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µ({X1 ∈ A1} ∩ · · · ∩ {Xn ∈ An}) = µ({X1 ∈ A1})× · · · × µ({Xn ∈ An})
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�x��H�8'¦?H�>*�'T�H �'HL¦ K B @CB?¦ HL¦�B {0, 1}3 H B �LHLT�F'D2�:HL¦ K�B?DMENF'H B?B�H�¦ {∗, a1, a2, a3}

( �+HL¦ B?=�@�8'¦�D�B?DM;�8'¦
¦?;�8NB T�HL¦ B�=�DW 'T�H�B�¦ (

(x1, x2, x3), ak, (x
′
1, x

′
2, x

′
3)
) ;$#

xi = x′i
¦?D
i 6= k

H�B
xk = 0, x′k = 1¦?D�8';�8$��@�F�+�ENF'HLT�¦q;�8 @_��;�F�B�H�T�HL¦�B?=�@�8:¦?D�B?DM;�8:¦ ��DW�'H�8NB?D�B?KL¦��

(s, ∗, s) (�[28*¦?;�F'J$@�D&B�H(@CDM8'¦�D�=�H� '=�KL¦?H�8 B�HL=TMH�¦u�:D�N
KL=?H�8 B�¦!� J'HL>SDM8'¦�@�T�T-@�8 B��'F ¦?;�>S>SH�B
(0, 0, 0)

@�F ¦�;�>A>SH�B
(1, 1, 1)

HL8 8'HS¦?H��:K� 'TM@ � @�8 BENF'H ¦?F:=*TMH�¦*@�=.��B�H�¦�(�7�T�H�¦�B ��T-@�D�=!ENF'H)� �$@�8'¦ ��H ¦�®G¦�Bk�L>SHg�'H B?=�@�8'¦�D�B?DM;�8'¦��qT-@ 9 @�>SDMTMT�H
a1, a2, a3HL¦�B D�8/�'K� 
H�8/�$@�8 B�H)��>A@�D�¦2DMTqH�¦�B @�F'¦�¦?D��LTM@�DM=.EGF:H �'H�F�+ @�� B�DM;�8'¦\8'H* 
H�F'��H�8NBu $@�¦J��B?=?H H�N
HL� B�F'K�H

¦?D�>*F'T&B @�8'K�>AH�8 B%(��²@�5�K�;�>SK�B�=�DMH�¦?;�F'¦�¤��?@���HL8 B�H��'H.�LH�BYH0+�HL>* 'TMH2H�¦�BYF'8 ��F'�6H ��D��'H�3 9 @���HL¦e�GDW�:HL¦��
�#�}HL¦�B�¤q3 ¤q�'D�=?H��';�8NBWD�T�8'H­¦?F'�:¦?DM¦�B�H­ENF'H!TMHL¦Y@C=k��B?HL¦�(:y$;�=�>AH�TMT�HL>SHL8 B

(
{0, 1} × {0, 1} × [0, 1]

)
∪
(
{0, 1} × [0, 1]× {0, 1}

)
∪
(
[0, 1]× {0, 1} × {0, 1}

)

Z�;�>* $@�=�;�8'¦�>A@�DM8 B�H�8$@�8 BW@%��H���T�H\¦�®G¦�Bk�L>SHu�'H\B?=�@�8'¦�D�B?DM;�8'¦�¦?F'D"��@C8NBJ6
(

0
a // 1

)
×
(

0
a // 1

)
×
(

0
a // 1

)

� �



�';�8 BWT=�}HL8:¦?HL> �'TMH��'H�¦�K B @CB?¦YHL¦�B {0, 1}3 H�BYTMH�¦YK�B�D�ENF'H�B�B�HL¦
{(∗, ∗, ∗), (a, ∗, ∗), (∗, a, ∗), (∗, ∗, a), (a, a, ∗), (a, ∗, a), (∗, a, a), (a, a, a)}

�²@ 9 @C>AD�TMTMH@�$�}K�B�D�ENF'H�B�B�HL¦
a1, a2, a3

H�¦�B�HL8'��;�=?H!F'8'H­9<;�D�¦4 6HL= � F'H!�L;�>A>SH\DM8/�:K� 6HL8/�$@C8NB?H�H B2 6;�F'=TMH�¦Y> ��>AH�¦ (  $@�¦�¦�@��'T�HL>SHL8 B�> @�F���@CDM¦?H�¦!)(=�@CDM¦?;�8'¦�(�Z�H�B�B�H�9<;�DM¦��LH� 
H�8/�$@�8 B��
T�HJ '@�=�@�T�TMK�TMDM¦�>AH ( ¦�®�8G¤
� J'=�;�8'HM)M�'H�¦ B?=?;�D�¦ @�� B�DM;�8'¦

(a, ∗, ∗), (∗, a, ∗), (∗, ∗, a) ��ENF'D\��;�=?=�HL¦. 
;�8'�'HL8 BK3 a1, a2, a3

�$@�8:¦
T=�}H,+�H�>  'T�H  '=�KL�LK��'HL8 B��6H�¦�BQ 'T�F'¦�TMK�5�D�B?DM>SH#(�R�8 H,N
H B%�$;�8 @CDM>SHL=�@CD�B: 
;�F���;�D�=(H,+� '=�DM>SHL=(T�H.9 @�D�B(EGF:H
T-@ 9 @C>AD�TMTMH

(a, ∗, ∗), (∗, a, ∗), (∗, ∗, a)HL¦�B ��KLENF'D"��@CTMHL8 B?H���3
(a, a, a)

(��+H­9<;�=?>A@�TMD�¦?>SH@�'H�¦�¦�®G¦�B\��>AH�¦2�'H\B?=�@�8'¦�D�B?DM;�8'¦�8:H!T�H� 
H�=?>SH�BQ $@�¦��
�#�}HL¦�B  
;�F'=?ENF';�D�;�8 T=�}HL8:=?DM� J:D�BU�$��F:8'H�=?H�T-@CB?DM;�8��'DM8$@CDM=?HP¦?F:=�TMHL¦�K�B?DMENF'H�B�B�H�¦x 
;�F:=j 
;�F'��;�D�=�H0+' :=?DM>SHL=
T=�}DM8'�'K� 6HL8/�'@�8'�LHT�'H�¦ @C��B�D�;�8'¦\��;�>A>SH F'8'H*�';�8:8'KLHT '=�DM>A@�DM=�H#( Z�H B?B�HA@# / :=?;G� J'HAH�¦�B!K�5�@�TMH�>AH�8NB
�LH�TMT�Hx�'HL¦²B�=?@��LH�¦U�'He` DPp�A�9\vB;=X,wx;=<kp�(�R�8�K�� J';2@�FG+­=?H�> @�=�ENF'HL¦#ENF'D ;�8 B��:Ks�k3YK�B�K�9 @�D&B�H�¦+�L;�8'��HL=�8$@�8 B
T-@28:;�B�D�;�8T�$��D�8/�'K� 
H�8/�$@�8'��H#�GDMT�HL¦�B��LTM@�DM=�ENF$��F:8'H�¦�DM>* 'TMH�=?HLTM@CB�D�;�8 �'D�8$@�DM=�H(8'HY¦?F �SB� $@C¦�(�±.H4 'T�F'¦��
DMT�8���H�¦�B  $@C¦u 6;�¦?¦�DM�'T�H#�� $@�=!H,+�HL>* 'T�H#���:H =?H� '=?K�¦?H�8NB?HL=*T�HS9 @CD�B!ENF$��F:8 @#5�H�8NB

A′ �L;�>S>SHL8'��HAF'8:H@�� B�DM;�8 @�T�;�=?¦PENF$��F:8 @�F:B�=�H\@#5�H�8 B
A
H�¦�B�H�8 �L;�F:=?¦-����H0+:K��LF:B?DM;�8g����F'8:H\@�F:B?=?H#���$�};$# TMH�ENF$@�T�D�!$�L@CB�D&9

¦�®G8'� J:=?;�8'H)(([28g 6;�F'=�=�@�D&B(@�=.5�F'>SHL8 B�H�=�ENF'H\��HLT-@�HL¦�BQ 6;�¦�¦?DM�:TMH.ENF'D&B?B?H 3*�L;G�'H�=(TMH�¦�DM8:¦�B @C8NB?¦e�$@�8:¦
TMH�¦�K�B�@CB�¦Q�'F ¦�®G¦�Bk�L>SH#��HL8 �L;�8'¦?D��'KL=?@�8 B@ '@�=YH,+�HL>* 'TMH\T���H�8'¦?H�>*�'T�H��$��K B @CB?¦

{
(s, s′, t)

/
t ∈ R

 6;�F'=
s, s′ ∈ S B?HLTM¦�ENF$�}DMT+H0+�DM¦�B?H­F'8'H\B�=?@�8'¦?D&B�D�;�8g�'H

s
��HL=�¦

s′
}
.

Z�HLTM@���;�8/�'F'D&Bj34�'HL¦�¦�®G¦�Bk�L>SHL¦j�:H�B�=.�L¦U5�=�@�8'��B @CDMTMT�H#�%��;�DM=�H�DM8�!$8'DM¦�(qZ�H�¦��'H�=?8'D��L=�HL¦���;�8'¦�DW�'K�=�@CB?DM;�8'¦
T-@CDM¦?¦�HL8 BY¦?H� '=�;#!$T�HL=�T=�}DM8 B?HL=.��HL8 B�D�;�8d�'H­T-@*B�;# 'TM; 5�DMH#(

�
2
�
2 ����� ���)������� �
� � � 10. ()� !%1����I������!�1

X�8 @�=?�'=�H��'H ¦�®G8'� J'=�;�8'DM¦?@CB�D�;�8 H�¦�B F:8 ¦�®G¦�Bk�L>SHM�'H B?=�@�8:¦?D�B?DM;�8:¦J�:;�8 B*B�;�F:¦ TMH�¦ K B @CB?¦ ¦?;�8NB*@CB�¤
B�H�DW5�8'@��'TMH�¦��_�';�8 B�TMHx5�=?@# 'J'HP¦?;�F'¦�¤"�?@��LH�8NB�HL¦�B�¦?@�8'¦Y�6;�F'�LT�HL¦ ( ��;�>  '@�=?H�=²@P��HL��T-@O�'K�!'8'D�B?DM;�8­7?7�7E( � ( �$)
H�BPB�H�T�EGF:H�¦�D6;�8 @J�'HLF�+ B?=�@�8:¦?D�B?DM;�8:¦ s′ a // s

s′′
b
OO @�TM;�=�¦

s′ = s′′
H B
a = b

( ��;�>* $@�=?H�=P@P��HL��w27?7E( � ( � ),(
I#;�F:B�¦�®�¦�B\��>AH��'H2B?=�@�8:¦?D�B?DM;�8:¦-�';�8:8'H2TMD�HLF$���P;]D.F'8 �s�:K� 'T�D-@#5�H2�E��3 F'8 @�=��'=?H �:H2¦�®G8'� J'=�;�8'D�¦�@CB?DM;�8$(
[28¯>S;�8 B�=�H @�D�8'¦?D+ENF'H�T-@ � @CB?K�5�;�=?DMH��'H�¦2@�=��'=?H�¦2�'H!¦�®G8'� J:=?;�8'D�¦�@CB?DM;�8 HL¦�B2�L;�=?K��'KL� J'D�¦?¦�@C8NB?H1�$@�8:¦
�LH�TMT�H1�'HL¦\¦�®G¦�B\��>AH�¦u�:H*B�=�@C8'¦?D&B�DM;�8'¦ (���;�D�= � � ��� )0( °:@C8'¦\HL8 B�=�HL=��$@C8'¦\TMH�¦��'K�B�@�DMT�¦�����H*9<;�=?>A@�TMD�¦?>SH
  CB?D�BO�:HL¦W> ��>AH�¦�DM8'¦�F �S¦�@�8'��HL¦WENF'H���HLT�F'D$�'H�¦�¦�®�¦�B\��>AH�¦@�'H\B?=�@�8'¦�D�B?DM;�8'¦�(

�
2
�
3 ����� �x�$1)&
�)&$��� �
�	#�� !�./���-�C+)�

[28 ¦?H �:;�8'8'H2F:8'H 5�=?@�>A>A@�D�=?HQ�';�8 B�F'8g�:HL¦(��;�8'¦�B?=?F'� B�H�F'=?¦Q�'H.B?HL=�>AH�¦(HL¦�B × H B�ENF'D
��;�>S>AH�;�8
¦��«® @CB�B�HL8'�$�� 
H�=?>SH�BYT-@ >SDM¦�H\HL8| '@�=�@�T�TW��TMH2�:Hu�'H�F�+z '=�;���HL¦?¦�F'¦�(�Z�H�B?B?H�5�=�@�>S>A@�DM=�H2HL¦�B��:DMHL8 ¦��:=
KLENF'D� 
K�H��$��F:8 ¦�®�¦�B\��>AHJ�'H­=k��5�TMH�¦4�:;�8 BY�LHL=�B @�D�8'HL¦Q 6;�F'=YT=�};  6KL=?@CB�H�F'= × ENF'D²¦?;�8NB

t0
a // t′0 t1

b // t′1

t0 × t1 a×b // t′0 × t′1

t0
a // t′0

t0 × t1 a×∗ // t′0 × t1 t1 × t0 ∗×a // t1 × t′0Z�H�B�B�H 9<;�DM¦WHL8'��;�=?H)�
DMT#@# ' $@�=�@4%MB��LT-@CDM=?H�>AH�8 B�ENF$�}DMT#8$�}HL¦�B� $@�¦@ 
;�¦�¦?D��'TMHJ�'H*=�H� '=�KL¦?H�8 B�HL=\T�HL¦'��K�B�@CB�¦
DM8 B?HL=?>SK��:D-@�D�=?HL¦ ���'F ¦�®G¦�Bk�L>SH#(W�x� @) / 'TMD�� @CB?DM;�8d�$�}F'8'H!=k��5�TMH!HL¦�B2H�8¯H�N
H�B�T=��@�8$@CTM; 5�F:H��$��F:8'H�B?=�@�8�¤
¦?D&B�D�;�8 H�BAT=�}DW�'K�H ENF$��F:8'H =.��5�T�Hd 'F'DM¦�¦?H �L;�>A>SHL8'��KLHK3 ��B�=�H¯@) / 'TMD�ENF'KLH @�T�;�=?¦ ENF$�}F'8'H¯@�F:B?=?H HL¦�B

�P�



HL8 B?=�@�D�8��'H T=� ��B?=?H 8$��@  $@�¦ �:H ¦?HL8:¦�( �+HL¦ @) / 'TMD�� @CB?DM;�8:¦�H�8  '@�=�@�T�TW��TMHS¦?H 9<;�8 BT�';�8:�g�'H 9 @ � ;�8HL8 B?=?HLTM@��LK�H#(W�+H
π
¤�� @CTM�LF:T#;�F�Z�Z�° ¦�;�8 B2�'H�¦.H0+:H�>  :TMHL¦@�'H­B�HLT�¦�TM@�8/5 @)5�HL¦�����;�DM= � U>� � � � � � � H B � ��� �

�'H1cQ?#C�;�bK`|;�FIb�X,9,(

�
2
��� ����� �0(��-�m��+�� �
�����	��

�

X�8 =?K�¦?H @CF �'H��QX,H�90;qH�¦�B�F'8 ENF'D�8NB?F/ 'T�H�B
(B,M0, , E, pre, post)

;$#
B
H�¦�B�F'8 H�8'¦?H�>*�'T�H �';�8NB

TMH�¦�K�TMKL>SHL8 B?¦�¦?;�8NB�@# / 6HLTMK�¦���;�8/�'D&B�DM;�8'¦ @%��H��
M0 ⊆ B

H�B
M0 6= ∅

�
E
HL¦�B(F'8 HL8'¦�HL>*�:TMH2�:;�8 B�TMH�¦

KLT�KL>SHL8 B�¦�¦�;�8 BP@# / 6HLT�KL¦�K��#�L8'H�>AH�8 B�¦PH�B ;$#
pre

H�B
post

¦?;�8NB��'H�¦q9<;�8'� B�DM;�8'¦j�'H
E
3 �C@�TMH�F'=?¦��$@�8'¦

T=�}HL8:¦?HL> �'TMH �'HL¦*¦�;�F'¦�¤q $@�=�B�D�HL¦��:H
B
B?HLTMT�HAENF'H ∀e ∈ E pre(e)

H�B
post(e)

8:H ¦?;�8NB1 $@�¦u�GD��'HL¦��
¦�@CF:9e 6;�F'= ∗ T=�}K��#�L8'H�>AH�8NB�DW�:HL8 B�D&B�K ENF'Dj��K�=?D"!$H pre(∗) = ∅ H�B post(∗) = ∅ (S£#;�F'= M H B

M ′ �
�'H�F�+ ¦�;�F'¦�¤�HL8:¦?HL> �'TMH�¦��'H

B
��;�8  
H�F:B*@CTM;�=�¦N�q $@�¦?¦�HL= �*�'H

M
3
M ′ H�8 H,+�KL��F:B @C8NB e ( ;�8 8';�B?H

M
e //M ′

)�TM;�=�¦?ENF'H ∀e ∈ E pre(e) ⊆ M
�
post(e) ⊆ M ′ H�B M\pre(e) = M ′\post(e) (�x��D��'KLHSHL¦�B*ENF'HAT=�};�8����L;�8:¦?;�>S>AH2�

pre(e)
 6;�F'= �s :=?;G�'F'DM=�H��

post(e)
( ±�H �LH* 6;�DM8 BJ�'H �GF'H)�qT-@

8';�B?DM;�8��:HP��;�8'��F'=?=�HL8'��H�ENF'D K�> @�8:H��:HL¦²=?K�¦?H @CF�+J�'H��QX,H�90; HL¦�B#H0+'@C��B�H�>AH�8 B���HLTMT�H�ENF'H T=�};�8\�L;�8:8$@ %MB
J$@��:D�B�F:HLTMT�HL>SHL8 B%�#�#�}HL¦�B�¤q3 ¤q�'D�=?HAEGF:HM�'HL¦*@���B?DM;�8'¦�HL8 B�=�H HL8 �L;�8'��F'=?=�HL8'��H TM;�=�¦?ENF'HATMHL¦�=?H�¦?¦?;�F'=?��HL¦
�';�8 B�HLT�TMHL¦Y;�8 B��
H�¦?;�D�8 ¦�;�8 B2��;�>A> F'8'HL¦�(Y°�F'D"�C@�8 B���H�B�B�H =�HL>A@�=?ENF'H)��;�8|�'D&B�@�TM;�=�¦YEGF:H

e, e′ ∈ E¦?;�8NBWD�8/�'K� 6HL8'�$@�8 B�¦WTM;�=�¦?ENF'H
(
pre(e) ∪ post(e)

)
∩
(
pre(e′) ∪ post(e′)

)
= ∅.

7�T�H�¦�B 8'@CB�F'=�HLT��'HM�'D�=?HAEGF:HM�'HLFG+ K��#�L8'H�>AH�8 B�¦ DM8/�:K� 6HL8/�$@C8NB?¦
e
H�B
e′
 
H�F'��H�8 BT��B�=�H H,+�K��LF:B?KL¦

¦?D�>*F'T&B @�8'K�>AH�8 B%( �²@z��®�8'@�>AD�ENF'H ¦?;�F'¦�¤��?@���HL8 B�H*�'H�¦�=�KL¦?HL@�F �:HA£#H�B?=?D HL¦�B���T-@�D�=?H�>AH�8NB��:DM¦?��=k� B�H#(
I#;�F:B!�L;�>S>SH1�$@�8'¦­T�HL¦!@�F:B?=?HL¦­>S;��'�LTMH�¦ �'D�¦?�L=�H�B?¦��#;�8�8'HT 
H�F:BJ $@�¦��G=�@�D�>AH�8NB­=�H� '=�KL¦�HL8 B�H�=��'H�¦
K�B�@CB�¦ B?=�@�8:¦?D�B?;�DM=�HL¦ �$��F:8 ¦�®G¦�B\��>AH)�2�#�}HL¦�B�¤q3 ¤q�'D�=?H ��HLF�+ ;$#  'TMF:¦?DMH�F'=?¦ K,� ��8'HL>SHL8 B�¦ ;�8 B T�DMHLF ¦�D&¤
>*F'T&B @�8:KL>SHL8 B2>A@�DM¦�8$�};�8 B� $@�¦\��;�>A>SHL8:�LK*H B� 
H�F'��H�8 B�8:H  $@�¦ !$8'D�=2@�F�>*�L>SH*D�8'¦�B�@�8 B%(�[28�@
�LH� 
H�8/�$@�8 B�5 @#5�8'K#�L $@C=�=�@# / 6;�=�B @�F ¦�®G¦�Bk�L>SHQ�'H�B�=�@C8'¦?D&B�DM;�8'¦���F:8'H�8';�B?DM;�8 �$�}DM8'�'K� 6HL8/�'@�8'�LHYD�¦?¦?F:H
�'H­T=�}DW�:KLH2B�=.�L¦Y8$@CB?F'=?H�TMT�H �'H� $@�=�B @#5�H��:HL¦W=?HL¦�¦?;�F:=?�LH�¦�(

�
2
��� ����� �x�$1)&
�)&$��� �
�'�����)./���

±2@�8:¦ B�;�F:¦ TMH�¦ �L@#�'=?H�¦ ENF'H 8:;�F'¦ @%��;�8'¦��GF'¦4��F'¦�ENF$�l3K '=?K�¦?HL8 B��PT�H  '@�=�@�T�TMK�TMDM¦�>AH K�B @CD�B�DW�'H�8NB?D�!$K
3¯F'8�H�8NB?=?H�T-@���HL>SHL8 B ¦�@C8'¦1�'K B�HL=�>AD�8'DM¦�>AH �$��@���B?DM;�8 @ B�;�>SDMENF'H ( Z2��H�¦�B ��H�B?B?H @CB?;�>AD��LD&B�K > ��>AH
ENF'D#DM8 B�H�=k�'D�¦�@�D&B'��T=�}H,+�KL��F:B�D�;�8| '@�=�@�T�TW��TMH­@�¦�®�8:� J'=?;�8:H��E(\[\8 ¦?H1 :=?;  6;�¦?Hu�'H =�HL>SK��'D�HL=@3A��HLT-@�(�XW8
T-@C8/5 @#5�Hu�'H B?=�@���HL¦��'H�` DPp�A�9\vB;=X,wx;=<kp.H�¦�B­F'8 B?=?DW :TMH�B

(M,L, I)
;$#

L
HL¦�B­F'8�HL8'¦�HL>*�:TMH H�B2F'8'H

¦?;�F'¦�¤  $@�=�B?DMH
I
�'H
L×L @# / 6HLTMK�H�=?H�T-@CB?DM;�8g�$�}DM8'�'K� 6HL8'�$@�8'��H (�[28 ¦?F/ ' 
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|X| � ¦?D sup(A)
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inf(A)
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;�¦?;�8'¦WENF'H

m
¦?;�D&BYF'8¯>A@_��;�=?@�8 BQ�'H

f(A)
H�B�EGF:H

f(sup(A)) 6vX m
( �²@1 '=?;  :=?DMK B�K27E( � ( � (] $( �vU )��';�8'8'H.F'8g��;�D�¦?DM8'@#5�H.��=?;�D�¦?¦?@�8 B

V
�'H

f(sup(A))H�B�F'8���;�DM¦�DM8$@)5�H �'KL��=?;�D�¦?¦�@C8NB
W

�'H
m
�'DM¦���;�DM8 B?¦�(�� ��@# / :TMDM�L@CB�D�;�8

f
K�B @C8NB��L;�8NB?DM8NF'H�H�B��L=?;�DM¦?¦?@�8 B�H)�
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A ⊆ f−1(W )
(�R�8M $@�=�B�DM��F'TMD�HL=��

f−1(V )
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�6;�=?8'H!¦?F' 
K�=?DMH�F'=?Hu�'H T���D�> @)5�H28$�}H,+�DM¦�B�Hu $@�¦��� '=�HL8';�8:¦ −→
A := {(1− 1

n+1
, 0)/n ∈ N} ∪ {(2, 0)} �
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B := {(1− 1
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X
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�'F 9<;�8'� B�HLF:=4����;�F:�'TMD
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;�TM; 5�D�ENF'H ¦�;�F'¦�¤"�?@��LH�8 B

HL¦�B
[0, 1]

(P[\8 TMH\8:;�B�H −−→
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(x, y) � // (y, x)
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p−→
X

: −→X ⊗−→Y // −→
X

(x, y) � // x

H�B p−→
Y

: −→X ⊗−→Y // −→
Y

(x, y) � // y
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X ⊗−→Y

p−→
X
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��−→
X ×−→Y

π−→
X{{xx

xx
xx

xx
x

π−→
Y ##F

FF
FF

FF
FF

−→
X

−→
Y

;$#
π−→
X

H B
π−→
Y
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y0
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ix0 : −→Y // −→X ⊗ −→Y
y � // (x0, y)

H B jy0 : −→X // −→X ⊗−→Y
x � // (x, y0)
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!$8'H­¦�F'= |X| × |Y | ENF'D²=�HL8/�'H­��;�8 B�DM8NF'H�¦WB?;�F:B?HL¦YTMH�¦Y@# / 'T�DM� @ B�DM;�8'¦e�'H­T-@ 9 @C>AD�TMTMH
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X
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X // −→

Y
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// −→
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(f, x) � // f(x)
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H B��'K�!'8'D�¦?F'=­F'8 DM8 B?HL=.�C@�T�TMH
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]a, b[
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W := Vx × (Y \{0}) H�B W ′ := Vx′ × (Y \{0}) (�x��H�¦k $@C�LH ;�=k�:;�8'8'K �LD�¤q�'H�¦?¦�F'¦��²ENF'H T=�};�8�8';�B?H −→
P
�+HL¦�B @) / 
H�TMK*T�Hj8m=?[ YSF�= (]�:DM=?D�5�KM)Q�'HM`a:-F;<��;=

−→
X

3$D�=IFSXs7 ( �'HY9<;�=?>SHM) −→
Y
(q±.F� 6;�DM8 B �'HQ�GF'HWDM8:9<;�=�> @ B�DMENF'H)���LH B?B?H���;�8'¦�B?=?F'� B�D�;�8A¦�H�=?@# / '=�;�� J:H

�'HW�LH�TMTMHYENF'D6=?H� '=?K�¦?HL8 B?H2T-@­�L=�K @CB?DM;�8*�$�}F'8M '=�;���HL¦?¦�F'¦�>S;G�'KLT�DM¦?KQ $@C= −→
Y
TM;�=�¦��:H�T���K0+:H��LF:B?DM;�8 �$�}F'8

@�F:B?=?H4 '=?;G�LH�¦?¦�F'¦(>S;��'K�TMD�¦?KQ $@�= −→
X
(��²@!B?HL=?>SDM8:;�TM; 5�DMH(� J';�DM¦?D�H@ :=?HL8'� B�;�F�B�¦�;�8 ¦�HL8'¦(T�;�=?¦�ENF'H.T���;�8

 '=�HL8/� −→
X =

−→
Y =

−−→
[0, 1]

(
[28 8:;�B�H −→

X ′ T=�}HL¦. $@��LH!;�=.�';�8'8'K!@ ® @C8NB�TMH\>*�L>SH\HL¦. $@���H�B�;# 
;�T�; 5�D�EGF:H2¦?;�F:¦�¤��?@C�LHL8 B�ENF'H −→X >A@�DM¦
KLENF'D� 
K �'H T���;�=k�'=�HSB?=?D��GDM@�T=�²�#�}HL¦�B�¤q3 ¤q�'D�=?HAEGF:H

x v−→
X ′ x

′ T�;�=?¦�EGF:H x = x′
(¯[\8 8';�B?H K�5�@�TMH�>AH�8NB

−−−−−→
(X × Y )′

T���H�¦k $@���H(;�=.�';�8'8'K(@ ®�@�8 Bx 6;�F'=qH�¦k $@���H(B�;  6;�T�; 5�DMENF'H ¦�;�F'¦�¤"�?@��LH�8 B
X×Y H�Bx 6;�F'=�;�=k�'=�H

(x, y) v−−−−−→
(X×Y )′

(x′, y′)
TM;�=?¦?ENF'H

x = x′
H B
y v y′


�@CTM;�=�¦�T�H � @C=?=?K �LD&¤ �'HL¦�¦?;�F:¦���;$#� 6;�F'=!B�;�F:¦
KLT�KL>SHL8 B�¦

x
�:H |X| H�B y �:H |Y | ��;�8  6;�¦?H

i(x) := x
�
i′(x, y) := (x, y)

�
θ(x) := (x, 0)

H B
θ′(x) := (x, 0)

�:HL¦�B�F'8'H­¦�;�>A>SH­@�>A@�TW5�@�>AK�H@�'@�8'¦�LONQPGR>T)(

−→
X

θ′ // −→
P

−→
X ′

θ
//

i
OO

−−−−−→
(X × Y )′

i′
OO

°�;�D�HL8 B��'H�F�+­>S;�=k 'J:DM¦?>SHL¦
f
H B
b
@# / '@�=�B?HL8$@�8 B²=�HL¦k 6HL� B�D"��HL>SHL8 B�@�F�+2HL8'¦�HL>*�'T�HL¦

PoSpc[
−→
X,
−→
Z ]

H B
PoSpc[

−−−−−→
(X × Y )′,

−→
Z ]

B�H�TM¦qENF'H
b◦i = f ◦θ (�[28 @2F'8 F'8'D�EGF:H(>A;�=k 'J'D�¦?>SH h �$@�8'¦ PoSpc[

−→
P ,
−→
Z ]B�H�T:ENF'H

b = h◦θ′ H B f = h◦i′ 6#T=��@# / 'T�DM�L@CB�D�;�8­¦?;�F'¦�¤��?@���HL8 B�HO�:H h H�¦�Bx�:K�!$8'D�He 6;�F'=�B?;�F'¦qK�TMK�>AH�8NB
x
�'H |X| H�B y �'H |Y |  $@�= h(x, y) := f(x, y)

(��²@.�L;�8 B?DM8NF'D�B?K-�'H
h
HL¦�BqDM>S>AK��'D-@CB?H#(²£#;�F'=���KL=?D"!$HL=

¦�@ �L=�;�DM¦�¦�@�8'��H#��¦?F/ / 6;�¦�;�8'¦ ENF'H
(x, y) v−→

P
(x′, y′)

6u�$@C8'¦ T�HS�L@�¦!;$#
x = x′

H B
y v y′

�#;�8 @
h(x, y) v−→

Z
h(x′, y′)

� @C=
h(x, y) = f(x, y)

H B
h(x′, y′) = f(x′, y′)


$�$@C8'¦\TMH�� @�¦2;U#
y = 0

H�B
x v x′

�²;�8 @ H�8R '@�=�B?DM�LF:TMDMH�=
(x, 0) v−→

P
(x′, 0)

H B
(x′, 0) v−→

P
(x′, y′)

� @�=
0
H�¦�B�TMH  'T�F'¦� 
H B�D&B

KLT�KL>SHL8 B �:H −→
Y
(2Z�;�>A>SH

x v x′
�
;�8�@ �';�8'�

i(x) v−→
P
i(x′)

H�B �:;�8'�
b ◦ i(x) v−→

Z
b ◦ i(x′) ;�FHL8:�L;�=�H

f ◦θ(x) v−→
Z
f ◦θ(x′) D=(}H#( f(x, 0) v−→

Z
f(x′, 0)

(�R�8 ;�F:B?=?H)�G;�8 @
(x′, 0) v−−−−−→

(X×Y )′
(x′, y′)�';�8:�

f(x′, 0) v−→
Z
f(x′, y′)

�'�$��;U#z!$8'@�TMH�>AH�8NB
f(x, 0) v−→

Z
f(x′, y′)

(

� � ��#  � �����U� ��� � ,x� 'U����� 1 �
[28 >A;�8 B?=?HL=?@'�'@CF � J'@# 'D�B?=?H�w.7?7?7 (] �( � Uv� ),��EGF:H!T���;�8g 
H�F:BW@�¦?¦�;���DMH�=Q3 � J'@�ENF'H� '=?; 5�=�@�>S>AH�KL��=?D�B
�$@�8:¦�T�HSTM@�8/5 @)5�HS£mw��²DM8 B�=�;��'F:D�B� $@�=1~�; [\vPV,H]9.D#��F:8 ;��G��H B��:H|LON>PGRQT ENF'D ¦?HL=?@'�� '@�=u�:K�!$8'D&B�D�;�8$�
¦?;�8¯>S;��/��TMH�5�K�;�>SK�B�=�DMENF'H)((Z2�}HL¦�B.�'D�HL8 ¦��'=WT=�}F'8'H��'H�¦�>S;�B?D��C@CB�D�;�8'¦e :=?HL>SDW��=?H�¦4�:H�T���K B�F/�'H��'H!T-@
� @ B�K�5�;�=?D�HMLONQPGR>T­>SHL8:KLH��$@�8'¦Y��H!� J'@# 'D�B?=?H)(

� �



� � � ��� ����� �W� � � � ��� � � ����� � ��
���� � � ���U���$�
Z�;�>S>AHS;�8 �C@ TMH ��;�DM=���TM@ � @ B�K�5�;�=?D�H �'H�¦ H�¦k $@���HL¦  $@C=�B�D�HLT�TMHL>SHL8 B!;�=.�';�8'8'K�¦ H�¦�B%�x�:F� 
;�DM8 B��:H
�GF'Hd�'H T-@¯B?J'KL;�=?DMH��'HL¦ � @ B�K�5�;�=?D�HL¦�� H�8�B?;�F:BT 6;�DM8 B ¦�DM>SDMTM@�DM=�HT3 PSRQT)( ±.H > ��>AH EGF:Hz�'@�8'¦ TMH
� @C¦���T-@�¦�¦?DMENF'H T�H B�@��'T�H @�F �LD�¤q�'H�¦?¦?;�F'¦�=�KL�L@# 'D�B?F'TMH T�HL¦!8';�>S¦­H�B!;��G��H B�¦��:HS�L@CB�K�5�;�=�DMHL¦��$�}HL¦. $@���HL¦
B�;# 
;�T�; 5�D�EGF:HL¦�B?=k�L¦YF:B?DMT�DM¦?K�HL¦�H�8 B?;  
;�TM; 5�D�H2@�T�5�KL�:=?DMENF'H2�'DM=�DW5�K�H 6

��@G` �Mk��9=QXs7 � @CBE8 �;[ 7�`�=I7
LINQPGRQT H�¦k $@���HL¦�;�=k�';�8'8'KL¦ @# / 'T�DM� @ B�DM;�8'¦-�'D�=?D�5�KLH�¦
1 LON>PGRQT HL¦. $@���HL¦W;�=k�';�8'8'KL¦W�L;�>  $@C��B�¦ @# / 'T�DM� @ B�DM;�8'¦-�'D�=?D�5�KLH�¦
1�� LONQPGR>T HL¦. $@��LH�¦@�:DM=?D�5�KL¦ @# / 'T�DM� @ B�DM;�8'¦-�'D�=?D�5�KLH�¦

�L;�>* $@�� B�HL>SHL8 BQ5�K�8'KL=�KL¦
1�1 LONQPSRQT H�¦k $@���HL¦�;�=k�';�8'8'KL¦ @# / :TMDM�L@CB�D�;�8'¦(��;�>* $@���B?HL>SHL8 BY�L;�8NB?DM8NF'H�¦

�L=�;�DM¦�¦�@�8 B�H�¦
�+H2=?K�¦?F'T&B @CB(EGF:D�¦?F'D&B(=�KL� @) 'D�B?F'TMH�TMHL¦- '=?D�8'�LD� $@�TMH�¦- '=�;  '=�DMK�B?KL¦(�L@CB�K�5�;�=�DMENF'HL¦-�'HMLONQPGR>T.H�B(8';�B @C> ¤
>SHL8 B(¦?@ ¦�B?=?F'� B�F'=�H2¦�®G>SK�B�=�DMENF'H�>A;�8:;�
 �$@CTMH(9<HL=�>AK�H2�';�8NB�TMH4 '=?;G�'F'D&B�H B(T���H0+' 6;�8'H�8 B�DMH�TMT�HW;�8NB�K�B?K
�'K��L=?D&B�¦:3�TM@!¦�HL��B?DM;�8 7E( � ( ��(�R�8 ��;�>* $@�=�@C8NB�@%��H��2T-@� '=�;  
;�¦?D�B?DM;�8S�2( � ( � � (  $( � � � )qH�B�TMHYB�J'K�;�=k��>AH
7E( ��( � (  $( � U ),�$;�8 ��;�8'¦�B�@CB�H­TM@T5�=�@�8/�:H\¦?DM>SDMT�D�B?F/�'H.H�8 B�=?H$PGR>T\H�B�LONQPGR>T)6

���0/���� � � % � �(#���� � ��� � ����	 %a
(%�� �+''
(% , � ��	 � �U��� ��� LONQPGR>Tf+
�²@��L@CB�K�5�;�=?D�H)LINQPGRQTPHL¦�Bq�L;�>  'T���B?H#����;���;�>* 'TW� B�HPH�BU 
;�¦�¦k���'H�F'8'H�¦�B�=�F'��B?F'=?H-�'H��L@CB�K�5�;�=?D�H�>S;�8'; 
�¤
�$@�T�H ¦�®G>AK B�=�DMENF'HA9<H�=?>SKLHz6 K B @�8 Bu�';�8'8'K �'HLFG+ H�¦k $@C�LHL¦ ;�=k�';�8'8'KL¦ −→

X
H B −→

Y
� −→
X ⊗ −→Y @K 6;�F'=

HL8:¦?HL> �'TMH ¦�;�F'¦�¤"�?@��LH�8 B |X| × |Y | (  '=?;G�'F'D&B1�'H |X| H B |Y | �$@�8'¦jP � u ),�� 6;�F'= B?;  
;�TM; 5�D�H ¦?;�F'¦�¤�?@���HL8 B�H\TM@ B�;  6;�TM;#5�DMH4�'HL¦Y@C¦�B�K�=?D�¦?ENF'HL¦Y¦�F'= |X| × |Y | H�BO 6;�F'=�=�HLT-@ B�DM;�8��$�};�=k�:=?H\T=�};�=.�'=?H  :=?;G�'F'D�B( D�(�H)(
(x, y) v−→

X⊗
−→
Y

(x′, y′)
¦�¦?D

x v−→
X
x′
H�B
y v−→

Y
y′
),( �x��@#�B��;�D�8 BO31�'=�;�D�B?H2�'H −⊗−→X HL¦�BQ�';�8'8:K

 $@�=�T=�}HL8'¦�HL>*�:TMH��:HL¦ �'D�¤�@# ' 'TMD�� @CB?DM;�8'¦-�'H −→
X

��H�=?¦ −→
Y

(<8';�B?K −→
Y

−→
X TM;�=?¦?ENF'H�T=�};�8¯�L@�TM��F'TMH!T-@* $@�=�B�DMH

;��G��H BQ�'H\T=��@#�B��;�DM8 Be31�:=?;�D&B�H2H�8 −→
Y
)�>*F'8'D&�'H\T-@�B?;  6;�TM; 5�DMH4 
;�D�8 BQ31 
;�DM8 B(H BQ�'H\T=�};�=k�:=?H2 6;�D�8NBO3

 6;�DM8 B ( D�(�H)(
f v−→

Y

−→
X g

¦�D+H�BW¦?H�F'TMH�>AH�8 B�¦�D ∀x ∈ |X| f(x) v−→
Y
g(x)

),(
−→
X ⊗ −→Y := (|X| × |Y |, B?;  
;�TM; 5�D�H2�'H�¦.@C¦�B�K�=?D�¦?ENF'HL¦ , ;�=k�:=?H� '=?;G�'F'D&B )

−→
Y

−→
X

:= (PoSpc[
−→
X,
−→
Y ],

B�;# 
;�T�; 5�D�H2 6;�DM8 B43  
;�DM8 B
,
;�=k�'=�H� 
;�D�8 BQ3* 6;�D�8NB

)

H�BW;�8 @ � @�8:;�8'DMENF'H�>AH�8 B −→
Y

−→
X1⊗

−→
X2 ∼=

(−→
Y

−→
X2
)−→X1 �$@C8'¦$LONQPGR>T)(

±.H� 'T�F'¦�6

PoSpc
� �

−→
i //

CCPoSpc
−→κ

oo_ _ _ _ _ _

;$# −→
i
HL¦�BqTMH�9<;�8'��B?HLF'=U�$��D�8'�LT�F'¦?D�;�8 (<8';�B?HL=�ENF$�}DMTG8$�}HL¦�Bj $@�¦� 'TMH�DM8/)+H�Bq@#�'>SH�B�¦�F'8 @#�_��;�DM8 B�325 @�F'� J:H

−→κ ENF'D
H�¦�BO :TMHLD�8 H Be!a�/��TMH#( �+H�¦(� @CB?K�5�;�=?DMH�¦ 1�� LONQPGR>T.H�B 1�1 LONQPSRQT2¦?;�8NB(KLENF'D��C@�T�HL8 B�H�¦���� J$@��LF:8'H
�$�}HLT�TMHL¦.HL¦�B2�L;�>* 'TW� B�H)���L;G�L;�>* 'T���B�H�H�B\�L@�=�B?KL¦�DMHL8:8'H*9<HL=�>AK�H#(!�+H1 '=?;G�'F'D&B �$@C8'¦ 1�1 LONQPSRQT H�¦�B­TMH
 '=�;��'F:D�B��$@�8:¦ LON>PGRQT H�B!TMH J';�>A¦�H�B!DM8 B�H�=?8'HSHL¦�B T���H�8'¦?H�>*�'T�H*�:HL¦�@# / 'T�DM� @ B�DM;�8'¦\�L;�>* $@�� B�H�>AH�8NB
�L;�8NB?DM8NF'H�¦A��=?;�D�¦?¦�@C8NB?HL¦T�'H −→

X
��HL=�¦ −→

Y
>*F'8'DO�:H TM@ B�;  6;�TM;#5�DMHA�L;�>* $@�� B�¤�;�F'��H�=�B H�B*�'H T���;�=.�'=?H

 6;�DM8 B-3� 
;�DM8 B%(��#@�� @CB?K�5�;�=�DMH 1�� LINQPGRQT�HL¦�B�F'8'H2¦�;�F'¦�¤�� @ B�K�5�;�=?D�H���;�K� 'DM=�K��$K�� J'DM¦�¦�@�8 B�H��:H LONQPSRQT)(

� U



�²@ � @CB?K�5�;�=?DMH 1 LINQPGRQT*H�¦�B\F:8'H ¦?;�F:¦�¤��L@CB�K�5�;�=�DMH*K� 'DM=�K��$K�� J'DM¦�¦�@�8 B�HT�'H LONQPGR>T1�';�8 B −−→
[0, 1]

HL¦�B­F'8
�L;#5�KL8'K�=�@CB?HLF'=�(
1e��� �����A� R�8 @)�'>AH B?B�@�8 B­T-@g '=?;# 
;�¦�D�B?DM;�8 �2( � ( � ��(] $( � � � )0�²TMHL¦!¦?H�F'TMH�¦u�:D �S�LF'T&B�K�¦J�'@�8'¦!T-@g�'K ¤
>S;�8'¦�B?=�@CB?DM;�8 �'F B?J'KL;�=.�L>SH27E( ��( � (] $( � U ) �L;�8'¦�DM¦�B�HL8 BQ3�K�B @C�'TMD�=PTM@ �L;G�L;�>  'T�K�B?F/�'H4�'HjLONQPSRQT.H B(TMH
9 @�D&B\ENF'H −−→

[0, 1]
HL¦�B�F:8 ��; 5�KL8:KL=�@ B�HLF:=u�'H 1 LONQPGR>T)(Mw2KL=�D�!$;�8'¦� $@�=\H,+�H�>  'T�H EGF:HAT�HL¦­¦�B?=?F'� B�F'=�HL¦

−→
X ⊗−→Y H�B −→

Y
−→
X ¦�;�8 BY�'DMH�8M�'H�¦�HL¦k '@��LH�¦4 '@�=�B?DMHLT�TMH�>AH�8NB�;�=.�';�8'8'K�¦�(PZ2�}HL¦�B�K,�GDW�'H�8NBe 
;�F:= −→

X ⊗−→Y 'F'D�¦?ENF'HAT=�};�=k�'=�HT '=?;G�'F'D&B�H�¦�B�9<HL=?>SK* 
;�F:=�TM@ B?;  
;�TM; 5�D�H1 '=�;��'F:D�B!H�B�ENF'H TM@ B?;  
;�TM; 5�D�H  
;�DM8 Bu3
 6;�DM8 BSHL¦�BM 'T�F'¦*!'8'H¯ENF'H T-@�B�;  6;�TM;#5�DMHg '=�;��:F'D�B�( � F$@�8 BM3 −→

Y
−→
X �(¦?D

f 6v−→
Y

−→
X g

��D�T�H,+�DM¦�B�H F'8
KLT�KL>SHL8 B

x
�'H |X| B�H�T�ENF'H f(x) 6v−→

Y
g(x)

�'H�8z '@�=�B?DM�LF:TMDMH�=��GDMT
H,+�DM¦�B�H��'H�F�+ ;�F'��HL=�B�¦Q�'H
Y
�:8';�B�K�¦

∃O1

H B
O2

�²B�H�TM¦!ENF'H
f(x)

@# / $@�=�B�D�HL8 Bu3
O1

�
g(x)

@# / $@�=�B�D�HL8 B13
O2

H�B�ENF'HLTPENF'H ¦�;�DMH�8 B?B�TMHL¦
KLT�KL>SHL8 B�¦

y1

�:H
O1

H�B
y2

�:H
O2

�$;�8 @
y1 v−→

Y
y2

( ±.;�8:�

V :=
{

(h1, h2) ∈ PoSpc[
−→
X,
−→
Y ]× PoSpc[

−→
X,
−→
Y ]
∣∣∣h1(x) ∈ O1

H�B
h2(x) ∈ O2

}

HL¦�B(F'8*��;�D�¦?D�8$@#5�HY;�F'��HL=�Be�'H
(f, g)

B�HLT6ENF'H.ENF'H�TMENF'H�¦?;�D&B�T���K�TMKL>SHL8 B
(h1, h2)

