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Transient random walks in random environment

on a Galton—Watson tree

by

Elie Aidékon

Université Paris VI

Summary. We consider a transient random walk (X,,) in random envi-
ronment on a Galton—Watson tree. Under fairly general assumptions, we
give a sharp and explicit criterion for the asymptotic speed to be positive.
As a consequence, situations with zero speed are revealed to occur. In such
cases, we prove that X, is of order of magnitude n®, with A € (0,1). We
also show that the linearly edge reinforced random walk on a regular tree
always has a positive asymptotic speed, which improves a recent result of
Collevecchio [[ll].

Key words. Random walk in random environment, reinforced random
walk, law of large numbers, Galton—Watson tree.

AMS subject classifications. 60K37, 60J80, 60F15.

1 Introduction

1.1 Random walk in random environment

Let v be an N*-valued random variable (with N* :={1,2,---}) and (A4;,7 > 1) be a random
variable taking values in RY'. Let ¢, := P(v = k), k € N*. We assume ¢ = 0, ¢1 < 1,
and m =), kq, < oo. Writing V' := (A;,7 < v), we construct a Galton-Watson tree as

follows.



Let e be a point called the root. We pick a random variable V' (e) := (A(e;), i < v(e))
distributed as V', and draw v(e) children to e. To each child e; of e, we attach the random
variable A(e;). Suppose that we are at the n-th generation. For each vertex x of the n-th
generation, we pick independently a random vector V(z) = (A(x;),i < v(z)) distributed as
V', associate v(x) children (x;,i < v(z)) to z, and attach the random variable A(z;) to the
child z;. This leads to a Galton—Watson tree T of offspring distribution ¢, on which each
vertex x # e is marked with a random variable A(z).

We denote by GW the distribution of T. For any vertex x € T, let = be the parent of
and |z| its generation (Je| = 0). In order to make the presentation easier, we artificially add

a parent e to the root e. We define the environment w by w(e,e) = 1 and for any vertex
zeT\{e},

Ax; .
[} U)(IL',.I’Z) = m,\V/l SZ SI/(ZL‘),
o wiz,z) = !

Y07 Alei) |

For any vertex y € T, we define on T the Markov chain (X,, n > 0) starting from y by

Pu%(XO:y) = 1
Pl Xpm1=z2|Xn=12) = w(x,z).

Given T, (X,, n > 0) is a T-valued random walk in random environment (RWRE). We note
from the construction that w(z,.), = #E are independent.

Following [[L1], we also suppose that A(z), x € T, |z| > 1, are identically distributed. Let
A denote a random variable having the common distribution. We assume the existence of

a > 0 such that ess sup(A) < o and ess sup(+%) < a. The following criterion is known.

Theorem A (Lyons and Pemantle [d]) The walk (X,) is transient if infp 1 E[A"] > 1,

and 1s recurrent otherwise.

When T is a regular tree, Menshikov and Petritis [[4] obtain the transience/recurrence
criterion by means of a relationship between the RWRE and Mandelbrot’s multiplicative
cascades; Hu and Shi [§],[d] characterize different asymptotics of the walk in the recurrent

case, revealing a wide range of regimes.

1
m

Throughout the paper, we assume that the walk is transient (i.e., infy; E[A"] >

according to Theorem A). Given the transience, natural questions arise concerning the rate
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of escape of the walk. The law of large numbers says that there exists a deterministic v > 0

(which can be zero) such that

Xn
lim u =

n—oo M

v, a.s.

This was proved by Gross [ when T is a regular tree, and by Lyons et al. [[J] when A is
deterministic; their arguments can be easily extended in the general case (i.e., when T is a
Galton-Watson tree and A is random).

We are interested in determining whether v > 0.

When A is deterministic, it is shown by Lyons et al. [[J] that the transient random
walk always has positive speed. Later, an interesting large deviation principle is obtained in
Dembo et al. [[]. In the special case of non-biased random walk, Lyons et al. [[J] succeed in
computing the value of the speed.

We recall two results for RWRE on Z (which can be seen as a half line-tree). The first

one gives a necessary and sufficient condition for RWRE to have positive asymptotic speed.

Theorem B (Solomon [I§]) If T =Z, then

1 X,
E|l—-| <l<«= lim — >0 a.s.
A n—oo M

When the transient RWRE has zero speed, Kesten, Kozlov and Spitzer in [[[(] prove that
the walk is of polynomial order. To this end, let x € (0,1] be such that £ [--] = 1. Under

some mild conditions on A,

o if K < 1, then % converges in distribution.
e If Kk =1, then In(m)Xn converges in probability to a positive constant.

n

The aim of this paper is to study the behaviour of the transient random walk when T is
a Galton—Watson tree. Let Leb represent the Lebesgue measure on R and let
1
(1.1) A= Leb{tER:E[At] < —}.
01
If ¢ = 0, then we define A := oco. Notice that this definition is similar to the definition of
k in the one-dimensional setting. Our first result, which is a (slightly weaker) analogue of

Solomon’s criterion for Galton—Watson tree T, is stated as follows.
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Theorem 1.1 Assume infj 1 E[A"] > L and let A be as in ([T).
(a) If A < 1, the walk has zero speed.
(b) If A > 1, the walk has positive speed.

Corollary 1.2 Assume infy ) E[A"] > L. If T is a regular tree, then the walk has positive

1
m

speed.

Theorem [[.1] extends Theorem B, except for the “critical case” A = 1.
Corollary .9 says there is no Kesten—Kozlov—Spitzer-type regime for RWRE when the

tree is regular. Our next result exhibits such a regime for Galton—-Watson trees T.

Theorem 1.3 Assume inf 1) E[A"] > L and A < 1. Then

lim M =A a.s.
n—o0 ln(n)

Since A > 0, the walk is proved to be of polynomial order. As expected, A plays the

same role as k.

1.2 Linearly edge reinforced random walk

The reinforced random walk is a model of random walk introduced by Coppersmith and
Diaconis [ where the particle tends to jump to familiar vertices. We consider the case
where the graph is a b-ary tree T, that is a tree where each vertex has b children (b > 2).
At each edge (x,y), we initially assign the weight 7(z,y) = 1. If we know the weights and
the position of the walk at time n, we choose an edge emanating from X,, with probability
proportional to its weight. The weight of the edge crossed by the walk then increases by a
constant & > 0. This process is called the Linearly Edge Reinforced Random Walk (LERRW).
Pemantle in [[[3] proves that there exists a real d, such that the LERRW is transient if § < d
and recurrent if § > dg (69 = 4, 29.. for the binary tree). We focus, from now on, on the case
d = 1, so that the LERRW almost surely is transient. Recently, Collevecchio in [[l] shows

that when b > 70 the LERRW has a positive speed v which verifies 0 < v < b% We propose

to extend the positivity of the speed to any b > 2.

Theorem 1.4 The linearly edge reinforced random walk on a b-ary tree has positive speed.



We rely on a correspondence between RWRE and LERRW, explained in [[§]. By means
of a Polya’s urn model, Pemantle shows that the LERRW has the distribution of a certain
RWRE, such that for any y # e, the density of w(y, z) on (0,1) is given by

o folz)=t(1—az)s! it 2 =7,
b _
o fi(z) = %f%(l - :10)1)2_1 if z is a child of y.

Consequently, we only have to prove the positivity of the speed of this RWRE.
With the notation of Section 1.1, A is not bounded in this case, which means Theorem

[[.]] does not apply. To overcome this difficulty, we prove the following result.

