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Abstract—Lifetime data are usually assumed to stem from a continuous distribution supported
on [0,b) for some b < co. The continuity assumption implies that the support of the distribution
does not have atom points, particularly not at 0. Accordingly, it seems reasonable that with an
accurate measurement tool all data observations will be positive. This suggests that the true support
may be truncated from the left. In this work we investigate the effects of adding a lelt truncation
parameter to a continuous lifetime data statistical model. We consider two main settings: right
truncation parametric models with possible left truncation, and exponential family models with
possible left truncation. We analyze the performance of some optimal estimators constructed under
the assumption of no left truncation when left truncation is present, and vice versa. We investigate
both asymptotic and finite-sample behavior of the estimators. We show that when left truncation is
not assumed but is, in fact present, the estimators have a constant bias term, and therefore will result
in inaccurate and inefficient estimation. We also show that assuming left truncation where actually
there is none, typically does not result in substantial inefficiency, and some estimators in this case
are asymptotically unbiased and efficient.
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1. INTRODUCTION

When modeling lifetime data it is usually assumed that the distribution is continuous and supported
on Q1 =1[0,b), b < oo. Here b is either a known constant or a parameter (Elandt-Johnson, 1999;
Lawless, 2003). However, is this the right support? The continuity assumption implies that the support
Qq of the distribution does not have atom points, particularly not at 0. Thus one can expect that all
observations will be positive. Indeed, when the lifetime data measure time to events such as death or
remission, it seems reasonable to assume that one observes only positive time to event values. Even
when the observed data is on events of small time scale (such as time of detection of motion sensors), as
measured with an accurate measuring tool, it is expected that all observations would be positive. This
suggests that the true support may be truncated from the left and is, in fact, of the form Q9 = [y, b),
~v > 0, with v unknown.

In this work we consider models that allow the support of the distribution to be chosen adaptively
from the data by using truncation parameters. Each of these proposed models can be considered as
generalization of a model in which the support includes {0}. A natural question that arises is which of
these two models should we use? With this, we need to consider two possible errors. To describe these
errors, let Model I denote the statistical model of which the true support is Q; = [0,b), and let Model I1
denote the truncated statistical model of which the true support is Q5 = [v,b) ,v > 0. We say that a False
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Model I error has occurred if Model I has been incorrectly used for inference while the correct model is
Model II. A False Model II error is defined similarly. Then the question arises: Which of the two types of
errors is more severe? The answer to this question is useful when the model’s underlying true support is
unknown.

[t seems reasonable that even if 1 = [0, b) is the correct support, using Model II will not result in
substantial loss of information. Conversely, if Q2 = [, b) for some v > 0 is the correct support, there will
be substantial loss of information when using Model I. This claim can be justified in terms of sufficiency.
Assume that Model I depends on some unknown parameter @ (possibly a vector), and is associated with
a minimal sufficient statistic ¢,, = ¢(X,,). Model II, which is obtained by a left-truncation of Model I, is
therefore parameterized by 7 = (v, ) and is associated with the minimal sufficient statistic (X(y),t5).
Note that (X),,), while being a minimal and sufficient statistic for Model I, is still sufficient for
Model I; whereas t,, alone, while being minimal and sufficient for Model 1, is not sufficient for Model II,
hence we expect the False Model I error to be more critical. As we later show, this understanding, while
essentially correct, requires some further clarifications.

Two main settings are investigated in this work. In the first one, we assume that the density function
is known up to a right truncation parameter. In this setting, under Model I, there is only a right truncation
parameter 6. In other words, 7 = [0, ). Under Model II, we assume also left truncation and hence the
support is Qg = [, 0). For this setting, two candidate estimators ( Tate, 1959; Bar-Lev and Boukai 1985)
will be compared for their cross-model bias and MSE, as well as for their asymptotic efficiency. More
specifically, for the right truncation setting with a possible left truncation parameter, we are interested
in the behavior of the Bar-Lev and Boukai (1985) (hereafter abbreviated BB) estimator when there is
no left truncation, and the behavior of the Tate’s estimator (Tate, 1959) when left truncation is indeed
present.

The second setting deals with distributions having a ‘regular’ parameter with a possible left trunca-
tion. We begin with the Erlang distribution as a special case of the natural exponential family (NEF),
and illustrate the effect of the possible truncation on the estimator of the ‘regular’ parameter. We proceed
to discuss this problem in the general case of the NEF distribution, however in the asymptotic sense
only.

The question discussed in this paper can be considered as a model selection problem. One can
think about Model I as a narrow model and on Model II as a wider model since Model II includes
an additional parameter. Selecting the right model was addressed considerably in the literature for
maximum likelihood estimation, and in particular for linear regression, using tools such as AIC and
BIC (see, for example, Burnham and Anderson, 2002). The consequences of choosing a misspecified
model when using maximum likelihood estimation were discussed by White (1982), among others.
Bickel (1984) considered the effect of misspecification for linear regression model. Claeskens and Hjort
(2008) suggested criteria, such as tolerance radius, for choosing between a narrow model and a "wider’
one. We note that since the two possible models we consider have different supports, many of the results
mentioned above do not hold for this setting (see, for example, White (1982), Assumption A7). Moreover,
the approach we consider here, at least for the first setting, does not fall under the maximum likelihood
estimation. Finally, most of our analysis is exact and not asymptotic. Hence, this paper offers a new
approach for an interesting novel problem of model selection.

The paper is organized as follows. The analysis of continuous statistical right-truncated models with
possible left truncation is presented in Section 2. In Section 3 we discuss in detail the Erlang distribution
case, and conclude with some asymptotic aspects of possible truncation in the NEF case. Concluding
remarks appear in Section 4. The proofs are presented in the Appendix.