�'H
V
�G;�8 @

h1 6v−→
Y

−→
X

h2

( £#;�F'=­B�;�F:B!��H ENF'D �L;�8:�LHL=�8'H TM@g $@�=�B?DMH ��=�HLTM@CB�D�;�8 �$�};�=k�'=�H��T�:H T-@g '=�HLF'��H#��B?;�F:B!HL¦�B�B?=?D"��DM@�T
ENF';�D�EGF���F'8z 6HLF TM;�8/5*3 KL��=?D�=?H#( R�8z $@�=�B�DM��F'TMD�HL=��:DMT
9 @�F:BO��K�=?D"!$HL=YENF'H!TMHL¦(9<;�8'��B?DM;�8'¦O����K,��@CTMF$@CB?DM;�8
H�Bj�'H(B�=?@�8'¦k 6;�¦�D�B�D�;�8 (<;�F �LF'=�=�® !$�L@CB�D�;�8/)�¦�;�8 B �L=?;�DM¦?¦?@�8 B�H�¦�H�BP@�F'¦�¦?D'ENF'H�T�HL¦qF:8'D�B?KL¦x�'H�¦�=?K��'H,+�DM;�8:¦
H�B��L;�=�K��$H0+�DM;�8'¦-�'KL��=?D�B?HL¦:�$@�8'¦(TM@J :=?;  6;�¦?D&B�D�;�8 �@( � ( � ��(  $( � � � )x�'H��GD�HL8'8'H�8 B��L=�;�DM¦�¦�@�8 B�H�¦(F'8'H�9<;�DM¦
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ENF'HLT�TMH�EGF:H ¦?;�D&B2T=��@# / :TMDM�L@CB�D�;�8d�'DM=�DW5�K�H
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−→
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−→
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H B\¦�@CB?DM¦�9 @�DM¦?@�8 B (
x1 ∼

x2 ⇒ f(x1) = f(x2)
) � DMT H,+�DM¦�B�H F'8'H�F'8:DMENF'H @# / :TMDM�L@CB�D�;�82�:DM=?D�5�KLH
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[
−→
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−→
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X f
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Y
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(x1, x2)|f(x1) = f(x2)
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X(∼)
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 $@C= ∼ �$@C8'¦
LONQPSRQT)(�[28z 
;�¦�H!@�TM;�=�¦

r(X(∼2)) v r(X(∼1))
¦�D+H�BW¦?H�F'TMH�>AH�8NBW¦�D ∼1⊆∼2
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X q∼2

//
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∀x1, x2 ∈ |X|, x1 . x2

H�B
x2 . x1 ⇒ η(X,.)(x1) = η(X,.)(x2)

£�TMF'¦x5�KL8'K�=�@�T�HL>SHL8 B%� ¦�D';�8S@\F'8'H�¦?F:D�B�He!'8'DMH
x0 .x1 .....xn.x0

@�T�;�=?¦
η(X,.)(x0) = η(X,.)(x1) =

... = η(X,.)(xn)
�$;$#

η(X,.)
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(X, .)
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η
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X1 :=
−→
X2 :=

−−→
[0, 1]

H B {0, 1} �N�#�}HL¦�B�¤s3 ¤ �'DM=�H.TM@u $@�D�=?H {0, 1}>*F'8:Dj�'H T-@ B?;  6;�TM; 5�DMHJ�'DM¦��L=k� B�H H B��'H T=�};�=k�'=�H2B�=�D��GD-@�T �
�:;�8'�
0
H�B

1
8:H!¦�;�8 B2 '@�¦��L;�>* $@�=?@��'T�HL¦ (

V.T�;�=?¦�T�HL¦O�'H�F�+ @# / :TMDM�L@CB�D�;�8'¦

f1 : {0, 1} // −→X1

x � // x

H�B f2 : {0, 1} // −→X2

x � // 1− x
DM8'�'F'DM¦�HL8 BQ�'H�¦�>S;�=k :J'DM¦�>AH�¦e�'HALONQPGR>T)(P§�;CB�;�8'¦ −→
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�$�}K�5 @CTMD�B?K H�¦�B 3 �L;�>* '=?H�8/�'=�H �L;�>S>AH���TMH =?H ¤
�$H Bg�$@�8'¦hLONQPGR>TK�'H TM@ ¦�;�>A>SH @C> @�T�5 @�>S>AK�H
�'K��L=?D&B�H� '=?K��LK��'HL>S>AH�8 Bq� @CTM�LF:TMKLH �$@C8'¦ 4 PGRQT HL¦�B
F'8 ¦?D�8/5�TMH B�;�8�(Y�

dans PoSpc

� �



��� ' ��	 
����
� �

� ���)(�&�!��)������!%1)� ��
h��1/������� ���~+�1

���-#}�).�� !��0�
!�1�1)(

Z�H � J$@# 'D&B�=?H HL¦�B¯��;�8'¦?@��L=�K�3�T-@ �L;�8:¦�B�=�F'��B?DM;�8 H�B¯@�F�+  '=�;  '=�DMK�B?KL¦ TMH�¦K :TMF'¦ >A@�=?ENF$@�8 B?HL¦z�'F
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H�Bu�$��@�F:B?=?H* $@�=�B�@%��H�� T���K B�F/�'H*�'H�¦ @�=��L¦J5�KL8:KL=�@CTMDM¦�KL¦ ( ��;�DM= � � � � ),( [\8 H,+� 6;�¦?H�=�@ K�5 @�T�HL>SHL8 B!F'8
H,+�H�>  'T�H:�'@�8'¦#TMHLENF'H�TNT-@�� @CB?K�5�;�=?DMH�9<;�8'�$@�>SHL8 B @�T�H �'K�B?HL��B?H��'HL¦YB�=�;�F'¦Q�'H��'DM>SHL8:¦?DM;�8 ¦?F/ 6KL=�DMHLF:=?H (
R�8'!$8$�
;�8�>A;�8NB?=?H�=�@AENF'H TM@ 5�=�;�F/ 6;�
 �:D�!$�L@CB�D�;�8K�:H*T-@S� @CB?K�5�;�=�DMH!9<;�8/�$@�>SHL8 B�@�TMH!HL¦�B �s 'T�F'¦@!'8'H��
ENF'H*T�H�5�=�;�F/ 6;�
 �'H­9<;�8/�'@�>AH�8 B @�T��'H*T���H�¦k $@���H B�;# 
;�T�; 5�D�EGF:H!¦�;�F'¦�¤��?@���HL8 B\H�B2> ��>AH)�
¦�F'=2�LH�=�B�@�DM8'¦
H,+�H�>  'T�HL¦��$¦�B�=�DM� B�HL>SHL8 B  'T�F'¦e!$8'H)(
��� ��� ��� � 	 �W
�� � � � ��	 � ����� �M��� ��� � � ������:���������"$&%��/	���	 
�	 � ��� ��� ����	�� �U	���	 , % +
°�;�D&B F'8SHL¦k '@��LH�;�=k�';�8'8'K −→

X
( [28 @) / 
H�TMT�H�< ��=?` [ FaD;[ BE[\YSH�;�FlDg[ < ��=?` [ F ¦?F:= −→

X
B�;�F�B�K�TMK�>AH�8NB

�'H
PoSpc[

−−→
[0, 1],

−→
X ]

(

�:�������0/ ����� 'U� � �U� � ��� ����	��U�*�a
"�U	�� � ����	����a+
]YHL>A@�=?ENF';�8:¦!ENF'H

[0, 1]
>*F'8'Dj�:HSTM@ B�;  6;�TM;#5�DMH��LT-@C¦?¦?D�ENF'H H�BJ�'H T=�};�=k�:=?H*B�=�D��GD-@CT�HL¦�B!F'8 H�¦k $@C�LH

;�=.�';�8'8'K­ENF'H!T=�};�8 8';�B?H!H�8'�L;�=?H
[0, 1]

(<�#�}HL¦�B@�';�8:�!T���D�> @)5�H2�'H­T���H�¦k $@���Hu�:H o�D#ALV9�G?B9 �
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T=��@#�B��;�DM8 B 3 5 @�F:� J'Hg�'F�9<;�8'��B?HLF'= ����;�F:�'TMD:�'H LONQPGR>T���HL=�¦ � t���� � ��;�D�=*T-@  :=?;  6;�¦?D&B�D�;�8 7E( � ( � � ),(
V.T�;�=?¦��
¦�D −→

X
H�¦�B\F:8�HL¦k '@��LH*;�=k�';�8:8'K#�
F'8�� J'HL>SDM8 ¦?F'=

X
HL¦�B\F'8 �'D�� J'HL>SDM8K�'H

[0, 1]
¦�F'= −→

X
H B

�P;=<EX �#X,9\V�D#(
�:�������=< $&%��/	���	 
�	 � ����� � � � 
 � ��	�� ��	���	 , %��8+

RqB @�8 B4�';�8:8'KL¦4�'HLFG+d�'DM� J:HL>SDM8'¦
γ0, γ1

¦?F'= −→
X
B�H�TM¦�ENF'H

γ0(0) = γ1(0) =: x
H�B
γ0(1) = γ1(1) =: y

F'8'H ��@G`�@CX�@S8g[\= D;[ BE[\YSHZ=*;�F D;[ ��@S`a@-X�@C8 [\=��:H
γ0

��HL=�¦
γ1
H�¦�Be '@�= �'K�!$8:D�B�D�;�8SF'8 >S;�=k :J'DM¦�>AH

H
@# / $@C=�B�H�8$@�8 B@3

PoSpc[
−−→
[0, 1]× −−→[0, 1],

−→
X ]

B?HLT+ENF'H

∀s, t ∈ [0, 1]

{
H(0, t) = γ0(t)

H B
H(1, t) = γ1(t)

H(s, 0) = x
H�B
H(s, 1) = y

�:�������CBD1e� � ����	 %a
(%3� � %��  � �j	���	 
(%8�a
 
�� 'U�U�_	 
�	���	 
(%.���  �"� ��	��P
������
���������U�.�U	 ��� � � 
 � ��	�� +
£�;�F'=WB?;�F:BQ�'D�� J'HL>SDM8

γ
DMT�H0+:D�¦�B?H�F'8:Hu�'D�J';�>S;�B�;# 'DMH@�'H

γ
��HL=�¦

γ
(�°&�}DMT+H0+:D�¦�B?H!F:8'Hu�:DMJ';�>S;�B?;  'DMH

�'H
γ0

��HL=�¦
γ1

H�BYF:8'H��'DMJ';�>A;�B?;  'D�H2�'H
γ1

��HL=�¦
γ2

@�T�;�=?¦(D�T�H,+�D�¦�B�H\F:8'H��'DMJ';�>A;�B?;  'D�H2�'H
γ0

��HL=�¦
γ2

(
1e��� �����A��� ��@# / :TMDM�L@CB�D�;�8

H :
−−→
[0, 1]× −−→[0, 1] // −→

X

(s, t) � // γ(t)
�';�8:8'H\T-@*=�K��$H0+:D"�GD�B�K\H B�¦?D

H0

H B
H1

¦�;�8 BQ�'HL¦Q�'D�J';�>S;�B�;  :DMHL¦�=?H�¦k 6HL��B?D���HL>SHL8 B4�'H
γ0

��HL=�¦
γ1

H B
�'H

γ1

��HL=�¦
γ2

@�TM;�=?¦

H2 :
−−→
[0, 1]×−−→[0, 1] // −→

X

(s, t) � //

{
H0(2s, t)

¦?D
s ∈ [0, 1

2
]

H1(2s− 1, t)
¦?D
s ∈ [ 1

2
, 1]

HL¦�BWF'8'H��'DMJ:;�>A;CB�;  'D�H �'H
γ0

��HL=�¦
γ2

(
�

Z�;�>S>AH T�H TM@�DM¦�¦?Hd 6HL8'¦�HL= TM@� :=?;  '=�DMK B�K 7?7E( � ( � (] �( � U$),�(TM@ 8';CB�DM;�8 ����J';�>A;�B?;  'D�Hz�:DM=?D�5�KLHg�:H¯T-@
�'K,!$8 B�DM;�8 7?7E( � ( � (] $( � U )�8���H�8/5�HL8'�'=?HO $@C¦qF'8'H�=�HLT-@ B�DM;�8 ¦�®G>SK�B?=?DMENF'H)(q£�@�=qH,+�H�>  'T�H#�L�$@C8'¦ −→

R×−→R �
DMT
8$��H0+�DM¦�B?H� $@�¦Q�'H��'DMJ:;�>A;CB�;  'D�H2�'H

γ0

��HL=�¦
γ1

8'D+>*�L>SH��'H
γ1

��HL=�¦
γ0

;$#

γ0 :
−−→
[0, 1] // −→

R ×−→R

t
� //

{
(2t, 0)

¦?D
t ∈ [0, 1

2
]

(1, 2t− 1)
¦?D
t ∈ [ 1

2
, 1]

γ1 :
−−→
[0, 1] // −→

R ×−→R

t
� //

{
(0, 2t)

¦?D
t ∈ [0, 1

2
]

(2t− 1, 1)
¦?D
t ∈ [ 1

2
, 1]

°�F/ ' 
;�¦�;�8'¦ ENF'H
H

¦�;�D�B F'8'H¯B?HLT�TMH|�:DMJ';�>S;�B?;  'DMH)�- 6;�F'= � J'@�ENF'H  $@�=?@�> � B�=�H|�'H �'K 9<;�=?>A@CB?DM;�8
s
�'@�8'¦ −−→

[0, 1]
;�8  
H�F:Bz 
;�¦�HL=

ts := min{t ∈ −−→[0, 1]|π1(H(s, ts)) = 1} H B t′s := min{t ∈−−→
[0, 1]|π2(H(s, ts)) = 1} � �'H B�H�TM¦ >SDM8'D�> @ H,+�DM¦�B�HL8 BS� @C= H �

π1

H�B
π2

( T�HL¦  '=�;B��HL� B�DM;�8'¦!) ¦�;�8 B
�L;�8NB?DM8NF'H�¦��6HL8¯��;�8'¦�KLENF'HL8:�LH

(π1 ◦H(s,−))−1({1}) H B (π2 ◦H(s,−))−1({1}) ¦?;�8 B2��;�>* $@���B?¦�L;�>A>SH 9<H�=?>SKL¦M�:H
[0, 1]
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H,+�H�>  'T�H#� ENF'H
ts ≤ t′s

� ;�8\H�8��'K��'F:D�B²ENF'H
H(s, ts) ≤ H(s, t′s)

(q°�@�� J$@�8 B²ENF'H
π1(H(s, ts)) = 1

H�B
π2(H(s, t′s)) = 1

� ;�8!@
H(s, ts) = H(s, t′s) = (1, 1)

(�¶¯@�D�¦²@�TM;�=?¦
H(0,−) 6= γ0

�
H(0,−) 6= γ1

�

H(0,−) 6= γ1

H B
H(1,−) 6= γ1

( [28  $@�= ��D�HL8 B 3�T-@�> ��>AH ��;�8'��TMF'¦�DM;�8�HL8 ¦?F' / 
;�¦�@�8 BAEGF:H
t′s ≤ ts

(
Z�H� 6HL8'�$@�8 B%��DMT
H,+�DM¦�B�H­F'8'H��'D�J';�>S;�B�;  :DMH2�:H

γ0

��H�=?¦

γ2 :
−−→
[0, 1] // −→

R × −→R
t

� // (t, t)

F'8 H,+�HL>* 'T�H��$��F:8'H!B?HLT�TMH �'D�J';�>S;�B�;# 'DMH�K�B @C8NB4�';�8'8'K� $@�=

H :
−−→
[0, 1]× −−→[0, 1] // −−→[0, 1]× −−→[0, 1]

(s, t) � //

{
( 2t

1+s
, 2ts

1+s
)

¦?D
t ∈ [0, 1+s

2
]

(1, 2t− 1)
¦�D
t ∈ [ 1+s

2
, 1]

±.H >*�L>SH#��DMT H,+�DM¦�B�H F:8'HM�'D�J';�>S;�B�;  :DMHT�'H
γ1

��HL=?¦
γ2

(¯R�8 =?H��C@�8:� J'H#� DMT 8$�}H,+�D�¦�B�H� $@�¦1�'H��'D&¤
J';�>S;�B?;  'DMH��:H

γ2

��HL=?¦
γ1

�
H�8¯H,N
H B%�6¦?D#F'8'H�B?HLT�TMH��'DMJ:;�>A;CB�;  'D�H2H,+�D�¦�B @CD�B%��;�8¯@�F'=?@�D�B��a�$� @) '=k��¦.T-@
 '=�;  '=?D�K�B?K!7�7E( � ( � (] $( � U )�F:8'Hu�:DMJ';�>S;�B?;  'DMH2�'H

γ0

��H�=?¦
γ1

(�±.Kq�k3'��TMH\�L@�¦@�:DM=?D�5�K2¦�Hu�'D�¦�B?DM8/5�F:H��'F
� @C¦W��T-@�¦�¦?D�EGF:HJ '@�=��LH B?B�H�@��'¦�HL8'��Hu�:H!¦�®G>AK B�=?D�H#(
X�8:H �'H�¦*@�F�B�=?H�¦u�:D�N
KL=?H�8'�LH�¦ >A@_��HLF:=?HL¦J�'HST-@ B�;  6;�T�; 5�DMH*@�TW5�K��'=?D�ENF'H �'DM=�DW5�K�HT $@�=­=�@# ' 
;�=�Bu3 T-@
B�;# 
;�T�; 5�D�H.@�T�5�KL�:=?DMENF'H��LTM@�¦?¦�DMENF'H\HL¦�BY¦?;�8 @�¦. 
H���B"��TM;G� @�TH�E(�£ T�F'¦(H0+' :TMDM��D�B?HL>SHL8 B%��;�8 @ T-@� '=�;  'D�K�B�K

�:���������21e� � ����	 %a
(%
°�;�D&B2F'8�H�¦k $@���H ;�=k�:;�8'8'K −→

X
H�B �'HLF�+�� J'HL>SDM8'¦2�'DM=�DW5�K�¦

γ0, γ1

B�H�TM¦2ENF'H
γ0(0) = γ1(0) =: x

H�B
γ0(1) = γ1(1) =: y

@�TM;�=?¦�B?;�F:B�H­J';�>A;�B?;  'D�H �'DM=�DW5�K�H �'H
γ0

��HL=?¦
γ1

H�¦�B@31�C@�TMH�F'=?¦Q�$@�8:¦
{
z ∈ X

∣∣x v−→
X
z v−→

X
y
}

1e��� �����A� °�;�D�B
H

F'8'H B�HLT�TMH J';�>A;�B?;  'D�Hg�'DM=�DW5�K�H#�
H

K B @�8 BSHL8  $@�=�B?DM��F'TMD�HL=*F'8:H¯@# ' 'TMD�� @CB?DM;�8
�L=�;�DM¦�¦�@�8 B?H�B�H�TMTMHPENF'H

H(0, 0) = x
H B
H(1, 1) = y

�# 6;�F'=#B�;�F:B
(x, y)

@# / $@C=�B�H�8$@�8 Bx3 −−→
[0, 1]×−−→[0, 1];�8 @

H(0, 0) v−→
X
H(x, y) v−→

X
H(1, 1)

�

[2�'¦?H�=.��;�8'¦#T=�}H,+�HL>* 'TMH��'F­¦?;�F'¦�¤�H�¦k $@���H ;�=k�';�8'8'Kx�'F­�LF:�
H F'8'D&B�Kj�:DM=?D�5�K −→
X

�';�8NB²T���H�¦k $@C�LH�B�;  6;�T�; 5�DMENF'H
¦?;�F'¦�¤"�?@��LH�8NB�HL¦�B

X :=
(
[0, 1]× [0, 1]\]1

3
,
2

3
[×]

1

3
,
2

3
[
)
× [

1

3
,
2

3
]

Z2�}HL¦�B@�';�8:�!F:8'H­¦?;�=�B�H��'H ��B?;�=?H\�L@�=?=�KJ�:H!¦�HL� B�DM;�8 �L@�=?=�KLH2�E(�°�;�D�HL8 BYTMH�¦W� J:HL>SDM8'¦O�'D�=?D�5�KL¦

γ0 :
−−→
[0, 1] // −→

X

t
� //

{
(0, 2t, 1

2
)

¦?D
t ∈ [0, 1

2
]

(2t− 1, 1, 1
2
)

¦?D
t ∈ [1

2
, 1]
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H�B
γ1 :
−−→
[0, 1] // −→

X

t
� //

{
(2t, 0, 1

2
)

¦?D
t ∈ [0, 1

2
]

(1, 2t− 1, 1
2
)

¦?D
t ∈ [1

2
, 1]

[28 8';�B�HW@�F:¦?¦?D |γ0|
H�B |γ1|

T�HLF'=�¦�� J'HL>SDM8:¦�¦?;�F'¦�¤��?@���HL8 B�¦�( 7�T'8$�}H,+�DM¦�B�H4 $@�¦x�$�}J';�>S;�B�;# 'DMH(��T-@�¦�¦?D�EGF:H
HL8 B?=?H |γ0|

H B |γ1|
�';�8'�¯D�T�8$��H�8 H,+�D�¦�B�HK $@�¦A8';�8  'T�F'¦*�'H|�'D�=?D�5�KLHd�'H

γ0

��H�=?¦
γ1

( V ��;�F:B�;�8:¦
>A@�DM8 B�H�8$@�8 B*3 −→

X
F'8��s :T-@�8'� J:HL=�� H�BSF'8��s 'TM@C9<;�8/� �E� �#�}HL¦�B�¤s3 ¤q�'D�=?H ENF'H T=�};�8��L;�8:¦?DW�'�L=?H TMH ��F'�6H

F'8'D&B�KPB�=?;�F'K-�'D�=?D�5�K:�:;�8 B −→
X
HL¦�B��LTM@�DM=�HL>SHL8 B�F'8 ¦?;�F:¦�¤�H�¦k $@C�LH�;�=.�';�8'8'K)(qR�81��H�=�B?F �'H(T-@4 '=?;# '=?D�K�B�K

7?7E( � ( ��(  $( � � ),�:DMT+8$�«® @ B�;�FB��;�F'=?¦Q $@�¦Q�$�}J';�>S;�B?;  'DMH��:DM=?D�5�KLH2�'H
γ0

��H�=?¦
γ1

�$HL8¯=�H��C@�8'� J:H#� |γ0|
H B

|γ1|
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;�D�8 B�¦SDM>* 
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;�TM; 5�D�H2@�T�5�KL�:=?DMENF'H��:DM=?D�5�KLH2�$@�8'¦�LONQPGR>T)(��+HL¦Y�L;�8:¦?KLENF'H�8'�LH�¦ �'F B�J'K�;�=k��>AH­7?7E( � ( ��� (] $( �v� )
¦?;�8NB�B�=.�L¦�9<;�=�B�H�¦�H�B�DM8 B�H�=k�'D�¦?H�8NB��'HL¦�¦?D&B�F$@CB?DM;�8:¦U $@ B�J';�T�; 5�D�EGF:HL¦#�L;�8'8NF'H�¦qHL8�B�;  6;�TM;#5�DMH @�T�5�KL�:=?DMENF'H
�LTM@�¦?¦�DMENF'H)(
�e�U�_�����  �R
 � 
 '  ��������
 � �(� � ��� %��*� � ���  ��
��*�a
 � % � '�� ' �  ���

�:��������� $&%��/	���	 
�	 � ��� �e�U�_�����  �R
 � 
!'  ��������
 � �(� � ����%8+
°�;�D&B

X
F'8 H�8'¦?H�>*�'T�H H B ≤X F'8:H =�HLT-@ B�DM;�8 �$�};�=k�'=�H�¦?F'=

X
�.¦�D\ENF'HLT�¦ ENF'H ¦?;�DMHL8 B

x1

H�B
x2@# / '@�=�B?HL8$@�8 B 3

X
;�8¯@

x1 ≤ x2

;�F
x2 ≤ x1

�
;�8 �'D�BWENF'H
(X,≤)

HL¦�B.F'8h=?F;79=?` kgb\=hX�@-X�:-b\=?-
`a=?FGX @CBED;@SF;F;H�( �²@ ¦?;�F'¦�¤ � @CB?K�5�;�=�DMHg 'T�HLD�8'HM�'H LON>P � u �';�8 B TMH�¦ ;��G��H B�¦ ¦?;�8 B T�HL¦ HL8:¦?HL> �'TMH�¦
B�;CB @�T�HL>SHL8 B�;�=k�';�8:8'KL¦(H�¦�B�8:;�B�K�H 3 q tsu (qX�8'H2¦�;�F'¦�¤q $@�=�B�D�H

A
�:H
X
H�¦�BY@# ' 
H�TMKLH)79=ZYS`a=?FGX�� F;:-b

( =�HL¦. 
H���B�D"��H�>AH�8NB)79=ZYS`a=?FGXl[ F;[~Xs[ :}b )�TM;�=�¦?ENF'H)6

∀a ∈ A ∀x ∈ X a ≤ x⇒ x ∈ A
( =�HL¦. 
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[28��C@¯�L;�8:¦�B�=�F'DM=�H T-@ � @CB?K�5�;�=?DMHS9<;�8/�$@C>AH�8NB�@�TMH �'H TM@ >*�L>SHA9 @ � ;�8 ENF'H TMH 5�=?;�F/ 
; 
 �'HS9<;�8/�$@ ¤>SHL8 B @�TF( ��;�DM=Y@# / 6HL8'�'DM��H��@( ��( � (] $( � � �$) ),(
°�;�D&B −→

X
F'8 HL¦k '@��LH\;�=.�';�8'8:K#�/�';�8'�2F'8 ;�� ��H�Be�:HjLONQPGR>T)(P�+H)YCBs:}8 �;=^D;=?7jD;[ <���=I`a[ F;7@�'H −→

X
@

 6;�F'=�HL8:¦?HL> �'TMH��'H\¦�;�>S>AH B�¦ |X| H�BYENF'H�TM¦YENF'H­¦?;�D�HL8 B�T�HL¦�KLT�KL>SHL8 B�¦ x H�B y �'H |X| �:T���H�8'¦?H�>*�'T�H�'H�¦ �a��� J'HL¦4�'H
x
��HL=�¦

y
HL¦�BWT���H�8'¦?H�>*�'TMH��:HL¦W� J'HL>SDM8'¦O�:DM=?D�5�KL¦O�:H

x
��H�=?¦

y
¦?F:= −→

X
�$�)��H�¦�B@3*�:DM=?H

{
γ ∈ PoSpc[

−−→
[0, 1],

−→
X ]
∣∣∣γ(0) = x

H�B
γ(1) = y

}

£�;�F'=PB?;�F:B?H �a��� J'H
γ
�'H.��H@5�=?@# 'J'H)��;�8� 6;�¦?H)���'D�HL8SHL8 B�H�8/�'F$�

src(γ) := γ(0)
H�B
tgt(γ) := γ(1)

(
Z�;�8'¦�DW�'K�=?;�8:¦ @�TM;�=?¦ F(

−→
X )

TM@ � @ B�K�5�;�=?D�H TMD��'=?H H�8/5�HL8'�'=?K�Hg $@�= T�H�5�=?@# 'J'H �'HL¦ � J'HL>SDM8'¦u�'H −→
X
(

]W@# / 6HLTM;�8'¦�ENF'H#�B $@�=+��;�8'¦�B�=?F:��B�D�;�8$� B�;�F:B+>S;�=k 'J:DM¦?>SH��:H F(
−→
X )

HL¦�B�F:8­B?=?D� 'TMH B
(y, (αn, ..., α1), x);$#

(αn, ..., α1)
HL¦�BY¦?F'D&B�H2��;�>  6;�¦?@��'TMH2�'H)�a�L� J:HL¦Q�'Fd5�=�@) 'J'H��'H�¦O�'DM� J'H�>AD�8'¦(¦�F'= −→

X
�
γ1(0) = xH�B

γn(1) = y
( RqB�@�8 B@�:;�8'8'K�¦@�'H�F�+ >S;�=k 'J:DM¦?>SHL¦

(y, (αn, ..., α1), x)
H�B

(y′, (α′
n′, ..., α′

1), x
′)
�:H

F(
−→
X )

�$;�8d 
;�¦�H!@�TM;�=�¦
m := max{n, n′} �' 'F'DM¦

α :
−−→
[0, 1] // −→

X

t
� //

{
αk(mt− (k − 1))

¦�D
mt ∈ [k − 1, k[

αn(1)
¦?D
mt ≥ n+ 1

H�B

β :
−−→
[0, 1] // −→

X

t
� //

{
βk(mt− (k − 1))

¦�D
mt ∈ [k − 1, k[

βn′(1)
¦�D
mt ≥ n′ + 1

[28R 6HLF�BJ!'8$@�TMH�>AH�8 B� 
;�¦�HL=
(y, (αn, ..., α1), x) �dih (y′, (α′

n′, ..., α′
1), x

′)
T�;�=?¦�ENF$��D�TqH,+�D�¦�B�H F'8:H

J';�>S;�B?;  'DMH��'D�=?DW5�KLH��'H
α
��HL=�¦

β
(�V T-@4�'D�N
KL=�HL8'��He�'F �L@�¦q�LTM@�¦?¦�DMENF'H)� �dih 8$�}HL¦�Bx $@�¦qF:8'H�=?H�T-@CB?DM;�8�$�}KLENF'D"��@CTMHL8:�LH#�NH�TMTMH�HL¦�BP��H� 6HL8/�$@C8NB�=?K"�$H,+�D"��H#�NB�=?@�8'¦�D�B�D"��H�H B���;�>* $@CB�D��'TMH�@%��HL�WT-@2��;�8'�L@CB�K�8$@CB�D�;�8$(

U �



R�8 9 @�D�BA;�8 ��KL=�D�!$H >*�L>SH¯ENF'H �dih HL¦�B @�8 B�D�¦�®G>SK�B�=�DMENF'H)( �²@ =?K"�$H,+�D��GD&B�K H B T-@�B�=?@�8'¦?D&B�D"��D&B�K
¦?;�8NB1�';�8'8'K�HL¦1 '@�= TM@K '=�;  '=?D�K�B?K 7?7E( � ( � (] �( � U$),( �#@ �L;�>* $@CB?DM�'T�DMTMD&B�K�8$��H�¦�B ENF$�}F'8'H ENF'H�¦�B?DM;�8��:H
=?H� $@�=?@�>AK B�=�DM¦�@ B�DM;�8 @��S8'H��'H­T-@J��@C=?D-@C�'TMH �:H2B�HL>* '¦ (<8';�B�H�=�ENF'H­T-@ B�=?@�8'¦�D�B�D"�GD�B�K@ '=?;P�GDMH�8 B@����F'8:H
=?H� $@�=?@�>AK B�=�DM¦�@ B�DM;�8�@��A8:H-�'H�T-@O��@C=?D-@C�'TMH �'H��'K�9<;�=?>A@CB�D�;�8/),(#�²@�=�HLTM@CB�D�;�8u�:H:�'D�J';�>S;�B�;# 'DMH)� 8:;�B�K�H
∼dih

H�¦�B�T-@@ :TMF'¦U 
H B�D�B?H���;�8/5�=�F'HL8:�LH1(���;�D�=��'K,!$8'D�B?DM;�8!V�( � ( � (] �( � ���$)²H B��L;�=?;�T�T-@�D�=?H�V�( � ( U (  $( � �>U ) )
¦?F:= F(

−→
X )

��;�8 B�H�8$@�8 B ∼dih ( £�F'DM¦Y;�8d 6;�¦?H�:���0/����"$&%��/	���	 
�	 � �
�²@ <>:OX�HZYC@CBE[ = ]�@SF;D;:-`�=IFSX�:-b\=aDdcfegF =?798;:-<>= @CBVD�@SFgF�H −→

X
HL¦�B� '@�=2�'K,!$8'D&B�DM;�8 F(

−→
X )
/
∼dih

(
[28 TM@*8';�B?H −→π1(

−→
X )

(

�:���0/��0/21e� � ����	 %a
(%
£�;�F'=2B�;�F�B�H ¦?F:D�B�H �L;�>* 
;�¦�@��'T�H

(y, (αn, ..., α1), x)
�+D�T�H0+:D�¦�B?H F'8�� J'HL>SDM88�'D�=?D�5�K

α
�:H

x
��HL=?¦

yB�H�T+ENF'H
(y, (αn, ..., α1), x) ∼dih (y, (α), x)

(
1e��� �����A��Z�HLT-@ �'K��L;�F:TMH��'DM=�HL� B�HL>SHL8 BQ�'H­TM@T�:K�!$8'D&B�D�;�8g�'H �dih ENF'D²HL8/5�H�8/�'=�H ∼dih (
��²@u '=�;  '=�DMK�B?K�ENF'D6¦?F:D�B�HL¦�B�9 @��LD�TMH43u :=?;�F'��HL=�> @�D�¦ HLTMT�HY¦?HL=?@13�TM@!�'@�¦?H@�'H.TM@!8';CB�DM;�8��'HW� @CB?K�5�;�=?DMH
¦�@C8'¦Y�
;�F:�LTMH�¦YEGF:D+¦?HL=?@*�:K���H�TM;  ' 
K�H @�F � J$@) 'D�B?=?H­7?7�7N(] �( ��� ),(

�:���0/��=<>1e� � ����	 %a
(%
°�;�D&B�F'8 HL¦. $@��LH!;�=.�';�8'8'K −→

X
�'ENF'H�TM¦YENF'H!¦?;�D�HL8 BWTMHL¦�;��G��H�B?¦

x
H�B
y
�:H −→π1(

−→
X )

�

� (YT���H�8'¦?H�>*�'TMH −→π1(
−→
X )[x, x]

H�¦�B�=?K��:F'D�BW@�F ¦�DM8/5�T�H�B?;�8 {idx} H�B
��(Y¦�D

x 6= y
�'@CTM;�=�¦�T=�}F'8d�'HL¦YHL8:¦?HL> �'TMH�¦ −→π1(

−→
X )[x, y]

H�B −→π1(
−→
X )[y, x]

HL¦�BQ�GDW�:H#(
1e��� �����A�Y°�D

γ
HL¦�B.F'8K�'DM� J:HL>SDM8d�'H

x
��H�=?¦

x
¦?F:= −→

X
�6@�T�;�=?¦�T�� @�8 B?DM¦�®G>SK�B?=?DMH2�'H ≤X 9 @�D�B(EGF:H

γHL¦�B.��;�8'¦�B @�8 B%(�7�T+¦���H�8'¦?F:D�B2ENF'H!TMH�¦�¦�HLF'T�¦�>S;�=. 'J'DM¦�>AH�¦O�'H
x
��H�=?¦

x
�'H F(

−→
X )

¦�;�8 B2�'H!T-@ 9<;�=�>AH
(x, (idx, ..., idx), x) ∼dih (x, (idx), x)

(!R 8�;�F�B�=?H ¦?D
(y, (αn, ..., α1), x)

H�¦�B­F'8�>S;�=k 'J:DM¦?>SHJ�'H
F(
−→
X )

H�B ENF'H
x 6= y

�P;�8%@�8'K��LH�¦?¦�@CDM=?H�>AH�8 B
x < y

�L@�=  6;�F'= � J$@�ENF'H � J'HL>SDM8 �'D�=?D�5�K
γ
�PT-@

�L=�;�DM¦�¦�@�8:�LHz�'H
γ
DM>* 
;�¦?H ENF'H

γ(0) ≤X γ(1)
( ¶¯@�DM¦S@�T�;�=?¦���;�8%8'Hz 6HLF:B* $@�¦A@%��;�D�=T�'H ¦�F'D�B?H

�L;�>  6;�¦�@C�'TMH �:H
y
��HL=�¦

x
��@�F:B�=�HL>SHL8 B4�'D�B F(

−→
X )[y, x] = ∅ ( �

[28K 6HLF�BW@�TM;�=�¦�=?H�TMDM=�H2TMH\��;�=?;�TMT-@CDM=?H�7?7E( � ( � � (] $( U�� )(@�D�8'¦?D
�:���0/��CB � � % � �(#����

±.H�F�+z�'DM� J:HL>SDM8'¦Y@ ® @C8NBWTM@ >*�L>SH\DM>A@#5�H�¦?;�8 B4�'D�J';�>S;�B�;  6HL¦�(
1e��� �����A�P7�>A>SK��'DM@CB%(

�

�x��K�ENF'D��C@�T�HL8 B*H�8 B�;  6;�T�; 5�DMHS@�T�5�KL�:=?DMENF'HS�LTM@�¦?¦�DMENF'HAHL¦�B*�'DMH�8 ¦��'=!9 @�F�+&�x $@�=!H,+�H�>  'T�H#��T�HL¦J�'HLF�+
� J'H�>AD�8'¦Y¦?F'D"��@C8NB?¦

γ1 : [0, 1] // S1

t
� // (cos(2πt), sin(2πt))H�B

γ1 : [0, 1] // S1

t
� // (cos(4πt), sin(4πt))

U �



;�8 B T-@ >*�L>SH D�> @#5�H¯>A@�DM¦A8'H�¦?;�8 Bd $@�¦ J';�>A;�B?;  6HL¦��WT=�}F'8 9 @�D&B F'8:H�9<;�DM¦ T�H¯B�;�F:=g�'F �LHL=��LT�H
B @C8/�'DM¦AENF'H T=��@�F:B?=?H HL8 9 @�D&B*�'HLF�+&( [28  6HLF:B > @CDM8 B�H�8$@�8 B ��;�8'¦�B�=?F:DM=?H TMH 9<;�8'��B?HLF'=A� @CB?K�5�;�=?DMH
9<;�8/�'@�>AH�8 B @�T�H#(

�:���0/����21e� � � � �_	 
�	 � �
�²@ �'K�!$8:D�B�D�;�8 7?7E( ��( � (  $( U �$)�DM8'�'F'D�BD��� @C8';�8'D�EGF:HL>SHL8 B��2F'8 9<;�8'��B?HLF'=Q�'HALONQPSRQT ��H�=?¦ 14t�u (
1e��� �����A�27�T#8'H =�HL¦�B�H1 'T�F'¦WEGF��l3��:K�!$8'D�=.TM@  $@�=�B�D�H�>S;�=k :J'DM¦�>AH��'F¯9<;�8'��B?HLF'=�(\°�D

f
@) / $@�=�B�DMH�8 B

3
PoSpc[

−→
X,
−→
Y ]

�
f
DM8/�:F'D�BYF'8 >A;�=k 'J'D�¦?>SH��'Hu5�=�@# 'J:HL¦4�'F|5�=?@# 'J'HJ�'H�¦.� J'H�>AD�8'¦@�:DM=?D�5�KL¦Q�'H −→

X��H�=?¦\T�H15�=�@) 'J'H1�'H�¦\� J'HL>SDM8:¦ �'DM=�DW5�K�¦2�'H −→
Y

+�LH*>S;�=k :J'DM¦�>AH�DM8/�'F:D�B�TMF'D�¤�>*�L>SH!F:8�9<;�8'��B?HLF'= �:H

F(
−→
X )

��HL=?¦ F(
−→
Y )

�$ 'F'D�¦��'H −→π1(
−→
X )

��H�=?¦ −→π1(
−→
Y )

(*�+H  '=�;���K��'K H�¦�B­H,+:@�� B�H�>AH�8NB!T�H*> ��>AH EGF:H
�$@�8:¦�TM@* '=�HLF'��H1�'H!T-@T '=?;# '=?D�K�B�K!�2( ��( � (  $( �#� �$),(�£�TMF'¦4 '=?K��LD�¦?KL>SHL8 B��
¦�D

γ
H�¦�B�F'8|�:DM� J'H�>AD�8 ¦�F'=

−→
X
�
f ◦ γ H�¦�BWF'8z�'DM� J'H�>AD�8 ¦?F'= −→Y (

�R�8�;�F:B?=?H TM@  '=�;  6;�¦?D&B�DM;�8¯�2( ��( � ��(  $( �#� � ) (<B�J:KL;�=.�L>SH��'H%wP@C8�¬­@�>  6HL8 )Q $@C¦?¦?H 8'@CB�F'=�HLT�TMHL>SHL8 B
3 T-@ � @ B�K�5�;�=?D�H.9<;�8/�$@C>AH�8NB�@�TMH

�:���0/����>1e� � � � �_	 
�	 � ��� � � % � � #���� ��� ��'U���&'U������� � � �U�  ���*��� � '
�
��� � �(� � ����%��a+
°�;�D�HL8 B?B −→

X 1,
−→
X 2

�'H�F�+ ¦?;�F'¦�¤ HL¦k '@��LH�¦ ;�=k�';�8:8'KL¦g�$�}F'8 HL¦. $@���H ;�=k�';�8:8'K −→
X

B�HLT�¦ ENF'H�T=�}HL¦. $@���H
B�;# 
;�T�; 5�D�EGF:H¯¦?;�F'¦�¤"�?@��LH�8NB

X
¦?;�D&B T-@ =�KLF'8'D�;�8 �'HL¦ D�8NB?KL=�DMHLF:=?¦g�'H

X1
H Bd�'H

X2
�.T�HL¦ HL¦. $@��LH�¦

B�;# 
;�T�; 5�D�EGF:HL¦(¦�;�F'¦�¤"�?@��LH�8 B�¦4�'H −→
X 1

H B −→
X 2

(

X1 ⊆ X X2 ⊆ X X =
◦

X1 ∪
◦

X2

£�;�¦?;�8'¦ −→
X 0 :=

−→
X 1 ∩

−→
X 2

(
i1 :
−→
X 0 ↪→

−→
X 1, i2 :

−→
X 0 ↪→

−→
X 2, j1 :

−→
X 1 ↪→

−→
X

H�B
j2 :
−→
X 2 ↪→

−→
XTMH�¦�DM8'��TMF'¦�DM;�8:¦�� @�8';�8'DMENF'H�¦�(P�+HL¦Q�'D-@)5�=�@�>S>SHL¦(¦�F'D��C@�8 B�¦

−→
X

−→π1(
−→
X )

−→
X 1

j1

??~~~~~~~~

 	 ����� � � ��� � � ����� −→X 2

j2

__@@@@@@@@
−→π1(
−→
X1)

−→π1(
−→
j1)

::uuuuuuuuu


 	 ����� � � ��� � � ����� −→π1(
−→
X2)

−→π1(
−→
j2)

ddIIIIIIIII

−→
X 0

i1

__@@@@@@@@ i2

??~~~~~~~~
−→π1(
−→
X0)

−→π1(
−→
i1 )

ddIIIIIIIII −→π1(
−→
i2 )

::uuuuuuuuu

¦?;�8NB4�'H�¦�¦�;�>S>AH�¦Y@�> @CTW5 @�>SKLH�¦�=�HL¦k 6HL� B�D"��HL>SHL8 B@�$@�8'¦$LON>PGRQT\H�B 1xtsu (
1e��� �����A� [28  
H�F:B @)�$@# :B?HL= T-@8 '=?H�F'��HK�';�8'8:KLHz�$@�8'¦ � � � � �$@�8'¦STMH �L@�¦S�LT-@C¦?¦?D�ENF'H#( �#@�8';C¤
B�D�;�8g�$�}J';�>S;�B�;# 'DMH2K B @�8 BY=�HL>* 'T-@���KLH� $@C=��LHLT�TMH��'H��:DMJ';�>S;�B?;  'DMH�H�BYT�HL¦�=?H� $@�=?@�>AK B�=�DM¦�@ B�DM;�8'¦e $@�=
TMH�¦2=?H� $@�=?@�>AK B�=�DM¦�@ B�DM;�8'¦Q�'DM=�DW5�K�HL¦�(![28 8:;�B�H 3 ��H1 '=�;  
;�¦2ENF'H*TMH�¦2J';�>SKL;�>A;�=. 'J'D�¦?>SHL¦4�'H

[0, 1]�$@�8:¦
[0, 1]

¦�;�8 BYTMHL¦Y@) / 'TMD�� @CB?DM;�8:¦�¦�B?=?D���B�H�>AH�8 B�>A;�8';�B�;�8'HL¦ (<D=(}H#(��L=�;�DM¦�¦�@�8 B?HL¦�;�Fd�'K��L=?;�DM¦?¦?@�8 B�H�¦!)
�L;�8NB?DM8NF'H�¦�(�[28 T�HL¦ @# / 6HLTMT�H =?H� '@�=�@�>SK�B?=?D�¦�@CB?DM;�8'¦�( X�8'HA=?H� '@�=�@�>SK�B?=?D�¦�@CB?DM;�8��'DM=�DW5�K�H 8$��H�¦�B =�DMH�8
�$��@�F:B?=?H ENF$�}F'8'H =�H� $@C=�@�>SK�B?=?DM¦?@CB�D�;�8 �L=?;�DM¦?¦?@�8 B�H)( �²@  '=?H�F'��H �:F � @�¦ ��T-@�¦�¦?D�EGF:H| $@�¦�¦?H  $@C= T-@
8';�B?DM;�8R�'H � @ B�K�5�;�=?D�H �'H�¦ � J'HL>SDM8:¦ 3¯=?H� $@�=?@�>AK B�=�DM¦�@ B�DM;�8R '=.�L¦�( ±.@�8'¦*T�H � @C¦ �'DM=�DW5�K)��;�8� 6HLF�B
�'D�=?HL� B�H�>AH�8NB��+HL8 @# / 'T�DMENF$@�8 B\T�H*B�J'K�;�=k��>AH 7�7E( �G( � (] �(yU �U),��B�=?@%��@CDMTMT�HL=�@%��HL�ST-@A� @CB?K�5�;�=�DMH �'H�¦��'D&¤
� J'H�>AD�8'¦�3YD�> @)5�Hj '=.�L¦�� �#�}HL¦�B�¤q3 ¤q�'D�=?H�ENF'H��'HLFG+J�'DM� J'H�>AD�8'¦²@ ® @�8 B#T-@�>*�L>SHqDM>A@#5�H�¦?;�8 B#DW�'H�8 B�D�!'KL¦�(
Z�HLTM@ =?HL8'� TM@T :=?HLF���H!�
HL@�F'�L;�F/ K :TMF'¦"��T�DM¦�DM�'T�H��E(

U �



�:���0/��\%�$&%��/	���	 
�	 � ��� � '/
(%-, � ��	�� �U��� 	�� ' ,x��� ��� ��	�� � ����	����a+
RqB @�8 B��';�8'8'K F'8 HL¦. $@���H ;�=k�:;�8'8'K −→

X
��T-@^<>:OX�HZYC@CBV[\= D;=?7"D;[ <���=I`a[ F;7*�:H −→

X
�q8';CB�KLH

D(
−→
X )

�
@T 
;�F:=W��;�TMT�HL� B�DM;�8g�$��;��G��H�B?¦ |X| H�B@ 
;�F:=W��;�TMT�HL� B�DM;�8g�'H�>S;�=. 'J'DM¦�>AH�¦�TMH­DM>A@#5�H�¦O�'HL¦4�'D�� J'HL>SDM8'¦¦?F:= −→

X
( R�8z $@�=�B�DM��F'TMD�HL=��:¦?D

x, y ∈ |X| ;�8 @

D(
−→
X )[x, y] := {γ([0, 1])|γ H�¦�BWF'8z�'DM� J'H�>AD�8g�'H −→X �:H

x
��H�=?¦

y}.

