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Abstract. The form factor bootstrap approach allows to construct the space of local fields in the massive
restricted sine-Gordon model. This space has to be isomorphic to that of the corresponding minimal model
of conformal field theory. We describe the subspaces which correspond to the Verma modules of primary
fields in terms of the commutative algebra of local integrals of motion and of a fermion (Neveu-Schwarz or
Ramond depending on the particular primary field). The description of null-vectors relies on the relation
between form factors and deformed hyper-elliptic integrals. The null-vectors correspond to the deformed
exact forms and to the deformed Riemann bilinear identity. In the operator language, the null-vectors are
created by the action of two operators Q (linear in the fermion) and C (quadratic in the fermion). We show
that by factorizing out the null-vectors one gets the space of operators with the correct character. In the
classical limit, using the operators @ and C we obtain a new, very compact, description of the KdV hierarchy.
We also discuss a beautiful relation with the method of Whitham.
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1 Introduction.

In this article we present a synthesis of the ideas of the papers [1] and [2]. In the first of these papers the
space of fields for the sine-Gordon model (SG) was described in terms of the form factors previously obtained
in the bootstrap approach [3]. This description is based on rather special properties of form factors for the
SG model. Namely, it uses the fact that the form factors were written in terms of deformed hyper-elliptic
differentials, allowing deformations of all the nice properties of the usual hyper-elliptic differentials: the notion
of deformed exact forms and of the deformed Riemann bilinear identity are available for them [4]. Using
these facts it has been shown in [1] that the same number of local operators can be constructed in the generic
case of the sine-Gordon model as at the free fermion point. The deformed exact forms and the deformed
Riemann bilinear identity are necessary in order to reduce the space of fields to the proper size because in
its original form factor description the space is too big. The description of [1] is basically independent of the
coupling constant, but for rational coupling constant there is a possibility to find additional degenerations.

The problem with the description of the space of fields obtained in [1] is due to the fact that it is difficult
to compare it with the description coming from Conformal Field Theory (CFT) or from the classical theory.
The latter two are closely connected because the Virasoro algebra can be considered as a quantization of the
second Poisson structure of KdV. It is even difficult to distinguish the descendents with respect to the two
chiral Virasoro algebras.

On the other hand in [2] the semi-classical limit of the form factor formulae has been understood. This
opens the possibility of identifying all the local operators by their classical analogues. Using this result we
decided to try to construct the module of the descendents of the primary fields with respect to the chiral
Virasoro algebra. The result of this study happened to be quite interesting.

Let us formulate more precisely the problems discussed in this paper. The sine-Gordon model is described
by the action:

T
S= ;/((amp)? +m(cos(2p) — 1)) dx
where v is the coupling constant. In the quantum theory, the relevant coupling constant is: £ = :_77

The sine-Gordon theory contains two subalgebras of local operators which, as operator algebras, are
generated by exp(ip) and exp(—ig) respectively. We shall consider one of them, say the one generated by
exp(iw). It is known that this subalgebra can be considered independently of the rest of the operators, as
the operator algebra of the theory with the modified energy-momentum tensor:

mod SG .
T3t = TS + iy oDl

where o = 7,4 /ﬁ. This modification changes the trace of the energy-momentum tensor which is now:

Tl’;"d = m?exp(2ip). This modified energy-momentum tensor corresponds to the restricted sine-Gordon

theory (RSG). For rational %, the RSG model describes the ®; 3-perturbations of the minimal models of
CFT. In this paper we consider only the RSG model.

It is natural from a physical point of view of integrable perturbations [5] to expect that the space of
fields for the perturbed model is the same as for its conformal limit. The latter consists of the primary fields
and their descendents with respect to the two chiral Virasoro algebras. In this paper we shall consider the
descendents with respect to one of these algebras, the possibility of considering the descendents with respect
to the other one is explained in Subsection 2.2. The Verma module of the Virasoro algebra is generated by
the action of the generators L_j of the Virasoro algebra on the primary field. The irreducible representation
corresponding to a given primary field is obtained by factorizing out the null-vectors [6, 7].

On the other hand the very possibility of integrable deformations is due to the fact that there exists a
commutative subalgebra of the universal enveloping algebra of the Virasoro algebra: the algebra of local
integrals [5, 8, 9]. The local integrals Is;_; have odd spins. Logically it must be possible to present the
Verma module as a result of the action of the local integrals of motion on a smaller module: the quotient over
the local integrals. The latter is isomorphic to the module created from the vacuum by the action of bosons
of even spins Jy;. The important observation is that the form factor formulae allow us to give a description
of this space. Certainly, such a realization of the Verma module is very useful for integrable applications,
but there is a difficulty. It is not trivial to describe the null-vectors in this realization. This question, of the
description of the null-vectors, is the main problem solved in this paper.

Briefly, the result is as follows. It is useful to fermionize the bosons Js; by introducing Neveu-Schwarz
(125—1) or Ramond (19 ) fermions, depending on which primary field we consider. As in [1] the null-vectors
are due to the deformed exact forms and the deformed Riemann bilinear identity. In the fermionic language



these null-vectors are created by the action of two operators: a linear one in the fermion (Q) and a quadratic
one (C). By calculating the characters we show that, after factorizing these null-vectors, we find exactly the
same number of descendents of a given primary field as in the corresponding irreducible representation of
the Virasoro algebra.

In Conformal Field Theory, the existence of null vectors provide differential equations for the correlation
functions. The null vectors built out of Q and C in our approach will also lead to a system of equations for
the correlation functions in the massive case. These equations will be similar to the hierarchies of equations
in classical integrable systems. In spite of the fact that such an infinite set of equations seems a priori
untractable, our hope is that, as in the classical case, large classes of solutions will be constructed. Hence
we hope that these equations will be really useful for the study of correlation functions in the massive case.

We also present a detailed analysis of the classical limit of our constructions. The description of the
null-vectors in terms of Q and C implies in the classical limit, a new and very compact description of the
KdV hierarchy. This new description is not the same as the description in terms of 7-functions [10], still
the technics we use are close to those of the Kyoto school. Finally, we discuss an amazing analogy between
the quantum theory and the results of the Whitham method for small perturbations around a given quasi-
periodic classical solution of KdV.

Let us make one general remark on the exposition. In this paper we restrict ourselves to the reflectionless
case of the sine-Gordon model. This is done only in order to simplify the reading of the paper. All our
conclusions are valid for a generic value of the coupling constant as well. For this reason, we chose to
present the final formulae in the situation of a generic coupling constant. This leads, from time to time, to
a contradictory situation. We hope that we shall be forgiven for this because if we wrote generic formulae
everywhere the understanding of the paper would have been much more difficult.

2 The space of fields.

2.1 The description of the space of fields in the A, B-variables.

At the reflectionless points ({ = T, v = 1,2,---) the form factors of an arbitrary local operator O, in the
RSG-model, corresponding to a state with n-solitons and n-anti-solitons are given by

fo(ﬁ1a527"'aﬁ2n) 7+ 4+ =

1
e TLee -] H o @ 7 xp(—5( (n—l)—n)ijj@-)

1<j i=1j=n+1

X f@(ﬁl>ﬁ27"'762n)7---7+---+ (1)

The function ¢(3), without poles in the strip 0 < I'm < 2, satisfies ((—8) = S(8)¢(8) and {(8 — 27i) =
¢(—p): the S-matrix S(8) and the constant ¢ are given in the Appendix A. The most essential part of the
form factor is given by

f@(ﬁhﬂ?f"7ﬁ2n)—-..7+...+ =

n 2n n
T /dA1 /dA TTTT 640 B TTA2 - 42) L8 (Ar, -+ AulBr, -+ Bow) [[ar - (2)
7TZ 1=17=1 1<J i=1
where B; = ePi and
H (B—Aq™), with ¢ = e'™/¥

As usual we define a = A%”. Here and later if the range of integration is not specified the integral is taken
around 0. Notice that the operator dependence of the form factors (1) only enters in fo.

Different local operators O are defined by different functions ng) (A1,--+,An|B1,- -+, Bay). These func-
tions are symmetric polynomials of Aq,---, A,. For the primary operators ®o;, = exp(2kip) and their
Virasoro descendants, Ly are symmetric Laurent polynomials of By, ---, By,. For the primary operators
Dor11 = exp((2k + 1)ip), they are symmetric Laurent polynomials of By, ---, Bg, multiplied by HBJ%.
Our definition of the fields ®,, is related to the notations coming from CFT as follows: ®,, corresponds
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to ®[1 41)- The requirement of locality is guaranteed by the following simple recurrent relation for the

polynomials Lgﬂ :

LA .. A IB,.--- B =
@) ( 1, 5 n| 1 3 2n) Ban——By1. A,—+B,
= —e* L3 (A1, Ana|Ba, o, Ban1) (3)
where € = 4 or — respectively for the operators ®o5 and their descendents, or for ®o1 1 and their descendents.

We explain this condition in Appendix A.
The explicit form of the polynomials Lo for the primary operators is as follows

n 2n
Lgi,)l(Ala o 'aAnlBla o ’aBQn) = HA;TL HBJ_?
i=1  j=1

In this paper we shall consider the Virasoro descendents of the primary fields. We shall restrict ourselves
by considering only one chirality. Obviously, the locality relation (3) is not destroyed if we multiply the

polynomial Lg)(A|B) either by Is,_1(B) or by Jor(A|B) with

1_|_ 2k—1

Iy._1(B) = (Mgﬁ) Sor—1(B), k=1,2,--- (4)
1

J2k(A‘B) = Sgk(A) — 582;@(3)7 k= 172’ A (5)

Here and later we shall use the following definition:
su(@r - am) = Yk

The multiplication by Is;_1 corresponds to the application of the local integrals of motion. The normalization

2k—1
factor }fg%_l is introduced for further convenience. Since the boost operator acts by dilatation on A and

B, Iy, has spin (2k — 1) and Ja, has spin 2k.
The crucial assumption which we make is that the space of local fields descendents of the operator ®,,
is generated by the operators obtained from the generating function

n 2n
Lo (t,y|A|B) = eXp(Z tor—1lox—1(B) + yszQk(A|B)) 1415 (6)
k>1 i=1 j=1

This is our main starting point. This assumption follows from the classical meaning of the variables A, B [2].
We shall give classical arguments later, and the connection with CFT is explained in the next subsection.

2.2 The relation with CFT.

The RSG model coincides with the ®; 3-perturbation of the minimal models of CFT. For the coupling
constants which we consider the minimal models in question are not unitary, but this fact is of no importance
for us. It is natural from a physical point of view, to conjecture that the number of local operators in the
perturbed model is same as in its conformal limit.