2. RIGHT TRUNCATED MODELS WITH A POSSIBLE LEFT TRUNCATION

In Section 2.1 we present the model. We then discuss estimation in Section 2.2, and cross-model
analysis in Section 2.3. Finally, in Section 2.4, we illustrate the results by examples.
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2.1. General Setup
Let h(-) be a positive integrable function over [0, 00). For any 0 < v < 6 we define

0
gk(’y,ﬁ):/ 2*h(z)de, k=0,1,2,.... (1)
v
Using (1), we construct the probability density function (p.d.i.) of a continuous type random variable X

as
oy @)
f(x777) B 90(779)

Here, I[A] is the indicator function of the set A and - and 6 are the two possibly unknown parameters of
f(x;n). Accordingly, we consider two possible models forn = (v, 6):

Iy <z <#6]. (2)

e Model I: v =79 =0 is known, while § > ~¢ is an unknown parameter, so that ny = (o, 6)
designates the model’s only unknown parameter 6.

e Model II: Both v and # are unknown parameters, 0 < v < 6, so that n = (v, 0) designates the
model’s two unknown parameters.

Note that with the notation in (1), the moments of X under n are easily defined by
9k (’Ya 0)

9o0(v,0)’

In particular, the expected value of X is E,(X) = g1(7,0)/g0(7, #). Similarly, the cumulative distribu-
tion function (c.d.f.) of X is given, for any 7 € R, by

E,(X*) = k=0,1,2,.... (3)

Fyr =P (x<r) = 20D i <A, (4)
g0(7,0)
with the corresponding tail probability
0
1—Fn(7-)EP,](X>T):I[T§7]+QO(T’ )I[’y<7'<6]. (5)
90(7,0)

Following (4), the m-th quantile is given by 7 that solves the equation F; (1) = P(X < 7) = 7 for
v < Tx < 0, and can be expressed using the inverse of the cumulative distribution function

= ) ©)
such that 7 = F(7) = go(v,7)/g90(7, 0).

As before, let Xn = (X3, Xo,...,X,) be asample of n i.i.d. observations from f(z;7) in (2), and let
X1y < X(g) <+ < X(p) denote the corresponding order statistics. It is a standard exercise to show

that under Model [, the minimal sufficient statistic (MSS) for 7o = (0,0) is S; = X(,), while under
Model II, with n = (v, 0), the MSS is S;; = (X (1), X(»)). Under Model I, the p.d.f. of the MSS statistic
S[ = X(n) is

(g() 0 + )TL 1

(90(0 0))"
whereas, under Model I, the p.d.f. of Sty = (X(1), X(»)) can be shown to be

n (n— 1) h(y) h(t) (90(y, )"
(90(v, )"

We finally note that under Model I, when n=mny = (0,0), the statistic Sy = (X(y), X(n)), while

sufficient for 6, is not minimal, and its p.d.f. is given by

n(n—1) h(y) h(t) (9o(y, )"~
(90(0, 6))"
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However, under Model II, n = (v, #), and the statistic S; = X(n) is not sufficient for the unknown 7, and
its p.d.f. is given by

nh(t) (go(7, £)" "
(90(77 0))”

Regardless of the assumed model (Model I or II), it is easy to verily that the conditional p.d.I. of X,
given X1y =y (withy > ) is given by

fs, (i m) = Iy<t<4.

(n—1) () (go(y, 1))

Ixonlxo &y, 0) = = Iy <t <], (10)
e (g0(y, )"
whereas the marginal p.d.i. of X(y) is
nh(y) (go(y, )"
fxoWin) = ( ) Iy <y <¥6]. (11)

(g() (77 0))”

2.2. UMVU Estimation
Let £(n) be any estimable function of the model’s unknown parameter 5. For instance, {(n) = E,(X),

or&(n) = Fy (), for some fixed 7 € R. Based on the sample data x = (21, 22, ..., ,), we are interested
in constructing a UMVUE &, = £(S(x)) for £(n). Clearly, for any 5, this estimator should satisfy

Ey(én) = &(n). (12)

By repeatedly differentiating both sides of (12) with respect to the components of 7, along with
application of Leibniz’s integral rule, one can obtain (in the case of distributions of the form in (2)),
explicit expressions for such UMV U estimators.

Tate (1959) considered this problem under Model 1 (i.e., n =mno = (0,6) and Si(x) = z(,)) and
obtained that the general form of the UMVUE for £(6) is

§'(2(n))90(0, x(n))
nh(x(n))

& = &(wgy) + (13)

whenever the derivative £(0) = 0¢(6)/00 exists and is continuous almost everywhere on the support
Q1 ={(0,0): a < 6 < b}.

Similarly, Bar-Lev and Boukai (1985) considered the same estimation problem under Model II
(i.e,n=(v,0) and S;;(x) = (z(1), ¥(»))). They showed that the general form of the UMVUE for any

estimable function (v, ) is

90(T (1), T(n))€1(T(1), T(n))
(n —Dh(z@))

90(z (1), ) )S2(T (1), T(n)) 98 (1), T(n))E12(T (1), T(n))
(n — Dh(2(n)) n(n — Dh(zq))h(zm))

whenever the partial derivatives &, = 9¢/07, & = 0€/00, and &1 = 9%€/0v00 exist and are continuous
almost everywhere on Q9 = {(v,0): a < v < 6 < b}.

