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Static Elasticity in a Riemannian Manifold

Cristinel Mardare

1 Introduction

This paper is adapted from Grubic, LeFloch, and Mardare [17]. The definitions and
notations used, but not defined here, can be found in Section 2.

We discuss the deformation of an elastic body immersed in a Riemannian man-
ifold in response to applied body and surface forces independent of time. We show
how the equations of elastostatics can be derived from the principle of least energy,
then prove that these equations possess a solution under explicit assumptions on
the data. This result (Theorem 8) contains its counterparts in classical elasticity and
holds under weaker assumptions. The proof relies on linearization around a natural
state of the body and on Newton’s method for finding zeroes of a mapping.

Our approach to the modeling of elastic bodies in a Riemannian manifold is a
natural generalization of the classical theory of elasticity in the three-dimensional
Euclidean space. Letting (N,£) be the three-dimensional Euclidean space and ¢y :
M — M C N be a global chart (under the assumption that it exists) of the reference
configuration M := @y(M) of an elastic body immersed in N reduces our approach
to the three-dimensional elasticity in curvilinear coordinates (see [11]), while letting
M=MCN and ¢y = id 7 reduces our approach to the classical three-dimensional
elasticity in Cartesian coordinates (see [10]).

Alternative approaches to the modeling of elastic bodies in a Riemannian man-
ifold could be found elsewhere in the literature. A reference textbook is [19]; a
relativistic approach to elasticity was initiated in [9], then developed in [3, 5, 6, 7,
8, 15, 27]; a very general approach to modeling elastic bodies in manifolds without
a metric was developed in [16, 21, 22, 23, 24].

A brief explanation of our notation is in order. It is important to keep in mind that
the physical space containing the elastic body under consideration is a differential
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2 Cristinel Mardare

manifold N endowed with a single Riemannian metric g, while the abstract configu-
ration of the elastic body (by definition, a manifold whose points label the material
points of the elastic body) is a differential manifold M endowed with two metric
tensors, one g = g[@] := ¢*¢ induced by an unknown deformation ¢ : M — N, and
one go = &[] := ¢ & induced by a reference deformation ¢y : M — N.

The connection and volume form induced on N by ¢ are denoted V and @, re-
spectively. The connection and volume form induced on M by g = g[¢] are denoted
V = V][] and ® = @[¢], while those induced on M by gy = g[¢o] are denoted V,
and @¢. Note that V@ = 0 and Vy@y = 0.

Here and in the sequel, boldface letters denote n-forms with scalar or tensor
coefficients; the corresponding plain letters denote components of such n-forms over
a fixed volume form. For instance, if W : M — R is a scalar function and T : M —
TIIM and T :N — TllN are tensor fields, then

W=Wo=Wyw, and T=To0=ThQow, and T =T 2 &®.

This notation, which is not used in classical elasticity, allows to do away with the
Piola transform and use instead the more geometric pullback operator to define the
stress tensor field (Section 4). Besides, it allows to write the boundary value problem
of both nonlinear and linearized elasticity in divergence form (equations (2) and (3)
below), by using appropriate volume forms: @ in nonlinear elasticity and @¢ in
linearized elasticity.

Tensor fields on M will be denoted by plain letters, such as &, and their compo-
nents in a local chart will be denoted with Latin indices, such as &i . Tensor fields on
N will be denoted by letters with a hat, such as (S, and their components in a local
chart will be denoted with Greek indices, such as EO‘.

Functionals defined over an infinite-dimensional manifold, such as %! (M,N) or
EWTM) = {E : M — TM; E(x) € T.M}, will be denoted by letters with a bracket,
such as f[-]. Functions defined over a finite-dimensional manifold, such as M or
T/ M, will be denoted by letters with a paranthesis, such as f( ). Using the same
letter in f[ ] and f( ) means that the two functions are related, typically (but not
always) by

f1ol(x) = f(x,0(x),Do(x)) forall x € M,

where D@(x) denotes the differential of ¢ at x. In this case, the function f( ) is called
the constitutive law of the function f[ ] and the above relation is called the consti-
tutive equation of f. Letters with several dots denote constitutive laws of different
kind, e.g., at each x € M,

Z[o](x) = Z(x,0(x), Do(x))

(x,glo](x)), where g[¢] := 972,

:
E (v Elon,0](x),  where Elgy,9] = 1 (¢l0] — s0)
T(x,&(x),Vo& (x)), where & :=exp,' @,
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(the mapping expy, is defined below). The derivative of a function f [] at a point ¢
in the direction of a tangent vector 1 at @ will be denoted f[¢]17.

This paper is organized as follows. Section 2 specifies the mathematical frame-
work and notation used throughout this paper.

Section 3 gathers the kinematic notions used to describe the deformation of an
elastic body. The main novelty is the relation

¢ = expg, & == (exp(¢0.§)) oo (1)

between a displacement field & € ¢! (T M) of a reference configuration @y (M) of the
body and the corresponding deformation ¢ : M — N of the same body. Of course,
this relation only holds if the vector field & is small enough, so that the exponential
maps of N be well defined at each point ¢y(x) € N, x € M. Relation (1) plays a
key role in the proof of Theorem 8 and replaces, to some extent, the missing vector
space structure on the Riemann manifold N.

The metric tensor field associated with a deformation ¢ : M — N, the strain tensor
field associated with a reference deformation ¢ : M — N and a generic deformation
v : M — N, and the linearized strain tensor field associated with a reference defor-
mation @ : M — N and a displacement field & : M — TM, are respectively defined
by

* A

slo)i= 08, Elo.v] = 5(s[w] —glo]), and elg,&]:= 1 L (slo))

Section 4 translates into mathematical terms the assumptions on the nature of
the material constituting the body and of the applied body and surface forces. The
assumption underlying our model is that the strain energy density associated with a
deformation ¢ of the body is of the form

Wio](x) := W(x,E[@o, 9] (x)) € ATM, x € M,

where @y : M — N denotes a reference deformation for which @o(M) C N is a nat-
ural state (i.e., an unconstrained configuration) of the body. The stress tensor field
associated with a deformation ¢, and the elasticity tensor field, are then defined in
terms of this density respectively by

g
X[p] = g—vEV(~,E[(p0,(p]) and A(x):= %/(x,O), xeM.

Other equivalent stress tensor fields, denoted T[], T[¢], £[¢], and T[¢], are de-
fined in terms of X[¢] by lowering and/or pushing forward some of its indices.

Section 4 is also concerned with the modeling of applied body and surface forces.
The main assumption is that the densities of these forces are of the form

flol(x) == f(x,0(x),Dp(x)) e [[MRAIM, xeM,
h0](x) := h(x.0(x),Do(x)) € [TM® A} ', xe T C oM,
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where the functions f and h are sufficiently regular.

In Section 5, we state the equations of nonlinear elasticity in a Riemannian man-
ifold first as a minimization problem (see (23)), then as variational equations (Theo-
rem 2), and finally as a boundary value problem (Theorem 3). The latter asserts that
the deformation ¢ of the body must satisfy the system

—div T[¢] = fe] inintM, —divT[@] = f[e] inintM,
T(ply =h[p] onl3, < T[o]-(v[e]-g[e]) =h[g] onl3, (2
© = OIII_i, ® =@ 0n1—i7

where div = div[@] and v[¢] respectively denote the divergence operator and the
unit outer normal vector field to the boundary of M induced by the metric g = g[¢],
and where I] UI} = dM denotes a partition of the boundary of M. Note that the di-
vergence operators appearing in these boundary value problems depend themselves
on the unknown @.

In Section 6, we define the equations of linearized elasticity in a Riemannian
manifold as the affine part of the equations of nonlinear elasticity with respect to
the displacement field of a natural state of the body. Accordingly, the unknown dis-
placement field & € €' (T M) satisfies the boundary value problem (see Theorem 5)

—divo T""[E] = fA[E] in intM, —divo T [€] = fE[E] in intM,
T"(E]y, =h"[E] on I3, & "] (Vo-go) =y [E] on I3, ()
§=0 onIj. E=0 onIi,
or equivalently, the variational equations
| Acelpg):elonni= [ £UEln+ [ e @)
M M I

for all sufficiently regular vector fields 7 that vanish on I7. Note that the divergence
operator divy appearing in (3) is independent of the unknown &, since it corresponds
to the reference metric go = g[@o)-

In Section 7, we establish an existence and regularity theorem for the equations
of linearized elasticity in a Riemannian manifold. We show that the variational equa-
tions (4) have a unique solution in the Sobolev space {& € H'(TM); £ =0on I3}
provided the elasticity tensor field A is uniformly positive-definite and f'[¢o] and
h'[@o] are sufficiently small in an appropriate norm. The key to this existence result
is a Riemannian version of Korn’s inequality, due to [14], asserting that, if I] # 0,
there exists a constant Cx < oo such that

1€kt (rmy < CrllZegoll 2(s,m)»
for all & € H'(TM) that vanish on I3. The smallness assumption mentioned above

depends on this constant: the smaller Ck is, the larger f'[@o] and h'[@y] are in the
existence result for linearized elasticity.
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When I] = dM, we show in addition that the solution to the equations of lin-
earized elasticity belongs to the Sobolev space W27 (TM), m € N, 1 < p < oo,
and satisfies the boundary value problem (3) if the data (IM, @o, f[@o], and f'[@o])
satisfies specific regularity assumptions.

