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PADE APPROXIMANTS FOR FUNCTIONS WITH BRANCH POINTS - STRONG
ASYMPTOTICS OF NUTTALL-STAHL POLYNOMIALS

ALEXANDER I. APTEKAREV AND MAXIM L. YATTSELEV

ABSTRACT. Let f be a germ of an analytic function at infinity that can be analytically continued along any
path in the complex plane deprived of a finite set of points, f € .«/(C\ A), HA < co. ]. Nuttall has put
forward the important relation between the maximal domain of f where the function has a single-valued
branch and the domain of convergence of the diagonal Padé approximants for f. The Padé approximants,
which are rational functions and thus single-valued, approximate a holomorphic branch of f in the domain of
their convergence. At the same time most of their poles tend to the boundary of the domain of convergence
and the support of their limiting distribution models the system of cuts that makes the function f single-
valued. Nuttall has conjectured (and proved for many important special cases) that this system of cuts has
minimal logarithmic capacity among all other systems converting the function f to a single-valued branch.
Thus the domain of convergence corresponds to the maximal (in the sense of minimal boundary) domain of

single-valued holomorphy for the analytic function f € ./ (C\A). The complete proof of Nuttall’s conjecture
(even in a more general setting where the set A has logarithmic capacity 0) was obtained by H. Stahl. In this
work, we derive strong asymptotics for the denominators of the diagonal Padé approximants for this problem
in a rather general setting. We assume that A is a finite set of branch points of f which have the algebro-
logarithmic character and which are placed in a generic position. The last restriction means that we exclude
from our consideration some degenerated “constellations” of the branch points.

1. INTRODUCTION

Let f be a function holomorphic at infinity. Then f can be represented as a power series
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A diagonal Padé approximant to f isa rational function [n/n]; = p, /q, of type (n,7) (i.e., deg(p, ), deg(q,) <
n) that has maximal order of contact with f at infinity [42, 8]. It is obtained from the solutions of the
linear system

(1.2) R,(2)=q,(2)f (2) = p,(2)= 0 (1/2"*") as z—o00

whose coefficients are the moments f, in (1.1). System (1.2) is always solvable and no solution of it can
be such that g, = 0 (we may thus assume that g,, is monic). In general, a solution is not unique, but yields
exactly the same rational function [7/n] . Thus, each solution of (1.2) is of the form (/p,,,/q,,), where
(p,»9,) 1s the unique solution of minimal degree. Hereafter, (p,,,q,) will always stand for this unique
pair of polynomials.

Padé approximant [7/n]  as well as the index 7 are called normal if deg(q,) = n [34, Sec. 2.3]. The
occurrence of non-normal indices is a consequence of overinterpolation. That is, if 7 is normal index
and'
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for some [ >0, then [n/n]; =[n+j/n+j], for j €{0,...,1},and n + [ + 1 is normal.
Assume now that the germ (1.1) is analytically continuable along any path in C\ A for some fixed set

A. Suppose further that this continuation is multi-valued in C\ 4, i.e., /" has branch-type singularities at
some points in A. For brevity, we denote this by

(1.3) fe.d(C\A).

The theory of Padé approximants to functions with branch points has been initiated by J. Nuttall. In
the pioneering paper [35] he considered a class of functions (1.3) with an even number of branch points
(forming the set A) and principal singularities of the square root type. Convergence in logarithmic capacity
[45, 46] of Padé approximants, i.e.,

(1.4) Ve>0, limcp ({z€K: |f(2)=[n/n];(z)|>¢}) =0,

was proven uniformly on compact subsets of C \ A, where A is a system of arcs which is completely
determined by the location of the branch points. Nuttall characterized this system of arcs as a system
that has minimal logarithmic capacity among all other systems of cuts making the function f single-
valued in their complement. That is,

(1.5) cp(B)= Amn,, cp(dD),

where we denoted by % the collection of all connected domains containing the point at infinity in which
f is holomorphic and single-valued.

In that paper he has conjectured that for any function f in ./ (C\ A) with any finite number of branch
points that are arbitrarily positioned in the complex plane, i.e.,

(1.6) fA<oo and ACC,

and with an arbitrary type of branching singularities at those points, the diagonal Padé approximants con-
verge to f in logarithmic capacity away from the system of cuts A\ characterized by the property of minimal
logarithmic capacity.

Thus, Nuttall in his conjecture has put forward the important relation between the maximal domain
where the multi-valued function f has single-valued branch and the domain of convergence of the diagonal
Padé approximants to f constructed solely based on the series representation (1.1). The Padé approxi-
mants, which are rational functions and thus single-valued, approximate a single-valued holomorphic
branch of f in the domain of their convergence. At the same time most of their poles tend to the bound-
ary of the domain of convergence and the support of their limiting distribution models the system of
cuts that makes the function f single-valued (see also [36]).

The complete proof of Nuttall’s conjecture (even in a more general setting) was taken up by H. Stahl.
In a series of fundamental papers [47, 48, 49, 50, 52] for a multi-valued function f € ./(C \ A) with
cp(4) = 0 (no more restrictions!) he proved: the existence of a domain D* € 7 such that the boundary
A = dD*satisfies (1.5); weak (n-th root) asymprotics for the denominators of the Padé approximants (1.2)

1
(1.7) lim —log|g,(2)| ==V “2(2), ze D",
n—oo
where Vs := — [log|z — t]|dw,(t) is the logarithmic potential of the equilibrium measure w,, min-

imizing the energy functional I(u) := [ V#(z)d u(z) among all probability measures u on A, i.e.,
I(ewp) == min n) I(); convergence theorem (1.4).
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The aim of the present paper is to established the strong (or Szegd type, see [55, Ch. X1II]) asymptotics
of the Nuttall-Stahl polynomials q,,. In other words, to identify the limit

where the polynomials g, are the denominators of the diagonal Padé approximants (1.2) to functions (1.3)
satisfying (1.6) and @ is a properly chosen normalizing function.

Interest in the strong asymptotics comes, for example, from the problem of uniform convergence
of the diagonal Padé approximants. Indeed, the weak type of convergence such as the convergence in
capacity in Nuttall’s conjecture and Stahl theorem is not a mere technical shortcoming. Indeed, even
though most of the poles (full measure) of the approximants approach the system of the extremal cuts A,
a small number of them (measure zero) may cluster away from A and impede the uniform convergence.
Such poles are called spurious or wandering. Clearly, controlling these poles is the key for understanding
the uniform convergence.

There are many special cases of the Nuttall-Stahl polynomials that have been studied in detail including
their strong asymptotics. Perhaps the most famous examples are the Padé approximants to functions

1/v/z2 =1 and v/'z2 — 1 — z (the simplest meromorphic functions on a two sheeted Riemann surface of
genus zero) where the Nuttall-Stahl polynomials ¢,, turn out to be the classical Chebyshév polynomials
of the first and second kind, respectively. The study of the diagonal Padé approximants for functions
meromorphic on certain Riemann surfaces of genus one by means of elliptic functions was initiated in the
works of S. Duma [19] and N.I. Akhiezer [2], see also [33] by E.M. Nikishin. Supporting his conjecture,
Nuttall considered two important classes of functions with branch points for which he obtained strong
asymptotics of the diagonal Padé approximants. In a joint paper with S.R. Singh [41], a generalization
of the class of functions considered in [35] (even number of quadratic type branch points) was studied.
Peculiarity of this class as well as its prototype from [35] is that A, the system of extremal cuts (1.5),
consists of non-intersecting analytic arcs, see Figure 1A.
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FIGURE 1. The left-hand figure depicts the case where A is comprised of non-intersecting ana-
lytic arcs, and the right-hand figure illustrates the case where three arcs share a common endpoint.

In the paper [39] (see also [37]) Nuttall investigated the behavior of the Padé approximants for functions
with three non-collinear branch points. Namely, functions of the form

3 3

(1.8) f(2) ::H(z—e]-)“i, a,€C: Za]-:O.

j=1 j=1

Analytic arcs of the system of extremal cuts for these functions (contrary to the functions from the
previous class) share a common endpoint, see Figure 1B. In order to shed some light on the behavior of
the spurious poles, Stahl studied strong asymptotics of the diagonal Padé approximants for hyperelliptic
functions [51], see also [52].
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An important feature of the diagonal Padé approximants, which plays a key role in the study of their
asymptotics, is the orthogonality of their denominators. It is quite simple to see that (1.2) and the Cauchy
theorem (taking into account the definition of %y in (1.5)) lead to

q,(2)7 f(z)dz =0, j€{0,...,n—1},
dD:DeZ,

where the integral is taken along the orientated boundary d D of a domain D from ;. For the extremal
domain D* € 9 of f satisfying (1.3) and (1.6), the boundary A = JD* consists of a finite union of
analytic Jordan arcs. Hence, choosing an orientation of A (as a set of Jordan arcs), we can introduce in
general complex-valued weight function

(1.9) pO)=(fT=f)t),  teA,

which turns g, into non-Hermitian orthogonal polynomials. That is,

(1.10) fqn(t)tjlo(t)dt =0, je{0,...,n—1}
A

Asymptotic analysis of the non-Hermitian orthogonal polynomials is a difficult problem substantially
different from the study of the asymptotics of the polynomials orthogonal with respect to a Hermitian
inner product, i.e., the case where p is real-valued and A CR.

In [49], Stahl developed a new method of study of the weak (n-th root) asymptotics (1.7) of the poly-
nomials orthogonal with respect to complex-valued weights. As discussed above, this resulted in the proof
of Nuttall’s conjecture. The method of Stahl was later extended by A.A. Gonchar and E.A. Rakhmanov
in [28] to include the weak (n-th root) asymptotics of the polynomials orthogonal with respect to varying
complex-valued weights, i.e., to include the case where the weight function p := p,, in (1.10) depends on 7,
the degree of the polynomial g,. Orthogonal polynomials with varying weights play an important role
in analysis of multipoint Padé approximants, best (Chebyshév) rational approximants, see [27, 26], and
in many other applications (for example in description of the eigenvalue distribution of random matrices
[14]).

The methods of obtaining strong asymptotics of the polynomials orthogonal with respect to a com-
plex weight are based on a certain boundary-value problem for analytic functions (Riemann-Hilbert
problem). Namely,

(1.11) R:—R;:qnp on A,

where R,,, defined in (1.2), are the reminder functions for Padé approximants (or functions of the second
kind for polynomials (1.10)), which also can be expressed as

(1.12) R;ﬂ):LMﬁ Rn(z):ﬁ<

t—z 2mi
The boundary-value problem (1.11) naturally follows from (1.2) and the Sokhotskii-Plemelj formulae.
This approach appeared in the works of Nuttall in connection with the study of the strong asymptotics
of the Hermite-Padé polynomials, see the review [38]. In [40] Nuttall transformed the boundary condi-
tion (1.11) into a singular integral equation and on this basis obtained the formulae of strong asymptotics
for polynomials (1.10) orthogonal on the interval A :=[—1,1] with respect to a holomorphic complex-
valued weight

1
n+1

> as 77 — OoQ.
V4

ox):= , PEH(A), F#0on A:=[-1,1],
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where H(A) is a class of functions holomorphic in some neighborhood of A. Here & can also be a
complex-valued non-vanishing Dini-continuous function on [—1,1] [11]. The most general known ex-
tension of this class of orthogonal polynomials is due to S.P. Suetin [53, 54] who considered the conver-
gence domain D* € 9 for the function 1/\/(1: —e;):++(t — ey, 42)s ¢ € C, when the boundary A = 9 D*

consists of g + 1 disjoint Jordan arcs (like in [41], see Figure 1A). Elaborating on the singular integral
method of Nuttall, he derived strong asymptotics for polynomials (1.10) orthogonal on A with respect
to the complex weight

plx)

JE—e) (i —enrd)

where 5 is a Holder continuous and non-vanishing function on A. In [10], L. Baratchart and the second
author have studied strong asymptotics for polynomials (1.10) via the singular integral method in the
elliptic case g = 1, but under the assumptions that p is Dini-continuous and non-vanishing on A, while
the latter is connected and consists of three arcs that meet at one of the branch points (exactly the same
set up as in [39], see Figure 1B). The strong asymptotics of Nuttall-Stahl polynomials arising from the
function (1.8) was derived in the recent work [21] in three different ways, including singular integral
equation method of Nuttall and the matrix Riemann-Hilbert method.

The latter approach facilitated substantial progress in proving new results for the strong asymptotics
of orthogonal polynomials and is based on a matrix-valued Riemann-Hilbert boundary value problem.
The core of the method lies in formulating a Riemann-Hilbert problem for 2 x 2 matrices (due to Fokas,
Its, and Kitaev [22, 23]) whose entries are orthogonal polynomials (1.10) and functions of the second
kind (1.12) to which the steepest descent analysis (due to Deift and Zhou [17]) is applied as 7 — co. This
method was initially designed to study the asymptotics of the integrable PDEs and was later applied to
prove asymptotic results for polynomials orthogonal on the real axis with respect to real-valued analytic
weights, including varying weights (depending on 7) [16, 15, 31, 32] and related questions from random
matrix theory. It also has been noticed [7, 3, 29, 12] (see also recent paper [13]) that the method works
for the non-Hermitian orthogonality in the complex plane with respect to complex-valued weights.

In the present paper we apply the matrix Riemann-Hilbert method to obtain strong asymptotics of
Padé approximants for functions with branch points (i.e., we obtain strong asymptotics of Nuttall-Stahl
polynomials). To capture the geometry of multi-connected domains we use the Riemann theta functions
as it was done in [16], but keep our presentation in the spirit of [4, 6].

This paper is structured as follows. In the next section we introduce necessary notation and state our
main result. In Sections 3 and 4 we describe in greater detail the geometry of the problem. Namely,
Section 3 is devoted to the existence and properties of the extremal domain D* for the functions of the
form (1.3) and (1.6). Here, for completeness of the presentation, we present some results and their proofs
from the unpublished manuscript [43]. Section 4 is designed to highlight main properties of the Rie-
mann surface of the derivative of the complex Green function of the extremal domain D*. Sections 5
and 6 are devoted to a solution of a certain boundary value problem on fR and are auxiliary to our main
results. In the last three sections we carry out the matrix Riemann-Hilbert analysis. In Section 7 we state
the corresponding matrix Riemann-Hilbert problem, renormalize it, and perform some identical trans-
formations that simplify the forthcoming analysis. In Section 8 we deduce the asymptotic (as 7 — o0)
solution of the initial Riemann-Hilbert problem and finally in Section 9 we derive the strong asymptotics
of Nuttall-Stahl polynomials.

p(x):=

2. MAIN RESULTS

The main objective of this work is to describe the asymptotics of the diagonal Padé approximants to
algebraic functions. We restrict our attention to those functions that have finitely many branch points,
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all of which are of an integrable order, with no poles and whose contour of minimal capacity satisfies
some generic conditions, Section 2.1. Such functions can be written as Cauchy integrals of their jumps
across the corresponding minimal capacity contours and therefore we enlarge the considered class of
functions to Cauchy integrals of densities that behave like the non-vanishing jumps of algebraic functions,
Section 2.2. It turns out that the asymptotics of Padé approximants is described by solutions of a specific
boundary value problem on a Riemann surface corresponding to the minimal capacity contour. This
surface and its connection to the contour are described in Section 2.3, while the boundary value problem
as well as its solution are stated in Section 2.4. The main results of this paper are presented in Section 2.5.