We first need to recall a few basic facts concerning the minimal conformal field theories. At the coupling
constant &, the conformal limit of the RSG models have central charge

2

=10

The conformal limit of the fields ®,,, = ™% is identified with the operators ®(1 1,41 in the minimal models.
They have conformal dimensions:
m(mé — 2m)

A= et
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The reflectionless points, § = 7 with v = 1,2, -+, correspond the non-unitary minimal models M , 1),

which are degenerate cases. At these points one has to identify ®,, with ®5,_,,.
The Virasoro Verma module corresponding to the primary field ®,,, is generated by the vectors

L gL gy Loy @

At £ = 7 their structure is the same as for generic value of {. This means that for m integer, the Verma
module possesses only one submodule. The so-called basic null-vectors, which we shall denote by I',,,, are
the generators of these submodules. They appear at level m + 1. The first few are given by:

Iy = L_ 19,
Fl = (L_Q —+ Iﬁ:Lz_l)q)l, k=-1-— g
T+ & (m+&)?
I's = (L_s4+kL_1L_o+4 koL )Py, k1 =—2 SRy = ——— 2
3 (L3 1b—1L—2 2 L7 )P 1 713 2 26 (r + 36)
ete ---

Other null-vectors, whose set form the submodule, are created from the basic ones as follows
L*leszLka Fm

As a consequence, the character of the irreducible Virasoro representation with highest weight ®,, is:

1— an+1

Xm(p) = (i)

There exists an alternative description of these modules which is more appropriate for our purposes.
Indeed, as is well known the integrability of the ®[; 3-perturbation is related to the existence of a certain
commutative subalgebra of the Virasoro universal enveloping algebra generated by elements I5;_1, polyno-
mial of degree k in L, such that [Lg, [og—1] = (2k — 1)I3,—1 and

[IQk—laI2l—1] = 07 k7l = 1727 e

The first few are given by:

Il = L*la
Ig = ZZL7n72Ln717
n>0
etc

This is the subalgebra of the local integrals of motion. The meaning of these operators and of the Io;_1(B)
which we had above is the same, so we denote them by the same letters.

Of course acting only with this subalgebra on ®,,, does not generate the whole Verma module. But the
left quotient of the Verma module by the ideal generated by the integrals of motion produces a space whose
character is Hj>0(1 —p*)~1. This space can be thought of as generated by some Jor, with [Lg, Jo| = 2kJog.

We expect that there is the following alternative way of generating the Virasoro module. Namely, in a
spirit similar to the Feigin-Fuchs construction [6], we expect that there exists an appropriate completion of
the subalgebra of the integrals of motion by elements Jo such that (i) the Verma module is isomorphic, as
a graded space, to the space generated by the vectors

eXP(Z tor—1lok—1) : eXP(Z YorJ2k) : Prn (7)
k>1 k>1

where the double dots refer to an appropriate normal ordering, and (ii) that for certain normalization of Iog_1
and certain choice of Jy; and their normal ordering the generating functions (6) and (7) provide different
realizations of the same object. We shall call the description given by (6) the A, B-representation of the
Virasoro module. The existence of this alternative description of the Virasoro module is very important for
integrable applications.



The main problem for this I, J description arises from the non-trivial construction of the null-vectors.
This problem has two aspects. First one has to construct the null-vectors I',,, in terms of I,.J. Then one
also has to construct the submodule associated to it. This is not as trivial as in the standard representation
since, while acting on I'),, with the Isx_; still produces a null-vector, acting with the Ja;, does not necessarily
leads to a null-vector. We shall show that the whole null-vector submodule can be described in the A, B-
representation. The proof is based on rather delicate properties of the form-factor integrals, the main of
them being the deformed Riemann bilinear identity [4].

Let us discuss briefly the problem of the second chirality. In [2] we have explained that the formula (1)
has to be understood as a result of light-cone quantization in which x_ is considered as space and x4 as
time. We must be able to consider the alternative possibility ( z1 - space, z_ - time), and the results of
quantization must coincide. Where exactly the choice of hamiltonian picture manifests itself in our formulae?
Consider the formula (2). As it is explained in [2] the fact that ng) is a polynomial in A; corresponds to

n .
the choice of z_ as space direction while the multiplier [] a;* corresponds semi-classically to the choice
i=1
of trajectories under z,-flow. These are the two ingredients which change when the hamiltonian picture is
changed. Indeed, analyzing the results of [2], we find the following alternative description of the form factors.
The form factors are given by the formulae (1) with fo replaced by

/};O(ﬁlaﬁQa"'752n)7--~7+--~+ =

n 2n

n 2n
1 n i -1
- W/dAlm/dAn [T oA B) [[(A2 - A%) K§)(Av, -+, AulBy, -+ Ban) [ a7 T b
i=1 j=1

i=1j=1 i<j

A , 1
where b; = Bj?”, K((Qn) is a polynomial in A;' and the replacement of [Ja; * by [[a; ™[] b; * corresponds
to the change of z-trajectories to x_-trajectories. In particular for the primary fields we have

2n
A7 1B,
j=1

SE

=

K<(1>7:,)L(A17"'>An|Bla' "7B2n) =

i=1

The L_}, descendents are obtained by multiplying ng by I_(2x—1)(B) and J_ox(A|B). The consistency of
the two pictures requires that for the primary fields they give the same result:

~

f‘bm (517 ﬂ27 T aﬁ?n)—-“—-‘r-“-‘r = ﬁ@m (ﬂla 527 o 7ﬁ2n)—~-—+~-+ (8)

This is a complicated identity which nevertheless can be proven. We do not present the proof here because it
goes beyond the scope of this paper. It should be said, however, that the proof is based on the same technics
as used below (deformed Riemann bilinear identity etc). Using the equivalence of the two representations of
the form factors we can consider the descendents with respect to L_ and also mixed L_, L_; descendents.
A formula similar to (8) holds for any coupling constant. However, at the reflectionless points there is another
consequence of (8): it also shows that the operators ®,, and ®,,_,, are identified as it should be.

3 Null-vectors.

3.1 The null-polynomials.
Null-vectors correspond to operators with all the form factors vanishing. Consider the integral

n 2n n

(2732,)”/dA1-~-/dAnHHw(Ai,Bj)H(AfA?) LG (A1, An| By, Bay) [[ ai” (9)

i=1j=1 i<j i=1

Instead of Lgl), we shall often use the anti-symmetric polynomials M((Qn):

MG (Av, -+ An|By, -+ Bon) = [[ (A7 = A2) LG (A4, -+, An| By, -+, Ban)
1<J

The dependence on By, - -, By, in the polynomials M((Q”) will often be omitted.
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There are several reasons why this integral can vanish. Some of them depend on a particular value of the
coupling constant or on a particular number of solitons. We should not consider these occasional situations.
There are three general reasons for the vanishing of the integral, let us present them.

1. Residue. The integral (9) vanishes if vanishes the residue with respect to A,, at the point A4,, = co
of the expression

2n
j=1
Of course the distinction of the variable A,, is of no importance because M, ((9") (Ay,--+, A,) is anti-symmetric.

2. ”Exact forms.” The integral (9) vanishes if M((Q") (A1,---,A,) happens to be an "exact form”.
Namely, if it can be written as:

MG (Ar, -+, An) =3 (DM (Ar, -+, Ag, -+ An) (Q(AR) P(Ar) — Qg Ax)P(—Ar)),  (10)

k
with
2n
PA) =]]B; +4)
j=1
for some anti-symmetric polynomial M(A;,---, A, —1). Here and later ;1; means that A is omitted. This is

a direct consequence of the functional equation satisfied by ¢(A4, B) (See eq.(65) in Appendix B). For Q(A)

one can take in principle any Laurent polynomial, but since we want M ((Qn)

Q(A) has to be greater or equal —1.
3. Deformed Riemann bilinear relation. The integral (9) vanishes if

to be a polynomial the degree of

—~

MG (A, A) =3 (D) M(Ay, - Ay, Ay, A)O(Ay, Ay)

i<j
where M (Ay,- -+, A,—_2) is an anti-symmetric polynomial of n — 2 variables, and C(A;, As) is given by
1 A1 — A
C(Ay, Ag) = —— {;Q(P(Al)P(Az) — P(—A1)P(—Ap)) + (P(—A1)P(Ay) — P(AI)P(—AQ))} (11)
AjAy | A1+ Ao

This property needs some comments. For the case of generic coupling constant its proof is rather complicated.
It is a consequence of the so called deformed Riemann bilinear identity [4]. The name is due to the fact
that in the limit £ — oo the deformed Riemann bilinear identity happens to be the same as the Riemann
bilinear identity for hyper-elliptic integrals. The formula for C(A;, A3) given in [11] differs from (11) by
simple ”exact forms”. Notice that the formula for C(A;, As) does not depend on the coupling constant. For
the reflectionless case a very simple proof is available which is given in Appendix B.

In order to apply these restrictions to the description of the null-vectors we have to make some prepa-
rations. The expression for C'(A1, As) given above is economic in a sense that, as a polynomial of A, Az it
has degree 2n — 1, but it is not appropriate for our goals because it mixes odd and even degrees of Ap, Ay
while the descendents of primary fields contain only odd or only even polynomials. So, by adding an ”exact
forms” we want to replace C'(A1, A3) by equivalent expressions of higher degrees which contain only odd or
only even degrees.

Proposition 1. The following equivalent forms of C'(Ay, As) exist:
C(A1, Az) =~ Cc(Ar, Ag) = Co(Ay, Az), (12)

here and later ~ means equivalence up to "exact forms”. The formulae for C.(A1, A3) and C,(A1, As) are
as follows:

D1) ( P(D1)P (Do) P(D1)P(D2)
(

ctann = f dDQdD”(D_Q D%A%)(D%A%)‘(D%A%)(D%A%))“?’)

[Da|>|Dy]|
|D1|>[Aq],| Azl

here
" 1= o 1+
Te(w)=21+qzk71$ _Zlqukm /
k=1 k=1
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and

Co(Ala AQ) = A1A2 / dngDlTo (

[Da|>|Dy|
[D1>]A1],]A2]

Dl) (( P(D1)P(D>) P(D;)P(D3) )

Dz ) \(D} —A})(D3 — 43) (D3 — A})(D} - 43)

where
oo o0

17q2k ok 1+q2k71 b1
To(x) =) 7@ = ) ¥
;1+q2k ;1_q2k1
The proof of this proposition is given in Appendix B.
The functions 7.(x) and 7,(z) are not well defined when ¢" = 1 because certain denominators vanish.
However the formula (12) in which the LHS is independent of ¢ implies that in the dangerous places we
always find ”exact forms” . So, for our applications these singularities are harmless.

