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NON LINEAR FINITE VOLUME SCHEMES FOR THE HEAT
EQUATION IN 1D

BRUNO DESPRES

ABSTRACT. We construct various explicit non linear finite volume schemes
for the heat equation in dimension one. These schemes are inspired by the Le
Potier’s trick [CRAS Paris, I 348, 2010]. They preserve the maximum principle
and admit a finite volume formulation. We provide a functional setting for the
analysis of convergence of such methods. Finally we construct, analyze and
test a new explicit non linear maximum preserving scheme: we prove third
order convergence: it is optimal on numerical tests.

1. INTRODUCTION

Finite volume schemes are very convenient for complex applications [9, 18, 1, 3,
12, 2]. A very active field of research is nowadays the development of linear and
non linear finite volume methods for the heat equation [2, 4, 10, 16, 18]. A major
inspiration is the work of Le Potier [13, 8] who has designed ingenious non linear
correction terms to guarantee the maximum principle in any dimension. But to
our knowledge only partial convergence results are available in the literature [4].
In our mind this is fundamentally related to the lack of an a priori estimate which
controls the norm of some discrete derivatives of such schemes. In this paper we
will show how to derive such an a priori estimate for some non linear schemes for
the discretization of the model non stationary heat equation in dimension one

{ Ot — Oz =0, t>0, x € R,

(1.1) u(0,2) = up(x), z€R.

The long term ambition of this work is to establish, for the heat equation, the same
kind of setting that was fruitful in the recent past for non linear schemes for the
advection equation [20, 17, 11, 15]. Indeed a beautiful and comprehensive theory
based on TVD or TVB schemes is available in 1D for the advection equation. Such
TVD schemes are based on a control of the discrete L' norm of the first derivative
for TVD and TVB schemes [11, 7, 15]. In this sense a natural question is to
generalize this methodology to 1D non linear schemes for the heat equation, trying
to establish a systematic method to obtain bounds on some discrete derivatives,
and after that to prove convergence. We will show how to obtain these estimates
using an approach proposed in [7] which is fundamentally Fourier based. In order
words we show how to control some non linear terms with Fourier linear techniques:
this apparent paradox is the cornerstone of this work. The structure of the main
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At
Ax?

stability estimate is the following: if a certain function of the CFL number v =
which is the product of three terms is less than one, that is if

(1.2) QxaxE)<l-—c¢

where (@ > 0 is a natural measure of the size of the non linear correction, o > 1 is
a constant characteristic of the Le Potier method (at the end of the analysis one
always takes o = 1) and F(v) is a complicated function of the CFL number, then
one obtains a simple control of the discrete derivatives of order k£ on which the non
linear correction is based. The function E(v) is a series and depends on the type
of linear scheme that one considers: typically

Y P =g R 2 (21?1«)1 <1/(2lk+ k))g

I<L L+1<I

where L = [% (ﬁ — 1)] is a threshold value justified in the core of the paper. This
idea comes from [7, 6]. An important part of the paper will be devoted to obtain
sharp estimates for E(v) and related functions and to show that the product (1.2)
is indeed smaller than 1.

The net result is this work is the design of a new scheme for the heat equation.
This finite scheme scheme (3.19) is based on the Le Potier’s trick and has enhanced
approximation properties. It is explicit, non linear, preserves total mass, is maxi-
mum preserving under standard CFL condition: we are able to prove it converges
at order 3 towards smooth solutions; the only restriction of our convergence theory
is the CFL number which is for the moment slightly more restrictive than the usual
one. Numerical results show this order of convergence is optimal. A second scheme
with similar properties is designed in the appendix.

The organization is as follows. We first present the family of high order 1D
schemes that we desire to analyze: we call theses schemes Le Potier or modified (Le
Potier’s) schemes. We explain how to use the Le Potier’s trick to modify the schemes
and to insure the maximum principle. After we will derive the fundamental and
new a priori estimates (1.2-1.3) on which the convergence results of the final section
are based. Some numerical results are used to confirm the theoretical analysis.

2. BASIC LINEAR SCHEMES

Let Az > 0 is the mesh size of our finite difference or finite volume discretization
method. We will consider square integrable numerical profiles v = (v;) ., such that

2
(2.1) ol = | Az ) " v?
JEL
It is convenient to define the space of square integrable numerical profiles
(2.2) lo ={veR% [jv| < oo}
equipped with the natural scalar product
(2.3) (u,v) = Ax Z UV
JEZ
We start from the finite volume form of a linear explicit discrete scheme
ﬂj — Uj o .
Ui fm)=0 vien

(2.4) Az
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where u; is the current discrete solution in cell j and f; +1 is the explicit numerical
flux evaluated between cells j and j + 1. Taking
_ Uj41 — Yy
fj-',—% - Ax )

one gets the classical three points linear scheme

Uj — uj _ Ujyr — 2’Ug‘ +uj—1

At Az?

This scheme is of order 1 in time and 2 in space. The Courant number is v = AAJQ.
The three points scheme is stable in s (actually it is stable in all discrete Lebesgue
spaces) under CFL condition

(2.5) 2 < 1.

This monotone scheme is the fundamental brick for the heat equation with the
lowest order of approximation in dimension one. The following examples display
enhanced approximation properties for the heat equation. If one desires to establish
a parallel with linear schemes for the advection equation, the fundamental brick is
the upwind scheme while the Lax-Wendroff scheme which is second order with
enhanced approximation properties.

=0, jeZ

2.1. Example 1. The second scheme that we consider is of order 1 in time and 4
in space. It is based on the observation that

w(zjp1) — 2u(r;) + u(z;—1) §

_ _ X _ 4
for smooth functions. Therefore
u(@jr2) — 2u(z;) + u(zj—2) |, Az? , s
AL = Ogpu(z;) + = Opzazti(z) + O(Az™).

A linear combination yields
du(@jt1) — 2u(z;) + u(z;-1)
3 Az?

Lu(zjye) — 2u(zy) +u(zj—2) 4 4
3 1AL? = Oppu(xj) + O(Az™).