2.1. Functions with Branch Points. Let / be a function holomorphic at infinity that extends analyti-
cally, but in a multi-valued fashion, along any path in the extended complex plan that omits finite number
of points. That s,

2.1) fed(C\A), A:={al}, 2<tA<oco.

Without loss of generality we may assume that f(co) = O since subtracting a constant from f changes the
Padé approximant in a trivial manner.

We impose two general restrictions on the functions (2.1). The first restriction is related to the charac-
ter of singularities at the branch points. Namely, we assume that the branch points are algebro-logarithmic.
It means that in a small enough neighborhood of each 4, the function /" has a representation

_ _ [ (z—ap )
@2 fle) = b o). o= ("
where —1 < a(a,) < 0 and A, b, are holomorphic around a;. The second restriction is related to the

disposition of the branch points. Denote by D* the extremal domain for f in the sense of Stahl. It is
known, Proposition 8, that

2.3) A=C\D'=Eul JA,,

b

where | JA, is a finite union of open analytic Jordan arcs and E is a finite set of points such that each
element of E is an endpoint for at least one arc Ay, Figure 2. In what follows, we suppose that the points

a2

FIGURE 2. Schematic example of A, depicting the set E = {a,,...,a4,} U{b,, b,}, the arcs A,
and their orientation.

forming A are in a Generic Position (GP).

Condition GP. We assume that

(i) each point in E "\ A is incident with exactly one arc from | JA,;
(i) each point in E \ A is incident with exactly three arcs from | JA,.

The above condition describes a generic case for the set A. Meaning that if the set A does not satisfy
this condition, then there is a small perturbation of the position of these points such that new set A obeys
Condition GP.
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Denote by g, the Green function for D* with a pole at infinity, Section 3. That is, g, is the unique
function harmonic in D*\ {oco} having zero boundary values on A that diverges to infinity like log|z| as
|z] = oo. It is known [45, Thm. 5.2.1] that the logarithm of the logarithmic capacity of A is equal to

logep(A) = lim (log|z| — ga(2)).-
As shown in [43], see also (3.9) further below, it holds that
B(2)
Az)’
where 29, := 9, —i0), B is a monic polynomial of degree deg(A4) —2, and

1
(2-4) IO(Z) = (Zgng)(z):;+...:

b4
Az) =] [(z=a4), {ay....a,} =ANE.
k=1

Since ga =0on A, so is its tangential derivative at each smooth point of AT UA~. Hence, h(t)7,,
t € A%, is purely imaginary, where 7, is the complex number correspondlng to the tangent vector at ¢ to
A.In partlcular the integral of h(t )d t along A% is purely imaginary.

Condition GP has the following implications on B [44, Section 8]. Let m be the number of the
connected components of A. Then B has p —2m simple zeros that we denote by b,,...,5,_,,, and all
the other zeros are of even multiplicities. In particular,

2.5) E.= {41, ,ﬂp}U{bl, ) p Zm}

If we set g := p — m — 1, then |E| = 2g + 2. Moreover, we can write

p=2m g
(2.6) Biz)=]]@-6) [] (z—¥
j=1 j=p—2m+1
where the elements of {b,_,,,,...,b,} are the zeros of B of even multiplicities 7 by each listed m b, /2

times.

2.2. Cauchy-type Integrals. Let / be a function of the form (2.1)-(2.2) with contour A in (2.3) satisfying
Condition GP. We orient the arcs A, comprising A so that the arcs sharing a common endpoint either
are all oriented towards this endpoint or away from it, see Figure 2. As the complement of A is connected,
1.e., A forms no loop, such an orientation is always feasible and, in fact, there are only two such choices
which are inverse to each other. According to the chosen orientation we distinguish the left (+) and the
right (—) sides of each arc. Then
+
A t—z 271

where the integration on A is taking place according to the chosen orientation.

Let e € £\ A. Then e is incident with exactly three arcs, which we denote for convenience by A, ;,

J €1{1,2,3}. Since e is not a point of branching for £, the jumps (f* — /)5 , are holomorphic around
e and enjoy the property

2.8) =D, =, v =), =06,

where we also used the fact that the arcs A, j have similar orientation as viewed from e.

Set a(e) := 0 for each e € E\ A and fix 4, b € E that are adjacent to each other by an arc A, C A. Then
the jump of f across A, can be written as

29) (F* = F)2) = il fs o)z — a2 = by, zen,,
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where we fix branches of (z — 2)*® and (z — b)*) that are holomorphic across A, and w, (f;-) is a
holomorphic and non-vanishing function in some neighborhood of A,.
Keeping in mind (2.8) and (2.9), we introduce the following class of weights on A.

Definition 1. A weight function p on A belongs to the class Wy if

(2.10) P, TP, +Pa,, =0
in a neighborhood of each e € E\ A, where A, , j € {1,2,3}, are the arcs incident with e; and
(2.11) pia,(2) = w(2)(z —a)*(z — b)™

on A, incident with a, b, where wy, is holomorphic and non-vanishing in some neighborhood of A, and
{(z —e)*},cp 1s a collection of functions holomorphic in some neighborhood of A\ {e}, a, > —1 and a, =0
fore € E\A.

For a weight p € #/5, we set

(2.12) ,’o\(z)::f P ﬂ, zeD".
A

t—z2m:

It follows from (2.7)-(2.9) that a function f satisfying (2.1)-(2.2) and Condition GP, and whose jump
f* —=f7 isnon-vanishing on A\ {a,,...,a,} can be written in the form (2.12) for a #/,-weight.

2.3. Riemann Surface. Denote by R the Riemann surface of » defined in (2.4). We represent R as a
two-sheeted ramified cover of C constructed in the following manner. Two copies of C are cut along
every arc A,. These copies are joined at each point of E and along the cuts in such a manner that the
right (resp. left) side of the arc A, belonging to the first copy, say R, is joined with the left (resp. right)
side of the same arc A, only belonging to the second copy, (V). It can be readily verified that R is a
hyperelliptic Riemann surface of genus g.

According to our construction, each arc A, together with its endpoints corresponds to a cycle, say L,
on R. We set L:=|J, L, denote by 7 the canonical projection 7 : R — C, and define

D® .=RE N7 (D" and z*® =D Ng7!(z)

for k € {0,1} and z € D*. We orient each L, in such a manner that D remains on the left when the

cycle is traversed in the positive direction. For future use, we set {b]( >}f:1 to be such point on R that

2.13) n <b]<,1)) =b,

; and bVeDWUL, jefl,....gl

For any (sectionally) meromorphic function » on R we keep denoting by » the pull-back function
from RO onto C and we denote by 7* the pull-back function from %) onto C. We also consider any
function on C naturally defined on ). In particular, 4 is a rational function over R such that b* = —h
(as usual, a function is rational over fR if the only singularities of this function on R are polar).

Denote by {ak}zzl and {bk}izl the following homology basis for R. Let C;(A), j € {1,...,m},
be the connected components of A. Set p; := [{a;,...,a,} N C;(A)|. Clearly, p = 271:1 p;- Relabel,

if necessary, the points {al,...,ap} in such a manner that {4 ’”po+-'~+pj} - C]»(A), where

pottpi 100
po = 0. Then for each j € {2,...,m} we choose p;, — 1 b-cycles as those cycles L, that contain the

POINLS @y 4ty 12seeesdyhyps and we choose p; — 2 b-cycle as those cycles L, that contain a;,... .
We assume that the orientation of the b-cycles is induced by the orientation of the corresponding cycles

L,. The a-cycles are chosen to be mutually disjoint except at a,, which belongs to all of them. It is
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FIGURE 3. The choice of the b-cycles and the parts of the a-cycles belonging to D@ (thicker
lines necessarily oriented towards the corresponding b-cycles).

assumed that each cycle a;, intersect the corresponding cycle b, only at one point, the one that belongs
to {as,...,a,}, and that

A = r(a, N D) = n(a, N DW).

The a-cycles are orientated in such a manner that the tangent vectors to a,,b, form the right pair at the
Y 8 &> Ok gat p
point of their intersection. We also assume that each arc A7 naturally inherits the orientation of a, NnDO.

In particular, the 4 side of a, ND© and the — side of a, N D project onto the + side of A?, see Figure 3.
We set

g g
E)N‘{::%\U(akubk) and ﬁ::%\Uak
k=1 k=1

(observe that R is a simply connected subdomain of fR).
Define (see also Section 4.2)

(2.14) O(z):= exp{fzb(t)dt} for zefR.

Then ® is a holomorphic and non-vanishing function on R except for a simple pole at 0o and a simple
zero at oo!) whose pull-back functions are reciprocals of each other, i.e.,

g
(2.15) ®6 =1 in D,:=D"\[JA;.
k=1

Furthermore, ® possesses continuous traces on both sides of each a- and b-cycle that satisfy
2.16) <I)_+ _ ] exp {2miw,} on  ay,

o exp{2mit,} on by,
where the constants w;, and 7, are real and can be expressed as

1 1
(2.17) wp=——0 h(t)dt and 7,:=——0¢ h(t)dt,

271 Jp, 27 J,,
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ke {l,...,g}. Infact, it holds that w;, = wx(7(L,)), where wy is the equilibrium measure of A [45].
Moreover, it is true that
z
(2.18) P(z)==———+0(1) as z—oo, [E|=1.
Eep(A)
In what follows, we shall assume without loss of generality that £ = 1. Indeed, if £ # 1, set A £=

{é:z :z€A}and pg(z):= p(E2), z € Ag, where p is a function defined in (2.11). Then
pe(z):==p(Ez) and [n/n]ﬁg(z) = [n/n]ﬁ(fz), z EE\Ag.

Thus, the asymptotic behavior of [7/7] is entirely determined by the asymptotic behavior of [1/n] ;..

Moreover, it holds that @, (z) = ®,(& z) and therefore @4, (z)=2z/cp(A)+0O(1). That is, we always can

rotate the initial set up of the problem so that (2.18) holds with = 1 without altering the asymptotic
behavior.

Recall that a Riemann surface of genus g has exactly g linearly independent holomorphic differentials
(see Section 4.1). We denote by

dSi= (..., d,)"

the column vector of g linearly independent holomorphic differentials normalized so that

(2.19) f df_l}:é}e foreach kef{l,...,g},
%
where {&,}¥_, is the standard basis for R¢ and &” is the transpose of €. Further, we set

g
(2.20) B = |:§ dﬂki| .
b; k=1

It is known that 93, is symmetric and has positive definite imaginary part.

2.4. Auxiliary Boundary Value Problem. Let p € #/. Define

@ (a)l,...,cog)T,
2.21) 7= (Thear,)
5;, = #ﬁlog(p//o'k)dﬂ

for some fixed determination of log(po/h*) continuous on A\ E, where the constants w; and 7; were
defined in (2.17) and we understand that log(p/h™) on L is the lift log(o/h™) o 7.

Further, let {t;} be an arbitrary finite collection of points on . An integral divisor corresponding
to this collection is defined as a formal symbol > t;. We call a divisor > t; special if it contains at least
one pair of involution-symmetric points; that is, if there exist t; # t;, such that 7(t;) = 7e(t;) or multiple
copies of points from E (with a slight abuse of notation, we keep using E for 7~!(E)).

Given constants (2.21) and points (2.13), there exist divisors Zle t, ;> see Sections 4.3 and 6.1 further

below, such that

8 t”v] — N - - . —
(2.22) ZLW dQY=c,+ n(@+ ByT) <mod periods dQ) ,
- ]

where the path of integration belongs R (for definiteness, we shall consider each endpoint of integration
belonging to the boundary of R as a point on the positive side of the corresponding a- or b-cycle) and the
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equivalence of two vectors ¢, ¢’ € C¢ is defined by c= ¢ (mod periods d ﬁ) if and only if §— &= j+ By
for some j_', meZLS.

Proposition 1. Solutions of (2.22) are either unique or special. If (2.22) is not uniquely solvable for some
index n, then all the solutions for this index assume the form

S 0,0
;th“;(zf t2z )

where the divisor Zg.jk t; is fixed and non-special and {z; f: | are arbitrary points in C.

If for some index n a divisor solving (2.22) has the form
g—!
Dt 4+ koo + (1 — k)oolV
i=1

with [ >0, k €10,...,1}, and non-special ¢t such that |7(t;)| < oo, then

=1 "
g—1
D ti+(k+7)00 @+ (I — k= j)oo
=1

solves (2.22) for the index n + j for each j € {—k,...,| — k}. In particular, (2.22) is uniquely solvable for the
indicesn —k andn+1 — k.

If Zle t,, ; uniguely solves (2.22) and does not contain colk), k € {0,1}, then (2.22) is uniquely solvable

. g g

for the index n — (—1)* and {t”’]}jﬂ n {tn_<_1)k,]-}]_:1 =@
Remark 1.1. Propositions 1 says that the non-unique solutions of (2.22) occur in blocks. The last unique
solution before such a block consists of a non-special finite divisor and multiple copies of co()). Trad-
ing one point ool for 0co(® and leaving the rest of the points unchanged produces a solution of (2.22)
(necessarily non-unique as it contains an involution-symmetric pair co!) 4 0o@) for the subsequent in-
dex. Proceeding in this manner, a solution with the same non-special finite divisor and all the remaining
points being c0(® is produced, which starts a block of unique solutions. In particular, there cannot be
more than g — 1 non-unique solutions in a row.

Definition 2. In what follows, we always understand under Zle t, ; either the unique solution of (2.22)

or the solution where all the involution-symmetric pairs are taken to be 00D + 009, Under this convention,
given ¢ > 0, we say that an index n belongs to N, C N if and only if

(i) the divisor Z]g.zl t, ; satisfies |7'c(tn’j)| <1/eforallt, € RO);
(ii) the divisor Zletn_l,]- satisfies |(t, )| < 1/e forallt,, , ; € RO,

To show that Definition 2 is meaningful we need to discuss limit points of {Z]g,zl t, i baens N c

N, where convergence is understood in the topology of :R¢/%,, ;¢ quotient by the symmetric group

£, . The following proposition shows that these limiting divisors posses the same block structure as the

divisors themselves.

