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0 Notations and introduction

0.1 Notations

o (0 (50
dimensional Wiener process. ) = C ([0, oo[— ]R) is the space of continuous functions on
[0, o0, (Xt, t> 0) the coordinates process on this space, (.7-}, t> 0) its natural filtration
and (me € ]R) the family of Wiener measures on (Q,]—"oo), with P, (Xo = z) = 1.
When x = 0, we write simply P for Fj.

Foo = Vizo Fi, Pp(x € ]R)) denotes the canonical realisation of the one-

e We denote by (Lf ,t > 0,z € R) the jointly continuous family of the local times of
(Xt,t > 0). We denote (Lt,t > O) for (Lg,t > 0), the (continuous) local time process
at level 0 and by (Tl,l > 0) its right-continuous inverse :

n=inf{s > 0;Ly>1}  (1>0) (0.1)

e To ¢ a positive Radon measure on R, ¢ # 0, we associate the continuous additive
functional :

Al ::/Rqu(d:c) (0.2)

When ¢ admits a density with respect to Lebesgue measure, we keep the former notation
by still writing g for the density; we have :

At = [ atxas (0.3)

from the occupation density formula for Brownian motion.

Throughout the following, we shall assume that ¢ satisfies one of the three following hypothe-
ses :

H1. (The integrable case) / (1+ |z|) g(dz) < oo.
R

0
H2. (The left unilateral case) / (1 + |z]) g(dr) < oo and there exists a < 1 such that

—00

lim 22%¢® (z) > b > 0 where ¢(* denotes the absolutely continuous part of g.

r—00

oo
H3. (The right unilateral case) / (1 + |z]) ¢(dz) < oo and there exists a < 1 such that
0
lim |z**¢(z) > b> 0.

r——00

Of course, if the pair ((Xt, A, t > 0) satisfies H2 (resp. H3), then the pair ((—Xt, Al), t > 0)
satisfies H3 (resp. H2).



0.2 Introduction

0.2.1
In [RVY, I], we obtained the following results :

i) Under H1, H2 or H3, for any A > 0 :

q

Jim Vi E, [l = o (2) (0.4)
— 00
(Later, we shall give other presentations of ¢),).
ii) For any s > 0 and A; € F; :
E{1Ase(*%f‘?)]
lim

t=o0 E{e(—%f‘g)]

= QU (A,) (0.5)

where formula (0.5) induces a probability Q*?) on (Q, ]-'OO) (see [RVY,]I] for more details

about this penalisation result).

The first part of this work consists in :

e Using the result i) to obtain a limit theorem relative to the law of the additive functional
(A7,t > 0). This is the content of Theorem 1.1.

e Obtaining a penalisation result, which is more general than (0.5) i.e, by replacing the
exponential function z — e by a more general function. This is the content of

Theorem 1.5.

0.2.2

In Section 2 of this work, we study in detail the situation where ¢ = 1)_, ) i.¢,

Al = A; = f(f 1x,<ods. In particular, we prove a penalisation theorem for long Brownian
bridges : this is the content of Theorem 2.1

0.2.3

Section 3 of this work is devoted to the study of Feynman-Kac penalisation for long Brownian
bridges, which generalizes what we have done in [RVY,]I] for standard Brownian motion. This
is the content of Theorem 3.1.

To summarize, this work extends, in the above directions, our preceding work [RVY,I].



1 A local limit theorem for the laws of some Brownian additive

functionals and a penalisation result

1.1 A local limit theorem

Theorem 1.1. Let q satisfy one of the hypotheses H1, H2 or HS3, and let (A}, t > 0) be
defined by (02) (07’ (03)) Then, for every x € R, there exists a positive, c— finite measure
Vg, carried by Ry, such that :

V't P (Al € dz) b vz (dz) (1.1)

The convergence in (1.1) is understood in the following sense : for any function f : Ry — R4
Borel, and sub-exponential i.e. : there exist two positive constants C1 and Co such that :

0< flz) <Cre©®

then

t—o00

VEE, [f(AD)] — A f(2)va(dz)
+
The measure v, s characterized by :

/0 T e B, (dy) = prgla) (1.2)

1.2 Proof of Theorem 1.1

We first begin with some precisions, taken from [RVY, I], (see also S. Kotani, [K]) about ¢y,
which was defined from (0.3) but admits at least another characterization, namely :
g is the unique solution of the Sturm-Liouville equation :

¢"(dx) = Ap(x)q(dz) (1.3)

This equation is taken in the sense of Schwartz distributions, and subject to the following
boundary conditions :

Under H1.:  ¢/(+00) = —¢/(—0) = - (1.4)
Under H2.:  ¢/(—00) = —\/z and p(+00) =0 (1.5)
Under H3.:  ¢/(+00) = \/z and ¢(—o00) =0 (1.6)

Theorem 1.1. is now an immediate consequence of the next lemma.



Lemma 1.2. Under either of the hypotheses H1, H2, or H3, the function : X — pxg(x) (A > 0)
18, for any real x, completely monotone, i.e., it satisfies :

(1) 2 orgla) 2 0 (1.7

Consequently, there exists a positive, o-finite measure v, carried by Ry, such that :
)
oala) = [ e Fvala) (1.8)
0

We shall give two proofs for Lemma 1.2.

1.3 A first proof of Lemma 1.2

We define, for every f: R, — R and every real h # 0 :
fA+h) = f(N)

Dpf(N) = W (1.9)
A 4
For f(\) :=exp — §At, we get :
r Aln 1
n _ _Mire 2 — "

(D" (HN) =7 ()
and, hence for all h £ 0 :

(=1D)"(Dr)"(f)(A) = 0 (1.10)
Consequently, taking the expectation of the LHS in (1.10), we obtain :

VH(-1)"E, [(Dh)"<exp - ;Agﬂ >0 (1.11)
Hence, from (0.4) :

[ ]

V"B |(Dn)" (exp = 5 A7) | = (1) (D1)" (ag(@))
Thus :

(=1)"(Dn)" (eq(@))(A) = 0 (1.12)
Letting h — 0 in (1.12), and using the fact that : thh—éf’, we get :

(1 2 (prq(@)) 20 (1.13)

oan AT -



1.4 A second proof of Lemma 1.2

We shall only give this second proof under the hypothesis H1 and for z = 0. In [RVY, I],
Proposition 4.13, formula (4.43), we have obtained the following explicit formula for ¢,,(0) :

L [ 1,50 - (2) +
0) = — —A<Y, q >)- —A<Y, q" >
o0 = —= [ e —a < Vir>)- QP - A < V" >)
+QP(exp— A< Vg~ >)Q0 (exp— A < YV, g+ >)]dl (1.14)

where, in this formula (1.14), the process (Y, © > 0) is, under QZ(O), (resp. under Ql(z)), a
squared Bessel process with dimension 0, (resp. 2), starting from I, and we denote :

00 0
<Y,q" >:/ Yy q(dzx); <Y,q” >:/ Y_ . q(dz) (1.15)
0 —o00

It is then clear from (1.14) that : A — ¢)4(0) is the Laplace transform of a positive measure,
as an integral, with respect to the parameter [ of the product of two Laplace transforms of
positive measures (indexed by 1).

