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Convergence of multi-dimensional quantized SDE’s

Gilles PAGES * Afef SELLAMI *

Abstract

We quantize a multidimensional SDFE (in the Stratonovich sense)
by solving the related system of ODFE’s in which the d-dimensional
Brownian motion has been replaced by the components of functional
stationary quantizers. We make a connection with rough path theory
to show that the solutions of the quantized solutions of the ODFE con-
verge toward the solution of the SDE. On our way to this result we
provide convergence rates of optimal quantizations toward the Brow-
nian motion for %-Hélder distance, ¢ > 2, in LP(P).

Key words: Functional quantization, Stochastic Differential Equations,
Stratonovich stochastic integral, stationary quantizers, rough path theory,
1t6 map, Holder semi-norm, p-variation.

1 Introduction

Quantization is a way to discretize the path space of a random phenomenon:
a random vector in finite dimension, a stochastic process in infinite dimen-
sion. Optimal Vector Quantization theory (finite-dimensional) random vec-
tors finds its origin in the early 1950’s in order to discretize some emitted
signal (see [[L]]). Tt was further developed by specialists in Signal Processing
and later in Information Theory. The infinite dimensional case started to
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be extensively investigated in the early 2000’s by several authors (see e.g.
[, B, [0, B, [, @, [3), ctc).

In [R0], the functional quantization of a class of Brownian diffusions has
been investigated from a constructive point of view. The main feature of
this class of diffusions was that the diffusion coefficient was the inverse of the
gradient of a diffeomorphism (both coefficients being smooth). This class
contains most (non degenerate) scalar diffusions. Starting from a sequence of
rate optimal quantizers, some sequences of quantizers of the Brownian diffu-
sion are produced as solutions of (non coupled) ODE’s. This approach relied
on the Lamperti transform and was closely related to the Doss-Sussman rep-
resentation formula of the flow of a diffusion as a functional of the Brownian
motion. In many situations these quantizers are rate optimal (or almost rate
optimal) i.e. that they quantize the diffusion at the same rate O((log N)fé)
as the Brownian motion itself where N denotes the generic size of the quan-
tizer. In a companion paper (see [R]), some cubature formulas based on
some of these quantizers were implemented, namely those obtained from
some optimal product quantizers based on the Karhunen-Loeéve expansion
of the Brownian motion, to price some Asian options in a Heston stochastic
volatility model. Rather unexpectedly in view of the theoretical rate of con-
vergence, the numerical experiments provided quite good numerical results
for some “small” sizes of quantizers. Note however that these numerical
implementations included some further speeding up procedures combining
the stationarity of the quantizers and the Romberg extrapolation leading to
a O((log N )_%) rate. Although this result relies on some still pending con-
jectures about the asymptotics of bilinear functionals of the quantizers, it
strongly pleads in favour of the construction of such stationary (rate optimal)
quantizers, at least when one has in mind possible numerical applications.

Recently a sharp quantization rate (i.e. including an explicit constant)
has been established for a class of not too degenerate 1-dimensional Brow-
nian diffusions. However the approach is not constructive (see [ff]). On
the other hand, the standard rate O((log N )7%) has been extended in [PJ]
to general d-dimensional Itd processes, so including d-dimensional Brown-
ian diffusions regardless of their ellipticity properties. This latter approach,
based an expansion in the Haar basis, is constructive, but the resulting
quantizers are no longer stationary.

Our aim in this paper is to extend the constructive natural approach ini-



tiated in [R{] to general d-dimensional diffusions in order to produce some
rate optimal stationary quantizers of these processes. To this end, we will
call upon some seminal results from rough path theory, namely the continu-
ity of the It6 map, to replace the “Doss-Sussman setting”. In fact we will
show that if one replaces in an SDE (written in the Stratonovich sense)
the Brownian motion by some elementary quantizers, the solutions of the
resulting ODE’s make up some rough paths which converge (in p-variation
and in the Holder metric) to the solution of the SDE. We use her the rough
path theory as a tool and we do not aim at providing new insights on this
theory. We can only mention that these rate optimal stationary quantizers
can be seen as a new example of rough paths, somewhat less “stuck” to a
true path of the underlying process.

This work is devoted to Brownian diffusions which is naturally the promi-
nent example in view of applications, but it seems clear that this could be
extended to SDE driven e.g. by fractional Brownian motions (however our
approach requires to have an explicit form for the Karhunen-Loeve basis as
far as numerical implementation is concerned).

Now let us be more precise. We consider a diffusion process
dX; = b(t, X;) dt + o(t, X;) o dWy, Xo=z€RY, t € [0,T],

in the Stratonovich sense where b : [0,7] x R — R? and o : [0,T] x
RY — M(dxd) are continuously differentiable with linear growth (uniformly
with respect to t) and W = (Wy),c(o,7] is a d-dimensional Brownian motion
defined on a filtered probability space (2,.4,P). (The fact that the state
space and W have the same dimension is in no case a restriction since our
result has nothing to do with ellipticity).

Such an SDE admits a unique strong solution denoted X* = (X{);c[0,1]
(the dependency in * will be dropped from now to alleviate notations). The
R<-valued process X is pathwise continuous and SUP;e(0,7] | X¢| € L"(P), r >
0 (where | .| denotes the canonical Euclidean norm on R?). In particular X
is bi-measurable and can be seen as an L"(P)-Radon random variable taking

values in the Banach spaces (L% Rrd>| - |z ) where L% ra = Lpa([0,T7], dt) and
1
lglp = <f0T ]g(t)]pdt) ¥ denotes the usual LP-norm when p€ [1,00).

For every integer N > 1, we can investigate for X the level N' (L"(P), L2 )-
quantization problem for this process X, namely solving the minimization



of the L"(P)-mean L7, . ,-quantization error

en (X, LP) := min {6]\/’77«(0(,X, LP), a C Lij, gy, card o < N} (1.1)

where ey ,(a, X, LP) denotes the L"-mean quantization error induced by «,
namely

1
eny(a, X, LP) := (Emin|X —a|;>r = '
aco

min | X —al;»
acx T

#llere)

The use of “min” in ([[.1) is justified by the existence of an optimal
quantizer solution to that problem as shown in [B, [[3] in this infinite dimen-
sional setting. The Voronoi diagram associated to a quantizer « is a Borel
partition (Cy(a))aeq such that

p _ 1 _
Cal@) C {we Lyl —alyp_, <minfe—blpp |

and a functional quantization of X by « is defined by the nearest neighbour
projection of X onto « related to the Voronoi diagram

)/(\Fa = Z al{XGCa(a)}'

aco

In finite dimension (when considering R?-valued random vectors instead
of L%Rd—valued processes) the answer is provided by the so-called Zador
Theorem which says (see [I{]) that if E|X|"*® < +oco for some ¢ > 0 and if
g denotes the absolutely continuous part of its distribution then

~ 1
Niey (X,RY = T4l as N — oo (1.2)
d+r

where jr,d is finite positive real constant obtained as the limit of the nor-

malized quantization error when X 4 U([0,1]). This constant is unknown
except when d =1 or d = 2.

A non-asymptotic version of Zador’s Theorem can be found e.g. in [P3]:
for every 7, 6 > 0 there exists a universal constant C,.s > 0 and an integer
N, s > such that, for every random vector 2, A,P) — R?,

1
VN > Nr,éa eN,r(X7 Rd) < CT,JHXHrJréN_E-



The asymptotic behaviour of the L*(P)-quantization error of sequences of
L"-optimal quantizers of a random vector X when s > r has been extensively
investigated in [[3] and will be one crucial tool to establish our mains results.

In infinite dimension, the case of Gaussian processes was the first to
have been extensively investigated, first in the purely quadratic case (r =
p = 2): sharp rates have been established for a wide family of Gaussian
processes including the Brownian motion, the fractional Brownian motions
(see [[§, [9]). For these two processes sharp rates are also known for p €
[1,00] and r € (0,00) (see [{]). More recently, a connection between mean
regularity of ¢ — X; (from [0,7] into L"(IP)) and the quantization rate has
been established (see [R2]): if the above mapping is p-Holder for an index

€ (0,1], then

eN,r(X, LP) = O((log N)™"), p€ (0,7).

Based on this result, some universal quantization rates have been obtained
for general Lévy processes with or without Brownian component some of
them turning out to be optimal, once compared with the lower bound esti-
mates derived from small deviation theory (see e.g. [[[1] or [f]). One impor-
tant feature of interest of the purely quadratic case is that it is possible to
construct from the Karhunen-Loeéve expansion of the process two families of
rate optimal (stationary) quantizers, relying on

— sequences (oz(N 7pmd)) ~n>1 of optimal product quantizers which are rate
optimal i.e. such that ey (™), X, L?) = O(en2(X, L?)) (although not with
a sharp optimal rate).

— sequences of true optimal quantizers (or at least some good nu-
merical approximations) (aV*)ys i.e. such that ey, (oM X, I[?) =
€N,2 (X 5 L2).

We refer to Section R.1] below for further insight on these objects (both
being available on the website www.quantize.math-fi.com).

