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Abstract : As in preceding papers in which we studied the limits of penal-
ized one-dimensional Wiener measures with certain functionals I';, we obtain
here the existence of the limit, as ¢ — o0, of d-dimensional Wiener mea-
sures penalized by a function of the maximum up to time ¢ of the Brownian
winding process (for d = 2), or in d > 2 dimensions for Brownian motion
prevented to exit a cone before time t.

Various extensions of these multidimensional penalisations are studied, and
the limit laws are described.

Throughout this paper, the skew-product decomposition of d-dimensional
Brownian motion plays an important role.
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1 Introduction

a) Let {9, (X, Fi)t>0, Foos P} denote the canonical d-dimensional Brownian
motion with dimension d > 2. € is the space of continuous functions defined
on R, and taking values in R¢, (X;,t > 0) is the coordinate process on €
and (F¢)>o its natural filtration, Foo = \/,5o Ft, and P, denotes the Wiener
measure on (€, F) such that P,(Xo=z) = 1.

b) We consider (I'y, ¢ > 0) an R, -valued, (F;) adapted process such that :
0 < E,[I't] < co. Our aim in this work is to show the existence and some
properties of the limit, as ¢ — oo, of ngt), which is defined by :

_ BT

LT (A € Fuo), (1.1)

for a certain process (I't).
In a series of preceding papers ([10], [11], [12], [15], [16], [17]), we have shown
that for a large class of processes (I';, t > 0), one has :

i) for every s > 0, and every A, € F,

lim PY(A,)  exists. (1.2)

t—o00

ii) This limit is of the form

where (ML, s > 0) is a ((Fs)s>0, Pr) Ry-valued martingale.

A survey of our main results involving various processes (I';) is given in [14];
see also [13| for some complements.

Our main tool used to prove (1.2) and (1.3) is the following

Theorem 1.1. Assume that, for every fized s > 0 :
Ex [Ft’fs]

AV e MY a.s. (1.4)
and
E,MI=1. (1.5)
Then :
(i) Vs>0,VA, € F,
S = e (16)



(ii) (ML, s >0)is a ((Fs)sz0, Pr) Ry-valued martingale such that M§ =1,

The proof of Theorem 1.1 - which is true independently of this Brownian
scheme and, in particular, of the dimension d - is quite elementary. It hinges
upon Scheffé’s lemma (see [5], p. 37, T21).

c) We now assume that the hypotheses of Theorem 1.1 are satisfied. Then,
the formula :

Qa(A) = Eulla, M), 520, Ac€ F, (1.7)
induces a family of probabilities (Q,, x € R?) on the canonical space (€, F.).
In the articles ([10], [11], [12], [15], [16], [17]), we described precisely the main
properties of the canonical process (X, t > 0) under ),. The aim of the
present work is to study several penalisations with respect to (I';, ¢ > 0) in
a multidimensional framework, i.e : we assume d > 2.

d) For this purpose, for z # 0, we shall use the skew-product decompo-
sition of (X, t > 0) :
Xt = Rt@Ht ) (18)

where

(i) (©,,u > 0) is a Brownian motion on the unit sphere S;_; in R%. Recall
that (©,,u > 0) is the diffusion process with the infinitesimal generator

5&, where A denotes the Laplace-Beltrami operator on Sy_i;

(ii) the process (R, := |X;|,t > 0) is a Bessel process with dimension d, or
index v = ¢ — 1 which is independent from (6,,u > 0);

"ds
(lll) Ht = ; R_g
When d = 2, formula (1.8) may be written:

X: = Ryexp (ifn,) (1.9)

where, now (3,,u > 0) is a standard real-valued Brownian motion, indepen-
dent from (R;,t > 0), a two dimensional Bessel process. The process

0, ::ﬁtheon(/otC?j), t>0,

shall be called the winding process of X around 0. (We may choose 6, €
[0,27), with 2 = |z|exp(ib))).




e) Notation : Throughout the paper, we shall use the notation (X,;u > 0)
for the process X indexed by v € R, or (X (u);u > 0) when the latter nota-
tion may be more convenient.

f) The paper is organized as follows : it is devoted to the penalisations of d-
dimensional Brownian motion by the functionals (I';, ¢ > 0), displayed below
in (1.10)-(1.12).

(1)

(ii)

In Section 2 we restrict ourselves to d = 2. We first consider in Theorem
2.1 the case where I'; is a function of the one-sided maximum of the
winding process :

Iy =o(S?) with SY =supb, = sup Gy, (1.10)

s<t s<t

We also study in Theorem 2.9 the penalisation with the more general
functionals

Dy = o(S7) exp(~A(S¢ — 6) (1.11)

for some Borel function ¢ : Ry — R, and A > 0 (see also Theorem
2.14).

Section 3 is devoted to the penalisations related to a cone C in R
with d > 2. More precisely, if C is a cone with vertex the origin, and
basis O (where O is an open set of the unit sphere S;_1), we study the
penalisation with :

Iy = 1{zp>ey exp (%Ht + pRt> (veR, p>0) (1.12)
where Te = inf{u > 0: X, ¢ C} is the exit time of the cone C.

At the end of Section 3, we study the case when d = 2, and the func-
tional T'; equals f(6;, 8,), with 6, = S? = sup,., 0, 0, = inf,<; 0,.
Thus, I'; is a function of the maximum and minimum of the winding
process. In fact, we only study the particular case : f(s, i) = ls<a,.i>a0)
with : a9 < 0 < og.

g) Another penalisation study for Brownian motion in R? is discussed in [18];
it involves the penalisation process :

Iy :==exp ( — %/Ot V(Xs)ds> (1.13)

4



where V' is a function with compact support from R? to R,. Note that
such penalisations have been studied in [11], when (X, s > 0) is a one-
dimensional Brownian motion, or more generally, a Bessel process with index
p €] — 1,0[. Thus, our extension in [18] complements the Bessel studies in
[11] and corresponds to the case p = 0.

2 Penalisation with a function of the one-sided
maximum of the continuous winding of pla-
nar Brownian motion

a) We keep the notation from the Introduction. We write the skew-product
representation of the canonical 2-dimensional Brownian motion (X;), starting
at x # 0, as :

X; = Ryexp(ify, ), t >0, (2.1)

where :

e R = |X;| is a 2-dimensional Bessel process starting

at r = |z| i.e: d = 2,v =0 is the corresponding Bessel index

(
L ds
e H, :/0 R—§§ (2.
e (Bu,u > 0) is a linear Brownian motion; (
(

e the processes (G,,u > 0) and (R;,t > 0) are independent.

In fact,
9,5 = ﬂHt, t 2 O, (26)

is the process of continuous windings of (X;,¢ > 0) around 0; we denote :

Sf = supf, = sup (3.) (2.7)

s<t u<Hy

the one-sided maximum process of 6.

b) Let ¢ : Ry — R, a Borel function such that / e(y)dy = 1, and
0
define .
o) = [ oty (2.9
0

We now describe the limiting laws obtained by the penalisations of P, with
the functionals I'; = p(S?), t > 0.



Theorem 2.1. 1) Suppose that the starting point x is a positive real number;
we take By = 0. Let ¢ as above. For every s > 0, and A, € Fy,

lim exists 2.9
AP (29)
2) This limit is equal to
Ex[lAst] (2.10)
where :
M¢ = o(S9)(S) — 6,) + 1 — 0(57). (2.11)

Moreover, (M¢,s > 0) is a ((Fs,s > 0), P,) positive martingale which con-
verges to 0 P, a.s., as s — 0.

