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Dissipative formulation of initial boundary value problems for
Friedrichs’ systems

Clément Mifsud, Bruno Després, Nicolas Seguin

October 14, 2014

Abstract

In this article we present a dissipative definition of a solution for initial boundary value problems
for Friedrichs’ systems posed in the space Lf,z. We study the information contained in this definition
and prove an existence and uniqueness theorem in the non-characteristic case and with constant
coefficients. Finally, we compare our choice of boundary condition to previous works, especially on
the wave equation.
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1 Introduction

The aim of this paper is to present a notion of solution for initial boundary value problems in the case of
linear hyperbolic systems. This problem has been studied by many different authors [9, 10} 15, T4, 2], T8, [7]
and there are still a lot of open questions for this kind of problem (in particular in the case of variable
multiplicities : see [I6]). In addition, many physical systems can recast in a Friedrichs’ framework :
linear elasticity theory [19], isotropic Maxwell equations [g], linearized Euler equations, MHD [I6].

Having in mind dissipative problems such as viscoplastic problems for which boundary conditions
play a important mechanical role and their associated limit plastic problems, which can develop singu-
larities and discontinuities, our initial goal was to give a new definition of solution that requires minimal
regularity and in particular, the solution does not need a trace on the boundary. In [5], a new formula-
tion for Friedrichs’ systems on the whole space is proposed, very similar to the Kruzhkov’s definition of
entropy solutions of scalar quasilinear equations [I1] and to dissipative solutions introduced by Lions for
incompressible Euler equations [I3]. In [I7], Otto extends the concept of entropy solutions to bounded
domains with Dirichlet conditions, without requiring any assumption on the existence of traces of the
solutions (contrary to the theory developed in [I]). We aim to do the same for linear systems. In order
to verify that this original formalism contains enough information, we prove in the classical case of con-
stant coefficients in the half-plane that this formulation leads to a well-posed theory in waz and that our
formulation is equivalent to the usual strong formulation for sufficiently smooth solutions. Finally, since
different theories of boundary conditions are available in the literature, we compare our formulation to
other formulations on a simple example.



This work is organized as follows. In the first section, we explain formally where the definition
comes from, how this definition can be extended in order to take account of non-homogeneous boundary
conditions and variable coefficients, and then we show in the case of constant coefficients when the
domain is a half-plane that a H' solution of our weak formulation is a solution of the problem in the
strong sense. Then we prove that there exists a unique solution (in the sense of our definition) in the
non-characteristic setting for H' initial data and L? source term, again for constant coefficients and if
the spatial domain is a half-plane (the regularity of the initial data is necessary for our proof, but in
this case, the classical theory is valid for L? initial data and L? source term). Finally we compare our
approach of the boundary conditions to the literature (namely to [9],[3] and [6]) and we examine these
boundary conditions on the simple example of the wave equation in 1D with Dirichlet condition.

2 Definition and basic properties

2.1 DMotivations and definitions

We are interested here in the following problem

oU + iAiamU = f, on (0,T) x Q,
U(O,a:)l::1 Uo(z), on €2, e
(A(v(x)) = M(v(x)))U(t,z) =0, on (0,T) x 99,

where Q is a open domain (not necessarily bounded) of R"™ with (smooth) boundary, denoted by 99,
U is a vector of size m, f € L2((0,T) x Q)™ , Uy € L*(Q)™ (in the following L?((0,T) x ©)™ will be

simply denoted by Lix and L*(Q)™ by L2), the matrices A; are symmetric, A(v(z)) = ZViAi and
i=1
v(z) = (v1,va,...,Vy,) is the exterior unit normal of Q at the point z € 9Q, M(v(z)) is a symmetric
non-negative matrix such that
ker A(v(x)) C ker M (v(z)) (2)
and
R™ = ker(A(u(z)) — M(v(2)) + ker(A(v(x)) + M(v(2))). 3)

The symmetry of the matrix M is an important hypothesis in our approach. In the work of Friedrichs [9]
the matrix M does not need to be symmetric, but its symmetric part has to be non-negative (see
section . In his work, Friedrichs only considers matrices M such that the previous sum is direct (this
hypothesis is too restrictive, especially in the case where det(A(v(z)) = 0), but one can see (using
lemma [1)) that in the non-characteristic case (i.e. det(A(v(x)) # 0) the sum is always direct. In the
following, the matrices A; are independent of the space and time variables but our formulation can be
extended to matrices with variables coefficients (see remark [f]).

Remark 1 To design a matrix M (v(x)), we could consider an orthogonal matriz P(v(z)) such that
'P(v(x))A(v(z))P(v(z)) is a diagonal matriz and its diagonal terms are 11 < -+ < App < Api1pt1 =
0=-=Xgq < < Apm, then define

M(v(x)) =" P(v(z))diag(Aral, - Appli 050, Mg 1,041, A m ) P(v()).

It means there is no information coming from the incoming characteristic (since we consider here an
homogeneous boundary condition). The hypothesis that M is symmetric still allows us to use a large
class of boundary conditions coming from the theory of characteristics.

To shorten notation, we write A, instead of A(v(x)) and M instead of M (v(x)).

Remark 2 Here we denote by (.|.) the canonical scalar product on R™.



Lemma 1

Let A, and M be symmetric matrices verifying the properties and . The following statements
are true

1. We have the decomposition
R™ =ker A, @ ((ker(A, — M)) NImA,) ® ((ker(A, + M))NImA,),
and we denote k = k' + k_ + ky the decomposition of k € R™ over this sum.
2. M is positive on (ker(A, + M)) NImA,.
3. For all k,k € R™, (k| Ayk) = (k_ | Ayk_) + (k+ | Avky).
4. Forallk e R™, 0 < {k_ | Mk_) <(k|Mk) and 0 < {(ky | Mky) < (k| Mk).

The proof of this lemma uses classical tools of linear algebra. It allows us to make some algebraic
manipulations (see below) to derive the following definition
Definition 1 We say that U € Lfﬁz is a dissipative solution of the system if for all ¢ € Wcl_fo, the
space of WH*°((0,T) x Q) functions with non-negative values and compact supports (in R"™1), and for
all k € R™ the following inequality holds

/T/ |U(t, x) —kl2 Opp(t, z)dxdt
0 Q
T n
+/0 /QZW(t,x)—k:IAz-(U(t,a:)—k)>ax,.<p(t,x)dxdt
=1 .
Jr/QIUo(:c)_k|2 (p(0733)dx+/0 /Q?<f(t,:c)|U(t,x)—k;) o(t, z)dadt

+/0 /aﬂ (kv | M(v(x))ky) o(t, x)dzdt > 0,

where k4 stands for the projection on (ker(A, + M)) N ImA, with respect to the decomposition of R™
presented in lemmal[]

Remark 3 As A, and M depend on x € 092, ki also depends on 0S). In the case where A, and M do
not depend on x, ki is independent of x € OQ (see remark@for more details).

