-

View metadata, citation and similar papers at core.ac.uk brought to you byff CORE

provided by Hal-Diderot

HAL

archives-ouvertes

Propagation phenomena for time heterogeneous KPP
reaction—diffusion equations

Grégoire Nadin, Luca Rossi

» To cite this version:

Grégoire Nadin, Luca Rossi. Propagation phenomena for time heterogeneous KPP reaction—
diffusion equations. Journal Africain de Mathématiques pures et Appliquées, 2012, 98, pp.633
- 653. <10.1016/j.matpur.2012.05.005>. <hal-01080139>

HAL Id: hal-01080139
http://hal.upmc.fr/hal-01080139
Submitted on 4 Nov 2014

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francgais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://core.ac.uk/display/47091699?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
https://hal.archives-ouvertes.fr
http://hal.upmc.fr/hal-01080139

arXiv:1104.3686v2 [math.AP] 2 May 2011

Propagation phenomena
for time heterogeneous
KPP reaction-diffusion equations

Grégoire Nadin * Luca Rossi '

Abstract

We investigate in this paper propagation phenomena for the heterogeneous reaction-
diffusion equation
ou—Au= f(t,u), zeRY, teR,

where f = f(t,u) is a KPP monostable nonlinearity which depends in a general way
on t € R. A typical f which satisfies our hypotheses is f(¢,u) = p(t)u(l — u), with
w € L*(R) such that essinf;cr pu(t) > 0. We first prove the existence of generalized
transition waves (recently defined in [4l 22]) for a given class of speeds. As an appli-
cation of this result, we obtain the existence of random transition waves when f is
a random stationary ergodic function with respect to t € R. Lastly, we prove some
spreading properties for the solution of the Cauchy problem.

Key-words: generalized transition waves, heterogeneous reaction-diffusion equations,
spreading properties.

AMS classification: 35B40; 35K57.
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1 Introduction

This paper investigates the existence of traveling wave solutions for the heterogeneous
reaction-diffusion equation

ou—Au= f(t,u), zecR" tecR, (1.1)

where f = f(t,u) vanishes when u = 0 or u = 1, is strictly positive for v € (0,1) and is of
KPP type, that is, f(¢t,u) < f.(t,0)u for (t,u) € R x [0,1].
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When f is constant with respect to ¢, we recover the classical Fisher-KPP equation
ou—Au=f(u), vcRY tcR. (1.2)

It is well-known (see [2, [I1]) that for all ¢ > ¢* = 24/ f/(0), there exists a planar traveling
wave of speed ¢ in any direction e € SV, that is, a solution u of (L2) which can be written
as u(z,t) = ¢(x - e — ct), with ¢ > 0, ¢(—00) = 1 and ¢(+00) = 0. In this case, the profile
¢ of the planar traveling wave satisfies the ordinary differential equation

—¢" —c¢' = f(¢) inR.

When f is periodic with respect to ¢, planar traveling waves no longer exist and the
relevant notion is that of pulsating traveling wave. Assume for instance that exists 7" > 0 such
that f(t+7,u) = f(t,u) for all (t,u) € Rx[0,1]. Then a pulsating traveling wave of speed ¢
in direction e € S’ is a solution u of (ILT]) which can be written as u(z,t) = ¢(x - e —ct, t),
where ¢ > 0, ¢ = ¢(z,t) is T—periodic with respect to ¢, ¢(—oo,t) = 1 and ¢(+o0,t) =0
for all t. The profile ¢ then satisfies the time-periodic parabolic equation

B — Dutp — O, = f(t,¢) in R xR

The existence of pulsating traveling waves has been proved by Nolen, Rudd and Xin [17]
and the first author [I5] under various hypotheses in the more general framework of space-
time periodic reaction-diffusion equations (see also [I] for time periodic bistable equations).
These results yield that, in the particular case of temporally periodic equations, a pulsating
traveling wave of speed ¢ exists if and only if ¢ > ¢* = 2,/(u), where (u) = & fOT fl(t,0)dt.

Note that the notion of pulsating traveling wave has first been introduced in the frame-
work of space periodic reaction-diffusion equations by Shigesada, Kawasaki and Teramoto
[24] and Xin [26] in parallel ways. Xin [26], Berestycki and Hamel [3] and Berestycki, Hamel
and Roques [7] proved the existence of such waves in space periodic media under various
hypotheses. In this case the minimal speed ¢* for the existence of pulsating traveling waves
is not determined using the mean average of z — f/(x,0), but rather by means of a family
of periodic principal eigenvalues to characterize c*.

The case of a time almost periodic and bistable reaction term f has been investigated
by Shen [19, 20]. A time heterogeneous nonlinearity is said to be bistable if there exists a
smooth function 6 : R — (0, 1) such that

f(t,0)=f(t,1) = f(t,0(t)) =0 forteR,
f(t,s) <0 forteR, se(0,0(1)), (1.3)
f(t,s) >0 forteR, se(0(t),1).

Shen constructed examples where there exists no solution u of the form u(x,t) = ¢(z-e—ct,t)
such that ¢(—o0,t) = 1, ¢(400,t) = 0 uniformly with respect to ¢t € R and ¢ = ¢(z,1)
is almost periodic with respect to ¢t. She proved that the appropriate notion of wave in
almost periodic media incorporates a time dependence of the speed ¢ = ¢(t). Namely, she
defined an almost periodic traveling wave as a solution w of (ILI]) which can be written as
u(z,t) = p(x-e— f(f c(s)ds,t), where ¢ = ¢(t) and ¢ = ¢(z,t) are smooth functions which are

2



almost periodic with respect to t and ¢(—o0,t) = 1 and ¢(+00,t) = 0 hold uniformly with
respect to t € R. She proved that for nonlinearities f which satisfy (L3]), there exists an
almost periodic traveling wave and that its profile and speed are uniquely determined up to
translation of the profile and to addition of the derivative of a time almost periodic function
to the speed.

In order to handle general heterogeneous equations such as (IL1]), we will use the notion
of (almost planar) generalized transition wave introduced by Berestycki and Hamel [4] and
Shen [22]. This definition is a natural extension of the earlier notions. In particular, it
enables a dependence of the speed with respect to time, as in almost periodic media.

Definition 1.1. An (almost planar) generalized transition wave in the direction e € SN of
equation (L)) is a time-global solution « which can be written as u(x,t) = ¢(x-e— fo s)ds,t),
where ¢ € L*(R) is bounded and ¢ : R x R — [0, 1] satisfies

lim ¢(z,t) =1 and liIJP ¢(z,t) =0 uniformly in ¢ € R. (1.4)
Z—+—00 2100
The functions ¢ and ¢ are respectively called the profile and the speed of the generalized
transition wave u.