3) The formula

induces a probability on (2, F). Under Q% (z # 0), the canonical process
(X, t > 0) satisfies :

(i) the random wariable S°, is finite a.s. and admits @ as its probability
density;

(ii) let § = inf{s > 0 : S% = S%} = sup{s > 0 : 0, = S}, then,
Qf(0 < g <oo)=1;

(iit) the process (Xi,t > 0) admits the skew-product representation (2.1),
where :

(a) Ry :=|Xi|,t > 0, is a 2-dimensional Bessel process, independent
from the process (Bs,s > 0),
(b) Let (Ay,u > 0) denote the inverse of (Hy,t > 0), i.e :
A, =inf{t : H; > u} and define g = Aj, then
i. (Bs,s <g) and (By — By+s,s > 0) are independent;
ii. (By — Byys, s > 0) is a 3-dimensional Bessel process;

iti. Conditionally on S%, =y, (Bs,s < g) is a Brownian motion
considered up to the first time when it reaches y.

Remark 2.2. To deal with any # € R% 2 # 0, we should start with
¢ : R —]0,00] such that /go(y)dy = 1. The associated function ® is

B(u) = / o(y)dy.

—00



Note that when z = pe® (0 < 0y < 2) is the starting point of (X;), then
we take By = 6p. It can be shown that (2.9) and (2.10) hold with :

1

M =[SOS = 0) + 1= ST g

(2.13)

O

We state in Remark 2.8 below an extension of Theorem 2.1.
To prove Theorem 2.1, we first present two lemmas.

Lemma 2.3. Let (R, t > 0)denote a 2-dimensional Bessel process starting

t
d
fromr #£0, and H, = / Fi Then, for every m > 0, one has :
0 s

E[ (;o—%)m} — E[IN"] = (%)ér (mTH) (2.14)

where N denotes a standard centered Gaussian random variable.

Remark 2.4. Lemma 2.3 is in fact equivalent to the celebrated asymptotic
result due to Spitzer ([19], see also Durrett [2], and e.g. Pap-Yor [6], Pitman-
Yor (|7], |8]) for many complements) :

20: () C, (2.15)
logt t—oo

where C' denotes a standard Cauchy variable .
In fact, due to the skew-product representation of (6;,t > 0), (2.15) is equiv-

alent to :
4Ht (law) (law) 1

e 1 = —_—
(logt)? t—oo N2
and (2.14) expresses the convergence of negative moments of the LHS of

(2.16) to the corresponding ones of the RHS. (In (2.16), 7} denotes the first
hitting time of level 1 by a standard Brownian motion starting from 0).

(2.16)

OJ

Proof of Lemma 2.3
1) We note :

= (ngt>2 (2.17)



and we use the "elementary identity" :

1 1 > m
— = —/ e "y’ tdu, x> 0. (2.18)
w2 T (%) Jo

Thus, we obtain :

E, [(;O—%)m} _ E[ (a—i)mp} _ F(l%) /OOO E, [e ™" Ju%1du

where we have denoted : v, = .
" log Vi

2) Let Eﬁ”) be the expectation for a Bessel process with index 7, starting
from r. Recall the absolute continuity formula (see [9], Ex (1.22), p.450) :

E%[g exp {Nz = v Y| =50 <R%)w], (2.20)

where & is any non-negative o(R;, s < t)-measurable r.v.
Applying (2.20) with =0, v = 1, and & = 1 leads to :

EO [exp{ - %EHt}} — E0) [ (R%) ] (2.21)

Plugging (2.21) in (2.19) we obtain :
logt \" 1 /Oo 1
E, - m H)dv, 9.99
K%M) } rg2t S plode (2:22)

Y(o,t) = B (R%)] (2.23)

Using the scaling property of Bessel processes we get :

Do, t) = (%)E(/\%[ (Ril) } (2.24)

a) Since the density function of R; under PT(/V% is explicitly known (see for

where :

instance [9], p 446) we have :

mil () 1= [ verd =50 ) (0) a2



with

A 1 2\ 2k
lu(z) = (5) ; Dk + DIk 4 pu+1) <§> ' (2:26)
Since
tlim v =0, (2.27)

it is easy to deduce from (2.26) that

. 1 ro\2) /VE\ Yy _¥2
imyen{ Lot D) () et o
lim y exp 2(y+ \/E) ; t(ﬁ) ye (2.28)
It is clear that (2.26) implies that :
L(2) < (g)“fo(z), (0> 0,2>0). (2.29)

Therefore, for any ¢ > 1, we have :

yexp{ - l(y + %)2} <ﬁ>wlyt (ﬂ) < 2<y)1+wlo(ry)e_y22. (2.30)

2 T Vi 2
1
Since v is fixed and Iy(z) ~ e * (cf |4], p123), we may apply the
o2) ~, ot (1 p123) y apply
dominated convergence theorem in the right-hand side of (2.25) :
: wo [( LN\ [* 2
tligloET/\/f[<Rt) ]_/0 ye  zdy = 1. (2.31)
Note that : ,
lim <L> e (2.32)
t—o0 \/E
As a result :
Jim (v, t) =e™". (2.33)
b) Using the definition of v, it is clear that :
<L>Vt <e 2, forany t>r (2.34)
VZER

Note that 1+, < 2 as soon as v < log(v/1), then, using (2.24), (2.25), (2.30)
and (2.34), we get :

(o, 1) 3255/ (1 + ) Io(ry)e % dy
0

< Ke 2z (v<log(vt), t >r). (2.35)

9



Consequently, applying the dominated convergence theorem leads to :

tlim vm_lw(v,t)l{vﬁog(ﬁ)}dv :/ v eV dv. (2.36)
—>Jo - 0
c) We claim that :
: * m—1 o
tli)r{.t . (% QZJ(U, t)l{v>10g(\/2)}dv =0. (237)

We define : -
A(t) = /0 V(0 ) Ly s gy -

Using '(k+ v, +1) > T'(v, + 1) (k> 0) and (2.26) we get :

Iyz(%) < m(%>(g)y exp {5} (2.38)

Then, it is easy to deduce from (2.24), (2.25), (2.34) and (2.38) that :

Umfl

At) <2 — 21
()_ /0 I(Vt+1)e 2 fo>log(VE)}
2 2

([T ew{-0-PE ) e e

2

1
Lett2r2,then1—r—2—and
2t 2

Alt) < 2/00 41 /OO (y)lw *’Q}d d
2 —_ 4
= 7 p(,,tﬂ)e {w>rog(v} | | 3 € y)av

< o T(l4+1/2) .
m—1
= 2/0 Y Tt € Hion(vi) 7

S 2/0 'Um7167§1{,u>10g(\/i)}dv.

This shows (2.37).
d) Using (2.36) and (2.37) and passing to the limit in (2.22) as t — oo , we
obtain :

, logt \m 1 /°° 4 ['(m)
lim B, [(—22)"] = — [ v lerdp =
o0 [(z/Ht) ] rz2sT ), ¢ T (e

_ L opmp(mtl) m
- =2 r( . ) E(IN|™) (2.40)

from the Legendre duplication formula (see [4], p. 4); (2.40) is precisely the
statement of Lemma 2.3.