Proposition 2. Let N’ be such that all the limit points of { 3%

8 ity assume the form

g—2k—Ip—1,

k
(2.23) STon+>] (zfo) + zfl)) + 1100 4 1,00V
=1

=1
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for a fixed non-special divisor Zg__%_l°_ll t;, ﬁ(ti>| < 00, and arbitrary {Zi}le C C. Then all the limit
points of the sequence { 35 o, l}neN” jE€{=ly—k,....L,+ k}, assume the form

g—2k—1y—!
(2.24) > ¢, +Z<w(o)+w > (l+j+k—k)oo@+ (I, — j +k—k)ooM
=1
where 0< k' <min{ly+k+j,l,+k—;} and {w, }k/ cC.
KXt} o converges to a non-special dzwsor Zg t; that does not contain co®), k € {0,1},

then the sequence { 3% _, t, oy i} eny @lso converges, say to 3

{Wf}/g':1 =&

Remark 2.1. Proposition 2 shows that the sets N, are well-defined for all ¢ small enough. Indeed, let
{38 t,:}, v be a subsequence that converges in 98/ X, (it exists by compactness of ). Natu-
rally, the limiting divisor can be written in the form (2. 23) Then it follows (2.24) that the sequence
{228ty i} convergesto 305 2kl t; + (I, + I, + 2k) 0oV). Further, by the second part of the
proposmon the sequence { 3% t, L—k—1 i} heny also converges and the limit, say Zle w;, does not con-
tain oo, Thus, {n —I;—k: n €N’} CN, for any ¢ satisfying ¢|7z(t,)| < 1if t; € RO and ¢|7(w;)| < 1
if w, e RO,

Equipped with the solutions of (2.22), we can construct the Szegd functions of p on R, which are the
solutions of a sequence of boundary value problems on L.

g
W, which is non-special, and {t]- }J_Zl N

Proposition 3. For each n € N there exists a function, say S, with continuous traces on both sides of
(L u Ui:l ak> \ E such that S, ®" is meromorphic in R\ L and
(2.25) (8,9")" =(p/h*)S,2")" on L\E.
If we let m(t) to be the number of times, possibly zero, t appears in {tn, ; }f_l, then S, is non-vanishing and
finite except for

1S ()] ~ |72 — a|P@R-CD 22 g Z@Lqﬂe{ﬂ}jp
(2.26) 18, (20| ~ |z = bR as 2B b e {by }” o

15, (2] ~ |z = b= as 20—be (b},

and has a zero of multiplicity m(t) at each t € {tn)]- }Jg_zl \ ( {4]- }le u{ b]. }/’g:l) and my, |2 is the multiplicity
of bin {b( }g
Conversely, if for given n €N there exists a function S with continuous traces on <L U Ui: . ak> \ E such
that S®" is meromorphic in R\ L and S satisfies (2.25) and (2.26) with Zle t, ; replaced by some divisor
2.t;, then 3t solves (2.22) for the index n and S = pS,, for a polynomial p such that (por) =3t =3¢, ..
Finally, given € > 0 and ¢ > 0, there exists constant C..<o such that
S,-1(2) S,(00%)
$,(2) S, i(cc™)| ™
forneN, andze R, =R\ U, N(t,;), where N.(t,, ;) is a connected neighborhood of t,, ; such that
n(N(t,,;)) is the e-ball centered at t jin t/oe spherical metrzcz

€

p—2m+1"

(2.27)

2That is, dist(z;, 2y) = 2|2y — 2|(1+ |2¢|2) " V2(1 + | 25|22 if |2, | z,] < 00 and dist(z,00) = 2(1 +|z[2)~ /2.
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Remark 3.1. The integers m(e), e € E, in the first two lines of (2.26) are either O or 1 as otherwise
Zf:l t, ; would be special.

Remark 3.2. The estimate in (2.27) cannot be improved in a sense that if for some subsequence of indices
e, —0,1/e, :=max{ Max, e |rc(tn_1’]-) yMAX g0 |7'c(tn’j)|}, then C.. —oo.

Remark 3.3. We would like to stress that S, is unique for » € N_, ¢ > 0, as (2.22) is uniquely solvable for
all such indices.

Propositions 1-3 are proved in Section 6.

2.5. Main Theorem. Let {[7/n];},cy be the sequence of diagonal Padé approximants to the function
p. As before, denote by g, the denominator polynomial of [n/n]; (Nuttall-Stahl orthogonal polyno-
mial (1.10)) and by R,, the reminder function of [n/n]ﬁ (1.2) (the function of the second kind (1.12) for
q,,)- Recall that by S, and S we denote the pull-back functions of S, on 9 from D and D) to D,
respectively. Then the following theorem holds.

Theorem 4. Let A be a minimal capacity contour as constructed in Section 2.1 subject to Condition GP and
assumption & =1 in (2.18). Further, let p be given by (2.12) with o € Wy, N, be as in Definition 2 for fixed
¢ >0, and S, be given by Proposition 3. Then for all n € N, it holds that

9r = (1+Un1) }/nsn(}n-’_unﬂ/;sn—lq)n_l’
(2.28) bs: hS'_
R, = (1+Un1> }/na-’_unﬂ/n o1’

locally uniformly in D*, where |v,,;| < c(¢)/n in C while v,;(00)=0and

cp(A)” . cp(Ayt!
}/n — an }/n — *—
S, (c0) §*_(o0)

Moreover, 1t holds locally uniformly in A\ E that

g, = (140,07 (5,2 +(8,0")7) +v,0r; (S @)+ (S,m00") ),
(2.29) hS* + bhS* +

Before proceeding, we would like to make several remarks regarding the statement of Theorem 4.

Remark 4.1. If the set A consists of two points, then A is an interval joining them. In this case the
conclusion of Theorem 4 is contained in [38, 5, 32, 12]. Moreover, the Riemann surface R has genus
zero and therefore @ is simply the conformal map of D* onto {|z| > 1} mapping infinity into infinity and
having positive derivative there, while S, = S, is the classical Szegé function.

Remark 4.2. Notice that both pull-back functions S, and 5§ are holomorphic D*. Moreover, S, has
exactly g zeros on R that do depend on 7. It can be deduced from (2.28) that ¢, has a zero in the vicinity
of each zero of S, that belongs to D©. These zeros are called spurious or wandering as their location is
determined by the geometry of PR and, in general, they do not approach A with » while the rest of the
zeros of g, do. On the other hand, those zeros of S, that belong to D! are the zeros of the pull-back
function S’ and therefore describe locations of the zeros of R, (points of overinterpolation).
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Remark 4.3. Even though our analysis allows us to treat only normal indices that are also asymptotically
normal, formulae (2.28) illuminate what happens in the degenerate cases. If for an index 7 the solution of
(2.22) is unique and contains / copies of co(!), the function $” vanishes at infinity with order /. The latter
combined with the second line of (2.28) shows that [/n]; is geometrically close to overinterpolating o
at infinity with order /. Then it is feasible that there exists a small perturbation of p (which leaves the
vector c_; unaltered) that turns the index 7 into a last normal index before a block of size [ of non-normal
indices, which corresponds to the fact that solutions of (2.22) are special for the next / — 1 indices and the
solution for the index 7 + [ contains  copies of co©@.

Observe that p— [/ n]5;=R,/q, by (1.2) applied with f := p. Thus, the following result on uniform
convergence is a consequence of Theorem 4.

Corollary 5. Under the conditions of Theorem 4, it holds for n € N, that

*

R AN
(2.30) p=n/nlp=[1+00/n)] &

n

in D*Nn(R, ), where O(1/n) is uniform for each fixed € > 0.

3. EXTREMAL DOMAINS

In this section we discuss existence and properties of the extremal domain D* € 9, for the function

f, holomorphic at infinity that can be continued as a multi-valued function to the whole complex plane
deprived of a polar set A, see (1.3). Recall that the compact set A := JdD* defined in (1.5) makes f
single-valued in its complement and has minimal logarithmic capacity among all such compacta.

As mentioned in the introduction, the question of existence and characteristic properties of A was
settled by Stahl in the most general settings. Namely, he showed that the following theorem holds [47,
Theorems 1 and 2] and [48, Theorem 1].

Theorem S. Let f € .o/ (C\A) with cp(A) = 0. Then there exists unique D* € Dp A= C\D*, the extremal
domain for f, such that

cp(A)<cp(dD) forany D€ Dy,
and if cp(A) = cp(I D) for some D € Dy, then D C D* and cp(D*\ D) = 0. Moreover, A := E;UE U JA,,
where Ey C A, E, is a finite set of points, and I\, are open analytic Jordan arcs. Furthermore, it holds that

d d
(3.1) 28 gA n A

dn,
where g, is the Green function for D* and n* are the one-sided normals on each A,

Let now f and A be as in (2.1). Denote by % the collection of all compact sets K such that K is a union
of a finite number of disjoint continua each of which contains at least two point from A and C\ K € 7.

That is,

q<oo

A ={K: K= U HANK;)>2 K\ JK,=@; K,NK, =@, i #j; C\K€ 9,

Observe that the inclusion {C\K : K € X} C Dy is proper. However, it can be shown using the
monodromy theorem (see, for example, [9, Lemma 8]) that A € #". Considering only functions with
finitely many branch points and sets in % allows significantly alter and simplify the proof of Theorem S,
[43, Theorems 2 and 3]. Although [43] has never been published, generalizations of the method proposed
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there were used to prove extensions of Theorem S for classes of weighted capacities, see [30], [20] and
[9]. Below, in a sequence of propositions, we state the simplified version of Theorem S and adduce its
proof as devised in [43] solely for the completeness of the exposition.

Proposition 6. There exists A € A such that cp(A) < cp(K) forany K € X
Proof. Let {K,} be a sequence in ¢ such that

cp(K,) —>Kié1:£(cp(K) =:c as n—oo.

Then there exists R > 0 such that K, C D := {z : |z| < R} for all n large enough. Indeed, it is known
[45, Theorem 5.3.2] that cp(A) > cp(y) > %diam(y), where y is any continuum in K,, and diam(y) is the
diameter of y. As y contains at least two points from A, the claim follows.

For any K € Ay := A NDy and € > 0, set (K), := {z : dist(z,K) < €}. We endow #} with the
Hausdorff metric, i.e.,

dy(K,,K,) =inf{e : K, C (K,),, K, C (K;).}

By standard properties of the Hausdortf distance [18, Section 3.16], clos, (A7), the closure of H#} in
the dj-metric, is a compact metric space. Notice that a compact set which is the d;-limit of a sequence
of continua is itself a continuum. Observe also that the process of taking the dj;-limit cannot increase
the number of the connected components since the e-neighborhoods of the components of the limiting
set will become disjoint as € — 0. Thus, each element of clos; (%) still consists of a finite number of
continua each containing at least two points from A but possibly with multiply connected complement.
However, the polynomial convex hull of such a set, that is, the union of the set with the bounded compo-
nents of its complement, again belongs to £ and has the same logarithmic capacity [45, Theorem 5.2.3].

Let A* € clos, (%) be alimit point of {K, }. In other words, d;(A*,K,) —»0asn — oo, n € N; CN.

H

We shall show that
(3.2) cp(A¥) =c.
To this end, denote by K€ :={z: gx(z) <log(1+¢€)}, € > 0, where g is the Green function with pole at
infinity for the complement of K. It can be easily shown [45, Theorem 5.2.1] that
(3.3) cp(K) = (14 €)cp(K).
Put ¢, := inf{cp(y)}, where the infimum is taken over all connected components y of K, and all » € N;.
Recall that each component y of any K, contains at least two points from A. Thus, it holds that ¢, > 0
since cp(y) > %diam(y).

We claim that for any € € (0,1) and & < €?¢,/2 we have that

(3.4 (K,)s CKS

for all 7 large enough. Granted the claim, it holds by (3.3) that

(3-5) cp(A7) < (1+ €)ep(K,)

since A" C (K,,)s C K¢ . Thus, by taking the limit as 7 tends to infinity in (3.5), we get that
6.6 ¢ <ep(A) < (14)e,

where the lower bound follows from the very definition of ¢ since the polynomial convex hull of A*, say
A, belongs to & and has the same capacity as A*. As € was arbitrary, (3.6) yields (3.2) with A as above.

It only remains to prove (3.4). We show first that for any continuum y with at least two points, it
holds that

2
. ~e 6
(3.7) dist(y,7) > ?CP(V)’



16 A.J. APTEKAREV AND M.L. YATTSELEV

where 7 :={z: g (z) =log(1+¢€)}. Let ¥ be a conformal map of {z : |z > 1} onto C\y, ¥(co)=o0. It
can be readily verified that |¥(z)z~!| — cp(y) as z — oo and that g, =log |1, where U~! is the inverse
of U. Then it follows from [25, Theorem IV.2.1] that

(3.8) [¥'(z)| > cp(y) <1 - i) , 2| > 1.

|2

Let z, € y and z, € ¥ be such that dist(y, ) = |z, — z,|. Denote by [z,, z,] the segment joining z, and z,.
Observe that ¥~ maps the annular domain bounded by y and 7¢ onto the annulus {z : 1 < |z] < 1+ ¢}.
Denote by S the intersection of U=!((z,, z,)) with this annulus. Clearly, the angular projection of S onto
the real line is equal to (1,14 ¢). Then

o 1
dist(y,7) = f dz| = f W(2)lld2] > ep(y) f <1——2> dz|
(21,2) U (2,,2,)) ®((2,,2,)) |z]

1 1 e2ep(y)
c 1—— | |dz|>c f <1——> dz|= ,
[ (1= etz | (1= et =S

where we used (3.8). This proves (3.7) since it is assumed that € < 1.

IV

Now, let y, be a connected component of K, such that dist(Kn,I?;) = dist(;/n,l?;). By the maximal
principle for harmonic functions, it holds that g > 8 for z ¢ K ,, and therefore, Yo CKE. Thus,

2
€

dist(K,,,K¢) > dist(y,,, 7¢) > -

by (3.7) and the definition of ¢,. This finishes the proof of the proposition. O

Let A be as in Proposition 6. Observe right away that A has no interior as otherwise there would
exist A’ C A with smaller logarithmic capacity which still belongs to 2#". It turns out that g, has a rather
special structure that we describe in the following proposition which was initially proven in this form in
[43, Theorem 3] (the method of proof in a more general form was also used in [20]).

Proposition 7. Let A be as in Proposition 6. Then

z |B(7
(3.9) gr(z)=Re (J 1/ %di’) ,

where A was defined in (2.4), B is a monic polynomial of degree p — 2, and the root is chosen so that
24/ A(2)]B(z) = 1 as z — .

Proof. Denote by wy the equilibrium measure of a compact set K and by I[ ] the logarithmic energy of
a compactly supported measure y, i.e.,

IMu]=- Jf log|z — 7|d u(z)d u(t).
Then it is known that
ga(2) = I[eo] +flog|z ~ tdeon(s),

which immediately implies that

1 (dwa(t
610 @aslir)=; [ <220

5
zZ—T
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where 0, :=(J, —19,)/2. Since gy =0 on A, it holds that

aa()=Re (2 | <ang><r>dr>
for any the path of integration in D. Thus, to prove (3.9), we need to show that
B d 2
- 0 ([ dest)
A(z) zZ—T
for some monic polynomial B, deg(B) = p —2.
Let O be a neighborhood of A. Define

Az —
S(z):= #, u¢O.

