operator which
is not available but which can be approximated with an arbitrary accuracy.

e In the general case, we propose to expand g in the basis of the Haar wavelets. This yields
an expansion for U(u, g)|yn-1, for which error estimates are available.

This strategy has already been proposed and tested in [2] for a different choice of Y°, Fy and
F5, in the special case a = % In this case, the Hausdorff dimension of I'*° is one and no
renormalization is needed.

For this reason, we will just describe the strategies and emphasize the dependency on the
parameter a. We will omit all the proofs, which are easy modifications of those contained

in [2].

5.1 The Case when g = 0.

We use the notation H(u) = U(u,0). Call T the Dirichlet-Neumann operator from H %(FO)
to (H%(FO))’, Tu = O, H(u)|ro. We remark that T € @, where O is the cone containing the
self-adjoint, positive semi-definite, bounded linear operators from H %(FO) to (H %(FO))’ which
vanish on the constants.

If T is available, the self-similarity in the geometry and the scale-invariance of the equations
imply that H(u)|yo = w where w is such that

ow

Aw=0 inY? a—nyayo\(roupl) =0, (40)

wlpo = u, (41)

dw 1 (T (w] oFy)) o F; ' =0 Fy(19%), i=1,2 (42
on a F;(T9) ( i on l( )7 v ) 4 )

We call (42) a transparent boundary condition because it permits H(u)|yo to be computed
without error. We stress the fact that the problem (40,41,42) is well posed from the observation
on T above. The construction may be generalized to H(u)|yn-1, n > 1:

Proposition 2 Foru € H%(FO), H(u)|yn-1 can be found by successively solving 1424+ - 4271
boundary value problems in YO:
e Loop: forp=0ton—1,
ee Loop : foro € Ay, (at this point, if p > 1, (H(u))|re is known)
e oo Find w € H'(Y?) satisfying the boundary value problem (40), (42), and either (41)
if p=0, or wlpo = H(u)|ps o M, if p > 0.
e o0 Set H(u)lyo =w if p=0. If p >0, set H(u)|r,(yo) =wo (Mg)™t.

We are left with approximating 7T in Theorem 5 below, we show that T" can be obtained as the
limit of a sequence of operators constructed by a simple induction. The following result is the
theoretical key to the method proposed below:

11



Proposition 3 There exists a constant p < 1 such that for any u € H%(I‘O),

> [ vrwe < [ v o (13)

oc€eA,

In order to approximate T', we introduce the mapping M : Q@ — Q: for any Z € Q,

Vue Hz(T9),  M(Z)u= g—:|ro, (44)

where w € H(Y?) satisfies (40), (41) and g—%—i—i (Z(w|p,(roy o Fy)) oF, ' =0o0n F(TY),i=1,2.

a
Theorem 5 The operator T is the unique fixed point of M. Moreover, if p, 0 < p < 1, is the
constant appearing in (43), then for all Z € Q, there exists a positive constant C such that, for
allp >0,
p
IMP(Z) =T < Cp7, (45)
Thanks to the linearity of (28), we are left with the approximation of (U(0, g))|yn-1. We first

distinguish the case when g belongs to the Haar basis associated to the dyadic decomposition
of I'°.

5.2 The Case when g Belongs to the Haar Basis

The case when ¢ is a Haar wavelet is particularly favorable because transparent boundary
conditions may be used thanks to self-similarity. We assume that the operator T is available;
this assumption is reasonable because thanks to Theorem 5, one can approximate 7" with an
arbitrary accuracy.

Let us call ep = U(0, 1peo).

We introduce the linear operator B, bounded from (H%(FO))’ to L?(I°), by: Bz = —g—;‘;ho,
where w € V(Y?) is the unique weak solution to

Aw=0 inY?", g—: =0 on dY\(I°uTh), (46)
aw 1 -1 -1 .
a—m\Fi(FO) +- (T(w|p,roy o Fy)) o Fy ' = —zo F i=1,2. (47)

The self-similarity in the geometry and the scale-invariance of the equations are the fundamental
ingredients for proving the following theorem:

Theorem 6 The normal derivative yr of ep on I'° belongs to L*(T°) and is the unique solution
to:
Yyr = Bva

/FOZ/F = —L (48)

For allm > 1, the restriction of er to Y"1 can be found by successively solving 1+2+4--- 42771
boundary value problems in Y°, as follows:
eLoop: forp=0ton—1,
ee Loop : foro € A,, (at this point, if p > 0, ep|ro is known)
eee Solve the boundary value problem in Y°: findw € HY () satisfying (46), with w|ro = 0
if p=0, wlpo = ep|pe o M, if p >0, and
ow 1

8_71 + E (T(M‘Fi(FO) o E)) o Fi_l =

e oo Setep|lyo =w if p=0, else set ep|p, (yo)y = wo (M,)

1
Tty

ro Y on Fy(TY), i=1,2.

