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Scaling limit of the path leading to the leftmost particle
in a branching random walk

Xinxin CHEN

Université Paris VI

Summary. We consider a discrete-time branching random walk defined on
the real line, which is assumed to be supercritical and in the boundary case.
It is known that its leftmost position of the n-th generation behaves asymp-
totically like %ln n, provided the non-extinction of the system. The main
goal of this paper, is to prove that the path from the root to the leftmost
particle, after a suitable normalizatoin, converges weakly to a Brownian
excursion in D([0, 1], R).

Keywords. Branching random walk; spinal decomposition.

1 Introduction

We consider a branching random walk, which is constructed according to a point process
L on the line. Precisely speaking, the system is started with one initial particle at the origin.
This particle is called the root, denoted by @. At time 1, the root dies and gives birth
to some new particles, which form the first generation. Their positions constitute a point
process distributed as £. At time 2, each of these particles dies and gives birth to new
particles whose positions — relative to that of their parent — constitute a new independent
copy of L. The system grows according to the same mechanism.

We denote by T the genealogical tree of the system, which is clearly a Galton-Watson
tree rooted at @. If a vertex u € T is in the n-th generation, we write |u| = n and denote its
position by V(u). Then {V(u), |u| =1} follows the same law as £. The family of positions

(V(u); u e T) is viewed as our branching random walk.



Throughout the paper, the branching random walk is assumed to be in the boundary

case (Biggins and Kyprianou [5)):

(1.1) E[ 3 1} > 1, E[ S e*V@f)} ~1, E[ S V(x)e*V@)] ~0.

lul=1 |z|=1 |z|=1

For any y € R, let y; := max{y, 0} and log, y := log(max{y, 1}). We also assume the

following integrability conditions:

(1.2) E[ZV(u)Qe_V(“)} < o0,

lul=1

(1.3) E[X(log, X)?] < oo, E[Xlog, X]< o0,

where

X = Z eV, X = Z V(u)pe VW,

|u|=1 Ju|=1

We define I,, to be the leftmost position in the n-th generation, i.e.
(1.4) I, .= inf{V(u), |u| =n},

with inf () := oo. If I,, < 0o, we choose a vertex uniformly in the set {u : |u] = n, V(u) =
I} of leftmost particles at time n and denote it by m(™. We let [@, m"] = {@ =
m(()"), mi™, . om = m™} be the shortest path in T relating the root @ to m(™, and

introduce the path from the root to m™ as follows
(I(k): 0 <k <n):=V(m™); 0<k<n).

In particular, 1,,(0) = 0 and I,(n) = I,. Let o be the positive real number such that

o? = E[szl V(u)Qe*V(“)]. Our main result is as follows.

Theorem 1.1 The rescaled path (%\%D, 0 < s < 1) converges in law in D([0,1],R), to a

normalized Brownian excursion (es; 0 < s < 1).

Remark 1.2 It has been proved in [1], [11] and [2] that I, is around 2Inn. In [3], the
authors proved that, for the model of branching Brownian motion, the time reversed path

followed by the leftmost particle converges in law to a certain stochastic process.

Let us say a few words about the proof of Theorem 1.1. We first consider the path

leading to m(™, by conditioning that its ending point I,, is located atypically below % Inn—=z
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with large z. Then we apply the well-known spinal decomposition to show that this path,
conditioned to {I,, < % Inn— z}, behaves like a simple random walk staying positive but tied
down at the end. Such a random walk, being rescaled, converges in law to the Brownian
excursion (see [9]). We then prove our main result by removing the condition of I,,. The
main strategy is borrowed from [2], but with appropriate refinements.

The rest of the paper is organized as follows. In Section 2, we recall the spinal decom-
position by a change of measures, which implies the useful many-to-one lemma. We prove a
conditioned version of Theorem 1.1 in Section 3. In Section 4, we remove the conditioning
and prove the theorem.

Throughout the paper, we use a,, ~ b, (n — 00) to denote lim,, 32 =1; and let (¢i)izo
denote finite and positive constants. We write E[f; A] for E[f14]. Moreover, > := 0 and

I, =1

2 Lyons’ change of measures and spinal decomposition

For any a € R, let P, be the probability measure such that P,((V(u), u € T) € -) =
P((V(u)+a, u € T) € -). The corresponding expectation is denoted by E,. Let (F,, n > 0)
be the natural filtration generated by the branching random walk and let Fo, 1= Vy>0F,.

We introduce the following random variables:
(2.1) W, = Z eV, n > 0.

lul=n
It follows immediately from (1.1) that (W,,, n > 0) is a non-negative martingale with respect
to (Fy). It is usually referred as the additive martingale. We define a probability measure
Q. on F, such that for any n > 0,

dQ,
dP,

= e'W,.

Fn

(2.2)

For convenience, we write Q for Qp.

Let us give the description of the branching random walk under Q, in an intuitive way,
which is known as the spinal decomposition. We introduce another point process £ with
Radon-Nykodin derivative ) _.e™* with respect to the law of £. Under Q,, the branching
random walk evolves as follows. Initially, there is one particle wq located at V(wy) = a.
At each step n, particles at generation n die and give birth to new particles independently

according to the law of £, except for the particle w,, which generates its children according
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to the law of £. The particle w,,; is chosen proportionally to e~V among the children
u of w,. We still call T the genealogical tree of the process, so that (wy),>0 is a ray in T,
which is called the spine. This change of probabilities was presented in various forms; see,
for example [15], [11] and [8].

It is convenient to use the following notation. For any u € T \ {@}, let & be the parent
of u, and

AV (u) = V(u) - V().

Let Q(u) be the set of brothers of u, i.e. Q(u) :={v e T:% =%, v # u}. Let § denote
the Dirac measure. Then under Q,, Z|u\=1 dav(u) follows the law of L. Further, We recall
the following proposition, from [11] and [15].

