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Splitting trees with neutral Poissonian mutations II: Largest and

oldest families.

NicoLAS CHAMPAGNAT'?, AMAURY LAMBERT?

Abstract

We consider a supercritical branching population, where individuals have i.i.d. lifetime du-
rations (which are not necessarily exponentially distributed) and give birth (singly) at constant
rate. We assume that individuals independently experience neutral mutations, at constant rate 6
during their lifetimes, under the infinite-alleles assumption: each mutation instantaneously con-
fers a brand new type, called allele or haplotype, to its carrier. The type carried by a mother at
the time when she gives birth is transmitted to the newborn.

We are interested in the sizes and ages at time ¢ of the clonal families carrying the most
abundant alleles or the oldest ones, as ¢ — oo, on the survival event. Intuitively, the results must
depend on how the mutation rate # and the Malthusian parameter o > 0 compare. Hereafter,
N = N, is the population size at time ¢, constants a,c are scaling constants, whereas k, k' are
explicit positive constants which depend on the parameters of the model.

When o > 6, the most abundant families are also the oldest ones, they have size ¢N*—¢/* and
age t — a.

When a < 6, the oldest families have age (a/6)t+a and tight sizes; the most abundant families
have sizes klog(IN) — k' loglog(N) + ¢ and all have age (0 — a) ! log(t).

When a = 6, the oldest families have age kt — k' log(t) + a and tight sizes; the most abundant
families have sizes (klog(IN) — k' loglog(N) + ¢)? and all have age t/2.

Those informal results can be stated rigorously in expectation. Relying heavily on the theory
of coalescent point processes [13, 16], we are also able, when a < 6, to show convergence in
distribution of the joint, properly scaled ages and sizes of the most abundant/oldest families and
to specify the limits as some explicit Cox processes.

This is in deep contrast with the largest/oldest families in the standard coalescent with Pois-
sonian mutations, which converge to some point processes after being rescaled by N [3, 4, 5].
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60K15.
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1 Introduction and motivation

We consider a general branching population, where individuals reproduce independently of each
other, have i.i.d. lifetime durations with arbitrary distribution, and give birth at constant rate during
their lifetime. We also assume that each birth gives rise to a single newborn. The genealogical tree
associated with this construction is known as a splitting tree [6, 7, 13]. The process (Ny;t > 0)
counting the population size is a non-Markovian birth—death process belonging to the class of general
branching processes, or Crump-Mode—Jagers (CMJ) processes. Since births arrive singly and at
constant rate, these processes are sometimes called homogeneous, binary CMJ processes.

Also, individuals are given a type, called allele or haplotype. They inherit their type at birth
from their mother, and (their germ line) can change type throughout their lifetime, at the points
of independent Poisson point processes with rate 6, conditional on lifetimes (neutral mutations).
The type conferred by a mutation is each time an entirely new type, an assumption known as the
infinitely-many alleles model.

We are interested in the so-called allelic partition (partition into types) of the population alive
at time ¢. In [2, 12], we obtained explicit formulae for the expected frequency spectrum of the allelic
partition. The frequency spectrum is a convenient way of describing this partition without labelling
types. It is defined as the sequence of numbers (Ag(k,t),k > 0), where Ay(k,t) is the number of
types carried by k individuals at time ¢. For example in [2], we have derived explicit formulae for the
expectation of Ay(k,t) conditional on population size at t. From these formulae, using the theory of
branching processes counted by random characteristics, we have specified the a.s. limit, as ¢t — oo,
of the fraction of types carried by a fixed number k of individuals.

If we call clonal families, or simply families, the equivalence classes associated to identity by type
(i.e., the components of the allelic partition), it is usual to call small families the families of sizes k =
1,2,3,... Here, large families will refer to families with most frequent (i.e., abundant) types having
alive representatives, and old families to families having oldest types with alive representatives,
where the age of a type is the time elapsed since its original mutation. In the present work, we are
interested in the asymptotic behavior, as t — oo, of the sizes and ages of large and of old families.

The most celebrated mathematical result regarding allelic partitions is Ewens’ sampling formula,
which provides the distribution of the frequency spectrum for the Kingman coalescent tree with
neutral Poissonian mutations [5]. It has notably been shown [3, 4] that under this model, the largest
(resp. oldest) families converge, after being rescaled by the population size N, to the Poisson—
Dirichlet (resp. GEM) distribution. We will see here, that, for example, the largest families are
never of the order of NV, but depending on how the Malthusian parameter « scales with the mutation
rate 6, of the order of N'=9/¢ (case § < «), order of (log N)? (case § = a), or order of log N
(case 6 > «). The first case (0 < «) shows more similarities with the frequency spectrum of the
Beta-coalescent [1].

We refer the reader to [2] for more references on the topic of allelic partitions, especially regarding
branching processes. For example, similar questions were studied for general CMJ processes, when
mutations occur at birth, in the monography due to Z. Taib [18]. These results rely heavily on the
theory of branching processes counted by random characteristics, due to P. Jagers and O. Nerman
[8, 9, 10, 15], and more specifically on time dependent random characteristics as developed in [10]. Z.



Taib obtains results of convergence in distribution of the (correctly rescaled) point process of ages,
similar to the results we obtain in Sections 4 and 5. However, the techniques of [18] do not apply to
the case where mutations occur during individuals’ lifetimes, since the genealogical tree of types is
not the one of a CMJ process in this case.

One of the initial motivations of [2] and of the present work was the following model inspired
from the works of P.C. Sabeti and her coauthors (see e.g. [17]). Inside a large population, consider a
subpopulation consisting of individuals carrying a specific selective gene called ‘core haplotype’ and
thus experiencing demographic growth. The haplotypic structure of the subpopulation restricted to
a portion of length L around the core haplotype on the chromosome carrying it, is assumed to be
altered by recombination. As long as the total population is sufficiently large w.r.t. the growing
subpopulation, each time a sequence belonging to (an individual in) this subpopulation recombines
with another sequence, with high probability this sequence will be a new sequence belonging to the
rest of the population. Therefore, the new sequence obtained after recombination can be treated
as a mutant under the infinitely-many alleles model. In this setting, mutation rate is an increasing
function of L. In [17], a tree representation of the allelic partition as a function of L is given for
each core haplotype in a given set of genes suspected to have been selected in humans. The tree
obtained this way is called “recombination tree”. An interesting question is to develop statistical
methods allowing to detect positive selection from the knowledge of this tree. Here, we assume that
our (sub)population grows at a Malthusian rate a (supercritical CMJ process). We are able to give
the asymptotic distribution of the rightmost part of the frequency spectrum for a given mutation
rate (this corresponds to fixing L in the recombination setting). Since 6 can be seen as a death rate
when restricting the count to individuals carrying the same allele, the phase transition at # = «
is intuitive. In the recombination tree, this phase transition should translate into a transition, at
a certain locus length Lg, from a small number of thick branches (L < Lg) to a large number of
thin branches (L > Ly). We plan to extend this study to a full description of the structure of the
recombination tree.

In the next section, we define rigorously the model and recall some chosen results from [2]. Section
3 is concerned with the asymptotic behavior, as t — 00, of the expected sizes and ages of the most
abundant/oldest families. Sections 4 and 5 deal with the joint convergence in distribution of these
sizes and ages in the respective cases when clonal families are subcritical or critical. A final appendix
is devoted to some technical lemmas for the control of moments of order 2 of largest sizes and ages.

2 Model, preliminary results and statement of the main results

2.1 Model

In this work, we consider genealogical trees satisfying the branching property and called splitting
trees [6, 7]. Splitting trees are those random trees where individuals’ lifetime durations are i.i.d. with
an arbitrary distribution, but where birth events occur at Poisson times during each individual’s
lifetime. We call b this constant birth rate and we denote by V a r.v. distributed as the lifetime
duration. Then set A(dr) := bP(V € dr) a finite measure on (0, 00| with total mass b called the
lifespan measure. We will always assume that a splitting tree is started with one unique progenitor



born at time 0.

The process (Ny;t > 0) counting the number of alive individuals at time ¢ is a homogeneous,
binary Crump—Mode—Jagers process, which is not Markovian unless A has an exponential density or
is a Dirac mass at {+oc}.

0 1 2 3 4 5 6 7 8 9 10 12 13 14 15

Figure 1: A coalescent point process.

In [13], it is shown that the genealogy of a splitting tree conditioned to be extant at a fixed
time ¢ is given by a coalescent point process, that is, a sequence of i.i.d. random variables H;, ¢ > 1,
killed at its first value greater than ¢. In particular, conditional on N; # 0, N; follows a geometric
distribution with parameter P(H > t), where H is distributed as the H;. More specifically, for any
0 <1i<j<N;—1, the coalescence time between the i-th individual alive at time ¢ and the j-th
individual alive at time ¢ (i.e., the time elapsed since the common lineage to both individuals split
into two distinct lineages) is the maximum of H;1,..., H;. The graphical representation in Figure
1 is straightforward. The common law of these so-called branch lengths is given by

P(H > s5) = (2.1)

1
W(s)’
where the nondecreasing function W is such that W(0) = 1 and is characterized by its Laplace
transform. More specifically, these branch lengths are the depths of the excursions of the jump
contour process, say Y, of the splitting tree truncated below level t. They are i.i.d. because y®
is a Markov process. Indeed, it is shown in [13] that Y ® has the law of a Lévy process, say Y, with
no negative jumps, reflected below ¢ and killed upon hitting 0. The function W is called the scale
function of Y, and is defined from the Laplace exponent 1 of Y

Y(x) =2 — /(07+Oo] (1—e") A(dr) x € Ry. (2.2)

Let « denote the largest root of 1. In the supercritical case (i.e. f(o o0 rA(dr) > 1), and in this
case only, « is positive and called the Malthusian parameter, because the population size grows



exponentially at rate o« on the survival event. Then the function W is characterized by

1
()

Actually, it is possible to show by path decompositions of the process Y that

T > Q.

/ e "W (r)dr =
0

W (z) = exp (b /0 "t > t)> , (2.3)

where J is the maximum of the path of Y killed upon hitting 0 and started from a random initial
value, distributed as V. Note that since Y is also the contour process of a splitting tree, J has the
law of the extinction time of the CMJ process N started from one individual.

Throughout this work, we further assume that individuals independently experience mutations at
Poisson times during their lifetime, that each new mutation event confers a brand new type (called
haplotype, or allele) to the individual, and that a newborn holds the same type as her mother at birth
time. The mutation rate is denoted by 6. From now on, P; (resp. P*) will denote the conditional

probability on survival up to time ¢ (resp. on the survival event).

2.2 Expected frequency spectrum

Recall from the introduction that Ag(k,t) is the number of types carried by k individuals at time ¢.
Also denote by Zy(t) the number of individuals carrying the ancestral type at time t.

In [2, Cor. 4.3], we obtained the following explicit formulae for the expected frequency spectrum
in the population at time t:

t k—1
By Ag(k,t) = W () /0 b WQ](LW (1 - W:(x)> (0 dz + 61(dx)), (2.4)
and ot , 1
Py (Zo(t) = k) = W (t) Wo(D? <1 - m) ; (2.5)
and
Wy(z) := e "W (z) + 9/0 W (y)e % dy, (2.6)

ie. Wj(z) = e %W'(z) > 0 and Wy(0) = W(0) = 1. Note that Wy is the scale function associated
to the clonal splitting tree [2, Thm. 3.1}, i.e.

* —ZITr 1
/0 e W(T)dr—¢0(x), x>a—0,
where bz +0)
. x(x
Yo(x) :=x — /(07+Oo](1 —e "P(Vy € dr) = 2t (2.7)

where Vj denotes the minimum of V' and of an independent r.v. with parameter 6.



In addition, we were able to obtain the explicit expected age density of the frequency spectrum |2,
Eq. (4.5)]: for all y < t, defining Ag(k,t,y;dy) as the number of haplotypes of age in the interval
(y,y + dy) represented by exactly k alive individuals at time ¢, we have

e 1 k-l
EiAg(k,t,y;dy) = 0 dy W(t) ol )2 (1 We(l/)) . (2.8)

In [2], denoting by Ag(t) = >~ Ae(k,t) the total number of haplotypes at time ¢, we deduced
from these expressions the a.s. large time convergence of the fraction Ag(k,t)/Ag(t). Recall that
families with given size k = 1,2, 3, ... are referred to as small families. Large families are those who
have the largest sizes and old families are those whose original mutation is among the oldest. We
are interested in the sizes and ages of large and of old families. For example, the size of the largest
family is the largest k such that Ag(k,t) > 1.

2.3 Statement of results

Recall that we always assume that the Malthusian parameter « is positive. The asymptotic size
of the most frequent and oldest haplotypes strongly depends on the way « and the mutation rate
0 compare. Since # is an additional death rate for clonal families, the case a > 6 corresponds to
supercritical clonal families, the case § = « corresponds to critical clonal families, and the case 6 > «
corresponds to subcritical clonal families.

