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Analysis of a diffusive effective mass model for nanowires

C. Jourdana*' and N. Vauchelet?

This work is dedicated to Naoufel Ben Abdallah, who was
a talented researcher, an enthusiastic supervisor and a generous person.

Abstract

We propose in this paper to derive and analyze a self-consistent model describing the
diffusive transport in a nanowire. From a physical point of view, it describes the elec-
tron transport in an ultra-scaled confined structure, taking in account the interactions of
charged particles with phonons. The transport direction is assumed to be large compared
to the wire section and is described by a drift-diffusion equation including effective quan-
tities computed from a Bloch problem in the crystal lattice. The electrostatic potential
solves a Poisson equation where the particle density couples on each energy band a two
dimensional confinement density with the monodimensional transport density given by the
Boltzmann statistics. On the one hand, we study the derivation of this Nanowire Drift-
Diffusion Poisson model from a kinetic level description. On the other hand, we present

an existence result for this model in a bounded domain.

Keywords. drift-diffusion system, relative entropy method, diffusive limit, Hamiltonian’s
spectrum.
AMS subject classifications. Primary: 35Q40, 76R99, 49K20, 82D80; Secondary: 81Q10.

1 Introduction

A quantum wire is an electronic component made of a periodic ion packing. The transport
direction is large compared to the wire section, which includes only few atoms. So, the
assumption of infinite periodic structure in the wire cross section, which allows to derive the
usual effective mass theorem [i], RJ], cannot be used anymore.

In [E], a new quantum model for nanowires is derived. Using an envelope function de-
composition, [f] is extended to nanowires and a longitudinal effective mass model is obtained.
However, in many applications such that FETs (Field Effect Transistors) for example, semi-
conductor devices contains largely doped regions. In these regions, collisions play an important
role in the transport. Usually, quantum models do not include collisions of charged particles.

That is the reason why a diffusive model has to be developed.
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In this paper, a Nanowire Drift-Diffusion Poisson NDDP model is derived following [
by performing a diffusive limit from a sequence of 1d Boltzmann equations in the transport
direction, one for each energy band. Similarly to [f], this model takes into account the ultra-
scaled confinement and retains information of the nanowire cross section. Moreover, a self-

consistent model includes the resolution of the Poisson equation in the entire device.

1.1 Nanowire quantities

In order to define the effective masses and the other physical quantities used in the NDDP
model, we need to recall the model derived in [f]. We consider an infinite wire defined in a
physical domain R X w,,, where a is the typical spacing between lattice sites. The transport
is described by a scaled Schrodinger equation in R X w,, containing a potential W, generated
by the crystal lattice, fast oscillating in the scale defined by the crystal spacing, and a slowly
varying potential V' computed self-consistently through the resolution of a Poisson equation
in the whole domain. Since the 2d cross section w,, comprises few ions, W, is considered
periodic only in the longitudinal z-direction, also called transport direction. The variable z
of the transverse section can be considered as fast variable, and it can be rescaled as 2’ = 2.
To simplify notations, we now omit the primes. Then, w, will denote the scaled cross section
and we assume to work in rescaled quantities such that the periodicity is setted to 1 in the
transport direction.

The starting point is the definition of the generalized Bloch functions as the eigenfunctions
of the following problem in the 3d unit cell i = (—1/2,1/2) x w, :

_%AXn + Wexn = EnXn-
Xn(y,2) =0 on dw,, X, l-periodic in y. (1.1)

fu Ixn|?dydz = 1.

We use here the notation y to emphasize we consider only one period (—1/2,1/2). We point
out that the boundary conditions are representative of our nanowire problem. Indeed, we
consider the periodicity only in the transport direction and we choose homogeneous Dirichlet

conditions in other directions in order to impose confinement.
Assumption 1.1. We assume that W, is a nonnegative potential given in L>(Uf).

Under Assumption [I1], verified by physically relevant potentials, it is well-known that the
eigenfunctions x,,, solutions of ([L.), form an orthonormal basis of L?(i/) (see e.g. [L0]), with
real eigenvalues which satisfies

n—+o0o

Assumption 1.2. We assume that the eigenvalues FE,, are all simple.

Once we compute the x,’s, we can define m} which corresponds to the n® band effective

mass and which is given by

P,/ P



where

Pnn’ - / aan’ (y, Z)Xn(y7 Z) dydz (1-4)
u
are the matrix elements of the gradient operator between Bloch waves. We also define the
quantities
Vnn(tax) = / V(t,x,z)gnn(z) dz = <V(t,$,‘),gnn>, (15)
Wz
with
1/2 )
o) = [ w2 dy, (16)
—1/2

where we make use of the notation (f, g) = fwz f(2)g(2) dz. We notice that g,’s are quantities
that contain information of the cross section and they allow to link the one dimensional
transport direction to the entire nanowire. They play an important role not only in [f] but
also in the NDDP model presented in this paper.

Finally, the fully quantum longitudinal effective mass model obtained in [[j] consists of a
sequence of one dimensional device dependent Schrédinger equations, one for each band :

Zatwn (t7 .%') - _ﬁaxan (t7 .%') + Vnn (t7 x)wn (t7 .%')

The physical parameters, m; and g, computed once for a given device by solving the gen-
eralized Bloch problem ([[.1)), are integrated in transport equations. Next, self-consistent
computations include the resolution of the Poisson equation.

Assumption [[.9 is restrictive. In [ff], a more plausible assumption is discussed, related to
symmetry properties of the crystal. Then, to each multiple eigenvalue corresponds a system of
coupled Schrodinger equations with dimension equal to the multiplicity of the eigenvalue. The
kinetic part of the effective mass Hamiltonian is diagonal and the coupling occurs through the
potential. Nevertheless, the derivation of a diffusive model in this case is far from the scope

of this paper and is not discussed here.