Proposition 2.1 (1) For any |u| = n, we have
—V(u)

W,

(2.3) Qu[w, = ulF,] =

(2) Under Q, the random variables <Zveﬂ(wn) OAV(v), AV(wn)>, n>1 are i.i.d..
As a consequence of this proposition, we get the many-to-one lemma as follows:

Lemma 2.2 There exists a centered random walk (S,; n > 0) with P,(Sy = a) = 1 such

that for any n > 1 and any measurable function g : R™ — [0, 00), we have

(2.4) E[ > g(V(w), .. .,V(un))} = B[ %(S1, ..., )],
lul=n
where we denote by [D, u] = {@& =: ug, ur ..., u = u} the ancestral line of u in T.

Note that by (1.3), Sy has the finite variance o® = E[S}] = B[}, _, V/(u)?e” V)],

2.1 Convergence in law for the one-dimensional random walk

Let us introduce some results about the centered random walk (S,,) with finite variance,

which will be used later. For any 0 < m < n, we define §[m’n] = Miy,<j<, Sj, and

S,, = Sjp,)- We denote by R(z) the renewal function of (S,,), which is defined as follows:

(2.5) R(z) = 1p—o) + Lsoy Y _P(—2 < Sp < 8, ).

k>0



For the random walk (—5,), we define S, S, and R_(z) similarly. It is known (see [10]
p. 360) that there exists ¢q > 0 such that

(2.6) lim 22

T—00 T

= (Cp.

Moreover, it is shown in [13] that there exist Cy, C_ > 0 such that for any a > 0,

(2.7) Pa(ﬁnzzO)»uf;éR(>
(2.8) P.(s; > 0) ~ %R_w).

We also state the following inequalities (see Lemmas 2.2 and 2.4 in [4], respectively).

Fact 2.3 (i) There exists a constant ¢; > 0 such that for anyb>a >0, >0 andn > 1,

(2.9) P(S,>—x; S, €la—x,b—1]) <ci(L+2)(1+b—a)(l+bn 32

(ii) Let 0 < A < 1. There exists a constant c; > 0 such that for any b >a >0, z, y >0
andn > 1,

(210)  Pu(Sp€ly+ay+b.8, > 0,8y, >y) < el +a)(L+b—a)(l+bn "

Before we give the next lemma, we recall the definition of lattice distribution (see [10],
p. 138). The distribution of a random variable X is lattice, if it is concentrated on a set of
points a + BZ, with « arbitrary. The largest § satisfying this property is called the span of
X;. Otherwise, the distribution of X; is called non-lattice.

Lemma 2.4 Let (r,),>0 be a sequence of real numbers such that lim, . = = = 0. Let
f: Ry — R be a Riemann integrable function. We suppose that there emsts a non-increasing
function f : R, — R such that |f(x)| < f(z) for any x > 0 and f>0 (x)dx < co. For
0<A<1,let F:D([0,A], R) = [0,1] be continuous. Let a > 0.

(I) Non-lattice case. If the distribution of (Sy — Sp) is non-lattice, then there exists a
constant C1 > 0 such that

. S sn
(2.11) ggon?’/zE[F(aLfJ 0<s< A)f(Sn —y); Sy = —a, Sjann =Y

/ f(2)R_(2)dsE[F(ey;0 < 5 < A)],

uniformly iny € [0,r,].



(II) Lattice case. If the distribution of (S1 — So) is supported in (« + SZ) with span 3,
then for any d € R,

S sn
(2.12) lim n?’/ZE[F(L—fJ;o <s< A)f(Sn ~y+d); 8, =~ Sipny =y - d]

n—o0 g\/ N

= C\R Z f(Bj+d)R_(Bj + d)E[F(es;0 < s < A)].
i>[—4]

uniformly in y € [0,r,] N {an + BZ}.

Proof of Lemma 2.4. The lemma is a refinement of Lemma 2.3 in [2], which proved the
convergence in the non-lattice case when a = 0 and ' = 1. We consider the non-lattice case
first. We denote the expectation on the left-hand side of (2.11) by x(F, f). Observe that for
any K € N,

X(F, ) = X(F. [ (@) Losozro) + X(F, f(2)1@>50)).

Since 0 < F' < 1, we have X(F, f(x)l(DK)) < X(l, f(:c)l(DK)), which is bounded by

ZEa[f(Sn—y—a); S, >0, Siapm =y +a, Sy € [y+a+j,y+a+j+1]]-
J>K

Recall that | f(z)| < f(x) with f non-increasing. We get that

X(1, f(@) 1> x)) Zf a[ﬁnzo,ﬁm,m2y+a,Sne[y+a+j,y+a+j+1]]-

It then follows from (2.10) that

(2.13) V(1 F@) i) < 2021+ @) (Y TGI2+5))n2.

i>K

Since [}z f(x)dz < oo, the sum doisK F(5)(2 + 7) decreases to zero as K 1 oo. We thus
only need to estimate X(F L (@)L (0<ax K)). Note that f is Riemann integrable. It suffices to
consider X(F, Lo<a< K)> with K a positive constant.

Applying the Markov property at time |An] shows that

Ssn -
V(F o) = Ea[F<LO_J7\/—a;0§8§A>; S Sy+a+K,S,> 0,85, >y +a
Slsn) —

(2.14) - EG[F< -

0 <s< A>\IIK(SLAnJ)§ Slan) 2 0]>



where Uy (x) =P, |:Sn7LAnJ <y+a+ K, ﬁn—LAnJ >y + a]. By reversing time, we obtain
that Vg (z) =P [ﬁ; >(=Sn)+y+a—2x)> —K} with m :=n — |An].

