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An existence result for multidimensional immiscible two-phase
flows with discontinuous capillary pressure field*

Clément Cances! Michel Pierret

November 24, 2011

Abstract

We consider the system of equations governing an incompressible immiscible two-phase flow
within an heterogeneous porous medium made of two different rock types. Since the capillary
pressure function depends on the rock type, the capillary pressure field might be discontinuous
at the interface between the rocks. We introduce multivalued phase pressures to give a sense
to the transmission conditions at the interface. We prove the existence of a solution for such a
flow by passing to the limit in regularizations of the problem.

keywords: two-phase flows, porous media, discontinuous capillarity, multivalued pressures

AMS subject classification: 35M33, 35Q86, 35K65, 76505, 76T99

1 Introduction

The models of immiscible two-phase flows in porous media are often used to give a prediction of
the motions of complex flows in subsoil, particularly in the frame of oil-engineering. So they have
been widely studied, both from theoretical and numerical points of view. One of the main difficulty
appearing in their study is linked to the degeneracy of the problem where one of the two phases
vanishes.

Because of variations of the rock type, one has to take into account strong heterogeneities of the
subsoil with respect to space in the model and to assume that the physical properties of the porous
medium are even discontinuous in the case of severe variations of the rock type. It is well known
that such discontinuities of the medium induce discontinuities of the fluid composition, but also
discontinuous pressure fields (see [vDMdAN95], [EEN98], [BDPvD03], [EEMO06], [CGP09], [BLS09],
[Can09]). While some mathematical analysis in the one-dimensional case has been carried out
in [BDPvDO03], [BLS09], [CGP09] and [Can09], ensuring the well-posedness of the problem, there
is no existence result available for the solution of immiscible two-phase flows with discontinuous
pressure fields in several dimensions, unless some strong assumptions are made in order to reduce
the problem (see [CGP09], [EEMO6]). In this paper, we propose to establish an existence result for
the solution of the system of equations governing such a flow.

*Part of this work was supported by GNR MoMaS
TUPMC Univ Paris 06, UMR 7598, Laboratoire Jacques-Louis Lions, F-75005, Paris (cances@ann. jussieu.fr)
YENS Cachan Bretagne, UEB, IRMAR, (michel.pierre@bretagne.ens-cachan.fr)



1.1 Presentation of the problem

For the sake of simplicity, we suppose that the porous medium, represented by a bounded open
subset 0 with Lipschitz continuous boundary of R? (d = 2 or 3), is built of two homogeneous
subdomains, represented by bounded open subsets (£2;),;. (1.2} with Lipschitz continuous boundaries

such that €4 n QQ_: (Z),_and Q1 UQy = Q. We denote by I' € € the interface between the two
subdomains : I' = 21 N,. The extension of our paper to the case of a finite number of homogeneous

Figure 1: A example of domain €2 made of subdomains ; and ) separated by the interface T'

subdomains €; is straightforward as soon as each 0€2; is Lipschitz continuous.

The porous medium (2 is supposed to be saturated by a moisture made of only two immiscible
phases, the oil phase (for which the subscript o stands) and the water phase (for which the subscript
w stands). One denotes by s the oil saturation, and (1 — s) is thus the water saturation.

The motion of each phase in ; is governed by the diphasic Darcy-Muskat laws (see e.g. [AS79)]):

¢;0rs — div (szoul—(s) (Vpo — pog)> =0, (1)
_¢iat3 —div (Kz kw’i(S) (va - ng)) =0, (2)

where ¢; € (0, 1) is the porosity of §2;, the symmetric definite positive matrix K; is the permeability
of the rock Q;, ko ; is the relative permeability of the phase o € {0, w} in Q;, pq > 0 is its viscosity,
Do its pressure, p, its density and g stands for the gravity. In order to simplify the problem, we
suppose that there are no irreducible saturations. More precisely, we do the following assumptions
on the functions &, ; :

Assumption 1 Fori € {1,2},
o ko; € Cl s (strictly) increasing on [0, 1] with k,;(0) =0 and k,;(1) = 1;
o ky,; €Clis (strictly) decreasing on [0,1] with ky:(0) =1 and k(1) = 0.

The difference between the phase pressures, so called capillary pressure, is given by the following
simplified law

Po — Pw = i(8). (3)
We do the following reasonable assumption on the capillary pressure functions.

Assumption 2 For i € {1,2}, the function m; belongs to C*((0,1);R) N L*((0,1);R), and are
(strictly) increasing.



Note that the functions 7; are not supposed to be bounded near 0 and 1, but, thanks to the
monotonicity of 7;, we can define
Raﬂi(()): lim wi(s), Ram(l): lim 7Ti(8).
s—0t s—1—

It has been stressed in [ALV84] (and will be detailed later) that the natural topology for the
phase pressures p,, p,y in €; is (formally) governed by the estimate

Uﬁ(ﬁﬁﬂw%y+@ﬂﬂamﬁ)Mﬁgc 1+ > millpon | <400 (@)

w ie{1,2}

In particular, assume that s(z,t) = 0 for some € Q;, then it follows from Assumption 1 that
koi(s(z,t)) = 0. As a consequence, the control of the left-hand side in (4) provides no information
on p,(x,t). But because of the relation (3), then the oil-pressure p,(x,t) cannot exceed the threshold
value py,(x,t) + 7;(0), otherwise the oil-phase should be present. Hence, p,(z,t) should be defined
in a multivalued way, i.e.

s(x,t) =0 < po(a,t) = [—00, pu(a,t) + m;(0)]. (5)

Similarly, one has

s(x,t) =1 < py(z,t) =[—00, po(x,t) — mi(1)]. (6)
We deduce from (5) and (6) that the capillary pressure function m; has to be extended into a
monotone graph 7;, defined by

mi(s) if s €(0,1)
mi(s) =< [—o0,m(0)] ifs=0
[mi(1), +00]  ifs=1.

The capillary pressure graph 7; admits a continuous inverse, denoted by 7, L mapping R to [0, 1],
that, thanks to Assumption 2, satisfies

s ey + 7 = Ul g,y = Imlleio) < oo (7)

Remark 1. The most classical choices for the capillary pressure functions are the so-called Van
Genuchten and Brooks-Corey capillary pressure functions, respectively defined by (we suppose here
that the water phase is the wetting phase)
3 1
mva(s) =A((1—s) 71 —-1)", WBc(S)ZB—I—C(l—S)_%,

where A >0, B>0,C >0, v > 2, and A > 1 are parameters depending on the rock type. These
choices of capillary pressure functions satisfy Assumption 2, but are not bounded in the vicinity
of 1. Therefore, allowing unbounded capillary pressures is of great interest in the current study.
The boundedness of the energy (4) of the system only requires the capillary pressure functions to
belong to L1(0, 1), as prescribed by Assumption 2.

Let us now focus on the transmission conditions at the interface I'. On one hand, because of
mass balance of each phase, both phase fluxes have to be continuous, i.e. for o € {0, w}, one has

> (&= @) ) =0 o, 8

ie{1,2} «



where n; denotes the outward normal to 9€2;. On the other hand, following [EEMO06], we prescribe
the continuity of the pressure of the mobile phases :

ka1(51) (Pai — Pa2)” = ka2(s2) (Pag — Pai) T =0 onT, 9)

where s;, pa,; denote the traces on I' from §; of s,p, respectively. The relation (9) claims that
either the pressure of the phase « is continuous through the interface I', or the phase « is missing
at the side of the interface where its pressure is larger. Using the multivalued formalism introduced
in (5) and (6), the relation (9) is equivalent to

Pa,i NPa2#0 onT x(0,T). (10)

We make more comments on these conditions in Remark 3.
In order to close the system, we impose a no-flux boundary condition for each phase on 02

(528 95, ) -m =, (11)

where n denote the outward normal to 2, and an initial condition

It is worth noticing that due to the choice of the boundary condition (11), the pressures are only
determined up to an additive constant.

