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BIAXTALITY IN THE ASYMPTOTIC ANALYSIS OF A 2D LANDAU-DE
GENNES MODEL FOR LIQUID CRYSTALS

GIACOMO CANEVARI

ABSTRACT. We consider the Landau-de Gennes variational problem on a bounded, two dimen-
sional domain, subject to Dirichlet smooth boundary conditions. We prove that minimizers
are maximally biaxial near the singularities, that is, their biaxiality parameter reaches the
maximum value 1. Moreover, we discuss the convergence of minimizers in the vanishing elas-
tic constant limit. Our asymptotic analysis is performed in a general setting, which recovers
the Landau-de Gennes problem as a specific case.

1. INTRODUCTION

Nematic liquid crystals are an intermediate phase of matter, which shares some properties both
with solid and liquid states. They are composed by rigid, rod-shaped molecules which can flow
freely, as in a conventional liquid, but tend to align locally along some directions, thus recovering,
to some extent, long-range orientational order. As a result, liquid crystals behave mostly like
fluids, but exhibit anisotropies with respect to some optical or electromagnetic properties, which
makes them suitable for many applications.

In the mathematical and physical literature about liquid crystals, different continuum theories
have been proposed. Some of them — like the Oseen-Frank and the Ericksen theories — postulate
that, at every point, the locally preferred direction of molecular alignment is unique: such a
behavior is commonly referred to as uniaziality, and materials which exhibit such a property are
said to be in the uniaxial phase. In contrast, the Landau-de Gennes theory, which is considered
here, allows biaziality, that is, more than one preferred direction of molecular orientation might
coexist at some point. There is experimental evidence for the existence of thermotropic biaxial
phases, that is, biaxial phases whose transitions are induced by temperature (see [18, 23]).

In the Landau-de Gennes theory (or, as it is sometimes informally called, the Q-tensor theory),
the local configuration of the liquid crystal is modeled with a real 3 x 3 symmetric traceless
matrix Q(x), depending on the position x. The configurations are classified according to the
eigenvalues of Q. More precisely, @ = 0 corresponds to an isotropic phase (i.e., completely
lacking of orientational order), matrices @ # 0 with two identical eigenvalues represent uniaxial
phases, and matrices whose eigenvalues are pairwise distinct describe biaxial phases. Every
Q-tensor can be represented as follows:

(1.1) Q:s{(nm—;Id)+r<m®2—;1d>}

with 0 <7 < 1,5 > 0 and (n, m) is a positively oriented orthonormal pair in R3. The parameters
s and r are respectively related to the modulus and the biaxiality of @ (in particular, @ is uniaxial
if and only if r € {0, 1}).

Here, we consider a two-dimensional model. The material is contained in a bounded, smooth
domain 2 C R?, subject to smooth Dirichlet boundary conditions. The configuration parameter
@ is assumed to minimize the Landau-de Gennes energy functional, which can be written, in its
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2 GIACOMO CANEVARI

FIGURE 1. The space of @-tensors. The unit sphere and the uniaxial cones,
corresponding to r = 0 and r = 1, are represented. The vacuum manifold is the
intersection between the sphere and the cone r = 0.

simplest form, as
B 1 s 1
(12 2@ = [ {51Vl + 2@}

Here, \VQ|2 => ik ij’ & 1s a term penalizing the inhomogeneities in space, and f is the bulk
potential, given by
a(T —T%)

(13) Q="

The parameters «, b and ¢ depend on the material, T' is the absolute temperature, which we
assume to be constant, and T* is a characteristic temperature of the liquid crystal. We work
here in the low temperature regime, that is, T < T*. It can be proved (see [1, Proposition 9])
that f attains its minimum on a manifold .4, termed the vacuum manifold, whose elements are
exactly the matrices having s = s,, 7 = 0 in the representation formula (1.1) (s, is a parameter
depending only on «, b, ¢, T'). The potential energy ¢~2f(Q) can be regarded as a penalization
term, associated to the constraint @) € 4. In particular, as we will explain further on, biaxiality
is penalized. The parameter £? is a material-dependent elastic constant, which is typically very
small (of the order of 107 Jm™1!): this motivates our interest in the limit as & N\, 0.

Due to the form of the functional (1.2), there are some similarities between this problem and
the Ginzburg-Landau model for superconductivity, where the configuration space is the complex
field C ~ R2, the energy is given by

E.(u) = /Q {; Vul? + 4—; (1- u|2>2}

and the vacuum manifold is the unit circle. The convergence analysis for this model is a widely
addressed issue in the literature (see, for instance, [4] for the study of the 2D case). A well-
known phenomenon is the appearance of the so-called topological defects. Depending on the

rQ* —btrQ* + ¢ (r@?)’.
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homotopic properties of the boundary datum, there might be an obstruction to the existence of
smooth maps 2 — 4. Boundary data for which this obstruction occurs will be referred to as
homotopically non trivial (see Subsection 2.1 for a precise definition). In this case, the image of
minimizers fails to lie close to the vacuum manifold on some small set which correspond, in the
limit as € N\, 0, to the singularities of the limit map.

In the Ginzburg-Landau model, the whole configuration space C can be recovered as a topo-
logical cone over the vacuum manifold. In other words, every configuration u € C\ {0} is
identified by its modulus and phase, the latter being associated with an element of the vacuum
manifold. Defects are characterized as the regions where |u| is small. This structure is found in
other models: for instance, let us mention the contibution of D. Chiron ([8]), who replaced C by
a cone over a generic compact, connected manifold.

In contrast, this property is lost in the Landau-de Gennes model (1.2)—(1.3). As a result, for
the minimizers Q. of the Landau-de Gennes functional several behaviors near the singularities
are possible. For instance, one might ask whether the image of Q. lies entirely in the cone
over the vacuum manifold or not. In view of the representation formula (1.1), these alternatives
correspond, respectively, to uniaxiality and biaxiality.

Numerical simulations suggest that we might expect biaxiality in the core of singularities.
Schopohl and Sluckin (see [28]) claimed that the core is heavily biaxial at all temperatures,
and that it does not contain isotropic liquid. In the 3D case, a special biaxial configuration,
known as “biaxial torus”, has been identified in the core of point defects (see [10, 15, 14, 29]).
Gartland and Mkaddem ([10]) proved that, when Q = B(0, R) C R? with R large enough, and
the boundary data is radially symmetric, the radially symmetric uniaxial configurations become
unstable for sufficiently low temperature, hence minimizers cannot be purely uniaxial. Similar
conclusions have been drawn by Henao and Majumdar ([12]), by Ignat et al. ([13]) and, in the
2D case, by Lamy ([16]).

However, in all these works, a function is said to be “purely uniaxial” when the parameter r in
(1.1) is identically equal either to 0 or 1. Therefore, these results do not exclude the existence of
an “almost uniaxial” minimizer, for which r is very close to zero but vanishes nowhere (except,
possibly, on a negligible set).

To overcome this issue, the notion of maximally biaxial configuration is introduced in Sub-
section 3.1. One could define it as a configuration for which r(Q.(z)) = 1/2 holds, at some
point = € 2. The value 1/2, being equidistant from 0 and 1, might be thought as the maximum
degree of biaxiality. We are able to prove that minimizers are maximally biaxial, in the low
temperature regime T' < T,. More precisely, we have the following

Theorem 1.1. Assume that the boundary datum is a smooth function g: 0Q — A" and is not
homotopically trivial. Then, there exist to > 0 and €9 = eo(a, b, ¢, T — T') such that the two
conditions

ac(Ty —T)

—= 2> and e<egg

B2

imply that any minimizer Q. of the Landau-de Gennes model (1.2)~(1.3) is mazimally biazial
and satisfies

(1.4) inf |Q.| > 0.
Q

Theorem 1.1 prevents the isotropic phases (@ = 0) from appearing in minimizers, at the low
temperature regime. This is a remarkable difference between the Landau-de Gennes theory and
the popular Ericksen model for liquid crystals: in the latter, defects are always associated with
isotropic melting, since biaxiality is not taken into account. Remark that Theorem 1.1 is in
agreement with the conclusions of [28].

The proof of this result relies on energy estimates. With the help of the coarea formula, we
are able to bound from below the energy of any uniaxial configuration. Then, we provide an
explicit example of maximally biaxial solution, whose energy is smaller than the bound we have
obtained, and we conclude that uniaxial minimizers cannot exist.
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Another topic we discuss in this paper is the convergence of minimizers as € N\, 0. It turns out
that a convergence result for the minimizers of (1.2)—(1.3) can be established without any need
to exploit the matricial structure of the configuration space, nor the precise shape of f and 4.
For this reason, we introduce a more general problem, where the set of matrices is replaced by the
Euclidean space R?, .4 is any compact, connected submanifold of R?, and f: R? — [0, +-00) is a
smooth function, vanishing on .4, which satisfies the assumptions (H1)—(H5) listed in Section 2.
To avoid confusion, we denote by u: Q — R¢ the unknown for the new problem, and we let u.
be a minimizer.

Proposition 1.2. Assume that conditions (H1)-(H5) hold. There exist some e-independent
constants Ao, o > 0 and, for each § € (0, do), a finite set X. = X.(0) C Q, whose cardinality is
bounded independently of €, such that

dist(z, X¢) > Aoe implies that dist(ue(z), A7) < 0.

The set X, is empty if and only if the boundary datum is homotopically trivial. In the
Landau-de Gennes case (1.2)—(1.3), Proposition 1.2 and Theorem 1.1, combined, show that a
minimizer . is “almost uniaxial” everywhere, except on k balls of radius comparable to ¢, where
biaxiality occurs. Actually, we will prove that &k = 1 (see Proposition 1.4).

We can show that the minimizers converge, as € \, 0, to a map taking values in .4, having
a finite number of singularities. Moreover, due to the variational structure of the problem, the
limit map is optimal, in some sense, with respect to the Dirichlet integral v — % fQ |Vv|2.

Theorem 1.3. Under the assumptions (H1)-(H5), there exists a subsequence of €, 0, a finite
set X C Q and a function ug € C°(Q\ X, A) such that

Ue, — Up strongly in H,NC°(Q\ X, RY).

On every ball B CC Q\ X, the function ug is minimizing harmonic, which means

1 1
5/ Vu0|2:min{2/ Vo> :ve HY(B, ), v=uy on 33}.
B B

In particular, ug is a solution of the harmonic map equation
Aug(z) L Tyy (o) for all z € Q\ X,

where T, ()4 is the tangent plane of .#” at the point uo(z) and the symbol L denotes orthog-
onality.

We can provide some information about the behavior of uy around the singularity. For the
sake of simplicity, we assume here that .4 is the real projective plane P?(R) (this is the case,
for instance, of the Landau-de Gennes potential (1.3)); however, the analytic tools we employ
carry over to a general manifold.

Proposition 1.4. In addition to (H1)-(H/), assume A ~ P*(R) and the boundary datum
is not homotopically trivial (see Definition 2.1). Then, X reduces to a singleton {a}. For
p € (0, dist(a, 0R)), consider the function St — A" given by

cp: 0 ug (a+ pe?).

Up to a subsequence p, \, 0, c,, converges uniformly (and in C%* for a < 1/2) to a geodesic cy
in A, which minimizes the length among the non homotopically trivial loops in N .

Unfortunately, we have not been able to prove the convergence for the whole family (c,),>0,
which remains still an open question.

