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plified brass instrument model. Acta Acustica united with Acustica, Hirzel Verlag, 2010, 96,
pp.733-742. <hal-00923627>

HAL Id: hal-00923627

https://hal-mines-paristech.archives-ouvertes.fr/hal-00923627

Submitted on 3 Jan 2014

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
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➯✻❂☞✒✒➚✏➯✲✏✫✏✗✍✑✤⑥➼❅✒✘➫❊➚✩➫✝✘⑩➯❀➭✏➯❀➚✫✏➔➫❊➚✏➯❪✮✲✤⑥➼✬✏✏➭✩➫❊➼➾➭❬➳✔➫⑩➼✬✤⑥➼✎✛✙✍ ➼☎➯❬➫❊➚✭✏✭➭✩➫❊➭✏➯❪✤✪✩✬✏✩➯❀➚✗✵▲➯❀➚✓✍✑✏❨✩✒➽✎✍✙✛ ➭✕✯ ❇✌➺☎➯✝➚❫✤✪✩✒➽✬✏✭➭✭➼☎➯✲✏✫✏✳➭✫✤✥✾✔➚✫✤⑥➼✎✷
✍ ➼✎✍ ➭✗✍➐➫✝✛☛✮✲✤⑥➼☎➲☞✍ ➭✗✍✑✤⑥➼✬✏❛➫❊➼☎➲➟➭✫✤ ➼✬✤✪✍✑✏✏➯❆✤⑥➼➟➭✭➺☎➯◗✘⑩➯❬➫✪✏✭➽✒➚✏➯✦➲❋✤⑥➽✒➭✗✒✒➽✒➭✳➫❊➚✩➯✝➫❊➼✘➫✝✛ ➪❖❴❬➯✦➲✰✯

❵ Ü Ù✧❛✡Ú❊❰❯❜ ×✻➱✾Ï✇Ð❞❝P❡●❢▲Ø ❢❯❣❞❤❥✐❯❦●❧➤Ø ❢●❢♠❧✟✐❥❦✕❧➤Ø ❢✝♥✕❢

† ♦❪Ñ❆➱✸❒✭➮✇Ï❣➬❖Ú▲Ò①❒✔❐❞Ô▲Ô➤Ï✇➱✾Ð✇Ð❫❝✳♣✟q❖r✦s☞r✦t✝t✟✉P✈①✇✪②✕③❯✇♠q✟✉✪②❥④●③❯⑤♠⑥✟✉✪⑦♠⑧✦⑨❳r❞③❥✉❯⑩✪④●❶❥②●q❖r✝⑩✦t✟✉❥❷✻❸✹✈❺❹✝q
‡ ♦❪Ñ❆➱✸❒✭➮✇Ï❣➬❖Ú▲Ò①❒✔❐❞Ô▲Ô➤Ï✇➱✾Ð✇Ð❫❝✹❷●⑤●q❯⑤●③❥⑧✝②✕③✝③✧✈①❻✕❼☞⑩✝⑩✪r✕✉✕❼✹✈❺❹✝q
¶ ♦❪Ñ❆➱✸❒✭➮❣Ï✇➬❞Ú●Ò①❒✌❐❖Ô▲Ô➤Ï✇➱✾Ð✇Ð❫❝❽t♠❸❥⑤✦⑨☞②❯⑩❽✈✶❸❯✉✟⑦❯r✲✉✝⑧❚r✻q❚❷●②✻⑨✸✈①❹♠q

❾



�✂✁ �☎✄✝✆✟✞✡✠☞☛✍✌✏✎✑✆✟�✒✠✓✄
❷❳❉✻❇✕✔✗✖✣❺✕✔✘➣✸✷✽❹⑥❉✻◆✌→❼■✘❁✣✿❖◆✺➣✗■✙✘✳→✛✚✣➣✸✷✽❹⑥❉✻◆➸✷✽❇✣➣✾✼✸✶✜✚✣→③✿❊❇✒✼❀➣⑩❉✻✶✸✿➀❉➤❑●❉✻✷✺◆✺❉✙✢✣◆✽✿ ✷✽❇✐✼❀❺✣✿➟◆✺✷✽✼✸✿❊✶✸❉➾✼✣✚✣✶✾✿✥✤ Ý✧✦❲❾✩★✫✪ ✵✬✚✜✼

✼❀❺✜✿❊✷✺✶✡❹❖■▼❇✒✼❀✶✸■✻◆ ✼✸■➠■✙✢✜✼✦❉✻✷✽❇❳✶✾✿⑥❉✻◆✽✷✺➣✩✼❀✷✽❹ →✛✚✣➣✾✷✺❹⑥❉➾◆ ✶✾✿❊➣✾✼✸✷✽✼✜✚✜✼❀✷✽■▼❇❸✷✺➣✑✚✣➣✭✚❢❉✻◆✺◆✮✔➋❉✏✖✣✶✾■✧✢✣◆✽✿❊→ ✦ ✿❊➣✭✖❪✿❊❹❊✷✺❉✻◆✽◆✯✔✥✘ ■▼✶✡➣✸✿❖◆✯✘➩❋
➣✜✚✜➣✾✼✦❉➾✷✺❇✣✿❖❁ ✷✺❇✜➣✾✼❀✶✭✚✣→③✿❊❇☎✼✸➣ ✪✍✰ ❇☎❑▼✿❖✶✸➣✸✷✽■▼❇ ■✱✘✳✼❀❺✜✿③→③■✘❁✣✿❖◆➸✼❀❺✣✿❖✶✸✿✒✘ ■✻✶✸✿③❉✙✖✲✖❪✿❊❉✻✶✸➣ ❉✻➣ ❉➁❇✣❉➾✼✣✚✣✶✸❉✻◆➸✼❀■✘■▼◆➸✼✸■➋❹❖■✧✖❪✿
✳ ✷✽✼✸❺➟✼✸❺✣✷✺➣✴✖✣✶✾■✧✢✣◆✽✿❊→ ✦ ✷ ✪ ✿ ✪✯✦ ✶✸✿❊❹❖■▲❑▼✿❖✶✸✷✽❇✣✹ ✼❀❺✣✿➔❹❊■✻❇☎✼✸✶✸■▼◆✵✖❢❉✻✶❀❉➾→❼✿❞✼❀✿❖✶✸➣✴✘ ✶✾■▼→✟❉✗✼❀❉✻✶✸✹✻✿❖✼✔➣✸■✧✚✜❇✣❁ ✪ ➓➔❺✣✷✽➣✶✖✣✶✸■✧✢✜◆✺✿❊→
❺❢❉✻➣➟❉➾◆✺✶✸✿❊❉✻❁✵✔✷✢❪✿❊✿❊❇✥✷✽❇☎❑▼✿❖➣✾✼❀✷✽✹✒❉➾✼✸✿❊❁➆✷✺❇❂✼✸❺✣✿✸✖❢❉✻➣✩✼✹✤✻✺ ✦✶✼✙★ ✚✣➣✸✷✽❇✣✹❘❹❊■▼❇✒✼❀✶✾■▼◆❛✿❖❇✣✹▼✷✽❇✣✿❊✿❖✶✸✷✽❇✣✹❳✼❀✿❖❹❬❺✣❇✜✷✾✽✕✚✣✿❊➣ ✦ ✢✲✚✜✼
➣✸✷✽✹▼❇✣✷✮✿❢❹⑥❉➾❇☎✼✝✷✽→❀✖✣✶✸■➤❑▼✿❊→③✿❊❇✒✼❀➣✝❉✻✶✾✿⑩➣✾✼✸✷✺◆✽◆❄❇✣✿❊✿❖❁✣✿❖❁ ✪
❅❁✖✣✶✸■✙✢✣◆✺✿❖→ ✼❀■✥❹❖■✧✖❪✿ ✳ ✷✽✼❀❺ ❹❊■✻❇✣➣✸✷✽➣✾✼❀➣➒✷✺❇ ✶✾✿❊❹❊■➤❑▼✿❊✶✾✷✺❇✣✹❂✢❪■✻✼✸❺ ✼❀❺✣✿❘❑✘✷✾✢✜✶✸■➾❋✭❉✻❹❊■✧✚✜➣✾✼❀✷✽❹❘➣✩✼✦❉➾✼✸✿⑦❉✻❇✣❁ ✼❀❺✜✿

→✛✚✣➣✸✷✽❹❊✷✺❉✻❇✚❃ ➣ ❹❊■✻❇☎✼❀✶✾■▼◆❃✖❢❉✻✶✸❉✻→③✿❖✼❀✿❖✶✸➣❄✘ ✶✾■▼→ ❉❅✚✜❇✣✷✾✽✕✚✣✿✡■✧✢✣➣✸✿❖✶✾❑➾❉●✼❀✷✺■✻❇ ✦ ❇✣❉✻→❼✿❖◆✯✔ ✦ ✼❀❺✜✿✫➣✸■✙✚✣❇✣❁✸✖✣✶✸■✘❁✵✚✣❹❊✿❖❁ ✪ ➓➔❺✣✿
❁✣✷✮❆❼❹✒✚✣◆✽✼❇✔➟✷✺➣ ✷✽❇✣❹❊✶✾✿⑥❉✻➣✾✿❊❁✏✢✕✔➀✼✸❺✣✿❈✘♠❉✻❹❞✼✳✼✸❺❢❉➾✼✳➣✸✿❖◆✯✘➩❋➇➣✜✚✣➣✩✼✦❉✻✷✽❇✣✿❊❁❼✷✺❇✣➣✩✼❀✶✜✚✜→❼✿❖❇☎✼✸➣❛❉➾✶✸✿✫❉✱✢✣◆✺✿➔✼❀■ ✹▼✿❊❇✜✿❊✶❀❉●✼❀✿✫❉ ◆➩❉✻✶✾✹▼✿
❑➾❉➾✶✸✷✺✿❞✼❉✔ ■✱✘✣✶✾✿❊✹▼✷✽→❼✿❖➣ ❉➾❇✣❁ ✦ ✖❪■▼➣✾➣✸✷✯✢✣◆✯✔ ✦ ❹❊■▼→❀✖✣◆✺✿❋❊⑩✶✾✿❊✹▼✷✽→❼✿❖➣❾➣✭✚✣❹✦❺➝❉✻➣ ❹✦❺❢❉✻■✻✼✸✷✺❹✔■▼❇✣✿❊➣●✤✻❍ ★✫✪ ❍✡✿❞❑▼✿❊✶✾✼✸❺✣✿❊◆✽✿❊➣✾➣ ✦ ✳ ❺❢❉●✼
❹⑥❉➾❇✸✢❪✿✫❇✜■✻✼❀✷✽❹❊✿❊❁■✘ ■✻✶ ✼❀❺✜✿❊➣✸✿✫➣✭✔✘➣✾✼✸✿❊→③➣✴✷✽➣ ✼✸❺✣✿✑✘♠❉✻❹❞✼✳✼❀❺✣❉➾✼✳✼ ✳ ■ ➣✸✿✂✖✣❉✻✶❀❉➾✼✸✿✡✼❀✷✽→❼✿❬❋✭➣✸❹❊❉✻◆✽✿❊➣✢❹⑥❉✻❇✏✢❪✿✫❹❊■✻❇✣➣✸✷✽❁✣✿❊✶✾✿❊❁ ✪
❏✗✷✯✢✣✶❀❉●✼❀✷✺❇✜✹➠❑●❉✻✶✸✷✺❉✙✢✣◆✺✿❖➣

x ❑ ➣✜✚✣❹✦❺❂❉✻➣ ❉➾❹❊■✧✚✣➣✩✼❀✷✽❹✝✖✣✶✾✿❊➣✾➣✜✚✣✶✾✿ ✦ ✶✸✿❖✿❊❁➢■▼✶ ◆✺✷✯✖✣➣✗→❼■➾✼❀✷✺■✻❇ ✦ ✿❞✼❀❹▼▲ ■✻➣✸❹❖✷✺◆✺◆✺❉➾✼✸✿➝→❼❉✻✷✽❇✣◆✮✔
❉➾✼✗❺✜✷✺✹▼❺◆✘ ✶✸✿✒✽✕✚✣✿❊❇✣❹❖✷✺✿❖➣ ❹❊■▼→❀✖❢❉✻✶✾✿❊❁❳✼❀■➡✼✸❺✣✿➝❹❖■▼❇✒✼❀✶✸■✻◆ ❑➾❉✻✶✾✷➩❉✙✢✣◆✽✿❊➣✫❉✻➣✾➣✸■✘❹❖✷➩❉➾✼✸✿❊❁ ✳ ✷➐✼❀❺❳✼✸❺✣✿✛✖✜◆➩❉▼✔▼✿❊✶❊❃ ➣✗✹✻✿❊➣✾✼✜✚✣✶✸✿❖➣
G ❑ ✖✣✶✾✿❊➣✸➣✭✚✣✶✸✿ ✷✺❇➒✼✸❺✣✿⑩→❼■✙✚✜✼❀❺ ✦ ◆✺✷✾✖➠➣✾✼❀✷✮❖❄❇✜✿❊➣✸➣ ✦ ✿❞✼❀❹P▲ ✪
➓➔❺✣✿❊❇ ✦ ❉➾➣✸➣✜✚✜→❼✷✽❇✣✹➀➣✸■✻→❼✿☞✚✣➣✭✚❢❉✻◆◗✽❘✚✣❉✻❇☎✼✸✷✽✼✸✷✺✿❊➣✝❉➾✶✸✿⑩→③✿❊❉✻➣✜✚✣✶✾✿❊❁➋■▼❇➁✼✸❺✣✿⑩➣✭✔✘➣✾✼✸✿❊→ ✦ ➣✜✚✜❹❬❺❳❉✻➣➔✼✸❺✣✿✓✖✣✶✸✿❖➣✸➣✭✚✣✶✸✿

✶❀❉➾❁✣✷➩❉➾✼✸✿❊❁ ❉➾✼ ✼❀❺✣✿ ✿❊❇✣❁ ■✙✘✜✼❀❺✣✿✳✷✽❇✣➣✾✼✸✶✜✚✣→③✿❊❇✒✼ ✦ ❹❊❉✻◆✽◆✺✿❊❁⑩✼✸❺✣✿✶❙✏■✧✚☞✼✣✖✲✚✜✼❯❚
y
✦ ✼❀❺✜✿✳✷✺❇✒❑▼✿❊✶✾➣✸✷✺■✻❇ ❹❊■✧✚✣◆✽❁❅✢❪✿●✖❪✿❊✶✭✘ ■✻✶✸→③✿❊❁

✷✺❇➒✼ ✳ ■③➣✩✼❀✿✒✖✣➣❅❱

❑✫❲ Ý ▲ ✼❀❺✜✿●✿❢✶✸➣✩✼✔➣✩✼❀✿✒✖➟❹❊■▼❇✣➣✾✷✺➣✩✼❀➣➸✷✺❇ ✶✸✿❖❹❊■➤❑▼✿❊✶✾✷✺❇✣✹✫✼✸❺✣✿●✘❳✚✣◆✺◆☎■▼➣✸❹❖✷✺◆✽◆➩❉●✼❀✷➐❇✣✹✡✷✽❇☎✼✸✿❊✶✾❇❢❉✻◆✘➣✩✼✦❉➾✼❀✿ x
■✙✘✣✼❀❺✣✿❛✷✽❇✣➣✾✼❀✶✭✚✣→③✿❊❇✒✼

✘ ✶✸■✻→ ✼❀❺✣✿❩❨☎❇✣■ ✳ ◆✺✿❖❁✣✹▼✿✫■✙✘ y ✦ ❉✻➣✾➣✜✚✣→③✷✺❇✣✹ ✼❀❺✣✿✫❹❖■▼❇☎✼✸✶✸■▼◆ G ✷✺➣✳◆✺■✘❹❊❉✻◆✺◆❬✔➀❹❖■▼❇✣➣✩✼✦❉✻❇✒✼ ✪ ➓➔❺✣✷✺➣✳✷✺➣❛❉✻❹✦❺✣✷✺✿❞❑▼✿❊❁✢❭✔✥✢✲✚✣✷✺◆✽❁✣✷✽❇✣✹➀❉➟➣✸■➾❋➇❹⑥❉➾◆✺◆✺✿❖❁■❙✏➣✾✼❀❉➾✼❀✿ ■✧✢✣➣✾✿❊✶✾❑✻✿❊✶❯❚⑩✷✺❇➁❹❖■▼❇☎✼✸✶✸■▼◆✚➣✭✔✘➣✾✼✸✿❊→③➣✝✼❀❺✣✿❖■▼✶✭✔❪✤❴❫ ✦❛❵✩★✫❜

❑✫❲ ❾ ▲➁✼❀❺✜✿ ➣✸✿❖❹❊■▼❇✣❁❳■▼❇✜✿ ❹❊■▼❇✜➣✸✷✺➣✩✼❀➣❏✷✺❇➋❹❖■▼→❀✖✲✚✜✼✸✷✺❇✣✹➟✼❀❺✜✿ ❉✻❹❊❹❖✿❊➣✾➣✸✷✾✢✜◆✺✿❝✖❢❉✻✶✸❉✻→❼✿❞✼❀✿❖✶✸➣ G
✘ ✶✸■▼→➜✼✸❺✣✷✺➣✝■✙✢✣➣✸✿❖✶✾❑▼✿❊❁

➣✾✼❀❉➾✼❀✿ ✪ ➓➔❺✣✷✽➣✝❹❊■✧✚✣◆✽❁✹✢❪✿ ❉➾❹❬❺✣✷✽✿❖❑▼✿❖❁◆✚✣➣✸✷✽❇✣✹③❉✻❁❢❉✙✖☞✼❀✷✽❑▼✿❞✿❢◆➐✼❀✿❊✶✾✷✺❇✣✹➝✼✸✿❊❹✦❺✣❇✣✷✯✽✕✚✣✿❊➣❅✤✻❡ ✦❛❢✩★❣✪
➓➔❺✣✷✺➣❤✖❢❉✱✖❪✿❊✶✌❉✻❁✣❁✣✶✾✿❊➣✸➣✾✿❊➣✌✼❀❺✣✿●✿❢✶✾➣✾✼✴✖✣✶✸■✧✢✜◆✺✿❊→ ❑✐❲ Ý ▲ ■✙✘♣✿❖◆➩❉✙✢❪■✻✶❀❉➾✼✸✷✺❇✣✹✡❉✫➣✾✼❀❉➾✼❀✿❛■✧✢✣➣✾✿❊✶✩❑▼✿❊✶❤✘ ■▼✶➸❉✫➣✸✷✽→■✖✣◆✽✷✮✿❢✿❖❁✢✣✶✸❉✻➣✸➣❾✷✺❇✣➣✩✼❀✶✜✚✜→❼✿❖❇☎✼❾→③■✘❁✣✿❊◆ ✦ ❉➾➣✸➣✜✚✣→③✷✽❇✣✹➔✼❀❺❢❉●✼❾✼✸❺✣✿✢■✧✚✜✼✣✖✵✚✜✼

y
✷✺➣✚✼❀❺✜✿❄✖✜✶✸✿❊➣✾➣✜✚✣✶✾✿❛❉➾✼✯✼❀❺✜✿ ✿❖❇✣❁ ■✙✘✘✼❀❺✜✿❄✖✜✷✾✖❪✿ ✪ ➓➔❺✣✿

■✧✢✣➣✾✿❊✶✩❑▼✿❊✶ ✷✺➣ ✿❖◆➩❉✙✢❪■▼✶✸❉➾✼❀✿❖❁✷✘ ✶✸■▼→ ✼❀❺✣✿❼❇✣■✻❇✣◆✺✷✽❇✣✿⑥❉✻✶ ❇✣✿✂✚✜✼✸✶❀❉✻◆✢➣✾✼✦❉➾✼✸✿❼➣✜✖❢❉➾❹❊✿➡✶✾✿✂✖✣✶✾✿❊➣✸✿❖❇☎✼❀❉➾✼❀✷✽■▼❇➆❉✻➣✸➣✾■✘❹❊✷➩❉●✼❀✿❊❁➢✼❀■
✼❀❺✜✿❸■▲❑▼✿❊✶✸❉✻◆✽◆✝➣✭✔✘➣✾✼✸✿❊→ ✦ ✚✣➣✸✷✽❇✣✹❦❥❧✔✒❉✱✖✲✚✣❇✣■➤❑ ✼✸✿❊❹✦❺✣❇✣✷✯✽❘✚✜✿❊➣ ✪♥♠ ✼❀❺✜✿❊✶➡❉✙✖✵✖✣✶✸■✒❉➾❹❬❺✜✿❊➣✏✢❢❉➾➣✸✿❊❁✧■▼❇✧✿ ✪ ✹ ✪ ➣✸◆✽✷✺❁✣✷✽❇✣✹
→③■✘❁✣✿❊➣✝❹❊❉✻❇♦✢❪✿☞✘ ■✧✚✣❇✣❁➋✷✽❇✷✤ Ý▼♣✱★✫✪
➓➔❺✣✿⑦➣✾✼❀✶✭✚✣❹❖✼✜✚✣✶✸✿⑦■✙✘⑩✼❀❺✣✿q✖❢❉✙✖❪✿❖✶➁✷✽➣➁❉✻➣✸✘ ■✻◆✺◆✽■ ✳ ➣r❱➆➣✸✿❊❹❞✼❀✷✽■▼❇ ✰✜✰ ✷✺❇✒✼❀✶✸■✘❁✲✚✜❹❊✿❖➣➋❉➑➣✾✷✺→❀✖✣◆✺✷❬✿❢✿❊❁s✖✣❺✕✔✘➣✾✷✺❹⑥❉➾◆

❁✣✿❖➣✸❹❊✶✾✷✾✖✜✼✸✷✺■▼❇➢■✱✘✳✼❀❺✣✿③✷✽❇✣➣✾✼✸✶✜✚✣→③✿❊❇✒✼ ✪✏t ✿❖❹❖✼❀✷✽■▼❇ ✰✜✰✭✰ ✖✣✶✸■✙✖❪■▼➣✸✿❖➣ ❉➁➣✾✼✦❉●✼❀✿❬❋✭➣✜✖❢❉➾❹❊✿③✶✸✿✂✖✜✶✸✿❊➣✾✿❊❇✒✼✦❉➾✼✸✷✺■▼❇ ■✱✘❛✼✸❺✣✿③✷✺❇✘❋
✺



