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✭❜✮ ❚❤❡ ❡❧❧✐♣t✐❝❛❧ ❝✉r✈❡ ❞❡♥♦t❡s t❤❡ ♣❧❛s♠❛ ❜♦✉♥❞❛r②✱ ✇❤♦s❡ ❝❡♥t❡r ✐s ❛t R =

R0✱ Z = 0✳ ❚❤❡ ♣❛r❛♠❡t❡r b ❞❡s❝r✐❜❡s t❤❡ ❡❧♦♥❣❛t✐♦♥ ♦❢ t❤❡ ♣❧❛s♠❛ ❛♥❞ t❤❡
tr✐❛♥❣✉❧❛r✐t② λ ❞❡s❝r✐❜❡s t❤❡ ❞❡♣❛rt✉r❡ ♦❢ t❤❡ ♣❧❛s♠❛ ❜♦✉♥❞❛r② ❢r♦♠ ❛ s✐♠♣❧❡
❡❧❧✐♣s❡✳ ✭❱❛❧✉❡s ♦❢ b = 1 ❛♥❞ λ = 0 ❝♦rr❡s♣♦♥❞ t♦ ❛ ❝✐r❝✉❧❛r ♣❧❛s♠❛ ❜♦✉♥❞❛r②✮✳
❚❤❡ ♣♦❧♦✐❞❛❧ s❤❛❞❡❞ ❞♦♠❛✐♥ Ω ⊂ R
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❛♣♣r♦①✐♠❛t✐♦♥✱ t❤❡ t♦❦❛♠❛❦ ❝❛♥ ❜❡ r❡❣❛r❞❡❞ ❛s ❛①✐s②♠❡tr✐❝ ❛❜♦✉t t❤❡ Z✲❛①✐s✱ ❛♥❞ s♦ t❤❡ ♣❧❛s♠❛ ❜♦✉♥❞❛r② ❝❛♥
❜❡ ❞❡s❝r✐❜❡❞ ❜② ✐ts ❝r♦ss✲s❡❝t✐♦♥❛❧ s❤❛♣❡ ❛t ♦♥❡ ♣❛rt✐❝✉❧❛r t♦r♦✐❞❛❧ ❧♦❝❛t✐♦♥✳

❝♦✐❧s ✭❛s ✐❧❧✉str❛t❡❞ s❝❤❡♠❛t✐❝❛❧❧② ✐♥ ❋✐❣✉r❡ ✶❛✮✳ ❚❤✐s ❞❡s✐❣♥ ✐s t❤❡ ♦♥❡ t❤❛t ✇✐❧❧ ❜❡ ✉s❡❞ ✐♥ ■❚❊❘✳ ❆t t❤❡s❡
t❡♠♣❡r❛t✉r❡s t❤❡ ❤✐❣❤❧② ✐♦♥✐③❡❞ ♣❧❛s♠❛ ✐s ❛♥ ❡①❝❡❧❧❡♥t ❡❧❡❝tr✐❝❛❧ ❝♦♥❞✉❝t♦r✱ ❛♥❞ ❝❛♥ ❜❡ ❝♦♥✜♥❡❞ ❛♥❞ s❤❛♣❡❞
❜② str♦♥❣ ♠❛❣♥❡t✐❝ ✜❡❧❞s✳ ❚❤❡ ♠❛✐♥ ♣r♦❜❧❡♠s t♦ ❞❡❛❧ ✇✐t❤ ✐♥ ♣❧❛s♠❛ ❝♦♥tr♦❧ ❛r❡ ❝✉rr❡♥t✱ ♣♦s✐t✐♦♥ ❛♥❞ s❤❛♣❡
❝♦♥tr♦❧✳ ❙♦♠❡ ♦❢ t❤❡s❡ ♣r♦❜❧❡♠s ❤❛✈❡ ❛❧r❡❛❞② ❜❡❡♥ s✉❜❥❡❝t t♦ t❤♦r♦✉❣❤ r❡s❡❛r❝❤✱ ❛❧t❤♦✉❣❤ ✐t ✐s st✐❧❧ ♣♦ss✐❜❧❡ t♦
✐♠♣r♦✈❡ t❤❡ ❜❡❤❛✈✐♦✉r ❛♥❞ r♦❜✉st♥❡ss ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ♥♦♥✲❧✐♥❡❛r✐t✐❡s✳

✶✳✷✳ ❚❤❡ ♠♦❞❡❧

■♥ t❤✐s ✇♦r❦✱ t❤❡ ♣❧❛s♠❛ ✐s ❞❡s❝r✐❜❡❞ ❜② t❤❡ ♠♦♥♦✲✢✉✐❞ ✐❞❡❛❧ ♠❛❣♥❡t♦❤②❞r♦❞②♥❛♠✐❝s ❡q✉❛t✐♦♥s ✉♥❞❡r t❤❡
❛ss✉♠♣t✐♦♥ ♦❢ ❛①✐s②♠❡tr②✳ P❧❛s♠❛ ✢♦❛ts ✐♥ ❛ s♦♠❡✇❤❛t ❉✲s❤❛♣❡❞ ❝♦♥✜❣✉r❛t✐♦♥ s✉rr♦✉♥❞❡❞ ❜② ❛ ❝♦♥❞✉❝t✐♥❣
✇❛❧❧✳ ❇❡t✇❡❡♥ t❤❡ ❤♦t ♣❧❛s♠❛ ❛♥❞ t❤❡ ✇❛❧❧ ✐s ❛ ✈❛❝✉✉♠ s✉❝❤ t❤❛t t❤❡ ♣❧❛s♠❛ ❤❛s t♦ ❜❡ ❦❡♣t ✐♥ ♣❧❛❝❡ ✇✐t❤
❡①t❡r♥❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞s✳ ❙✉♣❡r❝♦♥❞✉❝t✐♥❣ ♠❛❣♥❡ts ♣r♦❞✉❝❡ ❛ ❧❛r❣❡ t♦r♦✐❞❛❧ ✭✐✳❡✳ ✐♥ t❤❡ φ✲❞✐r❡❝t✐♦♥✮ ♠❛❣♥❡t✐❝
✜❡❧❞ t❤❛t✱ ❝♦♠❜✐♥❡❞ ✇✐t❤ ♣♦❧♦✐❞❛❧ ✭✐✳❡✳ ✐♥ t❤❡ ❝r♦ss✲s❡❝t✐♦♥❛❧ ♣❧❛♥❡✮ ❡❧❡❝tr✐❝ ❝✉rr❡♥ts ✐♥s✐❞❡ t❤❡ ♣❧❛s♠❛✱ ♣r♦❞✉❝❡
❛♥ ✐♥✇❛r❞ ▲♦r❡♥t③ ❢♦r❝❡ ❝♦✉♥t❡r❛❝t✐♥❣ t❤❡ ♣r❡ss✉r❡ ❢♦r❝❡✳ ❆♥ ❛❞❞✐t✐♦♥❛❧ t♦r♦✐❞❛❧ ❡❧❡❝tr✐❝ ❝✉rr❡♥t ♣r♦❞✉❝❡s
❛ ♣♦❧♦✐❞❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❛❧s♦ ❝♦♥st✐t✉t✐♥❣ ❛♥ ✐♥✇❛r❞ ▲♦r❡♥t③ ❢♦r❝❡✳ ❚❤❡ ♣♦s✐t✐♦♥ ❛♥❞ s❤❛♣❡ ♦❢ t❤❡ ♣❧❛s♠❛
❜♦✉♥❞❛r② ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ✐♥ t❡r♠s ♦❢ ❛ s❡t ♦❢ ❣❡♦♠❡tr✐❝❛❧ ♣❛r❛♠❡t❡rs s✉❝❤ ❛s ✈❡rt✐❝❛❧ ♣♦s✐t✐♦♥ ❛♥❞ ❡❧♦♥❣❛t✐♦♥✱
✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✶❜ ✐♥ ✇❤✐❝❤ ❛ ❝r♦ss✲s❡❝t✐♦♥ ♦❢ ❛♥ ❛①✐s②♠♠❡tr✐❝ t♦r♦✐❞❛❧ t♦❦❛♠❛❦ ✐s s❤♦✇♥✳ ❚❤❡ ❛①✐s ♦❢
s②♠♠❡tr② ✐s t❤❡ Z✲❛①✐s ❛♥❞ t❤❡ ✐❣♥♦r❛❜❧❡ ❛♥❣❧❡ ✐s φ✳ R ✐s ❛ r❛❞✐❛❧ ❝♦♦r❞✐♥❛t❡✱ R0 ❛♥❞ a ❛r❡ ❝❛❧❧❡❞ t❤❡ ♠❛❥♦r
❛①✐s ❛♥❞ ♠✐♥♦r ❛①✐s ♦❢ t❤❡ t♦❦❛♠❛❦✱ e = b/a ✐s t❤❡ ❡❧❧✐♣t✐❝✐t②✱ ε = a/R0 ✐s t❤❡ ✐♥✈❡rs❡ ❛s♣❡❝t r❛t✐♦ ❛♥❞ λ t❤❡
tr✐❛♥❣✉❧❛r✐t②✳ ❙✉♣♣♦s✐♥❣ ✐♥✈❛r✐❛♥❝❡ ❛❧♦♥❣ t❤❡ t♦r♦✐❞❛❧ ❞✐r❡❝t✐♦♥ φ✱ t❤❡ ❞✐♠❡♥s✐♦♥❧❡ss ♥♦♥✲❧✐♥❡❛r ❡q✉❛t✐♦♥s ✇r✐t❡
✐♥ t❤❡ ❢♦r♠ ❣✐✈❡♥ ✐♥ ❬✹✕✻❪







∂tψ = (1 + εx)[ψ,ϕ] + η(J − Jc),

∂tω = 2εω ∂ϕ∂y + (1 + εx)[ω, ϕ] + 1
1+εx [ψ, J ] + ν∆⊥ω,

J = ∆∗ψ,

ω = ∆⊥ϕ.



✼✽ ❊❙❆■▼✿ P❘❖❈❊❊❉■◆●❙

❚❤❡ ✉♥❦♥♦✇♥s ❛r❡ t❤❡ ♠❛❣♥❡t✐❝ ✢✉① ψ ✭t❤❛t ✐s B = ∇× ψ ✐s t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞✮✱ t❤❡ ✈❡❧♦❝✐t② ♣♦t❡♥t✐❛❧ ϕ✱ t❤❡
t♦r♦✐❞❛❧ ❝✉rr❡♥t ❞❡♥s✐t② J ❛♥❞ t❤❡ ✈♦rt✐❝✐t② ω✳ ❚❤❡ P♦✐ss♦♥ ❜r❛❝❦❡ts ❛r❡ ❞❡♥♦t❡❞ [·, ·] ✇✐t❤ ♣r♦♣❡rt✐❡s

[a, b] =
∂a

∂x

∂b

∂y
−∂a
∂y

∂b

∂x
= ∇·(a(∇×b)) = −[b, a], [a, [b, c]] = −[b, [c, a]]−[c, [a, b]] ❛♥❞ [ab, c] = a[b, c]+b[a, c].

❚❤❡ ♦♣❡r❛t♦r ∆∗ ✐s t❤❡ ●r❛❞✲❙❤❛❢r❛♥♦✈ ♦♣❡r❛t♦r ❞❡✜♥❡❞ ✐♥ s❡❝t✐♦♥ ✷✳ ❚❤❡ ♦♣❡r❛t♦r ∆⊥ ✐s t❤❡ ❧❛♣❧❛❝✐❛♥ r❡str✐❝t❡❞
t♦ t❤❡ ♣♦❧♦✐❞❛❧ s❡❝t✐♦♥✳ ❚❤❡ ♣❛r❛♠❡t❡r η st❛♥❞s ❢♦r t❤❡ r❡s✐st✐✈✐t②✱ ν ❢♦r t❤❡ ✈✐s❝♦s✐t②✳ ❲❡ ✐♠♣❧✐❝✐t❧② ❛ss✉♠❡ ❛
✉♥✐❢♦r♠ ❞❡♥s✐t②✳ ❚❤❡ s♦✉r❝❡ t❡r♠ Jc r❡♣r❡s❡♥ts ❛ ♥♦♥✲♦❤♠✐❝ ❞r✐✈❡♥ ❝✉rr❡♥t ❞❡♥s✐t② t❤❛t s❡ts ❛ ❝♦♥st❛♥t ♣r♦✜❧❡
❧✐❦❡❧② t♦ ❜❡ ♣❡rt✉r❜❡❞ ✇✐t❤ ✢✉❝t✉❛t✐♦♥s✳ ■t ✐s ♥❛t✉r❛❧ t♦ ✐♠♣♦s❡ ❤♦♠♦❣❡♥❡♦✉s ❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ♦♥
t❤❡ ❡①t❡r✐♦r ❢r♦♥t✐❡r

u|∂Ω = ϕ|∂Ω = ψ|∂Ω = 0. ✭✶✮

✶✳✸✳ ❖✉t❧✐♥❡

◆♦♥✲❧✐♥❡❛r ▼❍❉ s✐♠✉❧❛t✐♦♥s t②♣✐❝❛❧❧② st❛rt ❢r♦♠ ❛♥ ❡q✉✐❧✐❜r✐✉♠✿ ✇❡ st✉❞② ✐♥ s❡❝t✐♦♥ ✷ t❤❡ st❛t✐♦♥❛r② s♦❧✉t✐♦♥
♦❢ t❤❡ s♦✲❝❛❧❧❡❞ ●r❛❞✲❙❤❛❢r❛♥♦✈ ❡q✉❛t✐♦♥

− ∆∗ψ = Jc, ψ|∂Ω = 0. ✭✷✮

❲❡ ♣r❡s❡♥t ✜rst ❤♦✇ t♦ ❝♦♠♣✉t❡ t❤❡ s♦❧✉t✐♦♥ ✇✐t❤ ❋r❡❡❋❡♠✰✰ ✐♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ ❙♦❧♦✈✐❡✈ ❡q✉✐❧✐❜r✐✉♠ ✇❤✐❝❤
❝♦rr❡s♣♦♥❞s t♦ ❛ Jc ✐♥❞❡♣❡♥❞❡♥t ♦❢ ψ✳ ❚❤❡♥ ✇❡ ❣❡♥❡r❛❧✐③❡ t❤❡ ❛❧❣♦r✐t❤♠ t♦ t❤❡ ❝❛s❡ ♦❢ ❛ ♣♦❧②♥♦♠✐❛❧ ✭✐♥ ψ✮ ♥♦♥
♦❤♠✐❝ ❝✉rr❡♥t✳ ❚❤❡♥ ✐♥ s❡❝t✐♦♥ ✸ ✇❡ st✉❞② t❤❡ st❛❜✐❧✐t② ♦❢ t❤❡ st❛t✐♦♥❛r② s♦❧✉t✐♦♥ ✐♥ t❤❡ s✐♠♣❧✐✜❡❞ ❝②❧✐♥❞r✐❝❛❧
❝❛s❡ ✭✐✳❡✳ ✇❤❡♥ ε = 0✮ ✈✐❛ t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ♦❢







∂tψ = [ψ,ϕ] + η(J − Jc),

∂tω = [ω, ϕ] + [ψ, J ] + ν∆ω,

J = ∆ψ,

ω = ∆ϕ.

✭✸✮

❲❡ ✐♥tr♦❞✉❝❡ s♦♠❡ s❝❤❡♠❡s ❛♥❞ t❤❡ ❝♦♥❝❧✉s✐♦♥ ✇✐❧❧ ❜❡ t❤❛t t❤❡ st❛t✐♦♥❛r② s♦❧✉t✐♦♥ t❤❛t ✇❡ ❝♦♥s✐❞❡r ✐s ✉♥st❛❜❧❡✿
t❤✐s ✐s ✇❤❛t ✐s ❝❛❧❧❡❞ t❤❡ ❝✉rr❡♥t ❤♦❧❡ ❬✻❪✳

✷✳ ❚❤❡ ❡q✉✐❧✐❜r✐✉♠✿ st❛t✐♦♥❛r② s♦❧✉t✐♦♥s

❚❤❡ ❡q✉✐❧✐❜r✐✉♠ r❡❢❡rs t♦ t❤❡ st❛t✐♦♥❛r② s♦❧✉t✐♦♥ ♦❢ ✭✸✮✳

✷✳✶✳ ❚❤❡ ●r❛❞✲❙❤❛❢r❛♥♦✈ ♦♣❡r❛t♦r

■♥ t❤✐s ♣❛rt ✇❡ st✉❞② t❤❡ ●r❛❞✲❙❤❛❢r❛♥♦✈ ❡q✉❛t✐♦♥ ✭✷✮ ❬✶✱ ✶✸❪ t❤❛t ♠♦❞❡❧s ❛ ♣❧❛s♠❛ ❡q✉✐❧✐❜r✐✉♠ ✇❤❡r❡ t❤❡
♣r❡ss✉r❡ ❣r❛❞✐❡♥t ❜❛❧❛♥❝❡s t❤❡ ▲♦r❡♥t③ ❢♦r❝❡✱ ❆♠♣❡r❡✬s ❧❛✇ ❛♥❞ t❤❡ ❢❛❝t t❤❛t t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ B ✐s ❞✐✈❡r❣❡♥❝❡✲
❢r❡❡ ✭s❡❡ ❢♦r ❡①❛♠♣❧❡ ❬✸✱ ✻✱ ✽❪✮✳ ❚❤❡ ❢✉♥❝t✐♦♥ ψ ✐s t❤❡ ♠❛❣♥❡t✐❝ ✢✉① ❛♥❞ t❤❡ ♣❧❛s♠❛ ❜♦✉♥❞❛r② ❝♦rr❡s♣♦♥❞s t♦ ❛
s✉r❢❛❝❡ ♦❢ ❝♦♥st❛♥t ψ✳ ❚❤❡ ●r❛❞✲❙❤❛❢r❛♥♦✈ ♦♣❡r❛t♦r ∆∗

c ✐s ❛ s❡❝♦♥❞✲♦r❞❡r ❡❧❧✐♣t✐❝ ♦♣❡r❛t♦r ✭t❤❡ ❝♦♦r❞✐♥❛t❡s R
❛♥❞ Z ❛r❡ ❞❡✜♥❡❞ ✐♥ ❋✐❣✉r❡ ✶❛✮

