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Abstract

We introduce stochastic priority games — a new class of perfect information
stochastic games. These games can take two different, but equivalent, forms. In
stopping priority games a play can be stopped by the environment after a finite
number of stages, however, infinite plays are also possible. In discounted priority
games only infinite plays are possible and the payoff is a linear combination of
the classical discount payoff and of a limit payoff evaluating the performance at
infinity. Shapley games [12] and parity games [6] are special extreme cases of
priority games.

1 Introduction

Recently de Alfaro, Henzinger and Majumdar[4] introduced a new variant of pu-
calculus: discounted u-calculus. As it is known since the seminal paper [6] of Emerson
and Jutla p-calculus is strongly related to parity games and this relationship is pre-
served even for stochastic games, [5]. In this context it is natural to ask if there is a
class of games that corresponds to discounted p-calculus of [4]. A partial answer to
this question was given in [8], where an appropriate class of infinite discounted games
was introduced. However, in [8], only deterministic systems were considered and much
more challenging problem of stochastic games was left open. In the present paper we
return to the problem but in the context perfect information stochastic games. The
most basic and usually non-trivial question is if the games that we consider admit
“simple” optimal strategies for both players. We give a positive answer, for all games
presented in this paper both players have pure stationary optimal strategies. Since
our games contain parity games as a very special case, our paper extends the result
known for perfect information parity games [2, 10, 3, 14].

However, we have an objective which is larger than just transferring to stochastic
games the results known for deterministic systems. Parity games are used (directly
or through an associated logic) in verification. Conditions that are verified often
do not depend on any finite prefix of the play (take as a typical example a simple
condition like “A wins if we visit infinitely often some set X of states”). However,
certainly all real systems have a finite life span thus we can ask what is the meaning
of infinite games when they are used to examine such systems. Notice that the same



question arises in classical game theory [11]. The obvious answer is that the life span
is finite but unknown or sufficiently long and thus infinite games are a convenient
approximation of finite games. However, what finite games are approximated by
parity games? Notice that for the games like mean-payoff games that are used in
economics the answer is simple: infinite mean-payoff games approximate finite mean-
payoff games of long or unknown duration. But we do not see any obvious candidate
for “finite parity games”. Suppose that C' is a parity condition and fc a payoff
mapping associated with C, i.e. fc maps to 1 (win) all infinite sequence of states that
satisfy C' and to 0 all “loosing” sequences. Now we can look for a sequence f,,,n € N,
of payoff functions, such that each f,, defined for state sequences of length n, gives a
payoff for games of length n and such that for each infinite sequence sgs; ... of states
fn(so...Sn—1) — fc(sost - ..). However, except for very special parity conditions

C, such payoff mappings f,, do not exist, thus parity games cannot approximate finite
games in the same way as infinite mean-payoff games approximate finite mean-payoff
games.

Nevertheless, it turns out that parity games approximate finite games, however
“finite” does not mean here that the number of steps is fixed, instead these games are
finite in the sense that they stop with probability 1. In Section 4 we present a class
of priority stopping games. In the simplest case, when the stopping probabilities are
positive for all states, stopping games are stochastic games defined by Shapley [12].
However, we examine also stopping games for which stopping probabilities are positive
only for some states. One of the results of this paper can be interpreted in the following
way: parity games are a limit of stopping games when the stopping probabilities tend
to 0 but all at the same time but rather one after another, in the order determined
by priorities.

2 Arenas and perfect information games

Perfect information stochastic games are played by two players, tha we call player 1
and player 2. We assume that player i € {1,2} controls a finite set S; of states, Sy
and Sy are disjoint and S = 57 U Sy is the set of all states.

With each state s € S is associated a finite non-empty set A of actions that are
available at s and we set A = UzegAs to be the set of all actions.

If the current state is s € S; then player ¢ controlling this state chooses an available
action a € S; and, with a probability p(s|s,a), the systems changes its state to
s’ € S. Thus p(-s,a),s € S,a € A, are transition probabilities satisfying the usual
conditions: 0 < p(s’[s,a) <1 and ), gp(s[s,a) = 1.

Let H“ be the set of histories, i.e. the set of all infinite sequences spagsiaiss ...
alternating states and actions. Assuming that the sets S and A are equipped with the
discrete topology, we equip H“ with the product topology, i.e. the smallest topology
for which the mappings

S;:HY — S, S; : HY 3 spag...s:a;...— S;

and
A HY — A, A, :HY 5 spag...s:ai...— a;



are continuous. Thus (S;);en and (A;);en, are stochastic processes on the probability
space (H“, B), where B is Borel o-algebra generated by open subsets of H*.

The data consisting of the state sets S1,S2, available actions (As)ses and transi-
tion probabilities p(-, s, a) is an arena A.

Let u : H* — R be a bounded Borel measurable mapping. We interpret u(h),h €
H*“, as the payoff obtained by player 1 from player 2 after an infinite play h.

A couple (A, u) consisting of an arena and a payoff mapping is a perfect information
stochastic game.

