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SUMMARY 

In the design of any linkage mechanism, there is usually more 

than one linkage, having the same mobility, which can perform the same 

basic function. Unless the existence of all these linkages is first 

determined, it can never be concluded which linkage will perform this 

function in the most satisfactory manner. By applying the methods of 

permutation synthesis, such a collection of linkages may be made. 

Thus, the objective of this study is twofold. First, planar 

kinematic chains having four degrees of mobility are studied to provide 

a basis for the optimum design of a mechanical decoder having a four-

bit binary input and a sixteen-position output. Secondly, this procedure 

illustrates an application of the methods of permutation synthesis in the 

design of any linkage mechanism. 

Using the Gruebler Criterion, the kinematic chains having four 

degrees of mobility are initially classified by the number of links and 

joints in each chain. The presentation of all those chains having seven, 

nine, eleven, thirteen, and fifteen members then follows. 

Two different approaches are used in collecting these kinematic 

chains. A method described by N. I. Manolescu, in which the construction 

of linkages is proposed by the systematic addition of Assur Groups, is 

used for collecting those chains having seven, nine and eleven members. 

In this collection, those chains are omitted which could yield mecha

nisms having fractionated mobility, as such chains would be unsuitable 

for the purpose in mind. 



IX 

An alternative method of determining all the varieties of kine

matic chains of a given class is that described by Franke. For the 

derivations of thirteen-bar and fifteen-bar chains, this approach is 

utilized. The kinematic chains in these classes are further classified 

into subgroups according to the number of each type of link (binary, 

ternary, etc.) contained by the chain. The subgroups are then analyzed 

to determine which yield workable mechanisms; for example, a thirteen-

bar chain having twelve binary links and one octagonal link is always 

most certainly unsatisfactory. An equation is derived to determine which 

subgroups would provide practical mechanisms (not having fractionated 

mobility). 

The kinematic chains are then analyzed to determine which can 

yield promising designs. Three mechanisms are selected for further 

study. Working models of these mechanisms have been constructed to 

observe the dynamic action of each of these mechanisms. 

The collection of those chains belonging to the suitable subgroups 

are included in this study, so that further investigation of those link

ages not selected,at this time may be undertaken at a,later date. 
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CHAPTER I 

INTRODUCTION 

A study in the permutation or number synthesis of planar link

ages with four degrees of mobility will be used as the preliminary stage 

in the design of a mechanical decoder. The decoder is to have a four-bit 

binary input with a sixteen-position rotary or translational output, and 

will be expected to perform at high speeds with relatively small input 

motions. 

Preliminary Design Considerations 

The primary consideration in this design is the need for small 

size and rapid action of the elements in the mechanism. Due to the high 

operating speeds, inertia forces can cause an output to lag behind the 

input during acceleration, and overshoot it during deceleration. These 

effects are caused by the storing of strain energy during the accelera

tion phâ 'e, and the release of this energy during the deceleration. 

Based upon the preceding considerations, it was decided that the 

mechanism should be a linkage. Linkages are extremely suitable for high

speed operation. They are light and yet rigid enough to resist excessive 

elastic deformations caused by the inertia forces. Additionally, linkage 

mechanisms are relatively free of friction, and, when compared with other 

similar mechanisms, are inexpensive to manufacture. 

Though this study concerns itself entirely with linkages, the use 

of other constructional elements such as cams, pulleys, or gears will not 
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be precluded from the final design, and the eventual incorporation of 

these elements may in fact be found desirable based on the analysis of 

the linkage synthesis. 

Terminology 

Link 

A rigid body with two or more kinematic elements is called a link. 

Each element represents half of a kinematic "pair" forming a joint with 

another link. A binary link has two elements; a ternary link has three 

elements; a quaternary link has four elements; and so on. 

Kinematic Chain 

A kinematic chain is an assemblage of links connected by kine

matic pairs (joints). If each link in the chain is connected to at 

least two other links, the chain is closed; otherwise, it is open. 

A kinematic chain will always be considered closed unless otherwise 

stated. 

Mechanism 

A mechanism is a kinematic chain having at least one degree of 

mobility with one of its links considered stationary. 

Degree of Mobility 

Mobility is the number of independent variables needed to define 

the relative positions of the links in the kinematic chain. 

Isokinetic Kinematic Chain 

An isokinetic chain (1) of X degrees of mobility is defined as 

one in which there exists no subassembly of links, which, when considered 

alone, would form a kinetic chain with less than X degrees of mobility. 
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Permutation Synthesis as a Design Tool 

The synthesis of mechanisms may be classified into three phases. 

The first phase is called type synthesis, in which the form or type of 

mechanism is determined. For example, this design will utilize a link

age mechanism. The second phase, known as permutation or number syn

thesis, may be broadly defined as the method of determining the number 

of different arrangements (permutations) of kinematic chains having a 

given degree of mobility. The third phase is known as dimensional 

synthesis, which is the determination of the geometric proportions of 

the members necessary to accomplish the desired motion requirements. 

Most of the work done in the study of linkages has been concerned 

with the- dimensional synthesis, while much less research has been done 

in the field of permutation synthesis. For example, it is known that 

there exists one four-bar, two six-bar, and sixteen eight-bar linkages 

with one degree of mobility. Only recently, Crossle}' (2) published a 

collection of 222 distinct varieties of ten-bar chains (with X = 1). 

It remains unknown, however, how many varieties of one degree of mobility 

linkages with twelve members or more exist. Even less is known of the 

varieties of kinematic chains with two degrees of mobility. Both 

Crossley (3) and Manolescu (4) have published collections of those 

linkages (with X = 2) belonging to the first three classes, i.e., of 

five, seven, and nine members, respectively. But it is apparent that 

as this factor of mobility increases, so does the degree of difficulty 

in analyzing these linkages. 

In spite of the difficulty involved, the advantages to be gained 

from permutation synthesis are invaluable. By having at hand a complete 
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collection of a particular class of linkage, careful study will reveal 

those mechanisms which best fulfill the given design requirements. 

By using kinematic inversion, each chain in the collection may 

offer several different mechanisms based on which link is taken as the 

reference or frame. The substitution of a slider for a turning joint 

may also be incorporated to raodify the mechanism. Additionally, input 

and output links may reverse their roles creating new mechanisms. 

The design requirements call for a mechanism with four binary 

inputs. This study therefore concerns itself with the collection and 

analysis of those kinematic chains having four degrees of mobility. 