∆∗
cψ := R2divc

(
1

R2
∇cψ

)

,

✇❤❡r❡ divc ❛♥❞ ∇c r❡s♣❡❝t✐✈❡❧② st❛♥❞s ❢♦r t❤❡ ❞✐✈❡r❣❡♥❝❡ ❛♥❞ t❤❡ ❣r❛❞✐❡♥t ✐♥ t❤❡ ♣♦❧♦✐❞❛❧ s❡❝t✐♦♥ ❢♦r ❝②❧✐♥❞r✐❝❛❧
❝♦♦r❞✐♥❛t❡s✱ ♥❛♠❡❧② ∇cA = (∂RA, ∂ZA)T ❛♥❞ divcA = R−1∂R(RAR) + ∂ZAZ ✳ ❚❤❡ ❢✉♥❝t✐♦♥ Jc s♣❡❝✐✜❡s t❤❡
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♣❧❛s♠❛ ❝✉rr❡♥t ❞❡♥s✐t② Jc(R,ψ) = R2p′(ψ) + F (ψ)F ′(ψ)✱ ✇❤❡r❡ p ✐s t❤❡ ♣r❡ss✉r❡✱ ❛♥❞ F = RBφ✱ ✇✐t❤ Bφ t❤❡
t♦r♦✐❞❛❧ ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞✳ ❚❤❡♥ t❤❡ ❡q✉❛t✐♦♥ ✭✷✮ ✇r✐t❡s

−R
∂

∂R

(
1

R

∂ψ

∂R

)

− ∂2ψ

∂Z2
= R2 dp

dψ
+ F

dF

dψ
. ✭✹✮

❉✉❡ t♦ t❤❡ ♥♦♥✲❧✐♥❡❛r ♥❛t✉r❡ ♦❢ t❤❡ ●r❛❞✲❙❤❛❢r❛♥♦✈ ❡q✉❛t✐♦♥✱ ❛ ❣❡♥❡r❛❧ ❛♥❛❧②t✐❝ s♦❧✉t✐♦♥ ✐s ♥♦t ♣♦ss✐❜❧❡✳ ❍♦✇✲
❡✈❡r✱ ❢♦r ❛ ❣✐✈❡♥ ❘❍❙✱ t❤❡ ●r❛❞✲❙❤❛❢r❛♥♦✈ ❡q✉❛t✐♦♥ ❝❛♥ ❜❡ s♦❧✈❡❞ ♥✉♠❡r✐❝❛❧❧②✱ ✇✐t❤ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s
❞❡t❡r♠✐♥❡❞ ❜② ❝✉rr❡♥ts s❤♦✇✐♥❣ ✐♥ t❤❡ ❡①t❡r♥❛❧ ❝♦♥tr♦❧ ❝♦✐❧s ✇❤✐❝❤ s✉rr♦✉♥❞ t❤❡ ✈❛❝✉✉♠ ✈❡ss❡❧✳ ❆ ❝♦♥s✐❞❡r❛❜❧❡
❝♦♠♣❧✐❝❛t✐♦♥ ✐s t❤❛t t❤❡ ♣❧❛s♠❛ ❝r♦ss✲s❡❝t✐♦♥ ✭✐✳❡✳ t❤❡ ✈❛❧✉❡ ♦❢ ψ ❛❧♦♥❣ ❛ ❝✉r✈❡✮✱ ✐♥ ❣❡♥❡r❛❧✱ ✐s ❛❧s♦ ✉♥❦♥♦✇♥ s✐♥❝❡
✐t r❡♣r❡s❡♥ts t❤❡ ✐♥t❡r❢❛❝❡ ❜❡t✇❡❡♥ t❤❡ ♣❧❛s♠❛ ❛♥❞ t❤❡ ❡①t❡r♥❛❧ ✈❛❝✉✉♠ r❡❣✐♦♥ ✇❤✐❝❤ ✐s ❞❡t❡r♠✐♥❡❞ ❜② ❛♥♦t❤❡r
♥♦♥✲❧✐♥❡❛r ♣r♦❜❧❡♠✱ ✈✐③✳ t❤❡ ❡①t❡r♥❛❧ ❢r❡❡✲❜♦✉♥❞❛r② ♣r♦❜❧❡♠ ✇✐t❤ ❣✐✈❡♥ ❝✉rr❡♥ts ✐♥ ❡①t❡r♥❛❧ ❝♦✐❧s✳ ❍❡r❡✱ ✇❡ ✇✐❧❧
❛ss✉♠❡ t❤❛t t❤✐s ♣r♦❜❧❡♠ ✐s s♦❧✈❡❞ s❡♣❛r❛t❡❧② s♦ t❤❛t ✇❡ ♣r❡s❝r✐❜❡ ❛ ❞❡s✐r❡❞ s❤❛♣❡ ♦❢ t❤❡ ♣❧❛s♠❛ ❝r♦ss✲s❡❝t✐♦♥✳

❉❡✜♥✐t✐♦♥ ✷✳✶ ✭❙♦❧♦✈✐❡✈ ❡q✉✐❧✐❜r✐✉♠✮✳ ❚❤❡ ●r❛❞✲❙❤❛❢r❛♥♦✈ ❡q✉❛t✐♦♥ ✭✹✮✱ t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❝♦♥❞✐t✐♦♥s p′(ψ) =
α = ❝st ❛♥❞ F (ψ)F ′(ψ) = β = ❝st✱ ✐s t❤❡ s♦✲❝❛❧❧❡❞ ❙♦❧♦✈✐❡✈ ❡q✉✐❧✐❜r✐✉♠✳ ❚❤✐s s♦❧✉t✐♦♥ ✐s ❡q✉✐✈❛❧❡♥t t♦ ❍✐❧❧✬s
s♣❤❡r✐❝❛❧ ✈♦rt❡① s♦❧✉t✐♦♥ ❢r♦♠ ✢✉✐❞ ♠❡❝❤❛♥✐❝s✱ ✇✐t❤ ψ r❡♣r❡s❡♥t✐♥❣ t❤❡ ❙t♦❦❡s str❡❛♠ ❢✉♥❝t✐♦♥✳

❚♦ ❞❡s❝r✐❜❡ t❤❡ ♣♦❧♦✐❞❛❧ ♣❧❛♥❡ ♦❢ ❛ t♦r✉s✱ ❧❡t ✉s ❞❡✜♥❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❞✐♠❡♥s✐♦♥❧❡ss ❈❛rt❡s✐❛♥ ❝♦♦r❞✐♥❛t❡s
❜② t❤❡ r❡❧❛t✐♦♥s ✭s❡❡ ❋✐❣✉r❡ ✶❜✮ R = R0 + ax = R0(1 + εx) ❛♥❞ Z = ay✳ ❚❤❡♥ t❤❡ ❡q✉❛t✐♦♥ ✭✹✮✱ t♦❣❡t❤❡r t❤❡
❙♦❧♦✈✐❡✈ ❡q✉✐❧✐❜r✐✉♠✱ ❝❛♥ ❜❡ ❢✉❧❧② ❡①♣r❡ss❡❞ ✇✐t❤ t❤❡ (x, y)✲❝♦♦r❞✐♥❛t❡s ❛s

− 1

a2

(

(1 + εx) ∇ ·
( ∇ψ

1 + εx

))

=
(
αR2

0(1 + εx)2 + β
)
, ✭✺✮

✇❤❡r❡ t❤❡ ♦♣❡r❛t♦r ∇· ❛♥❞ ∇ ❤❡r❡ st❛♥❞ ❢♦r t❤❡ ❝❧❛ss✐❝❛❧ ❞✐✈❡r❣❡♥❝❡ ❛♥❞ ❣r❛❞✐❡♥t ✐♥ t❤❡ ❈❛rt❡s✐❛♥ ❝♦♦r❞✐♥❛t❡s✳

✷✳✷✳ ❲❡❛❦ ❢♦r♠✉❧❛t✐♦♥

❚❤❡ ❝♦♥✈❡♥✐❡♥t ♠❛t❤❡♠❛t✐❝❛❧ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✳ ❲❡ ♠✉❧t✐♣❧② t❤❡ ❡q✉❛t✐♦♥ ✭✺✮ ❜②
a2ϕ/(1 + εx) ✇❤❡r❡ t❤❡ t❡st ❢✉♥❝t✐♦♥ ✐s ϕ ❛♥❞ ✇❡ ✐♥t❡❣r❛t❡ ❜② ♣❛rts ♦♥ t❤❡ ❞♦♠❛✐♥ Ω✳ ❯s✐♥❣ t❤❡ ❤♦♠♦❣❡♥❡♦✉s
❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✇❡ r❡❛❞✐❧② ♦❜t❛✐♥ t❤❡ ❢♦r♠✉❧❛t✐♦♥ ✏✜♥❞ ψ ∈ V s✉❝❤ t❤❛t a(ψ,ϕ) = ℓ(ϕ) ❢♦r ❛❧❧ ϕ ∈ V ✑ ✇❤❡r❡
t❤❡ ❜✐❧✐♥❡❛r ❢♦r♠ ❛♥❞ t❤❡ ❧✐♥❡❛r r✐❣❤t ❤❛♥❞ s✐❞❡ ❛r❡

a(ψ,ϕ) =

∫

Ω

∇ψ · ∇ϕ
1 + εx

dΩ, ℓ(ϕ) =

∫

Ω

a2

(

αR2
0(1 + εx) +

β

1 + εx

)

ϕ dΩ

❛♥❞ t❤❡ ❝♦♥✈❡♥✐❡♥t ❢✉♥❝t✐♦♥❛❧ s♣❛❝❡ ✐s V = H1
0 (Ω)✳ ❚❤✐s ✇❡❛❦ ❢♦r♠✉❧❛t✐♦♥ ✜ts ✇✐t❤✐♥ t❤❡ ❢r❛♠❡ ♦❢ t❤❡ ▲❛①✲

▼✐❧❣r❛♠ t❤❡♦r❡♠ s✐♥❝❡ t❤❡ ❜✐❧✐♥❡❛r ❢♦r♠ a ✐s s②♠♠❡tr✐❝✱ ❝♦♥t✐♥✉♦✉s ❛♥❞ ❝♦❡r❝✐✈❡✳ ❚❤❡ ❧✐♥❡❛r ❢♦r♠ ℓ ✐s ❝♦♥t✐♥✉♦✉s✳
❚❤✐s ❡♥s✉r❡s t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ s♦❧✉t✐♦♥ ψ✳ ❖t❤❡r ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✇♦✉❧❞ ❧❡❛❞ t♦ ❛ ❞✐✛❡r❡♥t
❜✐❧✐♥❡❛r ❢♦r♠ a✱ ❛ ❞✐✛❡r❡♥t ❧✐♥❡❛r ❢♦r♠ ℓ ♦r ❛ s❧✐❣❤t❧② ❞✐✛❡r❡♥t s♣❛❝❡ V ❜✉t ✇♦✉❧❞ ♥♦t ❝♦♠♣r♦♠✐s❡ t❤❡ ❝♦♥❝❧✉s✐♦♥
♦❢ ▲❛①✲▼✐❧❣r❛♠ t❤❡♦r❡♠✳

✷✳✸✳ ❈♦♠♣✉t❛t✐♦♥❛❧ ❡①❛♠♣❧❡s

❲❡ ✉s❡ t❤❡ ✜♥✐t❡ ❡❧❡♠❡♥t ♠❡t❤♦❞ ✇✐t❤ ❧✐♥❡❛r tr✐❛♥❣✉❧❛r ❡❧❡♠❡♥ts ✐♥ ♦r❞❡r t♦ ❝♦♠♣✉t❡ t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥s✱
❛s ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ❋r❡❡❋❡♠✰✰ ♠❛♥✉❛❧ ❬✶✶❪✳ ■♥ ♦r❞❡r t♦ ♣❡r❢♦r♠ ❛ ✈❛❧✐❞❛t✐♦♥ ♦❢ t❤❡ ❝♦❞❡✱ ✇❡ ♣r❡s❡♥t ❤❡r❡ ❛ s❡t
♦❢ ❝♦♠♣✉t❛t✐♦♥❛❧ ❡①❛♠♣❧❡s ❢♦r s♦♠❡ ❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥s t❤❛t ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✳ ❆ ✜rst ❡①❛♠♣❧❡
♣❡r♠✐ts t♦ ❞❡s❝r✐❜❡ t❤❡ str✉❝t✉r❡ ♦❢ t❤❡ ❝♦❞❡ ❛♥❞ t♦ ❝♦♠♣❛r❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ ✇✐t❤ ❛ ❜♦✉♥❞❛r② ❡❧❡♠❡♥ts ♠❡t❤♦❞✳
■♥ ❛ s❡❝♦♥❞ ❡①❛♠♣❧❡ ❛ ✈❡r② ❣♦♦❞ ❝♦♥✈❡r❣❡♥❝❡ ✐s ♦❜s❡r✈❡❞✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❡①❛♠♣❧❡s ❢♦❝✉s ♦♥ t❤❡ ❤❛♥❞❧✐♥❣ ♦❢
❞✐✛❡r❡♥t t②♣❡s ♦❢ r✐❣❤t ❤❛♥❞ s✐❞❡ ❞❡♣❡♥❞✐♥❣ ♦♥ ψ✳ ■♥ t❤❡ t❤✐r❞ ❡①❛♠♣❧❡✱ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ✐s ❧✐♥❡❛r ✐♥ ψ✳ ■♥
t❤❡ ❢♦✉rt❤ ❡①❛♠♣❧❡✱ ♥♦♥✲❧✐♥❡❛r r✐❣❤t ❤❛♥❞ s✐❞❡s ❛r❡ ❝♦♥s✐❞❡r❡❞✱ s♦ t❤❛t ❛ ❧✐♥❡❛r✐s❛t✐♦♥ s❝❤❡♠❡ ❤❛s t♦ ❜❡ ❝❤♦s❡♥✳
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✭❛✮ N∂Ω = 200 ✭❜✮ ψex ✭❝✮ ψ

❋✐❣✉r❡ ✷✿ ❊①❛♠♣❧❡ ■✿ ❝♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ❡①❛❝t ♠❛❣♥❡t✐❝ ✢✉① ψex ❛♥❞ t❤❡ ♥✉♠❡r✐❝❛❧ ♠❛❣♥❡t✐❝ ✢✉① ψ ✇✐t❤ P1

✜♥✐t❡ ❡❧❡♠❡♥ts✳ ❲❡ ❛❧s♦ ♣❧♦t t❤❡ ♠❡s❤✳

✷✳✸✳✶✳ ❆ ✜rst ❡①❛♠♣❧❡

❚❤❡ ❞♦♠❛✐♥ Ω ✐s ❞❡✜♥❡❞ ❜② ✐ts ❢r♦♥t✐❡r ∂Ω =
{

(R,Z) | R = R0

√

1 + 2a cosα
R0

, Z = aR0 sinα, α = 0 : 2π
}

✳

❚❤❡ ❡①❛❝t s♦❧✉t✐♦♥ ✐s ❣✐✈❡♥ ❬✷❪✿

ψ(R,Z) =
f0R

2
0

2

(

a2 − Z2 − (R2 −R2
0)

2

4R2
0

)

.

