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Effective boundary condition at a rough surface
starting from a slip condition

*Anne-Laure Dalibard and "David Gérard-Varet

Abstract

We consider the homogenization of the Navier-Stokes equation, set in a channel with
a rough boundary, of small amplitude and wavelength e. It was shown recently that,
for any non-degenerate roughness pattern, and for any reasonable condition imposed at
the rough boundary, the homogenized boundary condition in the limit ¢ = 0 is always
no-slip. We give in this paper error estimates for this homogenized no-slip condition, and
provide a more accurate effective boundary condition, of Navier type. Our result extends
those obtained in [6, 13], in which the special case of a Dirichlet condition at the rough
boundary was examined.

Keywords: Wall laws, rough boundaries, homogenization, ergodicity, Korn inequality

1 Introduction

Most works on Newtonian liquids assume the validity of the no-slip boundary condition: the
velocity field of the liquid at a solid surface equals the velocity field of the surface itself.
This assumption relies on both theoretical and experimental studies, carried over more than
a century.

Still, with the recent surge of activity around microfluidics, the question of fluid-solid
interaction has been reconsidered, and the consensus around the no-slip condition has been
questioned. Several experimentalists, observing for instance water over mica, have reported
significant slip. More generally, it has been claimed that, in many cases, the liquid velocity
field u obeys a Navier condition at the solid boundary X:

(Ig—veviuys = AIg—vev)Dwvls, u-vlg =0, A>0 (Na)

where v is an inward normal vector to X, and D(u) is the symmetric part of the gradient. Slip
lengths A up to a few micrometers have been measured. This is far more than the molecular
scale, and would therefore invalidate the (macroscopic) no-slip condition

uls = 0. (Di)

Nevertheless, such experimental results are widely debated. For similar experimental settings,
there are huge discrepancies between the measured values of \. We refer to the article [18]
for an overview.
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In this debate around boundary conditions, the irregularity of the solid surface is a major
issue. Again, its effect is a topic of intense discussion. On one hand, some people argue
that it increases the surface of friction, and may cause a decrease of the slip. On the other
hand, it may generate small scale phenomena favourable to slip. For instance, some rough
hydrophobic surfaces seem more slippery due to the trapping of air bubbles in the humps of
the roughness. Moreover, irregularity creates a boundary layer in its vicinity, meaning high
velocity gradients. Thus, even though (Di) is satisfied at the rough boundary, there may be
significant velocities right above. In other words, the no-slip condition may hold at the small
scale of the boundary layer but not at the large scale of the mean flow. This phenomenon,
due to scale separation, is called apparent slip in the physics litterature.

In parallel to experimental works, several theoretical studies have been carried, so as
to clarify the role of roughness. Many of them relate to homogenization theory. First,
the irregularity is modeled by small-scale variations of the boundary. Then, an asymptotic
analysis is performed, as the small scales go to zero. The idea is to replace the constitutive
boundary condition at the rough surface by a homogenized or effective boundary condition at
the smoothened surface. In this way, one can describe the averaged effect of the roughness.
We stress that such homogenized conditions (often called wall laws) are also of practical
interest in numerical codes. They allow to filter out the small scales of the boundary, which
have a high computational cost.

Let us recall briefly the main mathematical results on wall laws. To give a unified descrip-
tion, we take a single model. Namely, we consider a two-dimensional rough channel

OF == QU UR®

where 2 = R x (0, 1) is the smooth part, R® is the rough part, and ¥ = R x {0} their interface.
We assume that the rough part has typical size €, that is

R :=¢R, R:={y,0>y2>w(y1)}
for a Lipschitz function w : R — (—1,0). We also introduce

I :=cl, T :={y,p=w(n)}

See Figure 1 for notations. We consider in this channel a steady flow u°. It is modeled by the
stationary Navier-Stokes system, with a prescribed flux ¢ across a vertical cross-section ¢ of
Qf. Moreover, to cover all interesting cases, we shall consider either pure slip, partial slip or
no-slip at the rough boundary I'*. This means that the constant A below shall be either +oo,
positive or zero. For simplicity, we assume no-slip at the upper boundary. We get eventually

—Au® +u° - Vu® + Vp® =0, x € QF,
divu® =0, z € Q°,

u€|l'2:1 = 07 / U,i: = ¢7
0-5
(Ig—v@v)u'lre = N (Iy—v @ v)D(u®)v|re, u® - v|pe = 0.

(NS9)

Notice that the flux integral in the third equation does not depend on the location of the cross-
section ¢¢, thanks to the divergence-free and impermeability conditions. We also emphasize
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Figure 1: The rough domain °.

that this problem has a singularity in €, due to the high frequency oscillation of the boundary.

Thus, the problem is to replace the singular problem in QF by a regular problem in €). The
idea is to keep the same Navier-Stokes equations

—Au+u-Vu+Vp=0, z e,

divu=0, z €Q,

U/’(EQZI =0, /ul = ¢a
o

but with a boundary condition at the artificial boundary ¥ which is regular in . The problem
is to find the most accurate condition.

(NS)

A series of papers has addressed this problem, starting from the standard Dirichlet con-
dition at T'® (A\* =0 in (NS?)). Losely, two main facts have been established:

1. For any roughness profile w, the Dirichlet condition (Di) provides a O(g) approzimation
of u® in L2, ().

uloc

2. For generic roughness profile w, the Navier condition does better, choosing A = ae for
some good constant o in (Na).

Of course, such statements are only the crude translations of cumulative rigorous results.
Up to our knowledge, the pioneering results on wall laws are due to Achdou, Pironneau and
Valentin [1, 3|, and Jéger and Mikelic [14, 15], who considered periodic roughness profiles
w. See also [4] on this periodic case. The extension to arbitrary roughness profiles has been
studied by the second author (and coauthors) in articles [6, 12, 13]. The expression generic
roughness profile means functions w with ergodicity properties (for instance, w is random
stationary, or almost periodic). We refer to the forementioned works for all details and
rigorous statements. Let us just mention that the slip length ae is related to a boundary
layer of amplitude ¢ near the rough boundary. It is the mathematical expression of the
apparent slip discussed earlier.

Beyond the special case A* = 0, some studies have dealt with the general case A* € [0, +00].
The limit u° of uf, and the condition that it satisfies at ¥ have been investigated. In brief,



the striking conclusion of these studies is that, as soon as the boundary is genuinely rough,
u® satisfies a no-slip condition at ¥. This idea has been developped in [9] for a periodic
roughness pattern w. It has been generalized to arbitrary roughness pattern in [8]. In this
last article, the assumption of genuine roughness is expressed in terms of Young measure.
When recast in our 2D setting, it reads:

(H) The family of Young measures (duyl)yl associated with the sequence (w’(-/s))e is s.t.
dpy, # 6o (the Dirac mass at zero), for almost every yi € R.
Under (H), one can show that u® locally converges in H'-weak to the famous Poiseuille flow:
uw(z) = (Uo(mz),O) . U%xp) = 6¢x2(1 — x2)

which is solution of (NS)-(Di). We refer to [8] for all details.

This result can be seen as a mathematical justification of the no-slip condition. Indeed,
any realistic boundary is rough. If one is only interested in scales greater than the scale e
of the roughness, then (Di) is an appropriate boundary condition, whatever the microscopic
phenomena behind. Still, as in the case A* = 0, one may be interested in more quantitative
estimates. How good is the boundary condition? Can it be improved? Is there possibility
of a O(e) slip? Such questions are especially important in microfluidics, a domain in which
minimizing wall friction is crucial (see [23]).

The aim of the present article is to address these questions. We shall extend to an arbitrary
slip length A® the kind of results obtained for \* = 0. Of course, as in the works mentioned
above, we must assume some non-degeneracy of the roughness pattern. We make the following
assumption:

(H’) There exists C > 0, such that for all 2-D fields uw € C° (E) satisfying u - v|p = 0,
lullz2ry < ClIVullr2(r)-

Assumption (H’), and its relation to the assumption (H) will be discussed thoroughly in the
next section. Broadly, we obtain two main results. The first one is

Theorem 1. There exists ¢pg > 0, such that for all |¢p| < ¢o, for alle < 1, system (NS?) has
a unique solution u® in HY, (QF). Moreover, if X =0 or if (H’) holds, one has

luf =l @y < Cove, [uf =l ) < Coe,
where u® is the Poiseuille flow, satisfying (NS)-(Di).

In short, the Dirichlet wall law provides a O(¢ ) approximation of the exact solution u° in
L2, (%), for any A° € [0, +oc]. This gives a quantitative estimate of the convergence results
obtained in the former papers. Note that the dependence of the error estimates on both ¢
and ¢ is specified. In the case A®* = 0, this improves slightly the result of [6], where the ¢

dependence was neglected.

