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We derive a cohomological formula for the analytic index of t he

Dirac-Ramond operator and we exhibit its modular propertie S.

index theory | families index | Dirac-Ramond operator | elliptic genera |
string theory | modular forms

he Atiyah-Singer index theorem is important in many diffeére

calizes. This gives the expression for the topologicalnde this
language, twisting the Dirac operator by some vector busilte
ply amounts to coupling the quantum system to additionateseg
of freedom. The canonical quantization of these degreeseef f
dom produces the required vector bundle. In this case, theof-
genus is simply replaced by the product of the A-roof genuh thie
Chern character of the vector bundle. Similarly, the eqiave cases

areas of mathematics and is also at the heart of many problengsrresponds to having additional symmetries in the supemsstric

in physics. In quantum field theory it comes into play throtlgé
Dirac operator. Both the ordinary indel} [1], and the fansiliedex E]
of the Dirac operator reveal features of quantum field tlesoriThe
Dirac-Ramond operator is the extension to superstringrihaothe
ordinary Dirac operator in field theory; it is the Dirac operaon loop
space and its ordinary indeH [ﬂ ﬂi 6] is given by the stgagus,
while the elliptic genus of Ochanine and Landweber and S
corresponds to the index of one of its twisted version. Blogstring
genus and the elliptic genus have been extensively studileel have
given rise to an extension of the rigidity theorems of thpetl genus
to the case of familieq [9] and to different elliptic cohomgy theo-
ries, most notably to the theory of topological modular fer(tmf)
[E]. However, the analytic families index of the Dirac-Ramd op-
erator has not yet been formulated and in this paper we demie
a cohomological formula, with remarkable modular progesitusing
methods from field theory and string theory.

Consider a family of Dirac operators parametrized by a space
The zero modes of the Dirac operator define a virtual vectadlau

guantum system. Any special case of the Atiyah-Singer #raaan
be treated in this manner.
In their paper on the families index theorem, Atiyah and 8ing

[E] consider a family of elliptic operators parametrizedebgompact
topological space. Consider a smooth family of metrics aeman-
nian spin manifoldy” parametrized by a spac€. The manifoldY”
with metric parametrized by € X will be denoted byy,.. The idea
is to put X andY together into a fiber bundl& — X where at
each pointr € X the fiber over: is a manifold isomorphic t&” with

metricgy (z, -). Itis well known that the index o™ is independent

of the metricgy (z, -). However the Dirac operatdby“” and its zero
modes change with the metric. Following Grothendieck, &tiyand
Singer asked how the space of zero modes changes/ases over

X. At eachz, the space of zero modes is a finite dimensional vector
space. Roughly speaking, this means that the space of zetesad
LDY‘” is a finite dimensional vector bundle ov&t. This is not quite
correct because the dimensionality of the vector spacejuvilp if

. Y .
Ind over X, called the index bundle. One of the outcomes of thethe number of solutions to the equati@h “v = 0 changes with.

families index theorem is a cohomological expression ferGmern
character of this bundle. The first two terms in the expansibn
this Chern character in characteristic classes are thendime of the
vector bundle (i.e. the ordinary index of the Dirac opergsord its
first Chern class respectively. In the Dirac-Ramond caseamialytic
index is not an integer but a modular (or nearly modular) fiamc
whose Fourier coefficients are integers.

Only the index of the operator is protected from these junipg. .~
are the vector spaces of respectively positive and negettivality

solutions to the Dirac equatio@y“”w = 0 with metricgy (z, -) then
ind()p**) = dim 2Y* — dim 2 is independent of.. Atiyah and
Singer show that the virtual vector spacﬁﬁm © Z¥= can be put
together overX to make a virtual vector bund[hld(lz)y) over X,

For simplicity, the gist of the argument and the expositién o i.e. an element of —theory, called the index bundle. Because itis

the methods will be presented in the case of the Dirac operisiio-

well suited to the methods of quantum field theory and theystfd

tatis mutandighey generalize straightforwardly to the Dirac-Ramondthg string genus, we cqnsider here amore restricti\{e fagmtyn by.
operator. It obtaingen passanta novel presentation of the cohomo- a riemannian submersion. A riemannian submersion is a Yawiil

logical Dirac families index theorem that displays itstimite relation
to Berry's phase[[11]. When needed we will revert to a fultdission
of the Dirac-Ramond case, which is our main concern.

