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NOMENCLATURE 

1;3 [f"(0)]/J, tran sformation parameter, function of Q. only 

curvature parameter 

T\ - ka, function of a and x 

bf/bx - As function of a and x 

f/C, a transformed function, function of ̂  and £ 

f 2 fT/C , function of a and £ 
JL 

a2 

metric measurement along a-llne 

value of h , at the surface 
Cf 

metric measurement along j3-line 

P - P + U/2, Bernoulli constant 
o co ' ' 

\(ft In h /&(B ), an integration constant of equation 

(111-3) 

pressure 

pressure at the boundary of the boundary-layer 

pressure at the surface 

pressure at free stream 

Reynolds number based on radius R 

radii of curvature of #-lines and (3-lines, respectively 

distance from the forward stagnation point measured 

along the surface of the cylinder 
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velocity components along #-lines and 0-lines, res­

pectively 

potential flow velocity at the boundary of the boundary-

layer = 2 sin 0 

free stream velocity 

components of two-dimensional rectangular coordinates 

orthogonal coordinate in the direction of flow 

orthogonal coordinate perpendicular to the direction 

of flow 

e(V* 
boundary-layer thickness 

Cx, a transformed independent variable 

* 1-
P/a2 

h /h , a function of & and 6 
or $ 

X, but a function of a and T] 

viscosity of the fluid 

distance normal to the surface 

skin friction 

angle formed with the line joining the forward stagnation 

point and the center of cylinder with the latter as the 

axis of rotation. 

JQ [l/A(a,Tl)] *l| 



IX 

Greek 
Notation 

ty = stream function 

uo = vorticity in the direction of the axis of the cylinder 
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SUMMARY 

This thesis constitutes an investigation of a laminar boundary-

layer flow of a compressible fluid around a circular cylinder with the 

application of numerical methods. Suitable equations of motion are 

developed and approximated for the boundary-layer in a curvilinear 

orthogonal coordinate system. Simplification has been achieved by the 

application of order of magnitude comparison. Difficulties encountered 

and their effects on the solution are discussed. A search has been made 

to obtain numerical solutions of velocity profiles and skin friction at 

several positions along the surface of the cylinder. Results are com­

pared with other existing solutions. 



CHAPTER I 

INTRODUCTION 

Laminar boundary-layer flow around a circular cylinder for a 

compressible fluid has been a topic of research for many years. The 

problem of placing a cylindrical body in a fluid stream moving perpen­

dicular to its axis, with the consideration of boundary-layer, has been 

investigated by many researchers. 

The method of solution was first given by H. Blasius [1]. It was 

developed further by H. Hiemanz [2] and L. Howarth [2]. The velocity of 

the potential flow is assumed to have the form of a power series In x, 

the distance from the stagnation point along surface. The velocity 

profile in the boundary-layer is also represented as a similar power 

series in x, where the coefficients are assumed to be functions of the 

coordinate y, measured at right angles to the wall (Blasius series). 

Although the solutions are exact and of high accuracy, the methods are 

quite tedious and time-consuming. It is, therefore, important to devise 

approximate methods which would in such cases quickly lead to an answer 

even if their accuracy were to be inferior to that of the numerical 

methods and exact solutions. Following Theodore von K̂ rmâ n and K. 

Pohlhausen [2], it is possible to devise such simplified methods if it 

is agreed to satisfy the differential equations of boundary-layer flow 

only in the average and over the boundary-layer thickness rather than 

to try to satisfy the boundary conditions for every individual fluid 

particle. With the use of the digital computers for scientific research, 
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numerical methods have been developed by W. Schoenauer, Hartree and 

Womersley [3], Smith and Clutter [_k~]9 etc. Numerical methods minimize 

the time of solution greatly while retaining its accuracy. However, 

sometimes due to the lack of appropriate methods, difficulties develop 

in the attempts to produce numerical results. 

The purpose of this thesis is to investigate the flow field around 

a circular cylinder for a compressible laminar fluid by applying numerical 

methods to the solution. Theories in this direction have been developed 

by many researchers. However, very few have tried to obtain solutions 

for this particular case with the consideration of curvature effects. 

Although due to certain difficulites, accurate solutions were not obtained 

in this thesis, the development of theories and methods of solution can 

be used for further research. 

The problem is formulated with the use of orthogonal coordinates 

(see Appendix A). Constant Q-lines are taken to be along and parallel 

to the surface. Constant a-lines are orthogonal to the (3-lines and the 

surface. Instead of solving for the pressure distribution, which is the 

usual approach, an experimental surface pressure distribution (see Appen­

dix B) is used as a known quantity. Therefore, the Reynolds number of 

53000 at which the pressure distribution was measured is used throughout 

this thesis for the numerical calculations. Velocity profiles and skin 

friction are obtained at certain positions and are compared with other 

existing results. 
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CHAPTER II 

THEORY OF LAMINAR COMPRESSIBLE FLOW 

AROUND A CIRCULAR CYLINDER 

The problem to be examined is the laminar flow of a compressible 

fluid around a circular cylinder. Its flow direction is perpendicular 

to the axis of the cylinder. A set of orthogonal coordinates is used 

which must satisfy the Gauss orthogonality equation. Radii of curvature 

of the a-lines and (3-lines can be given from the above relation. The 

Navier-Stokes equations are applied to govern the flow field in the 

vicinity of the cylinder. The elimination of pressure terms from both 

equations result in the vorticity equation, where the vorticity in the 

direction of the axis of the cylinder Is already defined. A new variable 

X is introduced as the ratio of h/y to h . It turns out that the value 

for X can be used as velocity profile. An equation of X can be obtained 

and it leads to the solution with appropriate boundary conditions and 

transformations. 

A. Gauss Orthogonality Equation [5] 

Let a(x,y) and (3(x,y) be two functions with 

(3£L) (hi) +( &) (St) = 0 
\ £x J \ &x J \ by J \ $y J (II-D 



e 

y 

Fig. 1 Transformation of Coordinates 

Let h d and h d "be the elements of length along the a-lines and 
a a pp 

p-lines respectively. One can show that 

hc = A bo1 / \ bo> 
(II-2) 

- - " ^ • ( S ) ? - K s y (H-3) 

V B 6e (n-u) 
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1 ^a 1 

~ K (H-5) h^hp bo? p 

where R and R„ are the radii of curvature cf a-lines and the B-lines, 
a 8 

respectively. The two functions h^ and hR satisfy the Gauss equation 

i f i ^ ) a f i ^ U o (n-6) 
W \ h be /' to x h^ bar / 

B. Navier-Stokes Equations [6] 

If the Q/-lines are so chosen to be along the stream lines, |3 can 

be equalized to the stream function, 8 •= i|r, The equation of continuity 

which is identically satisfied by the stream function can be substituted 

by the following expressions: 

u = _LM := 2_ (n_7) 

v = . JL M. = o (n-8) 
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Then the Navier-Stokes equations of motion are given by 

u ftu _ 
ha ba 

l i p + ± 
ha ^ Re - p H 1 6(V° 

V P w3 ( H - 9 ) 

u bu 
h p b(3 Vp 

b(h u) 
a 

bP JL fig i n r i 
h 0 bB Re h ba L h h0 P H a uur or p 

b(h u) 
( 1 1 - 1 0 ) 

C. The Vorticity Equation [3] 

The vorticity in the direction of the cylinder axis is given by 

<JJ 
1 b(hc*u) 

vP 
bP 

( n - i i ) 

Eliminating p from equation (II-9) and (II-IO) the vorticity equation is 

obtained 

i r i M l + l f J M% R e -^ 
ba L h b f f J bB L h b$ J ba 

a p 

(11-12) 

D" Intreduction of \ [5] 

For the convenience of operations a new variable X is introduced. 
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I t i s defined as 

^£ = (^a)
 (II-13) 

Therefore, the vorticity equation becomes 

[̂ ] + M * § ] = Re^ CI1-^ ba 

and the Gauss equation can be written as 

Hr^^iar/^l-Arr2*! to i5) 
telx -^- J+ &FL x^r^]-tolx te J ( 5) 

For potential flow, \ = 1, equations (11-1*0 and (11-15) are satisfied 

aut omat i c a lly. 