The main objective of this paper is the following: let (o) x> denote a
sequence of rate optimal stationary (see (@) further on) quadratic quan-
tizers of a d’-dimensional standard Brownian motion W = (W', ... Wd).
Define the sequence 2V = (acN)n:Lm,N, N > 1, of solutions of the ODE’s

N =X t .%'NS S tO'I'NS OéNS n = .
(1) = +/Ob<n<>>d+/0 (@ (s)do (s), n=1,. N
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Then, the finitely valued-process defined by

N

v N N

XV =3 e e, oy
n=1

converges toward the diffusion X on [0,7] (at least in probability) as N —
oo. This convergence will hold with respect to distance introduced in the
rough path theory (see [R5, [[4, [, H, BG]) which always implies convergence
with respect to the sup norm. The reason is that our result will appear as
an application of (variants of the) the celebrated Universal Limit Theorem
originally established by T. Lyons in [2J]. The distances of interest in rough
path theory are related to the %—Hélder semi-norm or the g-variation semi-
norm both when ¢ > 2 defined for every x € C([0,T],R%) by

. ,
ol =T sup 2O =2

1 +00,
0<s<t<T |t — g|a

respectively. Note that

|z — x(O)Hsup < Varp,[O,T}(x) < H$||p,Hol-

From a technical viewpoint we aim at applying some continuity results
established on the Ité6 map by several authors (see e.g. [[14, B3, B, [Ld]) that
is the continuity of a solution x of the ODE (in a rough path sense)

dl’t - f(xt)dyh o = .%'(0),

as a functional of y. However, the above (semi-)norms associated to a func-
tion x are not sufficient and the natural space to define such rough ODE
is not the “naive” space of paths but a space of enhanced paths, which in-
volves in the case of a multi-dimensional Brownian motion the mutual Lévy
areas of its components. Convergence in this space is defined by considering
appropriate %—Hélder and p-variation semi-norms to both the d-dimensional
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path and the related (pseudo-)Lévy areas (wit different values of ¢ and p,
see Section f§). Our application to quantized SDE’s will make extensively
use the fact that our functional quantizations of the Brownian motion W
will all satisfy a stationary assumption i.e.

W =EW |o(W))

so that we will extend the Kolmogorov criterion satisfied by W to its func-
tional quantizers W for free. This approach is rather straightforward and
its field of application seems more general than our functional quantization
purpose: thus the piecewise affine interpolations of the Brownian motion
obviously satisfy such a property (see Appendix).

The paper is organized as follows. In Section 2 we provide some short
background on functional quantization as well as preliminary elementary re-
sults on stochastic integration with respect to a stationary functional quan-
tizer of a d-dimensional standard Brownian motion. In Section 3, we define
a quantized approximation scheme of an SDFE (in the Stratonovich sense)
driven by a standard Brownian motion by its functionally quantized coun-
terpart which turns out to be a system of (non-coupled) ODE’s. To this
end we recall some basic facts on rough path theory, in particular the notion
of convergence we need to define on the so-called multiplicative functionals
involved in the continuity of the It6 map which, when dealing with Brown-
ian motion amounts, to some convergence in Holder semi-norm of the naive
path as well as, roughly speaking, the running (pseudo-)Lévy areas of its
components. In Section 4 and 5, we establish successively the convergence
in the Holder distance of sequences of optimal stationary quantizations 1%
of the Brownian motion toward W: Section 4 is devoted to the conver-
gence of the “regular” paths whereas Section 5 deals with the convergence
of the running (pseudo-)Lévy areas (and to the global convergence of the
couple). In both cases we provide some convergence rate in the (log N)™¢,
ac (0, %) scale which is the natural scale for such convergences since opti-
mal functional quantizations of the Brownian motion are known to converge
at a (log N )_%—ra‘ce for most usual norms (like quadratic pathwise norm on
L2([0, T, dt)).

NOTATIONS:  For every d > 1, one denotes & = (£1,...,£%) a row vector of
RY. M(d x d) will denote the set of square matrices with d lines.



e | .| denotes the canonical Euclidean norm on R?,

e We denote (F;¥)i>0 the augmented natural filtration of a process X =

(X¢)e>0 (so that it satisfies the usual conditions).

e For a bounded function f : [0,7] = R%, ||  |lsup == supyepo ) | f(1)]- If f is
1

a Borel function and p€ [1,400), || f]| L= <f0T ]f(t)\pdt)g.
TR
e For an R%valued bi-measurable process X and p € [1,+00), we denote
T 1/p
1XTp = 11 X12_, = (B g 1XelPat)
e We denote t} = ’;—Z, k=0,...,2" the uniform mesh of the interval [0, 7],
T>0and I = (0,67, ], k=0,...,2" — 1.
e |z denotes the lower integral part of x € R.

e Let (an)n>0 and (by)n>0 be two sequences of real numbers: a, ~ b, if
an = by, + o(by) and a,, < by, if a, = O(by,) and b, = O(ay).

2 Background and preliminary results on func-
tional quantization

2.1 Some background on functional quantization

Functional quantization of stochastic processes can be seen as a discretiza-
tion of the path-space of a process and the approximation (or coding) of a
process by finitely many deterministic functions from its path-space. In a
Hilbert space setting this reads as follows.

Let (H,(-,-)) be a separable Hilbert space with norm |- | and let X :
(©Q,A,P) - H be a random vector taking its values in H with distribution
Px. Assume the integrability condition

E|X|? < 4oo0. (2.3)

For N > 1, the L?-optimal N-quantization problem for X consists in mini-
mizing

1/2
= <IE min | X — a|2>
aco

min | X — a|‘
aEa L2(P)
over all subsets « C H with card(o) < N. Such a set « is called N-
codebook or N-quantizer. The minimal quantization error of X at level N

is then defined by
ey (X, H) := inf{(Emein]X —a»)Y?:a c H, card(a) < N} . (24)
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For a given N-quantizer « one defines an associated nearest neighbour pro-

Mo 1= Z ale,(a)

acx

jection

and the induced a-(Voronoi)quantization of X by setting
X = 1o (X), (2.5)

where {C,(«) : a € a} is a Voronoi partition induced by «, that is a Borel
partition of H satisfying

Cola) C{z €H :|x—a|l= Iglin |z — b|} (2.6)
ca

for every a € a. Then one easily checks that, for any random vector X g
Q—aCH,

E|X —X'|?> E|X — X% =E min|X —af?
aco

so that finally

en(X,H) = inf {HyX - q(X)\‘ Lq: H P3N H card(q(H)) < N}

L2(P)

— inf {H X — Y|HL2(P), Y (Q,A) ™S H, card(Y (Q)) < N}.(Q.?)

A typical setting for functional quantization is H = L2 := L2 ([0, 1],dt)
(equipped with (f, g)s := fOT fg(t)dt and |f|L2T :=/{(f, f)2). Thus any (bi-
measurable, real-valued) process X = (X)o7 defined on a probability
space (2, A,P) such that

T
/ E(X?)dt < +o0
0

is a random variable X : (2, A,P) — L2. But this Hilbert setting is not
the only possible one for functional quantization (see e.g. 1], [, [H], etc)
since natural Banach spaces like L ([0,77,dt) or C([0,T],R) are natural
path-spaces.

In the purely Hilbert setting the existence of (at least) one optimal N -
quantizer for every integer N > 1 is established so that the infimum in (R.4)



holds as a minimum. A typical feature of this quadratic Hilbert framework
is the so-called stationarity (or self-consistency) property satisfied by such

an optimal N-quantizer a/(N*):

X S g(x ) X, (2.8)

This property, known as stationarity, will be used extensively throughout
the paper.

This existence property holds true in any reflexive Banach space and L'
path spaces (see [[J] for details).

2.2 Constructive aspects of functional quantization of the
Brownian motion

2.2.1 Karhunen-Loéve basis (d =1)

First we consider a scalar Brownian motion (W}),e[0,7) on a probability space
(©, A, P). The two main classes of rate optimal quantizers of the Brownian
motion are the product optimal quantizers and the true optimal quantizers.
Both are based on the Karhunen-Loeve expansion of the Brownian motion

W= Vel (t) (2.9)

k>1

given by

where, for every k > 1,

e = <ﬁ>2 and el (t) = \/gsin (\/LA_J (2.10)

W, 2T i
=ik —\fT/O W sint/v/3) 7

The sequence (eZV) %>1 is an orthonormal basis of Li. The system (g, eZV) E>1

and

can be characterized as the eigensystem of the symmetric positive trace class
covariance operator of f — (¢t — fOT(s/\t) f(s)ds) = (t = E(< f|W > WY).
In particular this implies that the Gaussian sequence ({)x>1 is pairwise un-
correlated hence i.i.d., N'(0;1)-distributed. The Karhunen-Loéve expansion
of W plays the role of PC A of the process: it is the fastest way to exhaust
the variance of W among all expansions on an orthonormal basis.
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The convergence of the series in the right hand side of (B.9) holds in Li
for every we Q and P(dw)-a.s. for every t € [0,7]. In fact this convergence
also holds in L?(P) and P(dw)-a.s. for the sup norm over [0,T]. The first
convergence follows from Theorem [.d(a) further on applied with X = W
and Gy = o (&1, ..., €&, ) and the second one follows e.g. from [R1] P(dw)-a.s..
In particular the convergence holds in L?*(dP®dt) or equivalently in L%, (IP).