Let H;" = (SA)*S;,i € {1,2}, be the set of finite non-empty histories terminating
at a state controlled by player i. A strategy for player i is a family of conditional proba-
bilities o(alhy,) for all h, = spag . . . s, € H;r and a € A,, . Intuitively, o(a|spag - . - $n)
gives the probability that player ¢ controlling the last state s, chooses an (available)
action a, while the sequence h,, describes the first n steps of the game. As usual
0<o(alsoao...sn) <land 3, ., o(alsoao...sn) =1.

A strategy o is said to be pure if for each finite history h, = spag...s, € Hf
there is an action a € Ay, such that o(alh,) = 1, i.e. no randomization is used
to choose an action to execute. A strategy o is stationary if for each finite history
hy = 8000 -..50 € Hy, 0(-|hn) = o(-|sn), i.e. the probability distribution used to
choose actions depends only on the last state.

Notice that pure stationary strategies for player i can be identified with mappings
o :S; — A such that o(s) € As for s € S;.

In the sequel we shall use o, possibly with subscripts or superscripts, to denote a
strategy of player 1. On the other hand, 7 will always denote a strategy of player 2.

Given and initial state s, strategies o, 7 of both players determine a unique prob-
ability measure 5 _ on (H*,B), [7].

The expectation corresponding to the probability measure Py is denoted E7 _.
Thus Ej _(u) gives the expected payoff obtained by player 1 from player 2 in the
game (A, u) starting at state s when the players use strategies o, 7 respectively. If
sup, inf; ES _(u) = inf, sup, E3 _(u) for each state s then the quantity appearing on
both side of this equality is the value of the game (for initial state s) and is denoted
val®(u).

Strategies o and 7f of players 1, 2 are optimal in the game (A, u) if for each state
s € S and for all strategies 0 € X, 7 € T

ool SES: [u] <E7 [u]

o,Tt o7

o
obtained when both players use optimal strategies is equal to the value of the game.

If o* and 7% are optimal strategies then val®(u) = E$, _,[u], i.e. the expected payoff

3 Priority games

Starting from this moment we assume that each arena A is equipped with a priority
mapping

p: S —{1,....,k} (1)
from the set S of states to the set {1,...,k} of (positive integer) priorities. The
composition

Yn=9o8S, ,neN, (2)



pn : HY — {1,...,k}, gives therefore a stochastic process with values in {1,...,k}.
Then lim inf; ¢; is a random variable

H“ 5 h — liminf ¢;(h)

giving for each infinite history h € H* its priority which the smallest priority visited
infinitely often in h (we assume that {1,...,k} is equipped with the usual order on
integers and liminf is taken for this order). From this moment onward, we assume
that there is a fixed a reward mapping

re L k) = [0,1] (3)

from priorities to the interval [0, 1].
The priority payoff mapping u : H* — [0,1] is defined as

u(h) = r(limiinf wi(h)), heH®. (4)

Thus, in the priority game (A, u), the payoff received by player 1 from player 2 is the
reward corresponding to the minimal priority visited infinitely often. If » maps odd
priorities to 1 and even priorities to 0 then we get a parity game.

4 Stopping priority games

In the sequel we assume that besides the priority and reward mappings (1) and (3)
we have also a mapping
A:{l,...,k} —[0,1] (5)

from priorities to the interval [0, 1].

We modify the rules of the priority game of Section 3 in the following way.

Every time a state s is visited the game can stop with probability 1 — A(¢(s)),
where ¢(s) is the priority of s. If the game stops at s then player 1 receives from
player 2 the payoff r(¢(s)). If the game does not stop then the player controlling s
chooses an action a € A, and we go to a state ¢ with probability p(¢|s,a). (Thus
p(t]s,a) should now be interpreted as the probability to go to ¢ under the condition
that the games does not stop.) The rules above determine the payoff in the case when
the games stops at some state s. However, A can be 1 for some states (priorities)
and then it is possible to have also infinite plays with a positive probability. For such
infinite plays the payoff is calculated as in priority games of the preceding section.

Let us note that if A(p) = 1 for all priorities p € {1,..., k} then actually we never
stop and the game described above is the same as the priority game of the preceding
section.

On the other hand, if A(p) < 1 for all priorities p, i.e. the stopping probabilities are
positive for all states, then the game will stop with probability 1. Shapley [12] proved
that for such games both players have optimal stationary strategies. In fact Shapley
considered general stochastic games while we limit ourselves to perfect information
stochastic games and for such games the optimal strategies constructed in [12] are
not only stationary but also pure.



Theorem 1 (Shapley 1953). If, for all priorities i, A(i) < 1 then both players have
pure stationary optimal strategies in the priority stopping game.

Stopping games have an appealing intuitive interpretation but they are not con-
sistent with the framework fixed in Section 2, where the probability space consisted
of infinite histories only. This obstacle can be removed in the following way. For each
priority ¢ € {1,...,k} we create a new “stopping” state i* that we add to the arena
A. The priority of i is set to i, ¢(i*) = . The set of newly created states is denoted
S%. There is only one action available at each i* and executing this action we return
immediately to ¥ with probability 1, it is impossible to leave a stopping state. Note
also that since there is only one action available at i? it does not matter which of the
two players controls “stopping” states. For each non-stopping state s € S we modify
the transition probabilities. Formally we define new transition probabilities p(-|-, )
by setting, for s,t € S, a € A,

P(tls,a) = Mp(s)) - plt]s, a)

and

otherwise .

