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PAC-BAYESIAN BOUNDS FOR RANDOMIZED EMPIRICAL
RISK MINIMIZERS

PIERRE ALQUIER

ABSTRACT. The aim of this paper is to generalize the PAC-Bayesian theorems
proved by Catoni [f}, §] in the classification setting to more general problems
of statistical inference. We show how to control the deviations of the risk of
randomized estimators. A particular attention is paid to randomized estima-
tors drawn in a small neighborhood of classical estimators, whose study leads
to control the risk of the latter. These results allow to bound the risk of very
general estimation procedures, as well as to perform model selection.
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2 P. ALQUIER

1. INTRODUCTION

The aim of this paper is to perform statistical inference with observations in a
possibly large dimensional space. Let us first introduce the notations.

1.1. General notations. Let N € IN* be the number of observations. Let (Z, B)

be a measurable space and Pj, ..., Py be N probability measures on this space,
unknown to the statistician. We assume that
(Z1, .., ZN)

is the canonical process on
(2N, BN P ®...® Py).
Definition 1.1. Let us put
P=P ®..® Pn,

and
| N
P=—) 6z.
N; 7

We want to perform statistical inference on a general parameter space O, with
respect to some loss function

by : Z — R, 0 € 0.

Definition 1.2 (Risk functions). We introduce, for any 0 € ©,

the risk function.

We now describe three classical problems in statistics that fit the general context
described above.

Example 1.1 (Classification). We assume that Z = X x ) where X is a set of
objects and ) a finite set of possible labels for these objects. Consider a set of
classification functions {fy: X — Y,0 € ©} which assign to each object a label.
Let us put, for any z = (z,y) € Z, lg(z) = ¢ (fo(x),y) where ¢ is some symmetric
discrepancy measure. The most usual case is to use the 0-1 loss function ¥(y,y’) =
d,(y") . If moreover |Y| = 2 we can decide that Y = {—1,+1} and set ¥(y,y") =
Ir: (yy") . However, in many practical situations, algorithmic considerations lead
to use a convex upper bound of this loss function, like

P(y,y) = (1 —yy')+ = max(1 —yy',0), the "hinge loss”,
P(y,y') = exp(—yy’), the exponential loss,
U(y,y') = (1 —yy')?,  the least square loss.

For example, Cortes and Vapnik [@] generalized the SVM technique to non-separable
data using the hinge loss, while Schapire, Freund, Bartlett and Lee [@] gave a sta-
tistical interpretation of boosting algorithm thanks to the exponential loss. See
Zhang @] for a complete study of the performance of classification methods using
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these loss functions. Remark that in this case, fy is allowed to take any real value,
and not only —1 or +1, although the labels Y; in the training set are either —1 or
+1.

Example 1.2 (Regression estimation). The context is the same except that the
label set ) is infinite, in most case it is R or an interval of R. Here, the most usual
case is the regression with quadratic loss, with 1(y,vy’) = (y — )2, however, more
general cases can be studied like the [P loss ¥(y,y’) = (y — 3')P for some p > 1.

Example 1.3 (Density estimation). Here, we assume that P, = ... = Py = P
and consequently that P = P®Y and we want to estimate the density f = dP/du
of P with respect to a known measure u. We assume that we are given a set of
probability measures {Qg, 0 € ©} with densities g9 = dQp/dp and we use the loss

function £p(z) = —log[ge(2)]. Indeed in this case, we can write under suitable
hypotheses
_ _ dQy o dP du
R(#) = P(—logogy) = P( logo a0 ) =P (logon9> +P (logo dP)

=K(P,Qg) — P(logof),
showing that the risk is the Kullback-Leibler divergence between P and Qg up to a
constant (the definition of K is reminded in this paper, see Definition E page ﬂ)

In each case the objective is to estimate arg min R on the basis of the observations
Z1, ..., Zn - presumably using in some way or another the value of the empirical risk.
We have to notice that when the space © is large or complex (for example a vector
space with large dimension), argmin R and argminr can be very different. This
does not happen if © is simple (for example a vector space with small dimension),
but such a case is less interesting as we have to eliminate a lot of dimensions in ©
before proceeding to statistical inference with no guarantees that these directions
are not relevant.

1.2. Statistical learning theory and PAC-Bayesian point of view. The
learning theory point of view introduced by Vapnik and Cervonenkis ([E], see Vap-
nik [@] for a presentation of the main results in English) gives a setting that proved
to be adapted to deal with estimation problems in large dimension. This point of
view received an important interest over the past few years, see for example the
well-known books of Devroye, Gyrfi and Lugosi [EI], Friedman, Hastie and Tibshi-
rani [IE] or more recently the paper by Boucheron, Bousquet and Lugosi [E] and
the references therein, for a state of the art.

The idea of Vapnik and Cervonenkis is to introduce a structure, namely a family
of submodels ©1, O3, ... The problem of model selection then arises: we must
choose the submodel O in which the minimization of the empirical risk r will lead
to the smallest possible value for the real risk R. This choice requires to estimate
the complexity of submodels ©f. An example of complexity measure is the so-called
Vapnik Cervonenkis dimension or VC-dimension, see [E, @]

The PAC-Bayesian point of view, introduced in the context of classification by
McAllester [@, E] is based on the following remark: while classical measures of
complexity (like VC-dimension) require theoretical results on the submodels, the
introduction of a probability measure 7 on the model © allows to measure empiri-
cally the complexity of every submodel. In a more technical point of view, we will
see later that 7 allows a generalization of the so-called union bound (see ] for
example). This point of view might be compared with Rissanen’s work on MDL
(Minimum Description Length, see ]) making a link between statistical inference
and information theory, and —logm(#) can be seen as the length of a code for the
parameter 6 (at least when O is finite).
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The PAC-Bayesian point of view was developed in more contexts (classification,
least square regression and density estimation) by Catoni [ff], and then improved
in the context of classification by Catoni @, Audibert and in the context of
least square regression by Audibert [E] and of regression with a general loss in our
PhD thesis [[l. The most recent work in the context of classification by Catoni
[E] improves the upper-bound given on the risk of the PAC-Bayesian estimators,
leading to purely empirical bounds that allow to perform model selection with no
assumption on the probability measure P. The aim of this work is to extend these
results to the very general context of statistical inference introduced in subsection
, that includes classification, regression with a general loss function and density
estimation.

Let us introduce our estimators.

Definition 1.3. Let us assume that we have a family of functions
Yy 2 — RU{+o0}
indexed by ¢ in a finite or countable set I and by 6 € ©. For every ¢ € I we choose:
éi S inP : .
arg min P (v4)

Example 1.4 (Empirical risk minimization and model selection). If we take I =
{0} we can choose ¥§(z) = ly(z) and we obtain P (¢§) = r(f) and so

~0 )

0° = arg min r(6)
the empirical risk minimizer. In the case where the dimension of © is large, we can
choose several submodels indexed by a finite or countable family I: (0;,7 € I). In
order to obtain
0" = arg fuin r(6)
we can put

lo(.) if 6€0;
Po() =

+o00 otherwise.

The problem of the selection of the 6, with the smallest possible risk (so-called
model selection problem) can be solved with the help of PAC-Bayesian bounds.

Note that PAC-Bayesian bounds given by Catoni @, ﬂ, E} usually apply to "ran-
domized estimators”. More formally, let us introduce a o-algebra 7 on © and a
probability measure 7 on the measurable space (0,7). We will need the following
definitions.

Definition 1.4. For any measurable set (E,&), we let M (E) denote the set of
all probability measures on the measurable space (E, £).

Definition 1.5. In order to generalize the notion of estimator (a measurable func-
tion ZN¥ — ©), we call a randomized estimator any function p : Z¥ — M1 (0)
that is a regular conditional probability measure. For the sake of simplicity, the
sample being given, we will write p instead of p (Z1, ..., Zn).