Then & generates a local variation of O according to the rule z — z' := z + t §(z), where ¢ is a complex
parameter. Since

S(w)—-8
(3.12) |wt — 2| =|w—z] 1+tM ,
w—z
this transformation is injective for all |¢| <ty < M, where
(3.13) M := max |(8(w)— 8(2))/(w — z)| < 0.

w,ze€0
Moreover, the transformation & naturally induces variation of sets in O,F — E' = {z' : z € E}, and
measures supported in O, u— u*, u*(E*) = u(E).
Let u be a positive measure supported in O with finite logarithmic energy I[u]. Observe that the

pull-back measure u* satisfies the following substitution rule: d u*(z*) = d u(z). Then it follows from
(3.12) that

3()

I[p']-1[u] = Ulong d u(z)d p(w)

- 8(z
(3.14) = [JJlog<l+t (= )>d/z(z)dy( )i|

for all |#| < t,. Since the argument of the logarithm in (3.14) is less than 2 in modulus, it holds that

(3.15) I[u']=1[u] =—Re[t8(u)+O()]

forall |t] < t,, where
W= f 220 ) )

Let now {y,} be a family of measures on A such that (4,) = wp:. Then
(3.16) S(u,)— 8(wy) as t—0.

Indeed, by the very definition of the equilibrium measure it holds that the differences I[u,] —I[w,] and
I[w!’ ] —I[w:] are non-negative. Thus,

A
0=y, ]—1I[es]

= I[Iut]—l[coA:] I[CUA‘] I[wA]
< Iy )-I[wa] +HI[w ] =1[w,]
Re [£(8(u,) = 8(en)) +O(c7)]

(3.17)



18 A.J. APTEKAREV AND M.L. YATTSELEV

for |t| <ty by (3.15). Clearly, |8 (u)| < M|u| by (3.13), where || is the total variation of y. Since u, and
@ are positive measures of unit mass, (3.17) implies that /{u,] — I[ewa] as t — 0. The latter yields that

4, — w, by the uniqueness of the equilibrium measure,’ which immediately implies (3.16) by the very
definition of weak® convergence.

Now, observe that a; =, for any & € {1,..., p}. Hence, A" € A for all [¢| < £,. In particular, this
means that cp(A") > cp(A) and therefore I[cwp: ] < I[w,p] as cp(K) = exp{—I[wg]}. Thus, it holds that

6.18) 0 Iwa]—Iwad < ]~ Iwa] =Re [18(1,) + O()] =Re[t8(wp)+0(2)]
by (3.15) and (3.16). Clearly, (3.18) is positive only if
(3.19) S(w,)=0.
In another connection, observe that there exists a polynomial in #, say
B(u;z,w)=ay(z,w)+a,(z,w)n+-+a, 3(z, w)ul ™ 4 u?™?,
where each a;,(z, w) is a polynomial in z and w, such that
(3.20) (w—u)A(z)— (z—u)A(w)+(z — w)A(n) = (z — w)(z — u)(w — u)B(u; z,w).

Indeed, the left hand side of (3.20) is a polynomial of degree p in each of the variables z, w, # that vanishes
when # =z, u = w, and z = w. Then
3(z)—8(w) A(z) A(w) A(n)
= - =B(u;z,w) — ———————
zZ—w (z—u)z—w) (w—u)z—w) (z—u)w—un)

by (3.20). So, we have by the definition of 8(w,) and (3.19) that
2
B(u) ::J B(u;z,w)dwa(z)dwp(w) = A(n “ d“’A—d‘”A() — A(w) <J da)A(T)> ’
(z—n)

—u) T—u
which shows the validity of (3.11) and respectively of (3.9). O

Having Proposition 7, we can describe the structure of a set A as it was done in [48] with the help of
the critical trajectories of a quadratic differential [44, Section 8]. Recall that a quadratic differential is the
expression of the form Q(z)d z?, where Q is a meromorphic function in some domain. We are interested
only in the case where Q is a rational function.

A trajectory of the quadratic differential Q(z)dz? is a smooth (in fact, analytic) maximal Jordan arc
or curve such that Q(z(¢))('(¢))? > 0 for any parametrization. The zeros and poles of the differential
are called critical points. The zeros and simple poles of the differential are called finite critical points (the
order of the point at infinity is equal to the order of Q at infinity minus 4; for instance, if Q has a double
zero at infinity, then Q(z)d z? has a double pole there).

A trajectory is called critical if it joins two not necessarily distinct critical points and at least one of
them is finite. A trajectory is called closed if it is a Jordan curve and is called recurrent if its closure has
non-trivial planar Lebesgue measure (such a trajectory is not a Jordan arc or a curve). A differential is
called closed if it has only critical and closed trajectories.

If e is a finite critical point of order k, then there are £ + 2 critical trajectories emanating from e under
equally spaced angles. If ¢ is a double pole and the differential has a positive residue at e, then there are
no trajectories emanating from e and the trajectories around e are closed, that is, they encircle e.

3The measure cw, is the unique probability measure that minimizes energy functional /-] among all probability measures sup-
ported on A. As any weak limit point of {,} has the same energy as w, by the Principle of Descent [46, Theorem 1.6.8] and
(3.17), the claim follows.
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Proposition 8. Let A be as in Proposition 6 and the polynomials A,B be as in Proposition 7. Then (2.3)
holds with | A\, being the union of the non-closed critical trajectories of the closed quadyatic differential
(=B/A)(z)dz* and E being the symmetric difference of the set {a,... sa,} and the set of those zeros of B

that belong to the closure of | JA,. The remaining zeros of B, say {by,..., b,}, are of even order and of total
multiplicity 2(m — 1), where m is the number of connected components of A. Furthermore, (3.1) holds.

Proof. In [20, Lemma 5.2] it is shown that A is a subset of the closure of the critical trajectories of
(—B/A)(z)d z*. Since (3.9) can be rewritten as

z B(t
ga(z) =Im Jv—ﬁdf , z€D,

the critical trajectories of (—B/A)(z)d z* are the level lines of g, and therefore (—B/A)(z)d z* is a closed
differential. By its very nature, A has connected complement and therefore the closed critical trajectories
do not belong to A. Since 2d,g, = 4/B/A is holomorphic in D*, all the non-closed critical trajectories
belong to A and all the zeros of B that belong to the closed critical trajectories are of even order. Let
us show that their total multiplicity is equal to 2(m — 1). This will follow from the fact that the total
multiplicity of the zeros of B belonging to any connected component of A is equal to the the number of
zeros of A belonging to the same component minus 2.

To prove the claim, we introduce the following counting process. Given a connected compact set with
connected complement consisting of open Jordan arcs and connecting isolated points, we call a connect-
ing point outer if there is only one arc emanating from it, otherwise we call it inner. Assume further that
there are at least 3 arcs emanating from each inner connecting point. We count inner connecting points
according to their multiplicity which we define to be the number of arcs incident with the point minus 2.
Suppose further that the number of outer points is p” and the number of inner connecting points is p’ —2
counting multiplicities. Now, form a new connected set in the following fashion. Fix p of the previously
outer points and link each of them by Jordan arcs to p chosen distinct points in the complex plane in
such a fashion that the new set still has connected complement and each of the previously outer points
is connected to at least 2 newly chosen points. Then the new set has p’ — p + p outer connecting points
(p’ — p of the old ones and p of the new ones) and p’ —2+(p+p —2p) = p’— p+ p —2 inner connecting
points. That is, the difference between the outer and inner connecting points is again 2. Clearly, starting
from any to points in E connected by a Jordan arc, one can use the previous process to recover the whole
connected component of A containing those two points, which proves the claim.

To prove (3.1), observe that by (3.10) and (3.11) we have that

dga B
—= =2Re(n,7d =Re |7 — ,
n, ( + ng) + 2 .

where 7 are the unimodular complex numbers corresponding to n . Since the tangential derivative
of g, is zero, so is the imaginary part of the product 7, (y/B/A),. Since, n, = —n_ and (4/B/A), =
—(v/B/A)_, (3.1) follows. O

Propositions 6-8 are sufficient to prove Theorem 4. As an offshoot of Theorem 4 we get that the
contour A is unique since (2.28) and (2.29) imply that all but finitely many zeros of [12/n] ; converge to
A. However, this fact can be proved directly [47, Thm. 2]. Moreover, it can be shown that property (3.1)
uniquely characterizes A among smooth cuts making / single-valued [9, Thm. 6].

While Propositions 6-8 deal with the most general situation of an arbitrary finite set A, Condition GP
introduced in Section 2 is designed to rule out some degenerate cases. Namely, it possible for some zeros
of the polynomial B to coincide with some zeros of the polynomial A. This happens, for example, when
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—a a
—a

(a) ()

(z2 = bHd2?
2t — (P4 +1
where |4| = 1 and b is real and depends on 4. On the left-hand figure Arg(a) = 7/4 which
forces b =0. On the right-hand figure, Arg(a) < 7r/4, in which case b > 0.

FIGURE 4. Both figures depict the set A for the quadratic differential

all the points in A are collinear. In this case, the minimal capacity cut A is simply the smallest line
segment containing all the points in A, and the zeros of B are exactly the zeros of A excluding two that
are the end points of A. It is also possible for the polynomial B to have zeros of multiplicities greater
than one that belong to A. These zeros serve as endpoints to more than three arcs (multiplicity plus
2), see Figure 4A. However, under small perturbations of the set A, these zeros separate to form a set A
satisfying Condition GP, see Figure 4B.

4. RIEMANN SURFACE
Let R be the Riemann surface of 5 described in Section 2.3. That is, 2R is a hyperelliptic Riemann
surface of genus g with 2g + 2 branch (ramification) points E and the canonical projection (covering
map) 7 : R — C. We use bold letters z, w, t to denote generic points on 2R and designate the symbol -* to
stand for the conformal involution acting on the points of R according to the rule
7' =z0"0 for z=:®, kefo1}.

4.1. Abelian Differentials. For a rational function on R, say f, we denote by (f') the divisor of f, i.e.,

a formal symbol defined by
(f):= Z z— Z w,
z: f(z)=0 w: f(w)=o0
where each zero z (resp. pole w) appears as many times as its multiplicity. A meromorphic differential
on R is a differential of the form fdz, where f is a rational function on R. The divisor of fdz is defined

by
(fdz):=(f)+(dz)=()+ D e — 200 — 200,

ecE
It is more convenient to write meromorphic differentials with the help of

1/2
h(z(k))::(—l)k<l_[(z—ek)> , ke{0,1},

keE

where the square root is taken so %(z(®)/z8+! — 1 as z — oco. Clearly, # is a rational function on R with
the divisor

(%) :Ze —(g+1)00? — (g + 1)ootV.

eeE

Then arbitrary meromorphic differential can be written as fd€2, d{2:= dz/#, and respectively

(Fd0) = () + (g — 1)00 + (g — 1)ool").
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A meromorphic differential is called holomorphic if (fd€2) > 0 (its divisor is integral). Since for any
polynomial ¢ it holds that

(lom)= Z (Z(O) + Z(l)) —deg(?) <oo(o) + oo(l)) ,
z: {(z)=0

the holomorphic differentials are exactly those of the form £d{Q, deg(¢) < g. Thus, there are exactly g
linearly independent holomorphic differentials on 8. Under the normalization (2.19), these are exactly
the differentials d€2,,.

Let now w,w, € R, w, # W,. We denote by dQ the abelian differential of the third kind having
two simple poles at w; and w, with respective residues 1 and —1 and normalized so

Wi,W;

(4.1) f dQWan =0, jef{l,...,g}
It 1s also known that
(4.2) ﬁ, de],wzz—Zni y dQ]-, jE€{L,..., g},

where the path of integration lies entirely in R.

4.2. Green Differential. The Green differential dG is the differential 4 Q) 60 modified by a suitable
holomorphic differential to have purely imaginary periods. In fact, it holds that

(4.3) dG(z)=h(z)dz, z€NR.

Indeed, the value of the integral of dG along any cycle in R\ {oo(o) u oo“)} is purely imaginary as it
is a linear combination with integer coefficients of its periods on the a- and b-cycles and the residues at
00 and oo™ with purely imaginary coefficients. Thus, Re < I} ;(O) d G) is the Green function for D© and

therefore is equal to g, lifted to D©. Hence, the claim follows from Proposition 7.
Forze M\ {oo(o),oo<1)}, put

(4.4) Glz) = f "G,

Then G is a multi-valued analytic function on R\ {oo(o), oo(l)} which is single-valued in R. Moreover, it
easily follows from (4.3) and the fact that 4, is a branch point for R that

(4.5) GzN+G(zV)=0 (mod2ri) in D,.
Furthermore, for any point z € [ J{_ (a, Uby) it holds that

— dG, if zeak\bk,
*6)  GT(2)-G(z)= 2 = o
dG, if zeb,\a, 2mity, if z€by\ay,

a

2riwy,, if z€a,\by,

where the constants w;, and 7, were defined in (2.17) (clearly, the integrated differential in (2.17) is d G).
As all the periods of d G are purely imaginary, the constants w), and 7, are real. With the above notation,
we can write

g
(4.7) dG:dQOOm’OO(o)+27TiZT]-dQ]~.

j=1
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Indeed, the difference between d G and the right-hand side of (4.7) is a holomorphic differential with zero
periods on a-cycles and therefore is identically zero since it should be a linear combination of differentials
satisfying (2.19). In particular, it follows from (4.2) and (4.7) that

0

ool

ool

Using the Green deferential d G, we can equivalently redefine ® introduced in (2.14) by

(4.9) o :=exp{G}, @(z%)=

Then @ is a meromorphic function on R with a simple pole at 00, a simple zero at oo, otherwise
non-vanishing and finite. Moreover, ® possesses continuous traces on both sides of each a; and b, that
satisfy (2.16) by (4.6), and (2.15) by (4.5). Let us also mention that the pull-back function of @ from R©
onto D, which we continue to denote by ®, is holomorphic and non-vanishing in D, except for a simple
pole at infinity. It possesses continuous traces that satisfy

/@™ = exp{2miw,} on Af
&9t = exp{2nid,} on A,

0)

(4.10)

by (2.16), (2.15), and the holomorphy of ® across those cycles L, that are not the b-cycles, where we set
8=t f A, =n(b, ), and &, := 0 otherwise.

4.3. Jacobi Inversion Problem. Let r be a rational function on C. Then r o 77 is a rational function on
R with the involution-symmetric divisor, i.e.,

(ro= 30 -5 =36 -5

As R is hyperelliptic, any rational function over R with fewer or equal to g poles is necessarily of this

form. Recall that a divisor is called principal if it is a divisor of a rational function. Thus, the involution-
I

symmetric divisors are always principal. By Abel’s theorem, a divisor Zf: Wt i1

w; is principal if

and only if # =/ and
t L .
ZJ d1=0 (mod periods dQ) .

In fact, it is known that given an arbitrary integral divisor Zf_ ,W;» for any vector ¢ there exists an
integral divisor Zf_ ,t; such that

g t] - =
(4.11) Z daQ=7¢ <mod periods dQ) .
J=1YW;
The problem of finding a divisor Zf: t; for given ¢'is called the Jacobi inversion problem. The solution

of this problem is unique up to a principal divisor. That is, if
g
(4.12) Zt = { principal divisor }
=1

is an integral divisor, then it also solves (4.11). Immediately one can see that the principle divisor in
(4.12) should have at most g poles. As discussed before, such divisors come only from rational functions
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over C. Hence, if Zf: (i a solution of (4.11), is special, that is, contains at least one pair of involution-
symmetric points, then replacing this pair by another such pair produces a different solution of the same
Jacobi inversion problem. However, if Z]g.zl t; is not special, then it solves (4.11) uniquely.