T
Note that this basis has already been used in the framework of rough path
theory for Gaussian processes, see e.g. [}, fi, §-
2.2.2 Optimal product quantization (d > 1)

> The one-dimensional case d = 1. The previous expansion of the Brownian
motion suggests to define a product quantization of W at level N by

L
A(va---vNL) . z N . 4
W, =4/ T kgl VAR sin <—m (2.11)

where Ny, ..., N, are non zero integers satisfying Ny - - - N, < N and ElNl, ...
are optimal quadratic quantizations of £;,...,¢,. The resulting (squared)
quadratic quantization error reads
= A
W — W NN |12 Z _’92 (2.12)
k>17 0k

An optimal product N -quantization WNwrod ig obtained as a solution to

the following integral bit allocation optimization problem for the sequence
(Nk)k>1:

min {||W—’W<va---vNL>||2, Ni,...,N, >1, Ny---Np < N, LZl} (2.13)

(see [L§ for further details and [R7| for the numerical aspects). It is es-
tablished in [I§] (as a special case of a more general result on Gaussian
processes) that

1 = _1
S W = W], < (log N)~2 (2.14)

Furthermore, the critical dimension L = Ly (N) satisfies Ly (N) ~ log N.
Numerical experiments carried out in [R7] show that

1 —
FIW =Wt ~ ¢, (log N) 2

11
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with ¢, = 0.5 (at least up to N < 10000).

It is possible to get a closed form for the underlying optimal product
quantizers . First, note that the normal distribution on the real line
being log-concave, there is exactly one stationary quadratic quantizer of full
size M for every M > 1 (hence it is the optimal one). So, let N > 1 and let
(Ng)k>1 denote its optimal integral bit allocation for the Brownian motion
W. For every Ni > 1, we denote by Nk .= {ﬁi(iv’“), 1 < i < Ni} the
unique optimal quantizer of the normal distribution: thus «(0) = {0} by
symmetry of the normal distribution. Then, the optimal quadratic product
N-quantizer a™NPr¢ (of “true size” Njx - - - x Npw vy < N) can be described
using a multi-indexation as follows:

,prod
aé\rflf’wnk,___)(t) - Zﬁg’“)\/)\kekw(t), npe {l,..., Ny}, k>1.
k>1

N d
Prod are C>®

These sums are in fact all finite so that all the functions G i)

with finite variation on every interval of R .

Explicit optimal integral bit allocations as well as optimal quadratic
quantizations (quantizers and their weights) of the scalar normal distribution
are available on the website [R§]. Note for practical applications that this
optimal product quantization is based on 1-dimensional quantizations of
small size of the scalar normal distribution A/(0;1). This kind of functional
quantization has been applied in [27] to price Asian options in a Heston
stochastic volatility model.

> The d-dimensional case. Assume now W = (W1, ... W¢9)is a d-dimensional
Brownian motion. Its optimal product quantization at level N > 1 will be
defined as the optimal product quantization at level | N éj of each of its d
components.

> Additional results on optimal vector quantization of the normal distri-
bution on RY. We will extensively make use of the distortion mismatch
result established in [[[3] that we recall here only in the d-dimensional Gaus-
sian case. Let Z be an N(0;I;) random vector and let oY be an optimal

12



quadratic quantizer at level N of Z (hence of size N). Then
(i) Vpe (0,24d), VN >1,Z— 2", < CypN~14, (2.15)
(i1) Vpe[2+d,+0), Vne (0,d+2),VN > 1,

2+d—n

1Z - Z°" ||, < CrpyN~ @ (2.16)

where Czj, and Cy ), are two positive real constants.

2.2.3 Optimal quantization (d = 1)

It is established in [[[§] (Theorem 3.2) that the quadratic optimal quantiza-
tion of the one-dimensional Brownian motion reads

Nopt \/7dWZ]:V)\/_CdW Sm(ﬁ) (2.17)

where, for every integer d > 1, (4 = Projﬁd(W) ~ N(0; Diag(A1, ..., A\q))
with Ey := R-span {sin (/\/)\_1) ,...,8in (/\/)\—d)} and Zév is an optimal
quadratic quantization of (4 at level (or of size) N.

If one considers an optimal quadratic N-quantizer gV = {Y

., N} € RWW) of the distribution A (0; Diag (A, .. ., Adw (V) (a pri-
ori not unique)

dw (N)

Nopt(t) Z ,B(N \/_e n=1,...,N.

k=1

Once again this defines a C*° function with finite variation on every interval
of R,.

A sharp rate has been obtained in [IJ] for the resulting optimal quanti-
zation error

[W — WNP ~ TP log N)™2  as N — o0 (2.18)

where ¢! = ¥2 ~ 0.4502.
The true value of the critical dimension dyy (N) is unknown. A conjecture
supported by numerical evidences is that dy (V) ~ log N. Recently a first

13



step to this conjecture has been established in [RJ] by showing that

N 1
lim inf w () > —,
log(N) — 2

Large scale computations of optimal quadratic quantizers of the Brown-
ian motion have been carried out (up to N = 10000 and d = 10). They are
available on the website [R§].

In the d-dimensional setting, several definitions of an optimal quantiza-
tion of the Brownian motion W = (W1 ..., W9) can be given. For our
purpose, it is convenient to adopt the following one:

1
TNt . (mf/\z'LNdJ’Opt) _
1<i<d
Its property of interest is that this definition preserves the componentwise
independence as well as a stationarity property (see below) since

LNdJ opt) . LN%J,opt

EQVHWMW§: OWHWZ — Wi Ci=1,....d

2.2.4 Wiener like integral with respect to a stationary functional
quantization (d = 1)

Both types of quantizations defined above share an important property of
quantizers: stationarity.

Definition 2.1. Let o C L2 a # 0, be a quantizer. The quantizer
s stationary for the (one dzmenszonal} Brownian motion W if there is a
Voronoi quantization W = W induced by a such that

W=EW|s(W)) as. (2.19)

where E(.|G) denotes the functional conditional expectation given the o-field
G on L%QT (P) (see Appendiz) and (W) is the o-field spanned by W.

Note that if « is stationary for one Brownian motion, so it is for any
Brownian motion since this stationarity property only depends on the Wiener
distribution.

In the case of product quantization WN prod this follows from the sta-
tionarity property of the optimal quadratic quantization of the marginals &,

14



(see [[[§] or [B7]). In the case of optimal quadratic quantization WNopt this
follows from the optimality of the quantization of (4, () itself.

We will now define a kind of Wiener integral with respect to such a
stationary quantization W of a one-dimensional W. So we assume that
d = 1 until the end of this Section.

First, we must have in mind that if W is an (F;)-Brownian motion where
the filtration (F:):>0 satisfies the usual conditions, one can define the Wiener
stochastic integral (on [0,7]) of any process ¢ € L*([0,T] x Q,B([0,T]) ®
Fo,dt ® dP) with respect to W. The non-trivial case is when FV # F,
typically when F; = FE v FV, t€ [0,T] where B and W are independent.
One can see it as a special case of It0 stochastic integral or as an extended
Wiener integral: if (¢(t, w))(w,)eax[o,7] denotes an elementary process of the
form

n
o(t,w) = Zapk(w)lskqgskﬂ, O=s590<81 < < 8p_1<8, =T
k=1

where the random variables ¢; are Fp-measurable (hence independent of
W). Set

IT (QD) = Z ka(WSk+1 - Wsk)
k=1

Then, I, is an isometry from L%QT (P) into L?(F,,P). Furthermore, one
easily checks that

E(/OTgo(s,.)dWsH'jW) :/OTE(QD(S,.H]:TW) dW,

where ]:;/V denotes the augmented filtration of W at time 7. We follow
the same lines to define the stochastic integral with respect to a stationary
quantizer. Set for the same elementary process ¢

IT (‘10) = ng(WskH - Wsk)
k=1

15



so that

S

(@) = D &GEWa,, — We | W)
k=1
- Z E(gk(WSkﬂ - Wsk) | Fo Vv U(/W))
k=1

_ </OT ot )W, | Fo v a(’W)>

where we used that the o-fields O'(W) and Fy are independent since Wis a
Borel function of W. As a consequence,

Iz ()13 < 1 (D)5 = [Helzz 13-

Hence, the linear transformation TT extends into a linear continuous map-
ping on the whole set L%Q (Fo,P). Furthermore, one checks, first on el-
T

ementary processes, then on L%Q (Fo,P) by continuity of the (functional)
T

conditional expectation, that
E (L,(0) | Fo v o(W)) = I,(p).