It is worth pointing out that the formulation does not require much regularity on the solution, in
particular we do not use any traces of the solution either at the initial time or at the boundary. This
formulation is inspired by the one exposed in [5] for Friedrichs’ systems under constraints in the whole
space. Furthermore, this definition can be used in the case of variable coefficients (see remark [5) and
when the number of non-negative eigenvalues of A, is not constant along 02, this is the case of variable
multiplicities (as long as we can find a matrix M that satisfies the hypotheses and and belongs to
L), these cases are of deep interest for applications (the condition of constant multiplicities is difficult
to insure for a general domain (2, in particular for a bounded domain ) and that is still an active
domain of research (see for example [16]).

We call this formulation dissipative since taking &k = 0 and p(¢t,2) =T —¢ in , we get the L?-norm
of a solution is non-increasing

T
/ /|U\2(t,x)dtd:ch/ |Uo|?(x)dz.
0 Q Q

This possible loss of energy of the solution allows us to call the solution dissipative (as P-L. Lions did
for Euler equations in [I3]). The word dissipative also refers in the literature to special kind of boundary
conditions, our boundary condition can be called dissipative in that sense (see section .



Let us briefly explain where this formulation comes from. If we assume that the solution U is regular
and we use the fact that the derivatives of k cancel, we go from to

/ / Ut ) — k20t @)dwdt + /0 /Q S Ult2) = b AU ) = ) 0 plt, )

T
/ / ft,z) | U, x) — k) p(t, z)dedt — /0 /BQ (Ut,z) — k| AL (U(t,x) — k)) o(t, x)do(x)dt

+/ |Uo(x) — k[*¢(0, z)dx — / \U(T, z) — k|*o(T, z)dx = 0,
Q Q
by taking the scalar product with U — k and then integrating by parts. Then we write the decomposition

of k = k° + k_ 4k and observe that since U € ker(A, — M) at the boundary we know that U, = 0 and
it follows that

T
/ / (Ut 2) — k| AU 2) — k) o(t, 2)do (2)dt
0 o0

/ / (U 2) — k| AU (L 2) — k) o(t, 2)do (z)dt + / / Ui | Ayy) o(t, 2)do (x)dt
0 o 0 Io}

T T
= [ [ wiew -k (i@ - ko ettado@a— [ [ M) et o,
0 oQ 0 Io}

thanks to lemma [1} Consequently,

/ / Ut ) — k20t z)dadt + /O /Q S Ult2) = b AU 2) = ) D plt, )
/ / ft,z)| U, x) — k>g0(t,x)dmdt+/Q|Uo(x) — k|*¢(0, x)dz

+/ (k| ME4) o(t, z)do(z)dt
o Jao

/OT/89 {Ut,z) — k- | MUt z) — k) o(t, z)do(z /‘UTx kP (T, 2)dadt

v

Remark 4 Here we explain how to take account of an inhomogeneous boundary condition of the form
(AV - M)(U(tax) - Ub(tﬂ :L')) =0, on (O7T) x 08,

where U, € L*((0,T) x 0Q)™. From the previous formal calculations, we want to eliminate the trace of
U in the term

T
/ / U(t,z) — k| A (U(t, ) — k) o(t, )do(z)dt.
0 o0

Since we know that, formally and using lemmal[l]

(U—k|A, (U —k))
= (Up—k[A,(Up— k) + (U — Ub|A (U—Up)) +2(U —Up | A (Up — k))
= ((Up—k)- [ MUy —k)-) = ((Up — k)4 | M(Up — k)+)
+(U = Up | M(U = Up)) + <(U Up) | MUy — k)-)
—((Up = k)+ | M(Up — k)+)

we just replace the term

Y

[ e vhs) ot o) didoo),
0 o0

T
/ / (k= Up)s | M(E — Uy)4) o(t, 2)dtdo(z),
0 o0

by

in the formulation.



Remark 5 We also can write a definition of solution for symmetric matrices A; that belong to the space
Wheo((0,T) x Q)™ ™ (assuming that one can find a matriz M that satisfies the conditions and
and belongs to L>°((0,T) x 9Q)™*™ ). One just need to add the term

T n
/0 /QZ (Ut ) = k| 0z, [Ai] (U(t,2) = ) p(t, x)dzdt,

to the left-hand side of the inequality .
Remark 6 One can see in the functions parametrized by k € R™
FU) = U - kf? ()

the analogue of the entropy functions of Kruzkov [I1] in the scalar case of quasilinear initial value
problems.

Example 1 In the scalar case (m = 1), the theory of initial boundary value problems is well known
([1],[T7]). Using our theory, we see that if A, > 0 then M = A, is the only choice for the boundary
matriz and it leads to the fact that there is no condition at that point (this corresponds exactly to the
case when the BLN condition [1]] is automatically verified whatever the trace is at that point). In the case
A, <0, the choice for M is —A,, it implies (at least formally) that U = 0 at this point of the boundary
(again this corresponds to the BLN condition,).

2.2 What is the information contained in our formulation?

Our goal is here to show that dissipative solutions (which satisfy inequalities) satisfy the original equation,
initial condition and boundary condition in a weak sense (that are equalities). For technical reasons we
will nevertheless make the hypothesis that the spatial domain is a half-plane for the study of the boundary
condition.

First, we are going to show that if U & Lf@, is a solution of in the sense of deﬁnitionthen U is
a solution of the equation

00U+ Aide,U = f,
i=1
in the sense of the distributions.
Lemma 2

A solution U in the sense of definition [ verifies

U + > A;0,,U =0,  inD'((0,T) x Q).

i=1

Proof: Let ¢ be a function of D((0,7) x Q) with non-negative values. Then, from definition [I} we know
that

/T/ \U(t, ) — k|? Brp(t, z)daxdt
o Ja . .
+/0 /Q Z (U(t,z) — k| Ai(U(t,z) — k)) Oz, 0(t, z)dzdt > 0.