➣✾✼✸✶✜✚✣→③✿❊❇✒✼✳❁✣✿❖❁✲✚✣❹❊✿❖❁✏✘ ✶✸■✻→✟✼❀❺✣✿❏→③■✘❁✣✿❊◆❢■✱✘✚➣✾✿❊❹❖✼✸✷✺■▼❇ ✰✭✰☎✪ t ✿❖❹❖✼✸✷✺■▼❇ ✰ ❏ ✷✺➣✢❁✣✿❖❁✣✷✺❹❊❉➾✼❀✿❖❁③✼❀■⑩✼❀❺✣✿❏✿❖◆➩❉✙✢❪■▼✶✸❉➾✼❀✷✽■▼❇➟■✙✘
✼❀❺✜✿✡➣✩✼✦❉➾✼✸✿❏■✧✢✣➣✾✿❊✶✾❑▼✿❖✶ ✪❄t ✿❊❹❞✼❀✷✽■▼❇❀❏ ✖✜✶✸✿❊➣✾✿❊❇✒✼❀➣❛➣✾■▼→❼✿✝➣✸✷✽→✛✚✣◆➩❉●✼❀✷➐■▼❇➀✶✾✿❊➣✭✚✣◆✽✼✸➣ ✪ ❻❛■▼❇✣❹❖◆✾✚✣➣✾✷✺■▼❇❼❉✻❇✣❁■✖❪✿❖✶✸➣✭✖❪✿❊❹❖✼✸✷✽❑▼✿❖➣
✳ ✷✺◆✽◆ ✢❪✿✓✖✣✶✸✿❖➣✸✿❊❇✒✼❀✿❖❁❳✷✺❇➁➣✸✿❖❹❖✼✸✷✺■▼❇✹❏ ✰☎✪

� �✂✁ ☛✂✁☎✄ ✎❈✞✡�✝✆✑✆✟�✒✠✓✄ ✠✟✞ ✆✡✠✂✁♥�☎✄☛✄ ✆❈✞☞✌✂☞✌✁✬✄✝✆✎✍❅✄✍☛✏✆☎✠✂✑✒✄ � ✎✡✍✔✓✕✁☎✖❞✌✗✍ ✆✟�✒✠☞✄✘✄
❻❛■▼❇✣➣✸✷✽❁✣✿❊✶❏❉➟➣✸✷✽→■✖✣◆✽✷✮✿❢✿❖❁➁✷✽❇✣➣✾✼✸✶✜✚✣→③✿❊❇✒✼ ✦ ■✱✘➄✼❀❺✜✿✓✢✣✶❀❉✻➣✾➣❏✷✽❇✣➣✾✼✸✶✜✚✣→③✿❊❇✒✼➔✼❉✔❘✖❪✿ ✦ ❹❊■▼→❀✖❪■▼➣✾✿❊❁➋■✙✘ ❑ ➣✸✿❖✿✚✙➸✷✺✹ ✪✽Ý ▲ ✦

•
❨ ✉●❨✻t ✉✻❯ ✦ ✼❀❺✜✿✝❉✙✖❪✿❖✶✾✼✣✚✜✶✸✿➔■✙✘ ✳ ❺✜✷✺❹✦❺➀✷✺➣➸→③■✘❁✲✚✣◆➩❉●✼❀✿❊❁✡✢✕✔➝❉ ➣✸✷✺❇✜✹▼◆✺✿ ➣✸■▼◆✽✷✺❁ ❹❬❺❢❉➾✶❀❉✻❹❞✼❀✿❖✶✸✷✜✛❖✿❊❁✝✢❭✔➝✷➐✼❀➣✌→❼❉✻➣✾➣ ✦
➣✾✼✸✷✯❖❝❇✣✿❖➣✸➣✡❉➾❇✣❁➋❁❢❉✻→❀✖✣✷✺❇✜✹ ✦

•
❨☎✢⑥❯❞❡ ✳ ❺✣✷✺❹✦❺❸❉✙✖✲✖✜◆✺✷✺✿❖➣✝❉✛✘ ■▼✶✸❹❖✿⑩■▼❇➁✼✸❺✣✿ ❑➾❉✻◆➐❑▼✿ ✦

•
❨✻❙⑦❨✘❫✦❦●♦☎❱❞❡♠◗✇❫ ➎ ◗ ➎ ❯ ✼❀❺✣✿ ❑✘✷✾✢✣✶✸❉➾✼❀✷✽■▼❇✣➣✴■✙✘ ✳ ❺✣✷✺❹✦❺❸❉✻✶✸✿ ➣✸✿❞✼✡✷✺❇➁→③■✻✼✸✷✺■✻❇✥✢✕✔➠✼✸❺✣✿✤✣✾✿❖✼ ✪

✥✢❉✻❹✦❺❸❹❊■✻→■✖❪■✻❇✣✿❊❇✒✼❏✷✺➣➔→③■✘❁✣✿❖◆✺✿❊❁➋❉➾➣✝❁✣✿❖✼❀❉✻✷✺◆✽✿❊❁✥✢❝✿❖◆✺■ ✳ ✪
❷❸■▼✶✸✿❖■▲❑▼✿❖✶ ✦ ✼❀❺✜✿ ❉✙✢✣➣✸■✻◆✾✚✜✼✸✿ ✖✜✶✸✿❊➣✾➣✜✚✣✶✾✿✳✷✺➣✯❁✜✿❊❇✣■✻✼✸✿❊❁❅✢❭✔✗✼❀❺✣✿✢❹❊❉✙✖✣✷➐✼✦❉✻◆✻◆✺✿❞✼✸✼❀✿❖✶

P
❉✻❇✜❁⑩✼❀❺✣✿✢✶✸✿❖◆➩❉●✼❀✷✽❑▼✿✴✖✣✶✾✿❊➣✸➣✭✚✣✶✸✿

✢✕✔
p = P−Patm

✳ ❺✣✿❖✶✸✿ Patm

✷✺➣✚✼❀❺✣✿ ❉➾✼❀→③■▼➣✭✖✣❺✣✿❖✶✸✷✺❹✶✖✣✶✾✿❊➣✸➣✭✚✣✶✸✿ ✪✴✰ ❇ ✼✸❺✣✿ →③■✧✚✜✼✸❺ ✦ ✼❀❺✣✿ ❑ ✶✸✿❖◆➩❉➾✼✸✷✽❑▼✿▼▲ ✖✣✶✸✿❖➣✸➣✭✚✣✶✸✿
✷✺➣✗❁✣✿❊❇✣■➾✼❀✿❊❁

pm

❉➾❇✣❁⑦✼✸❺✣✿✝✖❢❉✻✶✩✼❀✷✽❹❊◆✺✿ ❑▼✿❊◆✽■✘❹❊✷✽✼❇✔
vm

✪ ➓➔❺✣✿✒✔⑦❉✻✶✸✿➟✶✸✿❖➣✜✖❪✿❊❹❞✼❀✷➐❑▼✿❊◆✯✔✐❁✣✿❖❇✣■✻✼✸✿❊❁
pjet

❉✻❇✜❁
vjet

✷✺❇
✼❀❺✜✿✦✣✾✿❞✼ ✪

✍❀✁ ✧✩★✫✪✭✬✯✮

➓➔❺✣✿➀◆✺✷✯✖✣➣✫■✙✘ ✼✸❺✣✿➟→✍✚✜➣✸✷✺❹❖✷➩❉✻❇✐❉➾✶✸✿➟✶✾✿✂✖✣✶✾✿❊➣✸✿❖❇☎✼✸✿❊❁ ✢✕✔✐❉➒■✻❇✣✿➟❁✣✿❊✹✻✶✸✿❊✿➟■✙✘❄✘ ✶✸✿❖✿❊❁✜■▼→ ◆✺✷✯✖✐→③■✘❁✣✿❖◆❣❱✫❉➠❑●❉✻◆✽❑▼✿
❹❊■✻→■✖❪■▼➣✾✿❊❁➒■✙✘ ❉ ✼❀✶✸❉✙✖❪✿✰✛❖■▼✷✽❁☞❋❇✖❢❉➾✶❀❉✻◆✽◆✽✿❖◆✽✿✂✖✣✷✯✖❪✿❖❁✣✷✺❹❏➣✸■✻◆✺✷✽❁

S ✳ ✷✽✼❀❺➠→❼❉✻➣✾➣ m
✦ →③■▲❑✘✷✽❇✣✹ ✷✺❇❼✼❀❺✣✿✡❑▼✿❊✶✾✼✸✷✺❹❊❉✻◆❝❁✣✷✺✶✾✿❊❹❬❋

✼❀✷✽■▼❇ ✦ ➣✭✚✲✢✱✣✾✿❊❹❖✼✸✿❊❁❂✼❀■◆✖✣✶✸✿❖➣✸➣✜✚✜✶✸✿■✘ ■▼✶✸❹❖✿❊➣
Fside

❉➾❇✣❁
Fbot

✦ ❉➋❁❢❉➾→■✖✣✷✽❇✣✹
a
✦ ❉✻❇✣❁➆❉➋➣✜✖✜✶✸✷✺❇✜✹ ✳ ✷✽✼❀❺ ➣✩✼❀✷✮❖❄❇✣✿❖➣✸➣

k
✪ ➓➔❺✜✿❀✢❪■✻✼✸✼✸■▼→ ■✙✘✳✼✸❺✣✿➀→➡❉➾➣✸➣⑩✷✽➣ ◆✺■✘❹⑥❉●✼❀✿❊❁❪✢✕✔❘✼✸❺✣✿➟❑➾❉✻✶✾✷➩❉✙✢✜◆✺✿

ξ(t)
❉✻❇✣❁ ❉✻❇⑦■✧✖❪✿❊❇⑦❑➾❉✻◆➐❑▼✿➀❹❊■▼✶✾✶✸✿❖➣✜✖❪■▼❇✣❁✣➣

✼❀■
ξ > 0

✪ ➓➔❺✣✿ ✿✂✽✕✚✣✷✽◆✺✷✯✢✣✶✸✷✯✚✣→ ✖❪■✻➣✸✷✽✼✸✷✺■▼❇❸❉➾✼✫✶✾✿❊➣✩✼✗✷✺➣❏❁✣✿❊❇✜■✻✼❀✿❖❁q✢❭✔
ξ(t) = ξe

✳ ❺✣✷✽❹✦❺❘✷✺➣❏➣✜✚✲✖✵✖❪■▼➣✸✿❖❁✐✼✸■✏✢❪✿
✖❪■▼➣✾✷✽✼❀✷➐❑▼✿ ✪

➓➔❺✣✿ ❁✵✔✘❇❢❉✻→③✷✽❹❊➣✝■✱✘➄✼✸❺✣✿⑩➣✸■▼◆✽✷✺❁
S
❉✻✶✸✿ ✹▼■▲❑▼✿❖✶✸❇✣✿❖❁◆✢✕✔

mξ̈ + aξ̇ + k(ξ − ξe) = Fside + Fbot. ❑ Ý ▲
➓➔❺✣✿⑩❑▼✿❖✶✾✼✸✷✺❹❊❉✻◆✯❹❖■▼→❀✖❪■▼❇✣✿❊❇✒✼❏■✙✘ ✼❀❺✣✿☞✘ ■✻✶✸❹❊✿⑩❁✵✚✣✿⑩✼✸■➀✼✸❺✣✿✓✖✣✶✸✿❖➣✸➣✭✚✣✶✸✿ ■✻❇➁✼❀❺✣✿⑩➣✾✷✺❁✣✿❖➣❏■✱✘

S
✷✺➣

Fside = (Aside sin θ) (pm − p0), ❑ ❾ ▲
✼



✳ ❺✣✿❖✶✸✿③✼✸❺✣✿❼❉➾✶✸✿⑥❉ Aside

■✙✘✳✼✸❺✣✿③◆✺❉➾✼❀✿❖✶❀❉✻◆✌➣✾✷✺❁✣✿❖➣ ■✙✘
S
❉➾❇✣❁➢✼✸❺✣✿❼❉✻❇✜✹▼◆✺✿

θ
✷✺❇ ✙➸✷✺✹ ✪✽Ý ❉✻✶✸✿➀➣✭✚✲✖✲✖❪■▼➣✾✿❊❁❂✼✸■♦✢❪✿

❹❊■✻❇✣➣✾✼❀❉✻❇☎✼ ✪ ➓➔❺✣✿✓✘ ■▼✶✾❹❊✿
Fbot

❉✙✖✲✖✣◆✽✷✺✿❊❁➒■▼❇➁✼✸❺✣✿✓✢❪■✻✼✸✼✸■▼→➜➣✸✷✽❁✣✿⑩■✙✘
S
❁✣✿✂✖❪✿❖❇✣❁✣➣✡■▼❇➒✼❀❺✣✿⑩➣✸✷✽✹▼❇➁■✙✘

ξ
❱

•
✰ ✘➄✼✸❺✣✿ ❑➾❉✻◆➐❑▼✿⑩✷✺➣➔■✧✖❪✿❖❇ ✦

Fbot

✷✽➣➔❁✲✚✣✿ ✼❀■➀✼✸❺✣✿✤✣✾✿❖✼✟✖✣✶✸✿❖➣✸➣✜✚✣✶✾✿
pjet

➣✸■➀✼❀❺✣❉➾✼

✷✮✘
ξ > 0, Fbot = Abot pjet, ❑ ✺❭▲

•
✰ ✘✔✼✸❺✣✿ ❑➾❉➾◆✽❑▼✿ ✷✽➣✡❹❊◆✽■▼➣✸✿❖❁ ✦

Fbot

✷✽➣✫❉➡❹❖■▼❇☎✼❀❉✻❹❖✼✑✘ ■▼✶✸❹❖✿ ✪ ❅✫❇❘✿❖→■✖✣✷✽✶✸✷✽❹⑥❉✻◆✯→③■✘❁✣✿❊◆❾■✙✘ ❉❼❹❖■▼❇☎✼❀❉✻❹❖✼ ✳ ✷➐✼❀❺❘❉
➣✸✿❖❹❊■✻❇✣❁❳◆✽✷✾✖ ❑ ✶❀❉➾✼✸❺✣✿❊✶✴✼❀❺❢❉➾❇ ✳ ✷✽✼✸❺❸❉➟❇✣■▼❇☞❋➇✶✸✿⑥❉➾◆✺✷✽➣✾✼❀✷✽❹✫✶✸✷✺✹✻✷✺❁✸✢❪■✘❁✵✔✵▲➔✷✽➣➔✹▼✷✽❑▼✿❖❇♦✢✕✔❪✤ Ý▼Ý✒★

✷✮✘
ξ ≤ 0, Fbot = −mκmξ̈ − aκaξ̇ − kκk(ξ − ξe). ❑ ✼ ▲

❻❛■✘✿ ❆❼❹❖✷✺✿❖❇☎✼❀➣
κm

✦
κa

✦ ❉✻❇✣❁
κk

✶✸✿❖➣✜✖❪✿❖❹❖✼❀✷➐❑▼✿❊◆✮✔⑩❹❖■▼✶✸✶✾✿❊➣✜✖❪■✻❇✣❁ ✼✸■✡❉✻❇ ❉➾❁✣❁✣✷➐✼❀✷✺■✻❇❢❉✻◆➾→➡❉➾➣✸➣ ✦ ❁❢❉➾→■✖✜✷✺❇✣✹✝❉✻❇✣❁
➣✾✼✸✷✯❖❝❇✣✿❖➣✸➣➔❁✲✚✜✿✗✼✸■➝✼❀❺✜✿✗❹❊■▼❇✒✼✦❉✻❹❞✼➔■✙✘❾✼✸❺✣✿✫✼ ✳ ■➟◆✺✷✯✖✣➣ ✪✶t ■▼→③✿✫✿❊→❀✖✣✷✺✶✾✷✺❹⑥❉➾◆♣❑●❉✻◆✾✚✜✿❊➣✴■✙✘✯✼❀❺✣✿❖➣✸✿ ❹❊■▼✶✾✶✸✿❖❹❖✼❀✷✽■▼❇✣➣
❉✻✶✾✿

(κm, κa, κk) = (1, 4, 3)
✤ Ý✟❾ ✁ Ý✂✼✱★❣✪

➓➔❺✣✿➒✿✂✽✕✚✣✷✽◆✺✷✯✢✣✶✸✷✯✚✣→ ✖❪■✻➣✸✷✽✼✸✷✺■▼❇
ξe

✷✽➣➟❉❘❹❊■▼❇✜➣✾✼✦❉➾❇☎✼✝✖✣❉✻✶❀❉✻→③✿❖✼✸✿❊✶ ➣✸✿❖✼✝✢❭✔❂✼✸❺✣✿➒→✛✚✣➣✾✷✺❹❖✷➩❉✻❇❂➣✜✚✣❹✦❺✥✼✸❺❢❉➾✼ ❑ Ý ▲ ✷✽➣
➣❀❉●✼❀✷✺➣❯✿❢✿❊❁ ❑ ξ = ξe

▲ ✳ ✷➐✼❀❺ pm = pjet = p0 = 0
❉✻❇✣❁ ❑ ❉✻✶✭✢✣✷✽✼✸✶❀❉✻✶❯✔✲▲❛❹❖■▼❇✣➣✩✼✦❉✻❇✒✼❀➣ m

✦
a
✦
k
✪ ❷➋■▼✶✸✿❖■▲❑▼✿❖✶ ✦ ✼✸❺✣✿

→③■✧✚✜✼❀❺❪✖✣✶✸✿❖➣✸➣✜✚✣✶✾✿
pm

❉✻❇✣❁ ✖❢❉➾✶❀❉✻→③✿❖✼✸✿❊✶✾➣
(m, a, k, κm, κa, κk, Aside, Abot)

❉✻✶✾✿③❹✦❺❢❉✻✶✸❉✻❹❖✼✸✿❊✶✾✷✺➣✾✼✸✷✺❹➀■✱✘❛✼❀❺✜✿
→✛✚✣➣✸✷✽❹❊✷✺❉✻❇ ✪
❍✡■✻✼✸✿ ✼❀❺❢❉●✼➸→③■▼✶✾✿ ✶✸✿ ✿❢❇✣✿❊❁➝→③■✘❁✣✿❖◆✺➣ ■✱✘✣✼✸❺✣✿✳◆✺✷✯✖✣➣❾→❼✿❖❹❬❺✣❉✻❇✣✷✺❹❖➣➄❺❢❉⑥❑▼✿✬✢❪✿❖✿❊❇➝➣✾✼✜✚✣❁✣✷✽✿❊❁❧❱➄❉✝✼ ✳ ■➾❋✭❁✜✷✺→③✿❊❇✣➣✾✷✺■▼❇❢❉➾◆

◆✺✷✯✖➠❑✘✷✾✢✣✶✸❉➾✼❀✷✽■▼❇➒→③■✘❁✣✿❊◆❧✚✣➣✾✿❊❁♦✘ ■▼✶✴✼✸❺✣✿ ✼❀✶✜✚✜→■✖❪✿❞✼❏➣✾■✧✚✣❇✣❁➋➣✭✔✘❇☎✼✸❺✣✿❊➣✸✷✽➣✡❹❊❉✻❇♦✢❪✿☞✘ ■✧✚✣❇✣❁➋✷✽❇➁✿ ✪ ✹ ✪ ✤ Ý ❍ ★❣✪

✂✡✁ ✍☎✄ ✮✝✆✟✞✡✠☛✆✰✮✌☞✯✮✝✍✏✎ ✮✑✞✒✆✟✓ ★✕✔☛✖✘✗ ✮✑✞

✰ ✘
ξ ≤ 0

✦ ✼❀❺✣✿ ❑●❉✻◆✽❑▼✿ ✷✺➣➔❹❖◆✺■▼➣✾✿❊❁❸❉➾❇✣❁➁✼❀❺✜✿❊✶✸✿⑩✷✽➣➔❇✣■ ✣✾✿❞✼ ✪✶✰ ✘
ξ > 0

✦ ✼❀❺✣✿❖✶✸✿⑩✷✺➣✝❉✡✣✾✿❞✼❈✚✣❇✣❁✜✿❊✶➔✼❀❺✣✿⑩➣✾■▼◆✺✷✽❁
S
✪

➓➔❺✣✿ ✹✻✿❊■▼→③✿❖✼✸✶✭✔➠■✙✘ ✼❀❺✣✿ ❉✙✖❪✿❖✶✾✼✜✚✣✶✸✿⑩✷✺➣➔➣✜✚✵✖✲✖❪■▼➣✸✿❖❁❸✼❀■✝✢❪✿⑩✶✸✿❊❹❞✼✦❉✻❇✜✹✧✚✣◆✺❉✻✶ ✳ ✷✽✼✸❺❸❉➾❇❸❉✻✶✸✿❊❉

A(t) = ℓ ξ(t), ❑ ❍✙▲

❑ ℓ ✷✽➣ ✼✸❺✣✿➠◆✺✷✾✖ ✳ ✷✽❁✜✼❀❺ ▲ →✛✚✣❹✦❺➑➣✸→❼❉✻◆✺◆✽✿❊✶⑩✼❀❺❢❉✻❇➆✼✸❺❢❉➾✼➝■✙✘✝✼❀❺✜✿➒→③■✧✚✜✼✸❺➆➣✸✿❊❹❞✼❀✷✽■▼❇ Am

➣✸■❘✼❀❺❢❉●✼
A ≪ Am

✪
➓➔❺✣✿✩✣✾✿❖✼✡✷✽➣❏❹❊■✻❇✣➣✸✷✽❁✣✿❊✶✾✿❊❁❸✼❀■■✢❪✿ ✹✻■▲❑▼✿❖✶✸❇✣✿❖❁✗✢❭✔➁✼❀❺✜✿ ✵❛✿❖✶✸❇✣■✧✚✜◆✺◆✽✷✯✿✒✽❘✚✣❉➾✼❀✷✽■▼❇ ❑ ✽✕✚❢❉✻➣✾✷➐❋➇➣✾✼❀✿❊❉✻❁✵✔✔✣✾✿❖✼✫❉✻❇✣❁❸◆✺■✻➣✸➣✸✿❖➣
✷✺✹✻❇✣■▼✶✸✿❖❁❛▲

pm +
1

2
ρv2

m =
1

2
ρv2

jet + pjet. ❑ ❫❭▲

❍



✙❢✶✸■✻→ ✼❀❺✣✿✗❹❖■▼❇✣➣✾✿❊✶✾❑●❉➾✼❀✷✽■▼❇➒■✙✘✯✼❀❺✣✿ ❉➾✷✺✶✁�✣■ ✳ ✦ ✼✸❺✣✿❞✖❢❉✻✶✩✼❀✷✺❹❖◆✺✿✡➣✭✖❪✿❊✿❖❁ |vm| = | A
Am

vjet| ≪ |vjet|
✷✺➣❛❇✣✿❖✹▼◆✽✿❊❹❖✼✸✿❊❁

✷✺❇ ❑ ❫❭▲ ✪ ✙➄✷✺❇❢❉✻◆✽◆❬✔ ✦ ✘ ■✻✶➔✶✸✿❊◆✺❉➾✼❀✷➐❑▼✿❞✖✣✶✸✿❖➣✸➣✜✚✣✶✾✿❊➣ ✦ ✼✸❺✣✷✺➣ ✔✘✷✺✿❖◆✺❁✣➣

pm =
1

2
ρv2

jet + pjet,
✷✮✘

ξ > 0, ❑ ❵ ▲
vjet = 0,

✷✮✘
ξ ≤ 0. ❑ ❡❭▲

✂☎✄✝✆✟✞✡✠☞☛✍✌✑⑨❄❩❀❦✏✎✒✑✦②✁✓➤q
pm ≥ pjet

❱➤❦ ❡❚❴✜❨✻❡✌❡ ❴❢❯ ✢⑥❯❞❡➸◗✺❱ ❦●❩❞◗✇❯❞❙❢❡✭❯✸❤✕✔❬❩✦❦✏✎ ❡ ❴❢❯✖✎➡❦●♦✘❡ ❴➡❡✭❦✏✗ ❨✻❩✸❤●❱✡❡❚❴❢❯ ➎ ◗ ➎ ❯✦q
❡❚❴✜❨✻❡✳◗✺❱✦q

vjet ≥ 0.