We will denote from now on I,.(¢)(w) as an integral, namely

o~ T o~
@wmmzﬁwmmmww

Now set as usual, for every t€ [0, 7],

t —~ T —~
/ o(s,w)dWs(w) := / 1j0,4(s)e(s,w)dWs(w).
0 0

One checks using Jensen and Doob Inequality that,

2 2

/Ot o(s,.)dW, /Ot o(s,.)dW,

< E sup
t€[0,T]

< 4IE/0T ©?(s,.) ds. (2.20)

E sup
te[0,7
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Furthermore, as soon as the underlying stationary quantizer a (such that
W = W*) is made up with pathwise continuous elements, for every elemen-
tary process ¢, its integral process

t n P P
/0 SD(S’ ) dWS = Zék(WSk+1/\t - Wsk/\t)
k=1

pathwise continuous as well since W is a-valued. One classically derives, by
combining this result with (R.20) and the everywhere density of elementary
processes, that, for every p € L%Q (Fo,P), the process

T

t
< / (s, .)dWS> admits a continuous modification.
0 t€[0,T]

This is always this modification that will be considered from now on. As a
matter of fact, if ¢, denotes a sequence of elementary processes in L%Q (Fo,P)
T

converging to ¢, i.e. satisfying
T
E / (p— %)2(8, )ds — 0 as n — oo.
0

It follows from (B.2Q) that the convergence also holds in L% (Fp,P). In
T

particular, there is a subsequence that converges P-a.s. for the || . ||syp which

t
implies the existence of a continuous modification for / o(s,w)dWg(w).
0

Finally, using the characterization of functional conditional expectation
(see Appendix), it follows that

E (/ (s, )dW, ,| Fo v U(W)> = / p(s,.)dW,. (2.21)
0 0
Proposition 2.1. Let W be a (real-valued) F;-standard Brownian motion.

(a) For every p€ L%QT (Fo,P)

t 9 t
/0 so(s,»dws:\@ g, /0 o(s,.) cos(s/ v/ N)ds (2.22)

k>1

where &, = (We/V),/v/ A are independent, N(0;1)-distributed (see
and ([2.18)) and independent of .
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(b) Let W be a stationary quantization of W. For every pEe L%QT (Fo,P)

s i = 25 W), ‘
/0 (s, .)dWs = \/;ZTZ/ o(s,.) cos(s/+/An)ds. (2.23)

t
E>1 0

In particular if Wis a product quantization, then

(W’eK/)2 _ (VV/’ekW)Q :é\k
vk VK '

Proof. (a) Set for every p€ L%QT (Fo,P),

T
o) = 2 eVA [ ele sl VR (20

k>1
T
_ @kzsk [t osts VAR

This defines clearly an isometry from L2, (Fo,P) into the Gaussian space
T

spanned by (&,)n>1 since

T 2 T
BUL () = 7 B E ([ a6o) o costo/ Vs ) =B [ oy
k>1

The last equality uses that the sequence <\/gcos(7r(k: - %)t/T))]€>1 is an
orthonormal basis of L2. Finally, note that for every t€ [0,7T], J,. 1 04) =
\/%Zkzl VAR & sin(t//Ax) = Wy. This proves that J, = I, i.e. is but the
(extended) Wiener integral with respect to W.

(b) This follows by taking the (functional) conditional expectation of (-29).

¢

2.2.5 Application to multi-dimensional Brownian motions (d > 2)

Now we apply the above result to a componentwise (stationary) functional
quantization of a multi-dimensional standard Brownian motion.
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Proposition 2.2. Let W =: (W', ..., W%) denote a d-dimensional standard
Brownian motion and let W := (/Wl,...,/Wd) be a pathwise continuous
stationary quantization of W (no optimality is requested here). Then, P-
a.s., for every i # j, i, j€ {1,...,d}, for every s,t€ [0,T], 0 < s <'t,
B ([ avi-whawi|o(h) = [ 7 - Whawy,
S S

Proof. All the components of 1% being independent, it is clear one can re-
place J(/W) by O'(/Wi, WJ) Then, the stochastic integral [; WidW{ coincides
with the (extended) Wiener integral defined with respect to the filtration

g;t = o(FY i,.EWj) (it is clear that W7 is a Qit—s‘candard Brownian motion
still by independence). The result is then a straightforward consequence

of @21). o

Remark. The above result still holds if one considers an additional “0**” com-
ponent W =t to the Brownian motion and to its functional quantization
by setting W=t as well.

3 Convergence of quantized SDE’s: a rough path
approach

3.1 From Ito to Stratonovich

An SDFE
dX; = b(t, Xt)dt + O'(t, Xt)th, Xo€ L%d (P)

where b : [0,7] x R? = R? and o : [0,T] x R? = M(d x q) are smooth
enough functions (e.g. continuously differentiable with bounded differen-
tials) and W = (Wy).e(o,1) is @ g-dimensional Brownian motion. First note
that without loss of generality one may assume that ¢ = d by increasing
the dimension of W or adding some identically zero components to X (no
ellipticity like assumption is needed here). This SDFE can be written in the

Stratonovich sense as follows
dXy = f(Xy) odWy, Xp€ L%d(IP’), (3.25)

where, for notational convenience W = (WY W' ... W4Y) stands for (¢, W;),
X, = (X2, X}, ..., X stands for (t, X;) and f: [0,7] x RY — M((d+1) x
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(d+1)) (with f%(¢t,2) = (1,0,...,0) as 0" line) is a differentiable function
with bounded differentials.

Following rough paths theory initiated by T. Lyons ([2]) and developed
with many co-authors (see e.g. [Rd, [[4, [[d, Bd, f] for an introduction), one can
also solve this equation in the sense of rough paths with finite p-variation,
p > 2, since we know (e.g. from the former Kolmogorov criterion) that W
a.s. does have finite %—Hélder norm, for any ¢ > 2. Namely this means
solving an equation formally reading

dz; = f(x)dy;, x0€ R% (3.26)

In this equation y does not represent the path (null at 0) y, = Wi(w),
t € 10,T] itself but an enhanced path embedded in a larger space, also
called geometric multiplicative functional lying on y with controlled %—Hélder
semi-norm, namely a couple y = ((y;,)o<s<t<T, (¥3)Jo<s<e<r) Where yg, =
yr —ys € R0 < s <t < T, can be identified with the path (y;) and
(v2)o<s<t<r satisfies, y2, € RED? for every 0 < s < u < t < T and the
following tensor multiplicative property

2 2 2 1 1
Vst = Ysu + Yu,t + Ysu ® Yu-

Different choices for this functional are possible, leading to different so-

lutions to the above Equation (B.26). The choice that makes coincide a.s.
the solution of (B.25) and the pathwise solutions of (B.24) is given by

t . . .
yhi= W) = W) i ([ Wi -wheand) @) eam
& Z?]:077d

so that
1 1 Li 1,4
ys,u ® yu,t = (ys,zys,i)i7j:07...7d .
The term yg,t is but the “running” Lévy areas related to the components
of the Brownian mtion W. The enhanced path of W will be denoted W

(although we will keep the notation y in some proofs for notational conve-
nience). One defines, for every ¢ > 1, the %—Hélder distance by setting

Py =) = Iy = x g, o + [y = %*[lg/2, 7101

where | ) |
2 X5t
HXQHq/?,Hol :=Ta sup - 7
0<s<t<T |t — 3| q
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Remark. Likewise, when p € [2,3), one defines the p-variation distance
between two such multiplicative functionals y, z is defined by

Sp(y,2) = Var, o.7(y" —2') + Var, s 0.17(y* — 2°)
where

1
q

k—1
2 2
Varg (o.71(y”) :=sup (Z ‘yt¢7t¢+1‘q> O0<to<t1<--- <t} <T,k>1
=0

The distance p, has been introduced in [24] although rough path theory
was originally developed for the distance ¢, in p-variation. Recently several
authors came back to Hélder distances p, (see e.g. [L4, i, f]).

The following so-called universal limit theorem theorem (including vari-
ants) describes the continuity of the so-called It6 map y — x with respect
to both 6, and p,-distances and will be the key for our main result. It was
the starting point of rough path theory initiated by T. Lyons. Several state-
ments (or improvements) can be found e.g. in [§, [[4, [[5, RG, f]. We state
here some versions coming from [[[4] and [L4].

Theorem 3.1. Let a€ (0,1].

(a) (See [[G]) Let f :[0,T] x R — M((d+1) x (d+ 1), twice differentiable
with a bounded first differential and an a-Holder second differential. Suppose
the multiplicative functional y satisfies |ly" — x||q mor + |y* — %2|g/2,101 <
+o00 for g€ (2,2 + ). Then Equation (3.28) has a unique solution starting
at xg.

When y = W(w) (i.e. given by ([3.27)), the first component x' = x of
the solution solution x = (x*,x?) a.s. coincides with (X(w))tejo), solution
to the SDE in the Stratonovich sense.

Furthermore, the It6 map y — x is continuous for the Holder p, distance
(and locally Lipschitz in sense described in [1§]).