In Section 8, we study the existence of solutions to the equations of nonlinear
elasticity (2) in the particular case where I] = dM and the constitutive laws of the
elastic material and of the applied body forces are sufficiently regular. Under these
assumptions, the equations of linearized elasticity define a surjective continuous
linear operator .7 [E] := divo T [E] 4 f/[@o]E : X — ¥, where

X := WP (TM)N W, P (TM) and ¥ := W™ (T*M @ A"M),

for some exponents m € N and 1 < p < oo that satisfy the constraint (m+1)p > n,
where n denotes the dimension of the manifold M.

Using the substitution ¢ = exp, &, we recast the equations of nonlinear elas-
ticity (2) into an equivalent (when & is small enough so that the mapping eXPy, °

€' (TM) — €' (M,N) be well-defined) boundary value problem, viz.,

—div T'[expy, §| = flexpg, §] inintM,
E=0 on dM,

whose unknown is the displacement field £. Then we show that the mapping .« :
X — Y defined by

/(€] :=div T [expy, §] + flexpy, &] forall & € X,

satisfies 7'[0] = o/ lin Thus proving an existence theorem for the equations of non-
linear elasticity amounts to proving the existence of a zero of the mapping .<7. This
is done by using a variant of Newton’s method, where a zero of <7 is found as the
limit of the sequence

& :=0and &y ==& — [0 " F[&], k> 1.

Note that the constraint (m+ 1)p > n ensures that the Sobolev space W17 (T|' M),
to which V& belongs, is an algebra. This assumption is crucial in proving that the
mapping 7 : X — Y is differentiable, since

A [E)(x) = (%, (x), Vo& (x)), x € M,

for some regular enough mapping </ , defined in terms of the constitutive laws of the
elastic material and of the applied forces under consideration; cf. relations (47) and
(48). Thus 7 is a nonlinear Nemytskii (or substitution) operator, which is known to
be non differentiable if £ belongs to a space with little regularity.

In addition to the regularity assumptions, we must assume that f'[¢o] is suf-
ficiently small in an appropriate norm, so that the operator ./'[0] € .Z(X,Y) is
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invertible; cf. Theorem 7 establishing the existence and regularity for linearized
elasticity.

Finally, we point out that the assumptions of the existence theorem of Section
8 are slightly weaker than those usually made in classical elasticity, where either
p > n is imposed instead of (m+ 1)p > n (cf. [10]), or f is assumed to belong to
the smaller space €+ (M x TM x T} M) (cf. [26]).

2 Preliminaries

For more details about the definitions below, see, e.g., [1] and [4].

Throughout this paper, (N, g) denotes a smooth, oriented, Riemannian manifold
of dimension n. M denotes either a smooth, oriented, compact, differentiable mani-
fold of dimension n, or M = Q C M, where M is a smooth, oriented, differentiable
manifold of dimension n and (2 is a bounded, connected, open subset of M, whose
boundary I" := dM is Lipschitz-continuous.

Generic points in M and N are denoted x and y, respectively, or (xi)?:l and
(y*)%_, in local coordinates. To ease notation, the n-tuples (x') and (y*) are also
denoted x and y, respectively.

The tangent and cotangent bundles of M are denoted TM := | |,cp; M and
T*M := | |eps TSM, respectively. The bundle of all (p,g)-tensors (p-contravariant
and g-covariant) is denoted 7'M := (®PTM) ® (®4T*M). Partial contractions of
one or two indices between two tensors will be denoted - or : , respectively.

The bundle of all symmetric (0,2)-tensors and the bundle of all symmetric (2,0)-
tensors are respectively denoted

SoM := | | $2.M C T)M and §°M := | | StM C Ty M.
xeM xeM

The bundle of all positive-definite symmetric (0,2)-tensors is denoted S2+ M =
Lleem SzxM C S$2M.

The bundle of all k-forms (that is, totally antisymmetric (0, k)-tensors fields) is
denoted A*M := | |,cps AFM; volume forms (that is, n-forms on M and (n— 1)-forms
on the boundary of M) will be denoted by boldface letters, such as @ and i, ®.

Fiber bundles on M x N will also be used with self-explanatory notation. For
instance,

T'M@TN:= || TM®TN,
(x,y)EMXN

where T;"M ® T;N is canonically identified with the space .2 (T:M, T,N) of all linear
mappings from TM to T,N.

The set of all mappings ¢ : M — N of class €* is denoted €*(M,N). Given any
mapping ¢ € €°(M,N), the pullback bundle of T/ N by ¢ is denoted and defined
by
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KTDNT - — P
QTN = | | T/ N
xXeM

The pushforward and pullback mappings are denoted @, : T’M — TN and ¢@* :
TqOM — TqON , respectively. For instance, if p = 1 and g = 2, then, at each x € M,

o . o B
(0.8 (0(x)) = L WE() and (9°8)(0) 1= S0 (922 ()2 (0().

where the functions y* = @%(x') describe the mapping ¢ in local coordinates (x')
on M and (y*) on N.

The Lie derivative operators on M and N are respectively denoted %’ and 2. For
instance, the Lie derivative of ¢ along a vector field { € €' (TN) is defined by

D A : 1 * A A
Ze8=lim—(y:(-1)"8 - 8),

t—0t

where ¥; denotes the flow of &. This flow is defined by (y,7) € (—£,€) — % (1) €
N, where % (y,-) is the unique solution to the Cauchy problem

70:0) =y and 5 y:000) = E(r () forall s € (~e.e),
where € > 0 denotes a small enough parameter (whose existence follows from the
compactness of M).

The notation & | designates the restriction to the set I" of a function or a tensor
field & defined over a set that contains I". Given any smooth fiber bundle X over M
and any submanifold I C M, we denote by €*(X) the space of all sections of class
&* of the fiber bundle X, and we let

XX |r) == {S|r; S € €¥(X)}.

If S € €%(X) is a section of a fiber bundle X over M, then S(x) denotes the value of
SatxeM.

The tangent at x € M of a mapping ¢ € %k(M, N) is a linear mapping T, €
L (T:M, Ty)N). The section D € €~ (T*M ® ¢*TN), defined at each x € M by

Do(x)-§(x) := (Tx9) (& (x)) forall § € TM,
is the differential of ¢ at x. In local charts,

Do) = S5 () ¥ () S0 (pla)). v .

Let V : €5(TN) — €% (T*N ® TN) denote the Levi-Civita connection on the
Riemannian manifold N induced by the metric g, defined in local coordinates by
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R 2B ..
ValP = aia 158,

where I; fy denote the Christoffel symbols associated with the metric tensors g. The

connection V is extended to arbitrary tensor fields on N in the usual manner, by
using the Leibnitz rule.
Any immersion ¢ € €**!(M,N) induces on M the metric tensor field

g =3glol =g € ¢ (S; M),
and the Levi-Civita connection associated with g = g[¢]
V =Vlo]: €X(TM) - €Y (T"M & TM).
In local coordinates, we have

99% dgb 9
gij:%%(gaﬁofp) and Vig! = ai‘ IS,

where leﬁ denote the Christoffel symbols associated with the metric g. Note that the
metric g = g[] and connection V = V[¢] depend on the immersion ¢.

The divergence operators induced by the connections V = V[¢] and V are re-
spectively denoted div = div[¢@] and div. T =T ® @ with T € €' (TM ®T*M)
and @ € A"M, then

divT = (V,T})dx",

divT := (VT .

)dxX!' @ ... @ dx" @ dxt.
Note that if the volume form satisfies V@ = 0, then
divT = (divT)®® and VT = (V,T) @@ for all n € €°(TM).