R�8R '@�=�B?DM�LF:TMDMH�=���¦�D
I
H�¦�B!F'8 >A;�=. 'J'D�¦?>SH1�'H

D(
−→
X )

�²¦?@ ¦�;�F'=?��H HL¦�B!¦�;�8 K�TMK�>AH�8NB­>SDM8:DM>*F'> H B
¦?;�8 �:F:BYHL¦�B�¦�;�8 KLT�KL>SHL8 B�>A@B+�DM>*F'>z(�°GD

I1
H�B
I2
¦?;�8 BQ�'H�F�+ DM>A@#5�H�¦e�'H��'D�� J'HL>SDM8:¦e�'H −→

X
�:B?HLTM¦

ENF'H
src(I2) = tgt(I1)

TM@ �L;�>* 
;�¦?D�B?DM;�8
I2 ◦ I1

H�¦�B�¦?DM>* 'T�HL>SHL8 B�T-@*=�KLF'8:DM;�8z�'H
I1
H�B4�'H

I2
�$ENF'D

HL¦�B�B?=?D"��DM@�TMH�>AH�8 B­HL8'��;�=?HST=�}DM>A@#5�H1����F'8R�'DM� J:HL>SDM8$( �²H�¦�D��'HL8 B?D�B�K�¦�¦�;�8 B �:DMHL8 ¦��'=J�';�8:8'KLH�¦� $@�=
TMH�¦�¦?D�8/5�TMH B�;�8:¦�(

°�;�D&BY@�T�;�=?¦(TM@*=?H�T-@CB?DM;�8 � �:K�!$8'D�H\¦?F'=
D(
−→
X )

 $@�=
I0 � I1

¦�D�H�BW¦�HLF'T�HL>SHL8 BW¦?D (  $@�=O�'K,!$8'D�B?DM;�8 )�DMT
H,+�D�¦�B�H

γ0

H B
γ1

�L�'HLF�+1�'DM� J:HL>SDM8'¦q¦�F'= −→
X
B�H�T'ENF'H

γ0([0, 1]) = I0, γ1([0, 1]) = I1
H B�DMT�H,+�DM¦�B�H�F'8:H

�'D�J';�>S;�B�;  :DMHO�'H
γ0

��H�=?¦
γ1

(�°�;�D�B�@�T�;�=?¦ ∼ TM@J 'T�F'¦� 
H B�D�B?H���;�8/5�=�F'HL8:�LH.¦�F'=
D(
−→
X )

�L;�8NB?HL8$@C8NB � (V.T�;�=?¦�� −→π1(
−→
X ) ∼= D

−→
X/∼

�$@�8:¦ 1xt�u (
�²@K�'K,!$8'D&B�DM;�8  '=�KL�LK��'HL8 B?H ¦?;�F'¦�¤�H�8NB?HL8/� �'H�¦ =�KL¦?F:T�B @ B�¦� '@�¦�B?;�F:B 3 9 @�D�B­B?=?D��GDM@�F�+ ENF'H T���;�8R�'K ¤
>S;�8 B�=?H\��D&¤�@# '=k��¦�(
1e��� �����A�t°�;�DMHL8 B

I0
H�B
I1

@# ' $@�=�B?HL8$@C8NBz3
D(
−→
X )[x, y]

( �+H  '=�HL>SDMHL=� 
;�D�8 Bg3���K�=?D�!'HL= HL¦�B
ENF'H ¦?D

I0 � I1
�P@�TM;�=�¦� 6;�F'=*B?;�F:B ��;�F/ 'T�HM�'Hg�'D�� J'HL>SDM8'¦

(γ0, γ1)
B?HLT�¦ EGF:H

γ0([0, 1]) = I0
H B

γ1([0, 1]) = I1
�
(y, (γ0), x) ∼dih (y, (γ1), x)

�P;U# ∼dih HL¦�B*T-@¯��;�8/5�=�F'HL8'��Hd�'K�!$8:DMHM�'F:=�@�8 B T-@�L;�8'¦�B?=?F'� B�DM;�8 �'HAT-@ � @CB?K�5�;�=?DMH 9<;�8/�'@�>AH�8 B @�T�H#( Z2�}HL¦�B*H,+:@�� B�H�>AH�8NB �LHAEGF�� @��S=�>AHSTMH B�J'K�;�=k��>AH
7?7E( ��( � (] �(yU �U),(�]WK��LDW :=?;GEGF:HL>SHL8 B%�
¦?D

(x, (γ0), y) ∼dih (x, (γ1), y)
@CTM;�=�¦�T�HL¦.D�> @)5�HL¦W=?H�¦k 6HL��B?D���HL¦

�'H
γ0

H�B��'H
γ1

¦?;�8 BAKLENF'D"��@CTMHL8 B?HL¦ @CF ¦?H�8'¦��:H ∼ ( £�;�F:=AT�Hd��;�DM=��(DMT�¦�F � BM�'H 8';�B?HL=SENF'H¯¦�D
(x, (γ0), y) ∼dih (x, (γ1), y)

�G@�TM;�=?¦ ;�8 @!F'8'H.¦�F'D�B?H2�'H@�'DM� J:HL>SDM8'¦
δ0, ..., δn

B?HLT�TMHYENF'H  6;�F'= B�;�F:B
HL8 B?DMHL=

i
�$@�8:¦ {0, ..., n − 1} ;�8 @ F'8��'DMJ:;�>A;CB�;  'D�H��'H

δi
��HL=�¦

δi+1

;�F �'D�HL8��'H
δi+1

��H�=?¦
δi
(

Z�H�B�B�HS¦?F'D&B�H�( !'8'DMHW)��:H*�:DMJ';�>S;�B?;  'DMH�¦ �';�8:8'H @CTM;�=�¦��'HL¦!=?H�T-@CB?DM;�8'¦ � HL8 B�=�HAT�HL¦­DM>A@#5�H�¦��'HL¦
δi
(

�x��D�¦?;�>S;�=. 'J'DM¦�>AHJ 6HLF:B!@�T�;�=?¦2��B�=�H H,+� 'T�DM�LD&B�H�>AH�8NB �'KL��=?D�B����#�}HL¦�B!T=�}DW�'H�8NB?D�B?K HL8 B?=?H TMH�¦2�L;�T�TMH���B�D�;�8'¦
�$�};��G��H B�¦PH�B ¦?D

(y, (γ1), x)
HL¦�B�F:8S=�H� '=�KL¦�HL8 B @�8 B-�$��F:8'H ∼dih ¤���T-@�¦�¦?HO�$�}KLENF'D"��@CTMHL8:�LH ( T�HL¦�=?H� '=?K�¦?H�8�¤B @C8NB?¦e�'H\��H�B?B?H.9<;�=�>AH�¦?F �S¦?H�8 B231�:K�!$8'D�=�B�;�F:B(T�H�9<;�8'� B�H�F'=O5�=* C�LH�3 TM@� '=�;  '=?D�K�B?K.7?7E( ��( � (] $( U �$)�),�

�LH B?B?H2�LTM@�¦?¦�H2HL¦�B�HL8L��; ®�KLH� $@�=�T=�}DM¦?;�>A;�=. 'J'D�¦?>SHW¦�F'=(TM@ ∼ ¤���T-@�¦�¦?H2����K�EGF:D��C@�TMH�8'�LH2�'H2T=�}DM>A@#5�HQ�'H γ (
�Z�H�B�@�>SKL8'@#5�HL>SHL8 B\H�¦�B!�'D�HL8�¦��'=\D�>  6;�¦�¦?DM�:TMH��'@�8'¦\TMH �L@�¦\�LTM@�¦?¦�DMENF'H �L@�=��'HLFG+ � J'HL>SDM8'¦­@ ®�@�8 B
T-@*>*�L>SH\DM>A@#5�H.8'H­¦?;�8 B4 $@�¦�9<;�=��LKL>SHL8 BWJ';�>S;�B?;  
H�¦�(

�

�U�
�
2
�
� � +)����*�+)��� � �$��
h#��;���,�
� .�����.�+����

� �(������
���	���	 '  
°�;�D&B(F'8 H�¦k $@���H\;�=k�:;�8'8'K −→

X
�';�8NBYTM@ =?H�T-@CB?DM;�8 �$�};�=k�'=�H\¦?;�F:¦�¤��?@C�LHL8 B?H\HL¦�B

∆|X|
D=(}H#(

x vX y
¦�D
H B

¦?H�F'TMH�>AH�8 B�¦�D
x = y

( V.TM;�=?¦�TMH�¦Y¦?HLF:TM¦Q�'DM� J:HL>SDM8'¦Q�'D�=?DW5�KL¦O�'H −→
X
¦�;�8 B�T�HL¦Y� J'H�>AD�8'¦Y�L;�8'¦�B @�8 B?¦�H B

−→π1(
−→
X )

H�¦�B�@�T�;�=?¦(TM@ � @CB?K�5�;�=�DMH��'D�¦?��=k��B?H��';�8 BWT=�}HL8'¦�HL>*�'T�H��'HL¦Y;�� ��H�B�¦WHL¦�B |X| (
U �



�j�R�_�-,x������
)���U	 
(% ��	���	 , %
[28 @ −→π1(

−−→
[0, 1]) = ([0, 1],≤)

��@�F:B�=�HL>SHL8 B��'D&B%��TM@ � @CB?K�5�;�=�DMH 9<;�8/�$@�>SHL8 B @CTMH��:F ¦�H�5�>SHL8 B­F'8'D&B�K
�'D�=?DW5�K*HL¦�B T���H�8'¦?H�>*�'TMH*B?;�B @CTMHL>SHL8 B\;�=k�';�8:8'K

[0, 1]
>*F'8:Dj�'HST-@ =?H�T-@CB?DM;�8 ����;�=.�'=?H ��T-@�¦�¦?DMENF'H ¦�F'=

TMH�¦q=?K�HLT�¦�� �LH BPHL8'¦�HL>*�'T�H�;�=k�:;�8'8'K�K B @�8 Bx�GF �L;�>S>AH�F'8'HQ 6H�B�D&Bq�L@CB�K�5�;�=?D�H#(qZ2��H�¦�BPF'8'HY@# ' 'TMD�� @CB?DM;�8
�'D�=?HL� B�H��'F B�J'K�;�=k��>AH\7�7E( �G( � (] �(yU �U),(
��� � � �����&� � �&�.��	���	 , %
£�TMF'¦d5�K�8'KL=?@�TMH�>AH�8 B%� −→π1(

−−−→
[0, 1]n) = ([0, 1],≤)n

�\@�F:B?=?HL>SHL8 Bd�'D&B TMH  '=�;��:F'D�Bd�$@C8'¦ LONQP � u �GF
�L;�>A>SH\F'8'H� 6H�B�D&B�H\�L@CB�K�5�;�=?D�H\;�Fd�'DM=�HL� B�HL>SHL8 BWTMH� :=?;G�'F'D�Be�$@�8'¦ 1xtsu (
�j�R�+'U���(%8
�� � � %R��� � � � �
����
����
§�;CB�;�8'¦ −→

X
T=�}HL¦. $@���H.;�=.�';�8'8'K4�'K��L=?D&B-�'@�8'¦�T�� @CTMDM8:K @�w27�7?7E( � (] �( ����� ),( [28��C@J�'KL��=?DM=�H�T�;��L@�TMH�>AH�8 B%�

�#�}HL¦�B�¤q3 ¤q�'D�=?HYHL8 B?=?H4�'HLF�+S;��G��H�B?¦ (<KLTMK�>AH�8 B�¦ �'H |X| )��';�8'8'K�¦�� −→π1(
−→
X )

(�£�;�F'= � J$@�ENF'H2 '@�DM=�H
(x, y)

�
8';�F:¦�@CTMTM;�8'¦e��;�D�=�ENF'H −→π1(

−→
X )

�L;�8 B?DMHL8 B�@�Fz 'TMF:¦O�'HLF�+ >S;�=. 'J'DM¦�>AH�¦�(P[28d��@ H�5�@�TMH�>AH�8NBQ�:;�8'8'H�=
T-@ B @��'T�H ENF'De�'K��L=�D�B T-@ TM;�D��'H �L;�>  6;�¦?D&B�D�;�8 �'H −→π1(

−→
X )

( [28 =?K @CTMDM¦�H F'8'Hg '@�=�B?D�B�D�;�8 �:H −→
X

H�8
ENF$@CB?=?H����L;�>  6;�¦�@C8NB?HL¦����'D�¦ ��;�D�8 B�HL¦





A :=
[
0, 1

3

]2

C :=
[

2
3
, 1
]2

B1 :=
(]

1
3
, 1
]
×
[
0, 2

3

[)
\
]

1
3
, 2

3

[

B2 :=
([

0, 2
3

[
×
]

1
3
, 1
])
\
]

1
3
, 2

3

[

[28�;��:B?DMHL8 B2@�TM;�=�¦.F'8:H  $@�=�B?D�B?DM;�8z�'H*T���H�8'¦?H�>*�'TMH��'HL¦\>S;�=k :J'DM¦�>AH�¦�8';�8 B�=?D"�GD-@�F�+K�'H −→π1(
−→
X )

H�8
9<;�8'� B�D�;�8 �'H T=��@# / '@�=�B?HL8$@�8:�LHg�'H TMH�F'=?¦ H0+GB�=?K�>AD&B�K�¦T3

A,B1, B2

;�F
C
( I�;�F�BT�$� @C�
;�=.�$� K�B�@�8 B

�';�8:8'KL¦
x
H�B
y
@) / $@�=�B�HL8'@�8 BM3 |X| ��¦�D x 6vX y

@�TM;�=?¦ −→π1(
−→
X )[x, y] = ∅ ��;�8 ¦?F' / 
;�¦?H|�:;�8'�ENF'H

x @X y
(�§W;�B�H�=2�'D�HL8�ENF'H �$@�8'¦\T�H*� @C¦\;$#

x = y
�
;�8 @ −→π1(

−→
X )[x, x] = {idx}

��� @# :=k�L¦­TM@
 '=�;  '=?D�K�B?K\7?7E( ��( � (  $(yU��$),(P�+H2B @��:TMH @CF ¦�F'D��C@�8 B4�'K��L=?D&B −→π1(

−→
X )[x, y]

�

x ∈ y ∈ −→π1(
−→
X )[x, y]

A A {σx,y}
B1 B1 {σx,y}
B2 B2 {σx,y}
C C {σx,y}
A B1 {rx,y}
A B2 {hx,y}
B1 C {h′x,y}
B2 C {r′x,y}
B1 B2 ∅
B2 B1 ∅
A C {ux,y , dx,y}

A

C

B

B

1

2

[28u�:KL�L=�D�B#@�T�;�=?¦+TM@(TM;�D#�'H �L;�>* 
;�¦?D�B?DM;�82�'H −→π1(
−→
X )

�CT�H�>A;�=. 'J'D�¦?>SHj�'H �'=?;�D�B�H�¦�H TMD�B���HL=�B�D�� @�T�HL>SHL8 B%�
�LH�TMF'D��'H�5 @�F'� J:H\J';�=?D �L;�8 B�@�TMH�>AH�8NB��:T�HL¦(�L@�¦?H�¦W=�HL¦�B�KLH�¦O��D��'HL¦�D�8/�'D�EGF:HL8 BYENF'H\T-@1 $@CDM=?H.�L;�8'¦�DW�'K�=?K�H

U �



8$�}HL¦�B2 $@C¦��L;�>* 
;�¦�@��'T�H#(
�+H\B @��'T�H @�Fz�'H��'=�;�D�B?H\>A;�8 B?=?H­ENF'H −→π1(

−→
X )

HL¦�B25�K�8'KL=�KLHJ $@�=YTMH�¦
hx,y, rx,y, h

′
x,y, r

′
x,y

(([28 @�F'=?@�D�B
 'Fu�'KL��=?DM=�H −→π1(

−→
X )

�'HP> @C8'DW��=?Hx 'T�F'¦�H �S� @���H#��>A@�D�¦+�
HL@�F'�L;�F/ >S;�DM8:¦+TMDM¦�DM�'T�H#� H�8u�'D�¦�@�8 B�ENF'H: 6;�F'=
B�;�F'¦Y�L;�F/ :TMHL¦Q�'HJ 6;�DM8 B�¦

(x, y)
�'H

X
�'¦?D

x 6vX y
�$@CTM;�=�¦ −→π1(

−→
X )[x, y] = ∅ H B�¦�DM8';�8 −→π1(

−→
X )[x, y]HL¦�B­F'8�¦?D�8/5�TMH B�;�8¯¦�@�F:9��$@C8'¦\TMH*�L@�¦\;$#

x ∈ A H B
y ∈ C ;$# −→π1(

−→
X )[x, y]

HL¦�B!@�TM;�=?¦.F:8'H  $@�D�=?H#(
7�T²¦?F/5#5 �L=�H�H�8¯;�F:B?=?H!ENF'H#���$�}F'8'H!�LHL=�B @�D�8'H\9 @ � ;�8$��TMHL¦W>S;�=k 'J:DM¦?>SHL¦O�:H!B�®G 6H σx,y �$ENF'D�8:H � 9<=?@�8�¤� J'D�¦?¦?H�8 B� $@�¦ �'H�9<=?;�8 B�D��L=�HL¦ �B�
8$�}DM8 �'F'HL8'��HL8 B� $@�¦.TMH �¥B�®� 6H ���:F�>A;�=. 'J'D�¦?>SH @%��H�� TMH�EGF:HLT�;�8�TMHL¦
�L;�>  6;�¦?H)(W�²H�¦

σx,y
¦?H��L;�>* 
;�=�B�H�8 B.��;�>A>SHJ�'HL¦ ��KLT�KL>SHL8 B�¦�8'HLF:B?=?H�¦ �)(�V.DM8:¦?D=��¦�D�;�8¯DW�'H�8NB?D�!�@CD�B

B�;�F'¦\TMH�¦  
;�DM8 B�¦\@) / $@�=�B�HL8'@�8 BJ3 T-@ >*�L>SH ����;�>* 
;�¦?@�8 B�H � H�B\B�;�F'¦\TMH�¦2>A;�=k 'J'D�¦?>SHL¦
σx,y

3M�'H�¦
DW�:HL8 B�D&B�KL¦���;�8 @�F'=?@�D�BPF'8:H.8';�F���HLT�TMHW� @CB?K�5�;�=?DMH)�L!$8'DMH ( ��;�>* $@�=?H�=�@%��HL� −→π1(

−→
X )

ENF'D
@�TM@u 'F:DM¦?¦?@�8'��H
�'F ��;�8 B�DM8NF/)0��H�B ENF'D�8'H ¦�HL>*�'T�H @%��;�D�=� 6HL=.�'F�@�F'��F'8'H DM8�9<;�=?>A@CB�D�;�8 ��DM>* 6;�=�B�@�8 B�H �T 'F'D�¦?ENF$�};�8
�'K��L=?D&BS¦�@ T�;�DO�'H �L;�>* 6;�¦?D&B�DM;�8 3� $@C=�B�D�=T�'F%B�@��'TMHL@�F �'HK�:=?;�D&B�H HL8%HL8'T�H��C@�8 B ¦�DM>* 'TMH�>AH�8 B TMHL¦
DM8'�'DM��HL¦�H�BWT�HL¦

σx,y
ENF'D+¦�;�8 B2@�T�;�=?¦-�'HL¦WDW�'H�8 B�D�B?KL¦�(

◦ σy,z hy,z ry,z h′y,z r′y,z uy,z dy,z
σx,y σx,z hx,z rx,z h′x,z r′x,z ux,z dx,z
hx,y hx,z ux,z
rx,y rx,z dx,z
h′x,y h′x,z
r′x,y r′x,z
ux,y ux,z
dx,y dx,z

[28c;���B�DMH�8 B|�';�8'� F'8:H �L@CB�K�5�;�=?D�H�!'8'DMH @%��HL�
4
;��G��H�B?¦¯�L;�=?=?H�¦k 6;�8/�$@C8NB @�F�+ ����;�>  6;�¦?@�8 B�HL¦��

A,B1, B2

H�B
C
H B

6
>A;�=. 'J'D�¦?>SHL¦�8';�8 B�=�D��GD-@CF�+

r, h, r′, h′, u = r′ ◦ h H B d = h′ ◦ r (

A

C

B

B

1

2

r

h h’

r’ ◦ id h r h′ r′ u d
id id h r h′ r′ u d
h h u
r r d
h′ h′

r′ r′

u u
d d

Z�H�ENF'D:8���H�¦�B HL8:�L;�=�H(ENF$��F:8'HYDM8 B�F'D&B�D�;�8u�:H��GDMH�8/�'=�@��N@�F*� J$@# :D�B�=�H(7�w1( � ( �vU�(] �( ����� ),�CF'8'HO�'K,!$8'D�B?DM;�8
9<;�=�>AH�TMTMH@�';�8 BW8';�F'¦YK B�F/�'D�HL=�;�8'¦YTMH�¦O '=?;  :=?DMK B�K�¦�(
V���@C8NB4�$�}K�B?F/�'D�HL=WF'8¯@CF:B�=�H!H0+�HL>* 'TMH)�$8';�B�;�8'¦YEGF:Hu�$@C8'¦���H��'HL=�8'DMH�=��$T-@ 5�=�;�F/ 6;�
 �:D�!$�L@CB�D�;�8�( ��;�DM=
 '=�;  
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F
�'H −→π1(

−→
X )

��HL=�¦
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x vo y

@�F T�DMH�F��'H
x vOb(C) y

H B
α vm β

@�F TMD�HLFg�'H
α vMo(C) β

(

�^�:��������� � � % � �(#���� � � 'U�('$�$
(%���	�� '/
�	 � � �U���*�+'/
(%-, � ��	����T� 'U��� � � ���  �8+
RqB @�8 B4�';�8:8'K­F'8'H­� @CB?H�5�;�=?DMH C �$TMH�¦Y@�¦?¦�HL=�B�DM;�8'¦Y¦?F'D"��@C8NB?HL¦W¦?;�8 BWKLENF'D"�C@�TMH�8NB?HL¦�6
� (W@�F:�LF'8'H��'H�¦�¦�F'D�B?HL¦Y�L;�>  6;�¦�@C�'TMH�¦O�'H C 8$��H�¦�BWF'8'H­�6;�F'��TMH#(
��( ∀x, y ∈ Ob(C), ((x 6= y) ⇒

(
C[x, y] = ∅ ;�F C[y, x] = ∅)

) H B C[x, x] = {idx}
(

� ( ∀γ1, γ2 ∈ Mo(C) �
(
src(γ1) = tgt(γ2)

H�B
src(γ2) = tgt(γ1)

)
⇒ (∃x ∈ Ob(C), γ1 =

γ2 = idx)
(

� (W�²@ � @CB?K�5�;�=?DMH
Endo(C) HL¦�B2 :F'=?H (]�'@�8'¦ C )(H�BQ�:DM¦?��=k� B�H ( ��;�DM=O�'K,!$8'D&B�DM;�8 Vu( � ( �s� ),(

��(W�+HL¦Y�L@CB�K�5�;�=?D�HL¦
Endo(C) H�B Iso(C) ¦�;�8 B@�:DM¦?��=k� B�HL¦�(

U'(W£#;�F'=�B?;�F:BO5�=�;�F/ 6;�
 �:H G �/ 6;�F'=�B?;�F:B�9<;�8'��B?HLF'= F : G → C � im(F )
H�¦�BQ�'D�¦?��=k��B?H�(]�:H� 'TMF'¦��

¦�D G HL¦�B.�L;�8:8'H,+�H*@CTM;�=�¦ im(F ) = {∗} )(H�B@ 
;�F:=WB?;�F:B�>A;�8:;�
 �'H M �� 6;�F'=YB�;�F:BY9<;�8'��B?HLF'=
F :M→ C � im(F ) = {∗} (

� (W£#;�F'=�B?;�F:B(9<;�8:��B�H�F'=
F : G0 7→ C

�:;�8 @
im(F ) = {∗} �:;$# G0

HL¦�BYT���F:8'H2�'H�¦O�'HLFG+d 
H B�D&B�HL¦
�L@CB�K�5�;�=?D�HL¦�¦�F'D��C@�8 B�H�¦�6

{ x
α

(( y
α−1

hh ,N}
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�
N
K B @�8 BQ�GF H�8 B�@�8 BWEGF:H�>S;�8';�
=�'H#���#�}HL¦�B�¤s3 ¤q�'D�=?H­�L;�>S>SH2F'8'H� 6H�B�D&B�H­� @ B�K�5�;�=?D�H28$��@ ®�@�8 B

ENF$�}F'8 ¦?HLF:T#;��G��H�B�(
� (W�+HL¦Y=�HLT-@ B�DM;�8'¦ vo H B vm ¦�;�8 B@�:HL¦Y;�=k�:=?HL¦4 $@�=�B�D�HLTM¦�H�BWT=��@# / 'T�DM�L@CB�D�;�8

(
Mo(C),vm

)
//
(
(Ob(C)× Ob(C)),wo × vo

)

γ � // (src(γ), tgt(γ))

H�¦�BW¦�B?=?DM� B�H�>AH�8NB ��=?;�D�¦?¦�@C8NB?H#(
�'(W�²@ =?H�T-@CB?DM;�8 vo HL¦�BWF'8 ;�=.�'=?H� $@�=�B�D�HLT�H B

∀γ ∈Mo(C) ((γ 6= id)⇒ (src(γ)@otgt(γ))).

� �'(W£#;�F'=(B�;�F:B�9<;�8'� B�HLF:=
F : C ′ → C �/ 6;�F'=(B�;�F:B γ 9 @CDM¦�@C8NBe $@�=�B?DMH��$�}F'8'H­�6;�F'��TMH��'H C ′ � F (γ)H�¦�B*F:8'HAD��'HL8 B?D�B�K*�'H C ( [28 �:D�B!ENF$��F:8 >A;�=k 'J'D�¦?>SH

γ
]�:-[~Xh8;:}B�Xs[ = DdcfegF�= km@Ge;<Qb\=�;�F

:}8;8;:}Bs:�� XAD�:-F;7MegF�=^km@Se;<Qb =S¦?D
H�B�¦�HLF'T�HL>SHL8 BY¦��}DMT6H,+�DM¦�B�H\F'8:H\�
;�F:�LTMH
(γn, ..., γ0)

H�B(F'8
D�8/�'DM��H

i ∈ {0, ..., n} B�H�TM¦YENF'H γi = γ
(

��� ( C H�¦�BWF'8'H­� @ B�K�5�;�=?D�H\¦�@�8'¦Y�6;�F'��TMH�(�@CF ¦�HL8'¦4�'H­T-@1�'K,!$8'D&B�DM;�8 7�7?7E( � ( �$),(
� ��(W�²@ � @CB?K�5�;�=?DMH C H�¦�BWDM¦�;�>S;�=k 'J:H�3S¦�;�8 =?H��'H�B4�$@�8'¦$qsr 14t�u (���;�D�=�TMH2B?J'KL;�=.�L>SH­7?7?7E( � ( � ),(

�²@u�'H�=?8'D��L=�H.@�¦�¦?H�=�B�D�;�8 8'HW¦?H�=�@� :=?;�F'��KLH2K�ENF'D��C@�T�HL8 B�H�@�F�+ @�F:B?=?H�¦�ENF$�}F'T�B?KL=?D�HLF'=�HL>SHL8 B%�GHL8A> ��>AH
B�H�>  :¦WENF'H­T���;�8 >S;�8 B�=�HL=�@ ENF'HAqEr 1xt�u H�¦�B�F'8'H­¦?;�F:¦�¤��L@CB�K�5�;�=�DMH\K� :D&¤�=�K��$K�� J'DM¦�¦�@�8 B?Hu�'H 1xtsu (1e��� �����A�

(11)⇒ (3)°�;�D&B�F:8 >A;�=k 'J'D�¦?>SH
γ
�:H C ��¦?D γ @# / $@C=�B�D�HL8 BO3 C[x, x]  6;�F'=�F'8 ��HL=�B�@�DM8 ;��G��H�B x �'H C �'�$��@# '=.�L¦( ��� ),� TMH�¦�¦?H�F'TM¦#HL8'�';�>S;�=k 'J:DM¦?>SHL¦��'H C ¦�;�8 BqTMH�¦�D��'HL8 B?D�B�K�¦��)�';�8'� γ HL8*H�¦�BqF:8'H#�CH�Bq¦�D γ @# / $@�=�B�D�HL8 B3 C[x, y]  6;�F'=��'H�F�+ ;��G��H B�¦��'DM¦�B�D�8'��B?¦ x H�B y �'H C �#@�T�;�=?¦2;�8��:K��'F'D&B��'H�( ��� ).EGF:H

γ
HL¦�B�¦?@�8'¦

=?H B�;�F:=��$H�BQ�:;�8'�­ENF'H C[y, x] HL¦�BQ�GDW�:H#(
(3)⇒ (11)°�;�D&BYF'8¯>S;�=. 'J'DM¦�>AH

γ
�'H C ��¦?D γ @# ' $@�=�B?DMH�8NB@3 C[x, y]  
;�F'=Q�'HLF�+ ;�� ��H�B�¦4�'D�¦�B�D�8'��B?¦ x H�B y �'H

C �'@�T�;�=?¦ C[y, x] HL¦�Be�GDW�'H)�:@�F�B�=?H�>AH�8 Be�'D&B%� γ HL¦�B�¦�@�8:¦(=?H B�;�F'=���H B(¦�D γ @# ' $@�=�B?DMH�8NB-3 C[x, x]  6;�F'=F'8 �LH�=�B @CDM8 ;��G��H B
x
�'H C ��@CTM;�=�¦ γ HL¦�BWF'8'H­DW�'H�8 B�D�B?K#( (1)⇒ (2)°�D+8';�F'¦W@P�GD�;�8'¦

x 6= y
�'H�F�+ ;��G��H B�¦4�'H C H�BQ�'H�F�+ >S;�=k 'J:DM¦?>SHL¦ γ1, γ2

�'H C B�H�TM¦�ENF'H

x
γ1

)) y,
γ2

hh

@�T�;�=?¦
(γ1, γ2)

¦�HL=�@CD�B F'8'H �6;�F'��TMH)�PH BS¦?D(8';�F'¦ @%��D�;�8'¦ F'8 ;��G��H B
x
�:H C H�B F'8�>S;�=k 'J:DM¦?>SH γ@# / '@�=�B?HL8$@�8 B@3 C[x, x] B�H�T+ENF'H γ 6= idx

��@CTM;�=�¦
(γ)

¦?H�=�@�D&BYF'8'H­�6;�F'�LT�H#(

(2)⇒ (3)°�F/ ' 
;�¦�;�8'¦ ENF'H T=�};�8�@�D�B1�'HL¦ >S;�=k 'J:DM¦?>SHL¦
γ1, γ2

�:H C @%��HL� x := src(γ1) = tgt(γ2)
�
y :=

src(γ2) = tgt(γ1)
�:K�B @C8NBe�';�8'8'K.EGF:H C[ + , ® ] = ∅ ;�F C[ ® , + ] = ∅ �:;�8 @ ENF'H x = y

H B�DMT��GDMHL8 BO�:H
C[x, x] = {idx}

EGF:H
γ1 = γ2 = idx

(

� �



(3)⇒ (4)°�;�D&B(F'8 HL8/�';�>A;�=. 'J'D�¦?>SH
γ
�'H C H Be�'H�F�+ >S;�=. 'J'DM¦�>AH�¦ γ1, γ2

�'H C B�H�TM¦�EGF:H γ = γ2 ◦ γ1

�'@�T�;�=?¦
8';�F:¦2@%��;�8:¦

src(γ1) = tgt(γ2)
H B
src(γ2) = tgt(γ1)

���';�8:� DMT+H0+�DM¦�B?H F'8¯;��G��H�B
x
�'H C B?HLT#ENF'H

γ1 = γ2 = idx)
��¦�D��'D�HL8 ENF'H

Endo(C) HL¦�B1 'F:=?H#( ±.HM :TMF'¦���HL8  
;�¦?@�8 B
γ1 = γ2 = γ

��8';�F'¦
�'K��'F'DM¦�;�8'¦!ENF$��D�T�H,+�DM¦�B�H F'8 ;��G��H B

x
�'H C B�HLT ENF'H γ = γ1 = γ2 = idx

H BJ�';�8'�
Endo(C) H�¦�B�'D�¦?�L=.��B?H#(

(4)⇒ (5)°�F/ ' 
;�¦�;�8'¦WENF'H
x α // y ∈ Iso(C) ��@�TM;�=?¦ α−1 ◦ α ∈ Endo(C) EGF:D#H�¦�B4 'F'=�H#���';�8:� α−1, α ∈

Endo(C) ENF'D+H�¦�BWK�5�@�TMH�>AH�8NBQ�:DM¦?��=k� B�H­H�B4�';�8:� α−1 = α = idx
(

(5)⇒ (6)�x��D�> @)5�H ����F'8�D�¦?;�>S;�=k :J'DM¦�>AH�( =�HL¦. 
H���B�D"��H�>AH�8NBT����F'8�H�8/�';�>S;�=k :J'DM¦�>AHW)J $@�=�F'8 9<;�8'� B�HLF:=*HL¦�B
F'8ADM¦?;�>A;�=. 'J'D�¦?>SH ( =?H�¦k 6HL� B�D���HL>SHL8 B(F:8 HL8'�';�>S;�=k 'J:DM¦?>SHM)0� ;�8� 6HLF�B���;�8'�LT�F'=?HW� @C=�� J$@CEGF:H.>S;�=�¤
 'J'D�¦?>SH �$�}F'8d5�=?;�F/ 
; 
 �'H2H�¦�BYF'8 D�¦?;�>S;�=. 'J'DM¦�>AH�H�B�ENF'H­� J$@CEGF:H!>S;�=. 'J'DM¦�>AH4�$�}F'8 >A;�8:;�
 �'H�HL¦�B
F'8 HL8/�:;�>A;�=k 'J'D�¦?>SH#(

(6)⇒ (7)Rj�GDW�'H�8NB�(

(7)⇒ (1)°�F/ ' 
;�¦�;�8'¦*ENF'H
(γn, ..., γ1, γ0)

¦?;�D&B F:8'H �6;�F'��TMH*�'H C ( °GD γn ◦ ... ◦ γ1 ◦ γ0 = idsrc(γ0)

@�T�;�=?¦
n ≥ 1

( � @C=.TMH�¦�K�TMK�>AH�8NB2�$�}F'8��
;�F'�LT�H�8'H�¦?;�8 B� '@�¦2�'H�¦2DW�:HL8 B�D&B�KL¦*)WH B28';�F:¦2@%��;�8:¦2TMH!9<;�8'��B?HLF'=�¦
F
H B�T���D�8'�LT�F'¦?D�;�8

G
�:K�!$8'D&BY�L;�>S>SH2¦?F'D&B

x
α

(( y
α−1

hh
F // src(γ0)

γ0 --
tgt(γ0)

γn◦...◦γ1
mm

� � G // C ,

@�D�8'¦?D
G ◦ F HL¦�B F:8�9<;�8'��B?HLF'= �'H G0

��HL=?¦ C �';�8 B T=�}DM>A@#5�HS8$�}HL¦�BT '@�¦ {∗} ( °�D γn ◦ ... ◦ γ1 ◦
γ0 6= idsrc(γ0)

��@�TM;�=�¦ 8';�F'¦A@%��;�8:¦ TMH 9<;�8'��B?HLF'=
H

�:H
N
��HL=?¦ C HL8 B�D��L=�HL>SHL8 B��:K�B�H�=?>SDM8'Kd $@C=

H(1) = γn ◦ ... ◦ γ1 ◦ γ0
�:;�8 B�T���D�> @)5�H.8$�}HL¦�B4 $@�¦ {∗} (

(2)⇒ (8)[28¯@
x vo y

H�B
y vo x

K�ENF'D��C@�T�HL8 B43 C[x, y] 6= ∅ H B C[y, x] 6= ∅ �/�$�};$#¯D�T��GDMHL8 B x = y
H�B4�';�8:�

T=��@�8 B�D�¦�®G>SK�B�=�DMH*�'H vo ( °�F/ ' 
;�¦�;�8'¦ ENF'H 8';�F'¦ @ ®�;�8:¦ α vm β
H B
β vm α

�#�}HL¦�B�¤s3 ¤q�'D�=?H ENF$�}DMT
H,+�D�¦�B�H­ENF$@CB?=?H­>S;�=k 'J:DM¦?>SHL¦

γ1, γ2, γ3, γ4

=?HL8'�$@�8 BWTMHL¦O�:D-@#5�=?@�>S>AH�¦
α //

γ4
��

β
//

γ1

EE H�B
α //

γ2
��

β
//

γ3

YY

�L;�>A>*F�B @CB?D�9<¦�( 7�TO�GDMHL8 B �'H
(2)

ENF'H TMHL¦ >S;�=k :J'DM¦�>AH�¦
γi
�: 
;�F'=

i
@# ' $@�=�B?HL8$@C8NB�3 {1, . . . , 4} �¦?;�8NBJ�'H�¦­DW�'H�8NB?D�B?KL¦��²@CTM;�=�¦

α = β
H�B vm HL¦�B�@�8 B?DM¦�®G>SK�B?=?DMENF'H)( °�D

α vm β
�+8';�F'¦­@%��;�8'¦��'HLF�+

>S;�=k 'J:DM¦?>SHL¦
γ1
H�B
γ2
B�H�TM¦YENF'H­TMH��'DM@#5�=�@C>A>SH.¦�F'D��C@�8 BW�L;�>S>*F:B?H#6

α //

γ2
��

β
//

γ1

EE ,

� �



8';�F:¦AH�8 �'K��'F'DM¦�;�8'¦SENF'H
src(β) = src(γ1) vo tgt(γ1) = src(α)

H B
tgt(α) = src(γ2) vo

tgt(γ2) = src(β)
�� $@�=�@�DMT�TMH�F'=?¦��$¦?D

α <o β
( �';�8'�

γ1

8$�}HL¦�B� $@�¦WF'8'H*D��'HL8 B?D�B�K­;�F¯�'DMH�8
γ2

8$�}HL¦�B
 $@�¦�F'8'H2D��'HL8 B?D�B�KW)P@CTM;�=�¦��GK�B @C8NB-�';�8'8:K2ENF'H

Endo(C) HL¦�BO�'D�¦?�L=.��B?H (]��� @# :=k�L¦ (5)
ENF'D
H�¦�B�K�ENF'D��C@ ¤

TMH�8 Be3
(2)

),�
src(γ1) <o tgt(γ1)

;�F
src(γ2) <o tgt(γ2)

�G�';�8:�
(src(α), tgt(α))

HL¦�B(¦�B�=�DM� B�HL>SHL8 B
DM8�9<KL=?D�HLF'=e3

(src(β), tgt(β))
 $@�=�=?@# / 6;�=�B43 T-@*=�HLTM@CB�D�;�8 wo × vo (

(8)⇒ (2)�²@ =?HLTM@CB�D�;�8 vo H�¦�B�@�8 B�D�¦�®G>SK�B�=�DMENF'H)�$�LH­ENF'D+HL¦�B�K�ENF'D��C@�T�HL8 B@3

((x 6= y) ⇒ (C[x, y] = ∅ ;�F C[y, x] = ∅)).
±.H* 'TMF:¦ C[x, x] = {idx}

�²¦?D�8';�8�HL8 �L;�8:¦?DW�:KL=�@C8NB
γ ∈ C[x, x] �'D�¦�B?DM8'� B��'H idx �#8:;�F'¦!@%��;�8'¦!TMH�'DM@#5�=�@C>A>SH

γ //

idx

��
idx

//

γ

YY

,

�';�8:�
idx <o γ

@�TM;�=?¦ ENF'H
src(idx) = src(γ) = tgt(idx) = tgt(γ)

����H�ENF'D6�L;�8 B?=?H��:D�B�TMH�9 @�D�BPENF'H
(src, tgt)

¦�;�D�BY¦�B�=?D���B?HL>SHL8 BW�L=?;�DM¦?¦?@�8 B�H)(

(8)⇒ (9)£�=?H�8';�8'¦
γ 6= idsrc(γ)

�GDMTa�GDMHL8 B�@�TM;�=?¦
idsrc(γ) <m γ

�G�';�8'� ( � @C=
(src, tgt)

HL¦�B(¦�B?=?D���B�H�>AH�8 B(�L=�;�DM¦�¤
¦�@C8NB?HM) 8';�F'¦ @%��;�8'¦

src(idsrc(γ)) <o src(γ)
;�F

tgt(idsrc(γ)) <o tgt(γ)
��H�8 ��� @�F�B�=?H�¦*B�H�=?>SHL¦

src(γ) <o src(γ)
;�F

src(γ) <o tgt(γ)
�$H�BW@�D�8'¦?D

src(γ) <o tgt(γ)
(

(9)⇒ (2)�²@ =?HLTM@CB�D�;�8 vo H�¦�B�@�8 B�D�¦�®G>SK�B�=�DMENF'H)�$�LH­ENF'D+HL¦�B�K�ENF'D��C@�T�HL8 B@3

((x 6= y)⇒ (C[x, y] = ∅ ;�F C[y, x] = ∅))
H�BW¦�D

src(γ) = tgt(γ)
�'@�TM;�=�¦

γ = idsrc(γ)
(

(1)⇒ (10)°�D
(γn, ..., γ0)

HL¦�BYF'8'H\�6;�F'�LT�H �'H C ′ �$@�T�;�=?¦ (F (γn), ..., F (γ0))
H�¦�BYF'8'H\¦�F'D�B?H2�L;�>  6;�¦�@C�'TMH �:H CB�H�TMT�H\EGF:H

src(F (γ0)) = tgt(F (γn))
�$>A@�DM¦ C 8�� @'�a '@�=YJN®G 6;�B�J'�L¦?H)�� $@�¦Q�'H!�
;�F:�LTMH�¦��a�';�8'�� 
;�F:=B�;�F:BYDM8/�:DM�LH

i
�$@C8'¦ {0, ..., n}, F (γi)

HL¦�B�F'8'H­D��'HL8 B�D&B�K��'H C (

(10)⇒ (1)°�D C @%�C@�D�B(F'8'H­�
;�F'�LT�H­@�TM;�=�¦�TMH29<;�8:��B�H�F'=YDW�'H�8 B�D�B?K��'H C ��H�=?¦ C �L;�8 B�=�H��'D�=�@�D&B (10)
(
�

�U� �
�
�
�
2 �l� !$#��0� (��)(�� �
���,.����)(�&�!��)�������I��1)� � !%+0.0���

Z�D�B?;�8'¦�ENF'H�TMENF'HL¦W=?K�¦?F'T&B @CB?¦YEGF'@�¦?D�>AH�8NBWD�>A>SK��'DM@CB�¦:3T '=?;  6;�¦O�'H�¦��L@CB�K�5�;�=�DMHL¦�¦?@�8'¦Y�6;�F'�LT�H#(
�^�:�������\% 1e� � ����	 %a
(%

°�;�D�HL8 B C H B L �'H�F�+ � @CB?K�5�;�=�DMH�¦�D�¦?;�>S;�=k :J'HL¦��6¦�D²T=�}F'8'HJ�'HL¦4�'HLFG+¯H�¦�B.¦�@�8'¦��
;�F'�LT�H#��T=��@�F:B?=?H­T=�}HL¦�B
@�F'¦�¦?D�(

� U
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;�F:�LTMH)( ±.H* 'TMF'¦��²TMHL¦\¦�HLF'T�¦�>S;�=. 'J'DM¦�>AH�¦ �'H C ¦?;�8 B�TMH�¦DW�:HL8 B�D&B�KL¦-�';�8'� �:HL¦(D�¦?;�>S;�=k :J'DM¦�>AH�¦���@�DM8'¦�D C HL¦�B�F'8g5�=�;�F/ 6;�
 �'H)(�]YKL�LD� '=?;GENF'HL>SHL8 B��'¦?D C HL¦�B�F'85�=�;�F/ 6;�
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γ : x→ y
;�8 @

γ−1 : y → x
(P¶¯@�D�¦���;�>A>SH C 8$��@ $@�¦Q�'H­�6;�F'��TMH#�

x = y
H�B
γ = Idx
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�LHLFG+d�'H1xtsu (
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1e��� �����A� RqB @�8 Bu�';�8'8:KLHSF'8'HS� @CB?K�5�;�=�DMH ¦�@C8'¦��6;�F'��TMH C ��8';�F:¦ @%��;�8'¦ Iso(C) = Endo(C) =
{idx|x ∈ Ob(C)}
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F'8'H � @CB?K�5�;�=�DMH!¦�@�8:¦2�
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 �'H (N,+, 0)
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H B�D�B?H � @ B�K�5�;�=?D�HM),��TM@| '=�HL>SDW�L=�H H�¦�B ¦�@C8'¦ �
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 $@�¦����LH� 
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N
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7�Tq=�HL¦�B?H EGF:H#�²K�B�@�8 B��';�8'8'K�HL¦­F'8'H �L@CB�K�5�;�=?D�H*¦�@C8'¦\�
;�F'�LT�H C1 H�B­F:8'H � @CB?K�5�;�=�DMH C2 �+¦?D C1 H�B C2¦?;�8NBWK�EGF:D��C@�TMH�8 B�HL¦���@�TM;�=?¦�TMH\¦�ENF'HLT�H�B?B?H��'H C2 HL¦�BW¦?@�8'¦Y�
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°�D C H�¦�B\F'8:H*� @CB?K�5�;�=?DMH�¦�@�8:¦2�
;�F'�LT�H H�B ∼ F'8:H*�L;�8'5�=?F'H�8'�LH ¦�F'= C ��@�T�;�=?¦ C/∼ HL¦�B\HL8:�L;�=�H*¦�@�8:¦
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1e��� �����A� §W;�F'¦ @%��;�8:¦

(C/∼)[x, y] = (C[x, y])/∼x,y

�';�8'� C[x, y] = ∅ ¦?D2H B ¦?H�F'TMH�>AH�8NB ¦�D
(C/∼)[x, y] = ∅ (P±.H� 'TMF'¦�� (C/∼)[x, x] = (C[x, x])/∼x,y
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h��1�� !%���
!%1�10(��

U�;�=?>SDM¦ T=�}H,+�H�>  'T�Hd�'HL¦S� @CB?K�5�;�=?DMH�¦S9<;�8/�$@�>SHL8 B @CTMHL¦ ����H�¦k $@���HL¦ ;�=k�';�8:8'KL¦��e�';�8 BAT-@�8';�B?DM;�8 HL¦�B
DM¦�¦?F'H)��T�HL¦!HL8'¦�HL>*�6HLT�¦ ;�=.�';�8'8'K�¦ ¦�;�8 B��'H�¦ H0+:H�>  :TMHL¦u�'HS� @CB?K�5�;�=�DMH�¦�¦?@�8'¦ �6;�F'��TMH)( R�8 H�N
H�B���¦?D
(P,≤P )

H�¦�BYF'8 H�8'¦?H�>*�'TMH\;�=k�';�8:8'K2�GF �L;�>S>AH.F'8'H� 6H�B�D&B�H2�L@CB�K�5�;�=�DMH#��DMT6HL¦�BY�LT-@CDM=�ENF'H)�$HL8 B @C8NB
ENF'H  '=�KL;�=.�'=?H)�'ENF'HLT
ENF'H\¦?;�D&B

x
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P
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P [x, x] = {idx}
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x 6= y