A similar trick is used in [5]. That’s why we will consider the scheme

ﬂj — Uy . éuj_,_l — 2Uj + Uj—1 luj_,_Q — 2Uj + Uj—2
At 3 Az? 3 4Az2
which is first order in time and fourth order in space. The corresponding flux is

(2.6) =0

f» - é’LLj_,_l — ’Lbj _ Uj+2 + ’LLj_;,_l — ’LLj — ’LLj_l
3 Az 12Ax
It is convenient for further developments to use a more compact variational formu-

lation. We define the bilinear form
(2.7)

4 ) (Vs — s 1 o) (Vise — s
a(u,v) = gAxZ (wjt1 — uj) (Vi1 — vj) _ §sz (w2 — uj) (vjto U]).
J J

Ax? 4Az2

With these notations the scheme (2.6) restricted to profiles in @,u € kL can be
rewritten under the variational form

(2.8) (uAtu,v) +a(u,v) =0, Yve€lb.
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A classical result is the following.
Proposition 2.1. The symmetric bilinear form (2.7) is non negative.

Proof. One has Az}, (ujt2 — uj)2 < 4Az ) (ujpr — uj)2 from which deduce
that

4Azx (ujp1 —uj)° Az (w1 — uj)° (ujs1 — uj)’
> j i) 2% i S DA e V>,
a(u,u) 2 3 Z Ax? 3 Z Ax? szj: Ax? 20

J
An elementary upper bound is

16 9
(2.9) a(u,u) < TAL2 [[e]|”-
O
Lemma 2.2. This scheme is stable in ly under the CFL condition
1
(2.10) §6V <1

Proof. Take the test function v =@ in (2.8). One gets
1 1 1
S = il + Sl — ul?

= —Ata(u,u) = —%At a(u,u) — %At a(u,w) + %At a(u — u, T — u).

Since the bilinear form a is non negative one has that
2 2 — — — 2 16v — 2
211) @l ~ el < At a@@ - v —u) — lu—ul® < | == - 1) @ -l

The CFL condition guarantees the non positivity of the right hand side. It ends
the proof. [l

2.2. Example 2. It is of course tempting to use the modified equation to design a
scheme with enhanced consistency in time. Consider a smooth solution of the heat
equation. One has

et Z00) _ ga,) + Sonu(ta) + 0(ar?)

%ammu(tn) +O(At?)

from which we deduce that the scheme
Uj — Uj B éuij - 2u]‘ +uj—1 Ujqo — 2’LLj + uj_2
At 3 Ax? 12Az2

At Ujy2 — 4Uj+1 + GUj - 4Uj_1 + Uj—2

2 12Ax4
is of order 2 in time and 4 in space. We refer to [19] page 43 where the same scheme
is introduced mainly for theoretical purposes. The scheme can also be rewritten
under the form

=0

ﬂj — Uy _ Uj+1 — Q’U,j + Uj—1
At Ax?
Ujpo —AUuip1 +6u; —4du;—q +uj—o
4 (1 o 6V) J J Axﬁz J J

=0.
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It admits a variational reformulation: compute u € ly such that

u—u
(212) (At,v> —+ b(u,v) = 0, VU S 12

where the bilinear form b is a correction of a (defined in (2.7))
b(u,v) = a(u,v) — g’d(um)

with

~ _ (wj42 — 2uji1 +u5) (V512 — 20541 +v5)
a(u,v) = sz N
j
We notice that

0 <a(u,u) < 4sz%.

Therefore

b(u,u) > (1 — 20) sz (1 ;xz >0

under condition (2.5).
Lemma 2.3. The scheme (2.12) is stable in ly under the CFL condition (2.10).

Proof. Since b(u,u) < a(u,u), the same proof as the one of lemma 2.2 holds. The
final stability condition is the more restrictive one between (2.5) and (2.10). The
proof is ended. U

3. MAXIMUM PRINCIPLE AND LE POTIER’S TRICK

The schemes (2.6)-(2.8) and (2.12) are high order. Unfortunately they do not
preserve the maximum principle for all v. For example the explicit formulation of
(2.6) is

_ 5V 4v v
(3.1) uj = (1 - 2) uj + 3 (Ujn + u-1) = 35 (U2 +uj2).

Since the coefficients of the extreme parts are negative, the scheme cannot be
maximum preserving: this is independent of the CFL condition.

C. Le Potier has proposed in [13, 8] a way to introduce a non linear modification
so as to recover the maximum principle in any dimension. It starts from the scheme
rewritten under the form

w; — u; = vDivy, Divj:Aos(fj_‘_%—fv_%).

The neighbors of a cell correspond by definition to non zero coefficient in the explicit
stencil: for our example (3.1) it corresponds to

Let us define

(3.3) Z ug = uy] -

lev(y)
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We note that ¥; > 0 by definition. With this notation, the application of the Le
Potier’s trick to the discrete heat equation is to consider the non linear scheme
(3.4) u; = uj + vDiv; + av Z aji(uw —uj)
lev(y)

where a > 0 is a coefficient to be prescribed and the non linear part of the scheme
is given by

|Div;| N |Div|
a1 = Qqj;, = —— —_—
gl lj Zj Zl
which is a non linear coefficient.
Remark 3.1. One sees that a;; is a bounded quantity by construction.

If one compares with TVD schemes, this term is very close to some extended
slope indicator. By convention aj; can be extended by zero

aj = 0 for 1 ¢ V(j) < j ¢ V(0),
so that the non linear scheme (3.4) can be rewritten under the more compact form
(3.5) u; = uj +vDiv; + ou/z aji(u —uj)
€7

3.1. Stability. The non linear scheme (3.4) inherits the properties of the stationary
Le Potier’s schemes [13, 8].

Proposition 3.2. The scheme (5.4) admits the finite volume formulation

uj — uj .
Art ot - (fi — fi ) =0, Ve,

where the total flux is the sum of the linear flux plus a non linear correction, that
Crtot S
18 jit% = fir1 + f]?_‘f% for all j with

@
(36) ;ir% = E Z aml(um - ul).

I<j+i<m

Remark 3.3. If [ and m are two indices sufficiently far one to the other, then
ami = 0. So only a finite number of terms enter in (3.6).

