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CANONICAL BASES AND AFFINE
HECKE ALGEBRAS OF TYPE D

P. SHAN, M. VARAGNOLO, E. VASSEROT

ABSTRACT. We prove a conjecture of Miemietz and Kashiwara on canonical bases
and branching rules of affine Hecke algebras of type D. The proof is similar to the
proof of the type B case in [VV].

INTRODUCTION

Let f be the negative part of the quantized enveloping algebra of type A,
Lusztig’s description of the canonical basis of f implies that this basis can be natu-
rally identified with the set of isomorphism classes of simple objects of a category of
modules of the affine Hecke algebras of type A. This identification was mentioned
in [G], and was used in [A]. More precisely, there is a linear isomorphism between
f and the Grothendieck group of finite dimensional modules of the affine Hecke
algebras of type A, and it is proved in [A] that the induction/restriction functors
for affine Hecke algebras are given by the action of the Chevalley generators and
their transposed operators with respect to some symmetric bilinear form on f.

The branching rules for affine Hecke algebras of type B have been investigated
quite recently, see [E], [EK1,2,3], [M] and [VV]. In particular, in [E], [EK1,2,3] an
analogue of Ariki’s construction is conjectured and studied for affine Hecke algebras
of type B. Here f is replaced by a module *V ()) over an algebra B. More precisely it
is conjectured there that *V () admits a canonical basis which is naturally identified
with the set of isomorphism classes of simple objects of a category of modules of
the affine Hecke algebras of type B. Further, in this identification the branching
rules of the affine Hecke algebras of type B should be given by the ?B-action on
9V ()). This conjecture has been proved [VV]. It uses both the geometric picture
introduced in [E] (to prove part of the conjecture) and a new kind of graded algebras
similar to the KLR algebras from [KL], [R].

A similar description of the branching rules for affine Hecke algebras of type D
has also been conjectured in [KM]. In this case f is replaced by another module °V
over the algebra "B (the same algebra as in the type B case). The purpose of this
paper is to prove the type D case. The method of the proof is the same as in [VV].
First we introduce a family of graded algebras °R,,, for m a non negative integer.
They can be viewed as the Ext-algebras of some complex of constructible sheaves
naturally attached to the Lie algebra of the group SO(2m), see Remark 2.8. This
complex enters in the Kazhdan-Lusztig classification of the simple modules of the
affine Hecke algebra of the group Spin(2m). Then we identify °V with the sum of
the Grothendieck groups of the graded algebras °R.,.

2000 Mathematics Subject Classification. Primary ?77; Secondary ?7.
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The plan of the paper is the following. In Section 1 we introduce a graded algebra
°R(T),. It is associated with a quiver I" with an involution 6 and with a dimension
vector v. In Section 2 we consider a particular choice of pair (T',8). The graded
algebras °R(I"), associated with this pair (I',0) are denoted by the symbol °R,,.
Next we introduce the affine Hecke algebra of type D, more precisely the affine
Hecke algebra associated with the group SO(2m), and we prove that it is Morita
equivalent to °R,,. In Section 3 we categorify the module °V from [KM] using the
graded algebras °R,,, see Theorem 3.28. The main result of the paper is Theorem
3.33.

0. NOTATION

0.1. Graded modules over graded algebras. Let k be an algebraically closed
field of characteristic 0. By a graded k-algebra R = @, R4 we’ll always mean a
Z-graded associative k-algebra. Let R-mod be the category of finitely generated
graded R-modules, R-fmod be the full subcategory of finite-dimensional graded
modules and R-proj be the full subcategory of projective objects. Unless specified
otherwise all modules are left modules. We’ll abbreviate

K(R) = [R-proj], G(R)=[R-fmod].

Here [C] denotes the Grothendieck group of an exact category C. Assume that
the k-vector spaces Ry are finite dimensional for each d. Then K(R) is a free
Abelian group with a basis formed by the isomorphism classes of the indecompos-
able objects in R-proj, and G(R) is a free Abelian group with a basis formed by
the isomorphism classes of the simple objects in R-fmod. Given an object M of
R-proj or R-fmod let [M] denote its class in K(R), G(R) respectively. When
there is no risk of confusion we abbreviate M = [M]. We'll write [M : N] for the
composition multiplicity of the R-module NV in the R-module M. Consider the ring
A = ZJv,v71]. If the grading of R is bounded below then the A-modules K (R),
G(R) are free. Here A acts on G(R), K(R) as follows

oM = M[1], v 'M = M[-1].
For any M, N in R-mod let

homg (M, N) = @5 Homg (M, Nd))
d

be the Z-graded k-vector space of all R-module homomorphisms. If R = k we’ll
omit the subscript R in hom’s and in tensor products. For any graded k-vector
space M = @, My we’ll write

gdim(M) = Z vedim(My),
d

where dim is the dimension over k.
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0.2. Quivers with involutions. Recall that a quiver T' is a tuple (I, H,h —
K, h+— h'") where T is the set of vertices, H is the set of arrows and for each h € H
the vertices h', h” € I are the origin and the goal of h respectively. Note that the
set I may be infinite. We'll assume that no arrow may join a vertex to itself. For
each i, j € I we write
Hi,j = {hE H,h/ == i,h” :j}

We'll abbreviate ¢ — j if H; j # 0. Let h; ; be the number of elements in H; ; and
set

i j=—hij;—hj 1-1=2, {#].
An involution 0 on I' is a pair of involutions on I and H, both denoted by 6, such
that the following properties hold for each h in H

o O(h) = O(h") and O(h)" = O(h),
o (W) =h"iff O(h) = h.

We'll always assume that 6 has no fized points in I, i.e., there is no ¢ € I such that
0(i) = i. To simplify we’ll say that 0 has no fixed point. Let

GN] = {1/ = Zl/ii € NI : Vo(i) = Vi, VZ}

For any v € NI set |[v| = 3, v;. It is an even integer. Write |v| = 2m with m € N.
We'll denote by " the set of sequences

i= (il—m; s 7im—1aim)
of elements in I such that 6(i;) = i;; and ), i) = v. For any such sequence i
we’ll abbreviate 0(i) = (0(i1—m), ... ,0(im-1),0(im)). Finally, we set

orm = UGI”, v e NI, |v|=2m.