❋♦r t❤❡ ♣❛r❛♠❡t❡r ❝❤♦✐❝❡ a = 0.5✱ f0 = 1 ❛♥❞ R0 = 1✱ t❤❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ❛r❡ ❞✐s♣❧❛②❡❞ ✐♥ ❋✐❣✉r❡ ✷✳ ❆
❝♦♠♣❛r✐s♦♥ ✐s ♣♦ss✐❜❧❡ ✇✐t❤ ❬✷❪ ✇❤❡r❡ t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ✐s ♦❜t❛✐♥❡❞ ✇✐t❤ t❤❡ ❇♦✉♥❞❛r② ❊❧❡♠❡♥t ▼❡t❤♦❞✳
❚♦ s❤♦✇ ❤♦✇ t♦ ❝♦♠♣✉t❡ t❤❡ s♦❧✉t✐♦♥ ✇✐t❤ ❋r❡❡❋❡♠✰✰ ❛♥❞ ❡st✐♠❛t❡ t❤❡ ❡rr♦r✱ ❧❡t ✉s ❣♦ t❤r♦✉❣❤ ❛❧❧ t❤❡ st❡♣s
♦♥❡ ❜② ♦♥❡ ✭❢♦r ♠♦r❡ ❞❡t❛✐❧s s❡❡ ❬✶✶❪✮✳

• ❲❡ ❞❡❝❧❛r❡ t❤❡ ✈❛r✐❛❜❧❡s✳

✐♥t ♥ ❂ ✷✵✵❀ ✴✴ n ✐s t❤❡ ♥✉♠❜❡r ♦❢ t❤❡ ♣♦✐♥ts ✐♥ t❤❡ ❜♦r❞❡r ∂Ω
r❡❛❧ ▲✷❡rr♦r❀

• ❚❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ g✱ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ b ❛♥❞ t❤❡ ❡①❛❝t s♦❧✉t✐♦♥ ψex ❛r❡ ❞❡✜♥❡❞ ❛♥❛❧②t✐❝❛❧❧② ✭✐♥
❋r❡❡❋❡♠✰✰ ✈❛r✐❛❜❧❡s ♠✉st ❜❡ ♥♦t❡❞ x ❛♥❞ y✮✳

❢✉♥❝ ❣ ❂ ①❫✷✰✶✳❀
❢✉♥❝ ❜ ❂ ✵✳❀
❢✉♥❝ ❊①❛❝t ❂ ✭✶✳ ✲✭✷✳✯②✮❫✷ ✲✭✷✳✯✭①✲✶✳✮✰✭①✲✶✳✮ ❫✷✮ ❫✷✮ ✴✽✳❀

• ❚❤❡ ❜♦✉♥❞❛r② ✐s ❞❡s❝r✐❜❡❞ ❛♥❛❧②t✐❝❛❧❧② ❜② ❛ ♣❛r❛♠❡tr✐❝ ❡q✉❛t✐♦♥ ❢♦r x ❛♥❞ ❢♦r y✳ ❚❤❡ ♠❡s❤ ♦❢ t❤❡
❞♦♠❛✐♥ ✐s ❛✉t♦♠❛t✐❝❛❧❧② ❣❡♥❡r❛t❡❞ ❜② ✉s✐♥❣ n ♣♦✐♥ts ♦♥ t❤❡ ❜♦r❞❡r✳ ❚❤❡ ❞♦♠❛✐♥ ✐s ❛ss✉♠❡❞ t♦ ❜❡ ♦♥
t❤❡ ❧❡❢t s✐❞❡ ♦❢ t❤❡ ❜♦✉♥❞❛r② ✇❤✐❝❤ ✐s ✐♠♣❧✐❝✐t❧② ♦r✐❡♥t❡❞ ❜② t❤❡ ♣❛r❛♠❡tr✐③❛t✐♦♥✳ ❆s Ω ✐s ♥♦t ❛ ♣♦❧②❣♦♥❛❧
❞♦♠❛✐♥✱ ❛ ✏s❦✐♥✑ r❡♠❛✐♥s ❜❡t✇❡❡♥ t❤❡ ❡①❛❝t ❞♦♠❛✐♥ ❛♥❞ ✐ts ❛♣♣r♦①✐♠❛t✐♦♥✳ ❍♦✇❡✈❡r✱ ✇❡ ♥♦t✐❝❡ t❤❛t
❛❧❧ ❝♦r♥❡rs ♦❢ t❤❡ tr✐❛♥❣✉❧❛t✐♦♥ ❧✐❡s ✐♥ ∂Ω✳ ❚❤❡ ✈✐s✉❛❧✐③❛t✐♦♥ ♦❢ t❤❡ tr✐❛♥❣✉❧❛t✐♦♥ ✐s ❞♦♥❡ ❛♥❞ s❛✈❡❞ ✐♥ ❛
♣♦sts❝r✐♣t ✜❧❡✳

❜♦r❞❡r ●❛♠♠❛✭t❂✵ ✱✷✳✵✯♣✐✮④①❂sqrt ✭✶✳✰ ❝♦s✭t✮✮❀②❂✵✳✺✯ s✐♥✭t✮❀⑥
♠❡s❤ ❚❤❂❜✉✐❧❞♠❡s❤ ✭●❛♠♠❛✭♥✮✮❀
♣❧♦t✭❚❤✱✇❛✐t❂tr✉❡ ✱♣s❂✧▼❡s❤✳❡♣s✧✮❀

• ❚❤❡ ✜♥✐t❡ ❡❧❡♠❡♥t s♣❛❝❡ ✐s ❛ s♣❛❝❡ ♦❢ ♣♦❧②♥♦♠✐❛❧ ❢✉♥❝t✐♦♥s ♦♥ ❡❧❡♠❡♥ts✱ tr✐❛♥❣❧❡s ❤❡r❡✱ ✇✐t❤ ❝❡rt❛✐♥
♠❛t❝❤✐♥❣ ♣r♦♣❡rt✐❡s ❛t ❡❞❣❡s✱ ✈❡rt✐❝❡s ❡t❝✳ ❍❡r❡ ✇❡ ❞❡✜♥❡ t❤❡ s♣❛❝❡ P1 ♦❢ ❝♦♥t✐♥✉♦✉s ♣✐❡❝❡✇✐s❡ ❧✐♥❡❛r
❢✉♥❝t✐♦♥s ✇❤✐❝❤ ❛r❡ ❡q✉❛❧ t♦ 1 ♦♥ ♦♥❡ ✈❡rt❡① ♦❢ t❤❡ tr✐❛♥❣✉❧❛t✐♦♥ ❛♥❞ 0 ♦♥ ❛❧❧ ♦t❤❡rs✳ ❲❡ ❞❡❝❧❛r❡ t❤❛t
ψ✱ ψex✱ ϕ ❛♥❞ |ψ − ψex| ❛r❡ ❛♣♣r♦①✐♠❛t❡❞ ❛s ❝♦♥t✐♥✉♦✉s ♣✐❡❝❡✇✐s❡ ❧✐♥❡❛r ❢✉♥❝t✐♦♥s✳

❢❡s♣❛❝❡ ❱❤✭❚❤ ✱P✶✮❀
❱❤ ♣s✐ ✱♣❤✐ ✱❡rr♦r ✱♣s✐❊①❛❝t❀
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✭❛✮ N∂Ω=128 ✭❜✮ ψex ✭❝✮ ψ ✭❞✮ ∂ψex

∂x
✭❡✮ ∂ψ

∂x

❋✐❣✉r❡ ✸✿ ❙❡❝♦♥❞ ❡①❛♠♣❧❡✿ ❝♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ❡①❛❝t ♠❛❣♥❡t✐❝ ✢✉① ψex ❛♥❞ t❤❡ ♥✉♠❡r✐❝❛❧ ♠❛❣♥❡t✐❝ ✢✉① ψ✳ ❲❡
❛❧s♦ ♣❧♦t t❤❡ ♠❡s❤ ❛♥❞ t❤❡ x✲❞❡r✐✈❛t✐✈❡✳

• ❚❤❡ ✈✐s✉❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ❡①❛❝t s♦❧✉t✐♦♥ ✐s ❞♦♥❡ ❛♥❞ s❛✈❡❞ ✐♥ ❛ ♣♦sts❝r✐♣t ✜❧❡✳

♣s✐❊①❛❝t ❂ ❊①❛❝t❀
♣❧♦t✭♣s✐❊①❛❝t ✱✇❛✐t❂tr✉❡ ✱❢✐❧❧❂tr✉❡ ✱✈❛❧✉❡❂tr✉❡ ✱♣s❂✧❊①❛❝t✳❡♣s✧✮❀

• ❲❡ ❞❡✜♥❡ t❤❡ ❜✐❧✐♥❡❛r ❢♦r♠ ♦❢ ●r❛❞✲❙❤❛❢r❛♥♦✈ ❡q✉❛t✐♦♥ ❛♥❞ ✐ts ❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳ ■♥
❋r❡❡❋❡♠✰✰ t❤❡r❡ ✐s ♥♦ ♥❡❡❞ t♦ ❞✐st✐♥❣✉✐s❤ t❤❡ ❜✐❧✐♥❡❛r ❢♦r♠ ❢r♦♠ t❤❡ ❧✐♥❡❛r ❢♦r♠✳ ❆s ❧♦♥❣ ❛s t❤❡ t❡r♠s
❛r❡ ✐♥s✐❞❡ ❞✐✛❡r❡♥t ✐♥t❡❣r❛❧s✱ ❋r❡❡❋❡♠✰✰ ✐♥t❡r♣r❡t❡r ✜♥❞s ♦✉t ✇❤✐❝❤ ♦♥❡ ✐s t❤❡ ❜✐❧✐♥❡❛r ❢♦r♠ ❜② ❝❤❡❝❦✐♥❣
✇❤❡r❡ ❜♦t❤ t❡r♠s ψ ❛♥❞ ϕ ❛r❡ ♣r❡s❡♥t✳ ❚❤❡ ♣r♦❜❧❡♠ ✐s s♦❧✈❡❞✱ t❤❡ ✈✐s✉❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥
✐s ❞♦♥❡ ❛♥❞ s❛✈❡❞ ✐♥ ❛ ♣♦sts❝r✐♣t ✜❧❡✳

s♦❧✈❡ ❣s✭♣s✐ ✱♣❤✐✮❂
✐♥t✷❞✭❚❤✮✭❞①✭♣s✐✮✯❞①✭♣❤✐✮✰❞②✭♣s✐✮✯❞②✭♣❤✐✮✮

✰✐♥t✷❞✭❚❤✮✭❞①✭♣s✐✮✯♣❤✐✴①✮
✲✐♥t✷❞✭❚❤✮✭❣✯♣❤✐✮
✰♦♥✭●❛♠♠❛ ✱♣s✐❂❜✮❀

♣❧♦t✭♣s✐ ✱✇❛✐t❂tr✉❡ ✱✈❛❧✉❡❂tr✉❡ ✱❢✐❧❧❂tr✉❡ ✱♣s❂✧ ❆♣♣r♦①✐♠❛t✐♦♥✳❡♣s✧✮❀

• ❚❤❡ ❡rr♦r E(ψ) = ‖ψ − ψex‖L2/‖ψex‖L2 ✐s ❝♦♠♣✉t❡❞ ❛♥❞ ✇r✐tt❡♥ ✐♥ t❤❡ ❝♦♥s♦❧❡✳

❡rr♦r ❂ ❛❜s✭♣s✐ ✲❊①❛❝t✮❀
▲✷❡rr♦r ❂ sqrt✭✐♥t✷❞✭❚❤✮✭sq✉❛r❡✭❡rr♦r✮✮✮✴sqrt✭✐♥t✷❞✭❚❤✮✭sq✉❛r❡✭♣s✐❊①❛❝t✮✮✮❀
❝♦✉t ❁❁ ✧▲✷❡rr♦r ❂✧ ❁❁ ▲✷❡rr♦r ❁❁ ❡♥❞❧❀

• ❘❡s✉❧ts ❛r❡ ❝♦♠♣❛r❡❞ ✇✐t❤ t❤❡ ❡①❛❝t s♦❧✉t✐♦♥ ❛♥❞ r❡♣r❡s❡♥t❡❞ ✐♥ t❡r♠s ♦❢ ❝♦♥t♦✉rs ✐♥ ❋✐❣✉r❡ ✷✳

✷✳✸✳✷✳ ❙❡❝♦♥❞ ❡①❛♠♣❧❡✿ ❙♦❧♦✈✐❡✈ ❊q✉✐❧✐❜r✐✉♠ ✇✐t❤ tr✐❛♥❣✉❧❛r✐t② ♣❛r❛♠❡t❡r

■♥ t❤✐s ❡①❛♠♣❧❡ ✇❡ t❡st t❤❡ s♦❧✈❡r ♦✈❡r ❛ ❝❧❛ss ♦❢ ❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥s ✇❤✐❝❤ ❝❛♥ ❜❡ ✇r✐tt❡♥ ✐♥ ❈❛rt❡s✐❛♥
❝♦♦r❞✐♥❛t❡s ❛s

ψ(x, y) = 1 −
(

x− ε

2
(1 − x2)

)2

−
((

1 − ε2

4

)

(1 + εx)2 + λx
(

1 +
ε

2
x
))(a

b
y
)2

✇❤❡r❡ λ st❛♥❞s ❢♦r t❤❡ tr✐❛♥❣✉❧❛r✐t② ♣❛r❛♠❡t❡r✳ ❆ str❛✐❣❤t❢♦r✇❛r❞ ❝♦♠♣✉t❛t✐♦♥ s❤♦✇s t❤❛t t❤✐s s♦❧✉t✐♦♥ ❝♦rr❡✲
s♣♦♥❞s t♦ ❛ ❙♦❧♦✈✐❡✈ ❡q✉✐❧✐❜r✐✉♠✱ ✐✳❡✳

−∆∗ψ = α(R0(1 + εx))2 + β ✇✐t❤ α =
4(a2 + b2)ε+ a2(2λ− ε3)

2R2
0εa

2b2
❛♥❞ β = − λ

b2ε
.
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❲❡ r❡♠❛r❦ t❤❛t ψ = 0 ❣♦✐♥❣ t❤r♦✉❣❤ (±1, 0) ❛♥❞ (0,± b
a )❀ t❤❡ s❤✐❢t ♦❢ t❤❡ ♠❛❣♥❡t✐❝ ❛①✐s ✐s t❤❡♥ ❣✐✈❡♥ ❜②

(
√

1 + ε2 − 1)ε✳ ❋♦r t❤❡ ♥❡❡❞ ♦❢ ❢✉rt❤❡r ❝♦♠♣❛r✐s♦♥s ✇✐t❤ ❬✻❪✱ ✐♥ ♦✉r t❡sts ✇❡ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣❛r❛♠❡t❡rs✿
t❤❡ ❡❧❧✐♣t✐❝✐t② ε = 3/10✱ t❤❡ tr✐❛♥❣✉❧❛r✐t② λ = 0✱ t❤❡ ♠❛❥♦r ❛①✐s R0 = 5/3✱ t❤❡ ♠✐♥♦r ❛①✐s a = 1/2 ❛♥❞ t❤❡
❡❧♦♥❣❛t✐♦♥ b = 7/10✱ ✇❤✐❝❤ ✐♠♣❧✐❡s α ≈ 4.35 ❛♥❞ β = 0✳ ❚❤❡ ❣❡♦♠❡tr② ✐s t❤❡ D − shaped ❝♦♥✜❣✉r❛t✐♦♥ ❞❡✜♥❡❞
❜② ∂Ω = {(x, y) ∈ R2 | ψ(x, y) = 0}✱ ✐✳❡✳

y = ± b

a

√
√
√
√ 1 −

(
x− ε

2 (1 − x2)
)2

(
1 − ε2

4

)
(1 + εx)2 + λx

(
1 + ε

2x
) , x ∈ [−1; 1].

■♥ ❋✐❣✉r❡ ✸ ✇❡ ❞r❛✇ t❤❡ ♠❡s❤ ❣❡♥❡r❛t❡❞ ❜② ❋r❡❡❋❡♠✰✰ ✇✐t❤N∂Ω = 128 ❡❧❡♠❡♥ts ♦♥ t❤❡ ❜♦r❞❡r✱ t❤❡ ♠❛❣♥❡t✐❝ ✢✉①
ψex ❛♥❞ t❤❡ ❛♣♣r♦①✐♠❛t❡❞ ♠❛❣♥❡t✐❝ ✢✉① ψ ❝♦♠♣✉t❡❞ ✇✐t❤ P1 ✜♥✐t❡ ❡❧❡♠❡♥ts ❛♥❞ t❤❡ ❡①❛❝t ❛♥❞ ❛♣♣r♦①✐♠❛t❡❞
❞❡r✐✈❛t✐✈❡s ∂xψex ❛♥❞ ∂xψ✳ ❋♦r ❛ ❣✐✈❡♥ ❢✉♥❝t✐♦♥ ξ ❛♥❞ ✐ts ♥✉♠❡r✐❝❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ ξex✱ t❤❡ ❡rr♦r E(ξ) ✐s ❞❡✜♥❡❞
❛s t❤❡ r❡❧❛t✐✈❡ ❞✐✛❡r❡♥❝❡ ✐♥ t❤❡ L2 ♥♦r♠

E(ξ) =
‖ξ − ξex‖L2

‖ξex‖L2

=

√∫

Ω
(ξ − ξex)2 dΩ
∫

Ω
(ξex)2 dΩ

.

❲❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t❛❜❧❡ ♦❢ ❝♦♥✈❡r❣❡♥❝❡

N∂Ω E(ψ) E(∂ψ/∂x)

22 0.0630042 0.0467509
38 0.0326535 0.0272896
64 0.00706633 0.0109076

128 0.00242758 0.00517435
255 0.000728738 0.00240365
517 0.000269108 0.00127819

1067 0.000009828 0.000653738 102 103

10−4

10−3

10−2

10−1

≈ h2

≈ h

N∂Ω

E(ψ)

E(∂ψ/∂x)

◆✉♠❡r✐❝❛❧ r❡s✉❧ts ♠❛t❝❤ ♣❡r❢❡❝t❧② t❤❡ t❤❡♦r❡t✐❝❛❧ ❡①♣❡❝t❛t✐♦♥s✿ P1 ❡❧❡♠❡♥ts ♣r♦✈✐❞❡ ❛ s❡❝♦♥❞ ❝♦♥✈❡r❣❡♥❝❡
r❛t❡ ❢♦r t❤❡ ♠❛❣♥❡t✐❝ ✢✉①✱ ✇❤✐❧❡ ❣r❛❞✐❡♥ts ❛r❡ ❛♣♣r♦①✐♠❛t❡❞ ❛t ✜rst ♦r❞❡r✳

✷✳✸✳✸✳ ❚❤✐r❞ ❡①❛♠♣❧❡✿ ▲✐♥❡❛r ❘❍❙

❲❡ ❝♦♥s✐❞❡r ❤❡r❡ ❛ ✜rst ❡①❛♠♣❧❡ ♦❢ ❘❍❙ ✇✐t❤♦✉t ❙♦❧♦✈✐❡✈ ❡q✉✐❧✐❜r✐✉♠✿

1

R

∂ψ

∂R
− ∂2ψ

∂R2
− ∂2ψ

∂Z2
= (R2 + 1)ψ. ✭✻✮

❙tr❛✐❣❤t❢♦r✇❛r❞ ❝♦♠♣✉t❛t✐♦♥ s❤♦✇s t❤❛t t❤❡ ❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥ ✐s ψ(R,Z) = cos
(
R2

2

)

cos(Z)− 1
2 ✳ ❚❤❡ ❝♦♠♣✉✲

t❛t✐♦♥❛❧ ❞♦♠❛✐♥ Ω ✐s

∂Ω =

{

(R,Z) | R ∈ [ 23
√

3π, 2
3

√
6π], Z = arccos

(

1

2 cos R
2

2

)

∪ Z = 2π − arccos

(

1

2 cos R
2

2

)}

.

