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Mean field games equations with quadratic Hamiltonian: a
specific approach*

Olivier Guéant **

Abstract

Mean field games models describing the limit of a large class of stochastic differential games,
as the number of players goes to 400, have been introduced by J.-M. Lasry and P.-L. Lions in
[11, [12], [13]. We use a change of variables to transform the mean field games (MFG) equations into a
system of simpler coupled partial differential equations, in the case of a quadratic Hamiltonian. This
system is then used to exhibit a monotonic scheme to build solutions of the MFG equations. Effective
numerical methods based on this constructive scheme are presented and numerical experiments are
carried out.

Introduction

Mean field games equations have been introduced by J.-M. Lasry and P.-L. Lions [11, 12} [13] to
describe the dynamic equilibrium of stochastic differential games involving a continuum of players.

In the time-dependent case, these equations write:

(HJB) Oru + U;Au—I—H(Vu) = —f(x,m)

(K) Om +V - (mH'(Vu)) = U;Am

with prescribed initial condition m(0,-) = mg(-) > 0 and terminal condition w(7),-) = up(:), where
u and m are scalar functions defined on [0, 7] x ©, Q typically being (0, 1)%.

In this paper, we focus on the particular case of quadratic hamiltonian H(p) = %. In this
special case, a change of variables have been introduced by O. Guéant, J.-M. Lasry and P.-L. Lions
in [9] to write the mean field games equations as two coupled heat equations with similar source

terms. If indeed we introduce ¢ = exp (%) and ¥ = mexp (—%) then the system reduces to:
o? 1
Ok + 7A¢ = _ﬁf<x7 oY)
o? 1
o — 7A1/1 = ;f(% Y)Y

with ¢(T,-) = exp ("g—g)) and ¢¥(0,-) = ZL(OT(S
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(Université Paris-Diderot).
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We use this system to exhibit a constructive scheme for solutions to the mean field games
equations. This scheme and the method used to prove it indeed converges have been proposed by
J.-M. Lasry and P.-L. Lions. It starts with ¢/ = 0 and builds recursively two sequences (qb"*%)n
and (y"*1),, using the following equations:

2
1
O+ LA = [, ¢ ")
o2 1 1. n
atwnJrl . 7A¢n+1 — pf(x7¢n+2¢ +1)¢ +1

with 6"+ (I1) = exp (“50) and w7+1(0,) =m0
Then, ¢ and 1 are obtained as the monotonic limit of the two sequences ((j)”*%)n and (Y"),
under usual assumptions of f.

Moreover, this scheme provides a new numerical method to solve mean field games that is com-
pletely different from the methods already proposed in the literature. Finite different schemes on
u and m have been proposed, along with methods based on an equivalent formulation of the mean
field game partial differential equations in the form of an optimization problem (see [1], [2], [10], [7]
for the different proposals).

Here, we build a discrete counterpart to the above constructive scheme and the resulting algorithm
to approximate (¢, ) consists in a sequence of totally implicit finite difference schemes that can be
tackled with Newton methods.

The main difference with the preceding literature arises from the monotonicity properties of the
scheme and from the peculiarity that the equilibrium m is approached by a sequence that does not
verify, except at the limit, the mass conservation principle.

In section 1, we recall the change of variables and derive the associated system of coupled
parabolic equations. Then, section 2 is devoted to the introduction of the functional framework
and we prove the main monotonicity properties of the system. Section 3 presents the constructive
scheme and proves, as explained in P.-L. Lions’s course (see [14]), that we can have two monotonic
sequences converging towards ¢ and 1. Section 4 uses the same ideas as in the preceding sections,
but in a discrete setting, to provide numerical schemes to approximate ¢ and ¢) numerically. Stabil-
ity and convergence of the scheme are proved. Finally, section 5 presents the numerical experiments
carried out and discusses its properties.

1 From mean field games equations to a forward-backward
system of heat equations with source terms

We consider the mean field games equations introduced in [IT], 12], [13] in the case of a quadratic
Hamiltonian. These partial differential equations, hereafter denoted (MFG) are considered on the
domain [0, T] x ©, Q standing for (0,1)%, and consist in the following equations:

2
1
(HIB)  du+ %Au +5IVul? = —f(z,m)

2
(K)  8m+ V- (mVu) = %Am

with:
e Boundary conditions: % = %—23 =0on (0,7) x 00

e Terminal condition: u(T,-) = ur(-) a given payoff whose regularity is to be precised
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e Initial condition: m(0,-) = mq(-) > 0 a given positive function in L' (£2), typically a probability
distribution function.

The change of variables introduced in [9] is recalled in the following proposition:
Proposition 1. Let us consider a smooth solution (¢,1) of the following system (S) with ¢ > 0:
o? 1
o+ TAO = ——[(w o) (Ey)
o? 1
o) — ?Alﬁ = ﬁf(%@ﬁ)w (Ey)
with:

e Boundary conditions: % = % =0 on (0,T) x 02

e Terminal condition: ¢(T,-) = exp (“T('))'

0-2
e Initial condition: ¥ (0,-) = ZZ(OT(g
Then (u,m) = (o21In(¢), ¢1b) defines a solution of (MFG).

Proof:

Let us start with (HJB).

2
atu:JQaf, Vu:oj? Auzﬁ?_ﬁi@
Hence
2 2
i - o3
211
= % |-t wond]

= —f(fl,’,m)

Now, for the equation (K):

dm =0y + 60y V- (Vum) =V - (Vo)) = 0” [Adwp + V¢ - V]
Am = A¢ep 4 2V - Vip + A

Hence

om+V - (Vum) = 0 + ¢ + 02 [Adp + V¢ - VY
= ¢[00+ 0*A¢] + ¢Op + 0°V - Vi

o2 1 o? 1 9
= 0| 580 St one] + 6| G Avt S| +aVo- vy

2 2

= A +07V6- Vi + oAy

0.2

= —Am
2
This proves the result since the boundary conditions and the initial and terminal conditions are
coherent. O

Now, we will focus our attention on the study of the above system of equations (S) and use it to
design a constructive scheme for the couple (¢, 1) and thus for the couple (u,m) under regularity
assumptions.



2 Properties of (S)

To study the system (S) we introduce several hypotheses on f: we suppose that it is a decreasing
function of its second variable, continuous in that variable and uniformly bounded. Moreover, to
simplify the expositionlﬂ we suppose that f < 0.

It’s noteworthy that the monotony hypothesis is to be linked to the usual proof of uniqueness for
the mean field games equations (see [13]).

Now let’s introduce the functional framework we are working in.
Let us note P C C([0,T], L*(€2)) the natural set for parabolic equations:

geEP = gc L*0,T,H(Q)) and 8 € L*(0,T,H *(Q))
and let’s introduce P, = {g € P,g > €}.

Proposition 2. Suppose that up € L>(12).
Vi) € Py, there is a unique weak solution ¢ to the following equation (Ey):

o? 1
06+ TAb= w00 (By)
with % =0 on (0,7) x 92 and ¢(T,-) = exp <u§—§))

Hence @ : i € Py — ¢ € P is well defined.