Proof. The linear part of the flux f;, 1 does not yield any difficulty. Concerning
the non linear part one has by construction

« o

Ccor

; = — Ui (U, — W5 ) + — a Uy, — UL ).

j+i Az E m]( m ]) Ax E ml( m l)
j+1<m 1<j—1 and j+1<m

The first sum is for [ = j, the second sum is all other terms. One also has

cor __ o _
fj_% ~ Az E aml(um ul)
l<J—%<m
Q e
= — 0,'[(’(@'*’&[)4’7 E aml(umful)
Az Z J Az
1<j—1 1<j—1 and j+1<m

where the first sum if for m = j and the second sum is the rest. The difference is

therefore
cor cor
1 — Ji 1 = E Ami\Um — U4
Jjt+i fJ,§ 2£E m]( m _7)

jH1<m
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(0%

«
Az > ajl(uj—ul):EZaﬂ(ul—uj).

1<j—1 l€Z
It ends the proof. O

Lemma 3.4. The scheme (3.4) is stable in ly under CFL condition

16
<3 + 4am}aXZ aﬂ> v <1.

1
Proof. We define the bilinear form

tot _ & cor
(3.7) a*(u,v) = a(u,v) + Al (u,v)

which is the sum of the classical bilinear form a(u, v) that corresponds to the linear
part of the scheme and which is non negative, and of the additional bilinear form

cor a Uy — U; V1 — Vs
a®(u,v) = _E;Z (Zajl(ul —uj)> v; = anZZajl lAa: J lTx]
J l g

which corresponds to the non linear coefficients aj;. The equivalent of the stability
inequality (2.11) is

Il = fful? < At (a+ 50 ) (@—wT—u) - |7 - uf?

16v
<|—+4 E g—1 — ul)?
( 3 aumjax : aj )Hu ul|

which proves the claim. ([l

Lemma 3.5. Assume o > 1. Assume the CFL condition

| Divj | | Divy|
. e L e <1
(3.8) Z ((a +e51) 5 +os v <
leVv(j)
where €j; = £1 is defined below. Then the scheme (3.4) satisfies the mazimum
principle.

Proof. Using the evident identity
Div, = 3 Pl ]
1EV() !

one rewrites the explicit scheme (3.5) under the form

Div; |u — uj| + a [Divj| (u — u;
ﬂj:ujJrl/Z iv; | — uj| + o |Div,| (w — uy)

1EV()) %

|DiVl|
+av Z 5, (w — uy)
1ev(y)
The key observation is the following

o If Div;(u; — uj) > 0 then we set £;; = 1 so that

Div; luy — u;] + o [Divy | (wr — uj) = (a + ;1) [Divy| (wr — uy)
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e On the other hand if Div;(u; — u;) < 0 then we set £;; = —1 so that
Div; |u; — uj| + o |Divj| (u; — uj) = (a + €51) |Divj| (wg — uy).

In both cases o 4 €5, > 0 since a > 1 by hypothesis. Therefore

Div; Div
U; =u; +v Z <(a+6jz)|27|+a|zl|> (w — )
1EV() 3 !

|Div,| |Divy|
= 1—v Z ((a+€jl)2jj+a2:l Uj

Div; Div
+v Z ((a+6jl)| E,J‘ —l—a‘ > ll)ul.
J l

It is a convex combination under CFL. It ends the proof. [

Let us consider a simple example in order to figure out the practical impact of
(3.8) on the stability criterion. The worst guess reduces to
Div;
Card V(j) x sup% x sup(|la + ejl| + ) < 1.
, il

J J

We consider the example described in (2.6) which corresponds to

. 1 4 5
Div; = —E(ij +uj2) + g(uﬂl +uj1) - 5 Wi
1 4 4 1
=~ 15 Witz = uy) + g (i1 = uy) + g (uj-1 = uy) = 5 (uj—2 — uy)-

One has the bound
Div| _ 1

s, “12’

+-+ =

4.4 1 34
3 3 127 12°

So we obtain
34
4x —x2a+1)|r<1
12
It is natural to choose the smallest value of «, that is &« = 1. One obtains the

(sufficient) CFL condition
34r < 1.

It is quite a stringent condition in terms of time constraint.

Remark 3.6. In order to optimize the time step restriction, that is to be able to
take At as large as possible, we will systematically use e = 1 either in the theory or
in the numerics. However we keep it most of the analysis to be closer to Le Potier’s
notations.

A first natural question is to try to diminish the numerical value of the constant
in this CFL condition: it will be done with the help of modified schemes developed
hereafter.
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3.2. Modified schemes. In many cases the initial linear scheme can be decom-
posed in two parts. A first linear part for which the maximum principle holds and
a second linear part which does not naturally respect the maximum principle. We
propose to call "modified schemes” such schemes where only the second part is
modified by the seminal Le Potier’s trick. This procedure which is very natural
and has been developed also in [14] is a way to obtain a less severe CFL constraint,
still guaranteeing the maximum principle.

3.3. A first modified scheme. For example the second example (2.6) can be
rewritten as

(3.9) u; = uj; + l/DiV? + uDiv}
where the first part is defined by
. 4
DIV? = g (Uj+1 — 2Uj + ’U,jfl)

and the second part is defined by

Div} = —g (’u,j+2 — 2u]' + ’LLj_Q) .
The stencil associated to the second part is

Vi(j) ={j—2,5+2}.
0

Since the first part Div; naturally corresponds to a scheme which satisfies the
maximum principle, we need to modified only the second part. We obtain the
scheme

(3.10) ;= uj + Z/Div? + I/Div; +av Z a}l(ul —uj)
1evi(y)
. . : 1 , _ [Divi] | [Divi]
where a > 0 is a coefficient to be prescribed and aj=a;="—~5r—+ ST The
J

quantity Z} is defined in accordance by

(3.11) Sh= ) -l

levi(y)

3.4. A second modified scheme. However the decomposition (3.9) is not the
only one. One can consider

(3.12) w; = u; + llDiV? + uDin;
where the first part is now
Div? = Ujy1 — 2Uuj + Uj_1
and the second part is
Div) = —% (wjyo — dujt1 + 6uj; — du;—1 + uj_2).
The stencil associated to this new second part is the total one

Vs(j) =V() ={i—-27-1j+1,j+2}.
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Since the first part Div? satisfies the maximum principle, we need to modified only
the second part. We obtain the scheme
(3.13) U; = uj + VDiV? + I/DiV? + av Z a?l(ul —uj)
1eVs(4)
where a > 0 is a coefficient to be prescribed and
. 3 . 3
R |D1V]-‘ |D1Vl |
AR 3

The quantity E? is defined by
(3.14) D= > fu ).
LeV3(j)

3.5. A third modified scheme. Here we perform a more important modification.
We start from the decomposition

Ujt2 — 4Uj+1 + 6uj — 4’U,j_1 + uj—2
= (ujp2 = 3ujpr + 3u; — 1) — (i1 — 3u; + 3uj1 — u;9)
We define
2;1 = |Uj+2 — 3Uj+1 + 3Uj — uj—ll + |Uj+1 — 3Uj + 3’LLj_1 — Uj_2|

4 4 ‘Div?‘ Divf‘ ) . ) )
and aj; = a); = —r— + s for l € {j+1,j —1} = Va(j) (otherwise a;; = 0).