The interior product iy : T € €°(A"M @ TM @ T*M) — inT € €° (A" 'M @
TM ®T*M) is defined by
(inT)(Cl,-~-,Cn—l;97<§) = T(ThClv"':Cnfl;eaé)

for all n,¢y,...,5,1 € €%(TM), 8 € €°(T*M), and & € €°(TM), or equivalently
by

The normal trace of a tensor field T € €°(A"M ® TM © T*M) on the boundary
dM is defined by

Ty :=(iyT)-(v-g) € €°(A" 1 (IM) R T*M),

or equivalently, by
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T,=(T-(v-g)®io if T=T®R o, (5)

where v denotes the unit outer normal vector field to M defined by the metric g.
Note that the definition of T is independent of the choice of the Riemannian metric
g, since

iy, T)-(vi-81) = (iv,T) - (v2-82)

for all Riemannian metrics g; and g> on M (v; denotes the unit outer normal vector
field to M defined by the metric g;, i = 1,2). Indeed,

(iv,T) - (vi-g1) = &2(v1,V2)[(iv,T) - (v1 - g1)]
and
g2(vi,v2)(vi-g1) =Vv2-go.

The above definition of the normal trace is justified by the following integra-
tion by parts formula, the proof of which is classical. Recall that - , respectively : ,
denotes the contraction of one, respectively two, indices.

Lemmal. Let§E € 6 (TM)and T =T @ @ € €' (T} M @ A"M), where ® € A"M
satisfies V@ = 0. Then

/MT:Vé:—/M(divT)f—i—/(;MTv'f,

where T : V& & (T:V&)o, (divT)-&E=((divT)- &), and Ty -E=((T-(v-g))-
&iyo.

All functions and tensor fields appearing in Sections 3-6 are of class €% over
their domain of definition, with k sufficiently large so that all differential operators
be defined in the classical sense (as opposed to the distributional sense). Functions
and tensor fields belonging to Sobolev spaces on the Riemannian manifold (M, go)
will be used in Sections 7-8 in order to prove existence theorems for the models in-
troduced in Sections 5 and 6. Following [4], the Sobolev space WX (T M) is defined
for each k € N and 1 < p < e as the completion in the Lebesgue space L? (T M) of
the space €’ (T M) with respect to the norm

: » k » 1/p
I8lp =1l = { [, (16174 X 150/6) @}
where
IVo'E| = {go(Vo'&, Vo'E)}!/?

- {(go)ij(go)i"f'---(go)’W(Vo)n...izéi(VO)flwﬂgj}1/2'

The Sobolev space W(f P(TM) is defined as the closure in W*? (T M) of the space
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CHTM) = {& e €X(TM); {x e M; E(x) #0} C intM}.

We will also use the notation H*(TM) := W*?(TM) and HE(TM) := WOk’Z(TM).

3 Kinematics

The kinematic notions introduced below are natural extensions of their counterparts
in classical elasticity. More specifically, if the Riemannian manifold (N, g) appear-
ing below is the three-dimensional Euclidean space and if the reference configura-
tion of the elastic body is described by a single local chart with M as its domain of
definition, then our definitions coincide with the classical ones in curvilinear coor-
dinates (see, e.g., [11]).

Consider an elastic body with abstract configuration M undergoing a deformation
in a Riemannian manifold (N, g) in response to applied body and surface forces.

A deformation of the body is an immersion ¢ € ¢! (M,N) that preserves orien-
tation and satisfies the axiom of impenetrability of matter. This means that

detDo(x) >0 forallx e M,
©lintas - intM — N is injective,

where intM denotes the interior of M. Note that ¢ needs not be injective on the
whole M since self-contact of the deformed boundary may occur. The set of all
deformations is denoted

Def(M,N) := {¢ € €' (M,N); @|inu injective, detDo >0inM}.  (6)

An admissible deformation of the body is a deformation that satisfies the Dirich-

let boundary condition

¢=@onlj
on a (possibly empty) portion I] C I" := dM of the boundary of M. The immersion
@y € €' (M, N) specifies the position of the points of the elastic body that are kept
fixed.

A displacement field of the body associated with a given deformation ¢ €
¢'(M,N) is a section & € €' (¢*TN). If the deformation ¢ is of class €, then
each displacement field & € €' (¢*TN) is induced by a vector field £ € € (TM)
by means of the bijective mapping

E—E:=(p.8)o0.

Let §(y) denote the injectivity radius of N aty € N, let §((M)) := minye o (u) 5(y)
denote the injectivity radius of the compact subset ¢ (M) of N, let

Co(TM) := {& € €°(TM): 9.8 ll50rm, ) < S(e(M))}, )



Static Elasticity in a Riemannian Manifold 11
and let éxp denote the exponential maps on N. It is clear that the mapping
exp, :=expo D@ : 6, (TM) — €°(M,N)

is a ©'-diffeomorphism onto its image. Therefore any deformation v € €°(M,N)
that is close in the %’°-norm to a given deformation ¢ € €' (M,N) can be written in
an unique manner as

Y =exp,& = (exp@.)o 9. ®)

This observation will be used in Sections 6-8 to transform the equations of elasticity
in which the unknown is the deformation ¢, assumed to be close in the € 0_norm to
a reference deformation ¢y, into equivalent equations in which the unknown is the
displacement field & := exp(go1 ¢, where exp(;()1 denotes the inverse of the diffeomor-
phism exp, .

Remark 1. (a) The relation y = exp,, & means that, for each x € M, y(x) is the
end-point of the geodesic arc in N with length |£ (x)| starting at the point ¢ (x) in the
direction of (@.&)(@(x)).

(b) The relation £ = exp(;l v means that, for each x € M, & (x) is the pullback by
@ of the vector that is tangent at ¢(x) to the geodesic arc joining @(x) to y(x) in N
and whose norm equals the length of this geodesic arc.

The metric tensor field, also called the right Cauchy-Green tensor field, associ-
ated with a deformation ¢ € €' (M,N) is the pullback by @ of the metric § of N,
ie.,

gle]:=¢"¢.
Note that the notation C := g[¢] is often used in classical elasticity.

The strain tensor field, also called Green-St Venant tensor field, associated with
two deformations @,y € €' (M,N) is defined by

Elg.v] = 5 (slo] ~ glv).

The first argument ¢ is considered as a deformation of reference, while the second
argument  is an arbitrary deformation.

The linearized, or infinitesimal, strain tensor field associated with a deformation
@ € €1(M,N) and a displacement field & € €' (TM) of the set (M) is the linear
part with respect to & of the mapping & — E[¢,exp, ], i.e.,

cio 8] = | GElo.expy8)]]|

Explicit expressions of e[@, &] are given in Theorem 1 below, first in terms of the Lie
derivative and connection on M, then in terms of the Lie derivative and connection
on N. Recall that - denotes the partial contraction of one single index of two tensors.

Theorem 1. Let ¢ € €' (M,N) be an immersion and let & € €' (TM) be a vector
field on M. Then
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(a)
2e[p,8] = Leg = VE +(VE) =g-VE+(g-VE), )
where £ denotes the Lie derivative operator on M, g := ¢* g, V denotes the connec-

tion on M induced by the metric g, and .’,‘b :=g-&. In local charts, these equations
read

2eij(0,E] = Vi€ + V& = g i Vi + gV ;EF, (10)
where & (x) = &(x)dx!(x) and e[@,&] = e;j[@, E]dx' (x) ® dx/ (x), x € M.

(b) . .
elp, ¢l =@ (e[E), & :=o.C, (11)

where

A

20[8):= Lp6 = VE +(VE) = ¢-VE+(3-VE), (12)

2 denotes the Lie derivative operator on N, g is the metric on N, V denotes the
connection induced by g, and éb =g é In local charts,

2ei[@, 8] = aa(fc, 88(,0} (Vﬁ€a+va€ﬁ)0¢, whereé() éa(y)dy“(y). (13)

Proof. For each ¢ in a neighborhood of zero, define the deformations
(P('vt) = expgu(tg) and W('at) = YE(J) °Q,

where & € ¢! (TN) denotes any extension of the section ¢,& € €' (T @(M)) and %
denotes the flow of é (see Section 2). By definition,

o8] = | GElpol.]| = tim LLOEZ0E,

Since

9% (,0) = 2 (x.0)

5, 00)= 5" =E&(x) forallxe M,
it follows from the above expression of e[, &] that
Y08 - 98
2e[@,&] = lim ——=——=.
t—0 t

Then the definition of the Lie derivative yields

wf 1 ’)/A<'7t)*g,\ g %
2ep.8] =9 (}gg%) 9*(Z:8)
=0 (Lp.c8) = L (9°8) = ZLes.

Expressing the Lie derivative .,2”5 £ in terms of the connection V gives
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207008 o ..,
Qeij[(Paé] = %%(&wvﬁéy"'é’ﬁyvagy) °Q

0% ol . o . .
= ox W(Vﬁéﬁvaéﬁ)o‘l’v

which implies in turn that

eij[@, 8] = %(gikvj§k+gjkvi5k) = %(Vjéi‘f'ngj)'

4 Elastic materials and applied forces

More details about the definitions below can be found in [17].