PAC-Bayesian bounds for randomized estimators are usually given for their mean
risk
R(0)dp(0),
9co
whereas here we will rather focus on R(6), where 0 is drawn from p and p is highly
concentrated around a ”classical” (deterministic) estimator 0;.
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1.3. Truncation of the risk. In this subsection, we introduce a truncated version
of the relative risk of two parameters 6 and 6.

Definition 1.6. We put, for any A € R and (,60') € 62

N
R)\(e, 9/) =P |:(€9 — 69/) A X] .
Note of course that if P-almost surely, we have £y — o < N/ then Ry (6,0') =

R(0) — R(0').

In what follows, we will give empirical bounds on R (6,6’) for some 6 and 6’
chosen by some statistical procedure. One can wonder why we prefer to bound this
truncated version of the risk instead of R(6)— R(#’). The reason is the following. In
this paper, we want to give bounds that hold with no particular assumption on the
unknown data distribution IP. However, it is clear that we cannot obtain a purely
empirical bound on R(#) — R(#") with no assumption on the data distribution, as
it is shown by the following example.

Example 1.5. Let us choose ¢ > 0 and A > 0. We assume that P, = ... = Py and
that © = {6,0'} with lg:(z) = 0. We put lg(Z) = ¢N with probability 1/N and 0
otherwise. Then we have R(6') = 0 and

R(G)z%d\f—i—(l—%)O:c

while r(#") = 0 and with probability at least (1 — 1/N)" ~ exp(—1) we also have
r(6) = 0, this means that we cannot upper bound precisely R(6)—R(0") by empirical
quantities with no assumption.

So, we introduce the truncation of the risk. However, two remarks shall be made.
First, in the case of a bounded loss function ¢, with a large enough ratio N/\ we
have Ry (6,0") = R(0) — R(¢').

In the general case, if we want to upper bound R(6) — R(#') we can make ad-
ditional hypotheses on the data distribution, ensuring that we can dispose of a
(known) upper-bound :

AX(0,0") > R(0) — R(0') — RA(6,6)
as it is done in our PhD Thesis [ﬂ] For the sake of completeness, such an upper

bound is given in the Appendix, page .

1.4. Main tools. In this subsection, we give two lemmas that will be useful in
order to build PAC-Bayesian theorems. First, let us recall the following definition.
In this whole subsection, we assume that (F, ) is an arbitrary measurable space.

Definition 1.7. For any measurable function h : E — R, for any measure m €
ML (E) we put

m(h) = ]s;é}%/E [h(z) A Bl m(dz).

Definition 1.8 (Kullback-Leibler divergence). Given a measurable space (E, ),
we define , for any (m,n) € [M%(E)]?, the Kullback-Leibler divergence function

K(m,n) = Ldm(e){log[é—:(e)” if m < n,

+00 otherwise.
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Lemma 1.1 (Legendre transform of the Kullback divergence function). For any
n € MLY(E), for any measurable function h : E — R such that n(expoh) < 400
we have

(1.1) logn(expoh) =  sup (m(h) — K(m, n)),
mGML(E)
where by convention oo — oo = —oo. Moreover, as soon as h is upper-bounded on

the support of n, the supremum with respect to m in the right-hand side is reached
Jor the Gibbs distribution, nexpn) given by:

dnexp(h) (6 o eXp[h(e)]

Vee E = .
cem dn m(exp oh)

The proof of this lemma is given at the end of the paper, in a section devoted to
proofs (subsection Ell page IE) We now state another lemma that will be useful
in the sequel. First, we need the following definition.

Definition 1.9. We put, for any o € R,

D,: ]-o0,1/a[— R
. _log(1 —ozt).
«
Note that ®,, is invertible, that for any u € R,
@;1(11) _ 1—exp(—au) <u
«@
and that % —— 1. Also note that for o > 0, ®, is convex and that

z—0

D, (z) > z. An elementary study of this function also proves that for any C' > 0,
for any o € 10,1/(2C)[ and any p € [0, C] we have:

2

ap
Qu(p) <p+ 5

We can now give the lemma.

Lemma 1.2. We have, for any X € R, for any a €]0,1], for any (6,0') € 62,

]Pexp{/\@ﬁi[ % 99 }——Z(I)x |:€9—f9/)(Zi)/\%:|}=l.

The proof is almost trivial, we give it now in order to emphasize the role of the
truncation and of the change of variable.

Proof. For any A € R%, for any (6,6') € 62,

Pexp{)\@x{é ’}—% @ﬁ[f‘g—f@’)( ')/\%}}




PAC-BAYESIAN BOUNDS FOR RANDOMIZED EMPIRICAL RISK MINIMIZERS 7

A alN
B -« (g = lo)(Z)ANEL) |
=17 _%awrwwmA%)_

O

Note that this lemma will be used as an alternative to Hoeffding’s or Bernstein’s
(see @, E]) inequalities in order to prove PAC inequalities.

1.5. A basic PAC-Bayesian Theorem. Let us integrate Lemma E with respect

o (0,0') with a given probability measure n = 7 @ n’ with (7, 7’) € [ML(0)]2.
Applying Fubini-Tonelli Theorem we obtain:

(1.2) 113{ /(979,)662 d(7r®7r’)(9,9’)exp{/\<1>% [Rﬁ (9,9’)}

_%ZN:% [fg—ﬂg/)(Zi)/\%}}}zl.

1=

—

This implies that for any (p,p’) € [M(0)]?,

P{/' ﬂp®ﬂﬂﬂ9hm{k¢k{
(6,6")€©? N

_ %i% {(59 — 1) (Z) A %] ~log {%(9 9’)} }} <1

(This inequality becomes an equality when 7 < p and " < p'.)

(0,0)]

ﬁ\y

Theorem 1.3. Let us assume that we have (7, 7') € ML(0)?, and two randomized
estimators p and p'. For any € > 0, for any (a,\) €]0,1] x R%, with P(p ® p')-
probability at least 1 — e over the sample (Z;)i=1,... n and the parameters (é, é’), we
have:

Ry (é,é’) < q)]{‘,l{% Zq>% [(65 — ;) (Z) A %]

g [22 (7)) + 108 [ 42

A

(9' )} +log 1
+ .
In order to provide an interpretation of Theorem B, let us give the following
corollary in the bounded case, which is obtained using basic properties of the func-
tion @ given just after Definition @ page E In this case, the parameter a is just
set to 1.

Corollary 1.4. Let us assume that for any (0,z) € © x Z,0 < lp(z) < C. Let us
assume that we have (m,7') € ML (0)?, and two randomized estimators p and p'.
For any € > 0, for any X\ €]0, N/(2C)], with P(p @ p')-probability at least 1 — & we
have:

log [d—p (9)] + log [ (97)} +log 1 }

A
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We can see that the difference of the ”true” risk of the randomized estimators 6
and @', drawn independently from p and p/, is upper bounded by the difference of
the empirical risk, plus a variance term and a complexity term expressed in terms
of the log of the density of the randomized estimator with respect to a given prior.
So Theorem provides an empirical way to compare the theoretical performance
of two randomized estimators, leading to applications in model selection. This
paper is devoted to improvements of Theorem (we will see in the sequel that
this theorem does not necessarily lead to optimal estimators) and to the effective
construction of estimators using variants of Theorem .

Now, note that the choice of the randomized estimators p and p’ is not straight-
forward. The following theorem, which gives an integrated variant of Theorem E,
can be usefull for that purpose.

Theorem 1.5. Let us assume that we have (w,7') € ML (©)2. For anye > 0, for
any (a, A) €]0,1] x R%., with P-probability at least 1 — e, for any (p,p’) € ML(0)?,

L B2 0.00d09 )0.0)

= @{/% o [t )20 N 5] a0 10,07

N ;
=1

K(p,m) + K(p',7’) +log £ }
+ " .