1.2 Diffusive transport description

In this paper, we mainly consider a finite wire in the transport direction = defined in the
bounded domain w, = [0, L] such that L >> a. We denote Q = [0, L] X w, this bounded
device. Since L is large compared to a, the crystal lattice can be assumed periodic only in
the transport direction as presented in the above subsection. Moreover, we will consider that
the evolution of charged particles is mainly driven by collisions with phonons which represent
lattice vibrations. A widely used model to describe such kind of transport in various area
such as plasmas or semiconductors is the drift-diffusion equation. It consists in a conservation
equation of the particle density in the transport direction which is called here the surface
density Ns(t,x) and which corresponds to the integral in the direction z of the total density.
The current is the sum of a drift term and of a diffusion term [[[1], [[3, [[§]. The equation reads

QN — 0, (D(&mNs + Ns&st)> —0, (1.7)



where D is a diffusion coefficient and V(t, x) is the effective potential. This potential is self-
consistant and takes into account the quantum confinement in the nanowire. Its derivation

will be specified in Section [ ; in particular, we will show that its expression is given by

+o0
Vi=—logZ with Z=Y o (BntVin) (1.8)

n=1
where E,, are the eigenvalues of the problem (1)) and Vj,,(¢,x) are the potential energies
defined by ([L.H). It is also usual to introduce the Fermi level Ep(t,z) and the Slotboom
variable u(t, z) defined by

u=ePF = Nge's = % (1.9)

Then, the current J(¢,x) can be expressed as
J = D(8,N, + N,,Vs) = DN,O,Ep = De™"*0,u.
The electrostatic potential V (¢, x, z) is solution of the Poisson equation
- AV =p. (1.10)

The three dimensional macroscopic charge density p(t, z, z) takes into account the contribution

of all energy bands ; it is defined as follows

“+o00
n=1

where g,,,(2) is given by ([L.6) and N, (t,z) is the charge density in the transport direction

which is expressed in the approximation of Boltzmann statistics by

Nn — eEF_(En+Vnn) — %6_ (En+vnn) . (112)

Z
We point out that the link between the one dimensional densities N,, and the charge density
p is done using the gy, ’s, as it is justified in [{]. We complete this system with the following

boundary conditions

Ny(t,x) = Ny for x € Owy, (1.13)
V(t,z,z) = Vp(2) for =z € dw,, (1.14)
9,V (t,x,z) =0 for 2z € ow,. (1.15)

These boundary conditions do not correspond to the mixed type boundary conditions necessary
for physical applications (taking in account source and drain contacts, gate...). It is chosen
for the mathematical convenience and in particular for the elliptic regularity properties of the
Poisson equation ([[.10) on our domain.

To simplify notations, we define the functional S[V](t, z, z) such that

+00 —(Bn+Van)
SVI=)>, ——%—9m. (1.16)
n=1
With this notation, we have

p = N,S[V]. (1.17)



1.3 Main results

In [[d, B, [[9], the authors propose transport models for confined structures using the subband
description which allows to reduce the 3d problem to a 2d transport equation. The transport
coefficients have then to be computed by solving eigenvalue problems for the steady-state
Schrodinger equation in the confinement direction, which is therefore one dimensional. Com-
pared to [f], [[9], the NDDP model presented in this paper, involved the resolution of the Bloch
problem in all directions and the confinement is two-dimensional.

The main results in this paper concern the coupled Nanowire Drift-Diffusion Poisson NDDP
system ([[.7)~([.15) and are divided into two parts. In a first part we study the derivation of
the model ([[.4)—([[.1) in a wire with infinite extension from a kinetic level description. This
latter model describes the interaction of charged particles with phonons at thermal equilibrium.
Assuming that the potential V is given, we are able to state in Theorem P.g the convergence
of this model towards the NDDP model.

In a second part, we focus on the study of the NDDP model in the bounded device

=0, L] x w,. We will make the following assumptions :

Assumption 1.3. The function D is assumed to be a C! function on € and there exists two
nonnegative constants D; and Dy such that 0 < Dy < D < Ds.

Assumption 1.4. The initial condition satisfies N0log N € L'(w,) and N? > 0 a.e. And
we denote Ny = [, NJdz.

Assumption 1.5. The boundary data for the surface density N, is a positive constant. The
Dirichlet boundary condition for the potential satisfies Vj, € C?(0w, xw.) and the compatibility
condition 0,Vj(z) = 0 for all z € Jw,.

The main result is the following existence theorem :

Theorem 1.6. Let T > 0. Under Assumptions [1.3, and[1.4, the Nanowire Drift-Diffusion
Poisson system (L) ~([.15) admits a weak solution such that

Nylog Ny € L®([0,T); L (wg))  and /N, € L*([0,T]; H (wz)),
V e L*([0,T]; HY(2)).

To prove this result, we follow the idea proposed in [[[9] which relies strongly on the estimate
on the relative entropy that we will prove in Section B.J. The main difficulty is due to the
quantum confinement for which we need some sharp estimates on the quantities provided by
the Bloch problem. Such estimates are given in Section B.. Then a priori estimates give a
functional framework for the quantities Ng and V. Since N will be defined only in Llog L,
we need to regularized the system. For the regularized system we obtain existence of solutions
such as in [[[J] and we recover a solution of the non-regularized system by passing to the limit
in the regularization.

This paper is organized as follows. In Section B, we describe the derivation of the model

from a kinetic model taking into account the interactions of the charged particles with phonons.



Section fis devoted to the proof of Theorem [[.§. We first state estimates on the eigen-elements
defining the Nanowire quantities. Then, we define the regularization of the model. We prove
a priori estimates for this regularized system. Next, the regularized Nanowire Poisson system

is analyzed. Finally, we prove Theorem [L.§ by passing to the limit in the regularization.

2 Diffusive limit

2.1 Kinetic description

The drift-diffusion model can be derived from kinetic theory when the mean free path related
to particle interactions with a thermal bath is small compared to the system length-scale
[@, ] In this section, we present the derivation of this model from the Boltzmann equation
describing collisions of charged particles with phonons at thermal equilibrium. This equation
governs the evolution of the distribution function f,(t,2,p) on the n*” band whose energy is
given by E, + V,,. Here and in the following, we shall use the notation f, for a function
depending on the n'® band, and the notation f = (f,),>1 when the entire set of bands is
taken into account. The time variable ¢ is nonnegative, the position variable is denoted z and

the momentum variable p. The equation writes [[[7, [[§]

1 1
Oufi - (0n@e S = 0Vinpfi) = 5 Q8(/ M) (2.1)

where 7 is the scaled mean free path, assumed to be small. In this equation, v, is the velocity
given by v, (p) = £, my, the n'" band effective mass ([J) and Vi (¢, %) the effective potential
energy associated to the n'® band ([.§). This equation is completed by the initial data denoted
1.