Let us consider the scheme

(3.15) w; = u; + vDiv} + vDiv}
+aua;¥7j+1(uj+2 - 3Uj+1 + 3Uj - Uj—l) - ozyajj_l(uj+1 - 3’[1,]‘ + 37,Lj_1 - Uj—2)~
Proposition 3.7. Set « = 1. The scheme (3.15) is of Finite Volume type and

satisfies the mazimum principle under the standard CFL condition (2.5).

Proof. We focus the second statement of the claim since the first statement is
evident from (3.15). Performing the same kind of algebra as before we rewrite the
second part of the linear flux as follows

.. 3 s 3
Dlvj |’U,j+2 — 3Ujy2 + 3u; — Uj_1| _ —DIVj |Uj+1 —3uj +3uj_1 — U,j_g‘
4 4
J )

J

-3
DIVj—

Plugging in (3.15) one obtains
(3.16)
Uj; = u; + Z/DiV? + I/w(uj+2 — 3uj+1 + 3Uj — Uj_l) — l/Z(Uj.H — 3Uj + 3Uj_1 — Uj_g)

where s X
‘Div.| ‘Div~+1’
w = (a—i—sj’]qu) J + « J
( = PO,
and , ;
|Divi|  |Div;_,]|
= ((a—gjj1) i ta—~7 :
( Zj Zj_l
Here

oo Div¥(uji2 — 3ujp1 + 3uj —uj_1) >0,
AR -1 if DiVj (Uj+2 — 3’U,j+1 + 3Uj — Ujfl) <0,
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and
e — +1 if DiV??(’U,j+1 - 3’LLJ' + 3u]‘,1 - ’U,jfg) > 0,
A -1 if DiVj (Uj+1 —3uj +3uj_1 — Uj_g) <0.

By construction ‘Divﬂ < 1—122? for all j, so w,z < %. The expansion of formula
(3.16) is

(3.17) u; = (1 —2v 4+ 3w + 32)u;
+r(1—3w—2)ujs1 + v (1 —w —32) uj_1 + vwu,1o + vzu;_o

from which the result is deduced since all weights are non negative under CFL
2v<1l:thatisl—-2v+3w+32>0,1—-3w—22>0,1—w-—3z, vw > 0 and
vz > 0. [l

3.6. Second order in time. The second order in time scheme (2.12) admits the
explicit form

(3.18) u; = u; + vDiv; + (1 — 6v)vDiv?
which is very close to (3.12). So it is easy to modify (3.15) which becomes
(3.19) ;= uj + uDiv? +(1- 61/)uDiv§

+all — 6V|1/a;{j+2(uj+2 — 3ujyo + 3u; —uj_1)

—all - 6u|1/aij+1(uj+1 —3u; + 3uj_1 — uj_2).

Proposition 3.8. Assume 6v < 1. The scheme (3.19) satisfies the mazximum
principle under the standard CFL condition (2.5).

Proof. Change w (resp. z) in |1 — 6v|w (resp. |1 — 6v|z) in (3.17). O

3.7. General formulation. Motivated by the previous examples, we will study
the following family of modified schemes

(3.20) u; = uj + vDiv; + avg,;

where Div; is a given linear stencil and
g9 = Zaﬂ(ul — Uj)
l

is the non linear correction such that aj; vanishes for |j — | large enough. We
introduce natural notations.

e T is the translation operator, that is
(Tw); = ujr1, u€ls.
e D is the difference operator, that is
D=T-1
e We note for convenience the operator A € £(l2) such that
(Au); = —Div;, Vu € ls.

A quantity that plays an important role in the analysis developed in this work
is the following.
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Definition 3.9. Let ¢ € N* be an integer naturally defined by the scheme. Through-
out this paper, the continuity constant of g with respect to D?u will be denoted by
Q@ > 0, that is

lgll < QD]

For example let us consider the scheme (3.15) for which the source g = (g;) € l2
is defined by

95 = aj jp2(Ujrz = 3ujiz + 3u; — wjo1) — a5y (ujr — 3uj + w1 — ujo)
Proposition 3.10. The source of the scheme (3.15) is such that ||g|| < 1%? | D4l

that is @ = 1+15/§ and q = 4.

Proof. We first notice that || A%u| < &||D%u| where we have used natural notations
compatible with (3.15). It remains to compute the continuity constant of g with
respect to A%u. One has the decomposition g; = h;j + k; + [; with

(ujyo = 3ujyr +3u; —uj 1) — (ujp1 —3uy +3u; 1 —u;j o) IDivY|
a1

h- =
J 4
Ej
Lo — Ujt2 — 3Uj+1 + 3Uj — Uj—1 |D1V3 |
J = 4 j4+1
j+1
and 5 3
Ujqp1 — SUj + SUj—1 — Uj—
_ Y41 J j—1 j—2 2 3
l; = ‘Dlvj_l‘.

b33
Since |h;| < |Div?—|, then ||| < ||A%u||. One the other hand one has that |k;| <
OZj+1|DiV?+1| and [l;| < Bj,1|DiV?71| where the coefficients

_ ujae = 3uje +3u; —uy| _ ujen = 3uy 4 3u 0 —uy o

Qj+1 and fj-1 =
7 o1, j ST,
satisfy
Ogaj,ﬁj andozj—l—ﬁjzl V3.
So
. . 2
Ik + 1)1 < sz (aj+1|D1V?-+1| + /3];1\D1V571|)
J
<Azy 207DV P+ Az > 287 |Divi, |
J J
< 2A.§UZ (a? + ﬂf) \Div?|2 < ZAJUZ |Div§’\2.
J J
Therefore ||k 4 1|| < v/2||A%u|| from which the result is deduced. O

Proposition 3.11. The source of the scheme (3.19) is such that

1442
12

lgll < 1= 6v]|| D],

that is Q = 1+1f|1 —6v| and ¢ = 4.