The proof is given in subsection @ page @

1.6. Main results of the paper. In our PhD dissertation [EI], a particular case
of Theorem is given and applied to regression estimation with quadratic loss in
a bounded model of finite dimension d. In this particular case, it is shown that the
estimators based on the minimization of the right-hand side of Theorem [L. do not
achieve the optimal rate of convergence: d/N, but only (dlog N)/N. A solution is
given by Catoni in [ﬂ] and consists in replacing the prior 7 by the so-called ”localized
prior” Texp(—gr) for a given 3 > 0. The main problem is that this choice leads to
the presence of non-empirical terms in the right-hand side, K(p, Texp(—gR))-

In Section Q, we give an empirical bound for this term K(p, Texp(—gr)). We also
give a heuristic that leads to this technique of localization.

In Section , we show how this result, combined with Theorem , leads to the
effective construction of an estimator that can reach optimal rates of convergence.

The proofs of the theorems stated in this paper are gathered in Section E

2. EMPIRICAL BOUND FOR THE LOCALIZED COMPLEXITY AND LOCALIZED
PAC-BAYESIAN THEOREMS

2.1. Mutual information between the sample and the parameter. Let us
consider Theorem [[.§ with p’ = 7’ = ¢ for a given parameter ¢’. For the sake
of simplicity, let us assume in this subsection that we are in the bounded case
(ly bounded by C). Theorem [L.g ensures that, for any A €]0, N/(2C)], with P-
probability at least 1 — ¢, for any p € M1 (0),

2N A

This is an incitation to choose

p= argﬂeﬂiin(@) {u (r) + %F U@ (lo — lgr)? dp(@} + @} :

p(R) = RO) < p(r) = 1(0/) + =T U@ (lo —lo)? dp(e)} | Klpym) +log 2.
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However, if we choose to neglect the variance term, we may consider the following
randomized estimator:

’C(A/t\, ﬂ)} .

=ar min )+
p=wrg win [u( )

Actually, in this case, Lemma [L.1] leads to:
P = Texp(—Ar)-

Let us remark that, for any (p,7) € M1 (0) we have:

(2.1) P[K(p.m)] = P[Klp, P(0))] + K(P(p), 7).

This implies that, for a given data-dependent p, the optimal deterministic measure
7 is P(p) in the sense that it minimizes the expectation of K(p, ) (left-hand side of
Equation @), making it equal to the expectation of KC(p, P(p)). This last quantity
is the mutual information between the estimator and the sample.

So, for p = Texp(—rr), this is an incitation to replace the prior = with P (chp(fm))-
It is then natural to approximate this distribution by meyp(—AR)-

In what follows, we replace m by Texp(—gr) for a given 8 > 0, keeping one more

degree of freedom. Now, note that Theorem gives:
p(R) — R(6")
—/\ P K » Mexp(— +lo 1
<o) =r@)+ 55 F | [ o=t dol0)| + (b Texp(—sm)) +1o8 -
2N o \

and note that the upper bound is no longer empirical (observable to the statistician).
The aim of the next subsection is to upper bound K (p, Texp(—3 R)) by an empir-
ical bound in a general setting.

2.2. Empirical bound of the localized complexity.

Definition 2.1. Let us put, for any (a, \) €]0,1] x R% and (6,6') € ©2,

N
N 2N A _ RNA B S
0,2 (6,0) = 53 < ;fb% (b — to) (Z) N5 [r(e) r(0 )] .
Theorem 2.1. Let us choose a distribution m € ML(@) For any € > 0, for any
(a,7,08) €]0,1] x R% x R such that B < v, with P-probability at least 1 — ¢, for

any p € M4(0),

1
K (P, Texp(—pr)) < BKa,s4(p,7) + log =

where

ﬁ —1
BKa,5,~(p,m) = (1 - ;) K (0 Tesp(—pr))

+ 1og/(97rexp(_ﬁT)(d9') exp {/@ p(do) (%va’%(& 0') + A= (6, 9’))} }

The proof is given in the section dedicated to proofs, more precisely in subsection
@ page E Note that the localized entropy term is controlled by its empirical
counterpart together with a variance term.

Before combining this result with Theorem E7 we give the analogous result for
the non-integrated case, which proof is also given in subsection @
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Theorem 2.2. Let us choose a distribution m € ML (0) and a randomized esti-
mator p. For any e > 0 and n > 0, for any (a,7,5) €]0,1] x R% x R such that
B < 7y, with Pp-probability at least 1 — ¢,

dp ~} ~ 3 1
log | —_(8)| < Dy 5+(p, 7)) + log =
8| Gt ()] < D))+ 5 o
where
1= (1-5) {0
D, ,mM@)=11-= log | ———— (¢
satpm® = (1-2) e | =00

By ; ;
+ IOgL WCXP(,&«) (d@’) exp [ﬁva& (6‘, 9’) + ﬁA% (9, 6‘/) .
2.3. Localized PAC-Bayesian theorems.

Definition 2.2. From now on, we will deal with model selection. We assume that
we have a family of submodels of ©: (0,7 € I) where I is finite or countable. We
also choose a probability measure p € Mi(] ), and assume that we have a prior
distribution ©* € M1 (0;) for every i.

We choose
™= Zﬂ(i)ﬂéxp(_m}a)
il
and apply Theorem that we combine with Theorem @ by a union bound
argument, to obtain the following result.

Theorem 2.3. Let us assume that we have randomized estimators (p;)icr such that

pi(©:) =1, for any e > 0, for any (a, 3, #',7,7', A) €]0,1] x (R%)° such that 3 < v

and the parameters (0;)icr, for any (i,7') € I? we have:

- _ _
R (91,91/) <o 1{7”(91) — T(@i/) + W’U%%(ei’ei/)

1
A

p g ) 3
+ 11+ + log — .
( =B = ep(t)p(i’)
In the same way, we can give an integrated variant, using Theorem B and
Theorem @

Theorem 2.4. For any £ > 0, for any (a,,3,7,7, ) €]0,1] x (R%)5 such that
B < v and B < ', with P-probability at least 1 — &, for any (i,i') € I? and
(0.1 € MY (O,) x ML (B),

sl
2> |

+ < |Da,s,~(ps Wi)(éi) +Da,pr (P, Wi,)(@")

/@ (o )(6.6)Rs (6.6)

2
N

< 3! {p(r) —p(r)+ % @) 0) v, 5 (60.6)

. BKa,p,~(ps ) + BKag (0, 7" ) + (1 + 7% + 7,{15,) log w(i)gu(i,) }
3 .
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2.4. Choice of the parameters. In this subsection, we explain how to choose the
parameters A, 3, 3, v and 4/ in Theorems and @ In some really simple situa-
tions (parametric model with strong assumptions on P), this choice can be made on
the basis of theoretical considerations, however, in many realistic situations, such
hypothesis cannot be made and we would like to optimize the upper bound in the
Theorems with respect to the parameters. This would lead to data-dependant val-
ues for the parameters, and this is not allowed by Theorems @ and E Catoni [E]
proposes to make a union bound on a grid of values of the parameters, thus allowing
optimization with respect to these parameters. We apply this idea to Theorem E,
and obtain the following result.

Theorem 2.5. Let us choose a measure v € ML (O) that is supported by a finite
or countable set of points, supp(v). Let us assume that we have randomized esti-
mators (pi p)icr,Besupp(v) Such that p; s(©;) = 1. For any e >0 and a €]0, 1], with
P ®iel,ﬁesupp(u) pi,g-probability at least 1 — e over the sample (Zy,)n=1,....n and the

parameters (05 5)ic1,pesupp(v), for any (i,4") € I? and (B3, 3") € supp(v)? we have:

R% (é’i,ﬁ; éi/7ﬁ/)

.....