Thus if a viscous flow over a rigid surface, on which \|j chosen 

to be zero, approaches a potential flow at free stream, the proper boun­

dary conditions to be used for \ are 



X = 0 a t i|r = 0 ( I I - 1 6 ) 

X - 1 a s f -. OB (11-17) 

and in view of equat ion (11-11) 

^ | - 0 as 4 - oc (11-19) 

The boundary conditions for ha may be chosen to be 

hQ, = known value at ^ - 0 (II-20) 

and from equation (II-2) 

I &a -4r - — = 1 at ilr = 0 for a circular cylinder (II-21) 
h2 bP 
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CHAPTER III 

DEVELOPMENT OF EQUATIONS FOR TWO-DIMENSIONAL 

LAMINAR COMPRESSIBLE FLOW AROUND A CYLINDER 

After the establishment of the theories the next necessary step 

is to develop a general equation which can be applied in the case of a 

two-dimensional, laminar, compressible flow around a cylinder. The order 

of magnitude of each term in the equations formulated in Chapter II are 
i 

compared. The terms of order of R2 are to be neglected while those of 

order of R or larger are retained. By doing so, the curvature effects 

are being considered. It is important to find an expression for ha, 

which appears in the equations frequently, such that ha can be expressed 

in terms of the independent variables. Therefore, the appearance of ha 

in the equations will net create a problem during the process of solution. 

Moreover, a curvature parameter Ca(a) must be defined in order to empha­

size the curvature effects. The basic equations are obtained from the 

Navier-Stokes equations. Three steps of transformation are performed 

to simplify the basic equation to a neater form. Solutions then are 

obtained from this equation. 

A. Boundary-Layer Approximations [5] 

The boundary-layer approximation is carried out in the generalized 

coordinates by introducing the transformation 

P = R e P (III-1) 
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From equations (iI-lU) and (11-15), the first-order boundary-layer 

equations are obtained by neglecting small magnitude terms 

A. ( X b\ 
ba l ^ F ^ l ^ ) ] (in-2) 9 -X-

h Q 63 bP oP ' h^ op 

f x—-r) = o (in-3) 
&3* W 

The boundary condition (II-21) becomes 

- % - * = Re
2
; 3 = o (III-^) 

*V oP 

Thus, the surface curvature would appear in the first order boundary-

layer approximations (the C-approximation). 

B. Curvature Parameter and Metric Measurement 

Equation (III-3) is integrated and wi~h N(a) as the integration 

constant, a function of <y only, one obtains 

bInhQ, 

x — / = »(«) (IXI-5) 
6P 
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Further integration of equation (III-.5). gives 

In ha = 
N(cr) * 
^Sl cP + in h a o 

(III-6 

where h^o is a function of a only and is the value of hff at p = 0 for 

-X-
a given 6 -line. Therefore, 

P * . h
ff • V ( a ) exp [N(ff) J I T J ClII-7) 

From boundary condition (III-^-), one has 

i I. * y = R % at 6 

V x
 0p

 y p* - o 
= o (in-8) 

The above re la t ion i s subst i tuted in to equation ( I I I - 5 ) , to obtain 

N(a) 
h OlQ 

T— (ni-9) 
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C^cO = J a N(or) (III-IO) 

As the curvature parameter and with equation (III-9) it becomes 

J G' hQO 
Cja) = ac (111-11) 

a R2 

The effect of C (a) on the solution will be discussed later. 
a 

C. Derivation of Momentum Equation [6] 

With the use of boundary-layer approximations, equation (II-9) 

and (II-IO) become 

jL»i= i t + i _ i . r i ^ l i {I1I.12) 

u fcu u b(V> 1 bP 

P bf3 
h*N w* h * 

P b3 

(111-13) 
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and equation (111-13) can be further simplified, to 

2 bh , v 
» _4 * JB̂  (IH-IV 

by expanding the differentiation of the second term. 

The effects of curvature become significant when the pressure 

gradient -̂ -77 grows up to the order of one. By retaining terms of order 

63 
one or larger, curvature effects are considered.. 

Equation (il-ll), the definition of vorticity is expanded to give 

1 ou u °ot / T T T 1C-N 

"--i^M-H^-w (III"15) 

and equations (III-1-+) and (111-15) are combined to obtain 

ffl = _ _L 3fc _ -A- 3E (111-16) 
ffi h 8 &p u h p t>p v ; 

From equation (II-7), it is given that 

1 
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therefore, 

• = - » f - ff (HI-17) 

The expressions for UJ from equations (III-17) and (ll-l8) are 

equated, and 

-**"$--£$ (m"l8) 

or _ U £ L _ _ . ^ = _ X i L (111-19) 
bP 63 \ W 

The above equation is integrated in the region inside the boundary-

layer, and one obtains 

3 % 
J \ ^ ap* = [ -I u2 + P ] # (111-20) 

h- < 

where 6 is the houndary-layer thickness. 
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The boundary conditions to the above equation are 

u = U, at p = 5 (111-21) 

u = 0, at j3* = 0 (111-22) 

P » PQJ at £* = 8 (HI-23) 

P = p . at 3* = 0 (III-2U) 

where U is the potential velocity on the boundary and p and p are 

pressures at the boundary and surface respectively. With these boundary 

conditions equation (III-20) is evaluated, thus 

\ % - d$* = i U2 + Po - Ps (111-25) 
o h^ DB 

or 

c 

r "^ ̂  dp* = | U2 + (P - P j - (P - P ) (111-26) 

where P is the pressure at free stream. The boundary conditions for 
00 

X and h are the same as already specified by equations (II-16), (11-17) 
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and (II-19). 

The Bernoulli equation is 

I 1/ + p = constant (HI-27) 

for a potential flow and, therefore a constant is defined as 

- I U2 + (P - P ) (III-28) 
O 00 

since P is also a constant. 
00 

Finally the momentum equation is obtained 

»§ 
J \ — ¥ cLB* = K - (Pfl - P j (HI-29) 
o ^ QB 

The paremeter \ goes to unity at the boundary and retains the 

same value outside the boundary layer. Consequently, the derivative 

-̂ •̂  goes to zero on and outside the boundary. Therefore the upper limit 
06 

of the integral can be extended to infinity and equation (III-29) becomes 
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\ \ SL. dp* = K - (pn - P ) (ni-30) 
Jo h^ be 

At the stagnation point h approaches infinity and this point is 

considered as a singular point. Therefore, its neighborhood is not being 

considered in the solution. 

With the condition that 

ha •-> « as a - 0 (111-31) 

the left-hand side of equation (III-30) becomes zero, 

Therefore, 

K - (PQ - P ) n (HI-32) 
S a> <y=0 

Let AP. = P. - P (HI-33) 
1 1 00 

where P. is any pressure inside and on the boundary-layer. Consequently 
I 

equation (III-30) becomes 
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F X ^ ¥ dp* = K - APq (in-3^) 

The values for /\P , the surface pressure distribution, are given in a 

tabulated form and they are to be used in the solution. 

D. First Transformation 

In order to reduce the boundary-layer equation, equation (III-2) 

to a neater form, the following: transformation is carried out. Let 

• # 

T| = *f-Y (HI-35) 
1 ^{otj 

where G(Q-) is a function of a.. The function \(&, 8 ) becomes a new 

function A(a, T|). Let 

G(Qf) * J a (111-36) 

then Tl = -f^ (HI-37) 
Of 
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The new variable T] is substituted for |3 , and equation (III-2) becomes 

Q 

[2A(A2)" + (Tl - kCa) (A2)*]' - 2 ~ [2A(A
2)'r + (T] - kca) (A2)'] 

2a [ A (A2)' - 2(A2)< X (In ha) ] (HI-38) 

with boundary cond i t ions 

A = 0 a t r = 0 

A = 1 a t Ti = • ( H I - 3 9 ) 

A'= 0 a t T] = co 

where the prime (') indicates differentiation with respect to T|- There­

fore 

T 
ha = hQiOM ex? { Cc ( a ) I f } (111-̂ 0) 
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E. Second Transformation 

A further simplification in the equation can be achieved through 

another transformation. A new variable % is introduced as follows: 

X - f ^ (m-M) 
o 

A 

as well as a new function f (cf,y_) 

f(^,x) = n— k oa (in-te) 

Therefore, f' = A (III-U3) 

f" = M « = f( A
2)' (III-M) 

f«« =i A(A 2)" (IH-^5) 

where the prime (') indicates differentiation with respect to y. Equation 

(iII-̂ -O) can now be written as 



Then equation (III-38) becomes 

[2f m + ff"]' - 2Ca [2f™ + ff"] 

and the boundary conditions become 

• UC_. at x = 0 
a 

t * = 0 at x = ° 

f = 1 as x 

f" = 0 as X 

21 

ha = h W exp Cccv^)x] (111-^6) 

dC 

= a r f ' [{£-a"(£i»V + * i 7 ) ! (III-'7) 

(III-I+8) 
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Final ly , equation (lH-3^-) transforms to 

h"2 [ e " 2 C ^ ^ ) x f' f» dv - K - AP (HI-^9) 
QfO J * " S 

o 

With equations (111-^7) and (111-^9) and the specified boundary 

conditions (111-^8) the problem is ready to be solved. 
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CHAPTER IV 

METHODS AND SOLUTIONS 

Although the fundamental equations (III-U7) and (III-U9) have 

been derived, some further simplifications will be carried out to achieve 

a numerical solution. Such simplifications are necessary for two reasons. 