metrics with a special relationship between the geometfigs and
X. Pick a pointz € Z that projects tac € X. At z there is an or-
thogonal decomposition of the tangent spac& = H. ¢ V.. Here
V. C T.Z is the “vertical subspace” consisting of vector that are

Background. The treatment of the Atiyah-Singer index theorem withparallel to the fiber. The *horizontal subspadé’. is the orthogonal

qguantum field theory techniques has become well kn@ﬂ]s
It rests on a few general principles. Consider a supersynmgtan-
tum system. The spectrum of its hamiltonian consists of hiesand
fermionic states. The bosonic and fermionic eigenstatemnfzero
energy are paired with each other by supersymmetry. Therggeme
of supersymmetry is a Dirac-like operator which commuteth e
hamiltonian and anticommutes with fermion parity. The wtichl

index of this Dirac operatoi,e. the difference between the number

of its bosonic and fermionic zeros modes, is then easily edetpas
the supertrace of the quantum evolution operator. The u=rat-
spondence between the hamiltonian and the lagrangian fatiom
of quantum mechanics gives an equality between this trata an-
persymmetric path integral that is evaluated by the statipphase
approximation which is exact and shows that the path intdgra

WWW.pnas.org — —

complement of,. A vectorv € T, X has a unique horizontal lift to
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avectord € H,. The condition for a riemannian submersion is that(3) There is a second way of determiniingl 10 ,,. Using our rieman-

lvl|x = ||5]|z for everyz € = *(z). Note that the restriction of the
metric onZ to a vertical subspaces gives a metricon~ Y;. If !

are local coordinates on the bakeand ify® are local coordinates on
the fiberY then(zx, y) are local coordinates af. The fibers are the

submanifolds withe fixed. The metric of a submersion is locally of

the “Kaluza-Klein” form
dsy = gij(x)dz’ dz'+
a a % b b J
gan(@,y) (dy* + Ci(a,y)da’) (dy' +C°5(ay)da?) . [1]

The metric above leads to a supersymmetric lagrangiai avith
the following schematic fornk z (z,y) = Lx (z) + Ly (z,y) where
Lx is the pullback of the supersymmetric lagrangian on the bade
Ly is roughly the lagrangian o¥i depending parametrically an

nian submersion geometry dhwe can show that solving for the
zero modes ofp , is the same as the following procedure. First
determine the zero modes #f,- at fixedz € X. Next solve a
modified Dirac equation oX. The corresponding Dirac operator
is coupled to a vector bundle with a connection constructitd w
the zero modes off,.. The Atiyah-Singer index theorem tells
you that the index of this operator is given by the integrathi@
lower left hand corner.

(4) The cohomological formula for the families index theorem of
Atiyah and Singer follows from the identification of theseotw
ways of computingnd Ip , .

This procedure ismutatis mutandisthe one used by Bismum16]
and Bismut and Freed [17]. However, as we do not know how to
generalize step (3) in the Dirac-Ramond case, we adopt ereliff
strategy that bypasses step (3). This new proof relies opetieinte-

Outline of the argument. Since the original paper of Atiyah and gral computations associated with the dashed arrows ofisdygain.
Singer there have been a number of different proofs of thd-famEvery step now has a natural extension to the loop spacestring

lies index theorem. In what follows we present yet anotheivdgon
which has the remarkable feature that its generalizatidmo space
obtains for the first time a families index theorem for the&Bir
Ramond operator. The multiplicative property of the ind@( 13
central to our argument. It states that for a submersion~> X,
ind D, is the index of the Dirac operator o¥i twisted by the index

bundle ofp,-. In our setup this multiplicative property is a reflection

of Fubini’s integration theorem. It is important to keep iinahthat
our approach is geometrical rather than topological. Tédl$ to
de Rham cohomology represented by differential forms and, tim
our final formula, we lose all torsion phenomena that mighobe
interest. From now on the expression “index theorem” (antués
thereof) is shorthand for “cohomological form of the indbrdrem”
(and respective variants).

The following diagram displays clearly the architectureoaf

arguments:
/ elx </ eLY) <Fﬂbiﬂ _ / elz
LX Ly (®) L Jrz
| —~ /(a) |
shriek\|v (e) ind ﬂz (a’) | localization
* v
/ olx (6]'A+J'F) ) / A(T7)
LX Z
|
localization| (c”) (3) (Q)lFubini
/ A(TX)ch (Ind Iy ) === / ATX) [ ATY) [4]
X ) X Ya

The dashed arrows refer to path integral operations whéestiid
arrows indicate procedures in the hamiltonian or operaéscdp-
tion. To prove the families index theorem one usually penfothe
following steps in a straightforward manner.