The collision operator Qp, describing the scattering between electrons and phonons, is

assumed in the linear BGK approximation for Boltzmann statistics. It reads

+oo
Qp(fln =) /Rocn,n/(pm’)(/\/ln(p)fnf(p’) —Mn/(p’)fn(p))dp’ (2.2)
n/=1

where the function M,, is the Maxwellian

2
YRR, pup———C S ) (2.3)

V2mmE Z(t, x)

normalized such that .
> / Mydp = 1. (2.4)
n=1 R

The repartition function Z is thus given by
“+o00
B(ta) = Yo (Fevintn), (2.5
n=1

The energies E,, correspond to the eigenvalues of the problem ([.1). We notice that Assump-
tion [[]] allows us to give a sense to this definition of Z since Z < Y. e Frn <3 e™hn < o0,

where A, are the eigenvalues of the Laplacian operator (see Section B.1]).



Assumption 2.1. The cross section « is symmetric and bounded from above and below :
ElOél,C!Q > Oa 0< a1 < an,n’(pap/) < ag, Vn,n/ > 15 VP € R’ vp/ € R.

In the diffusion approximation, boundary layers appears at the frontier of the domain.
Since the study of this phenomena is far from the scope of this paper, we consider the limit in
the case where the spatial domain is R, assuming that there is no charged carriers at infinity
such that lim, 4o fi (¢, 2, p) = 0. For the rigorous analysis of boundary layers in the diffusion
approximation, we refer the reader to [I7, [[4].

Let us recall an existence result for our problem. It is a direct corollary of well known

existence results on the Boltzmann equation (see e.g. [}, [[7] and references therein).

Theorem 2.2. Let us assume that the potential V > 0 is given in L>°([0,T]; H*(R x w,)) and
that the initial data satisfies fO € I'(L®°(R x R)) and f° > 0. For fivred n > 0, under Assump-
tion 1, the problem ([2.1)-(2.4) admits a unique weak solution f € LS (R, I (L}(R x R)))
and f7 > 0.

2.2 Properties of the collision operator

We present some well known properties of the collision operator Qp defined by (P.3). In this
section, the time variable ¢ and the position variable x are considered as parameters, thus we

omit to write the dependence on t and x. We define the weighted space

L34 = {f = (fu)n>1 such that Jrio/f—gdp<—i-oo} (2.6)
M = n—1 RMn ' .

which is a Hilbert space with the scalar product

+oo
_ Jn9n
o= [ S 27

We have the following properties for Qp whose proofs can be found in [[Lf] (section 3.1).

Proposition 2.3. We assume that the cross section o satisfies Assumption [2.1. Then the

following properties hold for Qp :

(i) Y ps1 Jr QB(f)ndp = 0.

(i) Qp is a linear, selfadjoint and negative bounded operator on L%\/t'
(iii) Ker Qp = {f € L%\A’ such that AN, € R, f, = NyM,,} and (Ker Qp)*t = Im Qp.

(iv) If P is the orthogonal projection on Ker Qp with the scalar product (.,.)a, then

—(QB(f), fYm = arllf =P

The third point of Proposition implies that the equation Qp(f) = h admits a solution
in Lf\/l iff h € (Ker Qg)*. Moreover, this solution is unique if we impose f € (Ker Qg)*
where (Ker Qp)* = {f such that 1> g fndp = 0}. As a consequence, we can define :



Definition 2.4. There exists © € L%\/t such that for alln > 1,

+o0
Qp(0), = -2 M, and > / O,dp = 0. (2.8)
n n=1“R

We define the nonnegative diffusion coefficient by

+oo D
D= /
; R M,

Remark 2.5. PARTICULAR CASE WHEN « IS CONSTANT.

(2.9)

Let us assume that for all n,n/, k, k', a(n,n’, k, k') = 1/7, where 7 is a relaxation time. After

calculations,

i
Gn(p) - Tm Mn(p) and =7 Z m* Z+OO e (Em+vmm)

We emphasize that this expression is slightly different to the formula used in [[[f] for example

where D is defined as 7/m.

2.3 Asymptotic expansion for the diffusive limit

Let us consider a solution f; of the Boltzmann equation (R.]) and assume that it admits a

Hilbert expansion
fl = fon +0fin + 07 fon +

Inserting this decomposition in (R.T]) and identifying with respect to powers of 1, we obtain

9p(fo)n = 0. (2.10)
U0z fon — OxVanOpfon = QB (f1)n- (2.11)
Ot fon + 0z fin — 0xVanOp fin = QB(f2)n- (2.12)
With (R10), we get fo € Ker Qp. Thus, (iii) of Proposition P.3 gives
fon = Ns M. (2.13)

Injecting this expression in (R.11)) it follows, after calculations
QB(fl)n = 1p = UnMn <amNs + Nsa:v‘/s),

where Vi = —InZ. By Proposition P.3, fi exists iff H € (Ker Qp)t. Because we have
[ v Mpdp = 0 (v, M,, is an odd function), this condition is true. We choose © as proposed
in Definition .4 Thus,

frn = =60 (0: N + NLV;). (2.14)

By Proposition B.3, (B.13) has a solution iff,

+o0o
Z /R <atf0,n + Unaxfl,n - amvnnapfl,n) dp = 0.
n=1

Using (2.13), (-14) and (R.9) we have formally obtained the drift-diffusion equation ([[.7).