Expanding the terms |U(t,z) — k|> and (U(t,z) — k| A;(U(t,2) — k)) and using the fact that the partial
derivatives of k vanish leads us to the following inequality

v

(U, 2)* =2 (k| U(t,2))) Bro(t, z)

+Z Ult,z) | AU(t, z)) — 2 (U(t, z) |Aik>)8zicp(t,x)} dzdt > 0.

Since k is independent of ¢ and x, we rewrite the previous inequality as

I

|U(t, )| drp(t, x) +Z (t,z) | A;U(t,x)) Oz, (8, x):| dzdt >

(1

/Utxatnptx +ZAUt1: ) (tx)dxdt>



The left-hand side of the inequality is independent of k, thus the previous inequality implies that
T n
/ / U(t,2)0ip(t, ) + Y AU(t,2)0a, p(t, x)dzdt = 0. (6)
0 JQ i=1

It remains to show that equatlon (6) is true for all p € D((0,T) x2). Let ¢ be a function in D((O T)xQ),
then ¢ = o™ — ¢~ where " (resp. ¢ ) is the positive part (resp negative part) of ¢ and " (resp. ¢ )
is an element of I/Vc,+ ((0,T) x Q). Equation (@] is true for @ (resp. ¢ ) and thus the lemma is proven. B

Remark 7 The previous and following lemmas are also true in the case of variable coefficients and when
Q is a general domain with smooth boundary.

Now, we focus our attention on the initial condition and the boundary condition.

Lemma 3

Let € € WCIJ‘:O(Q) We have

lim lim — / /|U t,x) — Up(z)?€¢(x)dzdt = 0.

T7T—=0a—0

Proof: For convenience, we take f = 0. The same conclusion can be drawn for a general f € Liz. Let
e Wclf’(Q) and p;, be the classical positive n-dimensional mollifier with € > 0. Let « > 0 and 7 € (o, T").

We define the function ¢ : [0,7] x Q x @ — R by
o(t,z,y) = £(@)na(t)pn(z — y),
where 7, (t) = max(0, min(1, (r —t)/a)). Observe that 7, (t) < 0 and 7, — —4, in the distributional
a—0

sense. Using the Cauchy-Schwarz inequality, we have

U(t,z) — Us(y)|®
[U(t,2) — Uo(z)]* + |Uo(z) — Uo(y)|*> + 2 (U(t, z) — Un(z) | Uo(z) — Un(y))
[U(t,x) — Uo(x)]* + |Uo(z) — Uo(y)* — 2|U(t, z) — Uo(x)||Uo(z) — Un()!-

AN

From the inequality d:p < 0, we get for almost every (¢, z,y),

U(t,x) — Uo(y)|*Bep(t, z, y)
< |U(t7 $) - UO(£)|26t<P(t,ma y) + |U0(.Z‘) - Uo(y)‘Zath(t,x,y)
=2|U(t,z) — Uo(2)||Uo(z) — Uo(y)|0cp(t, z, ).

We integrate this inequality over [0,7] x R™ x R™ (we extend U and Uy by zero outside of 2) to get,
thanks to Fubini’s theorem,

/T / / U(t, ) — Uo(y)|*Orp(t, z, y)dzdydt
/ [ [ i) - va@)Pouett, o ydedyat = [ [Uo(a) = Vo(w)Peaiph (o — dady

*2/n /n |Uo(z (W)I&(z )pn(a:fy)/0 |U(t, ) — Uo(x) |1 (t)dtdady.

We take k = Up(y) and use the above-defined test function ¢(¢,z,y) in the definition of a dissipative
solution and integrate with respect to y to obtain

T
/ / / Ut ) — Uo(y) 20usp(t, , y)dadydt
R JR™

> = [ Restwaie— [ [ 1000 Golo)Pelpie - vyndy,

where R, belongs to L (0,T) and is for almost every time ¢ defined by

Rt //Z (t,2) = Un(y) | (U (1,2) — Vo)) 1 ()0, (€(0)5 (& — 1) dedy

(1)
/Rn / (Uo()+ | MUo(y) 1) €()a(B)p5 (z — y)dor(z)dy.



Using these two inequalities, we get

,/OTRa,e(t)dt / /n /n (t,z) — Uo(z)|*Brp(t, z, y)dzdydt

2 [ [ 1000 - @i ) [ 0(3) ~ ) ey

0
2
Using the fact that for (a,b) € R?, ab < b® + az and, since Oy < 0,

—|Uo(z) = UoW)[|U(t, ) — Uo(x)|& (@) pr (= — y)na (t)
[Uo(z) = Uo(y)I|U (¢, x) = Uo(2)||0ep(t, z, )

< |Us() — Un(y) %€ (x)pf (a — ””“()'_w

Oro(t, x,y).

By integration of this inequality over [0, 7] x R™ x R", it follows

T T
—/ Rac(t)dt < %/ / / U (t, ) — U(2)20vp(t, 2, y)dadydt
O 0 n n

* /]R /Rn |Uo(x) — Uo(y)|*¢(2) 5 (x — y)dady.

We are going to send a to 0. By the definition of 7, (and since 1o = 1 ;) and equation , we have

T

[Rae(t) — Ro.c(t)] dt‘

/ / / SO KU 2) — Us(w) | As(U () — Uo () Barip(t, 2, y) | dadydt
T—a JR" JR" i=1
+2 / / (Uo(y)+ | MUo () ) o(t, 2, y)do () dydt.
T— n JoQ
We now use the fact that, if k& = k® + k_ + k; with k+ € ker(A £ M) N ImA and k° € ker A, then

(k— | Mky) = 0 and consequently 0 < (ki | Mky) < (k| Mk). Therefore we know that the right-hand
side of the previous inequality belongs to L' (0,T), so the dominated convergence theorem implies that

lim Ra (t)dt = / Ro,e(
0

a—0

It follows that, when o — 0,

i [ [ W) U@ Pewrite - y)dadyds

< /Roe dt+4/n/n 1Us(2) — Us ()€ (@)l (@ — y)dady.

But, by Fubini’s theorem, we remark that for every ¢ > 0,

[ [ W)~ to@Pe@pite = vdedy = [ [U(t2) = Uo(a) Pe(o)aa

R™

Then, we let 7 going to 0 in the last inequality, and we use that for all €, we know that
(t)dt\ L[] Z Ci(|Uol? () + 1Uo* ()02, [€()p%(w — y)] dadydt

/ /n/ ClUoI*(y) lI€ll o, do(x)dydt,

where C; and C respectively depend on A; and M. By the dominated convergence theorem, we get

Jim tim = [ [ Ult) Vo) Pe(pdndt = Jim tim = [ [ Ut) = Vo) Pe(o)dnde

4/Rn /Rn |Uo(z) — Uo(y)|?€ () p5 (z — y)dady.