We define 7, as the first time when the random walk (—S) hits the minimal level during
[0,n], namely, 7, := inf{k € [0,n] : =S, = S, }. Define also »(z,(;n) = P(=S, €
[z,z+ (], S,, > 0) for any z, ¢ > 0. Then,

NE

Uk(z) = P[Tm:k; §;Z(—Sm)+(y+a—x)2—[(]

k=0

(2.15)

[
NE

P[—Sk:§;>—K; %(x—y—a,§;+K;m—k:)},

b
Il

0

where the last equality follows from the Markov property.
Let 9(z) := we~*"/?1(,50). Combining Theorem 1 of [6] with (2.7) yields that

C_¢C z
21 ; = P [_ n ) ; > ] = ( > ! ’
( 6) %(z,C,n) 0 S E[Z2+C] §n—0 JnQ/J U\/ﬁ +O<n )
uniformly in z € R, and ¢ in compact sets of R, . Note that ¢ is bounded on R, . Therefore,
there exists a constant ¢z > 0 such that for any ¢ € [0, K], z > 0 and n > 0,

(1+K)

(2.17) #(z,(;n) < c3 SO

Let k, := |v/n]. We divide the sum on the right-hand side of (2.15) into two parts:
(218)  Wi(x)=> + > P[=8. =5, > —K; s(z —y—a,S; +K;m—k).

By (2.16), under the assumption that y = o(y/n), the first part becomes that

C_ _ kn - - - kn -
(2.19) %w(j\ﬁ") ;%E[ﬁk +K; =S, =Sy > —K] +o(n 1)];13[_& = 8; > —K]

e <:c —a

ovm
where the last equation comes from the fact that ZkZOE[ﬁ,; +K; =S, =8, > —K] =
fOK R_(u)du. On the other hand, using (2.17) for »(z —y — a, S, + K;m — k) and then
applying (i) of Fact 2.3 imply that for n large enough, the second part of (2.18) is bounded

) /OK R_(w)du + o(n™Y),

am



(2.20)

QA+K)?°
=G Zl(m+1—k)k3/2_0(n )

By (2.19) and (2.20), we obtain that as n goes to infinity,

C_ T —a K
U(n—LAnJ)w(g n—LAnJ)/o R_(u)du,

uniformly in z > 0 and y € [0,7,]. Plugging it into (2.14) and then combining with (2.7)
yield that

(2.21) Ui (z) =o(n™) +

C K
X(F, Lo<e<r)) = 0(n3/2)+7_)/ R_(u)du
0

o(l—A)n
S sn| n
C g Tp(SenZ % < s < Ay (St s, >0,
VAR o\/n (1—A)n
Theorem 1.1 of [7] says that under the conditioned probability P, ( ‘ San > 0), <%3 0<

r < 1) converges in law to a Brownian meander, denoted by (M,;0 < r < 1). Therefore,

X(F, Lo<a<k)) ~ n?’?? fJ’_ \/_/ duE (\/ZMS/A;O <s< A) (%)}

It remains to check that

222) B [F(VAMysi0 <5< A)u(Y228)] =\ [Tn[rieo < s < o]

Let (Rs;0 < s < 1) be a standard three-dimensional Bessel process. Then, as is shown in
[12],

T UaPF(VAM s <o < ) ( )]

- VAR,
- \@m%l (VAR si0<s<a)u ( )}
_ @E[mew—%p(&;oggA)],
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where the last equation follows from the scaling property of Bessel process. Let (rg;0 < s <
1) be a standard three-dimensional Bessel bridge. Note that for any A < 1, (r5;0 < s < A)
is equivalent to (R,;0 < s < A), with density (1 — A)=3/2 eXp(—Q(f;_QAA)) (see p. 468 (3.11) of
[16]). Thus,

1
el

e =\ JmlFeso<s <o)

2
Since a normalized Brownian excursion is exactly a standard three-dimensional Bessel bridge,
this yields (2.22). Therefore, (2.11) is proved by taking C; = \/g%

o

VAM a0 < s < A>¢<

The proof of the lemma in the lattice case is along the same lines, except that we use
Theorem 2 (instead of Theorem 1) of [6]. [

3 Conditioning on the event {I, < 2lnn — z}

On the event {1, < %lnn — z}, we analyze the sample path leading to a particle located
at the leftmost position at the nth generation. For z > 0 and n > 1, let a,(z) := 2 Inn—z if
| — z if the distribution of
L is supported by « + Z. This section is devoted to the proof of the following proposition.

%lnn—om

the distribution of £ is non-lattice and let a,(2) := an+ |

Proposition 3.1 For any A € (0,1] and any continuous functional F : D([0,A], R) —
[0, 1],
I
E{F(M;O <s<a)
ov/n
We begin with some preliminary results.

For any 0 < A < 1 and L, K > 0, we denote by J2 ;(n) the following collection of

particles:

(3.1) lim limsup

200 poo

I, San(z)} —E[F(es;()g SSA)H = 0.

(3.2) {u eT:|ul=n, V(u) <ap(z), min V(ug) > —2+ K, min V(u) > an(z+L)}.

0<k<n An<k<n

Lemma 3.2 For any € > 0, there exists L. > 0 such that for any L > L., n > 1 and
z> K >0,

(3.3) P(m(") ¢ JﬁK’L(n), I, < an(z)) < (eK +e(l+2— K))e_z.



Proof. 1t suffices to show that for any € € (0,1), there exists L. > 1 such that for any
L>L.,n>1and z> K >0,

(3.4) P(El\u\ =n:V(u) <ap(z), u g J£K7L(n)) < (eK +e(l+2— K))e’z.