We will only consider almost planar waves in the present paper and thus we will omit to
mention the almost planarity in the sequel. Notice that the speed ¢ and the proﬁle ¢ in Defi-
nition [Tl are not univocally determined: they can be replaced by c¢+¢ and ¢(z+ fo s)ds,t)

respectively, for any £ € L>°(R) such that t € R — fo s)ds is bounded. If u is a generalized
transition wave, then its profile ¢ satisfies

8t¢ - azz(Z6 - C(t>8z¢ = f(tv ¢)7 KAS R? te R,
{ Zli)moo o(z,t) =1 and zkinoo ¢(z,t) = 0 uniformly in ¢t € R. (1.5)
The existence of generalized transition waves has been proved by Shen in the framework
of time heterogeneous bistable reaction-diffusion equations [22]. Berestycki and Hamel [3]
also proved the existence of generalized transition waves for the monostable equation (LTI
when t — f(t,u) converges as t — +oo uniformly in u (see Section below). Lastly,
we learned while we were ending this paper that Shen proved the existence of generalized
transition waves when the coefficients are uniquely ergodic in a very recent paper [23]. We
will describe more precisely the differences between Shen’s approach and ours in Section
below. These are the only types of temporal heterogeneities for which the existence of
generalized transition waves has been proved.
In space heterogeneous media, generalized transition waves have been shown to exist for
ignition type nonlinearity in dimension 1. Namely, assuming that f = g(z)fo(u), with ¢
smooth, uniformly positive and bounded, and with f, satisfying

30 € (0,1), Vs € [0,0]U {1}, fo(s) =0, Vs € (0,1), fo(s) >0

the existence of generalized transition waves has been obtained in parallel ways by Nolen and
Ryzhik [I§] and Mellet, Roquejoffre and Sire [14]. These generalized transition waves attract
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the solutions of the Cauchy problem associated with front-like initial data [I3]. Zlatos gave
some extensions of these results to multi-dimensional media and more general nonlinearities
[27]. Lastly, Nolen, Roquejoffre, Ryzhik and Zlatos constructed some space heterogeneous
KPP nonlinearities such that equation (LT does not admit any generalized transition wave
[T6]. A different generalization of the notion of traveling wave has been introduced in the
framework of bistable reaction-diffusion equations with a small perturbation in space of the
homogeneous equation by Vakulenko and Volpert [25].

When the nonlinearity is homogeneous and of ignition or bistable type, we know that
there exists a unique speed associated with a planar traveling wave. The analogue of this
property in heterogeneous media is that, for bistable or ignition type nonlinearities, the
generalized transition wave is unique up to translation in time (see [5, I3} 22]). This means
that the speed t — ¢(t) of the generalized transition wave is unique in some sense.

For monostable homogeneous nonlinearities, we know that there exists a unique speed
¢* such that planar traveling waves of speed c exist if and only if ¢ > ¢*. Moreover, it is
possible to construct solutions which behave as planar traveling waves with different speeds
when t — 400 (see [I0]) and one can remark that these solutions are generalized transition
waves. Hence, we expect a wide range of speeds ¢t — ¢(t) to be associated with generalized
transition waves in heterogeneous media. The aims of the present paper are the following.

e Prove the existence of generalized transition waves for time heterogeneous monostable
equations.

e Identify a set of speeds t — ¢(t) associated with generalized transition waves.

e Apply our results to particular nonlinearities such as random stationary ergodic.

2 Statement of the results

2.1 Hypotheses

In this paper we just assume the nonlinear term f(¢,u) to be bounded and measurable with
respect to t. The notion of solution considered is that of stronﬁ solution: a subsolution
(resp. supersolution) u of (1)) is a function in Wﬁ,’_lHJOC(RN x R) [ satisfying

O — Au < f(t,u) (resp. > f(t,u)), forae ze€RY, teR,

and a solution is a function u which is both a sub and a supersolution. It then follows from
the standard parabolic theory that solutions belong to Wi’lic(RN x R), for all p < oo, and
then they are uniformly continuous by the embedding theorem.

The fundamental hypothesis we make on f is that it is of KPP type. Namely,
f(t,u) < p(t)u, with w(t) := f/(t,0), which means that f(¢,-) lies below its tangent at
0 for all . Hence, we expect the linearization at u = 0 to play a crucial role in the dynamics
of the equation.

P W2(Q), Q C RY x R, stands for the space of functions u such that w, 9,,u, Op,e,u, du € LP(Q).



A typical f we want to handle is

ft,u) = p(t)u(l —u), (2.6)

with p € L>®°(R) and inf;cg p(f) > 0. This function fulfills the following set of hypotheses,
which are the ones we will require in the statements of our results.

Hypothesis 2.1. The function f = f(t,u) satisfies f(-,u) € L>®(R), for all u € [0, 1], and,
as a function of u, is Lipschitz continuous in [0, 1] and of class C'! in a neighborhood of 0,

uniformly with respect to ¢t € R. Moreover, setting u(t) := f!(t,0), the following properties
hold:

forae. t € R, f(t,0)= f(t,1) =0, Vu € (0,1), estseﬁnff(t,u) > 0, (2.7)
for a.e. (t,u) € R x [0,1], f(t,u) < p(t)u, (2.8)
3C >0, 7,6 € (0,1], forae. (t,u) €R x[0,d], f(t,u)> p(t)u— Cu'*7, (2.9)

Notice that (Z8), (Z9) are fulfilled if f(¢,0) = 0 and f(,-) is respectively concave and
in C'7([0, 6]), uniformly with respect to t.

2.2 Existence of generalized transition waves for general nonlin-
earities

Since the range of speeds associated with planar traveling waves in homogeneous media is

given by [24/f/(0),4+00), we expect to find similar constraints on the speeds of generalized

transition waves in heterogeneous media. The constraint we will exhibit depends on the least
mean of the speed.

Definition 2.2. For any given function g € L*(R), we define
1 t+T
= inf — d
gty [ )
and we call this quantity the least mean of the function g (over R).

The definition of least mean does not change if one replaces the supp., with limz_,
(see Proposition 3.1l below). Hence, if g admits a mean value (g), i.e., if there exists

t+T
(9) :== lim —/ g(s)ds, uniformly with respect to ¢t € R, (2.10)
t

then g = (g).
Notice that ([2.7) and (2.8) yield u > 0. We are now in position to state our main result.

Theorem 2.3. Assume that f satisfies Hypothesis 21 and let e € SVN—1.

1) For all v > 2, /@, there exists a generalized transition wave u in direction e with a
speed ¢ such that ¢ =~ and a profile ¢ which is decreasing with respect to z.

2) There exists no generalized transition wave w in direction e with a speed ¢ such that

g<2\/g.



The speeds we construct have the particular form

c(t) = uit) + K, k€ (0, /1) (2.11)

K

Hence, they keep some properties of the function p. In particular, if g admits a mean
value (u) then our result implies that a generalized transition wave with a speed ¢ such that
(c) = 7 exists if v > 2+/(u) and does not exist if 7 < 24/(i). Of course, this construction is
not exhaustive: there might exist generalized transition waves with a speed ¢ which cannot
be written in the form (2.I1]), as exhibited in Example @ below. More generally, trying to
characterize the set of speeds associated with generalized transition waves is a very hard
task, since this notion covers many types of speeds (see [4], [10]). Indeed, it is still an open
problem even in the case of homogeneous equations.

We did not manage to prove the existence of generalized transition waves with a speed
with least mean 2,/B. We leave this extension as an open problem, that we will discuss in
Examples 2l and 3 of Section 2.5 below.