In the whole paper, we are going to use the following notation: for all z,s > 0, define

e [Li(x) the number of haplotypes carried by at least (or exactly) = individuals alive at time ¢ (L

for large);

e O4(s) the number of haplotypes with alive representatives at time ¢ older than s, i.e. whose
original mutation has age greater than s (O for old);

e M;i(x,s) the number of haplotypes carried by at least = individuals alive at time ¢ and whose
original mutation has age greater than s. By convention, we set My(z,s) = M(x,0) = L(x)
when s < 0. For 0 < s1 < s9, we also define

My(x,51,52) = Mi(x,51) — M(x, 52),

the number of haplotypes carried by at least x individuals alive at time ¢, whose original
mutation has age in (s1, sa].

Our convergence results are of two kinds: convergence in expectation of L;(z;) and Oy(s;) for
conveniently chosen z; and s;, which are directly obtained from (2.4), (2.5) and (2.8) (see Section 3),
and convergence in distribution of the point process of (correctly rescaled) largest families or oldest
families, which require to combine the previous equations with the theory of coalescent point pro-
cesses [13, 16] (see Sections 4 and 5). We obtain different results depending on whether the clonal
families are supercritical, subcritical or critical.



2.3.1 Supercritical clonal families

Our only result in the supercritical case (a > ) is the following (Proposition 3.3): for all 0 < a¢ <
a1 < 400 and ¢ > 0,

_ ai
lim B M, (ce@ 9t — ay,t - ag) = 22 / exp (ay = evhla — 0)el™) (0dy+ b (dy), (2.9)
« a

t——+o00 o
where &y denotes the Dirac measure at 0. Note that (2.7) yields

(0= 0)'(e)

(67

Yhla—6) =

This result means that the largest families at time ¢ have a size of the order of (=9t and that
their age is of the order of ¢ minus a constant, i.e. were born in the first moments of the population
growth. In particular, the largest and oldest families are the same.

This result can be interpreted as follows: If Ny(t) denotes the size of a clonal family started at
time 0 from one individual, then conditional on its survival at time ¢, Ny(t) e~ (@9 converges in
distribution to an exponential r.v. with parameter ¢5(a — ) [13]. If we restrict the limit in the last
statement to its Dirac term, we recover the previous convergence stated for the ancestral type

lim Py(Zo(t) > ce(afe)t) _ e~ 0 e~ WVp(a—0)

t—-+o0 «

The prefactor aTw is the probability of survival of the ancestral family conditional on the survival

of the whole population, which is the ratio of (o« — 6)/b (survival probability of the ancestral family)
with «/b (survival probability of the whole population).

a0t ¢ — gyt — ag), we need to integrate the mutation rate per

In order to recover EtMt(ce(
branch 6 dy against the expected number of individuals alive at time y having at least one alive (not
necessarily clonal) descendant at time t, times the probability that the splitting tree spanned by one of
these individuals has at least ce(®=9* clonal descendants, which is exactly Py, (Zo(t —y) > cel@=0%)

since this splitting tree is not extinct after ¢ — y time units, which converges to

a—10 efcw(’g(afe)e(a_e)y
(6%

as t — 4o00. Now, the number of individuals alive at time y having descendants at time ¢ is given
by the number of branches deeper than ¢ — y in the coalescent point process, i.e. has a geometric
distribution of parameter P(H >t | H > t —y) = W(t —y)/W(t). As will appear in Lemma 3.1
below, this quantity converges to e~*Y as t — 400, which completes the interpretation of each term
of (2.9).

Using the theory of time-dependent random characteristics, Z. Taib [18] was able to obtain
more precise results (but without considering ages of haplotypes) in the case of CMJ processes where
mutations occur at birth. In this case, using the notation a—6 for the (positive) Malthusian parameter
clonal families (to be consistent with our notation), he obtained in Theorem (4.6) the convergence



a—0)t

of the number of haplotypes carried by more than ce individuals to a mixed Poisson r.v. with

o wwhen

parameter Cweo/ ac®/(@=9) where the constant C' is explicit and wyo is the limit of Nie™
t — 400, where V; is the population size at time ¢. This result is consistent with ours, although the
precise value of the constant C' is not the same.

Although not stated in [18], one can easily extend this result using [14, Thm. A.1.] to obtain the
convergence in distribution on the event of non-extinction of the point measure 1 (-), where n;([ag, a1])
is the number of haplotypes carried at time ¢ by a number of individuals in [aoe(a*(’)t, ale(a*(’)t],

towards a mixed Poisson point process (also known as Cox process) on Ry with intensity measure

Cwe

M(dx) = (Oé _ 9)x1+a/(a79) dz.

This is actually the kind of results that we are able to prove when mutations occur during the life
of individuals and when clonal families are subcritical or critical (see below). Unfortunately, the
method we develop in Section 4 does not apply to the supercritical case.

2.3.2 Subcritical clonal families

When o < 6, we prove in Proposition 3.4 that for all a € R

lim E.O; <a_t + a> =ke 0
t— o0 (9

for an explicit constant k, and that the maximal size of families older than «t/6 + a is tight when
t — oo for all a € R. We also prove in Proposition 3.5 that for all ¢ € R,

E/Ly(x(c)) ~ kp(0) 1O, (2.10)

where {z} denotes the fractional part of the real number z, i.e. {x} =z — || = z + [—=x], where
|| (resp. [-]) is the integer part (resp. ceiling) function, and

zi(c) =K't —K'logt + c

and

w@%=1—%gL (2.11)

for explicit constants k,k’,k”. In addition, we prove that the age of these large families is of the
order of logt/(6 — o). Hence the largest and oldest families are different in the subcritical case.
Note that, both for large ages and large sizes, random fluctuations are of order 1 (the parameters
a and c¢ are not multiplied by a function of ¢). This explains why the right-hand side of (2.10),
while remaining bounded, depends on ¢: on the one hand, the size of the largest families grows with
time as z4(0) and has fluctuations of order 1; on the other hand the size of the largest families is an
integer and hence Li(z¢(c)) only depends on [x(c)|. Therefore, as a function of ¢, the right-hand
side of (2.10) must only depend on [z:(c)|, which is clear since ¢ + {—z:(c)} = —x¢(0) + [x4(c)].
This suggests that, given any sequence of times (t)x>0 such that t; — +oo and {x, (0)} =: v does
not depend on k, the r.v. Ly, (24, (c)) should converge in distribution, or that the r.v. Xt(kl) — x4, (0),

8



where Xt(l) is the size of the largest family at time ¢, should converge in distribution to some r.v.
with values in Z — v = {b —v,b € Z}. This is what we prove in Section 4. For example, we shall
state here Corollary 4.4.

Let us denote by Xt(l) > Xt(z) > ... the ordered sequence of family sizes in the population at
time ¢. Let also M(R) be the set of nonnegative o-finite measures on R, finite on Ry, and let us
define the semi-vague topology on M(R) as the one induced by all maps of the form

ve MMR)— /Ru(m)u(dx),

for all bounded continuous functions u such that, for some z¢ € R, u(z) = 0 for all < xy. Then,
Corollary 4.4 states that the sequence of point measures (Z)r>0 on Z — v defined by

Zp = ZéXt(:)—xtk(O)

n>1

converges in P*-distribution on M(R) equipped with the semi-vague topology to a mixed Poisson
point measure on Z — {x,(0)} with intensity measure

Ek Y w0)° b,

cEZ—{xtO (0)}

where k is an explicit constant and the mixture coefficient £ has exponential distribution with

parameter 1.

We obtain similar results for the oldest families (Theorem 4.5): if Agl) > A§2) > ... denotes the
ordered sequence of family ages in the population at time ¢, the family of point measures (Z;, ¢t > 0)

on R defined by
Zy = Z 5A§”Lat/0
n>1
converges in P*-distribution on M(R) equipped with the semi-vague topology to a mixed Poisson

measure on R with intensity measure

£ ke %da, (2.12)

where k is an explicit constant.

In the case of CMJ processes with mutations occuring at birth, Jagers and Nerman [10, Applic. C]
and Taib [18, Prop. (4.2)] obtained similar results for the extremes of the empirical age distribution.
Proposition (4.2) of [18] states the convergence of the point measure Z; on the event of non-extinction
to a mixed Poisson measure on R with intensity measure

oo k' e~ %da. (2.13)

As already noted, in the case of splitting trees, the distribution of we, conditional on survival is
exponential [13], so that (2.12) has the same form as (2.13), although the constant &’ is different
from k.



The technique used in [18] makes use of so-called individual time-dependent random characteris-
tics: for any individual 7 in the population, we define a nonnegative random process, called random
characteristic (xti(u),w € R), assigning some score to the individual at age u, such that x4 (u) =0
for all w < 0. The random characteristic depends on an extra parameter {. We can then define the
branching process counted with the time-dependent random characteristic x; as

ZX =" xuilt — o),
i

where the sum covers the set of all individuals which lived at some time in the population, and o; is
the birth date of individual 7. In such situations, the results of [10] allow one to prove the convergence
in distribution of Z}* as t — +oco, under a set of assumptions, among which the more stringent is
that the random characteristic is individual, i.e. that for all ¢ > 0, the random processes (;, x;) for
i running in the set of all individuals in the population are i.i.d., where (& (u),u > 0) is the process
counting the number of children of individual ¢ before age u.

In [18], this method is applied to the population of haplotypes (i.e. individuals above have to be
understood as haplotypes), defining for any haplotype ¢ (a variant of) the time-dependent random
characteristic

Xti(u) = 1{%+a§u<)\i}’
where \; is the life length of haplotype 1.

This method cannot be used when mutations occur during the life of individuals, since the age
of this individual when the mutation occurs influences the distribution of the progeny of the new
haplotype (except when lifetime durations are exponential r.v.), which contradicts the assumption
that (&;, x¢;) are i.i.d. One may think of defining another random characteristic based on individuals
rather than haplotypes, counting the number of mutations experienced by each individual, which
occured more than at/f+a time units ago and which has descendants living at present time. With this
choice, the random characteristic does not depend on the age of the individual’s mother. However,
it depends on the whole progeny of the individual, so that (&;, ;) and (&, xi#) are independent only
if the individuals i does not descend from i’ and conversely. Therefore, the method of [18] cannot be
applied to our case.

Proposition (4.2) of [18] makes use of precise estimates on the tail distribution of the extinction
time of a clonal family, which are well-known in this context. No results are given in [18] on the
size of large families in the subcritical case, presumably because their method would require precise
estimates on the tail distribution of the size of a clonal population at any time, which are to our
knowledge not known in general for CMJ processes. In our case of splitting trees with mutations
occurring during the life of individuals, our formulae (2.4) and (2.5) for the expected frequency
spectrum are exact. This allows us to obtain precise estimates for the tail distribution of the size of
a clonal population at some time, conditionally on the survival of the (clonal or not clonal) progeny
of this population at time t. We are then able to deduce exact asymptotics for the tail distribution
of the size of the largest family using a different method than in [18] (see the proof of Theorem 4.2).

We chose here to present results on largest and oldest haplotypes, but our method easily applies

10



to intermediate regimes. For example, one can easily adapt our calculations to prove that, for all
v €[0,1] and ¢ € R,
EcM; (wi(c), t) ~ kp(0) Hm L,
where (1 Ji
a(l -y
re(c) = ———~
"= Ciog(0)

Similarly, one can prove the convergence of the point measure of sizes of families older than (a~y/0)t

+c.

as t — 400 and compute the limit as a mixed Poisson point measure.

2.3.3 Critical clonal families

When o = 6, we prove in Proposition 3.6 that, for all a € R,
logt
lim E.O; (t _ o8t + a) = ke ¢
t——+o00 e

for an explicit constant k, and that the maximal size of families older than ¢ — logt/a + a is tight as
t — 4oo for all @ € R. As in the subcritical case, fluctuations are of order 1 here. We also prove in
Proposition 3.7 that, for all ¢ € R,

t— o0 0%

lim E,L(z:(c)) = k exp <_M c) ,

where
zi(c) = K't? + K'tlogt + ct (2.14)

and the constants k, k', k" are explicit. In addition, we prove that the age of these large families is of
the order of ¢/2. Here, since the fluctuations are of the order of ¢, the limit does not involve {—z(c)}
as in (2.10)

We are then able to deduce from these estimates the convergence of correctly rescaled point
measures of the size of the largest and the age of the oldest families (Theorems 5.1 and 5.3): using

the same notation as in Section 2.3.2, the family of point measures (Z;,t > 0) defined by
Zy = Z 5X£n)fzt(0)
n>1 t

converges in P*-distribution on M(R) equipped with the semi-vague topology to a mixed Poisson
measure on R with intensity measure

Ek exp (—%c) de,

where the constant k is explicit.

Note that this statement and the definition (2.14) are actually a little bit different than those of
Sections 3.4 and 5.1. However, the results stated here can be proved by slightly modifying the proofs
of Proposition 3.7 and Theorem 5.1. We have chosen to leave this to the interested reader.
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Similarly, we obtain the convergence of the family of point measures (Z;,¢t > 0) defined by

Zy = Z 5A§">—t+“17gt

n>1

to a mixed Poisson point measure on R with intensity measure
Ee . (2.15)

Again, in [10] and [18], a similar result is stated only for extreme ages. It takes the same form
as our result with £ replaced by ws, and with a different multiplicative constant in the intensity
measure (2.15).