(1) The Atiyah-Singer index theorem tells us that Brind I, =
[, A(TZ).

(2) Any connection can be used to compute the integral but th
computation simplifies when the family is described by a rie

mannian submersion. Using,Z = H, @ V., the reduced
structure group and the special connecti&l

theory.

We begin withind 0, at the center of the diagram. The index
is as usual given by the supertra€s(—1)F in an appropriate field
theory wherg—1)* is fermionic parity.

(@ Tr(—1)¥ = ind P, is given by a supersymmetric path inte-
ral over the loop spac€Z with appropriate boundary conditions
[g@,,]. This is a direct result of the equivalence betwthe
hamiltonian and the lagrangian formulations of quantumtraae
ics.

(&) The pathintegral calculation localizes on the “constaop§s in
LZ,i.e, the manifoldZ. Steps (a) and (a’) are equivalent to step
(1) above and constitute the standard path integral devivaif
the Atiyah-Singer index formula and we can then continuagisi
Fubini’'s theorem (arrow (2)).

(b) As a result of the submersion geometry, sﬂh the lagrangian
Lz splits naturally into two pieces and one of them depends only
on the baseX. The Fubini theorem can be used to factorize the
path integral into two factors. HereC'Y™ is the inverse image of
the projectionr : Z — X of a loop inX.

(c) Thisisthe main and the only delicate step needed to derevedh
homological formula for the families index in the Dirac-Rainad
case and constitutes one of the main results of this papee Th
path integral over the fiber is the reflection in the path irdeg
of the shriek map in K-Theor;{][2]. To compute thepath inte-
gral we notice that it satisfies a time dependent superé8atger
equation. We then prove a new theorem in supersymmetric-quan
tum mechanics that shows that this path integral over the fibe
is exactly given by the supersymmetric parallel transpanttin
between the parentheses. The result is the standard pagnaht
expression of the index for the Dirac gperator coupled torallau
with connectionA and curvatureF' [E]. By construction this
bundle is the index bundle. This is the argument that allosvou
bypass step (3).

(c') The path integral calculation localizes on “constant Iddps
X, i.e, the manifoldX, and the result of the computation is the
A-roof genus times the Chern character of thd 9. This step
is standard and well known.

) cf. ibidem

We can now justify the approximations we will be performing.

[15], we see thas starting point for the derivation of the families indé&ebrem is

A(T.Z) = A(H.) NA(V.). Moreover the properties of the sub- the computation of the index of the Dirac operator on the gienian

mersion connection allows us to identify(H.) with A (7}, X)
which is intrinsically defined on the basg. This implies by
Fubini’s theorem that

ind(zz)z):/XA(TX)A/ AT, YY) .

T

(2]

2 | www.pnas.org ——

submersionZ. The index is an integer and therefore cannot change
as we deform the spacg If we fix a loop in the bas&, theY path
integral (in step (c)) i€r(—1)" Uy (T, 0) whereUy (¢, 7) is the time
evolution operator orY” and F' is fermion number. The time devel-
opment is obtained from a study of the super-8dimger equation
and is summarized iffL3]. We will show that in the computation of
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the supertrace there is an exact cancellation and the ontyilootion  is a multi-component super-Séittinger equation withQ(¢,7) =
comes from zero modes. Since tinel Z is an integer we can goto —A,(X)DX*. If we split the super-parallel transport into bosonic
a parameter regime where the adiabatic approximation id eald  and fermionic components, wit(t,7) = ®(t) + itPs(t), we
in this way we clarify the contribution of the zero modes. et obtain
adiabatic approximation, the travel tifiéaround a loop is taken to . )
be very large, and the riemannian submersion metric is blggvin Py + (Apd” — SFuE"E") @, =0, (8]
such a way that the evolution is very slow as one goes from0 Bp+ A ld, =0, [9]
tot = T. The contribution from the zero modes in the adiabatic
approximation is given by super-parallel transport in tiek bundle  whereF,,, = 9, A, — 8, A, + [A,, AL]. Super-parallel transport is
around the loop inX. Our remarks imply that this is an exact result. ordinary parallel transport with an extra “rotation” giveg a Pauli
& - B type coupling. Note thab(t,7) = (1 — it A, (z)E") p(t)
Details of step (c). The proof of step (c) in diagrarff]] requires a  and thusb(t, r = 0) = @, (t). We use this later when we apply the
discussion of the definition of the super-heat kernel in ymemetric  same methodology td].
guantum mechanics. The standard framework is the follow@rya The key point is that we only have to compute the supertrace
(1/1) super-manifold with coordinatés, 7), wherer is a Grassmann  of Uy (¢,0)) and not the full operator. The terfw,,, Do,,) in
variable, the supersymmetry transformation acts ast + ier and [B] gives a supersymmetric Berry-Simon connectipr] [18]. In the
T — 7+ e. The generator of supersymmetry(Js= 0. +i70: with  type of systems we are studyin@ depends or(t, 7) implicitly
Q* = i0;. The superderivative i® = 8, — itd; with D> = —id;  through a bosonic superfieldl (¢, ), with 7X(¢,7) = X(t,7)7
and anti-commutatof D, Q} = 0. After quantizatior) becomes an  which is apparent from the form of the lagrangidn. We have
operator on the Hilbert space and we will interpggthis way from ¢, (X (t,7)) and Dé, = (9¢n/0x*)(X) DX™. With this in
now on. The fundamental solution of the super-8dmger equation mind we conclude tha(¢,, Dé,) = A7"(X) DX* where
AT(X) = (pm(X), (0¢n/0z")(X)). Thus equatio ma
D7) = QO(t, ) (3] ) = (@n(X). (00n/00")(X)) quatior{f] may