@�TM;�=�¦
P [x, y] = ∅ ;�F P [y, x] = ∅ (£�@C=?>SD�B�;�F'¦YT�HL¦YHL8'¦�HL>*�:TMHL¦W;�=.�';�8'8'K�¦��� 6;�F'=

n ∈ N
�
∆n := {0, ..., n} (<>*F'8'D
�'H­T���;�=.�'=?H\F:¦?F'H�T )H�B

�n := {0, 1}n ( >*F'8:D
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H�N
H�B­=�HL¦. 
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n
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�	 � ���.� %��  � ��	 � � �U� qsr 14t�u �+'���� LONQP � u +
LONQP � u H�¦�B�F'8'H­¦?;�F'¦�¤ � @CB?K�5�;�=�DMH\K� 'D&¤ =?K��'KL� J'D�¦?¦�@C8NB?Hu�:Hlqsr 14t�u (
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C/∼

HL8 H�¦�B.F'8'H @�F:¦?¦?D��
;U# ∼ HL¦�B\T-@ �L;�8'5�=?F'H�8'�LH
α ∼ β

¦?D#H�B.¦?H�F'TMH�>AH�8NB.¦?D (
src(α) = src(β)H�B

tgt(α) = tgt(β)
) (%±.Hz 'TMF:¦���D�T(HL¦�BS�LT-@CDM= ENF'Hz�$��F:8%;�� ��H�B*��HL=�¦AF:8 @�F�B�=?H ;��G��H B*�'H C/∼ �DMT ® @�@�F� 'T�F'¦ F:8 >A;�=. 'J'D�¦?>SH#�q@CF:B�=�HL>SHL8 B �'D&B TM@ � @ B�K�5�;�=?D�H C/∼  
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�';�8:8'KLHg $@C= T-@| '=�;  6;�¦?D&B�DM;�8 V�( � ( � � @�F:B?=?HL>SHL8 BT�'D&B%��TM@¯�L;�F:8'D�B?K HL¦�B T�H 9<;�8'� B�H�F'= �'K�!'8'D(¦?F:= C( F:8'H\� @CB?K�5�;�=?DMH�¦�@�8:¦��
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∼ ¤���T-@�¦�¦?H��$�}KLENF'D��C@�T�HL8'��H#( �
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V.F  $@�¦�¦�@#5�H)��;�8� 6HLF:B:�'K�!'8'DM= F'8AHL8'¦�HL>*�'T�HL¦: $@�=�B?DMH�TMTMH�>AH�8 B�;�=k�:;�8'8'KW�L;�>S>SHWF:8� '=�KL;�=.�'=?HW¦�@�8:¦
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B�;# 
;�T�; 5�D�EGF:H2H�B
P(X)

T-@  6H�B�D&B�H\�L@CB�K�5�;�=?D�H��';�8 BYT=�}HL8:¦?HL> �'TMH��'H�¦W;��G��H�B?¦�H�¦�B
R× |X| H�BW;$#

P(X)[(a, x), (b, y)] :=

{ {
γ ∈ Spc

[
[a, b], X

]∣∣∣γ(a) = x
H B
γ(b) = y

} ¦�D
a ≤ b

∅ ¦?DM8:;�8
�x��D��'HL8 B?D�B�K-�'H

(a, x)
��HL=?¦

(a, x)
�$@�8'¦���H�B�B�HY� @CB?K�5�;�=?DMH�HL¦�BPT�� @# ' 'TMD�� @CB?DM;�8J�'K�!'8'DMH�¦�F'= TMH(¦�DM8/5�T�H�B?;�8

{a} H�B �';�8 B­T=�}DM>A@#5�H­HL¦�B {x} (­7�TqHL¦�B\�LTM@�DM=�ENF$��F:8'H*B�H�TMTMH @# / 'T�DM�L@CB�D�;�8¯H�¦�B­F'8'D�ENF'H#(!±.H  'T�F'¦��
¦?D
P(X)[(a, x), (b, y)] 6= ∅ H B a = b

��@CTM;�=�¦ 8'K��LHL¦�¦�@�D�=?H�>AH�8NB
x = y

��H�B*¦?D
a < b

�P@�TM;�=?¦
b 6≤ aH�B*�';�8'�

P(X)[(b, y), (a, x)] = ∅ ( V.D�8'¦?D P(X)
HL¦�BAF'8'Hz 6H�B�D&B�H �L@CB�K�5�;�=?D�H ¦�@�8'¦S�6;�F'�LT�H#(%�²@

�L;�>  6;�¦?D&B�D�;�8 HL¦�BM�';�8:8'KLHK $@�=STMH ����;�TMTM@#5�Hg�'D�=?HL� B�H2�d�'H 9<;�8'��B?DM;�8'¦����)��H�¦�B�¤q3 ¤q�:DM=?H ENF'H ¦?D
γ1

HL¦�B
�'K,!$8'D+¦?F:=

[a, b]
H�B
γ2

¦�F'=
[b, c]

H B�ENF'H
γ1(b) = γ2(b)

��@�T�;�=?¦(;�8K 6;�¦?H

γ2 ◦ γ1 : [a, c] // X

t
� //

{
γ1(t)

¦?D
t ∈ [a, b]

γ2(t)
¦?D
t ∈ [b, c]

�x� @C¦?¦?;G�LDM@CB�D"�GD�B�K H�¦�B�D�>A>SK��'DM@CB�H)(#§�;�B?;�8'¦q@CTM;�=�¦
θa,b

T=�}F'8'D�EGF:H(@# / :TMDM�L@CB�D�;�8�@��S8'H�ENF'D�HL8L��;�D�H
[0, 1]¦?F:=

[a, b]
��H B1 6;�¦?;�8:¦��j 6;�F'=

γ
H�B
γ′
=�HL¦k 6HL� B�D"��HL>SHL8 B �:K�!$8'D�¦ ¦�F'=

[a, b]
H B

[a′, b′]
�
γ ∼ γ′

�/��¦
ENF$�}DMTqH0+:D�¦�B?H F'8'H J';�>S;�B�;# 'DMHu�'H

γ ◦ θa,b
��H�=?¦

γ′ ◦ θa′ ,b′
( [28 ��KL=�D�!$HS@�D�¦?K�>AH�8NB2EGF:H ∼ HL¦�B�F:8'H

=?H�T-@CB?DM;�8|�$��K�ENF'D��C@�T�HL8'��HS¦�F'=­T=�}HL8'¦�HL>*�:TMH �'H�¦!>S;�=. 'J'DM¦�>AH�¦ �'H
P(X)

H�B!ENF'H ∼ HL¦�B!��;�>  '@CB�D��'TMH
@%��H��\T-@���;�>* 
;�¦�D�B?DM;�8*�'H

P(X)
(�R�8 H,N
H B%�

H(s, t) := γ(t)
HL¦�B�F'8'H2J:;�>A;CB�;  'D�HYHL8 B�=�H

γ ◦ θa,b
H B

γ ◦ θa,b
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γ ∼ γ′H�B
(src(γ) = x
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(tgt(γ) = x
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(xn)n∈N
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∀n ∈ N, xn+1 vo xn
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H B�D&B�H�(�B�;�F�¤
��;�F'=�¦2 $@C=�=?@# / 6;�=�B 3AT=�};�=.�'=?HJ 
;�DM8 B2 '@�=2 6;�DM8 B!)�H B%�
HL8 F'8¯�LHL=�B @�D�8 ¦?H�8'¦����';�8'8'H�F'8'H�8';�B�D�;�8|�:H
��J'@�F:B�H�F'=��2¦?F'=

Ob(C) ENF'D
�:K� 6HL8/� DM8 B�=�DM8'¦.�LENF'HL>SHL8 BWH�BYF:8'DMENF'H�>AH�8NB4�'H C (

� '/
(%-, � ��	������U��� %  %�������
��
RqB @�8 BJ�';�8:8'KAF:8 9<;�8:��B�H�F'=

F : A → P � u �²;�8��'K�!$8:D�B!T-@ �L@CB�K�5�;�=?D�H �'HL¦!KLT�KL>SHL8 B�¦��'H
F
�²8';�B�K�H

Elts(F )
� �L;�>S>AHADMTP¦?F'D&B%6ATMHL¦ ;��G��H�B?¦ ¦?;�8 B T�HL¦*��;�F/ 'T�HL¦

(A, a)
;$#

A
HL¦�B F'8�;��G��HL� BT�'H A H�B

a ∈ F (A)
( �²H�¦�>S;�=. 'J'DM¦�>AH�¦e�'H

(A, a)
��H�=?¦

(B, b)
¦�;�8 BWTMHL¦�>S;�=. 'J'DM¦�>AH�¦

f : A→ B
B�H�TM¦YENF'H

(F (f))(a) = b
(�[28 @ @�TM;�=�¦�6

�^�:���0/��CB>1e� � � � �_	 
�	 � �
°�D A H�¦�BY¦?@�8'¦(�6;�F'��TMH#�:@�TM;�=?¦(D�T
H�8M��@1�:H\> ��>AH@�'H

Elts(F )
(�V.F:B?=?H�>AH�8NBQ�:D�B%�GT-@�� @CB?K�5�;�=�DMH �:HL¦

KLT�KL>SHL8 B�¦u�'HAB?;�F:B!9<;�8'� B�HLF:= (�3d�C@�TMH�F'=?¦J�$@�8'¦%P � u )��'K�!'8'D�¦�F'= F'8:H � @ B�K�5�;�=?D�HA¦?@�8'¦ �6;�F'��TMHSHL¦�B
¦�@C8'¦Y�
;�F:�LTMH)(
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x

RqB @�8 B��';�8'8'K�F'8­;��G��H B
x
�$�}F'8'H (  
H B�D&B�HM)6� @CB?K�5�;�=�DMH C � ;�8� 
;�¦?H Ob(C/x) := {f ∈Mo(C)|tgt(f) =

x} H B Mo(C/x)[f, g] := {h ∈ Mo(C)[src(f), src(g)]|f = g ◦ h} (W[28 �'D&B�@�TM;�=�¦YEGF:H C/x HL¦�BF'8'H\B?=�@�8'� J:Hu�'H C @�Fd�'H�¦?¦�F'¦2�'H x �$¦�� J'KL>A@CB�D�ENF'HL>SHL8 B%�

src(f) h //

f
##F

FF
FF

FF
FF

src(g)

g
||xxxxxxxx

x

=

.

7�T+HL¦�BW�LT-@CDM=(ENF'H­¦?D C H�¦�BW¦�@C8'¦��6;�F'��TMH­@�T�;�=?¦ C/x T=�}HL¦�B.@CF'¦?¦�D=(]YHL>A@�=?ENF';�8:¦\EGF:HS¦�D C HL¦�B­F'8 HL8'¦�HL>*�'T�H ;�=k�:;�8'8'K1�GF �L;�>S>AH F'8'H � @ B�K�5�;�=?D�H#� C/x 8���H�¦�B!=?D�HL8�$��@�F:B?=?H!EGF:H ↑ x := {y ∈ C|y ≥ x} ���#�}HL¦�B2 
;�F'=?ENF';�D��$F'8'H­B�=?@�8'� J'Hu�'H��L@CB�K�5�;�=�DMH!@�Fz�'HL¦�¦?F'¦ �:H
x
 6HLF�B.@CF'¦?¦�D
��B�=�H���F �L;�>A>SH\F'8 DW�'KL@�T+@�Fd�'H�¦?¦?F:¦2�'H

x
(

� '/
(%-, � ��	�� �j	�� , �  �
RqB @�8 B �';�8'8'KL¦ �'H�F�+ 9<;�8'� B�H�F'=?¦

F : A → C, G : B → C � TM@2� @CB?K�5�;�=?DMH:��D�=k5�F:TMH�� (F,G)
HL¦�B��'K�!$8:D

�'HWT-@\9 @ � ;�8 ¦?F:D��C@�8 B�H)6qTMH�¦�;�� ��H�B�¦P¦?;�8NB�TMH�¦PB?=?DW :TMH�B?¦ (A, f, B)
;$#

A,B
¦�;�8 B�=�HL¦. 
H���B�D"��H�>AH�8NBe�'HL¦

;��G��H B�¦ �:H A H�B2�'H B H�B2;U# f : F (A) → G(B)
H�¦�B.F'8�>A;�=k 'J'D�¦?>SH��'H C (.±2@�8'¦.T-@ � @CB?K�5�;�=�DMH�GDM=.5�F'TMH)� TMHL¦ >S;�=k :J'DM¦�>AH�¦ �'H

(A, f, B)
��HL=�¦

(A′, f ′, B′)
¦�;�8 BSTMHL¦ ��;�F/ 'T�HL¦

(a : A → A′, b :
B → B′)

;$#
a, b

¦?;�8 BY=?H�¦k 6HL� B�D���HL>SHL8 B4�'H\>S;�=k 'J:DM¦?>SHL¦:�'H A H�BQ�'H B B?HLT�¦(ENF'H\TMH �:D-@#5�=?@�>S>AH¦?F:D��C@�8 BY�L;�>S>*F:B?H#6
F (A)

f //

F (a)
��

G(B)

F (b)
��

F (A′)
f ′

// G(B′)

= .

°�D A H�B B ¦?;�8 BW¦�@C8'¦Y�
;�F:�LTMH)�$@�T�;�=?¦�TM@*� @CB?K�5�;�=�DMH �GDM=.5�F'T�H (F,G)
T���H�¦�BWK�5 @CTMHL>SHL8 B�(

�²@ �L@CB�K�5�;�=�DMH�( �GDM=.5�F'T�HM)0X�@CBE79:-D�HZ=�@ T-@ >*�L>SH �L;�T�TMHL� B�D�;�8 �$�};��G��H�B?¦ ENF'HST-@ � @CB?K�5�;�=?DMH �GDM=.5�F'T�H#�
>A@�DM¦W¦?H�¦2>A;�=k 'J'D�¦?>SHL¦W¦?;�8 B\T�HL¦��L;�F/ :TMHL¦

(a, b)
@P��HL�

a ∈ A[A′, A]
H B
b ∈ B[B,B′]

B?HLTM¦�ENF'H*TMH
�'DM@#5�=�@C>A>SH.��;�>A> F:B�H)6

F (A)
f // G(B)

F (b)
��

F (A′)

F (a)

OO

f ′
// G(B′)

= .

X�8:HW9<;�D�¦ HL8'��;�=?H)�:¦?D A H�B B ¦�;�8 B(¦�@C8'¦��6;�F'��TMH)��@CTM;�=�¦PTM@!�L@CB�K�5�;�=�DMHO�GDM=k5�F'TMH(B?;�=?¦?@#�'KLH (F,G)
T=�}HL¦�B

@�F'¦�¦?D�(¯XW8 � @�¦� $@�=�B?DM��F'TMD�HL=\DM8 B?KL=?H�¦?¦?@�8 B HL¦�B ;��:B?HL8NF TM;�=�¦?ENF'H A = B = C H B F = G = IdC
�

T-@ � @ B�K�5�;�=?D�H*�GDM=.5�F'T�H�(<=?H�¦k 6HL��B?D���HL>SHL8 B1�GDM=.5�F'TMH B?;�=?¦?@#�'KLHW)�HL¦�B @�T�;�=?¦!@# ' 
H�TMKLHAT-@ � @CB?K�5�;�=?DMH*�'H�¦
� @C=?=?K�¦ ( =?H�¦k 6HL� B�D���HL>SHL8 B�� @�=�=?K\B�;�=�¦�@#�:KL¦��a��;�DM=�T���H0+:H�>  :TMH\¦?F:D��C@�8 B2)e�'H C (�[28d 6HLF:BQ��K�=?D"!$HL=WENF'HT-@­� @ B�K�5�;�=?D�H@�'H�¦(� @C=?=?K�¦-�'H C H�¦�B�¦�@�8'¦��
;�F:�LTMHW¦?D6H�B�¦?H�F'TMH�>AH�8NB�¦?D6T-@­� @CB?K�5�;�=?DMH C H�¦�B�HLTMT�H ¤ > ��>AH¦�@C8'¦Y�
;�F:�LTMH)(
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(%-, � ��	������U��� � '
�$
 � ��	�� '/
�	 � ��� �s�+'/
(%-, � ��	���� �����*�+'����(%��T
 � ��� '�� %��a+
�^�:���0/�����$&%��/	���	 
�	 � �

RqB @�8 BJ�';�8:8'KLHSF'8'H* 
H B�D&B�H � @ B�K�5�;�=?D�H C �#;�88�'K�!'8'D�B!T-@ <>:OX�H?YC@CBE[ =aD;=?7�]�:-<vX�@CBE[ 7 :OXs[\@GF;7 �'H C( 8:;�B�K�H
FC )WH�8� 6;�¦?@�8 B%�

Ob(FC) = Mo(C) H�B FC[α, β]
TM@A�L;�TMTMH���B?DM;�8K�'HL¦\��;�F/ 'T�HL¦

(γ2, γ1) ∈
C[tgt(α), tgt(β)]× C[src(β), src(α)]

B?HLTM¦YENF'H
β = γ2 ◦ α ◦ γ1

(

�^�:���0/���� �j�������
°�D C H�¦�B4 
H B�D&B�H#�'@�TM;�=�¦ FC T���H�¦�BW@�F:¦?¦?D�(P±.H� 'TMF'¦��$¦?D C H�¦�B�¦�@�8:¦W�6;�F'��TMH)�$@�TM;�=?¦ FC T=�}HL¦�B.@CF'¦?¦�D=(1e��� �����A�(�²@T '=?H�>AD��L=�H­@�¦?¦�HL=�B?DM;�8 HL¦�B.K,�GDW�'H�8NB?H#((°�F/ / 6;�¦?;�8'¦�ENF'H

(γ2, γ1)
¦�;�D�BYF:8 >S;�=k :J'DM¦�>AH

�'H
α
��H�=?¦

α
D=(}H#(

α = γ2◦α◦γ1

��@CTM;�=�¦
γ1, γ2 ∈ Endo(C)

�';�8:���LH�¦?;�8 Bx�'H�¦qDW�:HL8 B�D&B�KL¦"(]��� @# :=k�L¦�TMH
 6;�DM8 B

(5)
�'F B?J'KL;�=.�L>SH.7�7?7E( � (yU$),(P°�F/ ' 
;�¦�;�8'¦(ENF'H

(γ2, γ1)
¦�;�D�B�F'8 D�¦?;�>S;�=. 'J'DM¦�>AHQ�'H

α
��HL=?¦

β
�

DMT �GDMH�8NB
src(α) vo src(β) vo src(α)

@�DM8:¦?D=� vo K�B�@�8 B�F'8 ;�=.�'=?H- $@�=�B?DMH�T (]��� @# :=k�L¦�TMHe 6;�DM8 B���9 (9)�'F¯B?J'KL;�=k�L>SH 7�7?7E( � ( U ),�
src(α) = src(β)

���'H TM@A>*�L>SH!9 @ � ;�8¯;�8  '=?;�F'��H*ENF'H tgt(α) = tgt(β)�';�8:�
γ1, γ2

¦?;�8 Be�:HL¦�D��'HL8 B?D�B�K�¦ �'H.>*�L>SHYEGF:H.TMHY>S;�=k :J'DM¦�>AH
(γ2, γ1)

�:H
FC (��²@­� @CB?K�5�;�=?DMH FCHL¦�BW¦�@�8'¦W�6;�F'�LT�H�( � 9

(5)
�'F B�J'K�;�=k��>AH­7�7?7E( � (yU$),(

�

�^�:���0/��\% ����� 'U� � �U�
RqB @�8 B��';�8'8'K�¦M�'H�F�+ >S;�=. 'J'DM¦�>AH�¦

γ1

H B
γ2

�'H C ��;�8 8';�B?H¯ENF'H T���;�8 @
γ1 vMo(C) γ2

¦�D�H B
¦?H�F'TMH�>AH�8 B ¦?D

γ1 vOb(FC) γ2

�Y;$# vMo(C)

H B vOb(FC)

¦�;�8 B TMH�¦ >*�L>SHL¦ =�HLT-@ B�DM;�8'¦AENF'H���HLT�TMHL¦
@# / '@�=�@ %M¦?¦?@�8 B��$@�8'¦²TMH�B�J'K�;�=k��>AH 7?7�7E( � (yU'(�[28� 
H�F:B²=?K�¦?F'>SHL=��'H�9 @ � ;�8\B�=k��¦²�L;�>* $@�� B�H�HL8!KL��=?D"��@C8NB

vMo(C)=vOb(FC) .

�^�:���0/��=' ����� 'U� � �U�
°�F/ ' 
;�¦�;�8'¦WENF'H

γ, δ ∈ C[x, y] H B γ 6= δ
�$@�T�;�=?¦

γ 6vMo(C) δ
(

1e��� �����A�\£�F'D�¦?ENF'H C HL¦�B\F'8'H*�L@CB�K�5�;�=�DMH!¦�@�8'¦.�
;�F:�LTMH)�
¦���D�T#® @%�C@�D�B�F'8'H�9 @���B?;�=?D�¦�@CB?DM;�8 (σ2, σ1)�'H
γ
��H�=?¦

δ
�:D=(}H#(

δ = σ2 ◦ γ ◦ σ1

�'8';�F'¦�@�F'=�DM;�8:¦
σ1 ∈ C[x, x] = {idx}

�
σ2 ∈ C[y, y] = {idy}

H B
�';�8:�

γ = δ
(
�R�8 9 @CD�B%�
;�88 
H�F:B� '=?;�F'��H�=!ENF'H TM@ � @CB?K�5�;�=�DMH

FC HL¦�B!¦�@�8'¦­�6;�F'��TMH*¦�D�H�B!¦?H�F'TMH�>AH�8NB­¦�D @�F'8'��F'8�'H�¦�>S;�=k :J'DM¦�>AH
g
�:H C 8'H* 
;�¦?¦k���'H��:H �'K��L;�>* 6;�¦?D&B�DM;�8  '=?;  :=?H*�';�8 B T���F:8R�'H�¦!B?HL=�>AH�¦�H�¦�B

g
(

�+HL¦�� @CB?K�5�;�=�DMH�¦��'H�¦ 9 @���B?;�=?D�¦�@CB?DM;�8:¦�@) / $@�=?@ %-¦�¦?HL8 B��$@�8'¦ � U � � � ��� H�B�� � � �$@�8:¦ TMHS�L;�8NB?H,+GB�Hg�:H T-@
�L;�J';�>S;�TM; 5�DMH2�:HL¦Q 
H B�D&B�HL¦Y�L@CB�K�5�;�=?D�HL¦�(
� '/
(%-, � ��	�� �U����� � ���$
��-�U��� �����U��� � ���a
�	 
��8+@�+'/
(%-, � ��	�� ������� �U��� � ���a
�	 
��8+2�+'/
(%�6
, � ��	���� 'U��� � � �U�  �
RqB @�8 B@�';�8'8:K��'H�F�+ � @CB?K�5�;�=?DMH�¦ C1, C2 ��;�8¯8:;�B�H Fun(C1, C2)

TM@ �L@CB�K�5�;�=�DMH��'HL¦W9<;�8'� B�HLF:=?¦4�'H C1��H�=?¦ C2 @%��H���T�HL¦(B�=?@�8'¦�9<;�=?>A@CB�D�;�8'¦(8'@CB�F'=�HLT�TMHL¦�H�8 B�=?H­H�F�+ �L;�>A>SH\>A;�=k 'J'D�¦?>SHL¦�(�§�;�F:¦4�:;�8'8';�8:¦�LH B?B?H �'K�!'8'D�B?DM;�8A¦�@�8'¦�K�5 @�=.�'¦- 6;�F'=�TMH�¦- '=�;��'TW��>AH�¦-�'HWB @�D�TMT�HO�'HL¦(��;�TMT�HL� B�DM;�8'¦�D�¦?¦�F'¦e�'H�T-@!B?J'KL;�=?DMH
�'H�¦ HL8'¦�HL>*�'T�HL¦�( �+H��L;�8 B�H0+GB�H�HL8'¦�HL>*�:TMDM¦�B�H >SDM¦ HL8  'T-@C�LH �$@C8'¦ T=��@# / 6HL8/�:DM�LH¯V�( � ( � =.��5�T�H TMH
 '=�;��'TW��>AH)( � F:;�DMENF$�}DMT�H�8 ¦?;�D&B%��TMHSTMHL>S>SH ¦?F'D"��@C8NB >A;�8NB?=?HSENF'H#�j 6;�F'= �GF ENF'H C1 H�B C2 ¦�;�DMH�8NB 6H�B�D&B�H�¦��

Fun(C1, C2)
T=�}HL¦�BW@�F'¦?¦�D=(

�^�:���0/���� �j�������
RqB @�8 B��';�8'8'K�HL¦u�'HLF�+  6H�B�D&B�H�¦ �L@CB�K�5�;�=?D�HL¦ C1, C2 � Fun(C1, C2)

HL¦�B1 6H�B?D�B�H ( ±.H� :TMF'¦���¦?D C2 HL¦�B¦�@C8'¦Y�
;�F:�LTMH)��@�TM;�=?¦
Fun(C1, C2)

T=�}HL¦�BWK�5 @�T�HL>SHL8 B%(

� �



1e��� �����A��£ F:DM¦?ENF'H
Ob(C1), Ob(C2),Mo(C1)

H�B
Mo(C2)

¦�;�8 B4�'HL¦YHL8:¦?HL> �'TMH�¦���8';�F'¦W@%��;�8'¦
Fun(C1, C2) ⊆

P � u
[Ob(C1), Ob(C2)]×

P � u
[Mo(C1),Mo(C2)]

EGF:D+HL¦�B@�';�8:�!F:8 H�8'¦?H�>*�'T�H#(
°�F/ ' 
;�¦�;�8'¦�EGF:H

f : C1 → C2
¦?;�D&B.F'8 9<;�8'��B?HLF'=WH�B

η
F'8'H!B�=�@C8'¦�9<;�=�> @ B�DM;�8 8'@CB�F'=�HLT�TMH��'H

f
��H�=?¦

f
D�(�H)(qF'8 HL8'�';�>S;�=k 'J:DM¦?>SH2�:H

Fun(C1, C2)
(qV�TM;�=�¦��:ENF'H�T
ENF'H\¦�;�D�B�T=�};��G��H B

x
�'H C1 ;�8 @ ENF'H ηx@# / '@�=�B?DMHL8 B@3 C2[f(x), f(x)]

ENF'D²¦?H!B�=�;�F'��HJ��B?=?H!=?K��'F'D�B�@�F ¦?D�8/5�TMH B�;�8 {idf(x)}
� @�= C2 HL¦�B.¦�@�8:¦�6;�F'�LT�H�( ��;�DM=

(5)
�'F B�J'K�;�=k��>AH­7�7?7E( � (yU$),(�V.D�8'¦?D

η = idf
(

°�F/ ' 
;�¦�;�8'¦ ENF'H
f, g : C1 → C2

¦�;�DMH�8 BT�'HL¦ 9<;�8'� B�HLF:=?¦��
η
F'8:H B�=�@C8'¦�9<;�=�> @ B�DM;�8 8$@CB?F'=?H�TMTMH��'H

f
��H�=?¦

g
H B
ν
F'8'H B?=�@�8'¦�9<;�=?>A@CB?DM;�8 8'@CB�F'=�HLT�TMHg�'H

g
��HL=�¦

f
B?HLTMT�H ENF'H

ν = η−1 ( £�;�F'= B�;�F:B;��G��H B
x
�'H C1 � 8';�F'¦S@%��;�8'¦ ηx �$@�8'¦ C2[f(x), g(x)]

H�B
νx

�$@C8'¦ C2[g(x), f(x)]
� HL8 �$� @CF:B�=�HL¦

B�H�=?>SHL¦��
f(x) vo,C2 g(x)

H B
g(x) vo,C2 f(x)

�x�$��@# '=.�L¦*T�HM 6;�DM8 B
(9)

�'F B�J'K�;�=k��>AH 7?7?7E( � ( U'�qD�T
�GDMH�8NB

f(x) = g(x)
���';�8'�)�� 'F:DM¦?ENF'H C2 HL¦�B2¦�@�8'¦��
;�F'�LT�H#� ηx = νx = idf(x) = idg(x)

�$��@# '=k��¦2TMH
 6;�DM8 B

(5)
B?J'KL;�=k�L>SH*7�7?7E( � (yU�(­±.H  'TMF:¦��

η
HL¦�B\F'8'H*B?=�@�8'¦�9<;�=?>A@CB?DM;�8 8$@CB�F:=?HLT�TMH)��@�D�8'¦?D� 
;�F'=.B�;�F:B

>S;�=k 'J:DM¦?>SH
α ∈ C1[x, y]

;�8 @

f(x)
f(α) //

ηx

��

f(y)

ηy

��
g(x)

g(α)
// g(y)

= ,

�$�};$#
f(α) = g(α)

( y�DM8$@�T�HL>SHL8 B
f = g

H�B
η = ν = idf = idg

(.V.DM8:¦?D=�� $@�=�T-@ =�KL��DW '=�;�ENF'Hu�'F
 6;�DM8 B

(5)
�'F B�J'K�;�=k��>AH\7�7?7E( � (yU��

Fun(C1, C2)
H�¦�BW¦�@�8:¦��6;�F'��TMH#(

�

�:�:���0/������ ��� � �   '�	����
£�;�F'= B�;�F:B�H�¦� 6H�B�D&B�H�¦ � @ B�K�5�;�=?D�HL¦ C �q8';�F'¦ @%��;�8:¦*F'8 9<;�8'� B�H�F'= Fun(C,−) :

qEr 1xt�u → qEr 1xtsu ENF'H
T=�};�8 8';�B?H­@�F'¦�¦?D (− )C (
1e��� �����A� �x�}HL8/�';C9<;�8'��B?HLF'=SF'¦�F'HLT

Fun(C,−)
�'H 1xt�u �-�';�8 BST-@ �'H�¦?��=?DW �B�DM;�8%¦�H B?=?;�F'��HK�'@�8'¦

� � � ;�F ���v� � H�B�ENF'D�H�¦�B.K�B�=�;�D�B?HL>SHL8 B�TMDMK!@�F TMH�>A>SH��'H��P;�8:H��$@�( ��;�DM=WTMH!TMHL>S>SH!Vu( � ( � � ),��DM8/�:F'D�B
�$��@# '=.�L¦YTMH\T�HL>S>AH27�7?7E( ��( � F:8 H�8/�';�9<;�8:��B�H�F'=4�'HAqEr 1xtsu (

�

�:�:���0/������ �j�������3� � �����a
 	���
�������� �U���*� � � � � 	��_����� �U� C1 �j����� C2 �+'U�U� qEr 1xtsu +£�;�F'=WB?;�F:B?HL¦4 
H B�D�B?HL¦W� @CB?H�5�;�=?DMH�¦ C1, C2 H B C3 � C3C1×C2
H�B (C3C2

)C1 ¦�;�8 B.D�¦?;�>S;�=k :J'HL¦Q�$@�8:¦ 1xtsu (
±.H� 'T�F'¦��$¦�D C3 HL¦�B.¦?@�8'¦Y�
;�F'�LT�H#�$@�T�;�=?¦ C3C1×C2

H�B (C3C2
)C1 ¦?;�8 BWDM¦�;�>A;�=k 'J'H�¦O�$@�8'¦$qsr 14t�u (

1e��� �����A��§�;�B?;�8'¦
Φ
TMH.9<;�8'��B?HLF'=O�'H C3C1×C2

��H�=?¦ (C3C2
)C1 �'K�!$8:D�BY@�D�8'¦?D�6j 6;�F'=�B?;�F'¦�TMH�¦ F � x1H�B

x2

=�HL¦k 6HL� B�D"��HL>SHL8 BO :=?DM¦��$@�8:¦ C3C1×C2
� C1

H�B C2 �G;�8� 6;�¦�H ((ΦF )(x1))(x2) := F ((x1, x2))
H B

 6;�F'=2B�;�F'¦\TMH�¦\>A;�=. 'J'D�¦?>SHL¦�( �';�8'� B�=?@�8'¦�9<;�=?>A@CB�D�;�8'¦�8$@CB�F:=?HLT�TMH�¦!)
η
�
((Φη)x1)x2 := η(x1,x2)

(
Φ@#�'>SH�B�F'8 9<;�8'��B?HLF'=�DM8L��H�=?¦?H)� 8';�B?K

Ψ
��H Bj�'K,!$8'DG�L;�>S>SH�D�TG¦�F'D�B�6� 
;�F:=#B?;�F'¦�T�HL¦�;��G��H�B?¦

G
�
x1

H�B
x2=?H�¦k 6HL� B�D���HL>SHL8 B� '=�DM¦2�'@�8'¦ (C3C2

)C1 � C1
H�B C2 �
8';�F'¦  6;�¦�;�8'¦ (ΨG)(x1, x2) := (G(x1))(x2)

H B
 6;�F'=qB�;�F'¦ TMHL¦�>S;�=. 'J'DM¦�>AH�¦ (]�';�8'��B�=�@C8'¦�9<;�=�> @ B�DM;�8'¦�8$@ B�F'=�HLTMT�HL¦*)

µ
� 8';�F'¦  6;�¦?;�8'¦

(Ψµ)(x1,x2) :=
(µx1)x2

( �+H � @�¦ 1xtsu HL¦�B  '=�;�F'��K)( °�D C3 H�¦�BA¦�@�8'¦S�6;�F'�LT�H @�TM;�=�¦����$��@# '=k��¦AT�H TMH�>A>SH 7?7�7E( ��( �'�
C3C1×C2

H�B (C3C2
)C1 T�H\¦?;�8 B�@�F'¦�¦?D²H�BYT���D�¦?;�>S;�=k :J'DM¦�>AH�HL¦�B4�$@C8'¦$qEr 1xtsu (

�

� �



����� � � � � ����� �M� � ��� � � � ��� ��� � ��
������ � ���������

[28  '=?;# 
;�¦�H DM��D�F'8:H K�B?F/�'H ¦�®G¦�B�KL>A@CB?DMENF'Hg�'H"qsr 14t�u ( §�;�F:¦ @�TMT�;�8'¦���;�D�=*ENF'H �LH B?B?H � @CB?K�5�;�=?DMH
 $@�=�B @#5�H\F'8'H�5�=�@C8/�'H� $@�=�B�DMH��:H!¦?@S¦�B�=�F'��B?F'=?H!@%��H�� 1xtsu (

�^�:���=<8��� � � % � �(#���� �.�����  �a
)��� 1xtsu �+'U�U� qEr 1xtsu +
� (W�²@�� @CB?K�5�;�=?DMHhqEr 1xtsu HL¦�BSF'8'H ¦?;�F:¦�¤��L@CB�K�5�;�=�DMH K� 'DM=�K��$K�� J'DM¦�¦�@�8 B�Hz�'H 1xtsu � HL8  $@�=�B�D��LF'T�DMHL=��
qsr 14t�u H�¦�BW�L;�>  'T���B?H\H�BW�L;G�L;�>* 'T���B�H)(

��(WR�8�;�F:B?=?H)��¦?D
r
HL¦�B\T-@ =�K��$H0+�DM;�8 �'H 1xt�u �'@�8'¦MqEr 1xt�u ��@�T�;�=?¦@ 
;�F:=.B�;�F�B�H1 6H�B?D�B�H�� @CB?K�5�;�=?DMH

C �
(
C HL¦�BW¦?@�8'¦W�
;�F:�LTMH\¦�D+H�BW¦?H�F'TMH�>AH�8 B�¦�D r(C) = C

)

� (W�²@ �L@CB�K�5�;�=?D�H%qsr 14t�u H�¦�B��L@�=�B?KL¦?D�HL8'8:H.9<HL=�>AK�H.H�B�¦�@ ¦�B�=�F'��B?F'=?H2H�¦�B�J:KL=?D&B�K�H2�'H2��HLT�TMH4�'H
Cat

(

� (W�²@ � @CB?K�5�;�=?DMHMqsr 14t�u @#�'>SH�BQ 6;�F'=��L;#5�KL8'K�=�@CB?HLF'=WT-@1 6H�B?D�B?H\� @CB?K�5�;�=�DMH)6

⊥
α

##

β

;;6= >

H B@ 6;�F'=O5�KL8'K�=�@CB?HLF'=YT-@  6H�B?D�B�H\�L@CB�K�5�;�=�DMH#6

⊥ α // > .

��(W�²@ � @CB?K�5�;�=?DMHMqsr 14t�u @ F:8'H��6;�8'8:H\8';�B�D�;�8d�'H­¦?;�F:¦�¤�;��G��H�B�(
1e��� �����A� Z�;�>A>SHL8 � ;�8'¦  $@C=*�:KL�L=�DM=�H TM@ =?K"�$H,+�DM;�8 �'H 1xtsu �$@�8'¦�qEr 1xt�u ( °G;�D�B C F'8:Hz 6H�B?D�B?H� @ B�K�5�;�=?D�H#�  
;�F'=*B�;�F�B >A;�=. 'J'D�¦?>SH

σ
�'H C ENF'D(9 @�D�B� $@�=�B�DMHg����F'8:H �6;�F'��TMH�(���;�D�= �'H�!'8'D�B?DM;�8 T�H

 6;�DM8 B
(10)

�'F B�J'K�;�=k��>AH�7?7?7E( � ( U ),�6;�8 D��'HL8 B?D�!$H
γ
3AT=�}DW�'H�8NB?D�B?Ku�'H�¦�@ ¦�;�F'=��LH*H B�3 T=�}DW�:HL8 B�D&B�K��'H

¦?;�8 �'F�B%(ey$;�=�>AH�TMT�HL>SHL8 B%�G;�8 �L;�8'¦�DW�/��=?H ∼ �6TM@*�L;�8'5�=?F'H�8'�LHu5�KL8:KL=�@CTMDM¦�KLH�(���;�D�=4�:K�!$8'D&B�D�;�8 V�( � ( � )
HL8'5�HL8/�:=?KLHJ $@�=

{
γ ∈Mo(C)

∣∣γ @# ' $@�=�@4%MBO�$@C8'¦YF'8'H­�
;�F'�LT�H��'H C}
Z�H�B�B�H!�L;�8'5�=?F'H�8'�LHu5�KL8:KL=�@CTMDM¦�KLH� 6HLF:B4��B?=?HJ�'KL��=?D&B�H�@�DM8'¦�D=6x 6;�F'=�B�;�F'¦�;��G��H�B?¦

x, y
�'H C ��;�8z 
;�¦�H

x ∼o y
¦�D�H B ¦�HLF'T�HL>SHL8 B*¦�DPD�T�H,+�DM¦�B�HAF'8 >S;�=k :J'DM¦�>AH �'H C �:H

x
��HL=?¦

y
9 @�DM¦?@�8 BJ $@�=�B?DMH*�$�}F'8'H

�6;�F'�LT�H��'H C (!±.HLFG+�¦?F:D�B�H�¦2!$8'D�HL¦ ∼o ¤���;�>* 
;�¦?@��'T�HL¦.¦�;�8 B ∼m ¤ KLENF'D��C@�T�HL8 B�H�¦2¦?D�H�B\¦�HLF'T�HL>SHL8 B\¦?D;�8z 
H�F:B4 $@�¦�¦?HL=4�'H­T=�}F'8'HJ3 T=��@�F:B?=?H� $@�=YF'8:H!¦�F'D�B?H�!$8'DMH��'H\B?=�@�8'¦�9<;�=?>A@CB?DM;�8'¦�KLTMK�>AH�8 B @�D�=?HL¦��'�LH�¦
B�=?@�8'¦�9<;�=?>A@CB�D�;�8'¦(K�TMK�>AH�8NB�@�DM=�HL¦�K B @�8 B

(γn, ..., γi, ..., γ0) ∼m (γn, ..., idsrc(γi), ..., γ0)
¦?D
γi
9 @�D�Be $@�=�B?DMH��$�}F'8'H­�6;�F'��TMH��'H C

(γn, ..., γi, ..., γ0) ∼m (γn, ..., idtgt(γi), ..., γ0)
¦?D
γi
9 @�D�Be $@�=�B?DMH��$�}F'8'H­�6;�F'��TMH��'H C

(γn, ..., γi+1, γi, ..., γ0) ∼m (γn, ..., γi+1 ◦ γi, ..., γ0)
¦�D

(γi+1, γi)
HL¦�BW��;�>  6;�¦?@��'TMH��'@�8'¦ C

[28 @S@CTM;�=�¦(T-@*��;�>  6;�¦?@�8 B�H C �'H­T-@*��;�F'8'D&B�K��';�8'8'KLH� $@C=�TMH.9<;�8:��B�H�F'=YENF';�B�D�HL8 B Q∼ : C −→ C∼( ��;�DM=YTM@T :=?;  6;�¦?D&B�D�;�8 V�( � ( � ),(��+H­9<;�8'��B?HLF'=
Q∼

��K�=?D"!$H�TM@  '=?;  :=?DMK B�K­F'8'D"��H�=?¦?H�TMT�HJ�:HL¦�@#�B��;�D�8NB?¦43
�'=�;�D�B?H1�$��@# '=k��¦­TMH  6;�DM8 B

(10)
�'F B?J'KL;�=k�L>SH 7?7�7E( � (yU H�B­TM@M '=?;# 
;�¦�D�B?DM;�8 Vu( � ( � (*�#@g '=�;  6;�¦?D&B�DM;�8

V�( � ( � �e�';�8'8:HPT�� @)�B��;�DM8 B$3Q5�@�F'� J'H ENF'H T=�};�8\8';�B?H
r
(#�+H ¦?HL��;�8/�J 
;�DM8 B+HL¦�B#DM>S>AK��'D-@CB& 'F'D�¦?ENF'H)��¦?D CHL¦�B#F'8'H � @CB?K�5�;�=?DMH�¦?@�8'¦#�
;�F'�LT�H#� @�TM;�=?¦+@�F:�LF'8u�'HL¦²>S;�=k 'J:DM¦?>SHL¦
�:H C 8$� @) / $@�=?@ %MB��$@C8'¦²F'8'H �
;�F'�LT�HH�BQ�:;�8'�2TM@*�L;�8/5�=?F'H�8'�LH�5�K�8'KL=?@�TMD�¦?K�H �'KL��=?D&B�H­@�Fg�'H�¦?¦�F'¦YHL¦�B�B?=?D"��DM@�TMH)��D�(�H)(qHLT�TMH�8$��D��'HL8 B?D�!$H\ENF'H\��H

ENF'D:H�¦�B�K�5 @�T�(�]YKL��DW '=�;�ENF'H�>AH�8NB�� ;�8��C@@��KL=?D"!$HL=�EGF:H#� ¦?D ∼ H�¦�B�TM@.�L;�8/5�=?F:HL8'��He5�KL8:KL=�@CTMDM¦�KLH:�'KL��=?D�B?H

� �



@�Fg�'H�¦?¦�F'¦��6@�T�;�=?¦ C∼ HL¦�BY¦�@�8'¦Y�6;�F'��TMH#(q]WH�> @�=�ENF';�8'¦O�'Kq�k3 EGF:H\� J$@�ENF'H ∼ ¤��LTM@�¦?¦�H��$�}KLENF'D��C@�T�HL8'��H@\F'8S=?H� :=?KL¦�HL8 B @C8NB�ENF'D$HL¦�B�F'8:HW¦�F'D�B?H��L;�>* 6;�¦�@��:TMHO�'H C ( H B� $@�¦ ¦?H�F'TMH�>AH�8NB!) ∼o ¤ �L;�>* 6;�¦�@��:TMH(H B�';�8:�WENF$�};�8 @­F:8A=�H� '=�KL¦?H�8 B @�8 Be�:HWTM@29<;�=?>SH
(y, (γ), x)

��;$#S�'DMH�8S¦ �'=
src(γ) = x

H�B
tgt(γ) = y

(
°�D';�8A@

x ∼o y
�N@�TM;�=�¦

γ
9 @�D�Bj $@�=�B?DMHe����F'8:HW�6;�F'��TMHO�'H C H�B �';�8:� (y, (γ), x) ∼m (x, (idx), x) ∼m

(y, (idy), y)
( ±.;�8'�

Endo(r(C)) H�¦�B�F'8'H � @CB?K�5�;�=?DMH �:DM¦?��=k� B�H#(S±.H* 'T�F'¦��²¦?D�;�8 @ (y, (γ), x)
H�B

(x′, (γ′), y′)
@%��HL�

x ∼o y′
H�B
y ∼o x′

�²@�T�;�=?¦
γ
H B
γ′
9<;�8 B� $@�=�B?DMHu�$��F:8'H�( >*�L>SHM)W�6;�F'��TMH1�:H CH�B­¦�;�8 B��';�8'� �:HL¦\=?H� '=?K�¦?H�8NB�@�8 B�����F'8:H �LT-@C¦?¦?H D��'HL8 B?D�B�K)( ±�;�8'�

Endo(r(C)) H�¦�B­F'8:H � @CB?K�5�;�=�DMH�'D�¦?�L=.��B?H H�B  :F'=?H �$@�8'¦
r(C) �x��� @# :=k�L¦ TMHAB?J'KL;�=k�L>SHA7?7?7E( � ( U'� r(C) H�¦�B �';�8'� ¦�@C8'¦*�6;�F'�LT�H#(�[28@�D�8'¦?D� '=?;�F'��K\T�HL¦-�:HLF�+M '=?H�>AD�HL=?¦: 
;�DM8 B�¦�(��+H.B�=�;�DM¦�DW�L>SHW8';�F'¦(H�¦�BO�:;�8'8'K2H�¦?¦�HL8 B�D�HLTMT�HL>SHL8 BO $@C=�TMH

TMH�>A>SH27�7?7E( ��(y��( �²H\9 @�D&B�ENF'H­T-@  6H�B�D&B�H\�L@CB�K�5�;�=?D�H

⊥ α // >
¦?;�D�BYF'8d5�K�8'KL=?@CB�H�F'=YHL¦�BYB?=?D��GDM@�T=�GHL8 H�N
H�B��$�#�}HL¦�B@�'Kq�k3 F:8K5�K�8'KL=?@CB�H�F'=Q�'H 14t�u H�BWDMT�H�¦�BWDM>S>SK��'DM@CB
ENF'H!�#�}HL¦�BWF'8:H!�L@CB�K�5�;�=�DMH\¦�@C8'¦��6;�F'��TMH)(�w ; ®�;�8'¦Y>A@�DM8 B�H�8$@�8 BYENF'H!T-@1 6H�B�D&B�H\�L@CB�K�5�;�=?D�H

⊥
α

##

β

;;6= >

HL¦�BWF'8 ��; 5�K�8'KL=?@CB�H�F'=Q�'HAqEr 1xtsu (
§�;CB�;�8'¦ E T-@*� @ B�K�5�;�=?D�H\¦?F'D"��@C8NB?H

⊥
α

##

β

;;6= > .