2.4 A convergence proof of the derivation

In this Section, we investigate the rigorous diffusive limit of the Boltzmann equation (P-1))
as 7 — 0. This study is proposed in the simplified case where the potential V is given and
regular. The diffusive limit of a coupled Boltzmann transport equation with the Poisson
equation is studied in [[4] and with quantum confinement in [[§. The main result is the

following theorem :

Theorem 2.6. Let us assume that the potential V > 0 is given in L°([0,T]; H*(R x w,)) and
0V is bounded in L>([0,T] x R x w,) and that the initial data satisfies fO € I*(L°>°(R?)) and
f° > 0. Moreover, let T > 0 and let (fi)n>1 be a solution of the Boltzmann equation ([2.1)-
[©.3). Then, under Assumption 2.4, N¢ defined by N¢ := Y o> fR fildp converges weakly
towards Ny € L*([0,T] x R) solution of the drift-diffusion equatio?z :

0N, — 0 (D(ON, + N,0.V3) ) =0,

e (E"JFV""(t’x))), with the initial data NQ(z) =3, [& f2(z,p) dp.

n

where Vs(t,x) = —In <Z

2
21 e—(an;fL +En+Vnn)
A/ £,

3
n

NOTATIONS. For the proof, we introduce the function M,, = which is

such that

U Op My, — 0y Vi Op My, = 0.
Moreover, for T > 0, we consider the Banach spaces X = LOO([O,T];L?W@) and YV =
LQ([OaT]EL%\/ﬁl(t))-

Lemma 2.7. Assume [0 € I'(L} ) mL%\/t(t:O) and V is given such as in Theorem [2.4. Then,
the unique solution f" of the Boltzmann equations (B.4) in L>([0,T};1*(L}, ) is in X. More-
over, f is bounded in X independently of 7.

Proof. Assuming that all the functions are regular enough, we multiply (R.1)) by f/M,, and
integrate. We obtain

d “+o00 fﬁ 2 +oo fr? 9 1 4o fﬁ

By assumption there exists p > 0 such that |0;V,,,| < g on [0,7] x R. We define

+oo 72 +oo n
X"(t) :Z_:l// (2";’(4)” dedp and  S"(t) = —%Z:l// QB(f")n]\";—zdxdp. (2.16)

Since Qp is negative, S"(t) > 0Vt € [0,T]. So, (R-17) gives
axn

Integrating this inequality allows to conclude the proof.

To justify all calculations, we regularized the problem and consider fr a solution of the
regularized truncated problem, fr € D([0,7] x R?). Thus fg satisfies (R.15) and

d +o00 f]23 +o00 f]%
— A < .
dtnz:l//QMndmdp_,unz:l//QMndwdp

9




Thus fr is bounded in X independently of R. We can extract a subsequence converging
towards a function g € X in X-weak®. We know moreover that fr satisfies the Cauchy
criterion in LOO([O,T],ll(L}C7p)) as a solution of the truncated problem. Thus, fr converges

strongly towards f in this space. By uniqueness of the weak™* limit, g = f a.e. O

Lemma 2.8. Under the assumption of Lemma (2.7, there exists f € X and N, € L*([0,T] xR)
such that, up to an extraction :

(i) f1 — f in X-weak".

(ii) N& = Ny in L} ,-weak.

(iii) If we define the current by

“+o0
1
=235 [ i (2.18)
n - J/Rr

then J7 — J in Lax—weak. Moreover, f, = NyM,, a.e. for all n.
Proof. We integrate (2.17) between 0 and ¢, for all ¢ € [0,T]. It gives

t t

X(t) — ,u/ X" (s)ds +/ ST(s)ds < X"(0).

0 0

Thus, there exists a constant C' > 0 such that
T
0< / S(s)ds < C. (2.19)
0

If P is the orthogonal projection on Ker Qp defined as in Proposition P.3, there exists
N"(t,z) such that P(f"), = N"M,. Moreover, f7 — P(f"7) € (Ker Qp)* that is to say
that 37, -, [ (fi = P(f")n)dp = 0. We conclude, using (2.4), that

+oo
N(t,x) = /R f(t, x, p)dp := N(t,z). (2.20)
n=1

We can easily show that (iv) of Proposition P.J is also true for the scalar product (.,.)5s. We
obtain the bound

+oo T n_ N1 2 2 T
2 :/ // (f N My) dxdpdt < 77_/ Sn(s) ds < Cn2, (2.21)
n=1 0 Mn 1 Jo

We verify that || f7||x is bounded. Thus, we can extract a subsequence satisfying (i).

Then, from (R.21]), we have

I T n 2 +oo T n
(NSMn) o N\ 2
nz:l/o //Tndxdpdt—nzl/o // (;) M, dudpdt < C.

It provides that ||Ng/Z]y is bounded. Thus there exists p € Y such that, up to an extraction,

for all ¢ € L?L?V[_l,

too .7 N7 too .7
> / / — My dadpdt — / / / oM, by, dzdpdt. (2.22)
n=1 0 Z n=1 0

10




For £ € L*([0,T] x R) take ¢ (t,x,p) = £(t,2) for all n > 1, we easily verify that ¢ € L7L3,_,.
So, if we define Ny := pZ € L*([0,T] x R), we find

AT/NQS(?/%dp)dmdt_)/()T/p25<§/%dp)dmdt.

This proves (ii). Moreover, from (£23), Ny = NJM,, — pM,, in X-weak*. From (221),
f" and NJ M, have the same weak limit. So, for all n > 1,

f=pM, =NM, ae. (2.23)

Finally, we have

1—l—oo 1—l—oo
JT == /ngd:_ /n 7 — NoMy,)dp.

Applying the Cauchy-Schwarz inequality

+00 1/2 +00 n_ 2 1/2
Jng(z /Rv,gMndp) (z [ %d) | o
n=1 n=1 n

With (P21]), we deduce that J7 is bounded in L7 . O

Proof of Theorem P.g. Integrating the Boltzmann equation (R.1]) with respect to p, we
find the conservation law
NI+ 0,J"=0 (2.25)

where J is the current defined in (R.1§). Considering the function © defined in (R.§), we have
12 1 1
7= 25~ [ outidp = % {on Mo, Fl) s = =7 (Qa(O)n F)ut
n = Jr U "
The selfadjointness of Qp gives
_J7721<@ Q5 (f") >M:J§/wdp (2.26)
n e My
Now, to establish the rigorous limit 7 — 0, we use the weak formulation of (R.1]) and

(B29) : for all v € CL([0,T] x R?) compactly supported and for all ¢ € C'([0,T] x R)
compactly supported :

// f,’j( —noh — v, 0,7 + @CVnanw)dxdpdt — % // Qp(f"pdxdpdt =0, (2.27)