is the super-heat kernel. This equation was introduc@}t{ﬂstudy Db,, + Z A™™(X) DX" by = Ambum . [10]
the index of the Dirac operator in an intrinsically supersyatric co- "

variant manner. We are interested in a generalization cfltoge that

is analogous to going from a time independent hamiltoniamtime  Let A be the matrix with the\,, on the diagonal. Usin@] and[ﬂ]
dependent one. We are interested in sol\[pwhere we havét,7)  we findb(t, 7) = [1 — 7(A.((¢))€" (t) + iA(t))] b°(¢) where the
dependencsd,e., Q(t, 7) = Qo(t) + 7Q1(t). Note that in this case hosonic componerit’ of b(t,7) = b°(t) + irb’ () satisfies
{D,Q} # 0. The fundamental solution to the super-Sutinger

equation with initial valuelUy (0,0) = I is the super-heat kernel p? {Z'AQ + (Aud* — L Fu&"€”) + [Au, Al g“)}bb =0, [11]
Uy (t, 7). The equivalence of the operator and the path integral for-

mulations of quantum mechanics tells us that with supersgimen  and contains all the information necessary to deterniingT’,0).

n

boundary conditions we have We choose positive integers to label the orthonormal eigenvec-
tors ¢on, = @, Of Qo with eigenvalue),, > 0. The eigenvector
= :
Te(— 1 Uy (T 0) = Ly 4 ¢-n = (=1)" ¢, has eigenvalue-A, < 0. The zero modes ab
(=17 U (T,0) \/7‘\.—1(.\{) ¢ [4] are indexed by and denoted by .. A detailed analysis of[L1]

shows that®, (¢) andb®.,,(t) satisfy the same differential equation
Herem~'(v) is the inverse image under: Z — X of a superloop ~ when the action of—1)" is taken into account. Therefore we have
7 on X. One of our key results is that the left hand side of thean exact cancellation in the supertrabe —1)" Uy (T, 0) from the
equation above is exactly given by the super-holonomy oririthex  states orthogonal tker Q. Since the evolution is given by a first
bundle around the superloop the generalization of the heat kernel order differential equation this argument can be applieelagh in-
expression for the index to the families case. We can expaed t stant of time and can be adapted to the case when the kerngsjum
wavefunction as We still have to compute the contribution of the zero modethé&o
supertrace. This can be done exactly by the adiabatic ajppation
2(t,7) = 3 6l 7), (5] that we review shorly ™
" Applying these ideas to the zero modes we will obtain a refine-
where{¢,} will be taken to be a complete orthonormal basis withMent to the adiabatic theorem. Within the adiabatic appmesion,
Q(t,7)pn(t,7) = An(t)dn(t, 7). The eigenfunctions aof) can be the amplitudes. for the zero modes satisfy the equation
constructed if we know the eigenfunctions@§. Let ¢, be an eigen- o
function of Qo, Qoo = Ao theno = o — (Qo — )\)717@1(]50 is Db. + ZA;/ (X)(DX‘L)bZ’ =0 [12]
an eigenfunction of) with eigenvalue\. The resolvent is defined to 2!
vanish onker(Qo — A). Inserting[ﬂ] into [E] and taking the inner