& = ¢(zqy, 2m)) —

(14)

Remark 1. Assume that Model IT holds, but £(vy, 0) = £(0) for some estimable function of # alone. Then,
similarly to (13), the general form of the BB’s UMVUE for £(6) is reduced to

§'(x(ny) go(T (1), T(n))
(n = Dh(x@m)
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where & = 9¢/060. A comparison of &L in (13) to €1 in (15) reveals the extent of the bias upon
erroneously using Tate’s estimator & instead of the UVMUE €. In fact, it can be easily seen that

ét[ _ I 4 gl(x(n)) 90(07 x(n)) _ gO(x(l)ax(n)) _ QI b
T h(zg) n n—1 oon "

Hence, since En(;{[) = £(#), it immediately follows that En(é,{) =¢£(0) + By, where B, = E,(b,)
represents the bias.

Remark 2. [t can be shown (see (10) and (11)) that under Model 11, the conditional expectation of f{LI,
given X1y =y, is

_ 51 (y7 0)90(3/7 9)

Ey(€MX gy = y) = £(y, 0 =r(y, 0). 16
(&' [ Xy =y) =&y, 0) h(y) (v, 0) (16)
Hence, by Remark 1 and (15), A{f must be of the form
11 _ ra(y; t)g0(y,1)

where 7y = 0r/06.

In the next section we provide a more general assessment of the bias term in (15). Examples for Tate’s
and for BB’s UMV U estimators are provided below; we omit the derivations.

Example 1. Under Model I:

(a) For £(0) = B,y (X*) = g1(70,0)/90(70, 0), with known 7o = 0, it can be shown that Tate’s UMVU
estimator is

k
o 9k(0, 7)) 1\ T

S Ak OV S T N O
n 90(0,1‘(n))< n)+ n

(b) In particular, for k£ = 1, we have that £(6) = E,,(X) = g1(70,0)/90(70,6), with known ~o = 0. It
can be shown that Tate’s UMV U estimator is
o 9100, 2n)) (1 B 1) Z(n)
" 90(0,2()

(c) For &(0) =1 — Fpo (1) = go(T,0)/90(70,6), with known ~9 = 0, and 7 > ~, it can be shown that
Tate’s UMV U estimator is

o~ l 90(077—)
w=1- <1 N n) 90(0, 2(ny)

(d) For £(0) = 7 = F,,* (90(70,7)/g90(70, 0)), with known ~9 = 0, and 7 > 7, it can be shown that
Tate’s UMV U estimator for 7 is
o 3 O>F71 n 07 n
£ = me( 90(0,7) >+ (0, B ()00, 2100) (18)
nh (T () 90(0, T)R(Fpy (2()))

Example 2. Under Model II:

(a) For £(0) = E,(X*) = gk(7,0)/90(7,0), with known ~ > 0, it can be shown that BB’s UMVU
estimator is

k k
o _ I6(@), Tm)) (1 B 2) I O
90((1), T(n)) n

n
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(b) In particular, for k =1, if £(v,0) = E,(X) = g1(7,0)/90(7,0), the general form of BB’s UMVU
estimator is

i _ 9k(2() T(n) (1- 2) REORSION
90(T(1), T(n)) n n
(c)Foré&(y,0) =1— Fy(1) = go(7,6)/g0(7,6), v < 7 < 0, one obtains that BB’s UMV U estimator is

A (1), T)
pe () (D) R

(d) It follows from (6) that for £(6) = F,; ' (g0(7,7)/90(7,6)), withy > 0 and 7 > ~, BB’s UMVU is

11 p—1< go(z), 7 > 90 w(l), )96 (Fy (2 w)), w(n))

" 7 \go(zq), (n — 1)h(zq))h(Fy ! ((1))) o(Fy H(z1y),7)
9o(Z (1), )92(«%’(1)7 ( ) 950y, Tm)s12(z), )

(n — 1)h(x )h( 0 (n))) o(zay,7)  nln—Dh(@a)h(zm)

where
Fpa(FyH(zay), 2my)
(Fo (B (1)), )2 Fpa(Fy ), By ()

assuming that the partial derivatives F,;; = 0F;,/0v, Fy2 = 0F,/00, and F 12 = 62Fn/8789 exist and
are continuous almost everywhere on Qo = {(7,0): a < vy < 6 < b}.

Si2(z(y, 2my) = —

2.3. Cross-Model Analysis

The analysis in this section focuses on model misspecification, where the quantities of interest are
(i) the estimators’ expectations and (ii) the estimators” MSE w.r.t. the incorrect support. In other words,
what is the reduction in efficiency (if any) when we derive the estimators w.r.t. Model I support while
actually Model II support holds, and vice versa. More specifically, we are interested in the evaluation of

E(&l|Model 11) = E, (€L) when i) = (7, 0) is the unknown parameter, and of E(£/|Model 1) = E,, (£11)
when ng = (0, 6) and 6 is the only unknown parameter. Similar cross-evaluations will be considered for

the MSE(EL|Model 11) = E, (€L — €)?) and the MSE(EX|Model 1) = E,, ((€1F — €)?). In the follow-
ing theorem we evaluate the extent of the cross-model bias by straightiorward calculations.

Theorem 1. Let £(n) be any estimable function, i.e., any function of the unknown parameters
which possesses an unbiased estimator under both Model | and Model 11 (e.g., Examples 1, 2),

and let €& and €11 be its respective estimators.