Theorem [2.3]shows that the range of least means of the speeds associated with generalized
transition waves is a half-line, with infimum 2, /7. If instead one considers other notions of
mean then the picture is far from being complete: our existence result implies that, for every
notion of mean M satisfying

Vge L*[R), M(g)=g, ~ Vo3>0, M(ag+f)=aM(g)+p,

M (u)

and every k € (0, ,/f1), there exists a wave with speed c satisfying M(c ) = + Kk, whereas

there are no waves with M(c) < 2,/f. But if M(u) > p then 2,/ < M /I, Whence
there is a gap between the thresholds of the existence and non-existence results

In order to conclude this section, we briefly comment the differences between Shen’s ap-
proach in [23] and the present one. First, Shen only considered uniquely ergodic coefficients.
We refer to [23] for a precise deﬁnition but we would like to point out that if x is uniquely
ergodic, then () = limy_ o0 7 |, t+T s)ds exists uniformly with respect to ¢ € R. This hy-
pothesis is quite restrictive since it excludes, for example, general random stationary ergodic
coefficients. Under this hypothesis, Shen proves that a generalized transition wave with a
uniquely ergodic speed ¢ = ¢(t) satisfying (c) = v exists if and only if v > QM . This is a
slightly stronger result than ours since it provides existence in the critical case v = 2\/@ :
Lastly, Shen’s approach is different since she uses a dynamical systems setting, while we use
a PDE approach inspired by [3].

2.3 Application to random stationary ergodic equations

We consider the reaction-diffusion equation with random nonlinear term
ou—Au= f(t,w,u), zcR" teR, we. (2.12)

The function f : R x Q x [0,1] — R is a random function defined on a probability space
(Q,P, F). We assume that (t,u) — f(t,w,u) satisfies Hypothesis 2Tl for almost every w € €,
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and in addition that
Vit e R, ww f(t,w,u)/u is nonincreasing in [1 — 4, 1], (2.13)

where the constants v and 0 depend on w. Notice that ([Z13) is satisfied in particular when
u > f(t,w,u) is nonincreasing in (1—49, 1), since f is positive there. We further suppose that
f(t,w,u) is a stationary ergodic random function with respect to ¢. Namely, there exists a
group (7 )er of measure-preserving transformations of 2 such that

V(t,s,w,u) e RxRxQx[0,1], f(t+s,w,u)= f(t, mw,u),

and for all A € F,if ;A= AforallteR, then P(A) =0 or 1.
A generalization of the notion of traveling waves for equation (Z.12) has been given by

Shen in [21].

Definition 2.4. (see [21], Def. 2.3) A random transition wave in the direction e € SV~1
of equation ([2I2)) is a function u : RY x R x Q — [0, 1] which satisfies:

e There exist two bounded measurable functions ¢: © — R and ¢ : R x © — [0, 1] such
that u can be written as

t
u(z,t,w) =o(x-e— / c(msw)ds, mw) for all (z,t,w) € RY x R x Q.
0

e For almost every w € Q, (z,t) — u(z,t,w) is a solution of (ZI2).

e For almost every w € Q, lim ¢(z,w) = 1 and li:in d(z,w) = 0.
Z—>r—00 Z—>r+00
The functions 5 and ¢ are respectively called the random profile and the random speed of the
random transition wave u.

Notice that if ([Z12]) admits a generalized transition wave for a.e. w € €, and the asso-
ciated profiles ¢(z,t,w) and speeds ¢(t,w) are stationary ergodic with respect to ¢, then the
functions ¢(z,w) := ¢(z,0,w) and &(w) := ¢(0,w) are the profile and the speed of a random
transition wave.

The existence of random transition waves has been proved in the framework of space-time
random stationary ergodic bistable nonlinearities by Shen [2I] and in the framework of space
random stationary ergodic ignition type nonlinearities by Nolen and Ryzhik [I8] (see also
[277] for some extensions).

Starting from Theorem 2.3] we are able to characterize the existence of random tran-
sition waves in terms of the least mean of their speed. For a stationary ergodic function
g : R xQ — R, the least mean of ¢t — ¢(t,w) is independent of w, for every w in a set of
probability 1 (see Proposition @Il below). We call this quantity the least mean of the random
function g, and we denote it by g.

Theorem 2.5. Let e € SN~1. Under the previous hypotheses, for all v > 2,/R, there exists
a random transition wave u in direction e with random speed ¢ such that c(t,w) := ¢(mw)
has least mean v, and a random profile ¢ which is decreasing with respect to z.
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This result is not an immediate corollary of Theorem 2.3 In fact, for given € (0, /f7)
and almost every w € 2, Theorem 2.3 provides a generalized transition wave with speed
c(-,w) satisfying ¢ = £ + k. Hence, c is stationary ergodic in ¢, but it is far from being
obvious that the same is true for the profile ¢. Actually, to prove this we require the
additional hypothesis (ZI3). Instead, the non-existence of random transition waves with
speeds ¢ satistying ¢ < 2, /p follows directly from Theorem 2.3

2.4 Spreading properties

When the nonlinearity f does not depend on ¢, Aronson and Weinberger [2] proved that if u
is the solution of the associated Cauchy problem, with an initial datum which is “front-like”
in direction e, then for all o > 0,

lim inf u(z,t) =1, lim inf u(z,t) = 0.
=400y <24/F(0)—0)t =400 1> (20 /F/(0)+o)t

This result is called a spreading property and means that the level-lines of u(t,-) behave like
24/ f"(0)t as t — +o00. The aim of this section is to extend this property to the Cauchy
problem associated with (LII), namely,

B - N
{ Ou—Au= f(t,u), reRY, t>0, (2.14)

u(x,0) = up(x), r € RV,

Our result will involve once again the least mean of u, but this time over R, because the
equation is defined only for ¢ > 0. For a given function g € L*((0, +00)), we set

1 t+T
g =ity [ o) ds

We similarly define the upper mean g*:

. 1 T
g II“I;fO stliloj /t g(s)ds.
In [6] Berestycki, Hamel and the first author partially extended the result of [2] to general
space-time heterogeneous equations. They showed in particular that the level-lines of u(t, -)
do not grow linearly and can oscillate. They obtained some estimates on the location of
these level-lines, which are optimal when ¢ +— f(¢,u) converges as t — 400 locally in u, but
not when f is periodic for example. These properties have been improved by Berestycki and
the first author in [9], by using the notion of generalized principal eigenvalues in order to
estimate more precisely the maximal and the minimal linear growths of the location of the
level-lines of u(t,-). When f only depends on t, as in the present paper, they proved that
if uyg € C°(RY) is such that 0 < uy < 1, ug #Z 0 and it is compactly supported, then the
solution w of (2.14]) satisfies

=00 0 if ~v>2yu"

8
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In [9], this result follows from a more general statement, proved in the framework of space-
time heterogeneous equations using homogenization techniques. Here we improve (2.15) by
decreasing the threshold for the convergence to 0. Our proof is based on direct arguments.

Proposition 2.6. Assume that [ satisfies Hypothesis 21 and let ug € C°(RY) be such that
0<wup <1, uy#0. Then the solution u of (ZI4)) satisfies

Vy<2,/p,, lim inf u(z,t) = 1. (2.16)

t—=+00 |z|<yt

If in addition ug is compactly supported then

Vo >0, tlim sup u(z,t) = 0. (2.17)
e \x\22\/tf(f w(s)ds+ot

If ug is “front-like” in the direction e, then |x| > 2\/tf0t w(s)ds + ot can be replaced by

x-e> 24/t [ p(s)ds + ot in (ZIT).

Remark 2.7. Proposition still holds if ([29), (ZI3) are not satisfied and, in case of
(2.14), the KPP condition (2.8]) can also be dropped.