3.2 The fermionization.

The descendents of the local operators are created by Isx_1 and Jo,. This generates a bosonic Fock space. It
is very convenient to fermionize Jo;. Let us introduce Neveu-Schwarz and Ramond fermions: tor_1,%5,_4
and o, 5, The commutation relations are as follows

Uiy, + Vo1 = O1m

We prefer to follow the notations from [10] than those coming from CFT, the reader used to CFT language
has to replace ¢, by ¥*, ..
The vacuum vectors for the spaces with different charges are defined as follows. In the Neveu-Schwarz
sector we have:
Yop—1]2m —1) =0, for k> m, Vi_12m—1)=0, fork<m;
2m — 1|par—1 =0, for k <m, @2m—1Y3._1 =0, fork>m

For the Ramond sector we have:
Yor|2m) =0, for k> m, Yipl2my =0, for k <m;
(2m|har, =0, for k<m (2mls, =0, fork>m

We shall never mix the Neveu-Schwarz and Ramond sectors. The spaces spanned by the right action of an
equal number of ¢’s and ¥*’s on the vector (p| will be called Hj. The right action of ¢ sends Hy to H .
It is useful to think of the vector (p| as a semi-infinite product

<p| = wp—47/)p—21/}p

Let us introduce generating functions for the fermions. The operators ¢(A),¢¥*(A) are defined for the
Neveu-Schwarz and the Ramond sectors respectively as follows

WA) = 3 AWy gr(A)= 3 A%y

k=—o0 k=—o0

W(A) = S ATy, gr(A) = S A%y

k=—o00 k=—oc0
We shall use the decomposition of ¥(A4),¥*(A) into the regular and singular parts (at zero):
w(A) = w(A>reg + w(A>singa w*<A) = Qp*(A)reg + '(/)*(A)sing

where ¥(A)yeqy and ©*(A)rey contain all the terms with non-negative degrees of A.
Let us introduce the bosonic commuting operators h_op for k > 1:

oo
h_op = E @szfﬂ/);kﬂj,l for Neveu — Schwarz sector,

j=—o0

oo
h_gp = Z (DI for Ramond sector,

j=—o0



They satisfy the commutation relations: [h_og, h* o] = —kdi,;. We also have the following commutation
relations between the fermions and the bosons:

U(Ahoor, = (hoo, — A72F)i(A) (14)

The bosonic generating function £, (¢, y|A|B) for the descendents of the operators ®,, can be rewritten
as:

Lon(t,ylAIB) = exp | > top—1lop—1(B) | (m—1]exp(D_ yarh” o) Lm(AlB)m — 1) (15)
k>1 k>1

where

Ln(AB) =exp | — Z %h—2k<]2k(A7 B) HAT HB;%
i J

k>1

In other words, to have a particular descendent one has to take in the expression

exp [ D tar—1loe1(B) | Lon(AlB)Im —1)
k>1

the coefficient in front of some monomial in ¢5;,_71 and to calculate the matrix element with some vector from
the fermionic space H,_;.

We can replace this bosonic expression by a fermionic one. Recall that as a direct result of the boson-
fermion correspondence one has:

[1A47 - A% exp —Z%h,ngAfk Im —1) = " (A1) % (An)|m — 2n — 1) [T 47
i=1

i<j k>1 i=1

where the fermions are Neveu-Schwarz or Ramond ones depending on the parity of m. Using this fact the
formula (15) can be rewritten for any n as follows

[T42 = 42) Lo(AIB)m—1) = g(B) v*(Ar)---v"(A)jm —2m—1) T[4 [ 57 %

where
9(B) = exp Z 7 h—2ks2k(B) (16)

The occurrence of this operator is similar to that of the spin field in the description [12] of CFT on hyper-
elliptic curves.

Let us now concentrate on the operator &g = 1 and its descendents. It means that we are working with
the H*, subspace of the Neveu-Schwarz sector. The polynomials corresponding to the operators in this
sector are even in A;. Let us describe the null-vectors due to the restrictions 1, 2, 3, from the previous
subsection. To do that we shall need the results of the following three propositions.

Proposition 2. The set of polynomials of the form

MG (Ary- o Ag) = Y (1M (A Ay Ay Ag)Ce(As, Aj) (17)

i<j
coincides up to ”exact forms” with the set of the matrix elements:

(T_5|C 0" (A1) - 0" (An)| —2n — 1) [ A2, v W_s e HY, (18)



where

. D
= / dD2/leP(Dl)P(Dg)Dl’Q"’lD;Q"’lTe (D—l) »(D1)¥(D2)
2
|D2|>|D1]
Proof.

The vectors from the space H* can be written as

(W] = (Nltbw, - - b,

where k, > --- > k1 > N + 1. We shall call N the depth of (¥|. There are three possibilities for the matrix
element (18) to differ from zero:
1. The depth of (¥_j| is greater than —2n — 1
2. The vector (¥_j| is obtained from a vector (¥_;| whose depth is greater than —2n — 1 by application
of Y%y, 9% 5,1 with ¢ > p > n (i.e. there are two holes below —2n — 1).
3. The vector (¥ _j5| is obtained from a vector (¥_3| whose depth is greater than —2n — 1 by application
of 1*,, 1 with p > n (i.e. there is one hole below —2n — 1).
In the first case using the formula

2n—1 2
o= -2 -0 = (3) e DI

and (13) one finds

(W_5IC 9" (Ar) -4 ()] — 20 — 1) [[ 427 =
= Z(_l)z"l']M(Al) ..72\7;7.'.7@’...14”)06(147;714]‘)
i<j
where

M Ay, Anza) = (Vg™ (A1) - 9" (Apa)| = 20 = 1) [T AP

In the second case it is necessary that in the expression (¥_1|¢* 5, 9%y, C the two holes below —2n — 1

are annihilated by C. , the result is

D
(U_4| / dl)2/leP(Dl)13(172)1);2"“1’0;2"*2‘17e (D_1> =0
2
|D2|>|D1|

because the integrand is a regular function of D; for p > n. N
In the third case it is necessary that in the expression (¥ _3|¢)* 5, C the hole below —2n—1 is annihilated

by 5, the result is

—2n— —2n D
(U_g] / dDg/leP(Dl)P(DQ)D12 Lp,2nt2rs, <D—;> W(Dy)
|D2|>|D1]|

where the pairing of ¢(D;) and YZ 4,1 is not considered because it produces zero for the same reason as
above. In the matrix element we shall have the polynomials

(—2n — 1| / dDs /leP(D1)P(Dg)DfQ”_lD;2”+2pTe <g1) P(Dy)*(Aj)] —2n — 1) AT =
|D2|>[D1] ?
1 —2n+2p D, _
_ / dD; / ADLP(DL)PDy) gy D™, (D—2> = Ransop(A;)

|D2|>|D1]|

The polynomial Rg,12,(A) is an even polynomial of degree 2n + 2p. Let us show that it is an ”exact form”.
From the calculations of Appendix B we have

1 —2n Dl
R2n+2P(A) = / dDQ/dDIP(Dl)P(DQ)mD22 +2p’]’e (D_Q) ~
|D2|>|D|

10



1o 1
~ A / dDg/lep(Dl)P(Dg)mDZQ +2p <_) _
1

A D+ Dy
|D2|>|D1]|
1 —2n+2 1
=A dD dD1P(D1)P(Dy)——-=D Pl—— ) = 1
[ o faromorgn )0
|D1|>|D2|

where we have changed the integral over |Ds| > |D1| by the integral over |D;| > |D2| because the residue at
Dy = —D; gives the integral over Dy of an even function, such integral equals zero. The last integral in (19)
vanishes because the integrand is a regular function of Ds for p > n. Let us emphasize that our construction
is self-consistent because for every n the polynomials of too high degree (greater than 4n — 2) are ”exact
forms”.

Thus we have non-trivial matrix elements only in the first case which obviously exhausts the polynomial
of the kind (17). [}

Consider now the restriction 2 of the previous subsection. It is easy to figure out that there is only one
uniform way to write for all n polynomials of the type (10) which are even in all variables A;. Namely:

Mg (Avy, An) = D O(~1)FM(AR, - AR AD) (P(Ax) = P(=Ar)) A (20)
k
where M (A2 ... ... A2 ) is arbitrary anti-symmetric polynomial.

The following two simple propositions are given without proof.

Proposition 3. The set of polynomials (20) coincides with the set of matrix elements:
(U_3]Q 47 (A1) -y (Ap)| =20 — ) [T AT voge B2,

where
0= /dDD*QHP(D)@p(D)

Proposition 4. The set of polynomials M((g") (Ay,---,Ay,) such that

TeSA, —oo H’(/J(An, Bj)a;"M((Q") (Ay,---,A,) =0

(we hope that the same letter ¢ used for the function (A, B;) and for the fermion is not confusing) coincides
with the set of matrix elements:

(010" (A1) -9 (An)| — 20— ) [T AZY vy e H
where

1
5 D*dD

Of = resa—oo [[ (A, Bj)a™™ / V(D) gy
J

|DI>|A]

Let us apply these results to the description of null-vectors. We need to introduce the following notations:

1 B B 1 1— q2k—1
X(D) = Z %—_1D 2k+152k71(3) = Z D 2t 2k —1 <1 + q2k—1 IQk*l(B)’ (21)
E>1 E>1
Y (D) = 2kD ¥ so(B) (22)
E>1
Obviously
P(D) = D*eX () =Y(D) (23)

The null-vectors will be produced by acting with some operators C, Q and Q' on L (A|B)| — 1). In view of
the bosonization formulae, these operators are obtained from C Q and Of by conjugation with g(B):

CygB)=g(B)C, QgB)=gB)Q, Q9 ¢(B)=g(B) Qf

The formulae for C and Q are given in the following two propositions:

11



Proposition 2°’. From the Proposition 2 we find that the null-vectors due to the deformed Riemann bilinear
identity are of the form:

exp() _ tor-112k-1(B)) (¥_5| C exp(—» %h_%JQ,{(A, B))| —1)

k>1 k>1

where

dD2 le X(Dl) X(Dg) D1

= — D D 24

C D, | D, Dy Y(D1)Y(Do) (24)
|D2|>|D1]

Proposition 3’. From the Proposition 3 one gets the following set of null-vectors due to the ”exact forms”:
1
ex top—1lop—1(B U_3|Qexp(— —h_okJor (A, B))| -1
p(g ok—1121-1(B)) (¥_3]Qexp( ;;k ook (A, B))| — 1)

where
o- | 1D x 1) (25)

Notice a very important feature in these formulae: The operators Q and C are independent of n.
These propositions are direct consequences of the previous ones and of the following conjugation property
of the fermions:

¥(D) g(B) = g(B) ¢(D) e P\, ¢*(D) g(B) = g(B) ¢*(D) "P)

Before dealing with QF let us discuss the operator C, Q in more details. It will be convenient to rewrite
them in terms of another set of fermions 1) and ¢'. To understand the purpose of introducing a new basis
for the fermions consider the formula (24). In this formula the fermion ¥(D3) can be replaced by its regular
part (D3)req because other multipliers in the integrand contain only negative powers of Dy. That is why
C can be rewritten in the form

¢ = [ D)D) (26)

where the modified fermion {/; is defined as follows

w(D)reg = w(D)regv ,(Z(D)Sing = U¢ (D)a
with U the following operator

Uf (D)= / dé); X(D1) X (D) 1 (%) f(Dy)

|DI>|D1] odd

where [ - -],qq¢ means that only odd degrees of the expression with respect to D are taken because only those
count in the integral (26). It is quite obvious that this transformation is triangular, namely

- 1— 2k—1 ]
o1 = <1+Zﬁ) Yor—1 + (terms with g 1,1 < k), kE>1

Altogether we can write 1(D) = Uy (D) where U is triangular.
Introduce the fermions z/ﬂ satisfying canonical commutation relations with 1/)

30y = (07) v ()

Since the operator U is not unitary, we do not use * but 1 for {/)v The triangularity of the operator U
guaranties that the Fock space H* constructed in terms of 1, 1! coincides with the original one.