(i) Under False Model 1 misspecification we have
([ Model 1) = E, (€;) = £(0) (1 + a) + by (19)
where, withn = (v, 0), a = go(0, 7)/g0(~, 0) and

B SO (7 )
a L 0 = Dh(e) T e

MATHEMATICAL METHODS OF STATISTICS Vol.24 No.1 2015
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(ii) Under False Model 11 misspecification we have
E(&,[Model 1) = £(n) + din + dan,

where

din = By (E1TI0 < y < t < 9]) / / &y, 1) fs,, (v, t mo)dy dt

and

dan = g (€110 < y < 5 < t < 6]) //f ) s (y, 1 o)y dt

The proof appears in Appendix Al.

Note that since & and &I/ are UMVUE for £(f) and &(n), respectively, under the correct
models, it holds that B, (€)= &(n), MSE(EL| Model 11) = Var, (€1, and E,,(£L) = £(0), with
MSE(EL|Model I) = Var,, (£1). Further, since by part (i) of Theorem 1, £! is a biased estimator of
&(n) = &(0) under Model 11, it follows immediately that it is an inconsistent estimator and that

MSE(EL|Model IT) = Var, (62) 4 (£(8)a + b,)? > MSE(EL|Model 1) .
Proposition 1. Let éfl be the Model 1 UMVUE of £(0) as is given in (13). Then

0 ¢t 2
FIN g(t)gO(Oa t) .
vy (€0) = [ [ SO gt . (20)
See the proof in Appendix A2.

While the expression (20) for the Var,, (ff@) is exact, its explicit form depends much on the form of
£(0). Examples are provided below.

Example 3. Let £(0) = Ep (X) = g1(0, 0)/90(0,0) as in Example 1. Then we have &'(0) =
(0 —&(0))h(0)/g0(0,0). Hence using (20), we obtain

. 0
Vary (€0) = 5 [ (6= €0) s, (sm) .

Example 4. Let £(0) = 1 — Fy, (1) = go(7,6)/90(0, 0) for some fixed 7,0 < 7 < 6, as in Example 2. We
have &'(0) = h(0)go(0,7)/g2(0,6). Using (7) and (13) in (20), we obtain that
oy (1=€0)" _ (Fy(r)”

Var,, &) = n(n — 2) = n(n—2) "

Proposition 2. Let fff be the Model Il UMVUE of (v, 0) as is given in (15). Then

0 0 r 2
Var, (E1) = /7 [/y [W} FX oy 1x 0y (G 95 0) dt| fx (w3 m) dy

&1y, 0)g0(y.0)] '
Jr/7 |:nh(y):| fxo (ysm) dy,

where by (17),

512(3/7 t)g()(y7t) o 51(3/7 t)h(t) )

ro(y, t) = &a(y, t) — nh(y) nh(y)

See the proof in Appendix A3.
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Example 5. Let {(v,0) =1 — F,(7) = go(7,0)/g0(7,0), v < 7 < 0 as in Example 2. Then

Iy, t) = (1_%) _ (1_3)M

n/ go(y;t)
A direct application of Propositions 1 and 2, together with Remark 2 yields that

€l = iy (123 )
o (-¢2 S
= D)n=3) nmn-2)

where { = ¢&(n) = Py(X > 1) = go(7,0)/90(7,0).

2.4. Examples
We illustrate the details of this analysis in the case of the truncated Beta(c, 1) (with a > 1 known)
distribution. The p.d.f. of Beta(a, 1) is of the form given in (2) with h(z) = az® ! and go(vy, ) =
0% — % for 0 < v < 0, namely,

axafl

Flasm) = o3 _,Yalh <z <4
When Model I is assumed, v = 9 = 0 and hence
a—1
f(@3m0) = mea I0 <z < 0].
We are interested in estimating {(n) = P,(X > 7)forsome~y < 7 < . Note that {(n) is estimable under

both Model I and Model II (simply take I[X; > 7] as the estimator). Clearly, in this case,

g — T«
= I 0 21
&(n) p— [y<7<6], (21)
which under Model I (with v = 0) is expressed as
cm) =€) =1~ (5) Mo<r <0, (22)

Following Examples | and 2, it is straightforward to verify that the UMV U estimators of this tail
probability under Model I and Model II, respectively, are

A 1 7 \°

FIT _ (1 _ l) _ (1 _ 2)7% for zq)y <7 <) (23)

n n x‘("n) — x?l)

and

By construction, both estimators are unbiased for £(n) = P,(X > 7) under their correct models.
Furthermore, by Example 4,

. 7o\ 2 1
MSE(¢!|Model 1) = <9a> w = 3)’
and by Theorem 1, under Model I,
MSE(&|Model 1) = Var,(£}) + (£(0)a + by)?,
where b,, is as given in (19).
Using (9) one can show that f{ll is a biased estimator w.r.t. Model I support for any finite sample size,

where the bias term is of order 1/n. Computing its MSE is complicated and an explicit expression was
found only for the case that & = 1, i.e., truncated uniform random variable.

MATHEMATICAL METHODS OF STATISTICS Vol.24 No.1 2015
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MSE convergence fort=025and 8 =1 MSE convergence for t=0.75 and 8=1

— 1) — \
4 --- BB y --- BB
[is] Y — Tate [is] & — Tate
8 | \\ -=-— Naive 8 - b =~ Naive
o \‘ \\\\ o
. Ry
w — ‘\ ‘\I i —
w o -~ @
= 3 | " = 3
= B T S
(=] \ SSEsep [a] -
S = T
~ e T N
— B, T — S
\\.
o Gl o
@ | Thmme e SSamesscesasccocccassssssssas =]
Q Q
o I I I T I O I I I T T
20 40 60 80 100 20 40 60 80 100

Fig. 1. The MSE convergence of both estimators and the empirical quantile estimator (based on 1,000 iterations) for
the tail probability w.r.t. Model I support, for 7 € {0.25,0.75},6 = 1 and o = 1.