We shall now give some examples for which the measure v, may be computed explicitly. We
oo
recall that v, is characterized by : / 6_%Zl/z(dz) = prq(z) where py,(x) is given by
0
(1.3) ... (1.6).

1.5 Computation of v, for ¢(dy) = do(dy)

In this case, the hypothesis H1 is verified and A} = L, is the local time at level 0

org(@) = \/Z(iﬂm\) (cf [RVY, T, Ex. 4.8, p. 199-200)

_ /OOO 6_32(\/§IZ>odz + \/z|:c|50(dz)) (1.16)
Thus :
vy(dz) = \/Zl[ovoo](z)dz + \/Z|:U|5o(dz) (1.17)

1.6 Computation of v, for q(dy) = d,(dy) + d(dy) with (a < b)

In this case, the hypothesis HI is satisfied and A} = L¢ + L? where (L¢, t > 0) resp.
(LY, t > 0) denotes the local time at level a, resp. at level b. We know (see [RVY, I], Ex.



4.8, p. 199-200) that

()\+x—b> iz >b

Prq() = if € [a, b]

mmm

1
A
( +a—x) ifr<a

\f / e 3 dz+(m—b) eobd0(d2) + (a—x)1x<a50(dz)}

Hence :

vy (dz) = \/E{; Ljo,00[(2)dz + (x — b)Tdo(dz) + (a — x)+60(dz)}

1.7 Computation of v,, for ¢(y) = e%

t
In this case, the hypothesis H2 is satisfied and A} = / e?Xsds.
0

To begin with, we show :

(P/\q \/7K0 )\6

(1.18)

(1.19)

(1.20)

where K denotes the Bessel-Mc Donald function with index 0 (see [Leb], p. 108).

Let ¢(x \/7K0 VAe®). To check (1.20), it suffices to see that :
" 2z / 2
Vi) = AeTP(x), () — 0, P(z) —— —/—

Now (1.21) follows from (see [Leb], p. 110) :
1
K(/) = —Kl, —K{(z) = ;Kl(z) + K()(Z)

and
2 T 7\/X€I
W%zoo\[r (W>e —— 0 ([Leb], p.123)
2 N 2 ~ .1 2 2
—\/;ﬁe Ki(V)e )m_:v_oo—\/;fe 2 Frer T p

This proves (1.20). But, we also have :

1 & 2 dt
Ko(VAe?) = 2/ e*t*AT7 (cf [Leb], p. 119)
0

1 o0 _Au 2% du
= — e 2 2u ——
2 0 u

(1.21)

([Leb], p.111)



1 e dz
vy(dz) = NG e 2= 1jg oo[(2) ~ (1.22)

1.8 Computation of v, for gy(dz) = 1)_ g (x)dx

Here, it is the hypothesis H3 which is satisfied, and

t
A} :/O 1) oo,0)(Xs)ds

(law)

By scaling, one has, under Py : A t AY, and it is well known that under Py, AT follows

the arc sine law, i.e., the beta (%, 5) law. We shall recall the law of A7 under P, for any

x € R, (see Subsection 2.1 below), which will allow to obtain the following result :

2 1 =2 dz
vy(dz) = x+\/;50(dz) + e T 1[0700[(7:)% (1.23)

For the moment, we shall prove (1.23) without using the explicit law of A{°. For this purpose,
we already observe that :

Pago(7) = \/E{emﬁ\% <0 + <x + \%)1@0} (1.24)

Indeed we have :

2
90/;\(10 (.I) = A 1]*00,0] (‘T)SOAQ(‘T)? (plkqo (+OO) = \/;7 SOAQO(_OO) =0.

Then, it remains to see that :

| et = o (@) (1.25)

where v, is defined via (1.23) and ¢yq, () by (1.24). Now, for > 0, one has :

()
[t = a2l [T
= \/> 71T\/> I'(1/2) —x+\/> = pxg(T)
whereas for x < 0 :

A, 1 A, 22de 2 22\ 1/4
/0 e 2%y, (dz) = /0 e E == ;K1/2(|$’\/X) (7) (see [Leb], p. 119)

s

1/2
However, one has : K1/2(|x|\[\) = ( T ) e~ 1eIVA | Hence :

2|z| VA
RN 2 sx2\1/4 s 1/2 2 1
-5z N el o —lz| VX Y —lz|vVX _
/0 ¢ unlde) 7F<)\) <2|1:’ﬁ> ‘ T VA Pale)



1.9 Computation of v, when ¢(y) = 1i,4(y) (a <b)

t
The hypothesis H1 is satisfied and A7 = / Liq,5)(Xs) ds. We shall prove that :
0

2 n?(b—a)? .
= (@~ b)do(dz) + 7T\fl[m dz<1+2Ze = ) if 2> b

(a,b) _ 2 1 L n20-a)? .
vy (dz) \/;(a —x)0o(dz) + ?ﬁl[o,m[(z)dz (1 + 2; e 2= ) ifr<a (1.26)

(no—ariv-a)’ (no-arte—a)

ﬂ\lf i ( T =+ e‘#)l[om[(z)dz if = € [a, b]

Here, the explicit form of gpg\cf]’b) (x) is (see [RVY, I], Ex. 4.7, p. 199) :

(/2 1 .
ﬁ(ﬁtanh(ﬁbga) +x—b) =0
(ll,b) ) = g 1 +a— l') 1f €T a 127
#a (%) \[ﬂ(manh (Vs < 27
2 ( cosh (VX (z — =) :
T ( \[\(smhﬁ a)) el

It now remains to prove that :
/0 e~ 2 [ (dz) = {27 (2) (1.28)

where 4™ is defined via (1.26) and gog\o;’b) via (1.27). But, (1.28) follows, after some elemen-
tary computations from the identities, for every real u and v > 0 :