4.4. Riemann Theta Function. Theta function associated to 9y, is an entire transcendental function of
g complex variables defined by

6()=3" exp{niﬁ'T%Qﬁ'—i— Zm'n"Tﬁ’}, 7ecs.
7EZE

As shown by Riemann, the symmetry of %, and positive definiteness of its imaginary part ensures the

convergence of the series for any 7#. It can be directly checked that & enjoys the following periodicity

properties:

*.13) 0 (i7+ 7+ Bosi) = exp { — minT B _zmﬂ;}e(;), ez

The theta function can be lifted to R in the following manner. Define a vector £ of holomorphic and
single-valued functions in R by

(4.14) Q(z) = J dQ, zefR.

This vector-function has continuous traces on each side of the a- and b-cycles that satisfy

-

(4.15) Q+—§z—:{ ~Pal on &y,

Z on b, kefl,...,g}
by (2.19) and (2.20). It readily follows from (4.15) that each €, is, in fact, holomorphic in R \b,. Itis
known that
-1

Q <t]-> +K (mod periods dﬁ)
1

oq

(4.16) 0(#)=0 & «

<.
Il

for some divisor Zf:_ll t;, where K is the vector of Riemann constants defined by (13 ); = ((Bq);; —
D/2=3s 35% Q7dQy, jefl,.... g}

Let ng.zl t; and Zle z; be non-special divisors. Set
6 <§z(z) -38 6 () —1?)
0 (fiz) -3, (7,) -K) '

It follows from (4.15) that this is a meromorphic and single-valued function in R (multiplicatively multi-
valued in 9R). Furthermore, by (4.16) it has a pole at each z; and a zero at each t; (coincidental points

mean increased multiplicity), and by (4.13) it satisfies

(4.17) ®<Z;th,sz> =

(4.18) O (5Dt 2 7)) =07 (m 2t Dz ) exp{ 2mi D (Y(z)) ~ u(t))
j=1

forzea,\ {Uz]v UUt/-}.
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If the divisor Zf: |t (resp. Z]g.: 1Z;) n (4.17) is special, then the numerator (resp. denominator) is
identically zero by (4.16). This difficulty can be circumvented in the following way. Let w;, w, € R\ {w}
for some w € R. Set

0 (9(z) ~ wy) — (5 - DI(w) - K)
6 (§3(z) - G(w,) — (g — DA(w") — K)

Since the divisors w; +(g —1)w" are non-special, © (W, W,) is a multiplicatively multi-valued meromor-

(4.19) O(z;w,w,) =

phic function on PR with a simple zero at w,, a simple pole at w,, and otherwise non-vanishing and finite.
Moreover, it is meromorphic and single-valued in R and

(4.20) Ot (z;w,,w,) =07 (z;w,, W,)exp {27'ci (Qk(wz) - Qk(w1)) }

for z € ay \ {w,,w,}. Observe that the jump does not depend on ﬁ(w*) Hence, analytic continuation
argument and (4.20) immediately show that @( W, W,) can be defined (up to a multiplicative constant)

using any divisor Zg t; aslongasw; + Zg | t; is non-special and that
®<Z;Zti’22i> _ £ @(z,t],z]>
Ot Te) B (et

for any w fixed and satisfying {w}N {UZ Jut, } = @. Let us point out that even though the construction

(4.17) is simpler, it requires only non-special d1v1sors while this restriction is not needed for (4.19).

5. BOUNDARY VALUE PROBLEMS ON L

This is a technical section needed to prove Proposition 3. The results of this sections will be applied to
logarithm of p € #/5, which is holomorphic across each arc comprising A. However, here we treat more
general Holder continuous densities as this generalization comes at no cost (analyticity of the weight o
will be essential for the Riemann-Hilbert analysis carried in Sections 7-8). In what follows, we describe
properties of

(.1) = fgbd ., z€R\L,
47‘El
for a given function ¢ on L. Before we proceed, let us derive an explicit expression for d2, .. To this
end, set
dQ 1 dw
(5.2) Hk(z)::§ ZZJ —, kefl,..., g}
a, W—2 « w—z h(w)

Clearly, each H}, is a holomorphic function on R\ a, that satisfies
(5.3) BH —hH, =4ni on a

due to Sokhotski-Plemelj formulae [24] as apparent from the second integral representation in (5.2).
Then, using functions H,,, we can write

w — Z /e:l
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5.1. Holder Continuous Densities. Let ¢ be a function on L\ E with Hélder continuous extension to
each cycle L, and ¥ be given by (5.1). The differential d2, ,- plays a role of the Cauchy kernel on R with
a discontinuity. Indeed, it follows from (5.4) that

B(z) &

d
55 e Z -0 S )] o= 30, -3, 0)
]

8
L t—Z/JO— ) 471 =1 =1

Each function ¥ L is holomorphic in R\ (L iU {oo(o),oo(l)}) with Halder continuous traces on L;
that satisfy

(5.6) R )
Clearly, \IIL] (e)=0fore€E\ L;. Moreover, it holds by (5.6) and the identity \I}L]-(Z) + \IIL/ (z*)=0that

<_

(.7) 0, (k) —

] dle) as z—e

for univalent ends e € ENL;. To describe the behavior of ¥; near trivalent ends, recall that A splits any

7
disk centered at e of small enough radius into three sectors. Two of these sectors contain part of A; in

their boundary and one sector does not. Recall further that %#(z) changes sign after crossing each of the
subarcs of A. Thus, it holds for trivalent ends e € E N L that

(5.8) T, (z2¥) —»:I:

7

¢|L as z—e,

where + sign corresponds to the approach within the sectors partially bounded by A and the — sign
corresponds to the approach within the sector which does not contain A; as part of its boundary.

Similarly, each ¥, is a holomorphic function in R\ (ak U {00, oo(l)}> with Holder continuous traces
on a,, that satisfy

(5.9) Ut g :f bdQ,
% A% L
by (5.3). Analogously to (5.7), one can verify that ¥, (¢) =0for e €E'\ a; and
b (_1)k
(5.10) \I/ak(z( ))— > j{ $dSy, as z—ee€a,NE.
L

Combining all the above, we get that ¥ is a holomorphic function in % \ Z including at 00®® and co!
where it holds that

(5.11) U@y = - jg ¢dn— — ¢dG

by (4.7). Moreover, it has Hélder continuous traces on both sides of (LU|_Ja, )\ E that satisfy

_ ¢, on L\E,
(5.12) ot —w _{ Zf gd, on a\E,

according to (5.6) and (5.9). Finally, the behavior at e € E can be deduced from (5.7), (5.8), and (5.10).
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5.2. Logarithmic Discontinuities. Assume now that ¢ has logarithmic singularities at e € E, which,
obviously, violates the condition of global Holder continuity of ¢ on the cycles L,. However, global
Holder continuity is not necessary for ¥ to be well-defined. In fact, it is known that the traces ¥# are
Holder continuous at t € L as long as ¢ is locally Hélder continuous around this point. Thus, we only
need to describe the behavior of ¥ near those e € E where ¢ has a singularity.

Let 2 be a fixed univalent end of A and A, be the arc incident with 4. Further, let ¢ be a fixed
determination of alog(- — ) holomorphic around each arc A, (except at « when b = j), where « is a
constant. As before, define ¥ by (5.1). It clearly follows from (5.5) that we only need to describe the
behavior of ¥ L around a as the behavior of the other terms is unchanged. To this end, it can be readily

verified that

5 d
(5.13) v (2)= zifzi) A t¢ Eti b*:t)'

Denote by U, 5 a ball centered at a of radius & chosen small enough that the intersection A, N U, 4 is an
analytic arc. Denote also by U- ia the maximal open subset of U, s \ A; in which ¢ is holomorphic and
A]# cau: is if A, is orienter towards 4 and Aj.c CdUT it A, is oriented away from a. Set

(5.14) argla—z):=arg(z—a)£m in Uﬂis

It can be readily verified that thus defined log(a—z) := log|a—z|+i arg(a—z) is holomorphicin U, s \A,.
Then, arguing as in [24, Equations (8.34)-(8.35)], that is, by identifying a function with the same jump
across A; as the one of integral in (5.13), we get that

1 (r) dt _zlog(a—z)

(5.15) Py N 02 ) + { terms that are holomorphic at a }

in U, 5 \ A;. Multiplying both sides of (5.15) by %, we get that (5.7) is replaced by
a
(5.16) \PLJ(z(k))—(—l)kglog(ﬂ—z)—»O as z—a.

Let now b be a trivalent end of A and ¢ be a fixed determination of alog(- — &) analytic across A,
where @ as before is a constant. Further, let A, be the arcs incident with 4. Fix / € {1,2,3} and
let log(b — z) be defined by (5.14) with respect to A, ;. Then (5.15) still takes place within the sectors
delimited by A, ;UA, ;,;and A, UA,, ;_;, where [ £1is understood cyclicly within {1,2,3}. However,
within the sector delimited by A, ;. | UA,, ;_;, the right-hand side of (5.15) has to be multiplied by —1 to
ensure analyticity across A, ;; UA, ;. Then, multiplying both sides of (5.15) by %, we get that

(5.17) \I/Lw(z(k)):F(—l)kglog(b—z)—»O as z— b,

where — sign corresponds to the approach within the sectors delimited by A, JUA,, ;. and A, JUA, 4,
and the — sign corresponds to the approach within the sector delimited by the pair A, ;UA, ;. Hence,
the behavior of ¥ near b is completely determined by the behavior of the sum Z?: Yy,

5.3. Auxiliary Functions. For an arbitrary ¥ € R set ¢+ to be a function on L such that

s ‘_{ 27i(%), on by,

0 otherwise.

i
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Define further
1 ~
(5.18) Sx(z) ::exp{—.§ ¢£dﬂzz*}’ zeR\ L.
47'C L)L ’

Then S; is a holomorphic and non-vanishing function in R, with Holder continuous non-vanishing
traces on both sides of each a- and b-cycle that satisty

exp{2mi (%), } on by,

(5.19) Str=s52
TN exp{—2mi(ByX),} on a,

forke{1,..., g} by (5.12) and (2.20). Observe also that

g
(5.20) Se=] [s4,
3
k:l

where, as before, {Ek}i: ) 1s the standard basis in R&.
Now, let p € #/, and log p be a fixed branch holomorphic across each A in A. Define

1 ~
(5.21) Siogp(2) :=exp { — § log(po 0 7)dS2, ,- } , zeR\L.
41 L ’
Then, as in the case of (5.18), it follows from (5.12) that Siogp i@ holomorphic function in R \ L and
P pom, on L\E,
(6-22) SlOgP_SIOgP{ exp{—leog(/oorz:)ko}, on a,\E, kefl,..., g}

If 2 is a univalent end of A and A, is the arc incident with 4, then PlAj(Z) = w;(z)(z — a)%, where w;
is holomorphic and non-vanishing in some neighborhood of A; and (z — a)* is a branch holomorphic
around A\ {a}. Let (2 — z)® be the branch defined by (5.14). Then (4 — z)* = (z —a)™ exp{za,7i} in
U %3’ where the latter were defined right before (5.14). Thus, it holds by (5.7) and (5.16) that

g
(5.23) Slzogp(z)//o(z)aexp{:l:aani —Zeak(a,z)f log(pon)dﬂk} as U;S S5z —a,
k=1 L ’

where ¢, (a,2) =0ifa €a;,and ¢, (a,z) =+lifa€a,andz—a € a:. If b is a trivalent end of A, let
A, i» 7 €11,2,3}, be the arcs incident with b. Further, let S b be a sector delimited A, i1 within a disk

centered at b of small enough radius, where 7 &1 is understood cyclicly within {1,2,3}. Then it follows
from (5.8) that

(5 24) SZ ( ) /olAb,/—l(b)/olAb,/-H(b)
. zZ)—
o8p f |Ab,]-<b)

Finally, we can deduce the behavior of §,, , at 00® from (5.11) in a straightforward fashion.

as §,;2z—b.

Now, let logh* be a fixed branch continuous on A\ E. Define S, as in (5.21) with log o replaced by
logh*. Then §,, enjoys the same properties S, , does except for (5.23) and (5.24) as h is not holomor-
phic across A\ E unlike p. In particular, it holds that

htorn on L\E
+ _ - b b
G-23) Slogb_slogh{ exp{—§, log(hTom)d}, on a,\E, kef{l,...,g}
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Moreover, it can be easily verified that (5.23) gets replaced by

8
(5.26) Slzogh(z)/h(z) — exp {:F% - Zsak(a,z)§ log(h* o n)dﬂk} as z—a
k=1 L

with — sign used when A; is oriented towards a (one needs to take Uy = U, s \ A; and Uy =@ in
(5.16)) and + sign used when A, is oriented away from 4 (Ua_8 =U,s\A; and U;; = ). Similarly,
(5.24) is replaced by

(5.27) Slzogb/b—)exp{:lzni/Z} as z—b,

where the sign + corresponds to the case when the arcs incident with b are oriented towards b and the
sign — corresponds to the other case (this conclusion is deduced from (5.8) and (5.17) applied to each arc
incident with b).

6. SZEGO FUNCTIONS

In this section we prove Propositions 1, 2, and 3.

6.1. Proof of Proposition 1. It follows from the discussion in Section 4.3 that a solution of (2.22) is
either unique or special and in the latter case any pair of involution-symmetric points can be replaced

by any other such pair. According to the convention adopted in Definition 2, we denote by Z _,t, the

divisor that either uniquely solves (2.22) or solves (2.22) and all the involution-symmetric pairs are taken
to be 00 4 0oV,
Let Zle b]w be as in (2.13) and &, 7, c_'p be as in (2.21). Notice that by (4.8) it holds that

g t"a]' - OO(O) - e
(6.1) Z dQ-{—iJ dQ = C_;,+(n+i)(c3+ B, T) (modperiods dQ).
=175 ootV
Then if
g g-! 0
Dot =t +koo®+ (I — k),
j=1 j=1

where {tj }f;ll C R\ {00,000}, it holds by (6.1) that

g g—!

Dty =2t (k+1)oo® + (I —k—i)oolV

j=1 j=1
foreachi e {—k,...,I — /e}. The uniqueness of the solutions for i = —k, [ — k& immediately follows from
the fact that Z _, t,;; is not special for these indices.