Asymptotic MSE Ratio

MSE RATIO

Fig. 2. Asymptotic MSE ratio (Tate/BB) of the estimators of the tail probability w.r.t. Model I support as a function of
Tior@ =1landa = 1.

Lemma 1. Let /1 be as in (23) with a = 1. Then the MSE of €1 w.r.t. Model 1 support is given by
2 20 1Y _
27°n+6%(n—1) 27'6?71' (24)
02n2(n — 3)

The proof appears in Appendix A4.
Finally, using Proposition 2, it follows that under Model 11

2 2
MSE(&!| Model II)znil ((2__2) (nﬁ_ 5

where £ = £(n) is as given in (21). Figures 1 and 2 illustrate the behavior of the MSE of both estimators
in Example 5 for finite and asymptotic sample sizes.
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3. ‘REGULAR’ MODELS WITH A POSSIBLE LEFT TRUNCATION PARAMETER

In Section 3.1 we first present the Erlang distribution as a special case of the natural exponential
family (NEF) and illustrate the effects of the possible truncation on the estimator of the ‘regular’
parameter. We then proceed, in Section 3.2 to discuss asymptotic aspects of this problem for general
NEF Finally, in Section 3.3 we illustrate the results with examples.

3.1. Case Study: the Erlang Distribution
Let v € [0,00) be fixed, A > 0, and let k = 1,2,.... Define

Qr(7,\) = / B k=1 e=Az g (25)
Y

Note that Qy is the k-fold incomplete gamma function, and, in particular, Qx(0, ) = (k — 1)! for any
A > 0. As such, we have

—_

Qr(yN) = (k=11 (A.’,y)ie**”- (26)

- 1.
=0

We define the truncated version of the k-stage Erlang distribution, denoted here as Erlang(k, A, ), by
the p.d.f.
Ak (L’k_l \
v, A) = ————e Py <z <o 27
f(@5y,A) Qe ) [y ] (27)
Note the similarity to the definition in Section 2 that appears in (2). By (27), the jth moment of the
Erlang(k, A, ) distribution is

. (7, A
E(Xﬂ\k,%x)—iQ’“ﬂi(%) i=0,1,2,.... (28)

N Qk<77A) ’

We now consider the problem of estimating A under Model I (i.e., ¥ = 0) versus Model II (i.e., v > 0
unknown). To that end, we use (26) and (28) to calculate

/’LO(A) EE(X‘]{,‘,O,)\) and M’Y(A) EE<XV€777 A)
and to obtain that
k k

koA
fo(A) = X and  py(A) = B [1 + (k)éYZ(’y,/\H : (29)

[t can be easily seen from (29) (see also Section 3.2) that the maximum likelihood equation based on
a sample of n observations from Erlang(k, A, y) should satisfy

to(A) = X, and py(A) = X,

That is, the MLE /A\é of A under Model I (i.e., v = 0) and the MLE /A\ﬁl and 4, = X(q) of A and y under
Model I should satisfy, respectively,

po(Ap) =X, and s, (A) = X, (30)
Hence, under Model I,
S\I:i: kA Py A Y
X s (M) 1+ @l

and thus A! is inconsistent.
To assess the cross-model behavior of AZZ under Model I, we first define the bias when estimating the
mean function. Define B(A, ) by

ke—)\
Bw) = 1s(A) — jo(A) = W, (31)
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where the equality follows from (29). By Theorem 2 below, 4, = X(q) RN ~ under Model II and

An L. 0 under Model I. Hence for every A > 0 we have B(\,4,,) LR B(A,0) = 0under Model I. Since

by (30) and (31)

w3, AR = oA + B, 4) = Xon,
it follows that under Model I,

5 = SIT -\ P
po(A\D = X, — BALL, 4n) =5 po(X) — B(X, 0) = po(N) - (32)
Since po(-) has a continuous inverse function we also obtain, by the continuous mapping theorem (van
der Vaart, 2000) that Al L A\ In other words, we showed that ATis consistent and asymptotically
unbiased estimator. To conclude this case study, based on the above results, it is clearly preferable, at

least from asymptotic point of view, to use the MLE of A w.r.t. Model 11, i.e., S\{LI, to mitigate the possible
existence of a left-truncation parameter. The following lemma, which is a special case of Theorem 3,
summarizes the cross-model analysis of the case study presented above.

Lemma2. Let X ~ Erlang(k, \,7), where~ € [0,00) is a fixed parameter which designates the left

truncation, A > 0 is the parameter of interest and k € N. Let 5\{1 and S\{LI be the MLE estimators of
Aw.r.t. Model 1 and Model 11 support respectively. Then, under Model 1 support

PAIREEPY
while under Model 11 support
5\] Pry A

Oe
LR ToCRY

where Qy, is the k-fold incomplete gamma function (see (26)).

In the next subsection we discuss this observation for the general case of NEF distributions, for which
the Erlang distribution is a special case.

3.2. Natural Exponential Families with Possible Left Truncation

Let vy € [0, 00) be fixed, h: [0, 00) — (0, 00) be an absolutely continuous mapping with respect to the
Lebesgue measure on the real line, and denote by £(6, ) the Laplace transform of h(x) dz, i.e.,

L(8,v) = /OO e’ h(x) dz.

Assume that ©, = int{f € R; L(0,7) < oo} # ¢. Then the NEF generated by h(x)dx is given by
probability densities of the form

flx:0,7) = h(z)ef* k0N gz 9 c0,, (33)

where k(0,v) = log L(0, 7).