10



The next Lemma is a corollary of Lemma 2.3.

Lemma 2.5. For every integrable function W : R, — R, one has :

hm (logt) L [U(S))] = ! /OOO\I/(y)dy. (2.41)

™

Proof of Lemma 2.5
1) The identity :

E, [w(8))] = E,[¥(v/H; |N|)] (2.42)
holds, since :
S8 .= sup B, (2.43)

is distributed as \/u|N|, and (H;,t > 0) is independent from (8,,u > 0).
Hence :

logt) B [0(S)] = (logt)y/2 /“e—*%[wz@]dz

= (logt) \/> / NG exp{ — Qy—;}\ll(y)dy]

= \/»/ Ztexp —%}]‘I’(Q)d% (2.44)

logt

20H,

where
Zt =

We have :

2

/Ooo E, [Zt exp{ - 2y_Ht}] U(y)dy = E, | Z4) /OOO U(y)dy +5(t),  (2.46)

where )

5(t) = /Ooo B2 (en { - 2} - 1) vy (2.47)

First, observe that Lemma 2.3 implies that

) 2
lim B,(2] = /= (2.48)
Next, we claim that :
lim §(t) = 0. (2.49)

t—o0

11



Applying Cauchy Schwarz inequality we obtain :

2 2

fa (o { -} -1)]| < iz (m (oo {- 2 )]

According to Lemma 2.3, t — E,[Z?] is a bounded function. Since H; — oo

t—o0

a.s., we may conclude that :

i (222 (B (1 e { = 1)) =0

It is now clear that (2.49) follows from the dominated convergence theorem.
As a result, (2.44), (2.46), (2.48) and (2.49) show (2.41).

[ |
Corollary 2.6. Let ¢ as in Theorem 2.1 and ® be defined by (2.8). Then :

4
ltlim (logt)P.(S? < ¢) = —c (c>0) (2.50)
and
. 4
lim (10g0), [pla + S0)1 530 o] = 21— @) (>0).  (251)

Proof of Corollary 2.6
It is an immediate consequence of Lemma 2.5, which we apply by choosing
as functions ¥ respectively W(u) = 1y (u), and ¥(u) = p(a + u)lp_qo00[(u).

Remark 2.7. Note that the rates of decay of t — P,(S? < ¢) and t —
Py(S? < ¢) as t — oo are very different (due to the time-change (Hy)).
Indeed, it is classical, and it has been used in [12] that :

lim (V) Py(SP < ¢) = C\/g. (2.52)

t—o00

O

Proof of Theorem 2.1
a) Let us first prove points 1) and 2) of Theorem 2.1.
For x # 0, for every s > 0,

E[o(S))|Fs] = A(X,, 05, 52,t — s),

12



with :
A(y,a,b,u) = E, [(p(b V(a+ Sﬁ))]

Thus :

A(y7 a, b7 U) = Sp(b)Ey |:1{Sﬁ<bfa}} + Ey [Sp(a + SZ)l{Sﬁ>b7a}] .

Hence, from Corollary 2.6 :

Elp(S)IF]  ~ %(90(53)((53—‘99 +1—q’(5§)>m(2-53)
Blo(st)] ~ = 2.54)

t—00 ;logt'

Consequently (2.53) and (2.54) imply that (1.4) holds with T’y = ¢(S?) and
MF = M§, with My = o(S?)(S! — 6;) + 1 — ®(S)).

It has been already proved (see Proposition 3.1 in [12]) that

(M{) is P,-martingale. Therefore E,[M{] = 1. This shows (1.5). Applying
Theorem 1.1 gives 1) and 2) of Theorem 2.1.

b) The end of the proof of Theorem 2.1 is then quite similar to that of
Theorem 4.6 in [12], modulo the change of clock (H,t > 0). We refer the
reader to that proof.

Remark 2.8. We note that the penalisation with f(S?) where (6;) denotes

the winding number of our C-valued Brownian motion X; = Uy + iV, t > 0,

is the limiting case of penalisations with respect to f(Sf(a)), where :

t>0

?

4@ /t U.dV, — dV.dU,
t ° Ra 9
0 s

for 0 < a < 2, for which the discussion is in fact easier than for a = 2.
We claim that Theorem 2.1 is still valid when S? is replaced by 50,

Indeed, we still have :
t
ega) — 7(/ Rg(l_a)d8>,
0
where (7, ) is a Brownian motion independent of (Rg, s > 0), but now we also

have :
t t C
Ex[/ Rg(l_o‘)ds} ~ C’a/ s'Tds = — 27,
0 t—o0 0 2 —

13



for an universal constant C,, independent of the starting position x (which
now may be taken equal to 0).

Moreover, for some probability density f : R, — R, we obtain, with the
same kind of arguments as previously :

(a) , 1L
E,[f(S/)] ~ Copizarz (2.55)

1 —1/2
where C! is a universal multiple (depending on «) of E, [( / Rg(l_“)chs) ] :
0

Due to (]|9], Corollary (1.12), Chap. XI), it is easy to prove that the last ex-
pectation is finite.

Note that in the case a = 2, the rate of decay of E, [f(Sf(a))] is drastically
different as (2.41) shows .

To be complete, it would be of some interest to consider also the penalisations

with .
exp{—/ Rs_ads}, or f(Sf(a>),
0

for a > 2. We leave this question to the interested reader.
O

The end of this section is devoted to two generalisations of Theorem 2.1. We

start with the first one. The notation is the same as previously. Let now
Y : Ry — Ry and A > 0 such that :

/000(1 + Ay)Y(y)dy =1 (2.56)

We shall now study the penalisation with 'y = 1(S?) exp(—A(S? —6;)) (The-
orem 2.1 corresponds to the case A = 0).

Theorem 2.9. Suppose that x is a positive real number. Then, for every
s >0, and A, € F,,

E, [1ap(S)) exp{ — A(S! — 6,)}] B .
E.[0(S?) exp{ = A(S? —6,)}] = Eq [15, M), (2.57)

with :
o) = ly) + A / b(u)du, y>0. (2.58)

14



o0

Remark 2.10. It follows clearly from (2.56) that / ©(y)dy = 1; moreover,
0
®, the primitive of ¢ such that ®(0) = 0, satisfies :

1= () = [T w1+ My - )y, w0 (2.59)

O

Proof of Theorem 2.9
1) Let a € R, b > a, (= max(a,0)) and ¢ > 0. Define :

N(a,bt) := ¢(b)e—A<b—a>E[ewq(sfgb_a)}
+E[(a+ 8)e M0 o, 0] (2.60)

Since 0; = [y, and (Hy, t > 0) is independent from (5,, u > 0), we obtain
from the explicit knowledge ([9], Ex (3.14), Chap. III, see also [3]) of the law
of the pair (S? := SUP,<,, fs, Bu) under Py :

22y —x) ey
Py(SP e dy, B, € do) = = Z—Le = 1, dz dy, 2.61
0( u Y ﬂ ) \/m (z<y,y>0) Y ( )
2 7A b— a b-a _(21/2_33)2

N(a,b,t) = E 53 dy "2y —z)e % dx

> ( ) _ (2y— 1)2

[ watydy [ e 2y mpe T da) ],
b—a —00

with & = H,.
Setting » = 2y — x in the last integral, we obtain :

2 b—a o9 2
N(a,b,t) = E{,/W_g){w(b)exba)/o 62)\ydy/ e b g
)

#[Cutarpe [T sy (2:62)

b—a

But, from Lemma 2.3 we have :

1 2
lim (1ogt)3E{ 3} = 16\/: (2.63)
t—o0 H2 m

t

Using moreover the fact that H; — oo as t — oo, we get :

tlim (logt)® N(a,b,t) := N'(a,b), (2.64)

15



with :

+ 32 —A(b—a) b 2y A
N'(a,b) = —{w(b)e i e“Mdy re”"dr
v

™

o0

+ Y(a + y)e*ydy/ re"\’"dr}
Yy

b—a

= 32{ —l—)\/ Y(y)dy) (b —a)

/ ) (14 Aly - b)) dy}
= m2<( a)p(b) + 1 — ®(b)) (2.65)

(the notation (2.58) and property (2.59) have been used to obtain the last
equality).

