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FUTURE ASYMPTOTICS AND GEODESIC COMPLETENESS
OF POLARIZED T2-SYMMETRIC SPACETIMES

PHILIPPE G. LEFLOCH AND JACQUES SMULEVICI

AssTracT. We investigate the late-time asymptotics of future expanding, polarized vacuum
Einstein spacetimes with Tz—symmetry on T%, which, by definition, admit two spacelike Killing
fields. Our main result is the existence of a stable asymptotic regime within this class, that
is, we provide here a full description of the late-time asymptotics of the solutions to the
Einstein equations when the initial data set is close to the asymptotic regime. Our proof
is based on several energy functionals with lower order corrections (as is standard for such
problems) and the derivation of a simplified model which we exhibit here. Roughly speaking,
the Einstein equations in the symmetry class under consideration consists of a system of wave
equations coupled to constraint equations plus a system of ordinary differential equations. The
unknowns involved in the system of ordinary equations are blowing up in the future timelike
directions. One of our main contributions is the derivation of novel effective equations for
suitably renormalized unknowns. Interestingly, this renormalization is not performed with
respect to a fixed background, but does involve the energy of the coupled system of wave
equations. In addition, we construct an open set of initial data which are arbitrarily close to
the expected asymptotic behavior. We emphasize that, in comparison, the class of Gowdy
spacetimes exhibits a very different dynamical behavior to the one we uncover in the present
work for general polarized T?>-symmetric spacetimes. Furthermore, all the conclusions of
this paper are valid within the framework of weakly T?-symmetric spacetimes previously
introduced by the authors.

1. INTRODUCTION

This is the third of a series of papers [17, 18] devoted to the study of weakly regular,
T?—symmetric vacuum spacetimes. There has been extensive work on the mathematical
analysis of T?>-symmetric spacetimes with high regularity and we refer for instance to the
introduction of [30] for the related literature. Our motivation in studying these spacetimes
is two-fold. First of all, given the high degree of symmetry, one can study these solutions
under much weaker regularity than in the general case. In [17], we introduced the notion of
weakly regular, T>~symmetric, vacuum spacetime and we established a future expanding,
global existence theory in the so-called areal coordinates —generalizing a previous result
in the smooth setup [2]. Our notion of weakly regular spacetimes extended a notion first
proposed by Christodoulou [5] (see also [19]) for radially symmetric spacetimes and later by
LeFloch and co-authors [14, 15, 16, 20, 21] for Gowdy symmetric spacetimes. See also the
more recent developments in [10, 11].

Our second motivation in the present paper comes from the fact that, apart from special
cases (cf., for instance, [7, 25, 27]), a complete description of the late-time asymptotics of T?
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symmetric spacetimes has not be given yet even for smooth initial data sets. In fact, the
techniques available until now provide the existence of future developments, but are not
sufficient in order to prove that these spacetimes are future geodesically complete or not.

Recall that a T?-symmetric, vacuum spacetime is a solution to the vacuum Einstein equa-
tions Ric(g) = 0 arising from an initial data set which is assumed to be invariant under an
action of the Lie group T?. We are concerned here with the study of T?-symmetric spacetime
arising from initial data given on T°. For such spacetimes, it is known [6] that, unless the
spacetime is flat (and therefore the solution trivial) the area of the orbits of symmetry, say
R, admits a timelike gradient and, therefore, can be used as time coordinate and leads one
to define the so-called areal gauge. By convention, we can choose the time direction so
that R increases toward the future. In the present paper, we restrict attention to polarized
T2-symmetric spacetimes, which are T?-symmetric spacetimes for which the Killing fields
generating the T?> symmetry can be chosen to be mutually orthogonal.

Our main result is a complete description of the future time-asymptotics of polarized,
T2-symmetric, vacuum spacetimes, under the assumption that one starts sufficiently close
to the expected asymptotic regime. As a consequence, it follows that these spacetimes are
future geodesically complete. We refer to Theorem 7.1 in Section 7 and Theorem 8.1 in
Section 8 for precise statements. These results are new even for smooth initial data, but we
also emphazise that all of our estimates are valid within the framework of weakly regular
T2-symmetric spacetimes introduced in [17].

Earlier to the present work, two important subclasses of T?-symmetric solutions were
studied in the literature. First of all, when the initial data set is invariant not only by an
action of T2 on T° but by the action of T3 on itself, then the spacetime is homogeneous,
i.e. admits three independent spatial Killing fields. The Einstein equations then reduce to a
set of ordinary differential equations. Second, another subclass of solutions is the class of
Gowdy spacetimes, which, by definition, are Tz—symmetric solutions for which the family
of 2-planes orthogonal to the orbits of symmetry is integrable. One of the main differences
between the Gowdy solutions and the general T?-symmetric solutions is that the equations in
areal gauge are semi-linear in the Gowdy case, while they are being quasi-linear in general.
The future time-asymptotics of Gowdy spacetimes were derived by Ringstrom [25] (see also
[7] for polarized Gowdy spacetimes).

The following question thus arises. Are the asymptotics of homogeneous T?-symmetric or
Gowdy spacetimes stable within the whole set of T>-symmetric solutions? For homogeneous
solutions, it turns out that there are not even stable within the class of Gowdy spacetimes
[25]. As far as Gowdy spacetimes are concerned, the asymptotics derived in the present work
show that Gowdy spacetimes are not stable within the set of T2-symmetric solutions. For
instance, according to Theorem 7.1 in Section 7, the norm of the gradient of R behaves like
R~2, while it decays exponentially in the Gowdy case. Of course, one question which remains
open is whether the future asymptotic behavior that we uncover here is stable, first within
the whole class of T2-symmetric solutions (i.e for non-polarized solutions) and, then, within
the class of solutions arising from arbitrary initial data defined on T°. Many of the estimates
we prove below can actually be generalized to the non-polarized case and we intend to treat
the general class of non-polarized spacetimes in the future.

Independently to this work, Ringstrdm has recently obtained interesting and complemen-
tary results on T?-symmetric spacetimes [28]. His main results can be summarized as follows.
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For any T?-symmetric spacetime which is non-flat and non-Gowdy, there is a certain geomet-
ric quantity! which, if bounded as R — +co, then implies that the solution is homogeneous.
This result does not give sharp asymptotics on the solutions, but it is a large data result and
therefore, it is so far the strongest result available for T>-symmetric spacetimes with arbitrary
data. It implies, in particular, that the asymptotics of non-Gowdy, non-homogeneous solu-
tions are quite different from the asymptotics of homogeneous or Gowdy solutions. A second
set of results proved in [28] concern polarized T?-symmetric under a smallness assumption
(which is slightly different from the initial data assumption that we make here). A partial
set of asymptotics is then obtained therein, while in the present work, we derive a full set
of late-time asymptotics; it is interesting to point out that the methods of proof appear to be
quite different.

The rest of this paper is organized as follows. In the following section, we introduce
standard material on Tz—symmetric and polarized solutions, which we will use throughout.
In particular, we recall the global existence of areal foliation for weakly regular initial data
established in [17]. Apart from this result, this paper is essentially self-contained. We
conclude this preliminary section by presenting the general strategy that we will use in order
to derive the asymptotics. In Section 3, we derive some formulas for the evolution of certain
mean values and we also provide some estimates about the commutator associated with the
time derivative operator and the spatial average operator. Section 4 is devoted to the analysis
of the corrected energy. In Section 5, we introduce several renormalized unknowns, derive a
system of evolution equations for them, and provide estimates on various error terms arising
in the analysis. In the following section, we introduce and close a small bootstrap argument,
linking all the previous estimates together. In Section 7 and 8, we present and give the proofs
of the main results of this paper, concerning the full set of asymptotics and the geodesic
completeness of these spacetimes, respectively. Finally, in a final section, we construct an
open set of initial data satisfying the assumptions of Theorem 7.1.