A interesting question, related to the topics we discuss in this paper, is the study of the
singularity profile for defects in the Landau-de Gennes model. Consider a singular point a € X,
and set P.(z) := Q.(a + ex) for all z € R? for which this expression is well-defined. Then P. is
a bounded family in L>° (see Lemma 4.1) and it is clear, by scaling arguments, that

||VPEHL2(K) <C for all K cc R2.
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Thus, up to a subsequence, P. converges weakly in H{ (R?) to some P.. It is readily seen that,
for each R > 0, P, minimizes in B(0, R) the functional F; among the functions P € H!(B(0, R))
satisfying P = P, on B(0, R), and consequently it solves in R? the Euler-Lagrange equation
associated with Ej.

A function P, obtained by this construction is called a singularity profile. Understanding the
properties of such a profile will lead to a deeper comprehension of what happens in the core of
defects, and vice-versa. Remark that, in view of Theorem 1.1, strong biaxiality has to be found
in singularity profiles correpsonding to low temperatures. We believe that the study of these
objects will also play an important role in the analysis of the three-dimensional problem. Let us
mention here that some results in this direction have been obtained by Henao and Majumdar,
in [12], where a 3D problem with radial symmetry is considered. Restricting the problem to the
class of uniaxial @-tensors, the authors proved convergence to a radial hedgehog profile.

This paper is organized as follows. In Section 2 we present in detail our general problem,
we set notations, and we introduce some tools for the subsequent analysis. More precisely,
in Subsection 2.1 we define the energy cost of a defect, while we discuss in Subsection 2.2 the
nearest point projection on a manifold. Section 3 specifically pertains to the Q-tensor model, and
contains the proof of Theorem 1.1. The asymptotic analysis, with the proof of Proposition 1.2
and Theorem 1.3, is provided in Section 4. Finally, Section 5 deals with Proposition 1.4.

Note added in proof. While preparing this paper, we were informed that Golovaty and
Montero ([11]) have recently obtained similar results about the convergence of minimizers in
the @-tensor model.

2. SETTING OF THE GENERAL PROBLEM AND PRELIMINARIES

As we mentioned in the introduction, our asymptotic analysis will be carried out in a general
setting, which recovers the Landau-de Gennes model (1.2)—(1.3) as a particular case. In this
section, we detail the problem under consideration. The unknown is a function 2 — R?, where Q
is a smooth, bounded (and possibly not simply connected) domain in R?. Let g: 9Q — R? be
a boundary datum, and define the Sobolev space Hj (€2, R?) as the set of maps in H'(Q, RY)
which agrees with g on the boundary, in the sense of traces. We are interested in the problem

2.1 in E
(2.1) ueHI;l(ng) =(u)

where

Bl = Bulu @) = [ {5190 + s}

and f: R? — R is a non negative, smooth function, satisfying the assumptions below.

The existence of a minimizer for Problem (2.1) can be easily inferred via the Direct Method
in the calculus of variations, whereas we do not claim uniqueness. If u. denotes a minimizer for
FE., then u. is a weak solution of the Euler-Lagrange equation

1
(2.2) —Au, + 8—2Df(u5) =0 in €.

Via elliptic regularity theory, it can be proved that every solution of (2.2) is smooth.

Assumptions on the potential and on the boundary datum. Denote, as usual, by
S9=1 the unit sphere of R?, and by dist(v, N) the distance between a point v € R% and a set N.
We assume that f: R? — R is a smooth function (at least of class C?' 1), satisfying the following
conditions:

(H1) The function f is non-negative, the set .4 := f~1(0) is non- empty, and .#" is a smooth,
compact and connected submanifold of RY, without boundary. We assume that .4 is
contained in the closed unit ball of R

(H2) There exist some positive constants dg < 1, mg such that, for all v € 4" and all normal
vector v € R? to .4 at the point v,

Df(v+ty)-V2m0t, if 0 <t <.
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(H3) For all v € R? with |v| > 1, we have

f(v) >f(|z|>-

The set A4 will be referred as the vacuum manifold. Concerning the boundary datum, we assume
(H4) g: 0Q — R? is a smooth function, and g(z) € .4 for all z € 9.

For technical reasons, we impose a restriction on the homotopic structure of .4#". A word of
clarification: by conjugacy class in a group G, we mean any set of the form {aza=!: a € G}, for
req.

(H5) Every conjugacy class in the fundamental group of 4" is finite.

Remark 2.1. The assumption (H2) holds true if, at every point v € 4, the Hessian matrix
D?f(v) restricted to the normal space of 4" at v is positive definite. Hence, (H2) may be
interpreted as a mon-degeneracy condition for f, in the normal directions.

We can provide a sufficient condition, in terms of the derivative of f, for (H3) as well: namely,
v-Df(v) >0 for |v] > 1

(indeed, this implies that the derivative of t € [1, +00) — f(tv) is positive). Hypothesis (H3) is
exploited uniquely in the proof of the L> bound for the minimizer u..

Assumption (H5) is trivially satisfied if the fundamental group w1 (.4#") is abelian or finite.
This covers many cases, arising from other models in condensed matter physic: Besides rod-
shaped molecules in nematic phase, we mention planar spins (.4 ~ S!) and ordinary spins
(A =~ S?), biaxial molecules in nematic phase (4 ~ SU(2)/H, where H is the quaternion
group), superfluid He-3, both in dipole-free and dipole-locked phases (A4 ~ (SU(2) x SU(2))/H
and .4 ~ P3(R), respectively).

The Landau-de Gennes model. In this model, the configuration parameter belongs to the
set Sg of matrices, given by

So:={QeMR): Q" =Q, trQ=0}.

This is a real linear space, whose dimension, due to the symmetry and tracelessness constraints,
is readily seen to be five. The tensor contraction @ : P = Zz ; Qi P;; defines a scalar product
on Sy, and the corresponding norm will be denoted |-|. Clearly Sg can be identified, up to an
equivalent norm, with the Euclidean space R3.

The bulk potential is given by

(2.3) Q) =k — gtr Q? - gtrQ3 + g (trQ2)2 for all Q € So,

where a, b, ¢ are positive parameters and k is a properly chosen constant, such that inf f = 0.
(We have set a := —a(T — T) in formula (1.3)). It is clear that the minimization problem (2.1)
does not depend on the value of k. This model is considered in detail, for instance, in [19], where
) is assumed to be a bounded domain of R3.

In the Euler-Lagrange equation for this model, D f has to be intended as the intrinsic gradient
with respect to Sg. Since the latter is a proper subspace of the 3 x 3 real matrices, D f contains
an extra term, which acts as a Lagrange multiplier associated with the tracelessness constraint.
Therefore, denoting by Q. any minimizer, Equation (2.2) reads

(2.4) —e?2AQ. —aQ. — b {Qg — é(tr Q?) Id} +ceQ.trQ? =0,

where %b tr Q2 Id is the Lagrange multiplier. We will show in Subsection 3.1 that this problem
fulfills (H1)—(H5), and thus can be recovered in the general setting.
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2.1. Energy cost of a defect. By the theory of continuous media, it is well known (see [20])
that topological defects of codimension two are associated with homotopy classes of loops in the
vacuum manifold 4. Now, following an idea of [8], we are going to associate to each homotopy
class a non negative number, representing the energy cost of the defect.

Let I'(.#") be the set of free homotopy classes of loops S' — .4/, that is, the set of the path-
connected components of C°(S!, .#) — here, “free” means that no condition on the base point
is imposed. As is well-known, for a fixed base point vg € .4 there exists a one-to-one and onto
correspondence between I'(.4") and the conjugacy classes of the fundamental group (4, vo).
As the latter might not be abelian, the set I'(.#") is not a group, in general. Nevertheless, the
composition of paths (denoted by %) induces a map

(2.5) D(AN)xD(N) = 2 ([L(N), (o, B)—a-f

in the following way: for each v € .4/, fix a path ¢, connecting vy to v. Then, for o, 8 € T'(A)
define

- B := {homotopy class of the loop ((csq1) * f) * cy1)) * ((cg1) * 9) * Cg(1)): f € o, g € B},

where ¢ (1), ¢q(1) are the reverse paths of cy(qy, cg(1) respectively. If we regard «, 8 as conjugacy
classes in m (A, vo), we might check that

a - 3 = {conjugacy class of ab: a € a, b € 8}

(in particular, we see that « - 8 does not depend on the choice of (¢;)pe ). As a, (B are finite,
due to (H5), the set a * 3 is finite as well.

The set I'(.4"), equipped with this product, enjoys some algebraic properties, which descend
from the group structure of 71 (4", vg). The resulting structure is referred to as the polygroup of
conjugacy classes of 71 (.4, vg), and was first recognized by Campaigne (see [6]) and Dietzman
(see [9]). We remark that, even if m(.A47, b) is not abelian, we have o - f = S - « for all
a, B € T(A). This follows from ab = a(ba)a™!, which holds true for all a, b € 71 (A", vy).

The geometric meaning of the map (2.5) is captured by the following proposition. By con-
vention, let us set H}Zl vi :={m}.

Lemma 2.2. Let D be a smooth, bounded domain in R?, whose boundary has k > 2 connected
components, labeled Cy, ..., Cx. For alli = 1,...,k, let g;: C; — A be a smooth boundary
datum, whose free homotopy class is denoted by ;. If the condition

h k
(2.6) H%’ N H v # 0
i=1 i=h+1
holds for some index h, then there exists a smooth function g: D — A, which agrees with

gi on every C;. Conversely, if such an extension exists then the condition (2.6) holds for all
hell,..., k}.

Proof. Throughout the proof, given a path ¢ we will denote the reverse path by c.
Assume that (2.6) holds. We claim that the boundary data can be extended continuously on
D. Tt is convenient to work out the construction in the subdomain

D' :={x € D: dist(z, D) > 6},

where § > 0 is small, so that D and D’ have the same homotopy type. Up to a diffeomorphism,
we can suppose that D’ is a disk with k holes, and C; is the exterior boundary. It is equally
fair to assume that there exists a path B, homeomorphic to a circle, which splits D’ into two
regions, Dy and D, with

h k

(’“)DlzBUUCi, 0Dy = BU U C;.

i=1 i=h+1
This configuration is illustrated in the Figure 2.1. Let b: B — .4 be a loop whose free homotopy
class belongs to H?Zl ;N Hf:hﬂ Y.



8 GIACOMO CANEVARI

FIGURE 2. The geometry of D’ in Lemma 2.2.

We wish, at first, to extend the boundary data to a continuous function defined on D;.

Let ¢1, ..., ¢, be mutually non intersecting paths [0, 1] — D;, connecting a fixed base point
xo € D1 with C1, ..., C} respectively, and let ¥ denote the union of C1, ..., C} and the images
of ¢1, ..., cp. The set ¥ can be parametrized by the loop

a:=((cr xay)xc1) * ((ca*xan) * ) x - * ((cp *xap) *xCp) ,
where «;: [0, 1] = C; is a parametrization of C; proportional to arc length.

Next, we “push forward” a to a loop in .A4". Since b € H?:l ~;, there exists a loop o, freely

homotopic to b, which can be written as

0= ((01%g1) % 1) * (02 % g3) % T2) * -+ ((on * g4) * Tn) ,
where ¢, € v; and o; is a path in .4 connecting a fixed base point vg € A4 with g}(1), for
each i € {1,2,...,h}. We can regard o as a map ¥ — .4 more precisely, we can set
t € 10,1] — o(a~t(t)) and check that this mapping is well-defined. By construction, there
exists a homotopy between b and o, which provides a continuous extension of the boundary data
g%,..., g, b to amapping vi: Dy — A .