Moreover, Yip € Py, ¢ = B(¢) € Pe for e = exp (=2 ([[urloc + || fllocT))
Proof:

Let us consider ¢ € Py.

Existence of a weak solution ¢:

Let us introduce Fy : ¢ € L*(0,T, L%*(2)) — ¢ weak solution of the following linear parabolic
equation:

00+ A6 =~ @, pv)o
with % =0on (0,7) x 022 and ¢(T,-) = exp (“%9)
By classical linear parabolic equations theory, ¢ is in P C L2(0,T, L?(Q2)).
Our goal is to use Schauder’s fixed-point theorem on Fy.

Compactness:

Usual energy estimates (see [4]) give that there exists a constant C' that only depends on ||ur|~,
o and || f|lco such that:

V(1h, @) € Po x L*(0,T,L*(Q)),  1Fp(@)ll 201,11 + 10:F (D)l r20m,-1(0)) < C

Hence Fy, maps the closed ball B2 (o 1,r2(0))(0,C) to a compact subset of Brz g r,12(0))(0,C).

'In terms of the initial mean field game problem, the optimal control Vu and the subsequent distribution m are not
changed if we subtract || f||oo to f.



Continuity:
Let us now prove that I is a continuous function.

Let us consider a sequence (¢,,), of L2(0,T,L*(Q)) with ¢, =, 500 @ in the L2(0,T, L?())
sense.
Let us write ¢, = Fyy(n). We know from the above compactness result that we can extract from
(¢n)n a new sequence denoted (¢, ), that converges in the L?(0,T, L?(Q)) sense toward a func-
tion ¢. To prove that F is continuous, we then need to show that ¢ cannot be different from Fy ().

Now, because of the energy estimates, we know that ¢ is in P and that we can extract another
subsequence (still denoted (¢;,/),’), such that:

e ¢, — ¢ in the L?(0,T, L*(Q)) sense.

e Vo, — V¢ weakly in L2(0,T, L?(€2)).

o 01y — Oy weakly in L2(0,T, H=1(Q)).
and

® ,y — ¢ almost everywhere.

By definition we have that Vw € L*(0,T, H'(Q)):

T 2 T
/0 <8td)n/ (t, -)’ W(t, )>H*1(Q),H1(Q)dt — % /0 /qubn/(t, LL‘) . VUJ(t, l’)dl’dt

1 T
- _ﬁ /0 /Q f(x, ‘pn’(tv :C)I/J(t, x))¢n/ (t’ I)w(t’ l‘)dlﬂdt

By weak convergence, the left hand side of the above equality converges toward

T 2 T
| @ttt Duemede =G [ [ Gott.o)- Vult,a)dade

Since f is a bounded continuous function and using dominated convergence theorem, the right
hand side converges toward

1 T
% [ [ st et owteonote i otz
Hence ¢ = Fw(go).
Schauder’s Theorem:

By Schauder’s theorem, we then know that there exists a fixed-point ¢ to Fy, and hence a weak
solution to the nonlinear parabolic equation (Ey).

Positiveness of ¢:

Let us consider a solution ¢ as above. If I(t) = % [(¢(t,z)_)*dz, then:

I/(t) = _/Qatqﬁ(t,a})gﬁ(ux)_dm
— —/Q (v¢(t,$) . V(¢<t,l’)_) — %f(m,¢<t,x)¢(t’m))¢<t’ Z’)¢(t,x)_> de

— —/Q<_‘V¢(t,$)|21¢(t,x)§0+012f(l‘,¢(t7$)qp(t7x))(¢(t?x))2> d



= [ 190000 1m0 — [ 5ot )0t 0) 0lt,)- o
Q Q

> 0
Since I(T) = 0 and I > 0, we know that I = 0. Hence, ¢ is positive.
Uniqueness:
Let us consider two weak solutions ¢1 and ¢ to the equation (Ey).

Let us introduce J(t) = & [(¢a(t, z) — ¢1(t, z))?dz. We have:

It = /Q (Dot ) — Brbr (1,2))(6a(t, ) — (£, 2))d
= _/ : (f(m ¢2(t 33)1/1(@55))@??2(75@) - f(xa¢1(t7$)¢(ta$))¢1(tﬂf)) (¢2(t7 x) - ¢1(t7$))d$

902

+ / Va(t, 2) — Véu(t, 2)Pde
Q

Because of our assumptions on f, the function £ € Ry — % f(z,¥€)¢ is a decreasing function.

Hence, since ¢1 and ¢9 are positive, J'(t) > 0. Since J(T') = 0 and J > 0, we know that J = 0.
Hence, ¢1 = ¢s.

Lower bound to ¢:

We can get a lower bound to ¢ through a subsolution taken as the solution of the following
ordinary differential equation:

o2

(1) = %Hfuooga) S(T) = exp (— ”“T”°°)
Let us indeed consider K (t) = 3 [((¢ t,x))+)?dx. We have:
K'(t) = /Q (&/(t) — Dot 2) (B(1) — B(t, 7)) 4 d
-/ (12|rfuoo<z>< (1) — 6(ts)) 5+ V60t 2) Py emy0
(

b o (a0t a)ult 0)0(t2)(000) — o(t.0)s) ) do

> 25 [ (51m000) + aolt, )t 0)0(0,2)) (60 — o(t.2) 1 da
> 5 [ (Iflee+ £ ot 2)0tt,2)) o06,2)(0(0) — 9(t.2)

> 0

Since K(T') =0 and K > 0, we know that K = 0.

v THoo

Hence, ¢(t,xz) > ¢(t) = e <2 exp (—;Hf”oo( —t)) > € and the result follows. O

Now, we turn to a monotonicity result regarding .

Proposition 3.

Vo1 < g € Po, ©(11) > P(¢2)
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Proof:
Let us introduce ¢; = ®(11) and g = ®(102).

Let us introduce I(t) = § [o((¢2(t,z) — ¢1(t, x))4+)?dz. We have:

'ty = /Q(atéﬁz(t,x) — 01 (t,2))(p2(t, ) — d1(t,2))+dx
= /Q <\V¢2(t»x) — Vo1 (t, ) "1y (t,0) 1 (t,0)>0

- % (f('% P2 (t7 $)¢2(t, $))¢2(ta .Z') - f(l', 1 (t7 $)¢1 (t7 $))¢1 (ta .T)) (¢2(t7 'T) — ¢ (ta .T))+> dx

> % 0 (f($, ¢1(tv x)wl(t’ 1:))¢1 (tv 33) - f($, ¢2(t7 x)d}?(t’ x))¢2(t7 $)) (¢2(ta x) — ¢ (tv 33))+dl‘
> % 0 (f(l’, ¢1(t7 l’)%(ta 5’5))<Z51 (t7 $) - f(l’, (Z)Q(tv l’)%(ta x))¢2(t7 $)) (¢2(t7 :ZJ) - ¢1 (t7 :1:))+d:c
> 0

Hence, since I(T') = 0 and I > 0, we know that I = 0. Consequently, ¢1 > ¢o. O

We now turn to the second equation (£,) of the system (S).