0.3. The wreath product. Given a positive integer m, let &,,, be the symmetric
group, and Zy = {—1,1}. Consider the wreath product W,, = &,, ! Zy. Write
S1y. .-, 8m—1 for the simple reflections in &,,,. Foreachl=1,2,...mlet g, € (Z2)™
be —1 placed at the [-th position. There is a unique action of W,, on the set
{1=m,...,m—1,m} such that &,, permutes 1,2,...m and such that ¢; fixes k if
k #1,1—1 and switches [ and 1 — [. The group W,, acts also on I”. Indeed, view
a sequence i as the map

{1-m,....m—=1m} =1, I+ 1.
Then we set w(i) =iow™! for w € W,,. For each v we fix once for all a sequence
ie = (i1_my. .o ,im) €TV,
Let W, be the centralizer of i, in W,,,. Then there is a bijection
W \W,, — 17, Wew — w™ ' (i,).

Now, assume that m > 1. We set s = e€15161. Let °W,, be the subgroup of
Wi, generated by sg, ..., Sm—1. We'll regard it as a Weyl group of type D,, such
that sg,...,sm—1 are the simple reflections. Note that W, is a subgroup of °W,,.
Indeed, if W, ¢ °W,,, there should exist [ such that &; belongs to W,. This would
imply that 4, = 6(i;), contradicting the fact that 6 has no fixed point. Therefore °7”
decomposes into two °W,,-orbits. We’ll denote them by I ¥ and orv. Form =1
we set °Wp = {e} and we choose again 9]_’; and °I” in a obvious way.
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1. THE GRADED k-ALGEBRA °R(T"),

Fix a quiver I" with set of vertices I and set of arrows H. Fix an involution 6 on
I". Assume that I" has no 1-loops and that 6 has no fixed points. Fix a dimension
vector v # 0 in *NI. Set |v| = 2m.

1.1. Definition of the graded k-algebra °R(T"),. Assume that m > 1. We
define a graded k-algebra °R(I"), with 1 generated by 1;, », oy, with i € ¥,
l=12,...,m, k=0,1,... ,m — 1 modulo the following defining relations

(@) 11y = 6iwli,  oxli = lsiok, sqli = lisg,
(b) s = sy,
(¢) oili = Qigis, oy (i (k)» 2) Lis
(d) opop =opopf1l<k<k—1<m-—1lor0=k<k'#£2,
() (Osp(k)TKO s, (k) — Tk sy, (k) Ok) i =

Qiric, oy (s (k)s 20) — Qi iy (s, () Foi (k) +1)

= M — Mgy, (k)+1

i if ik = ds, k)41,
0 else,

=1 il =k, ik =g, k),

(f) (owsa — g yon)li=q L if L= sk(k), ik = is ),
0 else.
Here we have set s¢;_; = —2¢ and

(Do) i,
0 else.

(L1) Qi) = {

If m = 0 we set °R(I")o = k@ k. If m =1 then we have v = i+ 6(i) for some i € I.
Write i = i6(¢), and
OR(F)V = k[%l]li & k[%l]lg(i).
We'll abbreviate o3, = 015 and 35 = s41;. The grading on °R(I") is the trivial
one. For m > 1 the grading on °R(T"), is given by the following rules :
deg(1;) =0,
deg(s4,) = 2,

deg(ai7k) = —’ik 'isk(k)-

We define w to be the unique involution of the graded k-algebra °R/(I"),, which fixes
1, 24, 0. We set w to be identity on °R(T)o.

1.2. Relation with the graded k-algebra ‘R(I"),. A family of graded k-algebra
9R(T")»,, was introduced in [VV, sec. 5.1], for A an arbitrary dimension vector in
NI. Here we’ll only consider the special case A = 0, and we abbreviate QR(F)V =
9R(T")o,,. Recall that if v # 0 then R(T"), is the graded k-algebra with 1 generated
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by 1i, s, ok, m1, with i € I, 1 = 1,2,...,m, k= 1,... ,m — 1 such that 1;, 5g
and oy, satisfy the same relations as before and

2
m =1, mlim =1g:, mgm =%, ),
2 2 .

(mo1)® = (o1m)%, mogm =oy if k# 1.

If v = 0 then R(I')g = k. The grading is given by setting deg(1;), deg(s4,),
deg(oi,) to be as before and deg(m11;) = 0. In the rest of Section 1 we’ll assume
m > 0. Then there is a canonical inclusion of graded k-algebras

(1.2) °R(I), C ‘R(T),

such that 15, 3,04 — 13, 3q, 05 forie 1’ 1=1,... ,m, k=1,... ,m—1 and such
that o9 — mo1m. From now on we’ll write o9 = mo1m whenever m > 1. The
assignment x + 72 defines an involution of the graded k-algebra *R(T"),, which
normalizes °R(T"),. Thus it yields an involution

~v: °R(I), — °R(I),.

Let () be the group of two elements generated by . The smash product °R(T"),, x
(v) is a graded k-algebra such that deg(y) = 0. There is an unique isomorphism of
graded k-algebras

(1.3) R(T), » () = ‘R(T),
which is identity on °R(T"),, and which takes v to .

1.3. The polynomial representation and the PBW theorem. For any i in
1" let 9F; be the subalgebra of °R(I"),, generated by 1; and s withl =1,2,...,m.
It is a polynomial algebra. Let

'F, = P F:.

iefrv

The group W,, acts on ’F, via w(zg) = P (i),w(i) for any w € Wy,. Consider the
fixed points set

°S, = (F,) W,
Regard “R(I"), and End(’F,) as YF,-algebras via the left multiplication. In [VV,
prop. 5.4] is given an injective graded °F,-algebra morphism *R(I"), — End(?F,).
It restricts via (1.2) to an injective graded ?F,-algebra morphism

°R(I), — End(?F,).

Next, recall that °W,,, is the Weyl group of type D,,, with simple reflections sg, ... , Sm—1.
For each w in °W,,, we choose a reduced decomposition w of w. It has the following
form

W = Sk, Sky " Sk, O0< ki,ka,.. .k <m—1

We define an element o, in °R(T"), by

(14) Ow = Z liO'u',, 1iO'u', = {

Observe that the element o, may depend on the choice of the reduced decomposi-
tion w.

1i ifr=0

1i0k, Ok, -+ - Ok, else,
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1.4. Proposition. The k-algebra °R(T"),, is a free (left or right) °F,-module with
basis {oy; w € °W,, }. Its rank is 2m=Iml. The operator 1;0,, is homogeneous and
its degree is independent of the choice of the reduced decomposition w.