3 Large time asymptotics for the expected number of frequent or
old haplotypes

Our goal here is to prove the convergence results on the expectation of L;(z;) and Oy(s;) stated above,
when clonal families are supercritical, subcritical or critical. We start with preliminary estimates on
the scale functions W and Wy.

3.1 Preliminary results on scale functions

Lemma 3.1 The survival probability of the splitting tree is a/b, and the scale function W has the

following asymptotic behavior

Wit e = 2

as t — 400, for some constant v > 0.

Proof. The expression of the survival probability and the fact that W (t) ~ e /4 (a) were already
proved in [13]. In order to get the higher-order term, we use the fact that

P(J > t) = % +0(e™) (3.1)

as t — +o0o, where J is the extinction time of the splitting tree started from one individual with
random lifespan, distributed as V. Indeed, we know from [13] that the law P! := P(- | J < oo)
is that of a subcritical splitting tree with lifespan measure e~ *"A(dr). In particular, under P!, the
lifetime V' of a single individual has exponential moments, and the first hitting time 7y of 0 by the
contour process of the spliting tree also has exponential moments (because its Laplace exponent is
the inverse of ¢(-) := ¥(-+a)). Since J < 75 a.s., J has exponential moments, that is, there is some
v > 0 such that Ef(e*?’) < co. As a consequence, also since a/b = P(J = o),

P(J > t) — % - (1 - %) Pi(J > t) = O(e™™).

12



Therefore, it follows from (2.3) that
exp (= [Z(bP(J > z) — a)dz)
¥'(a) ’

and the result then follows from (3.1). O

W (t)e ot =

From this result and the definition (2.6) of Wy, we can deduce the following lemma. We recall

e vz +0) (0= 0)¥/(a)
Yo(x) = 1 Yp(a —0) = B

Lemma 3.2 (i) Assume o > 60> 0. Then

Wols e(afe)t
9( ) ~ T;Z).,g(a — 9)
as t — +oo0.
(ii) Assume 0 < a < 6. Then
Wi~ 32
o(t) ~ .
»(0) CACTSD]
ast — oo, and
1
11— ——= =v(0)(1 - p(t)),
oy = A0 =p(t)
where p(0) is defined in (2.11) and p(-) is a non-increasing function such that
2
0
p(t) ~ 'l,Z) ( ) ef(efa)t (33)

02(0)|vy( — 0)]

ast — oo.

(iii) Assume o =6 > 0. Then

at 1 +oo —ay
Wy (t) = m + ) + a/o <W(y)e

1
W(Oé)) dy + o(1)

as t — 4o00.
Proof. Points (i) and (iii) are easy consequences of Lemma 3.1 and the definition (2.6) of Wj.
Point (i) can also be seen as a trivial corollary of Lemma 3.1 since when o > 6, Wy is the scale

function of a supercritical splitting tree.
For Point (ii), by Tauberian theorems (see [13]), we have Wy(t) — 1/1,(0) = /() as t — o.

Since ) -
——= [ W(ye %d

—e M W(t) -6 / W (y)e % dy.

(2.6) yields

13



Since W (t) ~ e /4 (), we have

/ Wy

as t — +oo. This entails (3.2). Since one has

—(0—a)y
e >/ ey

and ;
L 90 _wm —"e®
Wo(t) 6 Wolt) o
the proof of (ii) is easily completed. O

3.2 The case of supercritical families (a > 0)

In the case of supercritical clonal families, the asymptotic expected number of frequent haplotypes
can be explicitly computed. Note that in the next statement and elsewhere in the paper, the Dirac

measure at time 0 corresponds to the contribution of the family carrying the ancestral type.
Proposition 3.3 Assume a > 0> 0 and let 0 < ag < a1 < +oo and ¢ > 0. For allt > 0, let
x¢(c) = cexp((a — 0)t).

Then
a—0

lim By[Mi(z¢(c),t — ay,t —ag)] =

t—-+o0

[ e (o= evla— )07 0 dy + dufay),

ag

Proof. Using (2.5), (2.8) and Lemma 3.1, for all ¢ > a, we have

+o00 — 0t k—1
e 1
Ei[Mi(zi(c),t — a1,t — ag)] = Z [W(t) Wo(t)2 <1 W (t)> L{a=0}
k=[cela=0)t] 0 0

/tao HW( 6791 1 k—1 J
+ t 1-— T
(t—ar)V0 )We(ﬂﬁ)Q ( W9($)>
cela=0t1_1 t—a —Oz [cele=0)t] 1
e (- wm) o (= )
LA A 1— +W(t 0 1— d
{ao=0} We(t)e W@(t) ( ) (t—a1)VO0 Wg(l’) W@(x) v

a1 At ey
~ | e o (e = Dlog(L— 1/Wat — 1)) (6dy -+ 5o(dy))
(3.4)

where we recall that [-] is the ceiling function. Since Wy is nondecreasing and Wy(0) = 1, it follows
from Lemma 3.2 (i) that there exists a constant C' > 0 such that

ée@‘*@)t < Wp(t) < Cele=Dt i > 0.
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Therefore, for all y > 0, the quantity inside the integral in the r.h.s. of (3.4) is smaller than
O’ ey exp (_C/Ie(oh@)y>

for some constants C’,C” > 0. Now, using Lemma 3.2 (i) again, for all y > 0, the quantity inside
the integral in the r.h.s. of (3.4) converges to

! -0
(U (a)(a )eay exp <—Cwé(04 - H)G(afe)y)
o
when ¢t — +00. Proposition 3.3 then follows from the dominated convergence theorem. O

3.3 The case of subcritical families (a < 6)

Our first result deals with ages and sizes of the oldest clonal families. Note that the scaling constant

a varies in R.

Proposition 3.4 When a < 8, for any a € R,

. at _ ¢(9) —ba
S B [Ot <7 + “)] )" (3:5)
In addition, for any ry — 400 ast — +oo,
. at
t—1>1£—noo Et |:Mt (I’t, 7 + a>:| =0. (36)

Proof. Using (2.5) and (2.8) as in the proof of Proposition 3.3, we have
t —Ox
%tJra WG(:E)

N ‘ﬁ?();;t /t+ e (da + %(h(dm)),

3

where we used that Wy(z) — 0/1(0) as x — +oo (Lemma 3.2). Eq. (3.5) then easily follows.
Similarly,

E¢[Oi(at/0 + a)] = W(t) (Odx + 6(dz))

t e—@a} 1 [2¢]—1
E¢[M(z¢, at/0 + a)] = W (t) oty Wola) <1 - Wg(:ﬂ)) (Odz + 6:(dx))

1 [z¢]—1 t 679:1:
< (1 _ W@)) W) . iy O+ ),

since W is nondecreasing. Eq. (3.6) then follows from (3.5) and the fact that (1 —1/Wy(t))/**1 = 0
as t — 400, since Wy(t) — 0/1(0) > 1. ]

Our next result gives the asymptotics of the expected number of large families (notice again that
the scaling constant ¢ varies in R) and states that their ages all are asymptotically equivalent to
(6 — a)~Llog(t). We recall that ¢(f) < 1, so that |log ()| = —log p(6).
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Proposition 3.5 Assume a < 6. For all c € R, let

at — %logt

mle) = Toge@)]
Then, for all e > 0,
1-¢ 1+e¢ 1] s (e

as t — 400, where we recall that {-} is the fractional part function and

T (7% ) v(0) . 2 S
A(0) = % [Yp(a — 0)|7== (WH(G)Q ¢(0) |log w(@!) ; (3.8)

[

where T'(s) = fooo y*~le Ydy is the Gamma function.

Proof. Proceeding similarly as in the proof of Proposition 3.3, we deduce from Lemma 3.2 (ii) that

679:1:

t
_ [z¢(c)]—1
Ei[Li(:(c))] = W(t) (0) /OWe(x)
10/(0=0) ()= 1H{=we()} / t g=0a+(zi(c)] ~1) log(1—p(x))
¢'(O¢) 0 We(ﬁﬂ)

as t — +o00, where we used the relation [z:(c)] —1 = x4(0) + ¢ — 1+ {—z:(c)}. We will now abridge
x¢(c) into xy.

(1 - p(a) "1 (6da + 5,(dw))

(0dz + 6,(dz)) (3.9)

Let € > 0. Let us first bound from above the previous integral restricted to the complement
of [ﬁ logt, éi‘i log t]. On the one hand, using the inequality log(1 — p(z)) < 0 and the fact that

Wy (x) converges to a positive constant when x — +o0, we have for all € > 0

[

(0dz + 6¢(dz)) < C (efet + e_gel—%logt) = o(t™7-a)

/+oo o—02-+([2]—1) log(1—p())
eli logt WG(:E)

as t — +oo.

On the other hand, since p(z) is non-increasing and using (3.3), p(z) > p(4==logt) > Ct~'F¢
forall 0 <z < (1—-¢)/(0 —«) logt. Therefore,

1=¢ logt ,—Bz+([zt]—1) log(1—p(z)) 1=¢ Jog¢
60—« e 0—a —1+¢
Odx + 6:(dx)) < C'/ e 07 o= C(lz:]-1)t dx.
A Wg(l’) ( t( )) 0

9
Since ([x;] —1)t~1* > C"#° for t large enough, we deduce that the previous integral is also o(t~ 7= ).

In conclusion, E;[Li(z¢(a))] and E, [Mt (act(a), 1€ log t, 1££ log t)} are both asymptotically equiv-

0—a ' O—«

alent to Ey(e), provided that Fy(e) is uniformly bounded from below, where

b(0) 0/ 0=0) p(@)o—1+{—wi(@)} /;iz OB (fer]—1) og(1—
Ei(e) == e~ 0zt (fze]=1)log(1-p(2)) g, 3.10
(©) @) - (8.10)
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Note that, since Wy(z) — ¥(6)/6 when x — +o0, the replacement of Wy(z) by its limit in the r.h.s.
of (3.9) is justified. The proof of Proposition 3.5 will hence be completed if we can prove that

Ey(e) ~ A(8) p(g)c 1 moell,
This is the aim of the rest of the proof. Set

0
B = momia o (8.11)

and we make the change of variable y := B([x;] — 1)e~ =% in (3.10):

—a c— —x x¢]—1)t—1+e
By(e) ~ L0 gy /B“ T e—a

P(@)(0 — a)(B([z] = 1))%0=2) Jp(re)-1)-1-¢
B([z¢]-1)

exp<([xt1 ~1) 1og<1 - %%))) dy. (3.12)

Now, using Lemma 3.2 (ii) again, we have for all y > 0

B([zt]-1)

log ——=— y

y log — Yy
S — ~ B B([zt]-1) —
p< 0—a ) ‘ t [¢] —1

as t — +o00. Therefore, the exponential in the r.h.s. of (3.12) converges for all y > 0 to e™¥ when
t — +o0. In addition, using the inequalities log(1 — p(z)) < —p(z) and p(z) > Ce~ = for all x
large enough, we have

o 4 log B(fze]=1) o _o
yoi—e~ exp(([m —1)log (1 - p(ﬁ))) <yiee Y

Since x;t~'7¢ — 0 and 24t7'T¢ — 400 when t — 400, Lebesgue’s theorem finally yields

$(0)p(0)c 1T () < ; >9/(ea)
(2] — 1 ’

&)~ = )0 — )BT

Remembering that x; ~ at/|log ¢(0)| as t — 400 concludes the proof of Proposition 3.5. O

3.4 The case of critical families (o = 0)

The following result gives the asymptotic expected number of old families and states that their sizes
are tight.

Proposition 3.6 Assume a =6 > 0. For all a € R, we have

I 1 —oaa
lim Et Ot<t—£t+a>:|:e .

t—+o00 o «

In addition, for all xy — 400,

[ logt
lim Et Mt (mt, t— & —|—(Z>:| =0.
(07

t—+o0



Proof. Using Lemma 3.2 (iii), a similar computation as for Proposition 3.4 yields
—ax at 1

1 t
C 7 (de + S6y(dr)) ~ / ey 4+ L
« t t_%+a

at

t
Ei[O(t —logt/a + a)] ~ eo‘t/
t—%-ﬁ-a €z

The first limit easily follows. The second limit is obtained exactly as in the proof of Proposition 3.4.
O

The computations for the most frequent haplotypes are more involved. The following result
gives the asymptotics of the expected number of large families and states that their ages are all
asymptotically equivalent to ¢/2.

Proposition 3.7 Assume a =6 > 0. For all ¢ € R, we define

2 2
zi(c) = 41;[(0[) <t _ l;)it + c> .