Proposition 4. Let us fir € > 0 and suppose that mg € L*(£2).
Vo € Pe, there is a unique weak solution v to the following equation (Ey):

o2 1
o) — 7A¢ = ;f(x, oY) (Ey)

g

with 95 =0 on (0,T) x 0 and (0, -) = 5413

Hence V : ¢ € P.— p € P is well defined.

Moreover, Vo € Pe, 1) = U(¢) € Py.
Proof:

The proof of existence and uniqueness of a weak solution ¢ € P is the same as in Proposition
2. The only thing to notice is that the initial condition (0, -) is in L?(£2) because mg € L?(Q2) and
¢ bounded from below by € > 0.

Now, to prove that 1) > 0, let’s introduce I(t) = & [, (4(t,z)_)*dz, then:

e = —/Qatv,b(t,:n)w(t,x)dm

[ (-9wtta) T 0wt0)) + ot avte o)t 0. ) da

= —/Q <|V¢(t7$)’21¢(t,z)<0_Ulgf(x7¢(t7$)¢(t,x))(¢(t7a¢)_)2> d
< 0

Since I(0) = 0 and I > 0, we know that I = 0. Hence, 1 is positive. O

Now, we turn to a monotonicity result regarding W.

7



Proposition 5.
Vo1 < ¢2 € Pe, ¥(¢1) > V(¢h2)

Proof:
Let us introduce ¢; = ¥(¢1) and g = ¥(¢2).

Let us introduce I(t) = & [ ((¥2(t, ) — Y1 (¢, x))+)?dz. We have:

I = /Q (Bt ) — Bt (1, 2)) (e(t, ) — 1 (1, 2)) 4 d

= % (f(x7 ¢2(t7$)¢2(t7$))¢2(t7$) - f(l‘, (bl(tv x>w1(t7x))w1(tﬂ .%')) (1/}2(t7$) - ¢1(t795))+d$

- /Q V() — Vabn (6, 2) Py 1)ty 00

< % 0 (f(z, g2(t, 2)2(t, )b (t, x) — f(x, d1(t, 2)Y1(t, )1 (t, x)) (alt, x) — Y1(L, x)) 4dx
< % 0 (f(l', (bl(tv x)w2(ta 95))%@ x) - f('% ®1 (t7 37)%@: x))wl(t7 l‘)) (¢2(t7 ‘T) - ¢1(t7 1‘))+d$
< 0
2
Now, 1(0) = 3 [, mo() (((1)2(10@ — W)Jr) dx = 0. Hence since I > 0, we know that I = 0.
Consequently, 11 > s. O

We will use these properties to design a constructive scheme for the couple (¢, v).

3 A constructive scheme to solve the system (S)

The scheme we consider involves two sequences (¢”+%)n and (¢™),, that are built using the following
recursive equations:

Y0 =0
W¥n € N,¢""3 = d(y")
Vn € N’wn-i-l — \I/(an+%)

Theorem 1. Suppose that up € L®(Q) and that mg € L?(£).

Then, the above scheme has the following properties:

° (¢”+%)n s a decreasing sequence of P. where € is as in Proposition 2.
e (™), is an increasing sequence of Py, bounded from above by ¥(e)

o (¢"T2, "), converges for almost every (t,z) € (0,T) x ., and in L*(0,T, L*(R)), towards a
couple (¢,).
o (¢,0) € P. x Py is a weak solution of (S).

Proof:

By immediate induction we get from Propositions 2 and 4 that the two sequences are well de-
fined and in the appropriate spaces.



Now, as far as monotonicity is concerned we have that 1! = \Il(gb%) > 0 = ¢°. Hence, if for a
given n € N we have 1)"+! > ¢, then Proposition 3 gives:

oM = DY) S DY) = ¢t
Applying now the function ¥ we get:
Y = (@) 2 W(gn) = gt
By induction we then have that (gb”‘*'%)n is decreasing and (¢™),, is increasing.
Moreover, since ¢”+% > ¢, we have that "1 = \P(¢"+%) < Ule).

Now this monotonic behavior allows to define two limit functions ¢ and 1 in L?(0,T, L?(f2))
and the convergence is almost everywhere and in L2(0, T, L?(f2)).

Now, we want to show that (¢,) is a weak solution of (S) and to this purpose we use the
energy estimates of the parabolic equations.

We know that there exists a constant C' > 0, that only depends on |ur||sc, 0 and || f|lec such
that:

1 1
Vn €N, |¢"F2 220,111 () + |0p" " 2 l20r5-10) < C
Hence, ¢ € P and we can extract a subsequence (¢”/+%)n/ such that:

e @2 = ¢ in the L2(0,T, L*(2)) sense and almost everywhere.
o V¢ t2 — V¢ weakly in L2(0, T, L2(92)).

o 89" 3 = 8,6 weakly in L2(0,T, H-'()).

Now, for w € L?(0,T, H*(Q))

T 2 T
| @ i w5 [ [ Vo ) Valtadsd:
0 0 Q

__i r n’+% n’ n’+%
= /0 /Qf(x,cb (t, )" (t,x))¢ (t, 2)w(t, z)dzdt

2
o
Using the weak convergence stated above, the continuity hypothesis on f and the dominated
convergence theorem for the last term we get that Vw € L2(0,T, H'(Q2))

T 2 T
/O <8t¢(t7 ')7 UJ(t, )>H71(Q),H1(Q)dt - % /0 /(2v¢(t7 x) ' V’U}(t, $)d$dt

1 T
— % [ [ s st eott e, a)dsa

Hence, for almost every ¢t € (0,T) and Vv € H (),

0.2
(O (s ), v) H-1(0),H1 () — 2/QV¢(75,$) - Vu(z)dz

— 3 | st out o)l a)ola)da

and the terminal condition is obviously satisfied.



Obviously, we also have ¢ > e.

Now, turning to the second equation, the proof works the same. The only additional thing to
notice is that

. . mo mo
¥(0,) = lim ¢""10,-) = lim =
where the limits are in the L?(Q) sense.
Hence (¢,1)) is indeed a weak solution of (S). O

We exhibited a way to build a solution to the system (S). However, it should be noticed that

the two functions ¢ and v have been introduced to transform the initial (MFG) system into two
simpler partial differential equations. The functions we are interested in, as far as the mean field
game is concerned, are rather u and m.
To well understand the nature of the change of variables and of the constructive scheme, let us
introduce the sequence (m™*1),, where m™*1 = ¢"T2¢"*+1. From Theorem 1, we know that (m™ 1),
converges almost everywhere and in L' toward the function m = ¢ for which we have conservation
of mass along the trajectory. However, this property is not true for m™*! as it is stated in the
following proposition:

Proposition 6. Let us consider n € N and let’s denote M™ 1 (t) = [, m"T1(¢,z)dz the total mass
of m"*! at date t.
Then, there may be a loss of mass along the trajectory in the sense that:

T = [ e i) (f (o0 G0 ) - f (00 a)e ) <0
Proof:

From the regularity obtained above, we can write:

d n N4+ n n n4+
pre] L) = (9™ T2 (L, ), 0" () o) + O TN ), 6Tt ) 1) (@)

R
- 7 /Q Vet (t, x) - V(¢ @) de
/Q¢7l+§(t, )"t x) f (x,qb"%(t,ﬂﬂwn(tax)) dz

/ V¢"+%(t, z) - V(¢ x)de
Q

—_ [\J‘Qw QM‘H

+ 02/Q¢”+5(75,33)¢”+1(t,x)f (x,¢”+%(t,x)w"+1(t,x)) dz

(é W ) (o) (f (20 G 2 R () — f (20" (G 2)e R (L))

IN

d

This property shows that the constructive scheme is rather original since it basically consists in
building a probability distribution function using a sequence of functions in L' that only has the
right total mass asymptotically. For the same reason, although there will be no systematic loss of
mass, the numerical scheme we present in the next section consists in approximating probability
distribution functions without taking care to mass conservation.