12



Thus, we can rewrite (26) as follows

[ee]
C= Z¢—2j+1¢2j—1
j=1
The important property of this formula is that for given number of solitons n the summation can be taken
from 1 to n because the operators 121 with j > n produce ”exact forms” when plugged into the matrix
elements (see the proof of Proposition 2).
Similarly, we can express the operator Q, defined in (25), in terms of {/;:

o /dDX(D) D)

This equality is due to the fact that only the regular part of (D) contributes into the integral which does
not change under the transformation to (D).
Now we are ready to consider the operator QF.

Proposition 4’. From Proposition 4 one gets the following set of null-vectors due the vanishing of the
residues:

exp(Y ta 11 (B)) (W1]QFexp(= Y phoswan( A, B)) — 1)

E>1 E>1

where
D ~
of z/%eX(D)wT(D)

Proof.
Directly from Proposition 4 one gets the following formula for QF:

1

O = resa—oe H W(A, Bj)a™" / dDDQ”e’Y(D)ﬂ;*(D)m (27)
|D>|A]
This formula looks much simpler in terms of {/;Jf. By definition we have
N ~ o~ dD D\ ~ ~
Y (D) = UTwT (D) = / D—leX(Dl)BX(D)Te (D—l) wT(Dl) + ¢T(D)sing
|D1[>|D| odd
The last term does not contribute to the residue because
n _— 1 o n—
ADD* e (P g (D)aing = O(4772)
|D|>|A]
and
[Tv(4.Bj)a™ = A7 (1+ 0(A7Y)) (28)
J

Substituting the rest into (27) one has
dD 1 D
QT :/ 1¢T( Dy)e D1)'resA oon A, B; ) / dDP(D)ﬂTe <D_1)
J |D1|>|D|

Using the formulae from Appendix B one can show that

1 D\ _1( P4) . P4 o ems _1
ADP(D) 55— <D1> ~ <A+D1 FaCpr ) 0T = AT (1 0(a7)
|D1|>|D|>|A]

13



Here the equality is up to "exact form” in A; such ”exact form” never contribute to the residue. Now the
formula (28) gives

1 D
TeS A—co H?/J(Aa Bj)a™" / dDP(D)mTe <D1> -
J

|D1[>[D]>]A]

which proves the proposition. [ |

This alternative expression for Qf shows that it is independent of n, as Q and C are.
Notice that in the formulae for Q and Qf only the holomorphic parts of /(D) and (D) are relevant.
This leads to the important commutation relation:

c, Q=90 (29)

Notice also that Q@ and Qf are nilpotent operators, Q% = (QT)2 =0, and [C, Q] = 0.

3.3 Algebraic definition of the null-vectors.

Let us summarize our study of the null-vectors for the descendents of ®q. It is quite convenient to present
the null-vectors as vectors from the dual space. In this section we shall write (¥| = 0 if the matrix element
of (¥| with the fermionic generating function of local fields vanishes under the integral (w means ”in a weak
sense” ). We have found three types of null-vectors:

(V_slc =0, vV (V5| € HZg, (4)
(W_31Q =0, vV (U_g| € Hy, (i)
(w0 =0, v (0| € Hf, (iii)

where the operators C, Qf, Q are given respectively by

¢ = [ DHDYiDinss 2= [ TXPID), @ = [ PO D)

Let us show that these three conditions for the null-vectors are not independent.
It is easy to show that the operator C identifies the spaces H* ; and H;:

KeT(C|Hi3~>Hf):0; Im(C‘HisﬂH;):Hf

Hence every (¥;| € H can be presented as (U_3|C for some (U_3| € H*4. Let us show that the null-vectors
(4491) are linear combinations of (¢) and (i7). We have:

(T1|QF = (T _3]CQ" = (W _3|Q + (V_3|QfC

where we have used the commutation relation (29). Thus we have proven the following

Proposition 5. In the space of descendents of ®9 = 1 which is H(I) ® H;,, (where H(I) is the space of
polynomials of {Is;_1}) the null-vectors coincide with the vectors

<\IJ—5‘C = Oa v <\II—5| € Hi57 (l)
<\I/—3|Q = 07 v <\I/—3| S Hi?)? (“)
and their descendents with respect to I’s.

The consideration of the other operators ®s,, is based on the same formulae, but involves additional
complications. We do not want to go into details, and we only present the final result.

Proposition 6. For the operator ®s,, whose descendents are counted by the vectors from H(I) ® H3,,
we have two types of independent null-vectors:

(W5 9n|(C)™ " =0, V. (VUs_om| € Hi5 o, (1)
(V_3_2m|(C)"Q =0, V (V3 9m| € H 3 o, (41)
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and their descendents with respect to I’s.

For the operators ®9,,11 one has the following picture. There is no uniform “exact form” which is an
odd polynomial, so, the analogue of the operator Q does not exist for ®5,,11, and the null-vectors are either
due to the deformed Riemann bilinear identity or due to the vanishing of the residue. To construct the
null-vectors in terms of fermions one has to introduce first the operator C:

dDsy [ dDq (D1) (X (D ) D,
— e X (D1) o X (D2 D D
C / D, D1 D2 Y(D1)y(D2)

[D2|>|D|
where the fermions are from the Ramond sector. This operators can be rewritten in a form similar to (26):
dD ~ ~
C= 6¢(D)reg¢(D)sing

The fermions zZ are related to i by triangular transformation.
The consideration of the operator ®; is absolutely parallel to the Conblderatlon of ®3. The null-vectors
are created either by the action of C (Riemann identity) or by the action of 1/)0 (residue). Notice that

c. ¥ =

which guaranties the consistency. For higher operators ®9,,+1 there are additional problems which we would
not like to discuss here. The general result is given in the following

Proposition 7. The descendents of the operator ®o,, 1 are counted by the vectors from the space H(I) ®
Hj5.,. We have two types of null-vectors

(W_y_am|(C)™T! =0, Vo (U_yom|€ HYy »,, ()
(Wa_00n|(C)™h) = 0, Vo (Vaom| € H3 o, (i)

and their descendents with respect to I’s

3.4 Examples of null-vectors and the characters.

Let us present the simplest examples of null-vectors for the operators ®g, ®; and ®,.
For the operator ®y the simplest null-vector is created by

(~3/Q = s1(B)(~1]

1—¢q
L®
(1+ ) 1,

L_,1®,

This null-vector is

This null-vector is to be compared with

For the operator ®; the simplest null-vector is created by

@l = 210 - (155 <<—2|w2 -1 (%Z)Qsl(mm)

which gives the null-vector
1—¢? 15
1142 (J2 = 511) 1

which has to be compared with
(L_o+ KL )@y

For the operator ®, the simplest null-vector is created by (—5|CQ. It yields

1/1-¢ 1,
- | —= | Us—3L1Jo+ ZI7)P
3<1+q3)(3 12+21)2
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which has to be compared with
(L_3 + K‘,lL_lL_Q + K,QLil)q)Q

Notice that the relative coefficients in our paramatrization of the null-vectors are independent of £. So, they
are exactly of the same form as the classical one. However, this is not always the case.

Let us show that generally the number of our null-vectors is the same as for the representations of the
Virasoro algebra. Recall that we consider the null-vectors which do not depend on the arithmetical properties
of %, 0, there is one basic null-vector in every Verma module of Virasoro algebra. The character of the
irreducible module associated with ®,,, is

o
szl(l )

where we omitted the multiplier with the scaling dimension of the primary field. We can not control this
scaling dimension, the dimensions of the descendents are understood relatively to the dimension of the
primary field. The character (30) is obtained from the character of the Verma module by omitting the
module of descendents of the null-vector on the level m + 1.

Let us consider the character of the module which we constructed in terms of I, J. The dimensions of
I, 1 and Jo are naturally 2k — 1 and 2k. If we do not take into account the null-vectors, the characters of
all the modules associated with ®,,, are the same:

Xm(p) = (1 —p™*) (30)

1
X(p) = m

Let us take into account the null-vectors. They are described in terms of fermions. By consistency with the
dimensions of o1 and Jyi one finds that the dimensions of ; and wil equal /.

Technically it is easier to start with ®q,,,1. The space of descendents is H(I) ® Hj,, where H(I) is the
space of polynomials of {Ia;_1}.

Proposition 8. The character of the space of descendents of ®o,,41, modulo the null vectors, equals

o
Hj21(1 )

Xem+1(p) = (1 — PQ(mH))

Proof.
The null-vectors are defined in the Proposition 7. It is easy to eliminate the null-vectors (i¢): we have to
consider the subspace H*,,,  in which the level 1)y is always occupied. Consider the sequence

m

* C * C *
H—zm—4, 0 _>H—2m7 0o~ H2m, 0

The operator C™ identifies the spaces H*,,, o and Hj,, g

*

Ker(cmh{izm, o—H. =0, Im(cm|H12m, o Hm, 0) = H2m7 0

o)
2m, 0

and (—2m — 2|1Z$Cm = (2m|. Hence we can count the descendents by vectors of the space H(I) ® H*,,, q
with the null-vectors:

(U_s-2m|C =0, Vo (Yoaom| € Hy oy o
Notice that the operator C is dimensionless and

KBT(C|H1 H =0

"o o)
4—2m, 0 2 Z2m, 0

That is why for the character of the space of descendents without null-vectors we have:

1
j21(1 _ij_l)

P (e )y — @) (31)

Xem+1(P) = H

m, 0
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where the first multiplier comes from H(I) the multiplier p~™(™~1 is needed in order to cancel the dimension
of the vacuum vector in H*,,,. Let us evaluate the expression in brackets:

Xy O =Xy, o (0)=
= / H(l +p*z)(1 +p2jx*1)a:’mf - / H(1 +p¥2)(1 +p2jx71)x7m72§ _
i>1 i>1
- /(1 +a7H) JIA +p¥2) (1 + p¥a )z =~ /(1 +a Y] +p¥2) 1+ pPae a1 =
i1 v i1 r
- ; d
= @) [ a ) [T+ ) g
i1 r
1
- (1 *pZ(erl) i p) = pm(mfl) 1— p2(m+1) - -
( )X g (P) ( )Hj21(1 — )

where we have changed the variable of integration & — zp~2 in the second integral when passing from third

to forth line. Substituting this result into (31) we get the correct character:

v
Hj21(1 —p)

Xem+1(p) = (1 — p2(m 1)

Let us consider now the operators ®,,,. We parametrize the descendents of ®,,, by the vectors from
H(I)® H3,, 4,

Proposition 9. The character of the space of descendents of ®s,,, modulo the null-vectors, equals

Proof.
The null-vectors are defined in the Proposition 6. We have

C. r7* C™ rx
5 oHZgpm 1 = Hjpy
m

* * C *
HZ5, 3 < HZy 1 = Hypy

H*

—2m—

The operator C™ identifies H*,,,_; and Hj,, _;:

KeT(Cm|H12m_1HH2*m_1) =0, Im(Cm|Hi2m —H

;m_l) = H;mfl

and (—2m — 1| C™ = (2m — 1|. Hence we can replace the space H(I) ® Hj,,_, with these null-vectors by
H(I)® H*,,,_; with null-vectors

-1

(U_5_m|C =0, V (U s om| € H 5 5, (i)
<\I/—3—2m|Q = 07 v <\I/—3—2m| € Hi3—2m7 (“)
So, the character in question is
O r— - ( ») )
A | PRy L G P
where H*,, | (= H*,_,/H*,,_4Q. In order to calculate the character y ,,. (p) one has to take into
’ —21—1, 0
account that @ is a nilpotent operator, Q> = 0 , with a trivial cohomology. Hence
Ker(Qlu-,, ,—u~, ) =Im(Qu-,  —u-, ,)
Summing up over this complex we obtain:
. . dx
_ 1 2j-1,(1 2j—1, -1y, -1 T 0T
X e, @) / [Ta+p )+ p? e e =

lef>1 921
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Hence

X HY o1, o(p) X HY s, o(p) -
) . z x2?—1dz
= [[a+p )@ +p¥ ez —— =
mll S z+1 =z T
2j—1 2j—1,.—1y,,—m 4T 2j—1 21, —1y.—m—10dT
= [ JJa+p" ' 2) (0 +p¥ 2 e — = [ A +p¥ o)1 +p¥ 2™ — =
i>1 v i>1 *
2 1
=1-p" X . (p)=p™ (1 —p"" )~
HZ o1 HjZl(l _pQJ)
Thus the character is given by
1
Xam(p) = (1 —p?" )
[1;5:(1—p)
as it should be. ]

4 Classical case.

4.1 Local fields and null-vectors in the classical theory.

The classical limit of the light-cone component T_ _ of the energy-momentum tensor gives the KdV field
u(x_). When working with the multi-time formalism we shall identify xz_ with ¢;. Local fields in the KdV
theory, descendents of the identity operators, are simply polynomials in u(t) and its derivatives with respect
to tli

O = O(u,u,u”,..) (32)

We shall use both notations d; and ’ for the derivatives with respect to xz_ = t;.

Instead of the variables u,u’,u”, ..., it will be more convenient to replace the odd derivatives of u by the
higher time derivatives Oox_1u, according to the equations of motion

oL _ {(Lz"zl) ,L] =@k 4
Otop_1 +
Here
L=0} —u

is the Lax operator of KdV. We have used the pseudo-differential operator formalism. We follow the book
[13].
The even derivatives of u(z) will be replaced by the densities Saj of the local integrals of motion,

2k—1 1
Sgk = TeSalL 2 = _W

w(2F—2) +--,
In particular on level 2 we have So = —2iu. For a reader who prefers the 7-function language Ss, =
8182k_1 10g T.

From analogy with the conformal case we put forward the following main conjecture underlying the
classical picture:

Conjecture. We can write any local fields as

O(u,/,u",..) = FoolS2 84+ 0"Fo.(S2 S, ) (33)
v>1
where v = (i1, 143, - ) Is a multi index, 0¥ = 3;18? vl =+ Big e

We have checked this conjecture up to very high levels. To see that this conjecture is a non trivial one,
let us compute the character of the space of local fields eq.(32). Attributing the degree 2 to u and 1 to 01,
we find that

1 1
= = (1-— =142 P2t 205
X1 j|>|21_pj ( p)j|>|11_p] +p° +p +2pt + 27 +
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On the other hand the character of the elements in the right hand side of eq.(33) is

- 1 o I 2 3 4 5
e = Il m = = rer2? + 3 o+ 70+
7j>1 g>1 j>1

Hence x1 < x2, and this is precisely why null-vectors exist. Let us give some examples of null-vectors

level 1 : 9,-1=0 (34)

level 2 : 07-1=0

level 3 : 03-1=0, 03-1=0

level 4 : 0}-1=0, 0105-1=0, (0?Sy—4S;+653)-1=0

level 5 : 95-1=0, 0%03-1=0, 05-1=0,

01(028y —48,4+653)-1=0, (935, —0154)-1=0

We have written all the null-vectors explicitly to show that their numbers exactly match the character
formulae. The non trivial null-vector at level 4 expresses S4 in terms of the original variable u: 455 =

—%u” + %uz. With this identification the non-trivial null-vector at level 5, 0355 — 9154, gives the KdV
equation itself

3 1
Osu + §uu’ — Zu”’ =0

More generally one can consider the descendents of the fields e!™? where ¢ is related to u by the Miura
transformation

u=—<p'2+z'go”

Here, the presence of i is a matter of convention. The reality problems have been discussed at length in [2].
For this consideration and for other purposes we need certain information about the Baker-Akhiezer
function. The Baker-Akhiezer function w(t, A) is a solution of the equation

Lw(t, A) = A%w(t, A) (35)
which admits an asymptotic expansion at A = oo of the form

w(t, A) = <D (L4 0(1/A)): ¢t A) = 3ty A%

k>1

In these formulae, higher times are considered as parameters. The second solution of equation (35), denoted
by w*(t, A), has the asymptotics

w*(t, A) = e <A (1 4 0(1/4))

These definitions do not fix completely the Baker-Akhiezer functions since we can still multiply them by
constant asymptotic series of the form 1+ O(1/A). Since normalizations will be important to us, let us give
a more precise definition. We first introduce the dressing operator

L=03o™"; &=1+) &0,
i>1

and we define
w(t, A) = DeCBY | wH(t, A) = (9*) " Le A

where ®* =147, (—81)'®; is the formal adjoint of ®.

Proposition 10. With the above definitions, one has
1) The wronskian W(A) = w(t, A)w*(t, A) — w* (¢, A)w(t, A)’ takes the value

W(A) =24
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2) The generating function of the local densities S(A) =1+, Sap A7?F is related to the Baker-Akhiezer
function by

S(A) = w(t, A)w* (¢, A)
3) The function S(A) satisfies the Ricatti equation
25(A)S(A)" — (S(A))? — 4uS(A)? — 4A%S(A)? +4A% =0 (36)

Proof.
Let us prove the wronskian identity. This amounts to showing that resa (W (A4)A?) = 25; _5. But we have

res (W(A)A’) =resy {(81<I>8{e<(t”4)) ((@*)_1e_<(t”4)) — (@eC(t’A)) (Bl(é*)_l(—al)ie_C(t’A))}
We can transform the residue in A in a residue in 0y using the formula

e {(Pe0)- (s00)] - e ()

Hence we find

res (W(A)A’) = Tesal{&q)@{(b_l + @8{@‘181} = resal{alL% 4 L%al}

If i is even positive, the residue is zero because the L? is a purely differential operator. If i = —2 the residue
is obviously 2, and if i < —2 it is zero. If i is odd, then (L7)* = —L3? so that the operator 8, L2 + L30; is
formally self-adjoint and it cannot have a residue.

The proof of 2) is simple [13]

resa (A%_lw(t, A)w* (¢, A)) = resg, (@8%’“_1@_1) = resg, (sz{l) = Sop
The Ricatti equation follows immediately from 1),2) and eq.(35). [ |

Let us return to the descendents of the primary fields. For the descendents of the fields ™™, our
conjecture states that

O(u,u/,u",...)e"™m? = Zal’ (Fo,u(S2, 81, ++)e"™?) (37)

v>0

Let us consider for example . For a true solution of the KdV equation, the Baker-Akhiezer function is
a true function on the spectral curve, and it can be analytically continued at A = 0. From the definition of
e’ we have Le'? = 0. Comparing with eq.(35), we see that e*? = w(t, A)|a=o. To check eq.(37), at least on
the first few levels, we need the time derivatives of €’#. They can be obtained as follows. The time evolution
of the Baker-Akhiezer function is well known.

312:)—1 B (L%;l )+ v

By analytical continuation at A = 0, we obtain the evolution equations for .
Let us give some examples of these null vectors. We show below the first null vector associated to the
primary fields e?™®.

(02 +285)e™ =0

(203 + 07 4 601 59)e*? =0

(80103 + O 4 120785 4 245,)e*? = 0

(240501 + 200592 4 9% + 2007 Sy + 40050, Sy + 12007 5,)e*™ = 0

In these formulae, the derivatives act on everything on their right i.e. 915952 = 9;(S,e%%).
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4.2 Finite-zone and soliton solutions.

For the finite-zone solutions, the Baker-Akhiezer function is an analytical function on the spectral curve
which is an algebraic Riemann surface. Let us recall briefly the construction [14, 15].
We start with an hyperelliptic curve I' of genus n described by the equation

2n
r:Y? = XP(X), P(X)=][(X=B}), Byw>:>By>B1>0

Jj=1

For historical reasons we prefer to work with the parameter A such that X = A2. The surface is realized
as the A-plane with cuts on the real axis over the intervals ¢; = (Bg;—1, Ba;) and ¢; = (—Ba;, —Ba2;—1),
it =1,---,n, the upper (lower) bank of ¢; is identified with the upper (lower) bank of ¢;. The square root
P(A2) is chosen so that \/P(A2) — A?" as A — oco. The canonical basis of cycles is chosen as follows: the
cycle a; starts from Bs;_1 and goes in the upper half-plane to —Bs;_1, b; is an anti-clockwise cycle around
the cut ¢;.
Let us consider in addition a divisor of order n on the surface I':

D:(Pl,"',Pn)

With these data we construct the Baker-Akhiezer function which is the unique function with the following
analytical properties:

e It has an essential singularity at infinity: w(t, A) = ¢4 (1 + O(1/A)).
e It has n simple poles outside infinity. The divisor of these poles is D.

Considering the quantity —0?w + A%w, we see that it has the same analytical properties as w itself, apart
for the first normalization condition. Hence, because w is unique, there exists a function u(¢) such that

—0w 4 u(t)w + A%w =0 (38)

We recognize eq.(35). One can give various explicit constructions of the Baker-Akhiezer function. Let us
introduce the divisor Z(¢) of the zeroes of the Baker-Akhiezer function. It is of degree n:

Z(t) = (Ax(t), -+, An(1))

The equations of motion for the divisor Z(¢) read [15].

ouA(t) = YA (39)

The normalization of the Baker-Akhiezer function corresponds to a particular choice of the divisor of its
poles D. Later we shall specify the divisor which corresponds to the normalization of the Baker-Akhiezer
function which was required in the previous subsection, for the moment we give a formula in which the
normalization is irrelevant. Consider two sets of times t and ¢(°), differing only by the value of t;. Then we
can write

w(t, A) _ Q(A2,t) exp( " Wdh) (40)

ot 4) ~ \ @Az 1) P | Jo QA1)
where the polynomial Q(A?,¢) is defined as Q(A?,t) = [],(A4% — AZ(1)).
w* (,A)

The ratio of two dual Baker-Akhiezer functions is obtained by applying the hyperelliptic invo-

wr (1), A)
lution. This amounts to the reflection A — —A in eq.(40). Let us prove the following simple proposition.