P➢❦●❩✦❯➝❯❞t➐❨✒❧❞❦●❩✾❨✻❡✭❯✘✎➡❦❊❤✘❯❞t①❱✘✗➸❴✘◗✇❫✦❴➋❨✻♦✘❡❚❴♣❦●❩❬◗✚✙●❯ ❙❄❯✇➞✒❨✻❡❣◗❚✉✻❯
vjet

❴✜❨✻✉✻❯ ❨✻t①❱➤❦③❧❞❯✦❯❞❙ ➎ ❩❀❦ ➎ ❦▲❱⑥❯❀❤✜✛✏➊ r✣✢ ➉③❭✚❴✘◗✺❱ ❫✸❨●❱➤❯
✗✔◗❚t❚t✚❙❄❦●❡❛❧❞❯➟❫✦❦●❙✜❱❞◗♠❤✘❯❞❩❀❯✸❤③◗❚❙❘❡ ❴❢❯ ➎ ❩❀❯✦❱➤❯❞❙❢❡ ➎ ❨ ➎ ❯❞❩❖➉
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❻❛■▼❇✣➣✸✷✽❁✣✿❊✶✗✼❀❺✣✿➟◆✺✷✽❇✣✿⑥❉➾✶ ❉➾❹❊■✧✚✣➣✩✼❀✷✽❹✍✖✣✶✸■✙✖❢❉✻✹✒❉➾✼✸✷✺■▼❇❘■✙✘●✖✜◆➩❉✻❇✣✿ ✳ ❉⑥❑▼✿❊➣ ✷✽❇➢❉➒◆✽■▼➣✸➣✾◆✺✿❖➣✸➣ ➣✾✼❀✶✸❉✻✷✽✹▼❺☎✼☞✖✣✷✯✖❪✿ ✳ ✷➐✼❀❺
➣✸✿❖❹❖✼✸✷✺■▼❇

S
❉➾❇✣❁➋◆✺✿❖❇✣✹✻✼❀❺

L
✪ ✰ ✼❏✷✽➣➔❁✣✿❊➣✾❹❊✶✸✷✯✢❪✿❊❁◆✢✕✔➠✼✸❺✣✿⑩❹❊■✻❇✣➣✸✿❖✶✾❑➾❉●✼❀✷✽❑▼✿ ✿✒✽✕✚❢❉➾✼❀✷✽■▼❇✣➣

∂t


 p

u


 +


 0 ρ c2

S

S
ρ

0


 ∂z


 p

u


 =


 0

0


 ∀z ∈ [0, L], ❑ ❢ ▲

✳ ❺✣✿❖✶✸✿ p(z, t)
✷✺➣✳✼❀❺✣✿☞✖✜✶✸✿❊➣✾➣✜✚✣✶✾✿ ❉●✼➔◆✺■✘❹❊❉➾✼❀✷✽■▼❇

z
❉➾❇✣❁➋❉➾✼❛✼❀✷✺→③✿

t
✷✺❇➠✼✸❺✣✿☞✖✣✷✯✖❪✿ ✦

u
✷✺➣❛✼✸❺✣✿⑩❉✻✷✽✶✁�❢■ ✳ ❉✻❇✜❁

c
✷✺➣

✼❀❺✜✿ ❹❖✿❊◆✽✿❊✶✸✷➐✼❇✔➠■✙✘ ✼❀❺✣✿ ✳ ❉⑥❑▼✿ ✪✱✰ ➣✸✷✽❇✣✹➀✼✸❺✣✿⑩❹✦❺❢❉✻❇✣✹▼✿⑩■✙✘ ✘❳✚✣❇✣❹❞✼❀✷✺■✻❇✣➣

 p+

p−


 = M


 p

u


 ❑ ÝP♣ ▲

✳ ❺✣✿❖✶✸✿ M = 1
2


 1 Zc

1 −Zc


 ✦ M−1 =


 1 1

1/Zc −1/Zc


 ❉✻❇✜❁

Zc = ρ c/S
✷✽➣③✼✸❺✣✿❸❹✦❺❢❉✻✶❀❉➾❹❖✼❀✿❖✶✸✷✽➣✾✼❀✷✽❹

✷✺→❀✖❪✿❊❁✣❉✻❇✣❹❖✿ ✦ ✼❀❺✣✿⑩❹❊■✻❇✣➣✸✿❖✶✾❑➾❉●✼❀✷✽❑▼✿ ✿✒✽✕✚❢❉➾✼❀✷✽■▼❇✣➣ ✔✘✷✽✿❊◆✺❁

∂tp
+ + c ∂zp

+ = 0, ❑ Ý▼Ý ▲
∂tp

− − c ∂zp
− = 0, ❑ Ý❯❾ ▲

✳ ❺✣✷✽❹❬❺➋✹▼■➤❑▼✿❊✶✾❇❸❁✜✿❊❹❊■✙✚✲✖✣◆✺✿❖❁◆✖✣✶✾■▼✹▼✶✾✿❊➣✸➣✾✷✽❑▼✿ ✳ ❉➤❑✻✿❊➣✫❉➾❇✣❁➋➣✸■▼◆➐❑▼✿⑩✷✽❇☎✼❀■

p±(z, t) = p±0 (t ∓ z/c). ❑ Ý ✺❭▲
➓➔❺✣✿❝✢❪■✧✚✣❇✜❁❢❉✻✶✭✔➒❹❖■▼❇✣❁✣✷➐✼❀✷✽■▼❇✣➣➔❉✻✶✸✿✗✼❀❺✣✿☞✘ ■▼◆✽◆✺■ ✳ ✷✽❇✣✹✲❱
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•
❉➾✼

z = 0 ❑ ❹❊■✻❇✣❇✣✿❖❹❖✼❀✷✽■▼❇◆✢❪✿❞✼ ✳ ✿❊✿❖❇❳✼❀❺✜✿✦✣✾✿❖✼✡❉✻❇✣❁➁✼❀❺✣✿ ❉✻❹❊■✙✚✣➣✾✼✸✷✺❹✓✖✣✷✯✖❝✿▼▲ ✦ ✼✸❺✣✿ ❉✻✷✽✶✁�❢■ ✳ ❉➾❇✣❁◆✖✣✶✾✿❊➣✾➣✜✚✣✶✾✿
❉✻✶✾✿ ❉➾➣✸➣✜✚✣→③✿❖❁ ✼❀■ ✢❪✿➢❹❖■▼❇☎✼✸✷✺❇❘✚✜■✧✚✣➣ ✦ ✘ ■▼◆✽◆✽■ ✳ ✷✽❇✜✹✥✶✾✿❊→❼❉✻✶✜❨☎➣➋■✱✘➟↔❏✷✺✶✾➣✸❹✦❺❘✢❪✿❊✶✾✹♥✤ ÝP❵✩★ ❑ ✿❋❊ ✖❪✿❊✶✸✷✽→❼✿❖❇☎✼❀❉✻◆
❑➾❉➾◆✺✷✺❁✣❉➾✼❀✷✽■✻❇✣➣✴❺❢❉✻➣✟✢❪✿❖✿❊❇❳❉✻◆✽➣✸■➀■✙✢✜✼✦❉✻✷✽❇✣✿❊❁✥✘ ■▼✶✴✼✸❺✣✿⑩→❼■✙✚✜✼❀❺✲✖✜✷✺✿❖❹❊✿ ■✙✘✌❉➟❹❊◆✺❉✻✶✸✷✽❇✣✿❖✼✓✤ Ý ❡ ★ ▲❋❱

pjet(t) = p(0, t) = p+
0 (t) + p−0 (t), ❑ Ý✂✼ ▲

A(t) vjet = ujet(t) = u(0, t) =
p+

0 (t) − p−0 (t)

Zc

. ❑ Ý ❍✧▲

•
❉➾✼

z = L
✦ ❹❊■▼❇✜➣✸✷✺❁✜✿❊✶✫✼❀❺✣✿➝❇✣■✻❇⑦❺✜■▼→③■▼✹▼✿❊❇✜✿❊■✧✚✣➣❞✢❪■✙✚✣❇✣❁❢❉✻✶❯✔❳❹❊■▼❇✣❁✜✷✽✼❀✷✽■▼❇❳✹▼✷➐❑▼✿❊❇q✢❭✔

p(z = L, t) =

ZL u(z = L, t) ✳ ✷✽✼✸❺❸❉➀✶✸✿❊❉✻◆◗✖✣❉✻➣✸➣✸✷➐❑▼✿ ✷✽→■✖❪✿❖❁❢❉✻❇✣❹❖✿ ZL > 0
✪ ✙❢✶✸■▼→ ❑ ❢ ▲➔❉➾❇✣❁ ❑ Ý ✺❭▲ ✦ ✼❀❺✣✷✽➣✝✿❋❊✵✖✜✶✸✿❊➣✏❋

➣✸✷✽■▼❇➒✼❀✶✸❉✻❇✣➣✸◆✺❉➾✼❀✿❖➣✝✷✽❇☎✼✸■

p−0 (t) = λ p+
0 (t − τ), ❑ Ý ❫❭▲

τ = 2 L/c, ❑ ÝP❵ ▲
λ = (ZL − Zc)/(ZL + Zc) ∈ (−1, 1). ❑ Ý ❡❭▲
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✼❀❺✜✿◆✚✣➣✜✚❢❉➾◆✡❹❖■▼✶✸✶✾✿❊❹❞✼❀✷✺■✻❇✧■✱✘✗✼❀❺✜✿◆✖✣✷✾✖❪✿➋◆✺✿❖❇✣✹✻✼❀❺ ❁✲✚✜✿❸✼✸■ ✼✸❺✣✿❸✷✺→❼❉✻✹▼✷➐❇❢❉✻✶❯✔ ✖✣❉✻✶✾✼❼■✙✘✫✼❀❺✣✿❸✶❀❉➾❁✣✷➩❉●✼❀✷✽■▼❇
✷✽→■✖❪✿❖❁❢❉✻❇✣❹❖✿ ❹⑥❉✻❇✗✢❪✿➝✷✺❇✣❹❖◆✾✚✣❁✜✿❊❁❘✷✽❇❳✼❀❺✜✿➝◆✺✿❖❇✣✹✻✼✸❺

L ❑ ➣✸✷✽→■✖✜◆✺✷❬✿❢✿❊❁❳❹❊❉✻➣✸✿➝■✙✘ ❉➡❹❖■▼❇✣➣✾✼❀❉✻❇✒✼ ◆✺✿❖❇✣✹✻✼❀❺❳❹❊■▼✶✏❋
✶✸✿❖❹❖✼✸✷✺■▼❇ ▲ ✪ ❷❸■✻✶✸✿❊■➤❑▼✿❊✶ ✦ ✼❀❺✣✿✫✶✸❉✻❁✣✷✺❉➾✼❀✿❖❁➡✿❖❇✣✿❊✶✾✹✙✔ ✳ ❺✣✷✺❹✦❺➠✷✽➣✳◆✺■▼➣✩✼✬✢❭✔➡❉✻❇➡■✧✖❪✿❖❇✸✖✣✷✾✖❪✿✡✷✺❇✒❑▼■▼◆➐❑▼✿❊➣❛❉ ➣✸→❼❉✻◆✺◆
✶✸✿❊❉✻◆●✖❪■▼➣✾✷✽✼❀✷➐❑▼✿❼✷✺→❀✖❪✿❊❁❢❉✻❇✜❹❊✿✏✖❢❉➾✶✾✼ ✪ ↔❏✿❊✶✾✿ ✦

ZL ≪ Zc ❑ ➣✸■❳✼❀❺❢❉➾✼ λ < 0
▲ →③■✘❁✣✿❊◆✽➣ ❉◆✘ ✶✸✿✂✽✕✚✣✿❖❇✣❹✒✔✒❋

✷✽❇✣❁✣✿✂✖❪✿❖❇✣❁✣✿❖❇☎✼❏❑▼✿❊✶✾➣✸✷✽■▼❇➋■✙✘➸➣✭✚✣❹✦❺❘❉✍✖✣❺✣✿❖❇✣■▼→③✿❊❇✣■✻❇ ✪
�✂✁☎✄✝✆ ✄✟✞✡✠☞☛✍✌✏✎✡☛✂☛✍✠☞✑✒✁✔✓✕✆✖✠✗✌✘✆☎✙✚✑✒✛☞✛☞✑✜✓✢☛✤✣✥✄✦✆ ✄✧✁★✑✩✄ ✞✪✄✦✠✫✑✒✁

p±(t)
✓✕✠✗✛☞✛✭✬ ✄✧✎✖☛ ✄✜✞ ✠☞✞✪✄✦✆ ✄✝✠✮✄✦✆ ✞✩✁

p±0 (t) ✯

� � �✂✁ ✄ ✆ ✍ ✆ ✁✱✰ ✄ ✆ ✍❅✎☎✁♥✞✔✁ ✆✟✞✔✁☎✄ ✁ ✄✝✆ ✍ ✆❈�✒✠☞✄

✍❀✁ ☛✂✮✦✲ ✔✧★ ✞✩★ ✍✏✔✧✦ ✍✜✳ ✔ ✮ ✠ ✞✒✆✰★✫✪ ✦✒✓ ✦ ✞ ✮ ✎ ✦✝✴✫✦ ✞ ★ ✞ ✮✜✴ ★ ✔☛✄ ✠ ✞✝✴ ✍✏✠☛✞✒✄ ✠☛✞✝✴ ★✕✔ ✖ ✆ ✮ ✖ ✠✧✤ ✮✝✖ ✄ ★ ✆ ★✕✎ ✮✑✞ ✮ ✆ ✦

❅ ❇✣✿✂✚☞✼❀✶❀❉➾◆✯➣✭✔✘➣✾✼✸✿❊→ ✤ ÝP❢ ✦☛❾✱♣✱★ ✷✺➣✝❉➟❁✣✿❊◆✺❉P✔➠❁✣✷✮❖❄✿❖✶✸✿❖❇☎✼❀✷✺❉✻◆❄➣✭✔✘➣✩✼❀✿❊→ ✳ ✷✽✼✸❺➁✼✸❺✣✿⑩✹▼✿❊❇✜✿❊✶❀❉➾◆✯✿ ❊ ✖✣✶✸✿❖➣✸➣✸✷✽■▼❇

ẋ(t) = f
(
x(t), x(t − τ), ẋ(t − τ), w(t)

) ❑ ÝP❢ ▲
y(t) = g

(
x(t), x(t − τ), ẋ(t − τ), w(t)

) ❑ ❾✙♣ ▲

❵



✳ ❺✣✿❖✶✸✿ ✼✸❺✣✿ ✘❳✚✣❇✣❹❞✼❀✷✽■▼❇ f
✷✺➣❾✶✾✿❊➣✭✖❪■▼❇✣➣✸✷✯✢✣◆✺✿✶✘ ■▼✶✯✼✸❺✣✿ ❁✵✔✘❇❢❉➾→❼✷✽❹❊➣❾■✙✘☞✼❀❺✜✿ ➣✭✔✘➣✾✼✸✿❊→ ❉✻❇✣❁

g
❁✣✿✒✿❢❇✜✿❊➣ ✼❀❺✣✿ →③✿⑥❉➾➣✜✚✣✶✾✿❊❁

✽✕✚❢❉✻❇✒✼❀✷✽✼❇✔ ✪ ❅✫➣⑩❁✣✿❞✼✦❉✻✷✽◆✺✿❖❁❪✢❪✿❊◆✽■ ✳ ✦ ✼❀❺✣✿➀→③■✘❁✣✿❖◆✴✖✣✶✸✿❖➣✸✿❊❇✒✼❀✿❖❁❂✷✺❇⑦➣✾✿❊❹❞✼❀✷✺■✻❇ ✰✭✰ ❹⑥❉✻❇✷✢❪✿➀✶✾✿✂✖✣✶✾✿❊➣✸✿❖❇☎✼✸✿❊❁ ✢✕✔✐➣✭✚✣❹✦❺
❉➠➣✭✔✘➣✾✼❀✿❖→ ✦ ✳ ❺✣✿❊✶✾✿➟✼❀❺✣✿➟➣✩✼✦❉➾✼✸✿ x = [x1, x2, x3]

T ✦ ✼❀❺✣✿➟✷✽❇✲✖✲✚✜✼ w = [w1, w2]
T ✦ ❉✻❇✜❁✐✼❀❺✣✿➟■✙✚✜✼✣✖✲✚☞✼ y

❉✻✶✸✿
❁✣✿ ✿❢❇✣✿❊❁◆✢✕✔

x(t) = [ξ(t) − ξe, ξ̇(t), p
+(t)]T , ❑ ❾☞Ý ▲

w(t) = [pm(t), ṗm(t)]T , ❑ ❾☞❾ ▲
y(t) = (1 + λ) p+(t − τ/2). ❑ ❾ ✺❭▲

❍✡■➾✼❀✿③✼❀❺✣❉➾✼
y(t) = p(L, t)

✷✺➣⑩✼❀❺✜✿✏✖✣✶✾✿❊➣✾➣✜✚✣✶✸✿➡→❼✿❊❉✻➣✜✚✣✶✾✿❊❁➆❉➾✼ ✼✸❺✣✿❼■✧✚✜✼✣✖✵✚✜✼ ■✙✘✴✼✸❺✣✿■✖✣✷✾✖❪✿ ❉➾❇✣❁ ✼❀❺❢❉●✼ ✼❀❺✜✿
✼❀✷✽→❼✿➀❁✣✿❖✶✸✷✽❑●❉➾✼❀✷➐❑▼✿

ṗm

■✙✘✴✼❀❺✣✿❼→❼■✧✚☞✼❀❺ ✖✜✶✸✿❊➣✾➣✜✚✣✶✾✿ ✳ ✷✽◆✺◆✶✢❪✿➡❇✣✿❊❹❖✿❊➣✾➣❀❉✻✶✭✔ ✳ ❺✣✿❖❇➑✿❊➣✩✼✦❉✙✢✣◆✽✷✺➣✾❺✣✷✺❇✜✹➋✼❀❺✣✿❼❇✣✿✂✚✜✼✸✶❀❉✻◆
➣✾✼❀❉➾✼❀✿❬❋✭➣✭✖❢❉✻❹❊✿⑩✶✸✿✂✖✜✶✸✿❊➣✾✿❊❇✒✼✦❉➾✼✸✷✺■▼❇ ❑ ➣✾✿❊✿ ➣✾✿❊❹❖✼✸✷✺■✻❇ ✰✭✰✭✰ ❻ ▲ ✪✰ ❇➁✼✸❺✣✷✺➣ ✖❢❉✙✖❪✿❖✶ ✦ ✼❀❺✣✿ ✷✺❇✣➣✩✼❀✶✭✚✣→❼✿❖❇☎✼➔✷✽➣➔❹❖■▼❇✣➣✸✷✽❁✣✿❖✶✸✿❊❁➁✼✸■✝✢❪✿⑩❉➾✼✝✶✾✿❊➣✩✼❈✢❪✿✒✘ ■✻✶✸✿

t = 0
➣✸■➟✼❀❺❢❉●✼

x
✦
w
✦ ❉✻❇✣❁

y
❉✻✶✾✿ ✛❖✿❊✶✾■✸✘ ■▼✶

t < 0
✪ ❷❸■▼✶✾✿❊■➤❑▼✿❊✶ ✦ ✽✕✚❢❉➾❇☎✼❀✷➐✼❀✷✽✿❊➣

ξe

✦
m
✦
a
✦
k
✦
Aside

✦
Abot

✦
θ
✦
ρ
✦
c
✦
S
✦
L
✦
ℓ
✦
λ
✦
κm

✦
κa

✦
κk

✷✺❇☎✼✸✶✸■✘❁✲✚✜❹❊✿❊❁❘✷✽❇❳➣✾✿❊❹❖✼✸✷✺■▼❇ ✰✭✰ ❉➾✶✸✿➝❉➾◆✺◆❾➣✜✚✵✖✲✖❪■▼➣✸✿❖❁✐✼❀■✏✢❪✿ ❹❊■✻❇✣➣✾✼✦❉➾❇☎✼ ✪✑✰ ✼ ✳ ✷✽◆✺◆ ❉✙✖✵✖❪✿⑥❉✻✶✡✼✸❺❢❉➾✼✡✼❀❺✜✿ ❇✣✿✂✚✜✼✸✶❀❉✻◆
➣✭✔✘➣✩✼❀✿❊→ ❁✣✿✒✖❪✿❊❇✣❁✣➣❏■✻❇➒✼❀❺✜✿⑩✶✾✿❊❁✲✚✜❹❊✿❖❁❸❹❊■✻❇✣➣✾✼❀❉✻❇☎✼✟✖❢❉✻✶✸❉✻→③✿❖✼❀✿❖✶✸➣

