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Abstract

We consider a single disk moving under the influence of a 2D viscous fluid and we study the asymptotic

as the size of the solid tends to zero.

If the density of the solid is independent of ¢, the energy equality is not sufficient to obtain a uniform
estimate for the solid velocity. This will be achieved thanks to the optimal L? — L? decay estimates of the
semigroup associated to the fluid-rigid body system and to a fixed point argument. Next, we will deduce
the convergence to the solution of the Navier-Stokes equations in RZ.

1 Introduction

We study in this paper the asymptotic of a fluid-solid system as the solid is a rigid disk which shrinks to a

point. We first describe the fluid-solid system.

1.1 The fluid-solid system
We consider a rigid disk

S°(t) = B(he (1), ¢)
immersed into a viscous incompressible fluid. At time ¢ > 0, the lagrangian coordinates to the body read

n(t,x) := h*(t) + Rg=(1) (x — ho) ,

where for all ¢,

hE(t) € R? with h5(0) = ho, 60°(t) €R, Ry = (

The domain of the fluid evolves through the formula

Fe(t) := R*\ S°(1).

cosf —sin 0)

sinf  cosf

(1.1)

We denote by n := n°(t, ) the exterior unit normal of 0F¢(t). The equations for the fluid-solid system read

ous
ot

+ (u® - V)u© —dive(u®,p®) =0 t>0, x € F(t),

divu®=0 ¢>0, x € F°(t),
lim w®(t,x) =0 ¢>0,

|| — o0

u = (A () + (6°)' () — B (1))
me (he)" (1) = — / o (w5 dy

a8 (t)

t>0, ze€dS(t),

t>0,

JE(0)' (1) = —/ (@ — B 0w, pyn dy t> 0,

88 (t)

u®(0,-) =
he(0) = ho, (R%)'(0) =45, 6°(0) =0,

in Fg,

(6°)'(0) = 5.



Here and in what follows
o(u,p) =2vD(u) — pls,

with v > 0 is the constant viscosity and

D(u) = = ((Vu) + (Vu)*) .

N —

We write for any = € R2,

L. —x2) _
T o= (ml > = Ry /om.

It is convenient to extend the velocity field u® inside the rigid disk as follows:
ut(t,z) = (he)(t) + (0°5) (t)(z — A5 (1)t ¢t >0, x € S°(¢t). (1.10)

To apply the result in [I2], we also need to assume that the center of the mass corresponds with the center
of the disk. For simplicity, let us assume that the density p* > 0 is constant in the disk. We define a global
density in R? by

1 zeF(t)
£ _ I
p°(t x) —{ o° wE SE(L).

For any smooth open set O, we define

t>0.

o V(0) = {gp € CX(0) | dive =0 in 0};
e #H(O) the closure of V(O) in the norm L?:

H(O) = {@€L2(0)| dive=0in O, ¢-n =0 at 5(9};

e V(0O) the closure of V(O) in the norm H':
V(0) = {¢ € H}(0) | divp =0 in O}
and its dual space by V'(O) with respect to H(O).
We also define Vi (F*(t)) the subspace of V(R?) of velocity fields that are rigid in the solid:
Vr(F(t)) :== {p € H'(R*) ; D(p) =01in S°(t), divep=0}. (1.11)
Under the following hypotheses on the initial conditions
u§ € L*(F5), divu5=0, u§-n=/(5-nondSs, (1.12)
there exists a unique global weak solution (u®, h¢, 6°) see [34], in the sense of the definition below.
Definition 1.1. We say that (u®, h®, 0°) is a global weak solution of [L2)-(LA) if, for any T > 0, we have
u® € L>®(0,T; L*(R?)) N L*(0,T; H'(R?)), u®(t,-) € Vr(F=(t)),

and if it satisfies the weak formulation

T c T
—/ / piu’ - (a(;pt + (u® - V)gf) dxds + 2V/ D(u®) : D(¢°) dzds = / pug(x) - (0, z) dx, (1.13)
0 R2 0 R2

R2

for any ¢° € CL([0,T); HY(R?)) such that ©°(t, ) € Vr(FE(t)).



1.2 Massless pointwise particle in the whole plane

When € — 0, we establish the convergence of u to the unique solution of the Navier-Stokes equations in the
whole plane R2.

The asymptotic behavior of the fluid motion around shrinking obstacles is already considered in several
recent papers. Iftimie, Lopes Filho and Nussenzveig Lopes [21] have studied the case of one small fixed obstacle
in an incompressible viscous fluid in 2D. Iftimie and Kelliher [20] have treated the same situation in 3D. In
[24, 25] Lacave has considered the case of one thin obstacle shrinking to a curve in 2D and 3D.

There is also a large literature about porous medium in the homogenization framework. Since the pioneer
work of Cioranescu and Murat [6] for the Laplace problem, the Navier-Stokes system was studied, in particular,
by Allaire [I} 2]. We also mention [7 8, 27, B0, B1] B5] for the fluid motion through a perforated domain.

In all the above studies, the general strategy relies on energy estimate to get a uniform estimate in H'.
It turns out that such an estimate is sufficient to pass to the limit in the weak formulation by a troncature
procedure. Namely, for a test function ¢ € D(Q2) and for a cutoff function x¢, we note that x°¢ is an admissible
test function for the Laplace problem in the perforated domain Q°. If the inclusions are far enough, for standard
cutoff function, ||x¢|w:.» remains bounded only for p < 2 in dimension two, which allows to pass to the limit
in terms like [ Vu® : V(x®¢). For the Navier-Stokes equations, the cutoff procedure is more complicated and
relies on Bogovskil operators. Indeed, we need approximated test functions that are divergence free (see [I] 25]
and Section [L2]).

When the obstacles can move under the influence of the fluid, we also need to control uniformly the velocities
of the solids. In the case of the system (2))-(T3]) or more generally in the case of a system with several rigid
bodies moving into a viscous incompressible fluid, this control can be obtained from the energy estimate if the
masses are independent of € (see Section for details).

