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Equations différentielles stochastiques rétrogrades réfléchies
a4 deux barriéres et jeux de Dynkin généralisés

Résumé : Nous étudions des équations différentielles stochastiques rétrogrades réfléchies
(EDSR) a deux barriéres avec sauts dans le cas ou les barriéres sont modélisées par des processus
stochastiques cadlag. Nous prouvons l'existence et 'unicité de la solution et nous démontrons
que dans le cas ou le driver est lipschitzien, la solution coincide avec la fonction valeur d’un jeu
différentiel stochastique, qui peut s’écrire comme un jeu de Dynkin généralisé avec g- espérance.
Grace a cette caractérisation, nous démontrons des théorémes de comparaison et des estima-
tions a priori. Dans le cas Markovien, nous étudions le lien avec des inéquations variationnelles
intégro-différentielles a 2 obstacles.

Mots-clés :  Equations différentielles stochastiques rétrogrades réfléchies a deux barriéres;
Equations Différentielles stochastiques rétrogrades avec sauts; espérance non-linéaire; jeux de
Dynkin; théoréme de comparaison; équation intégro-différentielle; solution de viscosité



Double barrier reflected BSDEs with jumps and generalized Dynkin games 3

1 Introduction

Backward stochastic differential equations (BSDEs) were introduced, in the case of a Brownian
filtration, by Bismut (1976), then generalized by Pardoux and Peng. They represent a useful
tool in mathematical finance and stochastic control. Reflected BSDEs (RBSDEs) are studied by
N. EL Karoui et al. ([?, ?]) in the Brownian framework, and extended to the case of jumps by
Essaky, Hamadéne and Ouknine, Crépey and Matoussi ([?, 7, 7, ?]). In [?], Quenez and Sulem
have focused on the case when the obstacle is RCLL only. In particular, they have shown that
the solution of an RBSDE with jumps corresponds to the value function of a related optimal
stopping problem, generalizing some results of [?]. In [?], we have studied the links between
RBSDEs with jumps and RCLL obstacle and parabolic partial integro-differential variational
inequalities (PIDVI) in the Markovian case.

In the Brownian framework, double barrier reflected BSDEs (DBBSDEs) have been intro-
duced by Cvitanic and Karatzas in [?] for a regular obstacle, and then studied by several authors
[?, 7, 7,27, 7]. The solutions of such equations are constrained to stay between two processes
called barriers or obstacles. The extension to the case of jumps can be found in [?, 7, ?].

In this paper, we study DBBSDEs with jumps and RCLL barriers, and their links with some
game problems. We first provide existence and uniqueness results which complete the previous
works ([?, 7, ?]). It is well-known that when the driver does not depend on the solution, the
solution of the DBBSDE can be characterized as the value function of a Dynkin game problem
(see e.g. [?, 7, ?]). We generalize this result to the case of a driver depending on the solution.
More generally, we show that for any Lipschitz driver, the solution of the DBBSDE coincides
with the value function of a game problem, which can be seen as a generalization of the classical
Dynkin problem to the case of g-conditional expectations. Using this characterization, we prove
some new results on DBBSDESs, such as comparison theorems and a priori estimates. We then
study DBBSDEs with jumps and RCLL obstacles in the Markovian case and their links with
parabolic partial integro-differential variational inequalities (PIDVTI) with two obstacles.

The paper is organized as follows: In Section 7?7 we introduce notation and definitions and
provide some preliminary results. In Section 77, we study DBBSDEs when the driver does
not depend on the solution and their links with Dynkin game problems which completes the
previous works on DBBSDEs. In Section 7?7, we turn to the general case. We state an existence
and uniqueness result for DBBSDEs with jumps, RCLL obstacle and general Lipschitz driver,
and we prove that the solution of the DBBSDE can be characterized as the value function of
a generalized Dynkin game problem with g-conditional expectations. In Section 7?7, we provide
comparison theorems and a priori estimates for DBBSDEs with jumps and RCLL obstacles.
In the Markovian case, relations between a DBBSDE with jumps and a PIDVI are studied in
Section ?7?7. We show that the solution of a DBBSDE corresponds to a solution of the PIDVT in
the viscosity sense. Under additional assumptions, we establish an uniqueness result in the class
of continuous functions, with polynomial growth.

2 Definitions and preliminary results

Let (2, F P) be a probability space. Let W be a one-dimensional Brownian motion and N (dt, du)
be a Poisson random measure with compensator v(du)dt such that v is a o-finite measure on
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Dumitrescu € Quenez & Sulem

R”, equipped with its Borel field B(R*). Let N(dt, du) be its compensated process. Let IF =
{F:,t > 0} be the natural filtration associated with W and N.

Notation. Let P be the predictable o-algebra on [0, 7] x .
For each T' > 0, we use the following notation:

L?(Fr) is the set of random variables ¢ which are Fr-measurable and square integrable.

IH? is the set of real-valued predictable processes ¢ such that

T
/ (bfdt] < 00.
0

L2 is the set of Borelian functions £ : R* — R such that [g.

181172 = E

2(u)Pv(du) < +oo.
The set L? is a Hilbert space equipped with the scalar product

(0, ), := / S(u)l(u)v(du) for all 6, £ € L? x L2,

and the norm [|€]|2 := [5. [£(u)[*v(du).

IH? is the set of processes | which are predictable, that is, measurable

1:(0,T] xQ2xR*, PBR") = (R,BR)); (w,t,u)— li(w,u)

T
/ 1112 dt| < oo
0

S? is the set of real-valued RCLL adapted processes ¢ such that

such that
U2 = E

161152 = E( sup |¢x[*) < oo.
0<t<T
A? is the set of real-valued non decreasing RCLL predictable processes A with Ayg = 0 and
E(A%) < oo.
To denotes the set of stopping times 7 such that 7 € [0,T] a.s.

For S in 7Ty, Tg is the set of stopping times 7 such that S <7 < T a.s.

Definition 2.1 (Driver, Lipschitz driver) A function g is said to be a driver if

e g:[0,T]xOxR?*x L2 - R

(w,t,y, 2, 6() = g(w, t,y, 2, k() is P @ B(R?) @ B(L2)— measurable,

9(.,0,0,0) € H2.

A driver g is called a Lipschitz driver if moreover there exists a constant C' > 0 such that
dP ® dt-a.s. , for each (y1,21,k1), (y2, 22, k2),

lg(w, t,y1, 21, k1) — g(w, t, Y2, 22, k2)| < C|lyr — yo| + |21 — 22| + [|k1 — k2l[,).

Inria



Double barrier reflected BSDEs with jumps and generalized Dynkin games 5

Theorem 2.2 (Existence and uniqueness result for BSDEs with jumps, Tang & Li [?])
Let T > 0. For each Lipschitz driver g, and each terminal condition & € L?(Fr), there exists a
unique solution (X, m,1) € 8? x H? x IH? satisfying

—dX; = g(t, Xy, 74, 1t (-))dt — medW; — / I (w)N(dt, du); Xr=¢ (2.1)

5

The solution is denoted by (X (§,T),w(§,T),1(¢,T)).

This result can be extended when the terminal time 7" is replaced by a stopping time S € Ty.
Let (X (&,9),7(&,9),1(&,5)) (denoted here by (X, 7,1)) be the solution of the BSDE associated
with driver g, terminal time S and terminal condition ¢ € L?(Fs). The solution can be extended
on the whole interval [0, T] by setting X; = &, 7 = 0,l; =0 for t > S. So, (X, m,le);t < T) is
the unique solution of the BSDE with driver g(t,y, z, k)1{;<g} and terminal conditions (7', §).

We refer to [?] and to [?] for more results on BSDEs with jumps.

Definition 2.3 (Double barrier reflected BSDEs with jumps) Let T > 0 be a fized ter-
minal time and g be a Lipschitz driver. Let & and ¢ be two adapted RCLL processes with {7 = &1
a.s., £€8%,e€ 8% & <, Vtel0,T)] as.

A process (Y, Z, k(.), ) in 8% x H? x H? x §?% is said to be a solution of the double barrier
reflected BSDE (DBBSDE) associated with driver g and barriers &, ¢ if

a=A— A" with A, A" € A?

*

G <Y <G, 0<t<T as.,

T T
/ (Y; — &)dAY =0 a.s. and / (¢ — Yi)dAL =0 a.s.
0 0
AAL = AANy ¢y and AAY = ANASLy ¢y as. VT € Tg predictable

(2.3)

Here A€ (resp A'¢) denotes the continuous part of A (resp A') and A? (resp A'%) its discontinuous
part.
We introduce the following definition.