We observe that

(3.5) P(El\u\ =n:V(u) <ay(z), ud J£K7L(n)) < P<E|u eT:V(u) < —2z+ K)

+ P<E||u| =n:V(u) <ap(z), min V(ug) > -2+ K, min V(ug) < a,(z + L))

0<k<n An<k<n

On the one hand, by (2.4),

(3.6) P(Hu eT:V(u) < —z+ k) < ZE[ > 1{V(u>§—z+z<<mink<nvwm]

n>0 |u|=n
= ZE[@S"; Sy <—z+K<S, ||<etE

n>0

On the other hand, denoting A, (2) := [a,(z) — 1, a,(z)] for any z > 0,
P<E||u| =n:V(u) <ay(z), OgignV(uk) > —z+ K, Ar{%ikngn V(ug) < an(z + L))

= P,k (El\u\ =n:V(u) <a,(K), min V(ug) >0, min V(ug) < a,(K + L))

0<k<n An<k<n
J=K+£
< Y ¥ PZ_K<EI|u| = n:V(w) € A,(5). min V(u) >0, min V() e An(ﬁ)).
>L+K j=K

According to Lemma 3.3 in [2], there exist constants 1 > ¢; > 0 and ¢ > 0 such that for
anyn > 1, L>0and x, 2 > 0,

(3.7 P, (Elu €T:|ul=n, V(u) € Ay(2), min V(ug) >0, min V(u) € A,(2+ L))

0<k<n An<k<n
< (1 +a)esle™7,

Hence, combining (3.6) with (3.5) yields that

P(3lul =7 V() < an2), u g T3 ,(0)
< e—z+K+Z Z 06(1—1—2—[()6705([7]‘)6727].

>1 0<j<¢

< (eK +cr Z e 1+ 2 — K)) e,

>L

10



where the last inequality comes from the fact that ijo e~(1=¢)J < 00. We take L, = —cgIne
so that ¢y ZZZL e~! < ¢ for all L > L.. Therefore, for any L > L., n > 1and 2 > K > 0,

(3.8) P(El\u\ =n:V(u) <an(z), ud JZAJQL(n)) < (eK +e(l+2— K))e’z,

which completes the proof. [
For b € Z, we define

(3.9) En=En(2,b) ={Vk<n—>b, min V(u)>a,(z)}

uSwy, ul=n

We note that on the event &, N {I, < a,(2)}, any particle located at the leftmost position

must be separated from the spine after time n — b.

Lemma 3.3 For anyn > 0 and L > 0, there exist K(n) > 0, B(L,n) > 1 and N(n) > 1
such that for any b > B(L,n), n > N(n) and z > K > K(n),

(3.10) Q(Eﬁ, wy, € JQKL(n)) <n(l+L)2*(1+z—K)n™32

We feel free to omit the proof of Lemma 3.3 since it is just a slightly stronger version of
Lemma 3.8 in [2]. It follows from the same arguments.

Let us turn to the proof of Proposition 3.1. We break it up into 3 steps.
Step (1) (The conditioned convergence of (%\;ZJ), 0<s<A) for A <1 in the non-lattice
case)

Assume that the distribution of £ is non-lattice in this step. Recall that a,(z) = % Inn—=z.

The tail distribution of I,, has been given in Propositions 1.3 and 4.1 of [2], recalled as follows.

Fact 3.4 ([2]) There exists a constant C' > 0 such that

z

CP(I, < an(z)) — C) ~0.

(3.11) lim lim sup <
2

270 n—oo

Furthermore, for any € > 0, there exist N. > 1 and A. > 0 such that for any n > N. and
A <z< %lnn—AS,

P, < an(z)) — Cl<e O

(3.12) -

For any continuous functional F': D([0, A], R) — [0, 1], it is convenient to write that

(3.13) So(F,2) = E [F(% 0<s< A)1{In§an(z)}].

11



In particular, if F' =1, ¥,(1,2) = P({, < a,(2)). Thus,

(3.14) %:E[F(it\j@) 0<3<A>

Let us prove the following convergence for 0 < A < 1,

@)

Y (F!
(3.15) lim lim sup EnlF2) E[F(es, 0 <s< A)]‘ =

290 pvoo ‘Zn 1,2)

Proof of (3.15). For any n > 1, L > 0 and z > K > 0, let

(3.16) ,(F) = I.(F, 2, K,L) = E [F<[0_<\/_) 0<s< A>1{m(n)eJA (n)}} .

By Lemma 3.2, we obtain that for L > L., n>1and 2z > K > 0,

(3.17)

S (F,2) — Hn(F)‘ < (eK (142 K))e_z.

Note that m(™ is chosen uniformly among the particles located at the leftmost position.
Thus,

V(uLan)
Hn<F) = E|: Z 1(um(n)7ueJﬁK’L(n))F<ﬁ;o <s< A)

|lul=n
[ 1 Viusn)), }
2= L=t 52, ovn
Applying the change of measures given in (2.2), it follows from Proposition 2.1 that
eV twn) V(wsn))
3.18) I, (F Ly iw 1t wcga nF(is";ogsgAﬂ.
(318) ) =Ba| s =i merzieu o\
In order to estimate II,,, we restrict ourselves to the event &£,. Define
eV (wn) V<w\_snj)
An(F) = {E| v )1(V(wn)ImwnEJZA’K’L(n))F(O_i\/ﬁ;O <s< A)§ 54-

In view of Lemma 3.3, for any b > B(L,n), n > N(n) and z > K > K(n),

(3.19) ’Hn(F) - An(F)’

IN

Eq [ev(“’"); wy, € J2 p(n), 55]

e—zn—?’/?Q(gf” wy € J?,K,L(”))
MO+ LA+ 2 — K)e

IA

IA
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On the event &, N {l, < a,(2)}, A, (F) equals
eV(wn) V(stnJ)

Eq 1(V(wn):1n,wneJ§K7L(n)F< o/

0<s< A); Sn}.
D us i,y ul=n LV ()=1,)

Let, forx >0, L >0, and b > 1,

V(wb) Ly
— {V(wy)=I} > <
fuale) = Eq { D iy Ly =1} g2, V() 20,V w) L]

(3.20) < Qx( min V(wy) > 0,V (wy) < L)

0<k<b

We choose n large enough so that An < n —b. Thus, applying the Markov property at time
n — b yields that

- V(w|sn))
_ 3/2 2 Lsn] _ )
(321) An<F) =n’"e EQ [F( 0_\/_ O <s< A) fL b( (wn7b> an(z + L)),
0<r1§1<1£1 bV(wk) —z+ K, Angllclgnnfbv<wk) > an(z + L), Sn].