Theorem 1.5 Let T be a b-ary tree and assume that info ;) E[A"] > 1 and

b ~1
i=1
Then the RWRE has positive speed.

Since the RWRE associated with the LERRW satisfies the assumptions of Theorem [
as soon as b > 3, Theorem [[.4 follows immediately in the case b > 3. The case of the binary

tree is dealt with separately.

The rest of the paper is organized as follows. We prove Theorem [.J in Section 2. In
Section 3, we prove the upper bound in Theorem [[.3, Some technical results are presented
in Section 4, and are useful in Section 5 in the proof of the lower bound in Theorem [.3.
In Section 6, we prove Theorem [[.I. The proof of Theorem [[.4 for the binary tree is the
subject of Section 7. Finally, Section 8 is devoted to the computation of parameters used in
the proof of Theorem [.3.

2 The regular case, and the proof of Theorem 1.5

We begin the section by giving some notation. Let P denote the distribution of w condition-
ally on T, and P” the law defined by P*(-) := [ P*(-)P(dw). We emphasize that P*, P and
P* depend on T. We respectively associate the expectations EY, E, E*. We denote also by



Q and Q" the measures:
Qe = [POGWED),
() = /pw(.)c:md’]r).

For sake of brevity, we will write P and Q for P¢ and Q°.
Define for x,y € T, and n > 1,

Zy = #{zeT: |z|=n},
r<y & HpZO,Hx:xo,...,xp:yeTsuchthatVOSi<p,xi:§i+1.

If z <y, we denote by [z, y] the set {zo,z1,...,7,}, and say that x < y if moreover = # y.
Define for x # e, and n>1,

T, = inf{k>0: Xy =2z},
Tr = inf{k>1: X} =z},

B(x) = P(T; =o0).
We observe that G(z), z € T\{e}, are identically distributed under Q. We denote by 3 a
generic random variable distributed as ((z). Since the walk is supposed transient, 8 > 0
Q-almost surely, and in particular Eq[F] > 0.

We still consider a general Galton—Watson tree. We prove that the number of sites visited

at a generation has a bounded expectation under Q.

Lemma 2.1 There exists a constant ¢y such that for any n > 0,

EQ Z ]I{Tx<oo} < Cq.

|z|=n
Proof. By the Markov property, for any n > 0,
> PYUT, < 0)B(x) = Y PiT. < oo, Xp#xVk>T,) <1.
|lz|=n lz|=n
The last inequality is due to the fact that there is at most one regeneration time at the n-th

generation. Since P¢(T, < o) is independent of F(x), we obtain:

1> Eq | Y. PYT, < 00)B(a) | = 3. Eq[PY(T, < o0))] EqlA).

|lz|=n |z|=n



In view of the identity Eq [Elr|=n W7, <oo}| = 2ojujen Eq [PS(T: < 00)], the lemma follows
immediately. [

Let us now deal with the case of the regular tree. We suppose in the rest of the section
that there exists b > 2 such that v(z) = b for any z € T\ {e}.

Lemma 2.2 [fE [Z?;Ai] < 00, then

of o

Proof. Notice that E [é] < 00. For any n > 0, call v, the vertex defined by iteration

max<;<p Aj

in the following way:
® Ug = ¢€
e v, < v,y and A(v,.1) = max{A(y), y is a child of v, }.

The Markov property tells that

b b

Bla) = wlz,z)B@) + Y wlw,a;)(1 = B(z.))8(x),

i=1 i=1
from which it follows that for any vertex =z,

1 1 i
(21) B S AR R A i)

Let C(v,) := {y is a child of v,, y # v,411} be the set of children of v, different from v, ;.
Take C' > 0 and define for any n > 1 the event

E, = {vk €[0,n—1],Yy € C(uvs), (A(y)B(y))"' > C}.

We extend the definition to n = 0 by E§ := (). Notice that the sequence of events is
decreasing. Using equation (R.1)) yields

]IEn ]IEn-H
(2:2) Bon =T O T sty

On the other hand, by the i.i.d. property of the environment, we have

P(E,) = P(E,)".
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By choosing C' such that P(E;) < 1 and using the Borel-Cantelli lemma, we have Iz, =0

from some ng > 0 almost surely. Iterate equation (2.9) to obtain

5@ <(1+0) (1 +) B(n))

where B(n) = 1g, [[,_, m. Hence

{ ] (1+C) <1+ZE[B(n)]>.

We observe that E[B(n)] = {E[lg A(v;)71]}". When C tends to infinity, E [Ig, A(v;)™}]
tends to zero since E[A(v;)7!] < oo. Choose C such that E [T, A(v;)™!] < 1 to complete
the proof. [

For x € T and n > —1, let

N = Y T

k>0
N, = Y N(x)
|z|=n
T, = inf{k >0 :|X;| =n}.

In words, N(x) and N, denote, respectively, the time spent by the walk at z and at the
n-th generation, and 7, stands for the first time the walk reaches the n-th generation. A

consequence of the law of large numbers is that

Our next result gives an upper bound for the expected value of N,.

m} < 00. There exists a constant co such that for
=1

E ZN’“] <cn.
k=0

Proof. By the strong Markov property, P%(N(z) = () = {P*(T} < o00)}"*P*(T; = ), for
¢ > 1. Accordingly,

ZNk] = > PYT, <0)EN(z)] = > P5(T: < o0)

1 — Pz(T* ’
0<a|<n 0<|z|<n 5(T3 < o)

Proposition 2.3 Suppose that E [

allm > 0, we have

EG




We observe that 1 — P2(TF < c0) > Z?Zl w(z, x;) B(z;). Since PS(T, < o) is independent
of (w(x,z;)p(x;), 1 <i<b), we have

E Zm] < Y E[P(L <o0)E <Zw<e,ei>ﬁ<ei>)

0<a|<n

(=

(2.3) = E| ) PiT.<x)|E <Zw 0)

0<|z|<n =1

Since 20 wle, &) Ble;) > {mini—y._p Bles)} S0 wle, ), it follows that

E ki:ojvk E {(lmlm ﬁ(@)l} .

By definition, : 1 = = 1+ﬁ which implies that E [1 ( R)} < 0o. Notice also that
—w(e, e i=1 w(e, e

E [(minj_;.p ﬁ(ei))fl} < bE[%] < 00 by Lemma P.2. Finally, use Lemma P.1] to complete the
proof. [

1
<E| ) PiT.<x)|E T~

0<e|<n

We are now able to prove the positivity of the speed.

Proof of Theorem[I.J. We note that 7, <> 7_ | Nj and that N_; < N,. By Proposition .3,
we have E[7,,] < 2¢yn. Fatou’s lemma yields that E[lim inf,, o ] < 2¢,. Since lim,, oo ™ =
%, then v > 0. OJ

3 Proof of Theorem 173: upper bound

This section is devoted to the proof of the upper bound in Theorem [.3, which is equivalent
to the following:

Proposition 3.1 We have

|
lim inf n(7n) >
n—00 ln(n)

Q —a.s.

==

3.1 Basic facts about regenerative times

We recall some basic facts about regenerative times for the transient RWRE. These facts can
be found in [[] in the case of regular trees, and in [[J] in the case of biased random walks

on Galton—Watson trees.



Let
D(x) := inf{/{; >1: Xp1 =2, X = E}, (inf @ := 00) .