COSh(\/XU) _ Z /OO dh <€_ﬁ(h+(2n+l)v—u) + e—ﬁ(h+(2n+1)v+u)) (129)
ﬁsinh(ﬁv) —Jo
= > [ an /O 05 (i (ams1y0-u(5) + His o 1yosu(5)) e (130)
with
a 2 _1 8 a2
Ha — —a /4u _ e iu
(1) = s e o () (> 0)
Passing from (1.29) to (1.30) is obtained by using the elementary formula :
e e} oo a2
e~ Ve —/ e M H, (u)du —/ e M2 ~fdy (1.31)
0 0 2V ud



2
(Note that (1.31) is nothing else but a translation of : E(e_%T“) = exp(—Aa), where T,
denotes the hitting time of level ¢ > 0 by Brownian motion starting from 0, and H, is the
density of T%)

We now show (1.29).

cosh (ﬁu)
VAsinh (ﬁv)

1+ e~ 2V u

~VA(v—u)
1 — 2V

e

e—ﬁ(v—u)(l + 6—2\5u> (i e—2nﬁv>

{
{

e*ﬁ{v7u+2m}} + i e*\/X{Z(U‘FTL’U)‘F(’U*’U,)}}

n=0

(e—ﬁ((2n+1)u—u) n e—ﬁ(u+(2n+1)u))}

M8

Il
o

n

1

3

e—\/Xh{ i e—\/X((Qn—‘rl)U—u) + e—ﬁ(u—i—(Qn—i—l)v) }dh

s 5 8- Sl s 8-

n=0
= Z/OO (e‘ﬁ(h+(2n+1>v—“) + e‘ﬁ(“&"“)wu)) dh.
n=0"0

Remark 1.9

(i) If in formula (1.26), we take : b =0, and we let a tend to —oco, we obtain :

2 1
—x100(dz) + —=1jgoof(2)dz  if x>0
lim 1*0(dz) = \/1; L TV (1.32)

e” 2 Lo oo[(2)dz ifx<0

T\ 2

We note that the RHS of (1.32) is nothing else but the measure v, associated with
q0(Y) = 1)—00,0] (see (1.23)). This may be interpreted as ”a continuity property” of ¢*?,
as a — —00.

(ii) In the same spirit, but taking up now the computation from subsection 1.9, where we

1
choose for ¢ the function : ¢(9(y) = % li—c+¢(y), we have :
c

/0 e E V9 (dz) — ; ef%yx(dz) = \/E (; + |m]> (1.33)

where v, is the measure associated to ¢(dz) = §y(dz) (see (1.16)). In other terms, since :

1 t
% / L_¢q(Xs)ds —0>Lt a.s., we witness there also a ”continuity property of yg(cc) as
Cc Jo c—

¢ — 0”. Let us show (1.33) for z = 0 ; from (1.27) :

/Oo e*%u(c)(dZ) = 2 cosh (\/% C) - \/5 g
0 0 o ™ by sinh(\/;-c) c—0 T A

2c

10



and for x # 0, and ¢ small enough, we obtain from (1.27) that :

e ey v R S

2c

1.10 Computation of v, when ¢(y) = 1 [(y)y*, o >0

t
The hypothesis H2 is satisfied, and we have : A} = / 1(x,>0) X5 ds.

0
We now show the existence of a constant C,, > 0 such that :

Ca
w(dz) = Y 1[0’00[(z)dz (1.34)

z 24«

Indeed, thanks to the scaling property, we have :

Eo (e_% fot 1xg>0X§ ds) _ EO (e(_% tl*"‘/QAg))
= FEy (exp< — }Aqi >) (1.35)
2 A2+at

Thus, multiplying (1.35) by v/t and letting ¢ tend to 400, we obtain :

1 1 * _a, dz
%\q(o):j@l-q(g): 1 C/a:Ca/O € QZﬁ

AZ+a AZHa 2ota
The same computations, performed this time with = # 0, lead to :

1 IR 1 A
Prg(®) = — p1g(2A7), Lo vp = —— vV,
A 2+a A2+a xA2to

where v is the image of v by the application z — \z.
Question 1.4
We know (see [R,Y], chap. X) that, if ¢ is an integrable function, then :

\}Z/Ot q(x+Xs)dsti—v;>o </Q(x+y)dy)!N| = (/q(y)dy)]M (1.36)

where N is a standard Gaussian variable, and on the LHS of (1.36), (X5, s > 0) is a Brownian

motion starting from 0. Let g denote the density of the r.v. g|N| with § = [ ¢(y)dy that is :

z2
9(z) = 2\/?2@21[0,00[(2)

11



Let us now consider the supplementary hypothesis H , which seems reasonable enough in

1 t
view of (1.36) that the density g.(z,-) of the r.v. \/i/ q(x + Xg) ds converges, as t — o0,
0

uniformly on every compact, towards g.
However, this would imply that, for every function h, which is continuous with compact
support, one would have :

q
VEE[h(A)] = \/EEx[h(fj%«/i)}
= \/i/oooh(z\/i)gt(x,z)dz

= /OOO h(y)gt (:v %)dy hawd /Ooo h(y)g(0)dy

But, from Theorem 1.1., we know that :

t—o0

VtE, [h(A])] — /R h(z)ve(dz)

Thus, this would imply that the measure v, (dz) would be equal to :

1 2
! \[T g (1.37)

so that, the measure v, would not depend on x, and would be proportional to Lebesgue
measure on R;. But clearly, this is not the case for either of the examples in subsections 1.4
to 1.9. Consequently, the hypothesis H is not satisfied for the corresponding ¢ ’s. It would
be of interest to know for which ¢ ’s, if any, it is satisfied.

1.11 Penalisation by h(Af)

Let ¢ satisfy one of the previous hypotheses H1, H2 or H3, and denote, as before :
t
Al = /qu(dw)( = / q(Xs)ds if ¢ admits a density). Let now h : Ry — R4 such
R 0
that :

VEIE, [h(A?)] — /0  h)a(dz) (1.38)

t—o0

Then, (1.38) is satisfied, from Theorem 1.1., as soon as h is sub-exponential (for example
if h is continuous, with compact support). We shall now study the penalisation of Wiener
measure by the functional h(A7), i.e. : we shall study the limit, as ¢ — oo, of :

£, (h(A7) (s >0, Ay € F) (1.39)

We have already made this study in two situations :

1) q(dy) = do(dy) then A =1L, (cf [RVY, ]) ;

2) Al = /RL% q(dy) and h(u) = exp( — %u) (cf [RVY, T]).