A €]0, +oof N
v €18, +oof
v €18’, +oo[

< B((i,ﬁ), (i’,ﬁ’)) = inf @;1{r(9}75) — 7 (0s )

A - 1 o ' s
+ 5% (0i8,000') + 5 | Papiy (pis, ) (0i.5) + Py (0, 7 ) (Bir )

3 g 3
+ (1 Ay v 6’) log sv(A)V(W)V(ﬁ)V(v’)V(ﬂ’)u(i)u(i’)] }

2.5. Introduction of the complexity function. It is convenient to remark that
we can dissociate the optimization with respect to the different parameters in The-
orem E thanks to the introduction of an appropriate complexity function. The
model selection algorithm we propose in the next subsection takes advantage of this
decomposition.

Definition 2.3. Let us choose some real constants ¢ > 1, a €]0, 1] and € > 0. We
assume that some randomized estimators (p; g);ec 1,8esupp(v) have been chosen and

that we have drawn 91-15 for every i € I and 3 € supp(v). We define, for any i € I,

€tp) = ve[zﬁiw[{?’w(ﬂw )os)

B 1 3
" (7——6 ot 1> 8 B () }

We have the following result.
Theorem 2.6. For any (i,i',3,3) € I? x supp(v)?,

B9 ()) < if;%‘l’sl{%;ﬁ) = r(f,)
A C(éi,ﬁ) -I—C(él-/ﬁ,) 4 % log Efﬁ }

TNt

(0,5, 00,5) + \

Note, as a consequence of the concavity of q);l, that this implies
N
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Corollary 2.7.

A Ug A 0; ,91-/_’ N 91”, ’791,
< 2inf ®3'¢ ’N( ’ ﬁ) : ( ’ ﬁ)
A>0 v | 2N 2
C (7’76) + c (il76/) + gf} 10g 51/%)\) }
+ b\ :

Corollary @ shows that the symmetric part of B has an upper bound which
contains only variance and complexity terms.

3. APPLICATION: MODEL SELECTION

In this section, we propose a general algorithm to select among a family of
posteriors - and so to perform model selection as a particular case. This algorithm
was introduced by Catoni [E] in the case of classification. We first give the general
form of the estimator. We then give an empirical bound on its risk. The last
subsection is devoted to a theoretical bound under suitable hypothesis.

3.1. Selection algorithm. We introduce the following definition for the sake of
simplicity.

Definition 3.1. Let us put:
P = {tl, ...,tM} ={(p) € I x supp(v)},
where M = |I| x |supp(v)| and the indexation of the ¢;’s is such that
c(th) < ...<c@M).

Now, remark that there is no reason for the bound B defined in Theorem E to
be sub-additive. So let us define a sub-additive version of B.

Definition 3.2. We put, for any (¢,t') € P*
h
B(t, V) = inf Bl(tp_1,ty).
(t,7) hlgl Z (tk—1,tk)

(t0, ..., tn) € PR k=1
to =t ty =t

Definition 3.3. For any k € {1,..., M} we put:
s(k) = inf {j €{1,., M), B(t*t)> 0}.
We are now ready to give the definition of our estimator.
Definition 3.4. We take as an estimator éi where £ = t* and
k = min (arg max s) .
3.2. Empirical bound on the risk of the selected estimator.

Theorem 3.1. Let us put § = s(k). For any € > 0, with P Q),.p ps-probability at
least 1 — ¢,

0, 1<j <3
. . B(ts0) ¢ §<j <k,
R(G)<r(3,)+ {2000 PE
B(t,t*) + B(t°,t?), j € (argmaxs)
B(i,t7), otherwise.
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Thus, adding only non negative terms to the bound,
0, 1<y
Bt 7)) + B(t7,t5W)) 3
R (9}) <R (étj) + < B(t,t%) 4+ B(t*,t7)
+B(t,t%) + B(t*,t) j € (argmaxs),
B(t7,t)+ B(t,t), otherwise.
For a proof, we refer the reader to Catoni [E] where this Theorem is proved in the
case of classification, the proof can be reproduced here without any modification.
Theorem B.J] shows that, according to Corollary B.7 (page [[3), R(0;) — R(6:)
can be bounded by variance and complexity terms relative to posterior distributions

with a complexity not greater than C(#7), and an empirical loss in any case not much
larger than the one of ;.

3.3. Theoretical bound. In this subsection, we choose p; 5 as W‘ixp(_ 1) restricted

to a (random) neighborhood of 6;. More formally, for any p > 0, let us put
Oip = {9 €0, r0) - i(I)lf’l“ < p}
and for any ¢ €]0,1] let us put

pi,p(q) = inf {p >0, Top(—pr(@ip) > q} :

Then let us choose ¢ once and for all and let us choose p; g so that

dpip ﬂ@ivpi,g(tﬂ (©)
P (0) = - ) .
Texp(—Br) Texp(—Br) ( ivPi,ﬁ(Q))

Moreover, we assume that 0 < lg(z) < C for any 6 € © and z € Z, and we fix
a = 1. In this case, note that for any A < N/(2C) we have:

013 0,0) <P [l —10)?].

For the sake of simplicity we introduce the following definition.
Definition 3.5. Let us put, for any (,6') € ©%

mamzﬁﬁ@—wﬂ
and

V(6,0 =P[v(0,0)].
To obtain the following result we take v as the uniform measure on the grid
supp(v) = {20,21, 2 ey | } )
Theorem 3.2. Let us put, for anyi € I,
0; = arg ;16151 R(6)

and

0 = arg min R(6).

Let us assume that Mammen and Tsybakov’s margin assumption is satisfied, in
other words let there exist (k,c) € [1,+00[xR* such that

voeo, [V(6,0)]" <c[RO) - R©O).
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Let moreover every sub-model ©;,i € I satisfy the following dimension assumption:

i _ 0 < d:
sup {€[hncem B -R@)]} <di
for a given sequence (d;)ic; € (Ry)!. Then there is a constant C = C(k,c,C) such

that, with P @, ; Besupp(v) pi,g-probability at least 1 — 4e,

1
B3

R(éf) < inf{R@iH—C max{ ( [R(6;) — R(0)] (di + 1og% +log 1J;1lja2,)N) ) 5,

iel N

d; + log % + log 71'21:’?5]\[ 251
~ )

For a proof, see subsection @ page E Let us now make some remarks.

Remark 3.1 (Choice of the parameter ¢). The better choice for ¢ is obviously ¢ = 1.
In this case, our estimator is drawn randomly from the distribution,

Pi,p = ﬂ-fl:xp(fﬁr)’
and the term log(1/¢) vanishes.
However, practitioners worried about the idea to choose randomly in the whole
space an estimator can use a smaller value of ¢ ensuring that, in any model ¢ and
for any (3,

r (éz}ﬁ) <infr +pis(9),
50 6;. g is drawn in a neighborhood of the minimizer of the empirical risk.

Remark 3.2 (Margin assumption). The so-called margin assumption
[V(6,0)]" < c[R(6) — R(0)]

was first introduced by Mammen and Tsybakov in the context of classification
[@, @] It has however been studied in the context of general regression by Lecue
in his PhD Thesis [@] The terminology comes from classification, where a similar
assumption can be described in terms of margin. In the general case however, there
is no margin involved, but rather a distance V(6,0')'/? on the parameter space,
which serves to describe the shape of the function R in the neighborhood of its

minimum value R(6).

Remark 3.3 (Dimension assumption). In many cases, the assumption

zgg{ﬁ |:7Téxp(—£R) (R)— R (91)” <d;

is just equivalent to the fact that every ©; has a finite dimension proportionnal to
d;.

4. CONCLUSION

In this paper we studied a quite general regression problem. We proposed ran-
domized estimators, that can we drawn in small neighborhoods of empirical min-
imizers. We proved that these estimators reach the minimax rate of convergence
under Mammen and Tsybakov’s margin assumption.