Our second result is the existence of a better homogenized condition. Here, as outlined
in article [13], some ergodicity property of the rugosity is needed. We shall assume that w is
a random stationary process. Moreover, we shall need a slight reinforcement of (H’), namely:



(H”) There exists C > 0, such that for all 2-D fields u € C®° (E) satisfying w - v|r = 0,

(Vu+ (Vu)').

N | —

lullr2ry < ClID(w)lr2(r), D(u)=
We shall discuss this assumption in section 2. We state

Theorem 2. Let w be an ergodic stationary random process, with values in (—1,0) and K-
Lipschitz almost surely, for some K > 0. Assume either that \* = 0, or that \* = A\ > 0 for
all €, and the non-degeneracy condition (H”) holds almost surely, with a uniform C. Then
there exists a > 0 and ¢o > 0 such that, for all |¢| < ¢o, € < 1, the solution u’¥ of (NS)-(Na)
with A = ae satisfies

1/2
1
sup — / uf — u[? da =o(e), almost surely.
r>1 R Jon{jz <R}

We quote that the norm above is common in the framework of stochastic pde’s: see for
instance [5]. We also quote that, even in the case A* = 0, this almost sure estimate is new: the
estimates of [6] involved expectations. This result can also be extended to other slip lengths
A in (NS¢); more precisely, up to a few minor modifications, our techniques also allow us to
treat slip lengths A such that A\* > 1, or A* < &2, or A* = \e.

Briefly, the outline of the paper is as follows. In section 2, we will discuss in details the
hypotheses (H’) and (H”). Section 3 will be devoted to the proof of theorem 1. In section 4,
we will analyze the boundary layer near the rough boundary. This will allow for the proof of
Theorem 2, to be achieved in section 5.

2 The non-degeneracy assumption

The goal of this section is to discuss hypotheses (H’) and (H”), and, in particular, to give
sufficient conditions on the function w for (H’) and (H”) to hold. We will also discuss the
optimality of these conditions in the periodic, quasi-periodic and stationary ergodic settings,
and compare them to assumption (H).

2.1 Poincaré inequalities for rough domains: assumption (H’)

First, let us recall that if the non-penetration condition w - v|r = 0 is replaced by a no-slip
condition u|p = 0, then the Poincaré inequality holds: indeed, for all w € H'(R) such that

ulr = 0, we have
Y2
/ 82u(y1,t)dt
w

/ (s o) Py dys = /
R R (y1)

< C'/ |82u(y1,t)]2dy1 dt,
R

2
dy1 dyo

where the constant C' depends only on ||w]| .
Assumption (H’) requires that the same inequality holds under the mere non-penetration
condition; of course, such an inequality is false in general (we give a counter-example below in



the case of a flat bottom). In fact, (H’) is strongly related to the roughness of the boundary: if
the function w is not constant, then the inward normal vector v = (14 w'?)~"Y/2(—w', 1) takes
different values. Since u-v|r = 0, we have a control of u in several directions at the boundary
(at different points of I'). In fine, this allows us to prove that the Poincaré inequality holds,
and the arguments are in fact close to the calculations of the Dirichlet case recalled above.

e We now derive a sufficient condition for (H’):

Lemma 3. Let w € WH*°(R) with values in (—1,0) and such that supw < 0. Assume that

A
JA >0, inf / W' (y1 + t)|2dt > 0. (2.1)
yneR Jo

Then assumption (H’) is satisfied.

Proof. The idea is to prove that for some well-chosen number B > 0, there holds

/ fuy) 2dy
R

IN

B
CB/ / lu(yr, y2) - v(ys + 1)|° dt dyr dys (2.2)
rJo

IN

Cp /R Vu(y)[? dy. (2.3)

The first inequality is a direct consequence of assumption (2.1). The proof of the second one
follows arguments from [9], and is in fact close to the proof of the Poincaré inequality in the
Dirichlet case.

First, for all B > 0, we have

B
/ / ayr, o) - (s + D) dt dyy dys
RJO
B
= [ e (a0 + w()? dedy dy
RrJo 1+w'2(yl+t) ! ! 2 172
1 [/ dyuz(y)/Bw’(y1+t)2dt+B/u2
L+ w2 LR ! 0 R 2
s /R s (s ()@ (1 + B) — w(y1)) dy]
B
in (B—kuoo, [ w'<y1+t>2dt—uwum) [ )P ay.
neRr Jg R

Assume that B > A, and set

> - @
IR o P4 S

A
o = inf W' (g1 +t)|2dt.
int [l 1)

Notice that a > 0 thanks to (2.1). Then

/ 2 B
1 > -
yllréf /0 W'y +t)“dt { J «,

and thus there exists a positive constant ¢ such that for all B > A,
B 2
[ o) v+ 0 dtdys dye = e(B-1) [ Jutw)P do.
RJO R

6



Thus for B large enough, inequality (2.2) is satisfied.
As for (2.3), let us now prove that for all B > 0, there exists a constant C'p such that

B
/ / u(y1, y2) - v(y1 + t)|* dt dys dys < CB/ Vu(y)|? dy.
RJO R

We use the same kind of calculations as in [9]. The idea is the following: for all y € R,
t € [0, B], let

2= +twy +1t) el
Let £, be a path in W*°([0,1],R?) such that £,+(0) =y, £,+(1) = 2z and £, () € R for all
7 € (0,1). Then

1
u(y) — u(z) = /0 (€ ,(7) - V) ulty (7)) dr,

and thus, since u(z) - v(y; +t) =0,

1
lu(y) - vy +1)] < /0 | (€,.4(7) - V) ully ()] dr dt dy.

There remains to choose a particular path £, ;.

Notice that in general, we cannot choose for £, ; the straight line joining y and z, since
the latter may cross the boundary I'. We thus make the following choice: for A € (supw, 0),
we set

ZS\ = (yla )‘)7
2N = (y1 + 1, \).
We define the path £, ; by

1 2
by(0) =y, Ly <3> =2y Ayt <3) =2y, lye(1) =z
and £, is a straight line on each segment [0,1/3], [1/3,2/3], [2/3,1] (see Figure 2).

Notice that ¢, ; depends in fact on A, although the dependance is omitted in order not to
burden the notation. With this choice, we have

uly) - vy +8)] < / o1, v5)
Y2,
t
+/0 |01u|(y1 + v, A) dyy

A
4 / Doul(yn + £, )
w(y1+t)

IN

0 B
/ 1ol 35) v+ /0 Oyl (g1 + vl V)
w(Y1

0
+/ |Oau|(y1 + ¢, yb) dy.
w(y1+t)

Integrating with respect to y and ¢, we obtain, for all A € (supw, 0)

| uto) o+ 0 vt < ([ 0P+ [ oral ) )

Integrating once again with respect to A yields the desired inequality. O



z'=(y, lambda) z'=(y+t, lambda)

z=(y1+t, omegaly  +t))

Figure 2: The path ¢, ;.

e Let us now examine in which case assumption (2.1) is satisfied in the periodic, quasi-
periodic and stationary ergodic settings: first, if w is T-periodic, where T := R/Z, then (2.1)

merely amounts to
/ W? > 0.
T

Hence (H’) holds as soon as the lower boundary is not flat. In this case assumption (2.1) is

necessary, as shows the following example: assume that w = —1, and consider the sequence
(ug)k>1 in H'(R) defined by u;2 = 0 and
_f 1 il <k,
k1 (y) = { 0 if [yy| >k +1,

and ug 1(y) € [0,1] for all y, || Vug1||r~ < 2.
Then it is easily checked that wuy - v|r = 0, and that

lukllr2ry > 2k.
On the other hand,

Vealiamy= [ [Vuf<s vz
k<y1<k+1

Hence assumption (H’) cannot hold in R.
In the quasi-periodic case, the situation is similar to the one of the periodic case, i.e.

(2.1) <= ' #0.
Indeed, assume that
wiy) = FOu)
for some A € RY, F € C%(T?), with d > 2 arbitrary. Then
A A
/0 Wy +t) dt = /0 (A VF)2(A(y1 + 1)) dt.

8



Write F' as a Fourier series:

FY)= ) ape”™* vy eT?
kezd

Then
p2im(k+1)-AA _

A
/O(A~VF>2(A<y1+t))dt = 2 ) aa(A-k) (DT e

klez4,
A (k+1)7£0

+472 A Z arpay(\ - k)2
k,lcz,
A-(k+1)=0

The first term is bounded uniformly in y; and A provided the sequence aj is sufficiently
convergent and A satisfies a diophantine condition. Consequently, setting

Co=an® 3 axa(r k)

klezd,
A (k+1)=0

we deduce that there exists a constant C' such that
A
VA >0, Vy; € R, COA—CS/ wlz(y1 +t)dt < CoA+ C.
0

The above inequality entails that Cy > 0. If Cy > 0, inequality (2.1) is proved. If Cy = 0, we

infer that
/w/z < Q.
R

As a consequence, since «’ is uniformly continuous on R, limyy oo W'(t) = 0. On the other
hand, it can be proved thanks to classical arguments that for all € > 0, N > 0, there exists
n € N such that n > N and

d(An,Z%) < e.