If the masses tend to zero, it is no more possible to deduce estimates of the velocities of the solids indepen-
dently of € from the energy estimate. One could try to get an estimate of rigid velocities from the boundary
condition. However, since the size of the solids tend to zero, this leads to look for a C%-estimate for the fluid
velocity, and thus for H* estimates with s > 1. It was the strategy followed in [I0, [33] with a H? analysis.
Unfortunately, these articles are based on uniform elliptic estimates in the exterior of a small obstacle which
fail for s > 1 (see a counter-example related to these estimates in [3]).

Our strategy is different here. Our basic remark is that the small obstacle problem is related to the long-time
behavior though the scaling property of the Navier-Stokes equations u® (¢, z) = ¢~ tul(¢72t,e~1z). For one disk
moving in the plane, the long-time behavior has been recently studied by Ervedoza, Hillairet and Lacave in
[12]. In particular, they have obtained the optimal decay estimates of the Stokes semigroup, i.e. with the rates
corresponding to the heat kernel (which are invariant to the parabolic scaling). These estimates are the key to
treat the massless pointwise particle.

The goal of the main theorem is to treat the case where the disk shrinks to a massless pointwise particle:

P~ = po (1.14)

hence,
m® =¢e*m' and J°=¢tJh (1.15)

We consider the massless case for small data:

Theorem 1.2. Assume ([LI4). Then there exists Ao such that the following holds.
Let (u§, £5,75) be a family in L*(F§) x R? x R verifying (LI2) and such that

elel, e2lrgl, Nullzze) < Ao (1.16)
and
uy —ug in  L*(R?). (1.17)
Then for any T > 0 we have
ut S u in L*(0,T; L*(R?) N L*(0,T; H'(R?)) (1.18)



where u is the weak solution of the Navier-Stokes equations in R? associated to ug: for any ¢ € CL([0,T); V(R?)),

T 8@ T
—/ / u- <— + (u- V)cp) dzds + V/ Vu: Veodrds = / uo(z) - (0, x) du.
o Jre ot o Jre 2

Remark 1.3. For any T' > 0, we will actually establish in Section 1] that, up to a subsequence, we have
h® — h uniformly in [0, T,
and in Section 3] that, for any O € R? \ {h(t)} (for all ¢ € (t1,t2) with some t1,t5 € [0,T]), we have
Pou® — Pou strongly in L2(t1,to; L*(O)),

where Pp is the Leray projector. This strong limit will be used to pass to the limit in the non-linear term.
As we recover at the limit the weak solution of the Navier-Stokes equations in the whole plane, and as this
solution is unique by the Leray theorem, we will deduce that we do not need to extract a subsequence in (.IS).

For a 2D ideal incompressible fluid governed by the Euler equations, the case of a massive pointwise particle
(i.e. where m® = m! is independent of €) in the whole plane was treated in [16], a massless pointwise particle in
the whole plane in [I7] and both case in a bounded domain in [I8]. In these works, non-trivial limit was obtained
(namely, Kutta-Joukowski lift force or vortex-wave system) when we consider non-zero initial circulations around
the small solids.

1.3 Plan of the paper

The remainder of this work is organized in four sections.

In the next section, we provide three examples where the initial convergence (LI1) holds.

We establish in Section Bl some uniform estimates on (u¢, (h®)’). The energy estimate will give us directly a
good estimate for the fluid velocity u® but not for the disk velocity (h®)’. Thanks to the results of [12], we will
prove that some LP — L4 estimates of the Stokes semigroup are independent of €, and by a fixed point argument
we will get a uniform estimate of the disk velocity.

Section M is dedicated to the passing to the limit. We introduce the cutoff procedure which follows the
trajectory of the solid. A crucial point is to construct a corrected test function ¢” which satisfies the divergence
free condition. This will be obtained by the Bogovskil operator [3} 4]. Then we follow the analysis developed in
[25]. Roughly, we pass first to the limit e — 0 far away from the solid to get that u satisfies the Navier-Stokes
equations in this region. Next, we pass to the limit 7 — 0 in the cutoff function, to prove that the equations
are also verified in the vicinity of the massless pointwise particle.

We will discuss in the last section the three dimensional case and we will give the extension of our main result
in the case where several solids (with any shapes) tend to massive pointwise particles in bounded domains. In
this case the energy estimate is sufficient to obtain a uniform estimate of the solid velocities, which allows us to
reach more general geometric configurations than in the massless case.

2 Examples of initial conditions

In this paragraph, we develop three examples of family (u§, £5). satisfying the compatibility condition (II2))
which converges in L?(R?).

Ezample 2.1. The first trivial example is the case where ug is independent of €. Namely, let us consider
(ug®, 050, 7¢°) satisfying (LI2) in F;° for some g9 > 0. The extension of ug® by £5° + r(°(x — ho)* inside the
disk verifies also (LI2) in F§ for any € € (0, ¢].

Ezxample 2.2. In domains depending on ¢, a standard setting is to give an initial data in terms of an independent
vorticity wy = curluf and initial circulation v = 9SaB(h0 UG Tds (see, e.g., [16] 17, 20] 2], 241 25]). For the
2D Euler equations, the vorticity is the natural quantity because it satisfies a transport equation, which implies
some conserved properties (e.g. the LP norm of the vorticity for p € [1,00] and the circulation of the velocity).



For the 2D Navier-Stokes equations in domains with fixed boundaries, the vorticity and the circulation are
less relevant, because the Dirichlet boundary condition implies that the circulation is zero for ¢ > 0, and the
vorticity equation does not give anymore the conservation of the LP norm. For these equations, the standard
framework is related to the energy estimate ([3I2)), i.e. to consider initial data belonging to L?(Fj). In terms

of the vorticity, we recall that u§(z) = (yo + [. wo) 327 719_“‘;‘2 + O(_lelz) at infinity (see for instance [I6] Section 2]
0
or [21] Section 3]), hence

u§ € L*(F5) <= o +/ wo = 0.
75

For these reasons, the most natural condition is 79 = [wy = 0. In this case, it is easy to prove the following
result.