Proof : The proof is the same as in [VV, prop. 5.5]. First, we filter the algebra
°R(T"), with 1j, 55, in degree 0 and o; i, in degree 1. The Nil Hecke algebra of type
D,, is the k-algebra °NH,,, generated by 7,71, ...,0,—1 with relations

5’k5'k/:5'k/5'kif1<k<k/71<m7101‘0:k<k/%2,

T (k)OkTsy (k) = OkOsy (k) 0k, 0% = 0.
We can form the semidirect product °F,, x °NH,,,, which is generated by 1;, 3, %
with the relations above and
Gron = Hy,(1)Oks  Fasay = 3 5.
One proves as in [VV, prop. 5.5] that the map
'F, x °NH,, — gr(°R(T),), L1, 3434, GF > 0.

is an isomorphism of k-algebras.
O

Let °F), = @, °F}, where °F} is the localization of the ring ’F; with respect to
the multiplicative system generated by
agtmp; 1<IAU <mPU a5 0=1,2,...,m}.
1.5. Corollary. The inclusion °R(I'), C End(°F,) yields an isomorphism of
OF! -algebras °F!, @op °R(T), — °F) x °W,,, such that for each i and each
I=12,....m,k=0,1,2,...,m— 1 we have
1;— 1i,

0 — ol
(st — g 0) " (s — DL if i = i, ),
Oi,k —

hi i . .
(ot — Ao (k)) O Fsply if g F gy )

Proof: Follows from [VV, cor. 5.6] and Proposition 1.4.
O

Restricting the °F,-action on °R(T"),, to the k-subalgebra °S, we get a structure
of graded °S,-algebra on °R(T),.
1.6. Proposition. (a) °S, is isomorphic to the center of °R(T), .

(b) °R(T), is a free graded module over °S, of rank (2™~ *m!)2.

Proof : Part (a) follows from Corollary 1.5. Part (b) follows from (a) and Proposi-
tion 1.4.
O



2. AFFINE HECKE ALGEBRAS OF TYPE D

2.1. Affine Hecke algebras of type D. Fix p in k*. For any integer m > 0 we
define the extended affine Hecke algebra H,, of type D,, as follows. If m > 1 then
H,, is the k-algebra with 1 generated by

T, X, k=01,....m—1, 1=1,2,....m

satisfying the following defining relations :

(a) XXy = Xy X,

(b) Th T, )Tk = Ts, () T Tsy (i), Th T = T T if 1 <k <k’ —1ork =0,k #2,

(¢) (T —p)(Tk +p~") =0,

(d) ToX['To = Xa, T X3 Ty = Xeoy if bk #0, T, X; = XiTy if k #0,0,1 -1 or
k=0,1+#1,2.

Finally, we set Ho = k & k and Hy = k[X;"'].

2.2. Remarks. (a) The extended affine Hecke algebra HE of type B,, with pa-
rameters p, ¢ € k* such that ¢ = 1 is generated by P, Ty, Xlil, k=1,... ,m—1,
l=1,...,m such that T}, XljEl satisfy the relations as above and

P?=1, (PTW)*=(TWP)? PTy=T.Pifk#1,

PX;'P=X,, PX;=XPifl#1.

See e.g., [VV, sec. 6.1]. There is an obvious k-algebra embedding H,,, C HE . Let v
denote also the involution H,,, — H,,, a — PaP. We have a canonical isomorphism
of k-algebras

H,, x (v)~HE.

Compare Section 1.2.

(b) Given a connected reductive group G we call affine Hecke algebra of G the
Hecke algebra of the extended affine Weyl group W x P, where W is the Weyl
group of (G, T), P is the group of characters of T', and T is a maximal torus of G.
Then H,, is the affine Hecke algebra of the group SO(2m). Let HS, be the affine
Hecke algebra of the group Spin(2m). It is generated by H,, and an element X
such that

X2=X1X9... Xpm, TuXo=XoTyif k#0, ToXoX{'X,'Ty= Xo.

Thus H,, is the fixed point subset of the k-algebra automorphism of HY, taking
Ty, X1 to Ty, (—1)%0X; for all k,I. Therefore, if p is not a root of 1 the simple H,,-
modules can be recovered from the Kazhdan-Lusztig classification of the simple
H¢ -modules via Clifford theory, see e.g., [Re].

2.3. Intertwiners and blocks of H,,. We define

A=Kk[XFLXFL L XE A=A, H, =A'"®sH,,
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where ¥ is the multiplicative set generated by

- XX 1 -p?XEXGE, 1 £

For k =0,...,m—1 the intertwiner ¢y, is the element of H/ given by the following
formulas

X — Xs k
(2.1) or—1= o (Ti ~p).

pXy —p 1 X, (k)
The group °W,, acts on A’ as follows
(spa) (X1, s Xom) = a(X1, ooy Xi1, Xy o ooy Xom) if B # 0,
(500)(X1,. ., X)) = a(X5 5 X7h 000 X)),
There is an isomorphism of A’-algebras
A" x°W,, = H,,,  si+ k.

The semi-direct product group ZxZs = Zx{—1,1} acts on k* by (n, ) : z — 2p*".
Given a Z X Zo-invariant subset I of k* we denote by H,,,-Mod; the category of all
H,,,-modules such that the action of X1, X5, ..., X}, is locally finite with eigenvalues
in I. We associate to the set I and to the element p € k* a quiver I' as follows.
The set of vertices is I, and there is one arrow p?i — i whenever i lies in I. We
equip I' with an involution 6 such that 6(i) = i~! for each vertex i and such that
6 takes the arrow p?i — i to the arrow i1 — p~2i~t. We’ll assume that the set I
does not contain 1 nor —1 and that p # 1,—1. Thus the involution # has no fixed
points and no arrow may join a vertex of I' to itself.

2.4. Remark. We may assume that I = £{p"; n € Zoaa}. See the discussion in

[KM]. Then T is of type A if p has infinite order and T is of type A if p? is a
primitive r-th root of unity.

2.5. H,,-modules versus °R,,-modules. Assume that m > 1. We define the
graded k-algebra

‘Rim =P Riv, "Riy="R()., “Rim=E°Riu, °Ri,=°R(I),

Hlm _ |_|91V,

where v runs over the set of all dimension vectors in *NI such that || = 2m. When
there is no risk of confusion we abbreviate

0 0 0 0
R, = Rl,ua R, = RI,m; ORI/ = ORI,V; ORm = ORI,m-

Note that R, and R, are the same as in [VV, sec. 6.4], with A = 0. Note also that
the k-algebra °R,, may not have 1, because the set I may be infinite. We define
°R,,-Modj as the category of all (non-graded) °R,,-modules such that the ele-
ments s, o, ..., ¥y, act locally nilpotently. Let °R,,-fMody and H,,-fMod; be
the full subcategories of finite dimensional modules in °R,,,-Mody and H,,,-Mod;
respectively. Fix a formal series f(») in k[[s]] such that f(s) = 1+ 3 modulo (5¢?).