Definition 2.1 A progressive process (¢1) (resp. integrable) is said to be left-upper semicontin-
uous (Lu.s.c.) along stopping times (resp. along stopping times in expectation ) if for all T € Ty
and for each non decreasing sequence of stopping times (1,,) such that 7™ 1 7 a.s.,

¢r > limsup ¢,, a.s. (resp. Eld;] > limsup E[¢,,]). (2.4)

n—oo

Remark 2.4 In Definition 7?7, no condition is required at a totally inaccessible stopping time.
Since the filtration is generated by W and N, this means that no condition is required at the jump
times of N.

Moreover, when (¢y) is left-limited, then (¢¢) is left-upper semicontinuous (l.u.s.c.) along stop-
ping times if and only if for all predictable stopping time T € Ty,

Or > b a.s.

RR n°® 8381



6 Dumitrescu € Quenez & Sulem

3 DBBSDEs with driver ¢ independent of vy, 2z, k and links
with Dynkin games

In this section, we suppose that the driver g does not depend on v, z, k, that is

g(wvta Y, %, k()) = g(w’ t)7

where ¢ is in H?. Let ¢ and ¢ be two adapted RCLL processes with (7 = &7 a.s., € € 82, ¢ € S2,
& < (3, YVt € [O,T] a.s.

We show that the DBBSDE admits a solution (Y, Z, k(-), &), which is related to the following
Dynkin game problem.
For any S € 7y and any stopping times 7,0 € Tg, consider the gain (or payoff):

ONT
IS(Tv o) = / g(u)du + €Tl{T§o} + €01{0<‘r} (3'5)
S

For any S € 7y, the upper and lower value functions at time S are defined respectively by

V(S) :=ess inf ess sup E[Ig(T,0)|Fs] (3.6)

o€Ts TETS

V(S) :=ess sup ess inf E[Ig(r,0)|Fs] (3.7)
T€Ts oc€Ts

We clearly have the inequality V(S) < V(S) a.s.
By definition, we say that there exists a value function at time .S for the Dynkin game problem
it V(S) =V/(9) as.

Definition 3.1 (S-saddle point) Let S € Ty. A pair (7*,0*) € T& is called an S-saddle point
if for each (1,0) € T&, we have

Ells(r,0")|Fs] < E[Is(t",0%)|Fs] < E[Is(7*,0)|Fs] a.s.
We introduce the following RCLL adapted processes which depend on the process g:

T T

& =& —Elér —|—/ g(s)ds|F), & =¢ —Elér +/ g(s)ds|F], 0<t<T. (3.8)
t t

They satisfy the important property

£,=C. =0 as.

Moreover, this change of variables allows to get rid of the term f g(t)dt, and thus to simplify the
notation.

For each RCLL adapted process ¢ = (¢+)o<t<7 valued in RU{+occ} with ¢~ € §2, we denote
by R(¢) the Snell envelope of ¢, defined as the minimal RCLL supermartingale greater or equal
to ¢ a.s. By the optimal stopping’s results, R(¢) is equal to the value function of the optimal
stopping problem associated with the reward ¢.

We state the following result.

Inria



Double barrier reflected BSDEs with jumps and generalized Dynkin games 7

Lemma 3.2 There exists a unique pair of non-negative RCLL supermartingales (J9, J'9) valued
in [0, +00] satisfying the system
J9 =R(J9 + €9
( §~ ) (3.9)
9 = R(J9 - (9),
and satisfying the following minimality property: if H and H' are non-negative RCLL super-
martingales valued in [0, +00] such that H > H' + &9 and H' > H — (9 , then we have J9 < H
and J9 < H'.

Remark 3.3 If H and H' are non-negative RCLL supermartingales valued in [0, 400] satisfying
H=R(H'+¢&%) and H = R(H —¢9), then H > H' 4+ &9 and H > H — (9 a.s. Hence, (J9,J'9)
is the minimal solution of the system (?7).

The proof is given in the Appendix. We point out that the property % = (% = 0 a.s. is used
in the proof.

Proposition 3.4 Let & and ¢ be two adapted RCLL processes with (r = & a.s., € € S?, ¢ € S2,
& < (G, V€ [0,T) a.s. Suppose that J9,J'9 € S%. Let Y be the RCLL adapted process defined
by
T
Y, = J8 — J9 + Elér +/ g(s)ds|F: 0<t<T. (3.10)
t

There exists Z,k,a such that (Y, Z, k,a) is a solution of DBBSDE (??). Moreover, & = A —
A, where A and A’ are the non-decreasing predictable process associated to the Doob-Meyer
decomposition of J9 and J'9.

Proof. By assumption, J9 and J9 are square integrable supermartingales. The process Y is
thus well defined. Since (J9,J'9) satisfies the system (??) and since £ = (% = 0 a.s., we have
Jg = Jé? a.s. Hence, Y7 = & a.s. By the Doob-Meyer decomposition of supermartingales,
there exist two square integrable martingales M and M’, two square integrable nondecreasing
predictable RCLL processes A and A’ with A = AE) = 0 such that:

dJ9 = dM, — dA, (3.11)
dJ,? = dM, — dA,. (3.12)

By the optimal stopping theory (see e.g. Proposition B.1 in [?]), the process A¢ increases only
when the value function J9 is equal to the corresponding reward J 9+£9. Now, {Jf = J,9+£9} =
{Y; = &}. Hence, fOT (Y; — &)dA¢ = 0 a.s. Similarly the process A'¢ satisfies fOT (Y; — ()dAF =0

a.s. Moreover, for each predictable stopping time 7 € Ty we have AA? = 1 79 AAL =

CAAL Similarly, AAY =1y . AA as. Define

=T e

Iy =,

T
Mt = Mt - Mt + E[gT +/ g(S)dS|]:t]
0

By (?7?), (27), (27), we derive dY, = dM, — dA, + dA, — g(t)dt. Now, by the martingale
representation theorem, there exist Z € H?, k € H2 such that:

dM, = Z,dW, +/ ki (u)N (du, dt). (3.13)

*

RR n°® 8381



8 Dumitrescu € Quenez & Sulem

In other words, (Y, Z, k, ) is a solution of DBBSDE (??) with a = A — A’ O

From this proposition, we derive the following uniqueness and existence result, as well as the
characterization of the solution as the value function of the above Dynkin game problem. Also,
we show that, under an additional assumption on the solution, there exists a saddle point.

Theorem 3.5 (Existence and uniqueness, characterization) Let & and ¢ be two adapted
RCLL processes with (7 = &7 a.s., € € 82, ¢ € 82, & < (, Vt € [0,T] a.s. Suppose that
J7, 00 € 82,

Then DBBSDE (??) associated with driver process g(t) admits a unique solution (Y, Z, k(.), ) €
S% x H? x H? x 82, and for each S € Ty, Ys is the common value function of the Dynkin game,
that is

Ys =V(S)=V(S) a.s. (3.14)

Moreover, if the process « is continuous, then, for each S € Ty, the pair of stopping times (1, 0%)
defined by
og:=inf{t >S5, Vi =¢}; 75:=inf{t >S5, Y, =&} (3.15)

is an S-saddle point for the Dynkin game problem associated with the gain Ig.

Proof. ~ We have already proved the existence. Let (Y, Z, k(-), @) be a solution of the DBBSDE
associated with driver process g(t) and obstacles (£, (). Let us prove that it is unique. We first
show the uniqueness of Y.

e Consider first the simpler case when « is continuous. Let A and A’ be non-decreasing
processes in A2, which can be taken continuous, such that « = A— A’. For each S € g, consider

o =mf{t >8, Vi =(} ri=mf{t >S5, Vi =&}
Note that 0% € Ts and 7% € Ts. Let us show that (7%, 0%) is an S-saddle point and Ys = V(S) =
V(S) a.s.
Since Y and ¢ are right-continuous processes, we have Y, = &+ and Y;» = &+ a.s. By definition
of 7§, for almost every w, for each ¢t € [S(w), 7¢(w)[, we have Y;(w) > & (w). Hence, since Y is
solution of the DBBSDE, for almost every w, the nondecreasing function ¢ — A;(w) is constant on
[S(w), 7é(w)[. The continuity of A implies that ¢ — A¢(w) is constant on [S(w), 7 (w)]. Similarly,
the process A’ is constant on [S, o] a.s.
Consequently, since (Y, Z, k(.), «) is the solution of the DBBSDE associated with driver g(t), the
process (Y; + fot g(s)ds, S <t <71 ANc%)is a martingale. Hence, we have:

* *
TgN\Og

TENOG
YS = E[Y-,—g/\gg +/ g(S)dS | .FS] = E[ng ]-TESG'E + CG'E 10g<7§ +/ g(S)dS | .FS] a.s.
S S

Finally,
YS = E[Is(Tg,O'g) | fs] a.s.