2) Then, conditioning with respect to F,, and separating the cases when S?
is attained before, or after s, we obtain :

E, [¢(Sf) exp{ — A(S? — et)}‘fs} — N(6,, 8%t — s).
From (2.64) and (2.65) we deduce :

N(0,,S% t - s) ( logt \°
t—o00

N(0,0,10) (87 = 6,)p(59) +1 = 2(57)]

log(t — s) |
— (87— 0,)p(S]) +1—0(87) = MY.

t—00
Theorem 2.1 implies that E,[M¢] = 1; thus, Theorem 2.9 follows directly
from Theorem 1.1.

|
We now prepare some material for our second generalisation of Theorem 2.1.

The notation is the same as previously. Let 0 < r < R two real numbers and
define :

t
Qt_’r = /1{R5<r} db, (266)
0
t
0" = [ Lo . (2.67)
0
. t ds
H W = /01{R5<T}R_§ (268)
t ds
HPM = /1{RS>R}§ (2.69)
0 s
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The process (6;",t > 0) (resp. (6", t > 0)) is the process of small (resp.
big) windings.
The following result may be found in Pitman-Yor (|7]) :

Theorem 2.11. The 4-dimensional vector :

4 2
<<1ogt)z (H H, o 6 9:”%)) converges in law,

ast — oo to :

T T T T
</ 1{a5§0}d8, / 1{as>0}d8, ’7_ (/ 1{a5<0}d3) , 7‘*‘ </ 1{a5>0}d8>)
0 0 0 0

(2.70)
where (a(t),t > 0), (v (t),t > 0) and (y*(t),t > 0) are three independent
one-dimensional Brownian motions and Ty = Ty («) := inf{s > 0; a5 = 1}.

We shall use the following lemma, whose proof is postponed to the end of
this subsection.

Lemma 2.12. Let (g, s > 0) be a real-valued Brownian motion starting
from 0, and let Ty := inf{s; s = 1}. We denote :

T Ty
Ai ::/0 1{as<0} ds, A;l ::/0 1{as>0} ds.

Then, for a,b € R :
B[(A7,)"(Af,)"] < o0
if and only if : ! <a< 1
2 2
Proposition 2.13. We define :
ST = sup O, Sf+’R = sup 071 (2.71)

s<t s<t

Let v : Ry x Ry — Ry be a Borel function such that U(u,v)dudv < 0.
R2
Let m, n two reals, with 0 < m < 1. Then : "
) 4m+n—1
I (sgapras
2
- (— Wb (w, v)du dv) E[(Ai)m‘l/Q(A;l)”‘l/Q] (2.72)

T 2
R

H ) CHE Y (s 5|

17



Proof of Proposition 2.13

We may write 6, " =7y 00 R fyH+ r, with v~ and 4* two independent

real valued Brownian motlons 1ndependent from (Rs,s > 0). Thus :
B | (H" )" (H oSt s

= By (y/H TN, VHIN)]

(where N~ and N are two independent gaussian variables,
independent from (R, s > 0))

2 u2 112

— _/ e Ex[(H m(H;Pn \/H_ \/H+R ]dudv
T Ri—
2

u? v?

= Y(u,v)dudv E, [(H nm= 1/2(H+R)n l/zeXp{ -

% 2H " 2HR

and so, by Theorem 2.11 and Lemma 2.12 and because H, " and H;“R con-
verge a.s. to 0o as t — 00, the quantity :

4m+n71

(log t)2m+2n—2

Ex [(Ht—,r)m(H:-,R)nw(Sg v S@+ R)i|
converges, as t — 0, to
o [ [
- / / 1/1<I, y)dx dy) E [(Ai>m_1/2(A£)n_l/2] '
™ Jo 0

Note that E[(A7 )™ /2(AF )""1/?] < 0o by Lemma 2.12, because 0 < m < 1
T T

d 1< 1<1
n ——<m— =< =
ane e 79 2 2

18

i



We may now state our second generalisation of Theorem 2.1.

Let ¥ : Ry x Ry — R, be integrable and : / / Y(u,v)dudv = 1.
o Jo

We study penalisation by :

Ty = (H )™ (H (0", 8001, (2.73)
where n is real and 0 < m < 1.
Theorem 2.14. 1) For any s > 0 and As € Fy :

E,[1x, T/
im

QY(A,) = HOOW erists. (2.74)
2) This limit is equal to :
QY(As) = Eu[la, MY] (2.75)
where :
MY = sy SIS =0y (ST - 00T

/ dx/ (z,y)d
50" SOt R

(ST — ) /S B(ST y)dy

6— R
s
o0

(S0 — gy Wiz, STV da. (2.76)

s
Sngr»T

3) (MY, s > 0) is a positive martingale.
4) The formula (2.74) induces a probability on (2, Fs). Under Qw the
couple (S, Sﬁj’R) 18 finite a.s and admits 1 as its probability density.

Note the remarkable feature that the martingale (]\Zw, s > 0) and the prob-
ability Q¥ do not depend on m, n.

Proof of Theorem 2.14

The proof of Theorem 2.14 is very similar to that of Theorem 2.1 and some
details are left to the reader. However, it hinges mainly on the relation (which
follows from a simple application of the Markov property) :

E [T\ F,) = e(X,, Hy ", HF R, S0 SO g ghR ¢ — 5)
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where the function e, which depends on eight arguments, is defined as :

e(x7 hi? h+7 877 S+7 977 0+7 u) = E{L‘ [<h7 + HJ’T)m(h+ _'_ H‘J’R>n

xp(s™ V(07 +80 ), stV (Ot + 507
Since :

. _ . R
lim H," = lim H;"" = oo,
t—o0

t—o0

we deduce from Proposition 2.13 that :

E, [T | F, ) "
LA / / W8TV (07 + ), STV (05T + 0))du do.
E, (1] t=o0 Jo  Jo
It is easy to verify that the limit equals ]\Zw.
|

Remark 2.15. Of course, it is tempting to use Theorem 2.14 with m =n =
0. Unfortunately, we do not know whether the conclusion holds in this case,
since, from Lemma 2.12 the quantity which then appears in (2.72) is :

Bl(Az,)*(Af,) ) = .

However, we conjecture that the conclusion of Theorem 2.14 still holds in
this case.