Consider an elastic body with abstract configuration M subjected to applied body
and surface forces in a Riemannian manifold (N, g).

Let a reference deformation ¢y € 43(M,N) be given in such a way that the con-
figuration @ (M) C N of the elastic body be a natural state (i.e., unconstrained). Let
g0 := @& and @ := @ @ respectively denote the metric tensor field and the volume
form on M induced by .

In all that follows, the stored energy function of the elastic material constituting
the body is defined, at each x € M, by the mappings

W(x,-) = Wo(x,-) @(x) : S2.M — A"M.

We assume without loss of generality that W(x,0) = 0.

Remark 2. An example of stored energy function is that of Saint Venant - Kirch-
hoff, viz.,

A

Woi(x.E) i= (S (rE) +p|E) @o(x)
for all x € M and all E € S, M, where trE := g¢'/E;; and E|? = goikgojeEkgEij.
The two scalar parameters A > 0 and p > 0 are called the Lamé constants of the
elastic material. O

Let the Gateaux derivative of the mapping W(x, ) SoxM — AIM at E € So M
in the direction H € §; .M be defined by

oW 1 (e
SFWE) H :tlgré?{W(x,E—i-tH) —W()@E)}.

The constitutive law of an elastic material whose stored energy function is We
€' (S2M,A"M) is the mapping associating to each x € M and each E € S <M the
tensor

=W n =T m oo (4

Z(x,E) = 5o(x,E) @ 0(x) : ~ OE
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in $2M ® A"M. The assumption that the reference configuration @o(M) C N is a
natural state means that X (x,0) = 0.

__ The elasticity tensor field of an elastic material whose stored energy function is
W e €2(S:M@A"M) is the section A = Ag @ @, Ag € C (S*M Qsym S*M), defined
ateach x € M by

I W MW

Note that the components of Ag in a local chart satisfy the symmetries

A(x) = (x,0). (15)

AgH = AT = A TR = ATk,

The strain energy corresponding to a deformation ¢ € Def(M,N) of the elastic
body under consideration is defined by

I}~ | Wigl, (16)

where, at each x € M,

W(p](x) = W(x,E[¢o, ¢](x)). (17)

Recall that E[@y, @] := %( 0*g — @p*¢) denotes the strain tensor field associated with
the deformations ¢y and ¢.
The stress tensor field associated with a deformation ¢ is the section

Zlp]:=Z (- Elgo, 9]) € €' ("M A"M). (18)

Its components X[¢] € °(S>M) and Zy[¢] € €°(S*M) over the volume forms @[¢]
and @, which are defined by

Zlg] = Z[p] @ 0[p] = Lo[¢] ® @,

are also called stress tensor fields. Note that the tensor field X[¢] is symmetric.
Other equivalent stress tensor fields are defined in terms of X[¢] by lowering
and/or pushing forward some of its indices, viz.,

T[] :=glo]- Z(o] T(p]:=(¢o¢) Do-Zlg],
Zlo] = o.(Z[p)) @ @, Tlo]:=¢ (o],
where - denotes the contraction of one index (no ambiguity should arise). The ten-

sor fields T[¢], To[¢] € €°(T,'M) and T[¢], To[¢] € €°(TM © ¢*T*N) and £[¢] €
€°(S®N|p(ar)) and T[] € €°(T{' N|p(as)). defined by the decompositions

19)

0@)

T =T[p|®@®[¢] =Thlp]| @ 0y, T[p]=T[p]® o[p] = T[p]® @y,

g =Z[p]oa, T(p]=T[p|® o,
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are also called stress tensor fields.

Remark 3. When (N, g) is the three-dimensional Euclidean space, the tensor fields
To[@], Zo[¢]. and T[¢], are respectively called the first Piola-Kirchhoff, the second
Piola-Kirchhoff, and the Cauchy, stress tensor fields associated with the deforma-
tion ¢.

The body and surface forces acting on the elastic body under consideration are
assumed to be conservative.

The potential of these forces associated with a deformation ¢ € Def(M,N) of the
body is defined by

)= [ Flol+ [ Blgl= [ o'(Flo)+ [ (ol) (Blg).  @0)

where F[p] € €°(A"@(M)) and H[p] € €°(A" 'o(I3)), [ C I := M.
The work of the applied body and surface forces associated with a displacement
field & := & o @, where @ € Def(M,N) and & := ¢.&, & € €°(TM), is the derivative
Plo ]5 In what follows, we assume that the applied body and surface forces are
local, i.e., that

Plo= [ Flol-&+ | hol-é= ] flolt+ | Mol-e @
where

flol(x) := f(x,0(x),Do(x)), x € M,

h[@](x) := h(x,¢(x), Dp(x)), x € I5.

The (given) mappings f(x,y,") = fo(x,y,) ® @ (x) : TM R T,N — T*"M @ A"M,

(x,y) € M x N, and h(x,y,") = ho(x,y,) © 0o(x) : TEM® TN — T'M|ry © "D,
(x,y) € I3 X N, are called the consitutice laws of the applied body and surface forces.

(22)

Remark 4. An example of such body and surface forces is obtained by assuming
that the volume forms F[¢] = F and H[¢] = H are independent of the deformation
¢. In this case,

flo]-& = o*( q,gF)andh[ ]-& = o*( (péH) forallée%(TM)

The densities of the applied body and surface forces are the sections

flol = flol @ @[p] = folp] @ @0, flo] = flo]®d

and
hlg] = h[@] @iy (g @[9] = ho[¢] ©iv, @0,  h[g] = h[g] @iy ®,
where v[@], vy, and V[@], denote the unit outer normal vector fields to the boundary

of (M, g[(p]), (M,go), and (N,g), respectively. Note that f[@], fol¢], f[(p], hlo],
ho[@], and h[@], are 1-form fields.
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5 The equations of nonlinear elasticity in a Riemannian manifold

Let a reference deformation ¢y € €3(M,N) satisfy the assumptions of Section 4.
Assume in addition that the body is kept fixed on a (possibly empty) portion ¢y(I7)
of its boundary, where I] C I" := dM is a relatively open set, and is subjected to
applied body and surface forces. Let I :=T"\ Ij.

The principle of least energy asserts that the deformation ¢ : M — N of such a
body should satisfy the following minimization problem:

@ € @ and J[p] < J]y] forall y € P, (23)
where (see Section 3)
@ :={@ c €' (M,N); @iy injective, detDo >0in M, g =g@yonI;} (24)

denotes the set of admissible deformations, and where (see Section 4)
Jig):=1lg)~Plgl = [ Wigl—( | Flol+ [ Higl). @3
M M g}

denotes the total energy associated with the deformation ¢ € @. The mappings
W,F.,H : & — A"M are defined explicitely by the constitutive laws of the elastic
materials and of the applied forces (see Section 4).

The next theorem identifies the variational equations, also called the principle of
virtual work, that any solution to the minimization (23) should satisfy.

Theorem 2. A solution ¢ € P to the minimization problem (23) satisfies the varia-
tional equations:

[, Zlolelo.g1= | flol-&+ [ hiol-¢

forallé € E2:={E €€ (TM); E=0o0nTi}.

Proof. Let ¢ € €'(M,N) be a solution to the minimization problem (23). Given
any vector field € € &, let é € €'(TN) denote any extension to N of the vector
field 9.& € €1 (TN lp(m))- Let Yg denote the flow of & (see Section 2) and define the
time-dependent family of deformations

W('J) = ’}’é(~,l‘)O(P, tE(—S,&‘).

Note that there exists € > 0 such that y(-,¢) € @ forallr € (—¢, ).

Since J[@] < J[y(-,t)] for all 1 € (—&,€), we deduce that [%J[w(ﬁ)]} 0" 0,
=
which implies in turn that

(G| = [Grtvenl] = [ flolg+ [ hlol-
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It remains to compute the first term of this relation.
Using the Lebesgue dominated convergence theorem, the chain rule, and the

relations W] = W(-,E[@o, 9]), 9W(x E)=X(x,E), Z[p] = £(-,E[o,¢]), and
elg,&] = [%E((p,y/( J))]i=0 = [ GE(@o, w(-,1))]i=0, we deduce that

et

Elpo.v(-0)]

[%E(wo,wc,r»]

t=0

I
\\\

O

The next theorem identifies the boundary value problem that any sufficiently
regular solution ¢ of the variational equations of Theorem 2 should satisfy. The
divergence operator appearing below corresponds to connection V = V[¢]; as such
it depends on the unknown deformation ¢ (see Section 2). The stress tensor field
T[p] = T[¢] ® ®|@] is defined in Section 4.