RqB @�8 B��';�8'8'KL¦
f, g : C1 → C2

�'H�F�+�9<;�8'� B�H�F'=?¦��'D�¦�B?DM8'� B�¦2H�8NB?=?HT�'H�F�+��L@CB�K�5�;�=?D�HL¦\¦?@�8'¦\�6;�F'�LT�H#�
DMT�8';�F'¦�9 @�F:B­>S;�8 B�=?H�=.ENF$�}DMTqH0+�DM¦�B?H F'8 9<;�8'� B�H�F'=

h : C2 → E
B�H�TqENF'H

h ◦ f 6= h ◦ g (!V�DM8'¦�D=�
DMTHL¦�B2¦�F �S¦�@�8 B��'H� '=?;�F���HL=�ENF'H1 6;�F'=W� J$@�ENF'H (  
H B�D�B?HM)�� @CB?K�5�;�=?DMH!¦�@C8'¦.�6;�F'��TMH C H�BWB�;�F:B2��;�F/ 'T�H�$�};��G��H B�¦2�:DM¦�B?DM8'� B�¦
(x, y)

�'H C H�BWB�;�F:BW�L;�F/ :TMHJ�'H�>S;�=. 'J'DM¦�>AH�¦O�'DM¦�B�D�8'��B?¦ γ, δ �:H C[x, y] �$;�8 @�'H�F�+ 9<;�8'� B�HLF:=?¦
h, h′ : C → E B?HLT�¦�EGF:H h(x) 6= h(y)

H�B
h′(γ) 6= h′(δ)

(
[28K�:K�!$8'D&B

h
�'H­T-@ 9 @ � ;�8 ¦?F:D��C@�8 B�H)6� 6;�F'=(B?;�F:BW;��G��H B z �:H C �

• ¦�D z vo x ��@CTM;�=�¦ h(z) = ⊥

• ¦�DM8';�8 h(z) = >
H�B ∀γ ∈Mo(C)

• ¦�D src(γ), tgt(γ) vo x ��@�TM;�=?¦ h(γ) = id⊥

• ¦�D src(γ), tgt(γ) 6vo x ��@�TM;�=?¦ h(γ) = id>

• ¦�DM8';�8$�
;�8 @ 8'K��LH�¦?¦�@CDM=?H�>AH�8 B src(γ) vo x H�B tgt(γ) 6vo x (<� @�= C HL¦�B.¦�@�8:¦2�
;�F'�LT�Hu�';�8'�
vo

H�¦�B�F'8'H!=?H�T-@CB?DM;�8d�$�};�=k�:=?H� $@�=�B�DMH�T+H�B
src(γ) vo tgt(γ)

)�H B.;�8K 6;�¦?H
h(γ) = α

(�±2@�8'¦
��H!�L@�¦Y;�8 @ K,�GDW�'H�>A>SHL8 B

h(x) = ⊥ H�B
h(y) = > (

[28 �L;�8'¦�B @CB?H­@�TM;�=?¦�ENF'H
h
HL¦�B�F:8 9<;�8'��B?HLF'=O :F'DM¦�EGF:H!¦�D

γ
H�B
δ
¦?;�8 BQ�'H�¦W>S;�=. 'J'DM¦�>AH�¦-�'H C @P��HL�

scr(δ) = tgt(γ)
�
@�TM;�=�¦.;�8�8:H1 
H�F:B� $@C¦\@%��;�D�=

h(γ) = α
H B
h(δ) = α

�
F'8'H*9<;�DM¦.H�8'�L;�=?H#�
�#�}HL¦�B
F'8'H­��;�8'¦?K�ENF'HL8'��H1�'F 9 @�D�B(EGF:H C ¦�;�D�BY¦?@�8'¦Y�6;�F'�LT�H#(

� U



±2@�8:¦�TMH��L@�¦�;$#*T���;�8 @ �'HLFG+ >S;�=k 'J:DM¦?>SHL¦
γ, δ

�'H C ��¦?F/ / 6;�¦�;�8'¦ ENF'H γ, δ 8�� @�D�HL8 Bx $@C¦qTMH�¦q> ��>AH�¦H,+GB?=?KL>SD�B?KL¦���@�TM;�=?¦!HL8�@# / :TMDMENF$@C8NB��LHAENF'D- '=�KL�����'H)�P;�8 @
h′
B?HLTPEGF:H

h′(γ)
H�B
h′(δ)

@�D�HL8 B1�'H�¦
¦?;�F'=?��HL¦W;�Fd�'HL¦W�'F:B?¦4�:D�N
KL=?H�8 B�¦��a�:;�8'�

h′(γ) 6= h′(δ)
(

V.D�8'¦?D��';�8d 6HLF:BW¦?F' / 
;�¦?HL=WENF'H
γ, δ ∈ C[x, y] ( §�;�F:¦4�:K�!$8'D�¦?¦�;�8'¦�@�TM;�=�¦ h′ @�D�8'¦?D�6j 6;�F'=�F'8 ;��G��H B

z
�'H C
• ¦�D z vo x ��@CTM;�=�¦ h′(z) := ⊥

• ¦�DM8';�8 h′(z) := >
£�;�F'=YF'8 >S;�=. 'J'DM¦�>AH

ζ
�

• ¦�D src(ζ), tgt(ζ) vo x �$;�8z 6;�¦?H h′(ζ) := id⊥
(

• ¦�D src(ζ), tgt(ζ) 6vo x �$;�8z 6;�¦?H h′(ζ) := id>
(

• ¦�D src(ζ) vo x � tgt(ζ) 6vo x H�B�¦��}DMT�H,+�D�¦�B�H ζ ′ B?HLT6ENF'H ζ ′ vm ζ
�
ζ ′ vm γ

H�B
ζ ′ 6vm δ

��@�T�;�=?¦
;�8d 6;�¦?H

h′(ζ) := α
(

• �'@�8'¦�B�;�F:¦WT�HL¦Y@�F�B�=?H�¦Y� @�¦��6;�8z 6;�¦�H
h′(ζ) := β

(
w2K�=?D"!$;�8'¦�EGF:H

h′
H�¦�B2H,N
H���B?D���H�>AH�8 B\F'8¯9<;�8:��B�H�F'=�6�K B @�8 B2�';�8'8'K

ζ1, ζ2
@%��HL�

src(ζ2) = tgt(ζ1)
�

8';�F:¦\@%��;�8'¦
src(ζ1) vo tgt(ζ1) = src(ζ2) vo tgt(ζ2)

(WV.D�8'¦?D��
¦�D
tgt(ζ2) vo x

�+@�T�;�=?¦
h′(ζ1) =

h′(ζ2) = id⊥
�6¦�D

src(ζ1) 6vo x
�
@CTM;�=�¦

h′(ζ1) = h′(ζ2) = id>
��¦?D

src(ζ1) vo x
H B
tgt(ζ2) 6vo x

�
@�T�;�=?¦�8';�F'¦­@%��;�8'¦��'HLF�+ ¦?;�F:¦�¤��L@�¦J3 K�B?F/�'DMH�=�6�¦?D

tgt(ζ1) vo x
�²@�TM;�=�¦

h′(ζ1) = id⊥
H�B
h′(ζ2) ∈

{α, β} ��¦?D�8';�8 tgt(ζ1) 6vo x
�Y@CTM;�=�¦

h′(ζ2) = id>
H B
h′(ζ1) ∈ {α, β}

( ±2@C8'¦AB?;�F'¦ T�HL¦S� @�¦��
h′(ζ2 ◦ ζ1) = h′(ζ2) ◦ h′(ζ1)

HL¦�BW¦?@CB�D�¦�9 @�D&Be�';�8:�
h′
H�¦�BWF'8 9<;�8'� B�HLF:=�( V.T�;�=?¦��

h′(γ) = α
 'F'D�¦?ENF'H

γ 6vm δ
(���;�D�=�T���H0+�HL>* 'TMH:�'HL¦q�L@CB�K�5�;�=�DMHL¦U�'HL¦�9 @���B?;�=?D�¦�@CB?DM;�8'¦*),(�±.He 'T�F'¦��CDMT �GDMHL8 B�DM>S>AK��'D-@CB?HL>SHL8 B

�$��@# '=.�L¦YT-@ �'K,!$8'D�B?DM;�8g�:H
h′
ENF'H

h′(δ) = β
(

£�;�F'=²¦?H �L;�8L�C@�D�8'�L=�H��:HPT�� @%�C@�8 B�¤ �'HL=�8'DMH�=
 
;�DM8 B%� DMTC¦?F � BU�'H =?H�> @�=�ENF'HL=²ENF'H TMH�¦#>S;�8';�>A;�=. 'J'D�¦?>SHL¦
�'H"qsr 14t�u ¦?;�8 B��qB�;�F:B �L;�>S>SH �LH�F�+ �:H 14t�u ��TMH�¦ 9<;�8'� B�H�F'=?¦1�:;�8 B T-@| '@�=�B?DMH ;��G��H�B H B T-@z $@�=�B�DMH
>S;�=k 'J:DM¦?>SH ¦?;�8 B D�8B��HL� B�D���HL¦�(h�+H �'H�=?8'D�HL=� 6;�D�8NBAHL¦�B%�@3 ENF'HLT�ENF'HL¦ @C>AK�8$@#5�H�>AH�8NB?¦M '=.�L¦��YF'8:H
�L;�8'¦?K�EGF:HL8'��H��'H � �C� � (

�R�8M '=?@CB�D�EGF:H#�GTMH4�'HL=�8'DMH�=- 6;�DM8 B��'F B?J'KL;�=.�L>SH.7�7?7E( � ( � 8'H.¦�HL=?@� $@�¦�F:B�D�TMDM¦�KQ�$@�8'¦�TMHW=?HL¦�B�H �:H.�LH B?B?H
B�J'�L¦?H)(

�U� �
�
3
�
� � +)���;*�+)��� � ����
h#������ �
� �0� �m�;���)� � ��1)����� �����

� � � �	� �����
£�;�F'=WB?;�F:B�>A;�8';�
 �:H M ( �GF ��;�>S>AH\F'8:Hu 6H�B?D�B�H!� @ B�K�5�;�=?D�HM),�

r(M) = {∗} ��@�F:B?=?HL>SHL8 B@�'D�B��$TMH=?H"�$H�B4�'H\B?;�F:BW>A;�8';�
 �:H �$@�8'¦$qsr 14t�u H�¦�B�T=�};��G��H B�B�HL=�>AD�8$@�T&�'HAqEr 1xtsu (

 � � � � �	� �����
£�;�F'=2B�;�F�B�5�=?;�F/ 
; 
 �'H G ( �GF��L;�>A>SH F'8:H* 6H�B?D�B?H*� @CB?K�5�;�=?DMHW),�

r(G) = {∗} �+@�F:B?=?HL>SHL8 B��:D�B%�
TMH=?H"�$H�B4�'H\B?;�F:B45�=?;�F/ 
; 
 �'H �'@�8'¦�qEr 1xtsu HL¦�B�T���;��G��H�B�B?HL=?>SDM8'@�T��'HAqsr 14t�u (
�J��� �+'U� '
�$
(%���	�� ''
�	 � � �����*�+'/
(%-, � ��	����T� 'U�U� � � ���  �
£�;�F'=�B?;�F:B�H4 6H�B�D&B�HW� @CB?K�5�;�=?DMH C � r(C) = C ¦?D6H�B�¦?H�F'TMH�>AH�8NB�¦?D C HL¦�B(¦�@C8'¦��6;�F'��TMH ( �#�}HL¦�B(T�H ��� ����� 6;�DM8 BQ�'F B�J'K�;�=k��>AH\7�7?7E( � ( U ),(PZ2�}HL¦�B.T�H\¦?HL��;�8/�K 
;�D�8 BO�'F B�J'K�;�=k��>AH­7?7�7E( � ( � (

�Q�



1 �
 �
, � ����� �U	���	 , %��
[28¯@

{∗} = r( %%ee ) = r(
��?

??
??

????�������oo
) = r(

//

��

OO

oo
) = ...

�\�A�  �U�����
� �U��� ���  ''
�	 � �U�T����
����8� � � � � 	��B����� ��� C
[28¯@

r(

α //

�� ��

EE

β //

EE

) =
[α] %%
[β]

996=

¦?D
DMT68$�«® @*@CF'�LF'8:H\=?HLTM@CB�D�;�8SDM>* 'TMD�EGF'@�8 B
α
;�F

β
���)��H�¦�B�¤s3 ¤ �'DM=�H.ENF$��@�F'�LF:8z�:HL¦O�'DM@#5�=�@C>A>SHL¦ �$@�8:¦

TMH�¦?ENF'H�TM¦W@# / $@C=�@ %M¦?¦?H�8 B
α
H B
β
8$�}HL¦�B���;�>S>*F:B @ B�D�9s(

����� ��� ����
�� � ��
�� � � ��� � �����
RqB @�8 B4�';�8:8'KLH­F'8'H (  
H B�D�B?HM)��L@CB�K�5�;�=?D�H C �:T-@ � @CB?K�5�;�=?DMH HelixN(C) HL¦�B4�'K�!$8:DMH\�L;�>A>SH\¦?F'D&B%6�TM@�L;�TMTMH���B?DM;�8*�'HL¦�;��G��H�B?¦-�'H

HelixN(C) HL¦�B Ob(C)×N
H B(��HLTMT�H@�:HL¦(>S;�=k :J'DM¦�>AH�¦:�'H

(x1, n1)
��HL=�¦

(x2, n2)
HL¦�B

• ∅ ¦?D n1 6≤ n2

• ∅ ¦?D n1 = n2

H B
x1 6= x2

• {(n1, idx1, n1)}
¦?D
n1 = n2

H B
x1 = x2

• {(n1, f, n2)/f ∈ C[x1, x2]}
¦?D
n1 < n2

(

Z�;�>S>AH\;�8z 6HLF�B�¦��}® @CB?B?HL8/�'=�H#��;�8d 6;�¦?H

src(n1, f, n2) := (src(f), n1) = (x1, n1)
tgt(n1, f, n2) := (tgt(f), n2) = (x2, n2)
id(x,n) := (n, idx, n)
(n2, g, n3) ◦ (n1, f, n2) := (n3, g ◦ f, n1)

�';$# ¦?=�� (]5 )��.B\5�BM(<9*)-�$@�8'¦ C.
±.H� 'T�F'¦��a 6;�F'=(B?;�F:B�9<;�8'� B�H�F'=

F : C1 → C2
�$8';�F:¦�@%��;�8'¦WF'8 9<;�8'��B?HLF'=

HelixN(F ) : HelixN(C1)→ HelixN(C2)
HL8z 6;�¦�@�8 B

HelixN(F )(x, n) := (F (x), n)
H�B
HelixN(F )(n1, f, n2) := (n1, F (f), n2).

R�8K '@�=�B?DM�LF:TMDMH�=��
HelixN(C) H�¦�B�F'8'H­¦?;�F:¦�¤��L@CB�K�5�;�=�DMH��'H­T-@ � @ B�K�5�;�=?D�H� '=?;G�'F'D&B C × N

�$;$#
N
H�¦�B

HL8:¦?HL> �'TMH­;�=.�';�8'8'K��GF �L;�>S>AH\F:8'H� 
H B�D�B?H\� @CB?K�5�;�=?DMH)(
�^�:���CB ��� �j�������

[28 @\F'8 9<;�8'� B�H�F'=
HelixN

�'H 14t�u ��HL=�¦)qsr 14t�u H B
projN,C : HelixN(C)→ C

� ENF'D�HL¦�B��'K�!$8:D� '@�=
projN(x, n) := x

H�B
projN(n1, f, n2) := f

H�¦�B\F:8'H B�=?@�8'¦�9<;�=?>A@CB�D�;�8 8$@CB�F:=?HLT�TMHu�'H
I ◦HelixN��H�=?¦

IdCAT

�$;$#
I
HL¦�BWTMH29<;�8'� B�H�F'=Q�$��D�8'�LT�F'¦?D�;�8g�'HAqEr 1xt�u ��HL=?¦ 1xtsu (

�>�



1e��� �����A��7�T�=?H�¦�B�H@3���;�D�=PENF'H
HelixN(C)

HL¦�B�¦?@�8'¦P�
;�F:�LTMH)( °�D
HelixN(C)[(x1, n1), (x2, n2)] 6=

∅ H�B (x1, n1) 6= (x2, n2)
�+@CTM;�=�¦

n1 < n2

���L;�8:¦?KLENF'H�>A>SHL8 B��
HelixN(C)[(x2, n2), (x1, n1)] = ∅H�B��� $@�=��'K,!$8'D�B?DM;�8��

HelixN(C)[(x, n), (x, n)] = {(n, idx, n)} �
�';�8:�#���$��@# '=k��¦­TMH  6;�DM8 B (2)
�'F

B�J:KL;�=.�L>SH!7�7?7E( � ( U'�
HelixN(C)

HL¦�BW¦�@�8'¦W�6;�F'�LT�H#( �²@ 8$@CB?F'=�@�T�D�B?K2HL¦�B�K,�GDW�'H�8NB?H#(
�V.D�8'¦?D��

HelixN

H�¦�B �q '=?H�¦?ENF'H2� T�� @#�_��;�DM8 Bu3K�'=�;�D�B?H �:H
I
��>A@�DM¦�����;�>A>SH

I
8'H� :=?KL¦�HL= ��Hg $@�¦�TMH�¦

�L;�TMDM>SD�B?HL¦��C8';�F'¦�¦�@%��;�8'¦ EGF:H
I
8$��@  $@�¦x�$��@#�B��;�DM8 B 3 �'=�;�D�B?H#(�]WH�> @�=�ENF';�8'¦�ENF'H)�G�'@�8'¦qB�;�F:B��LH�ENF'D

 '=�KL�����'H#��;�8d 6HLF:BY=�HL>* 'T-@C�LHL=
N
 $@�=(8���D�>  6;�=�B?H2ENF'HLT+H�8'¦?H�>*�'T�H� $@�=�B?DMH�TMTMH�>AH�8 B(;�=.�';�8'8'K

(P,≤)H�B�@�D�8'¦?D��'K�!$8:DM=
HelixP

(

�^�:���CB �0/31e� � � � �_	 
�	 � �
[28 @�F'8%9<;�8'��B?HLF'=

Helix : Cat × PoSet → LfCat
�';�8NBAT-@  $@C=�B�D�H ;��G��H�BAHL¦�B��:K�!$8'D�HK 6;�F'=

B�;�F:B�H  6H�B?D�B�H¯� @CB?K�5�;�=�DMH C H�B B?;�F:B HL8:¦?HL> �'TMH�;�=.�';�8'8:K P  $@�=
Helix(C, P ) := HelixP (C) �H�B��:;�8 B­T-@M $@�=�B�D�H*>A;�=k 'J'D�¦?>SH H�¦�B��'K,!$8'DMH  6;�F'=2B?;�F:B29<;�8'��B?HLF'=
F
@) / $@�=�B�HL8'@�8 BJ3

Cat[C1, C2]
�

 6;�F'=­B�;�F:B?H @# ' 'TMD�� @CB?DM;�8
G
@# / '@�=�B?HL8$@�8 B13

PoSet[P1, P2]
�� 6;�F'=­B�;�F:B*;�� ��H�B

x
�:H C1 H�B�B�;�F:BKLT�KL>SHL8 B

n
�'H�T=�}HL8'¦�HL>*�'T�H.;�=.�';�8'8:K

P1

�� $@C=
Helix(F,G)(x, n) := (F (x), G(n))

��H B- 6;�F'=PB�;�F�B
γ
@# / '@�=�B?HL8$@�8 BT3

Mo(C) H�B*B?;�F:B n1, n2

@) / $@�=�B�HL8'@�8 B 3
P1

�j $@�=
Helix(F,G)(n1, γ, n2) :=

(G(n1), F (γ), G(n2))
(

1e��� �����A��Z2��H�¦�B�F'8'H���K�=?D�!'� @CB?DM;�8 =?;�F:B�D�8'DW��=?H#(
�R�8 9 @CD�B%��TMH\=�KL¦?F:T�B @ BQ '=?K��LK��:HL8 B  6HLF:BWH�8'�L;�=�H���B�=�H�5�KL8'K�=�@�T�DM¦�K

�^�:���CB �=< � � % � �(#����
�+HA9<;�8:��B�H�F'=

Helix
�'H TM@K '=�;  
;�¦?D�B?DM;�8 7?7�7E( � ( �d 
H�F:B ��B?=?H  '=?;�T�;�8/5�KSHL8 F'8 9<;�8'� B�HLF:=

Helix′ :
Cat × LfCat → LfCat

(�R 8¯8';�B @C8NB
I
TMH­9<;�8'� B�HLF:=2�$�}DM8'��TMF'¦�DM;�8K�'H LINQP � u ��HL=�¦jqEr 1xtsu H B

Helix′TMH2 '=?;�T�;�8/5�H�>AH�8 BO�'H
Helix

�$DMT&�GD�HL8 B
Helix = Helix′ ◦ (IdCat, F )

�:¦?;�D�B�H�8'�L;�=�H­TMH �'DM@#5�=?@�>A>SH
�L;�>A>*F�B @CB?D�9²¦?F:D��C@�8 B%6

Cat× PoSet
IdCat×I //

Helix ''NNNNNNNNNNN Cat× LfCat

Helix′wwppppppppppp

LfCat

1e��� �����A�
RqB @�8 BU�';�8'8:KLHL¦�F'8'H (] 6H�B?D�B�HW)�� @CB?K�5�;�=�DMH C H�B�F'8'HP� @ B�K�5�;�=?D�HP¦?@�8'¦#�
;�F'�LT�H L � Ob(Helix(C,L)) :=
Ob(C) × Ob(L)

H�B
Helix(C,L)[(x1, n1), (x2, n2)] := ∅ ¦?D ( n1 6vo n2

;�F (
n1 = n2

H�B
x1 6=

x2
) )0�

Mo[(x, n), (x, n)] := {id(x,n)}
H B
Mo[(x1, n1), (x2, n2)] := Mo[x1, x2] ×Mo[n1, n2]

¦?D
n1 vo n2

(%V.D�8'¦?DY8';�F:¦ @%��;�8'¦ �:K�!$8'DWF'8'H ¦?;�F'¦�¤ � @CB?K�5�;�=�DMHd�'H C × L �PTMH�¦A¦�;�F'=?��HL¦��(�LD��'TMH�¦ H�B�L;�>  6;�¦�B?DM;�8:¦�K�B @C8NB�J'K�=?D�B?KLH�¦:�'HY��H@ '=�;��:F'D�B�(qRqB @�8 B:�';�8'8:K
F : C1 → C2

F'8S>A;�=k 'J'D�¦?>SHO�'H 14t�u
H�B
G : L1 → L2

F'8 >S;�=. 'J'DM¦�>AH2�'HAqEr 1xtsu �';�8K 6;�¦?H

Helix(F,G)(x, y) := (F (x), G(y))

Helix(F,G)( x1
α // x2 , n1

β // n2 ) := ( F (x1)
F (α) // F (x2) , G(n1)

G(β) // G(n2) ).

�R�8 9 @�D&B%�'TM@*�:K�!$8'D&B�D�;�8d�'H
Helix

 6HLF:BW9 @�D�=?H� 6HL8'¦�HL= 3 F'8¯@�8$@�T�; 5�F'H\�L@CB�K�5�;�=?D�ENF'Hu�:H���H�ENF'D²HL¦�B
�L;�8'8NF �'H�¦!B?;  
;�TM; 5�F:HL¦­@�T�5�KL�'=�DM¦�B�HL¦\��;�>S>AH T�H ��=?H,� ��B?HL>SHL8 B�F'8'D���HL=�¦?HLTH�E(A�x��H0+:H�>  :TMH ¦�B�@�8/�$@�=.�
HL¦�B¯��HLT�F'D��'F �LHL=��LT�H

t 7→ (cos(t), sin(t))
� �:;�8 B T�H�=?H,� ��B?HL>SHL8 B F:8'D���HL=?¦�HLT­HL¦�B T=�}J'KLT�DM�LH

t 7→
(cos(t), sin(t), t)

(�y�D +�;�8'¦
x0

��;�>A>SH*T�H� 6;�DM8 B\�$@C¦?H �'F��LH�=?��TMH H�B
y0

�LH�TMF'DU�'H T=�}J'KLT�DM��H#(\7�T�® @

� �



F'8'H@ '=?;_��HL��B?DM;�8AK��GDW�:HL8 B�H@�'H.T���J'K�TMD��LHY¦?F'=�TMHW�LH�=?�LT�H�H B(D�T$HL¦�B�F'8 9 @�D&BP�'DMH�8 �L;�8'8NFM�'H.TM@­B?;  6;�TM; 5�DMH
@�T�5�KL�'=�DMENF'H KLTMK�>AH�8 B @�D�=?H EGF:H B�;�F:B � J'HL>SDM8

γ
¦�F'= T�H¯�LH�=?��TMH H Bg $@�=�B @�8 BM�:H

x0

@ F'8 F'8'D�EGF:H
��=�HLT�����H�>AH�8 B�� ¦�F'=­T=�}J'KLT�DM��H1 $@�=�B @�8 B��'H

y0

( Z2��H�¦�B�3g�'DM=�H*ENF$��D�T�®�@ F'8 F'8'D�EGF:H � J'HL>SDM8
lift(γ)¦?F:=!T���J:KLTMD��LH*H B� $@�=�B @�8 B��'H

y0

�';�8NB!TM@M '=?;B��H���B?DM;�8�HL¦�B
γ
( §�;�F:¦�@%��;�8'¦J�';�8'� F'8:HA@) / 'TMD�� @CB?DM;�8
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β0 : X × Y ∼= A0

β1 : Z ×W ∼= A1

γ0 : X × Z ∼= B0

γ1 : y ×W ∼= B1
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(x, y, z, w) ∈ X × Y × Z ×W ;�8 @
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β0(x, y), β1(z, w)

)
=
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)
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N ↪→ N[X1] ↪→ N[X1, X2] ↪→ . . . ↪→ N[X1, . . . , Xn] ↪→ N[X1, . . . , Xn, Xn+1] ↪→ . . .
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Pn
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A,B

H�B
C
�

;�8 @
A×B ∼= A× C =⇒ B ∼= C

H B
A⊕ B ∼= A⊕ C =⇒ B ∼= C.
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H�¦?;�D�8  6;�F'=S@#�$@) :B�H�=ATM@� '=�HLF'��H
�'F�=�KL¦?F:T�B @ B  '=�KL�LK��'HL8 B!HL¦�B­ENF'H#��¦�D A HL¦�B\F'8'H �L@CB�K�5�;�=�DMH!¦�@�8'¦\�6;�F'��TMH�H�B B H�¦�B\F'8:H*� @CB?K�5�;�=?DMH
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H B
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A× B[(a, b1), (a, b2)] ∼= B[b1, b2]
�$@C8'¦�P � u (
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�'H  '=?;G�LH�¦?¦?F:¦�>*F'8:DMHL¦
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γ = idx
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y
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γ
@# ' $@�=�B?HL8$@C8NB 3 C[y, z] �;�8�@

z = y
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γ = idy
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(y1, x2)

∣∣∣y1
HL¦�BWF'8:H!¦�;�=�B?DMH��'H C1 H B x2

F'8'H­H�8NB?=?K�Hu�'H C2
}
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�$�}F'8 H�¦k $@���H  $@�=�B�DMH�TMT�HL>SHL8 BY;�=k�:;�8'8'K −→

X
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Σ
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Σ
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x
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°�;�D�HL8 B�F'8'H*�L@CB�K�5�;�=?D�H C H�B.F'8'H��L;�T�TMHL� B�D�;�8 Σ

�:H >S;�=k 'J:DM¦?>SHL¦4�'H C (.[28 KLENF'D� 
H�T-@A��;�TMT�HL� B�DM;�8�'H�¦\;��G��H�B?¦��'H C �'H T-@ =�HLTM@CB�D�;�8 ∼o �';�8'8:KLH  $@�=.T-@��'K,!$8'D&B�DM;�8 7�w1( � ( � (] $( �>U )0(�°�F'=2T���H�8'¦?H�>*�'TMH�'H�¦.¦?F:D�B�H�¦ ∼o ¤���;�>* 
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;�¦?@��'T�HL¦!)�;�8K�'K�!$8:D�B�T-@ =?HLTM@CB�D�;�8 =?K"�$H,+�D���H

H�BW¦�®�>SK�B?=?D�EGF:H ∼1
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H�8/5�HL8'�'=?K�Hu $@C=J6
� (Q 6;�F'=(B?;�F:BY>S;�=k 'J:DM¦?>SH

σ
@# / $@C=�B�H�8$@�8 B@3
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(y, (γn, ..., γk+1, σ, γk−1, ..., γ0), x) ∼1

m (y, (γn, ..., γk+1, ida, γk−1, ..., γ0), x)
(y, (γn, ..., γk+1, σ, γk−1, ..., γ0), x) ∼1

m (y, (γn, ..., γk+1, idb, γk−1, ..., γ0), x)
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(y, (γn, ..., γk+1, γk, ..., γ0), x) ∼1
m (y, (γn, ..., γk+1 ◦ γk, ..., γ0), x).
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(y, (γn, ..., γk+1, σ, γk−1, ..., γ0), x) ∼1
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� 2�$ � .1�'780-�'..#� � � ) !#2�$ P .1� � ��$ � "/!#$(�=!#.#. ,w� 2�!#$ � !J780-� �:� 2 )O5ij7� "�� 5*��� � � .#� � "/$(�="/0 ) � L � ,�) !1�'0 )��:� "/*+*S0:�=�'$(� #
� � � .#0 ���

x′′
Σ // x ∧ x′

�C�
y ∨ y′ Σ // y′′

� "/$(� � �'$ � 2�$(�R780-��*�" ) �-5 ! � *+� �S� � m?npolq ris �C���� 2 �-)N�w� �-) " �-) ! , � , N !�#&h^# R e��^� � �K5 !#*+" ) �-5 ! � *+� � ��� � "/$ � .1� ) � � � 2�$ P .1�&!1$8� ,') !#�'0 )I� 0 � !#2 P/) 2�*�*+�x ��� "�*�*S0X� � ,wP 2�.#��*���$8� #
�

y′′

x
f // y Σ//

Σ
55

y ∨ y′
Σ

<<

x
f // y Σ // y ∨ y′ Σ// y ∨ y′ ∨ y′′

x ∧ x′
Σ

OO

Σ
// x′

f ′
// y′

Σ
OO Σ

EE

x ∧ x′
R

Σ //
Σ

OO

x′ f ′ // y′

x
Σ //

Σ
OO

y′ ∨ y′′
Σ
OO

x′′

Σ

EE

Σ

;;

Σ

55

[�TVU"WYX)U"Z[Z[\:_�� x ∧ x′ ∧ x′′ [�TVU"WYX)U"Z[Z[\:_��
%
Σ

//
Σ

OO

x′ ∧ x′′
h

Σ
//

Σ

OO

x′′
f ′′

// y′′
Σ
OO

;.<WVl< = B�DFE:E:DP �62�$(� � "�$-$ ,w� � ) "/! � *�" ) �-5 ! � *+� �
f
�
f ′

�C�
f ′′

2 ��� 2 ) �=�'$L24$8� ) � �N� � � � ! J ��*���$8� + C[x, y] � C[x′, y′]��� C[x′′, y′′] " }
x
�
x′

�
x′′

�
y
�
y′

���
y′′

� "/$(� � � � " 576 �C� �K� � C � ��. � 790:�
x ∼o x′

�
x′ ∼o x′′

�
y ∼o y′���

y′ ∼o y′′ �
� ! .1� �{� !>2 P/) 2�*+*+� � x�% �C� |�e � "/*+*S0:�=�'$(� � 2�.1" ) � !#. ��$ J 2 � �c* � *+� � 0 � !#2 P/) 2�*�*+�|^R�#

x
f // y Σ// y ∨ y′ x′

f ′ // y′
Σ// y′ ∨ y′′ x

f // y Σ// y ∨ y′′

x ∧ x′[^TVU"WYX0U"Z[Z[\X_a]Σ
//

Σ

OO R
x′

f ′
// y′

Σ
OO

x′ ∧ x′′[�TVU"WYX)U"Z[Z[\ � `Σ
//

Σ

OO h
x′′

f ′′
// y′′

Σ
OO

x ∧ x′′[^TVU"WYX0U"Z[Z[\ � ]Σ
//

Σ

OO

x′′
f ′′

// y′′
Σ
OO

`KabDdc[efDg< � 2�$ � .#� � !>2 P/) 2�*+*�� xi��� .1� ��) � � �62�$ P .#� � R ��� h � "/*�*R0:� ��$8� � 2 )
5ij7� "�� 5*��� � #
� � � L ! � �=�'$ � � � � �,� "/$(� "�0 ) ��� � ��) � � � 2�$ P .1� ��� "�*�*S0X�624�=!1D � % ��� x � � � �K* � *�� � !#2 P/) 2�*�*+�$-"/0 � � � � � "/$-$ , � � 2 ) .1��� 5-, " ) � *��%N !$#&%^# h�x�#	� "�� "�$ � 780-�%.>2 � "/*+*S0:�62G� ! J !?� ,2� � � � �.� �'0 L) � � � 2�$ P .1� � � � �<240 � � !b0-$ � "/$ ��, 780-�'$ � ��!1*�* ,w� !>24�=� � �K.>2 ) �'*�2 ) 780-�KN !$# h^# �^#�
 $ � "/$ � .#0:�O��$2 �*� .#!#780L24$8�I.1�J.#��*�*+� !$#(x*#&h 2�0 � "/$(� "�0 ) � L � ,�) !#��0 )O� 0 � !>2 P�) 2�*+*�� xi��#

�

 $���$ J !1�'$(� *<2�!1$(� �'$-2�$(� + . � 0:$ � � �{� "/!1$(� � .#� � � .#0 � �=� �65 $:!#780-� ��� � � �C�=� � � � � �=!#"/$ �H5 !1�'$�780-�Q.#� �! �:, � �9� "�$8�=�'$80-� �Q� 2�$ � .1� )=,w� 0-.1� 24� � 0-! J 2�$(� � �'*+�'0 ) �'$(� � !#* � .#� � ��� �y� 0 ) 0-$�� L �'* � .#�
� � "/$ ��) ����� �2 �N� � " D�2 � !#.#� � + J ! � 0L24.#! � � )�#

R %�R



;.<WVl< V B�DFE:E:D��������	��
bDFa
��������

�	�����GX"/!1�'$(�
x, y, x0, ..., xn, y0, ..., yn

� � � " 576 �C� � � � C # GX!-� "/0X� � � .1� � 2 � � � ) � !#"�$ � � ! ! � � �N� "/0 ��+SP 2�0 �65 �� "�$8� � 24�=! � D�24!1� � �w� 2�.#" )N� !1. � L ! � �=� � � � " 576 ��� �
z1, ..., zn

� � C � ��. � 790:�J.#� � 2 � � � ) �=!#"/$ �K� ! ! � � � � "�0 �O+�-) "/!1�=�J.#� � "�!#�'$(� ,�P 2�.#��*���$(� #R�#
x v y

�
x ∼o x0

�
yn ∼o y

�
h^# ∀k ∈ {1, ..., n}, yk−1 ∼o xk

�
%�# ∀k ∈ {0, ..., n}, xk v yk

�
R�#
x v z1 v ... v zn v y

�C�
h^# ∀k ∈ {1, ..., n}, zk ∼o xk

� ) 2 �-5 !#780-�'*+�'$(� �*� !
x0

�O

v // y0

�O
�O
�O
�O
�O

x2
v //

�O
�O
�O
�O
�O

y2

�O
�O
�O
�O
�O

x4

�O
�O
�O
�O
�O

...... xn−1

�O
�O
�O
�O
�O

v // yn−1

�O
�O
�O
�O
�O

x
v // y

x1
v

// y1 x3
v

// y3 ...... yn−2 xn
v

// yn
O�

2�.1" ) � !1.Y� L ! � � � � � � " 576 ��� �
z1, ..., zn

� � C � ��. � 780-�
x0

�O

v // y0
�O

x2
v //

�O
y2

�O
x4

�O
...... xn−1

�O

v // yn−1
�O

x v // z1 v //
�O

z2 v //
�O

z3 v //
�O

z4
�O

zn−1
�O

v // zn
�O

v // y

x1
v

// y1 x3
v

// y3 ...... yn−2 xn
v

// yn
O�

" }
/o/o/o

� � �Q*+! �K� "/0 ) ∼o ���
x v y

� ! P $-! � �&790:� . � ��$ � ��* 5 .#� C[x, y] $ � � � � � 2 � J ! � � #
`KabDdc[efDg<�@ "�0:� ��� 2 5 " ) � "�$ �65 "/! � !1� � "/0 )$�65 2�780-�F!1$ � ! � �

k
� 2�$ � {0, ..., n} 0:$ *�" )N�-5 ! � *+�

fk
2 ��� 2 ) �=�'$L24$8� + C[xk, yk] # 
 $ � " � �+2�.1" ) �

a0 := x ∧ x0

�C�
ak := yk−1 ∧ xk

� "/0 ) �65 2�780-�!#$ � ! � �
k

2 �*� 2 ) � ��$L2�$(� + {1, ..., n} # # 0:! � "/$ $-"��=�
σ0

. � 0-$-!#780-� , . , *���$8� � �
Σ[a0, x0]

�C�
σk. � 0-$-!1780-� , . , *+�'$(� � �

Σ[ak, xk]
� "/0 ) � "/0X�b!#$ � ! � �

k
� � {1, ..., n} # 
 $F$:"�� �c��$ � $

gk := fk ◦ σk� "/0 ) �="/0:��!#$ � ! � �
k

2 ��� 2 ) �=�'$L24$8� + {0, ..., n} # 
 $ � "/$ � � ) 0-!?�b2�.1" ) � )=,�� 0 )N� ! J �'*+�'$(�b.1� ��� "/*+*�� �2�*�2�. P 2�* , � � e
,

R
,
h
, ...,

$ � "/*+*��J!1$ � !1790 ,:� ! ! � � �N� "/0 �w#
x

f ′0 // x′1
f ′1 // x′2

f ′2 // x′3
f ′3 // x′4 ..... x′n−1

f ′n−1 // x′n
f ′n // x′n+1

a0

R
Σ

OO

g0
// y0

Σ
OO

a1

h
Σ
OO

g1
// y1

Σ

OO

a2 g2
//

%
Σ
OO

y2

Σ

OO

a3 g3
//

x

Σ
OO

y3

Σ

OO

an−1 gn−1

//

$ ! RΣ

OO

yn−1

Σ

OO

an gn

//

$

Σ
OO

yn

Σ

OO

# 0-! ��� � "/*+*+�f"/$ 2
x′n+1 ∼o y

� "/$ � ��0:� � "/$ � � ) 0-! ) � )=,w� 0 )N� ! J �'*+�'$(�B.#� �3�-) " � 0-!1� � �y5-)=,��
e ′
,

R ′
,
h ′
, ...

$ ! R ′
,
$ ′ � "/*+*+�g!1$ � !#780 ,{� ! ! � � � � "/0 � +QP 2�0 �65 �b240 L 790:�'. � "/$32 6 "/0X� ��.1� �-) " � 0-!1�

R %ih



�y5-)�,S� ! ! � � �N� "/0 �8+��-) "/!1�=� � 780-!d$-"�0 � � � � � "�$-$ ,S� 2 ) .#�c� 5-, " ) � *+�JN !�#(%�#&h�x*#

z0
f ′′0 //$ ′

z1
f ′′1 //

$ ! R ′

z2
f ′′2 //

$ ! h ′

z3 ...... zn−1
f ′′n−1 // zn

f ′′n // x′n+1 ∧ y x′n+1 ∧ y Σ //

Σ
��

y

Σ
��

x
��

Σ

f ′0

// x′1
��

Σ

f ′1

// x′2
��

Σ

f ′2

// x′3
��

Σ

...... x′n−1

R ′

��
Σ

f ′n−1

// x′n

e ′

��
Σ

f ′n

// x′n+1

��
Σ

x′n+1 Σ
// x′n+1 ∨ y


 $ � � "/* � " � � ��2�.1" ) �:� � � �-) " � 0-!?� � �y5-)�,w� � "/0 ) � $L2�.1�'*+�'$(�A" 5 � ��$-! ) .1� �-) " � 0-!?� �y5-)�, !1$ � !#780 ,
� 2 ) .#� � !>2 P�) 2�*+*�� |�h7# # 2 ) 2�!#.1.#�'0 ) �w�H� 0:! � 780-�

y Σ // x′n+1 ∨ y
� � �b0:$F*�" )N�-5 ! � *+� � � m?npolq ris���Z780-� � 2 )J5ij^� "�� 5*�w� �+. � ��$ � ��* 5 .1� C[x, y] $ � � � � � 2 � J ! � � � !#. � L ! � � �30-$�0-$-!1780-�3*�" ) �-5 ! � *+�

g� 2�$ � C[x, y] � �'.d780-�A.#� � !>2 P/) 2�*+*�� |�% � "/!?� � "/*+*S0:� 24� !?D #

z0
f ′′n◦...◦f ′′0 // x′n+1 ∧ y Σ // y

Σ
��

y

Σ
��

x [^TVU"WYX0U"Z[Z[\ � _
��

Σ

f ′n◦...◦f
′
0

// x′n+1 Σ
// x′n+1 ∨ y x [�TVU"WYX0U"Z[Z[\ � \f ′n◦...◦f

′
0

//

g

44hhhhhhhhhhhhhhhhhhhhhhhhhhhh x′n+1x Σ
// x′n+1 ∨ y


 $ � �'0X�&24.#" )N� 2 �*� .1!#780-� ) .>2 �-) " �-) ! , � , 0:$-! J � ) � �'.1.#� � 0 �-) " � 0-!?� �y5-)�, � "/0 ) " 5 � �'$:! ) 0-$O0-$-!1790:�*+" ) �-5 ! � *+�
h

2 �*� 2 ) � �'$-2�$(� + C[x, z0] �=�'.d780-�Z.#� � !>2 P/) 2�*+*�� 790:! � 0-!?� � "/*+*S0:�=� #
x

idx

&&

g

&&
h

??
??