2. PRELIMINARIES ON T2-SYMMETRIC POLARIZED SOLUTIONS

2.1. Einstein equations in areal coordinates. Let (M, ¢) be a weakly regular T2-symmetric
spacetime, understood in the sense introduced by the authors in [17]. From the existence
theory therein, we know that, if R : M — R denotes the area of the orbits of the symmetry
group, then its gradient vector field VR is timelike (and future oriented thanks to the standard
normalization adopted in [17]) and, consequently, the area can be used as a time coordinate.
In these so-called areal coordinates, the variable R exhausts the interval [Rg, +o0), where
Rp > 0 is the (assumed) constant value of the area on the initial slice, and the metric takes the
form
(1) g =W (= dR? +a72d6%) + P (dx + Ady + (G + AH) d6) +¢2UR(dy + Hd6) .
Here, the independent variables x, y, 0 belong to S! (the one-dimensional torus or circle) and
the metric coefficients U, A, 1,4, G, H are functions of (R, 0), only. We will, for convenience
in the presentation, identify S! with the interval [0, 27] and functions defined on S! with 27
periodic functions. The vector fields dy and d,, are Killing fields for the above metric and so
are any linear combinations of d, and d,,.

We are interested here in polarized T?>-symmetric spacetimes, defined as follows.

UIn the notation of this paper, it coincides with the quantity & introduced in (2.19) in Section 2.4.
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Definition 2.1. A T?-symmetric spacetime is said to be polarized if one can choose linear combinations
X, Y of the vector fields dx, dy generating the T* symmetry such that g(X,Y) = 0.

For a polarized spacetime, it follows that the metric can be rewritten (possibly after a

change of the coordinates x, y) as
2 2
22) g =2 ( —dR*+a72 d@z) + ezu(dx +G d@) + e‘zuRz(dy + Hd@) .

Now, the Einstein equations for T?-symmetric spacetimes written in areal coordinates have
been derived in [2] for smooth solutions (see also [6] for the existence of areal time). In [17],
we introduced the weak version of the Einstein equations for weakly regular T>-symmetric
spacetimes and we proved that, using areal coordinates, we could still reduce the Einstein
equations to those obtained in [2]. In the polarized case, we are thus left with the following
system of partial differential equations:

(1) Three evolution equations for the metric coefficients U, 1, a:

(2.3) (Ra™'Ur)r — (Ralg)e =0,
24 @R~ @l = O = = (R0 ).
(2.5) (lna)g = —I;—i e,

where K is a real constant and Q7 := ( - a‘lllﬁ +a Ué).
(2) Two constraint equations for the metric coefficient 1:
KZ

(2.6) nR+@ezq = aRE,

(2.7) ne = REF,

where E = (a7 U2 + a U2) and F := 2 UgUp.
(3) Two equations for the twists:
(2.8) Gr=0, Hg= % a~te?,
Here, K is the so-called twist constant and K = 0 corresponds geometrically to the integrability
of the family of 2-planes orthogonal to dy and d,.. The special solutions with K = 0 are called
Gowdy spacetimes (with T° topology). Since the dynamics of Gowdy spacetimes are well-
known [25], we focus here exclusively on the case K # 0.

Note that the metric functions G and H do not appear in the equations apart from (2.8).
These latter equations can simply be integrated in R, once enough information on their right-
hand sides is obtained. They will therefore be ignored in most parts of this paper. Note also
that (2.4) is actually a redundant equation, i.e. can be deduced from the other equationsZ.

Finally, observe that the identity

21
(2.9) (6—) — 2REE,
a Jr

More precisely, (2.4) can be obtained by multiplying (2.6) and (2.7) by a~! and a respectively, differentiating

the resulting equations in R and 6 and taking their differences before replacing second derivatives of U and first
derivatives of a using the evolution equations.
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will be useful later in this paper; it can be easily derived from the Einstein equations (2.6)
and (2.5).

2.2. Global existence in areal coordinates. In [17], we proved local and global existence
results for general T2-symmetric spacetimes in areal coordinates. In the specific case of
polarized T?-symmetric spacetimes, these results imply the following conclusion.

Theorem 2.2 (Global existence theory in areal coordinates). Fix any constants K,Rg > 0.
consider any initial data (U, Uy) € H(SY) x L*(SY), ag € W>L(SY), and 9 € WYL(S!) such that
ag > 0. Suppose moreover that the constraint equation (2.7) is satisfied initially i.e.

(2.10) do(110) = 2Ro Urdp(Uo).
Let C be the class of functions (U, n,a) such that
U € CX([Ro, +00), L*(S1) N CX([Ro, +00); H'(S1)),
1 € CY([Ro, +00); W(S1)),a € C°([Ro, +00); WH(Sh)).

Then there exists a unique solution (U, n,a) € C of the Einstein equations (2.3)-(2.7) which assumes
the given initial data at R = Ry, in the sense

U(Ro) Uo, Ur(Ro)= Uy,
n(Ro) = mno, a(Ro) = ap.

Moreover, on any compact time interval, the solution can be uniformly approximated by smooth
solutions in the norm associated with C.

Since all of our estimates in the present paper will be compatible with the density property
stated at the end of the above theorem, it is sufficient to perform our analysis by assuming
our initial data to be smooth.

2.3. Energy functionals. Important control on the metric coefficients, mostly on their first-
order derivatives, is obtained by analyzing the energy functionals

(2.11) E(R) := f E(R,0)d0, E=a'Uz+als,
51
and
KZ
(2.12) &x(R) == f Ex(R,0)d0,  Ex:= E+ @a—lezn.
51

Using the Einstein equations (2.3)—(2.7), it follows that both functionals are non-increasing
in time, with
KZ

d ) 2
el - n _ = 1 2
RER) =~ SlEe do RLa (Ug)%d0,

d K? 2
—_ R) = —— -1 277 JR— -1 2 .
ngK( ) e ﬁl a_e“1do R fSIa (Ur)-do

As a direct consequence, we have the following result.

(2.13)
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Lemma 2.3 (Uniform energy bounds for T>~symmetric spacetimes). The following uniform
bounds hold

(2.14) sup &(R) < &(Ro), sup  &k(R) < &k(Ro),

Re[Ry,+0) Re[Ry,+0)

as well as the spacetime bounds

+00
(2.15) fR fs 1 (a7l (UR)? +acl! (Up)?) dRAO < £(Ro),
0
+00 K2
(2.16) f — f a1 dRAO < &x(Ro),
R, R Jg
with R X
2 K K
u._ 2 u._ 2
Co E+ﬁe”, Cq .—ﬁe”.

2.4. Heuristics and general strategy. To understand the asymptotic behavior of the solutions
to wave equations such as (2.3), it is important to note that while, for the flat wave operator
in 1+ 1 dimension, there is no decay of solutions, the R-weights present in (2.3) reflect some
expansion of our spacetime and that in general, waves decay on expanding spacetimes.
The general strategy to capture this decay is to first observe that the global energy dissipa-
tionbound (2.15) associated with the energy functional &'(R) gives an integrated energy decay
estimate but with weaker weights for U than for Ug (see the missing 2/R in ¢!/ compared

to cg ). To match the weights between Ur and Up, we will work instead with the modified
energy functional

(2.17) &(R) = £R) + 9U(R)
with .
g .= = L (U - ) ura™do,

in which the average (f) of a function f = f(0) is not defined with respect to the flat measure
dO but with respect to a weighted measure a~1d6, i.e.

_ Jafalde
o fS] a-1do

Our strategy is then to “trade” a time-derivative for a space-derivative. This method of proof
was previously also used in [25, 4, 3].

The following notation will be useful. We introduce the length & of the circle S' with
respect to the measure a~1d0), i.e.