For any fixed v € [0, 00), it is well known that k(6,~) is a strictly convex real analytic function
on O, and k;(0,7) = 8k;(0,v)/067, j =1,2,..., is the jth cumulant corresponding to f(z;6,~).
Specifically, p1,(0) = k1(6,~) and 02() = ka(6, ) are the corresponding mean and variance. Note
that if 0 < 1 < 72 then ©,, C ©,,, and in particular, ©9 C ©, for all v > 0. However, without loss of
generality, we assume that ©g = ©, for all v > 0. Note that in the NEF terminology, M, = k1(©,,7)
is the mean parameter space associated with the corresponding NEF, whereas Mo = k1(©g, y) satisfies
Mo C My.

Unlike the Erlang distribution case, we are interested here only in the asymptotic behavior of the MLE
of the natural parameter 6 under Model I (with v = 0) and under Model II (with v > 0), as no explicit
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relationship as in (29) generally exists. As in the previous section, the maximum likelihood equation
based on a sample of n observations from (33) should satisfy, for Model I and Model 11, respectively,

po(0) = X, and 1(0) = X,

provided that X,, € M., (a.s.). That is, the MLE 6} of § under Model I and the MLE 1! and 4,, = Xy
of 8 and y under Model II should satisfy, respectively,

poBl) = X, and ps (0) = X,
More specifically, under Model II, the MLE é{f of 0 satisfies kl(éff, V) = X, with 4, = X(1), whereas

under Model I, the MLE 6! for @ satisfies &, (0%,0) = X,.
In the following theorem we restate the results of Proposition 2 of Dubinin and Vardeman (2003).

Theorem 2. /f Model | holds (i.e. v = 0) then, as n — oo,

N 1

oL — ) 2 — ).
Furthermore, if Model Il holds (i.e., ~v>0) and h(x) is right-continuous at 0, then
(vl —0Y,n(3, —~)) are asymptotically independent with marginal distributions
N(0,k9(0,7)7") and Exp(a) with a = f(v;0,7) = h(y)e?? %07, respectively.

Example 6. Let X3,..., X,, ~ Exp(}),7), so that A = —0, where 6 is the natural parameter of the
distribution, and where + is the truncation parameter. It can be shown that
1

ki(0,7) =~ — R

It can also be shown that k2(6,v) = k2(0,0) = ei' This observation means that in the exponential case,
truncation is equivalent to shifting by a factor of 7. Bar-Lev and Boukai (2009) showed that this is the
only case for which this unusual property holds.

Consequently, the maximum likelihood estimating equation for Model I is —é = X,,, and for Model II
is —% + Xy = X, since X1y is the MLE of ~. Hence the MLE for the natural parameter is, under
Model I and Model I, respectively,

N 1 N 1
0 = —— and orr — — —
X, X1y — Xn
Example 7. Let X1,..., X, ~ Erlang(2, \,v), where A = —0, 0 is the natural parameter, and = is
the truncation parameter. Similarly to the exponential distribution example, k1(0,0) = —%, hence
o = _X%L‘ For~ > 0, we obtain that k1 (6,7) = =2 +~ — ﬁ. Some algebra then yields

-1
oI = —4<Xn —2X(1) + \/4X(1)(Xn - X)) + X%) :

Before we discuss cross-model results, we need the following notation. For every «v > 0, define the
inverse function fql: M, — O, by f@;l(u) = 0 for the unique @ that satisfies k1 (6, v) = . Note that

this 0 is indeed unique since k1 (-, ) is strictly monotonically increasing. It follows from Proposition 2 of
Dubinin and Vardeman (2003) that

kot () < k() (34)

for all y1 < 79, since k1(0,~) is strictly monotonically increasing in . Finally, we note that using this
notation we have

Op=ro'(Xn) and O =ry (Xn).

We first show that 6! is a biased estimator of # under Model II, with bias that does not vanish

asymptotically. We then show that 0}{1 is an asymptotically efficient estimator of § under Model 1.
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Theorem 3. Assume that Model 11 holds. Then
oF &=y Ky () < n;l(,u,y) =4. (35)
If Model 1 holds, and h(x) is right-continuous at 0, then

~ D 1
V(i —9) = N(o, k2(90)) .

See the proof in Appendix Ab.

3.3. Examples

Consider first the scenario of the negative exponential distribution (i.e., as a special case of the k-
stage Erlang distribution discussed above, but with £ = 1). Recall that When the MLE for 6 was derived

under Model I, while Model II actually holds, we obtained that ju, = —5 + 7 = o + 7. Therefore,
1 a.s 92'7

which means that the sequence \/ﬁ(—% — ) goes to infinity as n — oo.

Consider now the case that the MLE for # was derived under Model 11, while Model I actually holds.
We start with the finite-sample behavior of the estimator é” under Model I. It can be shown (see (32))
that its expected value under Model I'is -5, and therefore its bias is given by —=5. Taking the limit

as n — oo shows that the estimator 07? is asymptotlcally unbiased under Model I. Furthermore, direct
calculations show that

(n(n+4) — 12)6?

MSE(0H|Model I) = 8

The asymptotic behavior of the MLE for the natural parameter 6 follows from Theorem 3. Specifically,
we have
\/ﬁ<1 - 9) Ly N(0,6%) (37)
X(l) - XTL ’ ’

We now discuss the Erlang-2 distribution discussed in Example 7. Consider, for instance, the
scenario in which the MLE was derived erroneously under Model I support, while Model II holds. It
can be shown that in such a case,

9 as _93,}/2
— -0 —— . 38
X, 24 0v(0y — 2) (38)
Hence, the sequence f(——— — 0) goes to infinity as n — co. We now consider the scenario in which

the MLE was derived under Model II support, but Model I holds. The asymptotic behavior of the MLE for
the natural parameter can be derived from Theorem 3 and is similar to (37). Note that the finite-sample
behavior is analytically complicated and is demonstrated using simulations, see Figure 3.