For € small and N large, and ¢ in a fixed and arbitrary bounded set, we obtain

W(t+n) = ofl)
= A-VFE(At+ An)
= X-VF(\t)+o0(1)
= J(t)+o(1).

Thus &'(t) = 0, and &’ = 0.

Hence we deduce that (2.1) is satisfied as soon as w’ is not identically zero, at least for
“generic” quasi-periodic functions (i.e. such that the Fourier coefficients of the underlying
periodic function are sufficiently convergent and such that A satisfies a diophantine condition).
In fact, slightly more refined arguments (which we leave to the reader) show that the result

remains true as long as
> [k fax| < oo,

kezd



without any assumption on .

Let us now give give another formulation of (2.1) in the stationary ergodic case. We
denote by (M, p1) the underlying probability space, and by (7y,),,er the measure-preserving
transformation group acting on M. We recall that there exists a function F' € L*°(M) such
that

w(yr,m) = F(ry,m), yi1 € R, m € M.

As in [6], we define the stochastic derivative of F' by
OmF(m) :=w'(0,m) VYm e M,

so that w'(y1, m) = O F(1y,m) for (y1,m) € R x M. We claim that almost surely in m € M,
A A
inf / W' (y1 +t,m)|? dt = essinfmfeM/ |0 F (Tym)|? dt.
y1€R Jo 0

Indeed, notice that the left-hand side is invariant under the transformation group (7). er
as a function of m € M. As a consequence, it is constant (almost surely) over M; we denote
by ¢ the value of the constant. Since w’ € L™, we also have

A
¢ = inf / | (y1 +t,m)|? dt a.s. in M.
y1€Q Jo

Now, for all y; € Q,
A A
/\dw+tMVﬁ==/\%EWWWWﬁ
0 0

A
> essinfmzeM/ |0 F (Tem)|? dt =: ¢/
0

almost surely in M. Taking the infimum over y; € Q, we infer that ¢ > ¢'.
On the other hand, by definition of ¢/, for all ¢ > 0, there exists M. C M such that
P(M;.) >0 and

A
¢ < / O F(rim)|* dt < ¢/ + & Ym € M..
0

Consequently, for all m € M., we have

A A
nﬁ/\w@+amﬁﬁs/|wmmwﬁsd+a
y€R Jy 0

that is,
p< ¢ +e.

Hence ¢ = ¢'. Eventually, we deduce that in the stationary ergodic case, assumption (2.1) is
equivalent to

A
JA >0, essinfmeM/ |0 F (1) | dt > 0. (2.4)
0
A straightforward application of the stationary ergodic theorem shows that (2.4) implies that

E[|0mF|*] > 0.

10



However, assumption (2.4) appears to be much more stringent than the latter condition:
indeed, (2.4) is a uniform condition over the probability space M, whereas the convergence

1 R
& | 10uP @) dt — B0,

only holds pointwise.

e Let us now compare condition (2.1) with the assumption (H) of [8]. In order to have
a common ground for the comparison, we assume that the setting is stationary ergodic. In
this case, the family of Young measures associated with the sequence w'(-)/e can be easily
identified: indeed, according to the results of Bourgeat, Mikelic and Wright (see [7]), for all
G € CY(R) and for all test function ¢ € L'(R x M), there holds

L6 (e (2m)) plonm) dys dutm) = [ PG, P)o(on.m) d ()

By definition of the Young measure, the left-hand side also converges (up to a subsequence)
towards

/ (G, iy, (g1, m)) dyy dys(m).
Rx M

As a consequence, we obtain
(G,dpy,) = E[G(0mF)] for ae. y1 € R.
Hence condition (H) is equivalent (in the stationary ergodic setting) to
E[|0mF)?] > 0, i.e. F non constant a.s.

We deduce that assumptions (H) and (H’) are equivalent in the periodic and quasi-periodic
settings. In the general stationary ergodic setting, however, condition (2.1) is stronger than
(H). But since we do not know whether (2.4) is a necessary condition for (H’) in the stationary
setting, we cannot really assert that (H’) is stronger than (H).

2.2 Korn-type inequalities: assumption (H”)

We now give a sufficient condition for (H”). Notice that our work in this regard is related to

the paper by Desvillettes and Villani [10], in which the authors prove that for all bounded

domains Q C RY which lack an axis of symmetry, there exists a constant K (£2) > 0 such that
D)l r20) = K(Q)IVullL2(q)

Vu € HY Q)N s.t. u-v|pq = 0.

The differences with our work are two-fold: first, in our case, the domain R is an unbounded
strip, which prevents us from using Rellich compactness results in order to prove (H”). More-
over, the tangency condition only holds on the lower boundary of R. However, as in [10],
we show that condition (H”) is in fact related to the absence of rotational invariance of
the boundary I'. Let us stress that this notion is related, although not equivalent, to the
non-degeneracy assumption of the previous paragraph (see (2.1)).

We first define the set of rotational invariant curves:

11



Definition 4. For (yo, R) € R? x [0,00), denote by C(yo, R) the circle with center yo and
radius R.
For all A > 0, we set
RA = {7 € W17OO([07A])2’ El(y0>R) € RQ X (0700)7 7([0’A]) - C(y(J’R)}
u{y €e wh([0, A))?, v, = cst.},

where v, is a normal vector to the curve vy, namely

i,
_ 12
T \m

Notice that R 4 is a closed set with respect to the weak - * topology in W1,
We then have the following result:

Lemma 5. Let w € WY ®°(R). For A >0, k € Z, let
ety € [0, 4] = (g1 w(y + kA)).
Assume that there exists A > 0 such that
(v keZynRa =0, (2.5)
where the closure is taken with respect to the weak - * topology in W1H*°. Then (H”) holds.

Assumption (2.5) means that each slice of length A of the boundary remains bounded
away from the set of curves which are invariant by rotation. In particular, in the periodic
case, a simple convexity argument shows that all non-flat boundaries satisfy (2.5) (it suffices
to choose A equal to the period of the function w).

The proof of Lemma 5 uses the following technical result:

Lemma 6. For all Y > supw, let
Ry :={y € R? w(y) <y < Y}.

Consider the assertion

(Ky) 3Cy >0, Yue H'(Ry) .t u-vlp =0, / () dy < cy/ D)

RY RY
If there exists Yo such that (Ky,) is true, then (Ky) is true for all Y > supw.

We postpone the proof of Lemma 6 until the end of the section.

Let us now prove Lemma 5: the idea is to reduce the problem to the study of a Korn-like
inequality in a fixed compact set, and then to use standard techniques similar to the proof of
the Poincaré inequality in a bounded domain.

First step: reduction to a flat strip.

According to Lemma 6, it is sufficient to prove the result in a domain Ry for some
Y > supw sufficiently large (notice that the boundary I' is common to all domains Ry).

We use the extension operator for Lipschitz domains defined by Nitsche in [20]. Since the
result of Nitsche is set in a half-space over a Lipschitz curve, we recall the main ideas of the
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construction, and show that all arguments remain valid in the case of a strip, provided the
width of the strip is large enough.
We denote by (2_ the lower half-plane below ', namely

Q_:={yeR? y <wly)}

According to the results of Stein (see [22]), there exists a “generalized distance” § €
C>(Q-) such that

0 < 2(w(yr) —y2) <(y) < Co(wl(yr) —y2) Yy e,
095(y)| < Cadly) ™1l VaeN? vy e Q.

(In general, since w is merely a Lipschitz function, the function d(-,I') has very little regularity,
whence the need for a generalized distance.)
Let ¢ € C([1,2]) such that

2 2
/ PY(A) dX =1, / Ap(A) dA = 0.
1 1
For u € H'(Ry), define an extension @ of u in a strip (infw —7,Y’) for some n > 0 by
u(y) = uly) ifye Ry,

2
u(y): = /1 YA [ui(yn) + A0:0(y) ua(yr)] dA, if y € Q_

where yy 1= (y1,y2 + Ad(y)),

Choose Y such that
Y > 2Cysupw — (2Cy — 1) inf w.

