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ON THE SYSTEM OF PARTIAL DIFFERENTIAL EQUATIONS
ARISING IN MEAN FIELD TYPE CONTROL

ABSTRACT. We discuss the system of Fokker-Planck and Hamilton-Jacobi-
Bellman equations arising from the finite horizon control of McKean-Vlasov
dynamics. We give examples of existence and uniqueness results. Finally, we
propose some simple models for the motion of pedestrians and report about
numerical simulations in which we compare mean filed games and mean field
type control.
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1. Introduction. In the recent years, an important research activity has been de-
voted to the study of stochastic differential games with a large number of players.
In their pioneering articles [11, 12, 13], J-M. Lasry and P-L. Lions have introduced
the notion of mean field games, which describe the asymptotic behavior of sto-
chastic differential games (Nash equilibria) as the number N of players tends to
infinity. In these models, it is assumed that the agents are all identical and that
an individual agent can hardly influence the outcome of the game. Moreover, each
individual strategy is influenced by some averages of functions of the states of the
other agents. In the limit when N — 400, a given agent feels the presence of the
other agents through the statistical distribution of the states of the other players.
Since perturbations of a single agent’s strategy does not influence the statistical
distribution of the states, the latter acts as a parameter in the control problem to
be solved by each agent.

Another kind of asymptotic regime is obtained by assuming that all the agents use
the same distributed feedback strategy and by passing to the limit as N — oo
before optimizing the common feedback. Given a common feedback strategy, the
asymptotics are given by the McKean-Vlasov theory, [16, 20] : the dynamics of a
given agent is found by solving a stochastic differential equation with coefficients
depending on a mean field, namely the statistical distribution of the states, which
may also affect the objective function. Since the feedback strategy is common to
all agents, perturbations of the latter affect the mean field. Then, having each
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player optimize its objective function amounts to solving a control problem driven
by the McKean-Vlasov dynamics. The latter is named control of McKean-Vlasov
dynamics by R. Carmona and F. Delarue [8, 7] and mean field type control by A.
Bensoussan et al, [4, 5].

When the dynamics of the players are independent stochastic processes, both mean
field games and control of McKean-Vlasov dynamics naturally lead to a coupled sys-
tem of partial differential equations, a forward Fokker-Planck equation (which may
be named FP equation in the sequel) and a backward Hamilton-Jacobi-Bellman
equation (which may be named HJB equation). For mean field games, the cou-
pled system of partial differential equations has been studied by Lasry and Lions in
[11, 12, 13]. Besides, many important aspects of the mathematical theory developed
by J-M. Lasry and P-L. Lions on MFG are not published in journals or books, but
can be found in the videos of the lectures of P-L. Lions at College de France: see
the web site of College de France, [15]. One can also see [9] for a brief survey.

In the present paper, we aim at studying the system of partial differential equations
arising in mean field type control, when the horizon of the control problem is finite:
we will discuss the existence and the uniqueness of classical solutions. In the last
paragraph of the paper, we briefly discuss some numerical simulations in the con-
text of motion of pedestrians, and we compare the results obtained with mean field
games and with mean field type control.

1.1. Model and assumptions. For simplicity, we assume that all the functions
used below (except in § 4) are periodic with respect to the state variables x;, i =
1,...,d, of period 1 for example. This will save technical arguments on either
problems in unbounded domains or boundary conditions. We denote by T? the
d—dimensional unit torus: T¢ = R?/Z%. Let P be the set of probability measures on
T and PNL*(T?) be the set of probability measures which are absolutely continuous
with respect to the Lebesgue measure. For m € PNL'(T?), the density of m with
respect to the Lebesgue measure will be still be noted m, i.e. dm(z) = m(x)dz.
Let g be a map from P to a subset of C1(T¢ x R™; R9) ( the image of m € P will be
noted g[m] € CY(T¢ x R™;R%) ) such that
e there exists a constant M such that for all m € P and x € T4, |g[m](x,0)| < M
e there exists a constant L such that
— forallm € P, a € R" and 2,y € T¢, |g[m|(x,a) — g[m](y,a)| < Ld(x,y)
where d(x,y) is the distance between z and y in T¢.
— for allm € P, a,b € R® and = € T4, |g[m|(x,a) — g[m](z,b)| < L|a — b|
— for all mym’ € P, @ € R"” and # € T, |g[m](z,a) — g[m'](z,a)| <
Ldy(m,m’) where dy is the Wasserstein distance:

yel'(m,m’)

do(m,m') = inf (/ d2<x,y>dv<x,y>>,
Td xTd

I'(m,m') = {*y : transport plan between m and m’},
and a transport plan v between m and m’ is a Borel probability measure
on T¢ x T? such that, for all Borel subset E of T¢,
Y(E x T =m(E) and ~(T? x E) =m/(E).
e there exists a map § from L'(T?) to C'(T% x R™;RY) such that glpnp1(a) =
dlpnri(rey and that for any x € T¢ and a € R, m — g[m](x,a) is Fréchet
differentiable in L'(T?) and (z,a) — 2Z[m](x, a) belongs to

om
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CH(T4 x R™; L>°(T4; RY)). Hereafter, we will not make the distinction between
g and g.

Consider a probability space (£2, 4, P) and a filtration F* generated by a d-dimensional
standard Wiener process (W;) and the stochastic process (X;):cjo,7) in R? adapted
to F* which solves the stochastic differential equation

dX; = g[mt](Xt, at) dt +v2v dW, Vit € [O,T], (11)
given the initial state X which is a random variable F°-measurable whose proba-

bility density is noted mg. In (1.1), v is a positive number, m; is the probability
distribution of X; and a; is the control which we take to be

at :’U(t,Xt), (12)

where v(t,-) is a continuous function on T¢. To the pair (v,m), we associate the
objective

T
J(v,m):=E l/o flme) (X, ar)dt + h[mr](X71) (1.3)

where f (resp. h) is a map from P to a subset of C!(T? x R"), resp. to a subset of
CH(T9). We assume that

° llm‘a“)oo infme[pﬁze'[rd W = +00

e there exists a map f from LY(T%) to C*(T? x R™) such that fleaci(rey =
flp nr1(rey and that for any z € T4 and a € R", m — f[m](x, a) is Fréchet dif-
ferentiable in L'(T?) and (z, a) = 2L [m](z, a) belongs to C* (T4 xR"; L®(T?)).

Hereafter, we will not make the distinction between f and f.

We also assume that there exists a map A from L(T?) to C*(T%) such that hlp 1 (pay =
hlp nr1(rey and that for any x € T, m — h[m](x) is Fréchet differentiable in L'(T%)
and x — 88_7}}1 [m](z) belongs to C*(T¢; L>(T?)). Hereafter, we will not make the dis-
tinction between h and h.