-1

12



When ¢ is a Haar wavelet on I'™°, the knowledge of T', ep and yp (with an arbitrary accuracy)
permits U(0,g) to be approximated with an arbitrary accuracy: call ¢° = 1 P (o) — Lpyres)
the Haar mother wavelet, and define e® = U(0, ¢°). One may approximate €°|y»-1 by using the
following:

Proposition 4 We have €°|yo = w, where w € V(Y?) satisfies (46) and

ow 1 (—1)f

—1 —1 0 .
T (T(w|pyroy o Fy)) o Fj = 5. yr o on F,(T1%), i=1,2, (49)
Furthermore, fori=1,2,
0 _1)“_1 -1 0 -1
lrn = 5 —ero B+ (H( Ry o Fi)) o (50)

For a positive integer p , take o € A,. Call ¢” the Haar wavelet on I'*® defined by ¢/ My (o) =
g®o Mz, and 97 oo\ M, (roey = 05 call 7 = U(0,g7), and y? (resp. y%) the normal derivative of
e (resp. €°) on I'Y. The following result shows that (¢, ) can be found by induction:

Proposition 5 The family (e?,y?) is defined by induction: assume that My = F; o M,, for
some i € {1,2}, n € Ap_1, p > 1. Then €’|yo = w, where w € V(YY) satisfies (46) and

ow 1 _ 1 _ .
on + a (T(w|Fi(FO) © Fz)) o I = _Z_(Lyn o F; 1’ on Fi(ro)v i=1,2. (51)

Then, with j =1 — 1, e7|g\yo is given by

1 - . -

I = 5¢" 0 B+ (H(Iprg) 0 F)) o F 62)
eJ’Fj(Q) = (H(eJ’Fj(Fo) o E7)) o Fj_l.

If M, = F;, i = 1,2, then y" (resp. €") must be replaced by y° (resp. €°) in (51), (resp.(52)).

What follows indicates that for n > 1 fixed, ||Ve?||p2(yn-1), 0 € A, decays exponentially as
p — oo:

Theorem 7 There exists a positive constant C such that for all integers n,p, 1 < n < p, for
all o0 € Ay, the function e’ satisfies

Vel p2qyn-1) < C27"pP7", (53)

where p, 0 < p < 1 is the constant appearing in Proposition 3.

5.3 The General Case

Consider now the case when g is a general function in LZ. It is no longer possible to use the
self-similarity in the geometry for deriving transparent boundary conditions for U(0,g). The
idea is different: one expands g on the Haar basis, and use the linearity of (28) with respect to
g for obtaining an expansion of U(0, g) in terms of er, ¢, and €7, o € A,, p > 1. Indeed, one
can expand g € Li as follows:

o
g = aplre + agg® + Z Z agg°. (54)
p=locA,
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The following result, which is a consequence of Theorem 7, says that (U(0,g))|y»-1 can be
expanded in terms of ep|yn-1, €®|yn-1, and € |yn-1, 0 € Ay, p > 1

oo
U(0,9) = apep + ape® + Z Z age’. (55)
p=1locA,

Moreover, a few terms in the expansion are enough to approximate (U(0, g))|y»—1 with a good
accuracy: we are going to use approximations of the form

P
U(0,9) =~ aprep + ape’ + Z Z agse’. (56)
p=1c€A,

It is possible to prove error estimates:

Proposition 6 Assume that g € Lﬁ has the expansion (54). Consider the error

P
rf = U0,9) — apep — ape’ — Z Z aye’. (57)
p=locA,

There exists a constant C (independent of g) such that for all integers n, P, with 1 <n < P,
177 1 vn1y < OV2=PpP 7" g 12 (58)

where p < 1 is the constant in (43).