❋✐❣✉r❡ ✹ s❤♦✇s t❤❡ ❡①❛❝t ❛♥❞ t❤❡ ❛♣♣r♦①✐♠❛t❡❞ s♦❧✉t✐♦♥s r❡♣r❡s❡♥t❡❞ ✐♥ t❡r♠s ♦❢ ❝♦♥t♦✉rs ♦❜t❛✐♥❡❞ ❜②
❋r❡❡❋❡♠✰✰ ✇✐t❤ P1 ✜♥✐t❡ ❡❧❡♠❡♥ts✿ t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ❛❣r❡❡s ✈❡r② ✇❡❧❧ ✇✐t❤ t❤❡ ❛♥❛❧②t✐❝❛❧ ♦♥❡✳
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✭❛✮ ▼❡s❤ ✭❜✮ ψex ✭❝✮ ψ

❋✐❣✉r❡ ✹✿ ❚❤✐r❞ ❡①❛♠♣❧❡✿ ❝♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ❡①❛❝t s♦❧✉t✐♦♥ ψex ❛♥❞ t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ψ✳ ❲❡ ❛❧s♦ ♣❧♦t t❤❡
♠❡s❤✳

✷✳✸✳✹✳ ❋♦✉rt❤ ❡①❛♠♣❧❡✿ P♦❧②♥♦♠✐❛❧ ♥♦♥✲❧✐♥❡❛r ❘❍❙

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❝♦♥s✐❞❡r ❛ ♥♦♥✲❧✐♥❡❛r r✐❣❤t ❤❛♥❞ s✐❞❡ ❢♦r t❤❡ ●r❛❞✲❙❤❛❢r❛♥♦✈ ❡q✉❛t✐♦♥✳ ❚❤❡r❡ ✐s ♥♦ r❡s✉❧t
❝♦♥❝❡r♥✐♥❣ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ s♦❧✉t✐♦♥✱ ❜✉t ✇❡ ✇♦✉❧❞ st✐❧❧ ❧✐❦❡ t♦ ❛❞❛♣t t❤❡ ♣r❡✈✐♦✉s ♠❡t❤♦❞ ❜② ❞❡✜♥✐♥❣ ❛♥
✐t❡r❛t✐✈❡ s❡q✉❡♥❝❡✳ ■♥ ✇❤❛t ❢♦❧❧♦✇s ✇❡ st✉❞② t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ t♦ ❛ ❦♥♦✇ ❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥✳

❈♦♥s✐❞❡r ❛ ❣❡♥❡r❛❧ ♣r♦❜❧❡♠ ❞❡s❝r✐❜❡❞ ❜②

− ∆∗
cψ = G(ψ), ✭✼✮

✇❤❡r❡ t❤❡ ♥♦♥✲❧✐♥❡❛r ❢✉♥❝t✐♦♥ G ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s ψG1(ψ) + G2(ψ)✳ ❆ P✐❝❛r❞✬s ✐t❡r❛t✐♦♥ ✭✽✮ st❛rts ❢r♦♠ ❛♥②
✐♥✐t✐❛❧ ❢✉♥❝t✐♦♥✱ t❤❡♥ ❡❛❝❤ ❝❛❧❝✉❧✉s st❡♣ s♦❧✈❡s ❛ ❧✐♥❡❛r ♣r♦❜❧❡♠ ✇❤✐❝❤ ❞❡♣❡♥❞s ♦♥ t❤❡ ♣r❡✈✐♦✉s st❡♣✬s r❡s✉❧t✳
❊❛❝❤ st❡♣ ✐s ♣❡r❢♦r♠❡❞ ❜② s♦❧✈✐♥❣ t❤❡ s❛♠❡ ❧✐♥❡❛r ♣r♦❜❧❡♠ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❡①❛♠♣❧❡ ✸✱ s♦ t❤❛t t❤❡ ❜❛s✐❝
♠❡t❤♦❞ ✐s ❦❡♣t ✉♥❝❤❛♥❣❡❞✳ ❚❤❡ ✐ss✉❡ ✐s t❤❡♥ t♦ ❝❤♦♦s❡ ❤♦✇ t♦ ❞❡✜♥❡ t❤✐s ❧✐♥❡❛r ❢♦r♠✉❧❛t✐♦♥✳ ❚♦ ♦❜t❛✐♥ t❤❡
❞❡s✐r❡❞ ❧✐♥❡❛r r✐❣❤t ❤❛♥❞ s✐❞❡ ✇✐t❤ r❡s♣❡❝t t♦ ψ✱ t❤❡ ❢✉♥❝t✐♦♥s G1 ❛♥❞ G2 ❤❛s t♦ ❞❡♣❡♥❞ ♦♥❧② ♦♥ t❤❡ r❡s✉❧t ♦❢
t❤❡ ♣r❡✈✐♦✉s st❡♣✱ ❞❡♥♦t❡❞ ψn✳ ❋r♦♠ t❤❡♥ ♦♥ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❛❧❣♦r✐t❤♠

{

ψ0 ❣✐✈❡♥✱

−∆∗
cψn+1 = ψn+1G1(ψn) +G2(ψn),

✭✽✮

❛♥❞ t❤❡ ✐t❡r❛t✐♦♥ ✐s st♦♣♣❡❞ ✇❤❡♥ N (ψn+1 − ψn) < t♦❧ ✇❤❡r❡ N ✐s ❛ ♥♦r♠ ❛♥❞ t♦❧ ❛ ♣r❡s❝r✐❜❡❞ t♦❧❡r❛♥❝❡✳ ■♥
❢❛❝t ❡❛❝❤ ❝❤♦✐❝❡ ♦❢ G1 ❛♥❞ G2 ❣✐✈❡s ❛ ♥❡✇ s❝❤❡♠❡✳

❍❡r❡ ✇❡ ❞❡t❛✐❧ t❤❡ ❝❛s❡ G(ψ) = ψ2
(
k1 + k2R

2ψ
)
✱ t♦❣❡t❤❡r ✇✐t❤ ❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✱ ♦♥ t❤❡ ❞♦♠❛✐♥

Ω ❞❡✜♥❡❞ ✐♥ ♣♦❧♦✐❞❛❧ ❝♦♦r❞✐♥❛t❡s ❜② R ∈]0, 1[ ❛♥❞ z ∈] − 1, 1[✳ ❲❤❡♥ k2 = 2a(k1 − 9a)✱ ❛♥ ❛♥❛❧②t✐❝ s♦❧✉t✐♦♥ ♦❢
t❤✐s ❡q✉❛t✐♦♥ ✐s ❣✐✈❡♥ ❬✶✷❪ ❜② ψex = −6/(9aR2 + k1(z + c1)

2)✳ ❚❤❡ ✈❛r✐❛t✐♦♥❛❧ ❢♦r♠✉❧❛t✐♦♥ r❡❛❞s

∫

Ω

(
∂ψ

∂R

∂ϕ

∂R
+
∂ψ

∂z

∂ϕ

∂z
+

1

R

∂ψ

∂R
ϕ

)

=

∫

Ω

(
k1ψ

2ϕ+ k2R
2ψ3ϕ

)
+ ❜♦✉♥❞❛r② t❡r♠s✱ ✭✾✮

s♦ t❤❛t t❤❡ ♣♦✐♥t ✐s ♥♦✇ t♦ ❝❤♦♦s❡ t❤❡ ✐♠♣❧✐❝✐t ❛♥❞ ❡①♣❧✐❝✐t ♣❛rts ♦❢ t❤❡ s❡❝♦♥❞ ✐♥t❡❣r❛❧✳ ❆s ❡①♣❧❛✐♥❡❞ ❡❛r❧✐❡r✱
t❤❡ ❛✐♠ ✐s t♦ ♦❜t❛✐♥ ❛ ❧✐♥❡❛r t❡r♠ ✐♥ ψn+1 ♣❧✉s ❛ t❡r♠ ♦♥❧② ❞❡♣❡♥❞✐♥❣ ♦♥ ψn✳ ▲❡t (β, δ) ❜❡ ♣❛r❛♠❡t❡rs ❛♥❞ ❧❡t
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✉s ✇r✐t❡ t❤❡ s❡❝♦♥❞ t❡r♠
∫

Ω

(

k1 (ψk)
2−β

(ψk+1)
β
ϕ+ k2R

2 (ψk)
3−δ

(ψk+1)
δ
ϕ
)

. ✭✶✵✮

■♥ ♦r❞❡r t♦ ❣❡t t❤❡ ❞❡s✐r❡❞ ❢♦r♠✱ t❤❡ ♣❛r❛♠❡t❡rs (β, δ) ❤❛✈❡ t♦ ❜❡❧♦♥❣ t♦ {0, 1}2✿ ✐t ♣r♦✈✐❞❡s ❛t ♠♦st ❧✐♥❡❛r
t❡r♠s ✐♥ t❤❡ ✉♥❦♥♦✇♥ ψk+1✳ ■♥ ♦✉r t❡st t❤❡ st❛rt✐♥❣ ♣♦✐♥t ❢♦r t❤❡ ✐t❡r❛t✐✈❡ ♠❡t❤♦❞ ✐s ❛ ♣❡rt✉r❜❛t✐♦♥ ♦❢ t❤❡
❡①❛❝t s♦❧✉t✐♦♥✿ ψ0 = ψex(1 +R(R− 1)(z + 1)(z − 1))❀ t❤❡ ♣❛r❛♠❡t❡rs ❛r❡ k1 = 0.1✱ a = 0.1 ❛♥❞ c1 = 2✱ ❛♥❞ t❤❡
❞♦♠❛✐♥ st✉❞✐❡❞ ✐s t❤❡ sq✉❛r❡ Ω = {(R, z) ∈ [0, 1] × [−1, 1]}✳ ❍❡r❡ ✐s t❤❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❞✐✛❡r❡♥t s❝❤❡♠❡s✿

❙❝❤❡♠❡ (1) (2) (3) (4)

β 0 0 1 1
δ 0 1 0 1

✭✶✶✮

❲❡ t❡st❡❞ t❤✐s ❢♦✉r s❝❤❡♠❡s ✇✐t❤ P1 ❛♥❞ P2 t②♣❡s ✜♥✐t❡ ❡❧❡♠❡♥ts ❛♥❞ t♦❧ = 10−5/2 t♦ st♦♣ t❤❡ ✐t❡r❛t✐♦♥s✳ ■t
✐s ♦❜✈✐♦✉s t❤❛t t❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ s❝❤❡♠❡ ✐s ❣♦✈❡r♥❡❞ ❜② t❤❡ ❤✐❣❤❡r ♦r❞❡r ♣♦❧②♥♦♠✐❛❧ t❡r♠ ✭❞❡s❝r✐❜❡❞ ❜② δ✮✿
❛♥ ✐♠♣❧✐❝✐t t❡r♠ ❤❛s t♦ ❜❡ ❝❤♦s❡♥ t❤❡r❡ t♦ ❛❧❧♦✇ ❛♥② ❤♦♣❡ ♦❢ ❝♦♥✈❡r❣❡♥❝❡ t♦✇❛r❞ t❤❡ ❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥✳ ❲❡
❞❡✜♥❡ t❤❡ r❡❧❛t✐✈❡ ❡rr♦r ✐♥ N ♥♦r♠ ❛s E(ψ) = N (ψ − ψex)/N (ψex)✳ ❯s✐♥❣ t❤❡ P1 ❡❧❡♠❡♥ts✱ t❤❡ s❝❤❡♠❡ (2)
s❤♦✇s ❛ ❝♦♥✈❡r❣❡♥❝❡ ♦r❞❡r ♦❢ 1.712 ✐♥ L2 ♥♦r♠✱ 1.034 ✐♥ H1 ♥♦r♠✳ ❚❤❡ s❝❤❡♠❡ (3) ❛ ❝♦♥✈❡r❣❡♥❝❡ ♦r❞❡r ♦❢
1.608 ✐♥ L2 ♥♦r♠✱ 1.031 ✐♥ H1 ♥♦r♠ ❛♥❞ t❤❡ s❝❤❡♠❡ (4) ❛ ❝♦♥✈❡r❣❡♥❝❡ ♦r❞❡r ♦❢ 1.764 ✐♥ L2 ♥♦r♠✱ 1.036 ✐♥
H1 ♥♦r♠✳ ❆♥♦t❤❡r ❦✐♥❞ ♦❢ ❜❡❤❛✈✐♦r ✐s ♦❜s❡r✈❡❞ ❢♦r t❤❡ s❝❤❡♠❡ (1)✿ ✐t s❡❡♠s t❤❛t t❤❡ ❝♦♠♣✉t❛t✐♦♥ ❝♦♥✈❡r❣❡s✱
❜✉t t♦ ❛♥♦t❤❡r s♦❧✉t✐♦♥✳ ■♥ ❢❛❝t✱ ❛s t❤❡ ♣r♦❜❧❡♠ ✐s ♥♦♥ ❧✐♥❡❛r✱ t❤❡ ❡q✉❛t✐♦♥ ♠❛② ❤❛✈❡ s❡✈❡r❛❧ s♦❧✉t✐♦♥s✳ ❍❡r❡
✇❡ ✉♥❞❡r❧✐♥❡ t❤❡ ❢❛❝t t❤❛t t❤❡ s❝❤❡♠❡s (2) ❛♥❞ (4) ✇❤✐❝❤ s❡❡♠ t♦ ❝♦♥✈❡r❣❡ t♦ t❤❡ ❣✐✈❡♥ ❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥✱
❜♦t❤ ♠❛❦❡ ✐♠♣❧✐❝✐t t❤❡ t❡r♠ ♦❢ ❤✐❣❤❡r ❞❡❣r❡❡ ✐♥ t❤❡ ♣♦❧②♥♦♠✐❛❧ r✐❣❤t ❤❛♥❞ s✐❞❡✳ ❇♦t❤ ♦❢ t❤❡♠ s❛t✐s❢② δ = 1✳
▼♦r❡ r❡s❡❛r❝❤ ✐s ♥❡❡❞❡❞ t♦ ♦❜t❛✐♥ ♠♦r❡ ❞❡✜♥✐t✐✈❡ ❝♦♥❝❧✉s✐♦♥s ❢♦r t❤✐s ♣r♦❜❧❡♠✳ ■♥ ♣❛rt✐❝✉❧❛r ♦♥❡ ♠❛② t❤✐♥❦ ♦❢
st✉❞②✐♥❣ t❤❡ ✐♥✢✉❡♥❝❡ ♦♥ t❤❡ ♥♦♥ ❧✐♥❡❛r✐t② ❛♥❞ ♦❢ t❤❡ ❛♠♣❧✐t✉❞❡ ♦❢ t❤❡ ✐♥✐t✐❛❧ ♣❡rt✉r❜❛t✐♦♥✳

✸✳ ❚❤❡ ❈✉rr❡♥t ❍♦❧❡✿ ✉♥st❛❜❧❡ ❡q✉✐❧✐❜r✐✉♠

❚❤✐s ♣❛rt ✐s ❞❡✈♦t❡❞ t♦ t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤❡ t✐♠❡✲❞❡♣❡♥❞❡♥t ♣r♦❜❧❡♠ ✭✸✮✳ ❋♦r t❤❡ ♥❡❡❞ ♦❢ ❢✉rt❤❡r
❝♦♠♣❛r✐s♦♥s ✇✐t❤ ❛♥❛❧②t✐❝❛❧ ✇♦r❦✱ ✇❡ s✐♠♣❧✐❢② t❤❡ ♣r♦❜❧❡♠ ❛♥❞ ❝❤♦♦s❡ t❤❡ ♣❧❛♥❛r ❝②❧✐♥❞r✐❝❛❧ ❣❡♦♠❡tr②✿ t❤❛t ✐s
ε = 0 ✭✐t ✐s ♥♦t ❛ r❡str✐❝t✐♦♥✮✳ ■♥ t❤✐s ❝❛s❡ ∆∗ = ∆⊥ = ∆✳ ❚❤✉s t❤❡ ♠♦❞❡❧ r❡❛❞s ✭x ∈ Ω✱ t ∈ [0, T ]✮







∂tψ = [ψ,ϕ] + η(J − Jc), ✭✶✷❛✮

∂tω = [ω, ϕ] + [ψ, J ] + ν∆ω, ✭✶✷❜✮

J = ∆ψ, ✭✶✷❝✮

ω = ∆ϕ. ✭✶✷❞✮

❚❤✐s ✐s ❛ ♥♦♥ ❧✐♥❡❛r ❛♥❞ ♥♦♥ st❛t✐♦♥❛r② s②st❡♠ ♦❢ ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s✳ ❆s t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡
t✐♠❡✲❞❡♣❡♥❞❡♥t s✐♠✉❧❛t✐♦♥s✱ ✇❡ ✉s❡ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ●r❛❞✲❙❤❛❢r❛♥♦✈ ❡q✉✐❧✐❜r✐✉♠ ❜❛s❡❞ ♦♥ ❝✉rr❡♥t ♣r♦✜❧❡✳
❚❤❡ ✈❡❧♦❝✐t② ❛♥❞ ✈♦rt✐❝✐t② ❛r❡ s❡t t♦ ③❡r♦✳ ❚❤✉s ❛t t = 0 ✇❡ s❡t







ϕ(0, x) = ω(0, x) = 0, x ∈ Ω,

J(0, x) = Jc(x), x ∈ Ω,

ψ(0, x) = ∆−1Jc(x), x ∈ Ω.

❚♦ ❝❧♦s❡ t❤❡ s②st❡♠ ✇❡ ❝♦♥s✐❞❡r ❛s ❜❡❢♦r❡ t❤❡ ❤♦♠♦❣❡♥❡♦✉s ❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❢♦r ❛❧❧ ✈❛r✐❛❜❧❡s

ϕ(t, x) = ω(t, x) = ψ(t, x) = J(t, x) = 0, x ∈ ∂Ω, t ∈ [0, T ].
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❚❤❡ s②st❡♠ ✭✶✷✮ ✈❡r✐✜❡s s♦♠❡ ❝♦♥s❡r✈❛t✐♦♥ ♣r♦♣❡rt✐❡s✳

Pr♦♣♦s✐t✐♦♥ ✸✳✶ ✭❊♥❡r❣② ❈♦♥s❡r✈❛t✐♦♥✮✳ ❆ss✉♠❡ η = ν = 0✳ ❚❤❡♥ r❡❣✉❧❛r s♦❧✉t✐♦♥s ♦❢ ✭✶✷✮ s❛t✐s❢②

1

2

d

dt

∫

Ω

|∇ψ|2 + |∇ϕ|2 dx = 0.