We define the first regenerative time
Ip:=inf {k >0 :v(Xy) > 2, D(X}) =00, k =T)x,|}

as the first time when the walk reaches a generation by a vertex having more than two

children and never returns to its parent. We define by iteration
L, c=inf {k>Th 1 :v(Xy) >2, D(Xi) =00, k= 7x,}
for any n > 2 and we denote by S(.) the conditional distribution Q(.|v(e) > 2, D(e) = c0).

Fact Assume that the walk is transient.

(i) Foranyn >1, I')y, <oo  Q-a.s.

(ii) Under Q,(T'yps1 — Iy, | X1,y | — [Xrn]), n > 1 are independent and distributed as
(', | Xr,|) under the distribution S.

(iii) We have Es||Xr,|] < oc.

We feel free to omit the proofs of (i) and (ii), since they easily follow the lines in [[]
and [[J]. To prove (iii), we will show that Es[|Xr,|] = 1/Eq[f]. For any n > 0, we have,

conditionally on |XT,|,

QI =2 X =n |IXn,]) = Ty n@ (T =2 ¢ |Xn, | = X =0 — |Xr,|

X, 1)

By the renewal theorem (see chapter XI of [f] for instance) and the fact that Ty, |<n} tends

to 1 Q-almost surely, we obtain that

lim Q <3k > 9 |Xp,| = n)|XF1|) — 1/ B | Xy ].

n—oo

The dominated convergence yields then
lim Q(3k>2: |Xr,| =n)=1/Es[|Xn,|].

n—oo

It remains to notice that on the other hand,

Q(FkeN : |Xp,|=n)=Q(D(X,,) =00) =Eq[s].0O
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If we denote for any n > 0 by u(n) the unique integer such that I'yy < 7, < Ty,
then Fact yields that lim, .o 775 = Es[|Xr,|]. In turn, we deduce that

1 In(T
(3.1) limint 200 S g 20
n—oo In(n) n—oo In(n)

Q-a.s.

Let for A € [0,1] and n > 0,

n

S(n,\) = Z(Pk —Th1),

k=1
by taking 'y := 0. Then (I',)* < S(n,\) since A < 1, which gives, by the law of large

numbers,

(3.2) lim sup M

n—oo n n—oo n

< lim S(n,A) = 5[] Q-a.s.

3.2 Proof of Proposition B.]]

We construct a RWRE on the half-line as follows; suppose that T = {—1,0,1,...}. This
would correspond to the case where ¢; = 1, e = 0, ¢ = —1. Marking each integer i > 0
with i.i.d. random variables A(i), we thus define a one-dimensional RWRE as we defined it
in the case of a Galton-Watson tree. We call (R,,),>o this RWRE. We still use the notation
Pi and P to name the quenched and the annealed distribution of (R,) with Ry = i. For
i>—1and a € Ry, define T; :=inf{n >0 : R, =i} and

(3.3) p(i,a) =P (T AT; > a),
where b A ¢ := min{b, ¢}. We give two preliminary results.

Lemma 3.2 Let A be as in ([[.1). Then
lim inf {supw} > —A.
amoo (>0 In(a)

Proof. See Section 8. [J

We return to our general RWRE (X,),>0 on a general Galton-Watson tree T.

Lemma 3.3 We have (S (T
lim inf n(S{Ih >a))

a—00 ln(a)

> —A.
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Proof. For any x € T, let h(z) be the unique vertex such that
r < h(z), v(h(z))>2, VyeT,z<y<h(z)=v(y) =1.

In words, h(x) is the oldest descendent of  such that v(h(zx))
v(z) > 2). We observe that I'y > T* A Tj(x,). Moreover, {v(e)

where

(and can be x itself if

> 2
> 2, D(e) =00} D EyUE,

B = {v(e)>2}n {X1 Lo, T7 < Ty, Xron € {e Xl}} N{X,£e, Vn>T" +1},
By = {v(e)>2}n {X1 £, Thixy) < T;} N {Xn A0(X1), V> Thixy + 1} .

It follows that

(34) S(Fl > a) > (@(T: > a, E1> + @(Th(Xl) > a, Eg)) .

Qo) = 2, D(e) = o)

We claim that
(3.5) QU7 > a, B1) = c3Q(T5 < The), 1 +T< > a).
Indeed, write

PAT; > a, B) = Y PS(T7 < The,), X1 = €1, Xre1 =5, D(ej) = 00, T > a) .
e;#e;
By gradually applying the strong Markov property at times 7 + 1, T and at time 1, this
yields
PYT > a, Ey) = Z wle,e)PS (T. < Tieep, 1+ T > a) wle, e;)B(e;).
e;F#e;
Since w(e, €;)w(e;), Ble;) and P (T, < The), 1 +T. > a) are independent under P, this
leads to
P(T; > a, By) = > Elw(e, e)wle, €,)] P (T. < They, L+ 1. > a) E[B(e))].
e;F#e;

By the Galton—Watson property,

QT} > a, Ey) = Eq | Lpe)>2) Z wle, e)wle,e;) | Q° (Ty < The), 1 +T= > a) EqA] ,
ei#e;

12



which gives (B.f). Similarly,
(3.6) Q(Thxy) > a, Bs) = csQ (T > They, 1+ The) > a) -
Finally, by (B-4), (B-3) and (B-6) we get

STy > a) > 05@(1+TZ/\T;1(6) > a) )

Conditionally on | h(e)|, the walk | X,|, 0 < n < T A Ty has the distribution of the walk
R,, 0 <n < T_y ATjpe), as defined at the beginning of this section. For any n > 0, since
GW (|h(e)| = n) = ¢7(1 — 1), it follows that Q (14 T4 ATy > a) > ¢7(1 — ¢1)p (n, a).
Finally,

lim inf (S (T > a)) > lim inf

a— 00 ln((l) a— 00 Sup

n>0 ln(a)

{ In (¢fp (n, a)) } _

Applying Lemma completes the proof. [
We now have all of the ingredients needed for the proof of Proposition B.1].

Proof of Proposition [3.4. If A > 1, Proposition B.]] trivially holds since 7,, > n. We suppose
that A < 1, and let A < A < 1. Let M, := max{I'y — ['y_1, kK = 2,...n}. We have
Q (Mn < n§> =Q (PQ - < n%) . By Lemma B.3, Q (PQ - < n%) < 1—n"° for
some € > 0 and large n. Consequently, 2@1 Q (Mn < ni) < 00, and the Borel-Cantelli
lemma tells that Q-almost surely and for sufficiently large n, M, > ni which in turn

implies that liminf,_., "% > 1. We proved then that liminf,_, . 1EE(an)) 2
ni

by equation (B.1]),

1
+- Therefore,

lim inf In(7)
n— 00 ln(n)

1
ZK Q-G.S.D

4 Technical results

We give, in this section, some tools needed in our proof of the lower bound in Theorem [[.3.

Z, stands as before for the size of the n-th generation of T.
Lemma 4.1 For every b,n > 1, we have

Eaw([Znliz,<py] <bnqi~".

13



Proof. 1t Z, < b, then there are at most b vertices before the n-th generation having more

than one child. Therefore,
GW(Z, <b) < Clg=b < nbgn

and we conclude since Eqw[Z, 1z, <py] <bGW (Z, <b). O

Lemma 4.2 Let ;, i > 1 be independent random variables distributed as (3. There exists

by > 1 such that
2
1
EQ b < 0.
Zi:l Gi

Proof. Let T®, i > 1 be independent Galton-Watson trees of distribution GW. We equip
independently each T® with an environment of distribution P so that we can look at the
random variable 3(e®) where e is the root of T®. Then §(e”), i > 1 are independent
random variables distributed as [3.