We perform the same construction on the subdomain D, obtaining a continuous function vs.
Pasting v; and vy we get a continuous map v’ : D , whose trace on each C}; is homotopic to
gi- As D\ D' is just a small neighborhood of 9D, it is not difficult to extend v’ to a continuous
function v: D — 4, such that v| ¢, = gi for all 7. Smoothness can be recovered, for instance,
via a standard approximation argument.

Conversely, assume that an extension g exists, and let B, Dy, Dy, 3 be as before, for h
arbitrary. Then, g| p, provides a free homotopy between glp and gls;, so the homotopy class

of g|z belongs to H?:l ~;- Similarly, the class of g|; belongs to Hf:hH ~;, and hence the
condition 2.6 holds. O

For each v € I'(./), we define its length as

1/2
(2.7) Aly) = inf{(%’/gl \c’(@)\Q d9> :cE’yﬂHl(Sl,,/V)}.
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First, the set v N H(S*, .#) is not empty since the embedding H(S!, 4) — C°(St, 4 is
compact and dense. Then, notice the infimum in (2.7) is achieved, and all the minimizers ¢ are
geodesics. Thus, |¢/| is constant, and A(y) = 27 |¢/| coincides with the length of a minimizing
geodesic.

In the definition of the energy cost of a defect, it is convenient take into account the product
we have endowed I'(.A4") with. For each v € T'(./4") we set

k k
! 2 | |
(2.8) Ai(v) = inf {M ;:1 Avi)?: keN, y,el(A), v e i|:|1 %} 7

where the order of the product is not relevant. It is worth pointing out that the infimum in (2.8)
is, in fact, a minimum. Indeed, since .4 is compact manifold, its fundamental group is finitely
generated; on the other hand, v contains only a finite number of elements of w1 (N, vg), by (H5).
As a result, we see that the infimum in (2.8) is computed over finitely many k-uples (y1, ..., 7x)-

Roughly speaking, the number A.(v) can be regarded as the energy cost of the defect «. For
example, when .4/ = St we have I'(S!) ~ m(S!) ~ Z, that is, the homotopy classes in I'(S?)
are completely determined by their degree d € Z. Besides, A(d) = 27 |d| and A.(d) = 7 |d|, the
infimum in (2.8) being reached by the decomposition

T =72 =" =74q =signd= =+l

Hence, in this case decomposing the defect is energetically favorable. This is related to the
quantization of singularities in the Ginzburg-Landau model (see [4]).
By definition, A, enjoys the useful property
k k
(2.9) A <Y A(w) i ye][w with 4 eT(A).
i=1 i=1
We conclude this subsection by coming back to our main problem (2.1), and fixing some
notation that will be used throughout this work.

Definition 2.1. A continuous function g: 9 — 4" will be called homotopically trivial if and
only if it can be extended to a continuous function @ — .A4".

In case € is a simply connected domain, thus homeomorphic to a disk, being homotopically
trivial is equivalent to being null-homotopic, that is, being homotopic to a constant. By contrast,
these notions do not coincide any longer for a general domain. For instance, suppose that
is an annulus, bounded by two circles C; and Cs, and that g1, go are smooth data, defined on
C1, Co respectively and taking values in A4". If g1, go are in the same homotopy class, then
the boundary datum is homotopically trivial in the sense of the previous definition, although
each g;, considered in itself, might not be null-homotopic. We will provide a characterization
of homotopically trivial boundary data, for general domains, with the help of the tools we have
described in this section.

Label the connected components of 9Q as C4, ..., C, and denote by ~;, for i € {1, ..., k},
the free homotopy class of the boundary datum g restricted to C;. Define

k
Ky 1= inf {)\*(’y): v E H%} ,
i=0

where A, has been introduced in (2.8). By definition of \., we have

m m k

. 1 2,

(2.10) Ky = inf E;A(nj) :meN, n; € D(A), Hlnjml'[l%-?é@

j= j= i=

In both formulae, the infima are taken over finite sets, and hence are minima.
As a straightforward consequence of Lemma 2.2, we obtain the following result, characterizing
trivial boundary data. The proof is left to the reader.
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Corollary 2.3. Let D C R? be a smooth, bounded domain, and let g;, v; be as in Lemma 2.2.
Then, the following conditions are equivalent:

(i) the boundary datum (g;)¥_, is homotopically trivial;
(i) denoting by € the free homotopy class of any constant map in A, we have

k
ce ]
=1
(iii) Ky = 0.

2.2. The nearest point projection onto a manifold. In this subsection, we discuss briefly a
geometric tool which will be exploited in our analysis: the nearest point projection on a manifold.

Let .4 be a compact, smooth submanifold of R?, of dimension n and codimension k (that
is, d = n+ k). It is well known (see, for instance, [22, Chapter 3, p. 57]) that there exists a
neighborhood U of .4 with the following property: for all v € U, there exists a unique point
7(v) € A such that

(2.11) |v — m(v)| = dist(v, A).

The mapping v € U +— m(v), called the nearest point projection onto .4, is smooth, provided
that U is small enough. Moreover, v — 7w(v) is a normal vector to .4 at each point v € A4 (all
this facts are proved, e.g., in [22]).

Throughout this work, we will assume that 7 is well-defined and smooth on the Jy-neighbor-
hood of A4, where Jy is introduced in (H2).

Remark 2.4. With the help of 7, we can easily derive from (H2) some useful properties of f and
its derivatives. Let v € R? be such that dist(v, .#") < . Then,

mo dist(u, A7) < Df(u) - (u—m(u)) < My dist(u, A).

Indeed, the lower bound is given by (H2), whereas the upper bound is obtained by a Taylor
expansion of D f around the point 7(u) (remind that D f(7(u)) = 0 because f is minimized on
A). As A is compact, the constant My can be chosen independently of v. Via the fundamental
theorem of calculus, we infer also

%mo dist?(u, A) < f(u) = / Df (m(u) +tlu —m(w))) - (u—m(uw))dt < %Mg dist?(u, A).
0

The following lemma establishes a gradient estimate for the projection of mappings.
Lemma 2.5. Let u € C1(Q, R?) be such that dist(u(z), A) < &y for all x € Q, and define
o(x) := dist(u(x), A), v(z) == 7m(u(x))
for all x € Q. Then, the estimates
(2.12) (1—Mo)|Vo]* < |Vul> < (1 + Mo) |[Vo|* + |Vo |
hold, for a constant M depending only on N, k.

Proof. Fix a point x € Q. Let vy, g, ..., be a moving orthonormal frame for the normal
space to .4, defined on a neighborhood of v(z). (Even if .4 is not orientable, such a frame
is locally well-defined). Then, for all ¥ in a neighborhood of x, there exist some numbers
a1(y), az(y), ..., ag(y) such that

k
(2.13) u(y) =v(y) + Z a;(y)vi(v(y)).
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The functions v, a; are as regular as u. Differentiating the equation (2.13), and raising to the
square each side of the equality, we obtain

k
Vul* = 190 = 3 {a2 Vi (o) + Vi

(2.1 i=1
+2a; Vo : Vi (v) + 2Vo : (1(v) ® Vay) + 20; Vi (v) : (v3(v) @ Vo) }
The fourth term in the right-hand side vanishes, because Vv is tangent to .#". The last term
vanishes as well since, differentiating v; = 1, we have (Vi;)r; = 0. For the first term of the
right-hand side, we set
M:=1+ sup ||[Vi|7e
1<i<k

and we remark that
k k
> a |Vui()? < MY af [Vo]* = Mo? [Vl
i=1 i=1
: . k k 1/2 .
By the Cauchy-Schwarz inequality and ), ; o; < Cy, (Zi:l a?) , We can write

k

Z a; Vv : Vy;(v)

i=1

k
<MY 0 |Vo]? < Mo |Vol?,

i=1

(2.15)

up to modifying the value of M in order to absorb the factor C). Furthermore, since o < dg < 1,
from (2.14) and (2.15) we infer

k k
(2.16) (1= Mo) Vo> + ) |Vaul* < [Vul* < (14 Mo) |[Vo|* + > [Vay|?.
i=1 i=1
The lower bound in (2.12) follows immediately, and we only need to estimate the derivatives
of a; to conclude. It follows from (2.13) that o;; = (u — v) - v;(v). Differentiating and raising to
the square this identity, and taking into account that (Vv;)r; = 0, we deduce

k k
Z |Vozi|2 = Z {|V(u —0)- ui(v)|2 +|(u—wv)- Vui(v)|2} .
Then
k
(2.17) 3 Vil SM{|V(u—v)\2+02|Vv|2}.

=1

Computing the gradient of o = |u — v| by the chain rule yields |Vo| = |V(u — v)|. Therefore,
the estimates (2.15) and (2.17) imply the upper bound in (2.12).

Notice that our choice of the constant M depends on the neighborhood where the frame
(Vi)1<i<k is defined. However, since .4 is compact, we can find a constant for which the
inequality (2.12) holds globally. O

3. BIAXIALITY PHENOMENA IN THE LANDAU-DE GENNES MODEL

We focus here on the Landau-de Gennes model (2.1)—(2.3). To stress that this discussion
pertains to a specific case, throughout the section we use @ instead of v to denote the unknown.
In constrast, the other notations — the symbols for the potential and the vacuum manifold, in
particular — are still valid.

In this section, we aim to prove Theorem 1.1. This can be achieved independently of the
asymptotic analysis: we need only to recall a well-known property of minimizers.
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Property 3.1. Any minimizer Q. for problem (2.1)—(2.3) is of class C*° and fulfills

2
10el e < y 2

where s, is the constant defined in (3.4).

The proof will be given further on (see Lemma 4.1).

3.1. Useful properties of Q-tensors. Our first goal is to show that the Landau-de Gennes
model satisfies (H1)—(H5), so that it fits to our general setting. In doing so, we recall some
classical, useful facts about @Q-tensors. Let us start by the following well-known definition: we
set )
. (tr @)

This defines a smooth, homogeneous function 3, which will be termed the biaxiality parameter.
It could be proved that 0 < § < 1 (see, for instance, [19, Lemma 1 and Appendix] and the
references therein). Now, we can precise what we mean by “maximally biaxial minimizers”, an
expression we have defined informally in the Introduction.

Definition 3.1. Let @ be a function in H; (Q, Sp). We say that Q is almost uniazial if and
only if
max A(Q) < 1.

Q
Otherwise, we say that @ is maximally biaxial.

Another classical fact about Q-tensors is the following representation formula, which turns
out to be useful in several occasions.

Lemma 3.2. For all fized Q € Sp\ {0}, there exist two numbers s € (0, +00), r € [0, 1] and an
orthonormal pair of vectors (n, m) in R? such that

(3.1) Q:s{n®2— %Id—l—r (m®2— ;Id)}.

Furthermore, labeling the eigenvalues of Q as A1 > Ao > A3, if (s, r, n, m) satisfies the conditions
above then

r—)\1+2/\2
VDV

and n, m are eigenvectors associated to A1, Ao respectively.