Proof. Evident from previous proposition and definition (3.19). The |1 — 6v] is
because we use the second order in time scheme. O
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4. ESTIMATES

With the above notations and definition, any of the previous schemes can be
rewritten as
= (I —vAu+ avg.
The Duhamel’s formula can be used to express the solution at time step n in
function of the initial solution and the correction
n—1
(4.1) u = (I —vA)"u’ + av Z (I —vA)" P gp.
p=0
It shows that the solution at time step nAt is the sum of the standard discrete
solution plus a contribution due the corrections. Our goal is to show that the
global correction is small in some norm. Before we need some a priori estimates on
the gPs. These estimates will be obtained using a control of the non linear part of
the Duhamel’s formula by the linear part.
By application of the operator D? to the Duhamel formula (4.1), one gets the
identity
n—1
(4.2) DIy = (I — vA)" D9’ + av Z (I —vA)" P Digp.
p=0
Using the continuity of gP with respect to DuP, it yields the estimate
n—1
| D% | < | (=AY DOl + Qav Y || (I — vA)" ™7 Do D%
p=0
A fundamental property is the following.

Proposition 4.1. Assume ly contractivity of the linear part of the scheme. Assume
there exists € > 0 such that

(4.3) Qav Y ||(I—vA)' DI <1--e.
=0

Then one has the stability estimate

1
sup || D9u™|| < =|| D% vu® € lp.
neN €

Remark 4.2. The dissipativity of the scheme insures that lim;_,. || (I — vA)" D7|| =
0 this property is been used in [7, 6] to study non linear schemes for the trans-
port equation. In this study, the dissipativity of the semi-group (I — VA)l is much
stronger since it is a fundamental property of the heat equation. This dissipativity
is essential to obtain a control of the non linear part of the Duhamel’s formula.

Proof. The Iy contractivity is in our case equivalent to the stability in I, with a
stability constant equal to 1, that is ||(I — vA)!|| < 1 for all [ € N. Let us define
Zy = sup, <y [[D7u"|| which satisfies the estimate

N-1

Zn < ||D9°|| + (Qow DN KN Dq> ZNn_1.
p=0

It turns into Zy < |[D9uC|| + (1 — €) Zx which shows that Zy < 1||D%°|. Since it

is true for all N, it shows the claim. O
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For convenience we define the generic function
(oo}
(4.4) F(v)=QuY_ | (I—-vA) DI.
1=0

Since o = 1 is used to guarantee the maximum property of the schemes, the criterion
that we study is ultimately
Fv) <1

We will now study the function F for the different operators A and different ks. The
estimates developed below are used to prove this estimate. The interested reader
can jump first to figure 3 where some numerical evaluations of these functions are
displayed and then go back to the theory of the next section. The main message of
figure 3 is that the condition F'(v) is naturally satisfied.

4.1. Basic operator. Some of the justifications of the bounds used hereafter for
general operators A are greatly simplified if one can first prove (4.3) with

(4.5) Ay =-T+2I-T"
For a given k, the Fourier symbol of (I — yAl)l DF is
M) = (14 (e —2+e79) (¢ - 1) geRr

One has that

l k
0
2sin —

. o0
|/\l(9)|=‘1—4usm22 5

We assume
(4.6) 4 <1

which is twice more restrictive than (2.5). It will simplify a lot the analysis and
is not a real restriction. We perform the change of variable y = |2sing‘. Let us
define the function

) =0 -y

so that

_ Lpk| — v
(4.7) I/ = v A1) DY = max f7(y).
Let us set

(v) = max fiy) el
We finally define

Proposition 4.3. Assume k < 2. Then E1(v) = +oo.

Proof. Note that u;, E7, ...can be studied for real positive k as well, not only
integer values. By definition y;(v) > f/(z) for any z € [0,2]. So

Ei(v) > VZ(l — vk =22 vz e 0,2
1=0

If k£ < 2 the right hand side is singular for z = 0. It ends the proof. g
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Remark 4.4. 1t will be showed hereafter that k = 2 is also singular. So it must be
understood that k£ > 2 in all the rest of the paper.

Elementary properties of f} and p;(v) are the following: one has
[l ) < f(y), 0<y<2
and g
— Y (y) <0 0<y<2.
dl/ fl (y) —_ Y — y —

Therefore
p(v) <pu(v)  VieN.
Next we study the function f;. One has

d ~ _
@fl”(y) = =2yl —vy?) " y" + k(1 —vy?)lyF !

= (1 —vy) iy (=2lvy® + k — kvy?) .

We define
9 k
YU = 77
v(2l + k)
1
so that f; increases from y = 0 to y;, then decreases from y; to (1)2. We note that
1
0< <yl <y < <yl=-
14

and that 4 < % due to the CFL condition (4.6). So
e Either y; < 2 and

p(v) =17 (w) = (212ik>l <u(2lk+ k))g.

e Ory; > 2 and

() = f(2) = (1 - 4v)'2".
The transition is for L(r) such that
k k
O R OED

that is

k(1 k(1
. Sl=—1) = <2 (==
(4.8) 2(4}/ 1) 1<L(I/)2<4V 1)

which means that
k/1
Ly)=|=-—-1]].
=[5 (1))

Proposition 4.5. Assuming k > 2, one has the bound E1(v) < h(v) with

(4.9) h(v) = 282 (1 —(1- 4u)s%) + Ak(v) (f—? + uz’“) .

where
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Remark 4.6. It can be checked this estimate is sharp for small v. In particular one
has that the limit value in 07" is given by E;(v) = h(0) and

2k N 2k—1
4.10 h(0) = —+4e 2 .
(410) )= +et——

Indeed the first term admits the limit value (1 — 4u)8% tends to e~

k
2 when v van-

. . : 22+ \ET L
ishes. Concerning the second term one noticed that Ay (v) = (m) with
L — oo in the regime v — 0F. Therefore \,(07) = =5 by continuity: it yields
(4.10). This numerical value can be checked in the numerical figure 2.