Let ¢ > 0 be such that 7 := Q(4 > ¢) < 1. Recall that L <Alx) <a,VzeT,

B
Q-almost surely. Let R® 1nf n>0:3y T, |yl =n, < ¢g} be the first generation
6(

in T® where a vertex verifies < cg, and let y(l) be such a vertex y. Recall from equation

(R.1) that

6()

ot
B(x) = A(x;)B(xy)

for any child z; of a vertex x. By iterating the inequality on the path [e®. 4], we obtain

H(y")
ﬁ <i+ > H ﬁ(y(“)

2€]ey ]

where H(z) = Hve]e(z) 2 A( ) < al*! for every z € T by the bound assumption on A. Since
1 )
55 < Ce, this implies

1 R

for some constant c;. There exist constants cg and ¢g such that for any b > 1,

2
1 ming<;<p R®
(4.1) e
Z?:l B(e®)

14



We observe that
minlgigb R(l) _ - n . (Z) _
Eq [Cg } = Zocg Q(min R = n)
(4.2) < Y @ QRY =n).
n=0

We have, for any n > 1, Q(RY) >n) < Q (‘v’|x| =n-1, ﬁ > 06). Recall that n := Q(% >

75( ) 6 G .

Let ¢; < a < 1. There exists a constant ¢;o such that Egw [n%] < ¢i9a‘™! for any ¢ > 0.

minlSiSbO R(Z)

Choose by such that coa® < 1. Then by (E3), Eg [cg ] < 00, which completes the
proof in view of ({.1). O

Define for any u,v € T such that u < v and for any n > 1:

(4.3) pi(u,v) = Pﬁ(TE:oo,TJ:oo,TU:oo),
(4.4) viuyn) = #{zeT:u<z|z—ul=n}.

Lemma 4.3 For alln > 2 and k € {1,2}, we have

(4.5) Eq Zm <00.

|ul=n

Proof. Let n > 2 and k € {1,2} be fixed integers and n := inf{¢ > 1 : Z, > by}. Notice
that {Z, > by} = {n < n}. For any u € T such that |u| > n, let w € T be the unique
vertex such that |u| = n and u < u that is the ancestor of u at generation n. We have by

the Markov property,
lyl=n—1
For any |y| <n and y; child of y, we observe that

A<yi) 1
> ,
L+ Y0 Ayy) — euvly)

w(y, yi) =
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which is greater than 1/¢11by := 12, by the boundedness assumption on A and the definition
of n. It yields that for any |y| =n — 1,
(4.7) PYT, <T}) > PS(Xa1=y) > cy.
By the Markov property,
Pg<T‘§ = OO7Tyi = OO)

= > wly,y)B8) + (Z w(y, ;) (1 - ﬁ(w))) PY(T. = 00, T,, = o).
J#i i#i
This leads to
Zj;éi Aly;)B(y;)
L+ A(yi) + 32,5 Ay B(y;)
- 1 >z Byj)
T oa(l+a)l+ Zj;ﬁiﬁ(yj)

1
2 alT D (1/\;6(%)) :

Similarly, Pfj(T§ ) > 55 (1 A E ﬁ(yﬁ). Thus, we have for any |y| =n — 1,

PYUT. = 00,T), = o) =

(4.8) PYT, =00, Ty=00) > 15 [ LAY Bly;)
Y 7u

By equations ({.9), (£7) and (£.§), we have

;191((3,21)20130?2 1A Z B(x)

|z|=n:z#u

Therefore, arguing over the value of u, we obtain

Tpsny Y B {pl o ] <cu Y viy,n—n)E |1V

|ul=n ly|=n

1
[E|m|=ﬁ,x7ﬁy 5(@]4 ’

where c14 1= (c13¢},) 7%, By using the Galton—Watson property at generation 7,

I[{ueTZ>b0}
E n ’ o T
> fiq | ML 7 2,

|ul=n

1
< E, n—7)Eq |1V —g——rr
< cu |yzzﬁ awlv(y,n —n)] Q[ \/[ ilﬁ(z)]k]pzﬁq
< a5l
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by Lemma [.2. Integrating over GW completes the proof of ({.5). O

Remark. Lemma (.3 tells in particular that

]I{Z >bo} ]I{Z >bo}
4.9 Fo | ———| <FE “ < 00.
(49) ° { Ble) | = Pl =00 Tr =00)] =

We deal now with a comparison between RWRESs on a tree and one-dimensional RWREs
already used in [[[3]. Let T be a tree and w the environment on this tree. Take z <y € T.
We look at the path [z,y] = {z = z_1,%0,...,2, = y} defined as the shortest path
from z to y, and we consider on it the random walk ()A(:n) with probability transitions

~

w(x,x) =w(y,xp—1) =1 and for any 0 <i < p,

O(xi, Tiy1) = ey Zin)
b it w(xi, i) +w(xg, v — 1)
(s, xim1) = (i 2io1)

W(@i, Tig1) + w(@s, 51)

Thus we can associate to the pair (z,y) a one-dimensional RWRE on [E, y], and we denote by
]5, E the probabilities and expectations related to this new RWRE. We observe that under
Q", the RWRE (X,,, n < T- AT,) has the distribution of the RWRE (R, n < T_; A T))
introduced in Section 3.2. For any z,y € T, the event {7, < T,} means that 7, < oo and
T, <T,.

Lemma 4.4 For any x,y,z € T with x < z <y,

Pj(Ty<T‘5) < ]Bj(Ty<T‘;)a
PYT. <T,) < P T- <T,).

Proof. Fix z1,...2y,_1 in |z, y[ and 2, € [z,y]. Then

w(z, 21) w(zn_1, 2n)

1= f(z) 1= f(z)

where f(r) represents the probability of making an excursion away from the path [E,y]]

Pcf(Xl:zl’---’Xn:zn):

from the vertex . For each r € [z, y[, call * the child of  which lies in the path. Then
f(r) <1—w(rrt) —w(r, 7). It follows that

P Xi=2z,....X,=2,) < W(z,21)...0(20-1,2n)

= ﬁj()?lzzl,...,)?n:zn).

17



It remains to see that the events {7, < T,} and {71, < T,} can be written as an union of
disjoint sets of the form {X; = z,..., X,, = z,}. O

The last lemma deals with the one-dimensional RWRE (R,,),>¢ defined in Section 3.2.

Lemma 4.5 For anyn > 1, there exists a number c19(n) such that for any i > n and almost
every w,
E°T 1 ATy < cioE™[T,-1 AT}

Proof. Let i > n > 1. By the Markov property and for 0 < p < ¢, we have

Epil[Tpf2 AT =1+w(p—1,p) {Eﬁ[Tpfl AT+ P11 < Ti)Egil[Tpf2 A TZ]}

w

which gives that E2~ [T, o A T;] = ijﬁfﬁ:iﬁ;gg(@_iﬁ?]}, so that for some ¢y, o1 and ¢y we
P wlip— i

have
EP T, o AT < cop + e EB[T,1 AT;) < con BB [T,—1 A T}).

w

Iterating the inequality over all p from 1 to n gives the desired inequality. [J

5 Proof of Theorem 1.3: lower bound

Let (R,)n>0 be the one-dimensional RWRE associated with T = {—1,0,1,...} defined in
Section 3.2 and T; = inf{k > 0: Ry = i}. Define for any A € [0, 1],

(5.1) m(n,\) = E [(Eg T, A Tn])A] ,

and let

(5.2) A 1= sup {)\ >0 : 3r > ¢ such that Zm(n, A)r' < oo} :
n>0

We start with a lemma.
Lemma 5.1 We have A < ..