Lemma 2.3. Let ({y,79) € R?, wg € L(R?\ {0}) fized such that [wo = 0. Then, for e small enough such
that supp wo N B(0,¢) = 0, we have a unique solution u§ in L?(F§) of

divug = 0 in F§5, curlug = wo in Fj, ‘wl‘igloo ug(x) =0,

ug-n=4Ly-n on 0B(0,¢), 515 ug - 7ds = 0.
0B(0,e)

Moreover, extending u§ by o + roz’ in B(0,¢) we have

us —ug  weakly in L*(R?),

where ug = Kge[wg] = % * wp is the unique vector field in L*(R?) such that
divug = 0 in R?, curlug = wp in R?, lim wo(z) =0.
|z|— 00

Proof. The existence and uniqueness of u§ is well-known (see e.g. [16, Section 2]):

w(@) = o @0 iy + L (2 - =) iy aZfJMW(‘”J’)
= o T 9 WO o T o 1. 9 1o 0 - 0)7 T 0
o) =28 Sty o=l 27 ooy W o= 22y PP IV \Jaf2

Jj=1

with the notation y* = y/|y|?>. By a standard computation, we note that

3 00,9(25)

It is also rather classical to prove that the second integral in the right hand side tends to zero as ¢ — 0. For
instance, the authors establish in [2I, Lemmas 7 and 10] the uniform estimate in L?(R?) and the convergence
to zero in D'(R?), which implies the weak convergence in L?(R?).

< C€|€0|
L2(F§)

As o fB(O o)e %wo(y)dy = Kpg2[w] = ug, this ends the proof. O

Remark 2.4. Even if the zero circulation condition is mandatory for strong solutions to the Navier-Stokes
equations in fixed domain, for the fluid-solid system the no-slip boundary condition would imply

yg u - 7 ds = 27§,
6B(h07€)

Hence, an interesting extension could be to study the case of non zero initial circulation v5. If we assume that
L
~§ is independent of €, some singular terms appear at the limit of the form 7 %, which does not belong to

L}, .(R?), but only to Lj, .(R?) for all p € [1,2). Another difficulty in this case is to ensure that 4§ + [. wo = 0
0

loc loc



for any e, in order to state that the initial velocity is square integrable at infinity. A possibility could be to chose
Y5 = fB(hmE) wo, i.e. 15 = fB(hO’E) wp. Without this condition, u§ belongs only to L?(F§) for all p € (2, cc].

Therefore, a circulation independent of € and a vorticity with non zero mean value would require to work
in the Marcinkiewicz space L?°°(F§) (weak L? space). Even if this space is less classical that L?, there is a
large literature for the well-posedness of the Navier-Stokes equations in fixed domain, because it corresponds
to relevant initial data for the Euler equations, and also because the self-similar solutions (as the Lamb-Oseen
vortex) in the whole plane belongs to L*°°. In this case, the Cauchy theory is well-known, and Iftimie, Lopes
Filho and Nussenzveig Lopes managed in [2I] to consider the small obstacle problem with non-zero initial
circulation and initial vorticity with non-zero mean value. For the fluid-solid problem, such a Cauchy theory is
not yet established. As the optimal decay estimates for the Stokes semigroup are now known in L? — L9 [12],
we guess that it would be possible to extend it by interpolation to Marcinkiewicz spaces, and then to prove a
well-posedness result for the full fluid-solid system. Such an extension would require more work and could be
interesting, but the main goal of this article is to stay in the standard framework for the fluid solid problem and
to treat the same question as [10] 33].

Ezample 2.5. Another example of initial conditions satisfying ([LIZ) can be obtained by truncating a stream
function associated to a vector field ug defined on R2.
Let us consider ug = V+¢hg € L?(R?) such that

divug =0 inR? curlug € L' N LY(R?) with ¢ > 1, | llim ug(z) = 0.
xT|—r0o0
We denote by x a smooth cutoff function such that x(x) = 0in B(0,3/2) and x(x) =1 in B(0,2)°. We consider
(€o,70) € R3 given, then we define

P (%(@X <x—€h0) N (1 y (x—gho) )([0 (x —ho)L—H“o%))

which is divergence free, tending to 0 at infinity, equal to ug far away the solid, and equal to £y + ro(z — ho
in the vicinity of S§. By local elliptic regularity, we can show that ¢y € L>(B(ho,2)) and as 1Vy (=L2)
converges weakly to 0 in L2, one can check that u§ — ug in L*(R?).

Actually, as we consider only one solid, we can chose 1y such that ¥y(ho) = 0 and in that case, we can prove
that the convergence holds strongly in L?(IR?).

A last cutoff example comes from the porous medium analysis or the thin obstacle problem (see [I], 25]).
Instead of truncating the steam function, we truncate directly the vector field uy and we add a correction to
restore the divergence free condition:

= (2 unlo) + (1= x (F52) ) o+ ol — o)) + )

where g° € Hi(B(hg,2¢) N F§) satisfies

)L

r — hg x — hg

1 1
divg® = _EVX < > ~up(z) + ng (

Such a function can be constructed thanks to the Bogovskii operator, and we can prove that

) . (éo + T‘Q(x — ho)L).

lgllze < Ce(lluollzz + lfol + 2Irol )

See later Proposition Bl for details. This implies that u§ — ug in L?(R?).

3 Uniform estimates

Let (u§, £5,75) be a family in L?(F§) x R? x R verifying (LI2) and such that, up to the extension ([ILIQ), u§ is
bounded in L?(R?) (see (ILIT)).



3.1 Change of variables and energy estimate
As in [12] [34], we make the change of variables
ve(t,x) = us(t,x — ho(t)), q¢°(t,z) = p°(t,z — h*(1)),

and we define
() = (h5)' (1), ro(t) = (6°)(¢).