12



This time, Theorem 1.1. allows us to obtain :
Theorem 1.5. : Let g, A? and h as above. Then :
1) For every s > 0, and every Ag € F; :

Ex (1a, h(A7))

im ——>— "~ exists (1.40)
t—oo  E,(h(A]))

2) This limit equals Ey(1x, M) := QM4(A,), where

/ vy (dz) h(z + A7)
Ry

M .= (1.41)
[ vt ne)
Ry
Furthermore,(M{™, s > 0) is a positive martingale. In the case when h(u) == e~ 2% (u, A > 0),
we then obtain :
X A
pha — P2aXs) exp( 2 Ag) (1.42)
Paq(T) 2

Proof of Theorem 1.5.
We have :

Ey(1a, h(AD) _ Eo(1aBy(h(a+ A7)
B, (h(AD)) E,(h(A}))

from the Markov property, where b = X, and a = A%. Thus, from Theorem 1.1. :

B (na) ~ 7 | °°um<dz>h<z>

and  Ep(h(a+ Af_ ))t_mm

yb (dz)h(a + 2)

Be(la MAD) Vi By (1, fp, vx.(d2)h(z + AD))
E.(h(A]) = Vi Je, h)wa(d2)
— B, (1p,M™M9)

t—o00

In the preceding lines, we have been a little careless concerning the exchange of limit and
expectation. Likewise, although it is easy to see that (Mé1 s > 0) is a local martingale,
some care is needed in order to show that it is a true martingale. However, all this is correct
as soon as h is sub-exponential. We leave details to the reader.

13



t
2 A detailed study for ¢y = Ij_ g, 4; = / l(x,<0)ds
0

Throughout this section, we choose go = 1)_ g} Thus, the hypothesis H3 is now satisfied.
We shall study this situation in detail, which we are able to do as we know (see [Y]) the

t
law of AP = / q0(Xs)ds under Py, for every real o (see (2.5) and (2.7) below). We shall,
0

successively :

- compute explicitly the measure v, starting from the knowledge of the law of A and we
shall recover the result of subsection 1.8 above ;

- study the penalisation, not only of the process (Xy, t > 0) by h(A{), but also the penalisa-
tion of the "long bridges” by this functional ;

- describe precisely the behavior of the canonical process under the probability Q"% where
Q"% is defined via :

QMP(As) = E(1y,MP™®) (520, As € Fy) (2.1)

2.1 The law of A; and the computation of v,

To simplify notation, we denote :

t t
At_ :/ 1(Xs<0) dS:/ qO(XS)dS (2.2)
0 0

We recall the following result, which is found in [Y]. For any f : [0,1] — R4, Borel, sub-
exponential (see Theorem 1.1) and any y > 0 :

Ebp(ély&<mw)k=élw¢if_ufzﬁfuo+fu>¢2[fe‘fmx (23

whereas, for any y < 0, we use :

1 1 1
law law
/0 1(x,<y) ds a:/o L(x,5_yds = 1—/0 1(x,<—y)ds (2.4)

and by the scaling property :

oo [ 1oncos)]
= £ a0) = B ([ 1nents)) = Bo(r(t [ 1)

hence, from (2.3) and (2.4), if 2 <0 :

. = tidv efg v g v 670‘72 o
mlun) = [ s+ sy [*eta (25)
S 0 (26

~ B —— — e 2
t—oo m/t Jo VU

14



whereas, if x > 0 :

: = 2 %6_% o tidv 6_% v
Bl = sonf2 [T et [ T W 2.1)

Vi a2 1 * dv
- 4+ 2.8
t—>oo \/7/ da 7T\/ \[ ( ) ( )
. ) * dv
Thus, we obtain, for f: Ry — Ry, Borel, sub-exponential (and then / % flv) < oo)
0

\/E t_)oo/f Yz (dz)

with

2 1 =2 dz
vp(dz) = x4 %50(dz) + —eE 1[0’m[(z)$

which is precisely (1.23).

2.2 Penalisation by h(4;). A study of ”long bridges” and of the Q"—process

We recall that, from (2.5), the density of A, under P, which we denote by p A equals :

pa-(y) = 11 10,(y) (: the arc sine law). (2.9)

¢ Tyt —y)

Throughout the following, h denotes a function from R to Ry such that :

< dy
h(y) < oo
o V¥
and we assume, without loss of generality, that :
* dy
h(y) =1 (2.10)
o VY
Theorem 2.1

1) For every s > 0 and every Ag € Fs :
lim Eo(1y, |47 = a) = QW (A) (2.11)

with

2 1
@A) = \/> O Fo(1a. XT|AD =
Q (s) ﬂ_m O(As s‘ s CL)

a _(xa)?
+ E[1AS,/J1(A;<@6 o= | (2.12)
S

(recall that X =0V Xy, Xo = —(Xs A0) and A7 = / 1, <0 du)
0
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2) For every function h which satisfies (2.10), for every s > 0 and any As € F; :

Eo(1p h(A;
O E(1y,MP) (2.13)
t—o00 EO (h(At ))
where (M!, s > 0) is the positive martingale given by :

A P A 1) (2.14)
0o VY

M = Vor X h(A]) +

(note that Ml =1).

3) Formula (2.13) induces a probability Q" on (Q, Fuo), which admits the following disinte-
gration :

Q (M) = /Ooo QW (A) h(f? da (A€ Fy) (2.15)

where Q) is given by (2.12).
4) Under Q", the canonical process (Xt, t> 0) satisfies :

i) A is finite a.s., and admits as density h\([y) Ly>o0 (2.16)
Yy
i1) letg=inf{t; A, = A} =sup{t; X; <0} (2.17)

Then Q"(g < 00) =1

i11) the processes (X, t < g) and (Xgyq¢, t > 0) are independent ;

iv) the process (Xg4¢, t > 0) is a 3-dimensional Bessel process starting from 0.