❘❡♠❛r❦ ✸✳✷✳ ◆♦t✐❝❡ t❤❛t
∫

Ω
|∇ψn+1|2 + |∇ϕn+1|2 dx =

∫

Ω
|B|2 + |u|2 dx ✐s t❤❡ t♦t❛❧ ❡♥❡r❣②✳ ■❢ ♦♥❡ ❛ss✉♠❡s

t❤❛t Jc = 0 ❜✉t η > 0 ❛♥❞ ν > 0✱ t❤❡♥ ♦♥❡ ❣❡ts

1

2

d

dt

∫

Ω

|∇ψ|2 + |∇ϕ|2 dx ≤ 0.

Pr♦♦❢✳ ❲✐t❤ t❤❡ ❛ss✉♠♣t✐♦♥ η = ν = 0✱ ❛♥❞ ❦♥♦✇✐♥❣ t❤❛t J = ∆ψ ❛♥❞ ω = ∆ϕ✱ t❤❡ ♠♦❞❡❧ ✭✶✷✮ ✇r✐t❡s

{
∂tψ = [ψ,ϕ], ✭✶✸❛✮

∂t(∆ϕ) = [∆ϕ,ϕ] + [ψ,∆ψ], ✭✶✸❜✮

▼✉❧t✐♣❧②✐♥❣ ✭✶✸❛✮ ❜② ∆ψ ❛♥❞ ✭✶✸❜✮ ❜② ϕ ❛♥❞ ✐♥t❡❣r❛t✐♥❣ ♦✈❡r Ω✱ ✇❡ ❣❡t

d

dt

∫

Ω

|∇ψ|2 dx +

∫

Ω

[ψ,ϕ]∆ψ dx = 0,

d

dt

∫

Ω

|∇ϕ|2 dx +

∫

Ω

[∆ϕ,ϕ]ϕ dx +

∫

Ω

[ψ,∆ψ]ϕ dx = 0.

❚❤❡ ❡♥❡r❣② ✐❞❡♥t✐t② ✐s ✜♥❛❧❧② ♦❜t❛✐♥❡❞ ✉s✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt② ♦❢ t❤❡ P♦✐ss♦♥ ❜r❛❝❦❡ts

∫

Ω

[a, b]c dx =

∫

Ω

a[b, c] dx +

∫

∂Ω

ac(∇× b · n) dσ

✇❤❡r❡ n ✐s t❤❡ ♦✉t❣♦✐♥❣ ♥♦r♠❛❧ t♦ t❤❡ s✉r❢❛❝❡ dσ✱ t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ψ = ϕ = 0 ♦♥ ∂Ω✱
❢r♦♠ ✭✶✮✳ �

Pr♦♣♦s✐t✐♦♥ ✸✳✸ ✭▼❛❣♥❡t✐❝ ❍❡❧✐❝✐t② ❈♦♥s❡r✈❛t✐♦♥✮✳ ❲✐t❤ t❤❡ s❛♠❡ ❤②♣♦t❤❡s❡s ❛s ✐♥ ♣r♦♣♦s✐t✐♦♥ ✸✳✶✱ ♦♥❡ ❤❛s

d

dt

∫

Ω

ψ dx = 0.

Pr♦♦❢✳ ❙❡❡ ❬✸✱ ♣❛❣❡ ✷✶❪✳ ❙✐♥❝❡ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ t❤❡ ψ ❡q✉❛t✐♦♥ ❝❛♥ ❜❡ ✇r✐tt❡♥ ✐s ❞✐✈❡r❣❡♥t ❢♦r♠✱ t❤✐s ✐s
✐♠♠❡❞✐❛t❡✳ �

Pr♦♣♦s✐t✐♦♥ ✸✳✹ ✭❈r♦ss✲❍❡❧✐❝✐t② ❈♦♥s❡r✈❛t✐♦♥✮✳ ❲✐t❤ t❤❡ s❛♠❡ ❤②♣♦t❤❡s❡s ❛s ✐♥ ♣r♦♣♦s✐t✐♦♥ ✸✳✶✱ ♦♥❡ ❤❛s

d

dt

∫

Ω

∇ϕ · ∇ψ dx = − d

dt

∫

Ω

ωψ dx = 0.

Pr♦♦❢✳ ❙❡❡ ❬✸✱ ♣❛❣❡ ✷✶❪✳ �

❈♦♥s✐st❡♥t❧② ✇✐t❤ ❬✻❪✱ ✇❡ ✇✐❧❧ ❝❤♦♦s❡ ✐♥ ♦✉r ♥✉♠❡r✐❝❛❧ t❡sts t❤❡ ❢♦❧❧♦✇✐♥❣ r❛❞✐❛❧ ♣r♦✜❧❡ ❢♦r t❤❡ s♦✉r❝❡ t❡r♠

Jc =
(1 −R4)

5
− 0.266(1 −R2)8,

✇✐t❤ R2 = x2
1 + x2

2 ❢♦r x ∈ Ω = C(0, 1)✱ ❛♥❞ t❤❡ ✈✐s❝♦s✐t② ♣❛r❛♠❡t❡rs η = 1 · 10−5 ❛♥❞ ν = 1 · 10−6✳
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✸✳✶✳ ❱♦♥ ◆❡✉♠❛♥♥ st❛❜✐❧✐t② ❛♥❛❧②s✐s

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣❛r❛❣r❛♣❤✱ ✇❡ s❤♦✇ t❤❛t ✐t ✐s ♣♦ss✐❜❧❡ t♦ s♦❧✈❡ t❤❡ ▼❍❉ r❡❞✉❝❡❞ s②st❡♠ ✭✶✷✮ ♥✉♠❡r✐❝❛❧❧②
✉s✐♥❣ ❛♥ ❡①♣❧✐❝✐t t✐♠❡ s❝❤❡♠❡ ❢♦r ❛❧❧ t❤❡ ♥♦♥✲❧✐♥❡❛r t❡r♠s ❛♥❞ t❤❛t t❤✐s s❝❤❡♠❡ ✐s st❛❜❧❡ ✉♥❞❡r ❛ ❈❋▲ ❝♦♥❞✐t✐♦♥

δt ≤ Ch ✇❤❡r❡ h ✐s t❤❡ ♠✐♥✐♠❛❧ s♣❛❝❡ st❡♣✳ ▲❡t X =
(
δψ, δϕ, δJ, δω

)T
❛♥❞ ∂tX = F (X)✳ ■♥ ♦r❞❡r t♦ ❛♣♣❧② t❤❡

✈♦♥ ◆❡✉♠❛♥♥ st❛❜✐❧✐t② ❛♥❛❧②s✐s✱ ✇❡ ❧✐♥❡❛r✐s❡ t❤❡ s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s✳ ❚❛❦✐♥❣ X = X +X ′✱ ✇✐t❤ ∂tX = F (X)
❛♥❞ ‖X ′‖ ≪ ‖X‖✱ ✇❡ ❤❛✈❡

∂tX = ∂tX + ∂tX
′ = F (X +X ′) = F (X) + ∇F (X) ·X ′ + o(X ′)

s♦ t❤❡ ❧✐♥❡❛r✐③❛t✐♦♥ ❬✶✵❪ ♣r♦✈✐❞❡s ∂tX
′ = ∇F (X) ·X ′✳ ■♥ ♦✉r ❝❛s❡✱ t❤✐s ❝♦rr❡s♣♦♥❞s t♦







∂tψ
′ = [ψ,ϕ′] + [ψ′, ϕ] + η∆ψ′, ✭✶✹❛✮

∂tω
′ = [ω, ϕ′] + [ω′, ϕ] + [ψ, J ′] + [ψ′, J ] + ν∆ω′, ✭✶✹❜✮

J ′ = ∆ψ′, ✭✶✹❝✮

ω′ = ∆ϕ′. ✭✶✹❞✮

❲❡ r❡♠❛r❦ t❤❛t t❤❡ ❞✐✛✉s✐✈❡ t❡r♠s η∆ψ′ ❛♥❞ ν∆ω′ ✐♥t❡❣r❛t❡❞ r❡❛s♦♥❛❜❧② ✇❡❧❧ ✭✐✳❡✳ ✐♥ ❛♥ ✐♠♣❧✐❝✐t s❝❤❡♠❡ ♦r
❡①♣❧✐❝✐t❧② ✉♥❞❡r t❤❡ ❝♦♥❞✐t✐♦♥ δt ≤ h2/η ❛♥❞ δt ≤ h2/ν✮ s♠♦♦t❤ ♦✉t t❤❡ s♦❧✉t✐♦♥✳ ❚❤❡♥ t❤❡ ✐♥t❡r❡st✐♥❣ ❝❛s❡ ✐s
✇❤❡♥ η ❛♥❞ ν ❛r❡ s♠❛❧❧✱ s♦ ❧❡t ✉s ♠❛❦❡ t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t η ❛♥❞ ν ✈❛♥✐s❤✱ ❛♥❞ s❡❡ ✇❤❛t ❤❛♣♣❡♥s r❡❣❛r❞✐♥❣
t❤❡ ❧✐♥❡❛r st❛❜✐❧✐t② ♦❢ t❤❡ ❡q✉❛t✐♦♥s✳

❲❡ ❛ss✉♠❡ t❤❛t X ′ = ei(ξ1x1+ξ2x2)X0✱ t❤❡♥ J
′ = −|ξ|2ψ′✱ ω′ = −|ξ|2ϕ′ ❛♥❞✱ ❢r♦♠ ✭✶✹❛✮ ❛♥❞ ✭✶✹❜✮✱

{

∂tψ
′ = [ψ,ϕ′] + [ψ′, ϕ],

∂tϕ
′ = − 1

|ξ|2 [ω, ϕ′] + [ϕ′, ϕ] + [ψ,ψ′] − 1
|ξ|2 [ψ′, J ].

❆s ✇❡ st✉❞② t❤❡ ♥✉♠❡r✐❝❛❧ ✐♥st❛❜✐❧✐t✐❡s ❢♦r ❧❛r❣❡ ✈❛❧✉❡s ♦❢ |ξ|✱ ✇❡ ❝❛♥ ♥❡❣❧❡❝t t❤❡ t✇♦ t❡r♠s ♠✉❧t✐♣❧✐❡❞ ❜② 1/|ξ|2✳
❚❤❡♥ ❦♥♦✇✐♥❣ t❤❛t [a, b] = −[b, a] ✇❡ ✇r✐t❡✿

{

∂tψ
′ = [ψ,ϕ′] − [ϕ,ψ′],

∂tϕ
′ = −[ϕ,ϕ′] + [ψ,ψ′],

✐✳❡✳
∂

∂t

(
ψ′

ϕ′

)

= M

(
ψ′

ϕ′

)

✇✐t❤ M(·) :=

(
−[ϕ, ·] [ψ, ·]
[ψ, ·] −[ϕ, ·]

)

.

P✉tt✐♥❣ ξ = |ξ|(cos θ, sin θ)✱ t❤❡ ♦♣❡r❛t♦r✲♠❛tr✐① M ✐s s②♠♠❡tr✐❝ ❛♥❞ ❝❛♥ ❜❡ ♣✉t ✉♥❞❡r t❤❡ ❢♦r♠✿

M = i|ξ|Qθ

(

µ
(1)
θ 0

0 µ
(2)
θ

)

Q−1
θ

✇✐t❤ Qθ ✐♥❞❡♣❡♥❞❡♥t ♦❢ |ξ| ❛♥❞ 0 ≤ µ
(1)
θ , µ

(2)
θ ≤ ‖∇ϕ‖L∞ + ‖∇ψ‖L∞ ✳

❆s ❛ ❝♦♥❝❧✉s✐♦♥✱ t❤❡ r❡❞✉❝❡❞ ▼❍❉ ♠♦❞❡❧ ✭✶✷✮ ✐s ❡q✉✐✈❛❧❡♥t t♦ ❛ tr❛♥s♣♦rt ❡q✉❛t✐♦♥ r❡❣❛r❞✐♥❣ t❤❡ ❧♦❝❛❧
♥✉♠❡r✐❝❛❧ st❛❜✐❧✐t②✳ ❍❡♥❝❡✱ ❤✐❣❤ ♦r❞❡r ❡①♣❧✐❝✐t s❝❤❡♠❡s ✭s❡❡ ❋✐❣✉r❡ ✺ ❢♦r t❤❡ ❞♦♠❛✐♥s ♦❢ st❛❜✐❧✐t②✮ ❛r❡ st❛❜❧❡ ✉♥❞❡r
t❤❡ ❈❋▲ ❝♦♥❞✐t✐♦♥ δt ≤ Ch/µ ✇✐t❤ C ≈ 1 ❛ ❝♦♥st❛♥t ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ s❝❤❡♠❡ ❛♥❞ µ = ‖∇ϕ‖L∞ + ‖∇×ψ‖L∞ ✳

✸✳✷✳ ◆✉♠❡r✐❝❛❧ ❉✐s❝r❡t✐③❛t✐♦♥

❚❤❡ ✈♦♥ ◆❡✉♠❛♥♥ st❛❜✐❧✐t② ❛♥❛❧②s✐s s❤♦✇s t❤❛t✱ ❛❧t❤♦✉❣❤ ♣♦ss✐❜❧❡✱ ❛♥ ❡①♣❧✐❝✐t t✐♠❡ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ ✭✶✷✮
❧❡❛❞s t♦ ❛ r❡str✐❝t✐✈❡ ❈❋▲ ❝♦♥❞✐t✐♦♥✳ ❚❤❡r❡❢♦r❡✱ ✐♥ ❛❞❞✐t✐♦♥ t♦ t❤❡ ❆❞❛♠s✲❇❛s❤❢♦rt❤ ♦r❞❡r t✇♦ s❝❤❡♠❡ tr❡❛t❡❞
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−3 −2.5 −2 −1.5 −1 −0.5 0 0.5
0

1

2

3

RK1 RK2 RK3 RK4

−1.5 −1 −0.5 0
0

0.5

1

1.5

2

AB1 AB2 AB3 AB4

❋✐❣✉r❡ ✺✿ ❱♦♥ ◆❡✉♠❛♥♥ st❛❜✐❧✐t② ❞♦♠❛✐♥s ❢♦r t❤❡ ✜rst ❢♦✉r ❘✉♥❣❡✲❑✉tt❛ ❛♥❞ ❆❞❛♠s✲❇❛s❤❢♦rt❤ s❝❤❡♠❡s✳ ❚❤❡
♦♣❡r❛t♦r M ✐s ❛❧♦♥❣ t❤❡ (Oy) ❛①✐s✳

❛t t❤❡ ❡♥❞ ♦❢ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❝♦♥s✐❞❡r t✇♦ ✐♠♣❧✐❝✐t s❝❤❡♠❡s✿ t❤❡ ✜rst s❝❤❡♠❡✱ t❤❡ ❈r❛♥❦✲◆✐❝♦❧s♦♥ s❝❤❡♠❡✱ ✐s
❞✐r❡❝t❧② ✐♥s♣✐r❡❞ ❜② ❬✻❪✱ t❤❡ s❡❝♦♥❞ s❝❤❡♠❡ ✐s s✐♠✐❧❛r t♦ t❤❡ ♦♥❡ ✐♥ ❬✾❪✳ ❚❤❡ ❈r❛♥❦✲◆✐❝♦❧s♦♥ s❝❤❡♠❡ ❛♥❞ t❤❡
st❛❜❧❡ t✐♠❡ ✐♥t❡❣r❛t♦r r❡q✉✐r❡ t❤❡ r❡s♦❧✉t✐♦♥ ♦❢ ❧✐♥❡❛r s②st❡♠s✳

▲❡t ✉s ❞❡♥♦t❡ ❜② (ψn, ϕn, ωn) t❤❡ ❛♣♣r♦①✐♠❛t❡ ✈❛❧✉❡ ❛t t✐♠❡ t = tn ❛♥❞ ❜② δt t❤❡ t✐♠❡ ✐♥❝r❡♠❡♥t✿ t❤❛t ✐s
tn+1 = tn + δt✳ ❚❤❡♥ t❤❡ ✉♥❦♥♦✇♥ ✜❡❧❞s ❛t t✐♠❡ t = tn+1 ❛r❡ ♦❜t❛✐♥❡❞ ❜② s♦❧✈✐♥❣







ψn+1 − ψn
δt

= [ψn + αδψ, ϕn + βδϕ] + η(Jn + γδJ) − ηJc,

ωn+1 − ωn
δt

= [ωn + αδω, ϕn + βδϕ] + [ψn + αδψ, Jn + βδJ ] + ν∆(ωn + γδω),

δJ = ∆(δψ),

δω = ∆(δϕ),

✇✐t❤ t❤❡ s❛♠❡ ✐♥✐t✐❛❧ ❛♥❞ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛s ❜❡❢♦r❡✱ ❛♥❞ α, β, γ ∈ [0, 1] ♣❛r❛♠❡t❡rs ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧
s❝❤❡♠❡ ❢♦r t❤❡ t✐♠❡ ✐♥t❡❣r❛t✐♦♥✳ ◆❡❣❧❡❝t✐♥❣ ❤✐❣❤❡r ♦r❞❡r ❝r♦ss t❡r♠s✱ t❤❡ ♠❛tr✐❝✐❛❧ ❢♦r♠✉❧❛t✐♦♥ ♦❢ ♦✉r s②st❡♠
♦❢ ❡q✉❛t✐♦♥s ✐s

M







δψ
δϕ
δJ
δω







= δt







[ψn, ϕn] + η(Jn − Jc)
[ωn, ϕn] + [ψn, Jn] + ν∆ωn

0
0







✇❤❡r❡

M(·) :=







Id + αδt[ϕn, ·] −βδt[ψn, ·] −γηδtId 0
αδt[Jn, ·] −βδt[ωn, ·] −βδt[ψn, ·] Id + αδt[ϕn, ·] − γνδt∆(·)
−∆(·) 0 Id 0

0 −∆(·) 0 Id






. ✭✶✺✮

❘❡♠❛r❦ ✸✳✺✳ ❖♥❧② t❤❡ r❡s♦❧✉t✐♦♥ ♦❢ ❛ ❣❧♦❜❛❧ ❧✐♥❡❛r s②st❡♠ ✐s ♥❡❡❞❡❞ ✐♥ ♦r❞❡r t♦ ❝♦♠♣✉t❡ t❤❡ ✜❡❧❞s ❛t t❤❡ ♥❡✇
t✐♠❡ st❡♣✳

✸✳✷✳✶✳ ❈r❛♥❦✲◆✐❝♦❧s♦♥ t✐♠❡ ✐♥t❡❣r❛t♦r✿ α = β = γ = 1
2

■t ✐s ❜❛s❡❞ ♦♥ ❛ ❧✐♥❡❛r✐s❡❞ ❈r❛♥❦✲◆✐❝♦❧s♦♥ s❝❤❡♠❡✳ ❚❤❡ ❡q✉❛t✐♦♥ ∂tu = F (u) ✐s ❞✐s❝r❡t✐③❡❞ ✐♥ t✐♠❡ ❜② t❤❡
❢♦❧❧♦✇✐♥❣ ♦r❞❡r t✇♦ s❝❤❡♠❡✿

un+1 − un
δt

=
1

2
(F (un) + F (un+1))
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✇✐t❤ un+1 = un + δu✱ t❤❡♥ ✇❡ ❤❛✈❡ t♦ s♦❧✈❡

(

Id −
δt

2
∇F (un)

)

︸ ︷︷ ︸

M

δu = δt F (un).

■♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ r❡❞✉❝❡❞ ▼❍❉ ❡q✉❛t✐♦♥s ✭✶✷✮✱ t❤❡ s②st❡♠ t♦ s♦❧✈❡ ✇r✐t❡s

M







δψ
δϕ
δJ
δω







= δt







[ψn, ϕn] + η(Jn − Jc)
[ωn, ϕn] + [ψn, Jn] + ν∆ωn

0
0







✇❤❡r❡ t❤❡ ♠❛tr✐① M ❝♦rr❡s♣♦♥❞s t♦

M(·) :=







Id + δt
2 [ϕn, ·] − δt

2 [ψn, ·] − δt η
2 Id 0

δt
2 [Jn, ·] − δt

2 [ωn, ·] − δt
2 [ψn, ·] Id + δt

2 [ϕn, ·] − δt ν
2 ∆(·)

−∆(·) 0 Id 0
0 −∆(·) 0 Id






. ✭✶✻✮

❆❧t❤♦✉❣❤ t❤❡ ❞✐s❝r❡t❡ ✉♥❦♥♦✇♥s ✉s✉❛❧❧② s❛t✐s❢② J ∈ P0✱ ϕ, ω ∈ P1✱ ψ ∈ P2✱ ✇❡ t❡st❡❞ t❤❡ t✇♦ ❝❛s❡s ψ,ϕ, J, ω ∈ P1

❛♥❞ ψ,ϕ, J, ω ∈ P2 ✇✐t❤ ❋r❡❡❋❡♠✰✰✳ ❚❤❡ s♦❧✉t✐♦♥ ❤❛s ❛❧s♦ t♦ s❛t✐s❢② ❤♦♠♦❣❡♥❡♦✉s ❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s
❢♦r t❤❡ ❢♦✉r ✜❡❧❞s ψ = ϕ = J = ω = 0 ♦♥ ∂Ω✱ ❛s ✇❡❧❧ ❛s t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s −∆∗ψ0 = J0 = Jc ❛♥❞ ω0 = ϕ0 = 0
♦♥ Ω ❛t t = 0✳ ■♥ t❤❡ s❝♦♣❡ ♦❢ t❤❡ ❛♥❛❧②s✐s ✸✳✶✱ t❤❡ ❞♦♠❛✐♥ ♦❢ st❛❜✐❧✐t② ♦❢ t❤❡ ❈r❛♥❦✲◆✐❝♦❧s♦♥ s❝❤❡♠❡ ✐s t❤❡ ❤❛❧❢
♣❧❛♥ {ℜe(z) ≤ 0}✳ ❚❤✐s ❞♦♠❛✐♥ ❤❛s t♦ ❜❡ ❝♦♠♣❛r❡❞ ✇✐t❤ t❤❡ st❛❜✐❧✐t② ❞♦♠❛✐♥s ♦❢ ❡①♣❧✐❝✐t s❝❤❡♠❡s ✭s❡❡ ❋✐❣✉r❡ ✺✮
✇❤✐❝❤ ❛r❡ ❜♦✉♥❞❡❞ ❛♥❞ ✇❤✐❝❤ t❤❡r❡❢♦r❡ ❤❛✈❡ t♦ s❛t✐s❢② ❈❋▲ ❝♦♥❞✐t✐♦♥s✳ ❙♦✱ ♥♦t✇✐t❤st❛♥❞✐♥❣ t❤❡ ♥♦♥✲❧✐♥❡❛r✐t②✱
t❤❡ ❈r❛♥❦✲◆✐❝♦❧s♦♥ s❝❤❡♠❡ ✐s st❛❜❧❡ ❢♦r t❤❡s❡ ❡q✉❛t✐♦♥s ✐♥ t❤❡ s❡♥s❡ t❤❛t ✐t ❞♦❡s ♥♦t ❤❛✈❡ t♦ s❛t✐s❢② ❛♥② ❈❋▲
❝♦♥❞✐t✐♦♥ ✭❝❢✳ ❬✼✱ ✶✵❪✮✳

✸✳✷✳✷✳ ❯♥❝♦♥❞✐t✐♦♥❛❧ st❛❜❧❡ t✐♠❡ ✐♥t❡❣r❛t♦rs

❋✐rst s❝❤❡♠❡✿ α = 0✱ β = γ = 1✳ ❚❤✐s ♠❡t❤♦❞ ✐s s✐♠✐❧❛r t♦ t❤❡ ♦♥❡ ♣r♦♣♦s❡❞ ✐♥ ❬✾✱ ♣❛❣❡ ✶✸✶❪✳ ❚❤✐s ❝❤♦✐❝❡ ✐♥
t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ♠❛tr✐① ✭✶✺✮ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ s②st❡♠







ψn+1 − ψn
δt

= [ψn, ϕn+1] + ηJn+1 − ηJc, ✭✶✼❛✮

ωn+1 − ωn
δt

= [ωn, ϕn+1] + [ψn, Jn+1] + ν∆ωn+1, ✭✶✼❜✮

Jn+1 = ∆ψn+1, ✭✶✼❝✮

ωn+1 = ∆ϕn+1. ✭✶✼❞✮

❚❤✐s s❝❤❡♠❡ ✐s ✉♥❝♦♥❞✐t✐♦♥❛❧❧② st❛❜❧❡✱ ❜✉t ✜rst ♦r❞❡r ❛♥❞ ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s✳

Pr♦♣♦s✐t✐♦♥ ✸✳✻✳ ❬❉✐s❝r❡t❡ ❊♥❡r❣② ❈♦♥s❡r✈❛t✐♦♥❪ ❆ss✉♠❡ t❤❛t Jc = 0 ❛♥❞ α = 0✱ β = γ = 1✳ ❖♥❡ ❤❛s t❤❡
✐♥❡q✉❛❧✐t② ❢♦r ❛❧❧ δt > 0

∫

Ω

|∇ψn+1|2 + |∇ϕn+1|2 dx ≤
∫

Ω

|∇ψn|2 + |∇ϕn|2 dx. ✭✶✽✮
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Pr♦♦❢✳ ❲❡ ♠✉❧t✐♣❧② t❤❡ ❡q✉❛t✐♦♥ ✭✶✼❛✮ ❜② −∆ψn+1 ❛♥❞ t❤❡ ❡q✉❛t✐♦♥ ✭✶✼❜✮ ❜② −ϕn+1✳ ❆❢t❡r ✐♥t❡❣r❛t✐♦♥ ❜②
♣❛rts ✉s✐♥❣ t❤❡ ❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥✱ ♦♥❡ ❣❡ts t❤❡ ✐❞❡♥t✐t✐❡s

∫

Ω

|∇ψn+1|2 dx =

∫

Ω

∇ψn+1 · ∇ψn dx − δt

∫

Ω

[ψn, ϕn+1]∆ψn+1 dx − δtη

∫

Ω

|Jn+1|2 dx,

∫

Ω

|∇ϕn+1|2 dx =

∫

Ω

∇ϕn+1 · ∇ϕn dx − δt

∫

Ω

[ωn,
(ϕn+1)

2

2
] dx − δt

∫

Ω

[ψn,∆ψn+1]ϕn+1 dx − δtη

∫

Ω

(ωn+1)
2 dx.

❖♥❡ ❤❛s δt
∫

Ω
[ωn,

(ϕn+1)
2

2 ] dx = 0 ❛♥❞

∫

Ω

[ψn, ϕn+1]∆ψn+1 dx + δt

∫

Ω

[ψn,∆ψn+1]ϕn+1 dx = 0,

t❤❡r❡❢♦r❡ ∫

Ω

|∇ψn+1|2 dx +

∫

Ω

|∇ϕn+1|2 dx ≤
∫

Ω

∇ψn+1 · ∇ψn dx +

∫

Ω

∇ϕn+1 · ∇ϕn dx.

❚❤❡ ✉s❡ ♦❢ t❤❡ ❈❛✉❝❤②✲❙❝❤✇❛rt③ ✐♥❡q✉❛❧✐t② ❡♥❞s t❤❡ ♣r♦♦❢✳ �

❘❡♠❛r❦ ✸✳✼✳ ❖✉r ♥✉♠❡r✐❝❛❧ t❡sts s❤♦✇ t❤❛t t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ❝❛♣t✉r❡❞ ❜② t❤✐s t✐♠❡ ✐♥t❡❣r❛t♦r ❤❛s t❤❡
s❛♠❡ ❢❡❛t✉r❡s t❤❛t t❤❡ ♦♥❡ ❝❛♣t✉r❡❞ ❜② t❤❡ ❈r❛♥❝❦✲◆✐❝♦❧s♦♥ t✐♠❡ ✐♥t❡❣r❛t♦r✳

❙❡❝♦♥❞ s❝❤❡♠❡✿ α = 0✱ β = γ = 1
2 ✳ ❚❤✐s ❝❤♦✐❝❡ ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ♠❛tr✐① M ❝♦rr❡s♣♦♥❞s t♦ t❤❡ s②st❡♠







ψn+1 − ψn
δt

= [ψn,
ϕn+1+ϕn

2 ] + η Jn+1+Jn

2 − ηJc, ✭✶✾❛✮

ωn+1 − ωn
δt

= [ωn,
ϕn+1+ϕn

2 ] + [ψn,
Jn+1+Jn

2 ] + ν∆ωn+1+ωn

2 , ✭✶✾❜✮

Jn+1 = ∆ψn+1, ✭✶✾❝✮

ωn+1 = ∆ϕn+1. ✭✶✾❞✮

❲❡ ♦❜t❛✐♥ t❤❡ s❛♠❡ ♣r♦♣❡rt② ✭✶✽✮✳ ❚❤❡ ♣r♦♦❢ ✐s ❛❧♠♦st t❤❡ s❛♠❡ ❛s t❤❡ ♣r♦♦❢ ♦❢ ♣r♦♣♦s✐t✐♦♥ ✸✳✻✿ ✇❡ ♠✉❧t✐♣❧②

t❤❡ ✜rst ❡q✉❛t✐♦♥ ❜② −∆
(
ψn+1+ψn

2

)

❛♥❞ t❤❡ s❡❝♦♥❞ ♦♥❡ ❜② −ϕn+1+ϕn

2 ❛♥❞ ♣❡r❢♦r♠ t❤❡ s❛♠❡ ❦✐♥❞ ♦❢ ✐♥t❡❣r❛t✐♦♥

❜② ♣❛rts✳ ■t ✐s r❡❛s♦♥❛❜❧❡ t♦ t❤✐♥❦ t❤❛t t❤✐s ♠❡t❤♦❞ ❤❛s ❜❡tt❡r ♣r❡s❡r✈❛t✐♦♥ ♣r♦♣❡rt✐❡s ❢♦r t❤❡ ❡♥❡r❣②✳

✸✳✷✳✸✳ ❆❞❛♠s✲❇❛s❤❢♦t❤ t✐♠❡ ✐♥t❡❣r❛t♦r

❆s s✉❣❣❡st❡❞ ❜② ♣❛rt ✸✳✶✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ✉s❡ ❛♥ ❡①♣❧✐❝✐t ♥✉♠❡r✐❝❛❧ ✐♥t❡❣r❛t✐♦♥ ✐♥ t✐♠❡ ❢♦r t❤❡ ♥♦♥✲❧✐♥❡❛r
t❡r♠s✳ ❲❡ ❤❛✈❡ t❡st❡❞ t❤❡ ❆❞❛♠s✲❇❛s❤❢♦rt❤ ♦r❞❡r t✇♦ s❝❤❡♠❡ ❢♦r t❤❡ ♥♦♥✲❧✐♥❡❛r t❡r♠s ❛♥❞ ❝♦✉♣❧❡❞ t♦ ❛♥
✐♠♣❧✐❝✐t s❝❤❡♠❡ ❢♦r t❤❡ ❞✐✛✉s✐♦♥✳ ❆s t❤❡ s♣❛❝❡ ❞✐s❝r❡t✐③❛t✐♦♥ ✐s ♦❢ ❧♦✇ ♦r❞❡r✱ t❤❡ ♥✉♠❡r✐❝❛❧ ✈✐s❝♦s✐t② ✐s s✉✣❝✐❡♥t
t♦ st❛❜✐❧✐③❡ t❤❡ s❝❤❡♠❡✳ ❙♦ t❤✐s s❝❤❡♠❡ t✉r♥s ♦✉t t♦ ❜❡ st❛❜❧❡ ✉♥❞❡r t❤❡ ❈❋▲ st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥ δt ≤ Ch/µ
✇✐t❤ C s❧✐❣❤t❧② ✐♥❢❡r✐♦r t♦ 1/2✱ ❛♥❞ µ t❤❡ sup ♦❢ t❤❡ ❞❡r✐✈❛t✐✈❡s ♦❢ ψ ❛♥❞ ϕ✳ ❚❤❡ ♥✉♠❡r✐❝❛❧ ✐♥t❡❣r❛t✐♦♥ ✐♥ t✐♠❡
✐s ❣✐✈❡♥ ❜②✿







(
Id− δt

2 η∆
)
ψn+1 = ψn + 3

2δt ([ψn, ϕn] − ηJc) − 1
2δt ([ψn−1, ϕn−1] − ηJc) + δt

2 η∆ψn),(
Id− δt

2 ν∆
)
ωn+1 = ωn + 3

2δt ([ωn, ϕn] + [ψn,∆ψn]) − 1
2δt ([ωn−1, ϕn−1] + [ψn−1,∆ψn−1]) + δt

2 ν∆ωn),

∆ϕn+1 = ωn+1.

❈♦♥tr❛r✐❧② t♦ ❛ st❛♥❞❛r❞ ❡①♣❧✐❝✐t ❊✉❧❡r s❝❤❡♠❡✱ t❤❡ ❆❞❛♠s✲❇❛s❤❢♦rt❤ s❝❤❡♠❡ ♦❢ ♦r❞❡r t✇♦ ❛❧❧♦✇s t♦ ❝♦♠♣✉t❡ ❛
s♦❧✉t✐♦♥ ❢♦r t❤❡ ❈✉rr❡♥t ❍♦❧❡ ❡①♣❡r✐♠❡♥t ♦♥ t❤❡ ❋r❡❡❋❡♠✰✰ ♣❧❛t❢♦r♠✳ ❚❤❡ s♦❧✉t✐♦♥ ✐s ❝♦♥✈❡r❣❡❞ ✇✐t❤ ❛ s♠❛❧❧❡r
δt t❤❛♥ ❢♦r t❤❡ ❈r❛♥❦✲◆✐❝♦❧s♦♥ s❝❤❡♠❡ ✭❝❢✳ ❋✐❣✉r❡ ✻✮✳ ❚❤❡ ❡①♣❧✐❝✐t tr❡❛t♠❡♥t ♦❢ t❤❡ ♥♦♥✲❧✐♥❡❛r t❡r♠s r❡str✐❝ts
t❤❡ ❧✐♥❡❛r ❡q✉❛t✐♦♥s t♦ s②♠♠❡tr✐❝ ♦♣❡r❛t♦rs ❛♥❞ ❛❧❧♦✇s t♦ s♣❡❡❞ ✉♣ t❤❡ ❝♦♠♣✉t❛t✐♦♥s✳
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✸✳✸✳ ◆✉♠❡r✐❝❛❧ r❡s✉❧ts ❛♥❞ ❞✐s❝✉ss✐♦♥

❲❡ t❡st❡❞ t❤r❡❡ ❞✐✛❡r❡♥t ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡s t♦ s♦❧✈❡ t❤❡ ❈✉rr❡♥t ❍♦❧❡✳ ❘❡❣❛r❞✐♥❣ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s✱
t❤❡ ✐♥✐t✐❛❧ ♠❛❣♥❡t✐❝ ✢✉① ψ0 ✐s ♦❜t❛✐♥❡❞ ❜② s♦❧✈✐♥❣ t❤❡ ▲❛♣❧❛❝❡ ❡q✉❛t✐♦♥ ✭✶✷❝✮ ✇✐t❤ ❤♦♠♦❣❡♥❡♦✉s ❜♦✉♥❞❛r②
❝♦♥❞✐t✐♦♥s✳ ❚❤❡ ✐♥✐t✐❛❧ ❡❧❡❝tr✐❝ ♣♦t❡♥t✐❛❧ ϕ0 ❛♥❞ ✈♦rt✐❝✐t② ω0 ❛r❡ t❛❦❡♥ ❡q✉❛❧ t♦ ③❡r♦✳ ■♥ ♦✉r t❡st t❤❡ s♦✉r❝❡ t❡r♠
✐s ❬✻❪

Jc = j1(1 − r4) − j2(1 − r2)8 ✇✐t❤ j1 = 02 ❛♥❞ j2 = 0.2666.