The left-hand side is independent of € and the right-hand side goes to 0 as € goes to 0.

IN



We now discuss the boundary condition in the special case of the n-dimensional half-place
Q=R" ={(21,22, -+ ,xn) = (2, 2) ,xp, <O0}. (8)

In the following, we assume that 0 = R" and that the matrices A; and M are independent of the
space and time variables (see remark [8 for more details).

Lemma 4

Assume §2 is a half-space . IftU € Lfyz is a solution of (1)) in (0,T) xR™ in the sense ofdeﬁnitjon
then U satisfies the following condition at the boundary

1 t /dtdndlz()
31/// £) (DA (') dtda,dz’ =0,

for every 1 € WH*°((0,T)) and A € W (R ') with compact supports (resp. in R and in R"™!).

Proof: Using the fact that any function of W with compact support is the sum of its positive part
and the opposite of its negative part (that belong to Wclio), we may suppose that ¢ € Wclio((O,T))
and A € Wcl_f_’o (R™'). We take in the formulation of a solution in definition [1| the function ¢(x,t) =
ac(zn)Y(t)A(z") where ac(z,) = max(0, (zn + €)/c). We get

/Rn L /_6/ — k|*ac(zn) A2y (t)dtdz,da’
e /ﬂwl /,/ (U = k| An(U = k) ¥ (t)A(2")dtdwnda’

/ / 6 /TnZlU kAU = k) $(t)ac(@a)0:, M@ )dtda,da’

T / [ e 1Mk wA @ deds’ >0,
0 Rn—1
then we use the fact that for all vector v € R" we know that
(v] Av) = (v | Mv_) — (v} | Mu..),

and we apply this identity in the second integral to get
/ / U(t, ) — k> ac(z)¢’ () A(z")dtdz, dz’
n—1
+/Qe /OT ; (U = k| Ai(U — k) (t)ac(zn) 0z, Az )dtdz, dz’
T
—|—%/ / (Ut,z) = k) - | M(U(t,z) — k)-) ¥ (t)\(z')dtdz,dz’
-1 / / Ut 2) = K+ | MUt ) — )1} (DA (@ )dtdz,ds’

+/0 /DV (k4 | Mk+) $(t)A(z")dtdz" > 0,

where Q. = R™! x (—¢,0). The linearity of the projector and the fact that k4 and M are independent
of = leads us to

/ / — bl (2) (M@ )dtdznda’
/ / Ut,z) — k)_ | M(U(t, z) — k)_) ¥ ()M )dtdz, dz’
+/ / Z (U = k| Ai(U = k) ac(2)(t)0p, Az )dtdz, dz’ >

/ / Ut 2)s | MUt ) +) $(0)A (@ )dtdznda’ —7/ / Ut 2)5 | Mhs) (N )dtdanda’



1 T

Now, we set k = —ako where ko = f/ / U(t,z)4+¢(#t)\(z")dtdz,dz" and a € R is to be chosen later.
€Ja.Jo

Observe that ko € ker(A + M) NImA and consequently k_ = 0, using that k in the previous inequality

we obtain o -
alko | Mko) < 20°Cy / / / |ko|® ac(x)dtde, dz’
—e JRP=1nsupp A JO

0 T
+2C5 / / / |U(t, z)|>ac(z)dtde, dz’
—e JR?*1nsupp A JO

/ / Ut,x)— | MU(t,x)_) ¥ (t)\(z")dtdznda’,
where Cy and C5 are positive number depending on A;, A and ¥. We now choose « to be equal to

_ (ko | Mko)
201 1% fon s » Jul Ko Pac(z)dtda,

and consequently we get that

0 T
a (ko | Mko) — 2a201/ / / |ko|*ac (z)dtdz,dz’ = a (ko | Mko),
—e JR"=1nsupp A JO

and we obtain

0 T
o lko| Mho) < 2Cs / / / Ut 2)Pac (z)dtdznda’
—e JR?—1nsupp A JO

/ / Ut,z)— | MU(t,z)-) Y (t)A(z")dtdznd’.

Since M is coercive on ker(A+ M) NImA (we denote by 7 the constant of coercivity of M) , equation (9)
implies
> i Ylko .
2|ko|201 f_e f]R" 1Asupp A fO € )dtdmn

We see that o and € are related by the following inequality

C
042*»
€

where C' = C(¢, M, A;, A). Finally,

T
(ko | Mko) < % / / / U (¢, ) Pac(z)dtdzda’
/ / Ut 2)_ | MU(L 2)_) $(0)A () dtdznda’.
Qe

Q \

Since U € L?)x, the first term of the right hand side of the inequality goes to 0 as € goes to 0. The dominated
convergence and the fact that (U(t,z)_ | MU(t,z)_) < (U(t,x)| MU(t,z)) < C|U(t,z)|> show us that

the second term also goes to 0 as € goes to 0. Observe that M is coercive on ker(A + M) N ImA, so by
the definition of ko we get the claim. |

Remark 8 In the proof of the previous lemma, we crucially use the fact that we were in the case
of constant coefficients to get some information on the boundary conditions when we say that kg €
ker(A, + M) NImA,. For the initial conditions, we always have some information since the boundary
at the time t = 0 is flat and the boundary matriz for t = 0 is the identity matriz. On the contrary,
recovering some information in the case where the matrices A, and M depending on x and t seems more
tricky and is left for further studies.

Using the previous lemmas, we will show that a regular solution in the sense of definition [1] is a
solution of the problem [T}



Theorem 1

Assume that ) is a half-plane (8). Assume that U is a dissipative solution and U is a Htl,m. Then U
is a solution of[d] in the classical sense, i.e.

1L U+ Aid,U=finL},
=1
2. U(0,z) = Up(x) in L?,
3. (A, — M)U(t,x) = 0 in L*((0,T) x 99).

The proof of this theorem follows from the discussion below. First, observe that lemmas [2| and
imply respectively the first and the second point of this lemma. Secondly, we need two lemmas to prove
that the third point of the previous lemma is true.