The purpose of this paper is to show that, after suitable reformulation, the problem (1)-
(3),(8),(10)—(12) admits a solution.

1.2 Reformulation of the problem

In order to avoid some of the difficulties linked to the degeneracies of the problem (1),(2), we follow
the classical idea of introducing the so-called global pressure P and Kirchhoff transform ¢;(s) (see
e.g. [CJ86], [AKM90], [Arb92]), and rewrite the equations (1)—(3) under the form

$:Ops — div(Ki (ku—(s) (VP — pog) + Vgoi(s)> ) =0, (13)
—div(Kz- (M;(s)VP — Ci(s)g)) —0, (14)
v bosls)  usls) C kyu(@hila)
0,i\S w,i(S ) _ 0,i\A)Kw i \Q 7T/» a)da
MZ(S) - Lo + Lo ) @Z(S) /0 ko,i (a)ﬂw 4 k’w,i (a)ﬂo z( )d )
Gi(s) = ko’i(S)Po + Fui(s) Puw
o Hw
and, for any 7 € 7;(s),
P = Pw + /\w,i(ﬂ—) = Do + )\o,i(ﬂ—)a (15)



where, for all 7 € R, we have set

(7 — " k07i(7T;1(a)) a

o) = | Rl (0) + kol @) .
a— ku.i(r ' (a)) .

Aolm) / By (@) + B (@) "

Ho

Firstly, P is always single-valued, and does not depend on the choice of 7 € 7;(s). Indeed, if
€ (0,1), both expressions of P are single-valued. If s = 0, then p,, is single-valued, and, for all

7w < m(0),
" bolr@)
/m(O) koi(m; (a)) 4+ L2 ky i (w7 (a)) .

Hw

ensuring that P = py, + Ay,i(7) is single-valued. In the case s = 1, one has to use the relation
P = p, + Xo,i(m). Notice that for all 7 € R, one has

Aw,i () = Xoi(m) = 7. (18)
Note also that & i
Ml(s)VP = L(S)VPO'F L(S)va- (19)
Mo o
The function ¢/ is given by
koyi(s)kwyi(s)

wi(s) = mi(s),

ko,i(s)ﬂw + kw,i(s)ﬂo

ko’i(s)kw,i(s)
. . . Eo,i(8)pw+kw,i(s) 1o
tends to 0. By the following assumption, we assume that the product remains bounded.

where 7} (s) can possibly tend to +00 as s tends to 0 or 1, but simultaneously, the ratio

Assumption 3 The functions ; are Lipschitz continuous on [0, 1].

Thanks to Assumption 1 and since 7; is supposed to be increasing, the functions ¢; defined
above are such that ¢; ' are continuous functions on [p;(0), p;(1)]. We define the quantity

ap = min <min Ml(s)> ;
i€{1,2} \s€[0,1]

it is then easy to check that aj; > 0.

We now focus on the transmission conditions. The conservation of the oil-phase at the interface
can be written

koi
Y K (ﬁ (VP = pog) + wi(s)) ‘m;=0 onT, (20)
ie{1,2} °

while the conservation of the total flux at the interface yields

3 (K (M;(s)VP — Ci(s)g)) ‘n;=0 onT. (21)
i€{1,2}



The relation (10) on the interface I" implies that
there exists m € m1(s1) N T2(S2) 8.t. P — A1 () = Po — Ay 2(70). (22)
Remark 2. In (22), requiring that Py — Ay 1(m) = P> — Ay2(m) corresponds to imposing the
continuity (in the multivalued sense (10)) of the water pressure. By adding 7 to this relation, we
obtain, thanks to (18), that
P1 — )\w,l(ﬂ') + 7T = P1 — )\011(7'() = PQ — )\w72(ﬂ') + 7T = PQ — )\012(7'().

Then we also recover the continuity of the oil-pressure (in the same weak sense (10)), so that the
relation (22) contains the continuity of both pressures.

Concerning the boundary conditions, the no-flux boundary condition for each phase is replaced
by

koi
K, (ﬁ (VP = pog) + chi(S)) 'n=0 ond2Now, (23)
Ho

(KZ- (M;(s)VP — Q(s)g)) ‘n=0 ondQnaw,. (24)
For the sake of simplicity, we choose to consider a finite time horizon T" > 0, then we denote

by Qr (resp. Qi r) the cylinder  x (0,7) (resp.©; x (0,7)). All along the paper, for any f €
{6,K, ...}, we denote by = — f(s,z) the piecewise constant function equal to f;(s) if x € ;.

Definition 1.1 (weak solution) A couple (s, P) is said to be a weak solution to the problem (12)-
(14), (20)-(24) in the cylinder Qr if it fulfills the following points:

1. 5 € L¥(Qr, [0,1]), ¢0hs € L* ((0.7); (%)) and i(s) € L2((0,T); H' ()
2. Pe L*((0,T); H'(Q)) for i€ {1,2} and [, P(x,t)dz =0 for a.e. t € (0,T);
3. there exists a measurable function © mapping T x (0,T) to R such that, for almost all (x,t) €
I'x (0,7),
T E 7~T1(81) n 7~T2(Sg) and P, — )\w71(ﬂ') =P — )\w72(ﬂ');

4. for allp € L*((0,T); HY(2)), one has
/ ¢53t1/1dxdt+/ dso(-,
e 3 f[x (R (0p g+ Vo)) daat o 25)

ie€{1,2}

5. for all € L?((0,T); H(Q)), one has

> // $)VP = Gi(s)g) ) - Videdt = 0. (26)

ie{1,2}



Remark 3. In the one-dimensional case, the problem reduces to a single degenerate parabolic
equation in each subdomain ;. Formally, this equation can be written with the extended capillary
pressure 7 : {); — R as main unknown, i.e.

GiOm; (1) 4+ Oy (qfi(7) + 7i(m)g — Ni(m) ) =0 in Qi

for some functions f;, 7; and \;. Prescribing the continuity of 7 at the interface turns out to be
sufficient to obtain an existence/uniqueness result on the saturation s := m; ' (r), thanks to a L'-
contraction principle established in [Can09] (see also [CGP09]). The traces s; of s then naturally
satisfy

WEﬁl(Sl)ﬂﬁQ(Sg)#@ ODFX(O,T). (27)

In the multidimensional case, the problem in each 2; really consists in two equations (1),(2) on
Dos Pw- Therefore, prescribing the single relation (27) is clearly not sufficient for obtaining a unique-
ness frame for (s, P). Indeed, if (s, P) is a weak solution of the problem with the single continuity
condition (27) instead of (22), i.e. if it satisfies the points 1,2,4 and 5 of Definition 1.1 and the
continuity of the capillary pressure (27), then, for any function x € L?(0,T), defining

Pu(x,t) = P(z,t) + 5(1) (192/10, () — |10, (2)),

the couple (s, PN) also satisfies the points 1,2,4 and 5 of Definition 1.1 and the continuity of the
capillary pressure (27). In order to eliminate this spurious degree of freedom, one has to fix the
jump of the global pressure. The convenient way to do it consists in prescribing (in the graph sense
prescribed in the paper) the continuity of the phase pressure p,,, i.e.

Py — Ay 1(m) = Py — Ay 2(m).
Since the capillary pressure pressure 7 is itself continuous, so does p, thanks to Remark 2.

The paper is devoted to the proof of the following theorem.