Then if n > 0 is sufficiently small, y\ € Ry for all y € (infw — n,Y’). The function @ thus
defined does not have any jump across I'. Moreover, it can be checked that

[1D(@)[| L2 (®x (infw—n,v)) < ClD(W)| £2(R)-
Indeed, if y € Q_ and ys > infw —n,

2
[0itj + ;) (y) = /1 dAY(N) [(Oiuj + 95w;) (ya) + 2X%0;6(y) ;0 (y) Oaua(ya)

+A0i0(y) (D2u; + Oju2) (y»)
+20;0(y) (O2u; + diuz) (yr)
+2X050(y)ua(yr)] -

Writing us(yy) as

A
U2(yx)=='u2(y1,y2+5(y))+j( Byua(yy) dis

and using the condition f12 AP(A) dX\ = 0 yields
2
D@ < C [ D] dr

13



A careful analysis of the right-hand side then allows to prove that

/dyl/ dp D@ )2 <c [ (D)
inf w—n Ry

For all additional details, we refer to [20].
Consequently, we have built an extension operator

E: Hl(Ry) — Hl(R X (infw —n,Y))
such that for all w € H'(Ry),

HD(U)HL2(RY) < ”D(Eu)||L2(R><(infw—77)) < C”D(U)HLQ(Ry)v

lullz2(ryy < 1EUll 2R (nfw—n)) < Cllullz2(ry)-

Second step: compactification of the problem.

In the rest of the proof, we set @ := R x (infw—n,Y). According to the first step, we now
have to prove the existence of a constant C such that for any function u € H'(Q) satisfying
u-v|p =0,

lullz2(@) < ClID(w)]lL2(g)-

Of course, it is sufficient to prove that there exists a constant C'4 such that for all k£ € Z,
full2i0r ) < Cal D)z Vo€ HYQua) st u-vg =0 (26)

where
Qra=QN{y, kA <y <(k+1)A}.
Assume by contradiction that (2.6) is false. Then there exists a sequence of relative

integers (ky)n>1 and a sequence u,, € Hl(an’A), such that for all n,

||Un||L2(an,A) 2 n”D(u")||L2(an,A)'

In the rest of the proof, we drop all sub- and superscripts A in Q 4, fy,? in order to lighten
the notation.
Let vy, := un (- + (kn,0))/||tn]| 2. Then v, € H'(Qp) for all n and

1
on Vg, =0, lonllrzg) = 1, 1D(0n)llr2(qe) < —

=

According to the standard Korn inequality (see for instance [20]), there exists C' > 0 such
that for all v € H'(Qy),

[Vl 22(g0) < CllvllL2(Qo) + 1PV L2(00))-

As a consequence, the sequence v, is bounded in H'(Qp). By Rellich compactness, there
exists a subsequence (still denoted by v,) and a limit function v € H'(Qq) such that

vy, =7 inw— HYQo),
v, — 0 in L*(Qp).

14



We deduce that D(v) = 0 and ||9||z2 = 1. Hence v is a non-zero solid vector field: there exists
(C,y0) € (R x R?)\ {0} such that
o(y) = (Cy+yo)" forae. y € Qo.

On the other hand, for all n € N, for almost every y; € [0, A], we have

Un 1 (Ve (Y1) Ve 2(W1) = V2 (Y, (1)) Yk, 1 (1) = 0. (2.7)

Since the sequence 7, is bounded in W1 up to the extraction of a further subsequence, v,
converges weakly - * in W1 towards a function 4. Since 7y, 1(y1) = y1 for all n, we deduce
that (yx, —7) - e1 = 0. We then pass to the limit in the identity (2.7) using the following
facts:

® v, — 7 in L*, and thus
4 2 2
/0 [Un (V) = vn (N7 < Cllvk, = Fllool[Vonllz — 0;

e v,(7) is bounded in H/2((0, A)), and thus
vn(7) — 0(3) in L*(0, A).

At the limit, we obtain
(Cy +w0) -7 =0,
i.e.
|Cy + yo|* = cst.
We deduce that 57 € Ry, and thus R4 N {7y, k € Z} # 0, which contradicts the assumption
of the lemma. Thus (2.6) holds, which completes the proof. O

Remark 7. o We emphasize that condition (2.5) is probably not optimal. Indeed, (2.5)
amounts to requiring that the inequality

[ullz2 < ClID(w)l| 2

holds uniformly in each slice of length A. Howewver, since our proof relies on compactness
results in L%, it seems necessary to work in a fixred compact domain. Of course, if a
more “constructive” proof were at hand (in the spirit of Lemma 3), it is likely that (2.5)
could be weakened.

o We have already pointed out that in the periodic case, conditions (2.5) and (2.1) are
equivalent. In the general case, however, (2.5) is stronger than (2.1). Indeed, (2.1)
merely requires the frontier T' to be non-flat (uniformly on R), whereas (2.1) requires
that is not invariant by rotation, in addition to being non-flat.

o We have used in the proof the following Korn inequality: since the function w is Lipschitz
continuous, there exists a constant Cgx > 0 such that

lull i (ry < Cre(lullz2my + 1Dl r2ry)  Yu € H'(R).

We refer to [20] (see also [11]) for a proof. The constant Cx depends only on the Lips-
chitz constant of w. The inequality holds without any assumption on the non-degeneracy
of the boundary or on the behaviour of u at the boundary I'.

15



We now prove Lemma 6. Assume that there exists Yj such that (Ky,) holds true. Let us
first prove that (Ky) is true for all Y € (supw, Yp). Let u € H'(Ry) be arbitrary. Using a
construction similar to the one of Nitsche (see [20]), we define an extension u; € H!(Ry,) of
u such that

Y1 =supw 4+ 2(Y — supw),
luillzz(ry,) < Cillullzzry):  [1D(ui)llz2(ry,) < CLID (W) L2(Ry)-

Iterating this process, we define sequences (Y,)n>0, (Un)n>0 such that u, € H Y(Ry,) and
Up+1 18 an extension of u, for all n, and

Yii1 =supw + 2(Y,, — supw),

luntilli2(ry, ) < Crpillunlliz gy, 1D(unt)lli2 gy, , ) < CotallD(un)llc2(gy,)-

It can be easily checked that lim,, .., Y}, = 0o, and thus there exists ng > 0 such that Y;,, > Y.
By construction, u,, € H'(Ry,) and there exists a constant C' such that

[unollL2(Ry,,, ) < Cllulleryys  1D(uno)llL2(ry,, ) < ClID@W) 228y )-

Moreover,
U = Uy, on Ry.

> From (Ky,), we infer that

[tno |22 (Ry,) < Cvo D (tng) |l L2(Ryy )
and thus
ull2(ryy < CID (W) 2Ry )-

Hence (Ky) is satisfied.
Let us now prove that (Ky) is also true for all Y > Yy. Let u € H!(Ry) arbitrary; then
u € H'(Ry,), and

lull 2y, < Crol DWlz2(ry, )

Moreover, according to the classical Korn inequality in the channel Ry;, there exists a constant
C'k such that

lallzs (g < Coc (Il z2ayg) + 1D z2(ay) ) -
Let ¥ :=R x {Yp}. Then
[ull 2y < CHuHHl(Ryo) < CHD(u>HL2(Ry0)-
Now, for any y € R x (Yp,Y), let ¢/ € ¥ such that
v =y+t(1,-1) for somet € R.

Then
1
uly) = uly)+ ¢ | (O =0ty -+ (1= )1, ~1)dr

Notice that
(1, —1) . (81 — 82)u = 81u1 =+ 82U2 — ((91U2 + Ogul),
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and thus

IN

¢ (Il + [ [ Y D)

CllDull72(gy -

L Y uly) - (1, 1) dy

IN

Similarly,
Yo 2 2
/ / [u(y) - (~1, 1) dy < C|D(W)|22g, -
RJY
Eventually, we obtain
ullL2(ryy < ClIDullZ2 (g, ),

which completes the proof.

3 Estimates for the no-slip condition

In this section, we will prove Theorem 1. In other words, we will establish, for any sequence
A € [0, +00], the well-posedness result and the error estimates that were established in [6]
for A* = 0. We will use the same general strategy, based on the work of Ladyzenskaya and
Solonnikov [17]. However, the handling of the slip type conditions will require new arguments,
due to a loss of control on the skew-symmmetric part of the gradient. Moreover, we shall
specify the dependence of the error terms with respect to ¢. We shall of course put the stress
on these new arguments.

The starting point of the proof is an approximation scheme by solutions in truncated
channels. Therefore,we introduce the notations

VE,1>0, Ug :=UnN {k < |xi| <1}, Uy := U_kk,
for any set U of R?. We take as a new unknown

0 ~0

vi=u —a, @ = 1gu’

where 1 is the Poiseuille flow. As a new pressure, we take
q = p + 12¢x;.
It formally satisfies

—Av+ @ - Vo+v-Vi' +v-Vo+ Vg = 15:(—12¢,0), z € O,
dive = 0, x € Q°,

3.1
U’l’g:l = 07/ U1 = 07 ( )

vrlre = AN(D(v)v)r|pre, v-v|pe = 0,
where v is the inward pointing normal vector on I'* and

vy =13 —vRuv)
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denotes the tangential part of v on I'*. The system is supplemented with the following jump
conditions at the interface X:

[v]ls =0, [=D(v)ez + qez]ls = (=6¢,0).
In order to build and estimate the field v, we consider the approximate problems in €25,

—Av+ @’ -Vo+v-Vi® +v- Vo4 Vg = 15:(12¢,0), = € QF,
dive = 0, z € Q,
(3.2)

V|zy=n = V|zi=—n = Vlzy=1 = 0,

vrlre = AN (D)v)rlrs, v-vlpe = 0,

and
W]z, = 0, [-D(v)ez +gea]ls, = (—6¢,0).