product withe. gives the exact ecuation that is the super-parallel transport equalﬁﬂﬂn. This gives the exact

result

F _ _1\F
Db+ 3" (6 Dén)bn = Ao [6] Tr(=1)7 Oy (T,0) = Tr(=1)" 2 (T), [13]

n where®, |§ the superholonomy given by the super-parallel transport
. . . . . equation[B]. This is the refinement of Berry’s phase to supersym-
Notice that the super-Scuiinger equatiofify] is very similar to the  tic quantum mechanics. This superparallel transparbis an
equation which defines super-parallel transport. Assuméave a  qgitional term that has to be added to supersymmetricriggaa on
(1[1) superparticle moving on a manifolt/ where there is a non- v 'y reflects a coupling of the superparticle &into a gauge field on
abelian connectionl. The motion of the particle is described by the iha index bundle. Next. we can perform tiepath integral in step

superfieldX* (¢, 7) = z*(t) +i7&" (). The manifoldX is not to be d | th& path int Is in st " and sl
confused with the superfield (¢, 7) that describes a superlogpon gg andas usua path integrals in step (¢') and expressl ),

X. The super-parallel transport equation,
L A4S A
D®(t,7) + Au(X)DX" ®(t,7) = Om [7] /ﬁxe X (ej * F) =/XA(TX)Ch (ndDy)  [14]
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If we compare{@] and[E], we get SinceC(t) is abelian, its irreducible representations are one dimen-
sional. We can find simultaneously eigenvectors of all therajors
A Yy A _ in C(t). A statey has weightA(t) if H;(t)y = Xi(t)y where
/x ATX) <Ch(1nd(m ) / A (T<””")Y)) =0 At) = (E(), 1(t),. .., \(t)). We will express the Hilbert space
as an orthogonal direct subt = P, ;) Ha(). Ast varies, the sub-

T

Thus we have that as cohomology classeston spacesH, ;) also vary. Assume thai, (¢) andy, (t) are normalized
eigenvectors with respective weight&) andu(t), andA(t) # u(t).
[ch (Ind(lz)y))} _ {/ A1, .)Y)] 7 [15]  Itfollows that there existg such that\;(t) # ;(t). Applying the
Ya ’ same analysis as above to the operdfoft), one concludes on the

. ~one hand that the connection between the subspgdggs and™ ;)
where| - | denotes the cohomology equivalence class. This is thg perturbative and on the other hand that the “irreduciphet of the
cohomological families index formula for the Dirac operatthich  connection is a direct sum = @Mt) Ay ) Where each piecd ;)
ends our discussion of the the Dirac operator case. is aU(dim H. ;) connection orty¢).

For simplicity consider a situation with only two commutioger-
Adiabatic approximation with symmetries. We now turn our atten- atorsH (t) andp(t) and where the spectrum E(t) takes integer val-
tion to the Dirac-Ramond operator. The new feature is fA@),  ues. Forthe adiabatic time evolution by the operat6r)+0P(t) /T,
the spatial translation operator along the loop, commutiéls the  the contribution from a subspace of the Hilbert space wigtrgyF
hamiltonian [ (¢). Our analysis requires the use of the adiabatic,q with P eigenvaluen is schematically given by " Tre=/ 4,
approximation in the presence of symmetries, a topic thabisad- | here A is the Berry-Simon connection on that subspace.
dressed in textbooks. To simplify the discussion supersgimnwill In the Dirac-Ramond model we have(, 1) supersymmetry.
be ignored. "In the adiabatic approximation we scale the 8me This means that there are operatdis Lo that commute with each
that the Scttidinger equation becomédy/dt = TH(t)u(t). Let  giher and that the Dirac-Ramond operator satighigs= Lo — c/24.
{¢r(t)} be an orthonormal basis of eigenvectord&ift) with eigen- Its index is ai \F . Lo—c/24-G2

given by the supertrade(—1)" ¢ 0. Torelate

valueE.(t). The orthonormal basis expansion for wavefunctions will’ > . . . .
(*) P this to the previous discussion we note that the time dewveop op-

be written as . ; .
erator isH = (Lo — c¢/24) + (Lo — ¢/24) and the spatial translation
0 = ST g Be@) At o oy o (1 operator isP? = (Lo — ¢/24) — (Lo — ¢/24). Applying the previous
v(t) Ze ar(t)er (1) analysis we conclude that the result of step (c) in the DRaciond
scenario is an expression of the fobm>> , ¢"~/** &, where®,,
Inserting this into the Scbdinger equation and taking the inner prod- is the superholonomy of the index bundle atth level eigenspace”