The kinematic chains are classified by the number of links in 

the chain. The kinematic chains in each class can be further sub

divided according to the number of each type of link (binary, ternary, 

etc.) contained by the chain. Thereafter, linkages are analyzed to 

determine which are best suited for a decoder mechanism. 
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CHAPTER I I 

GRUEBLER'S CRITERIA OF CONSTRAINMENT 

Basic Structural Concepts 

When the motion of a rigid body is confined to a plane, it has 

three degrees of freedom: one of rotation and two of translation. 

Considering a system of (N) independent disconnected members in the 

plane, the system then has (3N) degrees of freedom. By connecting any 

two members with a hinge or joint, the number of degrees of freedom of 

the system is reduced by (2J). Since we are only concerned with the 

relative motions of the members, one of the links must be considered 

as the frame or reference link. Therefore, three degrees of freedom 

may be reduced from the system; the result is finally: 

X = 3N - 2J - 3 

or, 

X = 3(N-1) - 2J (1) 

where 

X = number of degrees of mobility (freedom) 

N = number of links 

J = number of kinematic joints -
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This equation is commonly known as the Gruebler Criterion for 

planar kinematic chains. Although usually ascribed to Gruebler in 

1883, an equivalent relation was derived by Chebyshev in 1869. The 

present derivation, however, has followed the simplified method of 

Bottema (5). 

For a system with four degrees of mobility, equation (1) becomes 

4 = 3(N - 1) - 2J 

therefore, 

N = 
7 + 2J 

(J > 7) (2) 

The possible combinations of N and J for a kinematic chain with four 

degrees of mobility are therefore 

N 7 9 11 13 15 7 + 2i 

J 7 10 13 16 19 7 + 3i 

(i = 0,1,2,...) 

These kinematic chains may consist of binary, ternary, quaternary, 

etc., members. The total number of links and joints may be expressed as 

N = n^ + n„ + n, + nr + . . . + n. = ) n. 
2 3 4 5 l .L. l 

1=2 

(3) 
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2J = 2n. + Sis- + 4n. + ... + (i)n. = £ (i)n. (4) 
i 3 4 i i = 2 i 

Substituting Equations (3) and (4) into Equation (1) 

X = n 2 - 3 - I (i- 3 ) n i (5) 
i=4 

The significance of Equations (3), (4), and (5) may be determined by 

following the reasoning discussed by Crcssley (3), who has outlined an 

algorithm for determining the combinations of component members of 

linkages based on these equations. 

In any linkage (of mobility X) having N members consisting of 

n binary links, n ternary links, ..., n polygonal links of p sides, 

there exists another linkage having the same mobility with (n +2) 

ternary links. In other words, a linkage with a specified mobility is 

independent of the number of ternary links providing that the additions 

or deletions of ternary members is of an even number. 

Additionally, in any given assortment of links n0, n_, n. , n_, 
2 o 4 b 

..., n , the quantity of three polygonal links 

n . , n ., n « (p-i>2) 
p-i p p+i 

may be changed t o 

<Vi * l h (n
P

 +" 2 )> (Vi * x) 



8 

where i is any positive integer. 

A grouping of the different classes of kinematic chains with four 

degrees of mobility may now be tabulated based upon the preceding con

siderations. This classification is represented in Table 1. 

Distinct Configurations 

The schematic representation of kinematic chains may lead to the 

collection of certain isomorphic pairs that appear unlike. In order to 

eliminate these discrepancies, distinct configurations will be defined 

using a method described by Crossley (1,2). 

Every kinematic chain may be considered to consist of a set of 

incident links and joints. To every chain or configuration there exists 

a related incidence matrix in which, for example, the columns may repre

sent joints., and the lines represent links. Each element of the matrix 

is either 1 or 0, depending on whether the designated link and joint 

are, or are not, incident. For example, in the configurationof Figure 

1(a), if the links are numbered and the joints are designated by letters 

in some arbitrary manner, the incidence matrix appears as in Figure 1(b). 

Now, since the choice of designating letters and numbers 'was arbitrary, 

any column may be interchanged with any other, column, or any line with 

any other line, and all such matrices will correspond identically to the 

same configuration. 

A configuration is then distinct (unique) when its incidence 

matrix cannot be made to agree with the incidence matrix of any other 

pattern by interchanging lines or columns. 
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Table 1. Classification of Kinematic Chains 
With Four Degrees of Mobility 

(Continued) 

CLASS Nt : n2 n3 n4 n5 n6 n7 n8 n9 nio 

V (n) 12 1 0 1 1 
(o) 12 0 1 2 
(P) 12 1 1 0 0 1 
(q) 12 0 2 0 1 
(r) 13 0 0 0 2 
(s) 13 0 0 1 0 1 
(t) 13 0 1 0 3 0 1 
(u) 13 1 0 0 0 0 0 1 
(v) 14 0 0 0 0 0 0 0 1 

The following conclusions may then be made: 

1. Mirror images do not represent a new configuration. 

2. The choice of a joint connecting a link to a neighboring link 

is arbitrary. 

3. Every configuration may be considered elastic and may be turned 

inside out. 

Two examples of isomorphic pairs which appear unlike are shown in 

Figure 1(c). 
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Figure 1. (a) A Kinematic Chain Described by an Incidence Matrix, 
(b) An Incidence Matrix, and (c) Two Examples of Isomorphic Pairs 
That Appear Unlike. 



12 

CHAPTER III 

THE DERIVATION OF THE KINEMATIC CHAINS OF 

CLASS I, II, AND III USING MANOLESCUfS METHOD 

Manolescu's Method 

Kinematic chains with four degrees of mobility will be studied 

using a method proposed by Manolescu (4). Those chains of Class I, II, 

and III, that is to say those having seven, nine, and eleven members, 

respectively, will be discussed in this chapter. 

The degree of mobility of any planar kinematic chain may be 

expressed as 

X = L - 3 (6) 

where L is defined as the number of degrees of freedom of the kinematic 

chain before the selection of the reference link. It may then be noted 

that Manolescu utilizes the notation "degree of freedom" to indicate 

the number of independent variables in a chain before the selection of 

the reference link, whereas this same term is often taken to have the 

same meaning as mobility, which is, of course, evaluated after the 

selection of a reference link. 

Thus, the five-bar open chain of Figure 2 has seven degrees of 

freedom (before selection of the reference link) and four degrees of 

mobility (after the selection of a reference link). 



13 

Figure 2. A Representation of a Kinematic Chain 
Restricted to Planar Motion. 

In forming kinematic chains, Manolescu makes use of Assur Groups. 