O

Proof of Lemma 2.12
1) It is known (see [7]) that :

Ap, = A

T(%LTl)

= Vi, (2.77)

where :

e (L,,u > 0) denotes the local time process at 0 of the 1-dimensional
Brownian motion (ay,u > 0), and (7, ¢ > 0) is its right-inverse :

7 =1inf{u>0: L, > (};

e (V;,s > 0) is a stable (1/2) subordinator, independent of the pair
(L1, A7, ); to be precise :

Elexp(—AV.)] = exp(—sV2))
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e L7, is exponentially distributed, with parameter (1/2).
Therefore,
— +\ law 1 21 +
(A7, Ag) = <§LT1> ~2 A

where NV denotes a standard Gaussian variable independent of the pair
(L1, A},); hence, for a,b e R :

A7 )45 = B[] B[(GEn) @] @)

2) We also recall (cf [7]) that :

1 aw
. (§LT1> AJTZ) = (Lyy, T7) (2.79)

-2
o T7 ' (sup |at|) admits positive and negative moments of all orders,
t<1

with 77 = inf{s > 0; || = 1}.
Hence, for any m € R :
E[(A7,)™] < o0. (2.80)
3) Observe that the density of occupation formula implies that A = / Lidx,
0

where (L7) is the local time process associated with (ay). From Ray-Knight
theorem (see [9], Chap XI, Theorem 2.2) :

(Lh20<z<1)® (RL0<z<1), (2.81)

where (R?,s > 0) is a squared Bessel process with dimension 2 started at 0.
Consequently :

1
(L, A%) 2 (R, / R%ds). (2.82)
0

Hence, from Lévy’s formula (see [9], Chap XI, Cor. 3.3) :

2 2 1
Elow (- S apdiin—o] - Efew(-% [ asrym-1

v 14
= Suho exp{ — §(U cothv — 1)}.(2.83)

4) Let us assume b < 0. Replacing in the elementary formula :

Q1+b /°° 2

b ¥ 9p1

r’ = e 2"y dv
I'(=b) Jo
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r by A}, we get :
+\b 20 v
(A7) = m/o v exp{ — §AT1} dv

Since Ly, is exponentially distributed with parameter (1/2), using (2.83) we
obtain :

a 1 [
Blen) " (41)] = 5 [ eBIAR) 1En = e Pur

2b / ¢
_ 2ay=2-1,—%
I'(=0) Je

' XE|exp{ - %AEHLE = (]dldv

2b €2a —2b
— / v e—%vcothv dl dv
R

I'(=b) Jrz sinhv
2b+2a+1(2g 4 1) /°° v stanhovy1+2e
= - ( ) dv.
['(—b) o sinhwv v

Hence :

- )e 1 1272+ 1) [* v=?  tanhvyl+2e
E[(AT1> (A;l)b} :E|:N2ai| ( a )/Ov v ( an U) o

sinh v

'(—b) v
(2.84)
It is now clear that, for b < 0 :
1 1
E[(A7)"(AR)"] < oo if and only if — 5 <a<s (2.85)
In particular, we recover :
E[(A})"] < oo, forany b<0, (2.86)

which also follows from (2.79).

5) Now, we assume : b > 0.

If |a| > 1/21et p > 1 such that |a/p| > 1/2. Denote ¢ the conjugate exponent
ofp(ie. 1/p+1/q=1),d :=a/pand ¥’ := b/p. Applying Holder’s inequality
leads to :

Bl(A)" (A1) ] = E[(A)" (47)" (Af) ]
< (BlAg) b)) " (Blag) )

Consequently (2.85) and (2.86) imply that E[(Az,)*(45)"] = oo.

1/q
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When |a| < 1/2, choosing p > 1 such that |ap| < 1/2 we obtain :

El(an ) (ah )] < (Blea)ah) )" (Bleag )

with 1/p +1/q = 1. Tt then suffices to apply (2.85) together with (2.86) to
conclude that the left-hand side in the above inequality is finite.

1/q

3 Penalisation related to a cone

1) We keep the notation concerning the d-dimensional canonical Brownian
motion, as given in the Introduction, d); in particular, if Xo = x # 0, there
is the skew-product decomposition :

Xt - Rt@Ht 5 t 2 O (31)

d
where (R;, t > 0) is a Bessel process with index p = 5~ 1. We suppose here
that d > 2.

2) Let O be a connected, regular, open set of Sy 1. Let 0 < A\ < A2 <

A2 < ..., and ¢1,...,¢n,... denote a spectral decomposition of A in O,
associated with the Dirichlet problem, i.e :

i) A(pn = —/\isﬂn
i) ©,:0—=R, ¢,=00n0d0, ¢,is C*in O
iii)  (p,, n > 1) is an orthonormal basis of L*(O) (3.2)
(for the Riemannian measure on O)
iv) ¢ >0in O

Note that we denoted by A2 (and not by \,) the eigenvalues of E, for "aes-
thetical" reasons which will appear below.

3) We denote by C the cone in RY with vertex at the origin, and basis O,
and we define :
Te=inf{t>0: X, ¢C} (3.3)

TS =inf{u>0:0, ¢ O} (3.4)
The aim of this paragraph is to study the penalisation by the functional

Di=Lgny exp (JHi+pR) (7R, p20)
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Of course, the particular case : v = p = 0 amounts to study Brownian motion
(Xt, t > 0) conditioned to stay in the cone C. We shall prove the following :

Theorem 3.1. Let x € C(x # 0), and let Te denote the exit time of C, as
defined by (3.8). Let p > 0, and v € R such that : p? > v — A}, where :
W= g — 1.

Then :

1) For every s > 0, and A; € F, the limit as t — oo of :

Ey [1n{zen exp (3Hi + pRy) |

exists. 3.5
E, [Lire>n exp (1H; + pRy)] (3:5)
2) This limit equals :
Ea: []-AS 1{TC>S}MS] (36)
where : )
M, = kexp <—%s + %H) 0105 )R7ML(pR,) (3.7)
with :

vt k= (o (5) k) 6

where I, denotes the modified Bessel function with index v. (cf. [{], p.108).

3) Formula (3.6) induces a probability Q. on (2, Fs). Under this proba-
bility Q., the process (X;,t > 0) satisfies :

i) Q.(Te=00)=1 (3.9)
i)  (Xit > 0) admits the skew-product decomposition :
X, = ROy, (3.10)

where :
a) (Ri,t > 0) is the "Bessel process with drift", whose generator is given by :

LR ] = £Rf(r) = L") + <1 T2y pﬁlpgf);)) Pe), (1)

see [21].
b) (O, u > 0) is a diffusion taking values in O, with generator :

L£O: f— Lof(h) = %ﬁf(@) + Ve
©1

() - V() (3.12)
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where the above scalar product and the gradient are taken in the sense of the
Riemannian metric on Sg_1;

¢) The processes (Ry,t > 0) and (O,,u > 0) are independent. (3.13)

Remark 3.2. i) p = 0 is allowed in Theorem 3.1. In this case, the process
(R¢,t > 0) is, under @, a Bessel process with index v (v depends on 7y via
formula (3.8)).

i’) p = = 0 is allowed in Theorem 3.1. In this case, (R;,t > 0) is, under
Q., a Bessel process with index v = y/u? + A\2.

ii) Note that, when v > 0, with respect to the penalisation with

Iy = Lir,>i exp (%Ht + pRt), the terms exp (%Ht) and exp(pR;) play con-
flicting roles : the term exp (%Ht) favors the trajectories for which R is small,
whereas the term exp(pR;) favors those for which R is large.