Then, for all € > 0,
. L l—¢e, 1+4¢ 2 g e .
t_lginoo E¢[Li(x4(c))] = t_l)lgrnoo E; [Mt <mt(c), 5 t, 5 t)} =4/ -~ 2 e ¢

+o0o
B=1+ a/o (¢ ()W (y)e ™ — 1) dy. (3.13)

where

Proof. Similarly as in the proof of Proposition 3.5, we have

[T e (T -1)loa(1- i )
E:[L ~ Wa (@) ) (adz 4 6¢(dx)). 3.14
(@) ~ s | i (adz + 5,(d)) (314)
Let ¢ > 0. Let us first bound from above the previous integral restricted to the complement of
[155t,435¢t]. Fix n € (0,1). By Lemma 3.2 (iii), for all z large enough, 1 < Wy(z) < WM

Hence, using the fact that x;(c) ~ ot? /44’ (), for t sufficiently large,

t
ﬁ‘k
2

t

e (@] log(1- i) < / —aa—([ai(c)] 1) L=
e e (adx + 0(dx)) < e e (adx 4 &(dx))

2

t o ap0z2m?
< Oé/ e a(gH_ @ )dx + eot(+(1=2m)/4)
1

+e
5t

The quantity inside the integral in the integral of the r.h.s. is maximal for z = (1 — 2n)1/2t/2, which
is outside the integration domain, so that

e ) Hl+e) | t(1—2)
* < — .
I o <tesp (o (U524 50

2

This last quantity is o(e~?*) if one chooses 1 < £2/2.
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Using the fact that W, (z) is non-decreasing, larger than (or equal to) 1 and that e”** < 1, we

have

logt _—ax

e

0 Wa(z)

_ _ [z4(o)]—1
e(l—l't(Cﬂ 1)10%( Wa(””)>ozd$ < Oée We (log 1) logt
Since x4(c) ~ a?t? /49’ (), using Lemma 3.2 (iii) again, for ¢ large enough, the previous integral is
smaller than
—Ct?/logt

alog(t)e = o(e™™),

for a constant C' > 0 independent of ¢.
Finally, using Lemma 3.2 (iii) similarly as above, for all € (0, 1), for ¢ large enough,

1—e¢ 1—¢ 2
-1t _—ax ==t (1—2n)t
2 e _ 1 2 7a(:r+7x)
/ _e((mt(r:)] UIOg(l Wa(l‘)>ozdx < a/ e * dx.
!

ogt Wa (CC) logt

Taking 7 small enough so that (1—n)/2t/2 > t(1—¢)/2, the previous quantity can be bounded from
above by

ate 7 (1~ et e) = o(e™)
if one takes again n < £2/2. In conclusion, Ei[L¢(z¢(c))] and E; [M; (z4(c), 155, 135¢)] are both
asymptotically equivalent to Fy(¢), provided that E(e) is uniformly bounded from below, where

1+4¢

ae® [T e (fay(@)]-1)loa(1- i )
= — o (z)
E(e): 7(a) / t Wa(x)e dzx.

Therefore, it only remains to prove that

: [2m p_ () _
lim Fi(e) =/ —eP 2 e@c.
t—4o00 (e

Using the facts that Wy (z) ~ az/¢/(«) and that |log(1 — 1/W,(z))| < C/t for all x large enough,

we have

Ey(e) ~ eat/ T pmaw 2@ B (1=l dx,

1—cy X

when ¢t — +o00.
It follows from Lemma 3.2 (iii) that

o (1 ) = ) B e (1) 5.15)

as ¢ — +oo. Therefore,
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as t — 4o00. Hence, using the facts that z;(c) ~ % and that x € [%t, %t], for t large enough,

14¢
2e7%¢ g v 2 ap—at@v@)
eB= eat/ e dx < Ei(e)
(1 + €)t 1;5t
14¢
2e0° g W@ o [20 e m@v (@)
< (1_€)te 2 e L e az dzx, (3.16)

for a constant C independent of € and t.
Now, let us compute the asymptotic behavior of the integral involved in these inequalities: first,
the change of variable x = By with 8 = \/z(c)Y' (a) /e yields

B (08 () 5l _ap (v+2)
—ar—2t)v () t —afB(y+-
e dr = e v/ dy.
/l;st 5t/ Y
2 2/6t

Next, we introduce the new change of variable
B 24224 2v22+4
— 5 )
This defines a C!-diffeomorphism from z € (—o0, +00) to y € (0, +0c0) such that

1 2
y+-—=2+2z"
Y

Note that z > 0 if and only if y > 1, which means that

1
z=sgn(y—1)\/y+§—2,

where sgn(z) =1if > 0 and —1 if z < 0. Since

logt
+c t
_ ~ 3.17
/Bt 2 27 ( )
the inequality (1 —€)t/28; < 1 < (14 €)t/25; holds for ¢ large enough, which yields
£ (1+s)t+ 20 92
/ 7 gt ()¢ @' —515/ fﬁt (1:s)t B (2422) <z+ z 2+2 ) I
5ot (23i)t 165)15 2 z*+4
Now,
1—¢e)t 2 1 t 2
lim ( e) + b P and lim (1+e) + B _o— =
t—-+o0 203, (1—e)t 1—¢ t—-+00 203 (1+4e)t 1+e¢
Since z + \ji is C! in the neighborhood of 0, with value 1 at z = 0, we obtain
SR o2 el (v (@)
€ 2 x4 (c a
(1- Cs)ﬁte*%‘ﬁt ' e~ Py g/ e T e
(1 s)t+ 28, 1—c,
(1—e)t
(1225)154»(12‘5,5)2&72
< (1+ Ca)ﬁte*%‘ﬁt ' e~ 4,
(1 E)t+ 208¢ _9
(1—e)t
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for t large enough. Making the last change of variable u = v/2a3; z finally yields

1+e
/ TP —2af3 ; ! —ag—=t@¥(@) / Bt —2apf
(1-Ce)\/ —e t< e ardr < (14 C'e)\/] —e t
1 [0

« =€
3 t

for ¢t large enough. Combining this with (3.16), we obtain that, for all € > 0 small enough, there
exists tg > 0 such that, for all ¢ > ¢,

(1 . 0/16)%68——’” éa) et lﬂ—_ﬂte—Qoth < Et(ﬁ) < (1 + 0/16)%68——’/’ éa) et IW_Bte—Qaﬁt,
[0 [0

where the constant C” is independent of € and ¢. It then follows from (3.17) that

2 ¥/ (a) 2 '(a)
(1—C"e)y/ L Ei(e) < (14 C"e)y/ ZT B3 oo,
a a

Since we have shown in the beginning of the proof that F;(e) = Ei(¢') + o(1) for all &’ < &, the
previous inequality applied to E;(g") concludes the proof of Proposition 3.7. O

4 Large or old families: convergence in distribution for subcritical
clonal families

In all this section, we assume a < #. Our goal is to compute the joint limiting distribution when
t — 400 of the sizes of the largest families living at time ¢, and of the ages of the oldest families
living at time t. Before this, we give estimates on the second factorial moment of the number of

large families, used repeatedly in the sequel.

4.1 A preliminary lemma

Let us recall that, under Py, we can adopt the representation of the genealogy at time ¢ by the
coalescent point process Hy, Hy, Ho, ..., where Hy = +oo and the (H;;¢ > 1) are i.i.d., killed at their
first value (= Hy;,) larger than ¢. For all i« > 0, we call branch i the lineage represented by H;.

Forallt > 0,2 > 1,0 < s1 < s9 < 400, we define Ki(x,s1,s2) as the number of haplotypes
carried by more than z individuals alive at time ¢, whose original mutation occurred on the ancestral
lineage (branch 0), and has age in (s1, s2] (or, equivalently, in (s1,s2 A t]).

Lemma 4.1 For allt >0, x> 1, 0<s| < sy <t, we have

1 1
Eo[Mi(z, 51, 52) (My(@, 51, 82) — 1)] < 2 EeJy(, 51, 80) |1+ 2 0 EtNt] x
1 - W—(t)
b(1+0(s2 — 51)) ( 1 >W‘1 ( o / - Wa(s2) = Wa(s1 — 2) )
1-— e 7 4 fe "% dz
(6% W@(SQ) 0 W@(SQ)
11
+4 w E.N; E.K; ([x/zq,sl,SQ)] . (41)
—
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Figure 2: The definition of the sub-trees (7;)1<i<n;, .,- The first vertical line represents the ancestral
lineage (branch 0) and the other vertical lines have i.i.d. lengths Hy, Ha, ... The rightmost vertical
line is the first one higher than ¢, with length Hpy,. The crosses represent the V; 5, individuals alive
at time s; and having descendants at time ¢. Here, Ny ,, = 10.

and
bo[s2 1\, Yo _0:Waly) — Wyly — 2)
EKy(z, s1,892) < o /Sl <1 - Wg(y)) <e Y —i—/o e Wol) dz) (0dy + 0¢(dy))
(4.2)
b s2 1 [z]-1
< - /81 <1 - W) (Ody + 6,(dy)). (4.3)

This lemma is proved in the Appendix.

4.2 Convergence in distribution of the size of the most frequent haplotype

Let us recall the notation Xt(l) > Xt(Q) > > Xt(k) > ... for the ordered sequence of sizes of all
living families in the population at time ¢ (with the convention that Xt(k) = 0 when k is larger than
the number of living haplotypes at time t). Our first goal is to prove the convergence in distribution
of X using only the exact formulae (2.4) and (2.5) and the coalescent point process construction
of the genealogy of the splitting tree.

The general idea is the following one. We divide the population at time t into several sub-

populations corresponding to distinct ancestors at a given time s, as shown in Fig. 2. This gives
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a sequence of sub-trees (7;)1<i< Ni..» Where Ny g is the number of individuals alive at time s having
descendants at time t. These individuals are represented by crosses in Fig. 2. We choose s = s; in
such a way that Ny, — oo and the event under consideration (here, the event that there exists a
haplotype carried by more than x; individuals at time ¢) has a small probability in each sub-tree and
are “nearly independent” (in a sense specified in the proofs below) in distinct sub-trees. The key
argument of the proof, for which Lemma 4.1 is needed, consists in checking that, in each subtree, the
unknown probability that there exists a haplotype satisfying the property under consideration (here,
carried by more than z; individuals) is close to the expected number of such haplotypes, which is
known explicitly. Here, this reads

Pi[Li—s, (@) > 1] ~ EyLy—g, (2¢).

Theorem 4.2 Assume o < 0. For all ¢ € R, let

at—%logt w
)= Thoge@] ¢ (44

Then
1

1T A@O)p(0)e T (@)

Pu(X " < zi(e)

as t — 400, where A(0) is defined in (3.8).

Proof. Set
F(t,z) =P (XM > 2) =P [Li(z) > 1],  G(t,2) = Ey[Ly()]

and
F(t,x,s) =P [M(z,s) > 1].

We have for all s < ¢
0< F(t,x) — Pt(EIi € {1,...,N; s} : 7; contains a haplotype
carried by more than x individuals) < F(t,xz,t —s).

which also reads

0< F(t,z) —1+E (1 — F(t —s,2))Vee]
1

1+ PH>t|H>t—s) (m—i)

= F(t,x) — < F(t,x,t—s), (4.5)

since N4 is a geometric random variable of parameter P(H >t | H > ¢t — s). In view of this, in
order to find a non-trivial limit for F (¢, x;), we need to find s; and z; such that F(t,z;,t —s;) = o(1)
and F(t — sy, ;) = o(1) and is asymptotically equivalent to

P(H >t | H>t—s)=W(t—s)/W(t) ~ e (4.6)
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as t — 4o00. In order to find an explicit asymptotic equivalent of F(t — sy, x¢), we will compare it
with G(t — s¢, x¢).
Let us check that the choice x¢(c) in (4.4) for z; and

s¢ = s¢(b) =t —blogt

satisfy the above properties for all b > 1/(6 — «).

On the one hand, the fact that F(¢,z:(c),t — s¢(b)) = o(1) is an immediate consequence of
Proposition 3.5, since blogt > (1 4 ¢)logt/(6 — «) for some € > 0. On the other hand, we can
compute an asymptotic equivalent of G(t — s¢(b), x¢(c)) following closely the computation of the
proof of Proposition 3.5. Here are the main steps of the computation: we have

[Be(e)]—1  pt—si(b) e 0
Gt = st = Wit =) (1= 52 ) [ 0= o) G 6 )

e—ast(b) 40/(0—a) (g c—1+{—zi(c)} t—s¢(b) e 0T )]
w,(ﬁf)) /0 1 p@) T O+ 6,y ().