These groups were introduced by the Russian Scientist L. V. Assur (6), 

and may be broadly defined as combinations of kinematic links and joints 

which, when added to (or subtracted from) a kinematic chain, do not modify 

the value of the initial mobility. 

This combination of links and joints may be considered as an 

(open) chain having both "interior" joints (coupled elements), which con

nect the links of the Assur Group in some configuration, and "exterior" 

or free joints (uncoupled elements) which may attach themselves to 

another chain; for example, a free joint of an Assur Group may attach 

itself to a link n (having p sides) of some kinematic chain, forming 

a new link n n. 
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Applying the Gruebler equation for planar kinematic chains to any 

Assur Group, take 

X = 3(N - 1) - 2J (1) 

and then set X = 0, and N' = (N - 1), to obtain 

3N' - 2J = 0 (7) 

Such a configuration of N' links and J joints may be arrived at by 

taking a kinematic chain with mobility X = 0, and removing one link n. 

(leaving N' links on the chain), but retaining the J joints (as uncoupled 

elements) on the adjacent links. This configuration meets the conditions 

of equation (7) and may therefore be attached (by using methods to be 

described later in the chapter) to any kinematic chain without altering 

the mobility of that chain. However, not every assemblage or configura

tion of links and joints meeting these conditions will be considered as 

a characteristic Assur Group, due to certain non-isokinetic linkages 

which they may yield, as will also be explained later in this chapter. 

From Equation (7), it follows that an Assur group may be con

sidered as an assemblage of links and joints which, when connected to 

a frame, will have a mobility of X = 0. Hence, it is evident that an 

Assur Group must always contain an even number of links. They may there

fore be classified by the total number of links and joints in the con

figuration as follows: 
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N' 2 4 6 8 2 i 

J 3 6 9 12 3 i 

where J includes both interior and free joints. Assur Groups may also 

be classified by the number of free joints they will yield. For example, 

a dyad (consisting of two binary links) has two free joints, while Assur 

Groups having four members will yield a maximum of three and a minimum of 

two free joints; Assur Groups having six members will yield a maximum of 

four and a minimum of two free joints. They may also be classified by 

the number of interior loops or circuits they possess. For example, this 

number may range from zero to one for those groups with four links, and 

from zero to two for those groups with six links. A collection of char

acteristic Assur Groups is shown in Figure 3. 

Therefore, a distinct kinematic chain may be constructed by the 

joining of an Assur Group to another kinematic chain. It is evident 

then, that the use of Assur Groups can be an extremely useful tool for 

the collection of kinematic chains or mechanisms with any given degree 

of mobility. 

In a paper by Manolescu, Erceanu, and Antonescu (7), the seventy-

one eight-bar mechanisms and five six-bar mechanisms of one degree of 

mobility are constructed utilizing the inclusion of Assur Groups. This 

particular procedure does not concentrate on the kinematic chain, but 

rather on the mechanisms that are formed from simpler mechanisms as the 

result of adding Assur Groups. 
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o— 

Figure 3« A Collection of Character is t ic Assur Grroapa. 
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Their paper defines this particular derivation of mechanisms as 

being either of "amplification" or "enlargement." The amplification of 

a mechanism is achieved by joining all the exterior or free joints of 

the Assur Group to only mobile elements of the mechanism; the initial 

mechanism and the final mechanism will therefore have an identical 

reference link. On the other hand, enlargement of a mechanism is 

affected by joining the free joints of the Assur Group with one or more 

of the mobile elements, except that at least one joint is attached to 

the frame. In both cases, however, all free joints must not be connected 

to the same link. It follows then, that if these two operations are 

utilized, all the varieties of mechanisms with a certain number of links 

may be obtained. An example of some mechanisms formed by amplification 

is shown in Figure 4(a), and some of those mechanisms formed by enlarge

ment may be seen in Figure 4(b). 

Since the collection of mechanisms can be accomplished most easily 

by kinematic inversion of a kinematic chain, the purpose here will be to 

utilize the Assur Groups in the collection of kinematic chains rather 

than mechanisms. Manolescu has outlined such a procedure (4) in the 

collection of kinematic chains having one. and two degrees of mobility. 

The procedure is initiated by starting with a kinematic chain of 

a given mobility having the smallest possible number of links. Then, 

Assur Groups may be added to this chain forming new chains. Therefore, 

if the simplest chain of a given mobility has (m) members, the next 

larger chain will have (m+2) members, due to the addition of a dyad 

having two links. The next class of chains will have (m+4) members, and 

may be formed either by adding another dyad to different links of the 



(b) 

Figure k. An Example of the Derivation of Mechanisms having One Degree 
of Mobility by (a) Amplification, and (b) Enlargement. 
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(m+2) chain or by adding an Assur Group of the next larger size (four 

members) to the simple chain of Cm) members. 

An example of this process pertaining to chains with one degree 

of mobility is shown in Figure 5. It may be noted that when adding the 

dyad to the four-bar linkage In Figure 5(c), it may attach itself in one 

of two ways, that is, either on adjacent or opposite links. As the 

chains grow larger, there will be larger numbers of distinct positions 

for the dyad (or any Assur Group) to attach itself. 

It follows that the same or different Assur Groups may be con

nected to each other forming variants which also meet the conditions 

of Equation (7). Some of these variants, however, are undesirable. 

For example, the addition of two dyads may produce the resulting variant 

as shown in Figure 6. As there are two free joints (a, and b) on adjacent 

links (1 and 2), the connection of these joints to another link would 

result in a rigid triangular loop. Therefore, any variant which contains 

free joints on adjacent links will not be utilized in this collection. 

A collection of several acceptable variants of characteristic Assur 

Groups is shown in Figure 7. 

In many cases, there is no single characteristic Assur Group or 

suitable variant which can be used in the construction of a particular 

chain. In such cases, two or more Assur Groups must be added independ

ently to a lesser chain. Linkage 9/4 of Table 3 is such a case. It is 

interesting to note that the variant shown in Figure 6 could actually 

be used in this case, since the free joints a and b would not be attached 

to the same link. However, rather than consider special, cases, such un

suitable variants will not be utilized in this collection, inasmuch as 



(a) 

(b) 

2 

•z + 

( t ) 

£J3 + A* = 

Figure 5. An Example of the Construction of Kinematic Chains "by the 
Addition of Basic Assur Groups. 
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o-LJ^i 

Figure 6. The Formation of an Unsuitable Variant from 
Two Characteristic Assur Groups. 

their inclusion is not essential. 