This explains, intuitively, that the process (R;,t > 0) may have, for p = 0,
and v > 0, a smaller "dimension" than the process (R;,t > 0) under P,.
Note that this situation never happens when one penalizes with 1(7.>), i.e :
when one considers the Brownian motion in R?, conditioned never to leave
the cone C.

iii) We shall show, in the course of the proof, that :

E, [exp <%Ht + pRt)} < 00, for allt >0,

as soon as : p? + A\ —~v > 0.
iv) If p > 0, and v = 0, the limit process is "very transient", since :

plys1(pr)

Thus, in this case, the process (R;,t > 0) behaves, as t — 00, as a one-
dimensional Brownian motion with drift p.

We also remark that, if we take p < 0 in Theorem 3.1, the limiting probability
(@ is the same as for p = 0.

O
Proof of Theorem 3.1.
1) We begin with the
Lemma 3.3. Let T§ =inf{u>0:0,¢ O}, anda € O. Then :
A2t
P, (T§ >t) = Zexp (—L) gpn(a)/ ©n(b)db (3.15)
n>1 2 <
At
tN exp (—71) 901(0/)]{'/, (316)



with : K = / o1(b)db > 0.
o

Proof of lemma 3.3

This lemma is classical. Note p,(a,b) the density, with respect to the Rie-
mannian measure (db), of the semi-group of the process (6,,u > 0), i.e : the
process (0,,u > 0) killed as it exits from O. Then (see [1]) :

_ > )\%u
pulad) =S exp (=5 ) el ), (3.17)
hence, for every a € O :

P18 > 0) = Euf10(8)] = X e (=51 ) @) [ uttrie

2) For every x € R%, z # 0, we denote by (r, ) its polar coordinates, with :
r=(r0), r=lz|, 0 €Sy (3.18)

Lemma 3.4. For every x = (1,0) in O, we have :
2

E.q [1{Tc>t} eXp (%Ht + PR&)] ~ <k/901(9) \% 27rpl+ur_“[u(ﬂ7“)>tu+%€%t

t—o0

d
with = 3 L v2=p?—v+ A, and k’:/ ©1(b)db.
0

Proof of lemma 3.4
Conditioning with respect to Ry = 0{Rs, s < t}, we get :

Evo| Loy exp (S Ho+ pRe) | = Bro| exp (SHi+ pRe) Eno[Linsn|Re) |-
It is clear that (3.1) implies :
Hp, =T§. (3.19)

Consequently, applying Lemma 3.3, we obtain :
2

A
Erg|Lizesp|Re] = Erg [1{HTC>Ht}|Rt] 2 K'o1(0) exp (— 71Ht)-

As a result :
A7

E.¢ [1{Tc>t} exp (%Ht + pRt> ] 2 k’@l(ﬁ)Eﬁﬂ) [exp (PRt + %Ht _ ?Ht)]
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Choosing v? = p? — v+ A and & = exp (pR;) in (2.20), we have :

Vo M ("
E® [exp (pRt + §Ht — éHt)] = FEW [ (E) exp (pRt)}, (3.20)

with 12 = p? — v + A2
Hence :

r\ "
E.» [1{Tc>t} exp (%Ht + PRt> ] s Ko1(0)EY [ ( ) exp (PRt)]-

R,
(3.21)
But, the second term in (3.21) may be computed explicitly :
v—p
Eﬁ”[(%) eprRt}
t
SV | v 2 2
e [ () - (Y
o YRt \r t 2t
7'2 o)
— et ;/ Yy, (E) e(pyf%f)dy
™ Jo
(Gt-5) [0
= e—/ yh (Q) —ar W=t gy
trt 0 t
e(ét_g) o0 \/— M+1[ T \/— z2d
= — 2Vt + pt ,,(—zt—i—t)e’?z
T | eV (G m)
2
o~ <\/27rp1+“r_“]l,(pr)>t“+%e%t.
|

3) We now prove points 1) and 2) of Theorem 3.1.
Conditioning with respect to Fs, we get :

Eyg [1A,91{Tc>t} exp (%Ht + IORt) }
E.» [1{Tc>t} exXp (%Ht + PRt) }

Er,@ |:1AS 1{TC >3}€%HS Er’,@’ [1{Tc>t—s}€%Ht*5+pRt*5]]
ET’(’ [1{Tc>t} exXp (%Ht + pRt) ]

with 7’ = | Xs| = Rs and ¢ = Op_.
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Hence, from Lemma 3.4 :

Erg[1a (7 50y exp (2Hy + pRy) |
E.q [1{Tc>t} exp (%Ht + /)Rt) ]
2

Ero|1n Loy (t = )" 2301 (01, R M1, (pRy)e s )|

e o1 (0)r—1 1L, (pr)es 1+
o kE.o [1As1{Tc>s}901(@HS)R;“L,(/)RS)e_%H%HS] 7

with & i <<p1(9)r_“],,(pr))_1.
=

4) We prove that M1~} is a positive martingale
Since (O, u > 0) is the diffusion associated with %5, and (3.2) holds, we get

1~
dp\(On,) = dM + §A901(@Ht)dHt

A2 dt
= dM"Y — 2Ly (Oh,)— 3.22

where (Mt(l),t > 0) is a local martingale.
On the other hand, denoting by £ the infinitesimal generator of the Bessel
semigroup, with index p :

LOf(r) = 2" (r) + -2

L) (323)

an elementary computation, which follows from the classical identity (see [4],
p. 110)

() + %Il’,(r) _ <1 + Z—j) L(r)

shows that, with :

U(r):=r*L,(pr) (r >0) (3.24)

we get :
LW (r) = U(r) P + v (3.25)

2 2r2 |7 .
Thus :
_ (2) p2 1/2 - ,u2 —
d(R;"I,(pRy)) = dM,” + <3 + =@ ) RML(pRy)dt (3.26)
¢
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where (Mt(Q),t > 0) is a local martingale. We then apply Ito’s formula
(Notation : given our aim in this point 4), we now prefer to use s for the
time variable, instead of t):

1 P2 .
dEMS = d(e_25+2HS¢1(@HS)R;“Iy(pRS)>

(L L\ M
_( +2R2)l~c

I A2 d
e T HsROMT (pR,) (dMS(” o (0g,) 3)

2 R?

Ry 9 p2 v — % -
+e otz (Oy) [dMS( '+ {(5 * 2R? ) A, MIV(pRS)} ds]

2
= T ROV (pR)AMY + 01 (O, )dM?)] (3:27)

since V% = p? + A2 — 7.
[ |

Recall that ¢;(z) = 0 when 2 € 00; hence My, = 0. This proves that
(M 1{1,>sy,5 > 0) is a local martingale. Since it is positive, it is a su-
permartingale. Hence, to prove that (Mlr,~s,s > 0) is a martingale, it
suffices to prove that I, ¢ [Msl{Tc>s}:| =1.