2.6. Theorem. We have an equivalence of categories
°R,,-Mody — H,,-Mod;, Mw— M

which is given by
(a) Xi acts on 1;M by il_lf(%l) for eachl=1,2,...,m,
(b) if m > 1 then Ty acts on 1;M as follows for each k =0,1,...,m — 1,
(pf(%k) - pilf(%wc(k)))(%k - %Sk(k))
fGw) = fts,0) _— (P~ = 1) f Gt (i))
(pilf(%k) 7pf(%5k(k)))(%k - %Sk(k)) p.f(%k) - pilf(%wc(k))

op+p if oy (k) = Tks

if is k) = PPk

pirf () — 0 Yis o) f (525, (1)) - (P! = p)inf (3s(i))
inf (2) — Tsy (k) f (Fs (k) g isp, (k) f () — ik f (%5, (1))

if sy (k) 7 Tk PPk

Proof : This follows from [VV, thm. 6.5] by Section 1.2 and Remark 2.2(a). One
can also prove it by reproducing the arguments in loc. cit. by using (1.5) and (2.1).
O

2.7. Corollary. There is an equivalence of categories

¥ : °R,,-fMody — H,,,-fMod;, M — M.

2.8. Remarks. (a) Let g be the Lie algebra of G = SO(2m). Fix a maximal torus
T C G. The group of characters of T' is the lattice @;", Z ¢;, with Bourbaki’s nota-
tion. Fix a dimension vector v € NI. Recall the sequence ic = (i1—m, - - -, %m—1,%m)
from Section 0.3. Let g € T be the element such that £(g) = il_l for each
I =1,2,...,m. Recall also the notation °V,, V, °Ey, and %Gy from [VV]. Then
V is an object of V), IGy = G is the centralizer of g in G, and

By = G990 Ogp = 17 € g;,ady(x) = p2x}.

Let F; be the set of all Borel Lie subalgebras of g fixed by the adjoint action of g.
It is a non connected manifold whose connected components are labelled by 9]};. In
Section 3.14 we’ll introduce two central idempotents 1, 4, 1,,— of °R,. This yields
a graded k-algebra decomposition

°R, = "Ry 1,4 & °Ru1,_.
By [VV, thm. 5.8] the graded k-algebra °R, 1, ; is isomorphic to
EXtZ'g (Lgps Lg,p)s
where L, is the direct image of the constant perverse sheaf by the projection
{(b,z) € Fy xggp; x €6} = ggp, (b,2)— 2.

The complex L, , has been extensively studied by Lusztig, see e.g., [L1], [L2]. We
hope to come back to this elsewhere.

(b) The results in Section 2.5 hold true if k is any field. Set f(») = 1+ s for
instance.



10 P. SHAN, M. VARAGNOLO, E. VASSEROT

2.9. Induction and restriction of H,,-modules. For ¢ € I we define functors
Ei : Hm+1—fMOd[ — Hm—fMOd[,

(2.2)
E : Hm—fMOd[ — Hm+1—fMOd],

where E;M C M is the generalized i ~!-eigenspace of the X, i-action, and where

A _ H7n+1 )
FM =Tndy o (M ®k;).

Here k; is the 1-dimensional representation of k[Xni%lH] defined by X1+ i~ L.

3. GLOBAL BASES OF °V AND PROJECTIVE GRADED °R-MODULES

3.1. The Grothendieck groups of °R,,. The graded k-algebra °R,, is free of
finite rank over its center by Proposition 1.6, a commutative graded k-subalgebra.
Therefore any simple object of °R,,,-mod is finite-dimensional and there is a finite
number of isomorphism classes of simple modules in °R,,,-mod. The Abelian group
G(°R,,) is free with a basis formed by the classes of the simple objects of °R;,-
mod. The Abelian group K (°R,,) is free with a basis formed by the classes of the
indecomposable projective objects. Both G(°R,,) and K (°R,,) are free A-modules,
where v shifts the grading by 1. We consider the following .4-modules

OKI = @ OKI,m7 OKI,m = K(oRm)7

m=0
°Gr =P °Gim, °Grm=G(Ry).
m=0
We’ll also abbreviate
°Kr.= @ Krm, °Gru= @ °Grm-
m>0 m>0

From now on, to unburden the notation we may abbreviate °R = °R,,,, hoping it
will not create any confusion. For any M, N in °R-mod we set

(M : N) =gdim(M* @ g N), (M:N)=gdimhomeg(M,N),
where w is the involution defined in Section 1.1. The Cartan pairing is the perfect
A-bilinear form
‘K x°Gy—= A, (P,M)w— (P:M).
First, we concentrate on the A-module °G;. Consider the duality
°R-fmod — °R-fmod, M — M’ = hom(M, k),
with the action and the grading given by
(zf)(m) = fw(z)m), (M")a=Hom(M_g,k).
This duality functor yields an A-antilinear map
°G; = °Gy, M M.

Let °B denote the set of isomorphism classes of simple objects of °R-fMody. We
can now define the upper global basis of °G; as follows. The proof is given in
Section 3.21.
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3.2. Proposition/Definition. For each b in °B there is a unique selfdual ir-
reducible graded °R-module °G"P(b) which is isomorphic to b as a (non graded)

°R-module. We set °G'P(0) = 0 and °G"P = {°G"P(b); b € °B}. Hence °G"" is a
A-basis of °G.

Now, we concentrate on the A-module °K;. We equip °K; with the symmetric
A-bilinear form

(3.1) °K; x°Ky—A, (M,N)— (M:N).
Consider the duality
°R-proj — °R-proj, P +— P* =hom.gr(P,°R),
with the action and the grading given by
(«f)(p) = f(p)w(x), (P*)q=Homer(P[-d],"R).
This duality functor yields an A-antilinear map
°K; — °K;, P+ P%

Set K = Q(v). Let K — K, f + f be the unique involution such that o = v,

3.3. Definition. For each b in °B let °G'Y (b) be the unique indecomposable graded
module in °R-proj whose top is isomorphic to °G*P(b). We set °G'*%(0) = 0 and
°Glow = {9GV(b); b € °B}, a A-basis of K.

3.4. Proposition. (a) We have (°G'%(b) : °GP (b)) = dp1 for each b,b' in °B.

(b) We have (P*: M) = (P : M) for each P, M.
(c) We have oGlow(b)ﬁ = °G'(b) for each b in °B.
The proof is the same as in [VV, prop. 8.4].