A collection may now be made of the kinematic chains with four 

degrees of mobility. Before starting, however, it should be noted 

that those chains having fractionated mobility will not be included 

in this collection. 

The condition of fractionated mobility arises when a kinematic 

chain consists of two independent linkages sharing the same reference 

link. An example of a kinematic chain having fractionated mobility 

is shown in Figure 8. This chain has an overall mobility of two, but 

it is made up of two individual linkages, each with one degree of 

mobility. For, with link 3 as the frame, it would consist of two 

mechanisms able to move quite independently. 

A Collection of Kinematic Chains of Class I, II, and III 

The collection may now be initiated by starting with the basic 

kinematic chain having four degrees of mobility. Thus, the collection 

will begin by utilizing the five-bar open chain, which, as mentioned 

earlier in this chapter, contains the smallest number of links (four 

input members and a frame.) This procedure is illustrated in Table 2. 
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Figure 7« A Collection of Several Acceptable Variants of Basic Assur 
Groups. 
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\-J + •A +• 

Figure 8. The Formation of a Kinematic Chain (X = 2) having Fractionated 
Mobility, Building Twice from the Base Link No. 3, 
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Table 2. The Method.of Formation of the Kinematic Chain 
Having L = 7, X = -4, N = 7, and J = 7 

I n i t i a l Chain + Assur Group Resulting Jhain No. 

l / \ 5 l/f\^ 
/ Y + <S % = 

3 u o 
3 

There results one, and only one chain with seven members and four 

degrees of mobility. Now that the basic closed chain has been derived, 

the collection will only consider those kinematic chains which are 

closed, though the five-bar open chain will be used considerably in the 

derivation of such chains. 

The kinematic chains having nine members may now be formed by 

adding a dyad to the seven-bar chain just found, or by the addition 

of Assur Groups having four members to the five-bar open chain. This 

procedure is performed in Table 3. 

There are then six distinct nine-bar linkages that exist with 

four degrees of mobility. Hovrever, it should be noted that three iso

morphic chains were formed during this process. As the chains continue 
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Table 3. The Method of Formation of the Kinematic Chains 
Having L = 7, X = 4, N = 9, and J = 10 

. n i t i a i Cha jsuxbing Chain 

+ 

9 /1 

9 /2 
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Table 3. The Method of Formation of the Kinematic Chains 
Having L = 7, X = 4, N = 9, and J = 10 

(Continued) 

9/4 

1l)+y\+/\ = 
• / • 
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Table 3. The Method of Formation of the Kinematic Chains 
Having L = 7 , X = u,N = 9, and J = 10 

(Continued) 

Initial Chain + Assur Group Resulting Chain No, 

+ y\ 

identical \o 9 / 5 

identical to 9 / 2 

9 / 6 
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to grow in size, it is inevitable that this duplication will increase. 

Unfortunately, the duplication of effort appears to be unavoidable, and 

care must be taken to identify any isomorphic chains in the collection. 

The collection of kinematic chains in Class III may now be 

determined. A collection of eleven-bar chains is shown in Table 4. 

The derivation of duplicate chains will not be illustrated in this 

collection. 

Examination of Table 4 reveals that there are at least 128 

distinct eleven-bar chains with four degrees of mobility. Though the 

differences in the construction of many of these chains may appear 

trivial, their inclusion in the collection is warranted if this method 

is to be used to derive kinematic chains having more than eleven members. 

As the chains grow larger, an increasing difficulty in applying 

this method is apparent. The number of duplications increase consider

ably as do the number of possible combinations of joining Assur Groups 

to the lesser chains. 

In most cases, only those kinematic chains which may yield prac

tical mechanisms are desired. A complete collection of such chains 

could not practically be achieved by use of this method, since it does 

not differentiate between subgroups of a particular class. 
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Tab le 4 . The Method of F o r m a t i o n of t h e K inema t i c Cha ins 
Having L = 7 , X = 4 , N = 1 1 , and J = 13 

I n i t i a l Chain 

M.ocn^r CxTQUp 
'.troU ; . i n Shairis 

+ 



30 

Table 4. The Method of Formation of the Kinematic Chains 
Having L = 7 , X = 4 , N = 1 1 , and J = 13 

(Continued) 

Ln.it.ia3 Chain 
+ 

Assur Group 
Resulfcitig Chains 

+ 

Ln.it.ia3
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Table 4. The Method of Formation of the Kinematic Chains 
Having L = 7, X'= 4, N = 11, and J = 13 

(Continued) 
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Table 4. The Method of Formation of the Kinematic Chains 
Raving L = 7, X « 4, N = 11, and J = 13 

(Continued) 

Initial Chain 
+ 

Assur Group 
Resulting Chains 

+ 

A 
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Table 4. The Method of Formation of the Kinematic Chains 
Having L - 7, X = 4s N = 11, and J = 13 

(Continued) 

Initial Chain 
+ 

Assur Group 

Resulting Chains 

+ 
A 
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Table 4, The Method of Formation of the Kinematic Chains 
Having L = 7, X = 4, N = 11, and J = 13 

(Continued) 

Initial Chain 
+ 

Assur Group 
Resulting Chains 

+ 

A 
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Table 4. The Method of Formation of the Kinematic Chains 
Having L = 7, X = 4-, K = 11, and J = 13 

(Continued) 

Initial Chain 
+ 

Assur Group 
Resulting Chains 
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Table 4. The Method of Formation of the Kinematic Chains 
Having L = 7, X = 4, N = 11, and J = 13 

(Continued) 

Initial Chain 
+ 

Assur Group 
Resulting Chains 

A +A 

o 
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Table 4. The Method of Formation of the Kinematic Chains 
Having L = 7, X = 4, N = 11, and J = 13 

(Continued) 

initial Chain 
4-

Assur Group 
Resulting Chains 

+ 

+ 



38 

Table '4, The Method of Formation of the Kinematic Chains 
Having L = 7, X - 4, K - 11, and J = 13 

(Continued) 

Group 
Resulting Chai n 

+ 

+ 
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Table 4, The Method of Formation of the Kinematic Chains 
Having L = 7, X = 't , N = 11, and J = 13 

(Continued) 

initial Chair 
+ 

Assur Group 
Resulting Chains 

+ A +A +A 

+A + A + A 
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CHAPTER IV 

APPLICATION OF FRANKE'S METHOD 

Initial Stipulations 

An alternative method of determining all the varieties of kine

matic chains of a given class is that described by Franke (8). The 

following derivations of thirteen-bar and fifteen-bar chains will make 

use of this approach. 