Due to (3.17) and (3.2) iii) we have :

Eﬁ(’[l{Tg»}S@l(@tﬂ = E@[(p1<ét>]
- Ze Wn(e)/(gﬁpn(b)gm(b)db

n>1

>\2

= ¢ 2l (h). (3.28)

We proceed as in the proof of Lemma 3.4, taking the conditional expectation
with respect to R; and using the previous result we get :

Eg[Mlgsq] = kE”[l{Tos} 01 (O, ez’ SR “I,(pRs )]

>\2

2
= k ET,G [G%HS_%SRS_MIV<pRS) e 2

o0

)

= ker(0) B[R L (pR,) exp { (7 = )
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According to the absolute continuity formula (2.20), with v? = p? — v + A2,
we have :

2 v—u
Ero[Mlirss] = ker(0)e™ = EX | R (pR,) (R;) ]

— ki () e B [R; ”L/(pRs)} :
But £)(0)(r) = £0(r), with ¥(r) = 71, (pr), then :
(Rs_”]l,(pRs)e_és, s > 0) is a martingale under PW), (3.29)
Therefore (3.8) implies
E. g [Msl{TC>S}] = ko (0)r"Fr7 VL, (pr) = 1,

from the definition of k, at the end of point 3) above.
5) Description of the process (R;,t > 0) under @,

For every positive functional F', and every x € C,x # 0, we write :
Eq,(F(Rs,s <))
P2, _
— kB F(Ryys < )01 (Om) lmesn ¢ ¥R L (oR,)| (3.30)

Then, conditioning with respect to Ry = o{Rs, s < t} and using (3.28) we
get :

2

Eq.[F(Ry s <1)] = KEW[F(Ry, 5 < ORI (pR.)e™ "

>
“‘»—Aw

*%Vﬂ (3.31)

Relation (3.25) implies that :

LOU(r) p* - P M=y
UA—— == 32
U(r) 2 212 >t o (3:32)
the function ¥ being defined by (3.24).

Consequently,

2
AT

(Rt_“ly(pRt)e_%t_(T_%)Ht,t > 0) is a martingale under P®. (3.33)

r

since it is of the form :

U(R;) exp ( — /Ot £(;)\Il(ll%s)cis).
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Pt (M v

Thus, the function A(t,a,r) = exp 5 l3 73 U(r) is a har-

monic function for the Markov process ((t, H;, R;),t > 0). The formula (3.31)
then indicates that the process (R, t > 0) is under @, the h-Doob transform

of the process (R;,t > 0) under P, Thus, it is a Markov process, with
infinitesimal generator £® :

LRf(r) = B ()

where £ is the infinitesimal generator of the process ((t, Hy, R;),t > 0).
Hence :

1 17 0 1—|—2/L /
£ = 510+ (togh) + 52 7o)

_ L, L plW(pr) 4,
= S (5 )) )

_ 1 " 1+2v lel+1 p'r’ /
= I+ ( " f(r (3.34)
since from ([4], p. 110) :
d
5(27”],,(2)) =z"1,1(2). (3.35)

Note that, since :

L(z) ~ ;(f) (3.36)

z—0 F(V +1)\2

then : ,
p[,,H(p?’) ~ P

L 3.37
L(pr) o2 (3:37)

the process (R;,t > 0) under (), behaves, near 0, as a Bessel process with
index v = \/p? + A2 —~. In particular, when p = 0, this process is then a
Bessel process whose index equals \/u2 + A\? — v. Thus, the dimension of this

Bessel process may be smaller than the original dimension d; this happens if
A <.

6) Description of the process (0,,u > 0) under Qx
i) Let f : O — R be regular. Since, under P (@u,u > 0) is a spherical
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1~
Brownian motion associated with EA’ then :

; 1 [tNTS
M= F(Oug) — /0 AF(0,)ds (3.38)
tATS
= f(9)+/ Vf(Oy) - dO; (3.39)
0

tATS

]
is a P,-martingale whose bracket equals / |V £]?(©,)ds (the gradient
0
and its norm being taken in the sense of the Riemannian structure on S91).

Hence, since R and © are independent, under P, :

Nf 1 t/\TCN
M} = f(@HMTC)—5 Af(O,)dH, (3.40)
0
tA\Te
~ O+ [ Vi©n)-don (3.41)
0

tA\Te
is a P,-martingale whose bracket is equal to / IV f?(©n,)dH,.
0
In the same way :

t

MY = 0,(6) + / Vi (On,) - dOy. (3.42)
0

where M" has been introduced in (3.22).
ii) (MtATc,t > 0) is a P, positive martingale and, from Girsanov’s theorem

. tN\Te 1 _
M/ —/ 7 d< M/ M >, isa Q, local martingale. (3.43)
0

S

iii) We now determine the bracket < M7, M >. Since the bracket of M/
and of M® (which was introduced in (3.26)) is equal to 0, as R and © are
independent, we deduce from (3.27), (3.41) and (3.42) :

A< MIM >, = ke s 3H R (0R) (Vf - Vi) (O, ) dH,

Vr

©1

= M(Vf- ) (On,)dH,,
for any t < T¢.
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Relations (3.40) and (3.43) imply :

1 t\NTe tA\Te vgol
F(Om,) Liresty — 5/ Af(Og,)dH, —/ (Vf > (Op,)dH
0 0

1
(3.44)
is a (),-martingale.
Performing the time change H; = u in (3.44), we deduce :

1 u/\Tg — u/\Tg V v
KOs~y [ Ar@aas— [T (LX) 0,30
0 0 P1

is a martingale.
Thus, from Stroock and Varadhan [20], (©,,u > 0) is a diffusion process,
Vi v

Y1
7) We prove that, under Q,, 7¢z = c0., a.s.

1~
with infinitesimal generator : §A +

This follows from the fact that the normal derivative of ¢, on the boundary
of O does not vanish. Thus :
m(g) o
©1 0—00 d(9, 80)
where d(0, 00) denotes the distance of § to the boundary of O, and where 7’
is the inward normal vector. This implies that the process (6,,u > 0) under

(@: has, in the neighborhood of the boundary of O, "a radial part which
behaves like a BES (3) process", hence which does not reach the boundary.

8) We prove the independence, under @Q,, of (R;,t > 0) and (©,,u > 0)

For the sake of simplicity, we shall only give the proof for dimension d = 2.
Under P,, we write the complex-valued Brownian motion :

X = ot i = [ Xl exp (i85])

where tax Cod p
(1) —1 s\ _ TsAYs — Ys AT 4
= ([52) = [ = (3:49)
(| X¢|, t > 0) decomposes as a semi-martingale :
(2) 1 t ds

eunder P, : |X;| = + =
CR )TN

e under Q. : |X;| = ~t(2) +/ h(|Xs)ds

0

(3.46)
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for a certain h, where 82, resp : 82, is a P, resp : ), Brownian motion.

Moreover : Qo4 v d
Ty ATy T Y Yt
ap = =
t | X
which implies :
d<p?, By >=0 ;

hence, from nght s representatlon theorem of continuous orthogonal mar-
tingales, (ﬁt ) and (G )) are two independent real-valued Brownian motions.
After ap;))]ylng Girsanov’ s theorem to go from P, to ., we obtain likewise
that ( Bt t > 0) and (5u , u > 0), which are respectively the martingale
parts of (ﬁu ) and (Bu ) under @, are two independent (), Brownian mo-
tions.

Moreover, from (3.46), (|X;|, ¢ > 0) is the solution, under @, of an SDE

with driving Brownian motion (ﬁt( )) likewise, from point 6) of the proof, or
even more directly in dimension 2, (ﬁqs )u>o solves an SDE directed by ( (1)).