Let 7 € Ts. We want to show that:

Ys > E[Ig(r,0%) | Fs| as. (3.16)

Inria



Double barrier reflected BSDEs with jumps and generalized Dynkin games 9

Since A’ is constant on [S, c§], the process (Y; + fot g(s)ds, S <t < o§AT)is asupermartingale,
hence:

Ys > E[Yrpoz + /STAUE g(s)ds | Fs] a.s.
Since Y > ¢ and Y5: = (or a.s., we have:
Yinos =Yrlecor + Yorlorar 2 & licoy + Corlog<r s
Hence, inequality (??) holds. Similarly, one can show that for each o € Tg, we have
Ys < E[Is(75,0) | Fs] aus.

Hence, (7%,0%) is an S-saddle point and Yg = V(S) = V(S) a.s. The uniqueness of Y follows.
e Consider now the general case. For each S € 7 and for each € > 0, let

Te=inf{t > S, Vi <& +e} og:=inf{t>5, YV, > ¢} (3.17)

Note that ¢§ and 75 € Ts. Fix € > 0. For a.e. w, if t € [S(w), 7¢(w)[, then Y;(w) > &(w) + ¢
and hence Yi(w) > & (w). It follows that for a.e. w, the function ¢ — Af(w) is constant on
[S(w), 7§(w)] and t — A¢(w) is constant on [S(w), 75(w)[. Also, Yirz)- = §(rg)- + € as. Since
e >0, it follows that Y(,c)- > {(;z)- a.s. , which implies that AA;Ig = 0 a.s. Hence, the process
A is constant on [S, 75]. Furthermore, by the right-continuity of (&) and (Y;), we clearly have

Yoo < &g +e a.s.
Similarly, one can show that the process A’ is constant on [S,0%] and that

Ygg > ng — € a.s.

Let 7 € Ts. Since A’ is constant on [S, 0§], the process (Y + fot g(s)ds, S<t<TA0g)isa
supermartingale. Hence
TAGY
Ys > ElYrpos +/S g(s)ds | Fs] aus.
We also have that:
Yinoy = Yrlrcos + Yor loccr > & licor + (Cog — €)1og<r 8.

We derive
Ys > E[ls(7,0%) | Fs] — ¢ a.s. (3.18)

Similarly, one can show that for each o € Tg
Ys < E[Is(75,0) | Fs]+€ as. (3.19)
By (??) and (??), for each € > 0

ess sup E[ls(1,05) | Fs] —e < Ys < ess in7f_ E[Is(7g,0) | Fs| +e¢ as. (3.20)
reT. o€’ls

RR n°® 8381



10 Dumitrescu € Quenez & Sulem

Since V() < V(S) a.s. we get

This equality holds of each stopping time S € Ty, which implies the uniqueness of Y.
By the uniqueness of the decomposition of the semimartingale Y and the martingale repre-
sentation theorem, we derive the uniqueness of (Z, k, «). The proof of thus complete. O

Remark 3.6 The uniqueness of the solution (Y, Z, k, «) of the DBBSDE together with Proposition
?? yields the equality Y; =Yy, where Y is defined by (77).

Moreover, we stress that some arguments of the above proof will be extended to the case of a
general driver in the next section.

We now provide a sufficient condition on & and ( for the existence of saddle points. By the
last assertion of Theorem 77, it is sufficient to give a condition which ensures the continuity of
the process a.

Theorem 3.7 Suppose that the assumptions of Th. 7?7 are satisfied and that & and —( are
l.u.s.c. along stopping times. Let (Y, Z,k(.),«) be the solution of DBBSDE (77).

The process o is then continuous. Also, for each S € Ty, the pair of stopping times (75,0%)
defined by (?7) is an S-saddle point.

Remark 3.8 The assumption made on & and ¢ is wilder than the one made in the literature
where it is also supposed & < (¢, t < T a.s.

We first prove the following lemma:

Lemma 3.9 If¢ and —( are l.u.s.c. along stopping times, then the RCLL processes J9 and J'9
are l.u.s.c. along stopping times.

Proof.  In order to simplify the notation, we denote JY by J and J ‘g by J'. Let us show that
J is L.u.s.c. along stopping times, that is for each predictable stopping time 7, we have AJ, > 0.
Since the filtration is generated by W and N, the martingales only admit inaccessible jumps.
Hence, AJ, = —AA,. Now, AA? = L, —p 4 7}AAﬁ. Hence

JT - JT, == 1{]7,:]'74»57,}(‘]7 - JTf) - 1{]7,:]'74»57,}(‘]7 - J;_, - 57-7).
We thus have

AT =1as 20y Jr = To = &) > Lag 20y (T, = To = &), (3.21)

because, by assumption, &,- < &; a.s. and hence 577 < 5} a.s. Suppose we have shown that
{AJ #0}N{AJ. # 0} =0 as. Then, J/_ = J as. on {AJ, # 0}. By inequality (?7), it
follows that AJ; > 1¢ay, 201 (- — I, — §~T) >0 a.s. because J > J' +&.

It remains to show that {AJ; # 0} N {AJ. # 0} = 0 a.s. which is equivalent to AA; AAAL =0

Inria



Double barrier reflected BSDEs with jumps and generalized Dynkin games 11

a.s. Note that J, = E[Ap — A, | Fi] and J| = E[A}. — A} | Fi.
We introduce the following processes:

{At = Ay — (AA- ANAAD) Loy (3.22)

A/t = A; - (AAT A AA{I‘)]'{tZT}

We have AA, > 0and AA’. > 0. Hence A and A’ are non decreasing predictable processes with
Ay = A1y = 0. We set: J, .= E[Ap — A, | F] and J', := E[A'7 — A'; | F,]. We thus have:
Jo=J — E[AA: NAAL | Fi]lio<ry (3.23)
Jy = J{ — E[AA NAAL | Fillger |

and the equality J—J’ = J—J'. Tt follows that J and J’ are non-negative RCLL supermartingales
such that £ < J — J’ < ¢. By the minimality property of J and J’ (see Lemma ?7?), it follows
that J < J and J' < J'. Now we clearly have J > J and J’' > J'. Hence, J = J and J' = .J’
which yields AA; A AA. =0 a.s. The proof of the lemma is thus complete. a

Remark 3.10 The first part of the proof is based on the same arguments as those of [7]. The
arguments of the second part are different and allow to weaken the assumptions.

Proof of Th. ??: Let (Y, Z,k,«) be the solution of the DBBSDE (??). By Prop. 77, we
have Y; = J/ — Jt,g + Eér + ftT g(s)ds|F;]. Consequently, in order to show that « is continuous,
it is sufficient to show the continuity of A, A’ (the non decreasing processes associated with the
Doob-Meyer decomposition of J and J’) because « = A — A’. By assumption and by the above
lemma, the RCLL processes &, —(, J'9 and J9 are lLu.s.c along stopping times in expectation,
because they belong to S?. It follows that J'9 + ¢ and JY9 — ( are L.u.s.c along stopping times
in expectation. Now, J9 = R(JY + £9) and J'9 = R(JY — (9). Consequently, by a result of
optimal stopping theory (see e.g. Proposition B.10 in [?]), the non-decreasing processes A and
A’ associated with the supermartingales J9 and .J "9 are continuous. Moreover, by the second
assertion of Th. ??, for each S € Ty, the pair (7§, 0%) is thus an S-saddle point, which ends the
proof of the theorem. O

Since J9 > J'9 + «fg and J'9 > J9 — 59, the condition J9 € S? is equivalent to the condition
J9es?
We now recall the definition of Mokobodski’s condition.

Definition 3.11 (Mokobodski’s condition) Let ¢, € 8?. The Mokobodski’s condition is
defined as follows: there exist two nonnegative RCLL supermartingales H and H' € S? such
that:

&lier <H — H, <(lier 0<t<T as. (3.24)

Proposition 3.12 Let g € IH?. The following assertions are equivalent:
(i) J9 € §?
(ii) J° € 82
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(#1i) Mokobodski’s condition holds.

Remark 8.13 In this case (that is when Mokobodski’s condition is satisfied), J°, J'O are the min-
imal nonnegative RCLL supermartingales satisfying (??). This follows from Lemma ?7? applied
tog=0.