(2.18) f

271
(2.19) P(R) := fo a~1de,

which we refer to as the perimeter. The geometric interpretation of this quantity is that the
principal symbol of the wave operator appearing in the wave equation (2.3) for U is that of
the 2 dimensional metric

ds® = —dR* +a7%d6”.
Thus, & is the volume of the R = const slice for this metric.
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Naively, one may expect the following behavior as R — +co. In view of the energy identity

(2.13) satisfied by & and focusing on the second integral term, one may expect that
d 2

— &< —-=& i
RE<R (modulo higher order terms),
so that & should decay like % This behavior is indeed correct for spatially homogeneous
spacetimes, as can be checked directly. However, for non-spatially homogeneous solutions,
a space-derivative must be recovered from a time-derivative, using the corrected energy

& defined in (2.17), as we already explained above. This would lead to a rate of decay
determined by

— 1~
diRg (R) < —Eéa (R) (modulo higher order terms),

so that & should decay like % If one can then check that the correction term in & is of order
0(1/R), it should follow that &(R) should be of order 1/R. This is indeed the rate of decay
established by Ringstrom [25] for (sufficiently regular) Gowdy spacetimes.

For the more general class of spacetimes under consideration in the present paper, and due
to the variation of the metric coefficients 2 and 1), the behavior & ~ 1/R is not consistent with
the field equations, as we now check formally. At this stage of the discussion, we are working
under the (finally invalidated, below) assumption that the first term in (2.13) is negligible,
say specifically

2
lle“M Lo s,) - 1

(2.20) SRE S Rive’ €>0.
From (2.5) we would deduce
2l
(mmR:4€ﬂge@,
hence the coefficient a would then admit a finite limit as R — +oc0. Next, in view of
K? e
R = —7 ﬁ + ﬂRE,

in which fsl REdO is bounded thanks to our energy assumption, it would then follow that
fsl nr behaves like 1 and thus fSl n ~ R (modulo a multiplicative constant). In turn, this
invalidates our original assumption (2.20).

This means that the first term in (2.13) should not be neglected and that it contributes
significantly to the energy decay. We will prove that, modulo an error term due to the spatial
variation of 7, this term can be rewritten as — ‘?} &, where & is the perimeter defined by
(2.19).

Taking this into account, it follows, assuming that all the error terms can be controlled,
that the rescaled energy

(2.21) F=PE

should decay like £ and, in other words, the energy & should decay like ﬁ This brings
more decay into our analysis, provided the perimeter & is growing as R — +co —as we will
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actually show later. Indeed, we will establish that the perimeter and metric coefficients have
the following asymptotic behavior (possibly up to multiplicative constants)

Z(R) ~ R, PR(R) ~ R/,

(@.22) 1 ~ R?, a~R12

For the energy, we will therefore have & ~ R=3/2. Surprisingly, all the multiplicative constants
in the above asymptotic behavior are linked to each other. For instance, we will show that
R2271& — 5/4 as R — +00. One of the main difficulties lies in fact in trying to understand
these relations. Thus, our work really consist of three ingredients:

(1) a version of the corrected energy functionals adapted to polarized T2-symmetric
spacetimes (Sections 3 and 4),

(2) a derivation and analysis of a dynamical system to understand the interplay between
& and the energy functionals (Section 5),

(3) and estimates on all the error terms involved in the above two steps and the interplay
between all the previous estimates. Since all the estimates involved in the above
estimates depend on each other, we use a small bootstrap argument to obtain closure
(Section 6).

Once these elements have been obtained, deriving the asymptotics of the solutions consists
mostly in revisiting the previous estimates in the proper order (see Section 7, below). Finally,

we prove the geodesic completeness by using the approach already developed in [18, Section
8].

3. EVOLUTION OF THE MEAN VALUES

3.1. The length variable. In addition to the perimeter &?(R) introduced in (2.19), the metric
coefficient a also determines a length function

0
(3.1) 8(O,R) := f a~'do, 0eSt,
0

and its inverse © = ©(9, R) (for each fixed R). In other words, we set ©@(3(6, R), R) = 0 for all
0 € S, so that

9
(3.2) O(9,R) = fo a@(,R),R)dY,  O(P(R),R) = 2.

Using the change of variable determined by the length function, we can parameterize any
function f = f(R, 0) into f = f(R, ), defined by

(3.3) f(R,9) = f(R,O(S,R)).

This is nothing but a change of coordinates from (R, 0) to (R, 9), but we insist on keeping the
“tilde notation” in order to avoid confusion (when taking averages and R derivatives).

The average of any L!(S?) function f is now naturally computed with respect to the measure
dd, that is,

_ 1 [2® _
(f(R)) == f(R)ds.
(3.4) &) fOZH

— 1 -1 =
@ Jr f(R)a(R)™'d0 = (f(R)),
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which, as stated, obviously coincides with (f(R)) as defined by (2.18). Note that the period-
icity property is preserved in the new variable, that is,

(R, 9+ P2(R) = f(R, 9).

for all relevant values of R and 9.
Using the above notation, we can for instance rewrite the correction ¥Y introduced in
(2.17) in the form

(3.5) GU(R) =+ f o (UR) - (U(R))) Ur(R) 9.
R Jo

This form has some advantages when differentiating with respect to R, since it involves
directly the perimeter and its derivative, which have a geometric meaning.

3.2. Derivatives of the mean values. We will be taking time-derivatives of the above quanti-
ties but since the time-derivative operator and the spatial averaging operator donot commute,
an analysis of the corresponding “commutator” will be required. The following properties
will be used throughout the rest of this article.

Lemma 3.1 (General identities for the mean values). For any (sufficiently reqular) function
f =f(R,0), one has

LR - () £ () - 25 ).
%(9}@7}) = 2(fr )+ @ﬁ<fe2n>,

in which f is defined by (3.3).

Proof. From the definition

7 27
(M=% fo fis= [ rw,ontdo

we deduce that

RN =G5 [ sateao - Z8(7)
() [ Feetrtio- 2 (F)

() () - 22(7),

which leads us to the two identities stated in the lemma. O

The above lemma allows us to derive the following estimate.

Lemma 3.2 (Commutator estimate). The commutator associated with the time-differentiation and
averaging operators satisfies for all functions f

& 7)) R A
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Proof. From the above lemma, the expression of Zg, and the evolution equation satisfied by

a, we deduce
(- (7))

K? o 1 2 7o -1
< [fla—"(R,0) |e”(R, 0) —f e“la” (R, 0")do’|dO
2R3 2 fo f 0
nk? ;~ 2
< If] Ysup |e*(R, 6) 7 — 1R, 0")a (R, 0")d6’
R3e@ < > pes! 0
with
27T
sup |[e*(R, 0) 7 — f e?I(R,0")a"Y(R,0')d0’| < 22| sup e*! — min e
0est 0 sl st
2
<z ”(e 1])9||L1(51)'

O

The following conserved quantity will also be useful in our analysis. It follows simply
after a global integration in space of the wave equation (2.3) and an integration in R on [Ry, R].

Lemma 3.3. For all R > Ry, the following conservation law holds:

RZ (Ur ) = RiZ(Ry) (U ) (Ry).

4. EVOLUTION OF THE MODIFIED ENERGY FUNCTIONAL

4.1. Evolution of correction terms. Using Lemma 3.1, we can compute the time derivative
of the corrector Y in (3.5), indeed:

Bt =t k([T (@) e
dR° R R\ J, R
271
=-tgu +% fo | Uza~'do
+%LJ(_<LE>—2£I;<&§W>+%<E>)GRdS
271
+%f (U—<a>)(uRa_l)Rd6r

0

R

so that, by using the field equation (2.3) satisfied by U,

d v 1 4 1 (7~
=7 = 39 +Rf0 Ug do

T () e () )« (@) ()

27 -
o [ (= () (5 oo
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Integrating by parts the last term, we obtain

-= — 49— = 49
Rg + ‘[0 UR RL Us

R
R (T - g (T (3 + T (@) (@),
After re-organizing some of the terms, this leads us to
iguz—lfgazdmlfyﬁffds
4.1) dR R1 0 ; R Jo
- Egu - ?fgu + Quu,
with
Qqu %g” - % (&) - %gu
(4.2) K2 o P e
- ﬁ,@(u@(u@zn% (U ) (U ).

The term Qg u will be shown to be an “error term”, while the remaining terms in the right-
hand side of (4.1) will contribute to the derivation of a sharp energy decay estimate. In (4.1)

and (4.2), we have added and subtracted the term %Sf U, as this will simplify some of our
estimates.