It will be useful to define the Lagrangian and Hamiltonian as follows: for any = € T¢,
a € R” and p € RY,

L[m](x,a,p) = f[m](a:,a) +D- g[m](x,a)

Hm)(z,p) := min Lim](z,a,p).

where p - ¢ denotes the scalar product in R
It is consistent with the previous assumptions to suppose that
e there exists a map H from L'(T%) to C(T¢ x RY) such that Hlpapi(rey =
H|p nr1(rey and that for any x € T4 and p € R%, m — H[m|(x,p) is Fréchet dif-
ferentiable in L' (T¢) and (z, p) g—g [m](x,p) belongs to CH(T9xRE; L>°(T)).
We will not make the distinction between H and H.
o if m € PNLY(T?) and a* = argmin, f[m](z,a) + p - g[m](z,a), then
OH _of . dg *
%(I,P) = %(%a )+p %(%a )-

As explained in [5], page 13, if the feedback function v is smooth enough and
if mp € PNLY(T?), then the probability distribution m,(¢,-) has a density with
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respect to the Lebesgue measure, m,(t,-) € PNLY(TY) for all ¢, and its density m,
is solution of the Fokker-Planck equation

5;;01; (t, 2)—vAm,(t, :C)—i—div(mv(t, Jglma (t, )], v(t, ))) (x) =0, te(0,T],z € T,
(1.4)

with the initial condition
my(0, ) = mo(x), x €T (1.5)

Therefore, the control problem consists of minimizing
J(v,my) = / Flmao(t, )] (2, v(t, 2))m, (t,x)dxdt—i—/ hmy, (T, )] (x)m, (T, x)dz,
[0,7]xTd T

subject to (1.4)-(1.5). In [5], A. Bensoussan, J. Frehse and P. Yam have proved that
a necessary condition for the existence of a smooth feedback function v* achieving
J(v*, My ) = min J(v,my,) is that

’U*(t, 'r) = argminv (f[m(ta )](Ia 1)) + V’U,(t, I) ' g[m(tv )](.I, ’U)),
where (m,u) solve the following system of partial differential equations

ou

0 = (o) +vAult,2) + Him(t, ))(z, Vu(t, 2)) (1.6)
[ e, Tt ) e 0,
0 = %—T(t,x)—VAm(t,:c)+div(m(t,.)%_g[m(t,-)](.,vu(t,.)))(mh (1.7)

with the initial and terminal conditions
oh

m(0,2) =mo(x) and u(T,z) = h[m(T,")](z) + B
Td

[m(T, ))(€) ()m(T, ) de.

(1.8)
It will be useful to write

Glmal(a) i= [ m(€) - Hlml. a(6)) () (19)

for functions m € PNLY(T?) and ¢ € C(T4;RY), so that (1.6) can be written

0
Remark 1. Note the difference with the system of partial differential equations

arising in mean field games, namely

0= %(t’ z) + vAu(t, ) + Hm(t,)](x, Vu(t, 2)), (1.10)
= Gr(ta) = vam(t.2) + div(m( -)%—f[m(a N Vult,)) ) (), (1.11)

with the initial and terminal conditions
m(0,2) =mo(x) and u(T,z) = h[m(T,)|(z). (1.12)

Both the HJB equation (1.6) and the terminal condition on u in (1.8) involve ad-
ditional nonlocal terms, which account for the variations of m,, caused by variations
of the common feedback v.
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Remark 2. At least formally, it is possible to consider situations when H and h
depend locally on m, i.e. H[m](z,p) = H(x,p, m(z)) and h[m](z) = h(z,m(zx)): in
this case, (1.6)-(1.8) become

du

0 = = (t,:z:)—l—leu(t,x)—I—ﬁ(a:,Vu(t,:z:),m(t,:z:)) (1.13)
—i—m(t,I)Z—Z(x,Vu(t,x),m(t,x)),
0 — %—T(t,x}—VAm(t,a:)+div(m(t,-)%—IZ(~,Vu(t,~),m(t,~)))(x),(1.14)

with the initial and terminal conditions

m(0,z) = mo(z) and w(T,z) = h(z,m(T,z)) +m(T, I)S_Z(I’m(T’ x)). (1.15)

2. Existence results. We focus on the system (1.6)-(1.8). We are going to state
existence results in some typical situations.

2.1. Notations. Let @ be the open set Q := (0,7) x T¢. We shall need to use
spaces of Holder functions in @: For o € (0,1), the space of Holder functions
C*/%2(Q) is classically defined by

a/2,0(A ’LUEC(Q) : dC > 0 s.t. V(tl,xl),(tg,l'g) EQ,

C ’ (Q) = 2 a/2
|w(t1,:1:1) — w(t2,$2>| S C (d(Il,IQ) + |t1 — t2|)

and we define

|w(t1 s ,Tl) — ’w(tg, $2)|

sup -
(tr,01) £ (221 €@ (d(21, T2)2 + [t1 — ta])*?

|w|ca/2,a(Q) =

and |[w||ca/2.a(g) = ||w|\c@):l-|w|ca/z,a@). Then the space C1+)/2.1+2(Q) is made
of all the functions w € C(Q) which have partial derivatives g—;‘i € C¥/%(Q) for
all i = 1,...,d and such that for all (t1,2) # (t2,2) € Q, |w(t1,z) — w(tz,x)| <
Clty — to|1+)/2 for a positive constant C. The space C1+®)/21+2(Q), endowed

with the semi-norm

0 lw(ty, z1) — w(te, 2)]

d
w
|1U|C(1+a)/2,1+a D) = E H—Hca/z,a 5 + sup
@ o D7 ot [0 —[0F

and norm |[w||ca+ar/214a(g) = [[Wlleg) + |Wlca+er/2140(g) is a Banach space.
Finally, the space C**®/2:2+® is made of all the functions w € C'(Q) which are twice
continuously differentiable w.r.t. x, with partial derivatives % € cUta)/21+a((Q)
foralli=1,...,d, and %—1;’ € C*/%(Q). Tt is a Banach space with the norm
d
ow ow
wllerrarzara@y = llwle@) + 3 ||8—%|\c<1+a)/2,1+a(® + ”E”CQ/%‘}(Q)'
i=1
2.2. The case when 0,H is bounded. We make the following assumptions on
h, mg, H and G, in addition to the regularity assumptions on H already made in
6 1:
(Hp) For simplicity only, the map h is invariant w.r.t. m, i.e. h[m](z) = ur(x),
where up is a smooth function defined on T¢. Moreover, mg is a smooth
positive function.
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(Hy) There exists a constant v > 0 such that
[H[m](z,0)] <~ ¥(m,z) € (PNLY(T)) x T
(Hz) There exists a constant v; > 0 such that
0H
Ha_p[m]”Lip(']l‘ded) <m vm € PNLY(T%)

(Hs) For all (m,z,p) € (PNLY(T?)) x T¢ x RY, $Z[m](x,p) is a C* function on T¢
and there exists a constant v, > 0 such that for all (m,z,p) € (PNLY(T%)) x
T¢ x R?,
OH
||%[m]($7p)|\c1(w) < y2(1+[p|)
(Hy) There exists a constant v3 > 0 such that:

0H OH
15, 1 (5 0) = 5 Hmal (s Ollecrey < ysllma =malliapey ¥ma,ms € LY(TY).