We would like also to point out that the techniques used here can be applied in
a more general context. In particular, Catoni E] studied the transductive classifi-
cation setting, where for a given k£ € IN, we observe the objects X1, ---, Xy~
and the labels Y; ,--- Yy, and we want to predict the kN missing labels Y41 ,---
Y(k+1)~- In this context, a deviation result equivalent to Lemma @ (page E) can
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be proved, and from this result we can obtain a theorem similar to Theorem [B.]]
(page [[J). We refer the reader to our PhD thesis [f] for more details (the trans-
ductive setting is introduced page 54 and the deviation result is Lemma 3.1 page
56).

5. PROOFS

5.1. Proof of Lemma E For the sake of completeness, we reproduce here the
proof of Lemma [[.]] given in Catoni [f.

Proof of Lemma @ Let us assume that A is upper-bounded on the support of n.
Let us remark that m is absolutely continuous with respect to n if and only if it is
absolutely continuous with respect to nexp(n). If it is the case, then

K (m, nexp(ny) = m {log (Z—TZ) - h} + log n(exp oh)
= K(m,n) — m(h) + logn(exp oh).

The left-hand side of this equation is nonnegative and cancels only for m = nexp(n)-
Note that it remains valid when m is not absolutely continuous with respect to n
and just says in this case that +00 = +00. We therefore obtain

0= inf [K(m,n)—m(h)]+1 h).
e I m) = m(A)] + logn(expoh)

This proves the second part of lemma . For the first part, we do not assume any
longer that h is upper bounded on the support of n. We can write

logn(expoh) = sup lognfexpo(h A B)]=sup sup [m(hAB)—K(m,n)]
BeR BeR meM (E)

= sup sup [m(hAB)—K(m,n)]
meMl (E) BER

= sup {sup [m (h A B)] — K(m, n)} = sup [m(h) — K(m,n)].

meM} (E) LBER meM} (E)

5.2. Proof of Theorem [L.5.

Proof of Theorem E The beginning of this proof follows exactly the proof of The-

orem (page i) until Equation [L.3. Now, let us apply (to Equation [.9) Lemma
with (E, &) = (02, T%?) to obtain:

/@2{%1)% [R
alN

P
N ; Dy [(59 — o) (Zi) N T} }dm(@, ) — K(m, 7 @)

Q>

Pexp sup
meM? (92)

(6.0

}_1.

Consequently

IPexp{ sup [/ {)JIM [RA (9,9’)]
(p.p)EM(0)]2 | JO2 v

)\ N
_N;(I)% [(fe —Ly) (Zi) N N

This ends the proof. O
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5.3. Proof of Theorems P.1 and R.32.
Proof of Theorem @ First, notice that:

K (pv 7Texp(—ﬁR)) = 6 [p(R) - 7Texp(—ﬁR) (R)] +K (pa 7T) -K (ﬂ-exp(—ﬁR)a ﬂ-) .
Let us apply Theorem [L.J with 7 = 7’ = p/ = Texp(—gr) to obtain with probability
at least 1 — ¢, for any p € M1 (0),

K (pa 7Texp(—BR)) < 6 |f)(7") — Texp(—fBR) (T)

)+ log ¢ + K (0 Texp(—pR))

2
+ — va)%(ﬁ,el)d(p@)wcxp(,ﬁR))(ﬁ,H’ ~

2N Jo2
" Jos Ax(0,0)d(p @ Texp(-pr)) (0,0") | + K (p,7) = K (Texp(—pr): 7) -
Replacing in the right-hand side of this inequality ey (—gr) With a supremum over
all possible distributions leads to the announced result. O
Proof of Theorem @ We have, for any 6:
dp
log ———
AMexp(~pR)

Let us apply Theorem with m = 7' = p’ = 7exp(—pr) and a general p to obtain
with IPp-probability at least 1 — & over 6,

(9) = ﬁ [R(@) — Texp(—BR) (R)} + 10g Z_;?_(e) -K (FCXP(*ﬁR)’ 7T) '

dp
log 7(9) S ﬁ r(6‘) — Tlexp(—BR (T‘)
dﬂ-exp(—ﬁR) p(—BR)

y
Ton Jo

+/ Ai(eue/)dﬂ—cxp(fﬁR) (9/)
6 a

The end of the proof is the same as in the case of Theorem P.1]. O

| Jog 2 + K (o, Texp(—pr)

(97 ol)dﬂ'exp(—ﬁR) (9/) v

2R

dp
+log (0) = K (Texp(—8R)>T) -

5.4. Proof of Theorem @ We begin by a set of preliminary lemmas and defi-
nitions.

Definition 5.1. For the sake of simplicity, we will write:
r(0,0") =r(0) —r(0)
and
R'(0,0") = R(9) — R(¢)
for any (6,60') € ©2.
Definition 5.2. We introduce the margin function:
¢:R}T —- R
x s sup |V (0,0) —xR'(0,0)]|.
0co

Lemma 5.1 (Mammen and Tsybakov [[L3, Bd]). Mammen’s and Tsybakov margin
assumtion:

J(k,c) € [1,+00[xR, VO € ©, V(0,0)" <cR'(0,0)
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implies:
1

Ve >0, ¢(z) < (1 - %) (kex)™ 71
for k> 1 and p(c) <0 for k = 1.
Definition 5.3. We define the modified Bernstein function:
g:R—R
2loxp(e)1-e] i 4 )

x
T —

1 if z=0.

The function g is a variant of Bernstein’s function, used in Bernstein’s inequality
(see Bernstein [{]]). Here, we prove a variant of this inequality.

Lemma 5.2 (Variant of Bernstein’s inequality). We have, for any A > 0 and any
0,0") € ©2%:

2 2
(5.1) Pexp {)\R’(ﬁ,é") r'(6,0") — 2/\N <§) V(H,H/)] <1
and the reverse inequality
2 2
(5.2) Pexp {/\r’(t?,t?’) AR (0,0") — 2/\N <§) V(@,H’)] <1
We also have a similar inequality for variances:
N N

Proof. We have:
Pexp[A\R'(6,0") — \r'(0,0")]

al A
= exp {Zlog]Pexp [—N (lg — lgr) (Zi)] + AR/(0, 9')} :

i=1
Now, note that for any b > 0, for any = € [—b, b] we have:

z2 x?
exp(—z)=1—z+ 79(—90) <l—-z+ 79(1))7

so that

log P exp {—%(zg —zg,)(zi)} < CAR'0,0) + ;;] (%CV—A> V6,6,

It shows that
A2 20X
P "0,0") — X'(6,0")] < —g| — 6,60 .
xp M(6.0) < 3 (0.0)] < exp | 500 (22 ) vi0.0)
The proof of the reverse inequality follows the same scheme. For Inequality @)
note that, using the same scheme, we obtain:

P exp {Av(e,o’) V(0,0 — %g <4AJ€2> P [(19 — ) (Z)}} <1.

This implies that

2912 2
Pexp [AU(G,H) AV (6,0 _2A 20 (4)]\\? ) ’)} <1.
The choice A\ = N/4C? and the remark that g(1) < 2 (actually g(1) ~ 1.4) leads to

Inequality (5.3). O
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Definition 5.4. For the sake of shortness, we put:

{([R(?i)—R@)}“ (di+1og§+1og%)>%

5N(iaq7€7’%) = mnax )

N

d; + log % + log 7121:’(%’)]\7 21
N )

Now let us give a brief overview of what follows. Lemma @ proves that for some
B, 0; 5 achieves the expected rate of convergence in model ©;: dn(i,q, ¢, k). As we

then want to use Theorem @ to compare our estimator 9 to every possible 0, B3, We
will have to control the various parts of the empirical bound B(.,.) by theoretical
terms. So we give two more lemmas: Lemma @ controls the empirical variance
term v(.,.) by the theoretical variance term V(.,.) while Lemma @ provides a
control for the empirical complexity term C(i,3). Given these three results we will
be able to prove Theorem @ Let us start with

Lemma 5.3. Under the assumptions of Theorem @, there is a constant C' =
C'(k,c,C) such that, with P @), ; Besupp(v) Pip-probability at least 1 — e, for any
i €1, there is a 3 = 3*(i) € supp(v) such that

R (ézg, ) <C'6n(i,q,&,K).