4.2. Evolution of the corrected energy. Adding together the contributions of the energy and
the correction ¥Y, we find

i(nggu) __ ko Eeane—%f] (a7'UZ)do
S

dR 2R3 ),
27T P
(4.3) lf 1y p _lf 29 - PRgu _1,u
+ R J a— Urpd6 R J Ugdd 7 9 R?f + Qqu
= —ﬁ(£+gu)—l(£+%u)+ﬂ,@+ﬂw
7 R i o
where the error terms are (4u defined by (4.2) and
2 271
Q= ZRe_ K Ee*1do.

2 2R3 ),

4.3. Estimate for the energy correction. We will need the following 1-dimensional Poincaré
(or Wirtinger) inequality: for any a > 0, if f is an a-periodic function in H!(0,4) and has 0
mean value on this interval, then

2
a
(4.4) f f<— Jia
[0, 4] 412 Jj0,0)

This is easily checked by, for instance, using a Fourier decomposition of f. Using the above
notation, we have the following lemma.
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Lemma 4.1 (Estimate of the 4 correction of the energy).

P(R)
4nR

Y (R)] < &(R).

Proof. We apply the inequality ab < (a? + b%)/2 to the integrand of R¥Y, but we insert weights
of £ so as to obtain

@ 3Z~2 271 7 —_ —_ 2
u < —
ReY) < o | URdS+55 | (U-<u>)ds,
< = = s
< 4n\£; Uza d6-+4n\£; Uzds = -6

O

4.4. Estimates for the error terms. In this section, we estimate all the error arising in the
corrected energy formula (4.3).

Lemma 4.2 (Estimate for the |Q¢| error term). One has
2 271 2 270 (D
K n
Qel < &— | 2RE* = &— e .
2R3 J, 2R3 J, a)p

Proof. Recall that
-1

PR K? fzn 2 1 (fzn -1 )
— = — ela=do a do| ,
2 2R3 J, 0

so that
K2 271
——1[Eﬁw+2%
2R3 J, 7
KZ 271 27 1 ) )
< — E(R, 6)dO “(R,0)e"(R,0") — (R, 6)|dO’
<srp | EROMO [ a6 0) - (R, 0)
2 271 )
<E— 2 do
<R 12n0le
<E— 2REe*dO = & — — | 4o,
2R3 Jo 2R3 J, a Jx
where we have used the constraint equation for ng (2.7) and the identity (2.9). ]

Next, we analyse the error term Qgu. It is convenient to split it in three components as
follows: Qgu =11 + I + I3, where I3, I, I3 are defined as

L = —%g%
o= Zigu 2T - Koo () (),
B o= (@)
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Lemma 4.3. The following estimates hold

2(R)
nl < &(R),
Ll = ¢ R)

P
Ll < =6,

A
Ll < ———
] < RBAR)

where A is a non-negative constant determined by the initial data

A=Ro®R)((Tr)) (Ra).

Proof. The estimates on I; and I3 follow immediately from respectively Lemma 4.1 and 3.3.
We then estimate I, as follows. Note first that

o= Zhgu TR - S () (0,

K2 27T . , 271 ~ , ,
= R fo Ur(R,0)a 1(R,9)( fo (R, O)a 1(R,9)[LI(R,9)—U(R,@)]de)de,

—_— Ugr|dS Td9 Ug|dd,
2R4;@f(; |UR] f(; e f(; |Us|

PR (o172 p1/2\2 _ PR
@(5 P )ST&

hence

L]

IA

IA

O

4.5. Combining the estimates for the corrected energy. Collecting all the estimates for the
error terms above, and noting that I3 has a sign, we obtain the following estimate

d o (1 PR N PR K2 fZ” e
dR(é"Hé )+(R+ y)(£+% )S4RR2£+ R £+£2R3 , @)

from which it follows that

R yzégo R
RP(& +9Y)(R) < Ry Z(& + 9Y)(Ro) + f AR + f PRPEIR’
Ry 47-(R Ry
i [ peX f (6—) d0dR’.
Ro 2R Jo aJr

Similarly, we can obtain

d u A P? K2 (27 (e
. JE— D P — R P
(4.5) = (R@(g +9 )) 2 =5 = 6+ PIRE+ PE fo )
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leading to

R 52
gZéDdR’

u u
RP(& +9G7)R) =2 RoP(& + G ™) (Ro) — v, AR

R , R K2 271 8217 , R A ,
- PRPEAR" — PE 5 — | dOdR’ — _/2de
Ro Ro 2R"= Jo a Jr Ry R

where A is the constant in Lemma 4.3.

5. A DYNAMICAL SYSTEM FOR THE RENORMALIZED UNKNOWNS

5.1. The dynamical system. In the previous section, we have obtained differential inequal-
ities for the quantity (& + ¢!), with error terms depending mostly on & and Z. In this
section, we will try to obtain effective equations in order to control the asymptotic behavior
of #. For convenience, we introduce the notation

F=2&

G:= 2(&+9Y).
We have thus seen that § satisfies “good” differential inequalities while it is ultimately J that
we want to control, as it is a manifestly coercive quantity (contrary to §). We will rely on the

guess that the function § decays like 1/R but we will not use yet the differential inequalities
derived for G in the previous section. In fact, § will appear here only in the form RS’ /S.

The system of odes: spatial integration and first error terms. Let Q = fsl K;ez'hz‘ld@. After
integration in the spatial variable of the Einstein equations (2.5)-(2.6), we obtain

Q
(5.1) Py = =5
(5.2) Qr = 2RFQZ2+Qq,

where Qg is given by

KZ
Qo = ZR( —E* — 9—1(5’9).
g 2

As in Lemma 4.2, Qg satisfies the estimate
271 6217
(5.3) |Qq| < RK?& f (7) dO = 2REQk.
0 R

Renormalization. According to our previous discussion, we expect & to blow-up in the limit.
One can check heuristically that ” % growing like R/?” and ”Q growing like R>/?” seem the
only possibilities (as powers of R) compatible with the equations, under the assumption that
P& behaves like R7! (cf. the discussion at the end of Section 2.4). Thus, one may think of
introducing variables ¢ = ZR~1/2 and d = QR and prove that ¢ and d converge to some
finite values. Using (5.2), the equation for d is then

= d
dR:E

From this equation, and the coupled equation for ¢, it is not clear whether ¢ and d converge.
However, assuming Qg to be a negligible term, it suggests that 2RF 22 — 5/2 as R — +co.

(2R*F 272 - 5/2) + Q.



FUTURE ASYMPTOTICS OF POLARIZED T2-SYMMETRIC SPACETIMES 15

1
Rg?l/z R33~1/2 - %- We thuS

introduce a new set of variables c and d, replacing & and Q based on these considerations.
However, since it is actually G that satisfies “good” differential inequalities, we define c, d
as

Equivalently, it suggests that - \/_ Similarly, one can guess that —=7;

P
5.4 _
G4 RVS
(5.5) -

where we recall that § = & (é" + gu)_ Once again, we emphasize that while § behaves
asymptotically as J, it is important to use this normalisation rather than the one based on 7,
since the normalisation procedure will introduce a derivative of § in the equation and it is
this derivative (rather than the one of F) that we can control directly.

Note that while J is manifestly non-negative, this is not the case of §. In the rest of this
section, we will assume that § > 0, which ensures that all the computations below (as well
as the definitions of c and d) make sense. In the next section, a lower bound on § using a
bootstrap argument will be recovered.

An easy computation shows that (c, d) satisfy

, o d ¢ ¥
(5.6) ¢ = R R 29
-2 ’
(.7) g o= T2 3, 49, Qo

sod_c.