10



4 A numerical scheme

The constructive scheme of Theorem 1 allows to design a monotonic numerical scheme to solve the
system (§) and in turn to approximate u and m.

For the sake of simplicity, we present the scheme with Q = (0, 1) but the results would be similar
in higher dimensions. We also assume that ur and mg are bounded functions.

Let us consider a uniform subdivision (fo,...,¢r) of [0,7] where t; = iAt fori € Z =1{0,...,1}
and a uniform subdivision (zo, ...,z ) of the interval [0, 1] where z; = jAx for j € J ={0,...,J}

. . Y . L n+3
We consider a recursive sequence of finite difference schemes in which ¢}’; and ¢, ; * stand for
1 ~ ~
: : n n+3 : . . : n — ohn
the approximations of ™ and ¢" "2 at point (t;,2;). For convenience, we also define Ui =Y

and Jf Ji1 = 1@” 7 to take account of Neumann conditions at the border.

The numerical scheme is as follows:

0 .o
1/11',]‘—07 (Z,])GIXj
and for n > 0:

~n+1 ~n+1 /~n+ ~p4-L
¢i+1?j T ¢Z,] 2 o ¢z ]+21 ¢ 2+ d)zj 1 1 ’“VH-% ~n ’\n—&-% T N
oA T2 (D) = 5l @, 8 8P eI {Ihjed
oty _ ur(z;)
¢I = &Xp o2 S J
£l +1 +1 41 41
wl‘m wn lﬁ?ﬂ y+1—2¢?+1j WH,J 11 D S i
At 2 (Ax)? = (@) i i Wik, 1€ I-{I}jed

-~ mol(T; .
orl = Nn(ﬁ), jed

¢0,j
To study this scheme, let’s introduce M = Mp1 j+1(R) and

Me = {(mi,j)iEI,jEJ c M7 V(Z,j) €l x jami,j Z 6}

Let us start with the discrete counterpart of Proposition 2.

Proposition 7. Vlz; € Moy, there is a unique solution 5 € M to the following equation:

QgiJrl,j — Cgi,y o” ¢z,]+1 2$i,j + &;i,jfl 1 ~ o~ . )
AL 2 (Az)? =3 /(@ bigvig)diy, 1€I-{I}jed

with gZ)I] = exp (g) , Vi €J and the conventions g/f;i,_l = Q/gi,o, ai’JJrl = ai’J.
Hence ® : {b\ e My— g/g € M is well defined.

Moreover, VIZ € My, gg = Zﬁ(z/p\) € M, for e = exp (—% (llur|loo + HfHOOT))

11



Proof:

Let us consider 121\ e M.

Existence and positiveness of a solution ¢:

Let us introduce 1312 T pEM— $ solution of the following equations:

Git1,j — ij

0% Gijr1 = 20ij + i1

At 2

o2

(Az)?

1 ~~ > N . .
= —ﬁf(fﬂj, ©ijVij)ij, 1€l —-{I},jed

with éﬁ\[’j = exp <M> ,V7 € J and the conventions ggi,,l = &5\1"0, gEMH = gg”

Such a matrix gg exists by straightforward backward induction. We indeed know ngﬁ 1,Vj € J,
and if we know ¢;41 j,Vj € J for some i € Z — {I}, then we have:

51'70 $i+1,0
A : = :
ai,J $i+1,J
where: ,
1+ AtBig —ﬁ 0 0
2At 2AL
o 2?Az)2 L+ Atﬁivl o Q?Aa:)Q
A= 0 ' 0
2At 2At
- Q?A:E)Z 1 + Atf}i,J—I - 2?Ax)2
0 0 —olaer L+ AB

2

where i j = x5z — 5 f(xy, Gigtig) Vi e IT—{I},¥j € T —1{0,J}, Bio = ﬁ — L F(x0, Biothio)
and B j = ﬁ — L f(xy, Gigtig), Vi€ I —{I}.
Since A is an M-matrix, ggz j is well defined Vj € J, and by immediate induction QAS is well defined.

Now, F 3 is well-defined and continuous since f is continuous.

To prove that there is a fixed point to F 5 we will use Brouwer’s theorem. The only thing that
needs to be proved is that 3C' > 0,V9 € M, max(; jyezrxs HF\TZ(@”

‘ < C. More precisely, we are

going to prove that if (Z = ﬁi(@ then:
V(i,7) €I X J O<<$ < <$ <H <7u7)H
1, ) i < max @y ex
J 1,3 ied 1,j p )

Let us suppose first that @ = ming jiezx g Qg” < 0.

Then, let’s consider (i,7) € {(i',j/) €I x j‘ai,j = é; V(i",7") € T x T, gin jr = §:> i < i/}' We
know that ¢ # I and hence:
$i+1,j - ngg . 072@]‘“ - 25@]’ + 5@3]’*1
At 2 (Ax)?

1 JEEPN
0< = — 5/, 0ivis) i

Since f < 0, this gives gg” = ?é > 0 contrary to our hypothesis.
Hence, Y(i,5) € Z % j,@j > 0.
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Similarly let’s suppose that gg = MaX(; j\eTxJ qg” > max,c 7 $1,j. Then, let’s consider a couple
(i,5) € {(z”,j/) ET X T|pij = b, W(i" ") €T X Ty jr = = i" < i’}. We have that i # I and
hence:

Gir1y — bij | 0% b1 — 2015 + dij _

Al 2 (Ax)?

1 FEPSN
0> — 3t (T, Pi,j i) i

But then, &] < 0 and this is not possible. Hence, we indeed have that the maximum is attained

for ¢ = I, namely mMax(; j)eIxJ Gij = MaXjeg P1,j-

Now, from Brouwer’s theorem, we know that there exists &5 € My, such that ﬁ$<$) = 5

Uniqueness of ¢:

Let us suppose that there are two fixed points gg and gg’ to ﬁ@ and imagine for instance that

3(i,j) € T x J such that @j > 5’- . Then, let’s consider & = ¢ — ¢/, 5= Max(; j)ezxJ 3” and

(Z,])E{( )GIXJ’(;ZJ:(s\V/(” ”)EIXJ(f)Z// i1 (5:>i//§’i,}. We know that i # I and
hence:

0> gz+1,j - gzg 128;7j+1 - zgz‘,j + gz}j—l
At 2 (Ax)?