Wo(x)
It is easy to deduce from Lemma 3.2 (ii) that the contribution of the Dirac mass and of the integral
on the interval [0, (1 — ¢)logt/(6 — )] for any fixed € € (0,1) are both o(e~®*¢()). Using the fact
that Wy(z) — 6/1(#) when  — 400 and the change of variable y = B([z4(c)] — 1)e~ =) the
contribution of the integral on the interval [(1 — ¢)logt/(6 — ), blogt] is asymptotically equivalent

to

w(e)e—ozst(b)SD(Q)C—l-F{—xt(C)} ( ¢ >9/(€a)
P (a)(0 — ) B([z(c)] — 1)

Blfz(@l-1) 0 log 2211
/ y" " exp | ([z¢(c)] —1)log | 1—p — e dy.
B([zi(e)]-1) t40=) —a

As in the proof of Proposition 3.5, Lebesgue’s dominated convergence theorem then yields
G(t — s:(b), z4(c)) ~ A(0) p(0) =2 OIP(H > t | H > t — 54(b)) (4.7)

as t — 400, where we used the fact that z(c)t=*®=%) — 0 when t — 400 since b > 1/(6 — «).
Now, it only remains to check that

G(t — s¢(b), z¢(c)) ~ F(t — s¢(b), x¢(c)) (4.8)
when ¢t — +o00. Since for all t,2 > 0
0<G(t,x) — F(t,z) = By(Li(2)) — Pr(Le(x) 2 1) < Ee[Ly(2)(Le(x) — 1)),
it is sufficient to prove that

Et [Limsi)(@1(0)) (Limsyy (@) = 1)] = 0(G(t = s1(b), 4(c))) = o(e™*®)). (4.9)
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Taking s; = 0 and so =t — s54(b) in Lemma 4.1 (4.1) yields

Bt [Li—s, ) (@e(€)) (Lis, ) (22(c)) = 1)] < 2B Ky, ) (22(c))(1 + BNy, ) X
1

. [zt(c)]—
m+%k@mo_mﬁlﬂw +AE N, ErK s, ) (2:(0)/2) | |

where we used the notation K(z) := K,(z,0,s). Using the inequality E; K (x) < E;Lg(x) = G(s,x)
and the estimates

E,N, 1 W b et ) 41
tiVt—s(b) — P(H >t — St(b)) - (t - St( )) ~ W’ ( . 0)
1 AT VRO < ot 9/(0-a)
1 - - < xe(c)|— < e*Cl{ t —Q ,
( l%@—&@ﬂ) < l0) <

and
G(t - St( ) ( )/2) 20/ (6—a) A(@) @(6)0/271+{7:vt(c)/2} efa(st(b)ft/2) t79/2(97a)7

which can be proved following the same computation as above, we finally obtain for ¢ large enough

Bt [Li—sy)(@e(€)) (Li—s, ) (2e(c)) = 1)]
< CG(t — s4(b), 2(c)) (ea(tfst(b)) logtefattG/(Gfa) 1 20(t=s:(b)) g—alse(b)~t/2) t70/2(07a)) ’

which entails (4.9) and concludes the proof of Theorem 4.2. O

4.3 Joint convergence in law of the sizes of the most abundant families

The general idea of the previous argument can be summarized as follows: we construct a random
number Ny, of i.i.d. random variables X7,..., Xy, . —the sizes of the most frequent haplotype in
each sub-tree—such that Xt(l) = max{Xi,..., Xy, , } with high probability. Our previous result then
corresponds to a classical argument of extreme value theory, which is known to extend easily to com-
pute the extremes statistics and the joint law of the largest random variables among Xi,..., Xy, , -
The object of this subsection is to prove that this argument is valid in our situation.

Theorem 4.3 Assume a < 0 and recall the definition of x¢(c) in (4.4). For alln € N, ky,....k, €
Zy and ci,. .., ¢, such that ¢; > ciy1+ 1 for alli € {1,...,n — 1}, we have, as t — +o0,

Py|Li(wi(c1)) = k1, Le(wi(ca)) — Li(we(cr)) = kay ...y Li(wi(cn)) — Li(xe(cn-1)) = kn
~ <k1 +...F k‘n> i(c)* (r(c2) — mler)™ .. (me(en) — Tulcn—1))* (4.11)

ki,...,kn (14 74(cp) )kt thntl )

with
n(e) = A@)(0) )

for all ¢ € R, where the constant A(0) is defined in (3.8).
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Proof. Let usdenote by A(t;cq,...,cn;k1,. .., k,) the event in the probability in the Lh.s. of (4.11).
Using the notation of the proof of Theorem 4.2, for allb > 1/(0—«), we define B(t,b;c1, ..., cn3 k1, ... ky)
the event that among the sub-trees 71, ... ’TNt,st () there are exactly k; haplotypes carried by a num-
ber of living individuals at time ¢ belonging to [z¢(ci+1),x¢(ci)) for all 0 < ¢ < n — 1, with the
convention ¢y = +oo. Then

Pi(A(t;ery .. enikiy .o kn)) —Pu(B(t, byer,y .o yenskry .o ky)
<Py Mi(x¢(cn),t — s¢(b)) > 1] = F(t,x¢(cn), t — s¢(b)) = o(1).
Now, for all fixed ¢ > 0, using the notation X1,..., Xy, ,, introduced above, we define for all a € R
Si(a) = #{i < Nyg, : X; > a}.
Defining
C(tybycry ..o enskyy .. ky) =
{Sililer) = k1, Si@ilez)) = Sulwi(er)) = ko, Siailen)) = Si(wi(en-1)) = bn },
we have
‘Pt(B(t, bict, oo enikiy .. kn)) — Po(C(t b cl,...,cn;kl,...,kn))‘
<P [Eli < Ny ) : Ti contains at least 2 haplotypes carried by more than ;(c,,) individuals}

<SS P(H > | H >t sy(0) P(H < t|H >t = si0) ™ BB | Ly ) (w0(6n) (Lisy) (@(en)) = 1)
E>1
_ B [Lesy ) (@e(en) (Demsy vy (we(cn)) — 1)]
P(H >t| H >t— s(b)) ’
where we used the fact that Ny, ) has geometric distribution with parameter P(H > ¢ | H >
t — s¢(b)). Equations (4.6) and (4.9) then yield

‘Pt(A(t; ClyoeosCnikiy oo k) =P (C(t,byery .. yens ki, .o kn)| = o(1).

Next, P,(C(t,b;c1,...,cn3 k1, .., ky)) can be computed using standard extreme value techniques:
conditioning on Ny ,, ;) and considering all the possible ways to realize this event, we have

P(C(t,bycry ... cnikiy .. ky))

k
- ¥ P(H>t\H>t—8t(b))P(HSt\H>t_3t(b))k_1(k; k:)x
k>ki+...4kn T
P, [Xh s Xy 2 mi(er) > Xy s ooy Xigiky > ae2) > oo > @i(en) > Xig gkt 1y - - - ’X’“}

= ) PH>t|H>t—sb)PH<t|H>t—s,(b)"" Fit otk k y
Kty ke ) \bi o+ ke

F(t — s¢(b), m (1)) [F(t — s4(b), ze(c2)) — F(t — s(b), e (c1))]*2 x ...
X [F(t = 54(b), z1(cn)) — F(t — 5¢(b), x4 (cn1))]F [1 = F(t — 54(b), 24 (cn))F 17 Fn,
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The equation
EN r_m 1
E <m>x :W, Vo e (—1,1), meN

yields

P(C(t,bycry ... cnikiy ... ky))
_ PUT > ¢ H >t~ sB)B(H < ¢| H > 1~ sy(p)r-thoc! )
[P(H >t | H>t— St(b)) + F(t — St(b),xt(cn))P(H <t | H>t— St(b))]kl+"'+kn+1

<k1k+ o ;k”> F(t — s,(b), 20 (1) [F(t — s0(b), w1(c2)) — F(t — s0(b), ze ()] x . ..
1, ceey n

X [F(t = s4(b), m(cn)) — F(t — 5¢(b), x4 (cn1))]*",
and Theorem 4.3 then follows from (4.6), (4.7) and (4.8). O

In order to state our next result, we define the number ¢,, by the equation z;,(0) = n. In view

of (4.4), this equation has a unique solution t,, if n is large enough, say larger than ng. In addition,

Jlog p(0) (6 — o)
0

tn n,

and hence t,, - 400 as n — 4o00.
We also recall the notation M(R) for the set of nonnegative o-finite measures on R, finite on R,
and the definition of the semi-vague topology as the one induced by all maps of the form

ve M(R)— /Ru(m)u(dx),

for all continuous bounded function u on R such that there exists o € R such that u(z) = 0 for
all x < zg. Note that this topology is stronger than the usual vague topology, but weaker than the
usual weak topology.

Corollary 4.4 Assume o < 6. Then, the sequence of point measures (Zy)n>n, on Z, defined by

Zn = Z 5X$)fn’

k>1

converges as n — +oo in P*-distribution on the set M(R) equipped with the semi-vague topology to
a mized Poisson point measure on Z with intensity measure

£A0) " S (o).

cEZL

where the mixture coefficient £ has exponential distribution with parameter 1.
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The proof of such results is quite standard (cf. [11] in the general context of point measures
and [14] more specifically on extreme values). However, we shall give a proof for sake of completeness
and because of the specificity of the semi-vague topology.

Note that one can also easily obtain the convergence, in the sense of finite-dimensional distribu-
tions, of any finite sequence of translated extreme family sizes towards the corresponding sequence
of extreme points of the limit point measure in the previous result. We shall not prove this, but
instead we refer to [14] for the proof of similar standard results.

Proof. Let us first prove the convergence in distribution when M(R) is equipped with the vague
topology. This amounts to prove the joint convergence in distribution of the random variables
L, (n+i)—Ly¢, (n+i+1)) = Ly, (x4, (i) — Ly, (24, (141)), giving the number of haplotypes represented
by exactly n + 4 individuals at time ¢, for b <i < aforalla <bin Z. Fix b < a in Z and ky, ..., k,
in Z4. On the one hand, we claim that

lim Py (Ly,(n+i) — Ly,(n+i+1)=k;, Yo <i<a)

n—-+o0o

=, lim > i, (Lt (w1, (i) = L, (21, (i 4+ 1) = ks, Vb <i < a and Ly, (w1, (a + 1)) = k)
k>0

B ko+ ...+ ky+k\ 7, (a+ 1), (a) — 1, (a+ 1)k (73, (b) — 73, (b4 1))
= Z ( Koy ke, k > (1 + 7¢(b))k+kot-Fhatl

k>0

ko + ...+ k) [A(1 — @))katthe pla=Dkat..+(b=Dky
B ( kay. . kp > 14 A(gpbfl — <pa)]ka+~~+kb+1 )

where we used the fact that, for all x € Z and n > ny,

0(6).

Tt (T) = A@m_l with A=A@l) and p=¢#):=1- )

This is an immediate consequence of Theorem 4.3, provided we can justify the exchange of the sum
over k and the limit n — +oo, i.e. that we can control the remainder of the series uniformly over
n > ng. The following inequality, making use of Proposition 3.5, solves this question: for all N € N,

)
E, L 1 1
to L, (21, (a + 1) supEiLi(zi(a+ 1)) <

Ptn(Ltn(xtn(z)) — Ltn(aztn(z + 1)) = k?l', Vb S 7 S a and Ltn(xtn (CL + 1 ) Z N)
S -
N N >0

<Py, (L, (z,(a+1)) = N) <

zlQ

for some constant C' > 0.
On the other hand, assume that £ is an exponential random variable with parameter 1, and
(Py)zez is a sequence of r.v. with P, distributed as a mixed Poisson with parameter £A(1 — ) !

28



and such that the r.v. (P,),cz are independent conditionally on €. Then,

P(P, = ks, Wb < i < a) = / gz e—v e A—Pe 5, ot (AL
0
[A(l _ s0)]kmL...+l<ab w(afl)ka+...+(b*1)kb RE—
Rl R AL - ) 3y e R /0 0w

ko + ...+ kp\ [A(1 — )]katFho pla=Dkat.. (=D
- ( kay. ..y kp > [14 A(pb=1 — pa)]kat-thp+1 J

p))attk p(a=Dkact ot (0= Dk
kol .. kp!

where we used the change of variable y = z(1+ A(1— ) Y% _, ™~ 1). Observing that P;, converges
to P* for the total variation norm, this ends the proof of Corollary 4.4 when M(R) is equipped with
the vague topology.

To complete the proof of Corollary 4.4, since all the point measures Z, have support in Z, we
need to check that, for any continuous bounded function f on R and any sequence (u(k))rez such
that u(k) = 0 for all k& < ko for some kg € Z,

lim Ey, f (/Z u(x)Zn(dx)> = Ef( > u(k:)Pk>.

k>ko
Note first that the sum in the r.h.s. is almost surely finite since, conditional on &£, this is a sum of
independent r.v. with only finitely many of them being non-zero by Borel-Cantelli’s lemma.
Next, fix € > 0 and let @ and T be large enough so that

A a—1
Ttn (a) — ()0 S Agoa—l S 5,
1+ 7,(a) 14 Apo!

and, by Theorem 4.2,

sup Py (Xt(l) > xt(a)) < 2e.
t>T

Then, for all n such that ¢, > T,

E,, f ( / u<x>zn<dw>> —Etnf< S k) (Lo, (1, (8)) — Lo, (0, (5 + 1)))) < 42| 1.
Z k=ko+1
The first step of the proof then yields
Ey, f (/ U(w)Zn(d$)> —Ef< > U(k‘)Pk)> < (@) flloe + 1)e
Z k=ko+1
for all n large enough. Since
P(3k>a: P, >1 PP, >1) =Y (1—e <Ay !
Gk>a:P>21) <Y PR2)=) (1-e?)<Ay ol <—o —

k>a k>a k>a

we finally obtain

B f ([ w1z (a) - f(Z <>Pk))

k>k

< @ flloo + 14 (1 =) e,

which ends the proof of Corollary 4.4. |
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4.4 Convergence in distribution of the ages of oldest families

The previous method can easily be extended to prove the convergence of the ages of the oldest
families. Let us recall the notation Agl) > A?) > ... > A,gk) > ... for the ordered sequence of ages
of all alive families at time ¢ (with the convention that A,gk) = 0 when k is larger than the number
of alive families at time ¢).