Before beginning this study, the following requirements particular 

to the decoder mechanism must be considered: 

1. The design requirements call for four inputs and one output. 

The collection of suitable, kinematic chains will therefore be based upon 

those chains having a reference link with at least five kinematic joints. 

2, Kinematic chains having fractionated mobility are obviously 

unsuitable for the decoder mechanism and will be disregarded. For any 

particular subgroup (sucn as 10-2-0-0-1), if the number of joints J,- on 

the frame meets the condition 

Jf > I (^r^i + 2 (8) 
i=3 

then the subgroup may only produce chains of fractionated mobility, and 

will be omitted from the collection. Three examples of kinematic chains 

of this type are shown in Figure 9. 
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Figure ^. Two Thirteen-Bar Kinematic Chains and a Fifteen-Bar Kinematic 
Chain having Fractionated Mobility. 
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3. Any binary Link, not connected to the frame, may not be con

nected to any other binary link unless that link is connected to the 

frameo In other words, the inclusion of a binary pair (dyad) into a 

kinematic i hain is of no value unless one of the binary members is an 

Input or output member. Any binary pair located on the girth or located 

between 'he girth and input or output members cannot generally transmit 

motion, but rather will "absorb" the motion. 

4. No loop (circuit) having the frame as a member may consist of 

less than five members with the following exception: one loop of four 

member's will be permitted for each kinematic joint on the frame in excess 

of five. The inclusion of a loop of four members (including the frame) 

means that If one of the movable members is held stationary, all other 

members in the loop will be immovable. Thus, if there were only five 

kinematic joints on the frame, and 'There existed a loop of four members 

including the frame, fixing one input belonging to this loop would cause 

the other input or output member of the Loop to be needlessly fixed, 

The preceding stipulations are, unfortunately, not able to prevent 

rhe Inclusion of ali inoperable linkages into the initial collection. 

Certain inoperable mechanisms may only be detected by careful examina

tion, as they contain irregularities which are less obvious than those 

listed m the preceding stipulations. In general, however, these irregu

larities may be defined as follows: 

5. All loops which contain an input or output member must be con

sidered independent of other similar loops or circuits. Thus, no such 

loop containing an input or output member may be held fixed by the 

action of fixing other Input links belonging to the same and/or other loops. 
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fhirteen-Bar Chains 

Of the eleven groups in Class IV, only (d) and (g) are feasible 

for the decoder mechanism. The ether nine groups in this class are 

eliminated because of the initial stipulations given in the preceding 

section. 

Class IV (dj 9-3-0-1 

In Figure 10, al.i members except" the binary links are arranged in 

ail of the possible configurations (permutations). Each of the twelve 

permutations may be further subdivided into different paths which the 

binary members may take, 

For exampie, tons leering permutation 1, it can be seen from 

Figure 11(a) thar there are seven paths open for the nine binary members, 

Now, considering the loops 1, II, ill, and IV, it is necessary that each 

loop (considered by itself) have at least two degrees of mobility. Each 

loop must therefore have a minimum of five members. This imposes the 

condition thaT .paths a, b, , d, and e must be so arranged. 

There is, therefore, only one possible kinematic chain that may 

arise from this permutation, and it is as shown in Figure 11(b). 

Permutation 2 yields three kinematic chains; however, one is 

unsuitable as may be seen in Figure 12, Both chains (a) and (b) are 

acceptable; close examination of (c) reveals that, it will be inoperable 

due to stipulation No. 5 stated at the beginning of the chapter. For 

example, if links 1 and 2 are fixed, link 3 will be fixed also. Like

wise, if links x and 3, or 2 and 3 are fixed, then the same result 

would happen t'o Links 2 and L, respectively. Therefore, chain (c) will 

be dropped from the collection. 
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10 u 12 

Figure 10. Permutations of Class IV (d) 9-3-0-1. 
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(a) <b> 

Figure 11. An Example of Applying Franke's Method. 

Permutation 3 produces two distinct kinematic chains, both of 

which are suitable. No further kinematic chains may be derived from 

this group as the initial, stipulations will prevent the use of the 

remaining permutations. 

Class IV (g) 10-1-1-1 

There are two basic configurations in this group, as shown in 

Figure 13. From permutation l..of - Figure 13-,-there-are two resulting 

chains, as shown in Figure 14. Linkage (b), however, is inoperable, 

due to the inevitable formation of an Assur Group involving the 

quaternary member. In other words, If any two of the binary input 

links leading to the quaternary link are held stationary, the third 

link, whether it be an input or an output member would be unnecessarily 

fixed. 

From permutation 2 there is only one resulting kinematic chain. 

A complete collection of all the chains in class IV is shown in Table 5. 
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* 

to 

Figure 12. An Example of Applying Franke's Method, 



1 2 

Figure 13- Permutations of Class IV (g) 10-1-1-1. 

(a) (b) 

Figure 14. Suitable and Unsuitable Kinematic Chains Derived from 
Permutation 1 of Figure 13• 
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Table 5. A Collection of the Suitable Kinematic Chains of Class IV 

Class IV (d) 9-3-0-1 

Class IV (g) 10-1-1-1 
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Fifteen-Bar Chains 

Of the twenty-two groups in Class V, there are initially only 

nine which may yield satisfactory mechanisms. The thirteen other groups 

were eliminated based upon stipulations No. 1 and No. 2. 

The suitable groups in Class V are as follows: 

V (d) 9-5-0-1 V (k) 11-2-0-2 
(e) 10-4-0-0-1 (n) 12-1-0-1-1 
(g) 10-3-1-1 (o) 12-0-1-2 
(i) 11-1-2-1 (q) 12-0-2-0-1 
(j) 11-2-1-0-1 

Figure 15. Permutation 1 of the Croup 9-5-0-1. 

The analysis of the permutations of the links in Class V is of 

much greater complexity than tnose of Class IV. As a result, the deter

mination of the existing linkages in this class by a systematic analysis 

such as that of Franke is one of enormous proportions. 

As an example, consider the permutation of group V (d) as shown 

in Figure 15 above. From this one configuration alone,, there are four 

different paths which the binary members may occupy. These different 

options may be seen in Figure 16. Option (a) alone yields six suitable 

kinematic chains which are shown in Figure 17, 
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( • ) («0 

CO 
CO 

Figure 16. Four Distinct Arrangements of Permutation 1. 
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Figure 17- The Resulting Kinematic Chains from Arrangement (a). 
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In many cases with linkages in this class, the formation of "hid

den" Assur Groups is more difficult to find than in the Class IV chains, 

For example, the linkage shown in Figure 18 (a) may easily be taken as a 

workable mechanism; however, close examination will reveal otherwise. 