. o SN
= =g |[f(@), i) big =[5, ¢ j1ig) i

But since <Z>Z > qb > 0 as above, the right hand side of the above equation must be greater than
0, in contradiction Wlth the above inequality.
Hence, gb < qb and, by symmetry, gzb qZ) As a consequence D : 1/1 e My~ cb € M is well defined.

Lower bound for gg:

Let us consider qb = exp ( ‘uT”‘X’) L solution of the following problem:
(1+atlle=)
O, —0 . 520 20 40 . 1 ~
St O S S S = L flld,, i€ T-{Ihed
At 2 (Az)? o? =i,

\_/ +

with éf,j = exp <”1;7T” ,Vj € J and the conventions ¢ 4= é; o @ g = ij

)

“S\)

Now, let’s write 5= ¢ —
(i,7) € {(z”,j/) €T x .ﬂgz =0,Y(i",j") € T x j,(SZuJu =0=i"<i } By construction, we know
that ¢ # I and hence:

and let’s suppose that 5= MaX(; j)eTx 7 51 j > 0. Then, let’s consider

S S S S o
i+1,5 bl oy 2 T i,j ij—1 _ — [||f||oogm + fxj, di i) bij

0> """ 2 (Az)?

But then, é\ij < QASH in contradiction with the hypothesis.

In conclusion, we have Y(i,j) € Z x J:

~ ~ ||UTH 1 _Murlico 1
gﬁi’j > Q@j > e— 0200 7 >e o2 T > €

Let us now turn to a monotonicity property of the function .
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Proposition 8.

~

Vi1 < o € Mo, ®(1h1) > B(¢n)
Proof:
Let us consider 121 < 121\2 € Mg and let’s denote 51 = 5(121) and ngbQ = 213(1;2)

Now, let’s write 5= ggg —qAbl and let’s suppose that 5= max; j)eIx.J 31] > (. Then, let’s consider

(i,5) € {(i’,j’) €T x J|b;j = 0,%(i",j") €T x T, 0 jn =8 = i" < z'/}. We know that i # I and
hence:

6‘\.+1.7;§., 02;’5\.4+1723\4.+3\,.71 1 o~ ~ ~ o~ ~
0> %t” + 5 (A;’;z o = — 3 | f (@ b2i59240) 0245 — F(@), d1i5¥1) P14

But then, f(x;, qgg¢7j1/b\27i7j)$2,i,j — f(x, $1,¢,j1$1,i,j)$1,i,j > 0 in contradiction with the hypothesis
for the chosen (i, 7).

Hence, (/ﬁ\l Z (;52. O

Let us now turn to the second equation. We have exactly the same result as above with the
same proof:

Proposition 9. ch € M., there is a unique solution {p\ € M to the following equation:

Yivry =iy 0® Yo — 2y iy 1 ~ - ~ , .
- ]At ”—7 = (Alx); s = ;f(xj,¢i+1,jwi+1,j)¢i+l,ja 0<i<I-1,0<j5<J

with @Zo,j = %,Vj € J and the conventions @Z@_l = 1@-’0, Ji,ﬁrl = {b\”
0,5
Hence U : $ € Mc— 1,5 € M is well defined.

Moreover, VQAS € MEJZ = (I\l(gg) € My.
Similarly, the same monotonicity result can be proved:

Proposition 10. A o o
Vo1 < g2 € M, (1) > V(g2)

Now, using the functions introduced in the above propositions, we can write the numerical
scheme in a more compact fashion:

=0
VneN,ots = (@“)
Vn € N,{p\TH*I — (I\I <(Zn+%>
Using the monotonicity properties, we get that the sequences (12”) and (gg”*%) converge
n n
monotonically. More precisely we have that:

Proposition 11. The numerical scheme verifies the following properties:
. ((E"Jr%) s a decreasing sequence of M. where € is as in Proposition 7.
n

lmolloc

° (1@1)” is an increasing sequence of Mo, bounded from above by “—;

14



o (q@”*'%,i”) converges towards a couple (¢,1) € Mc x My that verifies:
n

Ai . AZH o° Q; —20; . + &; 1 PN . '
%ﬁ * ?QS = (AQ;)J i1 = —gf(l‘pcbi,j?ﬁi,j)@,j’ i€ —{I},j€T
¢13—exp(Ta( )> VieJ

Yiv1j = Yij 0% Yirrir1 — 20ir1 + Vg1

1, | |
= ;f(xja¢i+1,j¢z’+17j)1/%+1,j, ieI-{I},jeJ

At 2 (Ax)?
~ mo(z;) .
thoj = ) vie g
0,
Proof:
Let us prove by induction that
YneN,0< 9" <P < U(e),  e<PmtE <gts

First, for n = 0 we have that:

Consequently,

and because of Proposition 7, we know that gb% gg% > €. Hence, 151 = @(12%) < \f’(e)

Now, let’s suppose that the result is true for some n € N, then:

< = @ = B0 > 2T = ¢
= P = B(gTR) < W(GH) = g
Now, by Proposition 7, we know that 5"*‘3 > ¢ and thus "2 = \TJ(J”‘*'%) < U(e) and with the
same discrete maximum principle as above, we have that ¥(e) is bounded by M.

Consequently, V(i,j) € T x 7, ((Z) 1) is a decreasing sequence bounded from below by € that
thus converges towards a value denoted (bm‘. Similarly, ¥(i,5) € Z x J, (w ;Jn is an increasing
sequence bounded from/\al/)\ove that thus converges towards a value denoted wm.

The resulting couple (¢,1) € M, x My straightforwardly verifies the equations of the proposi-

tion. O
Now, to study convergence, let’s introduce a norm || - || on the sets M by:
1 J
2
Vm = (mi;)ij € M, |m|* = ST Z;mu

~n—+1

Let us also deﬁne the consistency errors " +3 and n associated to the equations that define

respectively ¢"*3 and "t

Tty Tty n+3 i ntd
T O e R e e | - .
Tt T AL + 5 2 (M) + 5 (@), i L
+1 +1 Tn+1 +1 +1
s+l M ijln"'l’j"'l — wﬁi‘l] + ¢?+17j_1 o if( . ¢ ¢n+1 )1;714-1
s At 2 (Ax)2 o2\ l+1J i+1,j) Vit 1,5
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gl -
where qﬁZjQ = qb’”'%(ti,xj) and w?jﬁl = " (t;, ;).

We are now ready to enounce a theorem that gives recursive stability bounds for the scheme.

Theorem 2. Let us suppose, in addition to the hypotheses made above, that f is uniformly Lipschitz
with respect to its second variable, i.e.

EIK)V‘T S (07 1))v§1)§2 S ]R-i-’ ’f($7§2) - f(x7§1)‘ S K‘§2 - £1|

ur (12

€ a2

Then, Vv > 0, 3C > 0, VI,J € N such that &; > 1+§§max<
Vn € N:

2
”mogll(”) + v, we have

)
€
(e 9]

16"F% — 2|2 < Ol — " P + C i3 2
sz}\n—i-l B ¢n+1”2 < CHQZTH_Q ¢n+2 ||2 + C||~n+1H2
Proof:

n+2 — nty Tty n _ n n
Let us denote forn €N, 9, ;* = ¢, . * — ¢, ; * and 6;; = ¢, — U}';.