��?
??

z0
f ′′n◦...◦f ′′0 // x′n+1 ∧ y Σ // y

Σ
��

x
��

Σ

f ′n◦...◦f
′
0

// x′n+1 Σ
// x′n+1 ∨ y


 $H2+�'$ � 2 ) � ! � 0-.1!#� )
x v z0 v x

� �R780-! !#* � .#!1790:� �y� 0-! � 780-� C � � � � 2�$ � 5 "/0 � .#� � 780-�
h = idx

#N^. J !#��$8� � $-2�.#��*���$8�
x

f ′′0 // GFED@ABCz1
f ′′1 // GFED@ABCz2

f ′′2 // GFED@ABCz3 ...... ONMLHIJKzn−1
f ′′n−1 // GFED@ABCzn

f ′′n // x′n+1 ∧ y Σ // y

x′1
��

Σ

x′2
��

Σ

x′3
��

Σ

...... x′n−1

��
Σ

x′n
��

Σ

x′n+1

��
Σ

y0

Σ

OO

y1

Σ

OO

y2

Σ

OO

...... yn−2

Σ

OO

yn−1

Σ

OO

yn

Σ

OO

a1

Σ

OO

a2

Σ

OO

a3

Σ

OO

...... an−1

Σ

OO

an

Σ

OO

an+1

Σ

OO

���
z1, ..., zn

$-"/0 �O� "/$:$-�Z.>2 � 0-!?� � ) � �65 � ) �65-, � #
�

R %�%



;.<WVl<��zB�DFE:E:D����fD 
ba
� ��� ����

�	�����GX"/!1�'$(� 0-$+*�" )N�-5 ! � *+�
f

2 �*� 2 ) � ��$L2�$(� + C[x, y] �C� � �'0 L " 5H6 ��� �
x′

�C�
y′

� � C � ��. � 780-�
x′ ∼o x

�
y′ ∼o y

�C�R. � ��$ � ��* 5 .#� C[x′, y′] $-� � "�!1� � 2 �SJ ! � � # N^. � L ! � � ��2�.#" ) � 0-$ 0-$:!#780-� *+" )N�-5 ! � *��
f ′� 2�$ � C[x′, y′] � ��.d780-�Z.#� � !#2 P/) 24*�*+� |�x�� "/*�*R0:� � #

x
f // y y ∨ y′OO

Σ

//Σ
y ∨ y′OO

Σ

x ∧ x′ [�TVU"WYX)U"Z[Z[\ � _
Σ

OO

Σ
// x′

f ′
// y′ x ∧ x′ [^TVU"WYX0U"Z[Z[\ � �

f0
66nnnnnnnnnnnnn

f1
// y′ x ∧ x′ [�TVU"WYX)U"Z[Z[\ � �Σ

//

f1

$$
x′

f ′
// y′

`KabDdc[efDg<
# " � "/$ �

f0

.>2 � "/* � " ��, � � � � � ) "/! � *�" )N�-5 ! � *+� �
x ∧ x′ Σ // x

f // y y ∨ y′//Σ #�# 0-! � 790:�
y Σ // y ∨ y′ � � �H0-$ *+" ) �-5 ! � *+� � � m?npolq ris�� !#.Z� L ! � � � 0-$ 0-$-!1790:� *+" ) �-5 ! � *+�

f1

� 2�$ �
C[x ∧ x′, y′] � ��.�780-�
.1� � !>2 P/) 2�*+*�� |�|2� "/*+*S0:�=� # # 0:! �w�f� "/*+*��

x ∧ x′ Σ // x′
� � � ,wP 2�.1� !*+�'$(�b0-$K*+" ) �-5 ! � *+� � � m?npolq ris�� !1. � L ! � �=�J0-$K0-$-!#780-� *�" )N�-5 ! � *+�

f ′ � 2�$ � C[x′, y′] � ��. 780-�J.#�� !#2 P/) 24*�*+� |�' � "/*�*R0:� � #
�

;.<WVl<�� B�DFE:E:D����fD-agD�� ��� �7DdE:D��

 �P �62�$(� � "/$-$ , � 0:$-� � 0-!1�=�
Σ ! � "/* � " � 2 5 .#�

(fn, ..., f0)
� "/$(� �65 2�780-�B�=� ) *+�

fk
2 �*� 2 ) � !1�'$(� +

C[xk, yk]
�C� � ��0 L " 576 ��� �

x
���
y

� � C � �'. � 780-� �
x ∼o x0

�
y ∼o yn

���<. � �'$ � �'* 5 .#� C[x, y]$-� � "/!1� � 2 ��J ! � � � 2�.1" ) � !1. � L ! � �=�%0-$-� � 0-!1�=� � "�* � " � 2 5 .#�
(gn, ..., g0)

�=�'.1.#��780-�
s(g0) = x

�
t(gn) = y

�C� � "/0 )8�65 2�780-�S!1$ � ! � �
k

� � {0, ..., n} � .1� *+" ) �:5 ! � *��
gk

2 ��� 2 ) �=!#��$8� + C[zk, zk+1]" }
zk

���
zk+1

� "/$(� � � � " 576 �C� ��� � C � ��. � 780-�
xk ∼o zk

�
yk ∼o zk+1

�C�+.#� � !#2 P/) 24*�*+� |&�� "�*�*S0X� � #
xk

fk // yk
Σ // yk ∨ zk+1 x0

f0 // y0
Σ // y0 ∨ y xk

fk // yk
Σ // yk ∨ y′k

xk ∧ zk [^TVU"WYX0U"Z[Z[\ � �Σ
//

Σ

OO

zk gk

// zk+1

Σ

OO

x0 ∧ x [^TVU"WYX0U"Z[Z[\ � �Σ
//

Σ

OO

x g0
// y

Σ

OO

xk ∧ x′k [�TVU"WYX)U"Z[Z[\ � ]Σ
//

Σ

OO

x′k f ′
k

// y′k

Σ

OO

� � � .#0 ����� !
(g′n, ..., g

′
0)

� � �b0-$-�J240:� ) �&� ��.#.#� � 0:!1� � � "/* � " � 2 5 .1� � 2�.#" ) �
g′n ◦ ... ◦ g′0 = gn ◦ ... ◦ g0

#@ "/0:� � � 0:!1� �
(gn, ..., g0)

780-! � 2G� ! � D�2�!1� .1� �g� "/$ � .#0 � !#"�$ �b� � � �g.1�'*+*���� � ��2 �*� ��. , 0-$	��

��� b b 

��

���� �
(fn, ..., f0)

#
`KabDdc[efDg< 
 $�2 �*� .#!#780-�R.#�S.1�'*+*�� ��� !1$(� � )N� "�.>24�=!#"/$ � !�# x*# x �t# 
 $�" 5 � !1�'$(�J0-$:� � 0-!?� �

z1, ..., zn��� " 576 �C� �v� � C �=�'.1.#�K780-� � "/0 ) � "/0:�<!#$ � ! � �
k

2 ��� 2 ) �=�'$L24$8� + {1, ..., n} � zk ∼o xk �C�
x v

z1 v ... v zn v y
# 
 $ �-) "/.#"/$ P � � �C�=� � � 0:!1� �%��$ � " � 24$8�

z0 := x
���

zn+1 := y
# 
 $2 �*� .#!#780-�&2�.#" ) �{� "/0 )K�65 2�780-�J!1$ � ! � �

k
� � {0, ..., n+ 1} .1�&.#��*�*+� � �&� ) 2�$ � .>24�=!#"/$ � !$#(x*#&|��I+

fk�'$(� ) �
zk ∼o xk

�C�
zk+1 ∼o xk+1 ∼o yk

� "/0 ) " 5 �=�'$-! ) 0-$�*�" )N�-5 ! � *+�
gk

� � C[zk, zk+1]
#�� 2� 0:!1� � � "/* � " � 2 5 .1�

(gn, ..., g0)
2
.#� � �-) " �-) ! , � ,w� 2�$:$-"/$ ��, � �S� 24$ � .>2 � "/$ � .#0 � !#"/$ # # 2 ) 2�!1.#.#��0 ) ���� 0 �*� " � "/$ � 780-�

(g′n, ..., g
′
0)

� "/!?�Q0-$-� 2�0:� ) � � 0-!1�=� � "/* � " � 2 5 .1� � 24�=! � D�24! � 24$8�I.1� �9� "/$ � .#0 � !#"�$ �O� 0.#��*�*+� � "�$ �-) "/0 J �+780-�
g′n ◦ ... ◦ g′0 = gn ◦ ... ◦ g0

��$f2 �*� .#!#780L24$8� )�,w� 0 ) � ! J ��*���$8� .#��.1�'*+*��!�# x*# R�#
�

R %�x



;.<WVl<���� ��a � � ��� � abDP �62�$(� � "/$-$ , �c0-$-� � 0-!?� �
Σ ! � "/* � " � 2 5 .#�

(fn, ..., f0)
� "�$8� �65 2 � 0-$ � � � � � ) *�� �

fk
2 �*� 2 ) �=!#�'$(� +

C[xk, yk]
��� � ��0 L " 5H6 ��� �

x
���
y

� � C � ��. � 780-�
y ∼o yn

�
x ∼o x0

�C�I. � �'$ � �'* 5 .#� C[x, y] $:� � "/!?�� 2 ��J ! � � � "/$ � �'0:�I24.#" )N�w�7��� 2 �-) ��� .#� .#�'*+*+� !$#(x*#('��^�-,�� $:! )
V alx,y(fn, ..., f0) := gn ◦ ... ◦ g0

" }.>2 � 0-!1�=�
(gn, ..., g0)

� � �Q0-$ ) � � "/.#.1�'*+�'$(� � �
(fn, ..., f0)

# � � � .#0 ���
R�#O� !

y = t(fn)
�
x = s(f0)

���
(fn, ..., f0)

� � � � "/* � " � 2 5 .#� � 2�.#" ) �
V alx,y(fn, ..., f0) :=

fn ◦ ... ◦ f0

�
h^#O� !

n = 0
�?��� � � � ! + ! � ! ) �R780-�S.#2 � 0:!1� �

(fn, ..., f0)
� � � )�,w� 0-!?� � +

(f0)
� 2�.#" )N�

V alx,y(f0)
� � �. � 0-$:!#780-�J*+" ) �-5 ! � *+�

g0

�=�'.1.#�c780-�A.#� � !>2 P/) 2�*+*�� |�� � "/*+*S0:�=� �
%�#O� !

x ∼o y
� 2�.1" ) �

V alx,y(fn, ..., f0)
2 �*� 2 ) � !1�'$(� +

Σ[x, y]
�C� ��$ � $

x*#O� !L.>2 � 0:!1� �
(fn, ..., f0)

� � � $-" ) *<24.#! ��, � �C� 780-� −→
δ

� � � 0-$-� � 0-!?� � � �I*+" ) �:5 ! � *�� ��� � C � ��.#.#�780-�
(fn, ..., f0)∼′1

m

−→
δ

� 2�.1" ) �
V alx,y(fn, ..., f0) = V alx,y(

−→
δ )

#
`KabDdc[efDg< � 2 �-,t� $-!?� !#"�$ � �

V alx,y(fn, ..., f0)
� � � � ! ) � � � ��*���$(� � 0:�S2�0OD�2�!1�I780-� .>2 � "/* � " �=, �

gn ◦ ... ◦ g0

$-� �-,w� �'$ � � 2 �$� 0 ) � � "/.#.1�'*+�'$(� � �
fn, ..., f0

# � � �:) �'*+!#� ) � "/!1$8� � � �3!#*+* ,w� !#24�� 0-! � 780-� � !Y"/$ � 0 �*� " � �A.1� �b5ij7� "4� 5*��� � � 780 � !#. �-) " � " � � � "/$ � ��0:� �-) ��$ �-) �
gn := fn, ..., g0 := f0� "�*�*+� ) � � "�.#.#��*���$(� � �

(fn, ..., f0)
# � � � ��0 L ! � *�� � "/!1$8� �-,w� "/0-.#� � ! ) � � �=�'*+�'$(� � 0 .1�'*+*��� �3� ) 2�$ � .>24�=!#"/$ � !�# x*# |&�t#�� ��� ) "/! � ! � *+� � "�!#$(�Z� � � ��� 2�0%� 5:, " )N� *+�+N !$#&%^# h�x � 780-!�*+"/$(� ) ��790:�. � 0-$ � � � *+" )N�-5 ! � *�� ��� � C[x, y] 2 �*� 2 ) � !1�'$(� +

Σ
� ��� + .>2 ) �'*�2 ) 790:��N !�#&h^# �^# !c,') ! � "�$ � .1�780L24� ) ! � *�� � "/!#$(� �d� 0-! � 790:�

(fn, ..., f0)∼′1
m

−→
δ

�d��� 2 �-)N�w� .#2 �-,�� $:!1� !1"/$ � � ∼′1
m � !$# h7#)R �M� "/$ � �'0X�2 J "/! ) −→

δ = (fn, ..., fk+1 ◦ fk, ..., f0)
� *<24! ��� 24$ ��� � � 2 �����l� 2 �:) �w� .1�F.#�'*+*+� !�# x*# R�� .>2 � 0:!1� �

(gn, ..., gk+1 ◦ gk, ..., g0)
� � ��0:$ ) � � "�.#.#��*���$(� � �B.#2 � 0-!?� �

(fn, ..., fk+1 ◦ fk, ..., f0)
��� � "/$ �

V alx,y(fn, ..., fk+1 ◦ fk, ..., f0) = gn ◦ ... ◦ (gk+1 ◦ gk) ◦ ... ◦ g0 = V alx,y(fn, ..., f0)
# 
 $ � �'0X�

,wP 2�.#��*���$8��2 J "�! ) −→
δ = (fn, ..., fk+1, f

′
k, fk−1, ..., f0)

" }
f ′
k

� � �<0:$ *+" ) �-5 ! � *+� � � C[x′k, y′k]� ��. 790:��.1� � !>2 P/) 2�*+*�� | %2� "/*�*R0:� � #�� 2�! � 2�.#" )N�S� 2 )S�-,�� $-!1�=!#"/$ � 0 ) � � "/.#.1�'*+�'$(�
(gn, ..., g0)� �

(fn, ..., f0)
� .#� � !>2 P/) 2�*+*�� '/e � � �+2�0 �N� ! � "/*�*R0:�624�=!1D # # 0-! ����� 2 �-)N�w� .#��.#�'*+*+� !�# x*#(%�� .#�� !#2 P/) 24*�*+� '�RS� "/*�*R0:� � ,�P 2�.#��*���$(� #

xk
fk // yk

Σ// yk ∨ zk+1 x′
f ′

k // y′
Σ// y′ ∨ zk+1 x

f // y Σ// y ∨ y′

xk ∧ zk [�TVU"WYX0U"Z[Z[\ �^`Σ
//

Σ

OO

zk gk

// zk+1

Σ

OO

x′ ∧ zk [�TVU"WYX0U"Z[Z[\ � ]Σ
//

Σ

OO

zk gk

// zk+1

Σ
OO

x ∧ x′[�TVU"WYX)U"Z[Z[\ � _Σ
//

Σ

OO

x′
f ′

// y′
Σ
OO

� 2 � 0-!?� �
(gn, ..., g0)

� � � � "/$ � 2�0 �N� !U0:$ ) � � "/.#.1�'*+�'$(� � �S.>2 � 0-!1�=�
(fn, ..., fk+1, f

′
k, fk−1, ..., f0)��� � "�$ �

V alx,y(fn, ..., fk+1, f
′
k, fk−1, ..., f0) = gn ◦ ... ◦ g0 = V alx,y(fn, ..., f0)

#
�


 $ � �'0X�I�'$ � $ � "/$ � .#0 ) � � 2 ) .1�c� 5-, " ) � *�� � 0-! J 2�$(� �
;.<WVl<	��
���
���a��FE:D ��� �	��
�� � 
�
 �fD

PΣ

�P �62�$(� � "/$-$ ,w� 0-$-� � 24� ,wP " ) !#� � 24$ ��5 "/0 � .#� C � 0:$ �Nj7� � � *+� � � m?npolq ris � � C $-"�� ,
Σ

�
f ∈ C[x, y]

R %i|



���
f ′ ∈ C ′[x′, y′] � "/$O2

(f) ∼m (f ′)
� ! ��� � �'0-.1�'*+�'$(� � !





x ∼o x′���
y ∼o y′

��� x
f // y Σ // y ∨ y′

x ∧ x′
©

Σ
//

Σ

OO

x′
f ′

// y′

Σ

OO

`KabDdc[efDg< 
 $ , �=0 � !1� �l� 2 5 " )N� .1� � 2 � " }
x = x′

���
y = y′

#,� �'0 L � 2 �S� � �-)�,w� ��$(� �'$(��24.#" )N� �
1
\ X � 2 �w�

f ∈ Σ
"/0

f ′ ∈ Σ
� ��� 2 �-)N�w� .>2 ) �'*�2 ) 780-�ZN !�#&h^# � "�$T2

f = f ′ #
2 M Z[\ � 2 ���

f 6∈ Σ
���
f ′ 6∈ Σ

�I� "�$ �
(f)

���
(f ′)

� "�$8� � ��0 L4� 0-!?� � �
Σ ! � "/* � " � 2 5 .1� � $-" ) *<2�.1! ��, � �� ��.#.1� � 780-�

(f) ∼m (f ′)
�7�l� 2 �:) �w� .1� .#��*�*+� !�#&h^#&h^� !#.X� L ! � � �I0-$-� � 0-!1�=� � � � 0-!?� � �

Σ ! � "�* � " � 2 5 .#� �$-" ) *<24.#! ��, � � $-"�� , �
(−→γ

0
, ...,−→γ

K
, ...,−→γ

N
)
� ��.#.#��780-� � "/0 ) � "/0:� !1$ � ! � �

K
2 �*� 2 ) �=�'$L2�$(� + {0, ..., N−

1} "/$%2 −→γ
K
∼′1

m
−−→γ

K+1

� −→γ0 = (f)
��� −→γ

N
= (f ′)

# � 2�! � 2�.1" ) �9��� 2 �-)N�w� .1� � " ) "/.1.>2�! ) � !$#(x*# � "/$H2� "/0 ) �="/0:��!#$ � ! � �
K

2 �*� 2 ) � ��$L2�$(� + {0, ..., N − 1} V alx,y(−→γK
) = V alx,y(

−−→γ
K+1

)
�
V alx,y(

−→γ0 ) =
V alx,y(f) = f

���
V alx,y(

−→γ
N
) = V alx,y(f

′) = f ′ �y��� " }
f = f ′ ## 2 � � "�$ � *�2�!#$(�=�'$L2�$(�A2�0 � 2 � P�, $ ,�) 2�. �g� 0-! � 790:�

(f) ∼m (f ′)
"�$B2K�'$ � 2 ) � ! � 0-.#!1� )

x ∼o x′
�C�

y ∼o y′ � � 0-! � 780-� (∼o,∼m)
� � �<0-$-� � "/$ P�) 0-��$ � � P/, $ ,�) 2�.1! ��, � � �C�

f ′ ∈ C[x′, y′] 6= ∅ � "�$ ���� 2 �-)N�w� .1�<.#��*�*+� !�# x*# |2� �<� ) 2�$ � .>24�=!#"/$ � !#. � L ! � � �
0:$f0-$-!1790:�
*�" ) �-5 ! � *+�
g

2 �*� 2 ) � �'$-2�$(� +
C[x′, y′] � �'.d780-�Z.1� � !>2 P�) 2�*+*��

x
f // y y ∨ y′

OO

Σ

//Σ

x ∧ x′
Σ

OO

Σ
// x′ g

// y′

� "�*�*S0X� � �b� � � "/$(�R"/$ � �'0:� �-,�� 0-! ) � ��� 2 �-) ��� .1�3.#�'*+*+� !�#&h^#&h 780-�
(f) ∼m (g)

��� � "/$ �u� 2 )� ) 2�$ � !1� ! J !1� ,Q� � ∼m � 780-�
(f ′) ∼m (g)

# P $�2 �*� .#!1780L2�$(�b.#�
1
\ X � 2 �w� "/$O2

f ′ = g
#
�

;.<WVl< � � ��a � � ��� � abD
� J � � .#� � $-"��62G� !#"�$ �K� � � � 5-, " )N� *+� � !�# e�#&h�� ��� !�# x*#(��� .1�cDE"/$ � �=�'0 )

PΣ

� � � �y�*� .1� #
`KabDdc[efDg< GX"/!1�'$(�

x, y
� ��0 L " 576 �C� �S� � C[Σ−1]

�=�'. � 780-� C[Σ−1][x, y] 6= ∅ ����� 2 �-)N�w� .#�R.#�'*+*+�!�#(%�#(%�� ∃σ ∈ Σ
� ��.(790:�g� "�0:� , . , *���$(� � � C[Σ−1] � 780-!8� � � 0-$-� ∼x,y ! � .>2 �N� � ��� , 780-! J 24.#�'$ � � ��� 2 �-) ���.>2 �-) " � " � !1�=!#"/$+N !�#(%�#(%��{� " � �N�w� �&0-$F0-$-!1790:� ) � �-)=,�� ��$8� 2�$(� � �c.#2ADE" ) *��

(f, σ)
" }

f ∈ C[u, y] ���
u := src(σ)

#GX"/!1�'$(� � "/$ �
f, f ′ ∈ C

[
u, y
] � ��. � 780-�

PΣ(f, σ) = PΣ(f ′, σ)
��� � � � ! + ! � ! ) � (f) ∼m (f ′)

# �$� 2 �-) ���.#� � � 5-, " ) � *�� �9!$#(x�#&� ���QN !$#&%�#&h�x*� "/$O2+.1� � !>2 P�) 2�*+*�� � "/*+*S0:� 24� !?D � ! ! � � � � "�0 � �
u

f // y
idy // y ∨ y = y

u = u ∧ u
idu

//

idu

OO

u
f ′

// y

idy

OO

R %�'



��� � � � ! + ! � ! ) � f = f ′ �C� � "/$ �
(f, σ) = (f ′, σ)

�y��� " } .>2 �y�:, .#!?� , � �
PΣ

#
�

� J � � .#2 �-) ��0 J � � 0 � " ) "�.#.>24! ) � !�# x*# % ��� 2 �65*��J � � ��.#.#� � 0�� 5-, " )N� *+� !�# e�# h&�F, $-"/$ ��, 240 �-,�5 0:�� � � � �65 2 � !?� ) � #
;.<WV�< @�� � ��a � � ��� � abD ��� ��
bcgabD � c���c�� 

� D��

 C/Σ

�GX! C � � � 0-$-� � 24� ,wP " ) !#� � 2�$ � 5 "�0 � .1�3���
Σ

0-$ �Nj7� � � *+� � � m?npolq ris � 0 ) C � 2�.#" )N� .>2 � 24� ,�P " ) !1�780-"��=!#�'$(� C/Σ

� � � � 2�$ � 5 "�0 � .1� # # 2 ) 2�!#.1.#�'0 ) �w�~� !X.#2 � 24� ,�P " ) !1� C � � �U0:$S�'$ � �'* 5 .#��" ) � "/$:$ ,������ � � � !+ ! � ! ) � 780-� C � � � � 2�$ �f5 "/0 � .1�g�C�;780-�g780-�'. � 780-� � "/!#��$(�;.1� � " 576 ��� �
x

�C�
y

� � C � . � �'$ � �'* 5 .#� C[x, y]� "�$8�=!#��$8� 2�0 � .10 � 0-$ , . , *���$(� � 2�.1" ) � C/Σ

� � � 2�0 �N� ! 0-$O�'$ � �'* 5 .#�Z" ) � "/$-$ ,�#gP $ � 2 ) � ! � 0-.#!1� )�� .>2� 2G� ,wP " ) !1� � � � "/* � " � 2�$(� � �Q��� 0-$-� � 24� ,wP " ) !#� � 2�$ � 5 "�0 � .1�R� � �c��.#.#� ! * � *+� � 2�$ �Q5 "/0 � .#�A��� � ��.#.#���� 0-$O�'$ � �'* 5 .1�Z" ) � "�$-$ , � � � 0:$T��$ � ��* 5 .#�Z" )N� "/$-$ ,�#
`KabDdc[efDg< GX"/!?�

α
0-$�*+" ) �:5 ! � *�� � � C/Σ

2 � *+�����62�$(��0:$ ) ���="/0 )w� !1.:� L ! � �=� � "/$ � 0-$�*+" ) �:5 ! � *��
β

� � C/Σ

� �'.(780-�
β◦α � "/!?� 0-$A�'$ � "�*�" )N�-5 ! � *+� � � C/Σ

# ��"/* � � �U�=�'$80 � � .#2 � "/$ � � ) 0 � �=!#"/$ � � .>2� 2G� ,wP " ) !1� C/Σ

� � L^� .#! � !1� , � � 24$ � .#� � �-,�� $:!1� !1"/$ � � #(x�#)R�� � #(x�#(x ��� .#2 �-) " � " � !1�=!#"/$SN !$#)R�#&%�� !1.:� L ! � �=�� ��0 L-� 0-!?� � �
Σ ! � "/* � " � 2 5 .#� �

(fn, . . . , f0)
�C�

(gp, . . . , g0)
� "/$(� .1� � ∼m ! � .>2 � � � �S��� , 780-! J 2�.1�'$ � �� "�$8� ) � � � � � �=! J �'*+�'$(�

α
���
β
� �'$ "�0:� ) � � .#2 � 0-!1�=�

(gp, . . . , g0, fn, . . . , f0)
� � � ,�P 2�.1�'*+�'$(�

Σ !� "�* � " � 2 5 .#�+���R.>2 � "/0 )N� � � �
f0

� � � � 2�$ � .>2O* � *��
Σ ! � "/* � " � 2�$(� �<780-�<.>2 � ! 5 .1� � �

gp
#HP $2 �*� .#! � 24� !1"/$ � 0O� 5-, " )N� *+�JN !�#(%�#&h�x*� "/$ � " � �

x := s(f0) ∧ t(gp)
�
y := s(f0) ∨ t(gp)

�C�I"/$ � 2�!?� ���� 2 �-)N�w� .#2 ) �'*�2 ) 780-�QN !�#&h^# � ���g.#�ID�2�!1� 780-�Q� "/0 � .#� �g, . , *+�'$(� �I� �
Σ

� "/!1�'$(� � � � *+" ) �:5 ! � *�� �{� �m?npolq ris � � C � 780-��. � �'$ � �'* 5 .1� C[x, y] � � � )�,w� 0-!?� + 0:$ � !#$ P .1���="/$ � "/$(�A. � 0-$-!#780-� , . , *���$8�A� � �$-"�� ,
σ
# �$� 2 �-) ��� .1� � " ) "/.#.#2�! ) � !$#(x*# �^� "�$T2+2�.1" ) �

V alx,y
(
gp, . . . , g0, fn, . . . , f0

)
= σ,

� � 780-! � ! P $:! � �I780-�
β ◦α � � � 0-$-� ! � ��$(� !1� ,8� � C/Σ

# # 0:! �w�7��� 2 �-)N�w� .#2 ) �'*�2 ) 780-� !�#&h^#(%�� �="/0 � .#� �*+�'* 5-) � ��� � .>2 � 0-!?� �
(gp, . . . , g0, fn, . . . , f0)

2 �*� 2 ) � !1�'$-$:�'$(� +
Σ

��� � 780-! � ! P $-! � ����$ � 2 ) � ! � 0-.#!1� )780-�
α

���
β

� "/$(� � � � ! � ��$(� !1� ,w�O� � C/Σ

780-! � � � � "/$ �S� 24$ �O5 "/0 � .#� #GX0 ��� " � "/$ � *�2�!#$(� ��$L2�$(��780-� C � "/!?��0-$ �'$ � �'* 5 .1�F" ) � "/$-$ , � "/$(�
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−→
X0)

� −→π1(
−→
X1)

� −→π1(
−→
X2)

��� −→π1(
−→
X3)
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f1◦i′1 = f2◦i′2

� ��$ J � ) �=0 � � .>2 � "/*�*+� 2�*�2�. P 24* , � R � !1./� L ! � � � 0-$A0-$-!1790:�g*+" ) �:5 ! � *��
� � � > @CBODGF � h : −→π1(
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X3) −→ C

� �=�'.9790:�
f1 = h◦j ′1
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f2 = h◦j ′2

# N^. ) � � � � +OJ "/! ) 780-�
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Σ3 = j ′1(Σ1)

⊎
j ′2(Σ2)2�!1$ � ! ���65 2�780-� , . , *+�'$(� � �

Σ3

� �'0:� � � ) � ,��') !?� � "/*+*+�
j ′2(α2n+1) · j ′1(α2n) · ... · j ′2(α1) · j ′1(α0)" } 780-�'. 780-� � "�!1�Z. � !#$ � ! � �

k
2 �*� 2 ) � ��$L2�$(� + {0, ..., n} � "/$ 2
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���
α2k+1 ∈ Σ2

� 2�.1" ) �
h(j ′2(α2n+1) · j ′1(α2n) · ... · j ′2(α1) · j ′1(α0)) = (h◦ j ′2)(α2n+1) · (h◦ j ′1)(α2n) · ... · (h◦ j ′2)(α1) · (h◦
j ′1)(α0) = f2(α2n+1) ·f1(α2n) · ... ·f2(α1) ·f1(α0) ∈ Σ3

� 0-! � 780-�
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� � > @CBODAF 1
���t#9� "/$ �

h
!#$ � 0-!1� 5 !1�'$�0:$H*�" ) �-5 ! � *+� � � >A@CBEDGF 1
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�

� "4� "/$ � 780-�H.#�K� 5:, " )N� *+� ! N #(%�# R $-� � "/$-$-� � 2 � $ ,w� � � � 2�! ) �'*+�'$(�F.#� � .10 ��P/) 2�$ �1�Nj � � *�� � �
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2 ���-) " �:) ! ,��w# � � �65 "/! L.� �
Σ0

� � � � 24$ � !#* � " ) �62�$ � � � �'$O��� ��� � 0-$-�ZDE"/! � 780-�
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���
Σ2� "�$8� �^L:,��w� !#. � � � � " �N� ! 5 .#� � � �:) �'$ �-) � � "/0 )
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#
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2
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2
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2
, 0, 0)
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2
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(T,v)op

. � � � ��2�0 � � ! # ������� � � � ) $-! ��) � �-) " �-) ! , � ,� � � 5 !#�'$ � �-) D�2�0 �N� �A.#" )N� 780-�A. � "/$ � � )=, D ��) � + .#2 �:,�� $-!?� "/$ ��� 2 ) 5:) � � � � !#$:DE" ) *<2G� ! � !#��$ �w# � � ! �-, �� "�0 � ! 6 2 � ��$8�=� � �b.>2c$-"��=!#"/$ � � � 24� ,�P " ) !#� � � � "/* � " � 2�$(� � � � � � 0-$-� � .>2 �N� ! �*� 24�=!#"/$ � � � � � ) 0 � �=0 ) � �� ! ) ! P�, � � 2�0 � 5:) 2�$ �65 �'*+�'$(� � �-) ���w# ��"/*+*+�<$-"/0 � .#� J � )�) "/$ ��� � �<D�2�!?�R� � �3�="/0:� �N� ,�� !#2�.#��*���$8�!#$(�=0-!1�=!1D � 24$ � .#� � "/$(� � L � � � � � � " ) 2�0 L?# � � �
2 M Z[\ ���

3 M Z[\ 2 L !1"/*+� �I� �J.>2 �-,t� $-!?� !#"�$ ! N�N #)R�# R:� � �� " ) 2�0 L $-"�0 � � � ) *+����� ��$8� � � � ! � �=!#$ P 0-� ) .#� �Q� "/!#$(� � " } �^0-$ �65 "�! L2� "/!?� � � ) �RD�2�!1��� �y��� � � � ! + ! � ! ) �. + " } . � "/$ ) �'$ � "/$(� ) �Q0-$ 5-) 2�$ �65 ��*���$8� # � ��*<2 ) 780-"/$ � 2�0 � � ! 780-�I.#�
1
\AX 2 L !1"/*+� � �I.>2 �-,t� $-!1�=!#"/$! N�N #)R�#)R � � � , 780-! J 2�.1�'$(� + . � 2 � � � ) �=!#"/$ � ! ! � � � � "/0 ���

�w� !#. � L ! � �=� � �'0 LO, . , *���$8� �
c
���
d

� �
T

� ��. � 780-�
c v a v d

���
c v b v d

� 2�.#" )N�
a

�C�
b
� "/$(�� "/* � 2 ) 2 5 .#� ��#

;���� < @�< � � 
 ���	��� 

�	���GX"/!?�&0:$ � " ) 2�!#.
(T,v)

#�# 2 )Q�-,t� $-!?� !#"�$ � 0-$ � � � ������
 
��	� � ��� 
 � 
 � ����� �
��� 
��
	 ��	���� 

T

� "�03�'$�2 5-)�,wP/, �


� � � � � 0-$ , . , *+�'$(��*�2 L !#*�2�. � ��* {a, b} � "/0 ) 790:�'.#780-�
a, b ∈ T

� �'. � 790:�
a‖b #� �SD�2 � "/$ � 0-2�.#� � 0-$ � � � ������
 
�� � � ����

��

����� � ��� � 
 ����� ����� 


T � "/0%�'$�2 5:)=,wP�, �

�� �� � �Q0-$ , . , *���$8�I*+!#$:!#*�2�. � � � {a, b} � "/0 ) 780-��.#780-�
a, b ∈ T

�=�'. � 790:�
a‖b #

� ) 2 �-5 !#780-�'*+�'$(� � .#�
1
\ X 2 L !1"/*�� � �Z.>2 �-,t� $-!1�=!#"/$ ! N=N # R�#)RS��� � L��:) !#*+�
b

��=
==

==
==

=

c

@@��������

��>
>>

>>
>>

> d

a

??�������

=⇒

b

��=
==

==
==

=

c

@@��������

��>
>>

>>
>>

> d

a

??�������

OO�
�
�
�
�
�
�

"/0
b

��=
==

==
==

=

���
�
�
�
�
�
�

c

@@��������

��>
>>

>>
>>

> d

a

??�������

780-! � �'0:� � � ) � ,w��) !?�I.#!#$ , 2�! ) �'*+�'$(�
c // a //___ b // d

"/0
c // b //___ a // d

R~|�x



P $T0:$ � � ) � 2�!#$ � �'$ ��� !1. $ �Vj 2 � 2 �O� �
�
2 ! � �'.1.#0-.1� � � # � � 2 M Z[\ 2 L !1"/*+� � ��0:� � � ) � J 0 � "/*�*+�

x

a

??��������
b

__>>>>>>>> =⇒

x

��

�

OO

a

==||||||||
b

aaBBBBBBBB

���Q.1�
3 M Z[\

a b

x

??��������

__????????
=⇒

a b

��

�

>>}}}}}}}}

``AAAAAAAA

x

OO

� �O� 5-, " ) � *+� � 0-! J 2�$(��DE" ) *<24.#! � �<. � ! �-, �K780-�O.#� � *+�'* 5-) � ��� 0 � .#0 ��P/) 2�$ �1�Nj7� � � *+� � �O*+" ) !�-5 ! � *+� � !#$ J � ) � ! 5 .#� � 2�0 � �'$ � � � m?npolq ris���� 0-$ � " ) 2�!#. � "/$(�3.#� � *+" ) �-5 ! � *+� � 780-!�$-��� ) 2 J � ) � �2�0 � 0-$ � "/!1$8� � � 5-) 2�$ �65 ��*���$(� � 240:� ) �'*+�'$(� � !1� �g� �'0 L .1�3.#"/$ P � � � 780-��. � "�$ 2 � 2 � � � �65 "/! L3+D�2�! ) � #
;���� < @�<>= � 
 ���	��� 

�	���GX"/!?�I0-$ � " ) 24!#.

(T,v)
# 
 $ � !1�Q780 � 0-$�*+" ) �:5 ! � *��

a σ // b
� �	��� 

� � 
 	 ����

� � ) � �N� � � � ! J � !*+�'$(�Q0-$ �


� � .#" )N� 780-�J. � "/$O23. � 0-$O2�0O*�"/!1$ �K� � �8� �'0 L � !>2 P/) 2�*+*�� �K� "/*+*S0:� 24� !?D �I� 0-! J 2�$(� ��#

pbp
γ2

  @
@@

@@
@@

@

a σ
//

γ1 6=id
>>}}}}}}}}

b

pbf
γ2 6=id

  A
AA

AA
AA

A

a σ
//

γ1
>>}}}}}}}}

b


 $ � !?� 790:�
σ

� ) 2 J � ) � �&0-$ � � � ��� ��
 
 �	� ��� � 

��

����� �

�� � ! !#.-� ) 2 J � )N� �c0:$ ��

��"/0<0:$ ��
 � #

 $H� ) "/0 J � ,wP 2�.1�'*+�'$(� � 2�$ � � %�%�� 0-$-�S$-"4� !#"�$ � � � "/!#$(� � � 5-) 2�$ �65 ��*���$8� 5 2 �=, � � 0 ) .1� � "/0:� !1. ��-,tJ �'.1" �*� ,w�9� 2�$ � . � 2 ) � ! � .#� # � � � .1!#�'$ � �'$(� ) � � � �O� �'0 L $-"�� !1"/$ � $-� � "/$(� � 2 � �'$ � " ) �J� )N�w�9� .#2�! )N�w#

;���� < @�<WV�
���
���a��FE:DP �62�$(� � "/$-$ , 0-$ � " ) 2�!#.
(T,v)

� !#. � L ! � �=�R0-$ � .10 �8P�) 2�$ �2�Nj7� � � *+� � � *+" ) �:5 ! � *�� � !#$ J � ) � ! 5 .#� �2�0 � �'$ � � � m?npolq ris�� �
(T,v)

� � � � .#0 ��� � � �3, . , *���$8� ��� "�$8��.1� � *+" )N�-5 ! � *�� �$� �
(T,v)

780-!$-�A� ) 2 J � ) � �'$(�A2�0 � 0-$ � "/!#$(� � � 5-) 2�$ �65 �'*+�'$(� #
� "/0 �Q� ! ) "/$ � 780 � 0-$H*+" ) �-5 ! � *+� � �
(T,v)

� � �
� � � ��� � � � 2�$ � (T,v)

����� !1. 2 �*� 2 ) � !1�'$(� 2�0 � .#0 � P/) 2�$ �,�Nj7� � � *+� � � *+" ) �:5 ! � *�� � !#$ J � ) � ! 5 .#� � 2�0� ��$ �9� � m?npolq ris:� �
(T,v)

#
`KabDdc[efDg<

1 M X)\ , �62 � � � GX!
σ

� ) 2 J � ) � � 0:$ � "/!1$8� � � 5-) 24$ �65 �'*+�'$(� � !#.Y$:� � ��0:� � 2 � � � ) �A2�$:" � !1$ #
GX0 ��� " � "/$ � 790:�

a σ // b
� ) 2 J � )N� �
0:$ � "/!#$(� � � 5-) 2�$ �65 �'*+�'$(� � 24$ � .#2KDE0X� 0 )

x
# � .1" ) �S� 2 )�-,t� $-!1�=!#"/$ ! N=N # R�# h ��� 0-$ ��5 D �

x
� � � 0-$ , . , *���$8�Q*�2 L !#*�2�. � � * {c, d} � "/0 ) 780-��.#780-�

c, d ∈ T� ��. � 780-�
c‖d # N^.d$:"/0 � D�2�0:� �-) �'$ �:) �J� ) "/! � � 2 � �'$ � "/* � � � �� !

c v b
� 2�.#" )N� $ ,�� � � � 24! ) ��*���$(�

d 6v b
� � !1$-"/$ � � 0-! � 790:�F$-"/0 � 2 J "/$ ���-, 6 +

a v c
�C�
a v d

�
R~|�|



$-"/0 �K� � J9) !#"/$ � 240 � � !d2 J "/! )
c 6 ‖d � 2 )

(T,v)
� � �I0-$ � " ) 2�!#. �iJ "/! ) .#�

1
\ X 2 L !1"/*+� � �c.#2 �-,t� $-!1�=!#"/$! N�N #)R�#)R�# 
 $ � "/$ � ! ���') �A2�.1" ) � .1� � !>2 P/) 2�*+*+� 780-! � 0:!1� �

d

x

OO

a σ
//

OO

b

,

!#. $ � � L ! � � � � 2 � � �
z ∈ T

� ��.;780-�
d v z

���
z v b

�l� !#$-"/$ �l� 2 ) .#�
1
\ X 2 L !1"/*�� � �S.#2 �-,t� $-!1�=!#"/$! N�N #)R�#)R�� "/$O2�0 ) 24!1� � d v b

"�0
b v d

�t� ! # � #
b v d

� 0-! � 790:�A.1� � � � "/$ �2� 2 � � � �Q!#* � " � � ! 5 .1� # � 2�! �2�.1" ) ��� "/$�2�0 ) 2�!1�
c v b

���
b v d

� ��� � "/$ �
c v d

� �3780-!;� � �Z!1* � " �N� ! 5 .#� � 2 )��[� 2 )c5ij7� "4� 5*��� � �
c 6 ‖d # N^. �w� �'$ � 0-!1�Q780-�

σ
$:� � �'0X� � 2 � � � ) �Z0-$T*+" )N�-5 ! � *��c2�$-" � !#$ #GX!

b v c
� 2�.#" ) � $ ,�� � �N� 2�! ) ��*���$8�

b 6v d
�y� !1$-"/$K"/$T2�0 ) 2�!1�

x v b
���
b ∈ * {c, d} �*� "/$ ���F� 0-! � 780-�

x
� � � 0-$ , . , *+�'$(�A*�2 L !#*�2�. � � {c, d} � $-"/0 � 2�0 ) !#"/$ �

x = b
� � ��780-! � "�$8� ) � � !1�A.#�3D�2�!?�Z780-�

σ� ) 2 J � )N� �
x

� "/*�*+� � ��.>2 , � 2�!1� � 0 �*� " ��, 2�0 �-,�5 0:� � �Z.>2 �-) �'0 J � # ��"/$ � ! �-,') "/$ � 2�.1" ) �
d

x

OO

a σ
//

OO

b

!#. $ � � L ! � � � � 2 � � �
z ∈ T

� ��.;780-�
d v z

���
z v b

�l� !#$-"/$ �l� 2 ) .#�
1
\ X 2 L !1"/*�� � �S.#2 �-,t� $-!1�=!#"/$! N�N #)R�#)R�� "/$O2�0 ) 24!1� � d v b

"�0
b v d

�t� ! # � #
d v b

� 0-! � 790:�A.1� � � � "/$ �2� 2 � � � �Q!#* � " � � ! 5 .1� # � 2�! �2�.1" ) � "/$K2�0 ) 2�!1�
b v c

�C�
d v b

�*� "/$ �
d v c

� �J780-!Y� � �I!1* � " �N� ! 5 .#� � 2 )���� 2 )�5Hj7� "�� 5��w� � �
c 6 ‖d #N^. �w� �'$ � 0-!?� 780-�

σ
$-� � ��0:� � 2 � � � ) �Z0-$O*�" ) �-5 ! � *+�J2�$-" � !1$ #GX!

b‖c � 2�.#" ) � "/$ � "�$ � ! �*�') �
c

x

OO

a σ
//

OO

b!#.Y$ � � L ! � �=� � 2 �8� �
z ∈ T

� ��. 790:�
c v z

2�$ �
z v b

�F� !#$:"/$ �y� 2 ) .1�
1
\ X 2 L !#"/*+� � �A.>2 �-,t� $-!1�=!#"/$! N�N #)R�#)R�� "/$�240 ) 2�!?�

b 6 ‖c # N^. ��� ��$ � 0:!1�Q780-�
σ

$-� � �'0:� � 2 � � � ) �A0:$T*+" ) �:5 ! � *��J24$-" � !#$ #
� !1�'$ � �-)�� ��$ � � 0L2�.1! � 2�$(� � � �A790:! �:)=,w���w� � � "�$�2�0 ) 2�!?� � 0 � 0 �*� " � � ) 780-�

a σ // b
� ) 2 J � )N� � 0-$� "/!#$(� � � 5-) 2�$ �65 ��*���$8� � 24$ � .1� � 2 �N�=,

x
�C�&2 �*� .#!1780-� ) .#2S* � *�� �-) �'0 J � 780-� �-)�,w�',�� �'*+*+�'$(� #

2 M Z[\ , �62 � � � 
 $ J�,') ! � �A790:�R.>2SD�2�*+!#.1.#�
Σ

� "/$(� .#� � *+�'* 5:) � �9� "�$8� .#� � *+" )N�-5 ! � *�� � � �
(T,v)780-!d$-�c� ) 2 J � ) � ��$(�c2�0 � 0-$ � "�!#$(� � � 5-) 2�$ �65 ��*���$(�&� � �I0-$ �Nj7� � � *+� � �J*�" ) �-5 ! � *+� � !1$ J � )N� ! 5 .#� �2�0 � ��$ �{� � m?npolq ris�# � 2 � "/.1.#� � � !1"/$ � �b*+" ) �-5 ! � *+� �

Σ
!#$ � .#0 � � � 2�$ �

Y oneda(T,v)
� � � � "�$-$ , �� 2 ) .1�Q.1�'*+*�� ! N=N # e�#&h^# #�) "/0 J "/$ � *�2�!#$(� ��$L2�$(� 780-�

Σ
� � � � � 2 5 .1� � 2 ) � "/* � " � !1�=!#"/$ �g� 0 �*� " � "�$ �780-�

σ1

���
σ2

� "/!#��$8� � "/* � " � 2 5 .#� � � ! # � tgt(σ1) = src(σ2) = b
� ��� � " � "/$ �

x
0-$ � "�!#$(� � �

R~|�'



5-) 2�$ �65 ��*���$8�Q� ��.d780-�Z. � "/$O2�!1�b.1� � !>2 P/) 2�*+*+� � 0:! J 2�$(�
b

σ2

��>
>>

>>
>>

>

a

σ1

??��������

  @
@@

@@
@@

c

x

??~~~~~~~

2�.1" ) ���?� 0:! � 780-�
(T,v)

� � �J0-$ � " ) 24!#. � $-"�0 �Q�-,�� 0-! � "/$ � 790:�
b v x

"/0
x v b

#JP $ , � 0 � !#2�$(�c.1� �� ! � ,�) �'$(� �:� 2 �:� " � � ! 5 .1� ��� !#. J !1�'$(�Z780-��.#� � � ��0-. �:� 2 �S� " 5-,�) ��$8� �S� " �N� ! 5 .#� � � "/$(�
x = a

��� ��� � � �0-$
pbp

"/0
x = b

��� ��� � � �Z0-$
pbf

� 2�!#$ � !
σ2 ◦ σ1

$:�S� ) 2 J � ) � �<240 � 0-$ � "/!#$(� � � 5-) 24$ �65 �'*+�'$(� #N^. ) � � �=� +.J "/! ) 780-��.#2
3 M Z[\ �-) " �-) ! , � ,�� ��.>2 �:,�� $-!?� !1"/$%N !�#(%�#&|.� � �S�Nj7� � � *+� � � ��*�" ) �-5 ! � *+� �m?npolq ris !#$ J � ) � ! 5 .1� � � � � J�,') ! �L, � # ��"/$ � �'$(� ) "/$ � $-"/0 �S� 0 ) .#� � 2 � � �3.>2 � "/*+*+�32�*�2�. P 24*�* , � �� 0 �*� " � "/$ � 780-�Z. � "/$O23.#� � !#2 P/) 24*�*+�

b

a

σ

OO

// c" }
σ

$-�b� ) 2 J � ) � �&240 � 0-$ � "/!#$(� � � 5-) 2�$ �65 ��*���$(� # GX!
b‖c , �62�!?� J/,�) ! �-,�� 2�.#" ) � "/$ � 240 ) 2�!?� ��� 2 �-) ���.#�

3 M Z[\ 2 L !#"�*�� � �S.#2 �-,t� $-!1�=!#"/$ ! N�N #)R�# R�� 790:�
m

� � �c*<2 L !1*<2�. � 2�$ � * {b, c} � ��.;780-�
m ≥ a

�� 2 ) �-,t� $-!1�=!#"/$ �
m

� � � 0-$ � "/!1$(� � � 5-) 2�$ �65 ��*���$(� � 2�$ � .#�3DE0:�=0 )w#v� � � .#0 ���
m ∈ * {b, c} ���

b‖c � "/$ �
m < b

# � !#$ � !
σ

� ) 2 J � ) � �A0:$ � "/!1$8� � � 5-) 2�$ �65 ��*���$8� �*� �J780-!Y� � �I0:$-� � "/$(� ) 2 � ! � �=!#"/$ #� "/$ �
b 6 ‖c � � 780-!d$:"/0 � DE"/0 ) $-!1�b.#2 � "/*+*��c2�*<24. P 2�*+* , �c2G�=� ��$ � 0-� �y��� � � � ! + ! � ! ) �

b // x

a

σ

OO

// c

OO .

N^. ) � � � � + J "/! ) 780-�
c → x

$:�+� ) 2 J � ) � �
2�0 � 0:$ � "/!#$(� � � 5-) 2�$ �65 �'*+�'$(� # 
c)
T

� � �S0-$ � " ) 2�!#.� "/$ � $-"/0 � 2 J "/$ �
b v c

"/0
c v b

] #�� 2�$ � .#� �:) �'*+!#� ) � 2 �w� $-"/0 � 2 J "/$ �
c → x = idb

780-!U$:�� ) 2 J � )N� �&2�0-$ � 0-$ � "/!#$(� � � 5-) 2�$ �65 ��*���$8� # � 2�$ � .#� � � � "�$ ���
c→ x = c→ b

�C��$-�b� ) 2 J � ) � � � 2 �$-"/$ � .10 � � � � "/!1$8� � � 5-) 2�$ �65 ��*���$8� �b� !#$:"/$ �
σ

��$�� ) 2 J � ) � � ) 24!1�Z0-$ ,wP 2�.#��*���$8� # _ #$� 0-2�.#��*���$8�$-"/0 � 2 J "/$ � .>2 �-) " �-) ! , � ,:� "/0 ) .1� � �-) " � 0-!1� �K�y5-)=,�� �C�I.#�c� 5-, " )N� *+�Z� � � �-) "/0 J�,�#
�

;���� < @�< � � 
 ���	��� 

�	���GX"/!1�'$(�I0-$ � " ) 2�!#.
(T,v)

��� � �'0 LO, . , *���$(� �
a

�C�
b
� �

T
J/,�) ! � 2�$(�

a < b
# 
 $ � 0 �*� " � � � � � .#0 �780-�

a
���
b

� "/$(� ) � � � � � �=! J �'*+�'$(� � � �8� "/!1$8� �O� � 5:) 2�$ �65 �'*+�'$(� � 24$ � .1� � 2 �N�=, �C� � 2�$ � .#�JDE0:� 0 )� ��. � 780-� �
a ∩ *

b\{a, b} $-� � "/$(�=!#�'$:$-�F2�0 � 0-$ � "/!#$(� � � 5:) 2�$ �65 �'*+�'$(� # � 2 
�� � �
�
� � � 
 � �
T2�.1.>2�$(� � �

a
J � ) �

b
� $:"�� , �

Ta,b
� � � � �-,t� $-!#� � �Z.#2S*<2�$:! �') � � 0-! J 2�$(� �

Ta,b a
� � � 0-$ ��

�

a
$ � � � � � 2 � 0-$ �


�

b
� � �Q0-$ ��
�� �

a ∩ *
b\{a, b} �

a ∩ *
b\{b}

b
$ � � � � � 2 � 0-$ �

�� �

a ∩ *
b\{a} �

a ∩ *
b

	 � ��������'%��$(& ��� 
��.�,�-��'(& � � � � & )�� � +�� ��$%���.' ) � $%
 �,�.'�
 
���"#��&,& 
��%������+ ���.' ���,+���
 &-+*)-
���' 
%$ ) � �.��������� � � ���� �� !�.
���"%��
 � 
�)-�.����'�) � ��' +�"%�,��$%
�� � $%� � +�� +*��
�������
 � & �����-" � 
�&-����& � $%
 '%� )-�,�.
��.� & ��' )�+*$ � $%' "#��
�' ) 
 ���%� +*' ��� ������.' ) ��& )�"%$%�,� 
%+*' &
T

R~|��



;���� < @�< � B�DFE:E:D@ "/0:� � 5-) !#$ � !#.#.1�
T

��� 0:$ � " ) 2�!1.
(T,v)

� � � � 0 ) � � 24$ �
T
#

`KabDdc[efDg< � � � � � 0-$-� � "/$ �=, 780-��$ � � � ! ) � � � � � �Z.>2 �-,t� $-!?� !#"�$ ! N=N # R�#&| � � 5:) !#$ � !#.1.#� #
�

;���� < @�< � B�DFE:E:DP �62�$(� � "/$:$ , � �8� ��0 L25-) !#$ � !1.#.1� �
T, T ′ �l� 0-$ � " ) 2�!1.