(5.8) R R 2R’
d’:2d6_2—§d+i
R R 2R’

which is obtained from the previous one by replacing & g by 1, dropping the error term - \/_

and by replacing _§ by 1/R.
Looking now for a static point (¢, dw) Of the above system, we find that there is only one
solution: ¢ = %, deo = % Thus, let us introduce c1, d; by

)
AR
Il

o
I

N
- %

(5.9)

Sl
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We finally deduce the equations satisfied by c1,dq from the equations (5.6)-(5.7), that is,

d1+ +C +C1 o/
, Bt wtra wtag
(5.10) q = — - T
d'|'L ’
F2 17fH 3 1 g Qo
5.11 d, = - = |d1+ —=]| - |4 +
G-11) ! 9R( +C)2 R(1 x/B)( «/‘)29 RS
N

Looking first at (5.10), we rewrite it in the form

¢ = 1d1_1c_1_c_1(1+R9_) L (1+R9)

R 2R 2R 5/ R \/_
From (5.11), elementary calculations (keeping in mind the linearization of the system) lead
us to
,_5d119’)11(R9)
4= 2RC1+R( 27 25%) " RavE
1
b f(dy, 1)
2
Rici + NG
1
+% (g _ i \5 Qo
R
VA

where f(c1,d;) is a polynomial in ¢; and d; with vanishing linear part (the first terms are
quadratic in ¢; and d;). Thus, we have

, 5

(5.12) dl = _ﬁcl + (2‘;’;” + g)d + Qd + £2d + ( 2d
’ dl Cl

(-13) G = TR Tt

where the terms Qf’d contain all the error terms, i.e.

(5.14) Q= ﬁ(1 %R)
(5.15) Ql = —%#( Rg/)
(5.16) Qf = ;Zf(dlrcl);
R(c1+%)
dy + =
S0 o - (Mﬁ
(5.18) Q= g
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¢ _ _&,. RY

(5.19) 0, = —5r1+ ),
1 g’
5.20 QY = ————(1+RZ%).
(520 ! R\/E( 9)

. c : : .
Setting now u := ( dl ), we rewrite the system under consideration as
1

; -1/2 1 1 g’R
u —1/R(( _5/2 0)—5(1+ 5 )Iz)u+a),

and I denotes the identity

where w contains all the terms Qf’d apart from Q;iin and Qfm,
matrix. Consider the matrix
4 _( -1/2 1 )

-5/2 0

and let also

B= —%(1 + 9’9R)Iz.

Then, we find

R R R
(5.21) u= expf A +,BdR’ u(Ro) + f [expf 4 T,BdR"] w(R")dR’.
Ry R Ro r R

R R R
A+B f A f B
ex dR’ = ex —dR’ ex —dR’
p fRO R, p RO R/ p RO R/
R 1/2
A, R09(R0))
=ex —dR
PfRO R’ (R9<R>
and that the eigenvalues of A are A, = 'Tl + @. Hence

R 1/4
A Rg
lex f SR <Ca(Z)
P Ji, R R

Note next that

for some constant C4 > 0 depending on the matrix A and we have the following result.

Proposition 5.1. Provided the corrected energy G is positive for all R € [Ro, R1], one has, for all
Re [RO/ Rl]/

1/4 1/2
622) uR) < Ca(5) (S o)
R 7\1/4 ’ n\1/2
+ fR ALY (igg))) lw(R)IdR’,
where

ool < C (1] + 1Q9] + 1] + 101+ 1€5]).

It remains to combine the above inequality with our differential inequalities for § and
estimates on the error terms.
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5.2. Source-terms of the dynamical system. We now combine our results in the latter two
sections and we estimate the source-terms of the dynamical system. We will assume here
that § is strictly positive, a property that we shall retrieve below in a bootstrap argument.

Qo
Estimate for ' V|

Q = drR3+/5,
3 ’
Qr = dRR3\/§+3dR2\/§+d— J
\/—
it follows that
Qg g’
< 2&Rdg + 6R<50— + R&EA=—.
R3S S

Observe that, while some terms in the right-hand side have no sign, their sum does (because
Qg is positive).

Estimating RG’/G + 1. From the corrected energy estimate, we get

g S Z A K? errz Py
< <L ¢ re— ([ &) «Zre
7 " RIS mre’ TRaR T 2R3(51aR+R ‘
hence
RG’ 25 A TR fe2'7 F
| « 22, 2 22 () 12y
'9 * ‘ = 477R9+9R2+92R2( g a), gk
(5.23) < A Ik T —\/_d

GRZ G R? 94

Estimates for Qll It follows from the estimate (5.23) and the definition of Qf and Qil that there
exists a constant C > 0 such that, fori =4d, c:

i C(A T® FNG T
(5.24) |Q|_R(9R2+9R2+94nc+9\/§d).

Estimates for FG~1 and Qg. Using Lemma (4.1), we have

g4 1 3”26“‘< s

“4nR G T 4nR G’

3"—9‘
5.25 = -1 =
(5:29) ‘ ‘ ‘ S

As a consequence, provided that c; is sufficiently small so that % +c¢1 isbounded from below
by, say %, we find
2T

R? G

(5.26) Q] <

for some constant C > 0.

Note that at this point, we have estimates on all the error termsarising in (5.14)-(5.20), apart
from Q’; which will be estimated directly in the next section (using a smallness assumption
onc,d).
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Estimates on G. After integration of the corrected energy estimate, we find

(5.27) RS — RoS(Ry)| < A(3—1)+£f(9”9+99R+59yn.

Rp R 4nR’ R?Z?  R”?

The last term can be rewritten in terms of g, giving therefore

1 1 P FOgr ,
. — < —_ = R .
(5.28) IRG — RgG(Rg)| < A (Ro R) + jl;o ( R/fj‘“ +—+ ?@R)dR

6. SMALL DATA THEORY

6.1. Assumption on the initial data. We now restrict ourself to small data in the following
sense. Fix C; > 0, A € [0, +0), and Ry > 0, as well as some ¢ > 0. Consider the class of initial
data satisfying

6.1) RoG(Ro) ~ 2= = C1>0,
0

6.2) alR) < e

6.3) BRe) < €

(6.4) |g—mm>s 1,

(6.5) 9(R0)+R£(2) < g

where A = R% (fsl a’! UR)Z (Ro)-

Note that the first assumption implies in particular that § > 0. The second and third
assumptions imply that & and Z are close to their expected asymptotic behavior (which
depends on &, hence the need for normalized quantities). The fourth condition implies that
the correction term ¢ is “not too large” compared to the energy &. The last inequality
means that the (rescaled) energy is small.

Let R, be the largest time R such that the following bootstrap assumptions are valid in
B :=[Ry, Rp). For all R € B, we have

(6.6) le1|(R) < €'/4,
(6.7) d11(R) < '/4,
6.8) % “1(R) <2,
6.9) 0 < G(Ro) < (ROS(RO) + Rio) %

The set B is clearly open in [Rg, +o0). Moreover, from the smallness assumptions it follows
that B is also non-empty.

As an immediate consequence of (6.6) and (6.7), it follows that if € is sufficiently small,
then we have in B

1 1
(6.10) S (Ro) = ————(Ro) <2,
¢ 2
(C1+%
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2
(6.11) ll=l—=+al < 1,
V5
1
(6.12) d=|—+di| < 1
V5
Furthermore, from (6.9) and (6.5), we have immediately in B,
Ry A Ry
_— <D~
(6.13) §<2 R [S(Ro) + R(Z)) <2e R < 2e.

We now consider C; and A as fixed in (6.1). We will show that there exists an €y > 0 and a
constant > 0 such that for all 0 < € < €g and Ry > r, the set B is closed; this will be done by
“improving” each of the bootstrap assumptions (6.6)-(6.9). Moreover, €y will depend only
on a lower bound for 7 (as well as A and C;).

6.2. Improving the assumption on 7§71, In view of the estimate (5.25), we have

1/2 5
(6.14) '— - 1' 69 <3V
by using the bootstrap assumptions (6.8), (6.11) and using (6.13). This improves (6.8).
Throughout, the letter C will be used to denote numerical constants that are independent
of € and Ry and may change at each occurrence. Thus, the above estimate reads

2 -1|<ce.