_ / / N78ypdxdt — / / J10,ddxdt = 0. (2.28)

At this point we use Lemmas of Appendix A. On the one hand, from Lemma [A]], we can
substitute ¢ by ¢ in (B-27). Summing with respect to n, we immediately obtain (P-2§). On
the other hand, Lemmas [A.]] and A. prove that we can choose 1) = gbﬁ—’; in (£.27) for all

and

11



¢ € CL([0,T] x R) compactly supported. Summing with respect to n and using (£-24), we find

after calculations

—nz / / / f”&t ¢— d:cdpdt—z / / / Un -8, (0,0 daxdpdt

+oo
+> / / / ¢A{l—’;(axvmapen — 0,0, In Z)dadpdt + / / Tpdrdt = 0. (2.29)
n=1

Using Lemma P.§, we have the weak convergence of fy/, NJ and J". Moreover, we have that

n € L%vt thus the limit of the first term vanishes thanks to Lemma [A.J. Moreover, this

same Lemma proves that vn% and v, st\/(?n
n n

(for s = t,  and p) are in X. Finally, since by
assumption V;,, is bounded in L*°([0, T']; H?(R)), we can pass to the limit and we obtain

[[ sodoat - f /] (Wsax(@n@ N (0 VindyOn — nOu0s T z>)dxdpdt,

which is the weak formulation of J = —D(0,Ns + N0, Vs). O

3 Analysis of the Nanowire Drift-Diffusion-Poisson system

3.1 Spectral properties

In this Section, we investigate some technical Lemmas concerning spectral properties of the
Hamiltonian defined in ([L1)). As in Section R.J] we denote by A, the eigenvalues of the

Laplacian, i.e.
“Auy = A, on U= (=1/2,1/2) xw.,
un(—=1/2,2") = un(1/2,2'), un(y,2) =0 on (=1/2,1/2) x dw,.

From the min-max principle it is clear that for nonnegative potential W, , we have E, > A,.

1 2

Moreover, the eigenfunctions wu,, satisfy u, = ulu2 where (u)),cn are eigenvectors of the Lapla-

cian in the y-direction with periodic boundary conditions and (u2),ecy are eigenvectors of the
Laplacian in the z-direction with Dirichlet boundary conditions. From well-known properties
of eigenvalues of the Laplacian-Dirichlet [[L]], we deduce that for all A > 0, Y on>1 e Mn < oo,
Thus

+oo
V>0, Z e M < 0. (3.1)

In the following we will make use of the notation : LELL(Q) = {u € L} () s.t. lull e o) =
(fwz [lu(-, 2 )HLq (s )dz)l/p < 4o0}. We recall that we have the Sobolev embedding H!(2) —
L2L2°(Q) where Q = w, x w, C R x R? (see [{]).

Lemma 3.1. Under Assumption [[.] we have that for all n € N
IXnllLee @) < C(En + [WellLe), (3.2)
where C' stands for a nonnegative constant. Therefore we have

lgnnll oo .y < C(En + [Wellze)?, (3.3)
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Vanll oo o) < ClV L1 0 (B + [[Wel[2). (3.4)

Proof. We notice first that since W, (and xy) is 1-periodic in x, we have that ||[W¢||ze @) =
[Wellpeo(q)- From ([LQ), we deduce that Ay, € L*(Q) and

[AXnll2 < 2(En + [WellLe)-

Using the elliptic regularity for the Laplacian operator, we deduce (B.9) thanks to the Sobolev
embedding H?(Q) < L>(Q). The estimates (B.d) and (B.4) follows directly from a Cauchy-
Schwarz inequality and the Sobolev embedding H'(Q) < L2L(9). O

Lemma 3.2. Properties of S[V]. Let us assume that V € H'(Q) with V. > 0. Then the

function S|V, defined in ([I.14), satisfies :
(i) S|V is bounded i.e. |S[V]| < +oo.
(ii) If moreover Ve H'(Q) with V > 0, then there exists a nonnegative constant C' such that :

|S[V] - S[V]\\L%Q) <C|V - ‘7HL2(Q)- (3.5)

Proof. (i) First, we study the coefficient Z. We have

+o0
Z@)=) e (BntVan(@) > o= (BrtVirlzon) |

n=1

Then from Lemma B.1, when V € H'(Q), there exists a constant C' > 0 such that Z(z) > C.
Using the fact that V},, > 0 when V' > 0, we get

+oo +o0
SV, 2)| <CY e llgnnllzoe () < CY e (Bn + [Well)?,
n=1 n=1

where we use (B.3) for the last inequality. A direct consequence of (B.1]) is that D>t E2e=En
is finite. Then S[V] is bounded.
(ii) We use the fact that

~ 1 ~ ~
ﬂW—SW}iéaﬁW+dV—VM&

We define £(s) = e~ (E"Hv“(v*v)’g"”). So,
<Zn21 5/(3)9%) <Zn21 5(3)> - < ZnZl 5(3)gnn> (Zn21 5/(3))
<Zn21 5(3))2

We have £'(s) = —(V =V, gnn)E(s). The first term becomes

SV 4+ s(V—-V)] =

Y1 E()gnm| | Xzt EEV =V, gun)gun = -
ST = | <O e gV~ 7, gun)]
Zn21 (s) anl (s) o—
Finally,
Zn>1 E'(8)gnn ~ B B ~
Lnzl 7 VU < — E —En < —
‘ anl £(s) <V VHLQ(wz) n:1e gnn”gnnHLQ(wz) <C[V VHLQ(wz)a
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where we use (B.3) and (BJ)) for the last inequality. We can treat the second term in a similar

way
Zn>1 g(s)gnn Zn>1 5(8) < V - ‘77 Inn > +oo ~
‘( - )< - 5 > <CY eV =V, gun)l-
(L1 €6) =

Consequently, we deduce (B.5). O
3.2 Regularized system
We define the linear regularization operator by

RE:LYQ) — C®(Q)

V = Re[v] (1‘, Z) = (v * fs,x * 55,2)’57 (3.6)

where V is the extension of V by zero outside € and €e.o and & » are C'°° nonnegative compactly
supported even approximations of the unity, respectively on R and R?. We can prove the

following properties, using convolution results :

Lemma 3.3. Properties of R :
(i) R is a bounded operator on LELL(Q) for 1 < p,q < +oo and satisfies for all V € LELL(Q),

IR Vlez o) = Vlipray  and - Wm [R*D] = Vlgppa(q) = 0-

(ii) R¢ is selfadjoint on L*(Q).
(iii) For all V € HY(Q),

VRV =RV and 1l [VoRY] = VoVl 12(0) = 0.