Moreover, while proving Theorem 2.1, we shall give a precise description of the process
(Xi;t<g)

2.3 Proof of Theorem 2.1

2.3.1 Proof of point 1) in Theorem 2.1

For this purpose, we choose a function h, which is Borel, positive, and satisfies (2.10).
We first write :

Eo(1a.h(A7)) = /0 Bo(1a, |47 = a)p,y—(a)h(a)da (2.18)

Then, conditioning with respect to Fs, we obtain :

Eo(1ah(A])) = Eg(lAS Eo <h(a + /Ots 1(xuema) du))) (2.19)
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with @ = A7 and x = X;. Using now (2.5) and (2.6), we obtain :

Eo(1a.h(4;))
t—s dv

- Eo(lAsngO(( 0 W\/me 2“h(a+0))+h(a+t—s)w<%>)>

x t=s dv =
+FEo(1p.1z50h — | + 20t=s—v) h(a + 2.20
0( As >0|: (a)¢<m> 0 ﬂ_\/m € (a U>:|> ( )
= (1) + (2) (2.21)
T Vi a2 2z
) = < il -5
where Tﬂ(\[) P ]N] \/7/ ol ey
We now study successively ( ¢ and . We rewrite (1); in the form :
(1):
s t—s dv _ﬁ
= / P45 (a)da Eg (1A51Xs<0 (/ e” 2 h(a+v)
o 0o m/u(t—s—v)

+h(a+t—s)zp(\/|f%))]As :a)

t—s d’U v+s X2
/ / dapAf(a—U)E0(1A51XS<067W|A; :a—v)h(a)
0o my/u(t—s—v) Ju °

+/ttspAs(a+ s— t)E0(1A51X5<0¢<\/‘)i) ‘A* —a+s—t)h(a)da  (2.22)
Similarly :
(2)¢
= /OS ps-(a) Eo (IAS 1XS>01/)(\/‘;X%’S> ’As_ = a) h(a)da (2.23)
o Lo [ Wd_—_) Bo(la L0674 =i+ 1)
= /OSpA (a )Eo(lA 1x, >ow()ﬂ>\z4— = )h(a)da (2.24)

t—s dv x2
—i—/ / ps-(a—v) Ey <1As 1x,s0€e 20==v)
0 m/u(t—s—v)Jo s

Then, comparing (2.18), (2.22), (2.24) and identifying the ”coefficient of h(a)”, it follows
that :

Ay =a— v)h(a)da

EO(lAs‘At_ = a) = (i)t + (é)t

17



(1)
1 t=s dv x2
= — 1 7a—vE(1Asl . efﬁfrza—v)
pAt_ (a) 0 - U(t— . —’U) v<a<v+spAS ( ) 0 Xs<0 s
+71 1t—s<a<tpA7<a+S—t)E0(1A51X5<0¢< X | )!A;:a—i-s—t)
pA;(a) ° Vit —s

2
v pA*(w)1%41A61Xg<06_55235\A;'::w)du

S
—
t—o0 /(]\/a—w s

x3
= EO(lAS Ix,<0e 2e=4s) _va 1A;<a> (2.25)

va-—Ag

Ljg,q(a). Similarly, one has :

1

snce - (0) = —

(2
pA*(a) | Xs] _
= AT Bo(1all ( ) AT = )
pAt_ (a) a<s 0( AS XS>0/l/} t — ‘ s a
1 t=s dv . -
+/ 1 —(a—v) Eyg(1a,1x,50e 20¢—s—v) A_:a—v)
Pa- @) Jo v<a<v+sﬂ_ i—s—0) D 4; ( ) 0( Xs>0 s

—

la<s 2 +14- — a
t—00 s—a Vm Eo <1ASXS ‘AS o a) T E0<1AS Lx,>0 m 1As_<a)

Hence, point 1 of Theorem 2.1 follows.

2.3.2 Proof of point 2 in Theorem 2.1

In fact, this point has already been shown while proving Theorem 1.5. With the help of the
form (1.41) of M" and the explicit computation of v, (see formula (1.23)), we obtain :

00 - 00 B 2 1 —<X2;)2 dy
e / AT ) / s +) x5 2oty + Lo i)
S 0 1 - dy
[t i) N
_ s _ & @6_(?@)2 3
= V2r X, h(As)+/0 7 h(A; +) (2.26)

Now, clearly, this point 1 of Theorem 2.1 which we just proved implies also point 2 of the
same Theorem 2.1. Indeed, we have :

Eo(1a,h(A7)) /OEO(lASIA?:a) h(a) p,-(a)da

Eo(h(A;)) /0 h(a) pA; (a)da

18



From the above point 1, and with the help of the explicit form of p A;(a) as given by (2.9)
the above quantity converges, as t — oo, towards :

L QA )h(a)
0 \f @A \da
[ - [T M2 g (2.27)
0 va

o0
since we assumed : /
0

It now remains to compute :
ooh(a) () \/5/5 1 _
——= QY (As)da = — —————— Ey(1A. X |A; = a)h(a)da 2.28
| EEewm) L) T XA = ) (225)

 h(a) a o xa)?
+/0 ﬁE()(lAS\/; Lysca€ 2040 )da (from (2.12))

= \/ﬁ/sp/‘s_(a) Eo(1p,XS|A; = a) h(a)da

—\2
/ L Eo 1p,e -5 h(Ay +y))

(after the change of variable a — A, = y)

s

_ e )2 dy
= Vo (1 X)) [ B (e R )
= Eo(1a, M) (from (2.14)) (2.29)

We now remark that point 3 in Theorem 2.1 states precisely formula (2.29) we just established.

2.3.3 Proofs of points 4i) and 4ii) in Theorem 2.1

a) From formula (2.15) and from Doob’s optional sampling theorem, we deduce :

QAL >a)=EM!], witho, :=inf{t; A, >a} (2.30)
But :
h ® dy _Xop)®
M} = V2rh(a) X} —|—/ —e 2 h(a+y)
o VY
0 dy _ (X5)?
— Y e hla+vy) since X;’a =0
o V¥

We recall that the process (X,

0. 5 @ > 0) is distributed as the reflecting Brownian motion
(]Xa], a > 0) where (X, a > 0) is a standard Brownian motion starting from 0 (see, e.g.,

[K.S], Th. 3.1, p. 419). Hence, we obtain :

o) - [
b

X2

y)E(e” 21/)

%\@ 3\@

Y _ o] dy . B Oodl
y+a—/0 il *”‘/a Lh
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b) We now remark that it is easy to recover the law of A under Q" from points 1 and
2 in Theorem 2.1. We may already prove that, under Q(®, one has AL = a a.s. Indeed, this
follows from :

2 1
if b @(A7 >b) = (/= =L By(x7 A7 =
i o> a, Q ( s >> Wm 0( A >b‘ )

a _ (X;>_
+ E0<1/m1b<14;<a6 2(“_‘43)):0

Hence, passing to the limit as s — oo, if b>a : Q*(A, >b) =0
On the other hand, it is clear that Eo(lAS_<a|A; =a) =1 (t> s), hence, passing to the
limit as t — oo, and then, letting s — 0o we obtain :

QWAL <a)=1

Finally, from (2.15), we get :

e _ [T M) @) 4- oo [ @)
Q"(A <) /0 Qs < bya /Oﬁd.