Θ = [α±, ω±, β±
0 , β±

m, λ, µ, τ ]
❁✣✿✒✿❢❇✜✿❊❁➋✷✺❇

✼✦❉✱✢✣◆✺✿ ✰☎✪ ➓➔❺✣✿⑩✿✂✽✕✚❢❉➾✼✸✷✺■▼❇✜➣✝■✙✘➄✼✸❺✣✿⑩❇✣✿✂✚☞✼❀✶❀❉✻◆✚➣✭✔✘➣✾✼❀✿❖→ ✘ ■✻✶✴✼❀❺✣✿✓✢✣✶✸❉✻➣✸➣✝✷✺❇✣➣✩✼❀✶✜✚✜→❼✿❖❇☎✼❏❉✻✶✾✿⑩❁✣✿❖✶✸✷➐❑▼✿❊❁◆✢❪✿❖◆✺■ ✳ ✪

✂✡✁ ☞✌✮✏✤✁� ★✕✔✧★✪✤☞✦ ✍✜✳ ✞✂� ✮ ✪ ★ ✄✯✦

❻❛■▼→✛✢✣✷✺❇✜✷✺❇✣✹➝✿✂✽✕✚❢❉➾✼✸✷✺■▼❇✜➣ ❑ Ý ▲✳✼❀■ ❑ ✼ ▲➔❉➾❇✣❁ ❑ Ý ❫❭▲●✔✘✷✺✿❖◆✺❁✣➣✴✼❀❺✣✿☞✘ ■✻◆✺◆✽■ ✳ ✷✽❇✜✹➟✿✒✽❘✚✣❉➾✼❀✷✽■▼❇✣➣✂❱
✷✯✘

ξ > 0, ξ̈(t) + α+ξ̇(t) + (ω+)2(ξ(t) − ξe) =

β+
0

(
p+(t) + λp+(t−τ)

)
+ β+

mpm(t), ❑ ❾✩✼ ▲
✷✯✘

ξ ≤ 0, ξ̈(t) + α−ξ̇(t) + (ω−)2(ξ(t) − ξe) =

β−
0

(
p+(t) + λp+(t−τ)

)
+ β−

m pm(t), ❑ ❾ ❍✧▲

✳ ❺✣✿❖✶✸✿➠✼❀❺✜✿➠❹❊■✘✿✒❆③❹❖✷✺✿❖❇☎✼❀➣➀❉➾✶✸✿➠✹✻✷✽❑▼✿❊❇➆✷✺❇➆➓➄❉✙✢ ✪✻✰☎✪ ↔❏✿❊❇✣❹❖✿ ✦ ✘ ✶✾■▼→ ❑ ❾☞Ý ▲ ✦ ❑ ❾ ✺❭▲ ✦ ✷➐✼✡✘ ■▼◆✽◆✽■ ✳ ➣ ✼❀❺✣❉➾✼ ✦ ✳ ✶✸✷✽✼✸✷✺❇✣✹
σ =

➣✸✷✽✹▼❇
(ξ)

✦

ẋ1(t) = x2(t), ❑ ❾ ❫❭▲
ẋ2(t) = −(ωσ)2x1(t) − ασx2(t)

+βσ
0

(
x3(t) + λx3(t−τ)

)
+ βσ

mw1(t). ❑ ❾✙❵ ▲

❡



✎✓✁ � ✮✝✞ ★✕✔ ✖ ★ ✤✑✍✏✠✧✦ ✞✩★✪✤☞✦

✁✄✂✆☎✞✝✠✟☛✡
ξ > 0

✰ ➣✸✷✽❇✣✹ ❑ ❍✧▲✴❉✻❇✜❁ ❑ Ý▼✼ ❋ Ý ❫❭▲ ✦ ✿✂✽✕✚❢❉●✼❀✷✺■✻❇✣➣ ❑ ❵ ▲❛✶✾✿ ✳ ✶✸✷➐✼❀✿⑩❉✻➣ ✘ ■▼◆✽◆✺■ ✳ ➣✒❱

pm(t) =
µ

2

(
p+(t) − λp+(t − τ)

ξ(t)

)2

+ p+(t) + λp+(t − τ), ❑ ❾ ❡❭▲
✳ ❺✣✿❖✶✸✿⑩✼❀❺✣✿⑩❹❖■✘✿✒❆③❹❊✷✽✿❊❇✒✼❀➣✡❉✻✶✾✿⑩✹▼✷➐❑▼✿❊❇➋✷✽❇➁➓➄❉✙✢ ✪✜✰☎✪ ➓➔❺✣✿❊❇ ✦ ✳ ✶✸✷➐✼❀✷✺❇✜✹

D(t) = 1 + µ
p+(t) − λp+(t − τ)

(
ξ(t)

)2 , ❑ ❾✙❢ ▲
❉✻❇✣❁➋✷✽➣✸■✻◆➩❉➾✼✸✷✽❇✣✹

ṗ+(t)
✘ ✶✸■✻→ ✼❀❺✣✿ ✼✸✷✺→③✿✗❁✣✿❊✶✾✷✽❑➾❉●✼❀✷✽❑▼✿ ■✙✘ ❑ ❾ ❡❭▲●✔✘✷✺✿❖◆✺❁✣➣

ṗ+(t) =
ṗm(t)−2λṗ+(t−τ)+µ

ξ̇(t)
(

p+(t)−λp+(t−τ)
)2

ξ(t)3

D(t)

+ λṗ+(t − τ).

➓➔❺✣✿❖❇ ✦ ✚✣➣✸✷✽❇✣✹ ❑ ❾ ❡✧▲✳✼❀■➀➣✜✚✲✢✣➣✩✼❀✷✽✼✜✚✜✼❀✿☞✘ ■▼✶ (
p+(t)−λp+(t−τ)

ξ(t)

)2 ✷✽❇➒✼❀❺✣✿ ❉✱✢❪■▲❑▼✿⑩✿✂✽✕✚❢❉➾✼✸✷✺■▼❇➁◆✺✿❊❉✻❁✣➣✴✼❀■

ṗ+(t) =
ṗm(t)−2λṗ+(t−τ)+

2ξ̇(t)
(

pm(t)−p+(t)−λp+(t−τ)
)

ξ(t)

D(t)

+ λṗ+(t − τ). ❑ ✺ ♣ ▲
✂☎✄✝✆✟✞✡✠☞☛✌☞ ⑨ ❦●❩❼◗❚❙❢◗❚❡♠◗♠❨✻t➔❫✦❦➾❙♣❤▼◗❚❡♠◗✇❦●❙ ❦ ✔

(pm, p+, ξ)
❱❊❨✻❡♠◗✺❱ ✔❬➦➾◗❚❙✘➞ ✑➇⑤✎✍ ✓❘❨▼❡

t = 0
q⑩❡❚❴❢❯➠❡♠❩✾❨ ✢⑥❯✦❫❞❡✏❦●❩❬➦ ❦ ✔

✑✑✏ s ✓➠❨✻t①❱➤❦➟❱❊❨✻❡❣◗✺❱✓✒✴❯✦❱ ✑➇⑤✎✍ ✓ ✔⑥❦●❩
t > 0

➉✕✔✴♥❊♦✣❨✻❡♠◗✇❦●❙ ✑✑✏ s ✓❼◗✺❱ ❡❚❴❢❯❞❙ ✗❛❯✸❨●➥✒❯❞❩ ❡❚❴✜❨✻❙ ✑➇⑤✎✍ ✓➠❧❊♦✘❡ ✗✔◗❚t❚t ❧❞❯ ♦☎❱➤❯ ✔❬♦✘t
❡✭❦➡❤✘❯❞❩❞◗❚✉✻❯⑩❡❚❴❢❯➟❯✾⑧ ➎ ❯✦❫❞❡✭❯✸❤❼❙❄❯❞♦✘❡❣❩✾❨✻t❄❱❞❡✇❨✻❡✏❯❞❵✇❱ ➎ ❨✘❫✦❯⑩❩❀❯ ➎ ❩❀❯✦❱➤❯❞❙❢❡➇❨✻❡♠◗✇❦●❙❪➉

✂☎✄✝✆✟✞✡✠☞☛✌✖ ⑨ ❦●❩ ❫❞t✺❦➤❱❞◗❚❙✘➞③t ◗ ➎ ❱✦q✢❡ ❴✜❨✻❡ ◗✺❱
ξ(t) → 0+ q✢❡ ❴❢❯ ❧❖❯✦❴✜❨✻✉➤◗✇❦●❩ ❦ ✔ p+ ◗✺❱✗❱❞♦♣❫✦❴➁❡ ❴✜❨✻❡❚q ✔❬❩✦❦✏✎ ✑➇⑤✎✍ ✓➤q

p+(t) =
0+

λp+(t − τ) + ξ(t)

√
2

µ

(
pm(t) − 2λp+(t − τ)

)
+ O

(
ξ2(t)

)

❱➤❦➀❡ ❴✜❨✻❡❚q ◗❚❙ ✑➇⑤✘➌✩✓➤q✴❯✾⑧☞❫❞t ♦✜❤✻◗❚❙✘➞❼❡❚❴❢❯➟❫✸❨●❱➤❯
pm(t) = 2λp+(t − τ)

q
(
ξ(t)

)2

p+(t) − λp+(t − τ)
=
0+

ξ(t)√
2
µ

(
pm(t) − 2λp+(t − τ)

) + O
(
ξ2(t)

)
,

❨✻❙❪❤●q✢◗❚❙ ✑✑✏ s ✓➤q

ṗ+(t) =
0+

λṗ+(t − τ) +
√

2µ
(
pm(t) − 2λp+(t − τ)

)
ξ̇(t) + O

(
ξ(t)

)
.

❢



� ✂✆☎✞✝✠✟☛✡
ξ ≤ 0

t ✷✺→③✷✽◆✺❉➾✶✸◆❬✔ ✦ ✿✂✽✕✚❢❉➾✼✸✷✺■▼❇ ❑ ❡❭▲➔❉✻❇✜❁➋✼✸❺✣✿⑩✼✸✷✺→③✿ ❁✣✿❖✶✸✷✽❑●❉➾✼❀✷➐❑▼✿⑩■✙✘➸✷➐✼❀➣➔◆✺✿✒✘❚✼❏❉✻❇✜❁❸✶✾✷✺✹▼❺✒✼✝❺❢❉✻❇✣❁➋➣✸✷✽❁✣✿❊➣❏✶✾✿ ✳ ✶✾✷✽✼❀✿ ❉✻➣
✘ ■▼◆✽◆✺■ ✳ ➣✒❱

p+(t) = λp+(t − τ), ❑ ✺ Ý ▲
ṗ+(t) = λṗ+(t − τ). ❑ ✺ ❾ ▲

✁ ✂✄✂ ✡✆☎ ✡✆✝✑✝✟✞ ✡✡✠☞☛✌✝ ✡ ✟ ✟☞✍✏✎✑☎

✥ ✽✕✚❢❉●✼❀✷✺■✻❇✣➣ ❑ ✺ ♣✵✦ ✺ ❾ ▲✴❉➾✶✸✿⑩➣✭✚✣→❼→❼❉✻✶✾✷✜✛❖✿❊❁✹✢❭✔➠✼❀❺✣✿☞✘ ■✻◆✺◆✽■ ✳ ✷✽❇✜✹✍✚✣❇✜✷✾✽✕✚✣✿⑩✿✂✽✕✚❢❉➾✼✸✷✺■▼❇❪❱

ẋ3(t) =
σ+1

2




w2(t)−2λẋ3(t−τ)+
2x2(t)

(
w1(t)−x3(t)−λx3(t−τ)

)

x1(t)+ξe

1 + µx3(t)−λx3(t−τ)(
x1(t)+ξe

)2




+λẋ3(t − τ). ❑ ✺✙✺❭▲

☛✸✁ ✞ ★ ✔ ★✫✪ ✔ ✮ ✠☛✞✒✆ ★✫✪ ✦ ✞ ★ ✞ ✮✦✰ ✦✒✄ ★ ✤ ✮ ✆✰✮✝✄ ✆ ✮ ✦ ✮ ✔ ✞ ★ ✞✩★ ✍ ✔

✥ ✽✕✚❢❉●✼❀✷✺■✻❇✣➣ ❑ ❾☞Ý ❋ ❾ ✺❭▲❄❉✻❇✣❁ ❑ ❾ ❫ ✦ ❾✧❵ ✦ ✺✧✺❭▲❝❁✣✿✒✿❢❇✜✿ ✼❀❺✜✿ →③■✘❁✣✿❊◆▼■✙✘☞✼✸❺✣✿ ✷✽❇✣➣✾✼✸✶✜✚✣→③✿❊❇✒✼➄❉➾➣➄❉⑩❙❄❦●❙❢t ◗❚❙❄❯✸❨✻❩✔❙❄❯❞♦☞❡♠❩✾❨✻t
❱❞➦➤❱❞❡✏❯✩✎ ✦ ✼❀❺✣❉➾✼✗✷✽➣ ✦ ❉❼➣✭✔✘➣✾✼❀✿❖→ ❁✣✿❖➣✸❹❖✶✸✷✾✢❪✿❖❁q✢✕✔ ❑ ÝP❢ ❋ ❾✙♣ ▲ ✪ ❷❸■▼✶✾✿✡✖✣✶✸✿❖❹❊✷✺➣✾✿❊◆✮✔ ✦ ✘❳✚✜❇✣❹❖✼✸✷✺■▼❇✣➣

f
❉✻❇✜❁

g
❺❢❉⑥❑▼✿ ✼❀❺✜✿

➣✸✷✽→■✖✜◆✺✿❩✘ ■▼✶✾→✛✚✣◆➩❉●✼❀✷➐■▼❇✜➣

f
(
x(t), x(t−τ), ẋ(t−τ), w(t)

)
= F

(
x(t), x3(t−τ), ẋ3(t−τ), w(t)

) ✒✔✓✖✕✘✗

g
(
x(t), x(t−τ), ẋ(t−τ), w(t)

)
= C x(t − τ/2) ,

✒✔✓✚✙✛✗

✜✟✢



✳ ❺✣✿❖✶✸✿ C
✷✺➣ ✼❀❺✜✿➠■✧✢✜➣✸✿❊✶✩❑➾❉➾✼✸✷✺■▼❇➆→❼❉➾✼❀✶✾✷✮❊

C = [0, 0, 1 + λ]
❉✻❇✣❁

F
✷✺➣ ✹▼✷✽❑▼✿❖❇❦✢✕✔ ✦ ✘ ■▼✶ ❉✻◆✺◆ ✼❀❺✣✿■✘ ■▼✶✾→➡❉✻◆

❑➾❉➾✶✸✷➩❉✱✢✣◆✺✿❖➣
(X,Y, Z,W ) ∈ R

3 × R × R × R
2 ✦

F1(X,Y, Z,W ) = [0, 1, 0]X, ❑ ✺✧❫✧▲

F2(X,Y, Z,W ) = −(ωσ)2X1 − ασX2 + βσ
0 X3

+λβσ
0 Y + βσ

mW1, ❑ ✺ ❵ ▲

F3(X,Y, Z,W ) =
W2 − 2λZ +

2 X2

(
W1−X3−λY

)

X1+ξe

1 + µ X3−λY(
X1+ξe

)2

+λZ,
✷✯✘

X1 + ξe >0, ❑ ✺✧❡✧▲

F3(X,Y, Z,W ) = λZ,
✷✮✘

X1 + ξe ≤ 0, ❑ ✺ ❢ ▲
✶✸✿❖❹⑥❉✻◆✽◆✺✷✽❇✣✹ ✼❀❺✣❉➾✼ ✦ ✷✺❇ ❑ ✺ ❵ ▲ ✦ σ ❁✣✿❊❇✣■➾✼❀✿❊➣➔➣❯✔✘→✛✢❝■✻◆

+
✷✮✘

ξ = X1 + ξe >0
❉✻❇✜❁➒➣✭✔✘→✛✢❪■▼◆

−
■✻✼❀❺✣✿❖✶ ✳ ✷✽➣✸✿ ✪ ✥❤❊☎❋

✖✣✶✾✿❊➣✸➣✾✷✺■▼❇✜➣ ❑ ✺✧❫●❋❇✺ ❵ ✦ ✺ ❢ ▲❼❉✻✶✸✿⑦◆✺✷✽❇✣✿❊❉✻✶ ✳ ✷✽✼❀❺ ✶✸✿❊➣✭✖❪✿❊❹❞✼❸✼❀■ X,Y, Z,W ✳ ❺✣✷✺◆✽✿ ❑ ✺✧❡❭▲➡✷✽➣➒✼❀❺✜✿➢❇✣■✻❇✣◆✺✷✽❇✣✿⑥❉✻✶✾✷➐✼❉✔
✶✸✿❖➣✜✖❪■▼❇✜➣✸✷✾✢✜◆✺✿☞✘ ■✻✶➔✼✸❺✣✿⑩➣✸✿❖◆✯✘➩❋➇■▼➣✸❹❖✷✺◆✺◆✽❉➾✼✸✷✽■✻❇➒■✙✘ ✼❀❺✣✿⑩→✛✚✣➣✾✷✺❹❊❉✻◆✚✷✽❇✣➣✾✼✸✶✜✚✣→③✿❊❇✒✼ ✪
✂☎✄✝✆✟✞✡✠☞☛✁� ❭✚❴❢❯ ❤✻◗ ✂ ❫❞♦☞t ❡♠◗✇❯✦❱➝❤✻♦❢❯ ❡✭❦➡❡❚❴❢❯➝❤✻◗✺❱➤❫✦❦●❙❢❡❣◗❚❙❢♦✘◗❚❡♠◗✇❯✦❱ ◗❚❙ ✑✑✏❢②⑥❵ ✏☎➌✩✓ ✗➸❴❢❯❞❙❳❱❞◗➐➞✻❙

(ξ)
❫✦❴✜❨✻❙✘➞✘❯✦❱✦q✳❨✻❩✦❯

❙❄❦●❡✔❯✾⑧☎❨ ✎➟◗❚❙❄❯✸❤✗❴❢❯❞❩✦❯❊➉❛➛ ❯❞✉✻❯❞❩❬❡❚❴❢❯❞t✺❯✦❱✦❱✦q ❙❢♦✝✎➡❯❞❩❞◗✇❫✸❨✻t✜❩❀❯✦❱❞♦☞tÓ❡ ❱ ➎ ❩❀❯✦❱➤❯❞❙❢❡✭❯✸❤ ◗❚❙③❱➤❯✦❫❞❡❣◗✇❦●❙☎✄❘❱✦❴❢❦✏✗❂❡❚❴✜❨✻❡➄❡❚❴❢❯✗❫✸❨●❱➤❯

ξ < 0
◗✺❱✗❱ ➎ ❨✻❩❀❱➤❯ ❨✻❙❪❤③❡❚❴✜❨✻❡✳❤✘❯❞❩❞◗❚✉➤◗❚❙✘➞➀❡❚❴❢❯➝❦✻❧❞❱➤❯❞❩❬✉✻❯❞❩✥✗✔◗❚❡ ❴➒❙❄❦ ❱ ➎ ❯✦❫❞◗♠❨✻t❝❡❣❩❀❯✸❨✻❡ ✎➡❯❞❙❢❡✴❦ ✔✗❡❚❴❢❯✦❱➤❯ ❤✻◗✺❱➤❫✦❦●❙❢❡♠◗❚❙❢♦✘❵

◗❚❡♠◗✇❯✦❱ ✑❣❱➤❯✦❫❞❡♠◗✇❦●❙➁➅✆✄ ✓③➦✒❯❞❡ ➎ ❩❀❦❊❤✻♦♣❫✦❯✦❱ ❨➠♥❊♦☞◗❚❡✭❯ ❱❊❨✻❡♠◗✺❱ ✔❬➦➾◗❚❙✘➞➠❧❞❯✦❴✜❨✻✉➤◗✇❦●♦☞❩❖➉

✰ ❇➢■✻✶✸❁✣✿❖✶✗✼❀■➒■✧✢✜✼❀❉✻✷✺❇✐❉➒❇✜■▼❇⑦❁✣✿❖◆➩❉P✔▼✿❖❁✐❑▼✿❊✶✸➣✾✷✺■▼❇⑦■✱✘ ✼✸❺✣✿➟■✧✚✜✼✜✖✲✚✜✼ ✦ ✼✸❺✣✿✛✘ ■▼◆✽◆✺■ ✳ ✷✽❇✣✹➡❹✦❺❢❉✻❇✣✹▼✿➟■✙✘ ➣✾✼❀❉➾✼❀✿➟✷✽➣
✷✺❇✒✼❀✶✾■✘❁✲✚✣❹❊✿❖❁

x̃(t) = x(t − τ/2),

➣✸■➀✼✸❺❢❉➾✼ ❑ ÝP❢ ▲✴❉✻❇✣❁ ❑ ❾✱♣ ▲❛✶✸✿ ✳ ✶✸✷➐✼❀✿
˙̃x(t) = F

(
x̃(t), x̃3(t − τ), ˙̃x3(t − τ), w(t − τ/2)

)
, ❑ ✼❭♣ ▲

y(t) = C x̃ = x̃3(t). ❑ ✼✜Ý ▲
✙❢■▼✶➔➣✸❉✙❨✻✿ ■✙✘➄➣✸✷✽→■✖✣◆✽✷✽❹❖✷➐✼❉✔ ✦ ✳ ✿ ✳ ✷✺◆✽◆ ❨✻✿❊✿✒✖❳✷✽❇ ❑ ✼❭♣ ❋ ✼✣Ý ▲✢✼❀❺✣✿⑩❇✣■➾✼✦❉➾✼✸✷✺■▼❇ x(t)

✷✽❇✹✖✣◆✺❉✻❹❊✿ ■✙✘
x̃(t)

✪
✂☎✄✝✆✟✞✡✠☞☛✞✝ ⑨ ❦●t➩t✺❦✏✗✔◗❚❙✘➞➋❩❀❯✩✎③❨✻❩❀➥➸⑤✻q✝❡ ❴❢❯➀❙❄❯❞♦✘❡♠❩✸❨✻t➄❱❞➦➤❱❞❡✏❯✩✎ ➞✻◗❚✉✻❯❞❙✥❧❊➦ ✑✑✏ r ❵ ➍ ➊✩✓➋❤✘❯✦❱➤❫❞❩❬◗♠❧❞❯✦❱➟❡❚❴❢❯ ➎ ❴✘➦▲❱❞◗✇❫✸❨✻t
✎➡❦❊❤✘❯❞t➄❦ ✔ ❦●♦☞❩⑩◗❚❙✜❱❞❡♠❩❬♦ ✎➡❯❞❙❢❡ ◗ ✔ ❡ ❴❢❯ ◗❚❙❢◗❚❡♠◗♠❨✻t➄❫✦❦●❙❪❤✻◗❚❡❣◗✇❦●❙✜❱✫❱❊❨✻❡♠◗✺❱ ✔❬➦ ✑➇⑤✎✍ ✓➠❦●❩ ✑✑✏☎➊ ✓⑥q✢❙❪❨ ✎➡❯❞t ➦▲q✳❨✻❡

t = 0
q

W1 =
µ

2

(
X3 − λY

X1 + ξe

)2

+ X3 + λY,
◗ ✔

X1 + ξe > 0,

X3 = λY,
❦●❡❚❴❢❯❞❩✩✗✔◗✺❱➤❯

.