(b) (See @ W) If f € C*([0,T) x R, M((d + 1) x (d + 1)) is such that
-V [ is bounded with an a-Hdolder differential, then the conclusions of claim

(a)still hold.
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3.2 Quantization of the SDFE and main result

Let (o) n>1 denote a sequence of quantizers of the Brownian motion. Each
oV is made up of N functions (or elementary quantizer) o : [0, 7] — R,
n =1,...,N. For convenience a component “0” will be added accordingly
to each elementary quantizer o by setting ab ’O(t) = ¢ (which exactly
quantizes the function W = t). We assume that every elementary quantizer
alY is a continuous function with finite variation over [0,T]. The resulting

Voronoi quantizer W =W of W reads

N
Wy = Z ag(t)l{WGCn(aN)}? te [O,T]
n=1

Our aim is to approximate the diffusion process (xt)te[O,T} solution to
the SDE (B.25) by the solution XV of the equation

dX) = f(XN)dW, XY = xo.

as N — oo. In fact, a less formal expression is available for the process XN ,
namely
N
v N ~N
XN =D B wecav)
n=1
where each z? is solution to the ODE

dN ()= f@N@)do (), zN(0)=z9, n=1,...,N. (3.28)

n

Note that X¥ is a non-Voronoi quantization of (z;) (at level N). The start-
ing natural idea was to hope that X~ converges to (z;) owing to the con-
vergence of WV toward W...in an appropriate sense. Since we will use the
above Theorem B.1], we need to prove the convergence of the geometric func-
tional W related to W toward that of W. The quantity WV is formally
defined by mimicking the definition of W, namely, for every (s,t) € [0,T],
0<s<t<T,

t
W) = T () — W), W2 (w) = ( [ i W:)dwg> @)
s i,j=0,....d

still with the convention WtO’N = t. The integral must be understood in the
usual Stieltjes sense.
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Theorem 3.2. Let (/WN)Nzl be a sequence of stationary quadratic func-
tional quantizers of the Brownian motion converging to W in L%Q (P).

T
Let f be like in claims (a) or (b) in Theorem [3.1. Consider for every
N > 1, the solutions of the quantized ODE

dX) = f(XNydwyN, N>1.

as defined by ([3.2§). Let X and XN denote the enhanced paths of X, solution
to ([3.23), and XV respectively. Then, for every q€ (2,2 + ),

pa(XN,X) 0.
Furthermore if r > % then
(XL X)) 255 0,

In view of what precedes this result is, as announced, a straightforward
corollary of the continuity of the Ité map established Theorem B.1], once the
convergence pq(\/R\/'N , W) in probability is established for any g€ (2,3). A
slightly more derailed proof is proposed at the end of Section 5.

In fact we will prove a much precise statement concerning the Brownian
motion since we will establish for every ¢ > 2 the convergence in every LP(P),
0 <p<oo,of pq(WN , W) with an explicit LP(P)-rate of convergence in the
scale (log N)7?, 60¢€ (0,1).

These rates can be transferred to the convergence of the quantized SDF,
conditionally to some events on which the It6 map is itself Lipschitz con-
tinuous for the distances p,. Several results of local Lipschitz continuity
have been established recently, especially in [[], [0, [16], [L7], although not
completely satisfactory from a practical point of view. So we decided not to
reproduce (and take advantage of) them here.

The proof is divided into two steps: the convergence for the Holder semi-
norm) of the regular path component is established in Section [| (in which
more general processes are considered) and the convergence of approximate
Lévy areas in Section j (entirely devoted to the Brownian case for the sake
of simplicity).

Remarks. e There is a small abuse of notation in the above Theorem since

XN is not a Voronoi quantizer of X: this quantization of X is defined on
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the Voronoi partition (for the L% ra-norm) induced by the quantization of
the Brownian motion W.

e The same results holds for the Brownian bridge, the Ornstein-Uhlenbeck
process and more generally for continuous Gaussian semi-martingales that
satisfy the Kolmogorov criterion.

4 Convergence of the paths of processes in Holder

semi-norm

4.1 A general setting including stationary functional quan-
tization

In this section we investigate the connections between the celebrated Kol-
mogorov criterion and the tightness of some classes of sequences of processes
for the topology of %—Hélder convergence. In fact this connection is somehow
the first step of the rough path theory, but we will look at it in a slightly
different way. Whatsoever this naive pathwise convergence is not sufficient
to get the continuity of the Itd map in a Brownian framework and we will
also have to deal for our purpose with the multiplicative functional (see
Section f).

But at this stage we aim at showing that when a sequence (Y?V) N>1
satisfies some “stationarity property” with respect to a process Y, several
properties of Y can be transferred to the YV. Indeed, the same phenomenon
will occur for the multiplicative function (see the next section).

If Y satisfies the Kolmogorov criterion and (Gn)n>1 denotes a sequence
of sub-o-fields of A, then a sequence of processes defined by

YV =EY|GY), N=>1,

where the conditional expectation is considered in the functional sense (see Ap-
pendix) is (C-tight and) tight for a whole family of topologies induced by
convergence in %—Hélder sense.

Definition 4.2. Let p > 1, 0 > 0. A process Y = (Yi)iecpo,1] satisfies the
Kolmogorov criterion (K ) if there is a real constant Cf“l>0 such that

Vs, te [0,7],  E|Y; - Y|P < CEobje — 5! to and Yo € LP(P).
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Theorem 4.3. LetY := (Y;)icpo,1) be a pathwise continuous process defined
on (Q, A, P) satisfying the Kolmogorov criterion (K,g). Let (Gn)n>1 be a
sequence of sub-o-fields of A. For every N > 1 set

YN =E(Y|Gn).
For every N > 1, YV has a pathwise continuous version satisfying
vte [0,7], VN =E(Y;|Gy) as.

Furthermore, if one of the following conditions is satisfied

(a) ON C GN+1s
(b) There exists an everywhere dense subset D C [0,T] such that

vte [0,T], YV — Y.

(c) [YN — YL, =0 for some r > 1,

then

1 P
Vag> - Vpe [an)a ||Y - YNHsup + HY - YNHq,Hol — 0.

0 )

The proof of the theorem is a variant of the proof of the Kolmogorov
criterion for functional tightness of processes. It consists in a string of several
lemmas. For the following classical lemma, we refer to [[4] (where it is stated
and proved for semi-norms in p-variation).

Lemma 4.1. Let x, y< C([0,T],R?) and let ¢ > 1. Then

(@) [lz = 2(0)lsup < ll[lg,zro01-

®) = + yllg,zor < l|xllp, ot + llg, 1ot if @ =1,

(c) For every q > ¢ > 1, [[2]2 110 < 2l lloup) 7 |23 1

(d) Claims (a)-(b)-(c) remain true with the p-variation semi-norm Varg o 1y
instead of the %—Hé’lder Semi-norm.

Lemma 4.2. Let pe [1,00). If Y satisfies the Kolmogorov criterion (K, )
then, for every N > 1, the process Y defined by YN = E(Y;|G,) has a
continuous modification which is %—Hé’lder continuous for every ' € (0,0)
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(i.e. |[YN|2 gy < 400 a.s.). Furthermore, the sequence (YV)n>1 is C-
tight and for every 0" € (0,0), there exists a random variable Zy € LE(IP)
such that

P(dw)-a.s. |[Y (W)l 2 g < Zg (4.29)

o7

and
VN 2 LY@ o < E(Zor | Gx) (). (4.30)

In particular, the sequence of Hélder semi-norms (||YN||§7H01)N21 is

LP-uniformly integrable.

Remark. As a by-product of the proof we also get that
E(Zy) < Cpro001 "

where Cr 9 ¢ is a finite real constant that only depends upon p, T', 6 and
¢’ (and not on Y or the o-fields G, ).

Proof. First it follows form the Kolmogorov criterion that for every N > 1,
Y™ admits a continuous modification which is %—Hélder for every 0’ € (0,0).
Moreover the sequence (YV) ~N>1 is C-tight since every YN satisfies the same
Kolmogorov criterion (K, g) and Y{¥ = E(Yy|G, ) is tight on R (see [T, B9
p.26). Now, let s, t € [0,T], let m, n > 1 be two fixed integers. First note
that

sup ’}/t Y’ < 2 n+m _Yn+m‘ (431)
5,t€[0,T],t<s<t+ L Z 0<k<2n+m 1 tk+1 L3
and
2n+m 1
0cp 3%, Viem = YopenP < 3 [V = Yigom
k=0
For every 6'€ (0,0), set
2 o
Zy =5 | Q2" sup v, - Yyl |- (4.32)

n>0 8t€[0,T],t<s<t+ 21”
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Taking the LP-norm in (f.31) yields

0/

2\ P o

i, < (3)7Ser e e,

n>0 5,t€[0,T], t<s<t-+ L
0/

2\~ o

< 2= PZQHPZH max |Vt — Vi,
T 0<k<2ntm_1 tk+1 tk p
n>0 >0 o=

On the other hand, owing to the the Kolmogorov criterion (K, g),

ontm 1

E max thn-ﬁ—m — }/;n-km ’p S E E‘}/;n-km — }/tn-t—m‘p
0<k<2nt+m_1 k+1 k =0 k+1 k

IN

2n+mcjlfol2—(n+m)(1+9) T (1+9)

ijfOlT—(l-i-G)z—(n-i-m)G.