Proposition 11. For the Baker-Akhiezer functions w(t, A), w*(t, A) normalized by
w(t, Aw*(t, A) —w*(t, Aw(t, A) =24

we have

S(A) = % = exp (— Zk: %JgkA_2k> (41)
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the latter equality is the definition of Joi. We recall that Q(A?) and P(A?) are the polynomials

n 2n
Q%) = [J(4* - 42), Pa?) = [[(4* - B2

Proof.
To prove the proposition we use the Wronskian identity

w(t, A)w*(t, A) —w*(t, Aw(t, A) = w(t, A)w*(t, A)d; (log %) =24

but using eq.(40) and the fact that —2A) and w*(t’A)) differ by the sign of the square root, we have

w(t(0),A) w* (t(0) A
w(t, A) Ay/P(A?)
1 =2
ol ) =09
and the result follows. ]

Notice that for Jai defined in (41) we have
1
}: 2k }: 2k
JQk — : A’L - 5 : Bl

From eq.(41) we see that the normalization of w(t, A) and w*(¢, A) which corresponds to the proper
value of the Wronskian is such that the divisors D and D* are composed of Weierstrass points and D+ D* =
(B1, -+, Bap). Actually, it is this quite unique normalization which was used by Akhiezer in his original
paper.

Now we are in position to describe the dynamics of S(A) with respect to all times. It is very useful to
define the following strange object

0
dI(D)=Y D *_——dD 42
(D) =3 D75 (42)
dI(D) is a 1-form in the D-plane and a vector field with respect to times. We have
Proposition 12.
S(D)S(A) — S(A)S(D)
D2 _ A2

dI(D) - S(A) = dD (43)

Proof.
We give a proof of this proposition for the finite zone solutions, which are our main concern here, but clearly
the formula is quite general. We are sure that a general proof of equation (43) exists, but it must be based
on manipulations with asymptotic formulae. We prefer to work with analytical functions. Anyway, every
solution of KdV can be obtained from the finite-zone ones by a suitable limiting procedure, so considering
finite-zone solutions is not a real restriction.

Let us describe the motion, under the time ¢;, of the divisor Z(t) of the zeroes of the Baker-Akhiezer
function. Introduce the normalized holomorphic differentials dw; for i = 1,---,n and the normalized second
kind differentials with singularity at infinity dwo; 1,7 > 1

/dwi = (51'7]'
aj

/dc’vc)gifl = 0, db’vc)gifl(A) = d(A2i71) + O(AiQ)dA fOT A~ o0

aj

It is well known that, by the Abel map, this motion is transformed into a linear flow on the Jacobi variety.

) /Af / _
dwy, = dwo—
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Form this equation one easily finds:

dI(D) - Z / b dwy, = /b k dop (44)

where dwp is a 2-differential defined I'x T'g (T'g is the Riemann sphere) parametrized by A and D respectively.
It is useful to think of I'g as a realization of the curve Y2 = X similar to I'. The a-periods of dwp on I’
vanish. The only singularities of the differential dwp are the second order poles at the two points A = +D:

A% 4 D2
ha 2+(9(1))dAdD

() = (= Doy

By Riemann’s bilinear relations one easily finds:
/ d&D = dwk (D)
b

Eq.(44) then takes the form
Aj
dI(D)- > / dwy, = dwy,(D) (45)
J

The normalized differentials are linear combinations of the differentials

2k—2

with coefficients depending on B;. They do not depend on times. Hence by linearity we can write for doy,
the same equation as (45). Differentiating explicitly we get the following system of equations

n A?k_2 D2k—2
———dI(D) - Aj = ———=dD; k=1---n
i=1 4/ P(A2) P(D?)
Solving this linear system of equations gives
QDY) 1 P4 QD) 1

dD

WD) A =4 s - R L, - 4" = pe) D -

where we have used eq.(39) in the last step. Finally, using eq.(41) we find

8 A2 dD
A? J

AI(D) - $(4) = SDIS(A) Y T =i (ADAD = o S(D)S(A) <1og %) ap

The soliton solutions correspond to a rational degeneration of the finite-zone solutions such that
Byj—1 — Bj < Baj, j=1-n

The points of the divisor A; and the points Ej are the coordinates in the n-solitons phase space. In [2] we
gave a detailed discussion of the Hamiltonian structure. In particular we have

9 1 ~
={Iop_1, -} Ipp = B2kt
Otar_1 {Lok-1, 1 Top—r 2k—lz i

3

The expressions for the local observables also follow easily from the finite-zone case. In particular

n

Jo(A,B) = 3 (A% — B) (46)

=1

The expressions for S follow from here.
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4.3 Classical limit of Q and C.

Let us consider the classical limit of the operators @ and C. To this aim, we have to understand the relation
between the quantum and the classical descriptions of the observables. In the quantum case we considered
the form factors i.e. matrix elements of the form

fo(Brs--+ Bon) =gy = (01O0)| 51, -+, By Brgir -+, Ban)

where (31,---, 3, are rapidities of anti-solitons, 3,11, -, B2, are rapidities of solitons. The matrix ele-
ments of this form do not allow a direct semi-classical interpretation, it is necessary to perform a crossing
transformation to the matrix elements between two n-soliton states:

<61; e aﬂn|o(0)|ﬁn+la e 762n> - fo(ﬂl - 7Ti, e aﬂn - Tm‘aﬁn-‘rlv e aﬂ?n)—m—-‘rm-‘r

In [2] it is explained that the formula (2) for this form factor is a result of quantization of n-soliton solutions in
which A, ---, A, play the role of coordinates, By, ---, B, and B, 41, - - -, By, give the collection of eigenvalues
for two eigenstates.

Recall that the generating function for the local descendents of the primary field ®,, was written as
follows

n 2n
Em(t,y|A|B) :exp(ztgkflfgkfl(B)+y2kJ2k(A|B)) ]‘_[‘/4;”1_‘[B-_T (47)
=1 =1

k>1

where Ip,_1(B) and Jo,(A|B) are defined in eqgs.(4,5). The expression

n 2n
(3 v dun(4B) | [[Ar [ 5 *
i=1 j=1

k>1

is practically unchanged under the crossing transformation which corresponds to B; — —B; fori=1,---,n.
Comparing it with the classical formulae (46) we see that it corresponds to special symmetric ordering of
them, for example

1
Jor(AlB) = 5 (Jar(Av, -+, Ans Bry -+, Ba) + Jot(As -+, An, Busa, -+ Ban) )

This ordering is a prescription which we make for the quantization.
On the other hand the eigenvalues of the Hamiltanians Io,_1(B) under crossing transformation change
to
—Iop—1(B1,-++, Bn) + Iok—1(Bnt1,- -+, Ban)

i.e. the descendents with respect to Is;_1 correspond to taking commutator of O with Is;_;. Certainly the
classical limit makes sense only for the states with close eigenvalues, so, it is needed that

521«—1(81, tty Bn) - 32k—1(Bn+17 T 7B2n) = 0(5)

Recall that £ = —ilog(q) plays the role of Plank’s constant.
Thus comparing the classical and quantum pictures provides the following result. The quantum gener-
ating function (47) corresponds to the classical generating function

L (t,y) = exp(z t?k—IIQk—l) 'eXP<Z y2kJ2k> e'm? (48)

k>1 k>1

where - means the application of Poisson brackets. In fact I5;_1 can be replaced by do;_1. The normalization
in the formula for I(B) (4) is chosen in order to provide an exact agreement with the classical formulae.

Now let us consider the classical limit of the operators @ and C in the Neveu-Schwarz sector. For Q we
had the formula

o= [Py = [ sinh(x(D))u(D)
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The latter equation is due to the fact that the fermion is odd. From the definition (21) of X (D), we have in
the classical limit

X (D) — *Z‘szf%HIzk—l
k>1

Hence the following expression is finite in the classical limit:

.9
= lim == D)dI(D 49
Qu= lim 2= [w(D)an(D) (49)
where dI(D) is the 1-form in D-plane introduced in the previous subsection: dI(D) = Y. D=1y, 1dD.
k>1

Remark that Q. can be thought of as a generalized Dirac operator.
For C we had the formula

dD dD D
C= / 2| X P0eXDe) (Di) Y(D1)Y (Do) =

D, | D,
| D2 |>|D1|
dD dD D
= [ D2 [ coshX(Da) cosh(X (D)) () (D)D) +
D2 D1 D2
|D2|>|D:|
dD dD D
[ D2 [ (XD sinh(X (D)7 (L) e(Da)0(D2)
D, D, D,
|D2|>|D1|
where 77 and 7., are even and odd parts of 7.:
_ —1—¢* —1+¢* o
Te(l‘):;1+q2k_1$ ’ Tj(I):*Zl_qmgI
-1 k=1
Obviously when & — 0 one has
_ . d X =+ - 711 1 2
Te (@) = —ig T \1 2] Te (x) — (i€)™ log(1 — z7)
So, the following expression is finite in the classical limit
C
CC = 1 - =
! glg%) i€
d 1 D ?
= D)—y(D)dD + — dI(D dI(D1)1 1— (= D D
Jowpewap+ o [ aiwy) [aro) og( (32 )w DU(Ds)  (50)

|D2|>|D:|
In the next subsection we are going to apply these operators to description of the classical KdV hierarchy.
Notice that as usual the quantum formulae are far more symmetric than the classical ones.
4.4 The classical equations of motion from 9., and C,.

In this subsection we shall consider only the descendents of the identity, i.e. the pure KdV fields. We have
described this space by the generating function (48):

Lo_o(t,y) = eXP(Z t2k71[2k71) 'eXp(Z y2kJ2k> - 1,
k>1 k>1
Let us fermionize Joi and apply the equations
(U3 Qu=0, (¥ 5/Cy=0 (51)

to the description of the equations of motion. In this section the symbol = 0 means the vanishing of the
scalar product with the generating of local fields.

We give the list of null-vectors following from these two equations up to the level 5 specifying explicitly
the vectors (W_s| and (¥_s5| from which they come. We do not write the descendents with respect to I’s of
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the already listed null vectors:
Null vectors coming from Q;:

(=1lypZ; = Oi-1

(—1[yZs + 05-1

(10t ¢ 0501
(=129 41 ¢ (—0352 4 0154) - 1

Null vectors coming from C;:
1
(=1 5p*, : (038, — 48, +652 + 50105) - 1

Obviously these null-vectors coincide with (34). So, in particular, equations (51) imply the KdV equa-
tion itself. We have verified that the null-vectors coincide with those obtained from the Gelfand-Dickey
construction up to level 16. On higher levels we find higher equations of KdV hierarchy.

We have seen that the KAV equation follows from the equations (51). Let us prove the opposite: equations
(51) hold on any solution of KdV. We start with the operator Q.