Theorem 3. A deformation ¢ € €% (M,N) satisfies the variational equations of The-
orem 2 if and only if

—div T[¢] = fle] inintM, —divT[@] = f[e] inintM,
Tloly =hlp] onlz, << Tlo]-(v[]-g[e]) =hle] onls,
o=@ onlj, =9 onlj,

where v := V[@] denotes the unit outer normal vector field to the boundary of M
corresponding to the metric tensor field g[Q] := ¢* 8.

Proof. Let a deformation ¢ € €*(M,N) satisfy the variational equations of Theo-
rem 2. Since Z[¢] = Z[¢] ® ®[¢] and X[¢] is symmetric, we have, for each vector
field § € =,

Z(o]:elo,8] = Zo]: (gl]-VS) = (Zg] - glo]) : VE =Tlg] : V&.

Therefore the variational equations of Theorem 2 are equivalent to
/T[ ]:VE= /f <§+/ |-Eforall € € E.
M

The conclusion follows by applying the integration by parts formula of Lemma 1 to
the integral appearing in the left-hand side. O

We conclude this section by recasting the equations of nonlinear elasticity as
variational equations, or as a boundary value problem, defined on the unknown
deformed configuration (M) C N. By contrast to Theorems 2 and 3, the con-

nection V and the corresponding divergence operator div are fixed (independent
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of the unknown deformation @). The stress tensor fields £[¢] = £[¢] ® @ and
T[¢] = T[p] ® @ are defined in Section 4.

Theorem 4. (a) A deformation ¢ € €' (M,N) satisfies the variational equations of
Theorem 2 if and only if

[ Elelde= [ flol-& [ ilol- 6

forall E = ,& &€ &.
(b) A deformation ¢ € € (M,N) satisfies the variational equations (26) if and

only if

—divT o] = flo] inint(p(M)), —divTp] = flg] inint(p(M)),
T(ply =hlo] ono(3), =4 Tlo]-(V[g]-8) =hlg] one(I3),
¢=¢ onlj, ¢=¢ onlj,

where V := V]| denotes the unit outer normal vector fields to the boundary of ¢(M)
with respect to the metric tensor fields 2.

Proof. Foreach & € & and é = ¢,&, we have

Z(o]: e[, 8] = Z(0]: 9" (é[5]) = (@.(Z[9]) : é[E]) 0 9 = (E[@] : é[&]) 0 @5
hence
Z[o]: e[p.&] = 9" (E[g] : ¢8]).
Besides (see (21)),

A

£10)-& = ¢*(Flg]-£) and hlg]-& = 9" (h[g] - §).

The last three relations and the change of variables formula show that the variational
equations (26) are equivalent to those of Theorem 2.
Since T[@] : VE = £[@] : é[], the variational equations (26) can be recast as

L 710196 = [ Flol-&v [ itel-&

Applying the integration by parts formula of Lemma 1 to the integral appearing in
the left-hand side yields the announced boundary value problem. U

6 The equations of linearized elasticity in a Riemannian manifold

The equations of linearized elasticity approach well the equations of nonlinear elas-
ticity if the reference configuration @y (M) C N, ¢y € €>(M,N), of the elastic body
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under consideration is a natural state (that is, unconstrained) and if the applied forces
are small enough.

The equations of linearized elasticity are deduced from the equations of nonlinear
elasticity (see Theorems 2 and 3) by replacing the latter equations by their affine part
with respect to the displacement field & = exp;ol ¢. Thus the unknown in linearized
elasticity is the vector field & : M — TM, instead of the deformation ¢ := eXPg, E:
M — N.

Let @y, iy, @0, and Vy, respectively denote the volume form on M, the volume
form on I' = dM, and the unit outer normal vector field to the boundary of M,
corresponding to the metric go = g[@o] := @o*&; see Section 2.

Let A and (f[@], h[¢]) respectively denote the elasticity tensor field and the den-
sities of the applied forces appearing in the equations of nonlinear elasticity (see
Theorems 2 and 3). For each vector field & € € (TM), define

ZE =Ae[o,E],  fTE] = floo] + f [@ol€,

. 4 @7
T™[E]:=go- Z™[E],  H*T[E] == hlgo] + K [gu]¢,

where
Figolé = tim 1 ( Flexpg ()]~ flon]) = £ & + £ Voé.

1 (28)
H[0]€ := lim — (hlexpg, (1)) — hlgv]) = h'- & +h*: Voé,

for some sections f! € €0(A"MTIM), 2 € €°(A"MR T, M), k! € €°(A" '@
TIM|p), and h* € €° (A" 'G ® T} M|;). Then define the tensor fields T)™[§] €
U TIM), f3E] € €°(T*M) and h3T[E] € €°(T*M|p), by letting

T"[§] = T,"[§] ® @,

U = fiTIEl @ o, (29)

K"(E] = H§T[E] @iy, @0,

We are now in a position to state the equations on linearized elasticity in a Rie-
mannian manifold:

Theorem 5. (a) The vector field & € €*(TM) satisfies in linearized elasticity the
following boundary value problem:

—divo T (€] = €] in intM, —divo Ty [E] = fAT[E] in intM,
T(E]ly, =h""[E] on T3, = T"[E]- (vo-g0) = (&) on I3, (30)
E=0 onIj. E=0 onIj.

(b) The vector field & € €' (TM) satisfies in linearized elasticity the following
variational equations:
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EcZ:={ne€" (TM); n=00nT;},

; . _ 3D
| Acelon.e):elonn)= [ (FUED n+ [ (HUE) 0 foralin €=
M M n
Proof. (a) The boundary value problem of linearized elasticity is the affine (with
respect to &) approximation of the following boundary value problem of nonlinear
elasticity (see Theorem 3)

—div T[p] = fle] inintM,
T[]y =hlg] onIs, (32)
¢=¢o onlj,

satisfied by the deformation ¢ := exp, &. Tt remains to compute this affine approx-
imation explicitly.

The dependence of the stress tensor field T'[@] on the vector field £ = exp;o1 ¢ has
been specified in Section 4 by means of the constitutive law of the elastic material,
namely,

T[g](x) = gle)(x) - Z[g](x)
= (¢78)(x) - Z(x, E[@0, 9] (x)), x € M.
Since the reference configuration @y(M) is a natural state, we have X (x,0) = 0
for all x € M. The definition of the elasticity tensor field A next implies that

oL
E(X’O)H =A(x):H forallxe M and all H € S, .M.

Besides,

— el ] and | el 08]] —e

t=0

& Elgv.expg (14)]

t=0

The last three relations imply that

T[] =glo]-Z[¢] = g0 (A : e[@v,¢]) +o([I

@(TM))-

Since T[] := go- (A : e[, E]) is linear with respect to &, the previous relation
implies that '
div T[] = divo T"™[&] + o (I [los1 (ru)); (33)

where div and divy denote the divergence operators induced by the connections
V :=V[p] and Vj := V|[¢y], respectively.

The dependence of the applied force densities f[@] and h[¢@] on the vector field
&= exp;o1 ¢ has been specified in Section 4 by means of the relations

flol(x) = f(x,0(x),Do(x)), x € M, and h[g](x) = h(x,¢(x),DP(x)), x € I3.

Thus, using the notation (27) above, we have
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flol = FEl+o(IElg1(ru)) and ko] = B E]+0(IE g1 (ar))- (B4

The boundary value problem (30) of linearized elasticity is then deduced from
the boundary value problem (32) of nonlinear elasticity by using the estimates (33)
and (34).

(b) The variational equations of linearized elasticity are the affine part with re-
spect to & of the variational equations of nonlinear elasticity (see Theorem 2)

S [expg, EIn =0 foralln € &,

where

Sloin = [ Elol:elo.n) ([ flo}-n+ [ higln)

and £[@] := £(-,E[@p, ¢]). Thus the variational equations of linearized elasticity
satisfied by & € E read:

SME = .7 [@o]n + [iy[exp%(té)]n] . =0 foralln € .

It remains to compute .7 ""[E]n explicitly. As in the proof of part (a),

Zlexpg, ] = ZM[E] +o(|1€

¢ (TM) ).