T

uct with ¢ gives the exact equation of Lo — ¢/24. Step (') gives localization and will lead to formula
as(t) + ZeiT JEE () —Ep (') at’ (psl i) an(t) = 0. [16]
- The families index for Dirac-Ramond. The existence of a Dirac-

Ramond operator o& requiresp, (Z) = 0 anddim Z = n = 47
As T — oo an oscillating term contributes very littl ]19] and the while the submersion structure implies by restriction that” = 0.
statesp, with E(t) = E.(t) for allt > 0 are the only ones needed. The family defined byZ has baseX with dim X = p and fiber
In general there will only be one such state except in casehitha  ijsomorphic toY” with dim Y = m. There will be two distinct cases
symmetry enforces a multiplicity. In these cases one obtidia adi-  to consider. The first casejis= 4p andm = 4 wherep > 0 and
abatic approximation resulis () +>° 5 _ 5 {(ps|¢r)ar(t) 0 @ > 1. The second case js= 4p + 2 andm = 47 — 2 where
within a degenerate energy level. On the eigenspace wittneig p > 0 andim > 1. Note that in both cases = 47 = 4(p + m).
value E; we get a connection along the family of hamiltonians given  In the Dirac-Ramond case with (0,1) supersymmetry, thetrigh
by A (t) = (¢s| ¢r)._ The holonomy of this connection is the non- hand side{@] becomes
abelian Berry’s phasé¢ [RO]. This connection is not unitagduse the
volume element of the fibér, can change as varies ]. The her- / 3(Qy,7) = #/ a(Qy, 1), [17]
mitian piece of the connection is associated with the varyislume ; n(r)™ '
element and takes the fom’f:ym dy /gv Tr(gy' gv)eier. Stan-
dard perturbation theory computations show that the cdiorebas
an “irreducible” part and a “perturbative” part. The topgilcal infor-
mation is contained in the “irreducible” part while the “pabative”
part, a differential form of typead, corresponds to a translation in the
affine space of connections. The perturbative parts canrmred
when discussing topological invariants. Thus we can igtieediber

T

whereY; is the fiber ofZ — X overz € X andQy is the curva-
ture 2-form using the submersion connection of the vertical tahge
bundle. The notations we use for the string geAwnd fora are
summarized in the appendix. From the path integral pointi@fvy
the Dirac and the Dirac-Ramond case differ by the essentskmce
of a full right Virasoro algebra commuting with supersymrgetin
- X particular sincéLo, Go] = 0, the index bundle for the family defined
volumg related part 9f the connection. The parts of the cctinre by Z — X hag an ortLogonaI direct sum decomposition into repre-
associated to trgnsnmns betweer] different eigenvalfied @) are o i tions ofLo given byInd(Z — X) = @, Ind.(Z — X),
purely “perturbative” becausgps| ¢r) = (ps| H |¢r) /(Er — Es).  wheren denotes the grading with respectlg. Our adiabatic in-
Moreover if we write an orthogonalldlrect sum for the Hllbep'%pe variance arguments in the presence of an abelian symmetvythiat
H = D) e, interms of the eigenspaces Bi(1) then the “ir- i jeads to a connectian = @, A™ whereA™ acts only on
reducible” part of the connection is a direct suln= P,y Ar(t)  Ind,.(Z — X). There are no off diagonal pieces that connect sub-
where each piecd ;) may be taken to be a unitaty(dim H g ;) spaces labeled by different valuesrof We denote the curvature of
connection. A™ by F™ The left hand side of the formula for the family’s index
We can extend this analysis to a theory with additional symtheorem is given by what we call the graded string Chern citara
metries because we have two commuting symmetries in the stud -
of the Dirac-Ramond operator. Here we only consider the case n—m/24 . (n
of a maximally commuting algebra of self-adjoint operat6(s). sch(r, F') = Z q""* ch (ZF( )/2”) J (18]
Its basis will be written as{H(t) = Ho(t), Hi(t),..., Hi(t)}. n=0
We assume that the spectrum of any operato€ (it) is discrete. wherech is the Chern character.
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Given the foregoing, we are in a position to write down ourmmai operator. We rewrit{e@] as

result:

sch(r, F) = { / g(Qy,T)} . [19]