Let us introduce the following quantity by removing the restriction to &,:

. V(wsn))
(322) AL(F):=n*?cEq [F(g—&r_j; 0 <5 < A) fraV(was) = an(z+ L))
o<11?<12 bV(wk) —z+ K, Anlgr}glgnmbv(wk) > an(z + L)]

We immediately observe that

(323) [Au(F) ~ AL(F)| < 027 Q( SV (wes) — anl= + 1),

min V(wg) > —2z+ K, min V(w) > a,(z + L); (En)c)

0<k<n—b An<k<n-—b

By (3.20), we check that |A,(F) — AfL(F)‘ < e Q(w, € JEk (1), (€,)°). Applying

Lemma 3.3 again implies that

(3.24)

An(F) = AL(F)| < (14 LPP(14 2 = K)e ™,

Combining with (3.19), we obtain that for any b > B(L,n), z > K > K(n) and n large

enough,
(3.25) ]nn(p) - Ag(F)] < 2p(1 4+ L)2(1+ 2 — K)e ™.
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Note that (V(wg); k& > 1) is a centered random walk under Q and that it is proved in [2]
that f, satisfies the conditions of Lemma 2.4. By (I) of Lemma 2.4, we get that

(3.26) lim AL(F) =aj,R(z — K)e *E[F(e,;, 0 < s <6)],

n—oo

where af, = C} fx>0 fro(z)R_(z)dx € [0,00). Thus, by (3.25), one sees that for any
b> B(L,n) and z > K > K(n),

(3.27) limsup ‘H —ap,R(z—K)e *E[F(e,, 0 < s < A)]| <2p(1+L)*(1+2—K)e ~.

n—o0

Going back to (3.17), we deduce that for any L > L., b > B(L,n) and z > K > K(n),

n(F,2) — ai’bR(z — K)e ?E[F(es, 0< s < A)]}

n—o0

< 1+ L2142 — K)e ™ + (eK ve(l4z— K))e*z.

Recall that lim, @ = ¢p. We multiply each term by %, and then let z go to infinity to
conclude that

z

e—En(F, 2) —ab ,coB[F(es, 0 <5 < A)]‘ <2(1+L)?+e
z )

(3.28) lim sup lim sup

Z—00 n—oo

In particular, taking F' = 1 gives that

z

“P(I, < an(2)) — al bc()’ <ol + L)% +¢
Z K

(3.29) lim sup lim sup

Z2—00 n—oo

It follows from Fact 3.4 that |C' — o ,col < 2n(1 + L)* 4+ . We thus choose 0 < & < C'/10
and 0 < n < 575 so that 2C > af_,co > C/2 > 0.

(1+L)
Therefore, for any € € (0,C/10), 0 <n < m, L=1L.and b> B(L.,n),
. . Yo (F, 2) 4e
3.30 1 | ———~ —E[F(e;,,0<s <A
(3.30) msuptimsup| 20 - BP0 <5< )| < o

which completes the proof of (3.15) in the non-lattice case.
Step (1I) (The conditioned convergence of (I" .0 < s < A) for A< 1 in the lattice
case) Assume that the law of £ is supported by a + BZ with span 3. Recall that a,(0) =

an + 3| = zlnn- OmJ and that a,(z) = a,(0) — 2. We use the same notation of Step (I). Let us
prove

2 (F,
(3.31) lim limsup EalFi2) E[F(es, 0 < s < A)]| =0.

BL3z—0 p—oo Zn(L Z)
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Suppose that z € fZ. Whereas the arguments of Step (I), we obtain that for any L > L.,
b> B(L,n), z> K > K(n) and n sufficiently large,

(3.32)  [S(F2) — AI(F)| < 25(1 + L)2(1 + 2 — K)e™* + <eK te(l4z— K))e—Z,

where

V SN
AI(F) = A(F, 2, K, L,b) := O Eq [F( (Uifj) 0<s< A)
g

fro (V(wn_b —anp(z+ L))); min V(wg) > —2+4+ K, min V(wg) > a,(z+ L)] )

0<k<n—b An<k<n—b

Under Q, the distribution of V' (w;) — V (wyp) is also supported by a+ fZ. Let d = d(L,b) :=
B[O‘I’T_L} —ab+ L and ), := n®2e ) Recall that f;, is well defined in (3.20), it follows
from (II) of Lemma 2.4 that

(3.33) lim \,A(F) = af'yR(z — K)e "E[F(es, 0 < s < A)].

n—o0

where affy = Ci183° .0 frs(Bj + d)R_(Bj + d) € [0,00). Observe that 1 < )\, < el
Combining with (3.32), we conclude that

(3.34) limsup lim sup %)\nEn(F, z) — afycoE[F(es, 0 < s < A)]| < e’ (2n(1+ L)* +¢).

BZ>z—00 n—00

We admit for the moment that there exist 0 < cg < ¢19 < oo such that ol b € [eg, ¢10] for
all L, b large enough. Then take ¢ < 2%, L = L., n = m and b > B(L.,n) so that
2 i)\nzn F,z
e?(2n(1+ L)+ ¢) < coco/2 < afl yco/2 < 2¢1p¢. Note that ;"((fz)) = :;/\nzn((l,z))' We thus
deduce from (3.34) that

S (F 4
M—E[F(es, 0<s<A)l< c

(3.35) lim sup lim sup

BZ3z—00 n—00 2n<17 Z) 0900/66 — 2’

which tends to zero as € | 0.
It remains to prove that ai{b € [eo, c10] for all L, b large enough. Instead of investigating

the entire system, we consider the branching random walk killed at 0. Define
(3.36) IF = inf{V (u) : |u] = n, V(up) >0, YO < k < n},

and we get the following fact from Corollary 3.4 and Lemma 3.6 of [2].
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Fact 3.5 ([2]) There exists a constant c1y > 0 such that for anyn > 1 and x, z > 0,
(3.37) P, (IF" < a,(2)) < enn(1 + x)e ™=

Moreover, there exists c1o > 0 such that for anyn > 1 and z € [0, a,(1)],

(3.38) P(IF! < a,(2)) > cpe™".