2.3.4 Computation of Azéma’s supermartingale Z; := Q"(g > t|F)

Our proof of points 4iii) and 4iv) in Theorem 2.1 is based on the theory of enlargements
of filtration (cf [J] or [JY]). In order to apply this theory, we need to calculate Azéma’s
supermartingale Q"(g > t|F;). We start with this computation.

Let g=inf{t>0; A, = A} =sup{t >0; X; <0} (2.31)

Lemma 2.2 The following explicit formula holds :

jl; h(A; +v)

M}

= Q" (g9 > t|F) = Lix,<0) + L(x,50) = (2.32)

Proof of Lemma 2.2 We note that, for A; € F; :
Q"(1g>11a,) = Q"(1a,1x,<0) + Q"(1n,1x,501d, <o0)

(Where d; denotes the first return time to 0 after time ¢)

= Qh<1/\tlxt<0) + E(lAtlxt>0M(§lt))

We have :
- > dv
MCZ =27 h(Adt)X+ + \f h(Ag, +v) = NG h(A; +v) (from (2.14))
0 0
since X4, =0 and Ay, = A, on the set (Xt > O).
Hence :
*d
ﬁ h(A; +w)
Q"(1g5114,) = Q" <1At <1Xt<0 +1x,50 2 G >>
t

This proves (2.32) and Lemma 2.2.
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2.3.5 Proof of Q"(g < o0) =1
We deduce from (2.32) that :

Qly<t] = 1-Qlg>1
= 1- E[1Xt<0Mth + x>0 ; f h(Ay + U)}
= Ver B[X;h(A))]

(from (2.26) and since (Mt ,t>0) is a martingale s.t. E(M]') = 1)

/ h(A from Ito-Tanaka formula

— ;TE(/O h(AS)dL) gE(/OOO h(a)dLga>

(where (0,4, a > 0) denotes the right continuous inverse of (4; ,t > 0))

. gE(/OOOh(a)dLa>

a > 0) is distributed as (| X4|, a > 0; cf point a) of Subsection 2.3.3)

- [ [

Oq’

(since (X,

since E(L,) = /a - \/>

2.3.6 Description of the canonical process (X;, t > 0) under Q"

For this purpose, we shall use the technique of enlargement of filtrations. Thus, let (G, t > 0)
denote the smallest filtration which makes g a (G; t > 0) stopping time, and which contains
(Fi, t>0).

The application of Girsanov’s Theorem and (2.14) imply the existence of a (F;, Q") Brownian
motion (B, ¢t > 0) such that, under Q" :

t1 _ ® dw _(x5)? _ _
Xt:5t+/o w{\/27rh(z45)1x5>o—(/0 e T h(A +w)) X; }ds (2.33)

We now apply the enlargement formulae (cf [J], [JY], [MY]). We first observe that :

jl/lﬁ h(A; 4+ w)
Az, = —22 e (V2r h(A7 )1x,50 dX;) + dV; (2.34)

where (V;,t > 0) has bounded variations and therefore :

j‘i h(A; + w)
d < Z, X >i= — 0 (Mh) V 2 h(At_) 1(Xt>0)dt (235)
t
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Thus, there exists a ((gt, t>0), Qh) Brownian motion (Bt, t > 0) such that :

iX, — dBﬁih{mh(A;)lM— (/OOOUC)ZU/Q i hAT +w)) X bt
+1t<g[ Jo = d“’(]\f;;)l +w) (V21 (A7) 1x,50) - = 24; +w)]dt
_1t>g[ Jo % dw(]\;;; + w) (V2m h(A7) 1x,50) - mhﬁww}d’f
This yields, after some simplifications :
thﬁt—/ot/\gj\zl</ooo1%e S A +w)) XS ds+ t:gf{i (2.36)

since, after g, X, = 0, hence X,” = X;.
Points 4 iii) and iv) now follow immediately from (2.36).

Remark 2.3 When h(z) = e E (A >0, x > 0), the equation (2.36) simplifies as :

ds+ | 22 (2.37)
Niv2r X — /X7 tng Xs

This formula (2.37) follows from :

oo -2 —)2\ —-1/4
/ L T <(Xs) ) / 2Ky ;5(VAX])
0

- thg VX2 b ods
X =i~ |
0

w3/2 A
® dw _xD? ay, X7)2\+1/4 _
/0 w1/26 2w 2 dw:<( )\) ) 2K1/2(\/XXS)

NI

and from : K_%(z) = K%(z) = (1)

5 e ? ([Leb], p. 112 and p. 119).
z

2.3.7 Markovian limit process

Theorem 2.1 shows that the process (X, t > 0) is not Markovian under Q", whereas the
2-dimensional process ((X;, A; ), ¢t > 0) is Markovian.

Indeed, g is not a (F;, t > 0) stopping time and the dynamics of (X;) is not the same before
and after g. On the other hand, we know (see [RVY, I]) that if h(z) := e 27 Nz > 0),
then the Q"-process is Markovian. It is the diffusion with infinitesimal generator L" :

/

@) =5 '@+ S @f @, fec

2

where ¢ denotes the unique solution of ¢” = Ap, p(—00) =0 ; ¢'(+00) = \[ In this case,
™

the solution of this equation (see (1.24)) takes the explicit form :

pa(z) = \/z{e”“ﬁ \15 a<o+ (m + \%)1”0} (2.38)
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Under Q", we obtain :

X; = Bt—l—/ +7 (compare with (2.37)) (2.39)
Xu + 7%

where (By, t > 0) is a ((F, t > 0), Q") Brownian motion. The martingale (M, s > 0) is
equal to :

)\ S
M;l = pa(Xs) exp< — 2/0 L_00,0] (Xu) du) (2.40)

This example motivated us to raise the question : which are the functions k such that the Q"
process is Markovian ? The answer is given by the following :

Proposition 2.4 : Let h be reqular, bounded, satisfying equation (2.10) i.e, foo dy h (y) =1
and such that the process (X, t > 0) is Markov under Q". Then, there exists A > 0 such that

W) = /e 3 (> 0).

Proof of Proposition 2.4

To answer this question, we come back to equation (2.33). The problem is to find under which
conditions the drift term :

* dw (x;)?