This formula, the equivalent q@] for loop space, gives a families
index theorem for the Dirac-Ramond operator. Its right hsidd can
be rewritten in a more explicit way. Lét= "7 34x(Qy,7), and

a =Y po, aar(Qy, 7) wheresy, andays, aredk-forms onZ. Note
that a4, (Qyv,7) = (7)™ 841(Qy, 7). It is convenient to define
a; = 0if I # 0 mod 4 and likewise fors;. Integration along the fiber
reduces thdk-form to adk — m form on the bas&’

/ a4k (Qy, T) = Qap—m(x, T)

[20]
/ 54k (Qy, T) = Oab—m(x,T).
Note thata;(z,7) = n(7)™ oi(x,7), and ifl < 0 thenay; = 0,
o1 = 0. It then follows from the modular properties @thata—
transforms as a modular form of weightt while

Cab—m (T +1) = g~ 2mim/24 Oak—m(T), [21]
U4k7m(_1/7') _ e27rim/8 7_(4k7m)/2 U4k7m(7') ) [22]
More precisely if we takek — m vectorsXy, ..., Xag—m € ToX

thenaug—m (z,7) (X1, . .., Xar—m ) Will be @ modular form inr of

weight2k. Observe thad < 4k — m < p = dim X and therefore
dimY =m < 4k < p+ m = dim Z. The range for the weight
of the modular form is} dimY < 2k < 1dim Z. We can make

the weight ofasr ., as large as possible by making the parameter

Z qnﬂn/24 ch (iF(n)/27r) = Z Cak—m(T) [29]
n=0 k=0

and the classes are described by a universal formuladinet” =
m = 4m — 2¢ wheres = 0, 1 then the4j 4+ 2e cohomology class of
the index bundle is given by

1 = / i\
- qn—m 24 Tr < ) = 04j+2 (T) [30]
(2) +¢)! ; o o

where

77 T R
Oaj42e(T) = %)ii) = /m S4jram(Qy,7)  [31]
Note thatau;+2. is of modular weigh®j + 2m. An important re-
minder is that with our convention® > 1 and therefore there is a
bound on the modular weight of;; 2. given by2j + 2m > 25 4 2.

Some applications. Two different approaches come to mind when
trying to exploit the cohomological formul@1]. On the one hand
we can use what we know abaditm M}, the dimensionality of the
space of modular forms of weight and in particular look at spaces
of modular form of low dimensionality. This restricts ;2. and can
place strong constraints on the cohomological classeeritively
we can study cohomology of a specified degree.

As afirst example we look at the case whetg, 2. has modular

spaceX have high dimensionality. All this may be summarized inweight4 . There are two possibilities fofj, m) given byj = 0,

the formulae
sch(r+1,F) = e~ 2mim/24 sch(r, F),
sch(—1/7, F/7) = *™™/® sch(r, F).

[23]
[24]

This extends the modular properties of the in[@] to the full index
bundle. If we writesch(, F) = a(r, F')/n(17)™ then

a(tr+1,F)=qa(r, F),
o(=1/7,F/7) = 7™ %a(1, F).

[25]
[26]

If yj(”) are the formal eigenvalues of (™) /2r thench (i F (™) /27) =

(n

m = 2; andj = 1, m = 1. Becausalim My = 1 we have that
ujyoe (,7) = E4(T)a4j12:(x) wherea a closed(4;j + 2¢)-form
on X that is independent af and 4 is the Eisenstein series. When
e =1,dimY = 4m — 2. If j = 0, m = 2 then we are looking
at the second cohomology of the index bundle for the Dirasyé&al
operator on a manifold of dimensieahm Y = 4m — 2 = 6 and we
can takeX to be a two dimensional manifold. We see that

o - 1(n) ; (0
anfl/é1 Tr (ZF ) = E4(76) Tr <ZF ) .
n=0 27 n(7) 2m

The first Chern class of the determinant line bundléaf,, is pro-

[32]

1) . . . . . . .
>, €% . The Chern character is formally invariant under the transportional to the first Chern class of the determinant linedteof the

formation yj.”) — yj.")

a(r,y{™) should be periodic

+ 27im™ wherem ™

j ; EL and therefore

afT, y;n)) = a(r, y](»n) + 2m‘m§")) [27]

Combining this with pg] and[Pg] we see that there is an additional

formal periodicity
a(r, y;n)) = afT, yj(n) + 27ril§n)7') Wherel;”) €Z. [28]