Now, let Zg , t,,; be the unique solution of (2.22) that does not contain oo®), k€ {0,1}. Ifzg Ly

were not the umque solution, it would contain at least one pair 0ol!) +00(® and therefore Zg ,t,,; would
contain col®) by the first part of the proof. Thus, Z]_l t, iy, solves (2.22) uniquely, and it only re-

mains to show that
(62) {t”;] }}g':l m {tﬂ—(—l)k,j }f:l = @

Assume the contrary. For definiteness, let g’ < g be the number of distinct points in the divisors
8 t, and 3% ¢t ¢ ., and label the common points by indices ranging from g’ + 1 to g. If
=1 "7,] =1 n—(=1)%;> y
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(6.2) were false, then it would follow from (2.22) and (4.8) that

/7 OO(O)
> f Y i (e f A =0 (mod periods df1).
t

= 0

That 1s, the divisor

g g’
k_ (0 k(1
Ztn,;‘ —Ztn_(_l)k,]- — (=1)F00® 4 (=1)F o0V
j=1 j=1
would be principal. However, since g’ + 1 < g, such divisors come solely from rational functions over C
and their zeros as well as poles appear in 1nv01ut1on -symmetric pairs. Hence, the divisor Z i1t would

contain an involution-symmetric pair or co®). As both conclusions are impossible, (6.2) indeed takes
place. This completes the proof of Proposition 1.

6.2. Proof of Proposition 2. Let N” C N’ be such a subsequence that the divisors 3% converge

=1 n+] i
to a divisor 33¥_ w; as N’ 3 n — oo for a fixed index j € {—/, —k,...,]; + k}. Then the continuity of Q
implies that

g rt, I S
im ZL; dfi = Z (l)dﬂ ZQ w,) =,

N"sn—00 P
where 9}, := 3% | f-l)(bi(l)) (recall also the convention that all the paths of integration belong to R and
therefore the right-hand side of the equality above does not depend on the labeling of >t and > 19
Hence, it holds that

n+j,i

g
lim (c;+(n+j)(a)+<%gf> Zﬁ w;) =7,

N"3n—00
where, from now on, all the equivalences are understood mod periods d€3. Set / := [, — I,. Assume first
that / > 0. Then, analogously to the previous computation, we have that
g—2k—l,—1,
im (& +n(S+ 7)) = Z 0 (t;) +19 (00?) — 5,
since £ (z(o)) =0 (z(1>).

In what follows, we assume that [ +2; > 0, otherwise, if / +2; < 0, each occurrence of 0co(® and / 42
needs to be replaced by col") and —(I4-2/), respectively. Then (4.8) and the just mentioned anti-symmetry
of €1 yield that

g—2k—I,—I,
lim (S +n+)(B+Ba7)) = D, Q)+ +2)3(0?) -5,
N'sn—o00 i—1

Hence, it is true that
g—2k—1ly—!

iﬁ(wi)z Z Q +(14+25)Q < <O)>.

Therefore, for any collection {ui}?:lk_j C C it holds by Abel’s theorem that the divisor

g—2k—1ly—1, li+k—; g

S+ > (%fo>+uf]>>+(l+2j)oo(o>—ZWi

i=1 i=1 =1
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is principal (/,+k—j needs to be replaced by [,+k+; when [4+2; <0). As the integral part of this divisor

.. . . . . —2k—1Iy—!
has at most g elements, the divisor should be involution-symmetric. However, if 335 ™" 't 4+ (0 +

27)00l® is non-void, it is non-special, and therefore Zg w; is equal to Zg ~2k—lo= t; + Zl k- ] (%(O) +

1]
1 .
nf )) + (1 427)00; if it is void, >%  w, is an arbitrary 1nvolut10n -symmetric divisor. In any case, this is

exactly what is claimed by the proposition. Clearly, the case / < 0 can be treated similarly.

To prove the last assertion of the proposition, observe that the divisors Z]g-:1 t; and Z]g-:1 W, are

connected by the relation
>6() - (—1)F f dfi=> 6w,
j:l 0

Hence, by Abel’s theorem the divisor Zfﬂ t— le w; — (=1)*00(® 4+ (=1)*co is principal. Since

Z]g: b+ co!=*) is non-special, the claim follows as in the end of the proof of Proposition 1.

6.3. Proof of Proposition 3. Any vector # € C8 can be uniquely and continuously written as X+ %,
xX,7 € R8, since the imaginary part of %, is positive definite. Hence, we can define

63) 7+ Ao, ;_i " agi= 2( (6,,) -5 (5)).

b(l)

As the image of the closure of R under £ is bounded in C, it holds that
(6.4) |<,|,|7,] < const.
independently of 7, where |c]* :=33¢_ |(€),|*. Set further

-7? + %Q}TP =
Then it follows from the very choice of Z _, t,j> see (2.22), that there exist unique vectors ]T;, m, € 78
such that
(6.5) fp+nc3:9?n+]; and y, +nT=y,+m,.
Therefore, we immediately deduce from (6.4) that
(6.6) |, —m,_4|, |2n —1)T—m, —nt,_,|, |nT—ni,| < const.
independently of 7.

Let now S:and §,; be defined by (5.18). Then it is an easy consequence of (6.6) and (5.20) that

6.7) 0 < const. < |S,;;n/5ﬁn71 ’ , 2] <const. < oo

2n—1
ST" /Sﬁn Srzn—l | >

uniformly in . Notice also that

_ | exp{-2mint,} on by,
©9) (5./52)" = (8./57) (B
exp{ —2mi (B (1, — nT))k } on a.

Using definitions (4.17) and (4.19), set

0,(z):= ( Ztn],Zb ) and ©,( ﬁ@( n],bm)
j=1
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where the first formula is used for non-special divisors 3t,, ; and the second one otherwise. Then ©,, is a
. . Lo . 1 .. . .
meromorphic function in R with poles at 19; ), zeros at t, ; (as usual, coincidental points mean increased

multiplicity), and otherwise non-vanishing and finite. It also follows from (4.20), (4.18), and (6.3) that
(6.9) O =0~ exp {—Zni (%, + %an)k} on a.

Finally, let §,, and §,, , be defined as in Section 5.3 with the branch of the difference log o —logh*
chosen to match the one used in (2.21) to define E;. Set

Sy S
(6.10) S, =g
Slogp Sz
Then S, is a meromorphic function in R \ L and §,®"” is meromorphic in R\ L by (2.16), (5.22), (5.25),
(6.8), (6.9), and (6.5). Clearly, the same equations also yield that §,®” satisfies (2.25). Finally, (2.26)
follows from (5.23) and (5.24), (5.26) and (5.27), reciprocal symmetry of §,, p and S, on different sheets
of R, and the properties of ©,,.

Now, let S be as described in the statement of Proposition 3. Then by the principle of analytic contin-
uation §/S,, is a rational function over R with the divisor > t; — Z]gzl t, ;. Since rational functions have
as many zeros as poles, the divisor 3 t; has exactly g elements. Further, as explained in Section 4.3, the
principal divisors with strictly fewer than g + 1 poles are necessarily involution-symmetric; that is, they
come from the lifts of rational functions on C to R. It also follows from Proposition 1 that Z]g:1 t,)
consists of a non-special part and a number of pairs col!) 4 00o®. Hence, 2_t; has the same non-special
part as Zf: ,t,,,; and the same number of involution-symmetric pairs of elements. Due to Proposition 1,
the latter means that 3 t; solves (2.22). Lastly, as all the poles of the rational function S/S, are equally
split between 00(® and ooV, this is a polynomial.

It remains to show the validity of (2.27). It follows from the definition of S, and (6.7) that we only
need to estimate

0,4(2) 0,(c0?)
671(2) ®n—1(oo(1))

To this end, denote by € and €! the closures of {Ztn,]«}neNf and {Zt”—le}neNE in the :M& /3, -

topology. Neither of these sets contains special divisors. Indeed, both sequences consists of non-special
divisors and therefore we need to consider only the limiting ones. The limit points belonging to ¢° are

necessarily of the form
g—2k—1

k
2 e+ (57 44+l
=1

i=1
where Zf:_lzk_ltl-, |7(t;)| < oo, is non-special and {z; /le C C. If £ > 0, Proposition 2, applied with
ly=0,1;=1,and j = —1, would imply that €! contains divisors of the form
g—2k—1 14
STu+>] <w§o) + wf”) +(k—k' —1)00® + (I + 14k — kYoo
i=1

=1

0 <k’ <k —1. In particular, it would be true that / + 14 & — £’ > 2, which is impossible by the very
definition of N,. Since the set €! can be examined similarly, the claim follows.
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Hence, given Zt]- e C{f, we can define @(Z;Zt]-,z b;l)) via (4.17). By the very definition of Qif, it

holds that
0< |G) <oo(k);2t]~,2 b;l))| < oo.

Moreover, compactness of C{f and the continuity of Zﬁ(t]) with respect to > t; imply that there are
uniform constants C(Q‘If) and C (E‘lk) such that

k k). @ k
0<c(eh)< |@ AW )| <C(eh)<oo
forany 37t; € Q:f. Analogously, observe that the absolute value of ©, /0, is bounded above in R,

as it is a meromorphic function in R with poles given by the divisor 3 t, ;. The fact that this bound is

uniform follows again from continuity of 2 and compactness of €*.
For future reference, let us point out that a slight modification of the above considerations and (6.7)
lead to the estimates

(6.11) 1S,/8, ()l

b, /S, \(09)| S Cp < o0
that holds uniformly in D*\U,z{z:|z —e| < ¢} forall z eN_.
7. RIEMANN-HILBERT PROBLEM

In what follows, we adopt the notation ¢ for the diagonal matrix < ¢O gtlﬁm > , where o5 is the

1 0

0 -1 > Moreover, for brevity, we put y, := cp(A).

Pauli matrix o5 = <

7.1. Initial Riemann-Hilbert Problem. Let % be a 2 x 2 matrix function. Consider the following
Riemann-Hilbert problem for % (RHP-%):

(a) ¥ isanalyticin C\ A and lim %(z)z7"% = .#, where . is the identity matrix;

Z—00

(b) ¥ has continuous traces on each A, that satisfy &, =% < cl) '(1) > ;

(c) % is bounded near each e € E \ A and the behavior of % near each e € A is described by
0< 1 |Z—e|ac >, lf ae<o’

1 |z—e|*
1 log|z—e| . .
o , if o, =0, a D*>z—e.
1 log|z—e| ¢
1 1 .
ﬁ< 11 >, if «,>0,

The connection between RHP-% and polynomials orthogonal with respect to o was first realized by
Fokas, Its, and Kitaev [22, 23] and lies in the following.

Lemma 1. If a solution of RHP-% exists then it is unique. Moreover, in this case deg(q,,) = n, R,,_,(z) ~
27" as z — 00, and the solution of RHP-% is given by

R
7.1 Y = n n > ,
( ) < mn—lqﬂ—l mn—an—l

where m,, is a constant such that m, R, (z) = z7"[1+ o(1)] near infinity. Conversely, if deg(q,) = n
and R,,_,(z) ~z7" as z — oo, then % defined in (7.1) solves RHP-% .



STRONG ASYMPTOTICS OF NUTTALL-STAHL POLYNOMIALS 33

Proof. In the case when A =[—1,1] and p > 0 on A this lemma has been proven in [32, Lemma 2.3].
It has been explained in [12] that the lemma translates without change to the case of a general closed
analytic arc and a general analytic non-vanishing weight p, and yields the uniqueness of the solution
of RHP-% whenever the latter exists. For a general contour A the claim follows from the fact that
R,=3>.R,;, where

_ [ 20)p(t) dt [ q,()w(e)(t —a)=(t - b)™ dit
Rnk(z) = fAk f— 2 E _fAk

and therefore the behavior of R, near e € A is deduced from the behavior R,,;, there. On the other hand,
for each arc A, ; incident with e € £ \ A (see notation in (2.8)), the respective function R, behaves as
[24, Section 8.1]

t—z 211

/Oe,j(e)

2me
where the function R; . has a definite limit at e and the logarithm is holomorphic outside of A, ;. Using

(2.10), we get that
_ loe,l(e)

log(z —e)+ R:,],(z),

R(Z) 1032,2(6) /062,37-(:‘)

where R’ has a definite limit at ¢ and arg, (z — ¢) has the branch cut along A, ;. Thus, % is bounded in

the vicinity of each e € E'\ A.
Suppose now that the solution, say % = [@k]f 4> of RHP-& exists. Then %, = z"+ lower order

arg, 1(z —e)+ arg, ,(z —e)+ arg, 5(z —e) + R (2),

]

terms by the normalization in RHP-% (a). Moreover, by RHP-% (b), %}, has no jump on A and hence
is holomorphic in the whole complex plane. Thus, %, is necessarily a polynomial of degree » by Liou-
ville’s theorem. Further, since %, = 0(z7"~') and satisfies RHP-% (b), it holds that %,, is the Cauchy
transform of %, 0. From the latter, we easily deduce that %, satisfies orthogonality relations (1.10).
Applying the same arguments to the second row of %, we obtain that %), =¢,_, and %, =m,_R,_,
with m,_, well-defined.

Conversely, let deg(g,) =7 and R,,_,(z) = O(z7") as z — co. Then it can be easily checked by the
direct examination of RHP-% (a)-(c) that %, given by (7.1), solves RHP-%. O

7.2. Renormalized Riemann-Hilbert Problem. Suppose now that RHP-% is solvable and % is the
solution. Define

7.2) T =y " HT%,

where, as before, we use the same symbol @ for the pull-back function of ® from D©. By (4.9) it holds
that lim,_,  z/®(z) = y, and therefore

Z—00

73) lim 7(2) = lim y" " ¥ (2)z™"" (z/®(2))"> = 5.

Z—00

Moreover, it holds by (4.10) that
(74) (<I)+)—no3 — (q)—)—mf}e—Zﬂ:inwka}
on each A}. Finally, on each A, we have that

N [ @3y @ty
(@) <oq’><¢+> —< ; (q,+/<p_)f>

2mindy, ot —2n 2mind,
(7.5) _ (e coP :
0 eZmné‘k (q)—)—Zn
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where the second equality holds again by (4.10) and &, are defined right after (4.10). Combining (7.3)—
(7.5), we see that 7 solves the following Riemann-Hilbert problem (RHP-7):

(a) 7 isanalytic in D, and T (00) = .&;
(b) 7 has continuous traces on | JA, U UAZ that satisfy

e 2minewL0; on each AZ,
9_,’_ = g_ eZniné\k(qu)on lecin3kp
0 e2nin8k (@—)—271

(¢) 7 has the behavior near each e € E as described in RHP-% (c) only with D* replaced by D, .
Trivially, the following lemma holds.

Lemma 2. RHP-Z is solvable if and only if RHP-% is solvable. When solutions of RHP-T and RHP-
U exist, they are unique and connected by (7.2).