Hence
P

=6 _ .0
EZg, < lev(OlCnT’gﬂ/ Z Z A < 400
n>0m>0

where the finite real constant C, rg ¢ only depends on p, T, 6§ and §’. On
the other hand, for every ¢ € [0,T], there exists a integer ns > 1 such that
2~-(+n5) < §/T < 27", Hence,

/ / !
5 sup | = Yifp < 200l sup Y, - YiP < 7.
5,t€[0,T), t<s<t+6 5,t€[0,T],t<s<t+ 07

Consequently, for every s, te€ [0,T], and every we€ Q,
o
Yi(w) = Yi(w)| < Zp (w)[t — 5|7

i.e.
Y (@)l 2 o < Zo (W)

Finally, it follows from Jensen’s Inequality that for every s, t€ Q N [0,T7,

Pdw)as.  [¥V(w) = Y W) < E(Zy |Gy) @)t — 5|7
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In particular this means that, for every p > 1 and every 6’ € (0, 6),
P(dw)-a.s. YN W)llz go < E(Zy |Gn)(w) < +o00
and satisfies the LP-uniform integrability assumption.

Proof of Theorem [1.3. The sequence (Y)y>1 being C-tight on (C([0, 7], R%), || . llsup),
so is the case of the the sequence (YY) ny>1 on (C([0, T], R*), || . ||sup) since
the product topology coincides with the uniform topology. Let Q = w-
lim P(YN’,Y) denote a weak functional limiting value of (YN,Y)NZL If
= = (Z!,=22) denotes the canonical process on (C([0,T],R??), ||. ||lsup), it is
clear that Q=2 =P,,.
> Convergence of the sup-norm. Assume that (¢) holds: the functional
y = |yt(t) — yz(t)|LrT is continuous on (C([0,T],R??), || . ||sup), consequently,

B! = 22|, = 0 Q-a.s. ive. Q = Pryryy so that (YN, v) “Llw) (v vy o

N — oo which simply means that ||V —Y||sup %5 0. On the other hand, it
follows from Lemma 1.9 that, for every N > 1,

YN Y|P, < Cor (E(Z)|GN) + Z5) a.s.

sup —

(for a given fixed 6’ € (0,6)) which implies that (||[YV — Y||Zp)n>1 is uni-
formly integrable. Finally,

E|YN -Y|P, — 0 as N — oo.

sup

Assume that (b) holds: it follows that, for every ti,...,t; € D, one has

(YN, ..., Ytiv) N (Y%,,...,Y:, ), which in turn implies that the convergence
L .

YN, YN YY) = (Y, Y, Yy, o0, Y, ). This means that

Q and P(yy) have the same finite dimensional marginals i.e. Q = Py y,.

One concludes like in (c).

If (a) holds, for every t€ [0,T], Y,V — Y; P-a.s., so that (b) is satisfied.

> Convergence of the Hélder semi-norm. Let ¢ > 1. As concerns the

convergence of the %—Hélder semi-norm, one proceeds as follows. Let ¢’ €
(§.9) and set ¢ := L € (0,0). It follows from Lemma B.1](b)-(c) that

’

_d 1-< d
1Y =Y Ngma < 27V =YV lap® % (1Yl 100 + 1YV gt t101) © -

28



Now let Z := Zy be defined by ({.32). Then,
Y g ot + 1Y g 1101 < Z + (E(Z [ G))-
Hence, the sequence (HYHq’,Hol + HYNHq’,Hol)Nzla is tight since it is LP-
bounded. On the other hand, ||Y — Y ||sup L% 0 so that
IV = YNy ot — 0 as N — oo.

Now let 0 = g € (0,6). The same argument as above shows that ||Y —
YN ol < Z +E(Z|G,) where Z = Zz is still given by (f.32). As a
consequence, (||Y — YV 17 o) N>1 is uniformly integrable since, for every
N > 1, Jensen’s Inequality implies

1Y = YNy < 2771 (2P + E(Z27Gy))

which finally implies that ||Y — YV ||, ol 0. o
4.2 Application to stationary quantizations of Brownian mo-
tion: convergence and rates

Theorem 4.4. (a) Let (WN)Nzl be a sequence of stationary quadratic func-
tional quantizers of a standard d-dimensional Brownian motion W defined

by or ([2.17) converging to W in a (purely) quadratic sense, namely
| W —=WHN|;2|l2 = 0 as N = co. Then, for every q > 2,
T

Vpe (0,00), |\W — WNH%HOI 250 as N = oo.

(b) Let q > 2. If, for every N > 1, WV s an optimal product quantization
at level N. Then, for every pe (0,00),

HHW_ WNH(LHol

= o<(logN)_%min(%(1_5)’%)%‘), Va > 0.
P

The proof of this Theorem is a consequence of the above Theorem [.J.
So we need to get accurate estimates for the increments of the processes
W — WN. This is the aim of the following lemma.
Lemma 4.3. Let p € [2,+00). Let WN, N > 1, denote a sequence of
optimal product quadratic quantizers. For every p € (0, %) and every € €
(0,3), for every s, te [0,T], s <t,

3—¢ )

H(Wt — W) - (WY - /WéV)H < C,praclt — s|’(log N)*(%*p)A( )
' (4.33)
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In particular, if p€ (2,3), then

| Wi =) = (WY —WY)| < Copralt = slPog N 37 (4.34)
P

Proof. We may assume without loss of generality that we deal with a
one-dimensional Brownian motion W, quantized at level N = | N éj since
everything is done component by component. Set for every k > 1, Ek =& —
E{f k where Nq,...,Ng,... denotes the optimal bit allocation of an optimal
product quadratic quantization at level N’. Keep in mind that for every
k> L, (N'), N, =1 and that of course N - N (v < N’. The random
vectors (Ek)kzl are independent and centered.

It follows from the K-L expansion of W and its product quantization
that
(W = Wa) = (W = W) =3 (e (1) — e ().
k>1

Then, it follows from the B.D.G. Inequality for discrete time martingales
that

1
2
H(Wt—Ws)—(WtN/—WSN/) < Cpr || Md(el (8) — e (s))°
p k>1 P
2
1
2
< Cor | D_NTPGIP | 1= sl

k>1

since, for every k > 1,
8 t— t— 8 _
(e (t) — e} (s))* = = sin? ( 8) cos? < 8) < T\t — 5?7

T vk vk

The random variables {A,iv ¥ being an optimal quadratic quantization of

the one-dimensional normal distribution for every k € {1,...,L,, (N')}, it
follows from (R.1G) that, there exists for every ¢ € (0,3), a constant k.
such that

~ ~ 1
N
vm>1, &l = 1€ = &*l, < fpe—m=
N, 7
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where é\m denotes the (unique) optimal quadratic quantization at level m of
a normally distributed scalar random variable £. As a consequence,

N

~ 7/ —~ 7/ 1
B _ (TN _ TN _ 5P I=p_ -
| Wi = wy) — (WY - W )H < Cprelt — s ;A NI

3). One may choose ¢ so that 1A % =1.

> Temporarily assume that p€ [2,
=L, (N') ~log N" and \; < ck~2 for a real

Now, keeping in mind that L' :
constant ¢ > 0, one gets

YA < 0y AP

k k=1 E>L/
Loy
k
< G, <(10gN’)2”Z 7 + (log N)*~ 1)
k=1""k
Now, following e.g. [§], we know that the optimal bit allocation yields
L/
A C
548 < Lo
k=1""'k

so that, finally

1

W= w) = N =T | < Cpprlt = sl o N3,

> Assume now that p € [3,+00) and € € (0,3). Set p = g2~ > 1 and q its
conjugate exponent. Then, Holder Inequality implies

1 1
L' y1- L p /L q
A Ak -5
S (o) ()
k=1

_ P _
k=1 Nk k=1

We inspect now three possibles cases for p.

1 1 I e
e If0<p<5(1—2=7), thenl—p3+€ g sothat > oAy 7 < 400,
which in turn imphes that
L’ )\1 P 3—¢

>

- < Cppr(logN') 7
k=1 N"
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Furthermore 1 — § > %.

.Ifg(l—j) <p< i then, 1-%<3cand1— 2 =1 sothat
1—_ PP
Y1 M T < Hoo
L 1= 3—¢ 3¢
AP ~ e L
S < Cppr(logN) 7 x (L, ()T
k=1 N/f

2p—1
= Cp7p7T<log N’) .
oIf%(l—%):p< 1 then 1 -2 = %andl—p—_g’%‘_s = 1 so that
/ 1— L
L Ay T < Cyprloglog N' (keep in mind L' = L, (N') ~ log N).
Hence, for every ¢’ € (0,¢),
L/

Z )\’1“_; = o<(log N’)f%).