(Hs) There exists v4 > 0 such that for my, my € POLY(TY), p1,ps € L>®(T?),

|Glmy, p1] — Glma, pa]l| Lo (ray < 7 (Ilp1 — pall oo (ray + [lma — mall L1 (ray) -
Example. All the assumptions above are satisfied by the map H :

@(p)
(c+ (p1*m)(x))

where ® is a C? function from R to R such that D?® and D® are bounded, a and ¢
are positive numbers, p; and ps are smoothing kernels in C*°(T%), p; is nonnegative,
and F is a C? function defined on T% x R%. Here, p* m(z) = [r. p(z — z)m(2)dz.
It is easy to check that

Hlm](z,p) = —

7 T F(x, (p2 x m)(z)),

®(q)
(c+ p1*xm)att

Glm, q|(z) = (aﬁl * (m )) () + po * (mF'(-, pa m))(x)
where p1(x) = p1(—x) and pa2(x) = pa(—2x).

Such a Hamiltonian models situations in which there are congestion effects, i.e.
the cost of displacement increases in the regions where the density is large. The
term F'(x,(p2 * m)(x)) may model aversion to crowded regions. The prototypical
situation is g[m](z,a) = a and ®(q) = minpex(q - b+ ®*(b)), where K is a compact
subset of R?. Setting ®*(b) = +oc if b ¢ K, H corresponds to the cost f[m](z,a) =

w2 (ale + (pr+ m)(2))®) + F(z, (p2 * m)(2)).

2.2.1. A priori estimates. We first assume that (1.6)-(1.8) has a sufficiently smooth
solution and we look for a priori estimates.

Step 1: uniform bounds on ||m|[zs o r;w1.e(ra)) + [|Mllcarz.a(g), P € [1,00),a €
[0,1). First, standard arguments yield that m(¢,-) € P for all ¢ € [0, T].

From Assumption (Hs), the function b : (¢t,x) — 0,H[m(t,-)](z, Vu(t,z)) is such
that ||b]| Lo (@) < 71. The Cauchy problem satisfied by m can be written

om

E(t, x) — vAm(t, z) + div(b(t, - )m(t,-))(z) = 0,

(2.1)
m(0,z) = mo(x),
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and from the classical theory on weak solutions to parabolic equations, see e.g.
Theorem 6.1 in [14], there exists a constant Cy depending only on |[mg||2(ray such
that

[[ml]

+ ”ch( ) < Co-

2 (0,111 (%)) [0,T];L2(T4)
Moreover, since the operator in (2.1) is in divergence form, we have maximum
estimates on m, see Corollary 9.10 in [14]: there exists a constant C7 depending

only on [[mo||« and 71 such that

m(t,z) < Cy V(t,x) € [0,T] x T4 (2.2)
Therefore, the Fokker-Planck equation in (2.1) can be rewritten
0
a—T(t, ) — vAm(t, z) + div(B(t, ) (z) = 0, (2.3)

where ||Blloc < 711C1. From from standard results on the heat equation, see [10],
this implies that for all p € [1,00) there exists a constant Ca(p) which depends on
|lmollso and 1, such that

om
1 o5 ) 150 o2 r) < Co0) (2.0

Finally, Holder estimates for the heat equation with a right hand side in divergence
form, see for example Theorem 6.29 in [14], yield that for any a € (0, 1), there exists

a positive constant C3(c) > Cy which only depends on 1 and on ||mo||¢a(ray such
that

[mllgarz.ag) < Cs(a). (2.5)
Step 2: uniform bounds on |[[ullca+e/21+0(g), & € (0,1). Defining
YoH
a(t,x) := —H[m(t,-)](z,0) and A(t,z) := a—[m(t, Nz, ¢Vu(t, x))dC,
o °p
the HIB equation (1.6) can be rewritten
%(f, x) + vAu(t,x) + A(t,x) - Vu(t,z) = a(t,x) — G[m(t,-), Vu(t,)](x). (2.6)
For some smooth function 4, let us consider
ou

5 (t,x) + vAu(t,z) + A(t, z) - Vu(t,x) = a(t,x) — G[m(t,-), Va(t, )] (x) (2.7)

instead of (2.6), with the same terminal condition as in (1.8). From Assumption
(Hy) and (H2), |lallcc < 70 and ||A]loc < 1. From Assumption (Hs),

1G[m, V][ p2(pay < e(1+ [V L2(rey), (2.8)
where ¢ > 0 depends on Cj in (2.2) and 2. Multiplying (2.7) by u(t, z)e~2At and
integrating on T%, then using the bounds on ||al|., [[Allsc <71 and (2.8), a standard

argument yields that there exist constants A and C4 which depend only on vg, 71,
Y2, |[mol|e such that

d _ _ _ _
= 2 (T = £, ) By e 22T ) 0] TlT = ) [Fagaye 2T 0
<Cy + gHVﬁ(T —t, .)H%Wd)(m(ﬂt).

Hence, if

T
y/ IVUT = t,) |32 paye” >~ dt < Cu, (2.10)
t=0
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with
Cy = 2C,T + 2/ ud(z)dz, (2.11)
Td
then

sup e 2A(T=Y) / uw?(T — t,x)dx + I//
t Td

T
0

(2.12)
Similarly, a solution of (1.6)-(1.8) satisfies (2.12) with the same constants A and
C4. Note that A can be chosen large enough such that the function (¢, 2) — ur(x)
satisfies (2.12).
For a solution of (1.6)-(1.8), this implies that dyu + vAu is bounded in L?*(Q),
hence that u is bounded in C°(0,T; H'(T?)) by a constant Cy > ||ur || 1 (pay which
depends on A, Cy, v1 and [[ur|| g1 (ay, i.e.

V]| oo (0,711 (1ay) < Cia. (2.13)

As a consequence, the left-hand side of (2.6) is bounded in L°(Q), and this yields
Holder estimates on u: by using Theorem 6.48 in [14], we see that for all 6 € (0, 1),
there exists a constant C5(¢) which depends on 0, ||mo||co, [[uz|c1+o(ray, Y0, 71, V2
such that

ullca+or/2140() < Cs5(0), (2.14)

which holds for a solution of (2.7) with the terminal condition (1.8), as soon as @
satisfies (2.12) and (2.13).