Proof. See Section 8. [J
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Take a A € [0, 1] such that A < A. By Lemma .1, we have A < A, which in turn implies
by (b-2) that there exists an 1 > r > ¢; such that

(5.3) Z m(n,A) (n+ 1)r" < co.

n>0

Recall the definition of by in Lemma [.3. Then, by Lemma [.1], we can define
ng :=inf {n >1: Eew([Z,1{z,<p}] <"} .

Let T,,, be the subtree of T defined as follows: y is a child of x in T, if 2 < y and |y—z| = ny.

In this new Galton-Watson tree T,,,, we define
(5.4) W=W(T) :={xeT,, :Vy €Ty, (y <z)=v(y,ng) <b},

where v(y, ng) is defined in ([.4). We call W}, the size of the k-th generation of W. The sub-
tree W is a Galton—Watson tree, whose offspring distribution is of mean Egw [Z,, 11z, <bo}] <

r™. In particular, we have for any k& > 0,
(5.5) Eqw W] < rFmo.

For any y € T, we denote by y,, the youngest ancestor of y belonging to T,,,, or equivalently

the unique vertex such that

Yno < Y, Yno € Ty, VzeT, 2<y=2=<1n,-
Let
Nip = Z N(y)H{V(ynmnobbo}’
ly|=n
N2,n = Z N(ZJ)]I{V(ynmno)SbmynoéW} :
lyl=n

Lemma 5.2 There exists a constant L such that for any n > ng :

(5.6) Eg[Ni,]
(5.7) Eg[Ny,)

IA

L,
L.

IA
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We admit Lemma (.3 for the time being, and show how it implies Theorem [[.3.

Proof of Theorem [1.3: lower bound. Notice that W is finite almost surely. Then, there
exists a random K > 0 such that for n > K, N,, < Ny, + Ns,,. Lemma p.j yields that
E@[NT)L‘]I{,LZK}] < LM + L for any n > ny. By Fatou’s lemma, liminf,_ Lick N o o,

Denote by (rg, k > 0) the sequence (| Xr,|, £ > 0). Notice that for any k > 1,

Tk+1

Trpi=Ti= ) N
Z'ZTk+l
It yields that S(u(n), \) := Z(an)(I‘k — ) <35 N2 < S NP where, as in Section

3, u(n) is the unique integer such that ',y < 7, < Iy(n)+1. Observe also that ﬁ tends to
Es[|Xt,|]. It follows that

1 1 < 1 <
liminf —S(n, \) < lim inf o) ];(N,j = Bg [| X, [|lim inf — ;(N,j <00,

n—oo M n—oo U

Using equation (B.2) implies that limsup,,_, % < c93 for some constant ce3. We check

that | X,,| > #{k : 'y < n} which leads to |X,| > "—Z for sufficiently large n. Letting A go

Cc2

to A completes the proof. [J

The rest of this section is devoted to the proof of Lemma [.2. For the sake of clarity, the
two estimates, (5.4) and (B.7), are proved in distinct parts.

5.1 Proof of Lemma p.2: equation (5.6)
For all y € T, call Y the youngest ancestor of y such that v(Y,ng) > by. We have
EGIN(y)] = PS(T, < 00) EY[N(y)] < Pi(Ty < 00)EZIN(y)].

We compute EY[N(y)] with a method similar to the one given in [[J]. By the Markov

property,
EY[N(y)] = G(y,Y) + PY(Ty < 00) P} (T, < 00) E4[N(y)],

where G(y,Y) := EY [ZZ;O ]I{szy}]- When v(yy,,no) > b, there exists a constant coq > 0
such that Pfj(T; > Ty) > cg4. Therefore, in this case G(y,Y) < (coq)™! =: cg5. It follows
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that
W (g, ,m0) >bo}
1 —PY(T, < 00)PI(Ty < o0)
c ]I{V(yno,no)>bo}
#1— PY(Ty < )
Cos ]I{V(yno :n0)>bo}
W)

Eg[N(y)]]I{V(yno,nobbo} < 5

where v(z) := P3(T- = 0o, T = o). Arguing over the value of Y yields that

]I v(z,n
EglNia] < enBEq| Y. PUT < oo)“T;’;’”’}

n—no<|z|<n

e I[{Zn >bo }
= CQ5EQ Z Pw<Tz < OO) EQ {W}

n—no<|z|<n

< Ca5Ng €1 Cop 5

by Lemma P.1 and equation (f.9). O

5.2 Proof of Lemma p-2: equation (H:7)

For any y € T such that v(y,,,no) < by and y,, ¢ W, choose Y; = Yi(y), Yo = Y2(y) and
Y3 = Y3(y), vertices of T,,, such that

Y) <, v(Y1,mng) > by, VzeT,, Y1<z<y=rv(zn) < by
Y1 <Y, <y, VzeT,, i<z<y=Y, <z,
y < Y3, v(Y3, ng) > by, VzeT,,, y<z<Ys=wv(zng) <b.
By definition, Y] is the youngest ancestor of y in T,,, such that v(Y7,ng) > by and Y3 the child
of Y7 in T,,, which is also an ancestor of y. In the rest of the section, P, = P,(Y7,Y3) and
E, = E,(Y1,Y3) represent the probability and expectation for the one-dimensional RWRE
associated to the path [Y7, Y3], as seen in Lemma [L.4. They depend then on the pair (Y7, Y3),

which doesn’t appear in the notation for sake of brevity. Define for any n > ny,

68  Sm=Eq| X (e yo) " (B2, aT)) |

ly|=n:Y1=e
where Y5 represents as usual the parent of Y5 in the tree T and p;(u,v) is defined in (f3).
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Lemma 5.3 There exists a constant coy such that for any n > nyg,

k>ng
Proof. We observe that

A

ESINY =ES || D_Nw | | <ES| D Nw?
lyl=n ly|l=n
since A < 1. By the Markov property, ES[>7, _, N(y)Y| = 30, PS(T, < 00)EY[N(y)*].
An application of Jensen’s inequality yields that
(5.9) ESINY] < ) Po(T, < o0) (BYIN(y)])" -
lyl=n

Using the Markov property for any |y| = n, we get

EZIN ()]

= Gy, YiAYs) + EYN()(PY(Ty < Ty,) P (T, < 00) + P(Ty, < Ty, )P (T, < 00))

Ty1 /\TY3

where G(y, Y1 \Y3) = EY [ =0 ]I{szy}]- Accordingly,

_ Gy, Y1 A Y3)
1 — PY(Ty, < Ty,) P2 (T, < o0) — PY(Ty, < Ty, )P2*(T, < o0)

EZIN ()]

Notice that [1 — PY(Ty, < Ty,)PY' (T, < 00) — PY(Ty, < Ty, )P (T, < oo)r1 is the expected
number of times when the walk go from y to Y; or Y3 and then returns to y, which is naturally
smaller than EY[N (Y1) + N(Y3)]. We have

EYIN(YV))] = PYUTy, < o0)[1 - PXi(Ty; < o0)]
< [m(v,Y2)

where as before p;(Y1,Y;) = PM (T; =00, Ty, =00, Ty, = oo). Similarly EY[N(Y3)] <
[6(Y3)]~". We obtain

(5.10) PS(T, < 00) (BYIN(y)])" < [ (Y1, Y2) B(Ya)] Po(T, < 00) (Gly, Y1 A Y3))™ .