By definition we have for i € Z — {I},j € J:

nt+i n+i n+i nt2 nt
Oip1sj —0;5 0 020, =26, ;% +0,,7 1 npd ol nt-3 ) -
Al 5 (Am) = 2 f(xjaﬁbi,j i,j)‘ﬁm‘ _f(x]7¢ wz])(ﬁ —-n
Hence:

2 2
n+s +f n—l—f o“At nyl n+
(51',3' 2) = 5z+1 3513 2(Ax)25ivj ’ <5i,j+21 25 2 + 5@] 1)
1 el ont g ntd sp It d n+g oty
+ 20" (f(xj’¢i,j Wig)big "t Fl@g 6t i) ) 0,5 "5 7 At
1 nJrl 2 1 n+l 2 O'QAt n+l n+ n+
=3 (%‘ 2) <3 (%fj) T Azt O 20" S

At ntl npd ol cntd <l At At ?
+?5m' 2 <f($j’ i Vig)®i _f(xw‘bu : ZLJW Tt 519 : Tty ’7,J 2

n+ ~ntt oy ont i i s ontl
< 51]2 <f( J7¢132 Z]) i,jz_f<$3’¢i,j 2¢2j> z',j2)
ntd || ~ntd| [ontdl ~,  ontl -
< Ko, 2' Pij *||ig " Vi — Pig PV
n—+ ~n4 1 n
< KGR |00y 7| 107
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I{/\l2 nlz
< 3 «»[<5ﬁj2> ) ]
I{f\l2 an
<zl a3[<5%j2> + ) ]

Thus:

5~ (s72)" (1-0- 2x]

2
)
Jj=0 >
J ) J
oAt n+i [ n+t n+ n+
< Z(,HJ) (Am)2z5ij2 (%fl 25@]2+51j21>
j=0 j=0
J J
At n+
o S [P S e oy (i)
7=0
J 2 ) J—1 2
n—l—l g At n—l—l n+
<> (5z‘+1?j> T Ao <5z',j+21 0y 5 >
=0 =0
At ~1|2 2
+ SK|6| DI+ ans + 1) i
1 2
< 2

J nti 2 At ~
> (%13) + 2k 2
=0

1=

_ (J+1)|6"* + At(J + 1)

- u 12
We know that Hgb% < ’ eo? || . Hence, a(At) =1— At — %K Hqﬁé lies in (0,1) by hy-
o] [o¢] [o¢]
pothesis.
This gives:

1 2 52 i
pz{l [l6")1" + ||7
(o ¢]

J 2 J 2
) o1 nty. At 1
E:Gw )-MAoE:GHW>'*MAw“+” e

j=0 j=0

|

By immediate induction we have:

I /)2 R A
L 00) < () % |52

i\
AI_ 1 HJl Lot om? + [l
s X (o) 0 R [R] ieE fae]]

~1 12
&8 ||_llom P + ||+
[e.e]

|
|

i

IN
N

Q
N

N
N——— ~~——
~

=
<

+

—_

IN
//
Q
N
=

Thus:
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5n+ H(SnHZ

2
- }

2
) T> and hence there exists a constant Cy
oo

T
1|2 1 At 1 ~1|2
3" < T| =K |3
= <a(At)> [02 H¢2 oo

T ~
such that:

5n+ 5 n+ 5

XA

This is the first part of the Theorem. For the second part, we need to control the difference
arising from the initial condition.

By definition we have for i € T — {I},j € J:

n+1 n+1 9 sn+1 n+1 n+1
5z+1,J B 5@] . 15i+1,j+1 5z+1j 5i+1,j—1
At 2 (Az)?

1 e+l n41 N\ 41 e+l Tn+1 y, Tn+l ~n41
= ﬁ (f(l’j, ¢i+12]¢z+17])wi+1,j - f(:Uja ¢i+1?j i+1,j)wi+17]’ ~ Mit1,5

Hence:

2 o2 At
n+1 n+1 sn+l n+1 n+1 n+1 n+1
(5z+1 ]) 61-%-1 ]5’5] + Q(A:C)Qéi-i-l,j <6z+1 J+1 T 25@—1—1 J 5@—1—1 = 1)

At n -~ ~n+l ~ ~
+1 n+1 n+1 . n+1 n+1 n+1 ~n+1
501, ( (2 ¢z+1y¢z+1g)wz‘+1,j—f ()5 iy Vi 1)V | = 0,7, A

sl 1 sntl 2 o’ At gntl (gl 957t 4 gntl
:> i+l ) — 5 i+1,5 + Q(A )2 i+1,5 \Vi+1,54+1 i+1,j H—lj 1

At ~nt1 N . A 2 At 2
+1 1\l A +1 7+l +1 1
75?4_1 Ki f(zj, ¢i+1?ﬂ/’zn+1 ])WH bi — flzj, ¢i+1?j¢?+1,j)¢?+1 j Oi'1 j) t 5 77?—&-1,;‘
2
Now,
+1 +1 +1 Tt Tl \ Tndl
6?+1,j <f(xj’ ¢z+1 ]w?—&-l j)w?—i-l 7 f(fL'], ¢z+1 g 71 ])¢z+1,j)
_ +1 gt +1 +1 +1 +1
= ot (e BTN, — P S TN,
Tn+1 Tn+41 n+3 Tn+1 n+1 ”+ Tn+1 \ Tn+l
+ (wi,j _wi,j ) <f($j7¢i+l?j i+1,j) i+1,j [z, z+123 i+1,j)¢i+1,j
+1 Nty ntl +1 41\ Tntl
= 5?4-1] <f($j’¢i+1?j 27‘1-5-17])7*[}?-1-1] f( ¢z+13 z+1j)¢z+1 ])
< 5n+1 ’ wn—&—l ‘ (Z’”Jrz ¢n+1 QE”+2 wn—i—l
— i+1,5 i+1,5 i+1,7 7i+1,5 i+1,5 7i+1,5
+1 +1 ”+
< 5?+1,] ‘ ¢?+1,j ‘ ’L+1?j
2
K || ~pa1ll? il 2
+1 2 n+1
= S ’oo [<5i+1,j (62—1—1,])
i 2
n+tg n+1 2
< 5 I () + ()
Thus:

18



(ﬁﬁJ(F—N—J4WH)

n+1 g At n+1 n+1 n+1 n+1
(51'73‘ ) ( ) 5z+1g <5z+1 g+l 5z+1j 5z+1] 1>

IN

M- IM-

<
I
<)

Ax
- Skl <M> )

J
< () —&ff? Gl
o B e [ e g
J
< o)+ A v o e s e e

12
Let us introduce S(At) =1 — At — %K H¢H . By hypothesis, $ lies in (0, 1).
o0

This gives:

J J
50> (o) < 30 () + Au+ ) [ZK 1] [l + uﬁ"“rf]
= = o oo
By immediate induction we have:
J
7 n n 1 ~||2 n41 2 ~n 2
B(A) +1z(5;;]) ;(50;1) +Atz LT+ 1) [02K11¢\\m 5+ "“M
Hence:
J 9 I J
> () < (5 ) S (o0’
7=0 7=0
L ITJ o [ Lk la]” (et L ||
+aan) 70+ =K H
Now,
o1 = Mo(zg)  mo())
1 Y
é;’gjj_Q ¢0j7_2
Consequently:
1 1 ||m0||oo n—i—l
16551 < llmoll T T 2 %,
58;2 ¢O,-]i'_2 € J
We end up with:
- 1 ol
> () < <5(At)> < ezoo> (T + Do




5t

(i) 70+ 0 [ oo+ ]

=1 < () (=) 0+

(i) 700 [ L e+ ]

z 12
Now, as above, lima;_o (@) - exp ((1 + %K Hsz ) T> and hence there exists a con-
oo
stant Cy such that:

2
§ts

5t

&1 1P < a4 |+ ca

Eventually, C' = max(C1, C2) provides the bounds given in the theorem O
These bounds allow to prove, under regularity assumptions, that the scheme is convergent. Let
us start with the convergence of the schemes defining respectively ¢”+2 and w"

Theorem 3. Let us suppose, in addition to the hypotheses of Theorem 2 that ur, mg and f are so
that ¥n € N, ¢"Fz ¢ € C12([0,T] x [0,1)).

Then ¥Vn € N: . )
li nts _ ants|| —
a1 =@z =0
li Tn+l  Tn+tl -0
s, 0 =
Proof:

Let us fix n > 0. We have by immediate induction from Theorem 2 that, as soon as At is small
enough, that there exists a constant C' independent of At and Ax so that:

H&HQ ¢n+2”2 <202k+1”~n+§ B(12 4 02kF2|| k|2

and

n
H,(Zn-‘rl N Q,Z;n+1||2 < Zc2k+1”ﬁn+1—k‘|2 + C2k+2||ﬁn+%—k”2
k=0
Hence, because our assumptions imply that the consistency errors tend to 0 as At and Az tend
to 0, we have that:

li SMtr Gt =0
Al 19772 = 72

and

li on+l _ andly 0
a0 =0

For the global convergence of the numerical scheme we have the following theorem:

Theorem 4. Let us suppose, i addition to the hypotheses made in Theorem 2 that ur, mg and f
are so that Vn € N, <;5"+2 Y™ € CH2([0,T) x [0,1]) and ¢, € C2([0,T] x [0, 1])
Then:

lim limsup H(b”+2 —|=0

n=00 At, Az—0

lim hmsup [ — 4| =0
n—00 AtA
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Proof:

We have seen that (qb"*%)n converges monotonically towards ¢. Hence, we know from Dini’s
theorem that the convergence is in fact uniform. Consequently:

Ve > 0,3n0,¥n > no, VAL Az > 0,672 — ¢ < [[¢"17 — dlle <
Hence, Vn > ng, we know from the preceding result that:

limsup [|¢"*2 — §|| < limsup [|§"F2 — §F2 | + [|§"H2 — g < e
At,Ax—0 At,Ax—0

Thus, we get that:
lim limsup |]¢"+2 —¢|l=0
n—=00 At Az—0

The same proof holds regarding 1. O

We have proved that the scheme was convergent and we provided a bound on At that guarantees
stability of the scheme. Although this bound is certainly not the best one, a remark must be done
regarding how it depends on parameters and especially on o.

It’s indeed important to notice that the bound in Theorem 2 is

2 |lmol/? K ug (|2 2
G ) = 1 ma (|| | Imollk exp ( 55 (lurlloe + 1£110T)

o] €
and this bound tends very rapidly to +oo as o tends to 0. As a consequence, the numerical scheme
may not be useful for small values of o.

ur
e o?

e
1+—2max
o

We will empirically tackle the question of the influence of ¢ in the next section but before turning
to the numerical experiments, let’s highlight another important property of this numerical scheme.
In most cases in which a probability distribution function is involved, the numerical scheme is built
so that mass is preserved along the trajectory. Here, as we have seen above, since m is only recon-
structed at the end from ) and ¢, there is nothing like mass conservation. However, a difference
arises with Proposition 6 since there is theoretically no systematic loss of mass for a fixed n as t
goes from 0 to T'. The evolution of total mass is given by the following proposition:

Proposition 12. Let us introduce m™! = $”+%QZ”+1.
The difference in total mass between two successive times at step n+ 1 is:

J J
1 - 1 . An+ ~ 1 ~n+l ~ ~nt+l
+1 +1 _ +1 +1
T2 T T 2l = J 1 ZWH,J (f (Wu,j@ﬂ?j) -/ <¢3j¢i,j 2))
j=0 §=0
Then, under the hypotheses of Theorem 4, we have that:

1 .
VieZ, lim limsup —— "+1 / mo(x
n—00 At Az—0 J +

Proof:

1 < 1 <
~n+1 ~n+1
J+1 ’H‘Lj_ J+1me
Jj=0 3=0
1 J “~n-+ 1 J An—l-l
_ 41 2 T nt1 2
T J+1 Z¢Z+LJ¢¢+LJ J+1 Z b 7]
Jj=0 J=
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J=0 j=0
At o? ¢ ntl [ ontg QN”JF% onty 1 g T+l ’\n+2 /m+2
Tl | 202 Z% Vigrg | Piga = 205"+ 0 |+ 5 Zo i1, %0 F i Y
j= =
At o? ! An+% n+1 “n+1 n+1 “n+1 A'”Jrg A"H"z n+1
+ J+1 |2(Az)? qﬁ” (1/}““1 g+ 29y J +¥iiT J— 1) o2 Z Vi1, ¢ J ¢z‘+1,g¢z+1 j
7=0

_ At n+1 n+1 onty  ontg L . Sl Tty nt %’\n
o J+1 Al’ 2 ZO (wl'i‘l J+1 H‘l J) ¢i7j+1 Vi + ; Z /(/)Z"rl,jqb 5 f ¢ 1,5

At
_|_ —

J+1 22(

1 /‘n—i- Spa1 onti ~p anti
- S (s () s ()

Hence, if the assumptions are the same as in Theorem 4, we have that:

n+1
i+1,54+1

J J
1 ~n+1 1 ~n-+1
J+1 I T+ b
j=0 j=0
J
At 1 -~ -~ ~n+4 % ~, ~n+ti
+1 +3 T+l n
< EiafY | s 2 |t — ol
j=0
At 1 up Hm0||oo " gl gl L ~
+1 2 2 2| [+l _ On
< araiflerlL, ¢z+1,g‘ Piviy — Gig | F |00 7| Vi — Vi
J
At 1 up Hm0||OO ur ||m0||OO ’m—i— ~nti
= 52 ) 2 _ b, .2
= 02J+1K Tl e mAEL© Zo i+1,) — Pij
j:
Now,
1 J Aﬂ‘f‘l /\n+l
2 2
T 2 |9~ By
=0
1 &l nti ntl o ol ntl o gl
2 2 2 2 2 2
S G 2 il — G| (i — G 7|+ |90y T = By
=0
Tn4 T4+ 1 J ~“n+i ~n++
n—+z5 n—+s 2 2
< 2‘¢ 2-gne +mz Piriy — Pi
=0
and
J
“n+1 n
Z Vit — Vi
7=0
+1 +1 +1 7 i 7
= Hwn — 4" H+J+1Z O +H¢n_wn