(s, a) = {(1) — Me(s)) if i =(s),

Let us note by Aﬁ)\ the arena obtained from A in this way. It is worth noticing that,
even if the set of finite histories of A& strictly contains the set of finite histories of
A, we can identify the strategies in both arenas. In fact, given a strategy for arena
A there is only one possible way to complete it to a strategy in Ag\ since for finite
histories in AﬁA that end in a stopping state i any strategy chooses always the unique
action available at if. Clearly, playing a stopping priority game on A is the same as
playing priority game on A}: stopping at state s in A yields the same payoff as an
infinite history in Ag\ that loops at i, where i = ¢(s).

5 Discounted priority games

The aim of this section is to introduce a new class of inifinite games that are equivalent
to stopping priority games.

As previously, we suppose that arenas are equipped with a priority mapping (1)
and that a reward mapping (3) is fixed.

On the other hand, the mapping A of (5), although also present, has now another
interpretation, it does not define stopping probabilities but it provides discount factors
applied to one-step rewards.

Let

ri=rop; and \;=MAog;, i1e€N (6)

be stochastic processes giving respectively the reward and the discount factor at stage
i. Then the payoff mapping uy : HY — R of discounted priority games is defined as

uy = Z)\o A (L= Ay + (H Ai) - r(liminf @y, (7)
i=0 i=0



Thus u) is composed of two parts, the discount part
ugise ZAO Xim1 (L= X)m (8)

and the limit part
H i) hm inf ) . 9)

Some remarks concerning this definition are in order. Let
T =inf{i| X; =1forall j >i} . (10)

Since, by convention, the infimum of the empty set is co, {T' = oo} consists of of all
infinite histories h € H“ for which A; < 1 for infinitely many ¢. Thus we can rewrite
uy as:

uA—Zx\O Aici(T—=X H/\ hmmfcpn) . (11)

i<T i<T

Moreover, if 7' = oo then the product [, . A
smaller than 1, is equal to 0 and for such infinite histories the limit part u&im disappears
while the discount part is (a sum of) an infinite series. The other extreme case is
T = 0, i.e. when the discount factor is 1 for all visited states. Then it is the the
discount part that disappears from 11 and the payoff is just r(liminf,, ¢,,), the same
as for priority games of Section 3.

Let (A, uy) be a discounted priority game on A. As explained in the preceding
section, a stopping priority game on A with stopping probabilities given by means
of A can be identified with the priority game (Au)\, u) on the transformed arena Ag\.
As noted also in the preceding section, there is a natural correspondence allowing to
identify strategies in both arenas. We shall note by ngT the probability generated

i, containing infinitely many factors

by strategies ¢ and 7 on Aﬁ and P; _ the similar probability generated by the same
strategies on A. The corresponding expectatlons are denoted IE[7 - and Ej . Having
all this facts in mind, the following proposition shows that stopping priority games
and discounted priority games are equivalent in the sense that the same strategies
yield the same payoffs in both games:

Proposition 2. For all strategies o, T of players 1, 2 and all states s € S, EQ,ST [u] =
ES - [ual-

Proof. (sketch) Let T = inf{i | S; € S*} be the first moment in the game (A&,u)
when we enter a stopping state. Direct calculations show that ngASHl = 5i+1|So =
505-+58i = 8i) = Mp(s:))P; - (Sit1 = sit1[So = $0,...,8; = s;) if all states
S0, -, 8i,8i+1 are not stopping. This can be used to show that! IEF,ST [u; T = 0] =
E: [ukm] On the other hand, B [u; T = m] = E5 [Ao- - Ap—1(1 — Ap) 7], im-
plymg E% [u; T < oo] = E§ . [u d““]

O

By IEE,fT[u; A] we denote the integral of u over the set A.



We can note that in the special case when all discount factors are strictly smaller
than 1 (i.e. all stopping probabilities are greater than 0) Proposition 2 reduces to
a well-known folklore fact: stopping (Shapley) games[12] and discounted games are
equivalent.

6 Limits of priority discounted games

The main aim of this section is to prove that discounted priority games (A, uy) admit
pure stationary optimal strategies for both players. Of course, due to Shapley’s theo-
rem, we already know that this is true for discounted mappings A such that A(i) < 1
for all priorities 7. Our proof will use in an essential way the concept of uniformly
optimal strategies, which is of independent interest.

Let A\,...,;Am, 1 < m < k, be a sequence of constants, all belonging to the
right-open interval [0,1). Let A be the following discount mapping:

12
1 ifi>m. (12)

for all i € [1..k], (i) = {

In the sequel we shall write ug\kl) A, to denote the discounted priority payoff mapping

uy, where A is given by (12). (Note, however, that one should not confuse A1, A, . ..
which are used to denote real numbers from [0, 1) with bold A1, Az, ... that are used
to denote a stochastic process (6)).