Theorem 1 (main result) Under Assumptions 1,2 and 3, there exists a weak solution to the
problem (12)-(14), (20)-(24) in the sense of Definition 1.1.

It is well known that for suitable initial and boundary conditions, the flow governed by the
equations (13)—(14) admits a solution (see e.g. [ALV84], [ADS85], [CJ86], [AKM90], [Arb92] or
[Che01]) in the case where the physical characteristics of the domain do not depend on space, or
at least sufficiently smoothly. In the case considered here, the difficulty will come from the fact
that the physical properties of the medium ) —particularly the capillary pressure curve— are
discontinuous with respect to space at the interface I'. The effects of space depending capillarities
have been widely studied during the last years. Analytical results have been provided by [ABE96],
[vDMdNO95], [BDPvDO03], [Can08], [CGP09]. Effective models have been provided in [BH95a/,
[vDMPO02], [vDEHPO07] and [Sch08] using homogenization techniques. Some numerical schemes have
been introduced [EEN98], [EMS09] and studied [EEMO06], [Can09], [BCH]. It has been pointed out
in [Canl0a], [Canl0b] and [Canl0c] (see also [AC11]) that the orientation of the capillary forces at
the interface has a strong influence on the qualitative behavior of the saturation profile.



1.3 Organization of the paper

In § 2, we introduce a simplified problem, where the pressure of both phases is (strongly) continuous
at the interface. This can be done under a compatibility condition of the capillary forces, that is

7T1(0):7T2(0) ER, 7T1(1):7T2(1) e R. (28)

If the functions 7; satisfy the above condition, the capillarity curves are said to be matching. In
that case, the existence of a weak solution is proven using a spatial regularization of the function
x +— 7(-,x), i.e. by introducing a thin transition layer between the two rocks.

Section 3 is devoted to the end of the proof of Theorem 1. We will show that the problem with
non-matching capillarity curves, i.e. when the condition (28) is not satisfied, can be approximated
by problems with matching capillarity curves studied in § 2. Compactness properties on the family
of approximate solutions will allow us to exhibit a weak solution in the sense of Definition 1.1 as a
limit value.

2 The problem with matching capillary pressure curves

In this section, we assume that the capillary pressure functions m; belong to C1([0, 1]; R), and fulfill
the relation (28), so that the relation (22) turns to

1 (81) = 7T2(82) and P1 — /\w)1(7T1 (81)) = P2 — /\w)g(ﬂg(SQ)). (29)

So the pressure of each phase is continuous at the interface T, i.e.

Po,1 = Po,2, Pw,1 = Pw,2- (30)

Theorem 2 Under assumption (28), there exists a weak solution (s, P) to the problem (12)-(14),
(20), (21), (23), (24), (29) in the sense of Definition 1.1.

Remark 4. The result stated in Theorem 2 is very close to the main result of the paper [BH95b].
However, it seems that there is a technical gap in the proof suggested in [BH95b] and detailed in
[Hid93]. For this reason, we choose to give another proof of this theorem. But we stress the fact
that the main result proposed in [BH95b] is true and that numerous ideas presented here have
already been proposed in [BH95b], [Hid93]. In particular, the homogeneization result published in
[BH95a] relies on correct preliminaries.

2.1 The regularized problems

Let € > 0. In order to obtain regular phase pressures, the problem is regularized as follows: find
(s%,pS, p,) such that

¢;0ps® — div (KlL(S) (Vps — pog)> = eAm;(s%) in Qi1 (31a)

kw7i(86)

w

—¢;0¢8° — div (Kl (Vps, — pwg)) = —€eAm;(s°) in Qi (31b)

where p& — pS, = m;(s€). We require the continuity of the regularized pressures at the interface, i.e.

pé,l = pi,z, pqeu,l = pfu,2 on I' x (0,T), (31c)



as well as the volume balances

Z (sz“i(s) (Vs — pog) + EVTFZ'(Se)) ‘n;=0onT x (0,7), (31d)
ie{1,2} °
K i(sé) € €
> (K== (VDS — puwg) — eVmi(s) ) -ny =0on T x (0,7). (31e)
ie{1,2} w

No-flux boundary conditions are considered on 9€2 x (0, T'), and we keep the initial data s¢(-,0) = sg
in Q

In order to use an existing result (adaptation of Theorem 1 in [Arb92] or Theorem 2.1 in
[Che01]), we introduce a smooth regularization of €2, consisting in introducing a thin transition
layer to replace I'. Let § > 0, we define the Lipschitz continuous function H® on Q by

H(z) = % (1 — min (d(xsm) : 1) + min (d(x;592> , 1))

so that HO(x) = 1 if d(z,Q2) > § and H(x) = 0 if d(z,Q1) > §. Let f € {K, ¢,kq, 7} piecewise
constant on ) with respect to space, we define the function

Fou(s,m) = fu(s)H () + fa(s)(1 — H(2))

which has been built in order to be Lipschitz continuous with respect to the space variable x. For
g € {M,p,(, My}, we denote by ¢° the function obtained by using k%, 7° instead of k., in the
definition of g.

We define the fully regularized problem by: find (s, p$?, p$%) such that

¢6a < _ di Kékg(sé’é) vped _ — eATS(59)

LS iv A ( s pog) = eA7n°(s*°) in Qr, (32a)
50 60 : 5kfu(5€’5) €,8 5760

—¢°0;s9° —div [ K o (qu} — ng) = —eAn°(s°) in Qr, (32b)

where p5° — pS% = 7°(s%) in Q7. Once again, we consider no-flux boundary conditions on 9§ x
(0, 7).

In the sequel, we denote by mxk, (resp. Mg,) the smallest (resp. largest) eigenvalue of the
symmetric definite positive matrix K;, and by mk := min; mk, and Mk := max; Mxk,.

Proposition 2.1 Under Assumption (28), there exist s¢° € L*°(Qr, [0,1]) N C([0, T]; L*(2)) with
9570 € LA((0,T; H-1(Q), and p,piy° € LA((0,T): HY(®) (hence w*(s°%) € L*((0.T); H'(2)))
solution to the system (32). Moreover, the following energy estimate holds: there exists C' depending
only on ¢, K, pa, pia, Q, T, g (but neither on € nor on §) such that

[ o€,0
L // FailS™) (et duat
2 + Mo

ac{o,w}

2
Vr(s?)) dadt < C (1 i : 33
ve [ (9t e < € (14 mas il )



Denoting by

POS = i 4 X (0 (5°9)), (34)

one can furthermore require that
/ Pz, tYdr =0  for a.e. t €[0,T]. (35)

Q

Proof. The existence proofs carried out in [Arb92] and [Che01], dealing with the case ¢ = 0, can
be mimicked for € > 0. This particularly yields the existence of a function 7<° € L2((0,7); H'(Q))
and pS°, ps° € L2((0,7); H'()) such that

()7 o)

Mo

kfu ((ﬂ";)il (71'6’6))

o

#°0, (wé)_l (79%) — div | K° (fo;‘s —po8) | = eAT?

—¢°0, (wé)_l (7TE’6) —div | K? (fof — pwg) = —eAn?,

where p$° — p% = 199 and 7°(-,0) = (wa)fl (so). Note that, thanks to classical arguments, the
solution to the above system satisfies

70 (x,t) € Iy = {Injin(ﬂj(())),mjax(wj(l))] = [wé(O,x),w‘s(l,x)} , a.e. in Qp.

It is important to remark that, thanks to Assumption (28), the interval Z, does not depend on
x. Since the function 7°(-,2) is a homeomorphism from [0, 1] to Z., for a.e. (x,t) € Q, there
exists s°(z,t) such that 7 5(90 t) = w0 (s%%(x,t)). Thus we obtain the existence of a function
590 € L>®(Qr,[0,1]) and p5°,p5° € L2((0,T); H'(R)) satisfying the system (32). The fact that
5% belongs to C([0,T]; L*(2)) can be deduced for example from the result of [CG11] applied on
the first equation of (32).