4. CONCLUSIONS

In this work we analyzed the effect of addition of a left-truncation parameter on estimation in continu-
ous distribution functions. We discussed two main settings: general continuous right-truncated models
with possible left truncation, and exponential families with possible left truncation. We investigated the
effects of model misspecification on UMV U estimators for the first setting, and on maximum likelihood
estimators for the second setting. For both settings, we discussed both finite-sample properties and
asymptotic behavior of the estimators.

In both settings we showed that mistakenly assuming Model I, when the true model is Model II,
leads to a biased estimation with bias that does not vanish asymptotically. On the other hand, assuming
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MSE Ratie For Finite Sample Sizes

120
|

MSE RATIO

1.05
!

1.00
|

Fig. 3. The MSE ratio (Model 11I/Model 1) for various sample sizes where the true model is Model I. For each sample
size n, 100,000 times n random values from Erlang(2, 1,0) distribution were drawn and both MLEs were calculated.
The MSEs were calculated by averaging the MLEs of these 100,000 runs, for each sample size.

Model II, when the true model is Model I, leads to an asymptotically unbiased estimation, which is, at
least for the exponential family setting, also asymptotically efficient. Nonetheless, it is important to note
that estimators constructed under Model II can be more complicated and that there can be a significant
efficiency price for estimating under Model II when Model I is correct. In conclusion, based on the
results described above, we recommend using Model II when there is a good reason to suspect that

the model involves left truncation. When there is no reason to assume left truncation, we recommend to
use Model I.

APPENDIX: PROOFS
Al. Proof of Theorem 1
Part (i): The expectation of Tate’s UMV U estimator w.r.t. False Mode Il can be written as follows

0 / 0
B(E}Model 1) = [ <§(t)+W>fsz(t;ﬁ)dt= [ ewss i

0
[0 e [oridiena

Note that Fs,(t;n) = (90(”))” = (F,(t))", thus fs,(t;n) = M(Fn(t))”* . Therefore, one can

go(v,0) go(v,0)
rewrite the equation above in the following way
/ £(t) fs, (¢ dt+g° e / gt 7’>)fs, (t;m dt+/ ¢ () (F, ()" dt.

By rearranging the equation, using the identities stated before and integration by parts for the last term,
one can show that since Fs, () = 0, Fs,(0) =1,

B(€) = €0Fs (0] + / € (0)(Fy(6)" dt = £(0) + bn,
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with a = z Ev ; and by, af &t )"~ dt. Again, by integration by parts we obtain that

w=a(e0) / e(tn— )y " o, 0 ),

which completes the proof of the first part.
Part (ii): The proof is straightiorward, and is given by

0 t
E(£ Model I) = //5 t) fsy, (y, t;m0) dy dt = // W, t) fsr, (y, tsmo) dy dt
il Y

//5 (y,t) fsy; y,tno)dydt+/ /5 Y, t) fs; (v, tm0) dy dt
25( )+d1n+d2n-

AZ2. Proof of Proposition 1

The expectation of the squared Tate’s UMVU estimator w.r.t. Model 1 support can be explicitly
written as

26(t)¢

)90(0:) <£’(t)go(0,t)>2)‘

E((&h)*|Model 1) = B, <52(’5) t 51( ) nh(t)

Note that sinc (t;mo) = Fs,(t;mo), one can show that

0 / 2
Fu (€ / e s s [ 20 Ors enars [ (COBODY g ) ar

By using integration by parts and the facts that Fs, (0) = 0 and Fg, () = 1, one can show that
0 / 2
FI\2) 2 €'(t)g0(0, 2) .
En (€)= 0rs @l + [ (S0 f s at

_ P (€D, D\,
_52(0)4’/0 <nh(t)> fSI(t7'I70) dt .

A3. Proof of Proposition 2
Let fff be the Model Il UMVUE of (v, 0) as is given in (15). Then using the law of total variance

we can express the variance of €1/ in the following way
Varn(gn) (Varn( H|X(1))) —G—Varn( (é£I|X(1)))'
Starting with the first term, by using (17), we know that

7'2(y7t>90(y7t)
(n—1)h(t)

where rp = Or/06. Therefore, by using Proposition 1 we can immediately calculate Varn(f,ﬂX(l) =y),

which is simply an integration of the squared second term in the expression above w.r.t. the density
function of X,y over Model Il support, i.e.,

0 r 2
Vary (E1|X ) = y) = /y ( ?(é/f)f)o&/g)t» Fxo () dt.

MATHEMATICAL METHODS OF STATISTICS Vol.24 No.1 2015
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In order to compute E, (Var, (17| X(1))) we have to integrate Var, (§1/|X(;) = y) overall possible values
of X (1) w.r.t. Model II support. More specifically,

[,e [/: <W) 2fX<n> (t;m) dt] Fx (w5 m) dy,

which completes the first term of Var, (€11).
Proceeding to the second term, using (16) we know that

€1 (y7 9)90(3/7 0)
nh(y)

Utilizing Proposition 1 to calculate the variance of the expression presented above, one should integrate
the squared second term of this expression w.r.t. the density function X,y over Model Il support, i.e.,

6 2
Var, (E, (61X 1)) ZL (W) fxo (yin) dy,

Ey(&1X0) = y) = £(y,0) -

which completes the computation of the second term of Var,)( H) and concludes the proof. O

A4. Proof of Lemma 1
Let &(n) be asin (22) but with o = 1, i.e., &(n) = ("TTT. We would like to compute

AT crp 0—7 2 2 2(0—71) AIT 0—1\°
MSE(E, |Model 1) = E, | &' — 5 =E, (&))" - 7 Enéa (=) (39)

Since a = 1, we have h(z) = 1 and go(0,0) = 6. Hence, from (9), we have

n(n—1)(t —y)" 2
fS[I(yat;nO): ( >(9(n v ) for 0<y<t<o.