If %f(f,u(s)ds — p, as t goes to 400 then the result of Proposition is optimal.

Otherwise it does not describe in an exhaustive way the large time behavior of w.

Open problem 1. Assume that the hypotheses of Proposition hold and that

1 t
o <y <liminf - [ pu(s)ds.
[ t 0

t—+00

What can we say about lim;, ., u(vyte,t).

2.5 Examples.

We now present some examples in order to illustrate the notion of generalized transition
waves and to discuss the optimality of our results.

Example 1. Functions without uniform mean.
Set ¢t := 2 and, for n € N,

On =1, +n, Tn = Op + N, tn1 = T + 27

The function p defined by

w

ift, <t<o, néeN,
ifo, <t<m, neN,
otherwise

—_

pu(t) =

[\]

satisfies

t—+oo ¢

1 _
p,=1< lim —/O,u(s)ds:2<,u+:3.

Therefore, ;1 does not admit a uniform mean (u) (over R,).
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Example 2. Generalized transition waves with various choices of speeds.
Fix a > 1 and consider the homogeneous reaction-diffusion equation

O — Ot = u(l — u)(u + ).

A straightforward computation yields that the function

1
Uz) = ———
=) 1+ e/V2

is the profile of a planar traveling wave of speed ¢y = V2o + % Note that ¢y is strictly

larger than the minimal speed 24/« for the existence of traveling waves.
We now perturb this equation by adding some time heterogeneous bounded function
¢ € C°(R) in the nonlinearity:

1
O — O = v(1 —0)(v+ @ — 7 (1)), (2.18)

with [|€]|ee < V2(av — 1) so that this equation is still of KPP type. Let

v(x,t) = U(x — cot + /Otﬁ(s)ds).

Since U’ = —%(1 —U), one readily checks that v is a generalized transition wave of equation
(2I8), with speed c(t) = ¢y + &(t). If (§) = 0, then this generalized transition wave has a
global mean speed ¢y. But as £ is arbitrary, the fluctuations around this global mean speed
can be large. This example shows that the speeds associated with generalized transition
waves can be very general, depending on the structure of the heterogeneous equation.

Example 3. Generalized transition waves with speeds ¢ satisfying ¢ = 2,/p. We can gener-
alize the method used in the previous example to obtain generalized transition waves with
a speed with minimal least mean. Consider any homogeneous function f : [0,1] — [0, 00)
such that f is Lipschitz-continuous, f(0) = f(1) =0, f(s) > 0if s € (0,1) and s — f(s)/s
is nonincreasing. Then we know from [2] that for all ¢ > 24/f7(0), there exists a decreasing
function U, € C*(R) such that U.(—occ) = 1, U.(+00) = 0 and —U” — cU. = f(U,.) in
R. It is well-known that —U/(z)/Ul(x) — A. as © — 400, where A\, > 0 is the smallest
root of A — —A\? + ¢\, — f/(0). Moreover, writing the equation satisfied by U’/U., one can
prove that U. > —A.U. in R. It follows that the function P. : [0,1] — [0, +00) defined

by P.(u) := —UL(U;*(u)) for v € (0,1) and P.(0) = P.(1) = 0 is Lipschitz-continuous.
Furthermore, it is of KPP type, because
- Ul(x) Pe(w)  UNUZ(w))
P(0) = — Tim == — ) _ e > A
A= I T v U (W)

We now consider a given function 5 € C*(R) with least mean § = 0. The function v defined
by v(x,t) := Ud(x — ct — [; £(s)ds) satisfies

O — Opev = f(v) + &(t) Pe(v) =: g(t,v) in R.
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It is clearly a generalized transition wave of this equation, with speed ¢;(t) = ¢ + &(t). Let
now see what Theorem gives. Here, u(t) = ¢,(t,0) = f'(0) + A\£(¢) and thus u = f'(0)
since § = 0. B

If ¢ > 2,/f'(0), then we know that there exists a generalized transition wave w with a
speed co(t) = “() —|— K, for some 0 < k < 4/ f’(0) such that ¢, = ¢. These two conditions
impose kK = A, and thus co(t) = f/\(? + &(t) + A\e = c1(t). Hence, ¢; = ¢y, which means that
the speed obtained through Theorem is the speed of the generalized transition wave v.

The case ¢ = 24/ f(0) is not covered by Theorem In this case, the speed ¢; of the
generalized transition wave v satisfies ¢;(t) = 24/ f’ +§ = % + Ae. Thus, in this
example, it is possible to improve Theorem part 1) to the case ¢ =2, /fi.

Example 4. Speeds which cannot be written as c(t) = & S) + K.
Consider a smooth positive function p = p(t) such that pu(t) — p; ast — —oo and u(t) — s
as t — +oo, with gy > 0 and py > 0. Let f(t,u) = u(t)u(l — u). Then it has been proved
by Berestycki and Hamel (in a more general framework, see [3]) that if p; < po, then for all
c1 € [2/pi1, +00), there exists a generalized transition wave of equation (III) with speed ¢
such that c(t) — ¢; ast — —oo and * fo s)ds — ¢y as t — 400, where ¢, = £2 2+ K and K
is the smallest root of Iil — K1¢1 + p1. This result can be deduced from Theorem when
c1 > 2,/pi1, which even gives a stronger result since we get ¢(t) = %) + Ky for all t € R.
When j1; > o, then Berestycki and Hamel obtained a different result. Namely, they prove
that for all ¢; € [2\/1, +00), if K1 > /2 (which is true in particular when ¢; = 2,/111),
there exists a generahzed transition wave of equation (LL1) with speed ¢ such that ¢(t) — ¢;
as t — —oo and 1 fo s)ds — 2,/pz as t — +o0. In this case the speed ¢ cannot be put
in the form c(t) = i) + k for some x > 0. Hence, the class of speeds we construct in
Theorem is not exhaustive. Moreover, in this example, this class of speeds misses the
most important generalized transition waves: the one which travels with speed 2,/p1 when
t — —oo and 2,/p2 when ¢ — +00. As these two speeds are minimal near ¢ = £00, one can
expect this generalized transition wave to be attractive in some sense, as in homogeneous

media (see [11]).

3 Proof of the results

As we said at the beginning of Section 2] in this paper the terms (strong) sub and su-
persolution refer to functions in WJ%;—li-l,loc? satisfying the differential inequalities a.e. We
say that a function is a generalized subsolution (resp. supersolution) if it is the supremum
(resp. infimum) of a finite number of subsolutions (resp. supersolutions).

3.1 Properties of the least mean

We first give an equivalent formulation of the least mean (see Definition [22]).

11



Proposition 3.1. If g € L**(R) then its least mean g satisfies

T—+oo teR

1 t+T
g=_lim essinf?/ g(s)ds.
t

In particular, if g admits a mean value (g), defined by 2I0), then g = (g).

Proof. For T' > 0, define the following function:

F(T) := inf /tt+ g(s)ds.

teR

We have that

F(T) ) F(T)
g = sup —— > limsup ——.
= T>0 Totoo 1

Therefore, to prove the statement we only need to show that liminfr_, . F(T)/T > g. For
any € > 0, let 7. > 0 be such that F(1.)/T. > g — . We use the notation |z] to indicate
the floor of the real number x (that is, the greatest integer n < z) and we compute

YT > 0, F(T)zinf([ﬂﬂng@)czw /. g(s)ds>zH F(T.) — gl T

teR +| £ |1 T

As a consequence,

R _ . |T|T.FT)  F(T)
> — | z= — >0 —¢.
lim inf T = gm {TEJ T g—c¢

T—+o00 T—+o00 T T
The proof is thereby achieved due to the arbitrariness of ¢. O

We now derive another characterization of the least mean. This is the property underlying
the fact that the existence of generalized transition waves is expressed in terms of the least
mean of their speeds.