_ P
k=1 Nk

As conclusion, we get that

1
2

IN

(Z Ai‘”uéuz>
k

1
1-p
Z A 2(1n3=¢2)
k N, P
- O<(log N’)—%—p)“?’z;i)) (4.35)

which completes the proof since log(1+N') > é log N (which implies log N >
log(N/2)). o

Proof of Theorem {.4. (a) Owing to the monotonicity of the LP-norms,

it is enough to show that, the announced convergence holds for every ¢ > 2

2q
q—2

statement follows for the %—Hélder (semi-)norm follows from Theorem [.3(c).
Indeed W satisfies the Kolmogorov K,y with § = p/2 — 1. On the other

hand, it follows from [[[3] that, for any sequence of (Voronoi) quantizations

and every p > or equivalently for every p > 2 and every ¢ > ]%. This

W at level N converging in L%Q (P) toward W, this convergence also holds
T

in the a.s. sense. So Criterion(c) is fulfilled.

32



(b) Let ¢ > 2. The process W — W satisfies K, pp—1 for every p e (%, 1)
with “Kolmogorov constants”

3—¢

C{-{;l = Cp7T,p,d,5(10g N)fp[(%fp)/\(gip)]’ c€e (0’ 3)

We wish to apply Lemma (and the remark that follows).

5¢q
q—2+n"

Set ¢ = Z. One cheks that 1% + % < 1 5o that there exists n’ > 0 such

> Assume 0 < p < qi—‘g. Then there exists n > 0 such that p < p’ =

2
that p = -+ % +7 < % Elementary computations show that % —p< %.
Let e € (0,3) such that 1 — p < % — . Consequently, Lemma [.9 (and the
remark that follows) imply that

1w =W g 1

_(i_
< Cq,n,nCT,s(lOg N) (=)
p/

and for any small enough a > 0, one my specify 1, ' and ¢ so that % —p=
1%(1 — %) — «a. Finally this bounds holds true for p € (0,p’) since the the
LP-norm is non-decreasing.

> Now, if p > q‘i—QQ, one checks that 2% > % — (% + %) It becomes impossible
to specify p € (0,3) so that §' = E<@=pp—Tland1l—p> %. So the

same specifications as above lead to

1w =W g 1

3—e¢
< Cqm,n’,&T(lOg N) 2
Pl

which yields the announced result.

5 Convergence of stationary quantizations of the
Brownian motion for the p,~-Holder distance.

In view of what will be needed to apply this theorem to the Brownian
motion and its functional quantizations, we need to prove a counterpart
of Lemmas [£.2 and for WZ,. However, for the sake of simplicity, by
contrast with the previous section, we will only deal with the case of the
Brownian motion and its stationary quantizations.

The main result of this section is the following Theorem.

Theorem 5.5. Let g > 2.
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(a) Let (/WN)Nzl be a sequence of stationary quadratic functional quantizers
of a standard d-dimensional Brownian motion W defined by (2.11) or
converging to W in a (purely) quadratic sense, namely || |W—/VI7N|L2T la—0
as N — oco. Then,

—0 as N — oo.
p

Vg>2, Vp>0, Hpq(W,\/N\/N)

(b) Let ¢ > 2. Assume that, for every N > 1, WN s an optimal product
quantization at level N of W. Then, for every q > 2 and every p > 0,

2y 1

HHW2 — W2y | = 0<(log N)_%mm(%(l‘a)vz)*“), Va >0,
P

so that, finally,

1 1

HPq(W,WN) = 0((logN)_%min(?(1_%)’5)%‘), Va > 0.

P
(¢) If r > %, then
pq(W,WLeNTJ) = O(N_(%T_l)%+a) Va >0, P-a.s.

Note that the result of interest for our purpose (convergence on multi-
dimensional stochastic integrals) corresponds to g € (2,3). The proposition
below appears as the counterpart of Lemma [£.9 on the way to the proof.

Proposition 5.3. Let p > 2.
(a) Let W2, be defined by (3.27). For every 0' e (0,p — 1), there exists a

random variable Zg('?) € L? such that

2 (2) g
P-a.s. Vs, te[0,T], (Wil < Z57 |t —s| 7.

(b) Let

t
W2:5V<w>:(/ <W5—W§>dwg) @),  stelT] s<t,
s 4,j=0,...,d

where W = WV s a stationary quantization of W (the integration holds in
the Stieltjes sense). Then, for every p > 2 and every 6 € (0,p — 1),

—~ 6’
P-as. Vs te[0,T], |W2|< E(ng/ 1G)Jt—s|7.
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) Let W2N = W2, - WY where W = W is now an optimal quadratic
s,t s,t s,t p q
product quantization of W at level N. Then, if p > %, for every 0 €
(0,p(p + 3) — 2), for every e € (0,3) and every § > 0, there exists a real

constant C\,, 7,4¢,6 > 0 such that

W2, ~(G-IneSs
sup ] < Cp,p,T,d,e,é ( log N) P .
5,t€[0,T7] ]t _ 3]7
P

Proof. (a) The random variable Z é?) of interest is defined by

2 4
Zg) =7 ZQ”p sup |W§t|

n>0 s<t<s+tgm

Let s, t€ [0,T], s <t < s+ 2. We know from the multiplicative tensor
property that, for every u€ [s,t],

W2, =W2, + Wi, + W,y ® Wy
and that, for every i, j€ {0,...,d},

A . 1 A .
(Wi @ Wi < SOWEE + W),

To evaluate SUDyefs oy L ]|W§’t|, we may restrict to dyadic numbers owing to
’ 277, k)

the continuity in (s,t) of Wit. As a consequence, we have, still following

the classical scheme of Kolmogorov criterion

sup ‘Wg,t’ S 2 Z max ’W?Z+m tn+m’
m>0

+ pa— )
te[575+21n] Osks2rrm—1 i
=+ max ’th-km tn+m ‘2.
0<k<2ntm_1 koot
Now
omtn_1
]E max |Wtzn+m tn+m |p S E ]E |Wtzn+m tn+m P
0<k<2ntm ] ko otk =0 L et
and
omtn_q

E max ‘th+m tm ’p S E E ’th-km $ntm p
0<k<2ntm ] ko oYk+1 pr ) Ly
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where the norms | . | are the canonical Euclidean norms on the spaces M ((d+
1), (d + 1)) and R respectively.
It is clear that, for every i # j, i, j > 1 and every ¢ > s,

t . . .
Wi = \ [ wi=whaw

P

< | [ o= waw
s p
1
¢ ) . 2
< cpre /(W;—W;)Qdu
’ 5
< Gylt' -1

whereas

Wy = Wi, = [t =t [Walll, = Cpalt’ — .
Noting that W = t and, if i = j, 1 < i < d, Wg;z = (Wt — W2

S

shows that the above upper-bound still holds for ¢ = j and 7 or j = 0.
Consequently, we also have

W22, < Cpalt’ — .
Consequently
2n+m_1 T p
2 P < ) = (nt+m)(1-p)
Eoskggfm_lltherJZi;”‘ > Cp,d kz_o <2n+m > Cp,d,TQ
so that
1_ o _
||Z(2 P — p7dTZ2 p Z2n+m 1 Cp,d7TZ2n(p 1 < +00
n>0 m>0 n>0

since 0/ < p — 1.
On the other hand, one has obviously

sup 7”1) < Z(z) < 400 a.s.
$,t€[0,T), st ]t ’

Lemma [.9(a) applied to W (which satisfies (Kng,l)) yields for every 0’ €
(0,2 — 1) the existence of Z() € LP(P) such that
(Wil

sup — < Ze(,) a.s.
5,t€[0,T],s<t |t _ 5|
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AS a consequence, combining these two results shows that, for every

q> 5= 2,
po(W,0) < Z = 2 + 21 € LP(P)

where Z() is related to 0’ = g € (0,£—-1)and 7@ is related to 0’ = %p €

(b) If i # 4, 0 < i,j < d, it follows from Proposition .3 that W

E(Wi;ﬂv |Gn) where Gy = U(W) and WV = (WZN)lglgd is an optlmal

product quantization at level N (which means that for each component W?,

22]N o

Wi is an optimal product quantization at level N’ = |N éj)
When i = j > 1, \Wz AN < TE (Wi —WH?|Gn)). One derives that

6’
< B pion | < ()7 6v).

When i = j =0, W2, N — W2sii — %(t — 5)2.
(¢) In this claim, the random variable Z §/2),N
2) N = Z "% sup \ng\f

n>0 s<t<s+ 21”

of interest is defined by

and we aim at showing that it lies in LP (]P’) with a control on its LP-norm
as a function of V. One first derives for W N the straightforward identity
when s <u <t

W = WY+ Wl + W,
where

Wh, = Weu®@ Wy — W oWk,
= (Wou— W) @ Wy + W, & (Wyr — W) (5.36)
with W, s := W, — W if r > s, etc. One derives from (5.36)) that
<2,N <52,N
W2 < 2 Z max Wtzm - (5.37)

0<k<2”+m 1 Rg)

=9 N
+2 E max ‘W ntm gntm th+m grtm ‘ ’th-km {rtm ‘ (538)
0<k<2"+m 1t otem ko olkt1 K R4
- 0<k’<2"+m -1
E : 2,N 1172,N 17
+2 max |th+m rtm - th+m grtm | |th+m tn+m|. (539)
0<k<2"+m 1 % Ykt ko olk41 K Tk 41
- 0<k; <2n+m -1
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where we used that |u ® v| < |u|v].