Besides, Z"[£] is linear, elexpg, £,1] = e[@o,n] +o(|€ll1(74r)), and fl@] and
h[g] satisfy relations (34). We then infer from the definition of .#’[¢@]n that

(el = [ (Aselgn.&l):eloonl— ([ (FEDn+ [ (w7ED m).
M ImM I
Remark 5. The variational equations (31) of linearized elasticity in a Riemannian
manifold are extended by density to displacement fields & € H'(TM) in order to
prove that they possess solutions; cf. Theorem 7. (]

7 Existence and regularity theorem in linearized elasticity

Throughout this section, the manifold M is endowed with the Riemannian metric
80 = g[Qo] := @&, where @ is a reference deformation of class 4> (M,N). As in the
previous sections, Vy, divg, and @ denote the connection, the divergence operator,
and the volume form on M induced by go. The Sobolev spaces appearing below are
defined in Section 2.

The existence of solutions to the equations of linearized elasticity in a Rieman-
nian manifold relies on the following Riemannian version of Korn’s inequality, due
to Chen & Jost [14]:



22 Cristinel Mardare

Theorem 6. Assume that the differentiable manzfold M satisfies the following prop-
erty: there exists a differentiable manifold M of class €* such that M = Q C M,
Q is a bounded, connected, and open subset of M, and the boundary I' := oM is
non-empty and Lipschitz-continuous.

(a) There exists a constant C| depending on (M, go) such that

16 ||H1(TM) <ai(lIg ||L2(TM) + Hgég()”Lz(SzM)) (35)

forall & € HY(TM).
(b) Let I1 C I' be a non-empty relatively open subset of the boundary of M. There
exists a constant Cx depending on (M, go) and on I} such that

1€ a1 (rmy < CrllZegoll 25,m) (36)
forall & € H'(TM) satisfying & =0 on I;.

Proof. We briefly sketch here for completeness the argument of Chen & Jost [14],
itself a generalization of the proof by Duvaut & Lions [13] of the classical Korn
inequality (classical means that (M, go) is an Euclidean space).

Define the space

X :={& € L*(TM); ZLrgo € L*(S2M)}
and endow it with the norm
1€ 11x == 1€l 2 rar) + 12 80l 2 (50m0) -

Clearly, H' (TM) C X. Letid : H' (TM) — X denote the identity mapping. It suffices
to prove that this mapping satisfies the assumptions of the open mapping theorem,
since the continuity of the inverse mapping implies inequality (35).

The mapping id : H' (TM) — X is injective and continuous, and the normed vec-
tor spaces X and H'(TM) are both complete. It remains to prove that the mapping
id: H'(TM) — X is also surjective.

Let £ € X. M being a compact subset of M, there exists a finite number of local
charts 6, : V, C M — U, CR", £ € {1,2,...,L}, of M such that M C (J5_, V,. Given
any £ € {1,2,...,L},letV :=V,N\M,let U := 6,(V), and let 6 := G|y : V C M —
UcCR".

Let the functions & : U — R and ¢;; : U — R denote the components in the local
chart 6 of &” := gy & and e := %fégo = %(Voéb + (Vo&")T), respectively. Using
Ricci’s and Bianchi’s identities (the notation below should be self-explanatory)

Voi(Vo;&k) — Vo, (Voibe) = —Ri,;(80)&e,
Rkl] (80) +Rfjk(80) +R§ki(30) =0,

and the anti-symmetry RY, ;(80) = —RY{ ;1(80) of the components
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oI (go) oLl (g
Riy(ao) i= 20 T80 4 ) ) o) )

of the Riemann curvature tensor field associated with the metric tensor field gy, it is
easy to see that

Voi(Vo j&k) = Voieji + Vo jexi — Vokei; +Rfjk(go)‘§/,~
Therefore, a‘?j‘g" - € H '(U), which next implies that & € H'(U) by a lemma due to
J.L. Lions; see, e.g., [2] for domains U with a Lipschitz-continuous boundary (as is
the case here), or [13] for domains U with smooth boundary. Hence & € H 1(TM ),
which proves that the mapping id : H'(TM) — X is indeed surjective.

Inequality (36) is deduced from inequality (35) by a contradiction argument.
So assume that inequality (36) were false for any constant Cx. Then, for each
¢ €N, there exists & € H'(TM) satisfying & = 0 on I3 such that 18ell i1 (rary >
U|Ze,g0llr2(sy0)- Let M := &/ [|8ell 1 (701~ Then, for each £ € N,

ne € H'(TM), Ml =0, |Nellgirary =1, and Lim |[-Zn, 8ol 22 5,0y = O-

Since the space H!(TM) is reflexive, since the trace operator 1y € H'(TM) —
nelr; € L*(TM|r;) is linear and continuous, and since the embedding H'(TM) C
L?(TM) is compact, there exists a subsequence, still indexed by /, of the sequence
(n¢) and an element n € H'(TM), n|r; = 0, such that

ne—ninH'(TM) and ny — 1 in L*(TM), %,80 — 0in L*(S2M).
(— and — respectively denote weak and strong convergences). But
ne—nin H'(TM) = %y,80 — Zgo in L*($:M).

Therefore, £ g0 = 0 in L2(S2M), which means that 1 is a Killing vector field on
(M, go). Since in addition n|r; = 0, a property of Killing vector fields implies that
n = 0in M; see, e.g., [14] or [20].

We just proved that

ne— 0in L*(TM) and %80 — 0in L*(S2M).
By inequality (35), this next implies that
ne — 0in HY(TM).

This contradicts that ||1¢[[ 1 (7 = 1 for all £ € N. O

The smallest possible constant Cx for which Korn’s inequality (36) holds is called
the Korn constant of (M,go) and I C dM. It plays an important role in both lin-
earized elasticity and nonlinear elasticity (see assumptions (38) and (55) of The-
orems 7 and 8, respectively) since the smaller the Korn constant is, the larger the
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applied forces are in both existence theorems. To our knowledge, the dependence of
the Korn constant on the metric gg of M and on I is currently unknown, save a few
particular cases; see, e.g., [18].

One such particular case, relevant to Theorem 8, is when I7 = dM and the metric
go is close to a flat metric, in the sense that its Ricci tensor field Ric := Ricci(go)
satisfies the inequality [[Ricol|=(s,m) < C—lp, where Cp is a Poincaré constant of
(M, go), i.e., a constant that satisfies

1€y < CPIIVOE 227y Forall € € H (T M),

To see this, it suffices to combine the inequality
. 1 .
908 227y + 1Y € 323y = 51 Ze 0l 5, + | Rico(:8) @0
1 .
< 5 1% 801225 00+ IRiCol (5300 1€ 22 -

which holds for all & € H}(TM), with the above assumption on the Ricci tensor
field of g¢ to deduce that

1
1—CPHRiCO||L°°(s2M))

2 2
”VOéHLZ(TllM) < 2( HgégO”LZ(SzM)’

Hence the constant Cx = {2(1 - Cp||Rico||Lm(S2M>)} can be used in Theorems 7

and 8 when I'T = dM and |[Rico||;=(s,m) < C%' Interestingly enough, particularizing
these theorems to a flat metric go yields existence theorems in classical elasticity
with Cx = 1/2, which is optimal.

The next theorem establishes the existence and regularity of the solution to the
equations of linearized elasticity under specific assumptions on the data. Recall that
the applied body and surface forces in linearized elasticity are of the form

FIE] = flool + £ [@ol€ = flgo] + (f &+ 2 : Voé),
HTE] = h[go] + 1 [@o]€ = hlgo] + (k' - & +h* : V),

cf. relations (27) -(28). We say that the elasticity tensor field A = Ag ® @ of an
elastic material is uniformly positive-definite if there exists a constant G4, > 0 such
that

(Ao(x):H(x)):H (x) > Gy, |H(x)|* for almost all x € M and all H(x) €S»,.M, (37)

where
|H(x)|* = go(x) (H (x),H(x))

and, in any local chart,

(Ao(x): H (x)): H (x) % A/ (x) Hyg (x)Hi  (x).
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Theorem 7. Let the Riemannian manifold (M, go) satisfy the assumptions of Theo-
rem 6. Assume that I1 C M is a non-empty relatively open subset of the boundary of
M, that the elasticity tensor field A = Ag Q @ is essentially bounded and uniformly
positive-definite, and that the applied body and surface forces satisfy the smallness
assumption
/ / CAo
2 om0 o iy < G G9

where Ck denotes the constant appearing in Korn’s inequality (36).

(a) If flgo] € L*(T"M @ A"M) and h|@o] € L>(T*M| @ A" 'I3), there exists a
unique vector field & € H'(TM), & = 0 on I, such that

[ @zelon.&):elpnm= [ £l 0+ [ #TE0 G9)

I

forallm € HY(TM),n=0on1I;.