22

J
+1 ~nt+i o ol 1 -~ ~nt1
szrl ]) <¢i,j+21 — P 2) + pzw i S ¢1+1]

n+1
i+l

— U5

+1
wzn—l—l J




As a consequence, Vi € T :

1 < 1 J
- ~n+1 - ~n+1
J+1 > Zmo,j
=0 =0
o D] Imoles o (o35, Ll
g [e'e]
1 1 1 Ay P +1
~1 1 ~ - - n . - -
> 9 ‘ ¢n+2 _ d)n—i-Q + Hwn-i-l - ¢n+1‘ nl 4 SUPZ ¢l+1j ¢l] ’wlnj-llj o wlr,l]
J+1 ez ’

Using Theorem 4, we obtain that

n+1

Mk

J
lim limsup —— Z "H
n=o0 A Az—0 J +1 4= =

But, J+1 Z] 0m A”H = %H Z}]:o mo(x;) and this expression tends to [, mo(2)dz when Ax
tends to 0 since my is continuous from the hypotheses of Theorem 4. O

5 Numerical examples

Let us consider, as an example, the following problem on © = (0,1). Agents want to live near
the center of the domain but prefer to live far from the others. This is modeled by the followingﬂ
function f:

f(z,6) = —16(z — 1/2)* — 0.1 max(0, min(5, £))
At the end of the period, when ¢t =T = 0.5, we suppose that agents do not have any incentive,
namely ur(z) = 0.
We suppose that volatility is o = 1.

We assume that the population is initially distributed as:

mo(z) = m where  pu(x) = 1+ 0.2 cos <7T <2x - ;’))2

In this case, we solved the numerical scheme with a Newton method for At = 0.01 and Az = 0.02
and we obtained the following results forﬂ (¢, 1, u,m, Vu). The iterations in n were stopped once

the difference ’ $"+%1Z"+1 — éﬁ\"_%LZ”H was below 107 (here 5 steps).
o @]

We see that quite rapidly the population as a whole gets close to what would be the stationary
equilibrium. Then, just before the time horizon, the agents have no more incentive to be around 0
and do not pay the cost associated to the stationary equilibrium. Hence the distribution spreads
just before the end.

2The bounds on ¢ guarantee that f is bounded. In practice, these bounds are not binding.
3a = Vu is the optimal control in this context.
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Figure 1: Solution for ¢
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Figure 2: Solution for v
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Figure 4: Solution for m
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Figure 5: Solution for a = Vu

Now, we can study, using the preceding choice of ur and f, the complexity of the scheme and
its convergence speed.

We first consider the time spent by the algorithm for H(Z"*%z;”“ — QAS”*%&;\”

for the same parameters as above except At and Ax that vary:

to be below 10~7

60
50 +

50 - * E
40 + B

40 + E

cputime 30 - . B cpu time
4

30 | B
20 |- + N +

20 | B
10 + B +

I I I I I I 10 I I I I
20 40 60 80 100 120 140 160 20 40 60 80 100 120 140 160 180

iimbhar af mainte in fima

Figure 6: Left: Computing time for At = 0.005 and different values of Ax. Right: Computing time for
Ax = 0.01 and different values of At.
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We see that the computing time is linear in the number of points in space if the number of
points in time is fixed and similarly that the computing time is linear in the number of points in
time if the number of points in space is fixed.

Now, if At and Ax are proportional, we obtain that the computing time is quadratic:

35| . R

log(cpu time) 2.5 B

15| 1

3 35 4 4.5 5 55

Ianfniimhar af nainte in enara)

Figure 7: Computing time for Az = 2At for different values of At.
Empirically, we therefore have that the computing time is of order O ((A:UAt)*l).

Then, we can also consider a reference solution calculated on a grid with 301 points in both space
and time and find the convergence speed with respect to this reference solution. We consider first

the computation of a solution — the algorithm being stopped as soon as “g/i)\”+%$”+1 — (Z"—%J"

o
is below 1077 — for Az = ﬁ and different values of At and calculate the error in discrete uniform
norm:

-4 2
-45 | -25
5+ e 3
log(Error)  -5.5 * B log(Error) -35 |
6 . g 4 '
6s5F * R 4s5f o+ !
7 . . L . 5 . . . .
5.5 5 4.5 4 -3.5 3 5.5 5 4.5 4 3.5 3
Figure 8: Error in discrete uniform norm for ¢ (left) and ¢ (right) with Az = ﬁ and different values
of At. The reference solution has been calculated with Az = 2At = =

300°

We consider then the computation of a solution for At = ﬁ and different values of Ax and
calculate the error in discrete uniform normf

4The fact that the convergence speeds up for small Az in the second set of graphs may be due to the fact that we did
not consider a closed-form reference solution but, rather, an approximation of the solution calculated on a grid.
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Figure 9: Error in discrete uniform norm for ¢ (left) and + (right) with At = - and different values of

300
Axz. The reference solution has been calculated with Az = 2At = ﬁ.

We see that the scheme seems to be of order 1 in both time and space.

Now, we can look at the evolution of the total mass of m"*!, as n grows. Because of Proposition
6 and Proposition 12 we overall expect to have a loss of mass as t grows, although this may not be
true when 1" and "' are really close, namely for large n. This is what we observe empirically:

1 T T T T 1 T T T T
0.99 - B 0.9995 B
0.98 - B 0.999 B
M M
0.97 - B 0.9985 - B
0.96 - B 0.998 B
0.95 L . L L 0.9975 L L . L
0 0.1 0.2 0.3 0.4 0.5 0 0.1 0.2 0.3 0.4 05
+
1 1
0.999999
0.99998 - B
0.999998
0.999997 |-
0.99996 B
0.999996
M 0.99994 B M 0.999995 |
0.999994 |-
0.99992 - B
0.999993 |-
0.999992 |-
0.9999 B
0.999991 |
0.99988 L L L L 0.99999
0 0.1 0.2 0.3 0.4 0.5 0

Figure 10: Evolution of the total mass of m™*!. Top left: n = 0, Top right; n = 1, Bottom left: n = 2,
Bottom right: n = 3.
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Finally, to come back to the question raised about o, we show the computing time of the scheme
for different values of o:

100 T

90 B

80 B

70 B

60 ]

cputime 50 4
+
40 E
+
30 B
¥
+
20 | + . i
+ o+ oy
10+ *++++++++ i
+

Il Il Il Il Il T+++

0.4 0.6 0.8 1 1.2 1.4 1.6

Figure 11: Computing time for Az = 0.02 and At = 0.005 for different values of o.

We see that the smaller the o, the slower the algorithm. This is due to the increasing number
AnJr% Tn+l Anf% n
| rEyT ot BT <107 0 due & )
of steps in the Newton scheme inside each step. The rationale behind t}ys is that a small change in

o does not change u nor m by a lot. However, ¢ = es? and 1 = me o2 are largely influenced by
o: decreasing o increases ¢ and decreases i by a lot.

< 1077 and is also due to the increasing number

of steps in n to obtain )
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