Lemma 5

Assume ) is a half-space (8). Let U € W'P((0,T)xQ) (1 <p < o), A € D((0,T)) and 8 € D(R" ).
Then the limit when € — 0 of

1 /0 T
7/ / / Utz z,)\#)B(2")da’ dtde,
€J-eJo Jrr-t
is

/OT /RH U(t, 2, 0)A(t)B (2 )da’dt.

Proof: First, observe that the modulus of the quantity

1 0 T ! / / _ T / ! /
- [5/0 /}RTH1 U(t,x', zn)A(t)B(2")da' dtdxy /0 /}RW1 U(t,x', 0)A(t)B(z")dz"dt,

is bounded above by

0 T
: / / / Ut ', 20) — U(t, 2/, 0)| A(H)B(’)de'dtd,
—eJO Rn—1

[ L

TNU@,«,zn) —U(t,y,0
e 181 [ H (t. 2, 2n) = Ult:3,0)
0

Tn

U(t,z',zn) — U(t,z',0)
Tn

IN

‘ A(t)B(z")dz' dtdz.,

IN

dacldtdacn7

L2((—e,0)xRn—1)

But using Hardy’s inequality (proved in [20]), we know that for all ¢ € (0,T")

Tn

H U(t) - U(t,z, = 0)

p
< 102, Ul o g ) »
rerr) P~ 1 LP(RZ)
U(t,ﬂ;‘/,ﬂfn) — U(t,x’,O)

Tn
dominated convergence theorem. |

and consequently (t,z',z,) belongs to Lix. The lemma follows from the

To apply the previous result to U, we need the following lemma

Lemma 6

Assume () is a half-space (8). Suppose that A,U € H'((0,T) x Q). Then Uy € H'((0,T) x Q).

Proof: Since ker A, C ker M, there exists a matrix B such that M = BA, and consequently MU also
belongs to H'((0,T) x Q). But

(A, — MYU = (A, — M)(U° +U- +Uy) = (A, — M)Uy = —2MU,.

We know that M is non-singular on ker(A, + M) NImA,, so U; belongs to H. |

10



Since U € Htl’m, A,U also belongs to Htlm and thanks to the previous lemma, U} € Htlz Now using
lemmas [5] and [4] we deduce that

T
/ / Ut 2, 0) (D)2 )da/dt = 0,
0 Rn—1
for every A and S test-functions. Consequently,
Uy =0, a.e on (0,7) x {z, = 0},

the boundary condition is satisfied in the strong sense. Similar arguments apply to the case of the initial
condition thanks to lemma 3l

3 Existence and uniqueness result in the half-plane

This section is devoted to prove the following theorem
Theorem 2

Suppose that Q = R™ | the matrices A; and M are supposed to be constant and A,, is non singular.
For every f € Lf,x and Uy € Li, there exists a dissipative solution of . IfUy € H;, the dissipative
solution is unique.

Remark 9 In the previous theorem, we need the H' reqularity for the initial condition to satisfy the
hypothesis of the theorem@ but also to know that the function g, defined by , is L?. But, if one
can obtain a comparison principle for L* data, as in the case developed in [3] for the whole space, the
uniqueness would be easy to obtain. For now, the H' reqularity allows us to avoid technical problem
about traces on the boundary.

The existence is proven thanks to the classical theory of Friedrichs’ systems for regular data and the
uniqueness result makes use of mollification in the tangential directions (i.e in the time direction and in
the z’-direction). In order to use the regularity theory (developed in [I5]), we assume that

A, = A, is non singular. (10)

In order to prove the existence result, one can use, for example, the theory developed in [3] and [I5]
for Friedrichs’ systems. To do so, we need a matrix B € M,x,(R) where p is the number of negative
eigenvalues of A, and examine the following initial boundary value problem

U+ Aid,,U=f, on (0,T)xQ,

im1 (11)
U(va) = UO(Z)7 on Qv
BU(t,z) =0, on (0,T) x 09,

where f € H'([0,T] x Q) and Uy € H'(2). We suppose that Uy obeys to the following compatibility
condition
Yz € 012, BUy(x) = 0. (12)

To connect our boundary condition and the boundary condition using a matrix B, we need that ker B =
ker(A, — M).

For example, since ker(A, — M) @ ker(A, + M) = R", one can take the matrix B that gives the
coordinates in a basis of ker(A, + M) of the projection into the space ker(A, + M). Since here we are
dealing with constant matrices (A, and M), B is also constant.

Under all these assumptions, we can say that there exists a unique solution to the problem and
this solution belongs to the space C*([0, 7], L) N C°([0,T], H}). Consequently, the initial condition is
satisfied in a strong sense and the partial differential equation in has to be understood as an equality
in C°([0,T), L?). The boundary condition is satisfied in C°([0, T], L*(9)™).

This result can be found in [3] (theorem 9.16). The normality condition and the uniform Kreiss-
Lopatinskii condition (cf [3]) are automatically fulfilled since B is a strictly dissipative and we are
dealing with a symmetric system (cf proposition 4.4 in [3]).

The following theorem tells us that the regular solution of the problem is in fact a regular
dissipative solution of .

11



Theorem 3

Assuming that f € H'([0,T] x ), Uy € H'(Q) and condition (I2), there exists a solution to
problem in the sense of definition

Proof: As we said before, we have

U+ A, U= f, in C°((0,7), L2), (13)
i=1
BU(t,z) =0, in C°((0,T), L2). (14)
If k is a vector of R" independent of ¢t and x, then we also have the following equality
(U —k)+ > Aide,(U—k)=f  inC°(0,7),L3). (15)
i=1

Consequently, if ¢ € ij’((o, T) x Q),
T T n
/ / (DU — k) |U — k) (t, 2)p(t, 2)dadt + / / SOU = k| Aide, (U — k) (t 2)p(t, z)ddt
0o Ja o Jaim

_ /OT/Q<f|U7k> (t, 2)o(t, 7)dwdt.