Ý▼Ý



�✝✧■✁ ✄ ✆ ✍ ✆ ✁✱✰☎✠ ✂✚✄ ✁●✞ ✧ ✁●✞
❅✫➣❾→❼✿❖❇☎✼✸✷✺■▼❇✜✿❊❁⑩✷✺❇✗✼❀❺✣✿✢✷✽❇☎✼❀✶✾■✘❁✲✚✣❹❞✼❀✷✺■✻❇ ✦ ✼❀❺✣✿ ✖✣✶✾■✧✢✣◆✽✿❊→ ✳ ❺✣✷✽❹✦❺ ✷✽➣✯❹❊■✻❇✣➣✸✷✽❁✣✿❊✶✾✿❊❁ ❺✣✿❖✶✸✿✢✷✺➣✚✼✸❺✣✿✢❹❊■▼❇✜➣✾✼❀✶✭✚✣❹❖✼✸✷✺■▼❇

■✙✘ ❉✻❇⑦❉➾➣✭✔✘→■✖☞✼❀■✻✼✸✷✺❹ ➣✩✼✦❉➾✼✸✿➝■✧✢✣➣✾✿❊✶✾❑▼✿❖✶ ✦ ❉✻➣✾➣✜✚✣→③✷✺❇✜✹➡✼❀❺❢❉●✼✗✼✸❺✣✿➝❹❊■✻❇✣➣✾✼❀❉✻❇☎✼☞✖❢❉➾✶❀❉✻→③✿❖✼✸✿❊✶✸➣
Θ
❉✻❇✜❁❘✼❀❺✣✿➝→③■✧✚✜✼✸❺

✖✣✶✾✿❊➣✸➣✭✚✣✶✸✿
pm

❉✻✶✾✿✸❨✘❇✜■ ✳ ❇ ✪ ➓➔❺✣✿➒✷✽❁✣✿⑥❉❳✷✺➣ ✼✸■q✚✣➣✾✿➋❉➾❇✥✿❋❊✘✼❀✿❊❇✜❁✣✿❊❁✁� ❉➾◆✺→❼❉✻❇ ✿❢◆➐✼❀✿❊✶ ✼❇✔ ✖❪✿➒■✧✢✜➣✸✿❊✶✩❑▼✿❊✶✹✤ ❾☞Ý✒★
✿❊◆✺❉✙✢❪■▼✶✸❉➾✼❀✿❖❁ ✘ ✶✾■▼→ ✼✸❺✣✿➒❇✣■▼❇✣◆✽✷✺❇✣✿❊❉✻✶➝❇✜✿✂✚✜✼✸✶❀❉✻◆✴➣✭✔✘➣✩✼❀✿❊→ ✖✜✶✸✿❊➣✾✿❊❇✒✼❀✿❊❁ ✷✺❇➑➣✸✿❖❹❖✼✸✷✺■▼❇ ✰✭✰✜✰☎✪ ➓➔❺✣✷✽➣➀■✧✢✜➣✸✿❊✶✩❑▼✿❊✶ ✳ ✷✺◆✺◆
❁✣✿✒✖❪✿❊❇✣❁❸■▼❇➁✼❀❺✜✿⑩■✧✚✜✼✣✖✵✚✜✼❏✿❊✶✾✶✸■▼✶ ✢✲✚✜✼✡❉✻◆✽➣✸■➟■▼❇➋✷✽✼✸➣➔❁✣✿❊◆✺❉P✔▼✿❖❁➋❑●❉✻◆✾✚✜✿ ✪
➓➔❺✣✿➢✹▼❉✻✷✺❇ →❼❉➾✼❀✶✾✷✺❹❖✿❊➣➠■✙✘ ✼❀❺✣✿✐■✧✢✣➣✸✿❖✶✾❑▼✿❖✶ ✳ ✷✺◆✽◆❩✢❪✿⑦❹✦❺✣■▼➣✾✿❊❇ ✼❀■✥➣✩✼✦❉✙✢✜✷✺◆✺✷✭✛❖✿❳✼❀❺✜✿⑦◆✺✷✽❇✣✿⑥❉➾✶➡✼✸✷✺→③✿❞❋➇❑●❉✻✶✭✔✘✷✽❇✣✹

❇✣✿✒✚✜✼❀✶✸❉✻◆➄➣❯✔☞➣✩✼❀✿❖→ ✹✻■▲❑▼✿❊✶✾❇✣✷✺❇✜✹❼✼❀❺✣✿ ◆✽✷✺❇✜✿⑥❉✻✶✾✷✭✛❊✿❊❁❸✿✒✽❘✚✣❉➾✼❀✷✽■▼❇❳■✙✘✌✼❀❺✣✿ ✿❖➣✾✼❀✷✽→❼❉➾✼❀✷✽■▼❇➋✿❊✶✾✶✸■▼✶❏❑▼✿❖❹❖✼❀■✻✶ ✪ ➓➔❺✜✿✛✖✣✶✾■✘■✙✘
■✙✘➸➣✾✼✦❉✱✢✣✷✺◆✽✷➐✼❉✔➡✶✸✿❖◆✺✷✺✿❖➣✝■▼❇❳❉➀➣✜✚✣✷➐✼✦❉✙✢✣◆✽✿❝❥❧✔✒❉✙✖✵✚✣❇✣■▲❑✥✘❳✚✣❇✣❹❞✼❀✷✽■▼❇ ✪ ➓➔❺✣✿ ◆✽✷✺❇✲❨☎➣ ✳ ✷✽✼✸❺➋✼✸❺✣✿ ◆✺■✘❹❊❉✻◆✯➣✩✼✦❉✙✢✣✷✽◆✺✷➐✼❇✔➠■✱✘➸✼❀❺✜✿
❇✣■▼❇✜◆✺✷✺❇✜✿⑥❉✻✶✴✿❖✶✸✶✾■▼✶✝✿✒✽❘✚✣❉➾✼❀✷✽■▼❇ ✳ ✷✽◆✺◆ ✢❪✿⑩❁✣✷✽➣✸❹✂✚✜➣✸➣✸✿❖❁ ✪

✍❀✁ ☛✂✮✦✲ ✔✧★ ✞✩★ ✍✏✔ ✍✜✳ ✞ � ✮ ✍✝✬✯✦ ✮✝✆ ✬✯✮ ✆

➓➔❺✣✿✓✘ ■▼◆✽◆✺■ ✳ ✷✽❇✣✹➝➣✾✼❀❉➾✼❀✿⑩■✧✢✜➣✸✿❊✶✩❑▼✿❊✶✟✘ ■▼✶➔➣✭✔✘➣✩✼❀✿❊→ ❑ ✼❭♣ ❋ ✼✣Ý ▲✳✷✺➣ ✖✣✶✾■✧✖❪■▼➣✸✿❖❁ ❱
˙̂x(t) = F

(
x̂(t), x̂3(t − τ), ˙̂x3(t−τ), w(t − τ/2)

)

−Λ1

(
y(t) − ŷ(t)

)
− Λ2

(
y(t−τ) − ŷ(t−τ)

)
, ❑ ✼✬❾ ▲

✳ ❺✣✿❖✶✸✿ Λ1

❉➾❇✣❁
Λ2

❉✻✶✾✿
3 × 1

✹✒❉➾✷✺❇➁→❼❉➾✼✸✶✸✷✽❹❊✿❊➣ ✪

✂✡✁ ✓ ★ ✔ ✮ ★ ✆ ★✄✂ ✮ ✖ ✮ ✆✟✆ ✍ ✆ ✮✆☎ ✠ ★ ✞✩★ ✍ ✔

❥❾✿❞✼
e
❁✣✿❊❇✜■✻✼❀✿ ✼❀❺✣✿⑩✿❖➣✾✼❀✷✽→➡❉●✼❀✷✽■▼❇➒✿❖✶✸✶✸■✻✶➔❑▼✿❖❹❖✼❀■✻✶✂❱

e = x − x̂. ❑ ✼ ✺❭▲
➓➔❺✣✿➔→❼❉➾✼❀✶✾✷✺❹❊✿❖➣

Λ1
❉✻❇✣❁

Λ2
✳ ✷✺◆✽◆ ✢❪✿➔❹✦❺✣■▼➣✾✿❊❇③➣✭✚✣❹✦❺➀✼❀❺✣❉➾✼✌✼❀❺✜✿ ✘ ■▼◆✽◆✺■ ✳ ✷✽❇✣✹✫◆✽✷✺❇✣✿❊❉✻✶✸✷✭✛❖✿❊❁➝❁✵✔✘❇❢❉➾→❼✷✽❹⑥❉✻◆☞✿✒✽✕✚❢❉➾✼❀✷✽■▼❇

■✙✘ ✼❀❺✣✿⑩✿❖➣✾✼❀✷✽→➡❉●✼❀✷✽■▼❇➒✿❖✶✸✶✾■▼✶✝✷✽➣➔◆✺■✘❹⑥❉➾◆✺◆✮✔➡❉✻➣❯✔☞→❀✖✜✼✸■✻✼❀✷✽❹⑥❉✻◆✽◆✮✔❼➣✾✼✦❉✱✢✣◆✺✿✍❱

ė(t) = Â(t) e(t) + B̂(t) e3(t − τ) + Ĥ(t) ė3(t − τ), ❑ ✼✙✼ ▲
✳ ❺✣✿❖✶✸✿

A(X,Y, Z,W ) =
∂F

∂X
(X,Y, Z,W ) + Λ1 C, ❑ ✼ ❍✙▲

B(X,Y, Z,W ) =
∂F

∂Y
(X,Y, Z,W ) + Λ2 [C]3, ❑ ✼ ❫❭▲

H(X,Y, Z,W ) =
∂F

∂Z
(X,Y, Z,W ). ❑ ✼✕❵ ▲
Ý❯❾



❉✻❇✣❁
Â(t) = A

(
x̂(t), x̂3(t − τ), ˙̂x3(t−τ), w(t)

) ❉✻❇✣❁➋➣✾✷✺→③✷✺◆✽❉✻✶✾◆✮✔❀✘ ■▼✶
B̂(t)

❉➾❇✣❁
Ĥ(t)

✪
➓➔❺✣✷✺➣●✖✣✶✸■✙✖❪✿❊✶✾✼❇✔ ✳ ✷✽◆✺◆ ✢❪✿❩✖✣✶✾■▲❑▼✿❖❁➒✷✽❇➡➓➔❺✣✿❖■▼✶✾✿❊→ Ý✧✦ ➣✾✿❊❹❞✼❀✷✺■✻❇ ✰ ❏✁� ✦ ✼❀❺✣✿✑✖✣✶✸■✘■✙✘✯■✱✘ ✳ ❺✣✷✺❹✦❺➠✶✾✿❊◆✽✷✺✿❊➣ ■▼❇❼✼❀❺✜✿

✘ ■▼◆✽◆✺■ ✳ ✷✽❇✣✹ ✼❀✿❖❹❬❺✜❇✣✷✺❹❊❉✻◆✯◆✺✿❖→❼→❼❉➾➣ ✪
✂☎✄✝✆✟✞✡✠☞☛✄✂ ➅❬❙❸❡ ❴❢❯ ❫✸❨●❱➤❯ ❦ ✔✫t ◗ ➎ ❱ ✑➇✉✻❯❞❩✦❱❞♦✒❱✗❡✏❦➝❡ ❴❢❯ ❫❀❨●❱➤❯ ❦ ✔✗❩❀❯✦❯✸❤●❱✣✓➤q

θ
◗✺❱ ➎ ❦➤❱❞◗❚❡♠◗❚✉✻❯ ✑❣❱➤❯✦❯✡⑨✔◗➐➞✒➉●➊✩✓✻➉➔P➢❦●❩✦❯❞❵

❦●✉✻❯❞❩❀q ✔⑥❦●❩✝❫❞t✺❦➤❱➤❯✸❤✗t ◗ ➎ ❱❛❡ ❴❢❯❏❯❞❙❄❯❞❩❣➞✻➦✗◗❚❙③❡❚❴❢❯ ➎ ◗ ➎ ❯✳◗✺❱➔❤✻◗✺❱✦❱❞◗ ➎ ❨✻❡✏❯✸❤⑩❧❊➦✗❡❚❴❢❯✴❩❀❯✸❨✻t ➎ ❨●❱✦❱❞◗❚✉✻❯✳◗ ✎ ➎ ❯✸❤✒❨✻❙❄❫✦❯ ✎➡❦❊❤✘❯❞t ◗❚❙✘➞
❡❚❴❢❯➝❩✾❨✒❤✻◗♠❨✻❡❣◗✇❦●❙ ✑❣❱➤❯✦❯ ✑✏➊ r ✓ ✓✻➉❸❭✚❴❢❯❞❙✜q ➎ t➐❨✻➦➾◗❚❙✘➞➠❡ ❴❢❯ ✎➟♦✒❱❞◗✇❫✸❨✻t ◗❚❙✜❱❞❡♠❩❬♦ ✎➡❯❞❙❢❡❛◗❚❙❂❨➠❱❬❡➇❨✻❙❪❤✒❨✻❩✾❤ ✗ ❨✻➦✮✑✏❧❊t✺❦✏✗✔◗❚❙✘➞
❱❞◗❚❡♠♦✣❨✻❡♠◗✇❦●❙✜q

pm > 0
✓➠◗❚❙❢✉✻❦●t ✉✻❯✦❱ ❡❚❴✜❨✻❡✴❡ ❴❢❯ t ◗ ➎ ❱③❫✸❨✻❙❢❙❄❦●❡➔❧❞❯➟❧❊t✺❦➤❫✦➥✒❯✸❤➠◗❚❙❂❨❳❫❞t✺❦➤❱➤❯✸❤❸❫❬❦●❙ ✒ ➞✻♦☞❩✾❨✻❡❣◗✇❦●❙❪➉ P➢❦●❩✦❯❞❵

❦●✉✻❯❞❩❀q➸❡ ❴❢❯ ❯✩✎ ➎ ◗❚❩❬◗✇❫✸❨✻t♣✉●❨✻t ♦❢❯✦❱
(κm, κa, κk) = (1, 4, 3)

♦☎❱➤❯✸❤ ✔⑥❦●❩✡❡❚❴❢❯ ❫✦❦●❙❢❡✇❨✘❫❞❡ ✔⑥❦●❩✦❫✦❯ ✑❣❱➤❯✦❯ ✑ ➍ ✓ ✓⑩❴❢❯❞t ➎ ❡ ❴❢❯
❱❞➦➤❱❞❡✏❯✩✎ t✺❯❀❨✻✉✻❯ ❨✆☎✇❫❞t✺❦➤❱➤❯✸❤❼t ◗ ➎ ❱✞✝ ❫✦❦●❙ ✒➄➞✻♦☞❩✾❨✻❡♠◗✇❦●❙ ✔❖❨●❱❞❡✭❯❞❩ ❡❚❴✜❨▼❙ ✗✔◗❚❡❚❴❸❙❄❦➒❫✦❦●❙❢❡➇❨✘❫❞❡ ✔⑥❦●❩❀❫✦❯❊➉❏➅❬❙ ➎ ❩✸❨✘❫❞❡♠◗✇❫✦❯✦q ❡❚❴♣❯
❱❞➦➤❱❞❡✏❯✩✎ ✎❼❨✻◗❚❙❢tÓ➦➒❦ ➎ ❯❞❩✾❨✻❡✏❯✦❱ ✗✔◗❚❡❚❴❘■✙✖❪✿❊❇➋◆✺✷✯✖✣➣➤➉

✎✓✁ ✆ ✮✏✤✁� ✔✯★✪✤ ★✫✪ ✪✜✮ ✎ ✎ ★ ✦

✟ ✄ ✆✟✆✟✞ ✌ ❭✚❴❢❯✡➞✒❨▼◗❚❙ ✎③❨✻❡❣❩❬◗ ⑧
Λ2

❫✸❨✻❙⑦❧❞❯➝❫✦❴❢❦➤❱➤❯❞❙❸❱❞♦❢❫✦❴➋❡❚❴✜❨✻❡
B̂(t)

◗❚❙❂❯✸♥❊♦✜❨✻❡❣◗✇❦●❙ ✑ ➍✒➍ ✓➀◗✺❱ ✙●❯❞❩✦❦✻➉

✠✜✠✘✑ ✑ ✙☛✡✩✙❢✶✸■▼→ ❑ ✺✧❫●❋❇✺ ❢ ▲❛❉➾❇✣❁➋❁✣✿❊❇✜■✻✼❀✷✽❇✣✹ Λ2 = [λ21, λ22, λ23]
T ✦ ✷➐✼✝❹❊❉✻❇♦✢❪✿⑩✿⑥❉✻➣✾✷✺◆✯✔➡➣✸❺✜■ ✳ ❇➋✼❀❺✣❉➾✼▼❱

B(X,Y, Z,W ) =




(1+λ)λ21

βσ
1 + (1+λ)λ22

∂F3

∂Y
+ (1+λ)λ23




✳ ❺✣✿❖✶✸✿✫✷➐✼ ✷✺➣✢✼✸❺✣✿❊❇➡❹❖◆✺✿⑥❉➾✶✢✼❀❺✣❉➾✼ ✼❀❺✣✿ λ2i, i = 1, · · · , 3
❹❊❉✻❇✏✢❪✿✡❹✦❺✣■▼➣✾✿❊❇➠➣✜✚✜❹❬❺❼✼❀❺❢❉➾✼

B̂
✷✽➣✢✼❀❺✜✿✡❇❘✚✜◆✺◆♣→❼❉➾✼✸✶✸✷❬❊ ✪

➓➔❺✣✷✽➣✝✿❊❇✣❁✜➣✝✼❀❺✣✿✓✖✣✶✾■✘■✙✘ ✪
⋄

✂☎✄✝✆✟✞✡✠☞☛✌☞ ⑨❄❩❀❦✏✎ t✺❯✩✎ ✎③❨❘➊●q✫❡ ❴❢❯ ➞✒❨✻◗❚❙ ✎③❨✻❡♠❩❬◗ ⑧
Λ2

◗❚❙➑❡ ❴❢❯➒❦✻❧❞❱➤❯❞❩❞✉✻❯❞❩➡❯✸♥❊♦✣❨✻❡♠◗✇❦●❙ ✑ ➍ ⑤ ✓ ✗✔◗❚t➩t ❧❞❯③❡❣◗ ✎➡❯
❤✘❯ ➎ ❯❞❙❪❤✘❯❞❙❢❡✳❨✻❙❪❤➠❨ ✔❬♦✘❙❄❫❞❡♠◗✇❦●❙❂❦ ✔

X = x̂(t)
q
Y = x̂3(t − τ)

q
Z = ˙̂x3(t−τ)

q
W = w(t − τ/2)

➉

✟ ✄ ✆✟✆✟✞ ☞ ❭✚❴❢❯✜✎③❨✻❡♠❩❬◗ ⑧
H(t) = H(x(t), x3(t − τ), ẋ3(t − τ), w(t − τ/2))

❤✘❯✓✒✢❙❄❯✸❤ ✔❬❩❀❦✏✎ ✑ ➍ ②✁✓③◗✺❱
❱❞♦❢❫✦❴➋❡❚❴✜❨✻❡✎✍

| H(t) | ≤ |λ| < 1.