The vector fields v¢ is the weak solution of a system similar to (C2))—(TC9):
ov®

5 + ([v° = £€°]-V)o* —=divo(v®,¢°) =0 t>0, x € F, (3.1)
dive® =0 t>0, z € F§, (3.2)
lim »°(x) =0 t>0, (3.3)
|z|— o0
v (t,x) = 5(t) +re(t)at t >0, x € ISE, (3.4)
me (%) (t) = —/ o(v®,¢°)ndy t>0, (3.5)
2S¢

JE(re)' (t) = —/ at o, ¢ )ndy t>0, (3.6)

oS5 (t)
v°(0,:) =v; in F§, (3.7)
5(0) = Lo, °(0) =g 8

We set the global density in R?:

We can define a weak solution

Definition 3.1. We say that (v°, €%, ) is a global weak solution of BI)-BI) if, for any T > 0, we have
v® € L°°(0,T; L*(R?)) N L2(0,T; HY(R?)), v(t,x) = L5(t) +r°(t)at in S5,

if it satisfies the weak formulation

T € T
—/ / povs - <8SD + ([ = £7] - V)(p5> dxds + 2V/ D(v®) : D(¢°) dxds = / pvg(z) - ¢°(0, z) dx,
o Jre ot 0 Jr2 R2

for any ¢f € CL([0,T); HY(R?)) such that ©°(t,-) € Vr(F§).

One can check that u¢ is a weak solution in the sense of Definition [T if and only if v¢ is a weak solution in
the sense of the above definition.
We also define the following functional spaces for p € [1, o0,

L£P={veLlP(R?); divve=0inR?> D()=0inS5},

1/p
loler = ([ slotrac)
R2

For p = oo, the norm £ is the classical L> norm. We recall that for any v € £?, there exists (£,,r,) € R3
such that

with the norm (for p # o0)

v(y) =Ly + TvyJ_ (y € SS)



Moreover, one can deduce ¢, from v by

1
‘€’U = =
IS5l /s

vdy. (3.9)
One can write the system ([BI)-(38) in the following abstract form:
0pv® + A" =P div F*(v°), v°(0) = v,

where
D(A%) :={ve H*(R?) ; divo=0inR?> D(v)=0inS&5},

—vAv in Fg,
Afv = v € D(A%)),
L D(v)nds + e / y*-D(v)ndy |zt in S5 ( (A%)
me Joss e\ Jos:
A® =DA%,
i en | v ® (Lye —v%)  on F§
Fe(u )_{ 0 st (3.10)

and where P° denotes the projector from LP(R?) to £P, and {,- is defined through @). Note that in the
definition of A%, D(v)n corresponds to the trace of the restriction of D(v) to the fluid domain.

The operator —A*® is the infinitesimal generator of a semigroup of (S¢(t));>0 in L2 for p € (1,00) (see [12]).
Then, Duhamel’s formula gives the following integral formulation of the above equations:

V() = SE(t)s + /0 SE(t — 8)PF div F=(v°(s)) ds. (3.11)

By Sobolev embedding, it is classical to deduce from the weak formulation (see Definition BT that 0;v°
belongs to L%(0,T; Vi (F§)) and that the relation

T T
/ / p° (O - — v - ([v° = £°] - V%)) dads + 2V/ D(v®) : D(¢®)dxds =0
0 R2 0 R2

is satisfied for any ¢° € L2(0,T; Vr(F§)). In particular, we can take ¢° = v°1jg 4, and we remark that

t 1t
/ / P - ([v° = £°] - Vo©) dads = = / / pf (v — %) - V|v°|* dads = 0
0o Jr2 2 Jo Jr2

because dive® = 0 and that [v° — £°] - n|ps: = 0. Next, we observe that d;v° € L*(0,T;Vy(F5)) and v° €
L2(0,T; Vr(Fs)) implies that v is equal for a.e. time to a function C([0,7T]; £2) and that

1

(> € 1 £ € _ ‘ £ g g
5/42,0 (z) |v° (¢, z)|* do — 5/1;;) (z) |vg (z)]? dx—/o /RQp (x)v° (t,x) - O (t, ) dx  for ae. t € (0,T).

This means that v° satisfies the energy equality

1 ! 1
—/ p% () [v° (¢, 2))? da + 21// |D(v%)|? deds = —/ p°(2) v (2)|* dz for ae. t € (0,T),
2 R2 0 R2 2 R2

hence, we have for any e

1 ! 1
—/ p° (t, ) [us(t, z)|° dx + 2V/ |D(u®)|? dads = —/ p5(a) [ug(z)|® dz for ae. t € (0,T). (3.12)
2 R2 0 R2 2 R2



This energy inequality and the hypotheses (LI4) and (LI7) imply that
(uf). is bounded in L*(0,T; L*(R?)) N L*(0,T; H'(R?)). (3.13)
Let us remark that the energy estimate only implies
e(h®)(t), €2(6°)(t) bounded in L>(0,T).

These estimates do not allow to localize the rigid body and then to use the method developed in Section @l The
goal of the sequel of this section is to obtain an estimate of (k%) independently of e.

3.2 Semigroup estimates
The key for the uniform estimate of ¢° is the following theorem concerning the Stokes-rigid body semigroup.

Theorem 3.2. For each q € (1,00), the semigroup S€(t) on L2 satisfies the following decay estimates:
e For p € [q,00], there exists K1 = K1(p,q) > 0 such that for every vg € L1:

155 (t)v5|l ez < Kat? "7 |[vglla for all > 0. (3.14)

o For2 < q < p< oo, there exists Ko = Ka(p,q) > 0 such that for every F¢ € LY(R?; Mayo(R)) satisfying
Fe =0 in S5:
155 ()P° div F&|| e < Kot 242 4 ||F®||pagzy  for all ¢ > 0. (3.15)

e For 2 < q < oo, there exists Ky = Ky(q) > 0 such that for every F¢ € LI(R?; Myy2(R)) satisfying F€ =
on §§:
g (oype aiv pe| < Kot T8 | Fo)| ey for all ¢ >0. (3.16)

For ¢ fixed, estimates like (BI4)-@BI5) were only established for the Stokes system with the Dirichlet
boundary condition [9, 26]. For the fluid solid problem with one rigid disk in R?, this result was recently
obtained by Ervedoza, Hillairet and Lacave in [12]. The only point to check here is that the constants K, Ko, Ky
are independent of e, which will be easily obtained by a scaling argument. Indeed, as the above estimates are
optimal i.e. correspond to the decay of the heat solution, they are invariant to the parabolic scaling of the
Navier-Stokes equations.