> oneach Ay;

7.3. Opening of Lenses. As is standard in the Riemann-Hilbert approach, the second transformation
of RHP-% is based on the following factorization of the jump matrix (7.5) in RHP- (b):

<<<I>->12"/p ?><—e—273"3k/p ezniSSkp><<¢+>12"/p ?>’

where we used (4.10). This factorization allows us to consider a Riemann-Hilbert problem with jumps
on a lens-shaped contour X (see the right-hand part of Figure 5), which is defined as follows. For each

FIGURE 5. The left figure: the arcs Ze’]- introduced in the construction of the lens X near a
trivalent end. The right figure: the full lens X consisting of the arcs A, (not labeled), the arcs
Af, and the outer arcs Ay, (the choice of + is determined by the chosen orientation of the
corresponding arc A, ), and the domains Q. (shaded areas, not labeled).

trivalent end e, let A, 7 €1{1,23}, be the arcs in A incident with e. For definiteness, assume that
they are ordered counter-clockwise; that is, when encircling e in the counter-clockwise direction we first
encounter A, |, then A, », and then A ;. Assume also that € > 0 is small enough so that the intersection
of the disk centered at e of radius ¢, say U, ., with any A, ; is a Jordan arc and the disk itself is contained

in the domain of holomorphy of each w, ; (see (2.11)). Firstly, let Ze)]-, 7 €1{1,2,3}, be three open analytic
arcs incident with e and some points on the circumference of U, . placed so that the arc Ze, ; splits the

sector formed by A, ;_; and A where we understand j 1 cyclicly within the set {1,2,3}. We orient

e,j+1°
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the arcs 56) ; so that all the arcs including A, ; are simultaneously oriented either towards e or away from
e (see the left-hand side of Figure 5). Secondly, let A, be an arc with one univalent and one trivalent
endpoint, say e. Then we chose open analytic arcs A, C D, so that A, UAk+UﬁeJ and A,UA,_ UZE)I
(!l =j+1if A, is oriented towards e and / = j — 1 otherwise) delimit two simply connected domains,
say ., and €, _, that lie to the left and right of A} (see the right-hand side of Figure 5). We oriented
A, the way A, is oriented and assume that they lie within the domain of holomorphy of w,. The cases
where A is incident with two univalent ends or two trivalent ends, we treat similarly with the obvious

modifications. Finally, we require all the arcs A, A, ., A7, and Ze’ ; to be mutually disjoint, in particular,
we have that A7 N, =@ for all possible pairs of & and ;.

Suppose now that RHP-Z is solvable and 7 is the solution. Define . on C\ X by

1 0 .
(7.6) & 9< Fo /o 1 >, ineach Q,
T, outside the lens 2.

Then & solves the following Riemann-Hilbert problem (RHP-):
(a) & is analytic in C \ ¥ and & (c0) = .%;
(b) & has continuous traces on X that satisfy
(1) = S e % on each AZ;
0 €2ﬂin8k10
Q S =S < _p2mind, /o 0 > on each Ay;

(3) 5”_,_ = < (I)—Zln/lo Cl) > on each Ak:l:;

1 0 X
*) 5”+:5”—< (/i +1/pejsr) 1 >On each Bejs

(¢) & is bounded near each e € E '\ A and the behavior of & near each e € A is described by

ﬁ< 1 I;:ZI% >, if 2,<0, as C\X>3z—e,

0 }og|z—e| log|z — | , f a,=0, as C\E>z—e,
oglz—e| loglz—e| e

ﬁ< 1 i >, if a,>0, asz— e outsidethelens X,

ﬁ< I;:EI:Q i >, if a,>0, asz—einsidethelensX.

Then the following lemma holds.

Lemma 3. RHP- is solvable if and only if RHP-T is solvable. When solutions of RHP-& and RHP-
T exist, they are unique and connected by (7.6).

Proof. By construction, the solution of RHP-Z yields a solution of RHP-&. Conversely, let .#* be a
solution of RHP-<. It can be readily verified that 7%, obtained from .#* by inverting (7.6), satisfies
RHP-Z (a)-(b). Denote by 9]}; the jk-entry of 7%, j,k € {1,2}. The appropriate behavior of 9]’; near the

points of E follows immediately from RHP-%(c) and (7.6). Thus, we only need to show that 9; r=0(1)
in the vicinity of E and only for e € A. Observe that by simply inverting transformation (7.6), we get
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that
o(1), if 2,<0
o v ) O(loglz—e|), if a,=0,
7.7) 9]’1(2) | O0(z—e|™%), if a,>0and zisinside the lens,

o(1), if @,>0and z is outside the lens,

for j =1,2. However, each 9}*1 solves the following scalar boundary value problem:

e—2ninwk on U A%,
eZTcin3k (q)+)—2n on UAk’

(7.8) pr=¢" {

where ¢ is a holomorphic function in D, . It can be easily checked using (4.10) that " is the canonical
solution of (7.8). Hence, the functions ¢ = g}*i{)”, 7 = 1,2, are analytic in C\ E. Moreover, accord-

ing to (7.7), the singularities of these functions at the points e € E cannot be essential, thus, they are
either removable or polar. In fact, since ¢;(z) = O(1) or ¢;(z) = O(log|z — e) when z approaches e
outside of the lens X, ¢; can have only removable singularities at these points. Hence, ¢;(z) = 0(1) and
subsequently 9]*1 = O(1) near each e € E (clearly, these functions have the form ¢®~”, where g is any

polynomials of degree at most 7). O

8. ASYMPTOTIC ANALYSIS

8.1. Analysis in the Bulk. As ®~2" converges to zero geometrically fast away from A, the second jump
matrix in RHP-% (b) is close to the identity on | JA,, . Thus, the main term of the asymptotics for . in
D, is determined by the following Riemann-Hilbert problem (RHP-.4"):

(a) A isanalytic in D, and A (c0) =.%;
(b) & has continuous traces on | JA, U( J A that satisfy RHP-(b1)-(b2).

As usual, we denote by S, and §” the pull-back functions of S, on 9 defined in Proposition 3.

Lemma 4. If n € N_, then RHP-A is solvable and the solution is given by

o o[ 15,9 0 s, hs:
) - 0 YalS:_(c0) S,_1/® hOS: )°

Moreover, det(N) = 1 on C, and it holds that N behaves like

e B i) BRI

i <|Z _ el—(2a£+1)/4> 0 <|Z _ e|(2a9—1)/4>
D, > z — e for univalent and trivalent ends e € E, respectively.

Proof. Observe that whenever n € N, it holds that §,,(00)S* _ (00) # 0 by the construction and therefore
A 1s well-defined for such indices. Since §,, and 5®S* are holomorphic function in D, by (2.26), A" is an
analytic matrix function there. The normalization .#'(c0) = .# follows from the analyticity of §,, and §”
at infinity and the fact that (b®)(z) = 1/y, + 0(1/z). Further, for any A} we have that

N = I/Sn(oo) 0 Sn_e_zﬂinwk k(S;)—eZHinwk
+ = 0 ¥alS,_,(c0) (Sp_y/®) e 2mmor p(@S*_ )T e2mimen

= Ne mnw,eo3,
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where we used (2.16), analyticity of S,®” across the a-cycles, and the fact that §¥/S~ = (§)7/(S*)*.
Moreover, for each A, it holds that

S*F=(SFexp{—2mind,}(h*/p)
by (4.10), (2.25), and (2.15). Then

< 1/§,,(c0) 0 > < —(hS:)~e~2m 3 [ S=emindig )

N 0 ¥alS;_ (c0) (hSZ_IQ)_e_Z”i”Sk /o (Sn_1/q’)_€2m"8kp

0 eZﬂ:inﬁklo

= N .
- < _e—2mn3k/lo 0 >

on A, again by (4.10), (2.25), (2.15), and since b~ = —h™* there. Thus, A" as defined in (8.1) does solve
RHP-.#. Equations (8.2) readily follow from (2.26). Finally, as the determinants of the jump matrices in
RHP-_# (b) are equal to 1, det(.4") is a holomorphic function in C \ E. However, it follows from (8.2)
that

det(A)(z) < const.|z —e|™? as z—e€kE.
Thus, det(./") is a function holomorphic in the entire extended complex plane and therefore is a constant.
From the normalization at infinity, we get that det(A4") = 1. O

8.2. Local Analysis Near Univalent Ends. In the previous section we described the main term of the
asymptotics of & away from A. In this section we shall do the same near the points in A. Recall that
there exists exactly one k = k(a) such that the arc A, is incident with 4. Until the end of this section, we
understand that k is this fixed integer. Moreover, we let ], to be the possibly empty index set such that
A;? has a as its endpoint for each j €.

8.2.1. Riemann-Hilbert Problem for Local Parametrix. Let 8 > 0 be small enough so that the intersection
of the ball of radius & centered at 4, say U, 5, with each of the arcs comprising ¥ and incident with a is
again a Jordan arc. We are seeking the solution of the following RHP-Z,:

(@) 2, isanalyticin U, 5\ %

(b) 2, has continuous traces on each side of U, 3 N ¥ that satisty RHP- (b1)-(b3);

(©) 2, has the behavior near 4 within U, 5 described by RHP- (c);

d) N1 =.¢+0(1/n) uniformly on J U,s \ 2, where A" is given by (8.1).
We solve RHP-Z, only for n € N,. For these indices the above problem is well-posed as det(.4") = 1 by
Lemma 4 and therefore .4~ is an analytic matrix function in D,. In fact, the solution does not depend
on the actual value of ¢, however, the term 0(1/7) in RHP-Z2, (d) does depend on ¢ as well as &. That
is, this estimate is uniform with 7 for each fixed ¢ and &, but is not uniform with respect to ¢ or &
approaching zero.

To describe the solution of RHP-Z2 , we need to define three special objects. The first one is the so-
called G-function whose square conformally maps U, s into some neighborhood of the origin in such a
fashion that A, is mapped into negative reals. The second one is a holomorphic matrix function needed
to satisfy RHP-Z,(d). The third is a holomorphic matrix function that solves auxiliary Riemann-Hilbert
problem with constant jumps.

8.2.2. G-Function. Set ;
G,(2) ::J h(t)dt, ze€U, s\Ay.
Then G, is a holomorphic function in U, 5 \ A, such that

(8.3) Pe Y

=1 in lJ;z,b\‘
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Indeed, since both 4, and a belong to A and the Green differential d G has purely imaginary periods, the
integral f: dG is purely imaginary itself. It is also true that

(8.4) G'+G =0 on ANU, s

since b* +h~ =0 on A. Moreover, it holds that the traces G have purely imaginary values on A, as
the same is true for h%(¢)dt (recall that the quadratic differential h%(z)d z? is negative on A}). The last
observation and (8.4) imply that G? is a holomorphic function in U, s that assumes negative values on
A, NU, 5. Furthermore,

o (G (@) =2Lim h(o)lle —al' £ 0.

Property (8.5) implies that G2 is univalent in some neighborhood of 2. Without loss of generality, we can
assume that & is small enough for G? to be univalent in U, 5. Hence, G maps U, 5 conformally onto
some neighborhood of the origin. In particular, this means that A, can be extended as an analytic arc
beyond a by the preimage of [0, 00) under G? and we denote by Zk this extension.

Let I, :={z: Arg(z) =2r/3}, I :=={z: Arg(z)=m},and I_ := {z: Arg(z) = —27/3} be three
semi-infinite rays oriented towards the origin. Since we had some freedom in choosing the arcs A, , we
require that

G? (A, U )NU, ) CI, UL
The latter is possible as G is conformal around a. We denote by U’ TS (resp. U ) the open subset of U, ¢
that is mapped by G into the upper (resp. lower) half-plane. Clearly, there are two possibilities, either
A, CU TS and therefore A is oriented towards a, or A, C U 9 and respectively A, is oriented away

from a (see Figure 6).

FIGURE 6. Schematic representation of the arcs A, Zk, A, ., the domains U +3 (shaded part of
the disk) and U’ s (unshaded part of the disk), and two possible cases: A, C U ’is (A, oriented
towards a) and A, C U™ (A, oriented away from a).

Finally, since the traces G are purely imaginary on A, N U, , satisfy (8.4) there, and the increment
of the argument of G, is £ when a is encircled in the clockwise direction from a point on A, N U, 5 back
to itself, we can define the square root of G, that satisfies

(8.6) (G) =% (G*)” on AN,

where the sign + must be used when A, is oriented towards 2 and the sign — otherwise.
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8.2.3. Matrix Function &. Let arg(z — a) be the branch of the argument of (z — a) that was used in the
definition of p in (2.11). Without loss of generality we assume that its branch cut is A. Put

8.7) W= (@"w;/z(a - -)0"‘/2>03 in U s\A,

where we take the principal value of the square root of w, (we assume that & is small enough so w, is
holomorphic and non-vanishing in U, ) and use the branch (5.14) to define (4 — -)%/2, Then it holds that

2 .
8.8) (w;/z(a - .)%/2) —e*o in UL
and
8.9) (w;/z(a - -)%/2>+ (w;/z(a _ -)%/2>_ =p on AN,

So the matrix function A% is holomorphic in U, 5 \ <Ak U U] A;‘) and

0 1

Jn%:mw_( o

> on AN Ua 5-
Moreover, it is, in fact, holomorphic across each A‘;, J €], as

%W+ — (/‘/_e—Zﬂ:inw/U;ajﬂ_eZﬂinw]o} — JV_W_

by (7.4) and since # is diagonal. Hence, we deduce from (8.4) that &/ # exp{—nG, o3} is holomorphic
in U, 5 \ Ay, and has the same jump across A, as A" #. Define

1 1 ; -
é”::JV“/Vexp{—nGa%}ﬁ( i :Iil >(7‘mGﬂ) /2

where the sign — must be used when A, is oriented towards 2 and the sign + otherwise. Since the product

172\~ —03 1/2 :|:l/2 01 1 :Fl 1/2 +\ 7%

(@) (s 55) (5 8) (5 T1)(@)

is equal to .# by (8.6), the matrix function & is holomorphic in U, 5 \ {a}. Now, the second part of (8.2)
and (8.7) yield that all the entries of .A"# behave like O (|z — a|~!/*) as z — a. Hence, it follows from

(8.5) that the entries of & can have at most square-root singularity there, which is possible only if & is
analytic in the whole disk U, 5.

8.2.4. Matrix Functions U and . The following construction was introduced in [32, Theorem 6.3]. Let
I, and K, be the modified Bessel functions and H'" and H® be the Hankel functions [1, Ch. 9]. Set ¥
to be the following sectionally holomorphic matrix function:

I, <251/2) %Ka <251/2)
e =)= ( 2mil VI (2017) —20 PR (201F)
for |Arg({)| < 27 /3;

sy [ 20T HP 0N
ng’l/z <H(1)> <2(_§)1/z> 7Téﬂ/z <H(2)> <2(—{)1/2>

a a
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for 27 /3 < Arg({) < m;

HO (2(=0)12 _LHO) (=) o
W({) a < ) 27 < /( > e_i‘m”%
_névl/z (Haz ) ( 1/2) névl/z (Hé”) (2(_01/2)
for —m < Arg({) < —27/3, where Arg({) € (—m, 7] is the principal determination of the argument of
{. Assume that the rays I, I, , and I_ defined in Section 8.2.2 are oriented towards the origin. Using

known properties of I, K, Hy), Héz), and their derivatives, it can be checked that W is the solution of
the following Riemann-Hilbert problem RHP-W:

(a) ¥ is a holomorphic matrix function in C\ (/U UI_);
(b) W has continuous traces on [, UJ_UI that satisty

1 0
< e:l:om:i 1 > on I:I:
v, =v

+ - 0 1
<—10> on I;

(c) ¥ has the following behavior near O:

af2 a/2

(510 4 ecn m oo
log|¢|  log|] o

0’< log|Z] log|Z]| if =0, as {—0,

a/2 a/2 . .
ﬁ< Ig{“/z Igl_a/z > if >0, as {—0 in |Arg{) <2r/3,

a/2 a/2
@’< igl_a/z igl_aﬂ) if >0, as {—0 in 27n/3<|Arg({)| <.