Proof. We have, by Inequality (5.1) in Lemma [.3:
= A2 200 —
1> exp( BR)]P exp [)\R (.6 ) (., 0;) — 2N (T) V(.,Hi)}

/\R/(., ?Z) — )\’I‘I(., ?Z)

A2 /2)C _ dpi.s
C 2 (ZEN V(8 —log — 2P (]
2Ng(N>V(’ )~ log 75 )()]

= Ppipexp

Thus

pu(@)v(B) > Pp; g exp | AR'(.,0;) — Ar' (., ;)

)\2 22C — d/pi .
- Y V(.8:) — log ——"—(.) + log(u(i)(5))| .
2N\ N dr®

exp(—BR)
So, with P@ielﬁaupp(u) pi.g-probability at least 1 —¢/2, for any ¢ € I and 8 €

supp(v),

P P A2 20C P
(5.4) )\R’(Hi,ﬁ, 0;) < )\7“/(91')@, 0;) + ﬁg (T) V(@iﬁ, 0;)
dpip 5 2
+ log : 0i,5) + log — ~
dﬂ-exp( BR) ( B) E/L(Z)V(ﬁ)

Note that, using Definition @, for any =z > 0,
V(0:,5,0:) <2|V(0;5,0) + V (D, E)} <2 [w'(e}-ﬁ,?) + 2R (0;,0) + 2p(z)|.

Therefore Inequality @) becomes:
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[)\ - xNﬁg (%CV—AH R'(0;,0) < [/\ + xNﬁ (22—’\” R'(6:,0)

(B B) + 2<P(:c))\2g (2/\C> 48 [ ( ) B Wixp(ng)R}

N N

dpip i i
+log —L(6; 5) — K (chp(fﬁR)ﬂT ) —i—logE

dr (i (B)’
leading to
Z)2 (20 . ZA2 (20X L
{)\ -9 (T) - 5] R'(0;,5,0) < {)\4‘ N9 (T) - 5] R'(6,0)
20(x)\? [ 2)C i _ dpi, -
+ (]V) g (T) - Bﬂ-exp(—ﬁR)R/('v 0 ) + log dﬂ_iﬁ(elﬁ)
exp(—pr)
—log*exp [~ 2" (,80)] = K (i) + og _z
’ ep(t)v ()
and
x 2 [(20)\ s = 222 [(2CN\ ., = =
: ——9\| ] i,8,0i) < — i
65 - Te (5 8| RGu8) < B (37 ) @D
20(x)A2  [2)C i — dpi, .
+ (T)g (T) = Bresp(—pry I (,0:) + log di(ﬁﬁ)(ei,ﬁ)
exp r

. 12 - ) 2
—log ' exp X" ()] = K (hup( gy ) + log en(i)v(B)

We can then use Inequality (5.9) (in Lemmalp.d, page [[7) to obtain, with probability
at least 1 —e/2, for any ¢ € I and 3 € supp(v),

(5.6) —logmexp [-Ar'(.,0;)] < )nrexp( ﬁR)r’(.,gi) +K (Wéxp(_BR),wi)
A2 (20)\

< AT, cxp( ﬁR)RI( 9) T) ﬂ-éxp(fﬁR)V('aei)

2N
()
+IC( exp( BR)7 ) IOgT
2\ [(200\] a2 20N\ - -
< P To (5| oo B0+ 00 () 1 G2)

20(x)\% (20X : ; 2
it TN b i ) 4 log —— .
+ N g N + K (WCXP(*QR)’ T ) + 0og EM(Z)V(ﬁ)

Combining Inequalities (5.5) and (b.6) we have, with probability at least 1 — ¢, for
any ¢ and :

(5.7) [)\ _ “’_)‘29 (@) _ 5] R(0:5,0:) < 4“]’3‘29 (@) R(@:.9)

N7\N N
4o(z)A\2 [20C 222 20\ i —
TN A\ Tw ) TP RIE ) T e B0
dp'g ~ 2
+1log —22 (6, ) + 21log ———.
gdﬂexm Br)( 8) 8 ()

In order to make explicit the terms in Inequality @, let us remind the definition
of p; g in Theorem B.9 (page [[3) and remark that

dp; ~ 1
log %(9@6) < log .
Texp(—pr) 4
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Let us also recall the dimension hypothesis in Theorem E, implying that

Z. o
7T-exp(—ﬁR)‘R/( 6) 6

Let us finally choose A = 23, Inequality @ becomes:
2 2
(5.8) [5 _ 1625 g (406)] R(0;5,0;) < 16]9\6]5 g (@) R'(0;,0)

N N
16p(x)3? [4BC 4% [(4Cp
g () o ()

+ log ! + 2log 2
q en(i)v(B)

Finally, Lemma @ together with the margin assumption in Theorem @ ensures

that
p(z) < (1 - %) (kex) =T

if Kk >1and ¢(c) <0if Kk = 1. Let us first deal with the case x = 1. Inequality
(6.§) becomes, taking = = ¢,

(5.9) R'(0;,0:) < B - %g (%ﬂl { 1(15559 <4J(’;ﬁ> R'(0;,0)

108 (4CB 2 2
[HWQ( N )}EjLBlg +ﬁlg6u(i)1/(ﬁ)}'

In the right-hand side of Inequality @, the numerator is optimal for 3 of the order
of

N (di —l—log% + log m)

R (6:.,9)
but in order to keep the denominator away from zero, the maximal order of mag-
nitude for 8 is N, so let us take 3 of the order of

1 2

_ N
R'(0;,0)

This choice leads to:

3

(510) R'(Bip,0;) <C” Inax{ ( ~

1+log, N
<d +10g +10g Eulz) )} C//5NZ qa 1)

for some C” = C”(c,C). In the case where x > 1, Inequality (F.§) becomes:

(5.11) / 157 [% _ % (406)] {16$B (406) R 5 g
1Y\ 168(kcz)™ ﬁ 46C 428 (4CA\] di

+llo 1—l—zlo 2
B g T B B euliw(®) [

_ . .
(R (6:,0)] (di + 1og% + log 14;1#(gi2)N) ) 1
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Now, we choose x or the order of

_ _ ._r=1 N
min{[R’ @.,9)] ,_}
g
S}
in Inequality (5.11)) (the case z = [R’' (0;,0)] "© minimizes the numerator while
the fact that x = O(N/(3) ensures that the denominator does not get too close to

L _n-1
zero). Now, let us consider both cases for z, and first x = [R' (91-, 9)] ® . In this

case, let us choose (3 of the order of

min T , N

[R/ (517 ?)} "

This leads to a bound of the order of

R § ) .
max{([R D) (4 + oz +10g%)>2

)

N
14log, N

cu(t) } S 5N(i7Qa65’i)'

d; + 1og% + log
N

In the other case, x is of the order of N/ and

_ . _s1 N
R (0;,0 > =
R @.0)] 7 =5

i 3 T
R (6;,0) < ¥ :
We have to choose 3 in order to optimize the numerator, in this case the optimal
order of magnitude is

1
1 1+1log, N\t |7
<di+log—+log7+ Og,2 ) N
q ep(i)

implying that

and leads to a bound of the order of

d; +log + + log 1+10ng2 N =T
( . N =) < 5N(iaq7€7’%)'