First of all, some terms are comparatively of small magnitude and their 

elimination will reduce the numerical effort. In the second Instance, 

it has not been possible to find a proper method to numerically evaluate 

some of the terms in the differential equations. For this case, the 

solution obtained with these terms results In certain deviation and the 

effects will be discussed later, 

Another problem appears when it is observed that a differential 

equation must be accompanied by all its initial conditions in order to 

be solved by numerical methods. Therefore, a transformation is needed 

to transfer some of the boundary conditions at infinity to the starting 

point. The remainder unknown Initial conditions will be assumed and a 

trial and error solution will be applied. An inverse transformation is 

also necessary in order to represent the solution in a useful form. 

A. First Simplification 

As it was discussed above, equation (l.II-h'j) will be simplified 

by eliminating terms of comparatively small magnitude. The term ̂ (dĈ /do/) 

in equation (111-^7) is then compared with b(ln hQO)/bcy- The order of 

magnitude of (dĈ /dcf) is approximately .0005 for s greater than TT/180, 



2k 

and x ranges from 0 to approximately 5. Therefore, 

max [x(d(a)daO] = .0025 (iV-l' 

While for the other term, 

0 ['d(ln hQ, /<%] = 5 (IV-2) 

Therefore, 0 [d(ln ha0)/da] » 0 [x(d.C /d^)] (IV-3) 

Evidently, the term y^dC^/da) can be neglected- However, the term was 

retained in the solution in some trials, but there was no noticeable 

change in the solution. 

With the above simplification, the basic equation becomes 

[2fm + ff"]' - 2Ca [2f
m + ffM] 

== 2cyf * [ -V- " 2f " £ ^ V"1 (IV"1+) 
i. oat bat u -
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B• Second Simplification 

With the term — — included in equation (iV-^f), it is a partial 
OOf 

differential equation. Although many numerical approximations for the 

partial differentiation term have been developed, it has been recommended 

that such an approach be avoided [7]. Under certain situations, the 

approximations give large error and therefore the solution diverges. It 

is a great risk to leave the term in the equation while trying to solve 

it. The function to be differentiated is first approximated by a multi-

degree polynomial. Even if the polynomial approximates the function 

closely, the slopes at the same coordinate can be substantially differ­

ent . 

real function 

approximating polynomial 

Fig. 2 Discrepancy of Numerical Differentiation 
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It can be seen from Figure 2 that the slopes of the real function 

and the approximating polynomicai are quite different. Thus if the par­

tial differentiation is of equal order of magnitude as the other terms, 

the approximated value will effect the solution considerably. Sometimes, 

it is possible that the solution diverges. With the above consideration, 

of" 
the term ~— is dropped from equation (IV-U). 

OQf 

The differentiation with respect to cv at a given point is approxi­

mated by the values at the previous two solutions. Therefore, the solu­

tion should be from the stagnation point. Since the stagnation point is 

a singularity, it is not apparent where the solution should start so that 

the term to be calculated is not effected. It will be seen later from 

the results that even at 1°, the profile diviation from the Blasius sol-

nf " ution is considered to be very small. With the removal of term -^— , 
Oa 

equation (TV-h) becomes 

[2f»" + ffM]T - 2Ca [2f
m + ff"] = - ha f' f" -£- In h^0 (lV-5) 

G * Final Transformation 

In the use of numerical methods for solving differential equations, 

it is required that all the boundary conditions at the starting point are 

known. However, a numerical solution can be carried out even if some of 

the known boundary conditions are at infinity. In this instance, a 

trial and error solution is necessary. The rest of the unknown boundary 

conditions at zero are assumed values and trials are performed until the 
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known boundary conditions at infinity satisfy the solution. For the 

present case, it is desired to transform the original equation to a 

state where all except one of the "boundary conditions at zero are known. 

The remaining unknown boundary condition is then assumed a value and the 

trial and error solution can be initiated. Therefore, a transformation 

is applied to equation (lV-5). Let 

C - CX (IV-6) 

and g = f/C (IV-7) 

then g* - ff/G2 (IV-8) 

g" - f"/c3 (iv-9) 

g»" = f
m/C (IV-10) 

where C is a function of a. only and the prime ( ' ) for f denotes differ­

entiation with respect to X whereas the prime (') for g denotes differ­

entiation with respect to r. The above relations are substituted into 



equat ion ( I I I - I+7) , and give 

(2gffT + gg 'W - 2 ( ^ / 0 ) (2g" r + gg 

28 

2cyg. [ ^ . a g - A t e ^ ( iv-11) 

The boundary conditions then become 

hcJC at £ = 0 

= 0 at C 

l/C as { 

" = 0 as £ 

IV-12) 

Also if C = [f'T(0)] 
-A/3 

(IV-13) 

an additional boundary condition is obtained at the surface as follows: 
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g" s 1 at r = 0 (IV-1*0 

Therefore, in summary, the boundary conditions have been rearranged as 

g = .. kQa/C at Q = 0 

g' = 0 at £ = 0 

(IV-15) 

g" = 1 at £ = 0 

g,f = 0 as £ --» oj 

If g'"(0) is known, then equation (iV-ll) can be solved. There­

fore, the value of g m (C) must be assumed. The solution is then checked 

by the condition 

g' = [f"(0)]-
2/3 = C""2 as y -> oo (IV-16) 

for a particular C. The trial and error process is continued until the 

condition (lV-l6) is satisfied. 
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D. Numerical Solution 

1. Estimation of h ^ and a 

The evaluation of h and a is a trial and error process. For this 

it is necessary to use equations (HI-3*9) and (IV-ll). However, as a 

first step, it is necessary to transform equation (III-U9) by the use 

of equations (IV-6) through (IV-10) 

h 2 r sf — ^ 
c h~Q I e V c ;c g'g" &£ = K - APs (iv-17) 

o 

To initiate the evaluating process for h and a, initial values 

are assumed for both quantities. Equations (IV-ll) is then solved and 

the values of g' and g" are substituted into equation (IV-17) to obtain 

a new value of h^. The trial and error process is continued until the 

assumed h and the calculated h agree within 1 percent of error. 
QfO ffO ^ * 

After the computation for the first few profiles, it is found 

that the integral at the left hand side of equation (IV-17) is approxi­

mately .53 in each case. Therefore, for subsequent profiles, it can 

initially be assumed that 

( s ) m I-.4970U9 - AFBJsir1 (iv-18) 
etav ' . n ̂  v 



31 

where s is the diatance along the surface of the cylinder from the for­

ward stagnation point, and the corresponding a(s) value can be evaluated 

by 

a(s) = J h"£(s) ds (IV-19) 
" o 

With this process, the values of h and 01 that will satisfy both equations 

(IV-11) and (IV-17) can be obtained. 

2. Calculation of g'"(0) by Iteration 

Equation (iV-ll) is solved directly by use of the Runge-Kutta 

Method, and an initially assumed value for g m(0). The Newton-Raphson 

iteration method is then used to evaluate the true g m (0) which will. 

yield a solution that can satisfy the boundary condition 

g" = 0 as £ - * (IV-15) 

The method of iteration is discussed in detail in Appendix D. For each 

particular value of g(0), a corresponding value for g™(0) should be 

obtained through iteration. At the same time, a corresponding Reynolds 

number can be computed. 

The Reynolds number is calculated by 
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g'(oo) a h 
R e = - S _ (IV.20) 

(c„/c)2 

where Ĉ /C = - (l/^) g(O). Since the known surface pressure distribution 

selected for this problem was measured at a Reynolds number of 53,000 [8], 

it is necessary that the R calculated from (lV-20) agrees with 53?000 

within 5- A set of values for g(0) and h which will give a R of 
toV ' CYO

 to e 

53,000 is searched. The process of finding a proper set of* g(o) and 

h^ may be summarized as follows: 
(1) A value of g(0) is assumed. 