T
� "/$O2

T = T ′ "/0 T ∩ T ′ = ∅
`KabDdc[efDg< #�) �'$-"/$ �.� �'0 L 5-) !1$ � !1.#.#� �

Ta,b
���
Ta′,b′

�C� � 0 �*� " � "/$ �w�9� 2 ) � L �'* � .#� � 780-�
a‖a′ #

� "/$(� ) "/$ � 780-�
Ta,b ∩ Ta′,b′ = ∅ #3� 24$ � .#� � 2 � � "/$(� ) 24! ) � � $-"/0 � 2�0 ) !#"/$ �

t ∈ � {a, a′} � " ) !#.� L ! � � �Z0-$ �*5*�
x

�=�'.d780-�
x v t � � 2 ) T

� � �Q0-$ � " ) 24!#. � ���
x ∈ � {a, a′} �y�N�65-, *�24� !1780-�'*+�'$(�

t

L
OO

a

??��������
b

__>>>>>>>>

!#. �w� �'$ � 0-!?�Z790:�3.#�R*+" )N�-5 ! � *��
a → t

� � � � 24$ �
Ta,b

� 2�$ � � � ) �32�$-" � !1$ �l� �S780-!U� � �Z0-$ � "�$8� ) 2 !� ! � � !1"/$ #� � � .10 �w�
a < a′ ⇒ b v a′

� � 0 �*� " � "/$ � 780-�
a < a′

�$ ,�� � �N� 2�! ) ��*���$8� � "/$T2
a′ 6< b

�F� !1$-"/$ �
Ta,b

$:� � � ) 24!1� � 2 � 0-$-� 5:) !#$ � !#.1.#� � 2 )
a′

� � �c0-$ � "/!1$(� � �5-) 2�$ �65 ��*���$8� # 
 $ � �'0X� � "/$ � 2 J "/! )
a′‖b "/0

b v a′
# � 24! �S� ! "/$B2 J 24!1�

a′‖b � !#. ��� ��$ � 0-! J9) 2�!?�780-�R* {a′, b} 6= ∅ �?� "�$ ���d� "/*+*+�
T

� � �c0:$ � " ) 2�!#. � $-"/0 � 2�0 ) !#"/$ � 0-$ �*5 D
c ∈ * {a′, b} �=�'. 780-�

c ≥ a
�y� �65:, *�24� !1790:�'*+�'$(�

b′

b a′

OO

c

^^>>>>>>>>

??�������

a

WW//////////////

GG��������������

OO

*�2�! � 2�.1" ) �
Ta,b

$-� � � ) 2�!1� � 2 � 0-$-� 5:) !#$ � !#.1.#� # N^. J !#��$(�
b v a′

�l� 24$ � .1� � 2 � " }
b

� � � ,�P 2�. +
a′

�"/$�2
b = a′ 6∈ Ta,b

�C�
a′ = b 6∈ Ta′,b′

� �C� � 2�$ �:� � � 2 �w� {a′ = b} � � �Z0-$-� 5-) !#$ � !#.#.1� + .#0-! � �'0:.� 0-! � 780-�
a′ = b

� � � � !#*S0:.1�624$ , *+�'$(�I0-$ �*5*� �C�&0:$ �*5 D #I� 2�$ � � "/0 � .1� �O� 2 ��� "/$H2
T ∩ T ′ = ∅ #� $T2 )NP 0-*+�'$(� � 0L2�.d*+"/$(� ) �J780-� � !

b 6= b′
� 24.#" )N�

T ∩ T ′ = ∅ # �

;���� < @�< � B�DFE:E:D@ "/0:� � 5-) !#$ � !#.#.1�&� � �I� "�� 2�.#��*���$(�b" ) � "/$-$ , � #
`KabDdc[efDg< GX"/!1�'$(�=�Z0:$-� 5-) !1$ � !1.#.#�

T
�l� 0-$ � " ) 2�!1.

(T,v)
�C�
t1, t2 ∈ T

� $-"�0 � 2 J "/$ � 0-$ �*5*�
a��� 0-$ �*5 D

b
�=�'. � 780-�

t1, t2 ∈
�
a ∩ *

b
#$# 2 ) �-,t� $-!1�=!#"/$ ! N=N # R�#)R,��� 0-$ � " ) 2�!1. � !1. �w� �'$ � 0-!1�R780-�

t1 v t2
"/0

t2 v t1
#
�

R~|��



;���� < @�< � `Ka ����� � � 

�	���P �62�$(� � "/$-$ , � � � ��0 L-5-) !1$ � !1.#.#� � � ! � � !1$ � �=� �
T

�C�
T ′ ��� 0-$ � " ) 24!#. � "�$ 2K0-$-�+���A0-$-� � ��0-.#� � � �2 �N� � ) � !1"/$ �O� 0-! J 2�$(� � � �

• ∀t ∈ T, ∀t′ ∈ T ′, t < t′
�

• ∀t ∈ T, ∀t′ ∈ T ′, t > t′
�

• ∀t ∈ T, ∀t′ ∈ T ′, t‖t′ #`KabDdc[efDg< GX0 ��� " � "/$ � 790:� . � � L ! � �=�'$ � � �l� 0-$ , . , *+�'$(�
t
� �
T

��� ��� 0-$ , . , *���$(�
t′

� �
T ′

� �'. � 790:�
t‖t′ #JP � 2�$(� � "/$-$ ,

t′′
2 �*� 2 ) �=�'$L2�$(� +

T
� *�"/$(� ) "/$ � 780-�

t′′‖t′ # GX0 �*� " � "�$ � 780-�
t′′ ≥ t′

� "�$�2
t v t′′

"/0
t′′ v t

��� 2 �-) ��� .#�Q.#��*�*+� ! N=N # R�#(��# 
 $
$-� � ��0:� � 2 � 2 J "�! )
t′′ v t

� 2 ) "/$
2�0 ) 2�!?� 2�.1" ) �
t′ v t′′ v t

��� � "/$ �
t′ v t

��� �+780-!;� � �Z0:$-� � "/$(� ) 2 � ! � �=!#"/$ # 
 $%$-� � �'0:� � 2 � $-"/$ � .#0 � 2 J "/! )
t v t′′

� 2 ) 2�.#" ) �w� $-"/0 � 2�0 ) !#"�$ � 0-$ �*5*�
x

� ��.d780-�
t′′

x

OO

t

??��������
t′

``@@@@@@@@

��� � "/$ �
t → t′′ ∈ T � 2�$ � � � ) �R2�$-" � !#$ � � 790:! � � �c��$ � " ) �R0:$-� � "/$(� ) 2 � ! � � !#"�$ # N^. �w� �'$ � 0-!1�&790:�

t′‖t′′ # � !1�'$ ���-)w� "/$ �-) "/0 J � � �
* � *+��780 � , � 2�$(� � "/$-$ ,
t′′′ ∈ T ′, t′′′‖t′′ # � "/$ � �'$ �:) �'$-2�$(�

t′′ ∈ T �C�
t′′′ ∈ T ′ � "/$O2

t′′‖t′′′ #
GX0 ��� " � "/$ � *�2�!1$8�=�'$L24$8�&. � � L ! � � ��$ � � �l� 0-$ , . , *���$(�

t
� �

T
��� ��� 0-$ , . , *+�'$(�

t′
� �

T ′ � ��. � 790:�
t v t′

#QP �624$8� � "/$-$ ,
t′′

2 �*� 2 ) � ��$L2�$(� +
T

� $-"/0 �8J "�0-.#"/$ �8�-) "/0 J � ) 780-�
t′′ v t′

#

 $ � 2�!1� �-,Y6 +780-�
t′′ 6 ‖t′ ��� !#$-"�$ � ��$K2 �*� .1!#780L2�$(�g.>2 �-) ��*�! �') � � 2 ) � !1� � �&.>2 �-) ��0 J � � $-"/0 � 2�0 ) !1"/$ �

t‖t′ # P $ � $ �. � 2 �N� � ) � !1"/$
t′′ ≥ t′

$-� � �'0X� � � ) � � 24�=! � D�24!1� � � � !#$-"�$ � $-"�0 � 2�0 ) !#"�$ �
t′′ ≥ t′ ≥ t

��� "/$ �
t′ ∈ T��� 2 �-)N�w� .#� .#��*�*+� ! N=N # R�#('�# � 2�! �Q� � � ! � "/$ � � !1�=0-�S0-$:� � "/$(� ) 2 � ! � �=!#"/$ � 0-! � 790:� � �'0 L/5-) !#$ � !1.#.1� �� ! � � !1$ � �=� �O� "�$8� � ! � 6 "/!1$(� � � �l� 2 �:) �w� .1�J.#�'*+*+� ! N�N #)R�# �^#

�

;���� < @�< @�� � ��a � � ��� � abD
� � ��$ � ��* 5 .1� � � �Q5-) !1$ � !#.1.#� � � � �c" ) � "�$-$ ,�� 2 ) .#2 ) ��.>24�=!#"/$

T v T ′ � ! ��� � �'0-.1�'*+�'$(� � !;!#. � L ! � �=�0-$ , . , *+�'$(�
t
� �

T
2�!#$ � ! 780 � 0-$ , . , *+�'$(�

t′
� �

T ′ � �'. � 780-�
t v t′

#
`KabDdc[efDg<gP $ J � ) �=0 � �Z.>2 �:) " � " � !?� !1"/$ ! N�N #)R�# %�� "�$T2

∃t ∈ T, ∃t′ ∈ T ′, t v t′ ⇐⇒ ∀t ∈ T, ∀t′ ∈ T ′, t v t′.

�

GX"/!?�S0-$ � " ) 2�!1.
(T,v)

# � "�� "/$ �
Comp(T,v)

.>2 � 24� ,�P " ) !1� � � � "/* � " � 2�$(� � �$� �
(T,v)

# � �� 5:, " )N� *+� � 0:! J 2�$(� � "/$:$-�
0-$-� � � �N�') ! � � !1"/$f� L � )�� *���*���$8� � !#* � .1� � �
Comp(T,v)

# � � � � ��.>2) 24! � "�$ � "/0 ) .>2�780-��.#.1�J!#. � � �&!1$8� ,') � � � 2�$(� � � � � � ��$ �65 � )Q� 0 ) .#� � 2�. � 0-. � �R.>2 � 2G� ,wP " ) !1� � � � "�* !� " � 2�$(�=� �$�l� 0-$ � " ) 2�!#. # � !#��$ ���-)w� �="/0:� �'$ � �'* 5 .#� � 2 ) �=!#�'.1.#��*���$8�Z" ) � "/$:$ , 2O0-$ � 2G� ,wP " ) !1� � �� "�* � " � 24$8�=� � �'$��62�$(�A780-� � 24� ,wP " ) !#� � 24$ � 5 "/0 � .#� # ��� � ��$ � 2�$(� �f� 2�$ � .#2 � .#0 � 2 ) � � � � � 2 �w� !#.� � � 5 �'2�0 � "�0 �4� .#0 �O�-, .#! � 24� ��� �'$ � "/$:$-� ) 0-$-� � � � �') ! � �=!#"/$ #
R~|&%



;���� < @�< @�@ 
���
���a��FE:D
� 2 � 24� ,�P " ) !#� � � � "/* � " � 2�$(� � �8�l� 0-$ � " ) 2�!#.Y� � � ! � "/*+" ) �-5 � �y� 2�$ � BODAFM�d+ . � �'$ � �'* 5 .#� � 2 ) � !#��.#.1� !*+�'$(�Q" ) � "�$-$ ,:� � � � �85:) !#$ � !#.1.#� � � J 0 � "/*+*��J0:$-� � �C� !1�=� � 24� ,wP " ) !#� �t#
`KabDdc[efDg< � "��="/$ �

Σ
.#� � .10 �{P/) 2�$ �u� j^� � � *�� �K� �Q*�" )N�-5 ! � *+� �,m?npolq ris !1$ J � )N� ! 5 .#� ����� 0-$ � " ) 24!#.

T
# GX��.#"/$�.>2 �-,t� $-!?� !#"�$ ! N=N # R�#&|^� � "/0X� � 5-) !#$ � !1.#.1��� � � 0-$-�

Σ ! � "/* � " � 2�$(� � � ! # � # 0-$ , . , *+�'$(� *<2 L !!#*�2�. � 2�$ � .>2 D�2�*+!#.1.#� � � � � "/0 � � 2 ) �=!#� �f� �
T Σ ! � "�$-$-� L � �w# � "/0 � 2 J "/$ � �-, � � ) *+!#$ , .1� � " 576 ��� � � �.>2 � 24� ,wP " ) !#� � � � "/* � " � 2�$(� � �w# � �'*�2 ) 780-"/$ � 780-� �*� 2�$ � .1� � 2 �K� � �K� " ) 2�0 L?� .1� �

Σ !�" ! P " 2 P��I� "/$(�� !1* � .#�'*+�'$(� � � �I, . , *+�'$(� �I� �
Σ

� �'$ ��� 2�0:� ) � � �=� ) *�� �w� � "�0 � .#� �
Σ !�" ! P " 2 P��K�l� 0-$ � " ) 2�!1. � "/$(� � �.#"�$ P 0-��0 ) 240 � .10 �

1
# � 2 ) 24! � "�$ � � � � �-5-, $:"/* � $-�<� � �R790:�<.#� � 5:) !#$ � !#.1.#� �:� "/$(� �="��624.#�'*+�'$(� �" )N� "/$-$ , � ��� ! # � # .1� �
Σ ! � "/* � " � 2�$(� � �u� "/$(� � � � " )N�-) � � �="��6240 L?# � !1$ � ! �g, �62�$(� � "/$-$ , � �u� �'0 L5-) !#$ � !1.#.1� �

T, T ′ �^�l� 2 �:) �w� .>2 �-) " � " � !1�=!#"/$ ! N=N # R�# %^� "/$ � 24!1� 780-�&. � ��$ � ��* 5 .#� � � � *+" ) �:5 ! � *�� �{� �
T

J � )N�
T ′ � � � � "/!1� ∅ � "/!1� {

T → T ′
} #

�

�KJ J ��� � ���f
3� �����-
 	
� � � 2 � � � ��P�) "/0 � ";H � � � 2 �-,Y6 +Z, � , � ) 2�!1� ,K� 2�$ � .1� � �-) " � " � !?� !#"�$ �f!�# e�#(%/e ��� !$# e�#(%ih^� .#2 � 24� ,wP " ) !#�� � � "/* � " � 2�$(�=� �{��� 0:$ P/) "/0 � ";H � �b� � ��! � "�*�" )N�-5 � + . � �'$ � �'* 5 .#� � � � � ��� "/* � " � 2�$(�=� � � "/$:$-� L � ��#
# .#0 � �-)=,�� ! �=, *+�'$(� � 0-$-��D�24*�!1.#.#� � "/$-$-� L � ��� 0-$ P/) "�0 � "IH � � G � � �30-$-�<D�24*�!1.#.#� ��� " 576 ��� �

C
� �� � P/) "�0 � "IH � �3� ��.#.1�+780-� � "�0 ) �="/0 �

x
���
y

2 �*� 2 ) � ��$L2�$(� +
C

� G[x, y] $ � � � � � 2 � J ! � � # GX! � �� .10 �w� � "/0 ) �="/0:� �+D�2�*+!#.#.1� � "�$-$-� L �
C ′ � � G � "/$ 2

C ⊆ C ′ =⇒ C = C ′ � 24.#" )N�
C

� � �S0-$:�� "�* � " � 24$8�=� � "/$:$-� L � # � 0X� ) ��*���$(� � !1� �^� � � "�$8�I.1� �b, . , *+�'$(� � *�2 L !#*�2�0 Lu� �Z.#2 � "/.1.#� � � !1"/$ � � �D�2�*+!#.1.#� �{� "�$-$-� L � �Q� � G " ) � "/$:$ , � � 2 ) . � !1$ � .10 � !1"/$ #
�KJ J � � � � 
 � � � ��	
� 2 $-"4� !#"�$ � �Q� ) ��!#.1.#! � � � � �:,�� $-!1� � 24$ � .#2 � � � �=!#"/$ � #)R�#&% ��� � " )=) � �N� "/$ � + � ��.#.1� 780-�c. � "�$�� ) "/0 J �� 2�$ � � ��%��k#

;���� <>=l< @1`Ka ����� � � 

�	���
� 2 � 24� ,wP " ) !#� � � � "/* � " � 2�$(� � �S��� 0-$�� ) ��!#.1.#! � � � �Z� ) ! J !>2�.1� ����� � � � + � ! ) � )�,w� 0:!1� � + . � " 576 �C� � $L2�.� � BODAFM#
`KabDdc[efDg< GX"/!1� 0-$O� ) ��!#.#.1! �

L
# N^. � 0 � � � "/0 ) � "/$ � .#0 ) � � � �-) "/0 J � ) 780-�A.#� � .10 � P/) 2�$ � �Nj7� � � *+�� �A*�" ) �-5 ! � *+� � !1$ J � )N� ! 5 .#� � 2�0 � �'$ �Q� � m?npolq risS� �

L
� � � .>2SD�2�*+!#.#.1� � �Z� "�0 � .1� � *�" ) �-5 ! � *+� �� �

L
# � "/0 � � 2 J "/$ �,�:, 6 + 780-� � 2�$ � 0-$ �'$ � �'* 5 .#� � 2 ) � !1�'.#.1�'*+�'$(� " ) � "�$-$ , �="/0:�3*+" ) �:5 ! � *��� � �c!1$ J � )N� ! 5 .#� 2�0 � �'$ �Q� � m?npolq ris � � D ! N=N # e�#&h��t#K� � � .10 �w�F� 24$ � 0-$O� ) �'!#.1.#! �w� �="/0 � .#� �9�-) " � 0:!1� ��y5-)�,w� �C�c.1� �9� "/*+*�� � 2�*�2�. P 2�*+* , � � � L ! � � ��$(� � ��$H��� ��� � !1. �O� "/$(� ) � �N� � � � ! J ��*���$8� � "/$-$ ,�� � 2 ).#� �I5 " ) $:� � !1$:D ,') !#��0 ) � � � ∧ � ��� � 0 � ,') !1�'0 ) � � � ∨ �t# � "�$ � .>2ZD�2�*+!#.#.1� � �&�="/0 � .#� � *�" ) �-5 ! � *+� �{� �

L� � �Q0-$ � j7� � � *�� � �Z*+" ) �-5 ! � *+� � !#$ J � ) � ! 5 .#� � 2�0 � �'$ �9� � m?npolq ris�#
�

� J 24$8� � �Z780-!?�=� � ) � " ) 2�0 L ���I� ) �'!#.1.#! �w� $-"�� "�$ � 780-�J� "/0:�I��$ � ��* 5 .1�Z�="��624.#�'*+�'$(�b" ) � "/$:$ , � # P*#
R

�
Q

�
N

�
Z

"/0�� "/0X�R" )N� !#$-2�. � J "/! ) � |&� �k� � |�'��k� � |�h �k� � R '�� "/0B$ � !1* � " ) � �3780-�'. *�2�$80-�'. � �+� 5-, " ) !1�� � � �'$ � �'* 5 .1� ���t� � � � + .>2 DE"/! � 0-$ � " ) 2�!1. �C�I0-$F� ) ��!#.1.#! ���i� 2 � 2G� ,wP " ) !1� � � � "�* � " � 24$8�=� � � � � � "/$ �� ) ! J !>24.#� #
R '/e



�KJ J ��� 	 ����� � �3� 
 	
� 2 �*� �'.#"�$ � 780 � 0-$ �-)=, " ) �-) �F� � ��0:$ � " � ���

P
*S0-$-! ��� 0:$ ) �'.#24� !1"/$ )=, �L� L ! J �F���3� ) 2�$ � !1�=! J �

4
#������� � ) ��.>24�=!#"/$F$ � � � � �'$ P/, $ ,�) 2�. � 2 � 2�$(� ! �Nj * , � ) !#780-� #

;���� <WV�< @1B�DFE:E:DGX"/!1�'$(�I0-$ �-)=, " ) �:) �
(P,4)

��� � �'0 LO, . , *+�'$(� �
a

���
b
� �

P
�
a→ b

� � �Q0-$T! � "/*+" )N�-5 ! � *�� � �
P� !d�C� � �'0:.#�'*+�'$(� � !

a 4 b
���
b 4 a

! # � #
P[b, a] 6= ∅ #

`KabDdc[efDg< N^. � 0 � � � � $-"4� � ) 780-� � !
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E
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 $ � � ��L � ��� 2 5 " ) ��� � "/0 )u�65 2�780-�

n ∈ N\{0} � 0-$ ��$ � ��* 5 .1� Sn � "/$(�F.1� �<, . , *���$8� ��� "/$(�2 �*� �'. ,w� .#� � ���
����� ����� 
�� � c � � � ���
n
�?��� � � � ! + ! � ! ) �A790:! � �'0 J �'$(� � � ) � � !#*S0:.1�624$ , *+�'$(� 0:� !1.#! ��,w�� 2 ) 2�0 � .10 �

n
�-) " � � � � 0 �w#�� � ��$ � ��* 5 .1� � � � ���
����� ����� 
�� � $-"�� , S ��� � �-,�� $:!1�c$-24� 0 ) �'.1.#�'*+�'$(�� "�*�*+�
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n∈N\{0}
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��� � �'.#0:! � � � !#$ � � ) 0 � �=!#"/$ � � "/*+*�� I := {0, 1} × S � " }
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���
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� � ) "/$(� ) � � � � � � ! J �'*+�'$(�$-"�� ,w�
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a
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X
� � I∗ .#" ) � 780 � !#.(� L ! � �=����$S�'$(� !1� )
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� ��.9780-�

X(n) ∈ {Pa, Va}
#


 $ �-,�� $:!1�Z2�.1" ) � . � �'$ � �'* 5 .1� � � � �:) " � � �N� 0 ��� $:"�� ,
Prc

�?� "/*+*��R.#� � .10 �:� ��� !?� � "�0 � ! �'$ � �'* 5 .1�� � I∗ �=�'. 780-�
R�#

() ∈ Prc � Prc � "/$(� !1�'$(�I.>2 � 0-!1�=� J ! � � �M�
h^#O� !

X1, X2 ∈ Prc
� 2�.#" )N�

X1 ·X2 ∈ Prc � Prc � � � � �62 5 .1� � 2 ) � "�$ � 24� , $L2G� !#"�$ �t�
%�#O� !

X ∈ Prc �C�J780-�
a ∈ S $ � 2 �*� 2 ) 2 �#� � 2 � � 2�$ �

X
� 2�.1" ) �8� "/0 ) � "/0X�

X1, X2, X3 ∈ I∗�=�'. � 780-�
X = X1 ·X2 ·X3

"/$�2
X1 · Pa ·X2 · Va ·X3 ∈ S

#
GX!
X1, . . . , Xp

� "�$8� � � � � 0-!?� � � � $-!1� �$+2J 2�.#��0 ) � 2�$ � 0-$ ��$ � ��* 5 .#�
E

2 j 24$8� ) � � � � � �=! J �'*+�'$(�
N1, . . . , Np

, . , *���$(� �w� "�$ � " � �
N := N1 + · · · + Np
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��� � 
�� � ��
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��� � � �2� 0-!?� � �
X1, . . . , Xp

� � �Q.#2 � "/$-$ , � �l� 0-$:�AD�2�*+!#.1.#� ��� !#$ 6 � � � !1"/$ �
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k
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���
p
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φk(p) = n
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� ��.#.#�&790:�A780-��. 790:� � "/!1�I. � !1$ � ! � �
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#
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#
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#
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X
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Pa
���
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X
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a
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α
# # "/0 )�65 2�780-�
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� � � �-,t� $-! �'$
i
��� �
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���
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1]ia
l
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a
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Nk
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[

" }v� "/0 ) � "�0:�
R ⊆ R

� .#2ADE"/$ � � !1"/$
1R

� � � �-,t� $-!#� � 0 )
R

� 2 )
1R(x) = 1

� !
x ∈ R ���

1R(x) = 0� !
x 6∈ R # � � ,�P 2�.1!1� , �:)=,w��,w� ��$(� �c� � � � 0-�&240�D�2�!?� 790:�&.#� � !1$(� � ) J 2�.#.1� � � "�$8� � ! � 6 "/!1$8� �w# 
 $<2 � "�$ �0-$ J � � � ��0 ) −→χ a := (χa1, . . . , χ

a
n)

� � DE"/$ � � !1"/$ �O�-,t� $-!#� �8� 0 )
R

+,J 2�.#��0 ) �O� 24$ �
R

� � � " ) � � 780-�� "/0 ) −→x := (x1, . . . , xn) ∈ Rn
"�$ � �'0:� �:,�� $-! ) 0-$ �:) " � 0-!1� � � 24.>2�! ) � � 2 )

−→χ a · −→x := (χa1, . . . , χ
a
n) · (x1, . . . , xn) :=

n∑

k=1
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� 2 )=,wP !#"/$K!#$(�=� ) � !1� � � 2 ) .#� ��, *�2 �-5 " ) �
a

��� 2 ) !1� ,
α

� � �&2�.#" ) �K�-,t� $-!1� � 2 )
Fa :=

{
(x1, . . . , xn) ∈ Rn

∣∣∣∣
−→χ a · −→x > α

}

.>2 )�,wP !1"/$K!#$(� � ) � !?� �J� � � 2�.#" ) � $L24�=0 ) ��.#.1�'*+�'$(� �-,t� $-!#� � 2 )
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⋃
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#
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X1, . . . , Xn

� � ��� �
�
� � 

� � � ��� 
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#
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C

� � �g0-$
��$ � ��* 5 .1� �-)�, ! � 0 5 !1790:�&���
S

0-$<�'$ � �'* 5 .1� �:)=, !� !1* � .#! � !>2�. , � �'$ � 0 � "/$K$-"��=�
∂n,�i,ε := C

(
δn,�i,ε

) �C�
∂n,∆i := S

(
δn,∆i

)
.

� $ , � !#780-�C�62 P ��� � �T2�.1" ) � 0:$-�HD�2�*+!#.#.1� (
λn
)
n∈N

� �'.1.#�H780-�
∀n ∈ N, λn ∈ Set[Cn, Sn−1]

��� ∀i ∈ {0, . . . , n}, ∀ε ∈
{0, 1} �

λn ◦ ∂n,�i,ε = ∂n−1,∆
i ◦ λn+1

Cn
λn // Sn−1

Cn+1

∂n,�
i,1

OO

∂n,�
i,0

OO

λn+1

// Sn

∂n−1,∆
i

OO

; ����� <WV�<WV �:DdE � a �fc DP �62�$(� � "/$-$ , 0-$ ��$ � ��* 5 .1� �-)=,�� 0 5 !1780-� (
Cn+1

∂n,�
i,0 //

∂n,�
i,1

// Cn ; n ∈ N ; i ∈ {0, . . . , n}
) � 2 ) *�!

.#� �g, � !1790:���62 P � �{� " � � ! 5 .#� �w� . � 0-$ � "/$ � ! � � � + � "/$ � ! �:,') � ) . � ��$ � ��* 5 .1� �-)�, ! � !#* � .1! � !#2�. � "/$(�g�="/0 � .#� �, . , *+�'$(� �O� "/$(� 0:$ � !#$ P .1���="/$ � ��$T� �Y�C� � . � 0-$:!#780-� , �=!#780-�C�62 P � � " � � ! 5 .1� � "/$-$:�A0:$ ��� � #
# "�0 )�� "/*�� ) �'$�� ) �T.#�KDE" ) *�2�.#!	�=*+�
� )�,��', �-�'$(��� � L 24*�!1$-"/$
�+�'$�� , �624!#.I.�� � L �'*��-.1����0-! J 2�$(� � "�$
� "�$
�=!	�
� ) �A.1��� ) " P/) 2�*+*+� #�!

PaVa|PaVa|PaVa
" }

a
����� 0-$�� , *<2�� 5 " ) �Z�=� ) $L2�! ) ��� � � ����� ! + ! �-! ) ���� 2 ) !?� , h �L"/$T$-"��=� ) 2 � ��� ) " P/) 24*�*+�

Π
# � "/0
� 2�.1.#"/$
��� ,�� $:! ) � + �L2 ) � ! ) �:� � ��� ) " P/) 2�*+*����-0-$

��� � � "/$(� !1$90<��� 0:$ ��� � �-!	� ��) ��� # � � 0-$ � "/*+*��Q.�� 2�0:� ) ���=� ) "/$(� �-���-!#*+�'$��=!#"�$ % � � � 790:!Y$�� ��� �
P 0
� ) ���=0 ) � ) ��$L2�$(� # ��"�*�*+�'$ � "/$
���L2 ) .#� ) ��� )�, ���'$(�62�$(� � "/$(� !#$80 #

 $ � "�$
�=!	�
� ) � −→

X
.#�A*+"!�
��.#�P/, "/* , � ) !#780-���-0"� ) " P/) 2�*+*+�

Π
# ���Z*+"!�
��.#�J�����Q!#��"/*�" ) � 5 �����L24$
� .-/214325 � +

[0, 1]3\[1
3
,
2

3
]

*S0-$:!��-�H.#2B� "�� "/.1" P !1�O�C�$�-�H.%� " ) � ) ��!#$��-0-!1���L2 )�� �'0 L �-� −→
R 3 # 
 $&�-"�$-$-� � ! ! �:���'��"/0
�F0-$:�) ��� )=, �=��$8� 24� !1"/$"�-� � �Z*�"(�
��.#� P/, "/* , � ) !#780-� #

Va

Pa

Pa

Va

Pa Va

)*)*)*)*)*)*)*)*)*)*)*)*)*)*)*))*)*)*)*)*)*)*)*)*)*)*)*)*)*)*))*)*)*)*)*)*)*)*)*)*)*)*)*)*)*))*)*)*)*)*)*)*)*)*)*)*)*)*)*)*))*)*)*)*)*)*)*)*)*)*)*)*)*)*)*))*)*)*)*)*)*)*)*)*)*)*)*)*)*)*))*)*)*)*)*)*)*)*)*)*)*)*)*)*)*))*)*)*)*)*)*)*)*)*)*)*)*)*)*)*))*)*)*)*)*)*)*)*)*)*)*)*)*)*)*))*)*)*)*)*)*)*)*)*)*)*)*)*)*)*)
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,*,*,*,*,*,*,*,*,*,*,*,*,*,,*,*,*,*,*,*,*,*,*,*,*,*,*,,*,*,*,*,*,*,*,*,*,*,*,*,*,,*,*,*,*,*,*,*,*,*,*,*,*,*,,*,*,*,*,*,*,*,*,*,*,*,*,*,,*,*,*,*,*,*,*,*,*,*,*,*,*,,*,*,*,*,*,*,*,*,*,*,*,*,*,,*,*,*,*,*,*,*,*,*,*,*,*,*,,*,*,*,*,*,*,*,*,*,*,*,*,*,

-*-*-*-*-*-*-*-*-*-*-*-*-*--*-*-*-*-*-*-*-*-*-*-*-*-*--*-*-*-*-*-*-*-*-*-*-*-*-*--*-*-*-*-*-*-*-*-*-*-*-*-*--*-*-*-*-*-*-*-*-*-*-*-*-*--*-*-*-*-*-*-*-*-*-*-*-*-*--*-*-*-*-*-*-*-*-*-*-*-*-*--*-*-*-*-*-*-*-*-*-*-*-*-*--*-*-*-*-*-*-*-*-*-*-*-*-*-

.*.*.*.*.*..*.*.*.*.*..*.*.*.*.*..*.*.*.*.*.
/*/*/*/*/*//*/*/*/*/*//*/*/*/*/*//*/*/*/*/*/

0*0*0*0*0*0*00*0*0*0*0*0*00*0*0*0*0*0*00*0*0*0*0*0*0
1*1*1*1*1*1*11*1*1*1*1*1*11*1*1*1*1*1*11*1*1*1*1*1*1

2*2*2*22*2*2*23*3*3*33*3*3*3

4*4*4*44*4*4*45*5*5*55*5*5*5


 $�� ,6� $-!1�<2�.1" ) ��.�� 2�0:�="/*�24� ���-���-!#*+�'$
��!#"/$7�=0�� ,�) !#��0 ) � � "/$(�=!#$80 2��8�=" � ! , �-�T.>2�D�2 � "/$9�=0-! J !2�$(� � �
C0 := [0, 1]3\[1

3
, 2

3
]
�
C1 :=

{
{x} × [a, b] × {y} ⊆ −→X

}
∪
{

[a, b] × {x} × {y} ⊆
−→
X
}
∪
{
{x}×{y}× [a, b] ⊆ −→X

} �
C2 :=

{
{x}× [a, b]× [c, d] ⊆ −→X

}
∪
{

[a, b]×{x}× [c, d] ⊆

R ���



−→
X
}
∪
{

[a, b] × [c, d] × {x} ⊆ −→X
} �;��� �'$ � $

C3 :=
{

[a, b] × [c, d] × [e, f ] ⊆ −→X
}
�

P � 2�$(�
�-"/$:$ , 0:$ , . , *+�'$(�

[a, b] × [c, d]× [e, f ] ∈ C3

� �="/$T!#*�2 P ���L2 ) .1���
C(δ2,�

i,ε )
� "/0 )

i ∈ {0, 1, 2}���
ε ∈ {0, 1} �d780-�+.�� "/$�$-"��=� ) 2

∂2,�
i,ε

� ��� � �:"/$-$ , ���L2 ) .1�S�62 5 .#� 240 ��0-! J 2�$(� � �-2�$
�A.#�'780-��.�"/$B2"/*+!#� .1��� � j * 5 "/.1��� × �
∂2,�

0,0 ∂2,�
0,1 ∂2,�

1,0 ∂2,�
1,1 ∂2,�

2,0 ∂2,�
2,1

{a}[c, d][e, f ] {b}[c, d][e, f ] [a, b]{c}[e, f ] [a, b]{d}[e, f ] [a, b][c, d]{e} [a, b][c, d]{f}
� � !1*<2 P � � � 0-$ , . , *���$8� {x}×[a, b]×[c, d]

�:�
C1

�L2 ) .#���
C(δ1,�

i,ε )
� "/0 )

i ∈ {0, 1} ���
ε ∈ {0, 1} �780-�b.�� "/$S$:"�� � ) 2

∂1,�
i,ε

�(��� � �-"/$-$ , � �L2 ) .1�g� 2 5 .#�'2�0 �=0:! J 2�$(� � �-2�$
�U.1�'780-�'.:"/$�2c"/*+!#�;.1��� � j * 5 "�.#���
× �

∂1,�
0,0 ∂1,�

0,1 ∂1,�
1,0 ∂1,�

1,1

{x}{a}[c, d] {x}{b}[c, d] {x}[a, b]{c} {x}[a, b]{d}0-$ , . , *+�'$(� �-�Z.#�cDE" ) *��
[a, b]× {x} × [c, d]

2 � "/0 ) !1*<2 P �
∂1,�

0,0 ∂1,�
0,1 ∂1,�

1,0 ∂1,�
1,1

{a}{x}[c, d] {b}{x}[c, d] [a, b]{x}{c} [a, b]{x}{d}
���Q0-$ , . , *+�'$(� �-�Z.>2RDE" ) *+�

[a, b]× [c, d]× {x}

∂1,�
0,0 ∂1,�

0,1 ∂1,�
1,0 ∂1,�

1,1

{a}[c, d]{x} {b}[c, d]{x} [a, b]{c}{x} [a, b]{d}{x}
� ��� !#*�2 P ��� ��� , . , *���$(� � �-�I.>2cDE" ) *+�

[a, b]×{x}×{y} � {x}× [a, b]×{y} ��� {x}×{y}× [a, b]�-�
C0

�-2 ) .#���
C(δ0,�

0,ε )
� "�0 )

ε ∈ {0, 1} �L780-� .%� "�$O$:"�� � ) 2
∂0,�

0,ε

� �="/$(� ) ���'� � � �=! J �'*+�'$(� �-"�$-$ , ���
�L2 ) .1���b�62 5 .#�'2�0 L ��0-! J 2�$(�'� � �L2�$
�I.1�'780-�'.d"�$T2�"/*+!#� .1��� � j * 5 "/.1��� × �

∂1,�
0,0 ∂1,�

0,1

{a}{x}{y} {b}{x}{y}
∂1,�

0,0 ∂1,�
0,1

{x}{a}{y} {x}{b}{y}
∂1,�

0,0 ∂1,�
0,1

{x}{y}{a} {x}{y}{b}# "�0 ) " 5 �=�'$-! ) 0-$ , � !#780-�C�62 P ���(!#.9$-"/0��UD�2�0:� � ,Y6�� 0-$3�'$��=�'* 5 .#� � )�, ! �=!#*��-.1! � !#2�.�� S2

����� .%� ��$
�=��* 5 .#�
�-���c�'$ J ��.#" ��� ��� � "/$ J � L ��� �-�R� ) !#�-.1���'� � � � ��"/$(���-"/$ � �-���c� ) !>24$ P .#��� �

(b, c, e), (a, d, e), (a, c, f)" }
[a, b]× [c, d]× [e, f ] ∈ C3

�L"�$"� " ��� 5 !#�'$�� �-)
λ3

(
[a, b]× [c, d]× [e, f ]

)
:=

.#�c� ) !#�:.#���
((b, c, e), (a, d, e), (a, c, f)).

# 0-!#�
S1

�����O.�� �'$��=�'* 5 .#� �:��� � "�0
�-.#���
((b, c), (a, d))

�=�'.#�<790 � !1.&� L !	��� �
x ∈ R

�-� �=" ) � �%780-�
{x} × [a, b]× [c, d] ∈ C2

"�0
[a, b]× {x} × [c, d] ∈ C2

"/0
[a, b]× [c, d]× {x} ∈ C2

�L"�$"� " ���
λ2

(
{x} × [a, b]× [c, d]

)

λ2

(
[a, b]× {x} × [c, d]

)

λ2

(
[a, b]× [c, d]× {x}

)



 :=

.1� � "/0��-.#�
((b, c), (a, d))

���
λ1

(
[a, b]× {x} × {y}

)

λ1

(
{x} × [a, b]× {y}

)

λ1

(
{x} × [c, d]× [a, b]

)



 :=

.#��� "/!#$(�
(b)

R ���



2 J � �
S0 := [0, 1] �

P $ � $ � �=2 �65 2�$(� 790:�
S−1

����� 0-$ �=!1$ P .#�C� "/$ �
λ0

���
∂−1,∆

0

�="/$(�A.#���A0:$-!#780-���2��
�:.#! � 24� !1"/$
� � ,6� $-!#��� ) ���'� � � � ! J *+�'$(� ��0 )
C0

�C�
S0

�2J 2�.1�'0 ) �L2�$
�R.#���=!#$ P .#�C� "/$
S−1 �

� "4� � )5 !1�'$H780-�3.%� "/$H2 ,�J "X780 , �-���c� ) !#�-.1��� �Q��� �-��� � "/0
�-.1����� .�� " ) � ) �S2��-"/$ � 0:$-�3!#*�� " ) �624$ � ��� $:"�� � )780-� � ���Q" ) � ) �J����� !#�8�=0��-� � ��.#0-!d780-�Z.�� "/$K*+��� �=0 ) .1��� � "9" ) �-"/$-$ , ��� �-�
R3 �
 $�� �'0X�Q2�.#" ) � � "��=� )

∂1,∆
0 ((b, c, e), (a, d, e), (a, c, f)) := ((d, e), (c, f))

∂1,∆
1 ((b, c, e), (a, d, e), (a, c, f)) := ((b, e), (a, f))

∂1,∆
2 ((b, c, e), (a, d, e), (a, c, f)) := ((b, c), (a, d))

�����-�Z*�2�$-!	� ) ���=!#*+!#.#2�! ) �
∂0,∆

0

(
(b, c), (a, d)

)
:= d

∂0,∆
1

(
(b, c), (a, d)

)
:= b

�-0-!	� J/,�) ! � � ) .>2 � "�*�*S0X�624�=! J !1� , �-0"�-!>2 P/) 2�*+*+���-� � ) "/!1�=�
�

C0
λ0 // S−1

C1
λ1 //

OO OO

S0

OO

C2
λ2 //

OO OO OO OO

S1

OO OO

C3
λ3 //

OO OOOO OO OO OO

S2

OOOO OO

� ��� , . , *+�'$(� � �-�
S3

�="�$8���-��� � ) !#�-.1���'� �:�Q� ) !#�:.#���'� �-� )�, ��.#���8"/$�.#��� � "/*�� ) ��$
���-"�$ ��� "/*+*�� �-���� ) !>2�$ P .#��� �-�
R3
� � �'0 L �-�

S2

�="/$(� �-��� � "/0��-.#��� �-� � "�0
�-.#��� �-� )�, �'.	��� � � �="/$(� �-"�$ � �-��� ��� P *+�'$(�'�
�-�

R2
� � �'0 L �:�

S1

�="/$(���-��� )�, �'.	��� � ���="�$8���-����� "/!1$8�'���-�
R

��� �'$ � $
S−1

����� 0-$ �=!1$ P .#�C� "/$2�0:� ) ��*���$8���-!1�
R0 �


 $%2�!1*�� ) 2�!?� ,wP 2�.1�'*+�'$(� 790:�S.�� , �=!#780-��� 2 P ���="/!?� �=�'. 790:�S.�� !#*�2 P � ��� 0-$ , . , !*+�'$(�b$-"/$K2��-.>24�=! �:�
C3

�="/!?� 0-$ , . , *+�'$(� �:�
S2

�-"/$(�I.#��� !#*�2 P ��� �L2 )
∂1,∆

0 , ∂1,∆
1

���
∂1,∆

2

��"/!#��$8�
�-!	��� !1$ � �=���

�

J) .�� , � !1780-��� 2 P �&780-�J.%� "�$ J !#�'$(� �:� �-"/$-$:� ) $�� 2 �L2�� � ����� ��� ) " � ) ! , � , �:��$F��� �����:� "/0��.#��� � 0 5 �����-�Z.>2SDE" ) *��

[x, y]× [x, y]× [x, y]
"/$(� � "/0 )b, � !#780-�C�=�=�

((y, x, x), (x, y, x), (x, x, y))���Q780-�Z.�� !#*�2 P ���-� � �C� , . , *���$8���-�
S2

�L2 )
∂1,∆

0 , ∂1,∆
1

���
∂1,∆

2

��� �
((y, x), (x, y)) �


 $ � ) " � "��=�+0-$ 2�0:� ) � , � !1780-��� 2 P ��� .�� �'$
���'* 5 .#��� )=, ! �=!1*��:.#! � !>2�. �-��� , � !1780-����� ��� ��� � �-"/$-$ , �L2 )
Si :=

{ �="�0
� ! �L2 ) �=!#��� �
i + 1

, . , *���$(� � �-� {0, 1, 2}} � "/0 ) i ∈ {−1, 0, . . . , 2} ���3.1���R"�� ,�) 2 !� ��0 ) �bD�2 � �����="/$(��� ,��') !?� � �L2 ) .1���-!>2 P/) 2�*+*+� � ! ! �-���'��"/0
�
{0, 1, 2}

∂1,∆
0

ssggggggggggggggggggggggggg

∂1,∆
1
��

∂1,∆
2

++WWWWWWWWWWWWWWWWWWWWWWWWW

{1, 2}
∂0,∆
0

||xx
xx

xx
xx ∂0,∆

1

""F
FFFF

FF
F

{0, 2}
∂0,∆
0

zzvvvv
vv

vv
v ∂0,∆

1
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{0, 1}

∂0,∆
0
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xx
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x ∂0,∆

1
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∂−1,∆
0

,,YYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYY {1}
∂−1,∆
0
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{2}
∂−1,∆
0
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{0}
∂−1,∆
0

zzuuuuuuuuuu
{1}

∂−1,∆
0
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{0}

∂−1,∆
0
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∅� � , � !1790:���62 P �Z�������-"�$-$ , �L2 )
λ3

(
[a, b]× [c, d]× [e, f ]

)
:= {0, 1, 2}

λ2

(
{x} × [a, b]× [c, d]

)
:= {1, 2}

λ2

(
[a, b]× {x} × [c, d]

)
:= {0, 2}

λ2

(
[a, b]× [c, d]× {x}

)
:= {0, 1}

λ1

(
[a, b]× {x} × {y}

)
:= {0}

λ1

(
{x} × [a, b]× {y}

)
:= {1}

λ1

(
{x} × [c, d]× [a, b]

)
:= {2}

R �&%



����� , � !#780-�C�62 P �A$ � �������L2�� � 2G� !#� D�2�!#�=2�$(�I$-"/$��-.10
� �L2�$
�I.>2S*+����0 ) �Z" } !#. �=0 � � 780-�
C3

��"/!1�I$-"�$J !#�-��� "�0 ) 780-�c.%� ��$
�=��* 5 .1���-��� , � !1780-����� �����="/!?� � �-.#��!#$ � �-2�$
� .1���=��$
� " } �="/0
�g.#��� �^� ) !>24$ P .#����� �:�
S
� � � ��� � ! � ! �-! ) �Z.#���I� ) !	�-.#�C� �

(x, y, z)
� ��.#�Q790:�

∂1(x) = ∂0(y), ∂1(y) = ∂0(z)
���
∂1(z) = ∂0(x)�="�$8�I�=�'.#�b780�� !#.Y� L !#� � �

t ∈ S2

�=�'. 780-�
∂0(t) = x, ∂1(t) = y

�C�
∂2(t) = z �

� 0�� "�!#$(� �-� J 0-� �-�.�� 5 "/*+"/.1" P !#� � � ��.>2��=! P $-! � � 5 !#��$�� �-) 780-�&�="/0
� .1��� P�) "/0
� ��� ��� 5 "/*+"/.#" P !#� �-�
S
��"/$(��� ) ! J !>240 L � � �780-! �����bD  ��65 ��0 L�� 2 ) �-��$ � $��-� � "�*��:�=���X"/$K���'� � ) ��� "�0 J "/! ) � , � � � � � ) .1����� ) "/0�� �-! ) ! P/, ���-�
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 �_�+
��,��� � ����� ������� � �  ��� �
 �S�!
 �������' � 
�� � �!� ��� �5-.
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 �5
A� � ����/0/�
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 �!�+ �/�� � ���'
N� 4  ���� � /0
 �59+9+9 * % *!� � � �S
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 �`�����!� � � ��� � ��������*� � �*&!
�� ���+� � ���"���*�+
 � � 
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[0, 1]
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 ���,��� � � (*&!
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 /�� � � ��
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�� �=��� /��8�+
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�����
�� 4�� �;��� 4	� ��
 � � 
K�+�"����� � � � / � �+ a
�� � �2����� � � � /0 ��"� � 
 � ��������� �  ��� � � � ���

� �H&!�<
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K��� � ���!�! * k 
�� � ����� � & � � �����0�!��� � ��� � �H
 � ������
>�4/�
��>��
��,�P� � ��� �  � �8���������+&#
 � �����
��
 � 4 � � � �+�+
09�P6/�� � � �  ��� � � � ���I9 * H * U R ����/0/�
G&!�E��&#� � �y�"
�� 4 � � (�&#
 �=
��+/0
����1����� � 
 �!�+��&7/�
��w�,�
���KI ����/ �!�' ��+& � 
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 ��� �	��
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�� /���& � �+� � � &!��� � � � �+
�� −→I ����/0/�
a�)' � 
A�+I �+
G��/�
��*�5/8� � ����
��,� �=� ��
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 � �!� � ��&#�'�" ��$�+
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 ���e
��<
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�� �;
�� �+&����;���"������(*&!
>���H���:/K&!� � ���+


S1 � 
>�,�G�+
��,��� � ���
. = {(eiθ, eiθ′)|0 ≤ θ ≤ θ′ ≤ 2π} ���:��' � 
��:&#�!
a�+
������ � ���C�+ ��
�� � /�
a
��3-.
���/� �
��!
����'
`� �2
���� ' � 
�����#� �!���)�"�"����� � � � /�
`/8� � � �=
���/�
A� � � �4/�� � � � 
�� '=��&�����
�� * j �Y
Ape
A� �

[0, 1] // S1

t
� // ei2πx

H %�1
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 �=
�� � ���*� � � �7� �2
����)����� �=� � � � '#��
 � 
K-@� � ��
 �!�'&�� � 
�&!� ��-.� � ���
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�������
�� �!���3
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[0, 1] // S1

t
� // ei4πx� �H
 �%� ��� �)&!�Y/0��� � 4!� ��/�
 � 
�� �	� 
 *

�
������� � ��� � � �#% $�� !#� 
 
 � ����� � 
	� � ��� 
 � ��!��������


�� /��Y/�� � ���+
��������> ��+
�� � ��
��,� �  ��� � � � ��� � 
 �����" 0����� � 
G-.��� � ��/0
����"����
 � �	�	��
 * � �2
����+I �KI �#� �+

��� � ���+
�����
 �A� � ��� � �2&!�r-.
���/� `
A� � �2&#�!
>&#� � ��� ��� � 
 � 
a-.
���/� �� * 
��:�#���"
��"� ��
��$�)' � 
�� ([0, 1], a0 <
a1 < ... < an

) * 
��:�G������� �
2 	 	�	43�� 3�
 �C<������������������

� � � � θ : (I, a0 = 0 < a1 < ... < an < 1 = an+1) −→ (I, b0 = 0 < b1 < ... < bp < 1 =
bp+1)

�
θ

�����&#� � �+��/���� � 4!� �+/0
 � 
 � � ��
 � � 
A� ��
�&!�'
�/0
���� � � ��
��q�+�+� � � ��� �+
���� � ����� �+& � /����*�+
 � �������

�"�P� � �%-@� � �+
 �0F
� * n = p

�
H * θ 
 �%� ���"� � �A�"
�/0
��������+� � ���"���*�+
��
% * ∀i ∈ {1, ..., n} θ(ai) = bi *

�C< :���� :�3�M � �!�+
�&7/�
 � & �!�+���;� � � � � ��� ��9+9�9 * % * H 
����C&#�!
 �������+ �(�&#
�����
 �!� �+
����"
 � & �+ ��+&!� �1���
��������� � (*&!
)�+& � /������3(*& � 
 �%�5
��Y�� ��� � �" 5&!�!
N��&#�+�+
`-@��
���� � �2
����#� � /0
��)�����!�+� �=� � � � � ��� �59 * � * 1 F
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j �1����� � ���!�! �
<&!�!
<�����!� � � �P� � ���
f : [0, 1] −→ [0, 1]

� � 
�&L� � 
 ���"�+� � ��������
���� � ����� �+& � /������"
 �
� / �!� � (*&!
����)���w�"��� � � �
� /0


� * f 
 �%� ' � � 
���� � /�
 �
H * f 
 �%� ������� � �*&!
��
% * f 
 �%� ���"� � �A�"
�/0
����$/0���!���+���!
 � � * 
 *

∀x < y ∈ [0, 1] f(x) < f(y)
��& ∀x < y ∈ [0, 1] f(x) > f(y).