3.5. Example. Set v =i+ 0(i) and i = i0(i). Consider the graded °R,-modules
°R; = °R1; = 1i°R, °L; = top(°Ry).
The global bases are given by
°GV = {°Ri, "Ry}, ‘G = {°Li, "Ly }-
For m = 0 we have "Rg =k & k. Set o4 =k P 0 and ¢_ = 0@ k. We have

oGloow _ oGgp — {¢+7 ¢_}
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3.6. Definition of the operators e¢;, f;, ¢}, f/. In this section we’ll always assume
m > 0 unless specified otherwise. First, let us introduce the following notation. Let
D,,, 1 be the set of minimal representative in °W,,11 of the cosets in °W,,\°W,41.
Write

Dm,l;m,l = Dm,l N (Dm,l)_l-

For each element w of Dy, 1,m,1 We set
W(w) = Wy Nw(° Wy, )w ™t

Let R; be the k-algebra generated by elements 1;, sz, i € I, satisfying the defining
relations 1; 1, = 6; +1; and »; = 1;351;,. We equip Ry with the grading such that
deg(1;) = 0 and deg(sr;) = 2. Let

Then R; is a graded projective Ri-module and L; is simple. We abbreviate
‘Rin1 =R @R1, "R = "Ry @R
There is an unique inclusion of graded k-algebras
GRm,l — 9Rm+1a
1i & 1i — 1i’)
i ® 361 = 260 g,
(3.2)
i @ 1; = o g,
mi1 @ 1; = i1,

oik ®1; = oy i,

where, given i € I and i € I, we have set i’ = 6(i)ii, a sequence in °I™*!. This
inclusion restricts to an inclusion °R,,, 1 C °Rypy1.

3.7. Lemma. The graded °R,, 1-module °R,41 is free of rank 2(m + 1).

Proof : For each w in D, we have the element oy, in °R,,4+1 defined in (1.5).
Using filtered/graded arguments it is easy to see that

oRerl - @ ORm,10m-

wWEDm 1

We define a triple of adjoint functors (¢r,¥*, ¢.) where

¥* : °Rypp1-mod — °R,,-mod x Rj-mod
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is the restriction and v, 1, are given by
{ °R,,-mod x Ri-mod — °R,,,;1-mod,
L

(Mv M/) = oRm+1 ®°Rm,1 (M ® Ml)a
{ °R,,-mod x Ri-mod — °R,,11-mod,

(M, M") +— homeg,, , (*Ropt1, M @ M').

First, note that the functors v, ¥*, . commute with the shift of the grading.
Next, the functor ¥* is exact, and it takes finite dimensional graded modules to
finite dimensional ones. The right graded °R,, ;-module °R,,,41 is free of finite
rank. Thus v is exact, and it takes finite dimensional graded modules to finite
dimensional ones. The left graded °R,, 1-module °R,,41 is also free of finite rank.
Thus the functor v, is exact, and it takes finite dimensional graded modules to finite
dimensional ones. Further ¢ and ¢* take projective graded modules to projective
ones, because they are left adjoint to the exact functors ¥*, i, respectively. To
summarize, the functors ¥, ¥*, 1, are exact and take finite dimensional graded
modules to finite dimensional ones, and the functors ¥, ¥* take projective graded
modules to projective ones.
For any graded °R,,-module Mwe write

f[ilM) = Rony1lm,i ®or,, M,
(3.3)
GZ(M) = ORm,1 ®°Rm—1,1 1m71,iM-

Let us explain these formulas. The symbols 1,,; and 1,,—; ; are given by

1m71,iM = @ 19(1')11-M, ie efmil.

Note that f;(M) is a graded °R,,i1-module, while e;(M) is a graded °R,,_1-
module. The tensor product in the definition of e;(M) is relative to the graded
k-algebra homomorphism

Rp—11 = Rnc1®R1 = Ry 1 @R = °Ryp1 @ Ly = °Ro—g.

In other words, let e}(M) be the graded °R,,_;-module obtained by taking the
direct summand 1,,_1 ;M and restricting it to °R,,—1. Observe that if M is finitely
generated then e}(M) may not lie in °R,,—;-mod. To remedy this, since e} (M)
affords a °R,;,—1 ® R;-action we consider the graded °R,,_1-module

ei(M) = e;(M)/iei(M).

3.8. Definition. The functors e;, f; preserve the category °R-proj, yielding A-
linear operators on °Ky which act on °Ky . by the formula (3.3) and satisfy also

filoy) = oRe(i)u filo-) = ORiG(i)a €i(R9(j)j) = 5i,j¢+ + 5i,9(j)¢7-

Let e;, f; denote also the A-linear operators on °Gj which are the transpose of f;,
e; with respect to the Cartan pairing.

Note that the symbols e;(M), fi(M) have a different meaning if M is viewed
as an element of °K; or if M is viewed as an element of °G;. We hope this will
not create any confusion. The proof of the following lemma is the same as in [VV,
lem. 8.9].
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3.9. Lemma. (a) The operators e;, f; on °Gy are given by
SZ(M) = 1m71,iM fz(M) = hOmoRm,l(oRerl, M ® Lz), M e oRm—med.
(b) For each M € °R,,-mod, M’ € °R,,41-mod we have

(el(M'): M) = (M": fi(M)).

(c) We have fi(P)* = f;(P!) for each P € °R-proj.
(d) We have e;(M)’ = e;(M”) for each M € °R-fmod.

3.10. Induction of H,,-modules versus induction of °R,,-modules. Recall
the functors E;, F; on H-fMod; defined in (2.2). We have also the functors

for : °R,,,-fmod — °R,,,-fMody, V¥ :°R,,-fMody — H,,-fMod;,

where for is the forgetting of the grading. Finally we define functors

E;: oRm-fMOdO — oRm_l—fMOdQ, E;M = 1m—1,iM;
(3.4)
F;: ORm—fMOdQ — oRm+1—fMOdQ, M = ’L/J[(M, Lz)

3.11. Proposition. There are canonical isomorphisms of functors

EioUV=VoF; F,oV=VoF; FE;ofor=foroe;, Fiofor:forofg(i).

Proof : The proof is the same as in [VV, prop. 8.17].
O

3.12. Proposition. (a) The functor U yields an isomorphism of Abelian groups

P PR, -Mody] = (P [H,,-fMod;].

m=0 m=0

The functors E;, F; yield endomorphisms of both sides which are intertwined by V.