V21 (A7) 1x,50 — (/0 e (A + w)> X,
_ *dw X >2
V21 h(4; )X;’Jr/ v h(A; +w)
0

w1/2

(2.41)

does not depend on A, . Considering this expression when X; < 0, the problem amounts to
study the functions h for which :

© d o2
a:/o wTU/JQ e 2wh(a+ w)
Y = k(x) (2.42)
/O m eiﬁh(a + 'U})
does not depend on a. (2.42) may be written : 82 log(6(z,a)) = —k(z) where we have
x

dw
denoted : 0(z,a) := / —e 2wh(a+ w).
A /w

Hence, by integration we obtain the existence of two functions ¢ and o such that :

* 22
e 2vh(a+w)dw = ¢i(a T 2.43
| = e b+ w)duw = (@ (243)
Letting © — 0 in (2.43), we obtain h(a) = ¢1(a)p2(0). Note that the LHS in (2.43) writes

1
E(h(a+Ty)), where (T, z > 0) is the i—stable subordinator of Brownian first hitting times.

Hence we have :

E[Ma+T;)] = Pu(h)(a) = E[p1(a + Tr)2(0)] = p1(a)e2(0) (2.44)
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where (Py,z > 0) denotes the semi-group associated with the subordinator (7, =z > 0),
2 (1

whose infinitesimal generator is (W) ?. In other terms, from (2.43), we get :
x
Prpi(a) = £2(2) ¢1(a) (2.45)
©2(0)
2
1 is an eigenfunction of P, and consequently an eigenfunction of 922 1 being positive
x

and bounded : ¢1(a) = ce 2% (a,A>0) and h(a) = c e~ 2%,(0) = ¢’ ¢~ 3%

3 A local limit theorem for a class of additive functionals

of the ”long Brownian bridges”

3.1 Statement of Theorem 3.1

In this section, our aim is to obtain results similar to those in Section 1, but, now, Brownian
motion (Xg, s > 0) is being replaced by the Brownian bridge with length ¢, with ¢ — co. ¢
denotes a function from R to R, which is Borel, and such that :

0< / (1+2?) g(z) dr < . 3.1)
We let
t
A9 ;:/ ¢(X) ds 52
0
Theorem 3.1
1) For every x and y € R, and 1 >0 :
E(exp(—ﬁ tq(X)ds)‘X:y) ~ EM (3.3)
’ 2 0 ° ¢ t—oo 2 t .

where .4 denotes the unique solution of :

. , 2
¢ = (ng) -, lim () == lim ¢'(z) =4/~ (34)
2) tlip& t Py (A € dz| Xy = y) = vp x 1y (d2) (3.5)

where v, and vy have been defined in Theorem 1.1. The convergence in (3.5) has the same
meaning as in Theorem 1.1.

3.2 Proof of Theorem 3.1

Without loss of generality, we shall assume that p = 1.
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3.2.1 An auxiliary lemma

Lemma 3.2 There exists a constant C > 0, depending only on q, such that :

Ex<exp<—;/ot (Xs) ds)|Xt—y> el = (H“””l')flt”y') (3.6)

3.2.2 Proof of lemma 3.2

1) As an intermediary result, we already show that :

Egc(exp(—;/ot (X, ds)|Xt - y) <ol TE (3.7)

for a constant C which does not depend on z, v, t.
To prove (3.7), we condition with respect to X; /2, and we get :

E, (exp( - % /Ot q(Xs) ds) |Xt = y) e_(ng) \ﬁ/ exp t/ngt/Z = c)

1 (m—c)2 c)2 (y—c)
Ee(exp = SAL,| X, =y) e 05 g (3.8)
In (3.8), we majorize E,. (exp t/Q\Xt/Q > by 1, and we get :
1 q _(@—y)? _@=a)?
E, (exp — §At | X = y) e 2t < \/» exp t/Q\Xt/g = c) e 2t/2 dc
1+ |z
q
< Ex<exp At/2) <C NiEw
from Lemma 4.3 in [RVY, I]. Thus, we have obtained (3.7).
2) Then, plugging the estimate (3.7) in (3.8), we obtain :
_(:c—c)2

N

1 e C(1+yl) [ 1 e
E, (exp( _ 5 Ag) ‘Xt = y> < e 5t E/ﬁ’t‘)/ b, <eXp - §A§/2|Xt/2 = C) TW de
—00
Ct]e) (L+1yl) ww?
= 11t

since :

Ec<exp — %Ag/Q\Xt/Q = y) =k, (exp — %Ag/2|Xt/2 = c)

and
w2 C(1+yl) o? (14 [y]) (1 +|z])
e 2t 17_’_tE$(e 7At/2’Xt/2—C> <6 2t C 1+t

by applying once again Lemma 4.3 in [RVY, I].
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3.2.3 Another auxiliary lemma

1
Lemma 3.3 Let Z(t,x,y) := E, (exp - §A3\Xt = y). We also denote by  Ul(t,z,y) the

solution of :

ou 1 0%°U 1
e (t,z,y) — 2 92 (t,z,y) + 3 Ut z,y) q(z) =0 (3.9)
U(O>.>y) = 5y
a2
Then : Z(t,x,y):\/Zm‘e( 2 Ul(t,x,y).

In particular, it follows from Lemma 3.2, that :

(T4 |z)) (1 + |yl)
(14 ¢)3/2

Ult,z,y) < C (t>1) (3.10)

3.2.4 Proof of Lemma 3.3

We know that, for every regular function f :

zZI(t,x) = E, {exp( - %Ag) f(Xt)]
is solution of :

oz 19*z7 1
or 5 a2 T2l a=0, Z7(0.2) = f(x) (3.11)

It suffices, in order to obtain Lemma 3.3, to write :

1
E,.|(exp( — = Ag fs(Xt)
Z(t,2,y) = lim { ]ng(ﬁa(X?))) |

where f; is a family of functions which converges weakly towards d,, and to use (3.11).