Proof.  Using Lemma ??, one can show that J9 € 82 if and only if there exist two non-negative
supermartingales H9, H "9 € 82 such that

G@<HI-H<{ 0<t<T as (3.25)

Since this equivalence holds for all g € IH?, in particular when g = 0, we get (ii) < (iii). It
remains to show (i) < (ii) For this, it is sufficient to show that (??) is equivalent to (??). Suppose
that (?7?) is satisfied. By setting

H} := Hy — E[&f (s)ds|Fy] — ft (8)ds|F],0<t<T
H,? .= H! — |7 (s)ds|F,] — ft (s)ds|Fi],0 <t <T,
(??) holds. The converse is clear. The proof is thus complete. O

4 DBBSDEs with Lipschitz driver and links with general-
ized Dynkin games

In this section, we are given a Lipschitz driver g.

4.1 Existence and uniqueness for DBBSDEs

We state an existence and uniqueness result for DBBSDEs which completes those given in the
literature.

Theorem 4.1 Suppose & and ¢ are RCLL adapted process in S? such that & < ¢, 0 <t < T
a.s. Suppose that J° € 8? (or equivalently suppose that Mokobodski’s condition is satisfied).
Then, DBBSDE (??) admits a unique solution (Y, Z,k(.),a) € 8% x H? x H? x §2.

If € and ¢ are lLu.s.c. along stopping times, then the processes A and A’ are continuous.

Proof.  The proof is based on classical arguments and is given in the appendix.
We prove below that under additional assumptions on the barriers ¢ and (, the non decreasing
processes A and A’ are unique.

Proposition 4.2 Let & and ¢ be two adapted RCLL processes with (r = &p a.s., £ € S?, ( € 82,
& <G, VE€[0,T] a.s. Let (Y, Z,k(.),a) be the solution of DBBSDE (?7).

(i) Suppose that for each predictable stopping time T € To, & < (- a.s. Then, for each
predictable stopping time T € Ty, A% and Al gre unique. Moreover, we have

AAY = —AY 1y ¢ = (AY,)”
and

AAT =AY 1y oy = (AY)Y

Inria
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(i1) Suppose that & < (i, Vt € [0, T a.s.(or §&- < (-, Vt €]0,T] a.s.), then A and A'c are
unique.

Remark 4.3 If € and ¢ are not predictable, the condition .- < (- a.s. for each predictable
stopping time T is weaker than the condition &- < (-, Vt €]0,T] a.s. Also, when this last
condition is satisfied, the above proposition yields the uniqueness of A, A" € A% such that o =
Y —Y'. It follows that there exists an unique solution (J,J") of the system (77).

Proof.

(i) Since the filtration is generated by W and N, the martingales admit jumps at inaccessible
stopping times only. Hence, for each predictable stopping time 7 € Ty,

—AY, = AA - AAT = AANy - AAMLy ey

We have {Y,- = & -} N{Y.- = (-} C {&- = (- }=0 as., by assumption on ¢ and (.
The result follows.

(ii) Suppose that o = A — ZI, where A and A’ are in A2. Let A° and A4 © be the continuous
parts of A and 4 . We have dA, —dA} = dA, — dA, which implies dAS — dA)® = dA; —dA,".
Hence dA¢ — dA; = dA* — dA,°. We thus have

’
— C

dAS — dA; = 1y,—¢, (dAS — dA}) = 1y,—¢, (dAS — dA,") = dA,S — dA,".

Since & < (¢, 0 <t < T a.s., all the members of the above equality are equal to 0. Hence

c

Ac=A°and Ac=A4°.
O

We introduce the following assumption.

Assumption 4.1 A lipschitz driver g is said to satisfy Assumption 77 if the following holds:
dP @ dt-a.s for each (y,z, ki, k2) € [0,T] x Q x R? x (L2)?,

g(t,y,Z,k1) - g(tvyaza k2) Z <9,§/7Z7l1112 ) kl - k2>l/7

with

0:[0,T] x 2 x R? x (L2)* — L2; 2okke

v

P @ B(R?) @ B((L?)?)-measurable, bounded, and satisfying dP @ dt ® dv(u)-a.s., for each
(y,Z,k/’l,kQ) € R2 X (LI%)Q;

(w’tay7z7klak2) He%h w,.)

Gg’z’kl’kZ (u) > 1 and |9ij,z,k1,k2 (u)| < w(u)’ (426)
where 1 € L2.

This assumption ensures the comparison theorem for BSDEs with jumps (see [?]).

We state below some properties on the g-conditional expectation which will be used to char-
acterize the solution of DBSDDE as the value function of a Dynkin game written in terms of
g-conditional expectations (see Section 77?).
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4.2 Some properties of the g-conditional expectation &
We recall the following definition (see [?]):

Definition 4.4 (g-conditional expectation) The g-conditional expectation £9 is defined for
all 7 € Ty and all n € L*(F;) by

&) =X, 7); 0<t<T,

where (X (n,7),7(n,7),1(n, 7)) is the solution of the BSDE associated with driver g, terminal
time T and terminal condition 7.

When there is no ambiguity on the driver g, £9 will simply be denoted by £.
Under Assumption 7?7, the g-conditional expectation £ is non decreasing, that is if 71 < 7y
a.S., then St,‘r(nl) < 516,7'(”2) a.s.

Definition 4.2 An RCLL adapted process X; in S? is said to be an E-martingale (resp. E-
submartingale, E-supermartingale) if Eo+(X7) = Xo (resp. Eor(Xr) < Xo\ Eor(Xr) > Xo)
a.s. ono <, forall o,7 € T.

Proposition 4.5 Suppose that g satisfies Assumption (7?). Let (A¢) be a non decreasing (resp
non increasing) RCLL predictable process in S? with Ag = 0. Let (Y,Z, k) € 8? x H? x H?
satisfying the dynamics:

—dYs = g(8,Ys, Zs, ks)ds + dAs — ZdWs — ks(u)N(ds, du).
R*

Then the process (Yy) is an E-supermartingale (resp £-submartingale).

Proof.  Suppose A is non decreasing. Let (X7, #n7,1") be the solution of the BSDE associated
with driver g, terminal time 7, and terminal condition Y., that is

—dXT =g(s, X, w0, kD )ds — wldWs — kT (u)N (ds, du); XTI =Y,
R*
Since g satisfies Assumption ?? and since ¢(s,y, z, k)ds+dAs > g(s,y, z, k)ds, the comparison
theorem for BSDEs (see Theorem 4.2 in [?]) gives that Y, > X7 = &, ,(Y7) a.s. on {o < 7}.
The case when A is non-increasing can be shown similarly.

O

4.3 Characterization of the solution via generalized Dynkin games

We introduce the following game problem, which can be seen as a Dynkin game written in terms
of g-conditional expectations.
For each 7,0 € Ty, let I(7,0) be the F,r,-measurable random variable defined by

I(T, U) = g‘r]-'rga + §0']-a'<7'- (427)

For each stopping time S € 7y, the upper and lower value functions at time S are defined
respectively by

V(S) :=ess inf ess sup Es o (I(7,0)) (4.28)
o€Ts TETS
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V(S) :=ess sup ess inf Esno(I(7,0)). (4.29)
TETs o€Ts

Recall that & ao(I(1,0)) = X7, with (X7, 777,177) being the solution of the BSDE

—dXT7 = g(s, X7, 777 17%)ds — n77dW, — | 177 (u)N(ds,du); X1 =I(r,0).
R*
We clearly have the inequality V.(S) < V(S) a.s.
By definition, we say that there exists a value function at time S for the game problem if
V(S) = V(S) a.s. We introduce the definition of an S-saddle point for this game problem.

Definition 4.6 Let S € To. A pair (7%,0%) € TZ is called an S-saddle point if for each
(1,0) € TZ we have

gS,‘r/\a'* (I(T, U*)) S 55,7’*/\0* (I(T*, U*)) S 55,7’*/\0 (I(T*a 0’))@.8.

We first consider the simpler case when the barriers are [.u.s.c. along stopping times. In this
case, for each S € Ty, there exists an S-saddle point and the common value function is equal to
Ys, where Y is the solution of the DBBSDE.

Theorem 4.7 (Existence of an S-saddle point and characterization) Suppose that g sat-
isfies Assumption (2?). Let & and ¢ be RCLL adapted processes in S? such that & < (, Vt € [0, T)
a.s. Suppose that Mokobodski’s condition is satisfied.