(b) The functor for factors to a group isomorphism

°G/(v—1) = PI"Rym-fMody).

m=0

Proof : Claim (a) follows from Corollary 2.7 and Proposition 3.11. Claim (b) follows
from Proposition 3.2.
O
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3.13. Type D versus type B. We can compare the previous constructions with
their analogues in type B. Let ‘K, 9B, %G'°%, etc, denote the type B analogues
of °K, °B, °G'V, etc. See [VV] for details. We'll use the same notation for the
functors ¥*, ¥, ¥y, €;, fi, etc, on the type B side and on the type D side. Fix m > 0
and v € NI such that |v| = 2m. The inclusion of graded k-algebras °R,, C ‘R,
in (1.2) yields a restriction functor

res : ’R,-mod — °R,-mod
and an induction functor
ind : °R,-mod — °R,-mod, M — ‘R, ®-r, M.

Both functors are exact, they map finite dimensional graded modules to finite
dimensional ones, and they map projective graded modules to projective ones.
Thus, they yield morphisms of A-modules

res : ‘QKI,m — °Krm, res: BGI,m — °Gr.m,

. o 0 . o 0,

ind: °Krpm = "Krm, ind:°Grm,m — "Grm.
Moreover, for any P € BKI,m and any L € ‘QGLm we have

res(P*) = (resP)*, ind(P*) = (indP)*
(3.5)
res(L’) = (resL)’, ind(L") = (indL)’.

Note also that ind and res are left and right adjoint functors, because
'R, @or, M = homeg, ("R, M)

as graded R, -modules.

3.14. Definition. For any graded °R.,-module M we define the graded °R.,,-module
M7 with the same underlying graded k-vector space as M such that the action of
°R, is twisted by v, i.e., the graded k-algebra °R, acts on M7 by am = vy(a)m
for a € °R, and m € M. Note that (M")Y = M, and that M" is simple (resp.
projective, indecomposable) if M has the same property.

For any graded °R,,-module M we have canonical isomorphisms of °R-modules
(fi(M))Y = fi(M7),  (ei(M))” = e;(M7).
The first isomorphism is given by
‘Rinti1lm,i @or,, M = “Rypti1lim,i Qor,, M, a®@m+— v(a) @ m.

The second one is the identity map on the vector space 1,, ;M.
Recall that ?I" is the disjoint union of 9]_’; and 1. We set

L= 1 1,-=)Y L

iefry iefrv
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3.15. Lemma. Let M be a graded °R.,-module.
(a) Both 1,1 and 1, _ are central idempotents in °R,. We have 1, 1 = ~v(1,,_).
(b) There is a decomposition of graded °R,-modules M =1, 4 M &1, _M.

(¢) We have a canonical isomorphism of °R,,-modules res o ind(M) = M & M".
)

(d) If there exists a € {+,—} such that 1, _,M = 0, then there are canonical
isomorphisms of graded °R, -modules

M=1,,M, 0=1,,M", M’ =1, _,M".

Proof: Part (a) follows from Proposition 1.6 and the equality 1 (°I¥) = I”. Part
(b) follows from (a), (c) is given by definition, and (d) follows from (a), (b).
O

Now, let m and v be as before. Given i € I, we set v/ = v+ i+ 0(¢). There is
an obvious inclusion W,,, C Wy, 41. Thus the group W,, acts on T ”,, and the map
o 1Y i 6(i)ii
is Wp,-equivariant. Thus there is a; € {4, —} such that the image of 9]}; is contained

in 9[,’1’1_/, and the image of °I” is contained in Glz/ai.

3.16. Lemma. Let M be a graded °R,-module such that 1, _oM = 0, with a =
+,—. Then we have

11/’,—aiafi(M) = 0; 1V’,aiaf9(i)(M) =0.
Proof: 'We have
1u’,7aiafi(M) = 1U’,7a.;aoR1/1V,i ®°R,/ M
= ORu’lu’,—aialll,ill/,a ®°R,, M.

Here we have identified 1, , with the image of (1, 4,1;) via the inclusion (3.2). The
definition of this inclusion and that of a; yield that

1V’,a¢a11/,i11/,a = 11/,(1; 1u’,—aia11/,i11/,a =0.

The first equality follows. Next, note that for any i € °I”, the sequences 6(i)ii
and i0(i) = e,,41(0(¢)ii) always belong to different °W,, 1-orbits. Thus, we have
ag(;) = —ai. So the second equality follows from the first.

O

Consider the following diagram

P
°R,-mod x R;-mod —=°R,-mod

"
resxid ,H ind xid res H] ind
P

R,-mod x R,;-mod TB R, ,-mod.
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3.17. Lemma. There are canonical isomorphisms of functors
indot =y o (ind x id), ¢* oind = (ind x id) o ¥*, ind o ¢, = 9, o (ind x id),

reso Y = ¢y o (res x id), ¢* ores = (res x id) o 90, res o, = 1), o (res x id).

Proof : The functor ind is left and right adjoint to res. Therefore it is enough to
prove the first two isomorphisms in the first line. The isomorphism

ind o ¢ = v o (ind X id)
comes from the associativity of the induction. Let us prove that

¥* oind = (ind X id) o ¥*.
For any M in °R,,-mod, the obvious inclusion ‘R, ® R; € R,/ yields a map

(ind x id) ¢* (M) = ("R, @ R;) @er,er, ¥* (M) = ¥* ("R @or,er, M).
Combining it with the obvious map
‘R, @r,or: M = 'Ry @or,, M
we get a morphism of °R, ® R;-modules
(ind x id) ¥* (M) — ™ ind(M).

We need to show that it is bijective. This is obvious because at the level of vector
spaces, the map above is given by

Me&(m, M) > M (my M), m+m,Qn+—m+m, @n.

Here 71, and 7 ,» denote the element 7; in R, and R, respectively.
O

3.18. Corollary. (a) The operators e;, f; on °Ky . and on GKL* are intertwined
by the maps ind, res, i.e., we have

e;oind =indoe;, f;oind=indo f;, e;ores=resoe;, f;ores=reso f;.

(b) The same result holds for the operators e;, fi on °Gy . and on *Gr ..

3.19. Now, we concentrate on non graded irreducible modules. First, let
Res: 'R,-Mod — °R,-Mod, Ind:°R,-Mod — ’R,-Mod
be the (non graded) restriction and induction functors. We have

for ores = Reso for, for oind = Ind o for.
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3.20. Lemma. Let L, L’ be irreducible °R,,-modules.
(a) The °R,-modules L and L are not isomorphic.

(b) Ind(L) is an irreducible *R,,-module, and every irreducible R, -module is
obtained in this way.

(¢) Ind(L) ~Ind(L') iff L' ~ L or L".