Since for almost every z € Q, the function t — (3;(U — k) |U — k) (,z) belongs to C*(0,T), the Green
formula and Fubini’s theorem give us

/OT/Q (0:(U —k)|U — k) (t,x)e(t, z)dxdt =

% (/Q U(T, ) — k” (T, x)da — /Q |Uo(x) — k|? 0(0, z)dx — /OT/Q U — k)|? (t, 2)dpp(t, x)d:z:dt) )

Since the function z — U(t,z) belongs to H'(Q) for every t € [0,T], it implies that the function z —
(U] A;U) belongs to W (Q,R) (with 8,,1/2 (U | A;U) = (U | A;9,,U) and consequently admits a trace
on A0 (in L'(8Q)). The Green formula (applied to a W' (Q, R) function and a W">(Q,Ry) function)
tells us that

/Q (U = k| Aba, (U — k) (£, 2)p(t, o)

- -1 /Q (U — k| Ai(U — k) (£, 2)a, (t, @)z + %/ vTii (U — k| AU — k) (1, 2)g(t, 2)do ().

oN

Here T1,1 (resp. Tiz) is the classical trace operator from W' (1) to L'(89) (resp. from W"3(Q) to
L*(8Q)). By definition of the trace operator and by the density of C'(€) in W"'(Q) (resp. W"?(Q)), we
know that for almost every x € 992

T171 <U —k | Al(U — k‘)) (t, 1}) = <T172U —k | Ai(TLQU — k)) .
Consequently,

;/0 /Q (U=k[Ai02; (U = k)) (t, )p(t, v)dadt
1 n T
-T2 ;/O /Q (U = k[ As(U = k) (t, 2)0z;p(t, x)dwdt
%/O /m (T12U = k| Au(T12U — k) (t, x)p(t, v)do (2)dt.

Since we know that ker B = ker(A, — M), we can conclude that T U(z,t) € ker(A, — M) almost
everywhere on (0,7) x 9. Lemma [] tells us that

/OT /8Q (Th,2U — k| A (T1,2U — k)) (¢, ) (t, z)do(z)dt

= //<T1,2U—k,\M(TI,QU—k,»(t,x)da(x)dt—/ / (ky | Mky) (t, 2)do(2)dt.
0 o0 0 o0

12



Finally we deduce from the facts that

/T/ <T1,2U —k_ |M(T1,2U — k7)> (t,x)do(m)dt 2 O,
0 oQ

and
/ |U(T, z) — k|* o(T, z)dz > 0,
Q
that we have a dissipative solution to the problem i.e. Vk € R", Vp € ij’((o, T) x ) we have the
following inequality
T n
[ [ 1060) = bR ap(t.0) + 3 (U = K AU = k) (6.0, (0, )l
o Jao

i=1

[ [ 2010 -k e+ [ 0 - ko0, 2

+/0 /aQ (ks | Mky) (t, 2)do(z)dt > 0.

Using this result, we can compare regular solutions.

Theorem 4

Let U and U be two solutions (in the sens of deﬁnition associated with (f,Uy) (resp. (f,Up)). We
suppose that U and U are Htl,x. Then there exists a constant C' > 0 (depending only on T') such that

-2

<o (=1l +lo-al,)

Proof: Using the results of the section [2f we know that U and U are solutions of the problem in the
classical sense. Consequently, one has

/OT /Q <at(U —0) ] U— U> (t, 2)p(t, x)dzdt + /OT /Q Z: <Aiazi(U —0) ] U— U> (t, 2)p(t, z)dadt

= /OT/Q<f—f’U—U>(t,;r)<p(t,w)dxdt,

Taking the function ¢ : (t,2) — (T —t)/T, we get
L (- of taydsae+ 2 [ (U= 0| 4w - 0)) (1.0}t 0)a
ﬁ/{) /Q‘ - ‘ (twr) xdt + §A < - ‘ V( - )> (t7 )‘p(t7 ) t

= /OT/Q<f*JE‘U*U>(t,x)g0(t,x)dxdt+%/52<U70’U7(~]>(07$)dm7

Using the fact that A, (U — U) = M(U — U) on the boundary z, = 0, we obtain thanks to the fact that
M is non-negative

2/9 (1-Flu-10) (t,x)gp(t,x)dxdt—l—/gwo—U~0\2(m)dm2 %/ﬂ U — O (t, x)dwdt.

T

The Cauchy-Schwarz inequality leads us to

1 _ 2 _ _ -2
lle-o|, <2|r-7), [lv-7] oo - 0al| -
T H L2, = F=1 L?, L?, * o 0 L2
Finally,
Ll o’ <or|r—7| U — Uo||”
ar |V =0, <2l =7, + o=,
The assertion of the lemma follows easily. |

This contraction principle leads to the existence theorem.
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Theorem 5

If f € L7, and Uy € L2, then there exists a solution of system 1| in the sense of definition

t,x

Proof: We regularize the problem by taking f, € D((0,T) x Q) and Up,, € D(2) (remark that automatically
we have BUy,, = 0 on 0Q2) such that f, (resp. Uo,) tends to f in Lil (resp. to Up in Li), we denote by
U, the solution given by theorem Then the previous lemma ensures that (Uy)nen is a Cauchy sequence
in L?@ hence it converges to a function U € Lim. Passing to the limit when n goes to infinity in the
inequality leads to the existence of a solution. |

Now, we are going to show a uniqueness result in the case where Uy € H Land f e Liw. Here, we
take a solution U € L7, a solution of () associated with the function f € L?, and Uy € H.. We are
going to regularize U € Lt , in the tangentlal variables (i.e. the variable (¢,2)), so that we will be able
to use the tools of theorem [6] which needs more regular solutions.

Now we use convolution in time (with support in [—¢, —€¢/2] and 0 < € < 1) and classical convolution in
the 2’ = (1, ,xn_1) variables. We denote by pc; the time convolution kernel, p. .- the 2'-convolution
kernel. First we extend U for negative times and we denote by V' the function Ul 7yx 0 +Uol(—c,0)x;
then we define the function V. as

t,x t,x

‘/e(t,l‘/,l'n) = V*t,x’ p;(t,l')

V ikt peg %o Pe(t, @)

=V *t P;,l *z pe(ta 'T)

/ V(S, Y, mn)pe,l(s - t)pe(y - xl)dey7

where f is the function defined by f(z) = f(—z).

Lemma 7

The function V, verifies the following properties

1. V. goes to U in L? , when € — 0.

t,x

2. V. verifies (in the sense of distribution)

O+ S AV = .

=1

3. for alle, V. € H'((0,T) x Q).
4. for all ¢, V.(t = 0) = Up,. = Ug %4 pe (straightforward with the support of pe ;).
5. Vip =0 on (0,T) x 99.