Moreover, suppose that «v is continuous (which is the case if £ and —( are lu.s.c. along stopping
times).

Let (Y, Z,k(-), ) be the solution of the DBBSDE (??). For each S € Ty, consider

og:=inf{t >S5, Vi, =¢(}; 75:=mf{t >S9, Y, =&}

Then, for each S € Ty, the pair of stopping times (7§,0%) is an S-saddle point and

Ys =V (S) =V(9) as.
Moreover, Yor = (ox and Y7z = &x a.s. and the process (Y:,S <t < 15 Aok is an E-
martingale. The process (Y, S <t < 71%) is an £-submartingale and the process (Y3, S <t < o)
s an E-supermartingale.

Proof.  First, note that by Theorem ?? applied with g(s) = g(s,Ys, Zs, ks), we derive that, in
the case when £ and —( are l.u.s.c. along stopping times, then « is continuous.

Suppose now that o is continuous. There exists A, A’ continuous belonging to A% such
that « = A — A’. Note that ¢f € Tg and 7§ € Tg. Since Y and & are right-continuous
processes, we have Yy: = {» and Y;: = &+ a.s. By definition of 75, for almost every w, we
have Y;(w) > & (w) for each t € [S(w),7§(w)[. Hence, since Y is solution of the DBBSDE, the
process A is constant on [S, 74| a.s. Similarly, the process A’ is constant on [S, %] a.s. Now, by
assumption, (Y, Z, k(.), A — A’) is the solution of DBBSDE (??). Hence, by Proposition ??, the
process (Y, S <t < T A og) is an E-martingale. Hence

Ys = Esrinoy (Yrznos) = Esrznos (Erzlrz<or + Corlos<rs) = Es.rinor (1(75,05))  as.
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Let 7 € Ts. We want to show that for each 7 € Tg
Ys > Es,rno (I(r,0%)) as. (4.30)

Since A’ is constant on [S,c%], by Proposition ??, the process (Y;,S <t < 7 A0§) is a &
supermartingale. Hence

YS Z ES,T/\UZ, (YT/\UZ,)-

Since Y > ¢ and Y,r = (ox a.s., we have
YT/\O'E = Y‘rl‘rgag + Yag 1(7_’§<‘r Z §T]—T§o§ + CO'Z, 1(7_’§<T = I(Tv Ug)

By the monotonicity property of £, we derive inequality (?7).
Similarly, one can show that for each o € Tg, we have:

YS < 55,7';/\0 (I(Tga U)) a.s.

The pair (7%,0%) is thus an S-saddle point and Ys = V(S) = V(S) a.s. The proof is thus
complete. O

We now turn to the more difficult case when « is not continuous. We show below that, for
each S € Ty, there exists a value function and the common value function is equal to Yg, where
Y is the solution of the DBBSDE. However, there does not necessarily exist an S-saddle point.

Theorem 4.8 (Characterization) Suppose that g satisfies Assumption (??7). Let & and ¢ be
RCLL adapted processes in 8% such that & < (;, Vt € [0,T] a.s. Suppose that Mokobodski’s
condition is satisfied. Let (Y, Z,k(-),«) be the solution of the DBBSDE (77).

Then there exists a value function for the generalized Dynkin game and, for each stopping time
S € Ty, we have

Y =V(S)=V(S) a.s. (4.31)

Proof.  For each S € Ty and for each € > 0, let 7§ and og be the stopping times defined by

t=inf{t > S, Y <& +e) (4.32)
og:=mf{t >S5, YV, > (¢ —¢€}. (4.33)
We first show two lemmas.
Lemma 4.9 e We have
Yie <&ezte as. (4.34)
Yoo > (s —€  a.s. (4.35)

e The process (Yi, S <t < 1§) is an E-submartingale and the process (Y, S <t < 0%) is an
E-supermartingale.
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Proof.  The first point follows from the definitions of 7§ and og and the right-continuity of
&, Cand Y. Let us show the second point. Note that 7& € 75 and o5 € Ts. Fix € > 0. For
a.e. w,if t € [S(w), 7&(w)[, then Y;(w) > &(w) + ¢ and hence Yi(w) > & (w). It follows that
almost surely, A° is constant on [S,75] and A% is constant on [S, 7§[. Also, Yirg)- 2 &)~ ¢
a.s. Since € > 0, it follows that ¥{;c)- > {¢)- a.s., which implies that AA% =0 a.s. Hence,
almost surely, A is constant on [S, 7&], which implies that (Y3, S <t < 7§) is an £-submartingale.
Similarly, one can show that A’ is constant on [S,0%], which implies that (Y;,S <t < 0§) is an
E-supermartingale. O

Lemma 4.10 Set 3 := 3C? 4 2C, where C is the Lipschitz constant of f.
For each € > 0 and each S € Ty, for each (1,0) € TZ we have

B(T—-S) B(T—-S)
2 2

Esrnos(I(1,05)) —€ e < Ys < Esreno(l(75,0)) te £ as. (4.36)

Proof. Let 7 € Ts. By Lemma ?7, the process (Y3, S < t < 0%) is an E-supermartingale.
Hence,
YS Z 55‘77—/\0-5 (YT/\UZ,) a.s. (437)

Since Y > £ and Yoe > (oe — € a.s. ( see Lemma (?7)), we have:
Y‘r/\ag Z g‘rl‘rgag + (Ca'g - 5)1¢7§<'r = I(Tv Ug) — £

where the last equality follows from the definition of I(7, o).
Hence, using (??) and the monotonicity property of £, we get

Ys > Es,rnot, (I(r,05) —¢) as. (4.38)

Now, by the a priori estimates on BSDEs (see Proposition A.4, [?]), we have

B(T-9)
|5517AU§(I(7, og) —¢€) — ESJAUE(I(T, og))|<e 7T e as.

for § =302 + 2C. It follows that

Ys > Esrnos (I(r,0%)) —e € as
Similarly, one can show that
B(r-5)
Ys < Esrino(l(75,0)) +e 2 ¢ as.,

which ends the proof of Lemma ?77.

End of proof of Theorem 77

By Lemma 77, for each ¢ > 0, we have
B(T—5) i B(T—5)
ess sup Es.rnoe(I(1,05)) —e~ 2 e < Yg <ess inf Egrnoe(I(1,05)) e 2
T€Ts s o€Ts o

€ a.s.,
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which implies that

Since V(S) < V(S), a.s. we get V(S) = Ys = V(9) a.s. The proof of Theorem ?? is thus
complete.
O

Remark 4.11 Inequality (??) shows that (7§,0%) defined by (??7) and (??) is an &'-saddle point
at time S with &' = "7 .

5 Comparison theorems for DBBSDEs with jumps and a
priori estimates

5.1 Comparison theorems

Theorem 5.1 (Comparison theorem for DBBSDEs.) Let £t €2, (1, (? be processes in S?
such that & < ¢, 0 < t < T as. fori = 1,2. Suppose that for i = 1,2, £ (' satisfies
Mokobodski’s condition. Let g*and g be Lipschitz drivers satisfying Assumption (77).

Suppose that

o &< and F <, 0<t<T as.
o i%(t,y, 2, k) < g'(t,y,2, k), forall (y,z,k) € R x L2; dP ®dt— a.s.
Let (Y, Z% k%, o) be the solution of the DBBSDE associated with (¢%,(%,g%) , i =1,2. Then,
Y2 <Y}, vte[0,T] as.

Proof.  The proof is based on the characterization of solutions of DBBSDEs (Theorem ?7). Let
t €0, T]. For each 7,0 € Ty, let us denote by £, (I'(1,0)) the unique solution of the BSDE
associated with driver g?, terminal time 7 Ao and terminal condition I*(7,0) := i1, <, +( 1o<r
for i = 1,2. Since g*> < ¢!, and I*(7,0) < I*(7,0), by the comparison theorem for BSDEs, the
following inequality

Elrna(I(1,0)) < & 170 (I'(7,0)) aus.

holds for each 7, o in T;. Hence, by taking the essential supremum over 7 in 7; and the essential
infimum over o in 7;, using the characterization Theorem 77, we get

Y72 =ess inf esssup &7, ,,(1%(7,0)) <ess inf esssup &\, (I'(7,0)) =Y, a.s.

o€Ty TET: €Ty TET:

O

We now provide a strict comparison theorem. The first assertion addresses the particular
case when the barriers are left-upper semicontinuous along stopping times and the second one
deals with the general case.
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Theorem 5.2 (Strict comparison.) Suppose that the assumptions of Theorem 7?7 hold and
that the driver g' satisfies Assumption 77 with

gv=koke 5 1 dt @ dP — aus. (5.39)

Let S in Ty and suppose that Y51 = Y52 a.s.