6 Numerical Results

To transpose the strategies described above to finite element methods, one needs to use self-
similar triangulations of : we first consider a regular family of triangulations ’Tho of Y9, with
the special property that for ¢ = 1,2, the set of nodes of ’T}? lying on F;(I'?) is the image by F;
of the set of nodes of ’T}? lying on I'?. Then one can construct self-similar triangulations of £ by

Tn = Ugio UUGAP Mcr(,]yho)y

with self-explanatory notations. With such triangulations and conforming finite elements, one
can transpose all that has been done at the continuous level to the discrete level.

The case when g is a Haar wavelet In Figure 3, we display the contours of ep|ys (top left),
%lys (top right), and e”|ys for M, = F (bottom left) and M,, = FyoF} (bottom right). Again,
we stress the fact that there is no error from the domain truncation, and that, for obtaining
the result, we did not solve a boundary value problem in Y3, but a sequence of boundary value
problems in Y°. Nevertheless, the function matches smoothly at the interfaces between the
subdomains.

The general case In Figure 4, we plot three approximations of U(0,g)|ys, where g(s) =
ls<ocos(3ms/2) — 1550 cos(3ms/2), where s € [—1, 1] is a parameterization of I'*°: we have used
the expansion in (56), with P = 5 in the top of Figure 4, P = 3 in the middle and P = 2
in the bottom. We see that taking P = 2 is enough for approximating U (0, g)|yo, but not for
U(0,9)|ys, j > 1. Likewise P = 3 is enough for approximating U (0, ¢g)|y1, but not for U(0, g)|y,
Jj =2

In Figure 5, we plot (in log scales) the errors || Z;:i > ven, @7 €pllL2(vay, for i = 2,3,4 and
7 =0,1,2,3,4, where a? are the coefficients of the wavelet expansion of g. The behavior is the
one predicted by Proposition 6.
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Figure 3: The contours of er|ys (top left), e®|ys (top right), and €”|ys for M, = Fy (bottom
left) and M,, = Fj o F; (bottom right).

7 Appendix

Proof of Theorem 1 We start by proving the desired inequality for functions in the space
V(YY) ={ve W) such that v|ro = 0} with a constant independent of N. It is enough to
consider functions in {v € C>(Y'N) such that v|ro = 0} since the last space is dense in V(YV).
Consider the piecewise affine map H:

(21, x2) if Ty < 1++2a(1 — |z1]),
H(z1,20) = (1+ﬁ(1—$2),1+\/§a(;p1 —1) +2(zy — 1)) if x1 > 0,29 > 14 v2a(1 — z1),
(-1 — ﬁu —9),1 —v2a(xy + 1)+ 2(z2 — 1)) if r1 < 0,29 > 14+ v2a(1 + 21),

It can be seen that H maps the set Y to the fractured domain Yo displayed on figure 6. By
computing the Jacobian of H (H is piecewise smooth), we see that that H is measure preserving.
Let G; and G5 be the affine maps in R? defined by

Gi(z1,32) = (
Ga(z1,32) = (

(1 —1),1—a(a — V2)(z1 + 1) + 2a%z2) ,
(x1+1),1+a(a — v2)(z1 — 1) + 2a’x3) .

D[ =00 =

We define -
My = Gg(l) ©0---0 Go(n) for o € Ay,
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Figure 4: Contours of the approximations of U(0, g)|ys obtained by taking P = 5(top), P = 3
(middle) and P = 2(bottom) in (56).
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Figure 6: The fractured open set Yo
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the sets

—

N _
YN = Interior <Y0 U U U M\U(Yo)) )
cAn

- o
Q = Interior <Y0 U U U )
cAn
and the one to one mapping

}//N — YN,
XN

z — MyoH™! o./\//\((;l(a:) if x € /\//\(J({/\O)
Note that "V is a piecewise affine function and that the Jacobian of " is almost everywhere
1. Moreover, take o € A,, with n < N, (z1,22) € M, (Y9) and h € R such that (z1,22 + h) €
M, (Y (Y9). We aim at boundlng XN (21, 22+ h) — XN (21, 22)|: call (21, 29) = M; Yz, 22). It can
be easily seen that M Yoy, 20 + h) = (21,20 + (2a )~"h). Therefore,