(2) Values of h and a are then assumed through the use of 

equations (lV-l8) and (17-19). 

(3) Equation (IV-ll) is solved. 

(h) Values of gT and g,r obtained from the previous step are sub­

stituted into equation (IV-17).» and a new value of h^ is obtained. 

(5) Going through the trial and error process mentioned in the 

previous section, a set of values of h and ot, which satisfy equations 

(IV-ll) and (IV-17), is obtained. 

(6) The Reynolds number is calculated through the use of equation 

(IV-20), and it is compared with 53,000. 

(7) If they agree within 5, the process is accomplished. Other­

wise, a new value of g(0), which can be approximated by 
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g(o) = hhc,,o [g'(«0 a/53,000]
2 (iv-21) 

is used. The process is then repeated from the first step until the cal­

culated R is within 5 of 53,000. 

3. Inverse Transformation 

After the solution for g, g' , g", and g"T have been obtained, they 

are transformed back to f, ff, f", and fr". From equation (lV-l6) C is 

given by the relation 

C = [ g ' M ] " 2 (IV-22) 

and consequently the values of f, f, fT1, and f'" can be calculated "with­

out difficulty. The inverse transformation is based on the transformations 

given by equations (lV-6) through (IV-10). 

h. Change of the Independent Variable 

In order to be able to compare the results calculated by the met­

hod presented here with existing solutions, the independent variable x 

is changed to n where 

i * 

n = S 2 e 
h d (IV-23) 

o K H 



3̂  

!_ 
and is proportional to CTR

 2 where a is the non-dimensionalized distance 

normal to the surface. With the use of equation (II-13) h and \ are 

substituted for hn and 

n R 2 
.p K 

dp (IV-2k) 

The parameter (3 is also eliminated with the help of equations (lll-l) and 

(III-36) to obtain the following expression in terms of T] 

1 r»Tl h 

J\ ---- ct< a 
A(CY,11) 

d̂  (IV-25) 

Finally, through the use of equations (lII-^-O) and (ill-^l) the expression 

in equation (IV-25) is transformed with respect to x and \ 

1 rOC Exp [CaX] 

^ = «2 V J „ "TC^xT Ad* (iv-26) 

which is integrated to give 
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of-h 
QtQ 

Tl = 7TTZJ ^ (C*x) " ^ ( l V - 2 7 ) 

a ' 

The d e f i n i t i o n of Ca(a) was given by equat ion ( l l l - l l ) as 

.1 
a?: h 

*2» = C 

e 

and t h e r e f o r e 

T, = R 2 [Exp (CQX) - 1] (IV-28) 

With these changes carried out, it is now possible to plot fT versus T| 

profiles and compare these with existing results. 

5. Skin Friction 

Skin friction is defined as 

T « p . ; 1 ( &1-) n ( iv -29) 
o e \ OCT /cr=0 
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which can also be written as 

JL r ^fa/j) i M 'o-^rv^g (iv-3o) 

where U is the potential velocity. 

In terms of f" and C^ from equations (IV-ll), (lV-9) and (HI-ll) 

T„ - s- m ("-3D 
° "Re C o 7 ^ 

Since 

U = 2 sin s (IV-32) 

where s is the non-dimensionalized distance along the surface from the 

forward stagnation point, then 

To R C 
e a 

%^M (IV-33) 
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and 

13-" 2 f " ( 0 ) . 
e Vc* 

(lV-3!+) 



38 

CHAPTER V 

RESULTS AND DISCUSSION 

The numerical results are calculated using the procedure outlined 

in Chapter IV and they are converted to a suitable form for comparison 

with some results published in the literature. The results used for com­

parison are the Blasius solution and the Pohlhausen solution. The former 

is a series solution with very high accuracy while the latter is an approxi­

mation method with some departure from the exact solution. The results 

are given in tabulated form in section A and they are compared in Figures 

3 through 8 at 1°, 5°, 15°s 30°, ̂ 5° and 60° from the forward stagnation 

point respectively. Profiles exceeding 60° were not obtained due to the 

calculation. The skin friction is compared in both tabular form, Table 

h, and praphical form, Figure 9-
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A. Tabulated Results 

Table 1 The Blasius Series Solution 

Table 2 The Pohlhausen Approximate Solution 

Table 3 Present Numerical Solution 

Table h Skin Friction Comparison 
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Table 2 The Pohlliausen Approximate So lu t ion 

u/U 

5 Degree 15 Degree 30 Degree h^> Degree 60 Degree 

0.02 0.033261+ 0.032899 0.031270 0.028684 0.024955 

0 = 05 0,081691 0,090820 0.07689U 0.07066k 0.061643 

0.10 0.158571! 0.156973 0.149592 0.137883 0.120825 

0.13 0,202468 0.200490 0,191252 0.176597 0.155168 

0.16 0. 244730 0.242419 0.231480 0.214123 0.188647 

0.20 0.298602 0.295911 0.282934 0.2623^1 0.231958 

0.30 0.421426 0.418073 0.401076 0.37^090 0.333719 

0.50 0.620655 O.6169UO 0.595863 0.562291 0.510464 

0.75 0.795^11 0.792365 0.7717^8 0.738595 0.684843 

1.00 0.904600 0.902695 0.8863^6 0.859505 0.813015 

1.25 O.96502U 0.964162 0.953685 0.935684 0.9013^ 

1.50 0.9920^5 0.991827 0.986962 0.977625 0.956664 

1.75 0.999582 0.999575 0.998552 0.995649 0.986282 

2.00 1.000000 1.000000 1.000000 0.999908 0.997976 

-F-
H 
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Table 3 Present Numerical Solution 

1 Degree 5 Degree 15 Degree 

n u/u n u/U n u/U 

0.052765 0. 8̂ +2̂ 4-7 0.054336 0-084i i4 0.054425 O.083181 

0.105543 0.163582 0.108685 0.163334 0.108867 0.161597 

0.211130 0.307730 O.217422 c 307308 0.217782 0.304331 

0.316769 OA33153 0.326210 O.432620 0.326752 O.438852 

0.422456 0.5^0919 3.4-35050 0.540329 0.435770 0.536154 

0.528191 0.63235^ 0.5439^1 O.631752 0.544843 0.627477 

0.633974 0.708955 O.652883 0.708373 0.653964 0.704233 

0.739805 0.772308 O.761877 0.77169 0.763l4o 0.767928 

O.8J+5685 0.824024 O.870923 0.823542 0.872367 0.820100 

0.951615 O.86568O 0.980020 0.965262 0.981646 0.862270 

1.057594 O.89878O I.O89168 0.898427 1.090976 0.895895 

1.163617 0.92^718 I .198368 0.924428 1.200354 0.922338 

I .26969I 0 . 9 ^ 7 5 7 1.307616 0 . 9 ^ 5 2 3 1.309787 0.942838 

1.375818 0.960016 1 .4l69l8 0.959832 1.419275 0.958502 

1.1+81988 0.971464 I.526276 0.971322 1.528812 0.970294 

1.588210 0.979927 I.635692 0.979817 1.638397 0.979039 

I .69W77 O.986081 1.745139 0.986002 1.748038 0.985424 

1.800755 0.990^93 1.854647 0.990435 1.857732 0.990015 

1.907162 0.993604 1.964207 0.993563 1.967474 0.993262 

2.013579 0.995762 2.073822 0.995734 2.077270 0.995523 

2.120042 0.997236 2.183485 0.997217 2.187119 0.997072 

2 .333H7 0.99879 2.457874 0.999108 2.451964 0.999055 

2.599739 0.999669 2.732585 0.999742 2.737138 0.999725 

3.026961 0.999963 3.O62669 0.999950 3.012635 0.999928 
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Table k Skin Friction Comparison 

Angle 

1 Degree 

5 Degree 

15 Degree 

30 Degree 

J+5 Degree 

60 Degree 

Numerical 
Solution 

0.055879 

0.278020 

0.81U715 

1.V79213 

I.871789 

1.938523 

T o ^ e ~ 

Blasius 
Solution 

0.060719 

0.3033^7 

0.889271 

1.635111 

2.II8596 

2.25^226 

Pohlhausen 
Solution 

0.293362 

0.85^228 

1.580910 

2.0^8763 

2.178529 
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B. Graphical Results 