� &����;� �������`(*&!
 θ ��� � �5&!� � ����/0����� 4#� �+/0
 � 
 � � ��
 �e
�� �����%� � ��&!� � 
����
U(θ)


 ���a&#� 4 ��/0 ���/0���9I
� 4!� �+/0
 � 


[0, 1]
�+&!�

[0, 1] * 6 � ��� � � � � ���#� � �0�,� �!��� �;��� � � � ��� �59+9�9 * % * % 
A�8���v�!��� � ��� � 
Y/0���"I
� 4!� �+/0
 � �������	�	��
 �

θ

 ��� ���+� � �A�"
�/�
��*� ����� � � �"�����"
 * j �"����� � ���#�! � i, j ∈ {0, ..., n} �"
�� �w(*&!


θ(ai) ∈ [bj, bj+1[
� � � ��� �4/�� � �

θ(ai) 6= bj
�S���'�����5�!��&��N��&!� � �����` G�����'
�/0
����

bj < θ(ai) < bj+1
�� � �����
θ−1(bj) < ai < θ−1(bj+1) * j � �������� �(*&!
�����
K���Y��&!�+� � �

θ−1(bj) 6 .θ−1(bj+1)
' � 
��:(�&#


bj . bj+1 * 6 � ��� � θ � � � & � ��&#�!
N�����!� � � �P� � ��� � 
 {0, ..., n} ��&!� {0, ..., p} �#
�� /�� � ����� � 4 ��(*&!
 i �+&!����H&!� � (*&!

j
�"
��n(*&!


θ(ai) = bj * j �C��&h�"�+
 ���!& � �+(*&!
 θ 
���� � � � 
 �A� � /�
�
A� ����� � � �"�����"
 �!���2�����#� � ����� � ���� � � & � �+
b���H
 ���7��&�� � � * j � �����%� � ��&!� � 
���� n ≤ p * M 
��7/ ��/0
 �F������&#/�
��*��� ��� �����!� � (�&#
����n' � 
��> 0/ ��� 
�/�I/0
���� �
θ−1 
��7/������+�+
����7(�&#
 p ≤ n * M �2�����!� � ����� � ��� � � � & � �"
 ����� θ In
�� � ��������&���� � ��
�����
 � � � & � �+
�����

θ−1
I=
����F&!�!
 ��� 
���� � �+ �� ���H
 �%�+I �KI �!� �+
b(*&!
 �;��&!�D�"��&#� � � �!� ��


i
� ����� {0, ..., n} � ���>� θ(ai) = bi *

�

H % r
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A� (I, 0 = a0 < ... < an = 1

) � 
 � � ��
5
���� � ����/0����� 4 
 � �����
� � ��
 � (

I, 0 < 1
n
< ... < k

n
< ... < n−1

n
< 1
) *

�C< :���� :�3c� � ��& �G� � 
�������� ���  ��+
��3� � �����!� � � ��� � ��� �+& � /����*�+
 * �

[
k
n
, k+1

n

]
//
[
ak , ak+1

]

x � // (ak+1 − ak) · (n · x− k) + ak

�� /���& � �+� � �K/8� � ���"
��!����� �  ��!� � �K��� � �P�" G����� � 
8-.��� � ��/�
��*�"����
 � �H&!���)' � 
��

(X, .)
� 
 � � ��
 *

D ��&!� ��
��,���7��� /��Y�����!� � (*&!
��N�,�r/0 �� 4 � � 
 �  ��� � �"
 � �����K��� ��
 �A� � ��� ��9�9 * � * 9 �b�!��&��>-@��&#�N�"��&#�� �2�2'=��� � � 4 � � � � �C&#� �)' � 
��+I �+
0��/�
���� � ��
 ��
��"�����H
 � ������
 ��� � ���#�! −−→
[0, 1]

/�& ����/0/�
v&!� �)' � 
A�
� 
 � �	� 
 �q(�&!����� �

s

��
t
� � ���?
�� /�� � 
����8��
 ���=
 �A� � /�
�/0
���� ∗ := {0} �+&!�

0

��

1 * * � ���#� � ���,�
�  ��� � � � ��� ��9+9 *!� * % � �=��&!�`�4/�� � ��&#�!
�� ���+ G����� � 
 � � 4 
�/ � � � � �F�!��&���-@��&h��
���������
 �  ��� � ��
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�� ����I
�^E��!
 � �!� �%� � �m��&! �� * j � �+& � /������>�'
 �)����� /�
���� � ����� � 
0�,� �+
���� � ��� ��9+9 *!� * % �_��� �;� ��


0 · I = {0} �
1 · I =

−−→
[0, 1]


A� �=��&!�
n ∈ N n ≥ 2

�
n · I :=

(
[0, 1], 0 < 1

n
< 2

n
< ... < k

n
< ... < n−1

n
< 1
)
*
�� �=� ��
N 0�����'
�/0
���� �=��&!�

n ∈ N\{0} 
�� k ∈ {1, ..., n} �!� � � ���!� � � ��� � ���

i
(n)
k : I // I

x � // (k−1)+x
n

�!& � � �
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n
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 �!��&����R ��1���*� � ���#�! �
γ1 : In −→ (X, .)

�
γ2 : Im −→ (X, .)


��
γ3 : Ip −→ (X, .)
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����$(*&!

��
�� �����a�+
����=
 ��� � /�
 � � 


γ1


�� � 

γ2

��� � 
����>�'
 � �  �'!&#���w�+
����=
 �A� � -
� � 

γ2


�� � 

γ3

�_���J�:���'�����
γ3 · (γ2 ·γ1) = (γ3 ·γ2) ·γ1

����� · 
 �%������������� �P�" ��!��� � ���0�+
��'��
3(*& �2
����'
 
���� �  ���� � 
 � ����� ������
 �A� � �����9�9 * ��* d ���+
�� ' � 
���(*&!
 ��
A�+�+
� G����� � �+ 
���� ���"� � �A�"
 
A� ����� �+
�&!��
�/�
��*� � � ����/0����� 4#� �+/0
��!� � � � ������ � ��
 *
�C< :���� :�3 � &#
���(*&!
���� ��� ��&!� �)/������+�+
����$(*&!

∀x ∈

[
0, n

n+m+p

]
γ3 · (γ2 · γ1)(x) = (γ3 · γ2) · γ1(x) = γ1

(
n+m+p

n
x
)

∀x ∈
[

n
n+m+p

, n+m
n+m+p

]
γ3 · (γ2 · γ1)(x) = (γ3 · γ2) · γ1(x) = γ2

(
n+m+p

m
x− n

m

)

∀x ∈
[

n+m
n+m+p

, 1
]
γ3 · (γ2 · γ1)(x) = (γ3 · γ2) · γ1(x) = γ3

(
n+m+p

p
x− n+m

p

)
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j �1����� � ���!�! )&!�G
 � ������
)��� � ���!�! −→X � �����b�,� �+
������ � ��� � �H��� � �+
 ����&��"I � ����
����"
3
 �%� ≤ � � � S0, ..., Sn
 �%�K&!�E�+
�����&7/���
�/0
����Kg Z*MP^JU � 

X
P@���H
 � ������
0�+� �;������� � (*&!
��+��&��9I � � ��
���� � 
 −→

X
R �7������� �

(X,≤
∩(S2

0 ∪ ... ∪ S2
n))


 ���$&!�:�)' � 
���� � 
�� � ��
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H % �



�C< :���� :�3EM �5�+
��,��� � ��� ≤ 
����x-.
��+/0 �� � ��� � (�&#
 S2
0∪...∪S2

n

����� � �2
����b&!�!
 &!� � ��� ��� � 
 � 
 -.
��+/0 � *M � �!� �����������'
 
���� � ������&��+
 � ����� ≤ ∩(S2
0 ∪ ...∪S2

n)
� ���y���5-@��/ � ���'


(Si)i∈{0,dots,n}
��
 ����&7/��+


X * �

* ����� �	�	��
 �����8� � /�
A�x�"��&��c��
�� � ��/�� � �!
�� � 
 �!��4 ��/����"� � � 
 P6/�� � �x��� �  ���� � � � ��� ��9�9 * % * U R � � �2
����9I
�KI �!� ��
$(*&!
3�"��&#� �2' � 
��

X
� 
 � � ��
 � ����� � �2
������ ��
 �+��&��"I � ����
�����
����

[0, 1]× [0, 1]

��c�"
��R(�&#
 �=��&!�

�"��&�� ����&��!�'
 �
(x, y)


��
(x′, y′)

�����!�����+
�������� �
[0, 1]× [0, 1]

/� �� � �������
x ≤ x′


A�
y ≤ y′

�����N&!�
� 4 
�/ � � �!� � � �� � 


(x, y)
/�
�� �

(x′, y′)
� ����� � � ��
 ��
����b&!� � ��/8� � �!
 � 
 �!��4 ��/����+� � � 
 � � / � ��� � '!��
 *
�� �=
�&#�q/�� � ���"
�������� �  ��!� � �b&!�!
 �!��� � ��� � � 4 ��/0���"��� � 
��+&#� �	�	��
3
���&#� � � � �+�����b�,� �!�'4 ��/0���"� � � 


��������� � �"
 � ������� �	� 
 P6/�� � ����� �  ��� � � � ��� ��9+9 * % * 
 R 
��3��� �!��� �;��� � � � ��� ��9+9 * % * r *ED ��&!���"��&h�)�)' � 
A�
X

� 
�� �	� 
 �����r�!���"
 �  �����+/�� � � ∼X ���G��
������ � ���
{

(γ, δ)
�#� � 4 
�/ � ��� � 
�� �	� 
 ∣∣∣ � �e
�� � �%�"
a&!� � � � � ��� � 
 �!�'4 ��/0���"� � � 
 �q
����"��


γ
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δ
}
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α
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β
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X
�
α ∼X β =⇒ α(0) = β(0)


��
α(1) = β(1) *
����)'#� � 
��*� ��
��,� �!���q&#�!
��+ ���&!���+
�����
 � /�/0 �#� ���+
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�&!� � & � � � � ��� � 
 �!��4 ��/����+� � � 
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α

��
β *

2 	 	�	43�� 3�� �@:���
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� � � 
���� f ∈ RSpc[X, Y ]

�
α, β
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�&L� �!� � 4 
�/ � ��� ��&!�
X

��
H
&!�!
 �!��4 ��/����"� � � 
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α
/�
����

β
�

���'�����
f ◦H 
 �%�3&!�!
 �!�'4 ��/0���"��� � 
 � 


f ◦ α /�
�� � f ◦ α �!
�� � ������� α ∼X β ⇒ f ◦ α ∼Y f ◦ β
��$���:� � �����`�����!�+
�/ � � �+
 �!����� � 
 � 
a�,� D k�l *
2 	 	�	43�� 3�� � :
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�� �
n, p ∈ N

�!��� �*&!� � �5&#� �2' � 
��
X

� 
 � � ��
<
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�&L� �#� � 4 
�/ � ���
γ ∈

C[n · I, np · I] 
A� δ ∈ C[p · I, np · I] �"
���� (�&#
��;��&#� �"��&#�
t
�����������"
�������� �

[0, 1], γ(t) = δ(t)
�

���H
 �%�+I �KI �!� �+
a� � ���*� �,�K/ ��/0
a�����#� � ����� � ��� ������� � �*&!
)����&��9I � ����
����"
 * 
��Y� δ ∼X γ *
�C< :���� :�3 M �K-@��/ � �'��
 � 
 �
[
0,

1

2

]
×
[k − 1

n
,
k

n

] ���
k ∈ {1, ..., n} 
A� � 
 �

[1
2
, 1
]
×
[k − 1

np
,
k

np

] ���
k ∈ {1, ..., np}

��������� � �"&#
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�/0
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��+/0 � 

[0, 1] × [0, 1]


�� � ����� � � ���#� � �N�,�C��
�/����+(*&!
 ��9�9+9 * % * � �� � � & � � &!�v�)' � 
��
A

� 
 � �	� 
>(*& � 
���� �e���v��
&/� �� � ��
>-@��� � ��
�/0
���� �;&!� � ��/8� � �!
 � 
 �!�'4 ��/0���"��� � 

� � / � � � � '!��
 * d ���"����� h � � �����!� � � ��� � ��� ������� � ��&#
 ����&��9I � ����
����"
 ����/0/K&!�!
 � γ 
�� δ * d ���"����� ��&���� �
ξ ∈ RSpc[np · I, X]

�+
��_(*&!
 �=��&!�)�+��&#�
t
�����������+
������*� �

[0, 1]
�����Y�

ξ(t) = h(t) * 9 �D
 ���$-@��� � ��
� 
Q/� �� � ��
��?(*&!

ξ

 ���+' � 
�� &#��/���� � 4!� �+/0
 � 
 �	�	��
 �����K��� �+
��,��� � ��� � �����

np · I 
 �%�G/K&!� � 

 �%� � ������&���
 � ����� ��
�����
 � �����`
����`/K&#� � 

n · I P.�"��&#� ����/�/0
 � ����� ��
����'
 � �����`
����`/w&!� � 
 p · I R *M � � ���!� � � ��� � ���

H : (s, t) ∈ [0, 1]×[0, 1] 7−→ h(t) ∈ X � � � & � �F���'�����_&!�w ��� �/�
���� � 

RSpc[A,X]P@������
 /� �� � �!
 � 
 �,�>/ ��/0
3-@��
����8(�&#
5���H��� /� �� � ��
5(�&#


ξ

���� ' � 
���&!��/0����� 4!� ��/�
 � 
 � �	� 
 R (*& �

� �2�4/ � �+
 ���"��
G&!�!
 �!��4 ��/����"� � � 
 � 

γ
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�� �

ξ * 
��v�"�+��&7/�
�' � 
�� ���!� � 
G�,��/ ��/0
?/���� �
� �+
K&#�!

�!�'4 ��/0���"� � � 
 � 


δ
/�
�� �

ξ

A� � �����

δ ∼X γ * �`�"� � 4!� (*&!
�/�
���� � � �����3��
 � � � ��� n = 3

A�
p = 4

�

��
��,�?�+
�/ � 
���� � �  ����&��=
��$��
 �����+�� N&#� � �+ � 
a�,�K/���� �
� �+
 ��& � /������"
 *

�

H U +



M 
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�/0/0
 ��9�9+9 * % * � � �0��/�
?
�� ��&('����"������
8(*&!
G���H��� �;
�&#��� 4 ���m��
��a��
 � ��/8� � �!
 � 
 �  ��� � � � ���
n · I � �H&!� �#� � 4 
�/ � � �����0� � � / �;�����"
r(*&!
��

np · I �;��&!�
p ∈ N

�!��� �*&!� * M 
 �!�+�)'#� � /0
 � 
 �
�!� � 4 
�/ � ��� �  ��� � � �+&!�

0 · I 
 �%�)&!�!
 ����� 4 ������� � 
 � ���*�q��� �=��&!���"���+
 �  �-@� � �+
 � 
 �#��&�� � 
�&#���q-@��
���� �
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�/ � � ��
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 �+
�� � �!� � 4 
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)�'
 � ��� 
���� � ��
�� - � /0' � ��) �5�"��&��b�'
 � �!� � 4 
�/ � ��� �������%�1������� � 
$/ ��/0
 /����'
�&!�����,�5�+�+� � � �
� /�
q ��"�����
� 
 �� ��# ��"��� � ��
��_�,� �  ��� � � � ��� � � 4 ��/����+� � � 
 �!� � � �� �
x
�� �=
���/�
A�+�"����� ����
�� � 
��+� � � ��
 � � � �A�"��
 �  ��� � 

�+&#�)&!�C�"� � ���m���'
 * M �w�+�+� � � � � /0
 �+����&#� � ����
����3���w/�� � ��� �����#-.�����1�#'!��
 �#�! ����!/0� � ����� � �����)��
 ��� � ��
�� ��! ��+��� � 
5�,� ��
 �A� � ������9+9 *!� �����H
 �����,� ��
�&!�'
 � �������#��&�� �!� ���=� �+����� * * �����)��
 � ��� �#�+ ��
���� �#���Q/��� �#�+
����=��&!�)�,� �#�+
�/ �
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 ������&#� � ��� *2
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���9�9+9 * % * � + �=
�&#�>
��I-@� � � ���"��
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�/�
��*� � � � �+& �0�>
��E
�p;
�� � 
 �����LI
� � �  ���
��3���2�����#� � ����� � ���

H
�  ��� � 
 �+&!�

[0, 1]× [0, 1]
�����

H(s, t) := γ(t)
P �4/�
 �a��
��$�#���1��� � ����� � &

��
�/�/0
 �59+9�9 * % * ��R �#
��:/K&!� � ���+����� [0, 1]× [0, 1]
� 
`�,�w��
��,�P� � ���

(s, t) . (s′, t′)
� � 
�����
�&!�'
�/0
������ �

t ≤ t′ *2
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j �1����� � ���#�! � γ : n · I −→ (X, .)


��
γ̃ : (n+m) · I // (X, .)

x � //

{
γ(n+m

n
x)

� �
x ∈ [0, n

n+m
]

γ(1)
� �
x ∈ [ n

n+m
, 1]

9 � � �?&!�!
 �!�'4 ��/0���"��� � 
 P���������� � �"
 R � 
 �	�	��
 � 

γ̃
/�
����

γ *
�C< :���� :�3
H(s, x) := γ( n+m

n+sm
x)

� �
x ∈ [0, n+sm

n+m
] := γ(1)

� �
x ∈ [n+sm

n+m
, 1] * M � � ���+�+ 

[0, 1]2

����>/K&!� � � 
����r��
������ � ��� ≤2 ∩

(
S2

0 ∪ · · · ∪ S2
n

) �S���E(*&!
��c(*&!
 �+� � �
��� � � �!� ��


k
� ����� {0, ..., n − 1} � Sk 
 �%���'
�(*&�� � � � ����� � �+
 �  �� � / � �" �����?�'
 �

�+
0��/0
����"�
[( k
n+m

, 0) , ( k
n
, 1)]∪ [( k

n
, 1) , (k+1

n
, 1)]∪ [(k+1

n
, 1) , ( k+1

n+m
, 0)]∪

[( k+1
n+m

, 0) , ( k
n+m

, 0)]

A�

Sn
�'
 �+� � ���m���'
 �  �� � / � �" ����� ��
�� �+
0��/0
����"�

[( n
n+m

, 0) , (1, 1)]∪[(1, 1) , (1, 0)]∪[(1, 0) , ( n
n+m

, 0)] * M � �m��&!�+
 � 
 � �+� � �"
/0�����"�+
 ��
 �>(�&#� � �'
 �  ��� �/�
��*��� � 
 �,�N-@��/ � ��
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 � �+
�/+'!��
���� *
�

S0 S1 S2 S3 S4 S5
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2
	�	�	43�� 365�
 4 � <�� ��� 
 �=< :

�� �?�'
 � � T � 
�� H � S;T �=� � ���"� � 
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�� � α′
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 � 

β
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�� �

β ′

A�`(*&!


β(0) = α(1)
�n������� �

���:�G&!�!
 �!��4 ��/����"� � � 
 � 

β · α /�
�� � β ′ · α′ *

�C< :���� :�3 d ���+�����>�+
 � �;
���� � /�
�/�
���� H1


A�
H2

�'
 � �!��4 ��/����+� � � 
 � � 

α
/�
�� �

α′ 
�� � 
 β /�
�� �
β ′ �#& � � [0, 1]× [0, 1], .1


��
[0, 1]× [0, 1], .2

��
�� � ��/�� � �!
�� � 
 �#��4 ��/0���+� � � 
 ��&!�$��
 ��(*&!
�� � �������
�  ��� � �

H1


A�
H2 * 
�� �  ��� � �$���G��
������ � ���

.3
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>���?-@��
���� �+& � /����*�+
�� �=��&!�3�"��&��
(s, t), (s′, t′) ∈

[0, 1]× [0, 1]
�!��� �=� �+


(s, t) .3 (s′, t′)
� � 
A� ��
�&!�'
�/0
���� � �

(
s, s′ ∈ [0,

1

2
]

A�

(2s, t) .1 (2s′, t′)
) ��& (

s, s′ ∈ [
1

2
, 1]


��
(2s− 1, t) .2 (2s′ − 1, t′)

)
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H(s, t) :=

{
H1(2s, t)

� �
s ∈ [0, 1

2
]

H2(2s− 1, t)
� �
s ∈ [ 1

2
, 1]

.
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β ′ · α′ * �
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 δ = γ ◦ θ �!��� θ ∈ RSpc[n · I, n · I] 
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�� � ��
 �R������� �

γ ∼n·I δ *
�C< :���� :�3ck 
�� �H
 �%�b(*& �2&#�!
3� � ���h�1��� � ��� � &�� ��� � 
 �����	� 
 *ZD � �+����� ψ(t) := max(t, θ(t))

�
ψ

 �%�


���������
 &!� � �+��/0��� � 4!� ��/�
 � 
 � � ��
 � 

n·I ��&!� n·I * j �w
�p;
�� �����K� ψ(ai) = max(ai, θ(ai)) = ai� �2���!� � �c��
 �!��� �;��� � � � ��� ��9+9�9 * % * H � � 
��!�'&�� � � ai ≤ t < t′ ≤ ai+1

�*���'�����
ai ≤ θ(t) < θ(t′) ≤ ai+1I 
��������+
 � � ���#� � � ��
 �!�+� �=� � � � � ��� ��9�9+9 * % * H I � ����� ai ≤ ψ(t) < ψ(t′) ≤ ai+1 * 6 � ��� � �R�"��& � ��&!���� �2���!� � �b��
 �#�+� �=� � � � � ��� ��9�9+9 * % * H � ψ 
����b&!� � ����/������ 4!� �+/0
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�� �	� 
 * j / ��� 
�/�/0
���� � t ≤ ψ(t)
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ψ(t) ≤ θ(t) * 6 ����������� �  ���� � �

H0(s, t) := γ((1− s)t+ sψ(t))

��
H1(s, t) := γ((1− s)θ(t) +

sψ(t)) * M 
 � ��/8� � �!
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 �  ��� � � � ��� ����/0/K&!� �
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A�
H1
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H1
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ai ≤ t ≤ ai+1 =⇒ ai ≤ (1− s)t+ sψ(t) ≤ ai+1
��

ai ≤ (1− s)θ(t) + sψ(t) ≤ ai+1.
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γ ◦ θ = δ

H1

eeKKKKKKKKKK


A� � �����
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�� � ��
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H ′ � ����� �����	� 
�+&#�
(X,≤X) *

H U H



�C< :���� :�3 D ��� �  ��!� � � � ��� �F(*&!
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>(*& � �R
��<&!� ��
��%�1� � � �+
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`&!� � ������&�� � ��� *
�C< :���� :�3��  �� � � ����� � ��� � 
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 � �#
 * k 
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�-.� � � �!��� � � � /0'�, � ) ��)�� )��n@���� *ZD ��&#� ���2
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X
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 � � � & � �
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[0, 1] ∪ [2, 3] // [0, 1] ∪ [2, 3]

x � //

{
x

� �
x ∈ [0, 1]

x− 2
� �
x ∈ [2, 3]

� � � & � ��&!�E/0��� � 4!� ��/�
 � 

LPoSpc[I(

−→
X ), I(

−→
X )]

/8� � � ����� � 

PoSpc[

−→
X,
−→
X ] * j �E
Ape
A� �_���E�

1 < 2
' � 
��:(*&!


f(1) = 1 > f(2) = 0 *M � � ������� /� �� � 
���� ����/0/K&!� �a�+��&#�+
 �c��
 �c�����!�+� � 4 
 � � �'��������
�� � � �H&!� �!���)'!� � /0
)
 ���q(*& � � ��
 �%� �=� � � � I'!�'
 � 
 � ���!�!
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 � ����� � �" � 
 ��
 �!�� �+
����1��� � ����� �!� pe ��+
����+
 � � �2&#��/ ��/0
)�)' � 
A� � � ����/0����� 4#� �+/0

�!� � � �R�'
��+ ��+&!� �1��� �+& � /������ � �'��&��%�"�+
 ��
)� 4  ��!��/ � �!
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LPoSpc[X̃, Ỹ ]
�+����� ��
 �3/0����� 4!� ��/�
�� � 


LPoSpc[X̃, Ỹ ]
(*& �D� � � & � ��
����$&!�

� ����/0����� 4#� �+/0
 � 

Spc[X, Y ]

P � * 
 * &!� 4 ��/0 ���/���� � 4!� �+/0
 � 
 X ��&!�
Y
R 
A�w�+
����N(*&!
 � �����w���

�  ��� � � � ��� �59+9�9 *VU�* r � �;��&!� � 4 ��(*&!
 x ∈ X
�c��� �;
�&#� � 4 � � � � �

A

��
B

� 
C�"
����'
 �+���%�"
r(*&!
r��
��
/0����� 4#� �+/0
 � � �2
������ ��
 � ��� � ���!�! ��





−→
A

// −→
B

x � // f(x)

��� � 
���� � 
 � � ����/������ 4!� �+/0
 � � 
 �����	��
 *
�C< :���� :�3 � � ���H���E�:&#� � ����/0����� 4#� �+/0
 f � 


LPoSpc
� � � � � � & � �a�! ��� � �"� � �+
�/�
��*�w&!� � �+��/0���"I
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 � 
 �	� 
 ����� ��
b��&`-.�����A�"
�&!� � �H��&('!� ��� 
��������	� 
 � �����N;Fm.= �	� 
 * � � � �n���������




−→
A1

// −→B1

x � // f(x)


��




−→
B2

// −→A2

y � // f−1(y)

� ���!�# � �!���F��� �  ��� � � � �����59+9+9 * U�*!� + * 
�� �=
�&#�y������� � �;� ��
�� A := A1∩A2


��
B := f(A)

��(*& � �+
��+��&!� /�� � � � ������
`��&L/�
��%� � 

f(x)

� ���
f
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 � � � /�
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

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// −→
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x � // f(x)
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f
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x
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X
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�� � ���"
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A
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A
��� �2
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i ∈ I 
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i′
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 vi 
A� v′

i′
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A
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?�+
������ � ��� � �H��� � �+
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0����-@��/ � ���'

(Vi,vi)i∈I
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�'���� �
���H
 �%�+I �KI �!� �+
0(*&!
 � �

A
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����"� � �
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(Vi,vi)i∈I

�� � � � ��&#�"��
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 > ' �&@ - ) �=A

X
�#�,� �������'
 �A� � ��� �
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P
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X
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���H��� � �+
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N� �2
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α(1) = β(0)
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� �
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 � � 
 �������	� 
 �

���r�"����&7/�

ε > 0


��
ε′ > 0


A� � 
�&L��/�� � � � ������
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Ỹ
� ����� �������	� 
 * * 
 �!�'&�� � � � f, g ∈ LPoSpc[X̃, Ỹ ]
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w�'��������
�/�
����)��� � ���!�! �
 * M 
���� �#�+� � & � � � 
���
����"
a-@��/ � ���'
 � ������������	��
C� �=��&!�?
���������
:�+� �=������� � (*&!
 ����&��"I � ����
����
X
�q�'
 �����!�+� � & � � P � ����� �	��
 R � 
 �G
 � ������
��

�+��&��9I � ����
��*���
Xα * 
���/K&#� � X � 
C��� �+ �&!� � ��� �!� � � � � ���+
(P � * 
 * � & ��� �#�+� � & � � � ����� �,��o R � 
��

���+�,��� �#� � � �� � � 
 � 4 ����&!� � 
 �?
���������
 �0��� � ���'
�/0
����>��� � ���!�! �
Xα

�=��&!�?�)'#�+
�� � �K��
 ��� �!��� � & � �
�+��& 4 � � �" * �

j �&/�
��%�"& � 
b�����#�+� �!� �  A�" ��9�9+9 * U�* H % 
A� � 
 � �!�+���;� � � � � ��������9+9�9 *VU�* � � 
�� �59+9+9 * U�* H + �P�����;
�&#�F�����!� � I(*&!
��5�,� �!��� �=� � � � � �����59+9 * H * r (�& � -.��&!��� � � &!�!
K�#��� � ��� � � 4 ��/0���+� � � 
��+&#�`�,� �����" 0����� � 
 �������	� 
 *
D ��&!�r�+ ��&!/0
�� �`&#�!
 4 ��/����"� � � 
 �!� � � �� �
 � �H&!� �!� � 4 
�/ � �

α
/�
�� �Y&!� �!� � 4 
�/ � �

β
P �"
�� �r(�&#


α(0) = β(0)

��
α(1) = β(1)

R �+&#�K&!��
 � ������
C��� � ���'
�/0
����w��� � ���#�! �
X̃


����G&!��/0����� 4!� ��/�

H ∈ LPoSpc[I × I, X̃]

�"
���(*&!

H(0,−) = α

�
H(1,−) = β

�
H(−, 0) = α(0) = β(0)


��
H(−, 1) = α(1) = β(1) * 
�� /� �� � ��
8(*&!
 ��
���� �����+��
 ���=��� � �:�,� �  ��!� � � � ��� � ���!�! �
 � �����w�,�
�!��� �;��� � � � ��� ��9�9 * H * r * 
��<�+
A�"�+��&7/�
K&#�!
w�!��� � ��� � � 4 ��/0���"��� � 
��+
�/+'!�,�#'!��
�� ��
����'
>(*&!
 �!�+� �=� ��


H 
 U
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��+'�,.- �A@ � ����� �+
����"�+�4/���&L� �+&!�0��
��G
 ���!����
�� �!� � � �� �� P6/�� � �  %�1 "_R * 
�� � &!� -.�����A�"
�&#�
� �P�" G����� � 
0-.��� � ��/0
����1���'
G(�& � 
�� �  ����&!�'
��7�#���" −→π 1

�7
A� �  ��� � �+&!�>�,� � ���+ G����� � 
 �������	��
 * k 
-.�����A�"
�&!�3
 ��� ' " � �b) � � � /�����
�&!��� � ������BDmWo ����
��$�� ��&!�'�"���"�3(*& � �+& � /�
����5/0�����"��
����$(�&#
N� �2��� �=
�&h�
�+
a��
 ���+�+
 � � � ��
 �?&!�#
�����&��"I � �P�" G����� � 
` � � I �+ �� � 4#� ���+�����"
 � 
KBDmWo *
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	�	�	43�� 3�
 � � # � � <�6
�@:
� � � �c&!�8
���������
5�'��������
�/�
��*�b��� � ���#�! X̃ := (X, (Vi,vi)i∈I)

����� � �
H
&!�!
�� ���!� � � ��� � ����������� � ��&#


� 

[0, 1]× [0, 1]

/�
�� �
X
�"
����'
�(*&!
)�;��&#�3�+��&#�������"��/ � �+�+


s
� 


[0, 1]
�#��� � F

� * H(s, 0) = H(s, 1)

��

H * � � �����!� � � ��� � ��� H(s,−)

 ���S&!�)� 4 
�/ � � �!� � � �� ��+&!�

X̃
� ���H
 �%�+I �KI �!� �+
y&#�N ��� �/�
��*� � 
x���H
�����
�/+'!�'


LPoSpc[I, X̃] *
* ����� ��
 ����� � � � � �x
�� � ���+
0&#� �����+��/ � �"��


s
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[0, 1]
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�(*&!
��

H(s,−)

 �%� ���������"����� �7������� �

�=��&!���"��&#� �����+��/ � �"��

s
� 


[0, 1]
�
H(s,−)


 �������������"�����
�
��&#�+�+
�/0
���� �!� � �

H
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 �  ��;
�� � (*&!


� 

s *

�C< :���� :�3 � &����=� �+�����`���H
�� � �%�"
�����
 � �H&!� �����+��/ � �"��

s′

� �����
[0, 1]

�"
��7(�&#

H(s′,−)

��� � � ����� I
���"����� * * ������&!� �!�+
�/ � 
�� �+
�/ ���5
A�`� �!� � � ������ 0��
��3�'
 �5�#���1��� � ����� � �+&����=� �������`(*&!


s′ = 1 * 
���=� �+

A := {δ ∈ [0, 1] | ∀s ∈ [δ, 1], H(s,−)


 �%� �������%�1����� } � ��� �+� � � � ����� �  � ��� ����� 4�� I
�=��� 4	� �+
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�� δ2 �+����� � 
�&L�� ��� �/�
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[0, 1]
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�� ��(*&!

δ1
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A
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δ1 v δ2
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A
� � �n
���� ���,� � �)(*&!


δ2

 ���  G������
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� �����
A * 9 � ���2
����+& � �K(*& � � �b
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 [0, 1]
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A = [δ′, 1]

��&
A =]δ′, 1] �
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A
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A = [δ′, 1] * 9 �q��
 �%�"
 � �!�+��&L/�
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δ′ = 0 * d ���"����� x ��
 �=� � ��� � 


X
��&!�N��
�(*&!
�� ���1�P� � ���!�!
0��
 � 4 
�/ � � ���������1���*�

H(δ′,−) *�� &����;� �������>(�&#
 δ′ ��� � � ���+� � �A�"
�/�
��*��=� � � � � - 
�� ������� ���  ��+�����
(Vj,vj)
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X̃
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x
�+� � � � �����

Vj
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H−1(Vj)

 �%����&7/�
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H
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G��/0
���� {δ′} × [0, 1]


 �%� � ������&�� � �����
H−1(Vj) * j �1����� � ���!�! K&#� � ���%�1����� t � ����� [0, 1]
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�� � ���+
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B((δ′, t), rt) ⊆ H−1(Vj)

A� �!& � ��(*&!
 {δ′} × [0, 1]
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rt1 , ..., rtn
�"
����'
�(*&!
 {δ′}× [0, 1] ⊆ ⋃i=1,...,nB((δ′, ti), rti) * 
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$� � ��� �

ε > 0
�"��� � ��-@� � �"���*�

]δ′ − ε, δ′]× [0, 1] ⊆
⋃

i=1,...,n

B((δ′, ti), rti) ⊆ H−1(Vj)
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0 < δ′ − ε.

δ’

r

x

� � /�� � �*�+
������*� s 
����a&!� �����"��/ � �+�+
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�� H(s,−)
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LPoSpc[I, X̃]

�� � � � �!� � � ��
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H(s,−)
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(Vj,vj)

�� �"��� � ��-@� � �"� � �

s(H(s,−)) = t(H(s,−)) = x �
� ����� � �2���!� � �5�'
N� 4  ���� � /0
��59+9�9 *VU�* H�H �

H(s,−)

���� ���������"����� * 9 �����2
����+& � ��(*&!
 H(]δ′ − ε, δ′] × [0, 1]) = {x} 
A� � �����w(*&!
 ]δ′ − ε, δ′]
 �%� � ������&�� � �����

A
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 ���w&!�!
 �������"�+� �!� �A� � ��� * 6 � ��� � δ′ = 0
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 � ������� � 4�� �=��� 4	� �+
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H(s, 0)
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H(s, 1)
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H(s,−)

 ��� �������%�1����� �R������� �

H

 �%� �������%�1����� *

�C< :���� :�3 9 /�/0 �!� ��� * �

2
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 � 4 � <�� ��� 
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����"
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��'������(�&#
N� �2���C�+
�/ �!������
 [0, 1]× [0, 1]
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[0, 1[×[0, 1] *

�C< :���� :�3 9 � �+& �0� � 
`�!���"
���(*&!

[0, 1[×[0, 1]


 ��� �#��4 ��/0 ���/���� � 4 
 �
[0,+∞[×[0, 1]

�!& � �)(*&!

[0,+∞[×[0, 1]


 �����)'#�"
��*& ����/0/�
N�,�0�+ �&#� � ��� � 
 � �����+�� � � 
K�,�G-.���+/0

[n, n + 1] × [0, 1]

�;���
n ∈ N

� ��&!� � 4 ����&!� � 
��+(*&!
�� �C��� �=
�&#�C�����!� � (*&!
��0��
:� 4  ���� � /�
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 � ���!�!
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&��� : "$� � � �%��� : 	 
 �(� ������� ��
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k ����� ���  ��+����� � �2
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����<��� � ���!�# � �����E� �2
������ ��
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 �+��&��9I � � ��
����E
 �%�
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��3 ��� �/�
����"� � &:�+
 ����&7/��+
�/�
���� ������� � 
N���w-.���+/0


Vθ1,θ2,ε1,ε2 := {εeiθ|ε1 < ε < ε2; θ1 < θ < θ2}\{(x, y) ∈ R2|x2 + y2 < 1}
���

0 < ε1 < ε2

�
0 < θ1 < θ2


��
θ2 − θ1 v 2π

�!(*&!
N���H���r��� � ���!�!
 �����

εeiθ v ε′eiθ
′ � � 
A� �+
�&#��
�/0
���� � �

ε v ε′

A�

0 < θ1 v θ2

� � � ���I�����!� � (*&!
 � 
w-@��
���� � / �!� � � � �+
`��
N-@� � � (*&!
?���2�����!� � ����� � ��� � � I � 
 � �+��&�� �+� � ��&!� 4 ��/� ���/����9I
� 4!� �+/0
 *

]ε1, ε2[×]θ1, θ2[ // Vθ1,θ2,ε1,ε2

(ε, θ) � // εeiθ

M �2
������ ��
`��� � ����
�/0
����q��� � ���!�! a� � ��� � �  ��� � 
����3�!���+ 
X̃ *ED ���)� � ����
�&!�����*���r��� � � ���#� � �)�'
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��9�9+9 * U�* % � �c��
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�������
 �!� � � �� ��!���+ −→
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r���H��� � ������&��K�+� � / � ����
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��*� � �����

X̃ * 6 ����� �K��
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 �+��/0/0
x��/���� ����/�/0 �
 � ����� ������� ��
y���)�=��&!�e�+��&#� �=� � ���

s·eit � 
 X �
f(s·eit) :=

s
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u
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����H&!� � (*&!
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�/+'!�'
 ����&��"I � ����
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��� � /�����
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PoSpc ↪→ LPoSpc
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`
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Ỹ
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�����2�����#� � ����� � ��� � � I � 
 � �+��&�� � � � & � �)&!�:/���� � 4!� �+/0
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 ����� �	��
 *
φ : [1,+∞[×[0, 2π] // X̃

(s, t) � // (s · cos(t), s · sin(t))

D ���+����� H := g ◦ φ � � � 
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M9 A�� % AL� ;�� C��� Ĉ[F,G]
�>9�� A ? ��9���
6��A�D ;��>9N� @�% �19�J ?�@�I % ��
 ? �19;� % ��A @ � >
> �:9L;��

F
/�� @ 9

G �
M"B ����� I ? > �0��� > �:9 ;���AL� > � I�I �:9 E/A�
(9�A�
 /������ I ����������� 
 I�I D>;�
 % ��� I ����� ���5D0//
�;�����A�� > B 
��$��D @ ����;��>9
? @ D�J % 
M9 A�� % AL� @ � � % A1A ? A�?<; B % A�� @ �>9 %�@ ��A I ����� 9 I 
 > 
��������K��� > ��A @ J % /���A @ @ � ? A19 ��� > �:9 ;�D�� % 
 >
>�? ��9? % 9K
MA�
 � � � % ��� ; ? ����D9A����LA % ��DG� ? 
 @ � C @ ���KA�� ?�� ����� B ;�� C @ ? ��� ? ��� C[B,−]

> � J ? ��A�����A @ ;�� C/�� @ 9 ��� � ;�D>=B��
 ;�� > % J % 
 ? � 9�A�
 / % ����� @ ? ? A @ � ? A�� ?�� ����� A ;�� C @ Ob(C[B,−]
)
(A)) := C[B,A]P8; B'? � >
% � ? � % ��
 ? � R @ ���J9�
 α ∈ C[A,A′] @ %�>�?�@ 9 Mo

(
C[B,−]

)
(α)
�>9�� > B % ?1? > 
MA % ��
 ? �8E$A�
 � � ? A��

β ∈ C[B,A]
% 9 9 ? A�

�

α ◦ β ∈ C[B,A′] �:G � %�%�>
?�@ 9 > �

�Q36573�
 � � :
� �@: � � :�� ) , � -�' #
� ? 
6� F A�� J ? ��A�����A @ ;�� C /�� @ 9 � � � @ > �>9 % ?�? > 
�A % ��
 ? ��9

Φ : Nat
(
C[B,−], F

)
// F (B)

η � // ηB(idB)

���
Ψ : F (B) // Nat

(
C[B,−], F

)

u � //
(
F (g)

)
(u)

H�r 




9 ? �$� @ D:A�
M? @�? E$A��:9 >CB A���� ;�� > B % A�� @ � @ 
 � � � Ψ = Φ−1 ? � (F (g)
)
(u)
�:9��!A���� � %�� ��@ D0//
 % ��
 ? � �G;��

((
Mo(F )

)
(g)
)
(u)
���
Nat

(
C[B,−], F

) �:9�� >
% A ?�>�> �:A���
 ? �<;��:99� @�% ��9�J ?�@�I�% ��
 ? ��9 � % ��A @ � >�> �:9L;��
C[B,−]

/�� @ 9
F �

�Q36573�
 � � :
� �@: � � : ��(4����!Z:
�@: ��� � : � ) , � -�' #
� ? 
6� C A���� A % ��DG� ?�@ 

� U0

I � @�% �1;�� � M � ? >�? �m��� I ���$� ;�� � ) , � -�'H;�� C P � ? ��D YC
R �>9�� > � J ? ��A�����A @

;�� C /�� @ 9 Ĉ ;�D>=B��
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