XN (@1, 22 4+ B) = XN (21, 22)| = Mg o H (21, 22 + (2a%)"h) — Mo 0 H (21, 29)|
< Cpa™(2a®)™"|h| = Cy(2a)~"|h),
where the constant C is the norm of H~!', and where we have used the fact that M, is a

similitude with dilation ratio a”™. But 2a > 1. Passing to the limit as h tends to zero, we see
that

H ”oo < Cpy. (59)

Note that YV is contained in the rectangle [ 1,1]x0,¢], where ¢ = (14+2v/2a—2a%) Yo% (2a2)" =
% < 8 and it has IV =2+ ZN 2" vertical boundaries, (among which zr]:fzo 2™ ver-
tical fractures) see Figure 2. We order mcreasmgly the abscissa (@;);—; v of these vertical

segments. Notice also that YV can be seen as the epigraph of a function ®V : (—1,1) — R,
and that ®V is discontinuous at a;, i = 2,..., I — 1, and linear in the intervals (v, ig1),
i=1,...,IN —1. Another important and natural property is that the sequence (@N ) is nonde-
creasing with respect to V.

We call > = limy_,o, ®V. From the bound ]%] < (2a*)" if o € A,,, we deduce that
e e}
> — N < (14+2v2a—24%) ) (2a%)" < (2a%). (60)
n=N
Consider a function v € C§° (YN) such that v|po = 0. Since the mapping X" is measure

preserving,
In—1

Cl{i+1 ‘I)N(.Tl)
/ v’ = /A V2 (XN (21, 20))dxodr, = Z / / 2 (N (21, 22))dx 1 day
YN YN a; 0

i=1

IN_l Qi1 ‘I)N(.Tl) T2 a(,u o N 2
X) >
= ——= 2 (xq,t)dt | dzodx
; /a /0 </0 0z (z1,1) 20

In— air1 0N (z1) T2 8(UOXN) 2
EZ:/ / l‘Q/O (Tm(xl’t)> dtdl’gdl‘l,
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by Cauchy-Schwarz inequality. Therefore, since ® is bounded independently of N, there exists
a constant C independent of N such that

o

IN=1 Loy, 2 V(1) /g N 2
Z/a /0 <%($1,t>> dtdl‘QdiL'l

In—1

Qi1 <I>N(:c1) a(,u o XN) 2
_of <a<vox >>2
YN 6332
I N XY ’ / v NaX2 ’
< I Al
=20 (/y/ﬁ <8xlox 0xo + YN 8332 °X 0xo
Using (59), we obtain that
2 2
/ U2§20 //_\ ouv OXN —I—/ ﬁox
YN v~ \ 0z Oy
ov \2 v
-9 7 gv
¢ </YN <59€1> +/YN <3ﬂf2> ) ’

by the inverse change of variable, and the desired inequality is proved.

Proof of Lemma 1 We proceed exactly as in the proof of Theorem 1. We start by proving
the desired inequality for functions in the space V(YV) for N > n, with a constant independent
of N. Then, for functions of V(Q) the result will follow by letting N tend to co.

2 2/ N INTL paigy p®N (1) 2/ N
[ PO adeadn = Y0 [ [ R0 o, m0))dard
y VA ()1 NN i=1 Joi Jen(@)
In—1 o x x
_ NZ: / i1 /Q’N( 1) </ ’ M(wl t)dt>2dx2d$1
im1 Jai Jen@@) \Jo 02 7
IN71 aiy p@N(a1) z2 N 2
Bl LTI
i=1 o; <I>"(x1) 0 L2
<I = e /M(“)/QN(W (3(UOXN).(x t)>2dtdm d
~ ~ J, on (21) 0 0xo 1, 201
IN"1 oy @ (a) N 2
< (2a*)" / / (%(ﬁi)) dtdzadzy,
i=1 Jai /0 2

because of (60), and we conclude exactly as in the proof of Theorem 1. Lemma 1 is proved
for functions of V(Q2). The proof of (9) for functions in H!(f2) is exactly of the same nature,

except that we have to use the identity v(x™ (21,22)) = v(21,0) + [~ 8(UOX (x1,t)dt instead
€T Vo N
of v(xXN (z1,22)) =[5 a(aié)(xl,t)dt for v € V(Q).
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