(3.2) s =2)1 + Ao,

Sketch of the proof. Let (s, r, n, m) be a set of parameters with the desired properties, and
denote by p the vector product of n and m, so that (n, m, p) is a positive orthonormal basis of
R3. Exploiting the identity Id = n®2 + m®? + p®2, we can rewrite (3.1) as

Q=3@=rn® 4 2(r = Ym® = Z(1+r)p®2,

The constraints s > 0, 0 < r < 1 entail

s s s
—2=r)>=(r—1)>—=(1 .
22-n2ir-12-301+7)

We conclude that

s s s
)\1—5(2—7‘), )\2—§(T_1), )\3—_§(I+T),

and that n, m, p are eigenvectors associated to A1, A2, A3 respectively. The identities (3.2) follow
by straightforward computations. Conversely, it is easily checked that the parameters defined
by (3.2) satisfy (3.1). O
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Remark 3.3. The limiting cases » = 0 and » = 1 correspond, respectively, to A\; = A2 and
A2 = A3. In the literature, these cases are sometimes referred to as prolate and oblate uniaxiality,
respectively. The modulus and the biaxiality parameter of ) can be expressed in terms of s, r
as follows (compare, for instance, [19, Equation (187)]):

27r2 (1 —r)?

2 29,9 _
QI =35 (r* —r+1),  BQ) T0E

3

In particular, one has

(3.3) S(Q) > ﬁ Q.

Also, remark that @ is maximally biaxial if and only if there exists a point x € € such that
r(Q(z)) =1/2.
With the help of (3.1), the set of minimizers of the potential f can be described as follows.

Proposition 3.4. Let f be given by (2.3), and set

(3.4) Sy = i {b +Vb2+ 24(10} .

Then, the minimizers for f are exactly the matrices which can be expressed as

1
Q = s, <n®2 -3 Id> for some unit vector n € R3.

The set of minimizers is a smooth submanifold of So, homeomorphic to the projective plane P?(R),
contained in the sphere {Q €So: |Q| = 3*\/2/3}. In addition, S(Q) = 0 if Q is a minimizer
for f.

The reader is referred to [19, Propositions 9 and 15] for the proof. Here, we mention only
that a diffeomorphism P?(R) — .4 can be constructed by considering the map

(3.5) p:n € S? s s, <n®2 - ;Id)

and quotienting it out by the universal covering S? — P?(R), which is possible because ¢(n) =
#(—n). Remark also that, for all n € S? and all tangent vector v € T,,52%, we have

(3.6) (dp(n), v) =s,(n@v+v®n),

as it is readily seen differentiating the function ¢ — ¢(n + tv).

It is well-known that the fundamental group of the real projective plane consists of two ele-
ments only. Therefore, I'(P?2(R)) ~ 71 (P?(R)) ~ Z/27Z, and (H5) is trivially satisfied. Hypothesis
(H1) is fulfilled as well, up to rescaling the norm in the parameter space, so that the vacuum
manifold is contained in the unit sphere. Let us perform such a scaling: we associate to each
map Q € H'(Q, Sp) a rescaled function Q., by

Qz) = \/gs*Q*(x) for all z € Q.

It is easily computed that

2
283

r@ =7 [ {5vars 5@},

where f* is given by

* b* *
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2 2
a* = a, b* = \/;s*b, ¢’ = gsic

Notice that f* is minimized by s = 1/3/2, r = 0. Thus, we can assume that the vacuum manifold
is contained in the unit sphere of Sy, up to substituting f* for f in the minimization problem
(2.1).

Lemma 3.5. The potential f* defined by (3.7) fulfills (H1)-(H3).

and

Proof. We know by Proposition 3.4 that (H1) is satisfied. We compute the gradient of f*:
1
Df*(Q) = —a"Q - b*Q* - 30 (r Q%) 1d+c*QtrQ?,

where the term —b*(tr Q2)Id /3 is a Lagrange multiplier, accounting for the tracelessness con-
stant in the definition of Sg. With the help of Remark 2.1, we show that (H3) is fulfilled as well.
Indeed, one cas use the inequality v/6tr Q3 < |Q|3 to derive

S4b

252¢ 4
: QI

3
QP +=

Df(Q):Q=-a"|Q —b"wQ’ +¢"|QI" = ~alQ -

It is readily seen that the right-hand side is positive, for |Q\2 > 1.
Finally, let us check the condition (H2). For a fixed Q € .4, there exists n € S? such that
Q = ¢(n), where ¢ is the smooth mapping defined by (3.5). Up to rotating the coordinate frame,
we can assume without loss of generality that n = e3. By formula (3.6), we see that the vectors

3
Xk:\/;(€k®63+63®6k), ke {1, 2}

form a basis for the the tangent plane to .4 at the point Q. As a consequence, P € Sg is a
normal vector to 4 at @ if and only if P: X; = P: X5 = 0 or, equivalently, iff it has the form

P1 D2 0
(3.8) P=|p2 p3 0
0 0 —p1—p3

It is easily checked that PQ = QP. Now, we compute
Df*(Q+tP): P=—a*(Q+tP): P—b"(Q+tP)*: P+ c*tr(Q +tP)*(Q+tP): P
—¢ {—a* P = 2b*(PQ) : P+ 2¢* (tr PQ)? + ¢* |P|2} +O(t?)
(we have used that Df*(Q) = 0 and that @ : P = tr PQ). By (3.8), we have

1 /3 1 /3 3
(PQ): P = 3\/;{2(191 +p3)® —pl —p3—2p3} < 2\[2(171 +p3)?, wPQ= _\/;(pl +p3)

and hence
3
Df*(Q+tP):P>t(—a" +c)|P|>+t (30* — \/;b*> (p1 + p3)? + O(t?).
The coefficients in the right-hand side are readily shown to be non negative: more precisely,

1 1
—a* +c" = e {62 + b/ b2 + 24(10} >0, 3c* — \/gb* =58 {\/ b2 + 24ac — b} > 0.
c
Thus, we have proved that 9% f(Q) > —a* + ¢* > 0. O

Finally, let us point out a metric property of .#". We know that the parameter k., defined by
(2.10), can take a unique positive value, corresponding to a geodesic loop in .#” which generates
m1(A7). Since we aim to calculate it, we need to characterize the geodesic of .#". Some help is
provided by the mapping ¢ that we have introduced in (3.5).
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Lemma 3.6. For all n € S? and all tangent vector v € T,,S?, it holds that
(3.9) |{dg(n), v)| = V2s.[v],

that is, the differential of ¢ is a homothety at every point. In addition, the geodesics of N are
exactly the images via ¢ of the geodesics of S?, that is, great circles parametrized proportionally
to arc length.

Proof. It follows plainly from (3.6) that

(do(n), v)|* = 252 Z (njvnv; + nv;on;) .
i,
As v is tangent to the sphere at the point n, we have v -n = 0, so the second term in the
summation vanishes, and we recover (3.9).

Denote by g, h the first fundamental forms on S2, 4" respectively (that is, the metrics these
manifolds inherit from being embedded in an Euclidean space). In terms of pull-back metrics,
Equation (3.9) reads

¢*h = 2s%g
and, since the scaling factor 2s2 is constant, the Levi-Civita connections associated with ¢*h
and g coincide: this can be argued, for instance, from the standard expression for Christoffel

symbols
i _ 19“ Ogi;  Ogie  Ogjk
k9 oxk  Oxi ozl )
As a consequence, we derive the characterization of geodesics in A". O

Proving the following result is not difficult, once we know what the geodesics in .#" are. The
proof is left to the reader.

Corollary 3.7. The curve

(3.10) et 0 €0, 21] > \/g <n0(9)®2 - ;)Id) ,

where no(0) = [cos(0/2), sin(8/2), 01", minimizes the functional
1 2m
ce HY(SY, ) o §/ ¢ (60))% 4o
0

among the non-homotopically trivial loops in A . In particular,
3

Ky = —T.

4

3.2. Energy estimates for an almost uniaxial map. In this subsection, we aim to establish
a lower estimate for the energy of uniaxial maps. As a first step, we examine the potential f*,
and we provide the following result, which improves slightly [19, Proposition 9].

Lemma 3.8. For all Q € Sy with |Q] < 1, the bulk potential is bounded by

(3.11) Q)= (1-1Q)* +0B8(Q) QI
and
(3.12) F1Q) < pa (1 1Q)° +208(Q) [QF,

where 0 = o(a, b, ¢), u; = pi(a, b, ¢) fori € {1, 2} are explicitly computable positive constants.
Moreover, setting t :== ac/b® we have

(3.13) %(t):@(flﬂ) and %(t):O(l) as t — +oo.
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Proof. Set X :=1—|Q| and Y := s,+/2/3 —|Q], for simplicity. We focus, at first, on the lower
bound. The non-rescaled bulk potential f satisfies the inequality

2 b 2 c b
3.14 >y2{ ey 50y —C\/>S* Y+-Y2h 4+ — 3
61y JQ= {2 R B R o Rt e L
which is a byproduct of the proof of [19, Proposition 9]. Thus, f* fulfills

c. (bS* - 2556) X+ SchQ} <P 5Q) QP

2
*

3

S

* 2 a
F@=zx {2+ 9 3 6 18

We set o := bs,/18. Now, we pay attention to the terms in brace: our goal is to minimize the
mapping
$: X €[0,1] = A+ BX +CX?,

where we have set
R n s2c B bs, 2s2c C— s2c

2 37 9 3’ 6’
in order to recover the lower estimate (3.11) with p; := minjg 1;#. It can be easily computed
that ¢ attains its global minimum on R at the point

B_,_ b _, 4
20 3s.¢ 3v1+ 24t + 3’

and that p; > ¢(—B/2C) > 0, for all the possible values of a, b, ¢. We have proved the lower
bound for f*.

We can argue analogously to bound f* from above. We consider the proof of [19, Proposition
9], and use the inequality

8Q) _ QI
6 = /5

in Equations (133)—(134). With the same calculations as in (135)—(138), we obtain

a cs? b 2 c b 3
SY2 o4+ =+ —C\[s* Y4+ Y2+ — ,
ey {2 eV RGE e s es@al
in place of the inequality (3.14). Thus, we can establish the upper estimate (3.12), with pg :=

maX[Q 1] ¢
Now, we investigate the behavior of y; and o as t = ac/b?> — +00. When ¢ is large enough,
—B/2C > 1 and

]_,
trQ® = £|Qf°

(1-58(Q))

where the last expression can be explicitly calculated through simple algebra:

a s2c n s.b  36ac+ bv/b2 + 24ac + b? 36t + 1+ 24t + 1
= — — = =aqa .
M=57"% "9 144c 144t

On the other hand,
s VP4 bVD2+2dac 141+ 24t
BT T2c e o
and we conclude (3.13). O

We see from the estimates (3.11) and (3.12) that pq, p2 and o can be understood as parameters
governing the energy cost of uniaxiality and biaxiality, respectively. Furthermore, (3.13) suggests
that biaxial solutions are energetically favorable when ¢ is large, that is, when b is small, compared
to ac.
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Remark 3.9. In the limiting case b = 0, we can write f as a function of |Q| only:
a c
f@Q =k=31Q +lQl".

The associated vacuum manifold is the unit sphere of Sy, which we still denote by S*. Since the
latter is simply connected, the set H, ;(Q, S4) is non empty for every choice of boundary datum.
Thus, the solutions of Problem (2.1) are the harmonic maps Q — S*.