✠✜✠✘✑ ✑ ✙✏✡✩✙➄✷✺✶✸➣✩✼ ✦ ✷✮✘
X3 − λY ≥ 0

✦ ✼✸❺✣✿❊❇
| H(X,Y, Z,W ) |≤ |λ|

✪✶✰ ❇✣❁✜✿❊✿❊❁ ✦ ✘ ✶✸■▼→ ❑ ✺✙❫●❋❉✺ ❢ ▲ ✦ ✷✽✼✬✘ ■▼◆✽◆✽■ ✳ ➣

Ý ✺



✼❀❺✣❉➾✼
H(X,Y, Z,W ) =

[
0, 0, H3(X,Y, Z,W )

]T ✳ ✷➐✼❀❺

H3(X,Y, Z,W ) =
∂F3(X,Y, Z,W )

∂Z

= λ
1 − G(X,Y, Z)

1 + G(X,Y, Z)
, ❑ ✼ ❡❭▲

✳ ❺✣✿❖✶✸✿ G(X,Y, Z) = (X1 + ξe)
2/

(
µ(X3 − λY )

) ✷✮✘
X1 + ξe > 0 ❑ ➣✸✿❖✿✁�✝✿❖→➡❉✻✶✭❨ ✺❭▲⑦❉✻❇✜❁

G(X,Y, Z) = 0
■✻✼✸❺✣✿❊✶ ✳ ✷✺➣✸✿ ✪ ❍❏■ ✳ ✦

|1 − G(X,Y, Z)|/|1 + G(X,Y, Z)| ≤ 1
✷✮✘➟❉➾❇✣❁✑■▼❇✣◆✮✔ ✷✮✘

G(X,Y, Z) ≥ 0
✪ ➓➔❺✣✷✺➣➔◆➩❉✻➣✩✼✝❹❊■✻❇✣❁✣✷✽✼✸✷✺■▼❇➒✷✽➣➔➣❀❉➾✼❀✷✽➣✭✿❢✿❖❁➋✷✯✘

X3 − λY ≥ 0
✪

t ✿❊❹❖■▼❇✣❁ ✦ ✘ ✶✾■▼→ ✿✒✽✕✚❢❉➾✼✸✷✺■▼❇✣➣ ❑ ❵ ✦ ❡❭▲➔❉✻❇✣❁♦✘ ■▼◆✺◆✽■ ✳ ✷✽❇✣✹✂�❏✿❖→➡❉➾✶✜❨ Ý✙✦ vjet(t) ≥ 0
✪ ➓➔❺✣✿❖❇ ✦ ✘ ✶✸■✻→ ✿✂✽✕✚❢❉●✼❀✷✺■✻❇✣➣

❑ Ý ❍ ✦✽Ý ❫❭▲❛❉➾❇✣❁➁➣✸✷✽❇✣❹❊✿ A(t) ≥ 0
✦ ✷✽✼✬✘ ■▼◆✽◆✺■ ✳ ➣✳✼❀❺❢❉●✼ p+(t) = λp+(t− τ) + A(t) Zcvjet(t) ≥ λp+(t− τ)

✪
➓➔❺✣✷✽➣✝❹❊■▼❇✜❹❊◆✯✚✣❁✣✿❊➣✝✼✸❺✣✿✓✖✣✶✸■✘■✱✘ ✦ ✼✦❉✙❨☎✷✽❇✣✹

X = x(t)
✦
Y = x3(t − τ)

✪
⋄

✂☎✄✝✆✟✞✡✠☞☛☎✄✟✈♣◗❚❙❄❫✦❯
|λ| < 1

q✫❡ ❴❢❯③◗❚❙❄❯✸♥❊♦✣❨✻t ◗❚❡♠➦
|Ĥ(t)| < 1

✗✔◗❚t❚t ❧❞❯➠❨✻t①❱➤❦➒❱❖❨▼❡♠◗✺❱✓✒✴❯✸❤ ✔⑥❦●❩❼❨❸❱❞♦ ✂ ❫❞◗✇❯❞❙❢❡❣tÓ➦
❱✩✎③❨✻t❚t➄❯✦❱❞❡♠◗ ✎③❨✻❡❣◗✇❦●❙➢❯❞❩❞❩❀❦●❩❖➉

✟ ✄ ✆✟✆✟✞ ✖ ➂ ❯❞❡
χ > 0

➉✥❭✚❴❢❯ ✎③❨✻❡❣❩❬◗ ⑧➒➞✒❨✻◗❚❙
Λ1

❫✸❨✻❙➑❧❞❯➠❫✦❴❢❦➤❱➤❯❞❙➢❱❞♦❢❫✦❴⑦❡❚❴✣❨✻❡
Â(t)

◗❚❙ ❯❀♥❊♦✜❨✻❡♠◗✇❦●❙ ✑ ➍✒➍ ✓
❡✇❨●➥✒❯✦❱ ❡❚❴❢❯ ✔⑥❦●t❚t✺❦✏✗✔◗❚❙✘➞ ✔⑥❦●❩ ✎ ✍

Â =




0 1 0

−(ωσ̂)2 −ασ̂ 0

M̂31 M̂32 −χ




✗➸❴❢❯❞❩❀❯
σ̂ =

❱❞◗➐➞✻❙
(ξe + x̂1)

❨✻❙❪❤
M̂(t) = M

(
x̂(t), x̂3(t − τ), ˙̂x3(t− τ), w(t − τ/2)

) ✗✔◗❚❡ ❴
M̂ =

∂F
∂X

(X,Y, Z,W )
➉③❭✚❴✘◗✺❱ ❫✦❴❢❦●◗✇❫✦❯ ❦ ✔

Λ1

❯❞❙✜❱❞♦✘❩❀❯✦❱✗❡❚❴✜❨✻❡
e1

❨✻❙❪❤
e2

❨✻❩❀❯⑩❤✘❯✦❫✦❦●♦ ➎ t✺❯✸❤ ✔❬❩❀❦✏✎
e3 ✆
❱⑩❤✻➦●❙❪❨ ✎➟◗✇❫✦❱❊➉

✠✜✠✘✑ ✑ ✙☛✡✩✙❢✶✸■▼→ ❑ ✺✧❫●❋❇✺ ❢ ▲ ✦ ❉✻❇✣❁➋❁✜✿❊❇✣■✻✼✸✷✺❇✣✹ Λ1 = [λ11, λ12, λ13]
T ✦

Â = M̂ + Λ1C = M̂ + (1 + λ)




0 0 λ11

0 0 λ12

0 0 λ13


 .

�✫✿❖❇✣■✻✼❀✿
F = M̂1:2,1:2 =


 0 1

−(ωσ̂)2 −ασ̂


 ✪ ➓➔❺✜✿ ✶✸✿❖➣✜✚✣◆➐✼❏✷✺➣✴✼✸❺✣✿❊❇➋■✧✢✜✼✦❉➾✷✺❇✣✿❖❁✹✢✕✔➒❹✦❺✣■✘■▼➣✸✷✽❇✣✹

Λ1 =
1

1 + λ







0

0

−χ


 − M̂




0

0

1





 =




0

−βσ̂
0

−χ − M̂33




Ý▼✼



❉✻❇✣❁➋❇✜■✻✼❀✷✽❹❊✷✽❇✣✹➝✼❀❺❢❉●✼
ē = [e1, e2]

T
➣❀❉➾✼✸✷✺➣❯✿❢✿❊➣➔✼❀❺✣✿☞✘ ■▼◆✽◆✽■ ✳ ✷✽❇✜✹➟❁✵✔✘❇❢❉➾→❼✷✽❹⑥❉✻◆❄✿✂✽✕✚❢❉➾✼✸✷✺■▼❇❪❱

˙̄e = F ē ❑ ✼✧❢ ▲
✳ ❺✣✿❖✶✸✿⑩✼❀❺✣✿⑩❹❖■▼❇✣➣✩✼✦❉✻❇✒✼✡→❼❉➾✼✸✶✸✷✮❊ F

✷✺➣✝↔❈✚✣✶ ✳ ✷➐✼ ✛ ✪ ⋄
✂☎✄✝✆✟✞✡✠☞☛✁� ❭✚❴❢❯ ✎③❨✻❡❣❩❬◗ ⑧

F
◗✺❱➟❫✦❦●❙✜❱❞❡✇❨✻❙❢❡ ✑ ✗✔◗❚❡ ❴➋❩❀❯✦❱ ➎ ❯✦❫❞❡ ❡✏❦③❡❚❴❢❯ ❡♠◗ ✎➡❯✣✓ ✔⑥❦●❩➝❦ ➎ ❯❞❙❘t ◗ ➎ ❱ ✑

σ > 0
✓✻➉➡❭✚❴❢❯

❱❊❨ ✎➡❯✗❴❢❦●t➐❤●❱ ✔⑥❦●❩ ❫❞t✺❦➤❱➤❯✸❤❼t ◗ ➎ ❱ ✑❣❱➤❯✦❯⑩❩✦❯✩✎③❨✻❩❀➥ r ✓✻➉

☛✸✁ ☞✌★ ★ ✔ ✦✒✞ ★ ✬✯★ ✪ ★ ✞ ✓ ✆✰✮✏✦✡✠ ✪ ✞

➓➔❺✣✿ →❼❉✻✷✺❇➒➣✩✼✦❉✙✢✜✷✺◆✺✷➐✼❇✔❼✶✸✿❊➣✭✚✣◆✽✼✝✷✺➣➔➣✩✼✦❉➾✼✸✿❊❁◆✢❭✔➠✼❀❺✣✿☞✘ ■✻◆✺◆✽■ ✳ ✷✺❇✜✹➝✼✸❺✣✿❊■▼✶✾✿❊→ ✪
✂ ✆ ✄ ✑ ✠✏✄✝✆ ✌ ❭✚❴❢❯❞❩❀❯ ❯✾⑧▼◗✺❱❞❡ ➎ ❦➤❱❞◗❚❡♠◗❚✉✻❯ ❫✦❦●❙✜❱❞❡➇❨✻❙❢❡❚❱

κ > 0
❨✻❙❪❤

η > 0
q➸❱❞♦❢❫✦❴➒❡❚❴✜❨✻❡✡✔⑥❦➾❩ ❯❞✉✻❯❞❩❬➦ ❱➤❦●t ♦☞❡♠◗✇❦●❙⑦❦ ✔

❯✸♥❊♦✜❨✻❡❣◗✇❦●❙ ✑ ➍✒➍ ✓➤q✢❡❚❴❢❯ ✔⑥❦●t❚t✺❦✏✗✔◗❚❙✘➞③◗❚❙❄❯✸♥❊♦✣❨✻t ◗❚❡♠➦➟❴❢❦●t➐❤●❱ ✍

(
e2
1(t) + e2

2(t) + e2
3(t) +

∫ t

t−τ
ė3

2(s)ds
)
≤

κe−ηt
(
e2
1(0) + e2

2(0) + e2
3(0) +

∫ 0

−τ
ė3

2(s)ds
)

.
❑ ❍ ♣ ▲

✠✜✠✘✑ ✑ ✙ ✡ ✙❢✶✾■▼→ ◆✽✿❊→③→❼❉✝✺ ✦
F
✢❪✿❊✷✽❇✣✹➡↔✑✚✣✶ ✳ ✷✽✼✝✛ ✦ ❁✣✿ ✿❢❇✣✿ ✼✸❺✣✿ ➣❯✔☞→③→③✿❖✼❀✶✾✷✺❹✓✖❪■▼➣✸✷➐✼❀✷➐❑▼✿ ❁✣✿ ✿❢❇✣✷➐✼❀✿ →❼❉➾✼✸✶✸✷✮❊ P

➣✸■✻◆✾✚✜✼✸✷✺■▼❇➒■✙✘ ✼❀❺✣✿⑩→❼❉➾✼✸✶✸✷✮❊✸❥❧✔✒❉✙✖✲✚✜❇✣■▲❑➒✿✂✽✕✚❢❉➾✼✸✷✺■▼❇✷✤ ❵✩★ ❱

F T P + PF = −I2×2

I2×2

❁✣✿❊❇✜■✻✼❀✷✽❇✣✹➟✼❀❺✣✿
2 × 2

✷✽❁✣✿❊❇✒✼❀✷✽✼❇✔➡→➡❉●✼❀✶✸✷❬❊ ✪
❍✡■ ✳ ✦ ❹❊■✻❇✣➣✸✷✽❁✣✿❊✶✔✼❀❺✜✿✟✘ ■▼◆✽◆✺■ ✳ ✷✽❇✣✹☞❥❧✔✒❉✙✖✲✚✣❇✣■➤❑✍✘❳✚✣❇✣❹❞✼❀✷✽■▼❇③❹❊❉✻❇✣❁✣✷✽❁❢❉➾✼✸✿ ✳ ❺✣✿❖✶✸✿ C > 0

✦
K > 0

❉✻❇✜❁
ν > 0

❉✻✶✾✿⑩➣✜✚✜✷✽✼✦❉✱✢✣◆✺✿❞✖❪■▼➣✸✷➐✼❀✷✽❑▼✿✗❹❊■▼❇✜➣✾✼✦❉✻❇✒✼❀➣❝❱

V = C
e2
3

2
+ KēT P ē +

∫ t

t−τ

ė3
2(s)e−ν(t−s)ds. ❑ ❍ Ý ▲

❥✯✿❖✼❈✚✜➣❏✶✾✿❊❹⑥❉➾◆✺◆❄✼❀❺✜✿ ✿❖➣✾✼✸✷✺→❼❉➾✼❀✷✽■▼❇➠✿❊✶✾✶✸■▼✶➔✿✂✽✕✚❢❉➾✼✸✷✺■▼❇ ❑ ✼✧✼ ▲ ✦ ✼✸❺❢❉➾✼✝✷✺➣ ✦

ė(t) = Â(t) e(t) + B̂(t) e3(t − τ) + Ĥ(t) ė3(t − τ)

✳ ❺✣✿❖✶✸✿
Â
✷✽➣ ✹▼✷➐❑▼✿❊❇⑦✷✺❇✐◆✺✿❖→❼→❼❉✸✺ ✦

B̂
✷✺➣✟✛❖✿❊✶✸■✹✚✣➣✸✷✽❇✣✹➁◆✺✿❖→❼→❼❉ Ý ❉✻❇✣❁

Ĥ = [0, 0, Ĥ3]
t
✷✽➣ ❁✣✿ ✿❢❇✣✿❖❁➆❉➾➣⑩✷✺❇

◆✺✿❖→❼→❼❉ ❾ ✪
✰ ✘❄✼✸❺✣✿✝❹❊■▼❇✣➣✩✼✦❉✻❇✒✼

C
✷✺➣✔❹✦❺✣■▼➣✸✿❖❇❼✼✸■❝✢❪✿❏✿✒✽✕✚❢❉✻◆❢✼✸■

C = 2χ
✦ ✳ ❺✣✿❖✶✸✿ χ > 0

✷✽➣✢❁✜✿✒✿❢❇✣✿❖❁➡✷✽❇③◆✽✿❊→③→➡❉❞✺ ✦ ✼❀❺✣✿
✼❀✷✽→❼✿✴❁✣✿❖✶✸✷➐❑➾❉➾✼❀✷➐❑▼✿✝■✱✘

V
❉➾◆✺■▼❇✣✹✗✼❀❺✜✿❏➣✾■▼◆✾✚✜✼✸✷✺■▼❇✜➣✔■✙✘❝✼✸❺✣✿✝❁✵✔✘❇❢❉✻→③✷✺❹⑥❉➾◆✣✿✂✽✕✚❢❉➾✼✸✷✺■▼❇✜➣ ■✱✘❝✼❀❺✣✿ ❉✙✢❪■➤❑▼✿❏■✧✢✜➣✸✿❊✶✩❑➾❉➾✼✸✷✺■▼❇

✿❊✶✾✶✸■▼✶ ❹⑥❉➾❇◆✢❪✿ ✳ ✶✸✷➐✼✸✼✸✿❊❇❸❉➾➣ ✘ ■▼◆✺◆✽■ ✳ ➣❞❱

V̇ = T1 + T2 + T3 ❑ ❍ ❾ ▲
Ý ❍



✳ ❺✣✿❖✶✸✿

T1 = −χ2e2
3 − ė3

2(t − τ)(e−ντ − Ĥ2
3 (t))

−K(e2
1 + e2

2)

−ν

∫ t

t−τ

ė3
2(s)e−ν(t−s)ds, ❑ ❍✙✺✧▲

T2 = (M̂31e1 + M̂32e2)
2, ❑ ❍ ✼ ▲

T3 = 2Ĥ3(M̂31e1ė3(t − τ) + M̂32e2ė3(t − τ)), ❑ ❍✧❍✧▲

✳ ❺✣✿❖✶✸✿ M̂31
❉✻❇✣❁

M̂32
❉✻✶✸✿⑩❁✜✿✒✿❢❇✜✿❊❁❳✷✽❇➁◆✺✿❖→❼→❼❉✛✺ ✪

❍✡■✻✼✸✷✺❹❊✿ ✼❀❺❢❉●✼❞✘ ■▼✶✗❉✻◆✺◆
ǫ > 0

❉✻❇✣❁✗✘ ■▼✶✗❉✻◆✺◆
e1
✦
e2

❉✻❇✣❁
e3(t − τ)

✦ ✼❀❺✜✿✛✘ ■▼◆✽◆✺■ ✳ ✷✽❇✣✹❼✷✺❇✣✿✒✽❘✚✣❉✻◆✺✷➐✼❀✷✽✿❖➣✫❺✣■▼◆✽❁
✘ ■▼✶➔➣✾■▼→❼✿☞✖❪■▼➣✾✷✽✼❀✷➐❑▼✿ ❹❊■✻❇✣➣✾✼❀❉✻❇☎✼✸➣

R1

❉➾❇✣❁
R2

❱

T3 ≤
1

ǫ
(e2

1 + e2
2) + R1ǫ ė3

2(t − τ) ❑ ❍✱❫❭▲
❉✻❇✣❁

T2 ≤ R2(e
2
1 + e2

2). ❑ ❍ ❵ ▲
❷❸■▼✶✸✿❖■▲❑▼✿❖✶ ✦ ✘ ✶✸■✻→ ◆✺✿❖→❼→❼❉ ❾ ✦ ✷✯✘✗✼✸❺✣✿❳❹❖■▼❇✣➣✾✼❀❉✻❇☎✼

ν
✷✽❇

V
✷✺➣③❹❬❺✣■✻➣✸✿❊❇ ➣✭✚✵❆③❹❊✷✺✿❖❇☎✼✸◆✯✔ ➣✸→❼❉✻◆✺◆ ✦

(e−ντ −

Ĥ2
3 (t)) ≥ e−ντ − λ2 ≥ δ > 0

✦ ✘ ■▼✶✝❉✻◆✽◆
t
❉➾❇✣❁

τ ∈ [0, 2L/c]
✦ ➣✾■➀✼❀❺❢❉●✼❝❱

V̇ ≤ −χ2e2
3 − δė3

2(t − τ)

−(K − R2)(e
2
1 + e2

2)

+
1

ǫ
(e2

1 + e2
2) + R1ǫė3

2(t − τ)

−ν

∫ t

t−τ

ė3
2(s)e−ν(t−s)ds. ❑ ❍✙❡✧▲

❻❛❺✣■✘■▼➣✸✿

ǫ =
δ

2R1

❑ ❍ ❢ ▲
✳ ❺✣✷✽❹❬❺➋◆✽✿⑥❉✻❁✣➣✴✼❀■✹❱

V̇ ≤ −χ2e2
3 −

δ

2
ė3

2(t − τ)

−(K − R2 −
2R1

δ
)(e2

1 + e2
2)

−ν

∫ t

t−τ

ė3
2(s)e−ν(t−s)ds. ❑ ❫ ♣ ▲

Ý ❫



➓➔❺✣✿❖❇ ✦ ✘ ■▼✶
K = R2 +

4R1

δ

❉✻❇✜❁✏✘ ■▼✶✳❉ ➣✭✚✣✷✽✼❀❉✙✢✣◆✽✿✑✖❪■✻➣✸✷✽✼✸✷✽❑▼✿❏❹❊■▼❇✜➣✾✼✦❉➾❇☎✼
η > 0

✦ ✼❀❺✣✿✑✘ ■✻◆✺◆✽■ ✳ ✷✽❇✜✹ ✷✺❇✣✿✒✽❘✚✣❉✻◆✺✷➐✼❉✔
❺✣■▼◆✽❁✣➣✂❱

V̇ ≤ −ηV ❑ ❫ Ý ▲
✳ ❺✣✷✽❹❬❺➋✿❖❇✣❁✣➣✝✼❀❺✣✿✓✖✜✶✸■✘■✙✘ ✪ ⋄

❍✡■✻✼✸✷✺❹❊✿❼✼✸❺❢❉➾✼ ✼❀❺✣✿ ✳ ✿❊✷✽✹▼❺☎✼ e±νx
✷✽❇❂✼❀❺✜✿➠✷✺❇☎✼✸✿❊✹▼✶✸❉✻◆✢✼❀✿❖✶✸→ ■✙✘➔✼✸❺✣✿✥❥◗✔▼❉✙✖✲✚✣❇✣■➤❑ ✘❳✚✜❇✣❹❖✼✸✷✺■▼❇➆✷✽➣ ✿❊➣✸➣✾✿❊❇✒✼❀✷✺❉✻◆

✼❀■➢✹▼✿❖✼➡❉ ☛ ✄ ✠✤✠☞✌ ✄◆❥❧✔✒❉✙✖✵✚✣❇✣■▲❑ ✘❳✚✣❇✣❹❖✼✸✷✺■▼❇ ✪ ✰ ✼❼✷✺➣③➣✾✷✺→③✷✺◆✽❉✻✶ ✼❀■➢✼✸❺✣✿➋■▼❇✣✿➋✷✺❇✒✼❀✶✸■✘❁✲✚✜❹❊✿❖❁ ✢❭✔✧❻✴❉✻➣✩✼❀✿❖◆➩❉✻❇✧❉✻❇✣❁
✰ ❇✵✘♠❉✻❇✒✼❀✿◆✤ ❾☞❾✩★ ✘ ■▼✶⑩→➡❉●✼❀✶✸✷❬❊✐❁✜✷✯❖❝✿❊✶✸✿❖❇✣❹❊✿③❁✣✷✯❖❝✿❊✶✾✿❊❇✒✼❀✷➩❉➾◆✔✿✒✽✕✚❢❉➾✼❀✷✽■▼❇✣➣ ❉➾❇✣❁➆❉➾◆✺➣✾■♦✢✕✔ ❻❛■▼✶✾■▼❇ ✤ ❾ ✺ ★ ✼✸■❸➣✩✼✦❉✙✢✣✷✽◆✺✷✭✛❖✿
✼❀❺✜✿ ✥ ✚✜◆✺✿❊✶➝✿✂✽✕✚❢❉●✼❀✷✺■✻❇✥■✙✘❏✷✺❇✜❹❊■▼→❀✖✣✶✸✿❖➣✸➣✾✷✾✢✣◆✽✿ � ✚✣✷✺❁✜➣ ✪ ❷❸■▼✶✸✿➒✶✾✿❊❹❖✿❊❇☎✼✸◆✯✔ ✦ ✷✽✼➝❺❢❉✻➣➀❉➾◆✺➣✸■✗✢❪✿❊✿❊❇ ✚✜➣✸✿❊❁❂✘ ■▼✶ ◆✺✷✺❇✘❋
✿⑥❉➾✶✡➣✭✔✘→③→❼✿❞✼❀✶✾✷✺❹ ❺❭✔❘✖❪✿❊✶✜✢❪■✻◆✺✷✽❹ ➣❯✔✘➣✾✼❀✿❖→❼➣✛✤ ❾✱✼✱★ ❉✻❇✣❁♦✘ ■▼✶❏✿ ❊ ✖❪■▼❇✣✿❖❇☎✼✸✷➩❉✻◆ ➣✩✼✦❉✙✢✜✷✺◆✺✷✭✛❊❉➾✼❀✷➐■▼❇➁■✙✘✔■✻❇✣✿❞❋➇❁✣✷✺→③✿❊❇✜➣✸✷✺■✻❇❢❉✻◆
❇✣■▼❇✜◆✺✷✺❇✜✿⑥❉✻✶✴❺❭✔❘✖❪✿❊✶✜✢❪■✻◆✺✷✺❹ ➣❯✔☞➣✩✼❀✿❖→❼➣❅✤ ❾ ❍ ✦P❾ ❫ ★❣✪