It is worth noticing that in fact we can limit ourselves to discounted priority payoff
mappings of the form UE\kl),...,Am- Let us say that A : {1,...,k} — [0,1] is regular if,
for each i, A(i) = 1 implies A\(j) = 1 for all j > i. Let A be any discount mapping and
let w:{1,...,k} — {1,...,k} the unique permutation of {1,...,k} such m(i) < 7 (j)
iff one of the following conditions holds: (A) ¢ < j and A7) = A(j) =1, (B) i < j
and \(i) < 1 and A(j) < 1, (C) A(i) < A(j) = 1. Define X by setting X (7 (7)) = A(7).
Then )\ is regular (because of (C)) and for each h € H¥, ux(h) = ux (h).

Which strategies are optimal in the game (A, ug\kl) )\m) usually depends heavily
on the discount factors Ay, ..., A,,. But, in an important paper [1] Blackwell observed
that in discounted Markov decision processes optimal strategies are independent of
the discount factor if this factor is close to 1. This leads to the concept of uniformly

optimal strategies:

Definition 3. Let A be a finite arena. Let us fix values of the first m — 1 discount
factors A1, ..., Am—1 € [0,1). Strategies o, 7 for players 1, 2 are said to be uniformly
optimal for A\i,..., \—1 if there exists an € > 0 (thalt can depend on A1,..., Am—1)

such that o, T are optimal for all games (A, u&kl) A _in,,) With 1T —e < Ay < 1.

Now we are prepared to announce the main result of the paper:

Theorem 4. For each m € {1,...,k} the games (A, uf\kl)’wxmil)\m) admit pure sta-

tionary uniformly optimal strategies for both players. Moreover, if (o, %) is a pair

of such strategies then of, 7% are also optimal in the game (A, u(Akl) )\m_l).

Proposition 5 below establishes the following chain of implications:
if (A, ug\kl) »,,) admits pure stationary optimal strategies then (A, u&kl) x,,) admits



)

admits pure stationary optimal strategies. Since, by Shapley’s theorem, (A, u&kl) )\k)
has pure stationary optimal strategies, trivial backward induction on m will yields
immediately Theorem 4.

pure stationary uniformly optimal strategies which in turn implies that (A, ug\kl) N

s AM—1

Proposition 5. Let A be a finite arena with states labelled by priorities from {1,... k}.
Let m € {1,...,k} and \1,..., Am—1 be a sequence of discount factors for priorities

1,...,m, all belonging to the interval [0,1). Suppose that the game (A, ug\kl)}m’)\m) has

pure stationary strategies for both players. Then the following conditions hold:

(i) for both players there exist pure stationary uniformly optimal strategies in the
k
game (A, “(Al) At Am )

s

(ii) there exists an € > 0 such that, for each pair of pure stationary strategies (o, T)
for players 1 and 2, whenever o and T are optimal in the game (A, ug\k) N \)
1yeesAm—1,Am

)

for some 1 —e < A, <1 then o and T optimal for all games (A, U(A]j),...,/\m_l,km)

with 1 — e < A, < 1, in particular o and T are uniformly optimal,

(iii) if o, T are pure stationary uniformly optimal strategies in the game (A, ug\kl) )

))

then they are optimal in the game (A, ug\kl) N

yAm—1

()

. k k
lim vals(A, ug\l)“__’)\m) = val, (A, ug\l)’___7>\m_1) , (13)
where valg(A, ug\]?)\m) is the value of the game (A, ug\]?)\m) for an initial
state s.
Lemma 6. Suppose that A1, ..., N, the discount factors for all priorities, are strictly
smaller than 1. Let o, T be pure stationary strategies for players 1 and 2 in the game
(A, ug\kl))\k) Then the expectation E;T[ugﬁ))\k] is a rational function of Ai,..., \p

bounded on [0,1)*.

Proof. If we fix pure stationary strategies then we get a finite Markov chain with
discounted evaluation. In this context the result is standard, at least for one discount
factor, see for example [9]. For several discount factors the proof is identical and given
in detail in Appendix C. |

The proof of the following lemma is given in Appendix B.

Lemma 7. Let f(xy1,...,2) be a rational function well-defined and bounded on
[0, 1)*. Then, for each0 < m < k, the iterated limit limg,, 1. dimg, 11 f(z1,...,28)
exists and is finite. Moreover, for every fized (x1,...,Tm—1) € [0,1)™1 there exists
€ > 0 such that the one-variable mapping

T = lim M f(21, e T 1, Tons Tt 1y - - - 5 Tk)
Tm41T1 ziT1

is rational on the interval [1 — e, 1).