Figure 3 Velocity Profiles at 1 Degree 

Figure h Velocity Profiles at 5 Degree 

Figure 5 Velocity Profiles at 15 Degree 

Figure 6 Velocity Profiles at 30 Degree 

Figure 7 Velocity Profiles at h^ Degree 

Figure 8 Velocity Profiles at 60 Degree 

Figure 9 Skin Friction Comparison 

C. Discussion of Results 

The results obtained in this thesis involve several approximations 

and simplifications. Some of them were done to transform the fundamental 

equation (IV-̂ -) to a form such that it can be solved more easily. These 

did not cause significant discrepancy in the solution. However, the 

other did. They were done simply because no known method could be 

hf" 
applied to retain the term •>*— in the equation when the solution was 

6a 

sought. Without any doubt, this omission caused a significant discre­

pancy. Nevertheless, * — was neglected and the discrepancy can be 
0a 
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observed when it is compared with other existing results. Generally speak­

ing, three major approximations were carried out in order to make the 

solution of equation (IV-^) possible. First of all, the partial differ-

entiation term -^— was dropped. Secondly, fT was used in place of u/U. 
QQ' 

Thirdly, U, the reference velocity, is the potential velocity at each 

individual location within the boundary layer instead of the potential 

velocity at the boundary of the boundary layer which is used in the other 

results. The effects of these approximations are discussed in more detail 

below. 

Since the potential velocity U does not vary more than 1 percent 

within the boundary layer, there is not much sacrifice of accuracy if one 

treats U roughly constant within the boundary. Therefore, it does not 

matter whether the local potential velocity or the boundary potential 

velocity is used. Thus, the two sets of results can be compared without 

much discrepancy. 

The velocity profile u/U is not exactly the same as f' or X. It 

is found that the actual velocity profile is related as follows [9] 

g a* K(* H - l)xdx | = f' = X (V-l) 
x 

Thus, the ratio of u/U to f is the exponential term Exp Cy(ct) f— - IjX^x • 
-oo. * x U 

It is desirable that Ca(a) (— - l)x.<$x be very small, and consequently for 
x 

the exponential quantity to approach, unity. Then fT can be used in place 
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of —. It is estimated that C / values range from 0 to .003, while the 
00 

integral ( i h d x is less than one. Therefore, the use of f' in 
j x \u y 

place of u/U will produce at most a 0.3 percent error. If an error of 

less than 1 percent is considered to be small, then f' can be used in 

place of u/U as the velocity profile. 

It can be seen from equation (lII-J+9) that h goes to infinity 

at the forward stagnation point. The stagnation point, then, becomes a 

singularity and solutions are not obtained at this point. It is needed, 

therefore, to consider how far from the stagnation point should one start 

to seek a solution. For the problem presented here solutions were sought 

starting from 1° from the stagnation point. The inability to obtain a 

solution starting from the stagnation point provides one with difficulty 

of " to solve equation (IV-^) with the partial differentiation term -^— included, 
02 

hf " 
It can be explained more clearly in the following manner. The term — — 

OO! 

can be approximated by 

^ n 3fn(tt3,^) - ^ " ( a ^ ) + f,,(c^1,xi) 

by ^QXJ_ ^3 " or-] 
(V-2) 

where f"(a._,x. )> f"(Q/P,X: ) and f"(a ,x.) are values of f" along a constant 

hf " 
x line at & = a-,, <yn, a-> ? respectively. In order to evaluate -^—I , 

1 ^ J Oa 'c^o>xo 

it is necessary to know ^he exact values of f"( a_,x.), f(ap,x.), and 

f'^Qz-.jX.). Since the solution is not started from the beginning, one 

fef " can only obtain solutions of the first two steps without the — — in there. 
Oct 
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Therefore, the values of f" obtained are not exact. There is no guarantee 

ftf" fcf" 
we can depend on those values to evaluate •*—. If the term -^— is small 

Oa Oaf 
compared with other terms for the region prior to 1°, neglecting of the 

term will not affect the solution significantly. However, from Figure 33 

one can see that even at 1° the numerical and the Blasius solutions are 

well apart, especially in the middle range. In these calculations the 

fcf" 
term -^—was neglected from equation (IV-U). One can see from Figures 3 

Oct 

through 8 that the discrepancy becomes larger at larger degrees. The 

ftf " 
neglect of -^—, indeed, cause some appreciable errors. Although the curves 

OCX 

in each of the Figures 3 through 8 are very close together near the sur­

face, there is significant difference In their slopes at n = 0. Looking 

at equation (l"V-3̂ -)j one can realize why the skin frictions differ as 

they are compared in Table k and Figure 9-

With h , versus s, the distance along the surface from the forward 

stagnation point, a diagram is plotted as shown in Figure 10. It is 

observed that the curve is quite linear for s < 26°. Therefore, for 

s < 26° we can let 

h ' l = 0 a (V-3) 
<yo 1 

where C is a constant. Since 

ds = h , a oi (V-k) 
do 
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it can also be written as 

cb = h"^ ds (v-5) 
*c 

Therefore, 

a = h (z) dz (V-6) J cvo 
o 

Where z is a dummy variable. Substituting relation (V-3) in equation 

(V-6), one finds 

rs Gi ? 
a = I C.zdz = -± s^ (V-7) 

"o 1 2 

Reconsider equation (IV-J+) 

[2f„, + ff"] . 2Ca [2f„, + ff,,-! m v , [" jgl . 2fn £ ̂  h^ "j 

> K " F " rl 

If one treats -2— as small compared to &£ " — In h w , then one can drop 
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the term and the right hand side of the equation becomes 

{-hot ~ In h ] frf" L da aoJ 

To evaluate [-̂ a — In h ], the relation (V-3) is again used. One finds 

V , = ̂  3"1 (v-8) 

then In h = In -~- - In s (V-9) 
ao C 

and d . , 1 ds cm , N 

— In h n = - - • - = - (V-lOj 
do* (X° s d^ s 

Combining equations (V-7) an(3- (Y-10), o n e obtains 

, C 

af-:iJih = _ ^ s h (V-ll) 

Since h = Cns 
ao 1 
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equat ion (V- l l ) becomes 

a ~- In h « - -J (V-12) 
u d^ ao d v ' 

Consequently, 

•i+a ~ in h = 2 (V-13) 
<3<* c*o 

and equation (IV-4) becomes 

[2fm + ff"] - 2C [2fIM + ff"] - 2f »f" (V-l^) 

Equation (V-lU) is an ordinary differential equation for a specified C . 

The boundary conditions in (III-48) are known for C being specified. 

Therefore, it can be solved directly by using the Runge-Kutta method. 

The known pressure, distribution used in this thesis fluctuates 

violently beyond 60° , and solutions beyond 60° were not sought. There­

fore, flow separation was not reached. 

Although neglecting the partial differentiation term ^ — gave 
Oct 

comparatively less accurate results, there are certain other contributions 
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from this thesis. First of all, a numerical method was generated as out­

lined in detail for the solution. It gives a good example of how to solve 

some flow problems by using numerical methods. As it was said in Chapter 

I, numerical methods are far more accurate and time-saving than the approxi­

mate solutions and series solution. Secondly, the equations were derived 

in generalized orthogonal coordinates corresponding to the flow direction. 

Therefore, there is only one velocity component. Also, the differential 

equation for this problem was derived and is available for solving. Fur­

ther development may be based on this fundamental equation (TV-h). Thirdly, 

the curvature effect was considered in this thesis. Although, in some of 

the literature, people also discussed the curvature effect, they only dis­

cussed it on the surfaces where a similar solution can be obtained. How­

ever, along a cylinder a similar solution is not applicable. 

Generally speaking, in this thesis the emphasis was placed on the 

methods of solution. 
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CHAPTER VI 

CONCLUSIONS AND RECOMMENDATIONS 

Due to the singularity property of the forward stagnation point a 

difficulty developed In obtaining exact solutions for the first two steps. 

It prevents the starting of the solutions at the stagnation point. Since 

exact solutions are not available during the first two steps, the numerical 

differentiation method does not generate a good approximation for the 

fef " 
steps thereafter. The negligence of the term —•— is done with relatively 

bo> 

large sacrifice of accuracy. However, the approximation of f' for u/U 

and the treatment of U as local potential velocity is without noticeable 

effect on the solution. 