Theorem 4.5 Assume a < 6 and define for all a € R

at
xt(a)—?—i-a.
ForallneN, ky,...,ky, €Zy and a1 > az > ... > ay,, we have

111’11 Pt Ot(xt(al)) = ]Cl, Ot(xt(ag)) — Ot(xt(al)) = k‘g, ey Ot(azt(an)) — Ot(xt(an,l)) = k‘n

t——4o00
0’ (o) (k‘l + ...+ kzn> eOkar(g=baz _ g=Oaryka  (g=0an _ g=0an—1)kn

T/)(Q) ki,....kn (giz((eo)é) " eiean)k1+...+kn+1

In addition, the family of M(R)-valued random variables (Zy,t > 0), defined for all t > 0 by

Zt = ZCsAgk)—%t,

k>1

(4.12)

converges as t — +oo in P*-distribution in M(R) equipped with the semi-vague topology to a mized
Poisson point measure on R with intensity measure

5(60)
L@

where the mixture coefficient £ has exponential distribution with parameter 1.

e % da, (4.13)

The proof follows closely the lines of those of Theorems 4.2 and 4.3 and Corollary 4.4. As a first
step, we prove the following lemma.

Lemma 4.6 With the same notation as in Theorem 4.5, we have for all a € R

t 1
lim P, (AL <« & - -
tﬂl?oo t < t= 0 ta 1+ Gi’((eo)z) e—0a

Proof. The proof of this lemma is similar to the one of Theorem 4.2. Defining for all ¢, > 0
F(t,z) =P (AY > 2) =P,[0,(z) >1] and  G(t,z) = E[O,(x)],
we have for all x < s <t
0< F(t,x) — P, <3i €{1,..., Nt s} : T; contains at time ¢ a haplotype older than x)

1

=F(t,z) —
() 1+]P>(H>tyH>t—s)<

1 < F(t,t—s) < G(tt—s). (4.14)
F(t—s,x) 1)
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Defining
s(b)=bt  with  be (0,1 —a/b),

following the proof of Proposition 3.4, one easily checks that G(t,t — s:(b)) = o(1) and

Gt = seb)as(a) ~ e, (415)

where we stick to the notation z4(a) = % 4+ a. Then Lemma 4.6 follows from (4.6) and the fact that

G(t — 5t(b), w(a)) ~ F(t — s¢(b), ze(a))
as t — oo. To prove this last equation, it is sufficient to prove that

Ed[Or s 1) (26(0)) (015, 1y (we(a)) = 1)] = o(e™**®)), (4.16)

as in (4.9).
Now, we observe that

1
P(H>s|H<t)= Wl(s_ — W) ~ 1 (a)e™®  when s,t — +o0o with t — s — +o00 (4.17)

~—

and, by Lemma 3.2 (ii), for a constant C' that may change from line to line,

_ wla@) o Wt — si(b)) — Wa(zi(a) — 2)
e 0zt (a) N 02'V0 .
o) Wolt — s:(0)) !

z¢(a)
= e~ ml®) 4 / e " Wy(xi(a) — 2)p(0)[p(xi(a) — 2) — p(t — s¢(b))]dz
0
zt(a)
< otu@) 4 C/ o0z g (0-0)(ze(a)-2) g,
0
< Ce(O-0mila)

Combining these two facts with (4.10) and Lemma 4.1 (4.1) in which we take x =1, s; = x4(a) and

s9 =t — s¢(b), we have
Et [Otfst(b) (xt(a)) (Otfst(b) (1’,5(@)) — 1)] S CEth,St(b)(l,xt(a),t—st(b)) <1 =+ e*amt(a) ea(tfst(b))> X
% |:(1 + t)ef(efa):vt(a) + efa:vt(a) ea(tht(b)) Ethfst(b)(la th(a),t — St(b))] . (418)

Here, in contrast with the proof of Theorem 4.2, the bound K,(1,z,s) < Og(x) is not sufficient to
obtain the desired result. Instead, we use Lemma 4.1 (4.2):

E Ky s, 0) (1, e(a), t — s1(b))

t—s¢(b)
<t <e€y+ / ’ He"ZWe(y—z)@(é’)[p(y—Z)—P(y)]d2> (O0dy + 81—, 1) (d)):

& Jzi(a)
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Hence, by Lemma 3.2 (ii) again,

t—st(b) Yy
EK; s, )(1,24(a),t — 54(b)) < C (eoy + / e”a’(“)e@zdz) (Ody + 6, s, () (dy))
z¢(a) 0
tfst(b)
<C e 0N (Ody + 6, (1) (dy))

zt(a)

< Qe O-)zi(a)
Together with (4.18), this yields
E, [Ot_St(b) (z¢(a)) (Ot—st(b) (z¢(a)) — 1)] < C(a)e_o‘st(b) <te_(1_o‘/6)o‘t + e_o‘bt) = o(e_o‘st(b)),

where the constant C'(a) depends on a but not on ¢. This concludes the proof of Lemma 4.6. o

Proof of Theorem 4.5 Equation (4.12) can be deduced from Lemma 4.6 exactly as Theorem 4.3
was deduced from Theorem 4.2. We leave the details to the reader.
In view of (4.12), the computation in the proof of Corollary 4.4 immediately proves (replacing

7t,, (a) with Gi,((e;) e~ %) that, for all a3 > as > ... > ay, the random vector

<Ot(90t(a2)) — O(zt(a1)), ..., Or(we(an)) — Ot(xt(an—l)))

converges in distribution as ¢ — 400 to a vector whose coordinates are independent conditionally on

£ and have mixed Poisson distributions with mixture coefficient £ and parameters

¢(9) —Oaz efeal 1/)(9) efGan _ efean_l
£l b gt ).

It is then standard to deduce the convergence in distribution of Z; to P on M(R) equipped with
the vague topology (cf. e.g. [11, Thm. 4.7]). The semi-vague topology can then be handled similarly
as in the proof of Corollary 4.4. Again, we leave the details to the reader. O

5 Large or old families: convergence in distribution for critical
clonal families

The method that we used in the previous section can also be applied to the case where o = 6. All
the proofs are similar, and we will only give details at places where the proofs differ. We use the
same notation as in the previous section.
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5.1 Frequent haplotypes

Theorem 5.1 Assume o = 0. For all c € R, let

2 2
xi(c) = 41;((1) (t _ l(;it +c> .

ForallneN, ky,...,kp €Z4 and cy > c2 > ... > ¢y, we have

Jim Py Lu(@e(er)) = ku, Li(ilez)) = Le(@i(er) = ka,. ., Li(@i(ea)) = Le(@i(en-1)) = k]
R (k ot k) e~akici(gmacs _ gmaci)ka | (g=0¢n _ g=acn-1)bn
a |
27 kl, e ,]’Cn (\/%e—B—l— w/éa) " e_acn>k1+...+kn+1

where the constant B is defined in (3.13). In addition, the family of M(R)-valued random variables
(Z,t > 0), defined for all t > 0 by

Zt ::Z(swi o (t,l‘)gty
2

k>1 Vi (@) 2e

converges as t — +oo in P*-distribution in M(R) equipped with the semi-vague topology to a mized

Poisson point measure on R with intensity measure

¥ (a)
EV2raeP 2 e de, (5.1)
where the mixture coefficient £ has exponential distribution with parameter 1.

The proof of this result is exactly the same as for Theorems 4.3 and 4.5, provided we can prove the

following lemma.

Lemma 5.2 With the same notation as in Theorem 5.1, for all ¢ € R,

1

_ ¥ ()
1+ %’reB 2 emac

lim PyX Y < 24(c) =

t——+o0

Proof. The proof of this result is similar to the one of Theorem 4.2. Fix € > 0. We first observe
that Proposition 3.7 implies that

P, (Mt <xt(c),0, %t) > 1) < E.M,; (mt(c),O, %t) = o(1),

and thus )
P(X Y > z4(c)) = P, (Mt (xt(c), %t) > 1> +o(1),

so that it is enough for us to study Py(My(x¢(c), sgl)) > 1), where we put

1—
sgl) = et.
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Defining X X
F(t,x) = P My(z,s") > 1], G(t,z) = B[ My (, 5{)]

and
F(taxas) = ]P)t[Mt(an) Z 1]5

we can make the same computation as in the proof of Theorem 4.2 to show that (4.5) holds true if
t—s5> sgl). So let us define

s¢(b) = bt, where b e (0,1/2).

By Proposition 3.7, we immediately have F'(t,z.(c),t — s:(b)) = o(1). We observe that

t—s¢(b) e—Qx

G(t — s¢(b),x¢(c)) = W(t — s¢(b)) /(1) We(z)

el[2e(@1=1)log(1=1/Wa () (g 4- 8t su(b) (d)).

Using the inequality log(1 —z) < —z, Lemma 3.2 (iii) entails that the contribution of the Dirac mass
is

0 (l e—mt(c>/wa(t—5t(b>>> ,
t

Fix n € (0,1). Using the expression of z;(c) and the fact that 1/Wy(t) > (1 — n)¢'(a)/(at) for ¢
large enough, this last quantity is

0 (e——‘zgi::z; tt(lm)> = o (eon®),

where the last equality is valid if one chooses n < (1 — 2b)2.
Hence

t—s¢(b) e—ax

G(t — si(b),ze(c)) = W(t — s4(D)) /(1) Wala) el[e(@1=1)log(1=1/Wa()) o 4g: 4 ¢ <e_°‘5t(b)) .
St (6%

Now, the integral in the r.h.s. is exactly the same as in (3.14), except for the interval of integration.
We actually proved in the proof of Proposition 3.7 that, since (1 —b) > 1/2, this integral is equivalent

to
/hggt €M (we(e)]~1) log(1-1/Wa(a))
e\ 1P = 1) 0eUt =L/ Wel®)) oy,
12y Wa(x)
which is itself equivalent to
1 27 B—M —ac
—W(t) \/ E e 2 e .
Therefore,
2 '(a
G(t = su(B), wi(e)) ~ €70 [T (B oo, (5.2)

and, recalling that (4.5) holds (with our current notation), the proof of Lemma 5.2 will be completed
if we can prove that

G(t = 5(b), m(c)) ~ F(t — s¢(b), x4(c))
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as t — +o0o. Again, this is implied by the estimate
1 1 —as
Eo[My ) (0(0). 53" ) My (1(0). 51)) = 1)] = ofe™*®)), (5.3)

which we now prove.
Applying Lemma 4.1 (4.1) with x = x4(c), s1 = sgl)

with (4.17) and the fact that, for all s <¢,

and sy =t — s¢(b), and combining the result

we obtain

Ed[M; s, ) (wi(c), 58) (M (22(), 587) = 1)]
(1)
< CEKy oy (mi(c) 50"t — 54(b) (1+e‘a5tl ea<t—8t<b>>) x

(1+t)< —(b))> +emost e OB K, ) (mt(c) s t—st(b)> . (5.4)

1—
Wa(t — St

Fix again n € (0,1). Using the inequality log(1 — z) < —x and Lemma 3.2 (iii), we have for ¢ large

<1 - m> R <‘4ﬁ<2a> (tz s 2“) %)

< Cexp (—H t> /2,

enough,

where we used the inequality 1/(1 — b) < 2 to upper bound the exponent of ¢ in the last inequality.
Using Lemma 4.1 (4.3), this last inequality yields

) p o [tesid) 1 [zt(c)]—1
Bk (o)t = i) < - [ (1— ) (ady + do(dy))

aJo Wal(y)
b 1 [we(c)]=1  pt—si(b)
< S\ wa—am dy + 6o(d
<e(wemm) ) o oyt o)
a(l —n) 3/2
< YR .
_Cexp< 4(1—b)t>t
Similarly,
1 b 1 [2:(c)/2]—1  pt—s;(b)
Eukiengo (o2l =) < 2 (1= ) fo ety antan)
a(l — 77) 5/4
< Y2 .
_Cexp< 8(1—b)t>t
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Combining the previous inequalities with (5.4), we finally obtain
1 1
Be[ Mg, (@e(0), 517 ) (M, @ (€), 51) = 1)]

1—¢ 1—n
< 3 —asi(b)
Ct’e exp | —at 2 —1—4(1 b)_l X

[exp (—at 4(11__77b)> + exp (—at (b + ! ; 2 + 8(11_—776) - 1))} .