We deduce from the Markov property that P¢(T, < oo) = P¢(Ty, < 0o)PX (T, < oo) and
PY(T, < 00) = G(Yi,y) P (T, < T3,) where G(Yi,y) i= B2 [ S22 Tx,oiy | By Lemma
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E4, we have PX(T, < T ) < PV (T, < T ). In words, it means that the probability to
escape by y is lower for the RWRE on the tree than for the restriction of the walk on [Y7, y].
Furthermore G(Y1,y) < EJ[N(Y1)] < [p1(Y1,Y2)] 7, so that

Pi(T, < 00) < Pi(Ty, < o0)PY(T, < T2 )pi(Y:, ¥a)l ™
~ A
(5.11) < PUTy, < 00) (PINT, < T3)) (11, Ya)
1
We observe that
« —1
(5.12) Gy, YiAY3) = [1 = PUT; < Ty, ANTy,)] .
Call y3 the unique child of y such that y3 < Y3. Consequently,

PUTY < Ty, ATy,)
< [1 - W(y, y3) - W(y, }j)] + w(ya zlj)Pwy (Ty < TYl) + w(ya y3)PuZJ/3(Ty < TY3) :

By Lemma [£.4, we have

VAN

Pg(Ty<TY1) ﬁE(Ty<TY1)a
Pga(Ty<TY3) < ﬁg3(Ty<TY3)'

Equation (5-13) becomes G(y, YiAY3) < (w(y, ys)+w(y, y) 7 Gy, YiAY3) where G(y, Y1 AY3)
stands for the expectation of the number of times the one-dimensional RWRE associated to
the pair (Y7, Y3) by Lemma [£.4 crosses y before reaching Y7 or Y3 when started from y. Since
v(y) < by, there exists a constant css such that (w(y, y) + w(y, ys)J ! < cos. It yields

(5.13) G(y,Yi AYs) < ess Gy, Y1 A Y3).
Finally, using (B.11), (B.13), and the following inequality,
ﬁc}z/l (Ty < T§1) é(ya }/1 A Yé) < EBJ/I [Ti?l N TY3] )

we get

Cag8

PY(T, < 00) (G(y, Y1 AY)) < —=2
w( y OO)( (y 1 3)) _pl(}/h}/Z)

PS(Ty, < 00)(E2MT: ATy]).
By Lemma [I.3, for any y € T, we have
EXT- ATy, < cig(no) BRI ATy,
Y Yo
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It follows that

A o~
5.14) PS(T, < 00) (Gy, Yi A Ya)) < — 99 _pe(p « 0o)(BR[T= A Ty]) .
w Yy w 1 w
pl(}/h}/Z) Yo

In view of equations (b.I() and (f.14), we obtain

PS(T, < 00) (BN < a9 P5(Tyy < 00)H(Y1,y, Ys)

where

H(Yiy Y3) = [ (%, ¥200%)] " (BRIT AT3))

By equation (B.9), it implies that

Eg[N3,| < e Eq | Y Pi(Ty, < 00)H(Y1,y,Y5)
lyl=n

Arguing over the value of Y; gives

Eg[N,] < ewEq| Y, PiT.<oo0)| > H(zy,Ys)

| |2l<n—no lyl=n,Yi=2

= mEq| Y PiT. < x)Eq > Hley,Ys)

| [2|<n—no ly|=n—|z|,Y1=e

= ngEQ Z Pj(Tz<OO)S(n_|Z|) )

|z|<n—ng

by equation (B.§). Lemma P.1 yields that
E@[NQ):n] S C1C99 Z S(kﬁ)

S C1C99 Z S(kﬁ) g

We call as before m(n, \) == E [(Eg [Ty AT,))*| for the one-dimensional RWRE (Rn)n>o0-

The following lemma gives an estimate of S(n).

Lemma 5.4 There exists a constant czy such that for any ¢ > 0,

S+ ng) < ez Z m(i, )\)ri )

>0
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- A
Proof. Let £ > 0 and f(Ys,Y3) := <EY2[T§ /\TYS]) . We have
2

S(+m) = Eq| > [m(e¥2)8(Ys)]  f(Ya,Y3)

_\y|:€+no:Y1:e

= Eq | Y. ilew]™ Y fluYs)[B(va)]

| lul=no ly|=C+no:Yo=u

If we call T, the subtree of T rooted in u, we observe that

Z f(u7 }/3) [ﬁ(}%)]il < ]I{Zn0>b0} Z f(u7 Z) [ﬁ(z)]il ]I{V(Z7n0)>b0} )

ly|=~€+no:Yo=u |z|>4+n0:zeW(Ty,)

where W was defined in equation (p-4]). The Galton-Watson property yields that

Tz, >bo} -
S(l+mng) < Eq Z 7002 Eq Z f(e,2) [B(2)] ' ]I{V(Z7n0)>b0}
_ pl(eau)
| lul=no ] | |2[=€,zeW
g Z Lz, >bo} Faq Z f(e.2)| Eq [H{Zn0>bo}:|
2 )
| Jul=no pile, u) | | [2]>¢,zeW Ble)
< ckq Z fle,2)]
|z|>0,zeW
by Lemma and equation (f.9). The proof follows then from
Eq| Y, [fle2)| = Eow | Y, m(l2,)
|z|>€,zeW |z|>€,zeW
= Z m(ino, )\)EGW[I/V,] S Z m(ino, )\)’I"ino s
i:ing >l ing>4

where the last inequality comes from equation (p-5). O

We are now able to prove (B.7).
Proof of Lemma .2, equation (5.7). By Lemma B.3,

E@[NZ):n] S CQ7ZS(£+ Tlo) .

>0
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Lemma [.4 tells that

ZS(£+n0) < ¢39 Z m(i, \)r'

£>0 i>0>0

= c3 Z(Z + D)m(i, \)r*,

>0

which is finite by equation (£.3). O

6 Proof of Theorem 1

If we suppose that A < 1, then Theorem ensures that ‘X—n”‘ tends to 0. Suppose now
that A > 1. Take A =1 in the proof of the lower bound of Theorem in Section 5 to see
that | X, | > % for sufficiently large n, which proves the positivity of the speed in this case.
Theorem [[.]] is proved. [J

7 Proof of Theorem 14

When b > 3, Theorem follows immediately from Theorem [[.5. In the rest of this section,
we assume that T is a binary tree. Thanks to the correspondence between RWRE and
LERRW mentioned in the introduction, we only have to prove the positivity of the speed
for a RWRE on the binary tree such that the density of w(y, z) on (0,1) is given by

(7.1) fol) =1 if 2=y
(7.2) filz) = mxlﬁ(l —2)Y2 if 2 is a child of y.

We propose to prove three lemmas before handling the proof of the theorem.

Lemma 7.1 We have for any 0 < < 1,

1
E{@

< 0.