The following lemma shows that almost uniaxial maps, just as uniaxial ones, must vanish at
some point. This property will help us to obtain a lower bound for their energy.

Lemma 3.10. If Q € C(2, Sy) is almost uniazial with Qs = g, and the boundary datum g
is not homotopically trivial, then ming |Q| = 0.

Proof. We argue by contradiction, and assume that sy := \/3/72 ming |@] > 0. The almost
uniaxiality hypothesis entails, in view of Remark 3.3, that A(Q(z)) # 1/2 for all z € Q. Since
the image of g lies in the vacuum manifold, by a connectedness argument we conclude that
ro = maxgr(Q) < 1/2. By (3.3), the image of @ is contained in the set

%Z:{PESOZS(P)ZSQ,T(P)§T0<1/2}.

In particular, the boundary datum g is homotopically trivial in ;.

We claim that .4; retracts by deformation on the vacuum manifold 4. This entails the
conclusion of the proof: composing Q with the retraction yields a continuous extension of g to
a map ) — 4, which contradicts the nontriviality of g.

To construct a retraction, we exploit the representation formula of Lemma 3.2, and define the
functions K, H : Ay x [0, 1] — A by

K(P, 1) :=n®? - %Id +rt <m®2 - ;Id> . H(P 1) = {ts +(1-1t) 3/2} K(P,t).

By the formulae (3.2) and the continuity of the eigenvalues as functions of P, the mapping
P — (s(P), r(P)) is well-defined and continuous on .45. As a consequence, H is well-defined
and continuous, if K is. In addition, H enjoys these properties: for all P € .4, we have
H(P, 1) = P and H(P,0) € A, whereas H(P,t) = P for all (P, t) € A4 x [0,1]. It only
remains to check that K is well-defined and continuous.

Remark that each P € .4y has the leading eigenvalue of multiplicity one; in particular,
n = n(P) is uniquely determined, up to a sign, and n®? is well-defined. In case r = r(P) # 0,
the second eigenvalue is simple as well, and the same remark applies to m. If r(P) = 0 then
K (P, t) is equally well-defined, regardless of the choice of m.

We argue somehow similarly for the continuity. If {(P, tx)},cy is a sequence in .45 x [0, 1]
converging to a fixed (P, t), then

|K (Py, ty) — K(P, t)] < [n®*(Py) — n®*(P)| + [tx — t|r(Py)

m®%(Py,) — ;Id‘

+t |7‘(Pk)m®2(Pk) — r(P)m®2(P)| +tr(P) —r(P)].
As the leading eigenvalue of P € .4; is simple, standard results about the continuity of eigen-
vectors (see, for instance, [24, Property 5.5, p.190]) imply n®?(Py) — n®2(P). If r(P) = 0, this
is enough to conclude, since
|K (Pi, te) — K(P, t)] < tr(Py) [m®*(Py)| + o(1) = tr(Q) =0

as k — +o00. On the other hand, if »(P) # 0, then all the eigenvalues of P are simple, and hence
m®2(Py) — m®2(P).

Therefore, we can conclude that K is continuous and A4{ retracts by deformation on 4. [

The following proposition is the key element in the proof of Theorem 1.1. It is adapted
from [8], with minor changes. We report here the proof, for the reader’s convenience.
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Proposition 3.11. There exists a constant M, (independent on €, X and p1) such that, for all
Q € CY(Q, So) fulfilling
(3.15) min|Q =0, max|Q=1 and  Qlyg =g
Q Q
it holds that .
E.(Q) > ky |loge| + ? log p11 — M;.
Proof. For t > 0, set
Q:={z e Q: |Q(z)] > t}, wp = {z € Q: |Q(x)] < t}, Ty =00 \ 00 = Jw;

o)~ [ |v (é) e [ Wil a

Given a set K CC R?, let us define the radius of K as

rad(K) := inf {iri: K C o B(a;, n)} .

Having set these notations, we are ready to face the proof. It is well-known that VQ = 0 a.e.
in {Q = 0}, so we can write

[ver= [  veP=tm [ voP.
0 {IQI>0} 20" Jo,
by the monotone convergence theorem. This implies
2
v (Q>
Q|

[var = jm [ {|v QI +1QP
Q t—0t R
and, applying the coarea formula, we deduce
L 2/*(Q)
3.16 EEsz/ {/ (VQ + L) ant - 2t20/(t) ¢ dt.
(3.16) @=5 [ {[ (v 250, )
There is no trouble in dividing by |V |Q|| here. Indeed, combining (3.15) and the Sard lemma
we see that for a.e. ¢ € (0, 1) I'; is a non-empty, smooth curve in €2, and that |V |Q|| > 0 on T';.
Of course, this implies v(t) > 0 for a.e. t as well.

Let us estimate the terms in the right-hand side of (3.16), starting from the second one.
Taking advantage of Lemma 3.8 and of the Holder inequality, we obtain

2Q) (-1 [ 1 (1 0PHAT,)?
(38.17) /rteQ|V|Q||> 2 / et T

Moreover, we have

HY(T,) > 2diam(T;) > 4rad(w;) ;

to prove the latter inequality, remark that if =, y € Iy are such that |z — y| = diam(T;), then
w; is contained in the ball B((x +y)/2, | — y| /2) and hence rad(w;) < diam(T';)/2. Combining
this result with (3.16) and (3.17), we find

E.(Q) > ;/01 {z/(t) 4 32m = t>2rad(wt)2} dt — /OltZ(a’(t) dt

e?v(t)

1 1
>/ 4\?@,&/2 (1—t)rad(wt)dt—/ 20/ (t) dt,

“Jo 0

(3.18)

where we have applied the inequality A% + B? > 2AB. Now, we pay attention to the last term,
and we integrate it by parts. For all n > 0, we have

— 20'(t)dt = 2 1@ dt + n*0(n) > 1®tdt
/nt() /ntos) + (n)_/nt()
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and, in the limit as 7 — 0, by monotone convergence (6 > 0, —©’ > 0) we conclude

1 1
—/ t20/(t)dt > 2/ te(t) dt.
0 0
Arguing as in [25, Theorem 1], we can establish the bound
O(t) > —kylog (rad(wy)) — C,

where C depends only on .4 and the boundary datum (for further details, the reader might
see [25] and the proof of Lemma 4.13 in the sequel). Equation (3.18) implies

E.(Q) > /0 {4\/? (1 —t)rad(wy) — 2k4tlog (rad(wt))} dt—C.

Minimizing the function r € (0, +00) — 4y/2p1e (1 — t)r — 2k.tlogr, we obtain the lower
bound

1 ERxb
E.(Q) > /0 {2/@*15 — 2Kt log W(l—t)} dt - C,
which implies
E.(Q) > —2k, /1 {tlogs — Elogm —tlogm} dt — C.
0 2 2v/2(1 — )
As t + tlog ==L is integrable on [0, 1], we can conclude the proof. O

2v2(1—t)
3.3. Proof of Theorem 1.1. We are now in position to prove our main theorem about biaxi-

ality. For € > 0 small enough, we will construct a maximally biaxial function P. € H(Q, Sy),
which satisfies the estimate

(3.19) E.(P.) < ky |loge| + % log o + Ms

for a constant My independent of €, a, b and ¢. We claim that the Theorem follows from (3.19).
Indeed, in view of (3.13), we can find a number ¢, > 0 such that

Ks | 1 Ky, O

— log —(t) > —log —(t) + My + M.

5 108 a()> 5 Oga()+ 1+ Mo
holds, whenever ¢ > ty. This implies

%log,ul - M; > %logo—l—Mg

and, combining this inequality with Proposition 3.11 and (3.19), we obtain that
E.(P.) < igf E.(Q),

the infimum being taken over functions Q € C1(, Sp) satisfying the conditions (3.15). In par-
ticular, the minimizers (which are smooth functions, by elliptic regularity) cannot satisfy (3.15).
Therefore, it must be
min Q.| > 0
Q

and, by applying Lemma 3.10, @, is maximally biaxial. Thus, Theorem 1.1 will be proved once
the comparison function in (3.19) is constructed.

At first, we will assume that the domain is a disk and the boundary datum of a special form.
Next, we will extend our construction to the general setting.

The case of a disk. We assume that Q is a disk in R?, of radius R, and that the boundary
datum c is given by (3.10). Recall that, by Corollary 3.7, ¢ has minimal length, among all the
non homotopically trivial loops in .4", and that . = 37/4. Adopting polar coordinates on €2,
for (p, ) € (0, R) x [0, 27] we set

(3.20) P.(p, 0) := \/g {n0(9)®2 — éId +re(p) (m0(9)®2 - §Id> } ,
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where mg(0) := [—sin(6/2), cos(6/2), 0]" and r. is the continuous function
) 1—0'2ple if0<p<o /2
r =
=\P 0 if o71/2e < p < R.

1/2

This construction is possible, provided that ¢ < Ro'/“. Due to r.(0) = 1, function P. can be

extended continuously in the origin:
3 1
lim P.(p, 0) = —/=<p$? — - 1d
i 2 0= = (s = 1)
where pg := [0, 0, l]T. The derivatives of P. can be computed explicitly:

2 2
, OP. 3
=20 |50 =S a-ri?,

and

1 R 3 3 3
§/QWPEI2 =7r/0 {pT?(p)+4p(1 —rs(p))z}dp= 77 llogel + gmlogo + C.

On the other hand, we exploit the upper estimate in Lemma 3.8 to bound the potential energy:
/ A (P) < —meas( (0, 07 Y2%¢)) = 2.

Therefore, we conclude that (3.19) holds, in this case.

A general domain. Now, consider an arbitrary domain 2, and fix a closed disk B CC €.
Since, by assumption, the boundary datum g is non homotopically trivial, in view of Lemma 2.2
it is possible to construct a smooth map P: Q\ B — .4/, such that

Plogg =9  and Plop =c.

We define the map P. € HY(Q, So) by P.(x) = P(x) if x € Q\ B, and by the formula (3.20) if
x € B. The energy of P., out of the ball B, is independent of ¢ and o, whereas the conclusion
of Step 1 provides a bound for the energy on B. Hence, (3.19) follows.

Remark 3.12. Since this argument does not provide an explicit lower bound for |Q.|, we cannot
infer that singularity profiles are bounded away from zero (for the definition of singularity profiles,
see the Introduction).

4. ASYMPTOTIC ANALYSIS OF THE MINIMIZERS

This section investigates the behavior of minimizers of (2.1) as € N\, 0, and contains the
proofs of Proposition 1.2 and Theorem 1.3. We start by recalling some well-known properties of
minimizers.