Remark 4.7. The same proof shows that E;(rv) = 400 for k = 2, because Zs (see
below) diverges.

Proof. We obtain the formula for the sum of norms (4.7)

oo 21l t k
(4.11) ;m(V):Z(l—‘lV)l?kﬂL > <21+k> (u(2l+k)>

[SIE

I<L L+1<1
=71 =273
One has the identity vZ; = 2¥72 (1 — (1 — 4v)L ™). Since
k(1 k(1 k—2 k
S A (. <t < v _ T2 r
L1 {2(41/ 1)}—’_12(41/ 1>+18 2 T 8v

one has that
k
V7, < 22 (1 (- 41/)87) .

The second term can be analyzed as a staircase Riemann approximation of a con-
vergent integral. Indeed let us define z; = V%, so that vZ5 can be rewritten as

kxg

k
v 1 i 1 z
vz =KL Y ( _ ) ( )
k 2 <X (L+1) 1+ e 2$l +v

ol
z

_k . . 1 .. . . v v
Let v = 5 >0: the function z — (Hz) is increasing. Since o < m, one
obtains that
kay kE (L+1)
1 ! 1 !
— ) <|— = ().
<1+213;l <1+2;(Z+1)

So vZs < kX (v)G with

G:

ENIIAN

> ()

2 <¥(L+1)
in which we recognize the staircase approximation of the Riemann’s integral of the
.

1
2x+v

(4.12) G= % (1) ’ +

2$L+1 +v

)E. It is convenient to isolate the first term, that is

k
1 2
2xl+1/> '

decreasing function x — (

ESIIN

2(L+2)<m; (

=H
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The first term can be bounded using

serrea (G (5] )
(G () ) oe!

k
< —.
<2xL+1 +V> -k

k
< [, dz__ Therefore H <
Ti—% (2z+v)2

which yields

N

<

[\)
o

The rest can be bounded using 7 <2m+l,

dx
f%(L+l) (gx_wﬁ - Since

R ACS RS

one gets that

V1IN

o dx 451 k=2
1z (2x—|—u) T k-2 k-2
That is vZy < kXg(v) (V% + %) It ends the proof. O

H<

4.2. Fourth order operator. Next we consider the operator
1
(4.13) Ay=-T+2I-T "'+ = 3 (T? = 4T + 61 — AT "+ T77?)

which corresponds to the scheme (2.8) or (3.1). For a given k, the Fourier symbol
of (I — vA,)' D*

!
. . 1 4 , . .
A(0) = (1 +v(e? =24+~ —u (e%e —4e" + 6 —4e7 + 6_219))

12
x (e — l)k.
One has that
0 4 s 0"
_ _ . 27 = . 47 . 7
[Ai(6)] = |1 — 4vsin 5~ gvsin’ 5 281n2

The method of analysis is very similar to the previous one. We assume for simplicity
of the analysis that

16
Let us define the function
v 1 .0
g/ () = (1 —wy® = owy")y", y=2[sing],
so that
(4.15) I = vA2)'DF| = v gi(y).
Let us set

oiv) = max g;'(y)
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together with

oo

By(v)=vY_ oi(v).

=0

~

Proposition 4.8. Assume the CFL condition (4.14). Then
e 0,(v) < w(v) for alll: it yields E; < E7 and

0o 3
Ey e L |:0716:| .

e 0111(v) < oy(v) for alll.

Proof. Evident since gy (y) < f/ (y) for 13—61/ <1

The extremal point of g; is z; such that g;(z;) = 0. That is

kool k
(21+k)z?+(12+3> z?:;.

One sees of course that z; < ;. The solution is

—(2[+k)z+\/(2l+k)2+4(%+é)

NI

Z; =
l 2(1z 1 3)

or also in the conjugate form

k
2 25

Zl:

The value of o;(v) is as follows

e Either z; < 2 so

l
4
o(v) = (1 — vz — 31/214) 2.

e Or n; > 2 and

!
1
a(v)=g/(2) = (1 - 61/) 2",
The transition is the largest M such that

k1 k
2 v e 4 v

Therefore

(4.16) Esx(v) = zﬂ; (1 _ 136V>12k + Y (1 v gyz

M+1<i

(2l+l<:)z+\/(2l+k)2+4(%+é)§.

4
1

l
) k.
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4.3. Full fourth order operator. Finally we consider the Fourier symbol of
(I — 1/A3)l D* of the operator

1 _
(4.17) As=-T+2[ -T ' + 26V

(T? = 4T + 61 — AT " +T77?)

which corresponds to the second order in time and fourth order in space linear
scheme. The scheme is full fourth order in the sense that second order in time
corresponds to fourth order in space under CFL condition 6 < 1. We define the
function

Es(v) =v|l —6v|> |(I —vAs)'D"|.
=0

Using the same method as before, it can be checked that

Es(v) = v|[1—6v] ) <1 — <4+ %(1 — 61/)) u)l 2k

I<N

l
4
+v|1 — 6v| Z (1 —vwi — gy(l - 6V)w?> wy

N+1<l

l
where the extremal point of the function y — hY(y) = (1 —vy? — %Vy‘l) y*

is
2k
w? = L

(20 + k)2 +1/(20+ k)2 +4 (& +4) (1 - 6v)

v

The transition is the largest IV such that

k l k
2 L _ 4 _F
(20 + k)wx + (12 + 3) (1 -6r)wy < "

Since Y (y) < f/(y) one has that
(4.18) E5(v) < |1 — 6v|Ey(v).

4.4. Application to the scheme (3.15). In the following we apply the various

inequalities to the case k = 4 and @ = 1JB/§|1 — 6v| which allowed a complete

analysis of the scheme (3.19) (see also proposition 3.11).

Our first task is to show that F3(v) = QFEs5(v) is such that F3 < 1 so that the
stability bound || D*uP|| < C||D*u®|| ¥p holds from proposition (4.1). A first simple
and convenient estimate that can be derived from (4.9) is the following.

Proposition 4.9. Assume k =4 and v < 16. Then the function h defined in (4.9)
is such that h < p where

p(v) =4 (1= (1= ) ) + (1 - )T 2(3 + 16v).