Step 3: uniform bound on ||m||¢ca+e)/2.140(g)s € € (0,1). Let us go back to (1.7).
From Assumptions (H;) — (Hy), and from the previous two steps, we see that for
any 6 € (0,1), m and %—g[m](-, Vu) are both bounded in C%/%%(Q) by constants
which depend on mg and up, and 7,...,vs. Thus, the function B in (2.3) is
bounded in C%/?%(Q). Using Theorem 6.48 in [14] for the heat equation with a data
in divergence form, we see that for all § € (0, 1), there exists a constant Cg(6) which
depends on 0, ||mo||c1+o(ay, [|[ur|lci+e(ray, Y0, - -, 73 such that

Hm||C(1+9)/2,1+9(Q) < Cg(8).

Step 4: uniform bounds on |[[ul|¢i+e/2.2+6(g), € € (0,1). From the previous steps
and Assumptions (H;) — (Hy), we see that there exists a constant ¢ such that the
functions in (2.6) satisfy [lallce/2.0(g) < ¢ and [|Al|¢os20(g) < c. Similarly, from
Assumptions (H3) and (Hs), ||G[m, Vul|lco/20(g) < c. Standard regularity results
on parabolic equations, for instance Theorem 4.9 in [14] lead to the existence of
C7(0) such that

[ullerrorz2to(gy < C7(0).

2.2.2. The existence theorem.

Theorem 1. Under the Assumptions (Hy)-(Hs), for a € (0,1) there exist functions
u € C1Te/22+2(Q) and m € CU+)/214(Q) which satisfy (1.6)-(1.8), ( note that
(1.7) is satisfied in a weak sense).

Proof. The argument is reminiscent of that used by J-M. Lasry and P-L. Lions for
mean field games: it is done in two steps
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Step A. For R > 0, let ng : R — R be a smooth, nondecreasing and odd function
such that

1. nr(y) =y if ly| < R, nr(y) = 2R if y > 3R

2. [Ingllee <1
We consider the modified set of equations
0= %(t, x) + vAu(t,z) + H[m(t, )] (x, Vu(t, ) + nr(G[m(t,-), Vu(t, )] (x))(2.15)
0= %—T(t, ) — vAm(t,z) + div(m(t, -)%—I;[m(t, NG Valt, -))) (2)2.16)

We are going to apply Leray-Shauder fixed point theorem to a map x defined for
example in X = {m € C°([0,T]; L>(T%) NP)}: consider first the map ¢ : X — X x
L2(0,T; HY(T9)), m ~ (m,u) where u is a weak solution of (2.15) and u|i—r = ur-.
Existence and uniqueness for this problem are well known. Moreover, from the
estimates above, for every 0 < a < 1, |[ul|¢1/2+a/2,1+a(g) is bounded by a constant
independent of m and m > u is continuous from X to C/?+e/21+a((Q),

Fix 6 € (0,1), and consider the map ¢ : X x CY/?+9/2140(Q) — L?(0,T; H'(T4)),
(m,u) — m where m is a weak solution of the Fokker-Planck equation
~ om 0H

0=——(t,x) — vAm(t,z) + div(m(t, 15

i [m(t ], Vu(t, ) @)

and m|i—g = mo. Existence and uniqueness are well known, and moreover, the
estimates above tell us that for all 0 < a < 1, there exists R, > 0 such that
[mlcarz.e(g) < Ra uniformly with respect to m and u. Moreover from the assump-
tions, it can be seen that ¢ maps continuously X x C/2+0/2.140(Q) to X.

Let K be the set {||m||ca/2.0(q) < Ra;mli=r = mr} N X: this set is a compact and
convex subset of X and the map x = ( o1: m +— m is continuous in X and leaves
K invariant. We can apply Leray-Shauder fixed point theorem the map x, which
yields the existence of a solution (ug,mg) to (2.15)-(2.16). Moreover the a priori
estimates above tell us that ug € C't*/22+2(Q) and mp € C+e)/21+a((Q).

Step B. Looking at all the a priori estimates above, it can be seen that mp, (resp ug)
belongs to a bounded subset of C*/2%(Q) (resp. C'/?>+/21+(Q)) independent of R.
Hence, for R large enough, nr(G[mp, Vugr]) = G[mg, Vug], and (mp, ur) is a weak
solution of (1.6)-(1.8), with ug € C'T*/2:2+2(Q) and mp € C(1+e)/21+ (). O

Remark 3. It is possible to weaken some of the assumptions in Theorem 1: for
example, we can assume the following weaker version of (Hs), namely:
(H%) There exists a constant 43 > 0 and 7 € (0, 1) such that

o Vm € PNLY(T?), |G [m]llc(raxrey <m
o Vm € PNLY(T?), z,y € T?, p,q € R?,

a—H[ﬂ“b](ﬂc,p) - a—H[m](y, Ol < md(z,y) +1[p—ql")

dp dp
Indeed, the regularity of %—g with respect to p is only used in Steps 3 and 4 above:
with this weaker assumptions, the conclusions of steps 3 and 4 hold with 0 <
¢ < m, and this is enough for proving the existence of u € clta/22te(Q) and
m € CFa)/214e () for some a, 0 < o < ) which satisfy (1.6)-(1.8).
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2.3. Hamiltonian with a subquadratic growth in p: a specific case. For a
smooth nonnegative periodic function p, two constants a > 0 and 3, 1 < 5 < 2, let
us focus on the following Hamiltonian:

B pl”
(1 + (p*m)(x))~

H[m|(z,p) := (2.17)

The map G defined in (1.9) is

Glm, dl(z) = a <ﬁ " @L)) (x),
At (prm)™

where p(z) := p(—2x).
Assuming that mg is smooth, let us call mg = ||mg|/oo: for all z € T, 0 < mg(z) <
mo. We assume that

B—1
ol L1 (ray < o (2.18)

Remark 4. It would be interesting to make further investigations to see if the as-
sumption on the regularizing kernel p in (2.18) is really necessary, since it is not nec-
essary in the context of mean field games with congestion. Yet, in the a priori esti-
mates proposed below, (2.18) is useful for getting a bound on ||mH [m|(-, Vu)||11(0),
see (2.20).

2.3.1. A priori estimates. We first assume that (1.6)-(1.8) has a sufficiently smooth
weak solution and we look for a priori estimates.