The proof divides into four steps:
1. We construct a solution v, of the approximate system (3.2).

2. We derive H}, .
(vn)n, hence, as n goes to infinity, a solution u of (INSF).

estimates on v, that are uniform in n. This yields compactness of

3. We prove uniqueness of this solution u.

4. We deduce from the previous steps the desired O(y/z) bound in H},  for u —u°. From

uloc
there, using duality arguments, we get the O(¢) bound in Lgl oo

Step 1. The wellposedness of (3.2) relies on an a priori estimate over 5. Multiplying
formally by v, we obtain

[+ oot [ ek = - [

where v, denotes the tangential part of v. As ||[Vul||oc < C ¢, we obtain

HD(U)H%%Q;) < Co (ollz2ey IDW)r20z) + Ve lvllzmey + Vrllvllzs:)) . (3.3)

P @uv+vea’): DW) —
(®+®)D()/R

12¢)’01 + / 6¢U1,
b

€ £ € €
n n n n

As v is zero at the upper boundary of the channel, Poincaré inequality applies, to provide
[vllz2(0:) < C IVl L2(qs)-
where C depends only on the height of the channel. Let
o = {x, 2 > cw(z1/e)}

the “rough” half plane, and o € H*(€2%,) the extension of v which is zero outside 2. We can
apply to o the results of Nitsche [20] on the Korn inequality in a half plane bounded by a
Lipschitz curve: one has

IVollz2ag) < ClID(@)lL2 ;)

18



where the constant C only depends on the Lipschitz constant of the curve. For ), this
Lipschitz constant, and therefore the estimates, are uniform in . We insist that this inequal-
ity is homogenenous: it does not involve the L? norm of ©, contrary to the more general
inhomogeneous Korn inequality. Back to v, we get

[Vvl[z20:s) < CID(W)|lp2(0s)-
Hence, denoting for all K € N
Ey = ||U||%2(Qi) + ||VU||?:2(Q;) + HD(U)H%Q(QZ)

the combination of Poincaré and Korn inequalities leads to E, < C|D(v)||3, (5)-

Now, by rescaling either the Poincaré inequality when \* = 0, or the inequality in (H’)
when A° # 0, we get
[0l r2rey < CellVollra(ae)-

Then, we deduce
vl z2(se) < C’\@HUHHI(R;) < C’\/EHVU”B(R;)-
Back to the energy estimate (3.3), we end up with
E, < C||D(U)H%2(Qg) < C" ¢ (vl 2e0z) 1Dl 2sy + Ve [Vollrz(gs))
C'é <En + M@) < C'6E, + %

so that, for ¢ small enough, we have the global estimate

IN

0/2
En + 7¢2n£.

E, < C¢’ne. (3.4)

Thanks to this estimate, one obtains by classical arguments a variational solution v, €
H(92) of (3.2). The uniqueness of this solution (for ¢ small enough) is deduced from the
same kind of energy estimates, performed on the difference of two solutions. We leave the
details to the reader.

Step 2. The next step in the proof of Theorem 1 is the derivation of uniform H ;l e bounds
on v,. The idea, which originates in a work of Ladyzenskaya and Solonnikov, is to prove by
induction on k' =n — k that

E, < Co¢? (k+1)e, C large enough. (3.5)

Once the bound on the E}’s is proved, we can use it with k = n — 1, so that By < C ¢%¢.
This gives a control on a unit slice of the channel around x; = 0. But as will be clear from
the proof of the induction relation, 1 = 0 plays no special role: in other words the same
bound holds for any unit slice of the channel, which gives the uniform H}d oe POUNd.

Let us now describe the induction process. First, by (3.4), the induction assumption holds
with £/ = 0. To go from k' — 1 to K/, that is from k + 1 to k, we shall need the following
inequality:

Vk<n, Ep <G (Ek+1 — By, + (Bp1 — E)*? + ¢ (k+ 1)€> - (3.6)
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This inequality at hand, and assuming Ej,1 < Cg¢? (k +2) e, one obtains straightforwardly
that B, < Co¢?(k +1)e for all k > Cy — 1 provided Cj is chosen large enough. For
k < Co — 1, we have merely Ey < Co¢? (|Co] + 1)e. Hence, up to a new definition of the
constant Cj, we obtain inequality (3.5).

An inequality similar to (3.6) has been established by one of the authors in [6], for the
case \° = 0. The discrete variable k is replaced in [6] by a continuous variable 7, but the
correspondence from one to another is obvious. We also refer to the original paper [17], and
to the boundary layer analysis in [13], in which similar inequalities are derived.

Relation (3.6) follows from localized energy estimates. We introduce some truncation
function x = xx(x1), such that x; = 1 over Qf, xx = 0 outside Qf ., and [x}| < 2.
Multiplying by xj v within (3.2) and integrating by parts, we deduce that

/ k| D()]* + (Aa)_l/ Xl vr|?

QE Fc‘:

S/ xk(@ ®v+v i) : D(v) / 12¢x 01 +/ 60v1 Xk
£ RE Es

- D(v):(VXk®v)+/ (@’ @v+veia®): (Ve @)
Qe e

£

7
+ [ wev:@uen + [ V=35
e ]:1

where Vg = (x},0). The r.h.s. of the inequality has two different parts:

e The first three terms are very similar to those of step 1. They are treated along the
same lines:

3
Z’Ij’ <Co¢ (Ek+1+ \/(k+1)5\/Ek+1)~
j=1

e The remaining terms involve derivatives of xj: they are supported in € ;11. Standard
manipulations yield the bounds:

11| + |I5] < C(Bryr—EBr), |ls| < C(Brya — Ep)*?.
e The treatment of the pressure term is a little more tricky. We decompose
I 7+ 7:|: Jy—
k1 = QU U Qs U = Qe N {F21 = 0}

The zero flux condition on v implies that [+ f(21)v1 = 0 for any function f depend-
kk+1

ing only on x;. Thus,

-
Q

where qki is the average of ¢ over Qif 41- Then, we use the well-known estimate

oy
@]

q Xk v1 ::/Qg (q—q;;)xkvwr/s+ (@ — af) Xgv1,

€ (O
k,k+1 k,k+1 k,k+1

< CllAv+ fllag-1 (o)
L2(0)
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for the Stokes system
—Av+Vqg=f, divu=0in O

where C only depends on the measure of O and the Lipschitz constant of 00. We take
here O = QZ:,‘; 41 (so that the constant is uniform in & and ¢), and

fo=—div (@ @v+v®d° +v®v) + 15 (12¢,0).
From there, one gets after a few computations

| 17]

IN

— +
C <||q — 4 Hp(gz:;ﬂ) + ||q — 4 ”L2(Qi”z+1)> ||U‘|L2(Qk,k+1)
C (d’ﬁ Epi1— B + (Egp1 — Ex) + (Egg1 — Ek>3/2)

¢ <¢2€ + (Bxt1 — Bx) + (Bgy1 — Ek)S/Q)'

IN

AN

We refer to [6] for more details. By gathering all the inequalitites on the I;’s, we obtain for
¢ small enough

/EXkD(U)F < C (Ek+1 — By + (Eps1 — ER)*? + ¢ (k+ 1)5) (3.7)

+CO6 (Ek + o/ (k+ 1)5\/E7) (3.8)

Now, we have

| i)

v

/ CIDW) > / IDOaw)? — / AL
I3 QE QE
> /Q ID(x)? — 4(Eysr — Ey).

As xy v is zero outside Qf , ;, we can proceed as in Step 1, to get

/ ID(xyv)|* > c¢Epi1 > cEy+ c(Ey1 — Ey).

Finally,
/ Xk‘D(U)|2 > CEk - C(Ek-Jrl —Ek).
Combining this inequality with (3.7) gives the result provided ¢ is small enough.