Proof. For € = 1, the statements of the theorem were proved in [12], see therein Theorem 1.1, Corollaries 3.10
and 3.11.
We note that v°(t) := S¢(¢)v§ satisfies

ov®
ot

—dive(v®,¢°) =0 t>0, xz € Fj,

dive® =0 ¢t >0, z € F§,
lim o*(z) =0 t>0,

|z|— 00

v (t,x) = L5(t) + ()t t >0, z € 9S;,

me(L°) (t) = —/ o, ¢ )ndy t>0,
88¢

0
JE(re) () = — /ass(t) zt o o(, ¢ )ndy t>0,
0

v°(0,) =v; in F§,
°(0) =45, r°(0) =15



Setting
o(t,x) = v (%, ex), q(t,x) :=eq® (%t ex), L(t) :=L(e%t), r(t) :=er (e®t), (3.17)

standard calculation gives that

ov

E—diva(v,q):() t>0, z e F,

divve=0 t>0, z€Fy,
lim v(z)=0 t¢>0,
|z|—o00

v(t,z) = £(t) +r(t)zt t>0, xS,

ml(t) = —/ o(v,g)n dy t>0,
a5

T () = —/ bt o(v,q)n dy t >0,
0S5 (t)

v(0,:) =vp in .7-'&,
5(0) = éo, 7’(0) =To,

where
vo(x) :=vi(ex), Lo =1L, ro:=erg. (3.18)

This means that v(t) = v!(¢t) = S'(t)vo and thus that
11
@)l cr < Kat? ™7 lvo|ca for all ¢ > 0.
Using BI17)-@I8), this estimate is equivalent to
05 ()|l gz < Kitv~al|vg]ls forall ¢> 0.
Relations BI5) and (BI06) can be done similarly. In that case, we also set
1 €
F(z) = EF (ex)

and we show that if v°(t) = S°(¢)P* div ¢, then v defined by ([BI7) satisfies

v(t) = ST(t)P! div F.

O
3.3 Uniform estimate on the solid velocity
We first show that there exists Ao > 0 such that if [[v§||zz < Ao, then there exists a unique
v* € CO([0,T); £2) N Cg([0, T); £2)  with €7 := £ye € CY ([0, T); R?) (3.19)

satisfying (BII) (that is a mild solution). Here we have denoted for any Banach space X by CS([0,T7]; X) the
Banach space of functions f such that ¢ — ¢ f(t) are continuous from [0, 7] in X. The norm associated is

I fllco o.m;x) := sup || f () x-
t€[0,T]

10



Proposition 3.3. There exist Ao, po > 0 independent of € such that the following holds for any T > 0. If
v§ € L2 satisfies
5122 < Ao (3.20)

then there exists a unique v° satisfying (B11)) and such that

lv¥1lco(o,m5c2)> 1v°llco ¢

96(10.T];£8)> 1% ||CO/2(OT |;R2) are bounded by fio.

Moreover there exists a constant C > 0 independent of € such that, if v,,v§, € L2 are two initial conditions

satisfying B20), then

v — v llcoqo,mnic2) < Cllvg, — vGpllc2- (3.21)

Proof. As we have proved in the previous theorem that the constant in the semigroup estimates are independent
of g, it is then enough to follow the fixed point argument in [I2] pp. 364-371]. For completeness, let us write
here the details.

Let us introduce the space
X = {v € CO([0,T): £2) N CY ([0, T]; £3)  with £, 661/2([0,T];R2)}
endowed with the norm
vl xe == [[v®|leopo,my;c2) + I[v° ||c0/8( [0,7];c8) t ||€vf||cﬂ/2( [0,T]:R2)-

Let us also define the map
Z° X = XF,

defined by
25 (0)(8) = SE(t)of + /SE $)P div F=(v)(s) ds,

where F© is defined by (310). One can define

where (e )
e e en ) TR (L —w® on F;
G )= { 0 onS;.

We deduce from (BI5]) that

£ 1@ (0%, wF) (1) 3 < t%Kz(&‘l)/o (t = 5)7%% ([0°(s) @ w*(5)llca + [we (5)[[|v°(5) | 1) ds.

Using Hélder’s inequalities, we obtain from the above inequality that

t
O, w)Olles < HKa(5,4) [ (0= 97 (57 E 07 g, s H 0y, e
0

3/8 3/8
_1 1/3 2/3
5 buelep I N2 22 (57N NG gy ) ds

53

<

) o e ot e (3.22)

where B(-,-) is the Beta function:

1
B(a, ) :== /(; (1—7)" % Pdr.

11



Similarly,

11
2" )0l < 280228 (5.5 ) 1o e

Finally,
t
Lo ve we)(t) = / €5e(t—s)Pe div G= (v° w)(s) A5,
0
and from (B3I0), we deduce

t
£ L oe ey )| < 13 / Ko@) (t — 5)” 3G (0%, w) ()| La gz ds.
0

With the same estimates as in ([3:22]), we obtain

1 3 3
Htague ] < 208 (.3) 16 e e

Gathering (322), 323)) and (324]) yields

[ (0%, w) [ xe < Collv®|[xel[w® | xe,

5 3 11 3 3
=2 K HB | -, - K2 (2,2)B | =, = K/(4)B |-, - .
co=2(mas. 08 (3.3) + 2228 (5.3 ) + Kz (1.9))
We assume ([B20) for A\g that we fix below and we apply ([B.I4) in order to obtain

5% 05l x= < Crho,

where

where
Ol = Kl(Sa 2) + K1(2, 2) + Kl(OO72)

Note that we have used in ([326]) the relation
1€se(tyos| < 11S°(E)v5 | £

which is a consequence of ([3.9]).
Relations ([B.20) and ([:20) imply that the mapping Z° is well-defined and that

125 ()|l x= < C1Ao + Collv®[|3-.

Let us set

1 . R
R := 4—00 and Ay = min (Z—C&’R)'

Then the closed ball By:(0, R) of X¢ is invariant by Z¢ and if v, w® € By-(0, R),

[2°(v%) = Z°(w®) [ xe = [|[@(0%, 07 = w") + B(v° — w", w)||xe < 2CoR[[v° — w'[|xe =

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

1
§||UE—U)E||XE.