Proof: Let ¢ be in W;’f((—oo,T) x ). The key observation is the following one : if U is a dissipative
solution of with data f and Up then the function V' verifies the following inequality

[ /Q(IVIQ—2<VIk>) (t,2)0pp(t, )dadt

+/ /Z((V|A¢V)—2(V|A¢I~c))(t,x)@zigo(t,x)dwdt

/ / g|V — k) (5, 2)e(t, x)dxdt+/ (Us | An(Uo — ) (1,27, 0)o(t, 2/, 0)da’dt O

o0

+/ / (k_ | ME_) (t,2',0)¢(t,z’,0)dz'dt
o Joa

0,

\%
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where
n

9="fLorxa+2Y  Aids,Uol(—s0)xa- (17)
i=1
Why (16) is true? We know that U is a solution and consequently, the following inequality is true by

definition:

/m/ﬂ(\Ul —2(U|k)) (t,m)atso(t,m)dtdx+/700/Q;(<U|A¢U>f2(U|A¢k))(t7z)5‘zi¢(t’x)dtdm
+/m/92<f\U—k> (t,x)go(t,:r)dxdt—i—/ﬂ (IUo]* = 2 (Uo | k)) (0, 2)(0, z)da

T
+/ / (k_ | Mk_) (t,2',0)p(t,z’,0)dz'dt > 0.
o Joa

But since Up is regular, independent of ¢, we have

0 n
[ /Q(|Uo|2—2<Uo|k)) (t,x)atap(t,x)+Z(<U0|A,U0>—2(UO|A¢k>)(t,x)8zig0(t,x)dtdx

_ /Q(|Uo|2 —2(Uo | KY) (O,x)w(O,x)+2[ /QZ«AZBMUOIUO — ) (4, 2)(t, w)dadt

0
+/ / (AnUo | Uo — k) (t,2",0)0(t, 2", 0)dx’dt.
—oo JOQ

Adding this two inequalities and using the definition of V' and g gives us . Then the tangential
regularization gives us a function V, satisfying the following inequality

n

/R . (IVel* = 2(V | k) (£, 2)Bep(t, @)dtdz + STV | AiVe) = 2 (Ve | Aik)) (t,2)0, p(t, x)dtdz

L

0
+/ 2(ge | Ve — k) (¢, 2)p(t, z)dtdz + / / (AnUo,e | Uo,e — k) (t, 2", 0) e (t, 2", 0)da’dt
Rn+1 —oo JR™
T
+/ / (k— | Mk_) (t,2",0)¢c(t,z’,0)dz’dt
o Jrn
2/ (|U6|2 — U Loy x40 pe) (t, z)dep(t, z)dtdz
Rn+1
T n
[ ]S AT — U1 A Loy ) (1,5)0 ol )l
0 =1

[ 200U~ 2(910) Loy s ) (L) (e, )i
R’Vl

+/_Ooo / [(AnUo,e

The following lemma and its proof ensure that points 2 and 3 are true. As in the proof of lemma [ we
obtain that Vey =0 on (0,7) x 09Q. ]

Uo.e) — ((AnUo | Uo) %o pe) (t, 2, O)(pg] (t,z’,0)dz’dt.

The following lemma explains why we only need to regularize in the (¢, z’)-directions to get the full
H'-regularity.
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Lemma 8

Assume that A,, is non singular. Let U be in L?_ such that 0,U, d,U,...,0,_1U belong to Liw and

t,x

we suppose that the following inequality holds for every k € R™ and ¢ € Wcl_fo(((), T) x Q),
T T n
/ Ut 2) — kP Byolt, ) dadt + / / S (Ut ) — k| AUt ) — k) Ba, ot 2)dadt
o Ja o Jaf
- 1
+2/ / (F1U — K)ot ) dadt +/ Uo(x) — k[ (0, 2)dx
0 Q Q
T
[0 | M)k (e ) doa
0 o0
T n_o
> [ [ doeltn) + Y5 )0t a)dadt + [ §(0)o(0,2)d
0 Q Q

i=1

where ¢'(U), ¢"(U) and g°(U) belong to L? , and are independent of k. Then U € H*((0,T) x ).

t,x

Proof: Following the proof of the fact that a solution in the sense of definition [I]is a weak solution, we get
that U is a weak solution to the PDE

U+ Aidn,U = f.
i=1
Consequently, since A, is non-singular by hypothesis, we get that
n—1
0., U = A" <f —oU+> Aiain) €L,
i=1

This implies that U € H'((0,T) x Q). [ |

Remark 10 The hypothesis that A, is invertible is important. In fact in the singular case, there is a
loss of regularity for the solution (see [18]).

Theorem 6

Let U and U be two Lf@, solutions (in the sense of definition (1) associated with (f,Uy) € Lim x H}
and (f,Up) € L}, x Hj, respectively. Then there exists a constant C > 0 (depending only on T') such

that
2
Li) '

Remark 11 From the previous theorem, we deduce that there exists a unique solution in the sense of
deﬁm’tion of the problem for f € L?  and Uy € H}.

t,x

-2

(I

e

2
L7,

Proof: From U and U, we construct their approximations Ve and f/e, lemma allows us to mimic the proof
of the theorem [f to get
2
‘ 2 )’

Passing to the limit, since V and g are in LIQOC((—OO,T) x Q)™ then V. and g. tends to V and g in
L*((0,T) x Q)™ (see for example [12]), we get the result. ]

2 ~
L, <C (||g€ ~gel3z, + |[Vo.c — o

t,x

V. — V.

4 Comparison with other formulations

In the literature, there are several ways for taking into account the boundary condition for linear hy-
perbolic system, for example the initial approach of Friedrichs [9], the formulation developed in [6] by
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Dubois and Le Floch and the maximal and strictly dissipative theories (summarized in the book of
Benzoni-Gavage and Serre [3]). We first describe these different approaches which are slightly different
from the algebraic point of view, and then compare these formulations on a simple example: the wave
equation in 1D. We will see on this example that, except for the maximal dissipative theory, the theory
must be modified to take into account the classical Dirichlet boundary condition. This modification can
be performed at least formally with the use of a small parameter such that the homogeneous Dirichlet
condition is recovered at the limit of a family of dissipative solutions in the sense of definition 1.

4.1 Friedrichs’ approach

In the seminal work of Friedrichs [9], the boundary condition takes the following form : first he assumes
a decomposition of 4, = f_ + 4, M is now the matrix f; — S_ and the boundary condition is
(Ay — M)U = 0. Friedrichs also assumes that three conditions (denoted by IIly, IIT; and IIIy in [9]) are
fulfilled by the matrices S_ and [

1. ker(S-) @ ker(84) = R™.
2. Tm(6_) NTm(B,) = {0}.
3. "M+ M >0.