✧✏✁ ✄ � ☞ ✌✗✓ ✍ ✆✟�✒✠✓✄ ✞✔✁☎✄✲✌✗✓✵✆✟✄ ✍✡✄✍☛ ☛✍� ✄ ✎❈✌☛✄ ✄✲�✒✠✓✄

♠ ✢✜➣✸✿❊✶✩❑➾❉➾✼✸✷✺■▼❇➠✶✸✿❖➣✜✚✣◆➐✼❀➣❛❺❢❉➤❑▼✿❞✢❪✿❖✿❊❇✥✖❪✿❊✶✭✘ ■✻✶✸→③✿❊❁➠■▼❇➠■✧✚☞✼✣✖✲✚✜✼✸➣
y
✦ ➣✸✷✽→✛✚✣◆➩❉●✼❀✿❖❁✏✚✣➣✾✷✺❇✣✹➝❉✻❇ ✥✶✚✣◆✽✿❊✶❛✿❋❊ ✖✣◆✺✷✽❹❊✷➐✼

➣✸❹✦❺✣✿❖→❼✿➁■▼❇ ❑ ✼❭♣ ▲ ✦ ✼❀❺❢❉●✼③✷✽➣ ✦ ✚✜➣✸✷✺❇✜✹⑦✼✸❺✣✿➁✶✸✿❖❹✂✚✣✶✾➣✸✷✽❑✻✿➋✿✂✽✕✚❢❉➾✼✸✷✺■▼❇✜➣ x
(
(n + 1)T

)
= x

(
nT

)
+ Tδx(nT )

✳ ✷✽✼✸❺ δx(nT ) = T F
(
x(nT ), x3

(
(n − 2N)T ), δx

(
(n − 2N)T

)
, w

(
n − N)T

)) ✳ ❺✣✿❊✶✾✿ T
✷✽➣✗✼❀❺✜✿

➣❀❉➾→■✖✣◆✽✷✺❇✜✹✏✖❪✿❊✶✸✷✽■✘❁ ❑ T ❉✻❇✣❁❘✼❀❺✣✿➝◆✺✿❖❇✣✹✻✼❀❺ L
❉➾✶✸✿➝❹❬❺✣■✻➣✸✿❖❇➢➣✜✚✣❹✦❺⑦✼❀❺✣❉➾✼

N = τ/(2T )
✷✽➣✗✷✺❇✒✼❀✿❖✹▼✿❊✶✣▲ ✪ ➓ ■✹✢❪✿

→③■▼✶✸✿ ✶✾✿⑥❉✻◆✽✷✺➣✩✼❀✷✽❹ ✦ � ❉✙✚✜➣✸➣✸✷✺❉✻❇➁❇✣■▼✷✽➣✸✿ ➣✸✷✺✹✻❇❢❉✻◆✽➣➔❺❢❉⑥❑▼✿❝✢❪✿❖✿❊❇❳❉✻❁✜❁✣✿❊❁➁✼❀■
y
✪

t ✷✺❇✣❹❖✿➠✼❀❺✣✿➒■✧✢✣➣✾✿❊✶✾❑▼✿❖✶ ❑ ✼✬❾ ▲ ✷✺➣➝◆✺■✘❹❊❉✻◆ ✦ ✼❀❺✣✿➒✷✺❇✜✷✽✼❀✷✽❉✻◆ ❹❊■▼❇✣❁✜✷✽✼❀✷✽■▼❇✣➣➝■✱✘ x̂
→✛✚✣➣✩✼✝✢❪✿➁❹✦❺✣■▼➣✾✿❊❇ ➣✭✚✵❆③❹❊✷✽✿❊❇☎✼✸◆✯✔

❹❊◆✽■▼➣✸✿✗✼❀■➟✼❀❺✣✿ ❉✻❹❞✼✣✚❢❉➾◆✯✷✺❇✜✷✽✼❀✷✽❉✻◆❝❹❊■✻❇✣❁✣✷✽✼✸✷✺■✻❇
x(0) = 0

✪
➓➄■✗✼❀✿❊➣✩✼✔✼❀❺✣✿➔✶✾■✧✢✲✚✣➣✩✼❀❇✣✿❖➣✸➣✢■✙✘♣✼❀❺✣✷✽➣✌■✧✢✣➣✸✿❖✶✾❑▼✿❖✶ ✦ ➣✸✿❞❑▼✿❊✶❀❉➾◆❢❁✣✿❖❑✘✷✺❉➾✼❀✷✽■▼❇✣➣➸■▼❇➀✷✽❇✣✷✽✼✸✷✺❉✻◆☎❹❊■▼❇✣❁✜✷✽✼❀✷✽■▼❇✣➣✌❉✻❇✣❁➟➣✸✿❞❑▼✿❊✶❀❉➾◆

❇✣■▼✷✽➣✸✿ →❼✿❊❉✻➣✜✚✜✶✸✿❊→③✿❖❇☎✼❀➣✝❺❢❉⑥❑▼✿❝✢❪✿❖✿❊❇❸❹❊■✻❇✣➣✸✷✽❁✣✿❊✶✾✿❊❁ ✪
✰ ✼❛✷✽➣ ✷✽→■✖❪■✻✶✾✼✦❉➾❇☎✼✔✼✸■ ❇✣■✻✼✸✷✺❹❊✿➔✼❀❺❢❉●✼ ✦ ❁✵✚✣✿❏✼❀■ ◆✺✿❊→③→❼❉✓✺ ✦ ✼❀❺✣✿❏❹❬❺✣❉✻✶❀❉✻❹❞✼❀✿❖✶✸✷✺➣✩✼❀✷✽❹❏❁❢❉➾→■✖✣✷✽❇✣✹⑩■✙✘

ē = [e1, e2]
T

✷✺➣
α
✪ ❷❸■▼✶✸✿❖■▲❑▼✿❖✶ ✦ ✼✸❺✣✿➀✼✸✷✺→③✿➟❹❖■▼❇✣➣✾✼❀❉✻❇☎✼ ■✙✘✳✼❀❺✣✿➀■✧✢✣➣✾✿❊✶✾❑▼✿❖✶ ✷✺➣ ✹▼■▲❑▼✿❖✶✸❇✣✿❖❁ ✢❭✔

α
❉✻❇✣❁

χ
✪ ➓➔❺✣✿❼❉✻✶✭✢✣✷✽✼✸✶❀❉✻✶❯✔

❁❢❉✻→❀✖✣✷✽❇✣✹➠❹❖■✘✿✒❆③❹❊✷✽✿❊❇☎✼
χ
✷✽❇

Â
❹⑥❉✻❇❪✢❪✿✍✖✣✶✾✿✒✘ ✿❖✶✸✿❖❇☎✼❀✷✺❉✻◆✺◆✮✔➋❹❬❺✣■✻➣✸✿❖❇ ✹✻✶✸✿⑥❉●✼❀✿❊✶✫✼❀❺✣❉✻❇✐✼❀❺✜✿✛✿✵❊☞✿❊❁➢❹❖■▼❇✣➣✾✼❀❉✻❇☎✼

α
✪

✰ ❇♦✖✣✶❀❉➾❹❖✼❀✷✽❹❊✿ ✦ ✷➐✼✝✷✽➣✝❇✣❉➾✼✣✚✣✶✸❉✻◆❄✼❀■➀❹❬❺✜■✘■▼➣✸✿
χ ≈ α ❑ ■▼✶➔➣✾◆✺✷✺✹✻❺☎✼✸◆✯✔❼✹▼✶✾✿⑥❉➾✼✸✿❊✶➔✼✸❺❢❉✻❇ α

▲ ✪
✙➸✷✺✹✧✚✜✶✸✿ ❾ ✖✣✶✾✿❊➣✾✿❊❇☎✼✸➣ ❉✸✽✕✚❢❉➾➣✸✷✌✷✺❁✜✿⑥❉✻◆➄➣✸✷➐✼✣✚❢❉➾✼✸✷✺■▼❇ ✳ ✷➐✼❀❺✐✷✺❇✜✷✽✼❀✷✽❉✻◆ ❹❖■▼❇✣❁✣✷➐✼❀✷✽■▼❇✣➣✫❹❖◆✺■▼➣✾✿➝✼✸■➠✼❀❺✣✿➟❉✻❹❖✼✜✚❢❉✻◆➸■▼❇✜✿❊➣

❉✻❇✣❁➁◆✽■ ✳ ❇✣■✻✷✺➣✸✿ ✪✶✰ ✼✝❹❊❉✻❇✹✢❪✿⑩➣✾✿❊✿❖❇➋✼✸❺❢❉➾✼✴✼❀❺✣✿☞✖✣✶✾■✧✖❪■▼➣✾✿❊❁➋■✧✢✜➣✸✿❊✶✩❑▼✿❊✶✝❺❢❉✻➣✝❉✛✖✣✶✾✿❖✼✸✼❇✔➠✹▼■✘■✘❁✥✢❪✿❊❺❢❉⑥❑✘✷✺■▼✶ ✪ ❷❸■▼✶✾✿
✖✣✶✾✿❊❹❊✷✽➣✸✿❖◆✯✔ ✦ ✼❀❺✣✿❛■✧✢✣➣✾✿❊✶✾❑▼✿❖✶

x̂
❹❖■▼❇☎❑▼✿❖✶✸✹▼✿❖➣✔✶❀❉✱✖✣✷✺❁✣◆✮✔ ✼❀■ ✳ ❉✻✶✸❁✜➣ x ❉➾❇✣❁ ✼✸❺✣✿❛→❼✿❊❉✻➣✜✚✣✶✾✿❊→③✿❊❇✒✼✌❇✣■▼✷✺➣✾✿❛✷✺➣ ✳ ✿❊❉✙❨✻✿❊❇✜✿❊❁✽✕✚✣✷✽✼✸✿ ✳ ✿❖◆✺◆ ✪

Ý ❵



✰ ❇ ✙➸✷✽✹ ✪ ✺ ✦ ✷✽❇✣✷➐✼❀✷✺❉➾◆✝❹❖■▼❇✣❁✣✷➐✼❀✷✽■▼❇✣➣❼❺✣❉➤❑▼✿r✢❪✿❊✿❊❇ ❹✦❺✣■▼➣✾✿❊❇ ✽✕✚✣✷✽✼✸✿◆✘♠❉✻✶❀✘ ✶✸■✻→ ✼❀❺✣✿❳✶✸✿❊❉✻◆✡■✻❇✣✿❊➣✒❱⑦✼✸❺✣✿❳✿❊✶✸✶✾■▼✶
❑ p+(0) − p̂+(0)

▲⑩✷✺➣ ❉✙✢❪■✧✚✜✼
20%

■✱✘✴✼❀❺✣✿➡→③■✧✚☞✼❀❺ ✖✜✶✸✿❊➣✾➣✜✚✣✶✾✿
pm

✪ ➓➔❺✣✿➠■✙✢✜✼✦❉➾✷✺❇✣✿❖❁❂✶✸✿❖➣✜✚✣◆➐✼❀➣ ➣✾❺✣■ ✳ ✼❀❺✣❉➾✼
✼❀❺✜✿➒✼✸✶❀❉✻❇✜➣✸✷✺✿❖❇☎✼✍✢❪✿❊❺✣❉➤❑✘✷✺■▼✶➝✷✽➣➟◆✽■▼❇✣✹▼✿❖✶ ✼✸❺❢❉✻❇✥✷✽❇ ✙➸✷✺✹ ✪ ❾ ❉➾➣➟✿ ❊ ✖❪✿❊❹❞✼❀✿❊❁ ✦ ✢✲✚✜✼➟✼✸❺✣✿➒■✧✢✣➣✸✿❖✶✾❑▼✿❖✶③➣✭✚✣❹❊❹❖✿❊✿❖❁❢➣③✷✺❇
✶✸✿❞✼❀✶✾✷✺✿❖❑✘✷✽❇✣✹➟✼❀❺✜✿⑩✶✸✿⑥❉➾◆✚❑➾❉✻◆✯✚✣✿ ■✙✘➄✼✸❺✣✿⑩➣✾✼❀❉➾✼❀✿ ✪

✙➸✷✺✹✧✚✜✶✸✿ ✼ ➣✸❺✜■ ✳ ➣✂✼✸❺❢❉➾✼ ✘ ■✻✶✧◆✺❉✻✶✸✹▼✿❖✶ →③✿⑥❉✻➣✭✚✣✶✸✿❖→❼✿❖❇☎✼✂❇✣■▼✷✽➣✸✿❖➣ ✦ ✼✸❺✣✿➏■✧✢✜➣✸✿❊✶✩❑▼✿❊✶ ✷✽➣✧➣✩✼❀✷✺◆✽◆➋❉➤❑➾❉➾✷✺◆➩❉✱✢✣◆✽✿
❑ σnoise/pm ≈ 4%

➣✸✿❖✿❊→③➣✝✼❀■✝✢❪✿⑩❹❊◆✺■✻➣✸✿❊❁➁✼✸■➀✼✸❺✣✿⑩◆✺✷✽→③✷➐✼ ✦ ❺✣✿❊✶✾✿P▲ ✪
✙➸✷✺✹✧✚✜✶✸✿✁�✂�➡✷✽◆✺◆✮✚✣➣✾✼✸✶❀❉➾✼❀✿❖➣✴✼❀❺✣✿ ✶✸■✧✢✵✚✣➣✾✼✸❇✣✿❊➣✾➣ ✳ ✷✽✼✸❺❸✶✸✿❖➣✜✖❪✿❖❹❖✼✫✼✸■❼❁✜✿❖❑✘✷➩❉➾✼✸✷✺■✻❇✣➣✝■▼❇◆✖❢❉➾✶❀❉✻→③✿❖✼✸✿❊✶✸➣ α

✦
pm

❉✻❇✣❁

ω
✪ ❅✑✘❚✼✸✿❊✶ ♣✵✪✽Ý ❍✌➣ ✦ ✼✸❺✣✿③✿❊✶✾✶✸■▼✶⑩■✻❇ ✷✽❇✣✷✽✼✸✷✺❉✻◆➄❹❊■▼❇✜❁✣✷✽✼✸✷✺■▼❇✣➣ ➣✾✿❊✿❖→❼➣⑩✼❀■♦✢❪✿③✶✾✿ ✣✾✿❖❹❖✼❀✿❖❁➆❉✻❇✣❁ ✦ ❁✣✿❊➣✭✖✣✷✽✼✸✿➀✼❀❺✣✿➀❇✣■▼✷✽➣✸✿
→③✿⑥❉✻➣✭✚✣✶✸✿❖→❼✿❖❇☎✼✸➣✔❉✻❇✣❁ ✼❀❺✜✿✴❁✣✿❞❑✘✷➩❉➾✼✸✷✺■▼❇ ■✻❇✛✖❢❉✻✶❀❉➾→❼✿❞✼❀✿❖✶✸➣ ✦ ✼❀❺✣✿❛■✧✢✣➣✾✿❊✶✾❑✻✿❊✶✔✷✽➣➸◆✽■✘❹❋❨✻✿❖❁➟■✻❇➝✼✸❺✣✿❛■▼✶✸✷✽✹▼✷✽❇❢❉✻◆✒➣✭✔✘➣✾✼✸✿❊→
❁✵✔✘❇❢❉✻→③✷✺❹❖➣ ✪❩✰ ❇q✖❢❉✻✶✩✼❀✷✽❹✂✚✣◆✺❉✻✶ ✦ ✳ ✿➝❹⑥❉✻❇❘❇✣■✻✼✸✷✺❹❊✿ ✼❀❺❢❉●✼✗✿❖❑▼✿❖❇✐✼❀❺✣✿✡✢❪✿❊❺❢❉⑥❑✘✷✺■✧✚✣✶✫■✱✘✔✼❀❺✣✿ ◆✺✷✾✖❸➣✾✼❀❉➾✼❀✿❖➣ ❑ x1, x2

▲❏✷✽➣
➣✾✼✸✷✺◆✽◆❄✶✸✿❖◆✺✿❖❑●❉✻❇☎✼ ✪

✙➸✷✺❇❢❉➾◆✺◆❬✔ ✦ ✙➸✷✺✹ ✪ ❫ ➣✸❺✜■ ✳ ➣✴✼✸❺❢❉➾✼✴✷✽❇✣❹❊✶✾✿⑥❉✻➣✾✷✺❇✣✹ χ
✷✺→❀✖✣✶✾■▲❑▼✿❖➣✳✼❀❺✜✿✗❹❊■✻❇☎❑▼✿❊✶✾✹▼✿❖❇✣❹❊✿✙❱✢❇✣■ ✳ ✼✸❺✣✿✫✼✸✶❀❉✻❇✣➣✾✷✺✿❖❇☎✼ ✖❢❉➾✶✾✼

■▼❇✣◆✮✔➡◆➩❉✻➣✩✼❀➣✝❉✱✢❪■✧✚✜✼ ♣✵✪ ❫✌➣❏❉➾❇✣❁➁✼✸❺✣✿⑩✿❖➣✾✼❀✷✽→❼❉➾✼❀✷✽■▼❇➠✿❊✶✾✶✸■▼✶➔✷✽➣➔➣✾→➡❉➾◆✺◆✽✿❊✶✳✼❀❺✣❉✻❇➁✷✺❇ ✙➸✷✺✹ ✪ ❍ ✪ ❷❸■✻✶✸✿ ✹▼✿❊❇✣✿❖✶❀❉✻◆✽◆✯✔ ✦ ✳ ✿
❺❢❉⑥❑▼✿➔■✧✢✣➣✸✿❖✶✾❑▼✿❖❁③✼❀❺✣❉➾✼▼❱ ✚✣➣✸✷✽❇✣✹

χ ≪ α
✹▼✷✽❑✻✿❊➣✶✢✣❉✻❁➀✶✾✿❊➣✜✚✜◆✽✼❀➣ ❑ ✼❀❺✜✿➔■✧✢✣➣✾✿❊✶✾❑✻✿❊✶✢❹❊■✻❇☎❑▼✿❖✶✸✹▼✿❖➣✢✼✸■✘■ ➣✸◆✽■ ✳ ◆✮✔✲▲ ❜ ✚✣➣✸✷✽❇✣✹

✼❀❺✜✿➝❇✣❉➾✼✣✚✣✶✸❉✻◆ ❹❬❺✜■▼✷✺❹❖✿
χ ≈ α ❑ ❇❢❉●✼✣✚✣✶✸❉✻◆ ❁❢❉✻→❀✖✣✷✺❇✜✹③✼❀✷✺→③✿ ➣✸❹❊❉✻◆✺✿ ■✙✘✔✼✸❺✣✿ ■▼✶✸✷✽✹▼✷✽❇❢❉✻◆✯➣✭✔✘➣✩✼❀✿❊→✏▲✡✷✽➣✡➣❀❉➾✼✸✷✺➣✭✘ ✔✘✷✽❇✣✹ ❜✚✣➣✾✷✺❇✣✹➋◆➩❉✻✶✾✹▼✿❊✶✗❑➾❉✻◆✯✚✣✿❖➣ ✷✽→■✖✜✶✸■▲❑▼✿❖➣ ✼❀❺✣✿③■✧✢✣➣✾✿❊✶✩❑▼✿❊✶ ❹❊■▼❇✒❑▼✿❊✶✾✹▼✿❊❇✣❹❖✿ ❑ ✢✲✚✜✼ ■✱✘✴❹❊■✙✚✣✶✸➣✾✿ ✦ ✼✸■✘■❸❺✜✷✺✹▼❺⑦❑➾❉➾◆✾✚✣✿❖➣ ✳ ✷✺◆✺◆

❉✻◆✽➣✸■➀❹❊❉✙✖✜✼✜✚✣✶✸✿ ✼❀❺✣✿⑩❇✣■✻✷✺➣✸✿▼▲ ✪
❍✡■✻✼✸✷✺❹❊✿✡✼❀❺❢❉●✼➔➣✸✷✽❇✣❹❊✿

y = (1 + λ)x3

✷✺➣✴❉❝❙✏→③✿⑥❉✻➣✭✚✣✶✸✿❖❁ ❚❩✽❘✚✣❉✻❇☎✼✸✷✽✼❇✔ ✦ ✷✺❇➒❉➝➣✸✷✽→■✖✜◆✺✿❖✶✴❉✱✖✲✖✣✶✸■▼❉✻❹❬❺ ✦ ✷➐✼✴✷✺➣❛❇✣■✻✼
❇✣✿❖❹❊✿❊➣✾➣❀❉✻✶❯✔➠✼❀■➝✿❖➣✾✼❀✷✽→➡❉●✼❀✿

x3

❉✻❇✣❁ ✷➐✼❛❹❊■✧✚✣◆✽❁➠❺❢❉➤❑▼✿❞✢❪✿❊✿❖❇➁➣✜✚✵❆③❹❖✷✺✿❊❇✒✼➔✼✸■➝✿❊◆✺❉✙✢❪■▼✶❀❉●✼❀✿✫■✙✢✣➣✸✿❖✶✾❑▼✿❊✶ ✢❢❉➾➣✸✿❊❁➒■▼❇
x1