Using the Banach fixed point, we deduce the existence and uniqueness results. Moreover, we have yup = R =
1/(4Cp), which is independent of e. This strategy comes from [22] and [23]. It is originally done through an

iterative method, but it was adapted as a fixed point argument in [28] (see also [32]).

Sensitivity of v¢ to the initial data. Assume v§,, v, € L2 satisfy (F20) with Ao defined in (Z27). Then,

lvg = villaee < IIS%(v60 — voo)llae + 12 (vg, v — vp)llx= + [ ®(ve — V5, v5) | x-

N
< C1l[vge — vgpll ez + Collvg — vpllae (105l as + llvg [l xe)
< Chl[vge — vgpll ez +2Copo||lvg — vp || x--

We conclude that
vz — vpllxe < 2CH[[vG5q — vGpllc2-

12



One can show that a mild solution in the above sense is also a weak solution (see [I2]). For sake of
completeness, we give the proof of this result here.

Lemma 3.4. Assume v° satisfies B19)-B20) and BII). Then v¢ is the weak solution of BI)-B.J) in the
sense of Definition [31].

Proof. Let us consider a sequence (v§,, ), with values in D((A%)'/2) such that
5, — vy in L2
and such that o5, satisfies (820). For all n, it is proved in [34] that there exists a unique strong solution
v, € H'(0,T5.£2) N (10, T): D((4%) /%)) N L*(0, T: D(A7))
of BI)-@8) and it satisfies (BT since in this case
div Fe(vE) € L*(0,T; L*(R?)).

It is also proved in [34] that (v%) converges towards the weak solution of (B])-([38) in the sense of Definition [311
From (B21]), we also have that (v5) converges towards the mild solution of Proposition B3 in L>°(0, T’; £2).
Consequently, the mild solution v¢, that satisfies (BI9)-([B20), is the weak solution associated to v§.

|

4 Proof of Theorem

This section is dedicated to the proof of Theorem As recalled in the introduction, [34] established that for
any € > 0, there exists a unique weak solution (u®, he,6) to problem (2))-(L3) in the sense of Definition [T}
Let us fix " > 0.

4.1 First convergences

Thanks to the energy estimate ([BI3]), we can extract a subsequence such that

€

ut Su o in L(0,T; L*(R?)) N L?(0,T; H(R?)). (4.1)

By abuse of notation, we continue to write u® the subsequence.
If the initial data satisfies the smallness condition (LI6) with Ao given in Proposition B3] we deduce from
Section that o
RE) () < —= (t>0),
[(h%)" ()] i (t>0)
where pi is independent of €. As a consequence,
(6] < 2u0VT (¢ € [0,70).
We fix g € (1,2), thus (k) is bounded in W14(0,T;R?) and we have, up to a subsequence,
h® — h uniformly in [0, T, (4.2)

with
h € Wh4(0,T). (4.3)

13



4.2 Modified test functions

The key to treat shrinking obstacles problem is to approximate test functions in R? by admissible test functions
in the perforated domain.

Proposition 4.1. Let T > 0, p € C([0,T) x R?) with divyp = 0. We consider q € (1,2) as in Section [{.1]
For any n > 0, there exists " € Wh4([0,T); H*(R?)) satisfying

divep" =0 in [0,T) x R?, (4.4)
Y=0 te[0,T), z€B (h(t), g) , (4.5)
o S L(0,T; H (R?)), (4.6)
" — Opp  LY(0,T; L*(R?)). (4.7)

Proof. We introduce a cutoff function y € C*°(R?,[0,1]) such that x = 1 in B(0,1)¢ and x = 0 in B(0,1/2).
Let us denote the annulus B(0,1) \ B(0,1/2) by A.

We remark that the function ¢" : (t,y) = @(t,ny + h(t))Vx(y) belongs to W4(0,T; L?(A)) and verifies for
any ¢

[ & wuay= [ @ (ot nOxe)dy= [ ot ) )
= / div (sa(t,ny + h(t))) dy =0,
B(0,1)

where we have used twice that ¢ is divergence free, that x = 1 on dB(0,1) and that x = 0 on 9B(0,1/2). With
these properties, it is known by [I3, Theorem III.3.1] (and Exercice I11.3.6) that there exists C' depending only
on A such that the problem

divg? = @",  §" e Wh(0,T; Hy(A))
has a solution such that

197 oo 0,511 (a)) < Cl@" | oo 0,1522(4))>
<

= =

10t Laco, 711 (a)) < CllO:@||Laco,1:L2())-
Extending §" by zero in the exterior of A, we define

x — h(t)

(k) = plt,o)x( ) - 9"(t,)

where

— h(t
g'(t.2) = g (1, 2 D),
n
We easily verify the divergence free condition (£4)). Moreover, with a change of variables, we also note that

1

n =1
o L <OlP" L~ oriaacay < Cllelimomxmsy  (48)

ve'|
L~ (0,T;L?(R?))
so we check that

1
5”%0" — @l Lo (0,502 ®2)) + IVET = Vol Lo 0,m522R2)) < Cllellwre0,1)xr2)

which gives directly that " converges to ¢ strongly in L°°(0, T; L?(R?)) and weak-* in L°°(0, T; H(R?)). By
uniqueness of the limit, we do not need to extract a subsequence and we get the weak limit (Z6]).

14



Now we compute

00" (t, ) — Dyp(t, @) =Ohp(t, x) (X(f’f—Th(’f)) _ 1) B @h’(t) (V) (m —nh(t))

—8,5" (t, x_Th(t)) L) Vgt T).