3.2.5 We define, for every )\ > 0

A(A,x,y):/ e MU (t, 2, y) dt (3.12)
0

Since Z(t,x,y) is a decreasing function of ¢, we deduce the following equivalences from the
Tauberian theorem :

' T ©q(%)eq(y)
i) Ztwy) ~ oo
B VT ©q(2)pq(y)
i) Ult,z,y), ~ 22 32
1

|0 0 1
i) [gy AC T = g AD29) s p()eu) (3.13)

26



We shall now show (3.13). We already deduce from Lemmas 3.2 and 3.3 that :

)l\iil% A\ x,y) = /000 U(t,z,y)dt < oo (3.14)
Ary) < O (1 fal) (1 + ) (3.15)
i A\ y)‘ < % (1+]z)(1+|yl) (3.16)

0
To prove (3.13) we shall show that : ¢ (z,y) := ;m%ﬁa A(N, x,y) satisfies the Sturm-

Liouville equation (for any fixed y) :

2
922 ¥ =1 q, with adequate limit conditions in x = Fo0 (3.17)
x

3.2.6 We get, from (3.9)

Ut = = e = [as [© T )a()a (3.18)
, X, (s, 2 z .
Y V2rt A /27r t—s) )
Thus, after taking the Laplace transform in the variable ¢ of the two sides of (3.18), we obtain :
1 o

A()\,az,y) :gx(ib,y) - 2/ g/\(ZL‘,Z) A(sz7y) Q(Z)d’z (319)

where gy denotes the density of the resolvent kernel of Brownian motion :
_ —jz—z|V2A
x,2) = e

g/\( ) \/ﬁ

We write (3.19) in the form :
1

A a,y) = Gald, = 5 (A 0.9 a(e)] (@) (3:20)
with for any Radon measure u(dz) :

G (x) == / gr(z, z) p(dz) (3.21)

2
and we use the resolvent equation : 922 Gy = —2u + 2)\Gy p, to obtain :
x
82
92 ANz, y) =20 A\, 2, y) — [26, — AN, 2, y) q(2)) (3.22)

As a consequence, differentiating with respect to ), then multiplying by v/, we obtain :

0? 0A 0A 3204
s (VASE Ovaa) = VA SE v a,9) o) = 2VA A 2,) + 207258 (A ) (3.23)
Hence, from (3.16) and (3.15), and denoting A(\, z,y) := VA %;\1 (A, z,y), it follows that :

‘8 5 /\ x y)) A()\,x,y) q(x)’ < C\F)\(l + |ac]) (1 + \y!) (A —0) (3.24)

(3.24) is the first step to prove that g(/\,:):,y) converges, as A — 0, to a solution of the
Sturm-Liouville equation (3.17).
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3.2.7 We now examine the limit conditions in x = +0

We come back to equation (3.19) which we differentiate with respect to A, then we multiply
by A :

Vi) = =5 Ay 5 [ eIV 5] (3,d) - A 210) a(a)dz)
_\}i 7ooe*‘xfz“/ﬁ/~l(A,x,z)q(z)dz (3.25)

From (3.16) and (3.14), respectively we deduce that :
\Ag()\, x,y) /\—60 and A(M\,z,y) convergesas A — 0.

hence, from (3.25), since / (1+2%)q(dz) < oo :
lim e~le =2l mﬁ()\,x, z)q(z)dz exists. (3.26)

A—0 J_

On the other hand, differentiating (3.25) with respect to x, we obtain :

A B 1 [* - o _
) = S22 [ e RO gt [ eI 2 ) gz} (327

Ox oxr 2 -
with
B _2%{14 + /_OO el VIR (AN, 2, y) q(2)dz — 5, (d2) (3.28)
We deduce from (3.27), (3.26) and (3.28) that :
. 0 ~ . 0 ~

(cf [RVY, I], p. 194-197 for similar computations). Thus, from the equivalence between i),
ii) and iii) which we recalled in (3.13), we get :

1 _ Y(x,y)
E, [exp - 2/0 g(Xy)ds| X, = y] R (3.30)
where 1 is solution to :
%Y L L
2 @ y) = v,y e(x), lim —(z,y)=— lim —-(z,y)=C(y) (3.31)

Thus, from the definition of ¢, (see(3.4)), we get :

™

U@, y) = Cy)y/ 5 #ql2)

Now, since Z(t,x,y) is symmetric in x and y :

P(2,y) = Kog(x)eq(y) (3.32)
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It remains to determine the value of K For this purpose, we write :

o) = B (e = 3 [ dsa(x0)) )

1
(since ¢q(Xy) exp( b Ag), ¢t >0 is a martingale)

(z—y)?
> 1 e 2t
= Ey(exp(— = AN | X, = y) ———
/OO (exp( = 5 AT [Xe = y) — = wa(y)dy
. _a—y?
©q(2)pq(y) e 2

~ K A
K ; ©q(y) o

_ KSth(:E) Ez(S(Jg(Xt)) - K ¢4() %t

t—o0 t

2 2
since @q(2) ~ \/7 |z|. Hence K— =1, that is : K = T
|z|] 200 V T 7T 2
Thus, we have obtained point 1 of Theorem 3.1.

3.2.8 Point 2 of Theorem 3.1 may be proven

with the help of (3.3), exactly as Theorem 1.1.

Remark 3.2 Under our hypothesis H1 on ¢, there is the equivalence :

™

2.2 = Er(exp = 5 [ alX0as|Xi = 9) ~ T eulaonty) (33

Intuitively, we may think of the bridge of duration ¢ going from = to y as ”"resembling”, as
t — 00, to the concatenation of two brownian motions each being defined on a time interval

t
[0, 5], with the first one starting from z and the second one, after time reversal, starting

from gy, these two parts being independent. If this were true, then :

1 1 1
Z(t,x,y) = FEy (exp ~3 AN X, = y) =FE, (exp ~3 A?/2> - By (exp ~3 Ag/2)

Pq(r) @qly) _ 4 (g soq(w)tsoq(y)>

t—oo U2 \t2 T

4
Thus, comparing with (3.33) the factor — which we just obtained measures, in some sense,
T

the default of independence of these two Brownian components.
Remark 3.3 Theorem 3.1 allows to ”penalize long Brownian Bridges”. More precisely, for
every s > 0 and A; € F; :
1
E, (1/\5 exp( -5 Ag) }Xt = y>

1 —_—
t—
oo Sa)lu—s)

Ey(1a,M$) (3.34)

K] S
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Pq(Xs)
Pq()
comparing with Theorem 5.1 in [RVY, I], the penalisation is the same for ”long bridges” as for
Brownian motion itself. Once more (see [RVY, III]), we obtain that a long bridge of duration

t, as t — oo, behaves as a standard Brownian motion.

1
with M? = exp( -5 Ag), et (M, s > 0) is a positive martingale. In other terms,

3.2.9 Finally, we show (3.34)

B (o~ La)ixe =) Be(tn (el = 542)) B (oo - 5 [ o) e =)
E, (exp( - %Ag) | X = y) E; (GXP( - %Ag) | Xi =y
1 ©q(Xs)pq(y)
Ey(1a,exp| — 5 Af) - ——F———
00 ( (wq%w)wz)y(y) e ) oy oL MF).

t
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