Step 1: a lower bound on wu. Since G is non negative, by comparison, we see
that

u(t, ) > up := min u(T, &) V(t,x) € [0,T] x T
fe'ﬂ‘

Step 2: an energy estimate and its consequences. Let us multiply (1.6) by
m —mo and (1.7) by u and integrate the two resulting equations on T¢. Summing
the resulting identities, we obtain:

/ 0 — (u(t,x)(m(t,x) — mo))dxdt—i-/ Hm(t,)|(z, Vu(t, z))(m(t, ) — mo)dzdt
/G Vu(t, ))(@)(m(t, z) — 1) dadt
. 0 -~

+ /Q div (m(t, a:)a—pH[m(t, (e, Vu(t,x))) u(t, z)dxdt =0
Hence
/ w(T,x)(m(T,x) — mo)dx—i-/ u(0,x)(mo — m(0, z))dx

'Jl‘d

:/ Hm(t, )| (z, Vu(t, z))(mo — m(t,x))dzdt
(2.19)

/G Vu(t, )] (z) (o — m(t, z))dzdt

—l—/Qm(t,x)a—pH[m(t, Nz, Vu(t, z)) - Vu(t, z)dzdt
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In (2.19), the first term in the left hand side is bounded from below by —||ur||oo (1 +
mo), The second term is larger than wy [1.,(mo —m(0, z))dz = (Mo — 1)uy. There-
fore, the left hand side of (2.19), is bounded from below by a constant ¢ which only
depends on mg and ||ur||s; we obtain that

c<(B - 1)/ m(t,x)H[m(t,")](z, Vu(t,z))dxdt + / moH[m(t, )] (x, Vu(t, x))dzdt
Q Q
_ . [Vu(t, )]’
+ /Q(mo —m(t,x))p * (m(t, ) T prm(t, o > (x)dxdt.
We see that last term can be bounded as follows:

w(t. )8
/Q(mo —m(t,z))p * (m(t, ) a +|pV* T(rtzj(t?|~))°‘+1) (x)dzdt

_ . |Vu(t,-)|?
<my /Q e <m(t7 ) Tt pemi, ))a) (z)dxdt

|Vu(t,z)|?

Wt pemit, 2

<mollplien | mit.2)
= —mollpll L1 (1e) / m(t, z)H[m(t,)](z, Vu(t, z))dxdt.
Q
Therefore,
¢ < (B —1—amolpllr1(ra)) / m(t, z)Hm(t,-)|(x, Vu(t, z))dzdt
Q
+ /Q moH[m(t,)](x, Vu(t, x))dzdt.

From (2.17) and (2.18), we see that there exists a constant C; which depends on
mo and |lur|e such that

[mH[m](-, Vu)| L1 (@) + [HIm] (-, Vu)llLiq) < Ch. (2.20)

Using (2.20), we deduce from a comparison argument applied to the HJB equation
that there exists a constant Cy which depends on mg and ||ur| e such that

llull oo (@) < Coa. (2.21)
Since 1 < g < 2, there exists a constant ¢ such that |a%£)m} (z,p)]? < (1 —
H[m](x,p)). We deduce from (2.20) and the latter observation that there exists
a constant C3 > 0 such that

2
/(m(t,x)—i—l)‘%(w,th,x)) dedt < Cs. (2.22)
Q P

Step 3: uniform estimates from the Fokker-Planck equation. The following
estimates can be proved exactly as in [19], Lemma 2.3 and Corollary 2.4, (see also
[6], Lemma 2.5 and Corollary 2):
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Lemma 2. For v = % if d > 2 and all v < 2 if d = 2, there exists an constant
¢ >0, (independent from mg and ur) such that

tSE\éQ[] [m(t, ) log(m(t, )|l Lx(re) + H\/EH%Q(O,T;Hl('JId)) + Imll7 o)
€,

<c ( /Q m(t, z)

Corollary 1. For q = g—ﬁ if d>2 and q < 4/3 if d = 2, there exists a constant
¢ > 0 such that

OH[m(t,-)] ’
T(I’ Vu(t,x))

) dedt + [ mo(x) 1og(m0(:17))d:17> .

Td

(2.23)

q

om
_tHLq((J,T;W*W(W»

0
OH[m(t,-)]
<c (/Q m(t, x) ’T(,T, Vu(t,x))

||Vm||qu(Q) +l

2

dxdt + [ mo(x)log(mo(z))dx
Td

(2.24)

From (2.24) and (2.22), we have a uniform bound on ||%—T||%q(0 7w —1a(ray) DY 8

constant depending only on ur and mg. We infer that (1.6) can be written

%(t, z) + vAu(t, z) + at,z)|Vul® (t, 2) = b(t, z), (2.25)

where a is a function which belongs to C([0, T]; CP(T¢)) for all p € N, with corre-
sponding norms bounded by constants depending only on up and mg. From (2.20),
we deduce that for all p € N, [|b[| 1o, 7w .o (1ay) is bounded by a constant depending
only on ur and mg, because
”b”Ll(O,T;WP’OO('JI‘d)) = HG[mvVU]HLl(O,T;WP’“’('JI‘d))
m|Vul?
a+1

At Goem) ™ 1)
< cllmH[m|(-, Vu)|| L1 ()

Step 4: uniform estimates on |Vul|. Since a € C([0, T];C?(T%)) and

b € LY0,T;WP>°(T9)), we can apply Bernstein method to (2.25) and estimate
[Vu|. By a slight modification of the proof of Theorem 11.1 in [14], (the only
difference is that in [14], b is supposed to belong to L>(0,T; WP->*(T?)), but it can
be checked that this assumption can be weakened), we prove that there exists a
constant C; which depends on uy and mg such that

IVl L= (@) < Ci. (2.26)

The proof adapted from [14] is rather long, so we do not reproduce it here.

Step 5: stronger a priori estimates. Since |Vu| is bounded, we can recover all
the a priori estimates in § 2.2.1, except that the estimates in Step 3 and 4 of § 2.2.1
only hold with 0 < # < 8—1, in view of Remark 3. We obtain that for all v € (0, 1),
there exist two constants Cs(y) and Cg(y) such that [|m|[cr/2+(g) < Cs(y) and
[wullcasv /2144y < Cs(7), and that for all 6 € (0,8 — 1), there exist two constants
07(9) and Cg(@) such that ||mHC(1+9)/2,1+9(Q) S 07(9) and ||U||Cl+e/2,2+e((2) S Cg(@)
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2.3.2. The existence theorem.

Theorem 3. We assume (Hy) and (2.18). For v, 0 < v < 8 — 1, there exists a
function v € C*TY/2249(Q) and m € CO+/21H7(Q) which satisfy (1.6)-(1.8) with
H given by (2.17).