1. Suppose that o', o are continuous. Fori = 1,2, let

T =1rg = inf{s > S; V] =&} and o] = 0] g :=inf{s > S; Y] = ('}. Then
Y} =Y? S<t<71 AT Ao} ANTs as.
and

FPYE ZE kD) = g (t, Y2, Z2 k) S<t<1iATSAof Aoy, dP®@dt —a.s. (5.40)

2

2. Consider the case when at,a? are not necessarily continuous. For € > 0, define

i=inf{t > 8, Y} <& +e} and 7 :zli{gTTf 1=1,2.
£

of ==inf{t > S, Y/ < (} —e} and &; = 1iﬁ)1TJf 1=1,2.
£

Then, for each & > 0,

Y =Y? S<HARAG AGa as. (5.41)
Moreover,

(Y2 Z kD = g (t, Y2, Z2 k?) S <t<F AT Ad1 NG, dP®dt — a.s.

Proof. We adopt the same notation as in the proof of the comparison theorem.

Suppose first that a! and o? are continuous. By Theorem ??, for i = 1,2, (17,0}) is a saddle
point for the game problem associated with ¢ = ¢, € = ¢’ and ¢ = ¢¢. By Theorem ??,
(Y, S <t <77 Aof)is an £9 martingale. Hence we have

Y =€

* A g
t,TNO

(I(r],07)), S<t<7 Ao as.

Set 0* =1 ANTS Noj Aos.
We thus have
Vi =&l (Y.), S<t<0" as. fori=1,2.

By hypothesis, Y& = YZ. Now, Assumption (??) allows us to apply the strict comparison
theorem for non reflected BSDEs with jumps (see [?], Th 4.4) for terminal time 6*. Hence, we
get V! =Y?2 S <t<6* as.,and equality (??), which provides the desired result.

Consider now the general case.

Let € > 0. By Lemma ??, (Y, S <t <7f Aof) is an £9 martingale. Hence we have

Y, = Erepoc U(17,07)), S<t< 75 Noj as.

By the same arguments as above with 77,75 and oj,05 replaced by 77,75 and 05,05 re-
spectively, we derive V! = Y2, S <t < 75 AT5 A0S Aos as., and equality (??) holds on
[S, 75 A T5 A o§ A oS, dt ® dP-a.s. By letting e tend to 0, we obtain the desired result.
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5.2 A priori estimates

Using the characterization of the solution of the DBBSDE (see Theorem ?7), we prove the
following estimates.

Proposition 5.1 Let £,62, (1, (2 € 8% such that & < ¢}, 0 <t < T a.s. Suppose that for i =
1,2, €, satisfy Mokobodski’s condition. Let g',g? be Lipschitz drivers satisfying Assumption
?? with Lipschitz constant C > 0. Fori = 1,2, let Y* be the solution of the DBBSDE associated
with driver g*, terminal time T and barriers &', (*. Fors € [0,T], letY := Y ' —Y? £ := ¢! —¢2,

- 3
C=¢"—=¢% and g, :=sup, , 9" (s,y,2,k) —g*(s,y,2,k)|. Letn, 3 >0 be such that § > E—FQC

1
and n < o Then for each t, we have:

T
Vi < S0 Bsup e’ 4 sup A Bl [ s R s (5-42)

s>t s>t t
Remark 5.2 Note that n and B are universal constants, i.e. they do not depend on T, £',€2, ¢*, 2.

Proof. For i = 1,2 and for each 7,0 € 79, let (X*77, 7477 [79) be the solution of the BSDE
associated with driver g*, terminal time 7 A o and terminal condition I*(7, o), where I'(7,0) =
€l <o+ 1. Set X7 = Xbmo X270 and 77 =11 (r,0)—I*(1,0) = ETngg +Coloer.
By a priori estimate on BSDEs (see Proposition 4.4 in [?]), we have a.s.:

T
(077 < PTOB(T(r o) | 40l [ 2 0(g! - ) (s, X377 72 B | 7
t
(5.43)

from which we derive that

T
(7;’0)2 < eB(T_t)E[supgi + supZ§|]:t] + nE[/ eB(s_t)ﬁdsU:t] a.s. (5.44)
s>t s>t t

Now, by using the inequality (??), we obtain that for each e > 0 and for all stopping times 7, o,

AR R CAILD e NI Pl (5.45)

By applying this inequality to 7 = 761, 0 = 052 we get

VAR R RIS I T (5.46)
which implies that:

VAR RSP D A et (5.47)
By (??) and (?7), we have:

v -v? < \/ HT-ElsupE:” +sup T\ 7] + B " estotrg2as| ) 1 26" e
5> s> t

By symmetry, the last inequality is also verified by Y2 — Y;'. The result follows.
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Proposition 5.3 Suppose that the assumptions of Proposition 7?7 hold. For each t, we have:
Y, < PTDE[sup&,® + sup (2| Fi] + nE[/ ePg(5,0,0,0)%ds| Fi] a.s. (5.48)
s>t s>t t

Proof. Let X, be the solution of the BSDE associated with driver g, terminal time 7 A o and
terminal condition I(7,c). By applying inequality (??) with ¢! =g, & =&, G =¢ ¢> =0,
£ =0and (% =0, we get:

T
(X77)2 < PTVE[I(1,0)?|F] + TIE[/ e’ (g(s,0,0,0))2|F]. (5.49)
t

By using the same procedure as in the proof of Proposition 77, the result follows.

6 Relation with partial integro-differential variational in-
equalities (PIDVT)

We now restrict ourselves to the Markovian case. Let b : R — R, 0 : R — R be continuous
mappings, globally Lipschitz and 5 : R x R* — R a measurable function such that for some non
negative real C, and for all e € R

|B(z,e)] < C(AAle]), zeR

|ﬂ(1‘,6) - ﬂ($/,€)| < C|ZL' - SC/|(1 A |€|), xvxl eR.
For each (t,z) € [0,T] x R, let {X%* ¢t < s < T} be the unique R-valued solution of the SDE
with jumps:

Xg’I::ch/ b(X,’f’I)dT+/ U(Xﬁ"z)dWTJr/ ﬂ(X:fc,e)N(dr, de),
t t t Jre

and set X5% = x for s < t. We consider the DBBSDE associated with obstacles %, ¢(»® and
driver g(s, X5*,.) of the following form:
LT = hy(s, X0%), s<T
C;’z = hQ(S,X};’Z), s<T
= G = 10)
9(5, X0 (), y, 2, k) 1= (s, X0 (w), . 2, [p. k(e)v(@, e)v(de)) Loz
where h, g, p, and 7 are as follows.

e g € C(R) and has at most polynomial growth at infinity.

e hy,hy :[0,T] x R — R are jointly continuous in ¢ and x and there exist p € N and a real
constant, still denoted by C, such that

hi(t,z)| < C(1 Py Vtel0,T),zeR, s<T
{|1< )| < C(U+a?) vt € [0, T]z €R, s (6.50)

|ha(t, )| < C(1+ |z|P),Vt € [0,T],z €R, s<T
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o ni(T,x) < f(x) and  ho(T,x) > f(z) Vx €R
e The processes 4% and (** satisfy Mokobodski’s condition.
e v:R xR* = R is B(R) ® B(R*)-measurable and

[v(z,e) —v(a',e)] < Cle —2'|(1 A le]), z, 2’ € Rje € R*
0 <~v(z,e) <C(1Ale|), e € R

¢ :[0,T] x R* = R is continuous in ¢, uniformly with respect to x,v, z, k and continuous
in z, uniformly with respect to y, z, k.

(i) le(t,2,0,0,0)] <C(1 + |z[),z €R

(ll) |90(t51'5y727Q) fga(t,x’,y’,z’,q’ﬂ S C(|y7y/|+ |Z*Z/|+ |qiq/|)ﬂ 0 S t S T; yvy/ € ]Rﬂ
2,7 €R, q,¢d €R

(iii) ¢ — o(t,z,y, 2, q) is non decreasing, for all (t,z,y,2) € [0,T] x R3.

By Theorem ?7, for each (¢,2) € [0,7] x R, there exists a unique process
(Yhe, 205, Kb, ) € 82 x H? x H, x §?
of progressively measurable processes, which solves the following DBBSDE

ab® = ALT — A;t’m, where At® A'tT ¢ A2

VI = FXP) + [ gl X2, V0w, 20 KEo()) + AR — AL + Abe — AL
— fST ZL AW, — fST S KB (7, e)N (dr, de)

P <YPT < (T, 0<s<Tas,

[ (Y = €&)dA; = 0 as. and AAf = AALy ¢ as.