So we have proved that, in the case k > 1, for some C"”' = C"'(k, ¢, C),

(512) R/(éi,ﬁv ?Z) S C///(SN(iv q,¢, I{)'
We put:
C"(,C) if k=1
C'(k,c,C) =
C"(k,c,C) if k>1
and remark that Inequalities (5.10) and (5.19) end the proof. O

Lemma 5.4. Under the assumptions of Theorem [3.3, with P ®ielﬁesupp(y) Pi.3-
probability at least 1 — ¢, for any (i,i') € I%, for any (8,7, 3,7') € supp(v)*:

2

~ ~ ~ ~ 4C . ~
v (eiﬁ, 91‘/7[3/) S 2V (91',[3; 91‘/7[3/) + T 'Dlyﬁﬁ (piﬁ,ﬂl) (Hm)
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+ Di1pr (Pi’ﬁ“ ”i/> (éi,’ﬁ,) * (1 " v f 5 " 7’%5/ os Eﬂ(i?“(i/))l '

Proof. According to Inequality (@) (Lemma @ page EL
N ,

<
402\/ (0,0 )} <1

Let us integrate in (6,6’) with respect to the distribution 7’
and sum over all i, i, # and 3’ to obtain, with P @), Besupp(v)
least 1 —¢/3, for any (i,i') € I?, for any (3, 3') € supp(v)*:

v (é@g,éyﬁ/) <2V’ (é@ﬁ,éy)ﬁ/)

4C? ' d i 5 -
Teoxp(~GR) (- o'R) c

To conclude the proof, there remains to combine this result with Theorem @ page
, using a union bound argument. O

Pexp [%0(9, 0') —

wo(=R) ® Toxp(—5'm)
pi,s-probability at

Lemma 5.5. Under the assumptions of Theorem @, there is a constant K =
K(k,c,C) such that, with P@ielﬁesupp(y) pi g-probability at least 1 — e, for any
i € I, there is v € supp(v) such that, for 3 = *(i),

Dipnpisw) (Bip) < CO0LB) < Kox(i,g,2,1)5.
Proof. We have

Dy g~ (pip, ) (éiﬁ)

_ <1 - g) -1 {log # (éi,ﬁ) + logwéxp(_ﬁr) exp [26—;\;1) (., éi,ﬁ)] }

exp(—pfr)
B\ 1 By
< (1 - ;) {log + log 7 exp {ﬁv ( ) Br'(., )]

—log ' exp [—f3r'(.,0)] }

Let us now apply Lemma @ and the now usual integration technique to obtain
the following inequalities, with probability at least 1 — 4e/5:

- 1Og ﬂ-i eXp[_ﬂT/('vg)} = - sup [_6prl('55) - K(pv Trl)]
peEM! (©;)
oo B (280N o5
<o g |G+ g () VD) +los Kl
2
< —log 7’ exp (—5R’(.,§) + f—Ng <%> V(.,?)) + 1og§.
Moreover

log 7¥ exp [zﬁ—NU ( 91»75) - ﬁr'(.,?)]

<togexp { BV 000 (1) + Fo (B0 ) VD))

2N N
Br4C? 48~C? 4~C? 32 ]

+ =52 Disnlpipm )(éi,ﬁ)+[l+ Nz T N(G-p)
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so that

40?2 ~
{1 - % - 53\[ } D1 g+ (pis, ") (91'#5)

1 ; By /32 2p6C —
< _ v [ [ - .
< log . + 108 Tep(—aR) exp{ [ + V(.,0)

4B1C2 4 C2B2 ]1
* [“ N T NG B)

1 2 /28C —
<log - —l—logﬂ'cxp( ﬁR)exp{x {%—l—%g( Jﬁ\f )]R/( 91)}

28y % [2BC S By, = =
+ [T NI\ [#R'(0;,0) + ¢(x)] +IWR/(9M,91')
43yC? 4yC?32 ] 5
+ |2+ + log —.
{ N?  N(y-p)
We then apply Lemma @ to obtain with probability at least 1 —¢/5
R'(6;5,0;) < C'on(i,q,€/5, ).

Moreover we can choose v = 203, and remember that the choice 5 = 3*(i) leads to
B8 < N, so

1 2802 5
(5.13) |:§ BN—] D1 R 2ﬁ(pz B, T )(91',5)

1 _
< log - +10g7rcxp( ﬁR)exp{ f] [2+g(2O) R'(., 91)}

62 2:1762

+3 24 g (20)] [zR'(0:,0) + ¢(z)] + (i,q,¢/5, k)
+ [2 + %ﬁ] lo 5

Now, let us compute:

2

. €T _
log Mep(— ) eXP{ % 2+9QO)R(, 91‘)}

62 ¢ 7 ;=
< N 2+ 9(20)]/0 chp{fﬁ[lf%(QJrg(Qc))]}R (.,0;)ds
512+ g(20)] _ )
N am, =B R(.,0;
To{i-Re+geo) TR eREOl (- 6:)
< rdif _ 2+49(20)
SN 1——[2+g(20)]

by the dimension assumption, and so for any x smaller than N/3, Inequality .13
becomes

2 CQ ~
(5.14) B ﬁNL] D1,p,26(pis: ) (0i)

d; 9
< 260’5N(i,q,e/5,n)+6{%logé t 1o g{zgfg()w)]
N
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24 g (20)] [zR'(0;,0) + ¢(z)] + log —

I6] €

The optimization of the right-hand side of Inequality ) with respect to z and
[ leads to the same discussion as for the optimization of the right-hand side of
Inequality (@) (page @) in the proof of Lemma E (and a choice of z satisfying
x < N/B). O

Z2|l=

2+ 12¢g(2C 5
. +129(2C) }

We are now able to proceed to the

proof of Theorem . With P &), ; Besupp(v) pi,s-probability at least 1 —4e the in-
equalities stated in Theorem @ and in Lemmas @ @ and @ are simultaneously
satisfied. In this case, let us choose i € I, 8 = (3*(i) and j such that ¢/ = (i, 3).
We have:

0, 1
B(t*W 1) + B(t/,t°U)) 5
R'(0:,00,5) < { Bt 1%) + B(t%,49)
+B(t,t°) + B(t°,t) j € (argmaxs) (case 3),
B(t7,1) + B(t,t7), otherwise (case 4).
Let us examine successively the four cases (1, 2, 4 and 3, this last case being the
most difficult).
Case 1: if 1 < j < §, then
R (03 00,0 <0,
and so, by the result of Lemma @ (page @),
R'(ég,?i) <C'on(iyq,e, k).
Case 2: the idea in all the remaining cases (2, 4 and 3) is that we have to
give a control of R’ (9,;, 9(1‘,5))7 controlled by the empirical bound B(.,.), in terms
of theoretical quantities only. In case 2, § < j < k, then for any A\ € supp(v),

R (00, 06,3)) < B9 #) + B(t?,+°)
s(j C+1
C(t <J>)+C(tﬂ)+ Llog EV(A)

< 2o ) +

2N A

A e+t + S log 2
<2y ts(]) + S ev(N)
<N (") + :

4C? )\
N2

* v—B8 v =5 ®eulu@)

As we have, by definition of the function s(.), the inequality C(t*¥)) < C(#/),

c)y + C@VW)y + (1+ b, g log 3 ﬂ

A o 2C(t7) + CH 7 log =~
R (000, 00i.5)) < NV( @) 17) + )\ 00
4C°2 )\ < I6] 8 > 3
+ 20(t) + 1+ + log — > |
v X (T ) e

and so
(5.15) R/(éts(j) , étj) S

[ Hts(]),O) +$R (915],9) +90( )]
2C(7) + £ log

+ V(A)

> \‘Q2|>/
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4C?\
N2

J 6 ﬁl 0] 3
20) + (1 TSRty —6’) ! gsu(i)u(i’)l'