For any infinite history h € H* the value ug\kl) x,, (h) can be seen as a function

of discount factors A1, ..., \,,. It turns out that

Lemma 8. For each m € {1,...,k} and for each h € H",

. k k
lim ugg“ (h) :ugl{ﬁm(h) . (14)

The proof Lemma 8 can be found in Appendix A.
Proof of Proposition 5. Since the payoff mappings ug\kl),...,xiﬂ are bounded and
Borel-measurable, Lebesgue’s dominated convergence theorem and Lemma 8 imply

that for all strategies o and 7 for players 1 and 2

. s (k) _ s : (k) _ s (k)
A}irf}rlEan(uA11~~~vAi+l) - EavT(/\}irlrlTluA17~~~,>\ri+1) - E”vT(uA1,~~~7)\i) ’ (15)

Iterating we get

>\77111+H11T1 o }}CrTnl EU7T(U)\17..-7)\]¢) - E‘TvT(Ai:—HllTl o }}CrTnl u>\17---7>\k~) B EG,T(UAl,...,/\m) ’
(16)

Suppose now that strategies o and 7 are pure stationary.Then, by Lemma 6, the
mapping
k
0,1)% 5 (Ao, ) = ES (@)

is rational and bounded. Lemma 7 applied to the left hand side of (16) allows us to
deduce that, for fixed A1,..., \—1, the mapping

< k
(0,1) 3 A, — E;J(ugl{“m_wm) (17)

is a rational mapping (of \,,) for A, sufficiently close to 1.
For pure stationary strategies o and of for player 1 and 7, ¢ for player 2 and
fixed discount factors Ay, ..., \;,—1 we consider the mapping
k k
[0,1) 2 A = Pt o2 5 (Am) = Efﬂmﬁ(“&lz...,xm_l,xm) - Ezsr,f(“(h),...,xm_l,xm) :
As a difference of rational mappings, all mappings ®,: . , . are rational for A,
sufficiently close to 1. Since rational mappings are continuous and have finitely many

zeros, for each ®,4 -+ , » we can find € > 0 such that ®,4 ;+ , . does not change the
sign for 1 —e < A\, < 1, ie.

YAm € (1 —¢,1),
(I)aﬁ,Tﬁ,a,‘r()‘m) >0, or (I)aﬁ,‘rﬁ,a,T(Am) =0, or (I)U“,‘ru,a,T(Am) <0. (18)

Moreover, since there is only a finite number of pure stationary strategies, we can
choose in (18) the same e for all mappings ®,: ;¢ , ,, where o, of range over pure
stationary strategies of player 1 while 7, 7% range over pure stationary strategies of
player 2.



Suppose that of, 7# are optimal pure stationary strategies in the game (A, ug\kl) A1, )\m)

)

for some A, € (1 —¢,1). This means that for all strategies o, 7 for both players

s () i) S B s (8] ,) S B () ) - (19)
For pure stationary strategies o, 7, Eq. (19) is equivalent with @,z 1z 5 -2(Ap) > 0
and @4 12 5¢ (M) < 0. However, if these two inequalities are satisfied for some A,
in (1—e¢,1) then they are satisfied for all such A, i.e. (19) holds for all A, in (1—e¢, 1)
for all all pure stationary strategies o, 7. (Thus, intuitively, we have proved that o
and 7% are optimal for all \,, in (1 —¢, 1) but only if we restrict ourselves to the class
of pure stationary strategies.)

But we have assumed that for each A, the game (A, ug\kl) A1, x,,) has optimal
pure stationary strategies (now we take into account all strategies), and under this
assumption it is straightforward to prove that if (19) holds for all pure stationary
strategies o, 7 then it holds for all strategies o, 7, i.e. ¢f and 7% are optimal in the
class of all strategies and for all A,,, € (1—e¢, 1). In this way we have proved conditions
(i) and (ii) of Proposition 5.

Applying the limit A, T 1 to (19) and taking into account (15) we get

(k) (k) (k)
ot (U y ) S EGe e (un ) SEG (un e iamn)

which proves condition (iii) of the thesis. It is obvious that this implies also (iv). O
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A Appendix

This appendix is devoted to the proof of Lemma 8.

Lemma 9. Let (a;) be a sequence of real numbers such that lim;_. a; = 0. Let
FO) =0 =X Na;, re[o,1)
i=0

Then limyt; f(A) =0

Proof. Take any € > 0. Since a; tend to 0 there exists k such that |a;| < €/2 for all
t > k. Thus

IFON] < (1= A Zx|a7|+ (1—X\ Z N(e/2) = (1 —NA+¢/2 ,
i=k+1

where A = max{a; | 0 < i < k}. For A sufficiently close to 1, (1 — A\)A < ¢/2. Thus
[f(N)] < € for A close to 1 and since € can be chosen arbitrarily small we get the
thesis. 0

Let us recall Lemma &:

Lemma. For each m € {1,...,k} and for each h € H®,

. k k
Jim ) ()=l () (20)
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k
Proof. Let u( ) A = u;{”c A, T ul){m A, be the decompomtlon of ug\) \,, onto

the discount and limit parts. Let A : {1 Jk} — [0,1], A*: {1,...,k} — [0,1], be
discount factor mappings such that for each priority ¢ € {1,...,k},

Ao ifi<m,
X =37 e
1 ifi>m,

A (1) = A@@) for i # m and A*(i) = 1 for i = m. As usually, A, = Ao ¢; and
Af = \* o ; are the corresponding stochastic processes.