Improving the G assumption. From the corrected energy estimate (5.28), we have

R

A , P Or | IR
RS < RpG(R — R'G—=
G < RoS( o)+RO+fRO S (et st T

)dR’

hence

Do : N 3, IR
< ?expro(l + Ce )[471R’2 +(QRR + F)],

where Dy = ROS(RO) + i and we have used the improved inequality (6.14).
The integral fR T dR’ can be estimated using (6.13):

R R rcl/2
R
7 AR = f RS ir,
Ry 47'[R/ Ry 47'(R/

R ~~1/2p1/2
f Ce—ROdR' < Cel/Z
Ry 471tR’3/2

for some fixed numerical constant C > 0.
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For the other integrals, we integrate by parts:

R R
Qr PR )] , Q 7 [39 :@] ,
R £ —=+—= R
fRo [(R'3 R’ d - R3 + R + R4 R2 d
(c+d)91/2+f 3d+c91/2(R )dR’
R, R

1/2
Cel/2+Cf R e2dR’ < Cel/2.
Ro R3/2

IA

IA

Combining this result with the previous estimate, we have thus obtained
(6.15) R < Dyexp ((1 + Ce'/?) Ce'/?) < 3/2D,,

providing that € is small enough. This improves (6.9).

21

A lower bound on G. We derive here a lower bound on RG. From the corrected energy

inequality in differential form (4.5) and the estimates on the error term we have

Let

F( & Q R PR
Q' = —( + )
G \4rR”2 R’3 R’
The estimates of the previous sections have shown that

R
f QdR’ < Ce'’2,
Ro

We can rewrite (6.16) as

d A ,
dR(Rg) —E—RSQ
leading to
d R A R
— R QdrR'| > -— Q/dR’
dR( 9expro d ) 2~y exp N d
d R
= d—R(R)exij;OQdR,
d (A K Ay N
= ﬁ(ﬁ pﬁOQdR)—EQ eXpﬁQQdR.
Thus,

d A “odr]s —Aorem [ R
ﬁ[(RS—E)exprQdR]Z—KQexij;OQdR,

0

which lead after integration to

617) RS- il > (Rog(Ro) - Rﬁ)a Cel/?) - Cel/z Cy(1 - Ce?) — Ric(-:l/2 >

0

provided that € is sufficiently small depending on A, C1 and a lower bound on Ry.

G
>
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Since A > 0, we have thus obtained RG > 3. In particular, we have improved the lower
bound bootstrap inequality for .

Remark 6.1. Instead of starting from the corrected energy inequality in differential form, one could
use here the estimate (5.28) as well as the estimates of the previous section to estimate the term
containing G in the error term. This would lead to an estimate of the form

RS > Cy — DyCel/?

and would therefore require € to be small compared to Dg. The above method has the advantage of not
constraining € any further.

Improving the c1, di assumptions. Using the lower bound on § just obtained, the bootstrap
assumption (6.9), the initial data assumptions (6.2) and (6.3) and the fact that %' < 1if
R’ € [Ry, R], it follows from (5.22) that

CaDo\ 12 AD 2 (R /
Iuls( ??10) e+C(C—1O) fR(|Q§|+|Q§|+|QZ|)dR
0

4Do\U2 (R (R
+c(—) f (—) Q] + 1QY)) dR.
Cl Ro R ( 2 3)

We now estimate all the error terms in w. First, we have

(6.18)

05, Q) < ‘1+R99
C 2 .A QR 1/2)
(6.19) < R(C1R+CR2 CS

using (5.23), (5.24) and (6.8). The first term on the bracket in the right-hand side of the last
inequality will contribute to (6.18) as

1/2
()" "2 < cZppwy
G Ro CiR Cl/
A
C—(DOR—l)l/Z
3/21/2 0
CIRy
< C(Cy,Ro, A)e'?,

by using the smallness assumption (6.5). The second term can be estimated using an inte-
gration by parts leading to the estimate

1/2 R 1/2
C(@) f %dR’ < C(@) /2.
C1 Ro R’3 C1

Since Ig—f =1- Zﬁ, we thus obtain
Do\'? (R g
c(—o) ZRAR < Cell?,
Cl R/3

by choosing € sufficiently small dependmg only on a lower bound on Cj, A and a lower
bound on Ry.
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The last term in (6.19) can be estimated using (6.13) leading to

R ¢1/2
f 9—’dR, < Cel/z.
Ry R

The estimates for Qg, Qg are straightforward using the bootstrap assumptions

C
Q5 < ze'?
C
Qf < el
For QZ, we note that in view of (5.18) and (5.3), we have
2R&
Q9 < =3
R3S
Then, we note that
soT_ T
- P RGVY
hence o
£G72 = — (—)
9 cR\§
Using the bootstrap assumptions, this leads to
13 29r -
2 Qf < 22228 < CQgR73,

where we have used that Qg > 0 in the last estimate. Its integral can then be estimated by
integration by parts, as we have already done previously.
Combining all these estimates leads us to

IA

2Dy )"/
] C(C—O) e+ C(Cy, Ro, A)e2

1
C (A, Ry, Cy)€'’?,

which improves (6.6) and (6.7). In conclusion, we have improved all of the bootstrap in-
equalities and it follows that

IA

B = [ROI +OO).

7. THE ASYMPTOTIC REGIME
In this section, we state and prove our main result.

Theorem 7.1 (Late-time asymptotics of T?-symmetric polarized vacuum spacetimes). Let
A >0and Cy > 0and r > 0 be fixed constants. Then, there exists an €y such that if 0 < € < €9 and
Ro > r, for any initial data set satisfying the smallness conditions (6.1)-(6.5), the associated solution
has the following asymptotic behavior: for all times R > Ry and all O € S?,

(7.1) ul(R,0) = O(R_l/4),
(72) |R9(R) —Col = O(R_l/z),
(7.3) P2(R) - iC}X{ZRUZ = O(RY,

V5
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(7.5)

(7.6)

(7.7)
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(7.9)

(7.10)

(7.11)
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1
|Q(R)—%C¥2R5/2 =
V5C?
l@“’”‘)‘w -

1 nNin’ _ _
2= [ oo - w0 -

[K%e*)(R,0) - R?| =
iR, 0027 (R) - £(0)| =

1
‘E fs 1 U(R,Q)dG—U(R,Q)‘ =

IU(R,0) = Cul =

4 12,10
H(R, 0) — ——CY2RV24(6)
l K5

O(R),
OR™7%),

O(R™'?),

OR™),
OR™'?),

O(R™'?),

O(R™'?),

O(R'*),

24

where Coo > 0 and Cyy are constants depending on the solution and £(0) is a W' (S?) strictly positive

function.

Proof. Most of the above estimates are simply obtained by revisiting the proof in the previous
section and checking that the error terms are now integrable.
For instance, in order to prove (7.1), note that from (5.22) and the estimates of Section 6,

we have

(7.12)

R
lu| < CR™1/4 (1 + f R’1/4|w(R’)|dR’).

Ro

From (6.19) and (6.20), one can easily see that the contributions of )¢, Q‘f and QZ are integrable
in R. For instance, using an integration by parts,

R R
Qg Q Q /
‘[I;o R3-1/4 < CR3—1/4 +CfR0 R/4—1/4dR /
Q 1/2p-1/4 8 Q
- CR391/2 (RS) R +C Ro R/391/2

IA

0

R
CRV* 4+ C f R4 R < C.
R

(R19)1/2R1_5/4dRI,

For Qg, it follows from (5.26) and the estimates of the previous section that IQgI < CR7%2,

Thus, its contribution to the integral of (7.12) is integrable. Since moreover, IQgI <

(7.12) has now be reduced to

(7.13)

R
lul < CR™'/* (1 + f R'—3/4|u|2(R')dR').
R

0

Slul?,
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Since we already know from the estimates of the previous section that |u| < Ce'’?, an appli-
cation of Gronwall’s lemma gives us the weak bound

RY4|u| < CR"”.