Remember now that € and 7 are free parameters in (0,1). We may assume that they are linked to b

by the equation
1—mn 1—¢ b
= T =
-0 2 °

which is always possible since b < 1/2. This yields

Ed[My_ oy (x(0), 57 ) (My_ gy ) (), s8) = 1)

1-—3¢ 1 € — e
< 3 —as¢(b) _ _ Z _ n _ = .
<Cte [exp< at 5 >—|—exp< at<4 20 —e) 1

Taking b close enough to 1/2 allows to take both € and 7 as close to 0 as desired. Therefore, (5.3) is

1 E—n
2 2(1-¢)

proved and the proof of Lemma 5.2 is completed. O

5.2 Old haplotypes

Theorem 5.3 Assume a = 0 and define for all a € R

logt
xt(a):t—%—i-a.

ForallneN, ky,...,ky, €Zy and a1 > a2 > ... > ay, we have

tl}inoo Pt Ot(ﬁﬂt(al)) = kjl, Ot(xt(ag)) — Ot(xt(al)) = k2, cy Ot(xt(an)) _ Ot(xt(anfl)) — kn
. ki +...+k, e—akiar (6_0“12 — e—aal)k2 L (e—ocan _ e—aanfl)kn
- kiy...,kn (a+ efaan)k1+...+kn+1 :

In addition, the family of M(R)-valued random variables (Zy,t > 0), defined for all t > 0 by

Zy = Z 5A§’“)—t+1ﬂ7gt’
k>1

(5.5)

converges as t — +oo in P*-distribution in M(R) equipped with the semi-vague topology to a mized
Poisson point measure on R with intensity measure

Ee % da, (5.6)
where the mixture coefficient £ has exponential distribution with parameter 1.
Again, this result follows from the next lemma exactly as Theorem 4.5 followed from Lemma 4.6.

Lemma 5.4 For alla € R

1 1
lim P, (AS’ gt—£t+a> -

t——+o0 o 1+ é e—aa’
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Proof. We define F'(t,z) and G(t, =) exactly as in the proof of Lemma 4.6 and we put
b
si(b) = —logt  with be (0,1).
«

With this new notation, (4.14) holds true and Proposition 3.6 implies that G(t,t — s¢(b)) = o(1). In
addition, one checks exactly as in the proof of Proposition 3.6 that

—aa

G(t = s1(b). (@) ~ —— e o)

when ¢t — +o00. The proof will then be completed if we can prove (4.16). We first observe that
W! (x) = e **W'(z) is bounded thanks to (2.3). Therefore, by Lemma 3.2 (iii),

—axt(a xt(a) —az Woz(t - St(b)) B Wa(xt(a) B Z)
SR Wol—w) "

t(a) — —
S C tefat + / efazt St(b) 'It(a’) + Zdz
0 t — s¢(b)

z

logt

Combining this inequality with (4.17) and Lemma 4.1 (4.1) in which we take x = 1, s; = x(a) and
s9 =t — s¢(b) yields

t [Vt—si(p)\ L2t t—si(b) (Xt(a)) — < Ky sy (L2 (a), t — s e(t=st(b)—ze(a)) )
Et [0ty (@6(@)) (Ors iy (@(@)) = 1)] < CEIG_ g,y (1, (@), £ — 5,(b)) (1 + et st =2e(a))
logt
[(1 + log t)% + ea(t—St(b)f:vt(a))Eth,St(b)(1, x(a),t — st(b))} . (5.7)

By Lemma 4.1 (4.2), we have

t—St(b)

b — QY y —Qz
EKy g,y (1, 2¢(a), t—s(b)) < o (dy+6;—s, (1) (dy)) (6 Y +/0 e

z¢(a)
Using again the fact that W/ (x) is bounded and that 1/W,(y) < C/y for all y large enough, we
deduce that

t—St(b)

C (Y
EiKy s,y (1, ze(a), t — s¢(b)) < / » (ady + 6—, (1) (dy)) <€_ay + g/ ze_o‘zdz>
rela 0

tfst(b)

<C —(ady + 0,5 (dy))
z¢(a) Yy
< clOTgt.

Therefore, it follows from (5.7) that

(log t)2 + bﬁ) = O(Q*Ofst(b))‘

E; [Ot—st(b) (mt(a’)) (Ot—st(b) (xt(a)) - 1)} < Ceiaszt(b) logt ( n b

This completes the proof of Lemma 5.4. |
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A  Proof of Lemma 4.1

Recall the notation introduced in Section 4.1.
As seen in the proof of Theorem 4.2, this result (and actually all the results of Sections 4 and 5)

are consequences of estimates of the form
Py (My(xy, s¢) > 1) ~ Ey My(xy, s¢)
as t — +o00, for convenient choices of z; and s;. We chose to prove this result using the inequality
0 < EMy(xy,5) — Pe(Mi(xe,5¢) > 1) < Ey[My(yg, 50)(My (g, 5) — 1)],

i.e. proving that
Et[Mt(wta St)(Mt(I't, St) — 1)] =0 (EtMt(l't, St)) .

Such results are obtained using Lemma 4.1, which is an immediate consequence of the following two

lemmas.

We need to define the random variable Kj(x,si,s2) by slightly modifying the definition of
Ki(x,s1,82): introducing an independent random variable H' distributed as H; conditional on
{H; < t}, K{(z,s1,s2) is the number of haplotypes carried by more than x individuals alive at
time ¢, whose last mutation occurred on branch 0, and is older than s; and younger than so A H'.

As a first step, we compute an upper bound of E[M(x, s1, s2)(M¢(x, s1,s2) — 1)] expressed in
terms of K; and K.

Lemma A.1 Forallt >0,z >1,0< s < sy < +00, we have

E¢[My(x, s1,82)(M(x, s1,592) — 1)] < Ey[Ki(x, s1,82) (K (z,s1,52) — 1)]
+ (EeNy)E¢ [ K} (, 81, 52) (K{ (2, 81, 82) — 1)]
SN (B K ([2/2], 51, 90)) (B K (2,51, 52))
+ 8(EeNy)* (e K7 ([2/2], 51, 82)) (Be K (, 51, 82)).

Proof. We let M; be the number of mutations on branch 4 (this branch has length H;), considering
only the mutations younger than ¢ when ¢ = 0. For all j < M;, we define /;; the duration elapsed
since the j-th oldest mutation on branch i, with £;,11) = 0, {jo = H; and {oo = . We also define
M, as the smallest k > 1 such that £y, < H' (and M} = 0 there is no such k > 1).

For 0 < j < M;, denote by Rij the number of individuals alive at time ¢ descending clonally from
the time interval I;; := (¢t — 35, — £;(j41)) on branch i. More specifically, for a progenitor individual
alive on the time interval (a,b) and experiencing no mutation between times a and b, we refer to
‘clonal descendants from the time interval (a,b)’ as those individuals alive at ¢ (including possibly
the progenitor) descending from those daughters of the progenitor who were born during the time
interval (a,b), and that still carry the same type the progenitor carried at time a. Using the notation
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Ajj = Ayj(t,x, 51, 82) := {Rij > x, li; € [s1,52)}, we have

Mt(m,sl,SQ): Z 1A0j+ Z Z 1Aij7

0<j<Mo 1<i<Nt 1<j<M;
Kt(.%', S1, 82) = E 1A0j
0<j<Mo

and

/
Kt(x781552) = Z ]-A()j'
0<j<M}

Therefore, by construction of the coalescent point process,

B My (x,51,50) = By (, 51, 82) + Y Py(Agjyi < Ny, j < M)
i>1 j>1

=B Ky (2, 51,52) + 3 Y Pr(Aij,j < M [ i < Np)Py(i < Ny)
i>1 j>1

= Eth(.%', S1, 82) + Z Z]Pt(AOjaj < M(I])Pt(l < Nt)
i>1 j>1
=EKi(x,51,82) + (E¢Ny — 1)E K[ (z, 51, 82).

Now,

N¢—1

My(z, 51, s2)(My(x, 51,82) — 1) = 2 Z LAy, 1ag; + 2 Z Z Tagla,
0<k<j<Mo 1=1 1<k<j<M;
Moy N¢—1 M; f

M, M
+22221A0k1~4ij+2 Z ZZlAlklAij'

k=0 i=1 j=1 1<I<i<Ng k=1 j=1

Hence, using a similar computation as above,

EtMt(I', S1, SQ)(Mt(.%', S1, 82) - 1)

== Eth(I’,Sl,SQ)(Kt(I',Sl,SQ) - 1) + 2ZZZPt(AOk N AOj?j S Mé)Pt(z < Nt)
i>1 k>1 5>k

+2) Y O Pu(Aok N Aij, k< Mo,i < Ny j < M)
E>0i>1 j>1

+ QZZZZPt(AOk NAgpj kb < Mgy,i =1 < Ny, j < My )Py(l < Ny)
1>1 k>1 i>1 j>1
= Eth(I',81782)([(,5(1',81,82) - 1) + (EtNt - 1)EtK£(wa31732)([(1{(1.731782) - 1)

+2) ) D Pu(Aok N Aij k< Mo,i < Ny j < M)
E>0i>1 j>1

+ 2(EN, — 1) ZZZPt(A(]k N Aij, k< Mbi < Ny j < M),
E>14>1 j>1
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For short, we write

EtMt(I',Sl,SQ)(Mt(.%',Sl,SQ) - 1)
< EiKy(x,51,5) (K (w0, 81,82) — 1) + (BN E K (w0, 81, 82) (K (x, 51, 82) — 1)

+23 3 N Pi(Aok N Aij N Biji) + 2BeNy) > D > Py(Agk N Ay N Byy,)  (Al)

k>0i>1 j>1 E>1i>1 j>1
where By := {k < Mo,i < Ny, j < M;} and By, = {k < My, i < Ny, j < M;}.
Now for any positive integers %, k, define the three following events

Qi = {gl?%ii Hj > oy}, Bir = {lok+1) < mmax, Hj < Loy}, Vit = {1%2% Hj < logy1)}-

We are going to state and prove six inequalities, where the left-hand side is obtained by intersecting
each event Aoy N A;j N Bjjp or Agg, N Ay N Blfjk with each of the preceding ones oy, Bik, 7Vik, and
summing over 4,j > 1 and k > 0 for the events involving B, and k£ > 1 for the events involving

Bjjy-

> Py(aix N Aok N Aij N Bijr) < (BN (Be Ko (, 51, 92)) (Be K (, 51, 52)), (A.2)
=

> Pylaik N A N Aij N Bjjy) < (BeNy) (Be K (2, 51, 52))°, (A.3)
0,5,k

> Py(yin N Aok N Ay 0 Biji) < (BN (Be Ky (2, 51, 52)) (Be K (2, 51, 52)), (A.4)
1,5,k

> Py(yin N Aok N Ay N Blgg.) < (BN (BoKf (2, 51, 52)), (A.5)
1,5,k

> Py(Bik N Aok NV Ay N Bije) < 2(BNy) (B Ky ([2/2], 51, 52)) (B K (w, 51, 52)), (A.6)
=

> Py(Bik N Aok NV Ay N Bly) < 2(BNy) (B K ([2/2], 51, 52)) (B K (w, 51, 52)). (A7)
1,5,k

Combining these six equations with (A.1) and with the inequalities Ky(x, s1,s2) < Ki([x/2],s1,52)
and K/{(z,s1,s2) < K[([x/2], s1,s2) yields the inequality given in the lemma.

We are going to detail the proof of the inequalities (A.2), (A.4) and (A.6) (in this order). The other
inequalities can be proved using the same computations. Let us start with (A.2). Hereafter we denote
by A(()i,z the event {Iy; has more than z clonal descendants within {0,...,i — 1} and fo € [s1, $2)}.

Py (i, N Aox, N Aij N Byjg) = Py(ur N ASZ N Ai; N Bijx)
ek < Mo, A i < Ny, j < M, Ay)
A

(@
(k< My, AY

< Py
( 0,272 < Ny,j < Mj, Aij | i < N)Py(i < Ny)
(
(

P
=P
— Py(k < Mo, A | i < N)P,(Aij 5 < My | i < N)P,(i < Ny)

— Py(k < Mo, A% i < N,)P,(Agj, 5 < Mp). (A.8)
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Then, denoting p; the index of the [z]-th individual carrying the type of interval Ip; (:= +oo if
there is no such individual),

D Pylair N Aok N Aij N Bigr) KB | Y0 > Lygcisrn lonsicns | B Y Lag,
0,5,k 0<k<Mp i>1 J<Mg

= [E; Z 13%6[81,82)(]\[15 — Pk)+ EtKé(x, S1, 82).
0<k<Mj

Now, the lack of memory property of geometric distributions yields

Et Z 1Z0k€[81782)(Nt - pk)+
0<k<Mj

= ZEt (Nt = pr | k < Mo, Loy, € [s1,52), pr. < 00) Py (k < My, Lok, € [51,52), pr < 00)
k>0
= (BeNy) > Py (k < My, Aok
k>0
= (Ee Vi) (E K (, 51, 82)),
which entails (A.2).