Then the regularized Nanowire Drift-Diffusion Poisson NDDP, system is defined for e € [0, 1]
by

ONE — 8, (D(amN; + N;amv,;)) =0 (3.7)

and .
_AVE =R [% S (i) gnn| = R* | NES'] (3.8)

n=1

where the regularized quantities are defined by

Vin(@) = [ RIV(x, 2)]gnn(2)dz =< RYVE], gnn >, (3.9)

+o00 .
Vi=—log2® with ZVI=)_ e*(EnWm), (3.10)

n=1
and
e*(En‘FV;n)

SWVI=Y —— g 3.11
Ve ,; Fra (3.11)

14



As above, we denote N¢ = u‘e”(FntVin) where u¢ is the Slotboom variable u¢ = N¢/Z¢.
The initial regularized density N&Y is chosen such that N&¥ = min(N? e~1). Moreover, the

regularized boundary conditions are

Ni(t,x) = Ny for x € Odwy, (3.12)
Ve(t,z,z) = Vi(2) for =z € Jdw,, (3.13)
0. VE(t,x,z) =0 for 2z € ow,. (3.14)

Remark 3.4. When ¢ — 0, R® — Id and the regularized system ([L7)-([.1) tends to the
unregularized problem (B.7)—(B.14).

3.3 A priori estimates

Let us consider a weak solution (N¢, V¢) of the regularized problem (B.7)-(B.1]). We introduce
two extensions Ny and V of the boundary data. These extensions are respectively defined on

w; and € and chosen such that :

e N, € C*(wy), 0 < N < Ny(x) < Ny where Ny and Ny are two constants, and Ngg,, =
N,

e V € C?(Q) and satisfies the boundary conditions Vg, xw. = V5(2) and 9,V |, xow. = 0.

For regular enough domains, these functions exist. From ([.J) with V instead of V¢, we define
Vin[V] denoted by Vip. In the same way, we denote Z, S, Ny, p, u and Er the quantities
associated to N and V.

Proposition 3.5. Let T'> 0 and € € [0,1]. Let (NS, V€) be a weak solution of the reqularized
system NDDP, ([5.3)-(B-1), such that N¢log NE € L>([0,T], L* (w.)), V€ € L=([0,T], H (£2))
and \/N¢ € L*([0,T), H (w;)). Then, there exists a nonnegative constant Cg depending only
on T such that

vt € (0,77, 0<W(t) <Crp, (3.15)

where W is the relative entropy defined by

+oo
W = Z/ - N+ N, )dm + = / IV(VE - V)|2dxdz. (3.16)
n=1"7%z
Proof. We remark that
+o0 6
o Z/ (Ve — Ni+ Ny )d = QNS In :)daz.

Wz

By definition, we have In Nj, = Inu® — E,, — V,;,,. Using @), it leads to

+o0 €

Z wz@Nﬁln(%)dm - /wax( De™Vs 9,uf) In <ui>d:c
" o d +oo
_%nzl/

400
Vin = Van)do + Y [ N0V~ Vaw)d

Wz n=1 x
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Integrating by parts, the first right hand side term gives

€ €)2 €
/ Oy (Defvseawue) In (u—>dx = — De*V;de +/ De*V;Mdm
Wz u Wz uc Wz u
Using the definition (B.9) of V;¢,, the last right hand side term gives
+00 +oo
| NV, = Van)de =Y | Nidy < RV = RV, gun > da.
n=1"%=z n=1

At this point, the linearity and the selfadjointness of the regularization operator R¢ and the
regularized Poisson equation (B.§) imply

“+o00
> / NEORVE = V]gnndadz = =— / IV(VE —V)|*dxdz.
Q
In the same way, we can write

dtz N; (Ve — /|v V)|2dzdz.

Thus, defining W as in (B.16), we finally find

d € eUx € T2
W / pe-ve @), +/ peVe dutOut ) (3.17)
uc wa [
We denote 5 )
DE(t) = / pe-ve 00 (3.18)
Wy us

the term which can be seen as an entropy dissipation rate. We also define 8 = ||0,u/ul| po< (),

B < +o0. Consequently,
aw

D < AP B 1oy < BYVDF\/DINE] 11

Using the inequality 2ab < k2a® + b—22 for k > 0 small enough and Assumption [[.3, we get,

AW _ dw ) )
T ST C1D° < Cof [ NG| L1 (o) s (3.19)

where C7 and Cy are two nonnegative constants. Finally, using the inequality In(z) —x+1 >

x+ (1 —e), for z > 0, we have

W>Z/ <

With (B.19), it leads to

>dx>/ N;dm—(e—n/ N,d.

dw
o = Col[Ngll L1 (w,) < C(W + Cy),

where C and Cj are two nonnegative constants. We conclude thanks to a Gronwall’s inequality
and the fact that Assumption [[.4 and V € H'(Q) imply that the initial entropy W (0) is
bounded. Moreover, we get the bound on the mass

vt e0,T], Ntdz < C. (3.20)

Wg

O
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Corollary 3.6. Let T > 0 and € € [0,1]. Under assumptions of Proposition B.j, there exist

C1 and (5 two nonnegative constants such that

t
vt € (0,77, / / |0/ N¢|Pdxds < C1, (3.21)
0 Jwy

t
Yt € [0,T], Yp € [1, +00) / INE] Lo s < Co. (3.22)
0

Proof. In this proof, the letter C' is used to denote nonnegative constants. We can express the
coefficient D¢ defined in (B.1§) in terms of NS and V

DE(t) = / D(4\8x\/N§\2 + 20, NSO, VE + N;\@xX/sﬂQ)dx.
Wz
After an integration by parts on the second term of the right hand side, we deduce