Choosing p5° as test function in the first equation, p$? in the second one and summing yields:

6
<¢68t55’5,7r 6 Z // (k K‘;Vp‘s€ Vp5 E) dxdt

acf{ow}

5 66
+e//| () dadt — Y // Rals) oyt pogdudt 0. (30)
Qr

acf{ow}

Denoting by II°(s, z) = / 7°(a, x)da, it is classical (see e.g. Lemma 4 in [Car99]) that
0

55, 60 20(g0e)) — 8 (VIO (%) (2 v 8 (VIO (s0) () dax
(00,7, 7 (55°)) /Qw)n( (o, T)d /Q¢()H(o)()d

> _2/9(;55(35)/01 |7 (a,7)| dada: > —2|0)] (mlaxgbi) (m?meHLl(O,l)). (37)

10



Since each K; is a symmetric positive definite matrix, K°(z) also for all z € . We denote by
mys(x) (resp. Mys(x)) its smaller (resp. larger) eigenvalue. Then it is easy to check that for all
x € (), one has

= < Mg = My, > M,
mK = Zen?%r;}mK mys (), K ér{l?)é} K; ks (7).

This provides that for a € {o,w}, one has

K (s K (s 2
// ( K5v56 Vp6€> drdt > mxg // 7|Vp;’5‘ dxdt. (38)
Qr Ha

From Cauchy-Schwarz inequality, one has

k6 J,€
// MK‘SVpi’6 - pagdrdt
Qr

Ha

6 1
< ML pelor |(// Fals™) e ? d:vdt)

Using that for a,b € R, one has ab < mk % ° 4
on K, pa, o, 2, T, g such that

k6 J,€e ké
/ / MK5Vp6 - pagdrdt < X / / \vp;ﬂ dzdt + C. (39)
Qr QT Ha

Ha

W? we obtain the existence of C' depending only

The inequality (33) is a consequence of (36)—(39). Since the function p¢, (and thus p) is defined
up to a function depending on time, one can choose this function so that (35) holds. 0

Lemma 2.2 There exists C¢ depending only on 7, ¢, K, pa, tta, Q, T, g, an and € (but not on
0) such that

/ Vp,@ d:z:dt < Cf, for B € {o,w}.

Proof. We will prove this estimate only for the oil pressure, since obtaining it for the water pressure
is similar.

5( 5 (ed
/ (Vp5?)" dedt < — / / (k k“ff )> (Vp5?)® dudt
Qr Qr Ho w
i// {L (V) 1 Ful) (et | (s ))2} dwdt
M T Ho Po H P .

w

Since (a + b)? < 2(a? + b?), and since 0 < k2 (s) < 1, one obtains

/ / ) (Vp5?)* dadt

L M €0 kW(SE 5) €,6\2 i 7'(5 56,5 2 X
SaM//{ ™ (Vp0)+2 (Vpy')™ + (vl ( ))}ddt.

w Hw
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We conclude by using the energy estimate (33). 0

Let h > 0, then we define Qf = {z € ; s.t. dist(x,€;) > h for j # i} and Q' = QF x (0, 7).
On the set 2, the functions f? is equal to f for all f € {ka,,...}. This particularly yields that
in Qf_’T, the two first equations of the system (32) can be rewritten under the form

) €0 13 . ko;i(SE)é) €,0 _ [ €0 _ (€0
¢iOrs div { K; o (VP Po8) + Vipi(s7) | | = eAm;(s%), (40)
—div(Ki (M;(s0)V P — g(sfﬁ)g)) = 0. (41)

Lemma 2.3 There exists C depending only on ¢, K, pa, pa, Q, T, g, an (but neither on € nor
on §) such that for all €,§ >0,

// PE(s dxdt < C (1 + max ||7Ti||L1(0,1)) .
@, ic{1,2}

Proof. One has, thanks to the relation (19),

// (VP dadt < —// sV P%)? dadt
Qr Q.

2

k .

< // ( )v” Foi(5°) )fof) dzdt
Pow

koi &9 k’wi €9

C B (e g ) )
min(fo, pw )3, Q.o Ho Hw
We conclude by using Proposition 2.1. O

Lemma 2.4 There exists C depending only on ¢, K, pa, pa, Q, T, g, ar (but neither on € nor
on &) such that for all €,6 > 0, one has:

// (Vei(s?)) dxdt<C<1+ max ||7T1|L101))
Q €{1,2

Proof. This estimate is only a consequence of the fact that in QfﬁT,

koi &d
Vepi(s90) = =2—— L(LS ) (Vpg® = VP).

We conclude by using Proposition 2.1 and Lemma 2.3. 0

Lemma 2.5 Let 7 € (0,T) and let h > 0, then there exists C" depending on ¢, K, pa, pa, Q, T,
g, Ly,, anr and h such that for all € > 0 and for all § € (0,h),

// (Spi(séﬁ)('? . —i—T) _ @i(SE,J))Q dxdt < ol (1 + max |7Ti|L1(0,1)> . (42)
2h i€{1,2}

iT—7
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Proof. Let " be a nonnegative smooth function equal to 1 in Q2" and equal to 0 in (Qf)c Since
@; is Lipschitz continuous, one has

//Q (@, t+7) — @i (3676)($,t))2d$dt

zTT

= //h Qi(s) (@, t+7) — 901‘(85’6)(96,15))2 dxdt
)t 7) — i) (1)) (57, £+ 7) — 50y )

V (€"(@) (@i(s™) (@, t 4+ 7) = i(s7°)(x, 1))

L. T €50
el (B ) )| e
i h 0 o
+eVmi(s0) (w, t + 9))d6‘

IA
:S
Q

IN

Ly, . T|])z
2 EENT (s Loty * | i plKi] +

o

(// (( n Foi(57) G e )2+e(vm(sfﬁ))2> dxdt)

Moreover, since |¢illoc < Ly,, there exists C" depending only on Q and h such that

1
2

v (§h¢i(36’6)) HL?(QQT) <C"Ly, + \/§||V<Pi(5€’5)||L2(Q;ﬁT)-
One concludes by using Proposition 2.1 and Lemma 2.4. 0

We have now all the necessary estimates to consider the limit § — 0 of our problem.

Proposition 2.6 There exists s¢ € L>(Qr;[0,1]), pS,pS, € L2((0,T); HY()) solution to the sys-
tem (31). Moreover, there exists C' depending only on ¢, K, pa, pta; Q, T, g, ans such that

mK 3 / / ) (Vo )? dudt

acf{ow} fa

ey 2
+e //T (Vr(s9)) dadt < C (1 +ig{1%>2<} |7TZ-||L1(0)1)> . (43)

Furthermore, for i € {1,2}, one has P, ¢;(s) € L?((0,T); H*()) with
Pf = Ap1(mi(s))) = Py — Aw2(ma(ss)), ae. onI x(0,T), (44)

where s§ denotes the trace on I' x (0,T) from Q; 1 of s¢. Moreover
K2 3 ) 2’

/ Pe(z,t)dx =0 for a.e. t €10,T], (45)
Q
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and (s¢, P¢) that satisfies the following system: Y1 € D(Q; x [0,T)),
/ ¢s€8t1/)dxdt+/ pso (-, 0)dx

- Z // ( (VP€ — po8) + Vi(s) + eVm(SE)> -V dxdt = 0; (46)

ie€{1,2}

/ K (Mi(s)V P — C;(s5)g) - Vb dadt = 0. (47)
Qi1

ie{1,2}

The following energy estimate holds:

// (VPE)dedt—i—// (Vgoi(sf))Qd:cdthO—i— max ||7TZ|L101)). (48)
Qi1 Qi1 ic{1,2

Let h >0 and 7 € (0,T), then there exists C" depending only on ¢, K, pa, ta, Q, T, &, Ly, an
and h such that

//h (@i () (-, - +7) — @i(s))? dadt < 7C" (l—l— g{lax 7l Lo, 1)> (49)

iT—7

Proof. Let € be a fixed strictly positive parameter. First of all, since for all § > 0, 0 < 599 <1 a.e.
in Qr, there exists s¢ € L>(Qr; [0, 1]) such that, up to a subsequence,

5% 5 s¢  in the L®°(Qr) weak-+ sense, and 0 < 5 < 1 a.e. in Qr. (50)

Let h > 0. It follows from Lemma 2.4 that for all 6 € (0, k),

// (Vgoi(se"s))Q dxdt < C.
Q' r

Then in particular, for all £ > 0, one has the following estimate on the space-translates of o;(s%9):
6,612 2
) <
// - (- +&) — i(s9) dadt < CE (51)

where C' does not depend on €, 9, (see e.g. [Bré83]). Using moreover Lemma 2.5 allows to use the

Kolmogorov compactness criterion (see e.g. [Bré83]) that provides that (p;(s?)) 5€(0, h) is relatively
compact in L?(Q";). Hence, up to a subsequence, there exists a functlon feL*Qh '7) such that
©i(5%) converges almost everywhere in QZT towards f. Since ¢; ! is continuous, one obtams that
549 converges almost everywhere in QZT towards ¢; 1( f) = s¢. Since this convergence results holds

for all h > 0, one obtains that, up to a subsequence,
s9° = 5¢  ae. in Qr. (52)

Because of the definition (34) of the global pressure P*? and thanks to (35), one has, for almost

every t € [0,T] that
/pi;‘;(x,t)d:r:—/ )\fv(ﬁ‘;(se";))dx.
Q Q
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Hence, since we have supposed in this section that m; € C1([0,1];R) and since 0 < (Ai)/ <1, we

obtain that
} [ s
Q

Similarly, using the fact that P° = pS% + X (7 (s%?)) provides that for almost every ¢ € [0,T],

one has
[ 5t
Q

Thanks to Lemma 2.2 and Poincaré-Wirtinger inequality, one can claim the existence of C which
is not depending on § such that

< [l floo|€2]- (53)

< I oo| €2 (54)

<C¢ for B € {o,w}.
L2((0,T); H' ()

This yields, using (53)-(54), that (p;(;)é is uniformly bounded in L?((0,7); H*(£2)). Thus there
2

exits pj belonging to L ((0,7); HY(Q)) such that, up to a subsequence,

peﬁ’é — pj  weakly in L*((0,T); H'(12)). (55)

In particular, 70(s9%) = pS?—pS% also converges weakly in L2((0, T'); H'(2)) and strongly in L?(Qr)
towards 7(s¢) thanks to (52). In order to check that P€¢ satisfies the equation (45), it suffices to
verify that P9 tends weakly to P¢ in L?(Q7). This convergence can be directly established using
the definition (34) and (52)—(55).

Writing (32a) under a weak form and taking the no-flux boundary condition into account yield:
Vi € D(Q x [0,T)),

/ /Q ) #° 00 pdadt + /Q #° 500 (-, 0)dx

O ( €0
— / /Q Ko Fe (3™ (VpS? — pog) Vipdadt = e / /Q vl (590 Vipdadt (56)
T T

o

while the weak formulation corresponding to (32b) is: Vi € D(Q x [0, 7)),
/ / #° 590 0ypdadt + / #°sotp(-,0)dx
Qr Q
sk (570 ) (o0
+ K o (V5 — puwg) Vipdadt =€ V7 (s9°)Vipdxdt. (57)
T w Qr

Since ¢° and K? converge almost everywhere respectively towards ¢ and K, and since, thanks
to (52), kg(sé"s) tends almost everywhere —thus strongly in LP(Qr) for all p € [1, 00)— towards
kg(s¢), one can pass to the limit in (56)—(57) using (52) and (55), obtaining

/ ¢558t1/)dxdt+/ dso (-,

// o Po — pog) Vipdudt :E/Q Vr(s€)Vepdrdt (58)
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and

/ (bsé(?ﬂ/Jd:z:dt—i-/ dso(+, 0)dx
Qr Q

+//T K% (VDS — pug) Vibdadt = e//T V() Vipdzdt. (59)

Thanks to (52) and (55), one can also pass in the limit in the relation p&° — p&;° = 79 (5%9), leading
to
P, = Py = 7(5°);
then s¢, pS and pS, are solutions to (31).
Since in @; 7, the function P¢ has been built so that

ko.i K i (s
My(s)vpe = Foil g u( )5,
classical calculations (see e.g. [AKMO90], [CJ86]) yield that the weak formulation (58)—(59) is
equivalent to (46)—(47).
Let h > 0, then for all § € (0, k), one has

ko,i (85,5)
koyi(sé’é) + &kw_’i(se’é)

VP = Vps° Vri(s%°)  a.e. in Qh.

Thus it follows from (52)—(55) that VP9 converges towards VP¢ weakly in L?(Q%) as ¢ tends to

0. This ensures that
// VP6 dr < hm mf // VP¢ 5
Qh Qh

Thanks to Lemma 2.3, one obtains that for all h > 0,

e\ 2
< i .
J[, (i ma ndon)

Letting now h tend to 0 provides the estimate (48). The estimates (43) and (49) are directly
provided by letting ¢ tend to 0 in the estimates (33) and (42).

Since p¢, € L?((0,T); H'(£2)), then it is continuous on I' x (0, T) in the sense that its traces from
Q1,7 and Q2,1 coincide. Using the definition (15) of the global pressure provides (44). O

2.2 Proof of Theorem 2

The goal of this section is to let tend € to 0 in the system (31). We first give the following technical
lemma, that ensures that the global pressure jump at the interface remains uniformly bounded, and
that remains valid for non-matching capillary pressure functions.

Lemma 2.7 Let m, T2 be increasing functions belonging to C*((0,1); R)NL((0,1)), then the func-
tions \y,i, defined by (16), are non-decreasing and bounded on R_ while the functions X\, ,;, defined
by (17), are non-increasing and bounded on Ry.. As a consequence, the function

p Z(p) = )‘w,l(p) - )‘w,2(p) = )‘o,l(p) - )\072(]7)

is bounded on R by a quantity depending only on ki, pta and ||7i| 10,1y (i € {1,2}, a € {o,w}),
and admits finite limits as p — £o0.
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Proof. Denote by L; the Lipschitz constant of s — WM, then, for all p <0,

- [ o) ) I
i) = [ e BTy 6 [ e

Then it follows from (7) that

0 > Aw7i( ) > ‘C ||7T 1||L1(]R ) = ‘C ||7T1||L1 0,1)» Vp < 07

and thus that, for all p <0, |Z(p)| < L; ||7il[11( 1) - In order to deal with the case p > 0, we remark
that, thanks to (18), Z(p) is also equal to Ay 1(p) — Ao 2(p), where

P ), ) 1l
hosl) = [ (ko,i(wﬁ(a)wﬁkm(wl( - 1>d > ,c/| (a) — 1/d

m

Hence, for all p > 0,
0> )\o,i(p) > _ﬁi HT‘—i_l 1HL1(R+) E ||7Tz||L1 (0,1))-
This yields that for all p > 0, |Z(p)| < L; ||7ill 71 . The fact that Z(p) admits a finite limit as
L1((0,1))

p — —oo comes from the fact that so does A, ;(p), while A, ;(p) admits a finite limit as p — +o0,
ensuring that it is also the case for Z(p). O