❉✻❇✣❁
x2

■▼❇✣◆✯✔ ✪ ❍✡✿❞❑▼✿❊✶✾✼✸❺✣✿❊◆✽✿❊➣✾➣ ✦ ➣✸✷✺❇✜❹❊✿✫✼❀❺✣✿❖✶✸✿ ❉✻✶✸✿✫❇✣■▼✷✽➣✸✿✫→❼✿❊❉✻➣✜✚✣✶✾✿❊→③✿❊❇✒✼❀➣ ✦ ✼❀❺✣✿✫✼✸■✻✼✦❉➾◆❝■✧✢✣➣✾✿❊✶✾❑▼✿❖✶ ✖✣✶✸■✧✖❪■✻➣✸✿❊❁
❺✣✿❖✶✸✿✑✖✣✶✸■➤❑▼✿❊➣ ✼❀■❅✢❪✿❏→❼■▼✶✾✿❏✶✾■✧✢✲✚✣➣✩✼ ✪✴✰ ❇✣❁✣✿❖✿❊❁ ✦ ✷✺❇☛✙➄✷✺✹▼➣ ✪✲❾ ✦ ✺ ✦❘✼✲✦ ✼❀❺✣✿✡❇✜■▼✷✺➣✾✿❏■▼❇

x̂3

❺✣❉✻➣●✢❪✿❖✿❊❇➠➣✾✷✺✹▼❇✜✷✯✿❢❹❊❉✻❇☎✼✸◆✯✔
✶✸✿❖❁✲✚✣❹❖✿❊❁❳❹❖■▼→❀✖❢❉✻✶✸✿❖❁➁✼✸■➀✼✸❺❢❉➾✼✝■▼❇

y
✪

✧✛�✒✁ ✎☞✠☞✄✸✎✡✓ ✌☛✄ �✒✠☞✄

✰ ❇➝✼✸❺✣✷✺➣ ✖❢❉✱✖❪✿❊✶ ✦ ❉✫❇✣■▼❇✜◆✺✷✽❇✣✿⑥❉✻✶ ■✙✢✣➣✸✿❖✶✾❑▼✿❖✶✔■✙✘♣❉✫➣✾✷✺→❀✖✣◆✽✷✮✿❢✿❖❁ →③■✘❁✣✿❖◆☞■✱✘❪❉✑✢✣✶❀❉✻➣✾➣✌✷✽❇✣➣✾✼✸✶✜✚✣→③✿❊❇✒✼ ❑ ❉✡◆✺✷✯✖❅✢✣◆✽■ ✳ ❇
❹✒✔✘◆✽✷✺❇✣❁✣✿❖✶ ✳ ✷✽✼❀❺✏✘ ✶✸✿✒✽❘✚✜✿❊❇✣❹ ✔➒✷✺❇✣❁✜✿✂✖❪✿❊❇✜❁✣✿❊❇✒✼❏◆✽■▼➣✸➣✾✿❊➣✣▲❛❺❢❉➾➣ ✢❪✿❖✿❊❇➁✷✺❇✒✼❀✶✸■✘❁✵✚✣❹❊✿❖❁ ✪ ✰ ✼➔❺❢❉✻➣ ✢❪✿❊✿❖❇♦✖✣✶✾■▲❑▼✿❖❁✹✚✣➣✸✷✽❇✣✹
❥❧✔✒❉✙✖✲✚✜❇✣■▲❑ ✘❳✚✣❇✣❹❖✼✸✷✺■▼❇✂✼❀✿❖❹❬❺✜❇✣✷✾✽✕✚✣✿❖➣➋■▼❇ ❇✣✿✒✚✜✼❀✶✸❉✻◆✗➣✭✔✘➣✾✼✸✿❊→③➣➁✼✸❺❢❉➾✼➠✼❀❺✣✿✐■✧✢✣➣✾✿❊✶✾❑▼✿❖✶➋✹▼❉✻✷✺❇✣➣➠❹❊❉✻❇ ✢❪✿✐✼✣✚✜❇✣✿❊❁
✼❀■✐✿❊❇✣➣✭✚✣✶✸✿➒✼❀❺✜✿➋❉➾➣✭✔✘→■✖☞✼❀■✻✼✸✷✺❹➠➣✩✼✦❉✙✢✣✷✽◆✺✷➐✼❇✔ ■✙✘✝✼❀❺✣✿➒◆✽✷✺❇✣✿❊❉✻✶✸✷✭✛❖✿❊❁➑✿❖➣✾✼✸✷✺→❼❉➾✼❀✷✽■▼❇❂✿❊✶✸✶✾■▼✶➟✿✒✽✕✚❢❉➾✼❀✷✽■▼❇ ✪ ❷❸■▼✶✸✿❖■▲❑▼✿❖✶ ✦
❉✻◆➐✼❀❺✣■✧✚✜✹▼❺ ✼✸❺✣✿ ✖✣✶✸■✘■✙✘☞✿❊❇✜➣✜✚✣✶✾✿❊➣➄■▼❇✣◆✮✔✗◆✺■✘❹❊❉✻◆✻➣✾✼✦❉✱✢✣✷✺◆✽✷✭✛⑥❉➾✼✸✷✽■✻❇ ✦ ➣✸✷✽→✍✚✜◆➩❉●✼❀✷✽■✻❇ ✶✾✿❊➣✜✚✜◆✽✼❀➣❾✿❋❊✜❺✜✷✾✢✣✷➐✼❾✹▼■✘■✘❁⑩✶✸■✧✢✲✚✜➣✾✼❀❇✜✿❊➣✸➣
✖✣✶✾■✧✖❪✿❊✶✩✼❀✷✺✿❖➣ ✳ ✷➐✼❀❺➑✶✸✿❊➣✭✖❪✿❊❹❞✼③✼✸■ ✳ ✶✾■▼❇✣✹⑦✷✽❇✣✷➐✼❀✷✺❉➾◆ ❹❊■▼❇✣❁✜✷✽✼❀✷✽■▼❇✣➣➝❉✻❇✣❁➑➣✸✷✺✹✻❇✣✷✯✿❢❹❊❉✻❇✒✼➟❇✣■✻✷✺➣✸✿➠■▼❇➆✼❀❺✣✿➒→③✿⑥❉➾➣✜✚✣✶✸✿❖❁
■✧✚✜✼✜✖✲✚✜✼ ✪

Ý ❡



✙ ✚✜✼✣✚✣✶✾✿ ✳ ■▼✶✭❨☎➣❸❹❊■✧✚✜◆✺❁ ❹❊■✻❇✣➣✸✷✽➣✾✼❸✷✺❇ ✷✺→❀✖✣✶✸■➤❑✘✷✺❇✣✹ ✢❪■✻✼✸❺ ✼❀❺✣✿➢✶✾✿❊➣✸■✻❇❢❉➾✼✸■▼✶❸❉✻❇✜❁ ✼❀❺✣✿➢✿❋❊✜❹❖✷✽✼✸✿❊✶➋→③■✘❁✣✿❊◆✽➣ ✪
✙❢■▼✶➝✼❀❺✣✿➋✶✾✿❊➣✸■✻❇❢❉➾✼✸■▼✶ ✦ →❼■✘❁✣✿❖◆✺➣✍✢❢❉✻➣✾✿❊❁✧■✻❇ ✿ ✪ ✹ ✪ ✼❀❺✣✿✁� ✿✂✢✜➣✾✼❀✿❖✶❼✿✂✽✕✚❢❉➾✼✸✷✺■▼❇ ✳ ✷➐✼❀❺ ✶✸✿❊❉✻◆✺✷✽➣✾✼❀✷✽❹ ❑ ✘ ✶✾✿✂✽✕✚✣✿❖❇✣❹✒✔✒❋
❁✣✿✒✖❪✿❊❇✣❁✣✿❖❇☎✼☎▲➡◆✺■▼➣✾➣✸✿❊➣✗✤ ❾✧❵ ✦❪❾ ❡ ★ ❹❊■✙✚✣◆✺❁ ✢❪✿❘❹❖■▼❇✣➣✾✷✺❁✣✿❖✶✸✿❊❁ ✪ ✙❢■✻✶➡➣✭✚✣❹✦❺ ❉❂→③■✘❁✣✿❖◆ ✦ ❉✻➣✾➣✸■✘❹❖✷➩❉➾✼✸✿❊❁ ❥❧✔✒❉✙✖✲✚✣❇✣■➤❑
✘❳✚✣❇✣❹❞✼❀✷✽■▼❇❢❉✻◆✽➣✡❉✻✶✸✿ ❉⑥❑➾❉✻✷✺◆✺❉✙✢✣◆➐✿ ➣✾■➡✼❀❺❢❉●✼✫■✧✚✣✶✫❉✙✖✲✖✜✶✸■✒❉✻❹✦❺❘❹❖■✧✚✣◆✽❁r✖✣✶✸■✧✢✣❉✙✢✣◆✯✔✹✢❪✿➝❉✻❁❢❉✱✖✜✼❀✿❖❁ ✪ ✙❢■▼✶✝✼❀❺✣✿ ✿❋❊☞❹❊✷✽✼✸✿❊✶ ✦
✼❀❺✜✿✷✖✣✶✾■✧✢✣◆✽✿❊→ ■✙✘❅✿✣❇✣❁✣✷✺❇✜✹ ➣✜✚ ❆❼❹❖✷✺✿❖❇☎✼✸◆✯✔ ➣✸✷✽→■✖✜◆✺✿❘✿❖❇✣✿❊✶✾✹✙✔✒❋❇✢❢❉✻◆✺❉✻❇✣❹❖✿❊❁ →③■✘❁✣✿❖◆✺➣➒✷✽➣✹✚✜❇✣❁✣✿❊✶➁➣✾✼✣✚✣❁ ✔ ❱✥✼❀❺✜✿❊✷✺✶
✿❊❇✜✿❊✶✸✹✱✔■✘❳✚✣❇✜❹❖✼❀✷✽■▼❇❢❉✻◆♣❹❊■✧✚✜◆✺❁➡❹❊■▼❇✜➣✾✼❀✷➐✼✣✚✜✼✸✿✗❉✡❥◗✔✒❉✱✖✲✚✣❇✣■➤❑■✘❳✚✣❇✜❹❖✼❀✷✽■▼❇❢❉➾◆❪❹⑥❉➾❇✣❁✣✷✺❁✣❉➾✼❀✿ ✪ ✰ ➣✸✷✽❇✣✹ ✼✸❺✣✿✡✼❀■✻✼❀❉✻◆❪✿❖❇✣✿❊✶✾✹✙✔
■✙✘ ✼❀❺✣✿⑩✷✽❇✣➣✾✼✸✶✜✚✣→③✿❊❇✒✼✝❹❊■✧✚✣◆✽❁➁❺✣✿❊◆✯✖➁✼❀■➀❁✣✿❖✶✸✷✽❑▼✿ ❉➟✹▼◆✺■✙✢❢❉✻◆✽◆✮✔➡❉✻➣❯✔☞→❀✖✜✼✸■✻✼❀✷✽❹ ■✧✢✣➣✾✿❊✶✾❑▼✿❖✶ ✪
❅✫❇✣■✻✼✸❺✣✿❊✶ ✳ ■▼✶✭❨ ✳ ✷✺◆✽◆ ❹❖■▼❇✣❹❖✿❊✶✾❇✐✼❀❺✣✿ ➣✸✿❊❹❖■▼❇✣❁❪✖✜✶✸■✧✢✣◆✽✿❊→ ❑✫❲ ❾ ▲❏❁✣✿❖➣✸❹❊✶✾✷✾✢❪✿❖❁⑦✷✺❇❸✼❀❺✣✿ ✷✺❇✒✼❀✶✸■✘❁✵✚✣❹❖✼✸✷✺■▼❇ ✦ ✼❀❺✣❉➾✼

✷✺➣ ✦ ❹❊■▼→❀✖✲✚✜✼✸✷✺❇✣✹➝✼❀❺✣✿❩❙❉✖✣◆✺❉P✔▼✿❖✶❊❃ ➣✝✹▼✿❖➣✾✼✜✚✣✶✸✿❖➣❯❚✓✘ ✶✾■▼→ ✼❀❺✣✿⑩→③✿⑥❉✻➣✭✚✣✶✸✿❖❁❸■✧✚✜✼✜✖✲✚✜✼✡❉✻❇✣❁➁✼✸❺✣✿✓✖✣✶✸■✧✖❪■✻➣✸✿❊❁❸■✧✢✜➣✸✿❊✶✩❑▼✿❊✶ ✪
✰ ✼ ❹❖■✧✚✣◆✺❁ ✢❪✿■✖✣✶✸■✘❹❖✿❊➣✸➣✾✿❊❁ ✢✕✔✷✚✜➣✸✷✺❇✜✹❘❉✻❁❢❉✱✖✜✼❀✷➐❑▼✿❀✿✣◆✽✼❀✿❖✶✸✷✽❇✣✹➁✼❀✿❊❹✦❺✣❇✜✷✾✽✕✚✣✿❊➣➝❉✻❇✣❁ ✳ ■✙✚✣◆✺❁➢✼❀❺✕✚✣➣ ❹❖■▼→❀✖✣◆✺✿❞✼❀✿➀✼❀❺✜✿
✹▼◆✽■✧✢❢❉✻◆❄✷✽❇☎❑▼✿❖✶✸➣✸✷✽■▼❇✹✖✣✶✸■✙✢✣◆✺✿❖→ ✪

✍✘✤✄✂ ✔ ✍✆☎ ✪✜✮✝✖ ☞✏✎ ✮ ✔ ✞ ✦

➓➔❺✣✿ ❉✙✚✜✼✸❺✣■▼✶✾➣➔✼❀❺❢❉➾❇✲❨ t ✷✽◆✽❑✘✷✾✚➒❍✡✷✺❹✒✚✣◆✺✿❖➣✸❹✒✚✹✘ ■▼✶➔❺✣✷✺➣➔❺✣✿❖◆✾✖✵✘❳✚✜◆❾❉✻❁☞❑☞✷✽❹❊✿❖➣ ✪
➓➔❺✣✷✽➣ ✳ ■▼✶✭❨➠❺❢❉✻➣✟✢❪✿❊✿❖❇❸➣✜✚✲✖✲✖❪■✻✶✾✼❀✿❖❁◆✢✕✔➠✼❀❺✜✿ ❻ ♠ ❍ t✲♠ ❍✫❍✡✥ t ✖✣✶✾■ ✣✾✿❖❹❖✼ ✦ ❅✗❍ �➔❋ ♣ ❍▲❋✏✵✬❥❾❅✫❍✝❋ ♣✧♣✧❢✧❵ ❋ ♣☞Ý✧✪

✝ ➘✟✞✡✠✿✯☞☛➄➺✘➫✝✍✙✷➤➼☎➯➁➫❊➼☎➲➆➻❳✯✍✌➔➯❀➚✗✷❯✤✪✘ ➫❊➚✏➲✰✯✏✎✒✑ ✎✔✓ ✟✟✕ ✍✗✖✘✓✎✡✚✙ ✡ ✟✜✛☞☎ ✟✘✕ ✝✢✓✆✣ ✡✆☎✤✕ ✟✥✙ ✡✚✦✚✓✄✟✆✍✧✖✘✓✎✡✩★✘✪✬✫ ✡✮✭✯✫✱✰✠✟☞✍ ✑ ✟ ✎✳✲

✦✴✓✄✟✆✍ ✑ ✝✑✞✵✛☞☎ ✟✘✕ ✝✢✓✆✣ ✡✆☎✤✕ ✟✷✶ ✯✧❊✌➯✦✛✙✍ ➼P✔✹✸✯➫❊➚✗✍✑✏✕✔✹✺☎➚✩➫❊➼✬✮✦➯✟✔✹✻✸✮✩➺☎➯✦✛✙✛ ➯✲✏✳➯✦➲☞✍ ➭✗✍✑✤⑥➼P✔☞➶➤➹➤➹✽✼☞✯
✝ ➶✄✞✡✾❀✿ ✯❁✺✹✛ ➯❀➭✫✮✩➺☎➯❀➚❛➫❊➼☎➲ ❇◗✯☎➨❱✯✹❂❨✤✟✏✫✏✫✍ ➼✎✷✬✯ ✪✬✫ ✡❃✭✯✫❄✰ ✟✆✍ ✑ ✟ ✎✳✲❅✦✴✓✄✟✆✍ ✑ ✝✑✞✵✛☞☎✎✟✟✕ ✝✟✓❄✣ ✡✆☎❆✕ ✟ ✯✯❇❚✒✒➚✗✍ ➼✎✷▲➯❀➚ ▲❉❈❾➯❀➚✗✛➐➫✝✷❳✔❆✾✳➯✦✾
❊ ✤⑥➚●❋❽✔❁❍■❇✆✠ ✔❢➘❑❏✽❏✽✼☞✯

✝▼▲✄✞ ❇✌➺✬✤✪✘ ➫✪✏◆✿❃❖✦✛✙✍ ➯✟✔P☛➄➺✒➚✗✍✑✏✏➭✫✤✪✒✒➺☎➯✥❈ ➯❀➚✗✷▲➯✦❴❯✔➄➻▲➯❬➫❊➼❘◗❙❖✦✵❚✍ ➼☎➯✟✔✌➫❊➼☎➲❯❚✴➫✕✵❖✍ ➯❀➚❱❂✓✤➾➲✒➯❀➭✕✯ ✌ ➼❚✵●➯❀➚✫✏✗✍✑✤⑥➼❭✤✝★➔➫❅✒✒➺➾➪☞✏✗✍✑✮❬➫✝✛
✘✥✤●➲☎➯✻✛✹✤✝★ ➫ ➭✭➚✭➽✎✘✚✒✜➯❀➭✕✯ ✌ ➼ ✭ ✝✡✎ ✑ ✂ ✎✳✲❲✕❳✫ ✡ ☎ ✎✑☎❑✲ ✡✆✝ ✡✆☎ ✑ ✡ ✎✟☎✴✙ ✡ ✑ ✍ ✟☞✍✏✎✑☎ ✝✑☎✵❨ ☎ ✎✑☎✤✕ ✝✡✎✟✞ ✔✬✵❯✤✪✛ ➽✎✘⑩➯❩▲✽✼☞✯▼▲☞✔❳✒✘➫✝✷▲➯✲✏
➶✽❬✽❏✽▲❪❭✻➶✽❬✽❏✽✼☞✔✤✸✯➺✬✤➾➯❀➼✎✍✢❂✰✔✤✠ ➚✗✍✙❴✕✤⑥➼✘➫☞✔✹❍❅❇✆✠ ✔❢➘❑❏✽❏✽❏☞✯ ✌ ✻❫✻❴✻❁✯

✝ ❵✔✞✡✻❁✯✔✿ ✯✄❛✂✤✪✛ ➲✰✯✤❜ ✎✑☎✚✞ ✍ ☎ ✡ ✝✑✝ ☛ ✝✑✝✑✝✔✣ ✡❝✕ ✡✆✝ ✡ ✟✘✕ ✍❞✣ ✝✽✕ ✍✏✎✑☎ ✎✳✲ ✝ ✑ ✎✔✓ ✟✟✕ ✍ ✑ ✣ ✎❪❨✄✡✆✞ ✟ ✯❁✸✯➺☎➨ ➭✭➺☎➯✲✏✗✍✑✏●✔✱☛☎✤✪✘✚✒✒➽✒➭✏➯❀➚✯❇❖✮✦✍ ➯❀➼✬✮✦➯
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σ =
✏✗✍✙✷➤➼

(ξ)
➴✦✯

σ α ω β0 βm

+ a
m

√

k
m

Abot−Aside sin θ
m

Aside sin θ
m

−
1+κa

1+κm
α+

√

1+κk

1+κm
ω+ −

Aside sin θ
(1+κm)m

Aside sin θ
(1+κm)m

τ = 2L/c λ = (ZL − Zc)/(ZL + Zc) µ = S2/(ρℓ2c2)
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α = 150s−1

✔
χ = 160s−1

✔
L = 1

✔
pm =

1.5e4Pa
✔
ω = 535s−1
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x̂(0) = [1e − 3, 1e − 1, y(0)

1+λ
]T
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σnoise/pm = 4e − 2
✯
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α = 150s−1
✔

χ = 160s−1
✔

L = 1
✔

pm = 1.5e4Pa
✔

ω = 535s−1
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σnoise/pm = 0.02
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αo = 1.1α
✔
po

m = 1.1pm

✔
ω = 1.1ωo
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x̂(0) =

[1e − 3, 1e − 1, y(0)
1+λ

]T
✯

✺ ♣



0 0.1 0.2 0.3 0.4
−5

0

5

10
x 10

−3

0 0.1 0.2 0.3 0.4
−4

−2

0

2

4

0 0.1 0.2 0.3 0.4
0

1

2

3

4
x 10

4

0 0.1 0.2 0.3 0.4
−2000

0

2000

4000

6000

time (s)

x
1

=
ξ
−

ξ e

� ✁ ✂
✄

☎ ✂ ✆ ✄
✁ ✝

✞✟
✠✟
✡☛☞

x
2

=
ξ̇

� ✁ ✂
✄ ✌

✟
✁ ✍

✞✂ ☛ ✎
☞

x
3

=
p
+

� ✍
✏☛ ✑✍

✂
✡✑
✄✒✟

✆✆
✏✒✟

☞

y

� ✡✍✂ ✆ ✎
✍
✏☛ ✄✏

☛☞

✺❘✍✙✷➤➽✒➚✏➯✳�▼➳ ✌ ➲✒➯✦✘➙➭✭➺✘➫❊➼✴✺✹✍✙✷✬✯✤❬ ✩✒➽✒➭❁✾❀✍ ➭✭➺
χ = 2 × 160s−1
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