Lemma 4.1. If uc is a minimizer for Problem (2.1), then

C
[ucllpoe (@) €1 and  [|Vellpo o) < —

Proof. The L*° bound on u. can be easily established via a comparison argument. Assume, by
contradiction, that |us(zo)| > 1 for some z( € £, and define

ue(x) if |ue(x)] <1

ve(7) == E( )

ue ()]

Clearly |Vu.| < |Vu.| and, by (H3), f(ve) < f(ue), with strict equality at least at the point
xo. Thus, we infer E.(v.) < E.(u.), which contradicts the minimality of u.. The estimate on

the gradient can be deduced from Equation (2.2), with the help of the previous bound and [3,
Lemma A.2]. O

otherwise.
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Lemma 4.2 (Pohozaev identity). Let G C R? be any subdomain of Q, and xy € G. Denote
by v the unit external normal to OG and by T the unit tangent to OG, oriented so that (7, v) is
direct. Then, any solution u. of Equation (2.2) satisfies

(4.1)

1 1 ou. |?
?Lf(u5)+§/é)G(x—xo).y

dl
ov 7

2

1 8“5 8”5 8“6 1 1
:/aG{Q(x—xo)-l/ 5, —(x—xo)-TaV:87_+(x—x0)-1/252f(u6)}d7-l.
Proof. The lemma can be proved arguing exactly as in [4, Theorem III.2]. d

Remark 4.3. When considering the Landau-de Gennes equation (2.4), the additional term
b(tr Q?)1d /3 does not play any role in the proof of the Pohozaev identity. Indeed, assume z¢ = 0,
multiply both sides of (2.4) by z1Qij, x, sum over i, j, k and integrate over G. We obtain

1 9f(Qe)
aQE ij

and the third integral vanishes, since Q). ;; = 0. The proof follows exactly as in the previous
case; the reader is referred to [19, Lemma 2] for more details.

1
/ Qs ij, 1l xk@s ij, k dx + Qs,ij,kxk dx + gb/ l'st,ii,ktng dz =0,
G

Lemma 4.4. Let Q C R? and let u. be a minimizer for Problem (2.1). Then, there exists a
constant C', depending on ) and G, such that

E.(ue) < ky|loge| + C.
Proof. The proof of this lemma is a slightly different version of [4, Theorem IIL.1] (see also [8]).
Let (n1, 72, - - -5 Tm) € T'(A)™ be an m-uple which achieve the minimum in (2.10), that is,

m

(4.2) _H w20, = A = ke

i=1 j=1

and for each j € {1, ..., m} choose a loop b; € 1;, of minimal length (i.e., A(n;) = 27(b}|). Let
By, ..., B, be mutually disjoint, closed disks in €, of radius r. Applying Lemma 2.2, we find
a smooth function v: Q\ U7, B; — 47, such that v = g on dQ and v = b; on dB;, for each j.

We extend v to a function v.: Q@ — .4 in the following way. On Q\ UL, Bj, set v = v,

whereas on each ball B;, denoting by (p, ) the polar coordinates around the center z; of the
ball, set

oula) m 4P (@i e H0<p<e
bj (w; +re’) ife <p<r.

Since v € H}(Q, R¥), the minimality of u. entails E.(u.) < E.(v:). Computing E,(v.) will be
enough to conclude (2.10). We find

m
1
Bos 2\ B =3 [ Vol =
= MU B,

< (ve; B / Ce 2 <,
and, passing to polar coordinates,
d 1
E.(ve; B \ Be(z5)) / p/ w |0 (w < EA(UJ-)Q lloge| + C.
Sl

Combining these bounds, with the help of (4.2) we conclude. O



22 GIACOMO CANEVARI

4.1. Localizing the singularities. In this subsection, we will prove Proposition 1.2. Namely,
we will show that the image of u. lies close to the vacuum manifold, except on the union of a
finite number of small balls. Analogous results have been established for the Ginzburg-Landau
model in [4], in case the domain 2 C R? is star-shaped. This technical assumption has been
removed in [5] and [30] (see also [2] for more details).

We introduce a (small) parameter 0 < o < 1, whose value is going to be adjusted later, and
we set

1 1
ee(ue) = 5 [Vue|” + 5 f(ue).
We claim the following

Proposition 4.5. Let § € (0, §g) be fized. For all ¢ > 0, there exists a finite set X, =

{z1, ..., 2k} C Q, whose cardinality is bounded independently of €, such that
(4.3) dist(ue(z), A7) <6 if dist(z, X¢) > Ao,

where \g > 0 is a constant independent of €, and

(4.4) etoe, (u.)(z) < Cy if dist(z, X.) > .

Proposition 4.5 clearly implies Proposition 1.2. As a first step in the proof, we show that
e (ue) solves an elliptic inequality, in the regions where . lies close to the vacuum manifold.

Lemma 4.6. Assume w C Q is an open set, such that dist(us(z), A) < § holds for all x € w
and all € > 0. Then, ec(ue) solves pointwise in w the inequality
—Ae.(u:) < Ce(ug).
Proof. Reminding that u. is a solution of Equation (2.2), we compute plainly
1 2 2 2 1 2 2 2
fiA [Vue|® = =V (Au,) - Vu, — |V u5| = *?VUE : D? f(ue)Vue — |V u5|

where |V2u5‘2 =2 \8,»8ju8|2, and
1 1 1
_EﬁAf(us) = _gjv (Df(ue)) - Vue — ng(UE) - Au,
1 1
= —6—2VuE : D? f(ue)Vu, — = |Df(us)|®.
Adding these contributions, we obtain
2 1 2
(4.5) —Ae.(ug) + ’Vgue‘ + = |Df(ue)]* = —;VUE : D? f(us)Vue.
Hypothesis (H2) provides
1 mo ..

(4.6) = |Df(us)]* > = dist? (uz, A).

Moreover, the image u.(w) lies close to .4 by assumption, so the right-hand side of (4.5) can
be estimated by the local Lipschitz continuity of D?f:

2 2 2
— 5 Ve : D? f(ue)Vue < — 5 Ve : D?f(r(us))Vue + = |D? f(u.) — D*f(n(u.))| |Vue|?
2 C ..
< —?Vue : D? f(7(ue)) Ve + = dist(ue, ) |Vue|?
C ..
< — dist(ue, ) |V

For the latter inequality, remind that every point p € .4 is a minimizer for f, so D%f(p) > 0.
We infer

2 mo ..
—6—2Vu€ : D? f(ue)Vue < ey dist?(uz, A) + C |Vue|*



BIAXIALITY IN A 2D LANDAU-DE GENNES MODEL 23

and the first term can be reabsorbed in the left-hand side of (4.5), by means of (4.6). This
concludes the proof. O

Our next ingredient is a Clearing Out lemma, which relies crucially on (H2).

Proposition 4.7 (Clearing Out). There exist some positive constants \g and po with the fol-
lowing property: for all xy € Q and all l € [\oe, 1], if the minimizer u. satisfies

1
(4.7) 7/ flue) < po
€% JB(zo,20)NnQ
then
(4.8) dist(us(x), A7) <46 for all x € QN B(xo, 1).
Proof. Set

fo:=min{f(v): dist(v, A") >0, |v| <1},
and remark that fy > 0, because it is the minimum of a strictly positive function on a compact
set. We define

1 T . 1
(4.9) Ao = 20 Ho = 5/\(2) min {fo, 8m052} ;

where C' is a constant such that |[Vu.| < Ce™! (such a constant exists, by Lemma 4.1). We
are going to check that this choice of Ag, pg works. To do so, we proceed by contradiction and
assume there is some point x € B(xg, [) such that dist(u.(z), A7) > §. Firstly, we remark that
this assumption implies dist(xz, 9Q) > Age. Indeed, if it were dist(z, 9Q) < Age then, in view
of (H4), we would have

dist(ues(z), A7) < ||Vue|| o dist(z, 02) < CXg = g

It follows that the ball B(x, Aoe) is entirely contained in Q N B(xg, 2{). In addition, for all
y € B(x, \oe) we have

. . )
dist(us(y), A7) > dist(uc(x), A) — Jue(z) — ue(y)] > 6 — Xoe |Vue| poo > 3
Due to Remark 2.4 and Lemma 4.1, this implies
1 1 . 1
: flu) > & fue) = wgmin { fo. gmod® | = 200,
€% JanB(zo, 20) €% JB(x, Moe) 8
which contradicts the hypothesis (4.7). O

The two following results can be found in [2, Section IV.5]. The proofs carry over to our
setting, without any change.

Lemma 4.8. Let x¢ € Q. There exists a constant C,,, depending only on «, g and §2, such that
1
= flue) < C,.

2
€% JB(zg,e2)NQ

Proposition 4.9. There exists a constant n, > 0, independent of €, with the following property:
if a point xg € 2 verifies

(4.10) / [Vue|® < 1 [loge| + C
B(zg,2e*)NQ

then dist(uc(z), A7) < § for all x € B(xg, ).

Proposition 4.9 provides a concentration result for the energy, which will be crucial in our
argument. Reducing, if necessary, the value of 7,, we are able to show another estimate for
minimizers satisfying (4.10). This will be the final ingredient in our proof of Proposition 4.5.
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Proposition 4.10. There exist constants 1y, Cq > 0 (with C, depnding only on a, ns) such
that, if ue verifies the condition (4.10) for some xg € §, then

et (ug)(z0) < Cq.
Proof. We suppose, at first, that B(zg, €*) C Q. In view of Proposition 4.9, we can assume that
dist(u., A7) < § on B(xg, €“). Furthermore, (4.10) and Lemma 4.8 provide
(4.11) E.(ue, B(zg, €¥) NQ) < ny |loge| + C,.

We claim that there exists a radius r € (2, ") such that

2na
(412) /QB(IO,T)OQ {|vu5 + f( )} ar’

Indeed, if (4.12) were false, integrating over (g2, 60“) we would obtain

Me [ d
E.(ue, B(zg, e*)NQ) > %/ TT = 21, |loge],

which contradicts (4.11), for ¢ < 1. Thus, the claim is established.

Set
T+ xo

e:=¢/r and ve(x) = ue (
As a consequence of the scaling, we deduce e.(v.) = r2e.(u.), hence
E.(ve, B) = E.(ue, B(zg, 1))

and v, minimizes the energy E. among the maps w € H'(B, R?), with w|,5 = v¢|,z. Moreover,
(4.12) transforms into

(4.13) /83 ee(ve) < 2&

) for x € B := B(0, 1).

«

We will take advantage of the following property, whose proof is postponed.
Lemma 4.11. The energy of v. is controlled by n,,, that is,

/ ec(ve) < Cana-
B

Recall also that, due to Lemma 4.6, e.(v.) solves an elliptic inequality. Thus, we are in
position to invoke a result by Chen and Struwe ([7] — the reader is also referred to [27, Theorem
2.2]): provided that 7, is small enough, Lemma 4.11 implies the estimate

e, (ue) (o) = ee(ve)(z) < / ec(ve) < Cata.

B
This concludes the proof, in case B(zg, €¢*) does not intersect the boundary.

We still have to cover the case B(zg, €*) € €, but this entail no significant change in the
proof (nor in the proof of Lemma 4.11). As we deal with a local result, we can straighten the
boundary and assume that €2 coincides locally with the set R”. In place of the Chen-Struwe
result we can exploit [27, Theorem 2.6], which deals with the Dirichlet boundary condition. O

Proof of Lemma 4.11. We split the proof in steps, for clarity.

Step 1 (Construction of the harmonic extension). The composition 7(v.) is well defined, since
the image of v, lies close to the vacuum manifold. Set o, := dist(ve, A7) = |ve — m(ve)|, and
denote by w, an harmonic extension of 7T(U6)| a B on B. The existence of such an extension is a
classical result by Morrey (see, for instance, . Lemma 4.2 in [26] and (4.11) imply that

(4.14) /|V¢u6 <C/ ec(ve) < CouMa-

We wish to use w. as a comparison map, in order to obtain the H'! bound for v,; to do so, we
have to take care of the boundary condition on 9D.
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Step 2 (An auxiliary map). It will be useful to introduce an auxiliary map ¢.. Using polar
coordinates on D, we define ¢, by the formula

e lp—1+eo() ifl—e<p<l
Pe(p; 0) = ( Joe(6) .