Lemma 2.8 Denote by m;(P¢)(t) = Iéi‘ ‘[Qi Pe(x,t)dx, then there exists C depending only on kq,j,
||7Tj||L1((0,1)); ¢, K, Pas Mo 0T, g (.] € {172}) o€ {O,UJ}) such that

[[mi(P)| L2((0,1)) < C-
Proof. Tt follows from (45) that for almost all ¢ € (0,7'), one has
€21 |ma (P)(t) + |Q2|m2 (P)(t) = 0. (60)
Thanks to (44), the following relation holds almost everywhere on I" x (0,T):
mi(P9) —ma(P%) = (P — ma(P9)) — (Pf — m1(P9)) = Aw,a(ma(s3)) + Aw,1(m1(s1));
ensuring, thanks to (60), that

(ma(P9))* < C ((P5 = ma(P)) + (P = m1(P)? + uz(ma(55)) = Awa(m(59)))° ) -

Integrating this relation on I' x (0,7 provides
T
][ (P (0 e < 45 4 45 + B, (61)
0

where, using that 7 (s§) = m2(s5), we have set

T
AS C / / (Pf —m;(P°))? ddt
B¢ = / / (mi(s dxdt
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where the function Z was introduced in Lemma 2.7. Thanks to Lemma 2.7, there exists C' depending
only on the prescribed data such that
B <C. (62)

Thanks to the continuity of the trace operator mapping H'(€;) to L?(T'), there exists C' depending
only on €; such that

1P = mi(P)|| L2 (rx0,1)) < ClIPC = mi(P)|[ 20,181 (2))-
Now, from Poincaré-Wirtinger inequality and estimate (48), one has
1P = mi(P) || L2 (0,117 () < ClIVPL2(Qi0) < C,

where C' only depends on the prescribed data. As a consequence, there exists C' depending only on
the prescribed data such that
Af < C. (63)

It follows then from (61)—(63) that fOT (m1(P€)(t))? dt < C. The derivation of an L2((0, T)))-estimate
on mg(P¢) may then be deduced from (60). O

We now give the following lemma, which is a straightforward consequence of (48), Lemma 2.8
and the Poincaré-Wirtinger inequality.

Lemma 2.9 There exists P € L*((0,T); H'(;)) such that, up to a subsequence, P¢ converges
towards P weakly in L*((0,T); H*(Q)) as € tends to 0. Moreover,

121 20, mys 00y < €
where C only depends on kaj, ||7illL1(0,1)), ¢ K, pas ta, 0, T, g (5 € {1,2}, a € {o,w}).
Lemma 2.10 There exists s € L>=°(Qr; [0, 1]) such that, up to a subsequence,

s¢— s a.e inQr ase— 0,
i(s) = pi(s) weakly in L*((0,T); H'(%:)).

Moreover, there exists C depending only on ko j, ||7;llz1(0,1)), ¢ K, pas ta, , T, g (5 € {1,2},
a € {0,’11)}) and Ch dependmg O’ﬂly on ka7j7 ||7Tj||L1((0,1))7 ¢7 K7 Pa; Pas Q: T} g (j € {172}7
a € {o,w}), Ly, and h such that

llpi(s ||L2((o () < O, (64)
/ / 1) — pi(s))? dadt < TC™, (65)

ZTT

Proof. 1t follows from (48) and (49) that the family (¢;(s€)), is sequentially relatively compact
in L?(Q!) for all h > 0. Then there exists f; € L*(Q};) such that, up to a subsequence,

vi(s®) = fi a.e. in QZT as e — 0.
Since this relation stands for all A > 0, one can claim that

©i(s¢) = fi a.e. in Q; 1 as € — 0.
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Using the fact that 30;1 is continuous, then, by setting s = cp[l(fi) in Q; 7, we obtain that
s¢ = sa.e. in Qr as e — 0.

Since 0 < s¢ < 1 almost everywhere in Qr, we obtain that s € L>®(Qr;[0,1]). It follows from (48)
that ¢;(s¢) converges, up to a subsequence, towards ¢;(s) weakly in L?((0,7); H*(£;)), and that
the estimate (64) holds for the limit, while the estimate (65) is obtained by passing to the limit
in (49). O

Lemma 2.11 The function (z,t) — en(s¢(z,t),2) tends to 0 in L*((0,T); H'(2)) as € tends to 0.
Proof. We deduce from the estimate (43) that

lem (s, )l p2o,rym1 ) < Ce'/?,

ensuring the expected convergence. 0
We now state a proposition that ends the proof of Theorem 2.

Proposition 2.12 Let s, P be the functions built in Lemmas 2.9 and 2.10. Then (s, P) is a solution
to the problem (12)-(14), (20), (21), (23), (24), (29) in the sense of Definition 1.1.

Proof. The convergence properties stated in Lemmas 2.9, 2.10 and 2.11 allow to pass to the limit
€ — 0 in the weak formulations (46) and (47). Since P¢ converges weakly in L?((0,7); H*($;)) for
i € {1,2}, it also converges weakly in L?(Qr). As a consequence, we deduce from (45) that for all

¥ € L*((0,7)),
0= /OT (/Q Pf(x,t)dx) (t)dt — OT (/Q P(a:,t)dx) B(t)dt,

ensuring that for almost all ¢ € (0,7), / P(z,t)dx = 0.
Q

Since ¢;(s¢) converges towards ¢;(s) weakly in L?((0,T); H'(£;)) and strongly in L*(Q:r),
then it also converges strongly in L?((0,7T); H*(£2;)) for s € (1/2,1). As a consequence, its trace on
T x (0,T) converges strongly in L?(T' x (0,7T)). The continuity of ¢; ' ensures the convergence of
the traces s towards s; almost everywhere on I' x (0,7) (up to a subsequence) and in L?(T" x (0,7"))
for all p € [1,00). Hence, we can pass to the limit in the relation

m1(s]) = ma(s5) a.e. on T' x (0,7),

that gives 71 (s1) = m2(s2) a.e. on I'x(0,T'). Since P¢ converges towards P weakly in L2((0,7T); H(£%;)),
then Pf converges towards P; weakly in L?(I" x (0,T)). We can pass to the limit in the relation

Pf — Ay a(mi(s1)) = P5 — Aw,a(m2(s5)),

that takes sense in L?(I" x (0,T)), and that provides (29). O
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3 Existence for non-matching capillary pressure curves

In this section, we aim to prove the existence of a weak solution in the case where the capillary
pressure curve do not satisfy the assumption (28). As it has been done in [BLS09, CGP09] in
the case where the elliptic equation on the pressure can be removed, as for example in the one-
dimensional case, the main idea consists in approximating the capillary pressure graphs m; by
regularized capillary pressure functions m; ,, satisfying the matching conditions (28).

Let (min),>,; C C*([0,1];R) be a sequence of approximate capillary pressures satisfying the
matching condition (28), i.e. m1,,(0) = m2,(0) and 71 ,(1) = 72, (1), such that

1 1
Tin = T4 on |:—,1——:| s (66)
n n
such that
Tim — m in LY0,1) as n — oo, (67)
and such that
7in(0) = min; (0), mn(1) = maxm;(1) as n — 0o, (68)
J J

the quantities min; 7;(0) and max; m;(0) belonging to R. In particular, due to (67), there exists
Cr not depending on n fulfilling

1
/ |7in(a)|da < Chx, Vie {1,2}, Vn > 1, (69)
0

Note that Dini’s theorem implies that
wfé — 7; 'uniformly on R as n — oo. (70)

and that thanks to (67), one has furthermore that

H7TZ_71 —7T1-_1HL1(R) —0 asn— oo. (71)
Remark 5. For proving (70), we use the following classical version of Dini’s theorem: let (f,), be a
sequence of continuous nondecreasing functions from [0, c0) into some bounded interval [a,b] C R
which converges pointwise to some continuous function and such that lim,, . f(00) = f(00), then,

the convergence is uniform on [0, o).