Proposition 13. Let

0
/1/J )dI(D Zw 21—

Then if Joy, are constructed from a solution of KdV we have

1
Q.1 exp *Zéjzkh—zk |-1) = 0

k>1

Proof.
Let us introduce the notation:

T = exp Z Jorh_op | = exp </log5 A)>

k>1

where h(A) = 3 hor A%*. We have (D) T =T S~1(D)y(D). So
k>1

QuT|=1) = T [ grmerst(DA) S @H(D) - S(4)] = 1)

We now use eq.(43) to get
! dA
/WWDWA)IW(D) L 5(A)) =

— [aD% s g S(4)) ~ (1og S(D)) ] ¥(D)R(A)| - 1)

But

Y(DIA(A)| — 1) = G(DWAW (A) |~ 1)+ (A 1) D] > |4]

Let us consider first the integral

/D dDdA D AD w(A)] 1)

DA oS DA ()

One can do the integral over D. Notice that the integrand is regular at D = 0. Hence, the contributions
to the integral come from the poles at D? = A%. The simple pole does not contribute because its residue
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vanishes since we have the product of two fermion fields at the same point in the normal product. The
double pole obviously does not contribute either, and the integral is zero. Next we look at the integral

AD

dD dA D / " .
/m (log S(D))" |: $(D)(A)W™(A) : + 55—

o D ADE_A2 YA =D

This time one can do the integral over A. But it is clear that the integrand is regular at A = 0, and the
integral also vanishes. [ |
Let us consider now the operator Cg;.

Proposition 14. Let

d 1

2
Ca = [apuD) oo [ o (1- 5b) wOVUDar DD

then if Jop are constructed from a solution to KdV

1
Ccl exp — Z EJQkh,Qk | — ].> = 0

k>1
Proof.
Let us split C; into two pieces Cy = Cy + Ca:
dD d
= —(D)D—Y(D
Cy D Y(D) le/)( )
C 1 log (1 D%> Y(D1)Ww(D2)dI(D1)dI(Ds)
2 = - - = 1 2 1 2
2mi |D1|<|D2| D%

We use the same notation 7' as in the previous proposition. We treat first the Cy term

1 dDy dA, D% D, S(Al) /
T|-1) = — I(D Dy) T ——1 1-— 1

|A1|<|D1|<|D2|

X . ADy
X [3 Y(D1)Y (A1) (Ar) : +m¢(141)] | = 1)

by the same argument as in the previous proof, we see that only the term (log.S(A;))" contributes. This
time however, the double pole gives a non vanishing contribution

D? D, 1 1
— dD;log (1 — =L =—-
o 1°g< D%)(D%—A%P 2D2 — A2
|D1|>]A1|
so that
1 log S(A7))
ari-1n = - [awpoyr [ an S ) -
2 1

|D2|>|A1]
Commuting again ¢ (D) and T we finally get after having computed the integral over Do

eri-1) = 7[5 |Jorsta)” + Jogsa) 2| wia) fuial -1

The calculation of the C; term is straightforward
d
GTI-1 = T [dAS7(4) o) )] - 1

Combining the two terms and using the Ricatti equation (36)

2(log S(A))” + ((log S(A)))? + 44257 2(A) = 4(u + A?)
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we get n
d d
Ca T =1) = [ S+ A2)(A) Lo0a)] - 1) =0

the latter integral vanishes since the integrand is regular. [ |

Thus we have shown that the equations (51) provide the complete description of the KdV hierarchy. We
find it quite amazing. It is also interesting that this new description came from pure quantum considerations.

5 Connection with the Whitham method.

There is an surprising relation between the methods of this paper and the Whitham equations for KdV
[16, 17, 18, 19]. The present section is devoted to the description of this relation.

Let us remind briefly what is the Whitham method about. Suppose we consider the solutions of KdV
which are close to a given quasi-periodic solution. The latter is defined by the set of ends of zones B?, - - -, B3, .
We know that for the finite-zone solution the dynamics is linearized by the Abel transformation to the Jacobi
variety of the hyper-elliptic surface Y2 = XP(X) for P(X) = [[(X — sz) The idea of the Whitham method
is to average over the fast motion over the Jacobi variety and to introduce ”"slow times” 7; which are related
to the original KdV times as T; = et; (e < 1), assuming that the ends of zones B; become functions of these
”slow times” (recall that the ends of zones were the integrals of motion for the pure finite-zone solutions).

For the given finite-zone solution the observables can be written in terms of #-functions on the Jacobi
variety, but this kind of formulae is inefficient for writing the averages. One has to undo the Abel trans-
formation, and to write the observables in terms of the divisor Z = (4;,---,A,). The formulae for the
observables are much more simple in these variables, and the averages can be written as abelian integrals,
the Jacobian due to the Abel transformation is easy to calculate. The result of this calculation is as follows
[17]. Every observable O can be written as an even symmetric function Lo (Aq,- -+, A,) (depending on B’s
as on parameters), and for the average we have

dAs WA o A A7 - A%)

<w»_Nj"mﬁf; e 211

where
A2724A

J VPR

The similarity of this formula with the formula for the form factors (1) is the first intriguing fact. Indeed,
we have the following dictionary. For the local observables, we have

A = det

ij=1,n

Lo < Lo
For the weight of integration, we have

2n
# — H w(Aa Bj)
j=1

VP(A)

But the most striking feature is that the cycles of integration are replaced by functions of a; = A%
cycle a; <= a;"

The coincidence between the notations for a;-variables and a;-cycles is therefore not fortuitous. The expla-
nation of the fact that the cycles are replaced by these functions is given in [2], where it was shown that the
factor [, a;i selects the classical trajectory in the semi-classical approximation of eq.(2). So, the solution of
a non trivial, full fledged, quantum field theory has provided us with a very subtle definition of a quantum
Riemann surface.

The main result of the Whitham theory is that the averaged equations of motion can be written in the
following form:

0 0
o1 (A) = —2
8T2p+1 W2g41 ( ) 8T2q+1

dwap+1(A)
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where, as earlier, dwegy1,dwspt1 are normalized second kind differentials with prescribed singularity at
infinity:
dag1(A) = d(A?HH) + O(A72)dA, / d@gi41 =0
aj

In fact every equation of this type contains many partial differential equations for B; because one can
decompose it with respect to the parameter A. To our knowledge these equations have never been deduced
directly from the averaging integrals except for the special case p = 1,¢q = 2 which was considered in the
pioneering paper [17]. We want to show that the methods of this paper allow to do that, also we shall also

explain how to describe other equations of the hierarchy.
As it has been shown in this paper the classical observables can be obtained from the generating function:

eXp(thk—Jzk—l) 'eXp(Z Yok Jok) (52)

k>1 k>1

In the Whitham case the KdV times become fast which means that I»,_; = e:fgp,l where fgp,l denotes
the Poisson bracket with corresponding Hamiltonian of the averaged hierarchy. To keep the first multiplier
in (52) finite one has to pass to the slow times Tb;_1. So, the observables for the averaged hierarchy are
generated by

(Lo(T,y|B))) = exp(Y_ Ton-1Lak—1) - {{ exp(D_ yorJar) ))
E>1 k>1

Let us repeat that the average in this formulae depends only on B; which are supposed to be functions of

slow times, the multiplier with fgk,l corresponds to derivations with respect to the slow times.
The averaged formulae becomes really beautiful with the fermionic generating function:

(Lo(BN)| = 1) = A" g(B) ((" )1+ (("))ul = 1 = 2n) (53)

where

dAAZ

- ———*(A),
S

("))

g(B) is the same as in quantum case (16).
Remind that we have rewritten the equations of KdV hierarchy in the weak sense as follows

<\ij5| Ccl = 0, <\1173‘ ch = 0
For the averaged hierarchy these equations have to be replaced by
(W_5| Co =0, (¥ _3] Qo =10 (54)

In this section, the symbol = 0 means vanishing of the matrix elements with the averaged generating function
(53). The averaged Cy and Qg are

¢ = WD) 50D, Qo= [wD)a(D)

where the terms with I(D) are omitted in the definition of Cy comparing with C. (50) because dI(D) is of
order e, the definition of Qg is practically the same as in (49) because the latter is homogeneous in dI(D).
Let us explain the implications of the equations (54) for the averaged hierarchy.

Proposition 15. The equation
<\I/,5|CO = 0

for the averaged hierarchy follows from the Riemann bilinear relation for hyper-elliptic integrals.

Proof.
The Riemann bilinear relation for the hyper-elliptic integrals is equivalent to the formula

dAq dAs
JVPan ) VP

C(A1,A2) = C1 0C2
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where ¢ o ¢g is the intersection number of cycles, the anti-symmetric polynomial C(A;, As) is given by
C(Ay,Ay) = C'(Ay, Ag) — C'(Az, Ay)
where

, d A
C'(A1,Ag) = P(A%)d_Al ( P(AQ)Az 1A2>

(see, for example, [11] for a relevant discussion).
On the other hand we have

~

Co g(B) = g(B) Co
where

6= [ PWHD (D) w(D)dD

Consider the formula for averaged observables (53). Suppose that we undo the averaging considering instead
of
(W [{@ - (7))l — 20— 1)

the polynomial

(W] (Ar) - - (An)| = 2n = 1) HA?’H

The averaging corresponds to integrating over closed cycles on the surface, so the latter polynomial is defined
up to exact forms of the following kind

Do) Mt A 2) ) (PRI )

i=1

where (Q(A) is an arbitrary polynomial and M(A2,---,--- A2 ) is anti-symmetric.
It is clear that the statement of the proposition will be proven if we show that for every (¥_s| up to
exact forms one has

(W5 |Cow* (Ar) -+ 4" (Ay)| = 1 = 2n) [T 427 =
J
NZ H—JM A%"'71/‘1\?7"',1/‘1\]2-,"'A31)C(Ai,14j) (55)

1<j

for some anti-symmetric M (A4%,---, A2 _,).
Just like in the proof of Proposition 2 from Section 3 we have three possibilities for (¥_5| which can give
a non-trivial result:
1. The depth of (U_j| is greater than —2n — 1
2. The vector (¥_j| is obtained from a vector (¥_;| whose depth is greater than —2n — 1 by application
of Y%y, 9% 5,1 with ¢ > p > n (i.e. there are two holes below —2n — 1).
3.The vector (¥_5| is obtained from a vector (¥ _3| whose depth is greater than —2n — 1 by application
of 1*,, 1 with p > n (i.e. there is one hole below —2n — 1).
In the first case using the identity

,/ (D?) d ,/ P(D?)
2 / Dr—arap | proaz | DD = ClAw A2)
AT Wi

one easily gets the formula (55) with

M(AZ, - A% ) = (U s (A1) -7 (Ags)| — 1 — 2m) [ A2

J

In the second case it is necessary that in the expression (W_y[¢*y, 19,5, Cy the operator Cy annihilates
two holes. Hence one finds the integral

(Woif2(p - ) [ POHD- "D 0
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It vanishes because p, ¢ > n. R R
Finally, in the third case it is necessary that in the expression (¥_3|¢*,, ; Co the operator Cy annihilates
the hole. This gives

(xy,3|/ (P(DQ) —&-D%P(DQ)) D4 2Py (D)dD

So, in the matrix elements we shall find the polynomials
d 1 d
2 2 —4n+2p _ 2 2 2p72n+1
(P(D )+ D_d P(D )) D RV A? dD 21/P(Aj)—d j (,/P(Aj)AJ )

|DI>]A;]
which corresponds to an exact form. [ |

The similarity of the proof of this proposition with that of Proposition 2 of Section 3 is quite impressive.
Let us consider now the operator Qy. It is responsible for the equation of motion as shows the following
proposition.