We will first deal with deal with the first term in (5.37). We note that

o2, N Z o2, N
E max ’th+m n+m ‘p < E’th+m gtm ’p'
0<k<2ntm_7] k b1 k 1

0<k<on+m_1

Let s, t€ [0,T], s < tandi, j€ {1,...,d}, ¢ # j. One checks that the
following decomposition holds

t . L~
Wi = Wi - W+ [ W aov - .

S

(4) (B)

Let us focus on (A). First not that, owing to Proposition R.1 applied
with 7 = o(Wi, u € [0,T], Wi, s < t),

Z & / cos )du

n>1 "

Using that W* and W7 are independent, one derives that (A) is the terminal
value of a martingale with respect to the filtration a(§i, E<n Wi0<u<
T), n > 1 so that combining B.D.G. and Minkowski inequalities yields, with
the notations of Lemma [£.3,

2
C;,BDGE §] (/ cos ) du)
n>1 "
/ cos )du

where én =&, — g‘ZLV" and Ny,...,N,,... denote the optimal bit allocation

M|

E([(A)P)

IN

o
2 2

IN

el DI A

n>1

P

of an optimal quadratic product quantization at level N (keep in mind that
Ni=1,k>L,(N')and Ny ---Np,_(n1y < N’ (B scalar Brownian motion).

Now an elementary integration by parts yields

/ cos du \/7 / sm — sin < \/qj\_n> > dWZ

so that, for every p€ (O, %), one checks that, owing to the BDG Inequality,

>du p

CO& C’BDGCPP)\ |t—s|2+p

n
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Finally, for every € (0, 3),

N

1
A, < Corpe | D AN [t — sz,

n>1

One shows likewise the same inequality for (B) once noted that

/t /WSZ{LV oS < </ cos Now >du| W@N)

which implies
/ COS oW > du

/ W’ N cos

Consequently, for every € (0, 3),

P

2

. o )
W2, < Copr | DoNTPIGIZ ] 1t — 8277
n>1
< Cp,T,p,dﬁ(lOgN) G=oNG |t — 8!2 P, (5.40)

Ifi=j>1, then
s 1 o
2,1, N N
W = S (W)~ (Wi ?)
so that, using again Holder Inequality,
572,00, N ;
W2, = I = W W = T

and one gets the same bounds as in the case i # j.

If ¢ or j = 0, one gets similar bounds: we leave the details to the reader.
Finally, one gets that, for every i,j€ {0,...,d},

—(i- _3—e
HW ” pp,Td,e,(s(log N) G=P A 3ip15 it — 5|%+P_

By standard computations similar to those detailed in Lemma [£.2, we get

w2V ~(3=P) A 3t15) 9—n(L+p)
Z H0<k;<2n+m 1 tn+m t:j:;n ‘ Hp S Cp,p,T,d,e,(s (10g IV) 2 202 2 :
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Let us pass now to the two other sums. We will focus on (p.3§) since
both behave and can be treated similarly.

2,N T2,N
max tn’+m tn+m — [[ tn7+m tn+m ’ ‘ I’/[/ n+m tn+m ’
0<k<2ntm_1 ko oYk41 k k41 bt

o<k/<gntm’ 1

TN P
< Z ‘anLm n+m Wtz+m tn+m‘ ’WZ,'H” t:,tgl :
0<k<2ntm_
0<k/<2ntm’ _1
Now for every s,u,t € [0,T], s < u < t, it follows from Hoélder Inequality
that

W = W Waidlll, < [[Weu— W
B p

= S7u||p+6 HWU,th(1+p/6)

= 1
CoslWeu = Wl st — ul?

IN

Using Inequality (f33) from Lemma [£.3, we get for every p > 2, every
p€ (0,1), every £€ (0,3), and every s, te [0,7], s < t,

. . 1
|wi = Wi < Copraclt = slog )~
P
Now,

2,N 172,N
35 Wt gt = WV Wegrman
<k< — k41 k+1
o<k’ <ontm’ _1

< (Cppmasellog Ny~ ") ) "glnm=m gt m)01-5)
and we use that p > % and p > 2 to show that

_ T172,N P

m,m/’
=" o<k/<ontm’ _1

1 3—e
< Cpprase(logN) =77 Natpray g5 —(5+0)

Finally, we get
= p (L _ yA_3=e_
E<Z(§/2)’N> < Cppraes(log N) 72700300

as soon as 0’ € (0,6) with 6§ = p(p + %) — 2. Now, it follows by standard
arguments that

7N g
sup ]W N < Z57 |t =8|
5,t€[0,T
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so that, finally

3—¢

W e
< CP,p,T7d76,5( log N) 2 WE .

sup ———

(9/
5,t€[0,T |t —s|»
p

Now, we are in position to prove the main result of this section.

Proof of Theorem [.5. (a) Given Theorem [£4], this amounts to proving
that |[W?2 — W2 NH%,HOZ converges to 0 in every LP(P). This easily follows
from Proposition p.3(a)-(b)

(b) We inspect successively four cases to maximize min(1 — p, %) in p when
it is possible.

> g€ (2,4) and p < 2( 5 Let p’ be deﬁnedby = 20— 2)+%w1tha>0

small enough so that p’ > p and & 5 +1 2. Then set p/ = % + z% — 2 + 5
(note that p’ > I%) One checks that %—p’ =1 —2(1% + l) 21— —) =

(0, ﬁ A %) at least for any small enough o, § = 5(a q) >0 and e =

e(a,q) > 0. Now, Proposition f.3(c) applied with §’ = 271’/ <p(+3)-2

yields the announced asymptotic rate for ’HW2 - WzvNH%HOl

;P <P,
P
since LP(IP)-norms are non—decreasing in p.

> g€ (2,4) and p > 2(q 2) One sets the same specifications as above for
3

p but with p" = p. Then 1/2 — p > % and choose ¢ = ¢(q,«) > 0 and

d = 0(gq, ) > 0 small enough so that 2(p+5) < % + a.
> g € [4,20/3). Then Q(q—gm < (12—4 and one checks that the cases p €
(2, %) and p € (5795 5o - 5> q2—q4) can be solved as above. If p > = (hence

> 5), no optimization in p is possible i.e. any admissible p samsﬁes 5—p > %.

. 7 1 —4
>q220/3z.e.2(q—32)>q e pr<q 4,setp'suchthatz7:‘12—q+a’/2,
o/ > 0 small enough and p/ = E 17 — % + 5. Doing as above yields

min(1— p, 2%) = % + « for an arbitrary small o > 0. Note that this quantity
is greater than 2(1 — %) + « (so in that case our exponent is not optimal).

If p> we proceed to no optimization in p.

q- 4’
(c) This is a consequence of Borel-Cantelli’s Lemma by considering p >
7q
-2 <

Now we conclude by proving Theorem B.2.

41



Proof of Theorem B.2. First we check using Proposition p.J that pq(wN ,0)
and py(W,0) are a.s. finite since they are integrable. Now we may apply
Theorem B.I] which yields the announced result. ¢
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Appendix: Functional conditional expectation

Let (Y:):e[o,r] be a bi-measurable process defined on a probability space (£, .A,P)
such that

T
/ E(Y,?)dt < 4oo0.
0

One can consider Y as a random variable Y : (Q, 4,P) — L2 := L?([0,T], dt) and
more precisely as an element of the Hilbert space

L3, (Q,AP) = {Y (O, AP) = L2, BV, < —|—oo}

where |f]7, = fOT f3(t)dt. For the sake of simplicity, one denotes [|Y]|2 := , /E[Y]3, .
T T
If B denotes a sub-o-field of A (containing all P-negligible sets of A) then L2, (Q, B, P)
T

is a closed sub-space of L%Z (Q, A,P) and one can define the functional conditional
T
expectation of Y by

E(Y |B) := PronL‘zL L @sp)(Y)-
T

Functional conditional expectation can be extended to bi-measurable processes Y
such that [[Y|[y = E[Y|r1 < +oo following the approach used for R?-valued
random vectors. Then, E(Y | B) is characterized by: for every B([0,7]) ® B-bi-
measurable process Z = (Z):e[o,1], bounded by 1,

T T
]E/ Zthdt:E/ Z,E(Y | B), dt.
0 0

In particular, owing to the Fubini theorem, this implies that as soon as the process
(E(Y: | B))tefo,) has a B([0, T])®B bi-measurable version, the functional conditional
expectation could be defined by setting

E(Y |B)(w) = E(Y; | B)(w),  (w,t)€ Q% [0,T].
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ExXAMPLES: (a) Let B := o(Na, B;, i € I) where (B;);cr is a finite measurable
partition of 2 such that P(B;) > 0, i€ I.

(b) Let Y := (Wy)sepo,1) @ standard Brownian motion in R? and let B := o(Wy,, ..., Wy,)
where 0 =tg <t1 <...<t, =T. Then

t— 1

Vit € [tk trt1), EW|B), =Wy, + ———
te+1 — Uk

(Wtk+1 - Wtk )
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