Denoting by

° ko.i(a)kw i(a) /
in(s) = ' d m; ,(a)da,
7 (®) /; kao,i(a) +Mokw,i(a) ' (a)

we assume furthermore that the sequence (7; ,,) is chosen such that there exists C\,, not depending
on n, such that, for all n > 1,

ko,ikw,i /

L S Lk LA
kao,i + Nokw,i o

< Cy. (72)
L°°(0,1)

Pin T H‘p;mHLw(o,l) - H
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capillary pressure

(1) = m20(1)

71(0) = 72.(0)

0 2 saturation 1-1 1
n n

Figure 2: An example of functions ; , fulfilling the matching condition (28)
approximating non-matching capillary pressure functions ;.

This particularly yields that ¢; , — ¢; uniformly on [0,1] as n — oo. One denotes by Ay ;, then
function defined by

1

p koi z_n a —
)\w,i,n(p) - / (ﬂ— - ( )) da, Vp (S R,
0

ﬁkw,i(ﬂzii (a)) + koyi (7;,11 (a))

and
4 kwi -_1 a
)\01i7n(p) = —/ ™ 71; (Wz,n( )) — da,
0 ,Uj: ko,i(wim (CL)) + kwqi(ﬂ-i,n(a))

0,1

Denoting by £; a Lispchitz constant of ﬁ
pw W

Vp € R.

, then, for all p € R, one has

vitko,i
max(0,p) . .
[Awin(P) = Xwi(P)] < L Imin (@) —m; " (a)|da
min(0,p)
< £l||7r;1 —W;1||L1(R) —0asn— o0
thanks to (71), so that
Aw.in = Aw,i uniformly on R as n — oo. (73)

For any fixed n, Theorem 2 ensures the existence of a weak solution (s,, P,) to the following
approximate problem. In @); 7, we prescribe the conservations laws

6105 — div (K (kT() (VP, - pog) + m,n(sn))) —o, (74a)

—div (K; (Mi(52)V Py — Ci(s0)g)) = 0. (74b)
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On T x (0,T), the transmission conditions are given by

7Tl,n(sl,n) - 772,77,(52,71) on I' x (Oa T)a (74C)
Pl,n - )\w,l,n(ﬂl,n(sl,n)) = PZ,n - Aw,Q,n(ﬂ'Zn(SQ,n)); (74(1)
koi n
> 5 (P (98, - ) + (o)) m =0 (710)
ie{1,2} Ho
> Ki(Mi(0)VPy = Gi(sn)g) - mi =0, (74f)
i€{1,2}

where s; , and P, denote the respective traces of (s,),, and (F,),, onI'x(0,T). The system is
closed by no-flux boundary conditions on 992 x (0,7) and the initial condition s,(-,0) = sg in Q.

3.1 Uniform estimates with respect to n and compactness properties
First of all, since for all n > 1, one has s, € L>®(Qr;[0,1]), there exists s € L°(Qr;[0,1]) such
that, up to a subsequence,

Sn — s in the L™ (Qr) weak-x sense. (75)

Thanks to Lemma 2.10 and to the assumption (69) on the sequences (m; ), , there exists C' (not
depending on n) such that

// . (Vepin(sn))” dzdt < C.

Moreover, since (@;,), converges uniformly towards ¢; on [0,1], then (@i n(syn)), is uniformly
bounded in L*(Qr) C L*(Qr). Thus there exists f; € L?((0,T); H'(€;)) such that, up to a
subsequence,

Qin(sn) = fi  weakly in L*((0,T); H*(Q;)) as n — oc. (76)

Let 7,h > 0, then it follows from Lemma 2.10 and (69) that there exists C" (not depending on n)
such that

T unlonte 1) = (o) dad < €™

iT—7

Hence the sequence (i, (sn)),, is relatively compact in L*(Q/';) for all h > 0, thus also in L*(Qi,r).
Using Minty’s trick (see e.g. [CGP09]), we obtain that up to a subsequence,

@i,n(Sn) — i(s) = fi a.e. in Qi

Since ¢; 1'is continuous, and since @i n converges uniformly to ¢; (so that an adequate extension
of ¢; Lo @i n converges uniformly to the identity), we deduce that

Sp — § ae. in Qp. (77)
Thanks to Lemma 2.9 and (69), we can claim that there exists P € L?((0,7); H'(£2;)) such that

P, — P weakly in L?((0,T); H'(€;)) as n — oo. (78)
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Thus P, tends to P also weakly in L?(Q7), hence, since P, satisfies
/ P,(z,t)dz =0 forae. t e (0,T).
Q

Using again arguments developed in the proof of Proposition 2.12, one obtains for n tending to oo
that

/ P(z,t)dz =0 for a.e. t € (0,7).
Q

3.2 Recovery of the weak formulations (25) and (26)
Let 1 € C2(Q x [0,T)), then thanks to (75), one has

// O8nOprpdrdt — ¢sOppdxdt  as n — oo. (79)
T Qr

Thanks to (76), (77) and (78), one has
: 5n)
Jim > / / < (VPy = pog) — Vin(sn) | - Vipdrdt
ic{1,2) 7 /Qir

/ /Qm ( O)(VP PoB) — V%(S)>-Vz/1d:vdt. (80)

ie€{1,2}

The weak formulation (25) is then a direct consequence of (79) and (80).
The same way, in order to recover (26), it suffices to check that thanks to (77) and (78),

K; (Mi(5,)V Py — Gi(sn)g) — Ki (M;(s)VP — (i(s)g)

weakly in L?(Q;r) as n — oo.

3.3 Recovery of the transmission conditions on I' x (0,7)

Since P, converges weakly towards P in L2((0,T); H'(£2;)), one has
P, — P, weakly in L*(T' x (0,T)) as n — 0. (81)
Since the sequence (p; ,,(s,,)) converges (up to a subsequence) to ;(s) weakly in L?((0,7); H'(€2;))
and strongly in L?(Q; ) and since €; is supposed to be Lipschitz continuous, then for all s € (%, 1),
the sequence (¢;.n(s,)) converges strongly in L2((0,T); H*(£;)). In particular, the trace ¢; ,,(s;)
converges strongly in L*(T" x (0, 7)) towards ;(s;), thus almost everywhere up to a new extraction.
Applying again the arguments used to derive (77), we deduce that
Sim — S a.e. on I' x (0,7T). (82)
We denote by U and V the measurable sets of I" x (0,T") defined by

U={(z,t) eT x(0,T) | {s1(x,1t),82(x,t)} #{0,1}} and V=U".
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It is worth noticing that V is negligible if min; w;(1) > max; 7;(0). Indeed, assume for instance
that s1(z,t) = 0, s2(x,t) = 1; then, for a > 0 small and n large enough, we have

mo(l — ) = mon(l — @) < mon(S2.n) =70 =T1n(S1.0) < Tipla) =m(a). (83)
This implies m3(1 — ) < 71 () and, letting o — 0:

rnjinwj(l) < (1) < m(0) < m]aij(O).