Proof. Indeed our hypotheses imply that 8% = % on the one hand. So

gk—2 (1 (1 —41/)8%) —4 (1 1 —4u)%) .
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One the other hand one has [% (£ —1)] > & (L — 1) — 1: since the function Ay,

is monotone decreasing, it yields

k‘(ﬁ—l) )2(41:»1).

A < 2
k) < (k(;y1)+k
With k = 4 it turns into As(v) < (1 — 4v)25 =2 from the result is deduced. O

Proposition 4.10. One has p < q with

q(v) = 4+ 4e (1 4 24v) (1 + 12v), v

AN
S =

Proof. One first has that

(1—4p)F—2 = sy g

Since
1 1
(=)t =9) = (=) (v 55 = g0 o)
1 1 2
=—y+ (1_2>y2+ (2_3>y3+---§—y+y2, y=4v <1,
then
(1- 41/)ﬁ72 < e W = 28y,
Therefore

p(v) =4+ (1 —4v)3 2 (8 + 160 — 4(1 — 4v)?)
=4+ (1—4v)3 2 (4 4+ 480 — 640%) <4+ (1 — 4v)2 2 (4 + 48v)
<4 +4de 2 (1 +12v)
On the interval [0, %], one has that €8 < 14 24v which is easy to show by convexity.
O

Proposition 4.11. On the interval [0, 1], the function (1 — 6v)q(v) is monotone
decreasing from 4 + 4e~2 until 0.

Proof. For such a simple function, we consider that a plot (with gnuplot) is enough.
We refer to figure 1.
O

Lemma 4.12. Assume 6v < 1. The function F3 associated to the scheme (3.15)

is such that
14++2

12
As a consequence the fourth order discrete derivative is bounded uniformly with
respect to n and v: there exists C' > 0 such that

ID*?|| < CD*°|  peN.

Fs(v) < (44+4e7%) ~091...

Remark 4.13. The constant is C' = 0_911_“ < ﬁ = 12.5. See the fundamental
proposition 4.1.
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0.9 [ b
0.8 - b
0.7 - b
0.6 - b
0.5 - b
0.4 - b
03 - b
02 b
0.1 - b

0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16

FIGURE 1. Plot of 1J{§/§(1 — 6v)q(v) in the range v € [0, #]. The

function is monotone decreasing.

Proof. By construction
F5(v) = QE3(v) < Q(1 —6v)Ey(v) < Q(1 — 6v)q(v)
<Qo0) = 112

12
Numerical application show that

1+V2
12
Therefore F3 < 1 over the range v € [O, %] See also the plot in figure 3. O

(44 4e7?).

(44 4e7?) ~ 0.913647--- < 1.

5. CONVERGENCE

Now we consider any scheme (4.1) such that an estimate on the norm of ¢?
can be obtained. Let us go back to the Duhamel formula (4.1) and consider the
reminder

n—1
R:VZ(Ifl/A)nflfpgp, A=1;,A4, or As.
p=0

Due to the fact that corrections compatible with the Le Potier’s technique may
be rewritten under a finite volume form as stated in proposition 3.2, there exists
sP € [y such that

@ =Ds", 5] < Gl D*ul.

Therefore one has

n—1
IR < Co (V Dol - VA)"‘H’DH) |D%uo |

p=0

n—1
<Cy | v I =vA)"" D | D .
p=0

=F,
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Proposition 5.1. Let T > 0. Using the previous assumptions, there exists C3 > 0
such that
Cs

Az’
Proof. The term between parenthesis is very similar to the series analyzed previ-
ously, but here £ = 1 so that the infinite series cannot converge, see proposition
4.3. In order to bound this term we consider the truncated series

|Full < nAL<T.

T
At
F,<v Z wi(v).
1=0

Using (4.11) one gets

meerya-mire 3 (525) Gain) = [5(5-1)]

I<L L+1<n

=71 =Zs
As before the first term is bounded since an elementary summation yields vZ; <
I/% = % The second term is bounded by exactly the same method as in the proof

of (4.9). The only but essential difference is the sum H which becomes now

1 z
H =
v Z <le+1/>

v(L+2)<z <vE

l/l . . .
We obtain H' < [, 2% (2(17“3)1 (= I). For small At the integral diverges like
8§ 2 x+v)2

[T _c/(T)
. ~~ — <
(5.1) I=C I/A S TAr

thanks to the CFL condition. It ends the proof. (I

Remark 5.2. Inequality (5.1) can be obtained directly from the fundamental in-
equality derived in [7, 6].

Let ITa, be the point-wise projector of a smooth function onto the mesh grid.
Take the initial data as u® = a,u(0).

Theorem 5.3. Consider the scheme (5.19). Assume ug € H*(R). Assume the
CFL condition 6v < 1. Let T > 0. Then there exists a constant C' > 0 such that

(5.2) [l — Mazu(nAt)|| < C’Aa:3\uo\H4(R), Vn, nAt <T.
Proof. Tt is an easy matter to show that the regularity assumption implies
[ D*uC|| < ¢"|uo|rawyAz?.
Therefore | R|| < K |ug| ga®)Az*™! = Klug|ga@)Aaz®. On the other hand the linear
part of the scheme is fourth order in space and second order in time. Therefore
(I = vA)"u® — Hazu(nAt)|| < CAz* Jug| ga(wy-
Since u™ = (I — vA)"u’ + R, the triangular inequality shows the result. O
This theorem can be adapted to take into account the others Le Potier or modi-

fied schemes considered in this work. In particular the curve F» in figure 3 is under
threshold 1. So the schemes (3.15) also converges at order 3.
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Remark 5.4. A case of interest is the scheme (3.13) for which one can prove that
Q= % and ¢ = 4. A proof is given in the appendix. Considering the curves Fj

and F3 of figure 3 that are normalized for @ = 1";%/5, one can apply a correction

factor A = 1+4\/§ ~ 1.24.... One gets that Fy = AF3 < 1 for all v, and that

ﬁg = AF; < 1 for v < .15 approximatively. On this range it yields a control of the
fourth order discrete derivative, and therefore a proof of convergence at order three
if one considers the use of the non linear correction (3.13) with the 1 — 6v term.

Remark 5.5. The curve Fj is smaller than the limit value in a range [0, C[ where
the constant C' > % can be identified with numerical experiments. We infer that
the scheme converges at order 3 in this larger range also.

Remark 5.6. The main open problem is the adaptation of such theorem of conver-
gence in dimension two and greater. This is fully open problem.