A simpler process of soltuion can be applied to obtain profiles 

near the forward stagnation point,, For each specified value of C , the 

fundamental equation (IV-^) can be solved directly using Runge-Kutta 

method. In other words, for a specified a, since C is a function of a, 

a profile can be obtained easily. 

It is recommended that the solution be sought starting from a 

point very close to the forward stagnation point with an interval of 

about .1°. For convenience, ~ - can be transformed to -^— as follows: 
ba bs 

fef" _ ftf" ds ( V I x ) 

to b s &ci 
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Since 

Is- = h (VI-2) 
do/ c^o ' 

then 1£- = h H- (VI-3) 
ba Q'o bs 

Therefore, the numerical differentiation can "be taken at an increment /\s 

instead of /\Q,. The smaller the increment is taken, the more accurate the 

results "will be. Because of the limitation of the computer time, it was 

not done for this thesis. 

The pressure distribution used in this thesis was obtained in a 

situation where the cylinder is placed in a bounded stream. However, if 

the boundary is far enough from the cylinder surface, there "will not be 

a noticeable difference in the pressure distribution. In this case, the 

boundary is about two feet away from the cylinder surface and it is six­

teen times the cylinder radius. The curve fluctuates irregularly beyond 

60°. Therefore, the results become doubtful beyond that point. These 

results were used because they are the best that could be found in the 

literature. It seems to the author that a search for a better pressure 

distribution is highly desirable. 

Since the pressure distribution used in this thesis is experimental, 

readings available are only accurate to the third significant figures. 

Moreover, most of the pressure readings were obtained from interpolation. 
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In the region close to 0°, where the values (K - AP ) in equation (III-^9) 

are small, the accuracy of AP is deadly required. Therefore, the pressure 

distribution near the forward stagnation point has to be in a more precise 

form. 

Although there still are things to be improved in order to achieve 

a more accurate solution, this thesis gives a general idea of how to solve 

this kind of flow problem. The required equations are derived. The con­

sideration of the curvature effect of a circular cylinder contributes to 

the research in this field. 
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APPENDIX A 

COORDINATE SYSTEM 

The coordinate system used in this thesis is the generalized ortho­

gonal coordinates [10]. Let the elements of length at (x.. , x , x ) in 

the directions of increasing x , x , x^, respectively, be h dx , h dx„, 

and h„dx„. Let (a , ap, a~) denote the components of a vector a_ in the 

directions of increasing x , x , x~, respectively. Then 

a = v, 

- i ^ h ^ 
V { £ (Wi>+ £: (W^ + £ (hih2a

3)} (A-« 

and the components of b = curl a are given "by 

'r^^^1"^^'6*0' (A"2) 

The components of the gradient of a scalar 0 are 

h 1 bx1 ' h 2 ^ 2 ' h 3 bx3 
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In this thesis only a two-dimensional problem is considered. Therefore, 

h0 is treated as 1 while hn is h^ and h0 is h_. Then 
D 1 <* d p 

' • i = i i {ft {Yi>+ & (h^2)} ^ 

while 

tu = 
3 V p { i V*5 - i (Vi)} (A-5) 
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APPENDIX B 

DIMENSIONLESS GROUPS 

Every variable in this thesis is non-dimensional!zed. The radius 

of the cylinder, a, is taken to be the characteristic length. The free 

stream velcoity, U , is taken to be the characteristic velocity. The 

2 
pressures and stresses are non-dimensional!zed by £U . The Reynolds 

£U a 
number is defined as . The vorticity is non-dimensional!zed by 

U /a. 
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APPE1TOIX D 

NUMERICAL METHODS 

1. Newton-Raphson Iteration Method Q l ] 

This method is used to find the proper g™(0) for a specified 

0) in equation (IV-ll) with boundary conditions (IV-12). 

If 

where z = g m ( 0 ) , and define 

then 

dz 

t _ dxi 

bg 

(D-l) 

(D-2) 

(D-3) 

dz d£ dz & K ' 
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¥ =«- ^ ) 

and so forth. 

Differentiating equation (IV-11.) with respect to z, gives 

2q'V + g'"q + gq"' - gfq" - g'Tqf - k(cjc) q"' - 2 -£ gq" 
a' 

- 2(C„/C) g"q = 0 (D-6) 

with additional boundary conditions 

ci(0) = 0 

ci'(O) = 0 

q"(0) = 0 

q"'(0) = 1 

(D-7) 

First a value for g"'(0) is obtained which may be called z . 

After computation, gM(0) is obtained as C goes to infinity and it is 
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compared with 1. If it is not satisfied, another value z for g'"(0) 

is assumed with the following relationship 

Z2 = Zl 

g"(«). 
:D-8) 

>g"l«, g"(«0 —g"M 

Fig. 11 The Determining of g m (o) 

It can "be seen from Fig. 11 that for each new assumed value of 

g'"(0), z , z , . . . , z , g"(«0 will approach a certain value. Only-

one value of g,,T(0)y z , which makes g"(») approach 1 will be accepted. 

In order to btain z in a more rapid way, the Newton-Raphson Iteration 

Method is applied. Figure 12 represents a plot of g"(oo) versus z. It 

can be seen that if z _ ie selected for g m(0), rg"(<»)l n i s obtained, 
m-1 ' LO Jm-1 

which is different from 1. 3y drawing a tangent to the curve at the 

point where z - z , it intersects with the line gM(oo) = 1 at the 

point (z , l). A line drawn parallel to the g"(oo)-axis through the 

point (z , l) will intersect the curve at the point (z , [g"(»)] ). 
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g"(«) 

[g "(-)]. 'm-1 

[gM(«0] 
'm 

3* z 

Fig. 12 Newton-Raphson Iteration Method 

The value of z can always be calculated by 
m 

Z SB 2 ,. 

m m-1 ft'l'lV^"'^.: (D-9) 

By following the same procedure at this point, another value of g,M(o) 

will be found closer to z . The iteration converges to z very radidly, 

In the computer program used in this thesis, at most six trials were 

needed to get z where g"(») would De within .0000005 from 1. 

2. Numerical Integration fill 

In this thesis, quadratic numerical integration was used instead 

of linear numerical integration. It is considered that the quadratic 

form yields enough accuracy. In figure 13, f(x), a function of x 
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f(x) 
A 

Ax Ax Ax Ax Ax Ax Ax ' Ax 

0 xQ x,± x2 x3 xk x^ x6 xy x8 

Fig. 13 Numerical Integration 

is given. It is desired to integrate f(x) between the limits x and. Xn 

,x 
P 8 f (x) dx 
J 

x 

(D-10) 

The interval is divided into eight subintervals of equal size each with 

a width of AX. For a quadratic form the area under f(x) between x = x. 
n 

and x + 2 are given by the relation 

x 

x 

n + 2 f(x) <fe = i &x [f(xn+2) + hf(xn+1) + f(xn)] (D-ll) 

Therefore, the integral 
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"*Q -,. v -, 1 V 
f ( x ) d x = - Ax > 

X o n = 0 ? 2 , 4 , 6 , 8 

[ f (x . J + l+f(x _,_) + f (x ) ] (D-12) 
L n+2 n+i x n J 

The accuracy of the numerical integration depends largely on the 

inerement size Ax. In the present work Ax = 0.1 was used for each step. 

The same step size was lso used for the integration. The method was 

used to integrate a polynomial and the numerical result came out pretty 

much the same as the result obtained by applying the integration formula, 

3. Runge-Kutta Method [12] 

This is a subroutine stored in the Univac 1108 Math-pack. It 

computes the numerical solutions for a system of n first order differ­

ential equations using a modified Runge-Kutta method. The entry is 

CALL RKDE (DY?Y?Z?H?W5Q,N) 

where DY is the name of a function subprogram used to evaluate 
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1 F = fi(X' yl(x)> y 2 ( x ) ' * * ' > yn(x)) (D"13) 

Y is a one-dimensional array containing the initial conditions 

y±(x0) = y r 

Y(l) is the initial value of abscissa (x ). Therefore, for n 

equations there are n - 1 elements in the Y array. The dimension of 

array Y is N. 

Z is the value cf the abscissa at which the solutions are sought, 

H is the step size used to increment x . 

W is a one-dimensional array of N elements used as temporary 

storage for the K parameters. 

Q is a one-dimensional array of N elements used as temporary 

storage for the q parameters. 

N is one plus the number of equations to be solved (i.e., if 

there are n equations to be solved, N = n + l). N is the dimension of 

arrays Y, ¥ and Q. 