It is obvious that the first right hand side term converges to zero strongly in L>(0,7T; L?(R?)). It is also an
easy computation to check that the second term is bounded in L?(0,T; L?(R?)) and tends to zero strongly in
L4(0,T; LP(R?)) for p € [1,2). Hence, it converges weakly to zero in L4(0,T; L*(R?)). From ([{3) and @), we
know that the last term is bounded in L7(0,T; L?(R?)), and as it converges to zero in D’'((0,T) x R?), we infer
that it converges also weakly to zero in L4(0,T; L?(R?)). Finally, we note that

%‘ 0:g" (t, -y _nh(t) )

hence the third right hand side term tends to zero strongly in L>(0,7; L?(R?)). This gives (ET)).
Due to the support of x and g7, it is clear that ©"” =0 on B(h(t), 3). This ends the proof. O

< C (9 oo 5
HLOO(O,T;L2(R2)) 1901y xmey

Remark 4.2. An important consequence is the approximation of any test function. Let T > 0 and ¢ €
C([0,T) x R?) with dive = 0. Then, we have constructed a family (¢7), of divergence free test func-
tions which tends to ¢ in the sense of ([6)-(1). Moreover, for any n > 0 fixed, we put together the strong
convergence of h° [{2)) with the support of ¢7 [@3) to deduce the existence of €, > 0 such that

©"=0 forte0,T), ze€S8(t), e<ey,.

This implies that ¢ is an admissible test function for the fluid-solid problem (see Definition [IT]).
Remark 4.3. In the proof of the above proposition, we note that H' is the critical space in dimension two:
X(5) — 1 tends to zero strongly in WP for any p € [1,2), is bounded in H! (then tends weakly to zero), and

goes to infinity in WP for p > 2. This explains why the standard framework for shrinking obstacles problems
is H' (see, e.g., [1L 2 6 20, 21] 35]). Nevertheless, as we need an estimate of the solid velocities, it is natural to
look for a C? estimate of the velocity, hence a H® estimate for s > 1. Unfortunately, the H? analysis developed

in [10, B3] fails (see [5]).

In dimension three, the critical space for the cutoff argument is W3 which is again not embedded in C°.
4.3 Passing to the limit in the Navier-Stokes equations
The first step is to pass to the limit € — 0 for 7 fixed.

Theorem 4.4. Let T > 0 and let p € C2°([0,T) x R?) with div o = 0. We consider the family (¢"),>0 obtained
in Proposition [{-1. Then, for any n > 0, the limit u of u® (see (LI))) verifies

_/OT/Rz“' <%+(u-vw) dx—|—2z//0T RQD(u):D(gp”)dx:/RQuo(x)-go”(O,x)dx.

Proof. Let n > 0 be fixed. From ([@3]) and Sobolev embeddings, we know that ¢ — h(t) is continuous on [0, 7]
and then uniformly continuous. Hence, there exists a uniform subdivision tg =0 < t; < ... < tpr41 = T such
that for any ¢ € (tj,tj_H),

n
h(e) — hit) < 2.

From () in Proposition Bl we deduce
n
)

©"=0 in (tj,tj+1) X B(h(tj% 3/
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Putting together this relation with (£2]), there exist open relatively compact sets O; and &, > 0 such that for

all € < &,
M

SE(t)NO; =0 forallt € (tj,tjr1) and suppe” C Y (tj,tj41) x O;. (4.9)
j=0
For any j =0,..., M, we write the Helmholtz-Weyl decomposition
u® =Po,u® + V¢,

where Po, is the Leray projection on H(Q;) (see the introduction for the definition of H(0O)). This projection
is orthogonal in L? and by a standard estimate on the Laplace problem with Neumann boundary condition,
there exists a constant Co,; > 0 such that

IPo,ul|12(0,) < |ullz20,) and [[Po,uf||g1(0,) < Co,|lul|m1(0,)-

Thus, by B3,
(Po,us, Vqs)E is bounded in L>(0,T; L*(0;)) N L*(0,T; H*(0;)).

In particular,
Po,u® = Po,u in L*(0,T; L*(0;)) N L*(0,T; H(0;)), (4.10)
Vg = Vg=u—Po,u in L®(0,T;L*(0;)) N L*0,T; H'(O;)). (4.11)
Now we derive a time estimate for Po,u® in order to get a strong convergence. For any divergence free test

function ¢ € C°((t;,t;4+1) x O;), we have by @3] that ¢(t,-) € Vr(F=(t)) (see (ILII))), hence (LI3) gives

J+1
(OiPo,u®, ¢>L2((tj¢j+1);V(0j)’),L2((tj¢j+1);V(0j)) = /t /(’) Po;u® - 0y dudt

ti+1
- / / u® - Optp dadt
tit1 tit1
/ / (u® - V) dadt — 2V/ / D(u®) : D(v) dxdt.
t t

Thus, by using (B.I3) and the interpolation inequality || f||Ls®2) < ||f||1L/22R2 |Vf||1L/22R2 we get

‘@]P’OWE, V)2, tj+1)-V(0j)’>,L2((tjatj+1>;V(Oj))‘
< luf ||L4 (t; tJ+1)'L4(Oj))||1/)||L2((tj7tj+1)§V(Oj)) + ”Dua||L2((tj7tj+1)§L2(Oj))||1’/)||L2((ti7ti+1);v(oj))
< Ol 2ty t540)v(05))-

Consequently, ;uf)_ is bounded in L2((t;,t;41); V(0;)’), and the Aubin-Lions lemma in H' N H(O;) —
LA NH(O)) — ( ) allows us to extract a subsequence such that

Po,u® — Po,u strongly in L*((t;,t;41); L*(O;)). (4.12)

Actually, by the uniqueness of the limit, we do not need to extract a subsequence in (£12)).
These convergences are enough to pass to the limit in the Navier-Stokes equations. Indeed, for any ¢ € (0,&,],
we know from (£9) that " is an admissible test function, and (CI3) reads

T
/ / 8(’0 dxdt — Z/ (u® @ u®) : V' dedt + 2V/ D(u®) : D(o") dadt
R2 (tj,tj+1)xXO; 0 R2

:/ ug(x) - (0, ) dx.
RQ
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Using the weak limits (@) and (LI7), we easily pass to the limit in the linear term

/ / dxdt + 21// D(u®) : D(") dxdt
R2
T D" T
— —/ / U dxdt + 2V/ D(u) : D(¢") dzdt
o Jr2 t 0 Jr2

/1;2 ug(x) - (0, z) de — uo(z) - (0, x) du.