6. NUMERICAL TESTS

We perform simple numerical tests to assess the properties of the numerical
schemes developed in this work.

FIGURE 2. The constant Ej o 3 for three different set of parameters.

6.1. Functions E and F. In figure 2 we plot the numerical value of E;(v) =
6 6 6
1/21120 w(v), Ea(v) = VZZIEO v (v) and E3(v) = v|1 — 6y Z}QO o1(v). We observe

that these quantities are pretty constant, less than 6 for v < i. The computed
value E1(0) is very close to the exact value ~ 4 +4e~2 ~ 4.5413.... Next in figure

3 we plot

C1+V2
12

We observe that 5 < 1 and F3 < 1 for v < i. On the other hand F; < 1 is true

only for approximatively v < .18. By inspection of the graphics, it is clear that the
function F3 is decreasing and bounded as stated in lemma 4.12.

o E;, =123



24 BRUNO DESPRES

0 ! ! N !
0 0.05 0.1 0.15 0.2 0.25

FIGURE 3. The functions Fj 2 3 for three different set of parame-

ters. Fy(v) = 1'§§/§E1(V) is for theoretical understanding. F»(v) =

1+1§/§E2(V) corresponds to the scheme (3.15). F3(v) = %Eg(y)

corresponds to the scheme (3.19). What is important is to be under
the threshold 1 (in bold).

6.2. Stability test. We consider the numerical solution of the heat equation on a
10 cells mesh. The initial data is a discrete Dirac mass. Such initial profiles are very
convenient to illustrate the maximum principle. We observe in figure 4 that the
two fourth order in space linear schemes do not preserve the maximum principle.
The three points scheme and the new third order non linear scheme preserve it.

0.2

0.1

T S T P T I R
T
L

0.1

L L L L L L L L L L L L L L L L L
0 0.1 0.2 03 0.4 0.5 0.6 0.7 0.8 0.9 1 0.73 0.735 0.74 0.745 0.75 0.755 0.76 0.765

Discrete solution at first iteration Zoom

FIGURE 4. Numerical solution calculated by the four different
schemes: one iteration. One sees that the three points schemes
and the modified scheme satisfy the maximum principle. The two
fourth order in space schemes do not.

6.3. Accuracy test. We solve the heat equation on the interval [0, 1] with periodic
boundary conditions. The initial data is

uo(x) = cos(2mx)

so that the exact solution is
2
u(t) = e 4™ by,
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We measure in table 1 and figure 5 the relative error in /2 norm at time ¢t = 0.1 in
function of the number of cells. As predicted by the theory, the modified scheme
based on a the second order in time and fourth order in space scheme converges at
order 3.

cells S So S3 Sy
10 0.051417 0.075126 0.0027395 0.02549113
20 0.012956 0.019319 0.0001710 0.00286890
40 0.003247 0.004863  0.00001068  0.00034257
80 0.000811 0.001217 0.0000006676  0.00004171
160 || 0.000202 0.000304 0.00000004172 0.00000515
’OrderH ~ 2 ~ 2 ~ 4 ~ 3 ‘
TABLE 1. Error in function of the mesh size for the four different
schemes: S7= second order in space and first order in time; So=
fourth order in space and first order in time; S3= fourth order in
space and second order in time; Sy= S3+non linear correction.

0.0001 F
le-05
1e-06 |

1e-07 |

le-08 L e —_
10 100 1000

FIGURE 5. Error of the different schemes with respect to the num-
ber of cells (10, 20, 40, 80, 160). Log-scaled. Same as table 1.

APPENDIX A. CONSTANT () FOR THE SCHEME (3.13)

The control of the fourth order discrete difference used in the scheme (3.13) can
be analyzed as in propositions 3.10 and 3.11. This scheme is also a modified (Le
Potier’s) scheme, but closer to the initial Le Potier’s scheme than (3.15) or (3.19).

For convenience we start from the fourth order in space and second order in time
linear scheme, plus the non linear correction

(A1) uj = u; + uDiv? +(1- 6y)uDiV§? +v|1 - 6v| Z ady(w — uy)
1eVs(j)
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where all terms are defined in (3.13): see also below. The main point is to determine
the continuity constant of the non linear correction g = (g;) where

g = Y ahlu—u),

levs(j)
and
1,3 1,3
B o— b - |Div]| N ’DIVZ’
Jl lj =3 PR

E? = EIEVB(J‘) lur = uj
V3§ ={j+2,j+1j—1,j—2}
One has that g; = hj + kj12 + 1j11 +mj_1 + nj_o where the first term h = (h;) is

_ Zievsp (w —u

h, ) IDiv?| = || < [Div?| = ||h]| < |[Div?]|

3
Ej
and the other terms are
_ i3 _ Uj+2—U
kive = ajee [Divie|, ajpe = =525,
J
_ 13 Uj41—U
li+1  =bjsr [Diviy], bjp1= B
J
.. 3 Uj_1—U
mji—1 =C¢Cj-1 |D1Vj_1| , Cj—1 = ]23 N 7,
E
S Uj—2—Uj
nj_y = dj_y |Divd |, dj_p = i
j j j—2|s Qj EI

One has the relation
laj| + [bj] + [c;] + |d;]
g = wgoa| - ug — g ] g = wga] + ug — |
— - -
J

1 V).
Since
&+ 14 m+n|?

<Az Y (lajpal Diviy,| + b [Diviy, | + [ej_1] |Div]_, | + |dj_of IDiv?_,[)°
J

< 4A:cz |aj+2|2 |Div§’+2|2 + 4AIZ |bj+1|2 |Div§+1|2

J J
482 3 Jej1 P DV [P+ 482 Y |dj o [Div_, [
J J

<482y (JagP + 1651 + les” +1d,1°) [Pivi]” < 4|Div?| 2
J

Therefore
1
lgll < IRl + 11k + 1+ m +n|| < (1+ V4)|IDiv?|| = 3||Div’|| < ZIID4U|I

by definition of Div?, see (3.12).

We now refer remark 5.4 where it is proved that this numerical value @
is sufficiently small to be sure that the control of the fourth order difference holds.
It yields the convergence at order 3 of this scheme. Notice however that the time
step to achieve the maximum principle is a priori more stringent than for (3.19).

_ |1-6y|
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