For a nth order ordinai:y differential equation it can be divided 

into n simultaneous first order differential equations with n variables, 

Take the differential equation to be the form of 

y(n)(x) = an_1y
;n-l)(x; + a n_ 2y

( n" 2 )M + . . . + aoy(x) (D-lH) 
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If we let 

y(x) = y1(x) 

yB(x) = y2(x) 

y(n)(x) =yn+1(x) (D-15) 

then we have n simultaneous first order differential equations with n 

variables, 

j[W = y2(x) 

y2(x) = y'oM 

K-±M = yn ( x ) 

y ' ( x ) = a ny (x) + a „y _ (x) + . . . + a y_ (x) (D-l6) 
Jn ' n - l / n n~2 n--l o , / l x 
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Therefore, it is ready to be solved by using this method directly 

if all the initial conditions y.(x ) are knovm. 



APPENDIX E 

COMPUTER PROGRAM 

@ RIM PR0GRM, 53C12015, HSU-H-W, 2, 1OO/5O0 

@ F0R IS PR0GRM 

DIMENSION Y(9), W(9)? Q(9), F0(9), F(5), FF(5) 

C0MM0N S, B 

REAL IFTGR 

EXTERNAL FN, RKDE 

M = 100 

N = 1 

38 H = .10 

MG = 2 

READ (5,50) S 

31 READ (5,601) S 

68 Y(2) = - k.O * S 

Y(l) = 0.0 

Y(3) = 0.0 

Y(*0 = 1.0 

READ (5,601) Y(5) 

Y(6) = 0.0 

Y(7) = 0.0 

Y(8) = 0.0 

Y(9) = 1.0 



D0 1000 I = 1,9 

1000 F0(I) = Y(I) 

READ (5,601) ALPHA 

RFAD (5,601) HAL0 

B = 2. * EXP(-.50 * ALPHA) 

78 K = 1 

15 Z = 0 

Z = Z + H 

G0 T0" (701,702), MG 

701 WRITE (6,200) F0(2), F0(5), S, HAL0, ALPHA 

WRITE (6,251) 

702 J = 1 

20 CALL RKDE (FN, Y, Z, H, W, Q, 9) 

IF (ABS(Y(3) -GT. 1C0000.) G0 T0 8 

G0 T0 (703,70^), MG 

703 WRITE (6,300) (Y(l), I = 1,5) 

70^ Z = Z + H 

J = J + 1 

30 IF (J-M) 20, 53, 53 

53 A = Y(*0 

IF (ABS(A) .IT. 0.0000005) G0 T0 5 

F0(5) = F0(5) - A/Y(8) 

IF (K ,GT. 6) G0 T0 6 

D0 35 I = 1,9 

35 Y(I) = F0(I) 

K = K + 1 
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G0 T0 15 

5 RE = (Y(3) * ALPHA. * HAL0 ** 2) /S ** 2 

G0 T0 (705,706) , MG 

705 WRITE ( 6 , l ^ l ) RE 

706 DRE = RE - 53000. 

IF (ABS(DRE) .LT. 5) G0 T0 7 

S = HAL0 * SQRT (ALPHA * Y(3) (53000.0) 

F0(2) = - k.O * S 

D0 5000 I = 1,9 

5000 Y(I) = F0(l) 

G0 T0 78 

6 WRITE (6,500) 

7 EH = HAL0/SQRT (RE) 

DELTAP = A97C&9 - PS 

C = 1.0/SQRT (Y(3)) 

T = 2.0 * SQRT (ALPHA) * EH/C 

D0 2000 I = 1,9 

2000 Y(I) = F0( l ) 

707 WRITE (6,200) F0 (2 ) , F0(5} , S, HAL0, ALPHA. 

WRITE (6,251) 

708 J = 1 

Z = H 

L = 2 

SUM = .03333333 

25 CALL RKDE (if, Y, Z, H, W, Q, 9) 

IHTGR = EX?(-T * Y(.l)) * C ** k * Y(3) * Y(U) 



G0 T0 (55,60), L 

55 SUM = SUM + IUTGR * H/3.0 

709 WRITE (6,350) (Y(I), I = 1,5), SUM 

710 SUM = SUM + INTGR * 3/3.0 

L = 2 

G0 T0 70 

60 SUM = SUM + 1+.0 * IHTGR # H/3.0 

711 WRITE (6,300) (Y(I), I = 1,5) 

712 L = 1 

70 Z = Z + H 

J = J + 1 

IF (J-M) 25,25,51 

51 HAL0 2 = SQRT (SUM/DELTAP) 

DHA = HAL0 - HAL0 2 

713 WRITE (6,260) HAL0, HA.L0 2, DHA 

715 D0 3000 I = 1,9 

3000 Y(l) = F0(l) 

H = .10 * C 

FF(2) = C * F0(2) 

FF(U) = C ** 3 

FF(5) = C ** k * F0(5) 

WRITE (6,130) FF(2), FF(>), FF(5), RE, ALPHA 

16 Z = 0 

Z = Z + H 

WRITE (6,250) 

J = 1 
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17 GALL RKDE (FN, Y, Z, H. W, Q, 9) 

F(l) = Y(l)/C 

F(3) = Y(3) * C ** 2 

F(^) = Y(^) * C * * 3 

F(5) = Y(5) * C *-* ̂  

DELTA = (EXP (SQRT (ALPHA) * M * F(l)) - 1.0) * SQRT (RE) 

WRITE (6,150) F(l)j F(3)» F(U)3 DELTA, F(5) 

Z = .10 * (J+2) * C 

J = J + 1 

IF (J-M) lif, if, k 

k IF (N-70) 8, 18, 18 

8 N = N + 1 

G0 T0 38 

18 ST0P 

l*fl FORMAT (//, 10X, l6H REYNOLDS NUMBER = , F13.*0 

130 FORMAT (1H1, kox, 58H S0LUTI0N 0F D (2*D3F + F*D2F) -2* CALFHA * 

(2*D3F + F*D2 

1 F) = B^DF^D2F,/,^lX,58(3Jl-),//,9X,5HF(0)=,F12.8,3X,7HDF(0)=0,3X, 

7KD2 

2 F(0)=,F12.8,3X,71LD3F(0)^,F12.8,3X,3HRE=,F11.3,3X,6HALPHA=,F12.8) 

250 F0RMAT (25X,lZX,l8X,2HrJF,l8x,3HD2F,15X,5HDELTA,l6x,3HD3F) 

150 F0RMAT (10X,5F20.8) 

50 FORMAT (F12.5) 

601 F0RMAT (F13.8) 

200 FORMAT (mi,^OX,53HS0LUTI0N 0F D(2*D3Y+Y*D2Y) -2*S*(2*D3Y+Y*D2Y)-B* 
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1 DY^D2Y,/^lX553(l±I-)5//?9X55HY(0) = ,F13.8,3X,7HDY(0)=0,3X,8[ro2Y(0) = 

2 1,3X,7HD3Y(O)=?F13.8,3X,2HS=,F13.852X,5HHAL0=.,F13.8,2X,6HALPHA=?F1 

3 3-8) 

251 FORMAT (21X, UK, 17X, JHY, l6x, 2HDY, l6x, 3HD2Y, 15X, 3HD3Y, 15X, 3HSUM) 

260 FORMAT (//,1OX,^HHAL0,1IX?5HHAI^231OX,3HDGA?/:,3X,3F15.8) 

300 FORMAT (10X,5F18.8) 

350 F0RMAT (10X,6F13.8) 

500 FORMAT (lOX,2te,2^HN0 CONVERGENCE UNTIL K = 6) 

END 

@ F0R, IS SUBI 

SUBR0UTINE RKDE (BY, Y, Z, H, W, Q,, N) 

DIMENSION Y(N), W(N)5 Q(N), A(U), C(^ ) , B(U) 

DATA ( A ( l ) , C ( l ) , B ( I ) , I = 1,^) /2^ .5 ,2 . , 2^ .292893283 ,1 .> 2 * 

1.70710671, 

1 1 . , . 1 6 6 6 6 6 6 6 6 , . 5 , 2 . / 

C DX- IS THE INTERVAL SIZE. 

C W- IS THE ARRAY USED T0 ST0RE THE 

C VALUE 0F YPRIME (X). W(l) = F0(X) - 1 

C 

DX = H 

W(l) = 1. 