0 ifp<l—e,
We claim that

1
(4.15) / {|w5|2 + @} < e
B €

and check it by a straightforward computation. Indeed,

1 27 1 1
/{|V¢e|2+2<ﬁf}</ a9 dp{zmoe( W+ Liotio >2+p|ae<0>|2}
B € 0 1—e € P

1 €2 2 2 e 2
< = €— 5 ||UeHL2(51) —log(1 —¢) ||Ue||L2(Sl) +le— 9 HUEHLz(Sl)

and (4.15) follows from (4.13), since |0’| < |V(ve — m(ve))| and 02 < C'f(ve).

Step 3 (Construction of a normal field on .47). By construction, (ve —we)|yp is @ normal field
on ./, whose modulus is given by o.. We want to extend it to a map v.: B — R, so that v,(z)
is orthogonal to .4 at the point w.(x) and |v.(z)| = @c(z), for all z € D. At first, one may
work locally, near a point zy € 0€), and exploit the existence of an orthonormal frame of normal
vectors, defined on some neighborhood of w,(zg). Then, the construction of v, is completed by
a partition of the unity argument.

Step 4 (Construction of a comparison map). Set &, := w. + V.. It follows from the previous
steps that W, enjoys these properties:
Welop = Velop »
T(We(x)) = ve(x) and  dist(@e(x), A) = pe(x) for all z € B.

In particular, @, is an admissible comparison map for v.. By this information and Lemma 2.5,
we infer a bound for the gradient of w.:

VG < (1+Cpo) IVw* +C (Ve +¢2)
Since |¢¢| < § by construction, integrating this inequality over D and exploiting (4.13) we obtain
(4.16) IV&ell72(py < (14 6) [Vewel Tz + Ce.

The potential energy of @, is estimated by means of Remark 2.4:

2
EQ/fwé_QQ/Soe'

Combining this inequality with (4.15) and (4.16), we deduce

(4.17) /B ee(ve) < /Be(ﬁe) < (14 6) [VewelBa ) + Ce.
With this estimate and (4.14), we complete the proof. O

Having established all these preliminary results, Proposition 4.5 follows easily from a covering
argument as, for instance, the one in [2] (see also [4, Chapter IV]).

Proof of Proposition 4.5. By Vitali covering lemma, we can find a finite family of points {y; }icr
such that
Q g UB(ylv 35&)
iel
and
B(y;, e*) N B(y;, €*) =10 if i £ 3.
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Let nq = na(e, §) be given by Proposition 4.10. Define J. as the subset of indexes i € I for
which the inequality

/ Vuel? > 70 (loge] + 1)
B(U1;35 )

holds; then, by Lemma 4.4, we have

(4.18) Ne ([loge| + 1) card(J, Z / [Vue|® < C (Jloge| + 1)

jed. B(y;, 3e%)
(to prove the last inequality, recall that there is a universal constant C' such that each point of 2
is covered by at most C balls of radius 3¢). It follows that card(J.) is bounded independently
of €. Moreover, Propositions 4.9 and 4.10 imply that

dist(ue(z), A7) <6 if v € By, 3¢®) and i € I'\ J.

et (u)(z) < Cy if v e By, e*)andiel\ Je.

Now, let us fix an index i € J., and let us focus on B(y;, 3¢%). Being Ao = Ao(9) and
to = to(d) given by Proposition 4.7, we consider a finite covering { B(z},, 3\oe): m € A. ;} of
B(y;, 3e%), such that

B(x%,, Mog) N B(x%), o) = 0 it m # n,

and we define the set L. ; of indexes m € A, ; such that

),
) flue) > po.
g2 B(zi,, 3 o€) :

Since £7?2 fB(mi,SEO‘) f(ue) is controlled by Lemma 4.8, we can bound the cardinality of L. ,,
independently of €, exactly as in (4.18). By Proposition 4.7, we have that dist(u.(z), 47) < § if
x € B(x!,, 3\e) andm¢L5Z

Comblmng all these facts, we conclude easily. O

Denote by zf, 75, ..., zj_ the elements of X.. For any given sequence &, , 0 we can extract
a renamed subsequence, such that k. is independent of n (say, k., = N') and

[ for ie{1,2, ..., N'},

for some point L; € Q. Some of the points L; might coincide; therefore, we relabel them as
ai, az, ..., an, with N < N’ in such a way that a; # a; if i # j.

For the time being, we cannot exclude the possibility that a; € 0f, for some index i. To deal
with this difficulty, we enlarge a little the domain {2 and consider a smooth, bounded domain
Q' D Q, with the same homotopy type as {2 — for instance, we can define Q' as a r-neighborhood
of Q, for r small enough. Also, we fix a smooth function g: Q' \ Q — .47, such that g = g on
0 and ||V§||L2(Q/\Q) < C||g||H1(QQ). From now on, we extend systematically any function
v: Q= A with v =g on 9Q to a map v: ' — A, by setting v =g on '\ Q.

4.2. An upper estimate away from singularities. Fix a number p > 0 small enough, say,
1
p < dist(9, ), p < —minla; — ajl,
2 i#j

so that the disks B(a;, p) are mutually disjoint and contained in €’. The aim of the following
subsection is to prove the following upper bound for energy of the minimizers, away from the
singularities.

Proposition 4.12. There exists a constant C, independent of n and p, and a number N, such
that for every n > N, we have

1
5 [ Ve, 2 < s flog p| + C.
2 JonU, B(ai, )
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Before facing the proof, we fix some notations. For a fixed i, define A; as the set of indexes
j€{L,2, ..., Ni}such that 25" — a;. For n sufficiently large, we have B(a;, p) 2 B(z;", Aoen)
if and only if j € A;. We introduce the sets

Qi,n = B(Cli, p) \ U B(x;"’ )‘0571)'
JEA;
Recall that, by Proposition 4.5, we have dist(ue, (), A#") < § for all x € Q;,,. Thus, we can
define v, , 0., by
Ve, 1= 7r(u5n|Qi‘n), Oc, = dist(u€n|9m , A
and notice that v, 0., € H*(Q.n, -4 ). Denote by 1., the free homotopy class of v.,, , restricted
to OB(x5", Aoen), and set

Kin = inf {)\*(7): v e H njvn},
JEA;
The continuity of v., and Lemma 2.2 imply

N, k
Hnj,n N H'Vi # .
j=1 i=1
By the definition (2.10) of x, we infer
N
(4.19) Fs < Z Kin, for all n € N.
i=1

We can assume without loss of generality that x;, > 0 for all ¢, n. Indeed, if x;, = 0 then
there is no topological obstruction to the construction of Lemma 4.11. Arguing in a similar way,
we can exhibit a comparison map e,,, With Ue, |gp(4;, p) = Uenlop(a;, p)» Such that

EE(UEnuB(aiv p)) < EE(/EEn?B(ah p)) < C.

Applying the Chen and Struwe’s result on some small ball contained in B(a;, p), we obtain
ee(ue) < C on Bla;, p). In turns, this forces

dist? (ue, (), A) < Cf(uc, (x)) < Ceh <6,

for all € B(a;, p) and n large enough. Therefore, no singularity is contained in B(a;, p) if
kin = 0, and the point a; can be dropped out.

After this preliminaries, we are ready to face the proof of Proposition 4.12. In fact, we will
give an indirect proof, based on a lower estimate for the energy near the singularities.

Lemma 4.13. There exists a constant C, independent of n and p, such that for all function
v € HY(Q , A) the estimate

1
*/ Vol* > ki (log 2 C)
2 Qi,n En

Sketch of the proof. The lemma can be established arguing exactly as in [25, Theorem 1] (the
reader is also referred to [8]). At first, one has to consider the case 2;,, is an annulus B, \ B,
with 0 < € < p; then, k;, reduces to A.(n), where n is the homotopy class of U‘BBP' Assuming
that v is smooth, a computation in polar coordinates gives

holds.

1 9 1 (7 2 ovl? ovl? 1 [Pdr [ ov|?
i I i — 1= > - i i
2/39\35'%" 2/5 d’"/o de{T ar| |0 —2/5 r/o |98
and, since the definition (2.7) of A implies
27 2
Ov 9
— >
27r/0 50 dé > A(n)=,
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we deduce

1 2 _ A(n)?
4.20 — / Voul|® > log

U

p
> Ax(n)log =

Having proved the lemma in this simple case, we can repeat the same argument as [25], the only
difference being k; ,, in place of the degree. We exploit the property (2.9) instead of the triangle
inequality for the degrees. Finally, since we may assume

dist(B(z5", Xoen), 0B(ai, p)) > p/2

for j € A; and n large enough, we can prove the analogous of [25, Proposition], which reads

1 2 p/4
— > Kinl .
2 /le ‘VU| = flin 108 ()‘Ogn

This concludes the proof. O

Lemma 4.14. There exists a constant C, independent of n and p, and a number N, such that
for every m > N, and every i we have

1
7/ |Vu5n|2 > Kin (log £ C’> - C.
2 Qi,n En

Proof. The energy of v., on £, , is bounded by below by Lemma 4.13; moreover, the lower
bound provided by (2.12) entails

|vu5n|2 > (1- Ogsn) |vvsn|2-
If we knew

(4.21) / oe, |Vue, > < C,
Qin

then the lemma would follow. Therefore, let us introduce the set
Y, = {zx € Q: dist(z, X.,) <&}
and split the proof of (4.21) in two cases.
Case 1 (Estimate out of Y,,). Let © € ;,, \ Y,,. Then, by Propositions 4.5 and 4.10 we have
ee, (us, )(z) < Chete.
Since |V, | < C'|Vue, |, this entails

/ e, |Vue,
Q

i,n

’< C’/ e, |Vue, |* < Cel5

which implies (4.21) if we choose o < 1/6.
Case 2 (Estimate on Y,,). We apply the Holder inequality:

(4.22) / o., ‘<c / Te,
Y Y

The norm of the gradient is estimated by the Gagliardo Niremberg interpolation inequality and
standard elliptic regularity results. We obtain

*<c lloe.,

Vo,

Ve,

2
L2(Y,) Ve, LA(Y,) *

1/2 1/2
IVte, vy < C AU, 157y e, 12y

which reduces to
(4.23) IVtte, [l oy, < Cent IVl (ue) oty

since u., verifies the Equation (2.2) and its L* norm is bounded by Lemma 4.1. For a fixed
v € A, a Taylor expansion of f around the point 7(v) (see Remark 2.4) yields

(4.24) |IDf(v)| < Mpdist(v, A).
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Thus, combining the Equations (4.22), (4.23) and (4.24) with (H2), we infer

J

n

2 _ 2 _
O V0, [? < O 02, [ngyey < Moes? /Y fus,).

Finally, since Y,, is a finite union of balls of radius €, Lemma 4.8 implies the desired estimate
(4.21), for a constant depending on «. O

Proposition 4.12 follows now easily from Lemmas 4.4 and 4.14, with the help of (4.19). Let
us point out some consequences of the previous results. For a fixed a compact set K C Q' \
{ai},<i<n» we know by Proposition 4.12 that

1
(4.95) L / Vue, | < Cx, / dist(ue,, N) < C2
2 K K

at least for n > Ng. Hence, up to a renamed subsequence, by a diagonal procedure we can
assume

ue, —ug  a.e. and weakly in HL (Q'\ {a1, ..., an}).