Next, let us proceed with (A.4) and let oy denote the label of the first branch with length
greater than fy(;4.1). Observe that conditionally on £y 1), Aok is independent of the branch lengths
occurring before oy, and further, the events {i < o3} = {max;j<;—1 H; < logy1)}s {Hi < lory1),J <
M;, Aij} and {k < My, Ao} are independent. As a consequence,

Py (vire N Aor, N Ay N Bijg) = Pe(i < o, kb < My, Aok, § < M;, Ayj)
= Py(i < op, k < Mo, Aok, Hi < Loig1),J < Mi, Ajj)
= E(Pe(i < ok | Loer1))Pe( Aok, k < Mo | Loey1))Pe(Hi < Loyr),d < My, Aij | Loes1)))
< Ei(Pu(i < ok, Aok, B < Mo | Loey1))Pe(5 < Mi, Aij | Loks1)))
= Ei(Pe(i < op, Aok, kb < Mo | Logr1))Pe( < Mi, Aij))
=Pi(j < My, Agj)Pi(i < ok, Aok, k < Mp).

As a consequence, since o3, and {k < My, Aoy} are independent conditionally on €1,

> Py(yik NV Age N Aij 0 Byjg) < (BeKf(2,51,52)) > B | D Tncasy, o
1,5,k k>0 i<oy

= (E:K{(x, s1, 52)) ZEt (Pt(k < Mo, Aok | Co+1))Ee(ow | 50(k+1)))
k>0

< (EtK£($,81,52)) ZEt (Pt(k < My, Aok | fo(kﬂ))Et(Nt))
k>0

= (Eth{('% 81, 82))(Eth(.%', 81, 32))(EtNt)a
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which is (A.4).

Finally, let us turn to (A.6). Denote by AIO(,? (resp. Ag,(:)) the event that there exists at least
[/2] individual with label smaller (resp. larger) than i descending clonally from the time interval
Iy, and that i € [s1,$2). Then

P (Bir N Aok N Aij N Biji) < Py(Bir N AE)(,? N Aij N Biji) + Pe(Bir N Alo/;(f) N Aij N Biji).

Let us deal with the first term of the right-hand side of this last inequality. Exactly as in the proof
of (A.2),

Py (B, k < Mo, A G < My, Aggyi < Ny) < Po(k < Mo, A G < M, Aggyi < Ny)
— Py(k < Mo, AW i < N)Py(Ayj,j < M | i < Ny)
= Py(k < Mo, AN i < Ny)Py(Agj,§ < Mp),

and we finally get

ST Pu(Ba N Ay N Aij 0 Bije) < (BeNe)(Eeko([2/2], 51, 52)) (Be K (2, 51, 52)). (A.9)
.5,k

As for the second term, we need to define J; the unique integer satisfying £o(7,41) < maxi<j<; H; <
loy, (J; =400 on {i > N} and J; = k on ;). Then

S P N Agy) 0 Ay 0 Bygy) = ZR o0 Aij, g < My,i < Ny). (A.10)
i7j7k

Set also £ := £;), the age of the oldest mutation on branch H; (¢; = 0 if M; = 0). Then conditional
on {7 < N;} and on the value of ¢}, the numbers of clonal descendants Rij of the interval I;; and the
number, say K@, of haplotypes whose last mutation is older than ¢7 and sq, younger than s, and
occurred on lineage 0, and with more than [z/2] alive clonal descendants with labels larger than ¢,

are independent, so that

P(A)Y), Aijj < Myyi < Np) < PyKD > 1 Aw,] < M;,i< N

Ei(Lion, Pe(K® > 1| i < N, £)Pe( Ay, < M; | i < Ny, £7))

By (Licn, Po(Ko([2/2], 51, 82) > DPy(Aij,j < M; | i < Ny, €2))
P(K([2/2], s1,52) > 1)Pe(Asij, 5 < M | i < Ne)Py(i < Ny) (A1)
< (BoKi([2/2], 51, 52))Pe(Aoj, j < MYP,(i < Ny). (A.12)

IN

We finally obtain

Z P(Bix. N AOk N Aij N Byji) < (BeN) (B Ky ([2/2], 51, 52)) (B Kf (2, 51, 52)),
1,5,k

which completes the proof of (A.6) by summing the last inequality and inequality (A.9).
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The proof of (A.7) is very similar, but needs further explanation. Let us define the events Ag(l?

and Ag,(:) similarly as above, with the additional condition that £, < H’. Then, we first prove that

ST P(Bi NAY) N Aij N Bly) < (BeNo) (B ([2/2], 51, 52)) (B K (2, 51, 52))

1,5,k
following the very same computation as for (A.9). Next, we observe that IP’t(Ag(()i)) =0 since H' <t
a.s. and £og9 = t. Therefore, (A.10) also holds true with our new definition of Ag,(:). Thus, defining K
as the number of haplotypes whose last mutation is older than ¢ and s;, younger than sy and H’,
and occurred on lineage 0, and with more than [z/2] alive clonal descendants with labels larger than
i, the computation of (A.12) is true, provided that K;([x/2], s1,s2) is replaced by K/([z/2], s1, $2).
We then obtain

D PG N AG N Ay 0 Bljy) < (BN (BeS([/2), 1, 52) (B K (2,51, 52)),
i7j7k
and the proof of (A.7) is completed. O
Lemma 4.1 follows from the combination of the previous lemma with the following estimates on

K|(x,s1,s2) and K(z,s1,s2).

Lemma A.2 Forallt >0,x>1,0<s1 <sy <t, wehave

1 1
E K (z,51,85) < ) VO B (2,51, 59), (A.13)
-
b /( 1 >“”“<9 /y 0 Wal(y) — Wa(y — 2) )
E:K¢(z,81,589) < — 1-— e Y+ e~ dz | (0dy+6:(dy)),
t t( 1 2) N o We(y) 0 We(y) ( y t( y))
(A.14)
|
m&@%mmmm&wns%l#@mm@%wm@%m—m (A.15)
——

2b
Eth(.%', S1, SQ)(Kt(.%', S1, 82) - 1) S E (Eth(I’, S1, 82)) (1 + 9(82 - Sl))x

Proof. With the notation of the proof of Lemma A.1, we have
EtKé(I', S1, 82) == Z]Pt(AOk7 k S Mé)

E>1

= Py(Aogp, k < Mo, H' > Lo)
E>1

<) Py(Aop, k < My)P(H' > s1)
E>1

< EKi(x,s1,80)P(H > 51 | H <),

43



which is inequality (A.13). Similarly,

B K{(x, 51, 50) (K (2,51,82) — 1) =2 > Py( Aok, Agj,j < Mp)
k>1j>k

<Y Py(Aok, Agjj < Mo)P(H' > 51)
k>1j>k
< Ey[Ky(z, 51, 82) (K (x, 81,82) — 1P(H > s1 | H < t),

which is inequality (A.15).

For the two other inequalities, let us define Réa’b)

the number of individuals alive at time ¢
descending clonally from the time interval (a,b). More specifically, given a progenitor individual
alive on the time interval (a,b) and experiencing no mutation between times a and b, Rga’b) is the
number of individuals alive at time ¢ (including this progenitor if b > t) descending from those
daughters (including the daughters themselves) of the progenitor who were born during the time
interval (a,b), and that still carry the same type that the progenitor carried at time a. Since Wy is

the scale function associated with the clonal reproduction process, for all £ > 0,

PR = k) = PN, =k ¢ =b—a)
= P(th—a 7£ 0 | C =b- Q)P(Nte—a =k | th—a 7£ 0)

= <1 - LM%) (1 _ W@(tl_ a)>k—1 We(tl_ . (A1)

where N? is the population size process of a clonal splitting tree and ¢ is the lifetime of the progenitor.
(This result is actually Eq. (5.3) of [2].)
Note that, by construction of the splitting tree, replacing in the definition of Rga’b) the progenitor

individual alive on the time interval (a,b) by a clonal lineage alive on the time interval (a,b), does
not change anything to the distribution of Rga’b). By lineage alive on the time interval (a,b), we
mean here a finite sequence of individuals (i;)1<kr<x such that individual i; was alive at time a,
individual i was alive at time b, and for all 1 < k < K —1, individual ix,1 was born from individual
i at some time ag such that a; > a and ax—1 < b. By clonal lineage alive on the time interval (a, b)
we mean in addition that for all 1 < k& < K, individual i; experienced no mutation during the time
interval (ag_1,ar), where ag = a and ag = b.

Now, by definition of K;(x, s1,$2), we have

E K¢ (x,s1,52) = ZEt [1z0ke[sl,52] P (ng >z | loj,j > 0)} ;
k>0

where

P (R >z, Ny > 1| oy, Logk+1))
PN, > 1)

Pt(R?kZ$|€0J,]ZO>:

b
< 2P(RF =, Ni= 1 for, Lo ) -
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since P(N; > 1) > P(Ng > 1, Vs > 0) and the survival probability of the splitting tree is o/b. Now,
the event {IN; > 1, ng > x} is the event where Ny > 1 and the clonal lineage on branch 0 on the
time interval (t — foi, t — Eo(k+1)) has more than x clonal descendants alive at time ¢. Therefore,

)

b e
Py (R > | tog, j > 0) < ~P (Rf PR > g | o Logreny) - (A.18)

Now, for all k& > 0, t — £y is distributed as the minimum of ¢ and a sum of k i.i.d. exponential
random variables of parameter 0, and ¢ — {341y as the minimum of ¢ and the sum of ¢ — {o; and an
exponential random variable of parameter 6, independent of ¢t — £y;. Therefore, it follows from (A.17)
that

%Eth(w,Sl,SQ) < / dz0e7% 1, P(R" > 1)

0

o0 _0 z ek;yk_l .

+Z/0 dzf0e™? /0 dym lye[t*SQ,tfsl]]P)(ng’ ) > z)
k>1

o Wg(t—z)>< 1 )Wl
=1, dz e b7 (1_1Z 02 (1 -
t/o U Wa(t) W (t)
t—s1 00 W (t _ Z) 1 [z]—1
+/ d Hegy/ dz0e=b7 (1—lz 97> (1—7)
e 0, “Wolt — ) Wolt — )

O R G =]

Equation (A.14) then follows from the changes of variables 2/ = z —y and 3/ = ¢t — y, and the identity
l=e%4 foy fe=0%dz.
Finally, let us turn to (A.16): first,

Eth(.%',81,82)(Kt(.%'781,82) — 1) =2 Z Pt(AOj7AOk7k < Mo) (Alg)
0<j<k

Now, fix k > 1 > 0. Since fo; > Lo(j+1) > ox > Lok+1), on the event {Ag;, Aox, k& < Mo}, we have
Coii+1) — Lor < 82— 51, Lox < s2 and Lo(41) > s1— (lor — Lo(k+1))- Therefore, using (A.18) as before,

P (Aoj, Aok, k < Mp) = Ey [1£0je[sl,52]Pt <jo > x| Loy, 50(j+1)> oo €ls1,52) Pt <ng > x| Lok, 50(k+1))]

0j
< By llfoj' €[s1,52] Py <Rt > x| Coj, EO(J’-H)) 1fo(j+1)—50k§82—81 x

b Wo(s1 — (bok — Lokt 1)) 1\
i L (17t =) (1) s

where the last indicator comes from the fact that 1 — 1/Wy(fox) = 0 when £y, = 0. Now, on the
event {lor > 0}, one has

eOn:t_El_---_Eny VOSnSk

and
60(]94_1) - O V (t - E1 R Ek+1),
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where (Ej,)n>1 is a sequence of i.i.d. exponential r.v. of parameter #. In addition, on the event
{or > 51, Lok, — Lok+1) < s1}, one has o, — Lo(41) = Eyy1. Hence,

b N
Pe(Aoj, Aok, k < My) < — B llee[m,sﬂ P (R 2 @ loj = Lojsloan) = Lo )
Wy(s1 — Ery1) L S
X 1B ot A Ep<sa—s1 (1 = 1B <a W 1= Wo(s2) ’

Loj:O\/(t—El—...—E]’) and Lo(j+1):O\/(t_El_---_Ej—l—l)-

where

Since (Loj, Lo(j+1)), (Ej+2;---, Ex) and Egyq are independent, we finally obtain

b .
> Pu(Agj, Aok, k< Mo) < — D Pi(Agj, i < Mo)P(Ejio+ ...+ By < 55— 51)%

0<j<k a0§j<k
Wo(s1 — Byi1) 1\
1-E(1 JERASASE Sl 224 1— —
) < ( PRt < (s) W (s2)
_ Y (B K. P(E E; <
_E t t(x,sl,SQ))Z ( 1+...+ Z_Sg—sl)x

>0
(1 [l ) () o

S P(E1+...+Ei<sp—s1)=1+E(P) =1+0(s — 1),
>0

Now, we have

where P is a Poisson r.v. of parameter 6(s2 — s1). Combining this equation with (A.19) and (A.20)
ends the proof of (A.16). O
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