Proof: For any °R,,-module M # 0, both 1, 4 M and 1, M are nonzero. Indeed,
we have M =1, .M &1, _M, and we may suppose that 1, M # 0. The auto-
morphism M — M, m — mm takes 1, 1 M to 1, M by Lemma 3.15(a). Hence
1, M #0.

Now, to prove part (a), suppose that ¢ : L — L7 is an isomorphism of °R,,-
modules. We can regard ¢ as a y-antilinear map L — L. Since L is irreducible,
by Schur’s lemma we may assume that ¢ = id;. Then L admits a R, -module
structure such that the °R,-action is as before and m; acts as ¢. Thus, by the
discussion above, neither 1, , L nor 1, _ L is zero. This contradicts the fact that L
is an irreducible °R,-module.

Parts (b), (¢) follow from (a) by Clifford theory, see e.g., [RR, appendix].

We can now prove Proposition 3.2.

3.21. Proof of Proposition 3.2. Let b € °B. We may suppose that b = 1, ;.
By Lemma 3.20(b) the module % = Ind(b) lies in °B. By [VV, prop. 8.2] there
exists a unique selfdual irreducible graded R-module ’G"P (%) which is isomorphic
to % as a non graded module. Set

°GUP(b) = 1, res(%GUP (%)).

By Lemma 3.15(d) we have °G"P(b) = b as a non graded °R-module, and by (3.5) it
is selfdual. This proves existence part of the proposition. To prove the uniqueness,
suppose that M is another module with the same properties. Then ind(M) is a
selfdual graded R-module which is isomorphic to % as a non graded R-module.
Thus we have ind(M) = %G (%) by loc. cit. By Lemma 3.15(d) we have also

M =1, res(°G"™ (%)).

So M is isomorphic to °G"P(b).
0

3.22. The crystal operators on °G; and °B. Fix a vertex ¢ in I. For each
irreducible graded °R.,,-module M we define

éi(M) =soc(ei(M)), fi(M) = topth(M,L;), &(M)=max{n > 0; e (M) # 0}.

3.23. Lemma. Let M be an irreducible graded °R-module such that e;(M), fi(M)
belong to °Gr .. We have

ind(é;(M)) = &(ind(M)), ind(fi(M)) = fi(ind(M)), e:i(M) = ei(ind(M)).

In particular, &;(M) is irreducible or zero and f;(M) is irreducible.



19

Proof: By Corollary 3.18 we have ind(e;(M)) = e;(ind(M)). Thus, since ind is an
exact functor we have ind(é;(M)) C e;(ind(M)). Since ind is an additive functor,
by Lemma 3.20(b) we have indeed

ind(éi (M)) c ¢ (md(M))

Note that ind(M) is irreducible by Lemma 3.20(b), thus é;(ind(M)) is irreducible
by [VV, prop. 8.21]. Since ind(é;(M)) is nonzero, the inclusion is an isomorphism.
The fact that ind(é;(M)) is irreducible implies in particular that é;(M) is simple.
The proof of the second isomorphism is similar. The third equality is obvious.

O

Similarly, for each irreducible °R-module b in °B we define

E;(b) = soc(E;(b)), Fz(b) = top(F;(b)), &;(b) =max{n > 0; EI'(b) # 0}.
Hence we have
foroé;, = F; o for, foro fz =F o for, &; =¢;ofor.

3.24. Proposition. For each b,b" in °B we have
(a) F;(b) € °B,
(b) E;(b) € °BU {0},
(c) Fi(b) =V = Ei(V) =b,
(d) ei(b) = max{n > 0; EP(b) # 0},
(¢) ei(Fy(b) = ei(b) + 1,
(f) if E;(b) =0 for alli then b= ¢.
Proof: Part (c¢) follows from adjunction. The other parts follow from [VV, prop. 3.14]

and Lemma 3.23.
O

3.25. Remark. For any b € °B and any i # j we have F;(b) # F;(b). This
is obvious if j # 0(i). Because in this case F;(b) and Fj(b) are °R,-modules for
different v. Now, consider the case j = (7). We may suppose that F;(b) = 1,, 4 E(b)
for certain v. Then by Lemma 3.16 we have 1V,+F9(Z-)(b) = 0. In particular F(b) is
not isomorphic to 13‘9(1-) (b).

3.26. The algebra B and the “B-module °V. Following [EK1,2,3] we define
a K-algebra B as follows.

3.27. Definition. Let B be the K-algebra generated by e;, fi and invertible ele-
ments t;, 1 € I, satisfying the following defining relations

(a) titj = tjti and t@(i) = ti fOT all i,j,
(b) tiejt; ' =00 des and t;fit; = v £, for all i, 7,

(c) eif; = v’i'jfjei +di.j + Og(a),iti for all i, j,
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(d) Z (71)(161@)6]_61(.1)) _ Z (71>afi(a)fjfi(b) _0ifi 4.

a+b=1—i-j a+b=1—i-j

Here and below we use the following notation

e(a) :ea/<a>!, <a> :Z,Ua—i-l—Ql’ <a>!:H<l>.
=1

=1

~

We can now construct a representation of “B as follows. By base change, the
operators e;, f; in Definition 3.8 yield K-linear operators on the K-vector space

°V =K o4 °Kj.
We equip °V with the K-bilinear form given by
(M:N),,=(1—-v*)"(M:N), VM,N € °R,,-proj.

3.28. Theorem. (a) The operators e;, f; define a representation of B on °V.
The "B-module °V is generated by linearly independent vectors ¢ and ¢_ such
that for each i € I we have

cidr =0, tibr =z, {r€°Viez=0,V}=kos @ko_.

(b) The symmetric bilinear form on °V is non-degenerate. We have (¢q : ¢ar) oy = da,a’
fora,a’ =+,—, and (e;x :y) = (x : fiy) ey fori €1 and x,y € °V.

Proof : For each i in I we define the A-linear operator t; on °K; by setting
tipx = ¢z and 4P = v D) pY P € °R,-proj.

We must prove that the operators e;, f;, and ¢; satisfy the relations of “B. The
relations (a), (b) are obvious. The relation (d) is standard. It remains to check
(¢). For this we need a version of the Mackey’s induction-restriction theorem. Note
that for m > 1 we have

D 1;m1 = {€, Sm;Emt1€1}),
W(e) = on; W(Sm) = onfl, W(EerlEl) = on_

Recall also that for m = 1 we have set °W; = {e}.