Proof. By equation (R.]]), for any y € T,

1 , 1 0
By = (”?ﬂ% A(yiw(yi))

1
< l4+mn——-——.
i=1.2 A(y:)°B8(yi)°
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Notice that by ([-1]),

1
E [min 7} <2E

I U B VAT AN
=12 A(y;)0 <A(yl)+A(92)) ] —2E (1—w(y,§)) =

The proof is therefore the proof of Lemma B.9 when replacing A(y) and 3(y) respectively by
A(y)® and B(y)’. O

Recall that for any y € T, v(y) := Pg(TZ = 00, T = 00).

Lemma 7.2 There exists p € (0,1) such that for any € € (0,1), we have

1 _ 1w
(e)
Proof. We see that

1 1 ) 1
= < min ———-—.

v(e)  wlee)B(er) +wle ex)Be2) ~ =12 wle, €;)B(e:)
Let € (0,1) and € € (0,1). We compute P(w(e, ¢) < 1—¢, min_; 5 {[w(e, e;)B(e)] 1} >
n) for n € R%. We observe that {w(e, ¢) < 1—¢c} C {w(e,e1) > e/2} U {w(e,es) > £/2}.
By symmetry,

P (w(e, e) <1—¢, min {{wlee)B(e;)] "} > n)

i=1,2

IA

2P <w(e,€2) >¢e/2, }2}% {[w(e,ei)ﬁ(ei)]’l/“} > n)

2P (B(ex) ™" > nte/2, [w(e,er)B(er)] ™ > n)

2P (B(e2) ™' > ne/2, w(e, e1) < n’1/2) + 2P (B(e2) " > nfe/2, Bler) ' > n“ilﬁ)
9P (E)) + 2P(E,) .

INIA

Let 0 < 6 < 1. We have by (.3) and Lemma [/.1],

P(E)) = P(w(e,e) < n" VP (Bey) ! > n''e/2)

< cggn_1/4n_5“ .
Similarly,

P(E,) = P(B(er)' > " YHP(Bey) ! > n'e/2)

< eagn OB/ o
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It suffices to take 1/4 4+ dp > 1 and §(2u — 1/2) > 1 to complete the proof, for example by
taking § = 4/5 and p = 19/20. O

Let € € (0,1/3) be such that

<1.

(7.3) E |(#{i : w(e;,e) >1—¢€})

2—p
1—

Denote by U the set of the root and all the vertices y such that for any vertex x € T
with e < < y, we have w(z,z) > 1 — &; we observe that by (7-J), U is a subcritical
Galton-Watson tree. Denote by Uy, the size of the generation k.

Lemma 7.3 There exists a constant c34 < 1 such that for any k > 0
E [U;/(l—ﬂ)} < CI§4.

Proof. By Galton—Watson property,
- 1/(-p)
i) - | (S0
i=1

where conditionally on Uy, U ,gi), 1 > 1 is a family of i.i.d random variables distributed as Uy.
Since (3.7, a;)? <nPYF  d? (for p> 0 and a; > 0), it yields that

UL N\ 1/(1—p)
Ull/“*“’ Z <Ul§z)>

i=1

E [U;i(llfm] < E

2—pu

_E [Uf“] E [0/

The proof follows from equation ([.3). O
We are now able to complete the proof of Theorem [.4]

Proof of Theorem : the binary tree case. We suppose without loss of generality that
w(e, €) < 1—e. For any vertex y, we call Y the youngest ancestor of y such that w(Y,Y) <
1 — . We have for any n > 0,

EZ[N,] =) Pi(T, < 00) E4IN(y)],

ly|l=n
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where, as before, N(y) := >, Lix,=y) and N, = Z|y\:n N(y). By the Markov property,
EYIN(y)] = Gly.Y)+ PY(Ty < 00) P (T, < 00) EY[N(y)],

where G(y,Y) := EY [ZZ;O ]I{Xk:y}] It yields that

) B . G(y,Y)
ESIN,| = |yz P(T, < oo)l—PY<Ty < 00)PY(Ty < o)
Gy, Y
< ZP6T<OO)1_PY((yT;;)<oo)

lyl=
e G(y,Y)
< Z P T < 00) 7<Y)

ly|=n
By coupling the walk on [y, Y] with a one-dimensional random walk, we see that PY(T; <
Ty) <e+ (1 —¢e)7= = 2¢ < 2/3,s0 that G(y,Y) < 3. On the other hand, P5(T}, < o0) <
P¢(Ty < 00). Therefore,

E[N,] < 3E | PYTy < o0)—x
= 1Y)
= 3E|Y > Py <oo)—)
\y| nz=Y
1
= 3E | PUT.<oc0) Y —
= = T2
By independence and stationarity of the environment,
1
EN,] < 3) PT.<oco)BE| Y o)
jol<n | jyl=n—fely=e 1\
ey Unte
= 3) P(T. < o)E | &=
gs:n i "(e)
[ 1 ‘7 1/p 'u -
< 3 Z (T, < o0) ( w(ez ? ) E [Unl/_(|1z|_u)] )
|z|<n

by the Holder inequality. We use Lemmas [(.9 and [(.3 to see that

E[N,] < ¢35 Z P(T(z) < oo)cgﬁ_‘z‘.

|z|<n
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By Lemma P.T],

n

E[Nn] S C35C1 Z Cl§6 < 03501/(1 — 036) .
k=0

Since 7, < >7_ | N, and N_; < Ny, where 7, := inf {k > 0 : | X}| = n} as before, we have

E[7.] < e37n. Fatou’s lemma yields that P-almost surely, liminf,, .o ™ < oo, which proves

that v > 0 in view of the relation lim, ., ™ = % O

8 Proof of Lemmas p-1] and

We consider the one-dimensional RWRE (R, ),>0 when we consider the case T = {—1,0,1,...}.
This RWRE is such that the random variables A(i), ¢ > 0 are independent and have the

distribution of A, when we set for ¢ > 0,

=

with w(y, z) the quenched probability to jump from y to z. We recall that, as defined in

equations (B.3) and (B.1)),

p(n,a) = PAT AT, >a),
m(n,\) = E[(Eg [T_l/\Tn])A} .

We study the walk (R,,),>o through its potential. We introduce for p > i > 0, V(0) = 0 and

Let us introduce for ¢ € R the Laplace transform E[A!], and define ¢(¢) := In(E[A]). Denote
by I its Legendre transform I(x) = sup{tz — ¢(t),t € R} where z € R. Let also

[a,b] := [ess inf(In A), ess sup(ln A)].

Two situations occur. If a = b, it means that A is a constant almost surely. In this case,

I(z) = 0 if z = a and is infinite otherwise. If a < b, then I is finite on ]a, b and infinite on
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R\[a, b]. Moreover, for any = €la, b[, we have I'(x) = t(x) where t(z) is the real such that
I(x) = xt(z) — ¢(t(x)), or, equivalently, x = ¢'(t(z)).

We define and compute two useful parameters. Call D := {x1, 22, , 21, 22 € Ry, 21+ 25 <
1}. Define for 0 < A < 1, and with the convention that 0 x co := 0,

(8.1) L) = s%p { ((:clzl) A (:U222)>)\ —I(—z1)z — [(.TQ)ZQ} )
(8.2) L' := sup {x;;f In(q,) — K;lﬂ?l) — [(;2) , L1, Ty > 0}.

If ¢ =0, we set L' = —oco. Notice that L(\) > 0 is necessarily reached for x;z; = x925. It
yields that
1T

X2 X

(8.3) L(\) =0Vsup { A—I(—a1) ~ ()

2 7x17x2>0}7
1+ T2 1+ T2 1+ T2

where ¢ V d := max(c, d). The computation of L(A) and L’ is done in the following lemma.