4\\8x\/N;H%2(W)sc(mow [ NevwaVids - 2(N{D0VID) + Ni(00:V:(0)) ).
(3.23)

On the one hand, after calculations, we find

a:m: ‘/56 —

e Bi)ove (oo Brvidave \T w, e (B g, )2
Ze * Ze - ze '

By the Cauchy-Schwarz inequality, the sum of the last two terms is nonpositive. Moreover,

&

from the regularized Poisson equation (B.§)
8$$V7§n =< axxRe[Ve]agnn > = < _AZRE[VeLgnn >—< Re[pg]agnn >
< RV 22 Ixnll oo () x| 22 (02) -

To obtain the last inequality, we remark that the second term is nonpositive and to treat the

first term, we make an integration by parts and we use the fact that
HAzgnnHLQ(wz) < QHXnHLOO(Q)HXnHH2(Q)
Using the property (i) of Lemma B.3 and (B.1]), we conclude that
|| NdwVids < CINE o IV L0 (3.24)
Wz

On the other hand, we have

Zn < 8;,;7?,5[‘/6],9”” > e~ (BntViin)
Zn ef(En“i’van)

N;@xv,; |Ow, = Ny < CNb/ |a:vRE[V€]\8wx|dz-
Wz
Thanks to the trace Theorem and Lemma .3, we obtain
NSOV ow, < CNo[[VE|[2(0) < CNo|ING[ 2

wg)?

where we use the elliptic regularity and Lemma B.3 and B.d for the last inequality. With (B.23)
and (B.24), we conclude that

0N oy < C (D) + INS )
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Applying the Gagliardo-Nirenberg inequality to the function \/F; and using the bound on
INEl L1 (wp) (B-20), we obtain

vt € 0,7, / 0.1/ NE|?dx < C(1 + D(t)).

With (B.19), we can say that fo D(s)ds < C(W(0) + Npt) for all ¢ € [0, T] and consequently
we obtain (B.21]). Finally, (B.29) is a consequence of (B.21]) with the Gagliardo-Nirenberg
inequality. O

3.4 Analysis of the regularized Nanowire Poisson system

In this section, the surface density N is assumed to be given and we only consider the
resolution of the regularized Nanowire Poisson equation (B.§) with boundary conditions (B.13)-

(B19) for € € [0,1].

We introduce the functional space
H., ={VeH(Q), s t Vo€ duw, V2 €w,, V(z,z)=0}.

Let us also take Vo € H'(£2) such that Vy = V, on Ow, X w, and 9. Vy(z,2) = 0 for all z € dw,.
A possibility is to take Vj = V. Most of the results presented here can be obtained by a
straightforward adaptation of [, [J]. Thus we will not detail the proofs. We first state the

following existence result :

Proposition 3.7. Let T > 0 and ¢ € [0,1]. We assume Ns; € L°([0,T); L' (w,)) such that
N >0 a.e. Then the reqularized Nanowire Poisson equation (B.§) with boundary conditions
(B-13)-(B14) admits a unique solution V< € Vo + H], with a bound independent of e.

Proof. Using the selfadjointness of the regularization operator, a weak solution of (B.§) is a

critical point in the space V{ + H}% of the functional

J(VaNs) = JO(V)+J1(V7NS)
+oo

_ 1 2 En+<R 7an>
= 2/Q|VV| da:dz+/wx Nsln<z )>daz. (3.25)

=1
Following the proof of Proposition 3.1 in [[J] and using Lemma B.1, we show that J is a
continuous, convex and coercive functional on Vy + H}ux Thus J admits a unique minimizer

V and we have a bound on V in H' only depending on the L' norm of Nj. O

Then, we have the following continuity result :

Proposition 3.8. Let T > 0 and e € [0,1]. Assume N, and Ny are given in L°([0,T]; L* (w,))
such that Ny > 0 and Ny > 0 a.e. Then, the corresponding solutions V¢ and Ve of the
regularized Nanowire Poisson equation (B.§) with boundary conditions (B.13)-(B.14) verify

vt € [0,T], V=Vl < CINs = Nyllpi(wy): (3.26)
Moreover, if Ny and N, belongs to L>(]0, T); L2(wx)), we have
Vi€ [0,T], [V =V ma) < CINs = Nellr2(w), (3.27)

where C' stands for a nonnegative constant not depending on e.
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Proof. Multiplying the regularized Poisson equation (B.§) by V¢ — Ve and integrating, we

obtain

/ IV(VE = V) |Pdadz = /Q <(Ns — N,)SE[VE] + Ny (SVe] - 86[176])>R6[V6 — V¥)dxdz.

Because the functional V — S[V] is decreasing with respect to V, term (S€[V¢]—S¢[V¢])RE[V ¢ —

V€] is nonpositive. We deduce
/ WV = V) Pdedz < [N — Nullpsll < RV = VLSV > o). (3.28)
Then, (i) of Lemma B.3 and a Cauchy-Schwarz inequality gives
|19 = 7 Paeds < CIN, = Rillp o IRV = Pllzz0
We use the property (i) of Lemma B.J and the embedding H' < L2L°. We obtain
|1V = 7 Pdeds < CIN, = Rillps o IV = Vo

Finally, thanks to the Poincaré inequality, we get (B.24).

For the H? estimate, we have
CA(VE- TV = pf — F=RE [(NS — NSV + N (SVe] — 36[176])}.

Then we bound the L? norm of the right hand side as above using the spectral properties in
Section B.1. We finally get the H? estimate (B.27) from the elliptic regularity.
O

Finally, a straightforward adaptation of Proposition 3.2 of [[[J] gives the following conver-

gence result as e goes to 0.

Proposition 3.9. As € — 0, the solution V¢ of the reqularized Nanowire Poisson system
converges, uniformly with respect to Ny € L>([0,T]; L' (wy)) such that Ns > 0 a.e, to the
solution V' of the unregularized problem in L>([0,T]; H*(R)).

3.5 Existence of solutions for the regularized system

Proposition 3.10. Let T' > 0 and € € [0,1] be fixzed. Then the regularized problem NDDP,
admits a unique solution (NS, V¢) with N¢ € C([0,T); L*(w,)) N L2([0,T]); H(w,)) and V¢ €
L°(0, T H'(5).