It then follows that R=3/4u|? < CR~3/**€ and thus, for € sufficiently small, (7.13) now implies
the desired estimate (7.1).

Similarly, to prove (7.2), first note that % (RG) is integrable, using the estimates of Section
6 and (5.23). Thus, there exists a constant Co, such that R§ — Cs, as R — +o0. Since RS
is uniformly bounded from below in view of (6.17), we have C,, > 0. To get the rate of
convergence, it then suffices to write RG — Co = wa % (R’G)dR’ and to estimate the integral
as before.

Then, (7.3), (7.4) and (7.5) follow from the definitions of &, Q and &.

For (7.6), using (2.7), the simple estimate F < E and (7.5), we have, for all R > Ry and
0 €St

1
27

IA

[ oo —nw0| < [ ol o,

f RFdO’ < f RE < CR™1/2
St St

for some C > 0. For (7.7), we use (7.6), (7.3), (7.4) as well as

IA

2 2
@%6271(1{, 0) = f i \(R, 9')K?eZ(U(R,G)—n(R,G’)+n(R,6’>)d@//
Sl

2
fa_l(R,6,)%62(77(R’6,)+O(R1/2))516'
sl

Q(1+OR™7?)).

For (7.8), we first differentiate (2.5) in 6, that is,

KZ
(7.14) (2Ina)gg = —ﬁez'izng.

Note that the right-hand side is integrable in L ([RO, +00) X Sl) since

(715) | °° ,

in view of (7.5). This implies that (Ina)y (R, 0) converges in L!(S') as R — +co to some
function R(0) € L(S') and, moreover, we have the estimate

| (Ina)g = Rlls1y = OR™?),

R
dOdR < f CR™'R& < C,
Ro

K2
Fez’QnQ

by using (7.15).
Integrating over [0, 0'], we get

LZ(R, 9) _ o ” ’” -1/2
2R, 0) —exp(Ll ROAO” + O(R™H4)].
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Integrating again in the 0’ variable, we get

6 44 1
a(R, 0)P — f eJor ROMAO” g
Sl

< C(exp (O(R™Y2)) - 1) = OR™72).
For (7.11), it sufficient to note that with the knowledge on the asymptotic behavior of a
and n and equation (2.8), we can integrate Hg directly and then compute the integral up to

some error.
The property (7.9) is an easy consequence of (7.8), (7.3) and (7.5). For (7.10), we observe

that
d 27 27T 27
— f udo| = f Ugdo| < 2m)'/2 f uzdo
dR 0 0 0

271 27 271
( f uﬁd@) (R) = ( f a—lauﬁde) (R) < supa(R,0) a~'Uzdo,
0 0

1/2

and

[0,27] 0
1 1 (7,
< (= —_— —Usd
< (¢@+o(a))L(9)‘[0 a—Ugdo,
C
- R2

for some C > 0. Here, we have used (7.8), together with the fact £ is bounded away from
zero uniformly, as well as (7.3) and (7.5).

This implies that
d (" C
_ < =
dR f(; Ud@‘ R

and by integration and (7.9), we obtain the rough bound on U
Ul < CInR.

Applying now the commutator estimate from Lemma 3.2, we have that

d = — K? ~
719 o T) = ()] < 5 (@), Dy
From the above rough bound on U, we have
|(itl)I < CnR.

Moreover, one can estimate ||(ez'7) as before, to get

9||L1(51)
||(ezn)9||L1(Sl) < CR¥2.

Thus the right-hand side of (7.16) is integrable in R. Since, moreover,

. 1 27 RO 271
(Ur)=— | Ura'(R,0)d0=—% | Ura'(Ro,0)do,
ZR

ZR )
using the conservation law in Lemma 3.3, it follows that <1?11;> and, therefore, % (ﬁ) is
integrable. By having checked the convergence of all the integrals involved in our analysis,
this completes the proof of (7.10) and, thus, of Theorem 7.1. ]
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8. FUTURE GEODESIC COMPLETENESS

In this section, we complete the proof of the geodesic completeness property under the
smallness assumption (6.1)-(6.5). There are only small modifications in comparison to the
proof already presented by the authors in [18] for weakly regular Gowdy spacetimes. One
of difficulties (observed and solved in [18]) is that, with a limited control of the Christoffel
symbols in the L! or L2 norms (in space) only, the local existence of geodesics is not guaranteed
by the standard Cauchy-Lipshitz theorem. Instead, we first established that the the Christoffel
symbols admit traces along timelike curves, and we relied on a compactness argument ‘a la
Arzela-Ascoli in order to establish the existence of geodesics. This part of the analysis can
be repeated here almost identically in our T? setting, by using the estimates in [17] for the
compactness argument. (This compactness is required in the proof of existence of traces , as
explained in Proposition 3.5 of [18]). We do not repeat these arguments here and directly
assume the existence of geodesics (which, for instance, is immediate in the smooth case).

Theorem 8.1 (Future geodesic completeness). Let (M, g) be a non-flat, polarized T>-symmetric
vacuum spacetimes with weak regularity whose initial data set satisfies the conditions (6.1)-(6.5).
Then, all future timelike geodesics are future complete.

Proof. For simplicity in the presentation, we focus on the smooth case. Let & be a future
maximal timelike geodesic defined on an interval [sp, s1). We have g(é, &) <0and

(8.1) & 4 rgysﬁSV =0.

Following [18], we observe that, since X and Y are Killing fields, Jx = g(é, X)and [y = g(é, Y)

are constant along &, so that Jx = e2U (5X + GSG) and Jy = e 2YR2 (EY + HSQ) are constants
along &. We use the same strategy as in Section 4 of [18]. First, by standard arguments (see
Lemma 4.10 in [18]), it follows that R(&(s)) — +o0 as s — s1. Then, since R(&(s)) — R(E(sp)) =
fs z ERds it follows that any bound of the form ER < CRP for p < 1implies that s; = +c0. Note

also that since R(&(s)) — +oo, given any R’ > 0, we may assume, without loss of generality,
that R(é(sp)) = R’. .
We now analyze the structure of the equation satisfied by &R:

(82) ER TR 7 = 0.
The term 1"1;)/5'/35'7’ = 0 is decomposed in the form
T EPEY = TRRERER + T, €080 + 2T ERE0 + 2T £0&7 + T EEP,

where a,b = X, Y. Recall now that

(83) I’ﬁR = NR-— Ug,

nR—Ur a i ~ e—20=U)
(8:4) Iy, = - a_1§ + U GRe™2011) +(e zuRsz)R —
(85) rge = 779 — u@-

Observe also that

1\ 1 K
nr — Ug = R((UR - —) +a2u§,) - — - —=,
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while
1
Mo — ug = 2R(UR - ﬁ)U@

As a consequence, it follows that the following quadratic form inequality holds

(8.6)  (nr — UR)(dR? +a2d6%) + 2 (g — Uy) dRAO + ( !

TR ”)(dR2+a‘2d6)2)20.

Returning now to (8.2), this leads us to

R _ (1 K_2217 ‘R\2 , —20¢6y2) , AR c6v2
E g * e | (ER7 +aE?) + 29

-2(1-

—(eZUuRcze—2<’7—U>+(e—2UR2H2) d )(é ) — 20, E08" — T nél.

Note that the term containing % has the right-sign and can absorb the term ;5 K o2{£0)2, Using

moreover the estimate (7.7) and the fact that |a71&9) < &R, for all € > 0, we may assume that
R(&(so) is sufficiently large so that

—2(n-U)

& < (3+€)(5R) 2r§a€65“—rﬁjbé“éb—(eZUuRG%—ZW—w+(e—2UR2H2)R —— )(56)2.

Recalling now that ‘2—5 = &R, the last inequality can be rewritten as

% (R—3/4—€€'R)

(8.7) e 20~ 0 i
< R7/4e (— (eZUuRGZe—ZW—u) + (e ?VURH?) — )(59)2 —2Tf E08" ~ TR &% )

For the three terms in the right-hand side, recall that

T ?{9 = ¢ 218U URG,
=2(n-U)

R _ € —2Up2
e = — (R H)R,
IR, = e ety
R _

Iy = 0,
—2(n-U)

R _ ¢ —2Up2

Iy, = > (e R )R.