+

Thus

2 \x ~ 2 - — _
|:1 — T:| R (ets(]‘) , Htj) < N [2:5R'(9tj R 6‘1) + 2£L‘R/(6‘i, 9) + QD(,T)}

2C(t7) + % log
A
4C2\
N2

3
+ ev(X)

; [
ey (14355 4 5755 ) s (z‘)u(w]'

Let us apply Lemma @ page @ to upper bound C(#/), Lemma @ page @ to
upper bound R’(Hﬂ ) ;) and Lemma @ page E to upper bound p(z). Let us put
moreover A = v = =28 = 23 and remember that 3 < N. We obtain, for any x
such that x < N/g,

[1 - %] R (B B) < 22 [2953’(@,5) . (1 - l) (ch)x}

+

K
+[K(1+32C2)+8C]5N(l 4,6, k) + 25 21—11 %26
4802 3

N ey
Let us replace z and 3 by the values given in the discussion for the optimization of
the right-hand side of Inequality (5.§) (page R{) in the proof of Lemma .3 (and a
choice of x satisfying z < N/(3) to obtain the existence of a constant D’ = D'(k, ¢, C)
such that

R'(éts<j>,§tj) <D'én(iyq,e, k).
We then deduce from this result and from Lemma E that
R(0;,0;) < R'(0;,00) + R (0,0;) < (D' +C")on (i, q,e,5).
Case 4: the proof follows rough%y the same scheme than for case 2; if j >
max(arg max s), note that C(t?) > C(t), therefore

R'(0;,04) < B(l,t)) + B(t',1)

C+1 3
N i e
— 2NV’ A
A 20(17) + % log =5
< ZV(it
V(i) + -
4C2% )\ < 1) 8 3 )
+ 2C()+ (1 + + - -
Nz | ) Iy N )

2C(t7) + % log
A

3
ev(X)

N)\ xR/(9t79)+IR (9,51,9) @(I)} +

4020 B 4 3 )
+ 2C(t 1+ + I - :
N2 )+ ( e R = I
Thus
2 \x , 4 \x (D ) ' (0. O
{1 - T} R (0;,00,5)) < N {R (0,0, 0:) + R (91"9)}
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N A
; B g 3 )
2C(t7) + <1 + + lo - - .
R e R A MGG
Let us apply Lerpma @ page @ to upper bound C(#/), Lemma @ page @ to
upper bound R'(f,;,6;) and Lemma @ page E to upper bound p(z). Let us put

moreover A =y = =28 = 23 and remember that 3 < N. We obtain, for any x
such that x < N/g,

4 S ~ 4 e 1 -1
{1 - %] R'(0,:),00.8)) < Wﬁ [QIR (0:,0) + (1 - E> (HCI)“I]

+ [K (14 32C?) + 8C"1on (i, q, &, k) + % + % log %25
48C? log 3
N uDul)
Choosing z exactly in the same way as in the previous cases and replacing 8 = 5* (i)
with its value, we obtain the existence of D" = D" (k, ¢, C) such that

R (ég, é(iﬁ)) <D"6n (i,q,¢, ’i)

4C?\

—|—N2

and so
R(6;,0:) < (C"+D")on(i,q,e, k).
Case 3: if j € (argmaxs), remember that § = s(f) = s(j), so that
(5.16) R (6;,0,) < [B(tj 450 4 B(tsw,tﬂ‘)] + [B(f, %) + B(t, f)] .

We are going to upper bound separately B(t/,t*0)) + B(t*U),#/) and B(i,t%) +
B(t,1). Let us first deal with the term B(#/,t*0)) 4 B(t°U) 7).

A 2C(7) + % log EU%A)
2N A

0} 4 g —3
VD, ) + () + E1loe iy
’ A

; L. S
26(E) + <1 A T 7 )

{xR/(étsu) ,005) + 2R (045,0;) + 22R'(0;,0) + 80(17)}

U(ts(j),tj) +

(5.17) [B(,£29) + B, 4] <

2C(t) + % log EU?/\)
A

j A g ’
2C(t7) + (1 + ~—3 * VT log au(i)u(i’))l'

+

4C2\

+N2

Let us notice that
R (0,507, 0) < B(t*9),17)
and remember that, by definition, B(¢/,¢°*)) > 0. This shows that
Rl(éts(j) , étj) < [B(tj, ts(j)) + B(fs(j) , tj)} .

Once again, let us apply Lemma @ to upper bound C(#/), Lemma @ to upper
bound R'(6;;,0;) and Lemma .] to upper bound ¢(z). Let us put moreover A =
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v =~"=28=20" Inequality becomes:

(1 - 4}’%) [B(tj,ts(j)) + B(tsw,tﬂ')} < % {2:5}2’@,5) + (1 - %) (mcx)wll]

Ctl 3
(-1 %%

27

1
+{K(1+3zc%-+&7wNu4Lamy+§B+-

48C* 3

and therefore
[B(tﬂ‘,ﬁ(j)) n B(ts(j),tj)} < E6n(i g2, k).

There remains to upper bound {B(f, t%) + B(t%, tA)} We will use to that purpose
the fact that C(f) < C(#):

~ [xR’(G}, 0,;) + xR (0,007, 05 ) + 22R (0,5, 0;) + 2z R’ (0;,0) + go(ac)}
2C(t7) + % log
A

j b g 0
20(t") + (1 L RV au(i)u(i’))]

3
ev(X)

4C2\

+N2

Note that we have already proved that

R (B, 045) < [B(tj,ts(j)) +B(ts(j),tj)} < E0n(i,q €, k).
Plugging all these results into Inequality (f.1d), we obtain,

(1 - 2]\]&) R (03,001) < E0n(isq,5, k)

+ ?V—A (2€0x(iva,2, %) + 20R (0, 0:) + 20 (0,,0) + o(a)|

2C(t7) + %bgau—‘z’/\)
+
A
4C2%\ , ( 154 o 3 )
+ 2007)+ ( 1+ + lo — .
ve O S T o )

As usual, let us apply Lemma E to upper bound C(#/), Lemma f.3 to upper bound

R'(64,6;) and Lemmap.1| to upper bound ¢(x). Let us put A =y =~/ = 23 = 243,
to obtain

4 N - 1 -
(- 2w < e -2 o]
. | 1 ¢l 3
+ [ (1+320%) +8C'+ 3E)3n (i,q,,%) + 55 + £ log 5528
48C? 3

N Sn)

and therefore

R (éfvétj) < E'on(i .8, K).
This ends the proof.



28

P. ALQUIER

APPENDIX : BOUNDING THE EFFECT OF TRUNCATION

We will show here how to upper bound R(0) — R(6") — Rx (0, 0") by some quantity

Ax(0,0") depending on an additional hypothesis on the data distribution.

Lemma 5.6. Let us assume that we are in the i.i.d. case, where P, = ... = Py
and that for some constants (b, B) € R?%

V9 e, P {expblls(Z1))]} < B.

Then, for any (0,0") € ©2,

R(0) — R(9") — Rx(6,6") < A\(6,0') = % exp (%) '

Proof. From definitions,

R(6) — R(') — Rx(6,0')

=P {le(Zl) —lg/(Z1) = [lo(Z1) — Lo/ (Z1)] A %}

—p (le(Zﬂ—le'(Zl)_%)Jr ’

where (z)4+ = 2 A 0. So we can write

R(6) — R(6') — RA(6,0))

o0 N
S/ P (lg(Zl)—lgl(Zl)——) >t dt
0 AL

+oo N
< / P |:19(Z1) — lel(Zl) — X > t:| dt
0

< /;OO P, {exp [g (zg(zl) lo(Zh) — % - t)] } dt
< exp (%) B/O+OO exp (-%) dt,

leading to the result stated in the lemma. O
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