We also have

il(y,):(l—l)—o—g)T_y for y<r<t.

n n/t—y
Hence
770n //E fSU y,t,no)dydt
2\NT —y\n(n—1)(t—y) 2
= 1—f —(1-=2 t
/0 /0 < n ( n)t—y) on dy d
0
:i/./ (Ca(t = y)"2 + Calt — )" + Cay(t — y)"*) dy dt
o Jo
0
= /0 (C1D(n —2,0) + CoD(n — 3,0) + C3D(n — 3,1} _) dt ,
where

015(1_1>n(n—1) (n—1)2

n on on 7
- 2\m(n—1)  (n—1)(n—2)
C=-(1- ) =
- 2\n(n—-1) Oy
03:(1_ﬁ> o T
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and D(n, k,c) = 2*(z — ¢)™ and where

D(n,o>z/(t—y>”dy=—

(n + 1) (y - t)n+17
(t—y)"(t+(n+Ly)
(n+1)(n+2) ’
(t —y)" T (82 + 8t(n+ 1)y + 4(n+ 1)(n + 2)y?)
4n+1)(n+2)(n+3) '

D(n,1) z/(t—w"ydy— -

D(n,2) = /(t —y)"yPdy = —
Hence

R C 6 C 0 C 0
T . 1 n—1 2 n—2 3 n—1
Enofn(%t)—n_l/ot dt+n_2/0t dt+(n—1)(n—2)/0t dt
n n—1
n—1 " (n—-1)(n—-2)

m n—-2n—-1 0

AH)Q):

We now compute E,, (( .

0 rt
En(@1) = [ [ (€10.0)"Fsn . tim) dy

L N (O A S TR At i
/0/0 ( n) ( n)t Y 0
0

:/0 (ElD(n—Z,O)~|—E2D(n—4,0)+E3D(n—4,2))};:0dt

+ /9 (E12D(n—3,0) + E13D(n — 3,1) + E12D(n — 4,1)) |;:0 dt,
0
where
B IN2n(n—1)  (n—1)°
Ev= (1_5) on o'n
_ 2\272n(n — 1) 2 (n—1)(n—2)*
EQ:(“%) o " ’
- 2\2n(n—1) (n—1)(n—2)°
Es = (1 B n) o 0" n ’
2
Ba= -ar(1- 2)(1- 2)n ) 2ot
Prazar(i- 1) (1o 2o 2012
Eys = _27_(1 B Z)Qn(r;; 1) _ _27(n —0%)2(11 -1)
Hence
0 . \n— _ . \n— 3
By ((E11)2) = _/0 (El(tng)l 1 +E2(tng)3 3> _Odt
O (t—y)" (812 + 8(n — 3)ty + 4(n — 3)(n — 2)y?) (t—y)" 2
_/0 <E3 20 —3)(n—2)(n—1) M >
[ (t—y)"2(t+ (n—2)y) t—y)" 3+ -3\
[ (B gy B g ) o
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0 -1 n—3 n—1
Eqt" Est 8FEst
- / R s : dt
o \n—1 n—3 4(n—-3)(n—2)(n—1)

[ n—2 n—1 n—2
FEq ot Fi st FEs st
+ / L2? 4 3 423 dt
0 n—2 n—=2)(n—1) (n—3)(n—2)

_( £ 2E3 Ei3 o
- <n—1+ CEDCEDICE (n—2)(n—1)) "
ELQ E273 gn—1 E29n72
+ (n—2+ (n—3)(n—2)>n—1+ (n—3)(n—2)

nd—3n24+n—-1 27(n?>-3n+1) 72(n—-1)(n-2)
n?2(n—3)  On(n—23) 2n(n—3)

Substituting the expressions we obtained for E,,§;, 1T and E, (( )2} in (39), and some simplifying
we obtain the result given in (24). O

Ab. Proof of Theorem 3
The first assertion follows from the continuous mapping theorem, see van der Vaart (2000). Indeed,
0L = kg H(Xn) E5 kgt (i)

The inequality in (35) follows from (34).
We now move to the second assertion. Note that when Model I holds

Va0, —0) = (@, —05) + V(9 —0).

Since by Theorem 2, \/n(8% — ) 2, N (0, 0 0)) it is enough to show that \/n(AL — 41) 20,

We define the function g: Mg x R — ©¢ by g(u,~) = 6 for the unique 0 that solves k1(6,v) = u.
[t follows from Proposition 2 of Dubinin and Vardeman (2003) that this € is unique and that g(u,~) is

continuously differentiable. Note that 8 = g(X,,,0) and 61 = g(X,, X1). Write

o _ _ o

VROl =08 = vn(9(Xn, X 1)) — 9(X0,0)) = \/ﬁafvg(XmT)Xu)
for some 0 < 7 < X(3). Note that X(;) = 0,(n~1/?) and that %g()?n,r) = 0,(1) because the function
is bounded in the vicinity of 0. Hence we obtain that

V(O — 01y = n'/20,(1)0,(n /%) D5 0,

which concludes the proof. O
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