(b) Assume in addition that I1 = dM and, for some m € N and 1 < p < oo, the
boundary of M is of class €"*2, @y € €"2(M,N), A € €T/ (TfM @ A"M), f! €
CTIM R A™M), f* € €™(Ty M@ A"M), and f[@o] € WP (T*M @ A"M). Then
& € W2P(TM) and satisfies the boundary value problem

—diva (THN[E]) = faff in
oD =) ke “0)

Furthermore, the mapping /"™ : W 2P (TM) — WP (T*M @ A"M) defined by
)= divo T[]+ f'l@o]n  forallm e W"2P(TM),  (41)

is linear, bijective, continuous, and its inverse (<f 1'")’1 is also linear and continu-
ous.

Proof. (a) Korn’s inequality, the uniform positive-definiteness of A, and the small-
ness of the linear part of the applied forces (see (36), (37), and (38)), together imply
by means of Lax-Milgram theorem that the variational equations of linearized elas-
ticity (39) possess a unique solution & in the space {& € H'(TM); £ =0onI;}.

(b) It is clear that the solution of (39) is a weak solution to the boundary value
problem (40). Since the latter is locally (in any local chart) an elliptic system of
linear partial differential equations, the regularity assumptions on A and f 4 and the
standard theory of elliptic systems of partial differential equations imply that this
solution is locally of class Wmt2.p. gee, e.g., the proof of Theorem 6.3-6 in [10].
Furthermore, the regularity of the boundary of M together with the assumption that
I; = OM imply that & € W"+2P(TM).

The mapping /'™ defined in the theorem is clearly linear and continuous. It
is injective, since &/'"[E] = 0 with & € W™ 2P(TM) implies that & satisfies the
variational equations (39), hence & = 0 by the uniqueness part of (a). It is also
surjective since, given any fo € W™P(T*M @ A"M), there exists § € H} (TM) such
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that [,,(A : e[@0,&]) : e[@o,n] = [y; fo -1 for all n € H}(TM) (by part (a) of the
theorem), and & € W”+2P(TM) by the regularity result established above. That

the inverse of 7' is also linear and continuous follows from the open mapping
theorem. 0

Remark 6. The regularity assumption A € €1 (T04M ® A"M) can be replaced in
Theorem 7(b) by the weaker regularity A € W P(T¢M @ A"M), (m+1)p > n:=
dimM, by using improved regularity theorems for elliptic systems of partial differ-
ential equations; cf. [25]. U

8 Existence theorem in nonlinear elasticity

We show in this section that the boundary value problem of nonlinear elasticity in a
Riemannian manifold (see Theorem 3) possesses at least a solution in an appropriate
Sobolev space if I = 0 and if the applied body forces are sufficiently small in a
sense specified below. The assumption that I; = @ means that the boundary value
problem is of pure Dirichlet type, that is, the boundary condition ¢ = ¢ is imposed
on the whole boundary I'1 = I" of the manifold M. Thus our objective is to prove the
existence of a deformation ¢ : M — N that satisfies the system (see Theorem (3)):

—divT[¢] = fle] inintM,

42
¢=¢ onT, @

where

T[p)(x) := glo)(x) - E(x, E[g0, 9](x)), x € M, “3)

F1ol(x) := flx, 0(x), Do (x)), x € M,

the functions £ and f being the constitutive laws of the elastic material and of
the applied forces, respectively (see Section 4). Recall that the divergence operator
div = div[¢] depends itself on the unknown ¢ (since it is induced by the metric
g =2g[p] ;== ¢*$) and that @ = ®[¢] := ¢*® denotes the volume form on M corre-
sponding to the metric g[o].

The idea is to seek a solution of the form ¢ := exp &, where @y : M — N denotes
a natural configuration of the body and & : M — TM is a sufficiently regular vector
field in the set

G (TM) :={& € €°(TM);

0. llg0ry ) < S(po(M))},

where &(gy(M)) denotes the injectivity radius of the compact subset @o(M) of N;
see (7) in Section 3. It is then clear that the deformation ¢ :=exp,, &, £ € U (TM)N
‘580 (TM), satisfies the boundary value problem (42) if and only if the displacement
field & satisfies the boundary value problem (the divergence operator below depends
on the unknown &)
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—divT[expy, §] = flexpy, §| inintM,

44
E=0 onT. ‘9

Given any vector field &€ € €' (TM)N ‘580 (TM), let
(8] := div(T [expy, G]) + fexpy, §]- (45)

Proving an existence theorem to the boundary value problem (44) amounts to prov-
ing the existence of a solution to the equation <7 [£] = 0 in an appropriate space of
vector fields & : M — TM satisfying the boundary condition & = 0 on I". This will
be done by using a variant of Newton’s method, which seeks a zero of <7 as the
limit of the sequence defined by

61 :=0and ék-&-l = ékfﬂl[o]_ld[ék]a k 2 1. (46)

Another way to prove the existence of a zero of &/ is to apply the Newton-
Kantorovich theorem (see, e.g., [12]), or the local inversion theorem (see Remark
7(a) below), to the mapping <7, but the result would be weaker than Theorem 8
below.

The key to applying Newton’s method is to find function spaces X and Y such that
the mapping & : U C X — Y be differentiable in a neighborhood U of £ =0 € X.
The definition (45) of . can be recast in the equivalent form

8] := div((T oexpy, )[S]) + (f oexpy, ) [E], (47)

where the mappings (T oexp,, ) and ( fo equ,o) are defined at each x € M by the
constitutive equations (the mappings ¥ and f are those appearing in (43))

(T oexpy, )[E])(x) = T (x,& (x), Vo& (x)) == g[9] (x) - £ (x, E g, 9] (x)),
((foexpy)[E)(x) = f (x.E(x), V& (x)) := £ (x, @ (x),D@(x)),

where @ = exp,, &, for all vector fields & € € (TM) N6y (TM).

Relations (48) show that (T oexp,, ) and (f oexp,, ) are Nemytskii (or substitu-
tion) operators. It is well known that such operators are not differentiable between
Lebesgue spaces unless they are linear, essentially because these spaces are not
stable under multiplication. Therefore & must belong to a space X with sufficient
regularity, so that the nonlinearity of 7" and f with respect to (& (x), Vo€ (x)) be
compatible with the desired differentiability of .. Since we also want £ to belong
to a reflexive Sobolev space (so that we could use the theory of elliptic systems of
partial differential equations), we set

(48)

X := WP (TM)NW, P (TM) and Y := W™P(T*"M @ A"M)  (49)

for some m € Nand 1 < p < oo satisfying (m+ 1)p > n, and endow these space with
the norms || - ||x := || - [|m42,p and || - ||y := || - ||, . respectively.
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Note that the normed spaces X and Y are complete, and that the condition (m +
1)p > n is needed to ensure that the Sobolev space W"+1-P(T!M), to which V&
belongs, is stable under multiplication. It also implies that X C €’'(TM), so the
deformation ¢ = exp,, & induced by a vector field & € X N 55(80 (TM) is at least of
class €'!; hence the nonlinear model of elasticity make sense for & € X N ng?o (TM).

Define

U=Bx(0):={&eX;||§llx<d}CX (50)

as an open ball in X centered at the origin over which the exponential map ¢ =
€XPg, & is well-defined. It suffices for instance to set

S(¢o(M))
Cs(m+2,p)[[Dgo

& =6(go,m,p) = ) G

O (T*MeQETN)

where Cs(m + 2, p) denotes the norm of the Sobolev embedding W27 (TM) C
€°(TM), since, for all & € By(§),

190.Ellg9(71 ) = P IDPO) -£()

< |[Dgo

(Mg TN Cs(m+2,p)[18]1x
< 8(po(M)).

We assume that the reference configuration @y(M) C N of the elastic body under
consideration is a natural state, and that the reference deformation, the constitutive
law of the elastic material constituting the body, and the applied body forces defined
by (48), satisfy the following regularity assumptions:

@ € %’n+2(M7N),
T e "' (MxTM xTM, T}M®A"M), (52)
(f = floo]) € €"(M x TM x T'M, T*M @ A"M),
and

floo) e W™P(T"M @ A"M), (53)

for some m € N and p € (1,00) satisfying (m+ 1)p > n. Under these assumptions,
standard arguments about composite mappings and the fact that W+1-»(M) is an
algebra together imply that the mappings

(T oexpy,) : & € Bx(8) — Tlexpy, &] € W' P(T! M@ A"M),
(foexpy,): & € Bx(8) — flexpy, §] € WP (T"M @ A"M),
are of class €' over the open subset By (8) of the Banach space X. Since <7 [£] =

div T [expy, ] + flexpy, &] for all § € Bx(8), the mapping < belongs to the space
@' (Bx(8).Y).
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Finally, we assume that the elasticity tensor field A = Ay X @, where @¢ :=
@, @, of the elastic material constituting the body under consideration is uniformly
positive-definite, that is, there exists a constant Gy, > 0 such that

(Ao(x) 1 H(x)) : H(x) > Cy, \H(x)|2, where |H(x)\2 =go(x)(H(x),H(x)), (54)

for almost all x € M and all H(x) € S» .M (the same condition as in linearized elas-
ticity; see (37)).