We examine three cases:

Case 1: m < liminf; @;(h).
In this case, all priorities appearing infinitely often in the sequence ;(h),i =0,1,...
have the corresponding discount factors equal to 1. Thus T'(h) = min{j | X\j(h) =
1 for all I > j} is finite. Then, cf. (11),

()= D0 M) N () (L= Ma(B)ra(h)

Am 11
0<I<T(h)
Do NN (A = A (B)ru(h) = ue y (h) 5 (21)
0<I<T(h)
since u‘}\‘fc A, (R) is just a polynomial of variables /\1, ce A

Similarly, [[;2, Ai(h) = 0T<]Z) o Ai(h) tends to 0<l o Af(R) with Ay, T 1, imply-
ing
lim lim

)\171:/?1 u>\17~~~;>\7n(h) - u)\17 ;>\7n l(h) :

This and (21) yield (20).
Case 2: m = liminf; ¢;(h).
Since for infinitely many i, Aj(h) = A, < 1, we have [[7°,Ai(h) = 0, and then
ulﬁ“ A, (h)=0.
Let
To(h) = max{ie; (1) < m)

be the last moment when a priority strictly smaller than m appears in the sequence
pi(h),i € N, of visited priorities. Notice that Tp(h) < oo since the priorities appearing
infinitely often in ¢;(h),i € N, are greater or equal m. We have

> Xo(h) - A (h)(1 = Ni(h))ri(h) EURTH
0<I<To(h) "

Yo XM AL (A = N (R)ru(h) =

0<I<To(h)
ZA* 1 (W)L = N (R)yri(h) = ule 5, (), (22)

because ;(h) > m for | > Ty(h), implying A (h) =1 for all | > Tp(h). We define by
induction:

Tit1(h) =min{j | j > Ti(h) and ¢;(h)=m}, i=1,2,... .

12



Intuitively, starting from the moment Tp(h) we count the moments when we visit
priority m, and then, for i« > 1, T;(h) gives the moment of the i-th such visit. We
have

S o) At ()1~ A(W)m(h) =

I=To(h)+1

Xo(h) - Aqyny - Y. Anymyar(h) - Nca(B)(1 = Au(R)ri(h) =
I=To(h)+1
To(h)

CTT A 0)- L =Agy ny)7 s ()27, ) (L= A0 )P () A () Ay () (L= Ay ()T )+ ]
§j=0
(23)

where the last equality follows from the fact that, for each I > Ty(h), if I & {T1(h), T (h), ...}
then the priority ¢;(h) is strictly greater than m and the corresponding discount fac-

tor Ai(h) is equal to 1. On the other hand, Ar,) = A and 77,y = 7(m) for all
I=1,2,.... Thus (23) can be written as

TO(h) oo To(h)
(LT 200 - S0 (= Artom) = (T M) - rlom)

Ty (h) o0
(IT x;prm) = ([] A5 (h))r(lim inf ¢, (h)) = Uare A (D)
i=0 §=0

The limit above and (22) show that

1yeeesAm—1 .

i sl () = s () + b )

Case 3: m > liminf; ¢;(h). _
As in the preceding case u\™ y (h) = 0. Since m—1 > liminf; ;(h) alsouy™ (h) =

0. Thus it suffices to show that

Jim e () =l (h) (24)

For a subset Z of N let us define

FzOa. - Am) = (1= Ai()Xo(h) - Xi—1 (h)ri(h)

i€Z

and consider fx(A1,...,A\n) and fy (A1,..., A\ ), where

X={i|pi(h)=m} and Y =N\X . (25)
We show that
)\lirrTll fxM\,..0; ) =0 . (26)
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This is obvious if X is finite since X;(h) = A, for alli € X and then fx(A1,..., ) =
(1= Xm)r(m) 3 e x Ao(h) ... A1 (h) EWETY 0.

Suppose that X is infinite. Define a process T;: Ty(h) = —1, Ti41(h) = min{j |
j>T;(h) and ¢;(h) =m}. Thus T;(h),i =1,2,..., gives the time of the -th visit

to a state with priority m. Set p(h) = liminf; ¢;(h) and define another process?:

Ty (h)—1

Wi(h) = D Lip,n=pn)} -
=0

Thus W;(h) gives the number states with priority p(h) that were visited prior to
the moment Tj(h). Notice that, for all i@ > 1, Ag(h)... A, (n)—1 contains i — 1
factors A, and W;(h) factors ;) (and possibly other discount factors) whence
Ao(h) - Az -1 < Am) ™ (Ap(ny) V™) implying

oo

fX(Alv ceey )\m) = (1 - Am)r(m) Z AO(h’) s ATi,(h)—l(h’) <
=0

(1= Am)r(m) Y~ )V (A
=0

3

Now notice that lim;_,., W;(h) = oo since p(h) is visited infinitely often in h. Since
p(h) < m, we have A,y < 1 and lim;_.o (M) +1(" = 0. Thus Lemma 9 applies
and we deduce that (26) holds.

Now let us examine fy (A1, ..., Ay ). Note that

FrOy s Amo1, 1) =D X () - X (B) (1 = Xj(h)r;(h) =

jey
D oAG(R) N ()L = NS (R)ry(h) = uliS s, (h)
§=0

where the second equality follows from the fact that Aj(h) =1 for j € X. Then

AHHTllfy()\l,...,)\m) = fy()q,...,)\m,l,].)

follows directly from the well-know Abel’s theorem for power series®. This fact and
(26) yield (24). O

B Appendix

This section is devoted to the proof of Lemma 7.