Passing to the limit in the second condition of (4.25), by Fatou’s lemma we deduce that
uo(x) € N for a.e. z € Q' \ {a1, ..., an}.

We are now in position to prove that the points a;, for i € {1, ..., N}, do not belong to the
boundary of Q. As a byproduct of the proof, we obtain a condition for the quantities &; .

Proposition 4.15. For alli € {1, ..., N}, the point a; is in the interior of Q. In addition, it
holds that

N
(4.26) Z Kin = K.
i=1

Proof. We adapt the proof of [4, Lemma 3]; the reader may see also [§].
Assume, by contradiction, that a; = 0 € 99 for some i € {1, ..., N}. Then, computing in
polar coordinates as we did in Lemma 4.13, we obtain the inequality

1 A(n)?
[ vl = A o0 (1))log
2 Jans,\B.) 2m 5

in place of (4.20). The factor approximately equal to (27)~!, instead of (47)~1, is due to the
angular variable, which spans an interval of length 7 + 0,,0(1). Arguing as in [25, Theorem],
we can conclude

N
1

(4.27) ! / Vo2 > [ 3" asrsin | (14 0p0(1)) log o] — €
2 Q\U;i B(ai, p) i=1

for a radius p > 0 small enough, so that the balls B(a;, p) are mutually disjoint, and the
coeflicients «; are given by

1 if a; ¢ o0
Q1=
2 if a; € 990.
On the other hand, the weak HllOC convergence of u. and Proposition 4.12 imply
1

(4.28) f/ [Vuo|? < liminf E., (ue,, Q\ U;B(as, p)) < ks |log p| + C.
2 Jo\uiB(ai, p) n—eo

Combining (4.27) and (4.28), dividing by |log p| then passing to the limit as p — 0, we deduce

N
g QiKin < K.
i=1
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In view of the inequality (4.19), we have

N
E QjRin = K«
=1

and, since k;, > 0 for all ¢ and n, it must be a; = 1 for all 7, that is, the points a; do not belong
to the boundary. The equality (4.26) also follows. O

4.3. Proof of Theorem 1.3. The proof is, essentially, a refined version of the argument we

used for Proposition 4.10. Since the result we want to prove is local, we fix a closed disk

D CQ'\{ay, ...,an} and restrict our attention to D. (D may intersect the boundary of Q).
By Proposition 4.12, and changing the radius of the disk if necessary, we can assume that

1 , 1
- = <C.
/6D{2|Vuan| +5%f(u5")}_0

Due to the compact inclusion H!(9D) — C°(dD), we have the uniform convergence u., — ug on
0D. We perform the same construction of Lemma 4.11, and we obtain a sequence w,, : D — A
of minimizing harmonic maps, and another sequence @, : D — R such that

op = T(Ue,)

We,, oD We,lgp = Uey,

oD
and

- 1
(4.29) E., (w.,; D) < 3 (1+ 0n—sto00(1)) ||szn||2L?(D) + Cen

n

(compare with (4.16), (4.17)). The functions w., are bounded in H!(D), since u., are, hence
we can apply the strong compactness result of [17] and deduce, up to subsequences,

(4.30) We, — Wo strongly in H(D),

where wp is a minimizing harmonic map. Passing to the limit in the boundary condition for w,,,,
we see that wolyp = olyp-
As {u., }nen converges weakly in H(D), we deduce

1 2 1 .. 2
5 IVuol|zzpy < B EQEOIOf Ve, 172y

but, on the other hand, (4.29) and (4.30) give

1
3 lim sup || Vue,,

n—-+oo

. 1 1
T2y < hfillp Ee, (ue,; D) < 5 IVewoll72(py < 3 Vol 72 () -

These inequalities, combined, yield
. 1 2 1 2
Jim (Ve l[p2p) = 5 Vuollze ) = 5 Vwollzzp) -

As a consequence, the convergence u., — ug holds in H'(D) and the limit map g is minimizing
harmonic. In particular, ug solves the harmonic map equation in D, and the regularity theory
of Morrey (see [21]) applies, entailing ug € C*°(D). Also, as a byproduct of this argument, we
obtain

1
(4.31) 5—2/ flue,) =0 as n — +00.
n JD

Finally, we check the locally uniform convergence. Owning to the strong convergence in
HY(D) and (4.31), for all > 0 we can find a radius r > 0, such that the inequality

/ e, (Ue,) <1
B(zo,T)

holds for all xy € %D and all n € N. Then, choosing 1 small enough, we apply the Chen and
Struwe’s result, to infer

1
ee, (ue, )(x0) < E. (ue,; D) < C for all x € §D.
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This provides a bound for u., in W1 ° (D), which allows us to conclude the proof, by means of
the Ascoli-Arzela theorem.

5. THE BEHAVIOR OF ug NEAR THE SINGULARITIES

In this section, we analyze the behavior of ug near the singularities: our aim is to prove
Proposition 1.4. As we already mentioned in the Introduction, we consider here just the case
A = P2?(R). This provide a remarkable simplification in the arguments, due to the simple ho-
motopic structure of the real projective plane, whose fundamental group consists of two elements
only. Hence, there is a unique class of non homotopically trivial loops.

This property reflects on the structure of the limit map. Remind that, for all ¢ and n, we
have set

Rin = As H MNin |
JEA;
where 7, is the free homotopy class of 7(ue, ), restricted to dB(z}", Aoen). It follows from
Lemma 2.2 that [];.,, ) is the homotopy class of m(ue, ) restricted to 0B(a;, p), for a small
radius p > 0. Since the homotopy class is stable by uniform convergence, from Theorem 1.3 we
deduce

Kin = A (homotopy class of UO|BB(a,; p)> ,

that is, x; ., is independent of n. On the other hand, there is a unique non zero value that x; ;
and K, can assume, corresponding to the unique class of non trivial loops. As a consequence,
from (4.26) we infer that that there is at most one index ¢ such that ;, # 0, and we prove the
following

Lemma 5.1. In case ./ ~ P2(R), there exists a point a € Q such that ug € C=(Q\ {a}).

Assume now that the boundary datum is non homotopically trivial. Up to a translation, we
can suppose that the unique singular point of wg is the origin, and we fix a radius r > 0 such
that B(0, r) C . We also introduce the functions R, S € C*>(0, r) by
2

Q" jgp1

ov

and
— 2 1
S(p) == 72p /@Bp |Vruo|” dH

where V1 denotes the tangential derivation. These functions are obviously non negative; in fact,
S is bounded by below by k.. Indeed, by definition of A we have for all p € (0, r)

2w
nS(p) = 2m [ @) a0 > X0,
where ¢, is the function considered in Proposition 1.3, and

() _
S(p) = I e

Lemma 5.2. The function p— p~1(S(p) — k) is summable over (0, r). In particular,

liminf S(p) = Ks.
p—0

Proof. Let 0 < pp < min{r, 1}. With the help of Theorem 1.3, we can pass to the limit as
n — 400 in Proposition 4.12, to obtain

1

5 [ [Vuo® < k. [log po| + C
B-(0)\ B, (0)
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and, expressing the left-hand side in polar coordinates,

(5.1) 1f{R@»+;am}dp3nqbgmw+a
Taking advantage of this bouond, we compute

Tl s
[ 20 -nrdo= [ 22w jtogp] - w.togr <
po p

p 0
Letting pg \, 0, we deduce the summability of p — p~1(S(p) — k«) which, in turns, forces the
inferior limit of S — k., to vanish. O

Proposition 1.4 follows easily from this lemma. Indeed, we can pick a sequence p, \, 0 such
that S(pn) — ks: this is a minimizing sequence for the length-squared functional

1 27
ce HYSY, A) s §/ ¢ (6)]? 8
0

under the constraint that c¢ is not homotopically trivial, and hence, by the compact inclusion
HY(SY, 4) — CO(St, A), it admits a subsequence uniformly converging to a minimizer, which
is a geodesic. The continuous inclusion H'(S*, A4") < C'/2(S*, .#) and interpolation in Holder
spaces provide also the convergence in C¢, for a € (0, 1/2).

We are not able to say whether the convergence holds for the whole family {c, },>0, because we
are not able to identify the limit geodesic c,. However, we state here some additional properties
we have been able to prove about the functions S and R, in the hope that they might be of
interest for future work.

Lemma 5.3. It holds that

R(p) = = (S(p) — k).

DI

Proof. We claim that
d
15 (PR(2) = 5(0) =0

This equality is essentially a consequence of the Pohozaev identity for the harmonic maps, but
here we will present its proof in a slightly different form. Since wg is harmonic away from 0, its
Laplacian Auyg is, at every point, a normal vector to .#". Thus, for each point z € 2\ {0} we

have 5
(2w 52 ) @) =0

where v = /|z|. We multiply the previous identity by |z|°, pass to polar coordinates, and
integrate with respect to 6 € [0, 27], for a fixed p € [0, r]. This yields

21 a2 21 2 21 92
p2/ 8120~%d9+p/ Ot d0+/ 0o Do g g
o Op dp 0 0

Op 062 dp
and, after an integration by parts in the third term,

dp
2 q 27 2 2w 2 1d 27
< Ouo d9+p/ Ouo deff—/
2dpJo | Op o |Op 2dp Jo
This equality can be rewritten as
d R(p)) d
2
p"— | —= | +2R(p) — —S(p) =0,
= (2 (0) - 550
from which we deduce (5.2). Our claim is proved.
As a consequence of (5.2), there exists a constant k such that

mm=%ww+m,

(5.2)

2

Qo™ 19— 0.

00
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and the lemma will be proved once we have identified the value of k. To do so, fix 0 < pg <
min{r, 1} and notice that (5.1) implies

1 (2S(p) + k) dp = /p: % (S(p) — ks) dp+ /p: 1(2/@* +k)dp

The first integral at the right-hand side is non negative, since S > k.. Therefore, for small values
of P05

r

ks [log po| + C Z/

Po

ks |log po| + C = (264 + k) |log po| — C
and, comparing the coefficients of the leading terms, we have k, > 2k, + k, that is, k < —k,.
On the other hand,
0<pR(p)=S(p)+k
and, taking the inferior limit as p \ 0, by Lemma 5.2 we infer 0 < x, + k, which provides the
opposite inequality k > —k,. O

Lemmas 5.2 and 5.3 combined imply that R € L*(0, 7).

Remark 5.4. If we knew that R has better integrability properties, for instance R € LP for some
p > 1 (or even RY/? € L D), then we could conclude the convergence of the whole family
{¢,}p>0, at least in L}(S*, #). Indeed, applying the fundamental theorem of calculus, the
Fubini-Tonelli theorem, and the Hélder inequality, we would obtain

2 P2 8u0
||cp1 _CP2||L1(SI) S/O de/p dp aip

1

o= (47R(p)\""*
llep — Cm”Ll(sl) §/ ( dp,
P1 p

where the right-hand side converges to zero as p1, p2 — 0, again by the Hélder inequality. Thus,
{¢,}p>0 would be a Cauchy sequence in L*(S*, 4.

9y 1/2

P2 2m 8’&0
< dp(2mp 1/2 / df | —
P1 ( ) 0 8p

and hence
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