These terms can be combined with the terms containing H?> and G? above arising from Fge
as follows:

. in . . \2 . .\ 2
r?{x(éX)Z + 2F§X595X + eZUURGze—Z(I]—U) (59) — e—Z(T]—U)EZUUR (EX + GEQ)
= e ?MURJ%
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and
-2(n-U)

T €0+ 20, 08 + (IR H?), 5 (&)
o2(n-U)

=— ((B_ZURZ)R (EY + HSQ)Z + e 2UR22HH, (59)2 N ZE_ZUHRRZSQSY)

T —

Letnow p =1 — U+ ;InR - $Ina. Note that

1 2
#R:R((UR_E) +a2LI§)20.

Then, using that U is uniformly bounded and (7.7), we easily have the estimates

- . 1
(8.8) 1R 3| < CR ( R+ R),

e o) med U 2
(8.9) T(.e R )RR AU

IA

CR* (R—l/zy}{/z N %)

for some constant C > 0. Moreover, in view of equation (2.8), (7.7) and the estimate |£9| < a&R,
DT R
e PHRETY| < C o3

Returning to (8.7), we obtain

d -3/4-€ ¢R -13/4—€ (,,1/2 -1/2

o (R < cr (g +R7?)+ Cos.
The second term in the right-hand side is integrable since &R = . Moreover, R™13/4=¢R-1/2
is decreasing in R and, therefore, integrable on any bounded interval [sg, s1]. Thus, it remains
only to show that R~13/4-¢ ‘ullz/ % is integrable.

Let M2 = —g(cf, &). Then, we have
_2 56 <1 MZe—Z(q—LI)
ER =+ . \2 '
(£9)

SR

AR(E(s)
s

Let x = A%(n;u) < 1and let p = - U. Then, we find®
dp ‘R 1/2 ‘R
(8.10) D o1ad (nR) - Be® > (1- (- 0"
(8.11) > 1/2xuréR.
In particular, ‘;—g +1 /4% (InR) - g—’;ER > (. As a consequence, we have
dp d aR . .
<2|= +1/4— (InR) — —ER | M22 &R,
LR < ds+/ds(n) ZaE)M ePE

3We would like here to cons1der 2 however, this would introduce the quantitiy a¢ for which we do not have
directly an evolution equation.
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Now, recall that from (7.7)

_ar_ 1 54
22~ R TORT):

In particular, there exists some R, > 0, such that for all s such that R(&(s)) > Ro,
aR < 1+ €/
22~ 4R

and we can assume that R(&(sg)) = Rp. Thus, we have

i 1+
,uRSZ(d‘D + (1 R)M 220 R

where the quantity in the parentheses d_p T di (InR) > 0 is positive.

Thus, we conclude that

172
HR

IA

dp 1+£4 1/2 .on1/2
-1 2 R
\/EM (_ds + 2 _ds (]n R)) ef (é ) ,

dpo 1+54 ) .
- = P R
C(ds + T (lnR))e + C&ER.

It follows that

dp 1+ £ 4
R-13/4-¢ 12 _ ~p-13/4-c [ 2P 2
po=C ds T2 4

)ezp + CR™13/4-¢gR

dR(E(S

where the last term is clearly integrable since &R = and 13/4—¢ > 1. Finally, using (7.7)

and an integration by parts to estimate the term contammg Z—S, we have, for any s € [sg, s1)

S dp €
~13/4-¢ [ 4P 2p
fso R ( - .1 o (lnR)) ds

s 1+5
f R34 61/2 ds+ f R —= d o (InR)eds

50 S0

S
< CePPR™IB/MAE 4 Cf RY/4egRe20 g Cf R*ERGs < C.

S0 50

Thus, we have shown that 4 (R 3/4- eER) is integrable and, therefore, that ER < CR3/4+e,
for some C > 0. This Completes the proof of Theorem 8.1. m]

9. EXISTENCE OF INITIAL DATA SETS CLOSE TO THE ASYMPTOTIC REGIME
In this section, we prove the following result.

Proposition 9.1 (Existence of a class of initial data sets). Fix C; > 0 and A € [0, +0c0). For any
€ > 0, there exists Ry > 0, (Uo, Uy) € HY(S') x L%(SY),a0 > 0 € W>1(SY) and 19 € WYL(SY) such
that (Uo, Uy, ao, no) satisfies the constraint equation (2.7), that is,

9.1) do(10) = 2Ro U1dg(Up)

and such that the conditions (6.1)-(6.5) are all satisfied with U(Ro, 0) = Up(0), Ur(Ro, 0) = U;1(0),
N(Ro, 0) = no(0) and a(Ro, 0) = ap(0). As a consequence, there exists an non-empty set of initial
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data satisfying (6.1)-(6.5) which is open in the natural topology associated with the initial data on
HY(SY) x L2(SY) x W2L(Sh) x Wii(sh).

While our construction imposes to choose a sufficiently large Ry (depending on €), the €
satisfying the assumption of Theorem (7.1) depends only on a lower bound on Ry. Hence,
the data constructed above satisfy the requirements of Theorem (7.1) provided Ry is chosen
sufficiently large.

Proof. Let C; > 0 and A € [0, +o0) be fixed. We define a to be
2n

ap = 1’
pRY

where p > 0 is a constant. Thus the associated term & reads & = pR(l)/ 2. We then define U;
as

so that

Consider now any non-constant Uy € H'(S!). We will impose several conditions on Uj.
Let &€ = fsl (aa 1U% + ao(uo)é) d0 be the energy associated with our initial data set. Note
that the energy correction* TY = Rlo fsl (Uo— < Up >) Uzay 14dR = 0 since Ulaal is constant.
LetF = #&and § = & (5 + Fu) be the rescaled energy and the rescaled corrected energy

associated with Uy, U; and ag. Note that since TY = 0, § = F, so that (5.25) trivially holds.
Observe that

271 .A 271
F= (ap" U2 + ag(U0)3) d6 = = +2m f (Uo)2de.
0 R 0
Suppose now that f(f”(uo)gde = 27%1%0, where C; > 0. Then, we have
A G
F=—=+—.
R " R
In order to satisfy (6.2), we now fix p in terms of C; by setting
2C;\'/?
=(F)

Then, we compute

Icﬂzli_i ‘ii
\/g R091/2 \/g Ro&l‘l/z
On the other hand, we have
2 __ PR 2 A
RoF1/2 - o 172~ %( * R0C1)
o+ %)

4We would like to thank an anonymous referee for pointing out this nice simplification.
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This shows that (6.2) is satisfied provided that % is sufficiently small, which we can always

ensure by choosing Ry sufficiently large compared to C%.
One can then easily check that (6.1) and (6.5) hold true provided Ry is sufficiently large. It
remains to define ) so that (6.3) and the constraint equation (9.1) is satisfied.

For (6.3), we only need to ensure that ‘ﬁ - %‘ < €. Recall that Q = f02n 1%2 221 ”61 do. By

fixing 1o(0 = 0) we can certainly ensure that

K%, 1
i I]Q(O)a—l — R39§1/2‘
2 0 215 0
Now we define n for all other values of 0 so that (9.1) is satisfied

0
w0+ 2R [ Ui(Un)odo,
0
= 10(0) + 2RoU; (Uo(6) — Uo(0)) -
From the above, we see that g € W!(S!) (and in fact in H!(S!)) and that

27
F
d6 < Rp—
[ ol <ro;
——=Ro| =5+ [<¢€,
PRy [R% RO]
again by choosing Ry sufficiently large depending only on C; and A. We then check that

Q 1) 1
R3FY2 5| R3F/?

10(0)

IA

110(0) — 110(0)|

KZ
Q- 277762’70(0)5161

1 K o
< K pno01 f 2MO-10) _ 1149 < Ce? < ¢,
R3F1/2 2 0
provided € is sufficiently small. m]
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