As we have already explained, once inequality (3.6) is proved, one obtains easily a O(1/€)
Hiloc bound on v,. By standard compactness arguments, any accumulation point v of (vy,)
is a solution of (3.1). It provides a solution u® of the original system (NS¢). Moreover,

v =l (0r) < CoVe Wfllg, (on) < Co. (3.9)

c c

Step 3. It remains to prove the uniqueness of the solution in H ;
£,2 _

loc*

Let now v = u u®! the difference between two solutions of (NS%). It satisfies

—Av +div (u5’1®v+v®u5’1+v®v)+Vq:0

21



together with div v = 0 and homogeneous jump and boundary conditions. We can always
assume that u®! satisfies the bounds in (3.9). Then, performing energy estimates similar to
those of Step 2, we get, for ¢ small enough:

Vk, E,<C ((Ek:-i-l — Ey) + (Bgpr — E)®? + ¢\/5Ek>

We have used implicitly that

k
| oautovivw)| <Y [ el v)
c §=0 7% i+
k
< Z ||“E’1||L4(Q§’Hl) ||U”L4(Q§7j+1)HVUHLQ(Q;,HI)
§=0
<

k
HuE’l’Hilocz(:)”UH%Il(Q;jH) < C¢VeEgi.
j:

As v belongs to H&loc’ Eiy 1 — Eji is bounded uniformly in k: eventually, for ¢ /e small

enough, we get Fj < C for all k, which means that v is of finite energy. The fact that v =0
then follows from a classical global energy estimate, performed on the whole channel Q¢. This
concludes the proof.

Step 4. Note that, by the previous steps, we have established not only the well-posedness,
but the H;loc estimate

luf =l @) < Cove

From there, one obtains that
0
Ju* — w2, () < Coe.

The L?,,.(2) estimate follows from estimates on a linear problem in the channel Q:

—Av+Vg+u®-Vo4ov- Vi = div F°,
diveo =0,

vy = o5,

where v = u® —u?, ¢° = v|y = O(¢e) in L?,, . and F° = v®@v = O(¢e) in L?,,. thanks to
the H], . bound. By a duality argument, one can then prove that HU”LQZ () is also O(¢¢) in
Lil oe- This duality argument is explained in the paper [6, section 3.2]: as the slip condition

in the boundary condition at 9€2° plays no role, we skip the proof.

4 Boundary layer analysis

In order to improve our description of u®, we must analyze the behaviour of the fluid in the
boundary layer. The starting point of this analysis is a formal expansion: we anticipate that,
near the rough boundary, we have

uf(z) = u'(x) + 6¢ev(x/e)
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where u" is the Poiseuille flow, and v = v(y) is a boundary layer corrector, due to the fact that
u® does not satisfy either the Dirichlet boundary condition when A\ = 0, or the slip boundary
condition when A # 0. We shall focus on the latter case, which is the new one. Classically, the
rescaled variable y belongs to the bumped half plane Q" := {y, y» > w(y1)}, and by plugging
the expansion in (NS€), one finds that

—Av+Vp=0, ye
dive=0, yeQ”

(D(0)v)r = =(D((y2,0)v)-, y €I,
v-v=—(y2,0)-v, yedW

(BL)

where
1 /
v=v(y) = m(—w (y1),1)

is a unit normal vector. The inhomogeneous boundary terms come from the Poiseuille flow
(x2(1 — x2) & ey near the boundary).

System (BL) is different from the boundary layer system met in the former studies on wall
laws: it has inhomogeneous Navier boundary conditions, instead of Dirichlet ones. Neverthe-
less, we are able to obtain similar results, as regards well-posedness and qualitative issues.

4.1 Well-posedness of the boundary layer

First, we have the following well-posedness result:

Theorem 8. System (BL) has a unique solution v € Hlloc(@) satisfying:

sup/ Vo2 < +00  where for all k,1, Q= Qun{k<y <I}.
Qbl ’

k k,k+1

The proof follows closely the lines of [13], where the case of an inhomogenenous Dirichlet
condition (instead of Navier) was considered. The main difficulty comes from the unbound-
edness of the domain, which prevents from using the Poincaré inequality or assumptions like
(H’) or (H”). To overcome this difficulty, there are two main steps:

1. One replaces system (BL) by an equivalent system, set in the channel
Q= = QYN {y, <0}

This equivalent system involves a nonlocal boundary condition at yo = 0, with a
Dirichlet-to-Neumann type operator.

2. Once brought back to the channel 9%~ one can follow the same general strategy as in
the previous section, based on the truncated energies

Ek = HvHiz(Qzla—) + vaHiz(Qzl,—) + HD(U)HiQ(QZlv—)
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Let us give a few hints on these two steps.
Step 1. It relies on the notion of transparent boundary conditions in numerical analysis.
The formal idea is the following: the solution v of (BL) satisfies the boundary value problem
—Av+Vq=0, yo >0,
V-v=0, y2 >0, (4.1)
Vly,=0 = o,

where vy = v|y,—0. Using the Poisson kernel for the Stokes problem in a half-plane, we have
the representation formula:

v(y) = /RG(RM)UO(M —t)dt, q(y) = /RVQ(MH) “vo(yr —t)dt (4.2)
292 3 y1y2 2y
h G = —m——_ 1 = -
whnere (Z/) F(y%+y%)2 (Z/l Y2 y% >7 g(:u) ﬂ_(y%_'_y%)

Thanks to this representation formula, we can express the stress
(2D(U)V — qu)’wzo = —20hv + (821)1 — 6102)61 + ges
in terms of v at yo = 0. Formally, this leads to some relation

(=2D(v)ez + qea)l{yo—0y = DN (v[fy,=0})
for some Dirichlet-to-Neumann type operator DNN. Hence, and still at a formal level, we can
replace the system (BL) by the following system in Qb%—:

p

—Av+Vqg=0, yeQ,
V-v=0, yeh,
(D()v)r = —(D((y2,0))v)r, y € O™, (4.3)
v-v=—(y2,0)- v, yedW,
[ (=2D(v)e2 + ge2)l(y,=0y = DN (v|(y,=0})-

A rigorous version of these formal arguments is contained in the next proposition
Proposition 9. (Equivalent formulation of (BL))

i) (Stokes problem in a half-plane)

For all vy € Hil/fc(]R) there exists a unique solution v € lec(@) of (4.1) satisfying
k+1 p+oo
sup/ / |Vo|? dyady, < +oo. (4.4)
keZ Jk 0

ii) (Dirichlet-to-Neumann operator)

There is a unique operator

DN : HY*(R) — D/(R)

uloc
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that satisfies, for all vy € Hi/z (R), and all p € C® (@) with V- =0,

loc
2 » D(v) - D(¢) =< DN(vo), ¢ly,—0y > - (4.5)
+

1/2 (R), the operator DN (vg)

can be extended to a continuous linear form over the space Hi/z(]R) of HY? functions
with compact support.

where v is the solution of (4.1). Moreover, for all vg € H .

iii) (Transparent boundary condition)

Let (v,q) be a solution of (BL) in H]} (QM) with sup, fﬂ’;;lk |Vv|? < +00. Then, it
o1

satisfies (4.3).

(=) be a solution of (4.3). Then, the field v defined by

Conversely, let v~ in H&loc

v o= v in Q% wo= /G(y1 —t,y2) v (¢,0)dt forys >0
R

is a solution of (BL) in H} (QP) such that sup, fQZl,IH—l |Vo|? < +00.

Proof of the proposition. The proof of the proposition is almost contained in [13]. The
only difference lies in the definition of the Dirichlet-to-Neumann operator. In [13], the full
gradient is used in the definition of DN, instead of its symmetric part. Here, in order to adapt
to the Navier condition at the rough boundary, D(u)v substitutes to d,u, and, subsequently,
(4.5) substitutes to the relation

Vv -V =< DN(U()), 90|{y2=0} > .

R2
2
used in [13]. As these minor changes do not play any serious role, we skip the proof.

Step 2. By the previous proposition, in order to prove well-posedness of the boundary
layer system, we can work with the equivalent system (4.3). As it is set in a bounded channel,
it is amenable to the kind of the analysis performed in the previous section, for the study
of the no-slip condition. The keypoint is again to have an induction relation between the
truncated energies. However, the nonlocal DN operator prevents us from deriving a local
relation like (3.6). We are able to show the following more complicated relation: there exists
1 > 0 such that, for any m > 1,

1
E, < 4 (k‘ + 14+ — sup (Ej—i-l — E]) + m  sup (Ej+1 - EJ) ) . (46)
me i>k+m k4+m>j>k

The same relation was established in [13], for the boundary layer system with a Dirichlet
condition. The proof starts with the the change of unknowns w := v + (y2,0), p:= g, that
turns (4.3) into
( —Au+Vp=0, yeQh,

V-u=0, yeQh,

(D(u)v)r =0, y e oy,

u-v =020, yG@le,

(=2D(u)e2 + qea)l(y,=0p = DN (ul(y,=0}) — (1,0).