R2
For the non-linear term, we decompose in (t;,t;41) x O; as

and

u @u° =Po,u” ®u® + V¢ @Po,u” + Vq¢° ® Vg*.
Let us note that for any harmonic ¢ (i.e. Ag=0), we have the following relation:
1
/ (VGa Vi) : Vel = —/ div(Vg® Vq) - 9" = —/ (—V|Vg7|2 T+ AGVq - go”) =0, (4.13)

because ¢" is divergence free and compactly supported in O;. From [@I0)-(ZLI2), we have

/ (Po,u® @u®) : Vo' dxdt — (Po,u®u) : Vo' dadt,

(tj,tj41)XO (t5:tj4+1)XO;
and
/ (V¢E @ Po,u®) : Vo' dedt — (Vg®@Po,u) : Vo' dxdt.
(tjtj+1)xO

(tj,tj+1)xO;

Gathering the two above convergences and ([@I3]) applied to ¢¢ and to ¢, we conclude
/ (u* ®@u®) : Vo' dedt — (u®@u): V' dedt.
(tj:tj+1)xO (tjtj+1)xO

This ends the proof of Theorem 4] O
To end the proof of Theorem [[2] it is sufficient to pass to the limit  — 0, thanks to Proposition 11

Proof of Theorem[I2 Let T > 0 and ¢ € C°([0,7) x R?) with div = 0 fixed, then we consider (¢7),<n,
which approximate ¢ (see Proposition [ T]) and u a weak limit of ¢ (see ([@I])). Theorem E4] states that the
limit u verifies for any 7

/ /]R2 (— + (u-V)p ) dx+2y/0T ) D(u) : D(p") dx = /RQ uo(z) - ©"(0, 7) da.

As u belongs to L>(0,T; L*(R?)) N L2(0,T; H*(R?)), we deduce from the convergences [G)-(ED) of " to ¢

that .’
/ / (— + (u-V) > dx + 21// D(u) : D(¢)dx = / uo(x) - (0, ) dx.
R2 o Jr2 R2
By density, this equality is also true for any ¢ € C1([0,T); V(R?)). Noting that

1 1 1
/D(u):D(Lp):§/Vu:V<p+§/divudiV<p:§/VU:V<,0,

we conclude that u is a weak solution to the Navier-Stokes equations in R? associated to ug. By uniqueness of
such a solution, we note that the weak convergence (£I]) holds for all sequence (&,,) converging to 0:

utm S in L%°(0,T; L3(R?)) N L%(0, T; H' (R?))

as n — 0o, without extracting a subsequence.
This ends the proof of Theorem [[.2} O
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5 Final remarks and comments

5.1 The three dimensional case

The main obstruction to the generalization to the three dimensional case is that the optimal decay estimates of
the Stokes semigroup are not established for all time ¢ > 0.

For a solid with any shape moving in a three dimensional viscous fluid, Geissert, Gitze and Hieber [14]
Theorem 4.1] show the maximal regularity for the Stokes semigroup, locally in time. By an extension operator
and Sobolev’s embedding, we can deduce from their result the optimal LP — L9 estimates for some p,q (see
[15, Proposition 3.1]). Even if we have to check that the p,q reached are enough to perform the fixed point
argument (as in Proposition B3]), the problem is that these estimates are local in time, i.e. valid up to a time T,
with the constants depending on T'. Therefore, after the scaling argument (see the proof of Theorem [3.2)), these
estimates are independent of € only up to a time T, = €T'. Indeed, by the scaling property of the Navier-Stokes
equations, the small obstacle problem is similar to the long-time behavior.

In dimension two, the global optimal LP — L% decay estimates for the Stokes semigroup were obtained
by Ervedoza, Hillairet and Lacave in [I2] when the solid is a disk in the whole plane. We guess that their
analysis can be adapted in the exterior of a ball in dimension three, but it would require a considerable work,
decomposing the Stokes equations on spherical coordinate system instead to polar decomposition, exhibiting
the “good unknown” (see [I2, Proposition 2.3] for the two dimensional case), and adapting the elliptic lemmas.

Finally, one should also adapt the fixed point argument performed in Proposition [3:3] which should not be
too difficult, because the original proof of Kato [22] holds for any dimension n > 2.

5.2 Extension to massive pointwise particles

If some solids
S5 o = hio +€Sio, (5.1)

shrink to massive pointwise particle, i.e.
mi=m; >0 and JF=¢e2J}! >0, (5.2)

then the energy estimate gives directly the uniform estimates of the solid velocities. Therefore, we do not need
here the analysis developed in Sections B.IH3.3l and we can prove the following result for any shape, and with
several solids.

Theorem 5.1. Let N rigid bodies S5 (t) of shape S; o (BI) (with S;o smooth simply-connected compact subset
of R?, with nonempty interior and where the center of mass of Si is 0) inside a bounded domain 2, and where
the positions h; o € Q and the size € are chosen such that

72

Let ufy € VR(]-"S)L such that
us —uo in  L*(),
ol <C, elrigl<C, Vie{l,...,N}. (5.3)
There exists a global weak solution (u®, hs, 65) see [29] (see also [11], [19]). Then there exists T > 0 such that

ut S ou in L>(0,T;L*(Q)) N L2(0,T; HY())
where u is the weak solution of the Navier-Stokes equations associated to ug in 2.

Remark 5.2. To adapt Proposition 1], we need the existence of a positive distance between the rigid bodies,
independent of €. Therefore, denoting by h; the limit of A%, the time 7" in the above theorem corresponds to a
time such that

Ihi(t) = hy(8)] >0 (i #4, te0,T)).

The existence of such a T is ensured by (&.3)).
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Namely, we can prove the following:

Proposition 5.3. Let T > 0, p € C([0,T) x Q) with dive = 0 and consider n; > 0 such that
|hi(t) — hj(t)| =2 for allt € [0,T] and i # j

and
dist(supp p(t,-),00) = 21 for all t € [0,T).

For any n < m there exists " € Wh*([0,T); Hi(Q)) satisfying
dive" =0 in [0,T) x €,

P1=0 1eO.1), weB(h@).1),

QS L(0,T; HY(Q)),
" = O L(0,T; L3 (Q)).

In contrast, we do not need a positive distance between the bodies and the exterior boundary 0f). In
particular, in the case of a single rigid body (i.e. N = 1), we can take T arbitrary large.
The rest of the proof can be done following Section
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