These formal transformation properties of theemind one of the
transformation rules of Jacobi forms. However this fornnahsfor-

Dirac operator. If you eliminate the “anomaly” associateithvthe

Dirac operator orl” then you eliminate the anomaly for the Dirac

operator coupled to appropriate powersIdf. The other case has

j = 1withdimY = 4m — 2 = 2 where we reach the conclusion that

the6-cohomology of the index bundle (nedidn X > 6) is given by
Ea(7)

> S AON AN
E "2 Ty 3 = Tr i . [33]
2m n(7)? 2m

n=0

An interesting example of the second type from a physicstpoin
of view is given by two cohomology. This case corresponds to
j = 0, e = 1 and gives the first Chern class of the determinant

mation cannot be a true invariance. One way to see this is @ fiXjine pundles associated with the various index bundies,. The

(n)

positive integerr and considey;"’ — y](.") — 27irdn,. This trans-

formation completely eliminates thg~™/?* term from[@]. We

conclude that thgj(”)
in the particular cases studied[igd] and[B3] below. For example
[BF] implies that all the first Chern classes are related andmi@ted

by the single Chern class allowed in the right hand side.

The modular properties af;, severely constrains the non triv-

ial cohomology classes of the index bundle of the Dirac-Rano

Footline Author

are not all independent as can be seen clearl

manifold Y has dimensionn = 4m — 2. We can takeX to be a
2-manifold. The2-form a2 has weighm = dimY/2 + 1 so that

if dimY = 6,10, 14, 18, 26 (respectively2m = 4, 6, 8, 10, 14) then
dim M, = 1 and we conclude that the first Chern classes of the
index bundle are given by

q"’m/%Tr <iF(”)) _ Eom (1) - (iF(O)) .

2m n(r)m 2m

oo

n=0
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In this range if the determinant line bundle of the Dirac eper has
vanishing first Chern class then so do all the determinaet bun-
dles for the higher operators. In the especially intergstise with
dimY = 10, i.e., 2m = 6, the result is

oo - 1(n) i (0)
n—>5/12 ’LF o Eﬁ(T) ’LF
Zq Tr< 2 > T op(r)10 Tr o2r )

n=0
Hence you see thafr(iFV /2rr) = —494 Tr(i F(Y /27r). F©) is
the curvature of the index bundle of the Dirac operator &\t is
the curvature of the index bundle of the Dirac operator cediib
TY . If you compare this to the calculation of Alvarez-Gauiand
Witten [[22] for the gravitational anomalies in type |IB sugevity in
a manifold withp, (Z) = 0 you find thatA;,, = —495.A4, /> where
Ay 2 is the anomaly contribution from the chiral spinor aAg is
the contribution from the chiral gravitino. The differena&1 cor-
responds to the longitudinal component of a Rarita-Schexiffigld
1, that must be accounted for correctly to get the physicalignav

Note thatdim Z = 12 andp,(Z) = 0 tell us that things can only

depend orp, so all the anomalies will be proportional.

Conclusions and outlook.

markable modular properties. The discussion was herdatestito
families described by a riemannian submersion. In a fortting
longer publication we extend the analysis to the Dirac-Radraper-
ator coupled to various infinite dimensional vector bundied show
how symmetries constrain the structure by using the reptasen
theory of Virasoro and chiral algebras. An open importar@stjion
is the link of our geometrical methods to tmf.
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We have shown that the characteristic
classes of the index bundle of the Dirac-Ramond operatog hew

Appendix. The index of the Dirac-Ramond operator f(r, 1) su-
persymmetry on a manifold/ with p,(M) = 0 is given by
Try g, (—1)7g"0~¢/** = [ §(M,T), whereGy is the genera-
tor of the right handed super !mmetry The integrand is thiegs
genuss(M, ) = a(M, 7)/n(r)* whered = dim M and

[34]

Herer is the Dedekind eta function(r) = ¢*/** [[>>, (1 — ¢"),
whereg = ¢*™ and o is the Weierstrass function. The mod-
ular transformation properties of the string genus follokent
a(z,7+ 1) = a(z,7) anda(x/7,—1/7) = a(z,7) This implies
for the string genug(z/7, —1/7) = 4(x,7)/(—iT)¥?. Since inte-
gration overM picks out the differential form with degretim M,

[y, a(M, 7) is a modular form of weighi /2 and

[ st -y = [ s,
M M
/é(M,TH):e*Q”d/Q‘* / 3(M, 1) .
M M
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