25



Afterwards, energy estimates are performed, testing against yxu. The only change with
respect to [13] due the Navier condition is the treatment of the lower order terms. When a
Dirichlet condition holds at the boundary, one can rely on the Poincaré inequality, to obtain

E, < C (/bl \Vul|? + Ejpqq —Ek>
e

k,k+1

and then to control Ej from the energy estimate (which gives a bound on the gradient only).
This is no longer possible in the case of the Navier condition. Moreover, we cannot proceed as
in the previous section, using the Dirichlet condition at the upper boundary of the channel.
Indeed, in our boundary layer context, a non-local condition holds at the upper boundary.
This is where the assumption (H”) is needed: it easily implies that

Ek S C (/le \D(u)|2 + Ek+1 —Ek)

k,k+1

and can therefore be controlled from the energy estimate (which gives a bound on the sym-
metric part of the gradient only). From there, all computations and arguments are similar to
those of [13]. We refer to this paper for all necessary details.

4.2 Qualitative behaviour at infinity

As the solution of (BL) is now at hand, we still need to show its convergence to a constant field
as Yo goes to infinity. Here, some ergodicity property condition must be added. We consider
the stationary random setting: we take w to be an ergodic stationary random process (on a
probability space (M, u)), obeying the assumptions of Theorem 2. We then state the following
proposition:

Proposition 10. There exists a € R such that the solution v of (BL) satisfies
v(y) — (a,0), asys — +o0,
locally uniformly in y1, almost surely and in LP(M) for all finite p.

This proposition is based on the integral representation (4.2), and the ergodic theorem.
It has been proved in [6] (the condition at the rough boundary does not play any role).

Remark 11. [t is possible to derive upper and lower bounds for the “slip length” «. Such
bounds were established by Achdou et al. [2] in the periodic setting. They are still valid in the
random stationary case. Along the lines of [3], one can prove: for w € C?(R) N W2 (R),

—Yiar < a< =Y, Ymin = iﬁfu}, Ynae = supw.
R

In order not to burden the paper, we skip the proof.
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5 Estimates for the Navier condition

This section is devoted to the proof of Theorem 2. The main novelty lies in the derivation
of almost sure estimates. Indeed, to our knowledge, the previous convergence results dealing
with a stationary ergodic setting were all stated in a norm involving an expectation (see
[6, 12]). The main steps of the proof are the same as in [13, 6]: the idea is to build an
approximate solution which consists of the main term u", the boundary layer corrector v, and
two additional correctors u!' and r¢. We will review briefly the definition and well-posedness
of u! and 7¢, and focus on the estimates which are required for the proof of Theorem 2.

e We start with some regularity estimates for the function v which solves the boundary
layer problem (BL):

Lemma 12. Let 8 € N2 be arbitrary, and let v be the solution of (BL). Then for all a > 0,
there exists a constant C, depending only on the Lipschitz constant of w, on B and on a, such

that
k+1 e’} 2
sup/ / ‘VﬁVv‘ < C.
keZ Jk a

In particular, v € L*°(R X (a,00)) for all a > 0..

Proof. The arguments are the same as in [13, Proposition 6]. According to Proposition 9,
Vo € L2, (%), and vy = v € L2, (R). Since v is given by the representation formula (4.2)
in the upper-half plane, by differentiating under the integral sign in (4.2), we obtain
k+1  poo 9 k+1 poo
oLl =]
k a

2
\vﬂvw(t,yg)\ lvo(ys — t)|dt| dyrdys

k+1
< Cg/ / ‘/tg z\vo y1 —t)|dt dyldyz
k:+1 |U0
< C dtd d
- 5/a </t2+y2>/ / t2+y2 e
<

Callo / /dtd < Challv
il OHL?ﬂOC(R) o Jru 212 y2 < Caall OHLﬁIOC(R)

O]

e We now prove the following result, which is crucial with regards to the derivation of
almost sure estimates, and which is the main novelty of this section:

Proposition 13. Let v be the solution of the boundary layer system (BL). Then the following
estimates hold almost surely as € — 0:

1
P B2 [v(-/€) = (@, 0)[| 20,y = 0(1),
Tl /
sup —1/2 H/ V9 <:E1, 1) dr} + ||v1 <$1, 1) —a =o(1).
r>1 R 0 € ¢ H3(—R,R) € ¢ H3(—R,R)
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Remark 14. This result combines two main ingredients: the deterministic construction of
the preceding section, which eventually led to Lemma 12, and the almost sure convergence
of the corrector v in the stationary ergodic setting (see Proposition 10). We emphasize that
both items are important here. In particular, it does not seem possible to prove almost sure
estimates by using a probabilistic construction of the boundary layer as in [6].

Proof. We use an idea developed by Souganidis (see [21]). Let § > 0 be arbitrary. Then,
according to Egorov’s Theorem, there exists a measurable set Ms C M and a number ys > 0

such that
[v(0,y2,m) — (a,0)] < 8§ Vm € Ms, Yy2 > ys,

P(MY) < 6.

Without loss of generality, we assume that ys; > 1.
Now, according to Birkhoff’s ergodic Theorem, for almost every m there exists ks > 0
such that if & > ks,

As = As(m) = {y1 e R,7y,m € Ms} satisfies: |As N (—k, k)| > 2k(1 — 20).

For all R > 1, € > 0, we have

R—l B 9 B i R/e 1/e B 2d
Jo-/) = (.0 oy = 7 o(y,m) — (0,0) dy
—R/e Jw(y1)
£2 R/e 1/e ,
= S e nm - @0
—R/e Jw(y1)

52 R/E Ys 2
- / / 00, 2, 7yum) — (0, 0)[2 dy
w
lTylmEMa |U(an277-y1m) - (Oé, 0)|2 dy

/y§
g2 R/e rl/e ,
+ / / 17y1m€M§ |U(an277—y1m) - (OZ,O)| dy
Y,

We have clearly, by definition of Ay,

1 2
I < £ [o(y) = (@ ) 172 (= 7y (~1,95 )00ty < CoE,

2 2R

1
I < = 5% < 242

€€
Notice that the constant Cy in the first inequality depends on the random parameter m.

As for the third integral, recall that v € L>(R x (1,00)) according to Lemma 12 and that
ys > 1. Thus we have, for all R > 1 and if ¢ < 1/ks,

15 < 45 (Jof? + ol ey ) -

Gathering the three terms, we deduce that the first estimate of the Lemma holds true.
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Concerning the second estimate, we define the vector field u(y) = v(y) + (y2,0). Notice
that u is divergence free and that u - v = 0 at the lower boundary of Q”. Consequently,
following [6], Proposition 14, we write

1 ) 1 z1/¢ 1
/ ) (1, > ) = 6/ U2 (yh ) diy
0 E € 0 9

1/e 1/e
= &7/ uy (E,ZD) dys — 8/ u1 (0,y2) dya
w(x1/e) € w(0)
1/e

1/e
= 5/ (v1 — @) (ﬂ7y2) dys — 5/ (v1 — @) (0,92) dy2(5.1)
w(z1/e) € w(0)

€ [w2 (?)2_ () + <w (%) - w(O))] .

The last term is bounded in L*> by e(||w||%, + 2||w|le0), and thus converges towards zero in
the appropriate norm. As for the other two terms, set

1/e
U (1) o= < / (01 — @) (1, o)y
w(y1)

Using the same decomposition as previously, we write, for § > 0 arbitrary,

Ys 1/e 1/e
U = e[ -+ elguen, [ - elyuen [ - a),
w

(y1) Ys s

and thus
s

U ()| < e / o1 = a] 46+ Jon — 0l i (1000 Ly we s

w(y1)

Consequently, we obtain, for all R > 1 and for ¢ small enough (depending on §),

1 /R 1 2 63 ) R/e Ys 9
= Us(—)| dr1 < C—(ys — mfw)/ / lv1 — «f
R —R‘ (6 )‘ R —R/e Jw(y1)

+C (52 + 46jvy — OéH%oc(Rx(l,oo)))

< e+ C6.
Hence, as ¢ vanishes,
1 (R 2
sup — ‘U‘E (E)‘ dzry = o(1).
r>1 R J_g €

The second term in (5.1) is easily treated: since it does not depend on z1, we have

2
1 R
sup —

dl’l
r>1 R J_R

1/e
/ (v1 — a) (0, y2) dy2
w(0)

2

1/e
/ (v1 — @) (0,y2) dy2
w(0)
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Since (v1 — @)(0, y2) vanishes almost surely as yo — oo, we infer that

1/e
lim 5/ (v —a) (0,y2)dy2 =0 as.
e—0 w(0)

This proves that

1 o1 x) 1) ,
sup —= vy | —,— | dx =o(1
r>1 R/? /0 ( € ¢ ' L2(~R,R) o
as € vanishes.
The estimates
Sup ——5 (|2 \ —/» = =0 )
r>1 RY? € &/IlL2(-RR)
1 T 1)
sup —= |lvi | —, - | —« =o(1
r>1 RY/? < € € L2(~R,R) ®

are derived in a similar fashion. There remains to prove that for 1 < k <3

1
su 8k —, - =o(1).
R>I:i R1/2 ( ) < 3 5> LQ(*R,R) ( )
Notice that it suffices to prove that for k = 1,2, 3,
lim ys; 8k v(0,y2,m) =0 almost surely for m € M. (5.2)

Y2—00

Then the same arguments as above allow us to conclude.
In order to obtain (5.2), we use the same estimates as in [6], Proposition 13. We write

1 [
aglv(oayzvm) = /Ryiaj]j;rlG(_y/hyQ) (//0 (UO(_va) - (O[,O))dZ) dyi

Y

Since G is homogeneous of degree —1, it can be easily proved that for k > 1,

k+1

‘ G(y1,y2 ’ <Cylyi+u3) 2,

k+1

‘ylagflG(yl,?JQ)’ < Cilyi +93)” = .