Even though Fact 3.5 is proved in [2] under the assumption that the distribution of £ is
non-lattice, the lattice case is actually recovered from that proof.
Analogically, let m*"-(™ be the particle chosen uniformly in the set {u : |u| = n, V(u) =

IMU ming<p<, V(ug) > 0}. Moreover, let XF#(1 2) := P [[ﬁi” < an(z)} and ITF(1, 2, 2, L) :=

P [Ifjm < a,(z), mhib ¢ Jﬁz7L(n)}. By (3.7) again, we check that for all L > L.,

(339)  |SEU(1L2) -T2, 5, )|

IA

P [El|u| =n:V(u) < ay(z); Or&i?nV(uk) > 0; Aﬁikrin‘/(uk) < a,(z+ L)]

< ce

Recounting the arguments of Step (1), one sees that for any L > L., b > B(L,n), z > K(n)

and n sufficiently large,
(3.40) ‘Hff”(l, 2,2, L) — AR < 2p(1 4 L)%,
where

(3.41)  AMl.— Eq [f’“”(V(wn,b)); min V(wy) >0, min  V(wy) zan(z+L)],

0<k<n—b An<k<n—b

Vv
e (wb)l{V(wb):I{:i”}

with f*(z) .= EQI[ ; ming<k<y V(wy) > an(z + L), V(wy) <

an(z)]. For € > 0 and n sufficiently large, it has been proved in [2] that

Z‘“‘:b I{V(u):I{;’i”, min()gjgb V(uj)ZO}

(3.42) e* A (1, 2,2, L, b) — AFll

<e.

Recalling the convergence (3.33) with K = z and F' = 1, we deduce from (3.39), (3.40) and
(3.42) that for any L > L., b > B(L,n) and z > K(n),

(3.43) lim sup

n—oo

kill I
A1, 2) — ay e

<eéf <27)(1 + L)? + 25) e ”,
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since R(0) =1 and 1 < )\, < e?. Fact 3.5 implies that c;» < e\, P(IF < a,(z2)) < 1€,

Hence, we obtain that
(3.44) C1z — & (277(1 YL+ 25> < ally < ey + ¢ (277(1 FL? 4 25>.

Let cg := c11€® + c1p and ¢ == 3c12/4 > 0. For any € < e Pcj5/12, we take L = L. and
n < e/2(1+ Lc)*. Then ¢ip > iy, > ¢9 > 0 for b > B(L.,n). This completes the second
step.

Step (III)(The tightness) Actually, it suffices to prove the following proposition.

Proposition 3.6 For any n > 0,

(3.45) lim lim sup lim supP( sup |In(n—k)—

=0 2500 n—00 0<k<én

(z)) ~0.

The first two steps allow us to obtain the following fact whether the distribution is lattice

or non-lattice.

Fact 3.7 There exist constants c¢i3,c14 € (0,00) such that

z z

(3.46)  c¢13 < liminfliminf e—P([n < a,(z)) < limsup lim sup e—P([n < a,(2)) < cua.
2

zZ—00 Mmoo 2 2—$00  M—00

Proof of Proposition 3.6. First, we observe that for any M > 1 and ¢ € (0,1/2),

P( sup |I,(n—k) —I,| > dov/n, I, < an(z)>

0<k<én
< P(ml) ¢ LG, L < an(2)) + P (Luln = [6n]) = Mov/on, I < an(2)) +x(0, 2 1),
where (3, z,n) := P< e J2,(n), L(n—|on)) < Mov/dn, supgcpesn | In(n—k)—L,| >
?70'\/75)-

It follows from Lemma 3.2 that for any ¢ > 0,if L > L., n > 1 and z > 0,
(3.47) P () & J5,(0), I < an(2)) < (L 2(1+2))e
Then dividing each term of (3.47) by P(l, < a,(z)) yields that
(3.48) P( sup |I,(n —

(
0<k<dn
)

(I+e(l+z))e”
S B < () +P(In— [on]) >

17

k)

n|l, < an(z)>

X(0,z,n)
P(I, < an(2)) .

n|l, < an(z)> +



On the one hand, by Fact 3.7,

. . (1+e(l+2z))e*
3.49 lim sup lim su
(3.49) mSup s g ()

£
<.
€13

On the other hand, Steps (I) and (II) tell us that for any 1 > § > 0 and M > 1,

(3.50) lim sup lim sup P [In(n — [6n]) > MoVén

I, < an(z)] = Pley_s > MV,

200 n—0o
which, by Chebyshev’s inequality, is bounded by E]‘[jj—;] = ‘]1\4\/\1/?—;5. Consequently,
(3.51) lim sup lim supP( sup |I,(n —k)—I,| > novn|l, < an(z)>
z200  n—0o 0<k<én
< o gy imwim 5 S5

Let us estimate x(J, z,n). One sees that
X(0,2,m) < E[XI: 1{ueJ;{5<n); supo<h<on [V (Un_i) =V (u)|>nov/n; V(unﬂwsm%@]'

By Lemma 2.4, it becomes that

X((S,Z,’I’L) S E[esnvsn S a'n(z)7§ > _Z7§[n/27n} Z a'n(z + L)a

n —

Sn—lon] < MoVién, sup [S,_p — Sp| > no\/ﬁ]

0<k<dn
< n3/2e*ZT(5, z,n),
where Y (9, z,n) := P<Sn < an(2), 9, 2 =2, Sjpjon = an(z + L), Sp—jsn) < Movén,

SUPg<k<sn | Sn—k — Sn| > no\/n, Sn_isn) < MoV 5n>.
Reversing time yields that

(352) T(6.2n) < P(S; > =a,(0), 5,0 > L, =Sy € [~an(2), —au(z + L))

sup | — Si| > nov/n, —S\n) < Movion — an(z+L)).