From lemma [I] and the hypothesis that we made on the matrix M, we see that all Friedrichs’ hypothesis
are satisfied in the non-characteristic case (we have already said that the first hypothesis was too restric-
tive in the characteristic case for example take all the matrices A; equal to zero). As far as assumption
3 is concerned, we have made a restrictive hypothesis : we suppose that M is a symmetric matrix.

4.2 Dubois-Le Floch’s formulation

Now we describe Dubois-Le Floch’s formulation. In order to define admissible boundary condition for
nonlinear hyperbolic systems, Dubois and Le Floch (in [6]) also define admissible boundary condition for
linear strictly hyperbolic systems. To take account of inhomogeneous boundary condition, they say that
the space of admissible condition (for the problem in (0,7) x R") is

Ub+VeCt{7“k,]€=p+1,"',m}7 (18)

where 7 is an eigenvector associated with the eigenvalue Ay (for K > p+ 1, A > 0 and for k < p+ 1,
Ar < 0) of the boundary matrix A,. Using our formalism, we can rewrite this space of admissible
boundary condition as

U-Uye ker(Ay - M),

where M is the matrix constructed in the remark [1| with the matrix P associated with the eigenvectors
chosen in (recall that these eigenvectors are orthogonal and we may assume without loss of generality
that they are orthonormal and consequently that the matrix P is orthogonal). Therefore the type of
boundary condition discussed by Dubois and Le Floch is contained in our formalism of boundary condition
(in fact strictly contained, see the example of the wave equation).

4.3 Maximal dissipative and strictly dissipative theories

We have already used the fact that our formalism can be transformed to use strictly dissipative theory.
In these two theories, the boundary condition is taking into account thanks to a matrix B € My, (R)
where p is the number of negative eigenvalues of A,. We say that the matrix B is maximal dissipative
(in the non-characteristic case) if

UeckerB = (A, U|U) >0, (19)
and B is maximal for that property, i.e. ker B is not a proper subspace of vector space V' such that
UeV = (ALU|U) >0,

to get L*-well-posedness (theorem 3.2 of [3]).

This boundary condition (or equivalently the boundary condition used in the work of Rauch, for
example in [I8)]) contains more possibilities than the one we use in this paper (in fact, we’ll see in the
next example that the formalism of [3] allows more boundary conditions than the Friedrichs’ approach).

There is also a more stronger condition (see for example [3]): the notion of strictly dissipative bound-
ary condition. A matrix B is strictly dissipative (in the non-characteristic case) if
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1. UekerB= (A, U|U) > 0,if U # 0.
2. ker B is maximal for the previous property.

3. B is onto.

4.4 A simple example: the wave equation in 1D

We consider here the wave equation problem
Gttw — Bmzw = 0, on (07T) X R,,

that we rewrite as an hyperbolic problem in dimension m = 2 as

o, (g) — A0, (Z) =0, (20)

where u = dyw, p= d,w and A = (1) (1) . Tt is classical (see for example [4] section 10.3) that the wave
equation is well-posed with the natural following conditions
w(z,0) = f(z), on{t=0} xR_,
dw(z,0) = g(z), on{t=0}xR_,
w(0,t) = 0, on (0,T) x {z = 0}.

Now that the unknowns in are u = Oyw and p = d,w, it seems natural to know if one can obtain
the boundary condition
u(0,t) =0, on (0,7) x {z =0} (21)

We are going to show that this kind of boundary condition is not contained in our formalism, Friedrichs’
formalism or Dubois-Le Floch’s formalism but it can be obtain with the use of a maximal dissipative
boundary condition.

First, we are going to show that one can not find two matrices S_ and f; such that ker f_ =
{(2) , pE R} and the conditions 1,2,3 are satisfied. Let 5_ be the matrix <(2 Z .
In fact, the condition ker 5_ = { (2) , pE R} implies that b = d = 0. The condition 3 rewrites as

¢ o B ¢ ¢ o —2a —2¢—2
M+M*/6+ /8—+ 5-’!‘ /6—(_20_2 0 207

—a

9 01) is invertible and consequently, the

and consequently, it imposes that ¢ = 1, but then g = (

condition 1 can not be fulfilled.

It means that such the boundary condition can not be directly use in the Friedrichs’ framework.
Since our framework and Dubois-Le Floch’s formalism are contained in Friedrichs’ framework, one can
not expect to use this boundary condition in these theories.

In this particular example, one can see that our framework contains more possibility for the boundary
condition than the theory of characteristics of Dubois-Le Floch. Indeed, if we take the example of
homogeneous boundary condition, the only possibility from Dubois-Le Floch is that w + p = 0 on the
boundary x = 0.

Let’s determine all the possible matrices M for the wave equation in 1D that fulfill the conditions
of section Necessarily, we have dimker(A + M) = 1 otherwise, either A — M =0 or A+ M = 0,
these two equalities can not happen since A is neither non-positive nor non-negative. In particular,
det(A+ M) = 0 = ac — (—1 £ b)?, subtracting this two equalities tells us that b = 0. If b = 0, to insure

that det(A £ M) = 0, we get that a = —). In our formalism, all the matrices M possible are
c

c 0
M, = 0 1], with ¢ > 0.

Cc
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The matrix M, is associated with the following boundary condition
u—&-BZO7 on (0,T) x {x =0}.
c

It allows an infinite number of boundary condition for the wave equation in one dimension, parameterized
by c.

Finally, we examine the maximal and strictly dissipative boundary conditions in the case of the
wave equation. First to use a maximal dissipative boundary condition, one only need to find a matrix
B € Mix2(R) it simply means that dimker B = 1. In fact, any matrix B of the form (a 0) is maximal
dissipative and give the boundary condition . One can easily see that the boundary condition u = 0
can not be strictly dissipative and that in fact the boundary condition (in the general case) that we are
considering is such that the space ker(A, — M) NImA, is strictly dissipative in the sense that the first
two previous condition are verified.

Nevertheless, one way to get a formulation that is valid for a LET solution in this particular example
would be to send ¢ to 400 in the dissipative formulation to get a non-dissipative weak formulation. This
is very similar to penalization procedure.

One could also modify the definition [I| by restricting the test vectors k to the ones satisfying k; =0
if the support of ¢ touches 0€2. This formulation seems nevertheless less general than the one studied in
this work.
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