Now, let 6 > 0 be arbitrary. Almost surely, there exists ys > 0 (depending on m) such that

1 Y1 ‘
/ (vo(z,m) — (e,0))dz| <6 if |y1| > ys.
Y1 Jo
As a consequence,
k+1 / 1 ,
yla G(-y1,92) | (vo(—z,w) — (a,0))dz | dy;
y1|>y5 Y1 Jo
_ktl
< Ci6 (y1+y%) > dy
ly1>ys
)
< Cip—:.
yh
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On the other hand,

1 [
/ Y10y, G(=y1,2) ( / (vo(—2,m) — <a,o>>dz> dy
ly11<ys Y1 Jo

ve 2 2\—kt2
e / (vo(—2,m) — (,0))] dz / W +93)
0 ly1|<ys
< C 1
>~ 0 1.1
ys T

Gathering the two terms, we infer that for all § > 0, there exists Cs > 0 such that

C
Y5Ok v(0,y2,m)| < 6+ y—5 Yya > 0,
2

and thus the quantity in the left-hand side vanishes almost surely as yo — 0.
O

e We are now ready to prove the convergence result stated in Theorem 2. Following [13],
we set

Ugpp () 1= u®(z) + 6pev (g) + eul(z) + er®(z) + 640! (g) ,

where the correctors u! and r° ensure that Uz, satisfies the Dirichlet boundary condition at
the upper boundary and the zero flux condition. The term v! is a boundary layer term which
compensates the tangential trace of u’ 4+ 6¢cv at the rough boundary'. Additionnally, u! is
intended to be O(1) while ¢ = o(1).

> We choose u! to be the solution of

—Aul +u? Vol +ut -V +Vpl =0, 2€Q,
V-ul=0, zeQ,
1 _ 1 _
U‘IBQZO - Oa u|x2:1 - (—6¢Oé,0),
. ul = —6¢a.

Notice that we assume that u! satisfies a no-slip condition at the lower boundary. This stems
from the non-degeneracy of the frontier I'*: in order that the non-penetration condition is
satisfied at order e, u! must vanish at 2o = 0. We recall that the same argument led to the
no-slip condition for u® at s = 0.

Hence the vector field u! is exactly the same as in [13] and is a combination of Couette
and Poiseuille flows:

ul(z) = 6¢(—4daxy + 3ax3), us(z) =0, z €0

and we extend u! by zero outside €.
> The additional boundary term v' solves the system

—Av! +Vg =0 in Q¥
vlv=(y3,0)-v onT,
(D" )v)r = (v + (y2,0))r + A°(D((43,0))v); on T,

1Tt can be checked that this extra boundary layer term is needed only when the original slip length A° is
such that A < 1.
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under the condition
sup/ Vol 2.
kEZ Qilkﬂ

Using the same techniques as in Section 5, energy estimates in H, il o C(Qb_l) for v! can be proved,
leading to existence and uniqueness of v!'. Additionally, there exists 3 € R such that

lim o' (y1,52) = (8,0)
y2—00
almost surely.
> As for ¢, we use the following Lemma:

Lemma 15. There exists a vector field r¢ € H2 (Q) satisfying

V.-re=0,
1 1

TTIQZO = 0’ |x2 1 6¢ [(()é 0) -v (?1 E) - 5U1 (%’ g)] ’
fo’ r{ = fgs\g 6¢f v1 + evp)(z/€) + 6o,

and such that )
sup il llmz@ g p) = o(1) and [[r¥llw2cc @) = O(L).

The Lemma follows directly from Proposition 13 and the construction in Proposition 5.1
in [6]. Once again, we extend ¢ by zero outside (2.
By construction, the function ug,, satisfies
— Ay + Uapp - Viig
uapp|1‘2=1 =0,
us - vlpe =0

+ Vpapp = div G+ f© in Q°\ X,

app

= AO(D(U pp)y) |F€ +g )
[Uzppllz =0, [D(u;pp)@ —p eg] s = D(er® + eul)eg|s =: ¢°

o G = 5u0®(6¢<v(7)—(a 0) +ev! ( >>+r>
+ €<6¢(U<g ~ (a,0) + ev <€>>+r>®u
() )+ (o) e () )

o= e, g = 60 /) — (53, 0)r

According to the estimates of Section 4, Proposition 13 and Lemma 15, we have
1
SUP i 1G22 (qs,) = ole),

SUP ||f€HL2(Q;) = o(e),

1
R1/2
1" 22(2R) = o(e) + O(e¢),

= 0(£%).

1
sup R1/2

sup HQEHL?(Fi
keZ

k1)
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Consequently, setting w® = u® — ug,,, we obtain

—AwF (0 - Vw4 (0F - V)b, + VoE = —div G — f° inQf\ ¥, (5.3)

and w® satisfies the same boundary and jump conditions as ug,,.

The next step is to derive energy estimates for the above system. The proof goes along
the same lines as the one in Section 3, and therefore, we skip the details. The main steps are
the following:

1. First, we derive an energy estimate in Q5 for a sequence (w5,)nen satisfying (5.3) in QF,
with homogeneous Dirichlet boundary conditions at 3 = +n; more precisely, we prove
that for ¢ small enough,

/Q%(ID(wii)l2 +[wh ] + [Vawp [?) = no(e?).
2. By induction on k, we prove that for allm > 1, k€ {1,--- ,n — 1},
/QE (ID(w})? + [wi,[? + [V |?) = ko(?).

k
3. Passing to the limit as n — oo, we deduce that for all k£ > 1,
| UD@AR + o 4+ [Vu?) = hole2).

k

There are two main differences with the estimates of Section 3. The first one lies in terms
of the type

1w Vi) -
k

indeed, because of the boundary layer term v, Vug,, does not belong to L°°(QF) in general.
Therefore, using Sobolev embeddings, we have

9 T k—1 , .
/gi funl(@? Ve ()] = = FZk/ i, @) [Vo (2)] do

7,J+1

k—1 1/2 SR 1/2
-y ( / Iwil4> (/ / rwy)de)
j=—k \7% 41 : w(y1)

CVelVolla, nllwillngs) < CvVedllwr i qr)-
The second difference comes from the boundary term ¢¢, namely
4

1 oy e 1 9 €
_ < € i
0 ), e < 5 [ i+ 0 )

IN

IN

The first term of the right-hand side can be absorbed in the boundary term coming from the
integration by parts of [ Aw -w$. The second one is clearly o((k + 1)e?). Notice that this is
the reason why we need the additional boundary layer term v': if we merely take

Unpp = u® + ev (g) + eul(x) 4 erf(x)
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then ¢ = O(e), and the second term in the right-hand side of the preceding inequality is
O((k + 1)e2/\Y).

The inequality relating Ej and Ej,q (with the same notation as in Section 3) becomes in
the present case

B < C(Bysr — By + VeoBr +en(e Ve +1y/ B + (k+ 1)e)
+ C(é+en(e)Vh+1)(Brmy — Ei)*?,
for some function n such that limg+ n = 0. By induction we infer easily that
Ey, < ke*ni(e),

for some other function 7; vanishing at zero, which completes the second step described above.
The two other steps are left to the reader.
We infer that

sup
R>1

1
R12 [ — ugppHHl(Q%) =o(e) almost surely.

On the other hand, let 4" be the solution of (NS)-(Na) with A = 6¢ae. Then the function

u® is explicit: as in [13], we have

I+ea 2, 1 n cx
— x x
T+4ea 2 144ea" ? " 1+ 4ea’

W = (66U (22),0) with Uy (az) —

so that
u™ =1’ 4 6¢e(, 0) + eul + O(e?) in L2, ().

uloc

From there, we obtain

sup
R>1

1
W HUN - uippHLZ(Q%) = 0(5) almost surely.

Theorem 2 follows.
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