Lemma 8.1 We have

(8.4) L(A) = 0ve(t),

(8.5) L' = —A,

where t verifies ¢(t ) = ¢(t + N) if it exists and t := 0 otherwise.

Proof. When A is a constant almost surely, L(\) = 0 and (B.4) is true. Therefore we assume

that a < b. Considering equation (B.3)), we see that if L(A) > 0, then L(\) is reached by a

pair (x1, z) which satisfies:

I(— I
(86) S (S LY
T1+2x2 X1+ X2 T1+ X
I(— I
(8.7) nMem) | 1@ s g

T, + o T+ X9 T+ X9
We deduce from equations (B.q) and (B.7) that I'(z2) — I'(—x1) = A, L.e. t(zg) —t(—x1) = A.
Plugging this into (B-J) yields
P)¢'(t+ A) — ot + N)¢'(1)
¢'(t+A) —d'(t)
Let h(t) := ¢(t)¢/q§f€;i))\;fgfzs)¢/(t). Then L(A) = 0V h(t) where ¢ verifies h/(t) = 0, which is
equivalent to say that ¢(t) = ¢(t + \). We find that h(t) = ¢(t), which gives (§4). The

computation of (B.J) is similar and is therefore omitted. [

L(A)zO\/sup{ ,tER,¢'(t)<O,¢'(t+)\)>O}.
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8.1 Proof of Lemma p.]]

We begin by some notation. Let A > 0 and B > 0 be two expressions which can depend on
any variable, and in particular on n. We say that A < B if we can find a function f of the
variable n such that lim, . 2 In(f(n)) =0 and A < f(n)B. We say that A~ Bif A < B
and B < A. By circuit analogy (see [{]), we find for 0 <i < n,

1
V) f V() 1 4 V@

P (T, <T..) =

It follows that

eiM(l) .
(8.8) T ST <T)< e M@

n
We deduce also that

eng(i,n) ) )
(89) . < Pj}“ (Tn < Tz) < esz(z,n)7
n

*Hl( ) .
(8.10) TS < PEYT, < T) < e

n

Finally, the quenched expectation G (i, —1 A n) of the number of times the walk starting

from ¢ returns to ¢ before reaching —1 or n verifies
Gli,~1An) = {w(,i—1)P (T, <T)+w(i,i+1)PF(T, <T)}
so that
gt OM20n) < Q5 1 An) < cgg(n + 1)ef1ON20E0)

Since EO[T 1 AT, =1+ 30 PO(T; < T_1) G (i, —1 A n), we get

37 M ; ; i A A
max e < 1 < 1 .
C M (i)+H1(i)AH2(i,n) < EB[T A Tn] <14 038’”(” + 1) max e M (i)+H1 (i)ANH2(i,n)
n + 1 0<i<n 0<i<n
As a result,
>\ (2 7,1
(8.11) E[(EYT-1 AT,))"] ~ (%1%]3[ M DA

We proceed to the proof of Lemma f.1. Let n > 0 and 0 < i < n. Let € > 0 be such that
(la| V |b])e < n. For fixed i and n, we denote by K; and K, the integers such that

Kin<  Hi(1) < (Ki+1)n,
Kon < Hy(iyn) < (K2+1)n.
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Similarly, let L; and Ly be integers such that
3 Lilen] <z < (L;+1)|en] such that Hy(i) =V (i—2z)—V(i),
3 Lolen] <y < (Ly+1)len] such that Hy(i,n) =V (i+y)—V(i).

7M(Z')+H1 (i)/\HQ (z,n)} < e(Kl/\K2+1))\nn.

Finally, el By our choice of ¢, we have for any integers
y y

kl) k:27 El) 627

P(K, =k, L1 =0) < ]P’(V(&Lenj)e[—(k1+2)nn,—(k1—1)nn]),

P(Ky= ko, Ly = 0s) < ]P(V (La]en]) € [(ka — V)nn, (ks + 2)nn]) .

By Cramér’s theorem (see [H] for example),
P(V(tilen)) € [~(ki + 2, (k= Dn] ) S exp (= len)(I(=1) = An))
IP’(V(EQ len]) € [(ka — 1)nn, (k2 + 2)7771]) < oexp ( —lylen](I(xq) — )\77))

—(k14+2)nm —(k1—1)nn
/1 \_EnJ ) /1 \_EnJ

if —xy is the point of [ } where [ reaches the minimum on this interval,

and x5 is the equivalent in [(]2221513]7", (]ZEZW] It yields that

E [ek[—M(i)—i—Hl (i)AH2 (un)]}

S max  exp ((k1 A ko) Angn — I(—x1)l |en] — I(x2)la|en] + 3Ann) |
k1,k2,01,42€D’

where D’ is the (finite) set of all possible values of (K7, K, L1, Ls). We note that

(k’l N k‘g))\?’jn — I(—IL‘l)fl LE’I’LJ — I(l‘g)fz LE’I’LJ
< (mlilen] A xoly|en))N — I(—xq1)li|en] — I(xo)ls|en| + 3Ann
< (L(\)+ 3 n)n

by (B). Finally, E[e*=MO+FH1OAHEm)] < en(LAF6M) o6 that, by equation (B11), m(n, \) <
e LNF6A) We let n tend to 0 to get that

lim sup 1 In(m(n,\)) < L()\).

n—~o0 n

Let A < A. By definition of A and equation (B.4), it implies that L(\) < q%’ so that we can
find r > ¢, such that ) om(n, \)r" < co. It means that A < .. Consequently, A < A.. [J

33



8.2 Proof of Lemma 3.2

Fix x1, x5 > 0. Write

. T2 . T - T1T2
1= 5 2 = P = .
T+ o T+ T T+ o

Let a > 100 and n = n(a) := | |. We have, by the strong Markov property, PYT_| AT, >

z

a) > PYT on < T1)PE "™ (T1yn) < Ty AT Tt follows by (BF), (BH) and (BI0) that

p(n,a) > E[efMusz)(l_e—Hluzan)AHauzan,n))“]

v

(1 —e_zn)“P<V(Lsz) < —on, M (|2in)) < 0>P<V(L22nJ 1) > zn)
> P(V(Lzlnj) < —on, M (|zin]) < O)P(V(Lzmj +1) > zn)

by our choice of n. Let k& > 0. Call 7 the first time when the walk (V' (7));>¢ reaches its
maximum on [0,k]. Let ¢ € [0,k] and for 0 < r < k — 1, X, := In(A;) where 7 := i +r
modulo k. We observe that

PVi<—zn,17=1i) < PXo+...+ X1 <—2n, Xo+...+X; <0V 0<j<k—-1)

= P(Vp < —2n, M; <0).
We obtain that P (V; < —zn, My, < 0) > =P (Vi < —2zn). Therefore, for any e > 0,
p(n,a) 2 P(V(Lzlnj) < —zn)P(V(LZQTLJ +1) > zn)
2 exp (n(—I(-2)z — I(@2)z — 2) )

by Cramér’s theorem. It yields that

¢ n
lim inf { sup M} > liminf M
a—0o0 £20 111(0,) a—00 ln(a)
In(q1) — I(—21)z1 — I(12)20 — 2¢
= . ]

Finally, by (B-2) and (B-5),

lim inf {supw} > =—-A.0O

a—00 n>0 ln(a)
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