A detailed examination of the linkage in Figure 18 (a) will reveal 

that whichever link is chosen as the output, a situation of overcon-

straint will arise. For example, if link 2 is considered as the output, 

fixing links 1, 3, and h will cause output link 2 to be fixed. By hold

ing these three links stationary, an Assur Group has been formed in which 

output link 2 is a member1 (see Figure 18 (b)). Since link 2 is immovable, 

the chain is unsuitable as a decoder mechanism. No matter which link is 

chosen as the output, a condition of overconstraint will arise, causing 

an output or an input link to be unnecessarily fixed. 

Unfortunately, there is currently no set rule for quickly deter

mining which kinematic chains will be unsuitable. In general, however, 

one may search for the formation of Assur Groups (or any combination of 

members with X = 0) which contain an input or output member, 

In many cases, however, the formation of Assur Groups are 

extremely advantageous providing that an Input or output member does 

not belong to the group. For example, considering the linkage in 

Figure 19 (a), if input members 1, 2, and 3 are held stationary, then 

an Assur Group is formed as shown in Figure 19 (b). However, no input 

or output members belong to this group, so the chain has now been 

reduced to a six-link Watts mechanism. This characteristic can be very 

desirable due to the reduction of moving parts and the subsequent reduc

tion of inertia forces, and will be further discussed in Chapter V. 
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(•) 

(fc) 

Figure 18. The Formation of a "Hidden" Assvir Group. 
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(a) 

Figure 19. The Formation of an Assur Group and Six-Link Kinematic Chain 
from a Fifx-een-3ar Chain with Three Inputs Fixed-
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The process of determining those suitable kinematic chains in 

Class V then continues. Each distinct permutation must be analyzed to 

determine the different paths which the binary members may take. The 

chains may then be sketched and inspected to determine which of those 

are suitable for the collection. A representative sample of the kine

matic chains in Class V is shown in Table 6 „ 
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Table 6. A Representative Collection of the Kinematic 
Chains of Class V 
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Table 6. A Representative Collection of the Kinematic 
Chains of Class V (Continued) 



'able 6, A Representative Collection of the Kinematic 
Chains of Class V (Continued) 
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Table 6. A Representative Collection of the Kinematic 
Chains of Class V (Continued) 
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Table 6. A Representative Collection of the Kinematic 
Chains of Class V (Continued) 
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Table 6. A Representative Collection of the Kinematic 
Chains of Class V (Continued) 
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Table 6, A Representative Collection of the Kinematic 
Chains of Class V (Continued) 
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Table 6. A Representative Collection of the Kinematic 
Chains of Class V (Continued) 
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Table 6. A Representative Collection of the Kinematic 
Chains of Class V (Continued) 
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Table 6. A Representative Collection of the Kinematic 
Chains of Class V (ContinuedS 
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Table 6. A Representative Collection of the Kinematic 
Chains of Class V (Continued) 
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Table 6. A Representative Collection ot the Kinematic 
Chains of Class V (Continued) 



Table 6. A Representative Collection of the Kinematic 
Chains of Class V (Continuec) 
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Table 6. A Representative Collection of the Kinematic 
Chains of Class V (Continued) 
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Table 6. A Representative Collection of the Kinematic 
Chains of Class V (Continued) 



71 

Table 6. A Representative Collection of the Kinematic 
Chains of Class V (Continued) 

Class V (i) 11-1-2-1 

Class V (j) 11-2-1-0-1 
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Table 6. A Representative Collection of the Kinematic 
Chains of Class V (Continued) 
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CHAPTER V 

SELECTION OF SUITABLE MECHANISMS 

Basic Concepts 

Now that a collection of thirteen-bar and fifteen-bar kinematic 

chains is at hand, it may be studied to determine which linkages will 

be best suited for use as decoder mechanisms. However., before initiating 

this search, the basic concepts of the decoder mechanism will be dis

cussed . 

As mentioned previously, the decoder is to have four binary 

inputs. This immediately leads to the conclusion that there will be 

sixteen distinct output positions. 

By simple application of the binary number theory, if each of 

the four inputs adds one, two, four, and eight output steps, respectively, 

then the decoder may be considered essentially a mechanical adder, and 

will operate by adding (or subtracting) one or more of the input dis

placements . 

No requirements are given as to the spacing between output posi

tions. However, nearly equal spacing between successive output positions 

is desired. 

By selecting a member of the kinematic chain as the frame (a 

quinary link or larger), the chain may now be defined as a mechanism. 

By alternately choosing different links as the output member, the 

mechanism may have as many variations as it has distinct output links. 
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Though the relative motion of the links in the chain is the same, the 

input-output relations will vary based on the selection of the output 

link. 

Table 7 shows the different input-output variations of the kine

matic chains of Class IV. It should be noted that these mechanisms 

are generally represented schematically with sliding pairs denoting 

the input and output members; the purpose of this is to aid in identify

ing the input and output members. However, unless otherwise indicated, 

this is not meant specifically to call for the use of a sliding pair in 

the linkage. A two-posix:ion crank would be equally satisfactory. 

From the study in the number synthesis of mechanisms with four 

degrees of mobility, three mechanisms have been selected which appear 

to have desirable attributes for the decoder design. Two of them are 

of Class IV (thirteen members) while one is of Class V (fifteen members). 

A working model of each of the three mechanisms plus a modification of 

one of these has been designed and built. The properties of each of 

the three basic mechanisms (which will be denoted as linkage numbers 

one, two and three) will be discussed in the following sections. 