Proof. We start by suitably truncating the Hamiltonian H and the map G: for
R > 1, define

p|® ’
B = if [p| < R,
Halmlie.) = e G e (2:27)
(14 (pxm)(2) if [p| > R,
and
min(|q|?, RP
Grlm, ql(z) = o (ﬁ * (m%>> (). (2.28)
Note that
9 —(B-17y )" — if[p| <R,
_HR[m](I,p)—l-a—pHR[m](x7p).p: (1+ (p;g@)(a:)) |
—(B - 1)(1 e @) if [p| > R.
(2.29)

Thanks to Remark 3, we can use a slightly modified version of Theorem 1: for some
v, 0 <~ < B —1, there exists a solution (ugr,mpg) of

o 811,3

0= W(t’ x) + vAug(t,x) + Hrlmg(t, )](z, Vur(t,x)) + Grlmg(t,-), Vugr(t, )] (x),
0= 8gl—tR(t, ) — vAmg(t,z) + div(mR(t, ~)%[m3(t, NC, Vugl(t, -)) (),

with the initial and terminal conditions (1.8), such that up € C'T7/22+7(Q) and
mpg € CHHN/2147(Q).

Then it is possible to carry out the same program as in Step 1 and 2 in § 2.3.1:
using (2.27)-(2.29), we obtain that there exists a constant ¢ independent of R such
that

[Vug(t,z)|’

(14 p*mg(t,x
RP

0+ pr malt, 7))

¢ <—(B—1—amollp|lLi(ra) /QmR(t,x) e L Vur(t.e) < rydrdt

- (B -1- amOHpHLl(vﬂ-d)) /QmR(t,CL') = 1{|VuR(t,x)|2R}d$dt

+/QmOHR[mR(t,-)](x,VuR(t,:v))d:vdt,

and this implies the counterpart of (2.20): there exists a constant C' independent

of R such that
min(|Vug|?, R?)

(1+ (pxmp))*
From this, we obtain the counterpart of (2.22):

/Q(mR(t, ) +1) ’%}W@, Vun(t, )

<C. (2.30)

1m0
LY(Q)

2
dadt < C, (2.31)
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where C' is a constant independent of R. This estimate allows one for carrying out
Steps 3 and 4 in § 2.3.1 and obtaining estimates independent of R: in particular, the
same Bernstein argument can be used, and we obtain that there exists a constant
independent of R such that ||Vug|/z~g) < C. In turn, step 5 in § 2.3.1 can be
used and leads to estimates independent of R.

From this, taking R large enough yields the desired existence result. O

3. Uniqueness.

3.1. Uniqueness for (1.6)-(1.8): a sufficient condition. In what follows, we
prove sufficient conditions leading to the uniqueness of a classical solution of (1.6)-
(1.8). For simplicity, we still assume that the final cost does not depend on the
density, i.e. that there exists a smooth function up such that h[m|(z) = ur(z). In
order to simplify the discussion, we assume that the operator H depends smoothly
enough on its argument to give sense to the calculations that follow.

We consider two classical solutions (u,m) and (@, m) of

0 = %(t, x) + vAu(t,z) + Him(t, )] (x, Vu(t, x)) (3.1)
wggmwfmékuaxmmafwa
0 = %—T(t, x) — vAm(t,z) + div(m(t7 ~)%—I;[m(t, I, Valt, ))) (), (3.2)
and
0 = %(t, @) + vAa(t, ) + Him(t, ))(z, Va(t, o)) (3.3)
- g—ﬁ[m@, N(E, Va(t, €))(z)m(t, €)dE,
0 = %—T(t, x) — vAm(t,z) + div(ﬁz(t7 )%—I;[m(t, I, Vialt, ))) (). (3.4)

We subtract (3.3) from (3.1), multiply the resulting equation by (m(t,x) —m(¢,z)),
and integrate over (). Similarly, we subtract (3.4) from (3.2), multiply the resulting
equation by (u(t,z) — u(t,x)), and integrate over ). We sum the two resulting
identities: we obtain

0 :/ (u(T,z) — (T, z))(m(T,z) — m(T,x))dx
Td

- [ wl0.0) = 0.2)(m0,2) (0.2 d (35
Td

T

+/ E[m(t, ), Vu(t, ), m(t, ), Va(t, -)]dt.

t=0
where
Bloms.promapa] = [ (Hlms (.1 () = Hima) (2. pa(a)))m +) = maa))da
@) = ma) [ (G ol (€D ahm €)= Gt € pa©) 0hmal) ) deda

- /T ) (ml(x)(%H[ml](x, p(z)) — mg(x)a%ﬂ[mz](x, pz(ﬂﬁ))) (p1(x) — pa(x))de.
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Call dm = mo—my and dp = pa —p1 and consider the function e : [0, 1] — R defined

E[mlupluml + 9577%]91 + 9529]7 0 > 07 (3 6)

=IS T

e(0) =

It can be checked that e is C! on [0, 1] and that its derivative is
)=2 [ [ Goctms + 85ml(e,pr + 03p(9)(@)om(€)om(a)
T4 Ja O
0’H
- / L L9+ 05m(©) s + 05m) . n + 050(6) @) ()m (2)om ()

— /Jl‘d (mq(x) + 0dm(x))dp(x) - DzypH[ml + 06m|(x, p1 () 4+ 00p(x))op(z).
(3.7)

Let us introduce the functional defined on C(T%) x C(T¢;R¢) by

H[m,p] := » m(z)H[m](z, p(z))dx. (3.8)

The second order Fréchet derivative of H with respect to m (respectively p) at
(m,p) is a bilinear form on C(T?), (resp. C(T%R?)), noted DZ, , H[m,p], (resp.
D2 H[m,p]) . For all m € C(T*) NP and all p € C(T%RY), let us define the
quadratic form Q[m, p] on C(T¢) x C(T%; R?) by

Q[mvp] (Ma 7T) = szn,m,H[mvp] (Ma /1') - Df,)p’H[m,p] (Wa 7T)' (3'9)
We see that (3.7) can be written as follows:
€' (0) = Q[my + 05m, py + 05p](dm, dp). (3.10)

Theorem 4. We assume (Hy) and that (m,xz,p) — H[m|(z,p) is C* on C(T?) x
T4 x Re. A sufficient condition for the uniqueness of a classical solution of (1.6)-
(1.8) is that

1. for allm € C(TY) NP and all p € C(T% R?), the quadratic form
p— D2 H[m, pl(p, ) is positive definite

2. for allm € C(TY)NP and x € T¢, the real valued function p € R — H[m|(z,p)
is strictly concave.

Proof. From the concavity of p — H[m](z, p), —Df))p%[m, p is positive semi-definite.
Therefore, Q[m,p| is positive semi-definite, and Q[m, p](u,7) = 0 implies that
DZ, . H[m, pl(u, ) = 0 and —D2 H[m,p](m,7) = 0, and therefore y = 0.