3.29. Lemma. Fizi, j inI. Let p, v in °NI be such that v+i+0(i) = p+5+0(5).
Put |v] = |p| = 2m. The graded (°Ru, 1, R 1)-bimodule 1, ;°Rpmi11,; has a
filtration by graded bimodules whose associated graded is isomorphic to

51'_4' (ORV ® RZ) © 59(1’),]’ ((ORV)’Y X RB(i)) [d/] (&%) A[d],
where A is equal to

(oleul,i & Ri) (29 =% (L,/ﬂ'oRm X Ri) ifm>1,
(oRg(j) R R; XoR,; @R, oRg(i) X RJ) (&%) (oRj QR R; XoR,®R, Ry ® RJ) me =1.
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Here we have set v/ = v — 35 —0(j), R' = °Rp_11 @ Ry, 1 = 40(7), j = j0(j),
d=—i-j, and d = —v- (i +0(i))/2.

The proof is standard and is left to the reader. Now, recall that for m > 1 we have
[i(P) = "Ryg1lmj @or,,, (P®R1), €(P)=1m_1:P,
where 1,,_1 ;P is regarded as a °R,,—1-module. Therefore we have
€¢;fj(P) = 1 i°Rony1lm j @or,,, (P @ Ry),
fi€i(P) = "Rplim—1; ®or,,_,, (Lm—1,:P ® R1).

Therefore, up to some filtration we have the following identities

[ e;fZ(P) =P® Rz + fzei(P)[72],

o e fo)(P) = PY @Ry [—v- (i +6(2)/2] + foqiei(P)[—i - 6(i)],

o ¢ fi(P) = fiei(P)[—i-jl if i # j,0(j).
These identities also hold for m =1 and P = °Ry;); for any ¢ € I. The first claim
of part (a) follows because R; = k @ R;[2]. The fact that °V is generated by ¢4
is a corollary of Proposition 3.31 below. Part (b) of the theorem follows from [KM,

prop. 2.2(ii)] and Lemma 3.9(b).
0

3.30. Remarks. (a) The ?B-module °V is the same as the “B-module Vj from
[KM, prop. 2.2]. The involution o : °V — °V in [KM, rem. 2.5(ii)] is given
by o(P) = P". It yields an involution of °B in the obvious way. Note that
Lemma 3.20(a) yields o(b) # b for any b € °B.

(b) Let V be the B-module K @4 ’K; and let ¢ be the class of the trivial
9Ro-module k, see [VV, thm. 8.30]. We have an inclusion of “B-modules
'V.o°V, ¢ b @b, Prsres(P).

3.31. Proposition. For any b € °B the following holds

fi(oGlow(b)) _ <El(b) + 1) oGlow(ﬁwib) + Z fb,b’oGlOW(bl)7
(a) v
b/ S oBa Ei(b/> > E’L(b) + 17 fb,b’ € v27€i(b,)Z[v]a

ei(oGlow(b)) = pl—ei () OGIOW(Eib) + Zeb,b/onlow(b/)7
(0) Y
V e°B, &) =eib), eny €v =7,

Proof: We prove part (a), the proof for (b) is similar. If °G'°¥(b) = ¢ this is
obvious. So we assume that °G°V(b) is a °Ry,-module for m > 1. Fix v € NI
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such that f;(°G'*% (b)) is a °R,-module. We'll abbreviate 1, , = 1, for a € {+, —}.
Since °G'¥(b) is indecomposable, it fulfills the condition of Lemma 3.16. So there
exists a € {+, —} such that 1_,f;(°G"" (b)) = 0. Thus, by Lemma 3.15(c), (d) and

Corollary 3.18 we have
fi((G™ (b)) = 1aresind f;(*G'™ (b)) = Lares f; ind(°G™ (b))
Note that % = Ind(b) belongs to ’B by Lemma 3.20(b). Hence (3.5) yields
ind(°G™" (b)) = %G (%).

We deduce that
f:(°]G™Y (b)) = 1,vesf;(%G*" (%)).

Now, write

fi(GGlow(Hb)) — Zf"b,eb’ HGIOW(GZ)/), Obl c BB.

Then we have

Fi(CG (1)) = fop 0 Lares("G (W),

For any %’ € B the °R-module 1,Res(%’) belongs to °B. Thus we have
Lares(G™™ (")) = °G'¥ (1,Res(%)).
If %' # %" then 1,Res(%’) # 1,Res(%"), because %' = Ind(1,Res(%’)). Thus
FCG™(8) = 3 fonr G (1 Res (W),
and this is the expansion of the lhs in the lower global basis. Finally, we have
£i(1aRes(%)) = (%)

by Lemma 3.23. So part (a) follows from [VV, prop. 10.11(b), 10.16].

O

3.32. The global bases of °V. Since the operators e;, f; on °V satisfy the
relations e; f; = v 2f;e; + 1, we can define the modified root operators &;, f; on the

?B-module °V as follows. For each u in °V we write

u = Z fi(n)un with e;u, =0,

n=0

éi(u) = Z fi(n_l)un, f;(u) = Z fi(n+1)un.

n>1 n=0

Let R C K be the set of functions which are regular at v = 0. Let °L be the R-
submodule of °V spanned by the elements f;, ...f;, (¢+) with [ > 0, 41,...,4; € I.

The following is the main result of the paper.
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Theorem. (a) We have

‘L= RG™(0), &(°L)C°L, £(°L)C°L,
be°B

éi(oGlow(b)) _ OGIOW(Ei(b)) mod ’UOL, 'f'-i(oGlow(b)) _ oGlow(F‘i(b)) mod v °L.

(b) The assignment b — OGIOW(Q) mod v°L yields a bijection from °B to the
subset of °L/v°L consisting of the fi, ... £, (¢+)’s. Further °G'¥(b) is the unique
element x € °V such that 2¥ = x and x = °G""(b) mod v °L.

(c) For each b,V in °B let E; 1, Fipp € A be the coefficients of GV (V') in
eoi) (°G'V (b)), f:(°G™™ (b)) respectively. Then we have

Eipp|v=1 = [F;Vfor(°*G"™ (b)) : Ufor(°G"P(b))],

F; b |v=1 = [EiVfor(°G" (b)) : Ufor(°*G"P(b))].

Proof : Part (a) follows from [EK3, thm. 4.1, cor. 4.4], [E, Section 2.3], and Propo-
sition 3.31. The first claim in (b) follows from (a). The second one is obvious. Part
(¢) follows from Proposition 3.11. More precisely, by duality we can regard E; p 5,
Fip o as the coefficients of “G"P(b) in fo(;)(°G"P(b')) and e;(°G"P(b')) respectively.
Therefore, by Proposition 3.11 we can regard E; p p/|v=1, Fipp'|v=1 as the coefli-
cients of Ufor(°G"P(b)) in F;¥for(°G"P(b')) and F;¥for(°G"P(b')) respectively.
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