Linkage Number One 

This mechanism is derived from a kinematic chain in Class IV (d) 

9-3-0-1, and is shown in part 1(a) of Table 7 and in Figure 20. This 

arrangement appears to be basically a modified linkage differential 

with the inputs attached in series. It has the advantage that it 

readily lends itself to analytical derivations of its behavior. 
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Table 7. Input-Output Inversions of the Kinematic Chains 
of Class IV (d) 9-3-0-1 



Table 7. Input-Output Inversions of the Kinematic Chains 
of Class IV (d) 9-3-0-1 (Continued) 
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2. [Continued] 
(•) 
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Table 7. Input-Output Inversions of the Kinematic Chains 
of Class IV (d) 9-3-0-1 (Continued) 

From Figure 20 (b), it may be seen that members two, four, and 

six need not be triangular r.haped, and may take the form of a straight 

bar (having the advantage of minimum mass). It is interesting to note 

that the linkage shown in Figure 21 (linkage 5(a) of Table 7) has nearly 

the same basic behavior a:7; linkage No. 1; however, in this case links 

a, b, and c cannot be straight bars unless a multi-planar or spacing 

arrangement is used. 
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Figure 20. The Formation of Linkage No. 1 From Its Kinematic Chain 



Figure 21. A Linkage Similar in Behavior to Linkage No. 1 
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In order to study the basic geometry of linkage number one, 

it may be drawn as shown in Figure 22. It is apparent that the longer 

the links are in relation to the inputs, the more uniform will be the 

output. However, if the input displacement is relatively small, the 

effect of the rotation of links one, three, five, and seven may be 

neglected. 

Now, the values of x', x", and x m which locate the leverage 

points on links two, four, and six, respectively, may be found as 

follows: 

Letting AB and CD represent arbitrary parallel input displace

ments bisected by and perpendicular to a common center line, the 

trapazoid ABCD may be constructed as shown in Figure 22 (b). If h is 

the vertical distance between lines AC and BD at any value of x, then 

h = a + (b - a)(x/L) 

and 

y = h/(n - 1) 

where n is equal to four, eight, or sixteen equally spaced points on h, 

y is the length of the (n - 1) equal segments of h, and a, b, L, and x 

are dimensions defined by Figure 22 (b). This implies that 

b - a, . 
a + —= (x) 

y = ~±- (9) 
n - 1 



X' 

h--

(a) 

(b) 

& 

Figure 22. Location of the Leverage Points x1, x", and x'" on Linkage 
No. 1. 
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Letting z denote the value of x where the diagonals AD and BC intersect, 

the following proportion may be determined from the properties of similar 

triangles: 

z_ _ L__̂ ___̂  
a " b 

or 

z = - -aL - (10) 
(a + b) 

Also, from similar triangles 

z x - z 
a Y 

or 

z = - ^ — (11) 
a + y 

Eliminating z from Equations (10) and (II) 

y + a a + b 
( ! ' • 

Substituting the value ot y from Equation (9) into Equation (12) and 

simplifying gives the result 
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X = a + b(n - 2)/n ( 1 3 ) 

Therefore, for n = 4 

x' = aL/(a+o/2) (14) 

for n = 8 

x" = aL/(a+3b/4) (15) 

for n = 16 

x'" = aL/(a+7b/8) (16) 

The ratio of the horizontal to vertical links may be taken as 

two to one with very good results. Thus, if members one, three, five, 

and seven are taken as one unit length, links two, four, and six can 

be of two unit lengths and the linkage will have only two basic link 

sizes with the exception of the input and output members and the vary

ing locations of points x', x" and x1" . For an input displacement of 

one-half of a unit length (a=b=—), the values of x', x" and x'" are 4/3, 

8/7 and 16/15 units, respectively. 

Summarizing then, it may be seen that linkage number one has the 

desirable property that its output displacement, due to the series con

figuration, is relatively easy to determine. This property can become 
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very important with mechanisms having a large number of members, as the 

output response may become exceedingly difficult to determine due to the 

many parameters involved. Additionally, there need be only two basic 

link sizes in the mechanism, exclusive of input and ou~put members, thus 

allowing for a compact design with reduced manufacturing costs. 

A notable disadvantage, however, is that the output displacement 

between the sixteen positions is small compared to the input displace

ments. Since a relatively small input is desirable, the output would 

most likely need to be amplified. 

In papers by Okcuoglu (9) and Voit (10), the operation of the 

selection system on the IBM Selectric Typewriter is discussed. It is 

interesting to note that a linkage, similar to linkage number one, is 

used to rotate the spherical typehead to the proper printing position. 

The inputs consist of +1, +2, +2, and -5 adders, and can rotate the 

sphere horizontally from the "home" position to one of five positions 

to the right or left of the home position. Thus, for any row of eleven 

characters (there are four rows on the sphere), the typehead will be 

rotated to the correct position, A smaller but similar linkage is 

used to tilt the sphere to the proper row. To reach the 44 upper case 

characters, a shift mechanism rotates the typehead 180 degrees to the 

other side of the sphere. 

A working model of linkage number one, shown in Figure 23, was 

designed and built using relative link sizes of two units for the hori

zontal members (links two, four and six of Figure 22 (a)), one unit for 

the vertical members (links one, three, five and seven), and one-half 

a unit for the Input displacement. The input side of link four was 
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rearranged as shown in Figure 23 to provide a more compact arrangement. 

The output link was designed as a pointer for demonstrational purposes. 

Linkage Number Two 

Linkage number two, as shown in Figure 24 (a) is derived from the 

same kinematic chain as was linkage number one. However, this is essen

tially a parallel arrangement whereas linkage number one was considered 

as a series arrangement. 

Referring to Figure 24 (a), if the rotation of members one, three, 

five and seven is neglected (again assuming relatively small input mo

tion), then the determination of the output response is fairly straight

forward. It must be kept in mind, however, that while these assumptions 

may be acceptable for a preliminary model, a more detailed analysis will 

be necessary for final design purposes. The basic geometry of linkage 

number two may now be determined. 

Input links A, B, C and D are taken to be the one, two, four, and 

eight adders, respectively. The value of x' may be determined from Equa

tion (14). The values of a and b on .link six may be determined as 

follows: 

By similar triangles 

and 

a_ __ a + b 
s n (18) 
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H H — * 

(b) 

Figure 23. A Working Model of Linkage Number One as Shown with 
(a) No Inputs Actuated, and 
(b) Inputs 1 and 4 Actuated 



(•) 

(b) 

Figure 2k. Location of the Leverage Point x1 on Linkage No. 2 
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where s is the input displacement, and m and n are the resultant output 

displacements when inputs A and B, or inputs C and D, respectively, have 

equal displacements s. Combining Equations (17) and (18) 

a = b(———) (19) 
m 

Since m = 3/15 and n = 12/15, then 

a = 3b (20) 

When all four inputs are held fixed, and output link E is assumed 

to be unrestrained, then it may be seen that point P, common to link six 

and the output link, will trace a particular coupler curve depending on 

the positions of the input links. Thus, for a more exhaustive study of 

this linkage, the path of the coupler curve of point P must be known for 

each of the sixteen input combinations. Then the output displacements 

may be found by determining where the coupler curves intersect the path 

of the output link E. 