Consequently, (|X;|, t > 0) and (@(}), u > 0) are independent under Q.
For dimensions d > 2, we leave the variant of this proof to the reader.

We shall now end this Section 3 by giving, for d = 2, a slightly different form
of Theorem 3.1, where we make p = v = 0, to simplify matters. This time,
we shall use the skew-product decomposition given by (2.1),---,(2.5) :

Xt = Rt eXp(iﬁHt) (347)

where (R, t > 0) denotes a Bessel process with dimension 2 (or index 0).
We denote, for 6, = Oy, :

0; = supf, = Slﬁ_lt = sup S, (3.48)
Sgt uSHt
and
— _ 78 _
0, = Lrg Os = Iy, = u1<n£t Bu- (3.49)
On the other hand, #_ and 6, denote two reals such that :
- <0<6y (3.50)
and we now propose to study the penalisations with I'y := 1 o 4 g 3
When 6_ > —m and 0, < m, this study is a particular case of Theorem 3.1,

with p =~ = 0.
In what follows, z is a point of R? whose first coordinate is strictly positive,
while the second one is 0, and we shall write x for (z, 0).
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Theorem 3.5.
Let x be as just assumed.
1) For every s > 0, and every Ay € F, the limit :

B, [1a (5,20, 6,50 1]

Qz(A) := lim eTists. (3.51)
tmoo Ly [1{§t<9+,gt>0_}]
This limit equals
with
M, = k'R sin (A(04 — 65)) 15,20, .50 3 (3.53)
and . )
7
A= == 54
o, —6 2 SN, (3:54)

Moreover, (M, s > 0) is a positive martingale such that My = 1.

2) Formula (3.52) induces a probability on (2, Fs), and under Q., the
process (X, t > 0) writes :

X, = R, e (3.55)
where :
a) (Ri, t > 0) and (Bu, u > 0) are independent

b) (R, t > 0) is a Bessel process with dimension 2(1+ \), and

b ds
Ho= [ (3.56)
¢) (Bu, u>0) is distributed as the solution of the SDE :
Zo =By — A / cotg(\By — Z)) ds (3.57)
0

where (B\u, u > 0) is a Brownian motion.
In particular, the process (B, t > 0) never reaches the levels 0_ and
0., although :

supfBs — 0y a.s., inff, — 0 a.s.,
s<t t—oo s<t' ~ t—oo
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Proof of Theorem 3.5

It is essentially the same as that of Theorem 3.1. We briefly indicate the
main lines.

1) When written in our present context, formula (3.17) yields the density of
the process (5;, t > 0) killed when it exits the interval [6_, 6] :

P(SP<0,,1°>0_, B, € dx)

= e ’WQ ) - cos (TR

1
X 0+ — 0 1{97<$<9+} dx. (358)
Consequently :
271.
P(S] <64, 1] >0.) = Plu<Ty, NTy.) ~ Ce 7", (3.59)
where :
1 O+
C= R /0 (Cos()\x) — cos (A(204 — x)))dm
We have :
2sin(A0;) [ 4sin(\0
= %/ﬁ sin (A(04 — z))dx = w (3.60)

From formulae (3.48), (3.49), (3.59), and the independence of H; from (/3,),
we deduce, for every starting point (r,0) :

P#,<0,,0,>0_) ~ CE, [eJ H] (3.61)

t—o00

Applying (2.20) with & = 1,4 =0 and v = A, we get :

A2 Hy r A\
- — N [
E, [e : ] B [(R) ] (3.62)
Reasoning as in the proof of Lemma 2.3, we obtain :
A r\* 1 T'(14+)A/2)
20 (#) ] () ‘ -
SR o\ e oy (3:63)

Finally, we get :

Pr(gt < 9+a Qt > 9—)

4sin(A0,) T(1 + A/2) (%)A (3.64)

e w2V T(1+ N
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Observe that the Markov property implies :

EIII |:1{§t<9+’gt>07}|fsj| - 1{§9<0+7Q5>0—}9(R8’ 9+ - 93, 0_ - 857t - S)

with B
g(r,0,,0_,u) = PT(Gu <0.,0,> 6,).

Consequently (3.64) implies :

By [1{5z<0+,ﬁt>6_}|]:5} . sin (A(9+ - 95)) (Rs))\

1m — =17 . =
t= P,(0, < 0,,0,>60_) @0l sin(ag,) z

This proves the first part of Theorem 3.5, if we admit for a while that
E.[M,;] = 1. This equality is actually a direct consequence of the next step
2).
2) We now verify that (Ri‘ sin (A0 —0,)), s > 0) is a martingale

under P, and M, = 1.
Indeed, (R} sin (A(f+ — 6,)),s > 0) is the imaginary part of the conformal
martingale (R} exp (iA(6+ — 6,)),s > 0).
Moreover, we have, by Itd’s formula :

t
R}sin (A(04 — 6;)) = 2™ sin(A0y) + )\/ R} 'sin (A(04 — 6,))dB

2 pt
—i—%/ R)*sin (A(0 ))ds — A /R’\cos —6,))db,
0

RS N ds
2/, Rssm()\ 9))]%3
t
=2 sin(A04) + A [ R 'sin (M6 — 6,))dB,
0

—)\/t R} cos (A(0+ — 0,))dby (3.65)

where (Bs, s > 0) is the driving Brownian motion of (Rs, s > 0).

3) We now compute the law of (R, ¢ > 0) under Q,.

We have, for every functional F' > 0 :
Eo.[F(R,s<t)] = KE, [F(Rs, s <R sin A0+ — 0)) L <o, 0,0

= K E[F(R,, s < ORNX(H) (3.66)
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where

x(w) = E[sin (A0 = B))ysgo. 20 ) (3.67)

A2y

= sin(\;)e "z (3.68)

by an easy martingale argument.
Plugging (3.68) in (3.66), we get :

Eq.[F(R,, s <1)] = K sin(A0.) B, | F(R,, 5 <1) Rge—*i’{t]

Using (2.20) with u = 0,& = R} and v = X and the definition of &’ in (3.54),
we obtain :

Eq,[F(Rs, s <t)] = EV[F(R,, s <1)].

x

This proves that, under @, (R,, s > 0) is a Bessel process with index A, i.e
with dimension 2(1 + ). In particular, this process is transient.

4) Computation of the law of 3 under Q..
Relation (3.65) implies that :

t t
M, =1+ Ak’/ R} 'sin (A(04 — 6,))dB; — )\k’/ R} cos (A(04 — 6,))dB, .
0 0

(3.69)
(Bs, s > 0) being the driving Brownian motion of (R, s > 0) is independent
from ((3,, v > 0). Since (M;) is a positive P,-martingale then Girsanov’s
theorem provides us with :

e 5 )\/t chos()\((9+—98))d<ﬁ By >
He T TR ) RYsin (M0, —0y)) ©

t
= '/V\t — )\/ cotg(A(0+ - ﬁHJ)st
0

Performing the time change u = Hy, yields :
ﬁu = B\u - )\/ COtg()\((ng - ﬁs))ds
0

where (B\u, u > 0) is a ),-Brownian motion.

5) The last point 2) ¢) of Theorem 3.5 is now classical : in order to prove
that the hitting time of the interval [#_, 6] by the process [ is a.s. infinite,
it suffices to apply Feller’s test. We also note that, under @, :

* ds
HOO—/O R—gzoo a.s.
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