Lemma 3.2. Let B € L>(R). Then

B= sup essinf(A"+ B)(t).
AeW1,o0(R) teR

Proof. If B is a periodic function, then ¢(t) := B — B(t) is periodic with zero mean. Thus
At) = fotg(s)ds is bounded and satisfies A’ + B = B. This shows that

B < sup essinf(A" + B)(t) (3.19)
AeW L0 (R) teR

in this simple case. We will now generalize this construction in order to handle general
functions B.
Fix m < B. By definition, there exists 7" > 0 such that

1 t+T
inf —/ B(s)ds > m.
T J,

teR
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We define

1 [T

Vk € Z, for a.e. t € [(k—1)T,kT), ¢(t) := —B(t)+ b, where [y = T/ B(s) ds.
(k—1)T

Then we set A(t fo s)ds. It follows that A’ + B > m and, since fk L Tg s)ds = 0,

that
[Allzoo®) < [lgllzoo@)T < 2T'|| B| ooy

Therefore (3.19) holds due to the arbitrariness of m < B.
Consider now a function A € W1>(R). Owing to Proposition Bl we derive

1 t+T t+T
B = lim inf—/ B(s)ds > essmf(A + B) + lim 1nf—/ (—A'(s))ds
T— 400 teR t T—+o00 teR ¢

1
= essRinf(A' + B)+ lim inf T(A(t) —At+1T)) = essRinf(A' + B).

T—+oo teR

This concludes the proof. O

Remark 3.3. In the proof of Lemma B2l we have shown the following fact: if n € NU{+oo},
T > 0 are such that
1 [T
m = inf—/ B(s)ds >0,
(k—1)T

then there exists A € Wh>°((0,nT)) satisfying

e[sosnglf(A + B) =m, [ Al oo o.my) < 2T || Bl| o< (0,07 -

3.2 Construction of the generalized transition waves when ¢ > 2,/

In order to construct generalized transition waves, we will use appropriate sub and superso-
lutions. The particular form of the speeds (ZI1)) will naturally emerge from constraints on
the exponential supersolution.

Proposition 3.4. Under the assumptions of Theorem [2.3, for all v > 2, /@, there exists
a function ¢ € L*(R), with ¢ = ~, such that (L) admits some uniformly continuous
generalized sub and supersolutions ¢(z,t), ¢(z) satisfying

0<¢p<g<1, ¢(+00) = 0, ¢(—00,t) =1 uniformly int € R,
I e R, %2&@(5,1&) > 0, Vz € R, %gﬂg(a —¢)(z,t) > 0.

— . o _ dz+7)

¢ 18 nonincreasing in R, Vr >0, lim

) < 1 wuniformly int € R.
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Proof. Fix v > 2,/B. We choose ¢ in such a way that the linearized equation around 0
associated with (LE) admits an exponential solution of the type #(z) = e ** for some
x> 0. Namely,

0 =0u) — 0.0 — ()00 — u(t) = [—K* + c(t)k — p(t)]h, for ae. t € R,

It follows that ¢ = k + x~!p. Imposing ¢ = v yields

1 t+T
. . . = 1 _ 1
v = Tl_l)f_ir_loo %gﬂg /t [k + K u(s)ds =k + Kk p.

Since v > 2. /Ji, the equation k% —vk+p = 0 has two positive solutions. We take the smallest
VE TRTH

one, that is,
TV A
5 .
Extending f(t, -) linearly outside [0, 1], we can assume that ¢ is a global supersolution. We
then set ¢(z) := min(¢)(2),1).
Let C, v be the constants in (Z9). Our aim is to find a function A € Wh*°(R) and a
constant h > k such that the function ¢ defined by ¢(z) 1= 1(z) — e~ satisfies

K =

Oip — Oonip — ()00 < p(t)p — Cp*™, for ae. 2 >0, t €R. (3.20)
By direct computation we see that
Oup = Deap — c(1)p — plt)p = [~ A'(t) + h* — c(t)h + (b)) ",
Hence ([B:20) holds if and only if
for a.e. z >0, t € R, A'(t)+ B(t) > Cp'treh=40, where B(t) := —h* +c(t)h — pu(t).
Let K < h < (14 7)k. Since
Vr>0 tER, pMHeh A0 < h=()rmAl) < (=Al)

if essinfgr(A’" + B) > 0 then the desired inequality follows by adding a large constant to A.
Owing to Lemma [3.2] this condition is fulfilled by a suitable function A € WH*(R) as soon
as B > 0. Let us compute

) ) 1 t+T 1 1
Bt wir [ {K‘“““) (z - E)} o

oforeefi-d)

:—hQ—I-Wh—H.

Since « is the smallest root of —2* + & — pu = 0, we can choose h € (k, (1 + 7)x) in such a
way that B > 0. Therefore, there exists A € WH(R) such that ([3.20) holds. Up to adding
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a suitable constant o < 0 to A, it is not restrictive to assume that ¢ is less than the constant
0 in (Z9). Hence, ¢ is a subsolution of (LH) in (0, 4+00) x R. Since ¢ > 0 if and only if
z > (h—k)7YA(t), a can be chosen in such a way that ¢ < 0 for z < 0. Whence, due to the
arbitrariness of the extension of f(¢,u) for u < 0, it follows that ¢(z,t) := max(p(z,1),0) is
a generalized subsolution. Finally, for 7 > 0, it holds that B

lim M = lim ¢ =e "7
z—+00 QS(Z’ t) 2ot ]l — eAt)—(h—r)z o '

O

Proof of Theorem[23 part 1). Let ¢, ¢, ¢ be the functions given by Proposition B4}, with
¢ =7. For n € N; consider the solution ¢,, of the problem

{ 0P — 0,0 —c(t)0.0 = f(t,0), z€R, t > —n,

¢z, —n) = 6(2), z €R. (3.21)

The comparison principle implies that ¢ < ¢,, < ¢ and, since ¢ is nonincreasing, that ¢, (-, t)
is nonincreasing too. Owing to the parabolic estimates and the embedding theorem, using
a diagonal extraction method we can find a subsequence of (¢, ),en converging weakly in
W2 (K) and strongly in L>(K), for any compact K C R x R and any p < oo, to a solution
¢ of

at¢ - azz¢ - C(t)82¢ = f(tu ¢)7 KAS Rv teR.

The function ¢ is nonincreasing in z and satisfies ¢ < ¢ < ¢. Applying the parabolic strong
maximum principle to ¢(z — zo,t) — ¢(z,1), for every z; > 0, we find that ¢ is decreasing
in z.
It remains to prove that ¢(—oo,t) = 1 uniformly with respect to ¢t € R. Set
0 := lim inf ¢(z,1).

z——o0 teR

Our aim is to show that § = 1. Let (¢,)nen be such that lim, ., ¢(—n,t,) = 6. We would
like to pass to the limit in the sequence of equations satisfied by the ¢(- —n, - +t,), but this
is not possible due to the presence of the drift term. To overcome this difficulty we come
back to the fixed coordinate system by considering the functions (v,,),en defined by

tnti
Un(2,t) = (2 —n — / c(s)ds,t +t,).