C F0R THE FIRST INTERVAL THE Q'S ARE SET 10 ZER0 

C F0R SUBSEQUENT INTERVALS THE PREVI0ISLY C0MPUTEL 



G Q'S ARE USED 
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c 

D ^ 5 J = 13N 

5 Q(J) = 0. 

10 D0 20 J = 1,^ 

D0 15 K = 2,N 

15 W(K) = DY(Y,K-l) 

D0 20 K = 1,N 

Y(K) = Y(K) + D}C*A(J)*(W(K)-B(J)*Q(K)) 

20 Q(K) = Q(K)+3.*A(J)*(W(K)-B(J)*Q(K) )-C(j)*W(j) 

C 

G TEST IF VALUE 0F INEDPENDEMT VARIABLE 

G HAS BEEN REACHED. 

G 

25 RETURN 

END 

@ F0R, IS FN 

REAL FUNCTION Y(l) 

C0MM0N S,B 

G0 T0 ( 3 5 , ^ 0 , ^ 5 , 5 0 , 5 5 , 6 0 , 6 5 , 7 0 ) , I 

35 RN = Y(3) 

C-0 T0 100 

^0 FN = Y(U) 

G0 T0 100 

J+5 FN = Y(5) 
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G0 T0 100 

50 FN = (k.0*S*Y(5)+2.0«S«T(2)^f(4)+(B-1.0)^Y(3)^Y(U)-Y(2)^Y(5))/2.0 

G0 T0 100 

55 FN = Y(7) 

G0 T0 100 

60 FN = Y(8) 

G0 T0 100 

65 FN= Y(9) 

G0 T0 100 

70 FN = ((B-1.0)^Y(^-)"x"Y(7) + (B-1.0)*Y(3)^Y(8)+U.O^^Y(9)+2.0^S^Y(1+)^Y(6) 

1 +2.*S*Y(2)*Y(8)-Y(5)*Y(6)--Y(2)*Y(9))/2.0 

100 RETURN 

END 
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APPENDIX F 

GENERATION OF OTHER RESULTS 

1. Blasius Series Solution j"l"| 

The ideal velocity distribution in a potential irrotational flow 

past a circular cylinder of radius R and free-stream velcoity U parallel 
CO 

to the x-axis i s given "by 

U(x) = 2U sin (£) = 2U sin 0 (F-l) 
co \ K / co 

Fig. 1^ Potential Flow Over a Circular Cylinder 

The power expansion is obtained by expanding sin (̂-J, so that 

5 n / x 7 
U(x) = 2U [- - — & + — f-Y - i M V + 1 (F-2) 
U W co !_R 3! U / 5! \R.' 7! VR/ J 
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The true velocity distribution is given by 

§ - <(f>i - * ^ & © ^ -1- ©%+ • • • ] <*-3> 

where the values for f', f', g', h', etc. are tabulated with respect to 

7| where T| are given by 

1) = /2 (D / r (F-U) 

The values for f' f', etc. are to be evaluated by using the 

tabulated values. 

The rest of f. *s are given by 

*5 S5 3 5 

f J =gj + 7 y ^ k « 

f' = g' + 12 h' + i|§ kr + 8^ j' + 280 qT (F-5) 
g q q 5 q dq q 

f i i = s i i + T hii + 66 k i i + 220 Jii + ^62 q i i (c o n t i r r a e d) 
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+ 15̂ 0 m ^ + i^22 ^ (F-6) 

Therefore, the potential flaw velocity is a function of x alone, 

while the true velocity is a function of "both x and y. The velocity 

profile for a particular value of x can he determined. 

Since we are going to plot u/U versus ~ J~R~ , the values of 

T]/ J~2. instead of 7] are used. This must be done in order that the 

results can be compared. 

The shear stress, according to its definition 

JE 
To " " ̂  sy 

(F-7) 

can be found to be 

A y -f- = 6-973 (f) - 2-732 (I) + O.292 (f) (F-8) 

7 9 • n 
O.OI83 ( | ) + 0.0000''43 ( | ) - 0.000115 ( | ) + . . . (F-9) 
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where every variable is in dimensional form 
To / UooR 

It is required to plot —-R- V ~ - versus f—j. 

2. Karman, Pohlhausen Approximation Method [1~\ 

This method is applied to the general problem of a two-dimensional 

boundary-layer with pressure gradient. The method in its original form 

was first indicated by K. Pohlhausen. The succeeding description of the 

method is based on its more modern form as developed by H. Holstein and 

T. Bohlen. 

It Is given that 

• l J 6 2 R ..O^ZOfVax (F-10) 
- e tr Jo 

In the case of a flow over a cylinder, the potential flow velocity is 

U = 2 sin x (F-ll) 

We obtain 

2 „ 0.0^7 cos x .376 . -6 .188 cos x 
R = — ~ + ~ - sin x ^ 

sin x sin x (continued) 
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+ il§?-.c°£j£ (F-12) 
6 s in x 

Since the second shape factor 

K = R 8 ^ (P-13) 
e 2 dx 

we can evaluate K for a given value of x. 

From the following equation 

K = f i L . i A - i A ^ A (F-HO V315' " 9IT5" A ~ 9072 A ' A 

the corresponding value for A, the shape factor, can be found. 

It is given that the velocity profile 

jj = (2-11 - 2T13 + T]11') + £ (Tl = 3112 + 3T]3 - T\k) (F-15) 



Table 5 Funct ional Coef f i c i en t s for the Blas ius Se r i e s 

• 
n f-I ?n s5 h' g-1 h' K g' h' k' 

1 3 
s5 5 &1 1 I g g g 

0 0 0 0 0 0 0 0 0 0 0 

0.1* ,4l45 .2129 .1778 .0117 .1563 .0030 ,oo44 .14x3 -.0079 -.0112 

0.8 QASQ -PQQ7 
- — s s 1 

. 2366 -.0177 .199- - .0637 .0174 .0740 -.0760 -.0501 

1.2 -8U67 .3133 .23^1 -.0442 .1896 -.1102 .0369 .1604 - .1157 -.0704 

1.6 .9223 .2975 .2123 -.0504 .1665 -. 3 ll4 .0506 .1375 -.1101 -.0649 

2.0 .9732 .2775 .1916 -.04o6 .1469 -.0839 .0510 .1195 -.0798 -.o46o 

2.4 .9905 .2632 ,1781 -.0257 .1349 -.0507 .0402 .1087 -.0470 -.0267 

2.8 • 9970 .255*+ .1712 -.0133 .1288 -.0254 .0257 .1033 - .0231 -.0129 

3.2 .9992 .2519 .1682 -.0057 .1263 -.0107 .0135 . 1U11 -.0096 -.0053 

3.6 .9998 .2506 .1671 -.0021 .1254 -.0038 .0059 .1003 -.0034 -.0019 

4.0 1.0000 .2501 .1668 -.0006 .1251 -.0011 .0021 .1001 -.0010 -.0006 

O 



Table 5 (Continued) 

^ 

0 0 0 0 

0.4 .0288 -.0124 .1299 -.0145 

0.8 .0833 -.0262 -1553 -.0816 

1.2 .1480 -.0423 .1397 -.1152 

1.6 .1829 -.0567 .1175 -.1055 

2.0 .1718 -.0625 .1008 -.0746 

2.4 .1290 -.0568 .0910 -.0432 

2.8 .0795 -.0426 .0863 -.0210 

3.2 .o4o6 -.0265 .0643 nnflv 

3.6 .0173 -.0137 .0836 -.0030 

4.0 .0062 -.0059 .0834 -.0009 

nil 

0 0 0 0 0 

.0368 .0371 .0514 -.0721 .0206 

.1181 ,0992 .1267 -.1489 ,o4o6 

.1520 .1641 • 1995 -.2288 .0595 

.1330 .1919 .2266 -.2874 .0747 

.0912 .1731 .2001 -.2982 .0822 

.0516 .1263 .1436 -.2575 .0790 

.0246 .0761 .0854 -.1858 .0655 

.0100 .0383 *o425 -,1121 ,0463 

.0035 .0162 .0178 -.0565 .0275 

.0010 .0057 .0063 -.0238 .0137 
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where T] = y/6. 

It is found that the boundary layer thickness 8 = A/2 J R cos x 

and it can be calculated directly for a given x. 

In order for the results to be able to be compared, it is necessary 

to use another variable 

Tl J~K 
Tl* = — ~ (F-16) 

The shear stress at wall is given 

J ^ / R 
: 

u Z 
° V e = 2 + 4 (F-17) 
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