2We use the usual notation, 14 is the indicator function of an event A, 14(h) = 1if H* S h € A
and 14 (h) = 0 otherwise.
3Abel’s theorem states that for any convergent series 2 ai of real or complex numbers

H oo i oo
limgpq 20700 @iz’ = 32072 ai-
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For a polynomial f(z) = "I, a;z" we define the order of f
ord(f) = min{i | a; # 0} . (27)
Since min of the empty set is co the order of the zero polynomial is co.
The proof of the following elementary observation is left to the reader:
Lemma 10. Let f(z) = Y1 ja;z’ and g(z) = Y.1" bz’ be non-zero polynomials
with real coefficients such that the rational function h(x) = % s bounded on the
interval (0,1) (in particular g #0). Then

(1) ord(g) < ord(f) and
(2)

, )0 iford(g) <ord(f),
g{r&h(x) B {Z—: if ord(f) = ord(g) = k.

Proof. Let f(z) = Zf:m a;rt, g(x) = Z:L:p b;x!, where k = ord(f) and p = ord(g).

Then % = xm_p% tends, with = | 0, to (A) 0 whenever m > p, (B) (Z—j
1=p v 1

whenever m = p, (C) oo or —oo, depending on the sign of (2—’:, whenever m < k.

Moreover, in the last case % is not bounded in the neighborhood of 0. O
For two vectors (i1,...,4,),(J1,.-.,7n) € N of non-negative integers we write

(i1y e vyin) =< (G, ey dn) i (G1y oo yin) # (J1,- -+, Jn) and iy < jg, where k = max{1 <
I <n|i # ji}. Note that < is a (strict) total order relation over N™. The non-strict
version of < will be denoted <.

Let

ka1 En
flz, ... xn) = Z Zailminlel...xi{‘ (28)
i1=0 i, =0
be a non-zero multivariate polynomial with real coefficients. We extend the order
definition (27) to such polynomials by defining ord~(f) € N" to be the vector
(i1,...,1n) such that a;,. ;. # 0 and (i1,...,0,) =< (J1,.--,7n) for all (j1,...,7n)
with aj, .5, # 0. Moreover, we shall write Aora_(f) to denote the coefficient a;, . 4, ,
where (i1,...,14,) = ord<(f).
As usually, the degree of a monomial z%' - - -z’ is defined as deg(z!' ---zir) =
i1 + -+ + i, while the degree deg(f) of a polynomial f(x1,...,2,) of (28) is the
maximum of the degrees over all monomials with non-zero coeflicients a;, ;...

Lemma 11. Let

k1 kn
flay,. .. xy) = ZZanzna:foil" (29)

i1=0 in=0

and
I ln ‘
g(x1,. .., 1) = Z Z biy i, xit .. (30)
i1=0  i,=0
be non-zero multivariate polynomials such that the rational function h(zq,...,x,) =
758;1::; is bounded on (0,1)". Then
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(C1) ord<(g) < ord<(f),
(C2)

lim ... lim A(zq,...,2,) =
110 z, 10 ( b ’ n)

0 if ord<(g) < ord<(f),
gt ord4(g) = ord<(f) = (i1,...,1n),

(C3) there exists € > 0 such that the mapping

1+ hy(zq) = iizrﬁ)...g}i%h(xl,xg,...,xn)

is rational on the interval (0, ¢€).

Proof. For an integer p we define a morphism
Mp : R[xla . .,.’En] - R[fﬁ]

from the ring of n-variable polynomials into the ring of one-variable polynomials by

setting 7,(a) = a for a € R and n,(x;) = a?'"". Thus for a monomial i g

we have n, (2l ... zin) = ghtieptissp’totine" T and the image of a polynomial

f(z1,...,xy,) of the form (29) is a one-variable polynomial 7, (f)(z) = fo:o e Ef::o iy ().
Now note that for any two monomials z%' ...z» and x{l ...xzdm and each p such

that i1+ -+4, < pand j1+- - -+jn < pwehave (i1,...,in) < (j1,-..,7n) if and only

if deg(np(a} ... 23 ) = da - A *p" ™ < ik gep Tt = deg(np (2] .. ad)).
Therefore, for f,g as in (29) and (30), taking p = max{deg(f),deg(g)} + 1, we

have ord(f) < ord«(g) iff ord(1,(£)) < ord(1(9)).

Finally note that if g is bounded on (0,1)" then also the rational one-variable

function ZZEQ is bounded on (0, 1).

The last two remarks and Lemma 10 imply that condition (C1) of Lemma 11
holds.

We shall now prove conditions (C2) and (C3) by induction on the number n of
variables. If n = 1 then (C2) is given by Lemma 10 while (C3) is void.

Thus suppose that (C2) holds for n — 1 variables.