❚❤❡ ✈✐s❝♦s✐t② ✐s ν = 10−6 ❛♥❞ t❤❡ r❡s✐st✐✈✐t② η = 10−5✳ ■♥ ❋✐❣✉r❡ ✻✱ ✇❡ r❡♣r❡s❡♥t t❤❡ ✜♥❛❧ r❡s✉❧ts ❛t t = 2000 ♦❢
♥✉♠❡r✐❝❛❧ ❡①♣❡r✐♠❡♥ts ✇✐t❤ t❤❡ ❈r❛♥❦✲◆✐❝♦❧s♦♥ s❝❤❡♠❡ ❛♥❞ ✇✐t❤ t❤❡ ❆❞❛♠s✲❇❛s❤❢♦rt❤ s❡❝♦♥❞ ♦r❞❡r s❝❤❡♠❡✳
❲❡ ❛❧s♦ ❝♦♠♣❛r❡ ✇✐t❤ t❤❡ ✉♥❝♦♥❞✐t✐♦♥❛❧❧② st❛❜❧❡ ❛❧❣♦r✐t❤♠✳ ❚❤❡ r❡s✉❧ts ❛r❡ ✈✐s✉❛❧❧② ✈❡r② s✐♠✐❧❛r✳ ❚❤❡ ❡rr♦r ✐s
t♦t❛❧❧② ❞♦♠✐♥❛t❡❞ ❜② t❤❡ s♣❛❝❡ ❞✐s❝r❡t✐③❛t✐♦♥✳

❯s✐♥❣ ❛♥ ❡①♣❧✐❝✐t s❝❤❡♠❡ ✭s✉❝❤ ❛s t❤❡ s❡❝♦♥❞ ♦r❞❡r ❆❞❛♠s✲❇❛s❤❢♦t❤ s❝❤❡♠❡✮ ❛❧❧♦✇s t♦ ❞✐♠✐♥✐s❤ t❤❡ ❈P❯
❜✉r❞❡♥ ♣❡r ✐t❡r❛t✐♦♥ ❢♦r t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ♥❡①t st❡♣ ✭✶✻✮✳ ■♥ ❛ ●❛❧❡r❦✐♥ ❢♦r♠✉❧❛t✐♦♥✱ t❤❡r❡
✐s ♥♦ ♥✉♠❡r✐❝❛❧ ✈✐s❝♦s✐t② ❝♦♠✐♥❣ ❢r♦♠ t❤❡ s♣❛❝❡ ❞✐s❝r❡t✐③❛t✐♦♥ t♦ st❛❜✐❧✐③❡ t❤❡ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡✳ ❍❡♥❝❡✱ t❤❡
❆❞❛♠s✲❇❛s❤❢♦rt❤ s❝❤❡♠❡ ♦r❞❡r t✇♦✱ ✇❤✐❝❤ ❡♥❤❛♥❝❡s t❤❡ s♠❛❧❧ s❝❛❧❡s ✭s❡❡ t❤❡ ❣r❛♣❤ ♦❢ st❛❜✐❧✐t② ❋✐❣✳ ✺ r✐❣❤t✮

♠❛② ❝r❡❛t❡ s♣✉r✐♦✉s ♦s❝✐❧❧❛t✐♦♥s✳ ❚❤❡r❡❢♦r❡✱ ✐t r❡q✉✐r❡s t❤❡ str♦♥❣❡r st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ∆t ≤ C h
4
3 t❤❛♥ t❤❡

❈❋▲ ❝♦♥❞✐t✐♦♥ ✭s❡❡ ❬✼❪ ❢♦r ♠♦r❡ ❞❡t❛✐❧s✮✳ ❆s ❛ r❡s✉❧t✱ ✐t ♥❡❡❞s ♠✉❝❤ s♠❛❧❧❡r t✐♠❡ st❡♣s t❤❛♥ t❤❡ ❈r❛♥❦✲◆✐❝♦❧s♦♥
s❝❤❡♠❡✱ ✇❤♦s❡ ❧✐♥❡❛r st❛❜✐❧✐t② ❞♦♠❛✐♥ ✐s ❡①❛❝t❧② t❤❡ ❧❡❢t ❤❛❧❢✲♣❧❛♥ ✭t♦ ❝♦♠♣❛r❡ ✇✐t❤ ❋✐❣✉r❡ ✺✮ ❛♥❞ ✇❤✐❝❤ ❞♦❡s
♥♦t ❤❛✈❡ t♦ s❛t✐s❢② ❛♥② ❈❋▲ ❝♦♥❞✐t✐♦♥ ✐♥ ♦r❞❡r t♦ ❜❡ st❛❜❧❡✳ ❍♦✇❡✈❡r✱ ❢♦r ❧❛r❣❡ t✐♠❡ st❡♣s✱ t❤❡ ❈r❛♥❦✲◆✐❝♦❧s♦♥
s❝❤❡♠❡ ❜❡❝♦♠❡s ✉♥st❛❜❧❡ ❜❡❝❛✉s❡ t❤❡ ❡q✉❛t✐♦♥s ✭✶✷❛✮✲✭✶✷❞✮ ❛r❡ ♥♦♥ ❧✐♥❡❛r✳ ❚❤❡ ✉♥❝♦♥❞✐t✐♦♥❛❧❧② st❛❜❧❡ ❛❧❣♦r✐t❤♠
✐s st❛❜❧❡ ❢♦r ❡✈❡♥ ❧❛r❣❡r t✐♠❡ st❡♣s ✭✉♣ t♦ δt = 10✮✳

■♥ ❛♥ ❛tt❡♠♣t t♦ ❢❛♠✐❧✐❛r✐③❡ t❤❡ r❡❛❞❡r ✇✐t❤ t❤❡ ❋r❡❡❋❡♠✰✰ ♣❧❛t❢♦r♠✱ ✇❡ ❜r✐❡✢② ❞❡s❝r✐❜❡ ❡ss❡♥t✐❛❧ st❡♣s ❢♦r
❝♦❞✐♥❣ t❤❡ ❈r❛♥❦✲◆✐❝♦❧s♦♥ s❝❤❡♠❡✳ ❖♥❝❡ t❤❡ ❞♦♠❛✐♥ ♠❡s❤ ✐s ❝♦♥str✉❝t❡❞ ❛♥❞ t❤❡ ❛♣♣r♦♣r✐❛t❡ P1 ♦r P2 ✜♥✐t❡
❡❧❡♠❡♥t s♣❛❝❡s ❛r❡ ✐♥✐t✐❛❧✐③❡❞✱ ✇❡ ❛r❡ r❡❛❞② t♦ ❞❡✜♥❡ t❤❡ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ♠❛tr✐① M ❛♥❞ ♦❢ t❤❡ r✐❣❤t ❤❛♥❞
s✐❞❡ ✈❡❝t♦r✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣✐❡❝❡ ♦❢ ❋r❡❡❋❡♠✰✰ s❝r✐♣t ✐❧❧✉str❛t❡s t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥✿ ♦♥❡ s❤♦✉❧❞ ✜rst ❞❡✜♥❡ t❤❡
✈❛r✐❛t✐♦♥❛❧ ❢♦r♠ ❢♦r ❡❛❝❤ ♠❛tr✐① ❝♦♠♣♦♥❡♥t✱ ❛♥❞ t❤❡♥ t♦ ❜✉✐❧❞ t❤❡ ❣❧♦❜❛❧ ♠❛tr✐①✳

✈❛r❢ ❛✶✶✭✉✱✈✮ ❂ ✐♥t✷❞✭❚❤✮✭✉✯✈✮ ✰ ✐♥t✷❞✭❚❤✮✭✵✳✺✯❞t✯✭❞①✭P❤✐✮✯❞②✭✉✮✲❞②✭P❤✐✮✯❞①✭✉✮✮✯✈✮ ✰ ♦♥✭✶✱✉❂✵✮
✳✳✳
♠❛tr✐① ❆✶✶❀
❆✶✶ ❂ ❛✶✶✭❱❤✱❱❤✮❀
✳✳✳✳
▼ ❂ ❬ ❬❆✶✶ ✱❆✶✷ ✱❆✶✸ ✱✵❪✱ ❬❆✷✶ ✱❆✷✷ ✱❆✷✸ ✱❆✷✹❪✱ ❬✵✱❆✸✷ ✱✵✱❆✸✹❪✱ ❬❆✹✶ ✱✵✱❆✹✸ ✱✵❪ ❪❀

❚❤❡ ♠❛tr✐① ✐s ♥♦♥ s②♠♠❡tr✐❝✳ ❲❤❡♥ ❝❤♦♦s✐♥❣ ❛ r✐❣❤t s♦❧✈❡r✱ ✐t ✐s ✐♠♣♦rt❛♥t t♦ ❝♦♥s✐❞❡r ❤❛r❞✇❛r❡ r❡s♦✉r❝❡s✱
♠❛✐♥❧② ❛✈❛✐❧❛❜❧❡ ♠❡♠♦r②✳ ❋♦r r❡❧❛t✐✈❡❧② ❝♦❛rs❡ ❞✐s❝r❡t✐③❛t✐♦♥s✱ ✇❡ ❛❞✈♦❝❛t❡ ❛ ✉s❡ ♦❢ t❤❡ ❞✐r❡❝t ❯▼❋P❆❈❑ s♦❧✈❡r✱
❜❛s❡❞ ♦♥ t❤❡ ▲❯ ❢❛❝t♦r✐③❛t✐♦♥✳ ❋♦r ✜♥❡ ♠❡s❤❡s✱ ✐t❡r❛t✐✈❡ s♦❧✈❡r✱ s✉❝❤ ❛s ●▼❘❊❙ ❝♦✉❧❞ ❜❡ ✉s❡❞✳ ❍♦✇❡✈❡r✱ t❤❡
❛✉t❤♦rs ♦❜s❡r✈❡❞ ❞✐✣❝✉❧t✐❡s ✐♥ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ❛ ●▼❘❊❙ s♦❧✈❡r✳ ❚❤❡ r❡❛s♦♥s ❢♦r t❤✐s ♣♦♦r ♣❡r❢♦r♠❛♥❝❡ ❛r❡
s✉❜❥❡❝t t♦ ❢✉rt❤❡r ✐♥✈❡st✐❣❛t✐♦♥s✳

s❡t✭▼✱ s♦❧✈❡r❂❯▼❋P❆❈❑ ✱ ❡♣s❂✶❡✲✽✮❀

■♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ ❆❞❛♠s✲❇❛s❤❢♦rt❤ s❝❤❡♠❡ ♦r❞❡r t✇♦✱ t❤❡ ❝♦♥✈❡❝t✐✈❡ t❡r♠s ❛r❡ ❝♦♠♣✉t❡❞ ❡①♣❧✐❝✐t❧② s♦ t❤❡
♠❛tr✐① ✭✶✻✮ ✐s s②♠♠❡tr✐❝✱ ♣♦s✐t✐✈❡✲❞❡✜♥✐t❡ ❛♥❞ ✐♥✈❛r✐❛♥t ❛❧♦♥❣ t❤❡ t✐♠❡✳ ❚❤✐s ❛❧❧♦✇s t♦ ✉s❡ ❛ ❝♦♥❥✉❣❛t❡ ❣r❛❞✐❡♥t
s♦❧✈❡r ✭●▼❘❊❙✮ ♦r t♦ ✐♥✈❡rt t❤❡ ♠❛tr✐① ✭✶✻✮ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ r♦✉t✐♥❡ ♦♥❝❡ ❢♦r ❛❧❧ t❤❡ t✐♠❡ st❡♣s✳

❚❤❡ ❝♦❞❡ ❤❛s ❜❡❡♥ r✉♥ ♦♥ ❛ ❝❧✉st❡r ♥♦❞❡ ✇✐t❤ t✇♦ ■♥t❡❧ ❳❡♦♥ ❊✺✺✹✵ ♣r♦❝❡ss♦rs✱ ✐✳❡✳ 8 ❝♦r❡s ✐♥ t♦t❛❧✳ ❋♦r t❤✐s
♣❛rt✐❝✉❧❛r ❡①❛♠♣❧❡✱ t❤❡ s♣❛t✐❛❧ r❡s♦❧✉t✐♦♥ ❤❛s ❜❡❡♥ ❝❤♦s❡♥ h = 0.01 ❢♦r Ω = C(0, 1)✱ ✇❤✐❝❤ ❧❡❛❞s t♦ ❛♣♣r♦①✐♠❛t❡❧②
142 · 103 ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ ✇❤❡♥ ✉s✐♥❣ P1 ❡❧❡♠❡♥ts✳ ■t t❛❦❡s 0.2 s❡❝♦♥❞ ♣❡r t✐♠❡ st❡♣ ✇❤❡♥ ✉s✐♥❣ ❛ ♣❛r❛❧❧❡❧
✈❡rs✐♦♥ ♦❢ t❤❡ ❞✐r❡❝t s♦❧✈❡r✱ ❯▼❋P❆❈❑ ❱✺✳✹✱ ■◆❚❊▲ ▼❑▲ ❱✶✵✳✸✳

❖✉r r❡s✉❧ts ❢♦r t❤❡ ❝✉rr❡♥t ❤♦❧❡ ♣r♦❜❧❡♠ ❛r❡ ❝♦♠♣❛r❛❜❧❡ t♦ t❤❡ ♦♥❡s ♦❜t❛✐♥❡❞ ✐♥ ❬✻❪✳ ❚❤❡ ♣r♦✜❧❡ ❡①❤✐❜✐ts ❛
③♦♥❡ ♦❢ ♥❡❣❛t✐✈❡ ❝✉rr❡♥t ❞❡♥s✐t② ❝❧♦s❡ t♦ t❤❡ ❛①✐s ♥❛♠❡❧② t❤❡ ✏❝✉rr❡♥t ❤♦❧❡✑✳ ❋✐❣✉r❡ ✼ s❤♦✇s s♥❛♣s❤♦ts ♦❢ t❤❡
❝✉rr❡♥t ♣r♦✜❧❡ ❛t ❞✐✛❡r❡♥t st❛❣❡s ♦❢ t❤❡ ✐♥t❡r♥❛❧ ❦✐♥❦ ❡✈♦❧✉t✐♦♥✳ ❚❤❡ ❝✉rr❡♥t s✉r❢❛❝❡✱ ✐♥✐t✐❛❧❧② ❛①✐s②♠♠❡tr✐❝✱
r❡♠❛✐♥s ✐❞❡♥t✐❝❛❧ ❞✉r✐♥❣ t❤❡ ❧✐♥❡❛r st❛❣❡ ✐♥ t❤❡ ❡❛r❧② ♣❛rt ♦❢ t❤❡ tr❛♥s✐❡♥t✱ ✇❤❡r❡ ♥♦♥✲❧✐♥❡❛r ❡✛❡❝ts ❛r❡ st✐❧❧
♥❡❣❧✐❣✐❜❧❡✳ ❆t t❤❡ ❡♥❞ ♦❢ t❤✐s st❛❣❡✱ t❤❡ ♣r♦✜❧❡ ✐s ♣r♦❣r❡ss✐✈❡❧② ❞❡❢♦r♠❡❞✿ ❝✉rr❡♥t ❞❡♥s✐t② ✐s ❡①♣❡❧❧❡❞ ♦✉t✇❛r❞



❊❙❆■▼✿ P❘❖❈❊❊❉■◆●❙ ✾✶

✭❛✮ ▼❡s❤✱ h ∼ 0.05 ✭❜✮ ❈r❛♥❦✲◆✐❝♦❧s♦♥✱ δt = 1

✭❝✮ ❆❞❛♠s✲❇❛s❤❢♦rt❤ ♦r❞❡r 2✱ δt = 0.1
✭❞✮ ❯♥❝♦♥❞✐t✐♦♥❛❧❧② st❛❜❧❡ s❝❤❡♠❡✱ δt = 2

❋✐❣✉r❡ ✻✿ ◆✉♠❡r✐❝❛❧ st❛❜✐❧✐t② ♦❢ ❞✐✛❡r❡♥t t✐♠❡ ✐♥t❡❣r❛t♦r✱ t = 2000✳ ❆❧❧ t❤r❡❡ r❡s✉❧ts ❛r❡ ✈❡r② s✐♠✐❧❛r✳ ❚❤✐s
♣r♦❜❛❜❧② ✐s ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t t❤❡ ♠❡s❤ ✐s t❤❡ s❛♠❡✳ ❚❤❡ t✐♠❡ st❡♣ ✐s ❣r❡❛t❡r ❢♦r t❤❡ ✉♥❝♦♥❞✐t✐♦♥❛❧❧② st❛❜❧❡
s❝❤❡♠❡✳

❢r♦♠ t❤❡ ❝❡♥tr❛❧ ❛①✐s✱ ❣❡♥❡r❛t✐♥❣ ❛ ❝✉rr❡♥t s❤❡❡t ❛t t❤❡ r❡s♦♥❛♥t s✉r❢❛❝❡✳ ❆t t❤❡ ❡♥❞ ♦❢ t❤❡ ❝r❛s❤✱ t❤❡ ♣r♦✜❧❡ ❝❧♦s❡
t♦ t❤❡ ❝❡♥tr❡ ✐s ✢❛tt❡♥❡❞✱ ❧❡❛✈✐♥❣ ♦♥❧② r❡s✐❞✉❛❧ ✢✉❝t✉❛t✐♦♥s ❛r♦✉♥❞ J = 0✳ ❋✐♥❛❧❧② ✇❡ ♥♦t✐❝❡ t❤❛t t❤❡ ♦r✐❣✐♥❛❧
♣r♦❜❧❡♠ ✐s ✐♥✈❛r✐❛♥t ❜② r♦t❛t✐♦♥✿ t❤❡r❡❢♦r❡ t❤❡ ♦r✐❡♥t❛t✐♦♥ ❛♥❞ ❞②♥❛♠✐❝s ♦❢ t❤❡ ✐♥st❛❜✐❧✐t② ❝❛♥ ❜❡ tr✐❣❣❡r❡❞ ❜②
t❤❡ ♠❡s❤ ✉s❡❞ ❢♦r t❤❡ s✐♠✉❧❛t✐♦♥ ❛♥❞ ❜② t❤❡ t✐♠❡ st❡♣❀ ✐♥ ♣❛rt✐❝✉❧❛r ❛ s✐♠✐❧❛r ✐♥st❛❜✐❧✐t② ✐s ♦❜s❡r✈❡❞ ✐♥ ❋✐❣✉r❡ ✻
❛♥❞ ✐♥ ❋✐❣✉r❡ ✼✱ ❜✉t ❛t ❞✐✛❡r❡♥t ❛♥❣❧❡ ❛♥❞ t✐♠❡✳