=

[ (G~ Ye)dAr =0 as. and AAY = A4y _¢ as.

t

The non decreasing property of ¢ and the assumption on 7 ensure that Assumption 77 holds.
Moreover, by definition, &% and —(%* are Lu.s.c. along stopping times. It follows that the
process o** is continuous and the processes A%, A't* can be chosen continuous. We define:

u(t,z) =YY", tel0,T], z€R. (6.51)
which is a deterministic quantity. Note that Y% = Y;** for 0 < s < t.

Lemma 6.1 The function u is continuous in (t,x) and has at most polynomial growth at infinity.

Proof.  The result follows from the above a priori estimates (see Propositions ?? and ??) and
the same arguments as those used in the proofs of Lemma 3.1 and Lemma 3.2 in [?]. O
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6.1 Existence of a viscosity solution

We now consider the related obstacle problem for a parabolic PIDE. Roughly speaking, a solution
of the obstacle problem is a function w : [0, 7] x R — R which satisfies, for each x € R the equality
uw(T,z) = f(x), and which, for each (t,z) € [0,T) x R, satisfies:

) = ha(t, x)

either hq(t,z) = wu(t,

8]

or hy(t,z) < u(t,z) < ha(t,z) and Hu =0 (6.52)
or hi(t,x) = u(t,z) < ha(t,z) and Hu >0 .
or hy(t,x) < u(t,xz) = hao(t,z) and Hu <0

or, equivalently, the three following conditions:

hi(t,x) <wu(t,z) < hao(t, x)
if u(t,z) < ha(t,z) then Hu > 0 (6.53)
if hy(t, ) < u(t,z) then Hu <0

where
e [ :=A+K
o A6(r) = 50%(2) 35 () + ba) 3 (@), 6 € C*(R)

. Kola fR*( (24 8(2.0) = 6(0) - SE(2)3(0.0) ) v(de), 6 € C*(B)

o Bo(z) = [p-(¢(x + B(z,€)) — ¢(x))v(x, e)v(de)

9¢ 9¢
° H¢(ta ‘T) = _E(ta ‘T) - L¢(ta .Z‘) - g(ta xz, ¢(ta ZC), (U%)(ta .Z'), B¢(ta ZC))
Here, in order to simplify the notation, the map ¢ is simply denoted by g.
We now prove that the solution of the double barrier reflected BSDE is solution of the above

obstacle problem, by using the classical definition of viscosity solutions ([?]).

Definition 6.2 e A continuous function u is said to be a wiscosity subsolution of (?7?) if u(T,x) <
f(z),z € R, and if for any point (tg,z¢) € [0,7T) X R, we have hq(to, xo) < u(to, zo) < ha(to, zo)
and, for any ¢ € C12([0,7] x R) such that ¢(to, z¢) = u(to,zo) and ¢ — u attains its minimum
at (to,l‘o), if U(to,l‘o) > hl(to,xo), then (H¢)(t0,$0) <0.

e A continuous function u is said to be a viscosity supersolution of (??)if u(T,x) > f(z),z €
R, and if for any point (tg,z¢) € [0,T) x R, we have hy(to, zo) < u(to,zo) < ha(to,x0) and, for
any ¢ € CH2(]0,T] x R) such that ¢(to, z0) = u(to,ro) and ¢ —u attains its maximum at (¢, 7o),
if ’u(to, $Q) < hg(to, $Q) then (H¢)(t0,l’0) > 0.

Theorem 6.3 The function u, defined by (?77?), is a viscosity solution (i.e. both a viscosity sub-
and supersolution) of the obstacle problem (77).

Proof.  Following the same arguments as in the proof of Theorem 3.4 in [?], one can show that

w is viscosity subsolution of (?7). By symmetry, we derive that u is also a viscosity supersolution
of (7). O
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6.2 Uniqueness of the viscosity solution
We need the following additional assumptions to prove a uniqueness result for (?7?).

Assumption 6.2 1. For each R > 0, there exists a continuous function mp : Ry — R4 such
that mp(0) =0 and

|g(ta$avap7 Q)—g(t,y,%P,QH < mR(lx_y|(1+|p|))’0 <t<T, |'T|a |y| <R, |U| < R,p,geR.

2. |y(z,e) = v(y,e)| < Cle —yl(LAle*), 2,y € R,e € R*.
3. There exists r > 0 such that for any x € R, t € [0,T], u,v € R, pe R, l € R:
g(t,z,v,p, 1) — g(t,z,u,p,l) > r(u—v) when u > v.

Theorem 6.3 (Comparison principle) Under Assumption ??, if U is a viscosity subsolution
and V is a viscosity supersolution of the obstacle problem (?7), then U(t,z) < V(t,x), for each
(t,z) €10,7T] x R.

Proof. = The proof is based on similar arguments as that of Theorem 3.6 in 7?7 except that we
have to consider an additional case. We give below a sketch of the proof.
It is sufficient to show that, for a fixed K > 0, Mk := sup,c[_x x],tco,r)(U — V), is negative.
Let K > 0. To simplify notation, Mg is denoted by M.

We approximate M by dedoubling the variables. We consider the following function:

[z —yl® Jt—s
- 2 - €2 *772(|$|2+|y|2)

VOt s, y) = Ut 2) = Visyy) —

where €, 7) are small parameters devoted to tend to 0, for z,y in [- K, K|. Let M“" be a maximum
of ¥&"(t, s, x,y). This maximum is reached at some point (¢t7, s x*" y=") in the compact set
([0, 7% x B—RUQ), where Bg, is a ball with a large radius R,,.

For €,n small enough, we have:

M

0< o < MO < UG, 2%7) = V(s yo7), (6.54)
We define:
1‘ny7772 t*Se’WQ
Wit ) o= V(s o)+ E YR TR gy
ze,n7y2 t67n782
(s, y) = U(gen, aemy — 2 U0 BT S ey,

€ €
As (t,x) = (U —Uy)(t, z) reaches its maximum at (t©", 2%") and U is a subsolution, we have
the two following cases:

e (7 =T and then U (¢, z%") < f(z°"),

ot £ T hy(t", x5") < UM, x97) < ho(t",2%") and, if U(t57, 2%7) > hy (", 297), we
then have:

ov
_ 1 (tN, 29) — LU (197, 297) — g (te,n’xem’ U (e, 2¢M), (

A2
ot 7

3 )(tﬁm,xﬁm)’B\pl(tfﬂl’xfaﬁ)) <0.
x

(6.55)
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As (s,y) = (¥ — V)(s,y) reaches its maximum at (s”,y") and V is a supersolution, we have
the two following cases:

o 591 =T and V(s y~") = f(y"),

o tOM FE T, ha(s,ys") < V(s yoM) < ho(s©",y") and, if V(s y<") < ha(s",y")

then
ov ov
- 5—t2 (55777, yeﬁn) - L\I}2(S€1"77 yE,n) - 9(551777 yﬁmv V(van, yem)v (08—2)(567775 yem))v B\IIQ(SEJ]) yeﬁn) Z 0
r
We have:

|1.5,77 o ye,n|2 €0 |te,n — g&M 2

lim lim M7 = M ; 0; <% 0.
n—0e—0 €2 €2
Using that ¢©7(t7, s x&M y©1) > 4hp1(0,0,0,0) , we obtain:
€ € € €, |t€177 — 56777'2 |‘T€177 B y€177|2 € €
U, 2m) — V(s o) — Tl VIR g2 4 yenp?)
> U(0,0) — V(0,0). (6.56)
and, equivalently,
|t67n _ Se7n|2 |$67n _ y67n|2 . .
St —— (P + )
< |IUllss + [[V][ee = U(0,0) = V(0,0). (6.57)
Consequently, we can find a constant C' such that:
€ € € € € € C
|z — Y| + [t — 597 < Ce, |27, [y < —. (6.58)
n

As [0,T7] is bounded and by (??), extracting a subsequence if necessary, we may suppose that for
each 7 the sequences (t“"). and (s"). converge to a common limit ¢7, and from (??) we may
also suppose, extracting again, that for each 7, the sequences (z"). and (y“"). converge to a
common limit x".