From (3.5), two solutions (u,m) and (a,m) of (1.6)-(1.8) satisfy

/T E[m(t,-), Vu(t,-),m(t,-), Vau(t,)]dt = 0, (3.11)
=0

) = m(Ov ) and u( ) - U(Tv )

But, from (3.6) and (3.10), the properties of the quadratic form Q[(1 — 0)m(t,-) +
977T”L( ), (1= 0)Vu(t,-) + 0Va(t, )] imply that

Ji—o Elm(t,-), Vu(t,-),m(t,-), Va(t,-)]dt > 0 if m # .

because m/(0,
3.
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Therefore, (3.11) implies that m = m. Then,

0—
OH OH ~ N
/Qm(t,x) <8—p[m(t, Nz, Vu(t,z)) — a—p[m(t, Nz, Va(t, a:))) - (Vu — Vu)((t,x)).
3.12

If v > 0, then the maximum principle implies that m(t,z) > 0 for all t > 0,z € T<.
This observation, (3.12) and the strict concavity of H with respect to p imply that
Vu(t,z) = Va(t,xz) > 0 for all ¢, 2z, which yields immediately that v = @ by using
(1.6). O

Remark 5. Let us give an alternative argument which does not require the knowl-
edge that m(t,z) > 0 for all t > 0,x € T¢. Such an argument may be useful
in situations when v = 0 or v is replaced in (1.1) by a function of z which van-
ishes in some regions of T?. The strict concavity of H with respect to p and
(3.12) yield the fact that u = @ in the region where m > 0. This implies that
G[m(t,)](x, Vu(t,z)) = G[m(t,-)](z, Vu(t, z)): hence, for all ¢ and z,

0

5 (t.@) + viu(t, ) + Him(t, )(z, Vu(t, 2))

o

:8—1;(1%, x) + vAu(t,x) + Him(t, )|(z, Va(t, x)).

We can then apply standard results on the uniqueness of the Cauchy problem with
the HJB equation %(t, x) +vAu(t, )+ Hm(t, )] (z, Vu(t, z)) = g and obtain that
U = U.
Corollary 2. In the case when H depends locally on m, i.e.

Hlm|(z,p) = H(x,p,m(x)),
the sufficient condition in Theorem 4 is implied by the strict concavity of p € R
fl(m,p, m) for all m > 0 and x € T? and the strict convezity of the real valued
function m € Ry — mH (z,p,m), for all p € R

Example. Consider for example the Hamiltonian

, [p|”
H|ml|(x,p) = H(z,p,m(z)) = ——————
[m](z,p) = H(z,p,m(z)) Crm@)"
with ¢ > 0, a > 0, § > 1, F' a smooth function defined on R;. One can check that
if « <1 and F is strictly convex, then uniqueness holds.
Such a Hamiltonian arise in a local model for congestion, see [15].

+ F(m(z)), (3.13)

Remark 6. The same analysis can be carried out for mean field games, see [15]:
for example, under Assumption (Hp) and in the case when H depends locally on

m, i.e. H[m](x,p) = H(z,p,m(x)), a sufficient condition for the uniqueness of a
classical solution of (1.10)-(1.12) is that

%g_,Hn (Jj,p,m) _%vgﬁ(xvpam)
—%va(I,p, m) _2D;2),pH(Iap7 m)

be positive definite for all € T¢ m > 0 and p € R? Here, we see that the
sufficient condition involves the mixed partial derivatives of H with respect to m
and p, which is not the case for mean field type control. If H depends separately
on p and m as in [13], then %fol(ac,p, m) = 0 and the condition becomes: H is
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strictly concave with respect to p for m > 0 and non decreasing with respect to m,
(or concave with respect to p and strictly increasing with respect to m).

Remark 7. The extension of the result on uniqueness to weak solutions is not
trivial. In the context of mean filed games, one can find such results in [18] and
[17]: roughly speaking they rely on some new uniqueness results for weak solutions
of the Fokker-Planck equation and on crossed regularity lemmas, see Lemma 5 in
[18]. In the context of mean field type control, the same kind of analysis has not
been done yet.

In the case when n = d, g[m](z,v) = vand v — f[m](x,v) is strictly convex for all
m € P and z € T?, it is well known that f[m](z,v) = sup,cpa (H[m](z,q) — q - v).
Furthermore if p — H|[m](x, p) is strictly concave for all m € P and = € T¢, then

Flml(z,v) = max (H[m](z,q) = q-v) (3.14)

and the maximum is achieved by a unique ¢. This observation leads to the following
necessary condition for the assumption of Theorem 4 to be satisfied.

Proposition 1. Assume that n = d, gm](z,v) = v, that v — flm|(z,v) is strictly
convex for all m € P and x € T?, and that p — H[m](z,p) is strictly concave for
allm € P and x € T¢. If for all p € C(T%RY), m ~ H[m,p] is strictly convex
in PNC(T?), then for all v € C(T4RY), m — [r, m(z)f[m](z,v(z))dz is strictly
convex in PNC(TY).

Proof. Take A\; > 0 and Ay > 0 such that A; + Xy = 1 and m; # my in PNC(T).
From (3.14),
/ (AMma(z) + Aama(z)) f[Aim1 + Aama|(z, v(z))dx
Td
= [ max(Aymqy(z) + Aama(z)) (H[A1m1 + Aama](x, ¢) — qu(x)) dz.
Td gER?

If for all z € T?, the maximum in the latter integrand is achieved by ¢*(x), then
2+ ¢*(z) is a continuous function (from the continuity of v) and we have

/Td (Ama(z) + Aama(z)) f[Aim1 + Aama|(z, v(z))dx

= el /Td()‘lml (@) + Aema(x)) (H[Arm1 + doma](z, q(2)) — q(z)v(2)) da.