Proof. The proof of this result follows closely the proof of Theorem 1.2 of [[f]. Thus we will
not detail it and only give the main steps. The proof relies on a fixed point argument on the
map F' defined by :

Step 1 : For a given N¢ > 0, we solve the regularized Nanowire Poisson equation (B.§) with

boundary conditions (B.13)~(B-14) and we define V¢ by (B.1() which belongs to L>([0, T]; H' (w,)).
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Step 2 : The effective potential V{ being known, we solve the following drift-diffusion equation
for the unknown N <
aN¢ — 0, (D(aﬁ; + N;amv;)) =0

with the boundary condition N;’a% = N, and the initial value N;(O,x) = N%(z). The map
F is then defined after these two steps by F(N¢) = N¢.
Then we can prove that for 7" small enough, F' is a contraction on the space M, 1 defined

by M, = {n,||n||r < a} where the norm is

T 1/2
Inllr = [ guas, 1) sy + [ I Brnpe] (3.29)

0<t<T
We have then constructed a unique solution on a small time interval [0, Tp]. Using the a priori

estimate, we can iterate this procedure to construct a solution on [Ty, 27p] that extend the

previous one. We iterate this construction until covering the interval [0, 7. 0

3.6 Passing to the limit ¢ — 0

We construct a solution of the non-regularized Nanowire drift-diffusion Poisson system by
passing to the limit € — 0 in the regularization. First, we recall a statement of an Aubin-
Lions lemma [}, [ :

Lemma 3.11. Take T > 0, q € (1,400) and let (fy)nen be a bounded sequence of functions
in LY([0,T]; H) where H is a Banach space. If (fn)nen is bounded in L1([0,T]; V') where V
is compactly embedded in H and Of,/0t is bounded in L1([0,T]; V') uniformly with respect to
n € N, then, (fn)nen is relatively compact in L9([0,T]; H).

Proof of Theorem [L.L§. We fix T > 0. From Proposition B.10, there exists N¢ and
V€ solution of the regularized system NDDP. with the initial data N&°. The bound on
[Nl 21 (o) (B:2Q) and the dissipation estimate (Corollary B.6]) furnish a bound of /N¢ in
L>=([0, T); L?*(w)) and in L?([0, T]; H' (w,)). Thus, N¢ is bounded uniformly with respect to
e in L2([0,T]; W' (w,)) (since we have the equality 0, N¢ = 2,/N0,+/N¢). Next, using the
Cauchy-Schwarz inequality and Assumption [[.3, we obtain

T 5 T
/ (/ 0,NS + N3,V ) dt < c/ D)t
0 Wy 0

where D¢ is the entropy dissipation rate defined in (B:1§) which is bounded in L!([0,77)
uniformly with respect to €. From the drift-diffusion equation (B.7), we conclude that 9; N¢
is bounded in L?([0,7); W~ (w,)) uniformly with respect to e. Therefore, we can apply the
Aubin Lemma for ¢ = 2, H = LY(w,) and V = Wh(w,). There exists a subsequence
(that we still denote abusively N¢) such that N¢ — N strongly in L?([0,7]; L' (w,)). Finally,
for this function Ny, we solve the unregularized Nanowire Poisson system and construct V'
such that V' € L>([0,T]; H'(€2)) (Proposition B.7) and limeo |V — VI r2(07.m1(0)) = 0
(thanks to Proposition B.9).
The last step is to pass to the limit € — 0 in the drift-diffusion equation. We have

T
/0 N0, Vidrdt < C|Ngllpo,r);02wa IV oo 0,175 () -
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Corollary B.g shows that |[N¢| 11 (jo,7];12(w,)) 18 bounded independently of ¢ and we conclude

that there exists a nonnegative constant C' independent of € such that

T
/ / N0, Vedadt < C. (3.30)
0 Wy

It gives a sense to the drift-diffusion equation when ¢ — 0. Finally, using (B.4), we immediately
deduce that V5, — V,,,, in L2([0,T]; H'(w,)) and that

=, 0t (Berss)
ZE

converges in L?([0,T] x w,). It is enough to prove that

0, VS =

NOVE — N0,V in  D'([0,T] x wy).

Thus, up to an extraction, (Ng, V') is a solution of the NDDP system. Moreover, by semicon-
tinuity, we can pass in the limit in the a priori estimates such that we still have the relative

entropy estimation of Proposition B-j for (Ng, V). O

Appendix : Technical Lemmas for the diffusive limit

Lemma A.1. For all function p — ~(p) polynomially increasing as well as all its derivative
and for all ¢ € C*([0,T] x R) compactly supported, the function 1 = vy¢ can be taken as test
function in the weak formulation of the Boltzmann equation.

Proof. Let p — &g(p) such that (g € D([—R,R]), 0 < &r < 1, |0pér| < 1 and &g — 1 ace.
when R — +o00. We set ¢p = ¢v€R, function with which we can write the weak formulation
(R-27). To pass to the limit R — +oo, it suffices from a Lebesgue theorem that vf; € L)(R)
and py fyl € L})(R) as well as for d,y. However, with the Cauchy-Schwarz inequality,

1/2 (1Y 1/2
2 2 n
[ b+ ohap < ( L0+ 19020, <p>dp> ( / Mn<p>dp> <o,

because v is polynomially increasing. O

Lemma A.2. Let © be defined in (2.§). There exist nonnegative constants Co, C1 and Cy
such that V(t,z) € [0,T] xR :

On
(1 +Ipl) < || < Call + D, (A1)
(?;/(@n < Co(1+ |p|*)  for s=t, z and p. (A.2)
Proof. By the definition (R.§), we have
MO = Q5 (O)n + L My, (A3)

n

where we denote QE(@)N = Mp > oq [ @ Ondp and Ny, = >, o1 [ @pp Myydp'. Using
Assumption P.1], we immediately find a1 < A\, < a. Applying a Cauchy-Schwarz inequality,

+00 +o0 N 2 1/2
Q5 (O] <0t 3 [ I0ntif < azMn( | %dp) .
n'=1 n'=1 "

Since © € L}, (A1) follows directly from () and we differentiate it to obtain (A3). O
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