We have to consider four cases.
1st case: there exists a subsequence of (¢) such that ¢ = T for all  ( of this subsequence)
2nd case: there exists a subsequence of (¢"7) such that t” # T and for all n belonging to this
subsequence, there exist a subsequence of (z"). and a subsequence of (") such that

U@tS", z) — hy (t97, ) = 0.

3rd case: there exists a subsequence such that ¢ # T, and for all  belonging to this subse-
quence, there exist a subsequence of (y©"). and a subsequence of (s").such that

V(97 yS1) — ha(s97, ") = 0.
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Last case: we are left with the case when, for a subsequence of 1 we have t"7 # T', and for all
7 belonging to this subsequence, there exist a subsequence of (z%7), (y©")¢, (t>"). and (s7),
such that

U (e, 25m) — hy (197, 257) > 0

hg(sﬁm, ye,n) — V(Sﬁm, yem) > 0.

The first, second and fourth case are identical to the three cases considered for reflected BSDEs
(see [?]). The third one, which didn’t appear in the case of reflected BSDESs, can be treated
similarly to the second one. O

Corollary 6.1 (Uniqueness) Under Assumption ??, there exists a unique solution of the ob-
stacle problem (??) in the class of continuous functions with polynomial growth.

7 Appendix

Proof of Lemma 77:
Set J =0 and J'°) = 0 and define recursively for each n € N, the supermartingales:

{J(n+1) = R(J'™ 4 £9) (759

J/n+1) . — ’R(](") _ 59)

which belong to S2. For sake of simplicity, the exposant g is omitted in the definition of J(™).
Since &1 = ¢4 = 0 a.s., it follows that, for each n, J;n) = J/T(n) = 0 a.s. We show the following

result, from which Lemma ?7? follows.

Proposition 7.1 (i) The sequences (J™,n € IN) and (J' ™, n € IN) are non decreasing
sequences of nonnegative RCLL supermartingales.

(ii) Let
J9:=1lim 1t J™ and J'9 :=1lim 1 J' ™.

J9 and J'9 are RCLL supermartingales valued in [0,+o00] with J% = Jf = 0 a.s. and
satisfy

J9 =R(J9 + €9

{ ( &) (7.60)

J9=R(JI —9).

(iii) the families J and J' are minimal in the following sense: if H and H' are two nonnegative
supermartingale families such that H > H' + & and H' > H — (, then we have J < H and
J < H'.

Remark 7.1 Note that here, J9 and J'9 can take infinite values, which was not the case in the
previous literature, where the Mokobodski’s condition was assumed.

We point out that the property ééi = 5% = 0 a.s. ensures that for each n, J;n) = JlT(n) =0
a.s. If we had not made the change of variable, then 59,59 would be replaced by &, in the
definitions of J) and J ™ In that case, &7 = (p a.s. but would not necessarily be equal to 0,

and we would have J}n) = —J/T(n) =0 a.s. if n is even, and {r otherwise. Then, the sequences
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(J;n))new and (J/T("))new do not converge a.s. if P(&r # 0). > 0 Also, the non negativity
property of the sequences (J(”),n € IN) and (J/("),n € IN) and their non decreasing property
would not necessarily hold.

For completeness, we give the proof of this proposition.
Proof. (i) We have J© = 0 and J'® = 0. Suppose that J ™ J) are well defined and
nonnegative. Then J+1 J ("+1) are well defined since (J ™ + €)= and (J™ — ¢)~ belong to
S2. Also, Jt(n—H) > E[J/T(") + EL|F] > 0 as. since &% = 0 a.s. Similarly, because (% = 0 a.s.,
Jt/("H) > 0 a.s. By classical results, J) and J'(™ are RCLL supermartingales.

Let us prove that J™ and J' (™ are non decreasing sequences. We have J) > 0 = J(© and
J W >0= J ), Suppose that JM) > jn=1) and J' (™ > J ("=1)  We then have:
{R(J’(”) +£9) > R(J (=D 4 g9) (7.61)

R(J™ = 9) > R(J=D — {9) '

which leads to J™@+1 > J(n) and j'(n+1h) > jn),

(ii) By some results of Dellacherie-Meyer (see Th. 18, Ch. VI in [?]), J¢ and J'9 are indis-
tinguishable from non negative RCLL supermartingales valued in [0, +00], as the non decreasing
limits of non negative RCLL supermartingales. For each n € N, we have:

T = R(J' M 489) <R(J9+€9).
By letting n tend to +o00, we get that
JI<R(JI+E9). (7.62)

Now, for eachn € N, J(+D > J'(n) 4 €9. By letting n tend to +oco, we derive that J9 > J'9+£9.
By the supermartingale property of J9 and the characterization of R(J'9 + £9) as the smallest
supermartingale greater than J'9 + €9, it follows that J9 > R(J'9 4 £9). This with (??) yields
that J9 = R(J'9 + £9). By similar arguments, one easily derives that J'9 = R(J9 — 9).

(iii) Note first that by (??), J9 > J9+&and J9 > J9—(.Let J9 and J'9 be two nonnegative
supermartingale families such that J9 > J "9 4 ¢ and J 9> g9 — C. Let us first show that for
each n € IV,

J™ <H and J™ <H. (7.63)

by induction. It clearly holds for J(® and J O Let us suppose that, for some fixed n € IN,
inequalities (?7?) hold. Using the inequality H'+ ¢ < H, we thus derive that JM e < H 4¢<
H . Since the operator R is non decreasing, we get J("t1) = R(J (") +-¢) < R(H). Now, since H
is a supermartingale, Since H is a supermartingale, we have R(H) = H, and hence J+1 < H.
By similar arguments, we also have J ("1 < H’ which ensures that Property (??) holds at
rank n + 1.
By letting n tend to 400 in (?7), we get that J9 < H and J9 < H’, which ends the proof.

O

Proof of Theorem 77:
For § > 0, ¢ € H? and | € H, we introduce the norms [|¢]|3 := E[fOT eP*¢2ds], and

T S
12,5 := Elfy €”[lLsI3 ds].
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Let Héu (below simply denoted by Hé) the space IH? x IH? x IH? equipped with the norm
1Y, Z,kONIF = Y15 + 1215 + 15112 -

We define a mapping @ from IH7 into itself as follows. Given (U, V1) € IHj, by Theorem ??
there exists a unique process (Y, Z, k) = ®(U, V, 1) solution of the DBBSDE associated with driver
process ¢(s) = g(s,Us, Vs, 1s). Note that (Y, Z, k) € Hé Let o = A — A’ be the associated finite
variation process. Let us show that ® is a contraction and hence admits a unique fixed point
(Y, Z,k) in ]Hé, which corresponds to the unique solution of DBBSDE (?7?). The associated finite
variation process « is then uniquely determined in terms of (Y, Z, k). Let (U?,V?2,1?) be another
clement of IH3 and define (Y2, Z%,k*) = ®(U?,V?,1?). Let an = A* — A" be the associated

finite variation process. Set U = U —U?, V=V -V2 | =]—-1P2and, Y =Y - Y2 Z =
Z — 72, k=k— k> By Ito’s formula, for any 8 > 0, we have

T
Vot £ [ T+ 7+ R ds
0
T _ T _ T _
=28 [ P Tilgls,Un Ve l) — 9l UR V2, B) s+ 2B( | #V A~ [ eV, aal
0 0 0
(7.64)

T T
—2F] / Y dAL — / Py - dA?).
0 0

Now, we have a.s.
Y dAS = (Y, — &)dAS — (Y2 — £)dAS = —(Y2 — £)dAS <0
and by symmetry, Y dA2¢ > 0 a.s. Also, we have a.s.
Vi AAL = (Y- = &)AAT = (Y2 = &)AAT = (Y2 - € )AAL <0
and Y - AA2ZI > 0 a.s. Similarly, we have a.s.
VAL = (Yo — C)dAL — (Y2 = ()dAS = —(Y2 = C)dAE > 0
and by symmetry, Y,dA’>° < 0 a.s. Also, we have a.s.
V- AA? = (Ve = G )AAT — (Y2 = ()AL = (Y2 — (-)AAL >0

— d
and Y- AA’QS <0 a.s.
Consequently, the second and the third term of (??) is non positive. By using the Lipschitz
property of g and the inequality 2Cyu < 2C2%y? + %u2, we get that
_ _ _ _ 1 _ _
BIVIE + 1215 + I15IZ,s < 6C*IY N5 + 5(TNE + VIE + 17112,6).

Choosing 8 = 6C2 + 1, we deduce ||(Y, Z, E)H% < 1|(U,V, Z)H%
The last assertion of the theorem follows from Theorem ?77.
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