Proposition 16. The equations

0 0
—dw A= ——dw A 56
Doy 2g+1(A) oyt 2p+1(A) (56)
follow from
(W_51Q0=0 (T_5/Co=0 (57)

Proof.
We will show that the Whitham equations (56) follow by considering the vectors

(U_s| = <_1|¢i2p—1wi2q—1¢28+1

The proof goes in two steps. First we shall show that the equation (57) implies that:

(29 + Dlagi1 (~1dbapra*(A) = (24 + 1)Iopra(—1[thag 197 (4) = 0 (58)

Indeed, applying Qg to this vector (¥ _s| gives

w

(1% 5y 1 %% 9 1¥2541 Qo = Topr1 (=11 oy 19251 — Togp1(—1]t% o, 192541 = 0

Now notice that
(25 + D195, 192511 = (2p + D)(= 1 0 1¥op1 + (1002 g 1975, 1Co

Hence having in mind the equation (¥_5| Cy = 0 one gets

(20 + Dlagi1{(—1opi10 9051 — (2q+ DIopsr (—1|thog 119" 51 = 0

Since it is true for every s we can write it for the generating function as in the eq.(58).
The second step consists in computing the following average

ATH1ap419"(A) 9(B) (@)1 ((*))n] =1 = 2n)
Noticing that

(—1lhaps167(A) g(B) = (1] / DD+ P(D?)%ww)w*m)

and calculating the matrix element in a usual way we get the answer:

ATH1ap419"(A) g(B) (01 (("))n] =1 = 2n) = AT1A det(M(A))

31



where M (A) is (n+ 1) x (n 4+ 1) matrix with the following matrix elements

D2(i—1)
M(A)Zj: 7dD, i,j:1,~--7n
' VP (D?)
aj
A2(i-1)
M(A)i’7L+1:W7 :1’-..771
Qp(D?)
M(A)pt1, = | —=, =1,---,n
(A)n+1, P(D?) J
a;
Qp(A?)
M(A n n = T =A<
(A)n+1n41 PO
where
D2p+1 5
Q) = [ D R = [P
|D[>]A]
where [- - 1|4 means taking the polynomial part in the expansion around infinity. It is quite obvious that the

normalized differential dig,11(A) is given by
dopi1(A) = (2p + 1)A™! det(M(A))dA

which finishes the proof of the proposition. Returning to the beginning of the proof one finds that the
expression

(2 + V{1t (4)

can be considered as ”symbol” of the normalized differential dwgpt1(A). [ |

The equation (¥_3| Qy = 0 for more complicated states (¥_s| than those considered in the Proposition
16 implies other linear partial differential equations for B;, so, we get the whole Whitham hierarchy. However
the equations (56) are the only ones with derivatives with respect to only two times. We shall not go further
into the study of the Whitham hierarchy, because it is not our goal. What we really wanted to do was to
show the remarkable parallel between the Whitham method and the quantum form factor formulae. We
hope that this goal is achieved.

6 Appendix A

In this appendix we explain why the condition

Lg)(Ala"'aAn|B17"'7BQn) =
Bap=—DB1, Ap=%Ban_1
= —€iLgL_1)(A1,"'yAn71|Bza"',anf1) (59)
(e = + or — respectively for the operators ®o; and their descendents or @941 and their descendents) is
sufficient for the locality of the operator whose form factors are given by

fo(ﬁluﬂ% e 7ﬁ2n)7-~~7+-~.+ =

n 2n 1

1
= [Ic:-8)]] 11 YAy (=5 (vn=1)=n) Y 4)

i<j i=1j=n+1

X.fAO(BhﬁQa ot 76271)7---7+---+

where

~

fo(ﬂlaﬂ%"’752n)—~-—+~.+ =

n 2n n

i=1j=1 i<j i=1
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The calculations which we are going to make are well known even for more general case [3]. However, we
want to repeat them for our particular situation for the completeness of the exposition.
In the case of diagonal scattering the only non-trivial requirement for the form factors is the following;:

270 resg,, =g, +xifo (81 B2y Bon—1, - Pon) oo gy =
= fo(Ba, -+ Pan—1)—epet H S(Bj —P1) —e (60)

where the S-matrix in our case is

_ " sinh L 1(B2 — B + Zj) _ (=B, By)
sinh 5(82 — 1 — 7]) Y(B1, Ba)

S(B2 = B1)

J:
Using the identity [3]

C(Br — B;)C(Bj — b —mi) 1
(sinhv(B; — £1))2 ¥(Bi1, Bj)

exp(— 5 = (51 + ;)

one finds that the relation (60) is equivalent to

fo(ﬁlaﬂ% te 3/82n—1762n)—---—+---+

Ban=pF1+mi
2n—1 2n—1

= T;lfo(ﬁg,-~-,52n—1)_...—+...+ H Y(—B1,Bj) —¢ H (B, B
s o

if the constant c is taken as ¢ = 2v({(—mi))~!. Explicitly the LHS of this equation is

n 2n—1
]_ —
W/dAl.../dAnE B2H¢AZ,B)
x [[(A2 =A%) L& (Ar, -+, Au|By, -+ Bon_1,—By) [ o (61)
i<j i=1
where we have used the identity
a—>b

'(/)(A’ B)’(/J(A’ _B) = m

Let us consider the integral over A,. If the contour is such that |A,| > |B1| we can replace in this integral
a;" by b7 " (a, — b))t Indeed

bfnJrl

( lib _ —n+za jb TL+J+ Z n]b1—n+]
1) j>nt1
n—1
the sum ) can be omitted due to anti-symmetry with respect to a;, j =1,---,n—1, thesum ) can be
j=1 j=nt1

omitted because the integrand decreases faster than A2 as A,, — co. Thus the integral over A, becomes

2n—1
—n 1 1 n
= / A5z [ (40 B) [T(4F - A3) L& (Ar -+ AulBr -+ Baur, —B1) =
4,58, n L j=2 i<n
1 2n—1
= 5o B [ A = BY) | [T w(-BuB)LE (A, Auer. ~Bu|Bi, -, Banoy, —Bi)—
i<n j=
2n—1

- H W(By, By)LE (Av, -+, Anr, Bi|By, -+, Bon_1,~B))
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Let us substitute this expression into (61):

n—12n—1
1 1
A A (A;, Bj) A2 — [ —
s g | v [ s I I o) T2 - 4 Tt

2n—1
x Hw ~B1,B)LE (A1, Ay_1,~Bi|By, -+, Ban_1,~B1)—

2n—1

- H W(B1,Bj) LY (A1, -+, An_1,B1|B1, -+, Boy_1,—B1) | =
=2
n—12n—1 n—1
_ 2 g2 —i
_ 231 ST g [ ddve [ar [T TT vt B [z - a3 [T o
i=1 j=2 1<J i=1
2n—1

X H7/1(*31731)1:8)(/117"‘7An—1,*Bl|Blv"‘>BQn—1,*Bl)*

2n—1

- H (B, Bj)Lg”(Al, o, Ap_1,B1|By, -+, Bap—1,—B1) (62)

where we have replaced bl_lai_i(ai —b1) by fai_i for the following reason: for a; this expression is b1_1 — al_l,

the integrand with bfl is regular at zero, for a; with ¢ > 1 we use anti-symmetry. The final formula (62)
shows that the equation (59) is sufficient for locality.

7 Appendix B

The reflectionless case is a rather degenerate one, so, the deformed Riemann bilinear identity [4] does not
exist in complete form. However for our needs we use only the consequence of the deformed Riemann
bilinear identity which allows a simple proof in the reflectionless case. We give this proof here for the sake
of completeness. We have used the following fact:

2 2n

/dAl/dAQHHz/J A;, Bj)C(A1, Ag)aka, =0 Vk,I (63)

i=1j=1
where we had the expression for C(Ay, As):

1 {Al—Ag

Ol ) = o { G PADP(a) = PADP(-A2) + (P-ADP(Aa) — PAP(-42)) | (60

Let us introduce the functions

F(A) = [TeA B)PA),  GA) =[] v(A B)P(-4)
j=1 J=1

Recall that the function ¢ (A, B) satisfies the difference equation

w08 = (55 o) v (65)

which implies that
F(Aq) = G(A)

The integral (63) can be rewritten as follows:

[ [ A R 0P - FaA) FaAa) + (FaADF () = FADF(0o) | afa
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Changing variables A; — ¢A; where needed one easily finds that this integral equals zero. Recall that
a; = A% and ¢* =1, so afd}, do not change under these changes of variables.

Similar proof for the case of generic coupling constant is more complicated because one crosses singularities
when changing variables and moving contours.

Now let us prove the Proposition 1. We want to find equivalent expressions for C'(A;, A3). Let us rewrite
the expression (64) in the integral form:

C(A1, Ay) = C'(A1, A2) — C'(Az, Ay)

where
C'(Ay, Ay) = 1 <P(A1)P(A2) n P(A1)P(—42) P(-A)P(42) P(AQ)P(A1)> _
bR 94, Ay + Ay Ay — Ay Ay — Ay Ay + Ay
P(D1)P (Do)
! 4D / a (D1 + D2)(D} — A?3)(D} — 43)
|D2|>|D1| |D1]>]A1],]Az]

Let us modify this expression by adding ”exact forms” in variables A;. It is convenient to use the formula

Q(A1)P(A1) — qQ(qA1)P(—A1) =

- _P(Dy) o )
_|D1|>/|Al| 4D 7 =7 QD)1 + A1) — aQ(=aD)(Dy — A)

Suppose that the polynomial Q(A) solves the equation

P(Ds)
D1 + D) (D3 — A3)

QDY) + 4Q(—qDy) = / Dy (66)

|D2|>|D:|

(obviously the RHS of this equation is a polynomial) then we can rewrite the expression for C'(Aj, A3) in
the following equivalent form

P(D»)

C/(A17A2) = / dD1 D ———~
(Df — A})

|D1]>]A1]

(Q(D1) — qQ(—qD1))

Now we have to solve the equation (66). It is simple:

o =5 [ dD277<&)(P(D2)

1 D, ) (D — A3)
|D2|>|D1]
where
= 1 2k = 1 2k—1
n(x) = Z w1l Z T
k=0 l+q k=1 1—q
Hence D
1
C/(Al,Ag) = / dD2 / lep(Dl)P(Dg)Te (—1>
Dy ) (D} — A3)(D3 — A3)
|D2|>|D1| |D1]>]A1]
where
— 1= s 1+
Te(x):;1+q2k—1x _;1_(1%‘”

The expression for C¢(A1, A2) given in Proposition 1 follows from these formulae. The expression for
C,(A1, Ag) can be obtained in a similar way eliminating the even degrees of A; from C'(A;1, As).
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