Defining one-variable polynomials

k1
finin (@) =D iyiyiy7it, 0 <y <ko,..o.,0 <y <ky (31)
and i1=0
ll .
Gjs.. g (1) = Z bivio gty 0<jo2 <la,....0 < jn <l, (32)
j1=0

we can rewrite f and g as

ko kn

Far,onma) =Y Y (figin (1)) - 25 -y (33)

i2=0 i =0

16



and

la In
g, ) = D D (G (@1)) - ay ol (34)

Jj2=0 Jn=0

For a fixed value of a € (0,1) we consider polynomials f® and g% of n — 1 variables
Zo, ..., Ty, defined as:

($2,...7xn)'—>fa($27...7xn) = f(a/,"EQ,...,.’En) )

(2, ..., xn) — g (x2, ..., xn) i =g(a, T2, ..., Tp) -

(Thus here a is considered as a parameter, for different values of a we have different
polynomials f* and ¢%.)
Thus

ko kn
fa(an"'axn) = Z Z f121n(a) '33‘122 x;n

i2=0 in=0

and

I ln
g @2 @) = D ) Ginga(0) -yl
Jj2=0  jn=0
The order ord<(f*) of the polynomials f*(xs,...,x,) can vary with the value of the
parameter a, depending on whether a is a zero of polynomials f;, ; (z1). A similar
remark is valid for g¢.
Let us define

A ={(i2,...,in) | fin..i, 0} ,
Ay =A{G2,-- - Jn) | 9js..ju 0},

where the notation A #Z 0 means that A is not a zero-polynomial. (This should not
be confused with h(zy,...,x,) # 0 which means that the value of h is different from
0 for a given argument (z1,...,2,).)

Now since one-variable polynomials have a finite number of zeros and since the
sets Ay and A, are finite, there exists € > 0 such that all the polynomials f;,. s,
(i2,...,in) € Ay, and gj,. 4., (J2,...,Jn) € Ay, have no zeros on the interval (0, ¢).
This means that if the parameter 21 = a is in the interval (0, ¢) then ord~(f®) and
ord<(g®) do not depend on the value a and in fact we have

ord<(f*) = m<inAf and ord<(¢g?) = m<inAg ,

where min_ means that the minimum is taken the order < over N*~ 1.
Thus suppose that a € (0,¢). By (C1) applied to the rational mapping (xa, ..., x,) —

f(z2,...;xy)

Ty We obtain that

(A) either ord<(g%) < ord<(f?) and then limg, o . .. lim,, o Lezzestn) —

9% (T2, Tn)

[ (@2, tn)
ga(wZ:“':wn)

(B) orord<(¢g®) = ord<(f*) = (ma,...,my) and then limy, o ...lim,_ o

fnLQ LM (a)
Imo...mp (@)
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flaza,zn) _ s 3 f (w2, zn)
g(a7m2:~~~;wn) - 11mm210 e hmwnlo ga(wZ:“'ymn) ’

in (B) we get that (C3) holds, i.e. this iterated limit is a rational function of 1 = a
whenever z; smaller than e.

Again suppose that a € (0,¢) and ord<(f*) = (ma,...,my). Then ord<(f) =
(mq,ma,...,my), where mqy = ord(fpm,...m, (x1)). The order ord<(g) can be obtained
i a similar way.

This implies that one of the following cases holds:

Since limg, |¢ ... lim,,, o in (A) as well as

e cither ord4(¢%) < ord<(f®), which implies that ord<(g) < ord<(f) and then,
by (A),

lim T . Lim ZEL T2 T) g g ,
2110210 2,10 g(T1, T2, ..., Ty) @110

e or ord<(g?%) = ord<(f*) = (ma,...,my,). Let p1 = ord<(fim,..m,) and ¢1 =
ord<(gms,...m, )- Thenord<(f) = (p1,ma,...,m,) and ord<(g) = (q1, ma,...,my)

and
T1, L9, ..., T
lim lim ... lim f1,22. ., 20) =
z1/022]0 x5, )0 g(xl,arg,...,xn)
a 0 if @ <p1,
11m M = Amimo...mn : a o
al0 Gmsy...m, (@) [E— if p1 = q = ma.
This ends the proof of (C2). O
Lemma 7 follows immediately from Lemma 11 since, for a rational function h,
limg, 1 ... limg, 11 A(@1, .o T, Ty - -5 k) = limg, 1o .. limy, jo R(21, ..oy o1, 1—
Ty ooy L — ).

C Appendix

Proof of Lemma 6

Proof. For each state s set \(s) := A; and r(s) := r(i), where ¢ the priority of s (i.e.
A(s) and r(s) are discount factor and reward associates with s). Let

N A(s) -p(s']s,o(s)) if s € Sy,
Mo -ls, 5] {/\(8) -p(s|s,7(s)) if s € Ss.

be a square matrix indexed by states:and a column vector R*:
for s €S, (RM[s] = (1—\(s))r(s) .

Direct verification shows that the s-th entry of the vector (3.2 (M, 3‘ 2)8) - RN is equal
to ES [320(1 = Xi)Ao -+~ Aimar] = B [ua] (the limit part of uy is 0 in this case).
By a standard technique, cf. [13], it can be shown that the matrix — M, 3‘77 is invertible

and
oo

(=22 =3, (35)
=0
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Since the entries of I — M2 are polynomial, Cramer’s rule from linear algebra show
that the elements of the inverse matrix are rational, which ends the proof. The
boundedness is immediate since | Y7 (1 — Xj)Ag - - Ai—175| < max, r(s). O
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