These functions are solutions of
Oy — 00 = f(t+1,,v,), z€ER, teER,

and satisfy lim,, o, v,(0,0) = 6 and liminf,, . v,(z,t) > 0 locally uniformly in (z,t) € RxR.
The same diagonal extraction method as before shows that (v, ),en converges (up to subse-

quences) weakly in szfzic and strongly in Lj5. to some function v satisfying

O — 0,,v =g(z,t) >0, forae zeR, teR,
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where g(z,t) is the weak limit in L] (R x R) of (a subsequence of) f(t + t,,v,). Moreover,
v attains its minimum value € at (0,0). As a consequence, the strong maximum principle
yields v = 0 in R x (—o00,0]. In particular, g = 0 a.e. in R x (—o00,0). Using the Lipschitz
continuity of f(¢,-), we then derive

for a.e. (z,t) € R x (—00,0), 0=g(z,t) > essinf f(s,0).

seR

Therefore, hypothesis 2.7 yields € = 0 or 1. The proof is then concluded by noticing that

6 = lim inf gb(z t) > mf o€, t) > mf ¢(§ t) >

Z——00 te

(¢ being the constant in Proposition [3.4]). O

3.3 Non-existence of generalized transition waves when ¢ <2, /f.

This section is dedicated to the proof of the lower bound for the least mean of admissible
speeds - Theorem part 2. This is achieved by comparing the generalized transition waves
with some subsolutions whose level-sets propagate at speeds less than 2,/R. The construction
of the subsolution is based on an auxiliary result which is quoted from [§] and reclaimed in
the Appendix here.

Lemma 3.5. Let g € L(R), n € NU {+o0} and T > 0 be such that

V. = inf 2\/ s)ds > 0.
keN
k<n

Then for all 0 < v < 74, there exists a uniformly continuous subsolution v of

o —Av=gtw, zeR" te0,nT), (3.22)
such that
0<wv<1, v(z,0) =0 for|z| > R, OgngU(x t) > C,
|z <~t

where R, C' only depend on T', v, — v, N, ||g|ze((0,4r)) and not on n.

Proof. Fix v € (0,7*). By Lemma [A]in the Appendix, there exist h € C?%(R) and r > 0,
both depending on ~ and ., — 7, satisfying

h =0 in (—o0, 0], h' >0 in (0,7), h=11in [r,4+00),
1
Q<~vy+1, 40-@Q*> 5(7* —7)? = —h" +Qn —Ch <0 in (0,r).
Note that 7, h actually depend on v, — v and ||g]|«, because v < v, < [|g]|00. We set

v(w,t) = e"ORn(R — |z 4+ 1),
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where R > r and A : R — R will be chosen later. This function solves
N
0= du = g(t)n = 4o + (34 T2 ) W)~ COM)| 10, € RY, 1 (0.0
with p = R — |z| + vt and C(t) = g(t) — A'(t). Since A’ is nonnegative and vanishes in
[, +00), it follows that
B — Auv — g(t)u < [=h"(p) + QW' (p) — C()h(p)]e*?,  for ae. z € RY, t € (0,97T),

with @ =~ + %. We write

2 / N -1 ’
4C(t) — Q= B(t) —4A'(t), where B(t) =4g(t) — (7—{— R—r) :

and we compute

I N —1)\?
m::inf—/ B(s)ds:fyf—<fy+ ) :
(

keN T’ k—1)T R—r

k<n

Hence, since 72 — 42 > (7. — 7)?, it is possible to choose R, depending on N, 7, ||g||s and
Y. — 7, such that m > $(v. —v)%. By Remark B3 there exists a function A € W (R) such
that

. T
[Bnnl%(B —4A) =m, A~ omry) < S 1Bl < ATl Lo ((0.01))-

Consequently, 4C — Q? > %(fy* — )% ae. in (0,nT) and, up to increasing R if need be,
@ < v+ 1. Therefore, v is a subsolution of (8:22)). This concludes the proof. O

Proof of Theorem[2.3 part 2). Let u be a generalized transition wave with speed c. Defini-
tion [LI] yields

t t
Ll_l)r_il_loo z12} u(z + 6/0 c(s)ds,t) =1, Ll_l)r_il_loo sup u(x + 6/0 c(s)ds,t) =0. (3.23)
¢ teR

By the definition of least mean, for all € > 0, there exists 7" > 0 such that

1 t+T7 1 t+T
VT > T, Tmf/ c(s)ds < c+e, vVt € R, T/ p(s)ds > p—e.

teR t

For n € N, let t,, be such that

1 tn+nT

T ), c(s)ds < c+ 2e.

Taking € small enough in such a way that 2,/u — 2 > ¢, we find that

n= f tn) —e)ds > 2,/p— 2e > e.
Vi kG{lln,...,n} \/ / S+ ) S H
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Let (v,,)nen be the functions obtained applying Lemma with g(t) = u(t +t,) — ¢ and
v =" =92 —¢, and let R, C be the associated constants, which are independent of n.
By the regularity hypothesis on f, there exists o € (0, 1) such that f(¢,w) > (u(t) — e)w for
w € [0,0]. As a consequence, the functions w, (z,t) := ov,, (x,t — t,) satisfy

o, — Au, < f(t,u,), forae zeRY te(t,t,+nT).

By B23), for L large enough we have that

t
Vit e R, inf u(z — Le + e/ c(s)ds,t) > o.
0

|z|<R

Thus, up to replacing u(x,t) with u(xz — Le, t), it is not restrictive to assume that
tn
vneN, r e RY, wu(z+ e/ c(s)ds,t,) > w,(x, t,).
0
The comparison principle then yields
tn
vneN, z € R, t € (ty,tn +nT), ulx+ e/ c(s)ds,t) > u,(z,1).
0

Therefore,

n—o0 n—oo

tn
liminf u(y"nTe + e/ c(s)ds, t, +nT) > liminf u,(y"nT,t, + nT) > oC,
0

whence, owing to (3:23)), we deduce that

tn tn+nT
+o0 > lim sup <7"nT + / c(s)ds — / c(s)ds)
0 0

n—o0

tn+nT
= lim sup (7”nT — / c(s)ds)
tn

n—o0

> lim sup (21 [p— 28 —¢e—c— 25) nT.
n—oo

That is, ¢ > 2,/u — 2e — 3¢. Since € can be chosen arbitrarily small, we eventually infer that
c> 2\/E. O

Remark 3.6. The same arguments as in the above proof yield the non-existence of fronts
(¢, c) such that ¢, <2 /i, where, for a given function g € L*(R),

1 t+T 1 T
g, = sup inf —/ g(s)ds, g :=sup inf —/ g(s)ds
t t

T>0 t>0 T>0 <0 -7
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4 The random stationary ergodic case

To start with, we show that the temporal least mean of a stationary ergodic function is
almost surely independent of w.

Proposition 4.1. For a given bounded measurable function g : 2 — R, the mapping

1 t+T
w ?I}EO) %gﬂg—/ g(msw) ds
t

s constant in a set of probability measure 1. We call this constant value the least mean of
the random stationary ergodic function g defined by g(t,w) := g(mw) and we denote it by g.