We deduce the same in the case s1(z,t) = 1, s2(z,t) = 0.
In the sequel, we denote by Z, = [min; 7,(0), max; 7;(1)] and

Ty = 7T1)n(81)n) = 7T2)n(827n). (84)

Lemma 3.1 There exists a measurable function m mapping U to I, such that 7, converges almost
everywhere to ™ on U, and such that

FEﬁl(Sl)ﬁﬁ'g(Sg) and P —)\w)l(ﬂ)ng—)\w)g(ﬂ).
Proof. Let (x,t) € U such that (s1,,(x,t), s2,n(x,t)) tends to (s1(z,t), s2(x,1)).
o if (s1,52) = (0,0), then, for a > 0 and for n large enough

T1,n(0) = 72,0 (0) < mp = 1 n(S1,0) = T2n(S2,n) < mjinﬂj,n(a) = mjinﬂj(a)-

Since 7; ,,(0) — min; 7;(0) as n — oo, it follows that m, — 7 = min; 7;(0). In particular,
3j s.t. m=m;(s;) with 7 € 71 (s1) N T2(s2). (85)

Note that if one 7; is unbounded near 0, then min; 7;(0) = —oo = 7 € 71 (0) N 72 (0).
o if (s1,52) = (1,1), we prove similarly that 7, — 7 = max; 7;(1) so that (85) remains valid.

o if we are not in the two previous cases, then, there exists j such that s;,, — s; € (0,1). In
this case, for n large enough, m, = 7, ,(8;,) = 7;(s; ) so that, by continuity, m, — m;(s;).
Assume for instance j = 1. Then, either so € (0,1), in which case by continuity @ = ma(s2)
also and (85) holds. If sy = 0, then since, for o > 0 small and n large enough,

Tn = Ton(s2,n) < 20 () = m2(a),

we have m < m(0). Therefore 7 € 72(0) and again (85) holds. Finally, if so = 1, we similarly
have m, = T2 ,(S2.n) > m2(1 — ) and 7 > ma(1) or 7w € T2(1) and (85) holds.

Now, let us pass to the limit in
Pl,n - P2,n = )\w,l,n(ﬂ-n) - )\w,2,n(7rn)-
The left hand side converges weakly in L?(I" x (0,7T)) towards P, — Py, thus also weakly in L2?(U).

Thanks to Lemma 2.7, to the almost everywhere convergence on U of 7, towards 7, and to the
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uniform convergence (73) of Ay i, towards A, ;, the righthand side converges strongly in L?(U)
towards Ay,1(m) — Ay 2(7). Then the relation

P1 - P2 = )\w71(ﬂ') - )\w)g(ﬂ)

holds in L?(U), thus almost everywhere. O
As it has been already noticed, the set V has to be taken in consideration only if

m:=minm;(1) <7 := maxm;(0). (86)
Now, we assume that (86) is fulfilled. For any 1 > 0, we denote by T;, the function defined on R by
m—n ife<m—n,
c

1fce[ﬂ—7777+77]7
T+n ife>T+mn.

T, (c) = min (7 + n, max(x — n,c)) =

Lemma 3.2 There exists m € L (V; [z, 7]) such that, for all n > 0, up to a subsequence,
T,(mn) — m in the L™ (V)-weak- * sense as n — oo.

Proof. First, since the sequence (T} (,)),, is uniformly bounded on V, then there exists 7" €
L (V) such that, up to a subsequence,

Ty(mn) — " in the L™ (V)-weak- x sense as n — oo.

It remains to show that 7”7 does not depend on 7. Let 11,72 > 0, then (up to a new subsequence),
one has

Ty (mn) — Ty (1) — @M — 72,
Let (z,t) € V such that s; ,(z,t) — si(x,t) and sopn(z,t) — sa(z,t), with {s1(z,1), s2(z,t)} =
{0,1}, then it follows from (84) that

lim inf 7, (2, t) > min (1), lim sup 7, (2, t) < maxm;(0).

As a consequence,
Ty, (mn(z, ) — Ty, (T (2,t)) = 0 ace.(z,t) € V as n — oo.

By dominated convergence, this implies that [T}, () — Ty, (7,,)]¢ converges to 0 in L*(V) for all
¢ € L'(V) and, consequently, that T}, () — T, (7, ) converges also to 0 in L>(V) — weak — . We
deduce " = "2,

It remains to show that # < 7(z,t) < 7 for almost all (z,t) € V. Fix n > 0, and assume,
without loss of generality, that m2(1) < m1(0). Using the fact that T, is nondecreasing, it follows

from (83) that, for n large enough,
Ty(m(1 = ) < Ty(mn) < Tyy(mi(a)).
Letting first n tend to oo, and then « tend to 0 gives

T,(x) =x < w(z,t) <7 =T,(T). O
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Lemma 3.3 Let m € L>(V) be the function defined by Lemma 3.2, then, for a.e. (x,t) € V, one
has
Py(z,t) — Pa(x,t) = Apa(m(x, 1) — A 2(m(x, 1))

Proof. First, thanks to (73), we can claim that
Aw, 1,0 (M) = Aw2n (M) = Ao,1 () — Aw,2(mn) + €(n),
with lim,,— €(n) = 0. Thus, since P; ,, — P; weakly in L?()), it is sufficient to show that
At () = Aw2(Tn) = A1 () — Aw,2(7) weakly in L*(V) as n — oo.

Let ¢ € L2(V), then, denoting by Z(p) = Aw.1(p) — Aw.2(p), for all n > 0,

/ /V Zm Vbdadt = An(n) + Bo(n), (87)

where one has
A, () = / /V 2(Ty(ma)odadt,  Ba(n) = / /V (Z(mn) = Z(T, (7)) ot

Fix € > 0. Since, as stated in Lemma 2.7, Z(p) admits finite limits as p — 400, then there exists
R such that
N>R = |Z—-ZoT,llx <k,

ensuring that
n>R = |B.(n)| < Ce. (88)

We suppose now, without loss of generality, that m1(1) < m2(0). Then for almost all (x,t) € V,
s2(x,t) = 0 and s1(z,t) = 1. One has

Ty (1)

72(0)
Moy = [ padas [ e

where f;(p) = ko,iom ' (p) Note that f;(p) = 0if p < m;(0), and f;(p) = 1if p > m;(1).

B0 ky,i0my ' (p)+ho,i0m; ' (p)
For almost all (z,t) € V, one has limsup,, m,(z,t) < m2(0), thus

72 (0)
lm Ay 2(T,(mn (2, 1)) :/0 f2(a)da. (89)

n—oo

Similarly, the relation
7"1(1) Tn(ﬂ'n)
AoalTy(m) = Ty(m) = [ (ia) = da+ [ il 1da
0 1 1
yields that, for almost all (x,t) € V,
7T1(1)
i Aot (T (7o 0)) = Tyl ) = [ (fifa) = . (90)
0

n—roo
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As a consequence of (89), (90) and Lemma 3.2, we obtain that, for all n > 0,

where

nll)rgo An(n) = C//de:vdt—i—//wz/}dxdt,
C= ( [ i@ - [ fz(a)da> .

Since m1(1) =7 < 7 < 7 = m(0), we have

so that

and

m2(0) m1(1)
/ fa(a)da =0 = / [f1(a) — 1]da,

™

Cime / fi(a)da - / fa(@)da = Xy (1) = Aua (),

lim A, (n) = / /v Z(n ) dzdt. O

n—oo

In order to conclude the proof of Theorem 1, we gather the results of Lemmas 3.1, 3.2 and 3.3
in the following proposition.

Proposition 3.4 There exists a measurable function ™ mapping T' x (0,T) to R such that, almost
everywhere on T' x (0,T), one has

7T€77F1(51)ﬂ7~1'2($2) and Pl—Aw_rl(Tr):PQ—Aw_VQ(Tr).
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