(d) ¥ has the following behavior near co:
_ o2 L1 -1/2 1/2
wey= (@) (1] ) (240 () e far )
uniformly in C\ (U, UL).

Finally, if we set T = 05¥ 0. It can be readily checked that this matrix function satisfies RHP-¥ with
the orientations of the rays 7, I, and I_ reversed.

8.2.5. Solution of RHP-2,. With the notation introduced above, the following lemma holds.
Lemma 5. For n € N_, a solution of RHP-2, is given by

(8.10) P, =6V, {=(n/2)’G,

if A, is oriented towards a and with ¥ replaced by T otherwise, where ¥ = W(+ a,).

Proof. Assume that A, and respectively A, is oriented towards a. In this case G? preserves the ori-
entation of these arcs and we use (8.10) with W. The analyticity of & implies that the jumps of &2, are
those of U#/~!. By the very definition of G? and ¥, the latter has jumps only on XN U, 5 and otherwise
is holomorphic. This shows the validity of RHP-Z, (a). It also can be readily verified that RHP-Z, (b)
is fulfilled by using (7.4), (8.8), and (8.9). Next, observe that RHP-Z (c) follows from RHP-¥(c) upon
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recalling that |G(z)| ~ |z —a| and [#/(z)| ~ |z —a (/293 a5 7 — a. Observe now that with { defined as
in (8.10), it holds by the definition of & and RHP-¥(d) that

PN —F=NWexp{—nG,o;} 0 <%> exp {(nG, o} W N = N0 <%> N
on dU, s, where we also used (8.3). Multiplying the last three matrices out we get that the entires
of thus obtained matrix contain all possible products of §,/S,(c0), 5S’/S,(c0), S, /S’ (c0), and
hS:_/S:_ (00). Then it follows from (6.11) used with € < & that the moduli of the entires of 22,4 ~!—.#
are of order 0 (1/n) uniformly for » € N_. This finishes the proof of the lemma since the case where A,
is oriented away from « can be examined analogously. O

8.3. Local Analysis Near Trivalent Ends. In this section we continue to investigate the behavior of %
near the points in £. However, now we concentrate on the zeros of 4, that is, the trivalent ends of A. As
in the construction of the lens ¥, let A, , be the arcs comprising A incident with & which are numbered
in the counter-clockwise fashion.

8.3.1. Riemann-Hilbert Problem for Local Parametrix. As before, we denote by U, 5 a disk centered at b
of small enough radius & (“small enough” is specified as we proceed with the solution of RHP-2,). We
are seeking the solution of the following RHP-2,:

(@) &) isanalyticin U, 5 \ 25

(b) 2, has continuous traces on each side of U, s NY that satisty RHP-(b2) and (b4);

() &, is bounded in the vicinity of b;

d) 2, N~ =9+ 0(1/n) uniformly on dU, 4 \ X, where .4 is given by (8.1).

As in the case of RHP-Z,, we consider only the indices #» € N, and the estimate 0(1/7) in RHP-22,(d)
is not uniform with respect to ¢ or & approaching zero.

8.3.2. G-Function. Set, for convenience, S, to be the sectorial subset of U, 5 bounded by A, .,
Ab,k—l’ and 3 Ub,S‘ Define

Gy(z):=(—1) J h(t)dt, z€S,,.
b
Thus defined, the function G, satisfies

8.11) |<1>bi

=1 in §,,US,; and |<D17_Gb

=1 iIl Sb,Z‘

The same reasoning as in (8.4) yields that G,, is a holomorphic function in U, s \ A, , whose traces on
A, NU, 5 and A, 5N U, 5 as well as on both side of A , N U, 5 are purely imaginary and G/ + G, =0
onA,,N U; . The last observation implies that Gz is a holomorphic function in U, 5 for & small enough
that assumes negative values on each A, , N U, 5.

Recall that 42 has a simple zero at b and therefore |h(z)| ~ |z — b|'/? as z — b. This, in turn, implies
we can holomorphically define a cubic root of Gi in U, 5. In what follows, we set Gz/ > to be a conformal
map of U, 5 onto some neighborhood of the origin such that

8.12) G (A, NT,5) C Iy,

where we set I, := {z : arg(z) = n(2k — 1)/3}, k € {1,2,3}, and these rays are oriented towards the origin.
Moreover, since we had some freedom in choosing the arcs A, |, we require that

8.13) G (A, NU,5) T,
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where T, := {z : Arg(z) =2n(k —2)/3}, k € {1,2,3}, and the rays are once again oriented towards the
origin. Such a choice is always possible as G; maps the sector S, , D A »., onto a neighborhood of the
origin cut along I,.

Finally, since the traces Gzt are purely imaginary on A, , N U, 4, satisfy G, = —G, there, and the
increment of the argument of G, is 37t when 4 is encircled in the clockwise direction from a point on
A, ;N U, 5 back to itself, we can define the sixth root of G, which is equivalent to the fourth root of

2/3 .
G b/ , that satisfies

(8.14) <G;/6>+:ii<G;/6>_ on A,,NU,s,

where the + sign must be used when A, , are oriented towards & and the — sign otherwise.

8.3.3. Matrix Function &. Recall our notation, Pk = Pla,,- For each function Pb ks fix a continuous
branch of the square root ./, ;. Let A" be the solution of RHP-.#" presented in Section 8.1. Set

< . ,M//Ola,u//ob,z)[f3 .
- s n Sb,l’
VPb,1

<i<I>" VPbE—14/Pbk+1
VPbk

Then the matrix function A”# is holomorphic in U, s \U, A, ;, and satisfies

0 -1
< 1 0 > on Ab,lﬂUb,37

93
> s n Sb,Z USb’?,.

MW= N
01
10 on <Ab,2UAb)3>nUb’3.
Further, put
NW exp{nG,os}, in §,,US,;,

&= 0 +1

JVW( 1 0 >exp{nGb03}, in S,

where we use the upper signs when the arcs A, are oriented towards b and the lower ones otherwise.
Then &* is a holomorphic matrix function in U, 5 \ A, , and

(g’_::(g*< _Cl) cl) > on Ab,ZnUb,B

: o :
since G = —G, there. Finally, define

s=6( 4ifs T )ortennrt

where we use the — sign when the arcs A, are oriented towards & and the + sign otherwise. Since the

product
(@)™ (5 =) (= 6) (A8 TR ) (@)

is equal to .# by (8.14) where we use the upper signs when the arcs A, are oriented towards b and the
lower ones otherwise, the matrix function & is holomorphic in Uj, 5 \ {5}. Since |G, (2)|"/® ~ |z — b|'/*
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as z — b and by the first part of (8.2), the entries of & can have at most square-root singularity there.
Therefore & is analytic in the whole disk U, 5.

8.3.4. Matrix Function Y. The following construction is a modification of the one introduced in [15,
Section 7]. Let Ai be the Airy function. Set

Q) Ai(eF)
Yo(¢):= y dzi g 4z
AT({) e Al <e3{>

and
Ai(Q) —eA'TﬂAi<e2'Tﬂ(> -
AT(Q) —Ai’(e%”z>

CE)

Further, put

T<f ‘é) Arg0)e (0.2 r<f ‘é) Arg0)e (-5.0),
T=1 Yo ArgQ)e(5.5), =1 T, Arg)e (-%,-%),
T

To<_i ?) ArgQ)e (%,7), 1<1 2) Arg(()e (-m—%£).

It 1s known that

Ai({) = 21% _1/4exp{—§f3/2} (1+ﬁ((‘3/2)>
Ai/({) — _#E(mexp{_%(s/z} <1 + 0@—3/2»
as { = oo in the angle |Arg({)| < 7, from which it was deduced in [15, Lemma 7.4] that
_ et - (I -3/2 2 3
(8.15) T(g)—mg /4< 1 ><ﬂ+ﬁ(( />>exp{—3(/a3
as { — oo for |Arg({)| € (%, 27”) U (27”,7r>. Asymptotics for |Arg({)| € (O,%) can be obtained by

multiplying the left-hand side of (8.15) by the matrix < (1) 0 > from the right. Altogether, it can be

FIGURE 7. The jump matrices that describe the relations between the traces of T on [ J, (Ik u IN,Q)
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checked as in [15, Section 7] that Y is the solution of the following Riemann-Hilbert problem RHP-Y:
(@) T is a holomorphic matrix function in C\ | J, (Ik u INk),

(b) T has continuous traces on | J, (1 LU 7,;) that satisfy the jump relations described by Figure 7;

(c) each entry of T has a finite nonzero limit at the origin from within each sector;
(d) the behavior of T near oo is governed by (8.15).

Finally, if we set T := 0, Y. It can be readily checked that this matrix function satisfies RHP-T with
the orientations of the rays I, and I, reversed.
8.3.5. Solution of RHP-2,. With the notation introduced above, the following lemma holds.
Lemma 6. For n € N_, a solution of RHP-2, is given by

(8.16) P, =2me" EXW, {=(nj2 G,
if the arcs Ay ), are oriented towards b and with X replaced by ¥ otherwise.

Proof. Assume that the arcs A, ,, are oriented towards 4. As & is holomorphic in U, g, it can be readily
verified using (8.12) and (8.13) that Y# ~! satisfies RHP-22, (b). It is also evident that Y% ~! has no other

jumps and therefore RHP-22),(a) is fulfilled. Since all the matrices are bounded in the vicinity of b, so is
RHP-2,,(c). Observe now that with { defined as in (8.16), it holds by the definition of & and (8.15) that

1
PN — F = N W exp{nG,o;} O <—> exp{—nG,o3} W' N
n
ondU, sNI(S,,US,;)and
» 0 1 1 0 -1 1 -t
- n

on dU, sNJS,,. Asin the case of RHP-Z,(d), these representations yield RHP-2,(d) on account of
(8.11) and (6.11) used with € < &. This finishes the proof of the lemma since the case where the arcs A, ,
are oriented away from b can be examined analogously. O

8.4. Final Transformation. Denote by % the reduced system of contours that we define as

5= <2\ [AUUUMUOAZ])UuaUe,g
k=1

e€k e€k
(see Figure 8). For this new system we consider the following Riemann-Hilbert problem (RHP-%):
(a) 2 is a holomorphic matrix function in C \ S and R(c0) =
(b) the traces of Z on each side of & are continuous except for the branching points of ¥, where they
have definite limits from each sector and along each Jordan arc in 3. Moreover, they satisfy

PN on JdU,s foreach e€kE,

R, =R_ 1 0 _ &
+ :/V< @_Q_n/lo 1 >/V 1 on Z\UeeEgU:’f,s'

Then the following lemma takes place.

Lemma 7. The solution of RHP-Z exists for all n € N, large enough and satisfies
8.17) R=9+0(1]n),

where O(1/n) holds uniformly in C (but not uniformly with respect to ¢).
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Uah(s

U(L2 0

FIGURE 8. Contour 3. for & from Figure 5.

Proof. By RHP-2,(d) and RHP-2,,(d), we have that RHP-Z (b) can be written as

(8.18) R, =R_(I+0(1/n))

uniformly on | J,, 9 U, s. Further, as ®%” converges to zero geometrically fast away from A, the jump
of Z on 5\ U,cr 92U, s is geometrically uniformly close to .#. Hence, (8.18) holds uniformly on 5.
Thus, by [14, Corollary 7.108], RHP-Z is solvable for all 7 large enough and #__ converge to zero on 5

in L2-sense as fast as 1/n. The latter yields (8.17) locally uniformly in C \ 5. To show that (8.17) holds

at z € X, deform X to a new contour that avoids z. As the jump in RHP-Z is given by analytic matrix
functions, one can state an equivalent problem on this new contour, the solution to which is an analytic

continuation of Z. However, now we have that (8.17) holds locally around z. Compactness of 5 finishes
the proof of (8.17). O

Now, it can be verified directly from Lemmas 4, 5, and 7 that the following lemma holds.
Lemma 8. The solution of RHP- exists for all n € N, large enough and is given by
2N, in C\(EulU,;U.s),
8.19) = ( s Ueo)
RP,, in U,s foreach e€E,
where R is the solution of RHP-Z.
It is an immediate consequence of Lemmas 2, 3, and 8 that the following result holds.

Lemma 9. If Condition GP is fulfilled, then the solution of RHP-% uniquely exists for all n € N, large
enough and can be expressed by reversing the transformations % — T — & using (7.2) and (7.6) with &
given by (8.19).

9. ASYMPTOTICS OF NUTTALL-STAHL POLYNOMIALS

9.1. Proof of Theorem 4. Assume that » € N_. For any given closed set in D*, it can be easily arranged
that this set lies exterior to the lens 2. Thus, the matrix % on this closed set is given by

Y=y RN,
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where Z is the solution of RHP-Z given by Lemma 8 and ./ is the solution of RHP-.4" given by (8.1).
Then

n yASn—l bS;z yAbQS;—l
1+ + 1+ +
(o) 57 235 (o0) () $ g o S ()
9.1) RN = , i
Sn yASn—l S¥ }/A ¢ ;—1
v,;——+ (1+v, — v, —+ (1+v,y) ———
*S,(c0) (14v.) ®S*_(c0) ", (c0) (14v.) S (c0)

with |v,,,| < ¢(¢)/7 uniformly in C by (8.17); and therefore (2.28) follow from (7.1).

To derive asymptotic behavior of g, and R, on A\ E, we need to consider what happens within the
lens ¥ and outside the disks U, 5. We shall consider the asymptotics of % from within [ J, Q,,, the
“upper” part of the lens X, the behavior of % in | J, Q,_ can be derived in a similar fashion. We deduce
from Lemma 9 that

Y, = YZ%(%WL- < (@+>}2n/10 Cl) > (@F)"s = VZUJ(%C/‘/L <

locally uniformly on A\ E. Therefore, it holds that

@y o >
CORENCOR

Yy = (RN RN LY@ e,

Yr = (RN (ral®)"
Hence, we get (2.29) from (9.1), (7.1), and (2.25). O

9.2. Proof of Corollary 5. Since p —[n/n]; =R, /q,, it follows from (2.28) that
ii 1+Un1+(Un2¢)(y;:/}/n)(5‘;_1/‘§:)
Sn (I>2n 1+ Uni + (UnZ/(I))(}/;:/}/n)(Sn—l/Sn) ‘

Since v,,, is vanishing at infinity, it follows from (8.17) that |v,,,®|,|v,,,/®| < ¢(¢)/n uniformly in D*.
Thus, (2.30) is the consequence of (2.27). O

,3—[”/"],3:
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