Proof. The result follows immediately from the ergodicity of the process (m;)cr. Indeed,
setting

1 t+T
Gw) = Sfli% %glg T /t g(msw) ds,

for given € > 0, there exists a set A. € F, with P(A.) > 0, such that G(w) < essinfo G+-¢ for
w € A.. It is easily seen that A, is invariant under the action of (7;)cr, and then P(A.) = 1.
Owing to the arbitrariness of €, we infer that GG is almost surely equal to essinfy G. O

The proof of Theorem 2.5 relies on a general uniqueness result for the profile of generalized
transition waves that share the same behavior at infinity. This, in turn, is derived using the
following strong maximum principle-type property.

Lemma 4.2. Let ¢ € L>®(R) and assume that f satisfies the reqularity conditions in Hypoth-
esis[2Z1. Let I be an open interval and @, be respectively a generalized sub and supersolution

of
at¢ - azsz - C(t)az¢ - f(ta ¢)a S Ia te ]R,

which are uniformly continuous and satisfy 0 < p <1 <1 in I x R. Then, the set
{zel : inf(y —¢)(21) =0}
18 either empty or coincides with 1.

Proof. Clearly, it is sufficient to prove the result for strong sub and supersolutions. We
achieve this by showing that the set

J:={z¢€el : %gﬂg(ib—ap)(z,t):O}

is open and closed in the topology of I. That it is closed follows immediately from the
uniform continuity of ¢ and .

Let us show that it is open. Suppose that there exists zy € J. There is a sequence
(tn)nen such that (¢ — ¢)(20,t,) tends to 0 as m goes to infinity. For n € N, define
D, (z,t) == (¥ — ¢)(2,t + t,). These functions satisfy

0P, — .., —c(t +1t,)0.9, — (2, t +1,)P, >0 forae z€l, teR,
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where

P (RO (%5

Y-
belongs to L>*(I x R) due to the Lipschitz-continuity of f. Let § > 0 be such that
(20 — 0,20 + 0] C I. We now make use of the parabolic weak Harnack inequality (see e.g.
Theorem 7.37 in [12]). It provides two constants p, C' > 0 such that

i N Do e (20— oo < C inf P, <CP,(2,0).
n €N, 1 ®nllLe(o—sz046)x(—2-1)) < IR P (20, 0)
Whence (®,),en converges to 0 in LP((z9 — 0,29 + 0) X (—=2,—1)). By the Arzela-Ascoli

theorem we then infer that, up to subsequences, (®,),en converges to 0 uniformly in
(20 — 0,20 + d) X (=2, —1). This means that (29 — 9,29 + ) C J. O

Proposition 4.3. Assume that ¢ € L>®(R) and that [ satisfies (Z13). Let @, ) be a
subsolution and a positive supersolution of (1) which are uniformly continuous and satisfy

t
0<p <1, (-, t) is nonincreasing, VT >0, Rgl}-loo sgg %
teR

< 1.

Then o <1 in R x R.

Proof. Since ¢, 1) are uniformly continuous and satisfy ¢(+oo,t) = 0, ¥)(—o0,t) = 1 uni-
formly in ¢, applying Lemma [4.2] first with ¢» = 1 and then with ¢ = 0, we derive

Vr € R, sup ¢ <1, inf ¢ >0. (4.24)
(r,+o00) xR (—oo,r)xR

Let § € (0,1) be the constant in (ZI3]). By hypothesis, there exists p € R such that ¢y > 1—§
in (—oo,p) x R. Let x : R — [0, 1] be a smooth function satisfying x = 1 in (—o0, p|, x =0
in [p+ 1,+00). Define the family of functions (¢*7). >0 by setting

(2 1) == L+ ex (@)Y (z — 7, 0).

Since lim, ,_,o+ =7 = 1, the statement is proved if we show that =" > ¢ for all ¢,7 > 0.
The ¢=7 are nondecreasing with respect to both ¢ and 7. Moreover, there exists z; € R such
that %! > ¢ in (29, +00) x R. On the other hand, for all £ > 0, there exists 7 > 0 such
that =7 > 1 > ¢ in (—o0, 29| x R. Consequently, for all £ > 0, we have that =7 > ¢ for 7
large enough. Define

Ve >0, 7(e):=min{r >0 : ¢ > p}.

The function € — 7(¢) is nonincreasing and it holds that 7 > ¢. We argue by con-
tradiction, assuming that there exists & > 0 such that 7(€) > 0. By hypothesis, we have
that

Jh>1, ReR, ¢°©2>hnp in (R, 400) xR. (4.25)

Fix ¢ € (0,€]. We know that 7(¢) > 7(¢) > 0 and, for 7 € (0,7(¢)), infrxr(¢*7 — ) < 0.
Hence, from (23] it follows that, for 7 € [7(€)/2,7(¢)), inf (o g xr(¥*7 — ) < 0. Thus, by
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the uniform continuity of ¢ we get inf_, R]XR(@DE’T(a) — ) = 0. We now use the assumption
@I3). Since Y%7 > ) > 1§ in (—o00,p) x R, for a.e. z € (=00, p), t € R we have

atwa;r(a) . azzwa;r(a) . C(t)az'l/fa’T(E) _ (1 + g)f(t’wo;r(a)) Z f(t,wa’T(E))

(where we have extended f by 0 in R x (1,400)). By hypothesis, we can find
R. < p such that inf_. g xr?®™ > 1 > supy. Consequently, Lemma yields
inf(_oo,p_l}xR(wE’T(a) —¢) > 0. It follows that R > p — 1 and that

nf (=7 — ) = 0. (4.26)

(p—l,R} R

In order to pass to the limit ¢ — 07 in the above expression, we notice that, by (£24)), there
exists 79 > 0 such that

inf %™ > sup .
(=00, RIxR [p—1,R] xR

As a consequence, ([26]) implies that the nonincreasing function 7 is bounded form above
by 7o, and then there exists 7* := lim._,o+ 7(¢). Letting ¢ — 0% in the inequality =7 > ¢

and in (L.20) yields

0™ > nR xR inf 0T _ ) =0.
vz mRxR, o inf (Y )

Thus, using once again Lemma 2] and then the inequality (£25]) we derive

. 0,7 . 0,7(&)/2 _ A AN 0,7(£)/2
0= ;gﬂg(w ©)(R,t) > ;gﬂg(w P)(R,t) > (1—h >%gﬂgw (R, t).

This contradicts ([4.24]). We have shown that 7(¢) = 0 for all ¢ > 0. That is, ¥=7 > ¢ for all
e, 7> 0. O

We are now in position to prove Theorem

Proof of Theorem [23. First, we fix w € €2 such that pu(-,w) admits p as a least mean. By
Theorem there exists a generalized transition wave in direction e with a speed c¢(t,w)
such that ¢(-,w) = v and a profile ¢(z,t,w) which is decreasing with respect to z Moreover,

c(t,w) = k + k1 u(t,w), where k is the unique solution in (0, VE) of K+ K™ 'w =~. For
s € R, we set ¢°(z,t,w) := ¢°(z,t — s, msw). As f and ¢ are random stationary, the functions
¢ and ¢° satisfy the same equation

Oy — 0.0 — c(t,w)0,0 = f(t,w,p), zeRteR.