0<k<én

Applying the Markov property at time [dn |, we obtain that

(3.53) T(6,2,n) = B|O(=Sin)); S5, = ~L, swp | = S| = nov/),

0<k<on
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where @< ) - 1{x<M0\/% an(z+L) }P (5_1/2 on > _L,§6,5)n > —CLn<O)7 _Sn*w”J € [_a’n<z>7

—an(z+ L)]) Reversing time again implies that

O(z) < 1{x§Mm/%}P <§(1—5)n > —z—L,
Stuja-om = @n(z +2L), Suigny € [+ an(z + L), + an(2)]).

By (2.10), O(2) < c15(1+ 2+ L)(1+ L)(1 + Mov/én +2L)n~3/%. Plugging it into (3.53) and
taking n large enough so that 1+ 2L < novdon, we get that

T(0,2,1n) < c15(1+ 2)(1 + L)*n~3*(M + n)oVonE [ggn > —L, sup |— Skl > 'r]a\/ﬁ]

0<k<on

Recall that x (6, z,n) < e™*n%2Y (4, z,n). We check that

(3.54) x(6,2z,n) < cise *(1+ 2)(1 4+ L)*(M +1n)o
X Er| sup (=Sp) = novi|S;, 2 0] (VonPL[s5, > 0]).

0<k<dn

On the one hand, by Theorem 1.1 of [7], E, [SUPogkgan(_Sk) > na\/ﬁ’ﬁgn > 0] converges to
P (supgc, oy M > n/v/6) as n — co. On the other hand, (2.7) shows that v/énP, [ﬁgn > 0]

converges to C_R_(L) as n — oo. Therefore,

limsup x(3,z,n) < cise *(1 + 2)(1 + L)*(M + n)oC_R_(L) x P(sup M, > n/Vé).

n—00 0<s<1

Going back to (3.51) and letting z — oo, we deduce from Fact 3.7 that

(3.55) limsuplimsupP( sup |I,(n — k)

Z—00 n—o0 0<k<dn

n|l, < an(z)>

cf 2 c15(1 + L)*(M 4+ n)oC_R_(L) x P(supyc,<; M, > n/V/9)
Tas M 13 '

Notice that P(supgc,<; Ms > 1n/V/6) decreases to 0 as § | 0. Take M > 2/e. We conclude
that for any 0 < € < ¢13,

n|l, < an(2)> <= +e¢,

(3.56)  limsup lim sup lim sup P < sup |I,(n — k)
€13

0—0 Z—00 n—o0 0<k<dn

which completes the proof of Proposition 3.6. And Proposition 3.1 is thus proved. [
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4 Proof of Theorem 1.1

Let us prove the main theorem now. It suffices to prove that for any continuous functional
F :D([0,1],R) — [0, 1], we have

(4.1) JL%‘E[F(%;?);OSSS 1)] —E[F(es, 0<s< 1)H — 0.
Proof of (4.1). Define for A > 0,
(4.2) ZIAl={ueT:V(u)>A> gﬁﬁ‘/(uk)}

For any particle u € Z[A], there is a subtree rooted at w. If |u| < n, let

I,(u) :== pg}\ivr‘l:n V(v).
Moreover, assume m! is the particle uniformly chosen in the set {|v| =n:v > u,V(v) =
I,(w)}. Similarly, we write [&,m%] = {& =: mf§,m},---,mt}. The trajectory leading
to my is denoted by {V(m});0 < k < n}. Let wy be the particle uniformly chosen in
{ue Z[A]: lu| <n, I,(u) = 1,}.
Let Y4 := {max,cza |u| < M, max,cz4) V(u) < M}. Then for any € > 0, there exist
M := M(A,¢) large enough such that P()9) < e. It follows that

(4.3) ’E [F(LO(_%J)

< e+ P, — an(0)| > A/2).

0<s< 1)} —E[F(%;OSS < 1);yA,|In—an(0)| gA/z”

We then check that for n > M,

(4.4) E[F(%\jg) 0<s< 1);yA, 11, — a,(0)] < A/Q]
_ E[ S 1(u:wA)F(ViL;;_"J);o <5< 1);3/,4, 11, — an(0)] < A/z].
]

ueZ[A

Define another trajectory {V(m¢);0 < k < n} as follows.

N A4 if & < |ul;
(4.5) Vimyg) = {V(m};) if |ul <k <n.
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It follows that

(4.6) E[F(%\j@);o <s< 1);yA, 11, — an(0)] < A/z}
- E[ S 1 wA)F(V( \/@J) 0<s< 1);yA,|1n—an(o)\ < AJ2| + 0,(1),
uEZ[A]

where 0,(1) — 0 as n goes to infinity.
Define the sigma-field G4 := o{(u,V(u), I,(u));u € Z[A]}. Note that on Yy, I, =
min,eza I (u) as long as n > M. One sees that YaN{|L, —a,(0)] < A/2} is G4-measurable

for all n large enough. Thus,

B[ Y 1 wA)F<V( \/Li"J) 0< s 1) D, 1o — an0)] < A4/2]
u€Z[A]

V(mtan)
- E[ 3 1(u:wA)E[F<7;O <s< 1) ‘gA, u= MA};yA, 11, — an(0)] < A/2].
o\/n
ueZ[A]
Further, we notice by the branching property that conditioned on {(u,V(u));u € Z[A]},

the subtrees generated by u € Z[A] are independent copies of the original one, started from
V(u), respectively. Therefore, given Y4 N {|I,, — a,(0)| < A/2},

1(uwA>E[F<V(U\;TJ) 0<s< 1) ’QA, u = WA}
= 1(uwA)E[F<I((LTS\(/n_7||UlRJ);O <s< 1) ] < an(—ru)] + 0,(1),

where 7, := min{minyezap fu} In(v) — a,(0), A/2} — V(u) is independent of I,,_j,. Thus,
(4.6) becomes that

(4.8) E [F(%

_ I([s(n—Jul)]) ,
SRl e )

Yas o = an(0)] < A/2] + 00 (1)

0 <5 < 1);Va, [l — aa(0)] < A/2]

n—lu] < an(—'f’u)];

The event Y4 N{|I, — a,(0)] < A/2} ensures that A/2+ M > —r, > A/2. The conditioned

convergence has been given in Proposition 3.1. We need a slightly stronger version here.
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According to Proposition 3.1, for any € > 0, there exists z. > 0 such that for all z > z_,

(4.9) h;ﬂ_}SOij}E[F(%\j%J);O < s < 1)

Thus, for any z > z., there exists N, > 1 such that for any n > N,

I, < an(z)} — E[F(es,0 < s < 1)]} < e.