✹✳ ❈♦♥❝❧✉s✐♦♥ ❛♥❞ P❡rs♣❡❝t✐✈❡s

❲❡ ❤❛✈❡ ♣r❡s❡♥t❡❞ t❤❡ ✉s❡ ♦❢ t❤❡ ❋r❡❡❋❡♠✰✰ ❝♦♠♣✉t❛t✐♦♥❛❧ t♦♦❧ ❢♦r t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ♦❢ r❡s✐st✐✈❡ ✐❞❡❛❧
▼❍❉ ❡q✉❛t✐♦♥s ❛❞❛♣t❡❞ t♦ r❡❛❧✐st✐❝ ❣❡♦♠❡tr✐❝❛❧ t♦❦❛♠❛❦ ❝♦♥✜❣✉r❛t✐♦♥s✳ ❚❤❡ ♠❡t❤♦❞ ✇❛s ✜rst ❛♣♣❧✐❡❞ ❢♦r t❤❡
❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣r♦❜❧❡♠ ❛♥❞ t❤❡♥ t♦ t❤❡ ♥♦♥ st❛t✐♦♥❛r② ♣r♦❜❧❡♠✳ ❙♦♠❡ ❝♦♥❝❧✉s✐♦♥s ❝❛♥ ❛❧r❡❛❞②
❜❡ ❡st❛❜❧✐s❤❡❞ ❢♦r t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣r♦❜❧❡♠✿ ❋r❡❡❋❡♠✰✰ ✐s ✈❡r② ❡❛s② t♦ ❤❛♥❞❧❡ ❛♥❞ ❛❞❛♣t❡❞ t♦ s♦❧✈❡ t❤✐s ❦✐♥❞ ♦❢
♣r♦❜❧❡♠s ✐♥ ❣❡♥❡r❛❧ ❣❡♦♠❡tr②✱ ✇❡ ♦❜s❡r✈❡ ❛ ❣♦♦❞ ❛❣r❡❡♠❡♥t ✇✐t❤ t❤❡ ❧✐t❡r❛t✉r❡❀ s♦♠❡ q✉❡st✐♦♥s r❡♠❛✐♥ ♦♣❡♥✳
■t ✐s ❡ss❡♥t✐❛❧❧② r❡❧❛t❡❞ t♦ ♣♦❧②♥♦♠✐❛❧ ♥♦♥✲❧✐♥❡❛r r✐❣❤t ❤❛♥❞ s✐❞❡s✿ ✐♥ t❤❡ ❝❛s❡ ♦❢ ♠✉❧t✐♣❧❡ s♦❧✉t✐♦♥s✱ ✇❡ ♥❡❡❞
❛ ❝r✐t❡r✐❛ t♦ s❡❧❡❝t t❤❡ ♣❤②s✐❝❛❧ ♦♥❡❀ ✐s t❤❡r❡ ❛ ❝r✐t❡r✐♦♥ t♦ ❞❡❝✐❞❡ ❛ ♣r✐♦r✐ ✇❤❛t ✐s t❤❡ ♠♦r❡ ❛❞❛♣t❡❞ ❋✐♥✐t❡
❊❧❡♠❡♥t t②♣❡✳ ❈♦♥❝❡r♥✐♥❣ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ t♦ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ t✐♠❡✲❞❡♣❡♥❞❡♥t ♣r♦❜❧❡♠ ♦❢ ❛ ❝✉rr❡♥t ❤♦❧❡
✐♥ ❛ ❝②❧✐♥❞r✐❝❛❧ ❣❡♦♠❡tr②✱ t❤❡ r❡s✉❧ts ❛r❡ ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ r❡s✉❧ts ❬✻❪ t❤❛t ✇❡r❡ ♦❜t❛✐♥❡❞ ✇✐t❤ ❛ ❝♦♠♣❧❡t❡❧②
❞✐✛❡r❡♥t ♠❡t❤♦❞✳ ❙✐♥❝❡ t❤❡ ♠❡s❤ ✐s ❛ ❣❡♥❡r❛❧ ✉♥str✉❝t✉r❡❞ ♦♥❡✱ t❤❡ ♠❡s❤ ✐s ❜② ✐ts❡❧❢ ❛ s♦✉r❝❡ ♦❢ ♣❡rt✉r❜❛t✐♦♥
❛t t✐♠❡ t = 0✳ ■♥ ❝♦♥s❡q✉❡♥❝❡ t❤❡r❡ ✐s ♥♦ ♥❡❡❞ ♦❢ ❛♥ ✐♥✐t✐❛❧ ♣❡rt✉r❜❛t✐♦♥ ❢♦r t❤❡ ♥✉♠❡r✐❝❛❧ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢
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✭❛✮ t = 500 ✭❜✮ t = 2000

✭❝✮ t = 2200 ✭❞✮ t = 2500

✭❡✮ t = 2600 ✭❢✮ t = 3000

❋✐❣✉r❡ ✼✿ P❧♦ts ♦❢ t❤❡ ❝✉rr❡♥t J ❝♦♠♣✉t❡❞ ✇✐t❤ ❋r❡❡❋❡♠✰✰✳ ◆✉♠❡r✐❝❛❧ ❡①♣❡r✐♠❡♥t ❢♦r t❤❡ ❈✉rr❡♥t ❍♦❧❡✱
❡q✉❛t✐♦♥s ✭✶✷✮ ❞✐s❝r❡t✐③❡❞ ✇✐t❤ P1 ✜♥✐t❡ ❡❧❡♠❡♥ts ❛♥❞ ❈r❛♥❦✲◆✐❝♦❧s♦♥ s❝❤❡♠❡ ✐♥ t✐♠❡ ✇✐t❤ h = 0.01✱ δt = 1✳
❲❡ ♦❜s❡r✈❡ t❤❛t t❤❡ ✐♥✐t✐❛❧ st❛t✐♦♥❛r② s♦❧✉t✐♦♥ ✐s ✉♥st❛❜❧❡✳



❊❙❆■▼✿ P❘❖❈❊❊❉■◆●❙ ✾✸

t❤❡ ❝✉rr❡♥t ❤♦❧❡✳ ■t ✐s ♣♦ss✐❜❧❡ t♦ ❡✈❛❧✉❛t❡ ❡❛s✐❧② ❞✐✛❡r❡♥t t✐♠❡ ✐♥t❡❣r❛t♦rs ♦♥ t❤❡ s❛♠❡ ♣r♦❜❧❡♠ ✭❋r❡❡❋❡♠✰✰

s❝r✐♣ts ✉s❡❞ ✐♥ t❤✐s ♣❛♣❡r ❝❛♥ ❜❡ ❞♦✇♥❧♦❛❞❡❞ ❛t ❤tt♣✿✴✴✇✇✇✳❛♥♥✳❥✉ss✐❡✉✳❢r✴⑦❣♦st❛❢✴❡♠❛❢❢✴✮✳
❆ ❣❡♥❡r❛❧ ❝♦♥❝❧✉s✐♦♥ ✐s t❤❛t ❋r❡❡❋❡♠✰✰ ✐s ✈❡r② ✇❡❧❧ ❛❞❛♣t❡❞ ❢♦r t❤❡ ❡✛❡❝t✐✈❡ s✐♠✉❧❛t✐♦♥ ♦❢ s✉❝❤ ♥♦♥ tr✐✈✐❛❧

♣❧❛s♠❛ ♣r♦❜❧❡♠s✳

❆❝❦♥♦✇❧❡❞❣❡♠❡♥t✳ ❲❡ ✇❛r♠❧② t❤❛♥❦ ●✉✐❞♦ ❍✉②s♠❛♥s ❢♦r ✉s❡❢✉❧ ❞✐s❝✉ss✐♦♥s ❛♥❞ t❡❝❤♥✐❝❛❧ ❝♦♥tr✐❜✉t✐♦♥s ❛t t❤❡ ❈❊▼✲
❘❆❈❙✬✶✵✳ ❚❤✐s ♣r♦❥❡❝t ✇❛s ❢♦✉♥❞❡❞ ❜② t❤❡ ❆❊◆ ❋✉s✐♦♥ ♦❢ ■◆❘■❆✳

❘❡❢❡r❡♥❝❡s

❬✶❪ ✷♥❞ ❯◆ ❈♦♥❢✳ ♦♥ t❤❡ P❡❛❝❡❢✉❧ ❯s❡s ♦❢ ❆t♦♠✐❝ ❊♥❡r❣②✳ ❍②❞r♦♠❛❣♥❡t✐❝ ❊q✉✐❧✐❜r✐❛ ❛♥❞ ❋♦r❝❡✲❋r❡❡ ❋✐❡❧❞s✱ ✈♦❧✉♠❡ ✸✶✱ ✶✾✺✽✳
❬✷❪ ❙✳❍✳ ❆②❞✐♥ ❛♥❞ ▼✳ ❚❡③❡r✲❙❡③❣✐♥✳ ◆✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ♦❢ ❣r❛❞✲s❤❛❢r❛♥♦✈ ❡q✉❛t✐♦♥ ❢♦r t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ♠❛❣♥❡t✐❝ ✢✉① ✐♥ ♥✉❝❧❡❛r

❢✉s✐♦♥ ❞❡✈✐❝❡s✳ ❚✉r❦✐s❤ ❏♦✉r♥❛❧ ♦❢ ❊♥❣✐♥❡❡r✐♥❣ ✫ ❊♥✈✐r♦♥♠❡♥t❛❧ ❙❝✐❡♥❝❡s✱ ✸✷✭✺✮✿✷✻✺✕✷✼✺✱ ✷✵✵✽✳
❬✸❪ ❉✳ ❇✐s❦❛♠♣✳ ◆♦♥❧✐♥❡❛r ♠❛❣♥❡t♦❤②❞r♦❞②♥❛♠✐❝s✳ ❈❛♠❜r✐❞❣❡ ❯♥✐✈ Pr✱ ✶✾✾✼✳
❬✹❪ ❙✳ ❇r✐❣✉❣❧✐♦✱ ●✳ ❲❛❞✱ ❋✳ ❩♦♥❝❛✱ ❛♥❞ ❈✳ ❑❛r✳ ❍②❜r✐❞ ♠❛❣♥❡t♦❤②❞r♦❞②♥❛♠✐❝✲❣②r♦❦✐♥❡t✐❝ s✐♠✉❧❛t✐♦♥ ♦❢ t♦r♦✐❞❛❧ ❛❧❢✈❡♥ ♠♦❞❡s✳

P❤②s✳ P❧❛s♠❛s✱ ✷ ✭✶✵✮✿✸✼✶✶✕✸✼✷✸✱ ✶✾✾✺✳
❬✺❪ ❙✳ ❇r✐❣✉❣❧✐♦✱ ❋✳ ❩♦♥❝❛✱ ❛♥❞ ❈✳ ❑❛r✳ ❍②❜r✐❞ ♠❛❣♥❡t♦❤②❞r♦❞②♥❛♠✐❝✲♣❛rt✐❝❧❡ s✐♠✉❧❛t✐♦♥ ♦❢ ❧✐♥❡❛r ❛♥❞ ♥♦♥❧✐♥❡❛r ❡✈♦❧✉t✐♦♥ ♦❢

❛❧❢✈❡♥ ♠♦❞❡s ✐♥ t♦❦❛♠❛❦s✳ P❤②s✳ P❧❛s♠❛s✱ ✺ ✭✾✮✿✸✷✽✼✕✸✸✵✶✱ ✶✾✾✽✳
❬✻❪ ❖✳ ❈③❛r♥② ❛♥❞ ●✳ ❍✉②s♠❛♥s✳ ❇é③✐❡r s✉r❢❛❝❡s ❛♥❞ ✜♥✐t❡ ❡❧❡♠❡♥ts ❢♦r ♠❤❞ s✐♠✉❧❛t✐♦♥s✳ ❏♦✉r♥❛❧ ♦❢ ❈♦♠♣✉t❛t✐♦♥❛❧ P❤②s✐❝s✱

✷✷✼✭✶✻✮✿✼✹✷✸✕✼✹✹✺✱ ✷✵✵✽✳
❬✼❪ ❊✳ ❉❡r✐❛③ ❛♥❞ ❉✳ ❑♦❧♦♠❡♥s❦✐②✳ ❙t❛❜✐❧✐t② ♦❢ ❡①♣❧✐❝✐t ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡s ❢♦r ❝♦♥✈❡❝t✐♦♥✲❞♦♠✐♥❛t❡❞ ♣r♦❜❧❡♠s✳ ❛r❳✐✈✿✶✵✵✼✳✸✸✶✸✈✶✳
❬✽❪ ❏✳P✳ ❋r❡✐❞❜❡r❣✳ P❧❛s♠❛ ♣❤②s✐❝s ❛♥❞ ❢✉s✐♦♥ ❡♥❡r❣②✳ ❈❛♠❜r✐❞❣❡ ❯♥✐✈ Pr✱ ✷✵✵✼✳
❬✾❪ ❏✳❋✳ ●❡r❜❡❛✉✱ ❈✳ ▲❡ ❇r✐s✱ ❛♥❞ ❚✳ ▲❡❧✐è✈r❡✳ ▼❛t❤❡♠❛t✐❝❛❧ ♠❡t❤♦❞s ❢♦r t❤❡ ♠❛❣♥❡t♦❤②❞r♦❞②♥❛♠✐❝s ♦❢ ❧✐q✉✐❞ ♠❡t❛❧s✳ ❖①❢♦r❞

❯♥✐✈❡rs✐t② Pr❡ss✱ ❯❙❆✱ ✷✵✵✻✳
❬✶✵❪ ❊✳ ●♦❞❧❡✇s❦✐ ❛♥❞ P✳✲❆✳ ❘❛✈✐❛rt✳ ❍②♣❡r❜♦❧✐❝ ❙②st❡♠s ♦❢ ❈♦♥s❡r✈❛t✐♦♥ ▲❛✇s✱ ✈♦❧✉♠❡ ✸✴✹ ♦❢ ▼❛t❤é♠❛t✐q✉❡s ✫ ❆♣♣❧✐❝❛t✐♦♥s

✭P❛r✐s✮ ❬▼❛t❤❡♠❛t✐❝s ❛♥❞ ❆♣♣❧✐❝❛t✐♦♥s❪✳ ❊❧❧✐♣s❡s✱ P❛r✐s✱ ✶✾✾✶✳
❬✶✶❪ ❋✳ ❍❡❝❤t✱ ❖✳ P✐r♦♥♥❡❛✉✱ ❆✳ ▲❡ ❍②❛r✐❝✱ ❛♥❞ ❑✳ ❖❤ts✉❦❛✳ ❋r❡❡❢❡♠✰✰ ▼❛♥✉❛❧✱ ✷✵✶✵✳
❬✶✷❪ ❆✳ ❍✳ ❑❤❛t❡r ❛♥❞ ❙✳ ▼✳ ▼♦❛✇❛❞✳ ❊①❛❝t s♦❧✉t✐♦♥s ❢♦r ❛①✐s②♠♠❡tr✐❝ ♥♦♥❧✐♥❡❛r ♠❛❣♥❡t♦❤②❞r♦❞②♥❛♠✐❝ ❡q✉✐❧✐❜r✐❛ ♦❢ ❛❧✐❣♥❡❞

♠❛❣♥❡t✐❝ ✜❡❧❞ ❛♥❞ ♣❧❛s♠❛ ✢♦✇ ✇✐t❤ ❛♣♣❧✐❝❛t✐♦♥s t♦ ❛str♦♣❤②s✐❝s ❛♥❞ ♣❧❛s♠❛ ❝♦♥✜♥❡♠❡♥t ❞❡✈✐❝❡s✳ P❤②s✐❝s ♦❢ P❧❛s♠❛s✱ ✶✻✱
✷✵✵✾✳

❬✶✸❪ ❱✳❉✳ ❙❤❛❢r❛♥♦✈✳ P❧❛s♠❛ ❡q✉✐❧✐❜r✐✉♠ ✐♥ ❛ ♠❛❣♥❡t✐❝ ✜❡❧❞✳ ❘❡✈✐❡✇s ♦❢ P❧❛s♠❛ P❤②s✐❝s✱ ✷✿✶✵✸✱ ✶✾✻✻✳

❈♦❞❡ ❢♦r t❤❡ ❝✉rr❡♥t ❤♦❧❡✿ t❤❡ ❈r❛♥❦✲◆✐❝♦❧s♦♥ s❝❤❡♠❡

✴✴ r❡❞✉❝❡❞ ▼❍❉ ✲✲ ❈r❛♥❦ ✲◆✐❝♦❧s♦♥

✈❡r❜♦s✐t② ❂ ✵❀
✐♥t ♥ ❂ ✶✷✵❀
r❡❛❧ ❥❥✶❂✳✷✱ ❥❥✷❂✳✷✻✻✱ ❡t❛❂✶❡✲✺✱ ♥✉❂✶❡✲✻✱ ❞t❂✶✳✱ ❚❂✷❡✹❀

✴✴❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂
❜♦r❞❡r ❈✶✭t❂✵✱✷✯♣✐✮④①❂❝♦s✭t✮❀②❂s✐♥✭t✮❀❧❛❜❡❧ ❂✶❀⑥
❢✉♥❝ ❚❤▼❍❉❂❈✶✭♥✮❀
♠❡s❤ ❚❤❂❜✉✐❧❞♠❡s❤✭❚❤▼❍❉✮❀
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