From this and the convexity of m — H[m,p], we deduce that
[ o) + Aama () framn + am o, v(a)d
T

< e, ( Jofprmafeitimllonato) o) des )
eliin \ Do o (ma(@) Hlma (2, a(z)) - a(e)o(e) do

<h (ma () H[ma (2, ¢(x)) — g(z)v(2)) de

e x| (e Hma)(e,a(@) = ata)o(a) da

=\ / my(x) flmi](x,v(x))de + A2 | ma(z)flme](z,v(z))dx.
Td

Td
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3.2. Back to the control of McKean-Vlasov dynamics. As in the end of the
previous paragraph, we assume that n = d and g[m](z,v) = v. The control of
McKean-Vlasov dynamics can be written as a control problem with linear con-
straints by making the change of variables z = muv: it consists of minimizing

) = [ o) (o 2 Y s+ [ urteym. (7. 2,

" m(t,x)

Td
(3.15)
subject to the linear constraints
om;
gz (t,z) — vAm,(t,x) +divz(t,z) =0 t € (0,T],2 € T%, (3.16)
with the initial condition
m.(0,z) = mo(z), x €T (3.17)

For simplicity, we assume that f depends locally on m, i.e.

flm] (z,0(x)) = f (z,0(z),m(x)), VzeT"

We are going to look for sufficient conditions for (z,m) — mf(z, =,m) be a convex
function. This condition will thus yield the uniqueness for the above control prob-
lem.
Assuming that all the following differentiations are allowed, we see that the Hessian
of the latter function is
) _ %Zngf(%ﬂn) z _#Z ’ ngf(%,m)

e Dof Gom) 2 SR (5m)

of ( = %f (= 2 OV.f (= 8V$f z
(20w Grom) +maps (5om) =25 - b (Fm) - T (5m)

AV, f (i m) 0

m’

om
where we have omitted the dependency on x for brevity. This is better understood
when expressed in terms of (v, m):

2 ; vl
% (mf (x,v,m)) mﬁf (x,v,m))

m%el (x,0,m)  mDy, f (z,0,m)

O(z,v,m) = ( (3.18)

We have proved the following
Proposition 2. We assume thatn = d and gm](x,v) = v, and that fm] (z,v(x)) =

f (z,v(x),m(z)), for all x € T, where f is a smooth function. A sufficient condi-
tion for the uniqueness of a minimum (z*, m*) such that m* > 0 is that ©(x,v, m)

be positive definite for all x € T, m > 0 and v € RY.

Proposition 3. We make the same assumptions as in Proposition 2. The positive
definiteness of ©(x,v,m) for all x € T¢, m > 0 and v € R? implies the sufficient
conditions on H in Corollary 2.

Proof. We observe first that the positive definiteness of © implies that D2, f(z, v, m)
is positive definite for all € T¢, m > 0 and v € R%.

Let us call v* € R? the vector achieving H(z,p,m) = p-v* + f(z,v*,m). We
know that Vpﬁ (x,p,m) = v*. Differentiating the optimality condition for v* with
respect to p, we find that

D;pf{(x,p, m) = — (Dg)vf(x,v*, m))_l . (3.19)
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Note that (3.19) implies the strict concavity of p — H(x,p,m) which is the first
desired condition on H. The second condition on H will be a consequence of the
implicit function theorem: differentiating H with respect to m, we find that

oH of . ot vt af

%(Iapvm) = %(x,v*,m)—l—va(x,v*,m)-%—l—p% = %(Iav*vm)v (320)
where the last identity comes from the definition of v*. Differentiating once more
with respect to m, we find that

02H 92 f

Iz (z,p,m) = pwe

OV f (o, v*m) ov*
x,v*,m) - .
om 7 om
Then the implicit function theorem applied to the optimality condition for v* yields
that

(z,v",m) +

(3.21)

19V, f

ov* 2 7 * *
o = (Dv)vf(;v,v 7m)) B (x,v*,m). (3.22)
From (3.19)- (3.22), we see that
2 2

3(?712 (mf[(x,p,m)) _ % (mf(x,-,m)> ")
: -1 ; (3.23)
_ (maavnl;f (x,v*,m)> . (ng,vf(x,v*,m)) <m%($,v*,m)> |

Hence, 68—7; (mﬁ(x,p, m)) is a Schur complement of ©(xz,v*,m). Therefore, it is

positive definite and we have proved the second condition on H.
O

4. Numerical Simulations. Here we model a situation in which a crowd of pedes-
trians is driven to leave a given square hall (whose side is 50 meters long) containing
rectangular obstacles: one can imagine for example a situation of panic in a closed
building, in which the population tries to reach the exit doors. The chosen geometry
is represented on Figure 1. The aim is to compare the evolution of the density in

CoRRRNWLIEE
[N

[

———— | 50

clhiminnnwine

|

exit exit
FIGURE 1. Left: the geometry. Right: the density at t =0

two models:
1. Mean field games: we choose v = 0.012 and the Hamiltonian to be of the form
(3.13), i.e. which takes congestion effects into account and depends locally on
m; more precisely:
~ 8|p|? 1
H(:E,p,m) == |p| 3 :
(1+m)T 3200
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The system (1.10)- (1.11) becomes

ou 8 1

001280 — —— V2 = ——— 41

g 012 Au (1+m)3 Vel 3200’ (4.1)
9m 0,012 Am — 16div (ﬂ) ) (4.2)
ot (1—|—m)Z

The horizon T is T' = 50 minutes. There is no terminal cost.
There are two exit doors, see Figure 1. The part of the boundary correspond-
ing to the doors is called I'p. The boundary conditions at the exit doors are
chosen as follows: there is a Dirichlet condition for v on I'p, corresponding to
an exit cost; in our simulations, we have chosen u = 0 on I'p. For m, we may
assume that m = 0 outside the domain, so we also get the Dirichlet condition
m=0onI'p.
The boundary I'y corresponds to the solid walls of the hall and of the obsta-
cles. A natural boundary condition for v on I'y is a homogeneous Neumann
boundary condition, i.e. g—z = 0 which says that the velocity of the pedestri-
ans is tangential to the walls. The natural condition for the density m is that
u%—:’; + m%—g(-,Vu,m) -n = 0, therefore %—Zl =0onTly .

2. Mean field type control: this is the situation where pedestrians or robots use
the same feedback law (we may imagine that they follow the strategy decided

by a leader); we keep the same Hamiltonian, and the HJB equation becomes

ou 2 6 1
—+0.012Au—( -+ 7> Vul? = ———. 4.3
ot (1+m)T  (1+m)T IVul 3200 (43)

while (4.2) and the boundary condition are unchanged.

The initial density my is piecewise constant and takes two values 0 and 4 people/m?,
see Figure 1. At ¢ = 0, there are 3300 people in the hall.

We use the finite difference method originally proposed in [3], see [1] for some details
on the implementation and [2] for convergence results.

On Figure 2, we plot the density m obtained by the simulations for the two models,
at t =1, 2, 5 and 15 minutes. With both models, we see that the pedestrians rush
towards the narrow corridors leading to the exits, at the left and right sides of the
hall, and that the density reaches high values at the intersections of corridors; then
congestion effects explain why the velocity is low (the gradient of u) in the regions
where the density is high. On the figure, we see that the mean field type control
leads to a slower exit of the hall, with lower peaks of density.
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FIGURE 2. The density computed with the two models at different
dates. Left: Mean field game. Right: Mean field type control. The
scales vary from one date to the other
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