(4.10) ’E[F(%O <s< 1)

Take A =2z, and K = M. We say that for n sufficiently large,

I, < an(z)] —E[F(es,0<s< 1)]’ < 2e.

(4.11) Ze[zs;fﬂq E[F(%; 0<s< 1)

In the lattice case, (4.11) follows immediately. We only need to prove it in the non-lattice

I, < an(z)} —E[F(e;,0< s < 1)]’ < 3e.

case.

Recall that >, (F,z) = E[F(%;O <s< 1); I, < an(z)] with 0 < F < 1. Then,

for any ¢ > 0 and z > 0,

En<F7Z+€)‘

Yn(l,240)

’Zn(F,z)—Zn(F,z+€)’ ’Zn(F,z+€) Zn(F,z+€)’

T

- Y1, 2) Ya(1,2) Y1, z40)
B 1 Su(F z+40)
- i (|ZalFr2) =SR2+ 0)| + STy B2 0 = 5a(,2) ).
Since 0 < F' < 1, the two following inequalities
Ln([sn))
- = 0<s<1): <
(F, 2) Zn(F,z+£)’ E[F( e ,0_3_1), an(zw)dn_an(z)}

< Plan(z+0) < I, < an(2)),

and é’;((fjj:ﬁ)) < 1 hold. Note also that |X,(1,z+/) —X,(1, 2)| = P(an(z +¢) < I, < a,(2)).

It follows that

Yo(Fiz)  Eu(Fz+0) 2P(an(z +0) < I, < ay(z))

Yo(l,z)  E.(l,z+01 — P(I, < an(2))

P(I, <a,(z+10))
P(I, <an(2))

(4.13)

2-2

In view of Fact 3.4, we take %lnn — Ao >0+ 2> 2z> A, so that for any n > N/,

P(I, < a,(z+1Y))

(C—¢e")(z+ e >t S C— 6’64
P(I, < a,(2)) .

(C+¢e)ze > —C+¢e

(4.14) >
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For ¢’ = Ce/8 > 0, we choose ¢ = { so that gf/ e~ ¢ >1— 2. As a consequence, for any

A gzgglnn— 5/—§,0§£§g‘andnzz\f€,

So(F,2)  So(F,z+0) c—¢
. — < — <e.
(4.15) Su(l,2)  Su(l,z10) ’ —2<1 Cte’ ) c

For & > 0, z. can be chosen so that [z, 2z + K] C [As, 3Inn — Ao] for n > X N... For
any integer 0 < j < [K/(], let zj := 2. + j¢. Then [z, 2. + K] C Up<j<ik/c1]2), 2j41). Take
N! = maxo<j<jx/c1{N:,, " No.}. By (4.10) and (4.15), we conclude that for any n > N/,

n(lsn])
E|F ( 0<s<1) (z)]—E[F(es,Ogsgl)]‘
2€|ze, zE+K]‘ 0'\/_
(F, Y, (F, Y, (F, z;
< J—E[F(es, 0§3§1)])+ sup sup (F2) — ( zj)
o<seix/cl | Sall, ) 0<i<[K/(] z<2<za1 | Bn(1,2)  En(1, 25)
< 3e.

We continue to prove the main theorem. Since Y, ¢z 4 Lu=w,) = 1, we deduce from (4.8)
and (4.11) that for n sufficiently large,

’E[F(%;O <s< 1);yA, I, — an(0)] < A/2| —E[F(e,, 0 < s < 1)]
< 3PV [In — an(0)] < A/2) + 0,(1) + P(V3) + P(|1n — an(0)] = A/2)

< de+ 0,(1) + P(|I, — a,(0)| > A/2).

Going back to (4.3), we conclude that for n large enough,

}E[ ( ;{jﬁj) 0<s< 1)] _E[F(e,, 0< s < 1)]} < Be+2P(|1, — an(0)] > A/2) +0,(1).

Let n go to infinity and then make € | 0. Therefore,

(Lsn
4.16 lim su ’E[ ( 0<s )} Fle,, 0<s<1
< limsup lim sup 2P(|I —a,(0)| > =
Z—00 n—oo

It remains to show that limsup,_,  limsup,_,. P(|I, — a,(0)] > 2z) = 0. Because of Fact
(3.7), it suffices to prove that

(4.17) lim sup lim sup P(7,, > a,,(0) + z) = 0.

Z—00 n—oo
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In the non-lattice case, Theorem 1.1 of [2] implies it directly. In the lattice case, we see that

for n large enough,

(4.18) P> a,(0) +2) < B[ T] (1= ®u(z,m)i ] +<,

with ®,(2,n) := P(L_jy < an(V(u) —2)). Take A = 2z here. Then it follows from Fact 3.7
that for n large enough and for any particle u € Z[A],

(4.19) Dulz,n) 2 era/2V () = 2)e V) > 22V (e,
(4.18) hence becomes that

limsup P(I, > a,(0) +2) < E[ I] - %V(u)ez—m)); yA] te

oo ueZ[A]

E[exp ( — %ez Z V(u)e_v(“)ﬂ +e.

u€Z[A]

IN

It has been proved that as A goes to infinity, > [A] V(u)e™"™ converges almost surely to

ucez
some limit D, which is strictly positive on the set of non-extinction of T, (see (5.2) in [2]).

We end up with

(4.20) lim sup lim sup P(1,, > a,(0) + z) < ¢,

Z—00 n—o0

which completes the proof of Theorem 1.1. [
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