We further know that ¢ < ¢ < ¢, where ¢ = ¢(z,t,w) and ¢ = ¢(z) are given by Proposition
B4 We point out that ¢(z) = min(e™**,1) does not depend on w. For 7 > 0, we get

"2, 1, :
R—+400 =>R ¢( —T,t, W) R—+o00 2>R ¢(Z - 7,1, CU)
teR teR —
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Hence, Proposition gives ¢°(+,-,w) < ¢(+,+,w). Exchanging the roles of ¢°, ¢ we derive
¢°(, - w) = ¢(+, -, w) for almost every w, that is,

V(z,t,8,w0) ERXRXRXQ, ¢zt + s,w) =Pz, t, msw).

Set ¢(z,w) = ¢(2,0,w) and c(w) = ¢(0,w). We see that the function u defined by
u(z,t,w) = ¢z - e — fot c(mgw)ds, mw) is a random transition wave with random speed
¢ and random profile ¢. O

5 Proof of the spreading properties

This Section is dedicated to the proof of Proposition We prove separately properties

2.16) and @17).

Proof of 210). Let v <" < 2,/f. Take 0 < & < p in such a way that 7' <2,/ —e. By
definition of least mean over R, there exists 7" > 0 such that

Hence

1 [T
v = inf 2 T/ (u(s+1)—¢e)ds > .

Let v be the subsolution given by Lemma 3.5 with g(t) = p(t+1)—¢e, n = +00 and ~y replaced
by 4. Since v(-,0) is compactly supported and w(-,1) is positive by the strong maximum
principle, it is possible to normalize v in such a way that v(-,0) < u(-,1). Moreover, by
further decreasing v if need be, it is not restrictive to assume that

Ov—Av=(ut+1)—ew < ft+1,v), forae zcRY t>0.
Therefore, u(x,t + 1) > v(z,t) for x € RN, t > 0 by the comparison principle. Whence,

m :=liminf inf w(z,t+1)>liminf inf wv(z,t) > 0. (5.27)

t—=+oo |z|<y't t—=+oo |z|<y't

If f was smooth with respect to t, then the conclusion would follow from Hypothesis 2.1
(condition (2.7)) in particular) through classical arguments. But as we only assume f to be
bounded and measurable in ¢, some more arguments are needed here.
Set
0 :=liminf inf w(z,t),

t—+o0 |z|<yt

and let (x,)neny and (t,)nen be such that

lim ¢, = +o00, VneN, |z, < At,, lim w(z,,t,) = 0.
n—o0

n—oo
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Usual arguments show that, as n — oo, the functions w,(z,t) := u(x + x,,t + t,) converge
(up to subsequences) weakly in W; L (RN xR), for any p < oo, and strongly in L (RY x R)
to a solution v of

o —Av=g(z,t), =R tcR,

where ¢ is the weak limit in L (RY xR) of f(t+t,,u,). We further see that v(0,0) = # and
that v is bounded from below by the constant m in (5.27). Let (&, 7k)ren be a minimizing
sequence for v, that is,

li =7n:= inf wv.
kl{gov(gkﬂ—k) " R%\’HXRU

In particular, 0 < m < n < #. The same arguments as before, together with the strong
maximum principle, imply that the vg(z,t) := v(x+ &, t+t;) converge (up to subsequences)
to n in, say, L=(B; x (—1,0)). For h € N\{0}, let ks, n;, € N be such that

==

1w, = nllemmrix-rop < 70w, = vz, ) x o, -1, <

Hence, the functions iy (x,t) := u(x +xn, + &k, , t +tn, + 7, ) satisty ||[wn —n|[Le (B, x(-1,0) < %
and then (uy,)nen converges to n uniformly in By x (—1,0). On the other hand, it converges
(up to subsequences) to a solution v of

ov — Av =g(z,t), x€ By, te(—1,0),
where ¢ is the weak limit in LP(B; x (—1,0)) of f(t + t,, + 7,,usn). As a consequence,
for a.e. x € By, t € (=1,0), 0=g(x,t) > essglff(s,n).
se

Hypothesis 27 then yields 1 =n < 6. O

Proof of @I7). Let R > 0 be such that suppuy C Bg. For all kK > 0 and e € S¥~! we

define
v, e(x7 t) — e—n(w-e—R—nt)—l—fg ,u(s)ds'

Direct computation shows that the functions v, . satisfy

OVpe — Ao — pt(t)0ge =0, xRN t>0, Vo € Br, Vke(x) > 1.
Hence, by (2.8)), they are supersolutions of (2I4]) and then they are greater than u due to the
comparison principle. Let o > 0, z € RY and ¢ > 0 be such that |z| > 2\/tf(f,u(s)ds + ot.

X |I

Applying the inequality u(z,t) < v, .(x,t) with e = Tl and Kk =

;R yields

u(z,t) < exp (—W + /Otu(s)ds) :

If in addition ¢t > R/o then |z| — R > 2\/tf0t,u(s)ds + ot — R > 0, whence

Since the right hand side tends to 0 as t — +oo, ([ZI7) follows. O
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A Appendix

The next result, quoted from [§], is the key tool used in Section B3] to construct a compactly
supported subsolution v to (II). For the reader’s ease, we include its proof below. It is
slightly simpler than the original one of [§].

Lemma A.1 (Lemma 8.1 in [§]). For any given positive numbers 3, o, 0, there ezist a
function h € C*(R) and a constant r > 0 such that

h =0 in (—o0,0], h' >0 in (0,7), h=1in[r,+0),
—AR" + QN — Ch <0 in (0,r),
for all nonnegative constants A, @, C' satisfying
A< B, Q <o, 4AC — Q* > 6.

Proof. Let A, @, C be as in the statement. Set Lu := Au” — Qu’ + Cu. For 7,k > 0, it holds
that

(1—7)4A(C — k) — Q* = (1 — 7)(4AC — Q* — 4Ak) — 7Q* > (1 — 7)0 — 70 — 4Bk.

Hence, it is possible to choose 7, k, only depending on (3, o, #, in such a way that
4A(C — k) — Q* > 47A(C — k). As a consequence, the function g(p) := p" satisfies

(L= K)g = (A~ )~ Qo+ (€~ 1))

4A(C — k) — @Q* L
> - A &
- ( Ww-rn ")
> (tn — 1)Anp™ 2,
There exists then n > 3 such that (L — k)g > 0 in R. We define the function h and the
constant r in the following way:

hp) == x(ep)g(p) + e "(1 = x(ep)), r=c,

where ¢ is a positive constant that will be chosen later and y is a smooth function satisfying
X =11in (—o00,1/2], X <0in (1/2,1), X =01in [1,4+00).
By direct computation one sees that 2’ > 0 in (0,7). For 0 < p < (2¢)7}, it holds that
Lh = Lg > 0. Let (2¢)™! < p < e~!. Using the inequality Lg > kg, we get
Lh = xLg + AX"e%g + 2AX'eg’ — Qx'eg + e "[-Ax"e* + Qx's + C(1 — )]
> [27"kx — 2B8|}"|e* + 28x'ne® + ox'e + C(1 — x)] e

Notice that, by hypothesis, C' > %. Hence, 27"kxy + C(1 — x) > min(?‘"k,%). As a
consequence,
0
Lh > [min (2‘”1{:, @> — (2B|X"|e — 28x'ne —ox')e| e

Therefore, for € > 0 small enough, h satisfies Lh > 0 in ((2¢)~!,e7!), and then in (0,7). O
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