We are now in a position to establish the existence of a solution to the Dirichlet
boundary value problem of nonlinear elasticity in a Riemannian manifold if the
density f[@o], resp. the first variation f'[¢y], of the applied body forces acting on,
resp. in a neighborhood of, the reference configuration ¢ (M) are both small enough
in appropriate norms.

Theorem 8. Suppose that the reference deformation @y and the constitutive laws T
and f satisfy the regularity assumptions (52) and (53), that the elasticity tensor
field A = Ag @ @ satisfy the inequality (54), and that the manifold M possesses a
non-empty boundary of class €™ 2. Let o/ : Bx(8) C X — Y denote the (possibly
nonlinear) mapping defined by (45), (49), and (51).

(a) Assume that the first variation of the density of the applied body forces at ¢
satisfies the smallness assumption:

£ [90] | (e (ran), 22 (rmasoanany) < Cag /Cks (55)

where Cg denotes the constant appearing in Korn’s inequality (36).

Then the mapping < is differentiable over the open ball Bx(8) of X, </'[0] €
ZL(X,Y) is bijective, and &'[0] "' € L(Y,X). Moreover, &'[0] = /"™ is precisely
the differential operator of linearized elasticity defined by (41).

(b) Assume in addition that the density of the applied body forces acting on the
reference configuration ©o(M) of the body satisfies the smallness assumption:

[ fl@olly <& := sup

r
0<r<é

(11077 1y, = sup 17/ 1€] =" 0] ) - (56)

IEllx<r

Then the equation </ |E] = 0 has a unique solution & in an open ball Bx () C
Bx (8), where 0y is any number in (0, 8) for which

£ 10l < 81 (117'10] ™| oy ) e | €]~ Ol #xy))- D
X <01

Moreover, the mapping ¢ := exp & satisfies the boundary value problem (42)-(43).

(c) Assume further that @ is injective and orientation-preserving. There exists
& € (0,&) such that, if || fl¢ol|ly < €. the deformation ¢ := expy, & found in (b)
is injective and orientation-preserving.

Proof. (a)Itis clear from the discussion preceding the theorem that o7 € €' (Bx(§),Y).
Let & € Bx(0) and let ¢ := exp,, §. We have seen in the Section 6 that
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divT (] + flo] = divo T[] + f(E] + o(l|€ 51 (7ar))-

where div and divy denote the divergence operators induced by the connections
V :=V[p] and V) := V|[¢y], respectively; cf. relations (33) and (34).

Using the definitions of the mappings f° af o7l and o (see (27), (41), and (45),
respectively) in this relation, we deduce that

18] = floo] + 7 [E]+ (1€ |51 (ra)-

This relation shows that .27’[0] = 27", Since '™ is precisely the differential op-
erator appearing in Theorem 7(b), and since assumption (55) of Theorem 8 is the
same as assumption (38) of Theorem 7 when I = @, Theorem 7(b) implies that
'[0] € £(X,Y) is bijective and &'[0] ! € Z(¥,X).

(b) The idea is to prove that the relations

& :=0and &y =& — (0] F[&], k>1,

define a convergent sequence in X, since then its limit will clearly be a zero of <.
This will be done by applying the contraction mapping theorem to the mapping
PV CBx(8) — Y defined by

BlE) =&~ '[0] [E].

The set V has to be endowed with a distance that makes V' a complete metric space
and must be defined in such a way that % be a contraction and Z[V] C V.

Since the mapping </’ : By (8) — £ (X,Y) is continuous, it is clear that & > 0.
Hence there exists 0; € (0,0) such that

£ty <8 (10 | gy~ swp ()~ Ol ) 59)

€llx <81

Note that this definition is the same as that appearing in the statement of the theorem;
cf (57). So pick such a §; and define

V=Bx(&]:={ €X; [IGllx <1}

as the closed ball in X of radius §; centered at the origin of X. As a closed subspace
of the Banach space (X, || - ||x), the set Bx(6;] endowed with the distance induced
by the norm || - ||x is a complete metric space. Besides, the mapping % : Bx (8;] — X
is well defined since Bx(8;] C Bx(0). It remains to prove that 2 is a contraction
and that 93[3)((51]] C BX(61].

Let £ and 1 be two elements of Bx (8;]. Then

118] — ZMllix <l 10]~ | v x) I [n] — o7 [E] = ' 0](& —m)lly-

Applying the mean value theorem to the mapping &/ € €' (Bx(8),Y) next implies
that
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|B1E] — Bn]lx <CxllE—nlx.
where
Cy:=|2"0] " lzwx) sup [l'[¢]— " [0]lz(xy)

{93

But the inequality (58) implies that

Cy=1-|a'0]"" Hx(y,x><||%/[0]7] ”;/](YJ() - HCS\I\JPS |.7'[¢] —ﬂ/[omz(x,y))
<01

- £ lgollly
= [0) o L <,
which shows that 4 is indeed a contraction on By (8 ].
Let £ be any element of Bx(6;]. Since

1E]1x < [18(0]|1x + | B(E] — (0] I1x < |« [0]" fl@o]llx +Czd,

using the above expression of C4 and the inequality (58) yields

12181 Ix < 117" 10] " zgr (I ol Iy + 81 sup [l [€]— 7" 0] o) ) < B,

€1<é1

which shows that [Bx (6;]] C Bx (6]

The assumptions of the contraction mapping theorem being satisfied by the map-
ping 4, there exists a unique & € Bx(0;] such that B[E] = £, which means that
& satisfies the equation < [£] = 0. This equation being equivalent to the bound-
ary value problem (44), the deformation ¢ := exp%é satisfies the boundary value
problem (42)-(43).

(c) The contraction mapping theorem shows that the rate at which the sequence
& = #*[0], k = 1,2, ..., converges to the solution & of the equation .27 [£] = 0 satis-
fies

& &l < & )II%HII

In particular, for k =0,

a'[0]7!
Il < 1 II%HII_—” LA gy <colfiailly. 69
B

where

-1
Co 1= {101 1y )= 50 9'[5) =" O]l 20 |-
’ [I¢lI<é1

The Sobolev embedding W27 (TM) C C'(T M) being continuous, the mapping

1 € Bx(81] = ¥ :=expy, 1 € €' (M,N) — det(Dy) € €°(M)
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is also continuous. Besides min ¢y, det(Dgy(z)) > 0 since ¢y is orientation-preserving
and M is compact. It follows that there exists 0 < &, < &; such that

Mllx < 82 = |[det(Dy) — det(Dgp)

. i D
oMy < fzg‘f}d@t( (2)),
which next implies that
Inllx < & = det(Dy(x)) > 0 for all x € M. (60)

Assume now that the applied forces satisfy || f[@o]|ly < & := 8,/C.. Then the
relations (59) and (60) together show that the deformation ¢ := exp,, &, where &
Byx (61] denotes the solution of the equation <7 [£] = 0, satisfies

det(De(x)) > 0forallx e M,

which means that ¢ is orientation-preserving.

Moreover, since @ = @y on dM and @y : M — N is injective, the inequality
detD@(x) > 0 for all x € M implies that ¢ : M — N is injective; cf. Ciarlet [10,
Theorem 5.5-2]. U

Remark 7. (a) The mapping .% : Bx(6) C X — Y defined by

F6]:= 6] - flgo]

satisfies the assumptions of the local inversion theorem at the origin of X if the
assumption (55) is satisfied. Hence there exist constants 63 > 0 and &3 > 0 such that
the equation % [£] = — f[@y], or equivalently

has a unique solution & € X, ||&||x < 83, if | f]@o]|ly < &3. Using the Banach con-
traction theorem instead of the local inversion theorem in the proof of Theorem
7 provides (as expected) explicit estimations of the constants 8; and €3, namely
& = 8 and & = € (see (56) and (57) for the definitions of & and d;).

(b) Previous existence theorems for the equations of nonlinear elasticity in Eu-
clidean spaces (see, e.g., Ciarlet [10] and Valent [26]) can be obtained from Theorem
8 by making additional assumptions on the applied forces: either f — f[@o] =0 in
the case of “dead” forces, or f € €"(M x TM x T!M,T*M ® A"M) in the case of
’live” forces.

(c) Theorem 7 (a) and (b) can be generalized to mixed Dirichlet-Neumann bound-
ary conditions provided that 'y N> = 0, since in that case the regularity theorem
for elliptic systems of partial differential equations still holds. U
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