It is significant to note that during the operation of this 

mechanism, when inputs A and B, or inputs C and D are held stationary, 

then links one and two, or links three and four, respectively, will 

also be fixed, lowering the total number of links in motion. If the 

total number of links in motion going from output position one to each 

of the other fifteen output positions are added together, and an average 

taken, linkage number two has an average of 7.20 links in motion--per 

displacement from output position one to another output position--
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Figure 25. Several Design Alternatives of Linkage Number Two. 
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while linkage number one has an average of 7.4-7 links in motion. This 

average considers all links which are not held absolutely rigid by the 

fixing of certain inputs; however, it does not take into consideration 

the relative sizes of the members and the differing effects of transla

tion and rotation. 

The symmetric character of linkage number two is very desirable 

and can lead to a neat and compact arrangement of input and output mem

bers . For example, the output link could be tucked underneath link six 

resulting in the symmetric arrangement of Figure 25 (a). 

A working model of linkage number two, as shown in Figure 26 was 

constructed. This model utilized a two-to-one ratio between horizontal 

links two and four, and vertical links one and three, î espectively. 

Though the following dimensions differ somewhat from the model, making 

links five and seven one unit length (reducing the number of different 

link sizes) and using input displacements of one-half a unit length 

will give excellent results. As is true with the other members, the 

relative size of link six is arbitrary and may be given a wide range 

of values providing the proportions established in Equation (20) are 

maintained. 

Slider substitutions for several of the intermediate links could 

be utilized in this mechanism. For example, members five and seven 

could be incorporated as sliders, with their respective joints changed 

into sliding pairs, as shown in Figure 25 (b). Additionally, links 

one and three may also become sliding members. A model of such a 

modification was built and is shown in Figure 27. 
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Figure 26. A Working Model of Linkage Number Two as Shown with 
(a) No Inputs Actuated, and 
(b) Inputs 2 and 4 Actuated 
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Figure 27. A Modification of Linkage Number Two 
Incorporating Slider Substitutions. 
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Though the use of sliding pairs appears to result in a more com

pact arrangement, the use of such members may mean increased friction 

and wear in the system, backlash, and higher manufacturing costs. On 

the other hand, efficient design could reduce the inertia of the system 

justifying some of the shortcomings of sliding pairs in this mechanism. 

Linkage Number Three 

This particular mechanism; is derived from a kinetic chain in 

Class V (d) 9-5-0-1j and is represented in Figure 28. This linkage is 

a marked departure from the series or parallel arrangements of linkages 

numbers one and two, and has the advantage of an extremely symmetric 

configuration well suited for purposes of a practical design. Addi

tionally, it appears from initial experimentation to have an excellent 

response to relatively small input displacements. 

On the other hand, the output response is extremely difficult to 

predict intuitively. The output motion cannot be traced directly from 

the input displacements as it was in the series configuration of linkage 

number one. For example, close examination will reveal that there is 

no partial constraint or formation of Assur Groups with any members of 

the chain when any three inputs are held stationary. Additionally, there 

does not exist any loop or circuit in the chain with less than five 

members, even when all inputs are held stationary. 

Because of the large number of parameters involved, an analytical 

determination of the output motion would necessarily be quite involved. 

Therefore, for the purposes of a preliminary design, a trial-and-error 

procedure is warranted. 
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'r-.gure 28. The Formation of Linkage Nc. 3 from Its Kinematic Chain 



One of the most rewarding methods of determining the behavior of 

any complex linkage is to build a model to :b~ai~ some idea of its be

havior. First, initial assumptions must be made concerning: (a) the 

relative size of the links, (b) selection of the output link, and (c) 

the relative locations of the input and output members. 

To obtain a basis for these assumptions, analogies may be made 

to simpler mechanisms that might resemble the behavior of the one in 

question. For example, linkage number one and number two were con

sidered as series and parallel modifications of a linkage differential. 

In order to provide a starting point for the mechanism in 

question, its output displacement may be considered analogous to a 

four-bar linkage. For example, referring to Figure 29, the linkage may 

be constructed so that the actuation of input link fourteen causes 

negligible motion in link eleven, and that the actuation of input link 

thirteen causes negligible motion of link eight. Then points 0 and 

0 , respectively, may be considered stationary. In both cases, an 

equivalent four-bar linkage is formed involving output link two, the 

motion of which may be considered a function of input links thirteen 

and fourteen, respectively. 

Now, if the linkage is constructed so that the points 0 and 
a 

0, have relatively small motion from the action of input links twelve 

and fifteen, respectiveJy, two more equivalent four-bar linkages may 

be considered formed, with points 0 and 0 or points 0, ane 0 ?s 
a e d e 

reference points, with the output a function of inputs twelve and 

fifteen, respectively. 



Figure 29. Applying a Four-Bar Linkage Analogy to a Complex Fifteen-
Bar Linkage. 
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Then, by constructing a model that will hold closely to the pre

ceding analogy, a suitable mechanism may be designed. The location of 

the leverage points on links four and seven and the displacements of 

the input links may be determined by a similar analytical procedure as 

that of linkage number two. It must be kept in mind, however, that 

this analogy is approximate at best, and that certain modifications will 

inevitably have to be made based on the response of the mechanism to the 

initial values of the design parameters. 

A mechanism, which was built on this basis, is shown in Figure 

30. It is, of course, one solution only, but was built to provide a 

valid basis for determining initial values of the design parameters which 

must be assumed for the more explicit analytical solution which must 

follow, although it was not attempted during the present study. 

The outstanding feature of the operation of this model was its 

response to relatively small input displacements. Joints 0 and 0. and 

joints 0 and 0 on links four and seven, respectively, may be considered 

as leverage points. By locating the corresponding joints close to each 

other, small input displacements will be amplified, resulting in compara

tively large output displacements. 

It should be noted, however, that care must be taken to avoid the 

condition of dead centers between links three and four, and between 

links three and seven. Thus, the output response is apparently limited 

if this condition is to be avoided. 

In summary, this model may be considered as having a large output 

response compared to relatively small input displacements, which, in 

comparison to the small output displacements of linkages number one and 



(a) (b) 

Figure 30. A Working Model of Linkage Number Three as Shown with 
(a) Inputs 1, 2, and 4 Actuated, and 
(b) All Inputs Actuated. 

U3 
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number two, could offset the fact that it has two additional members. 

Its configuration is essentially symmetric, and therefore well suited 

for purposes of a practical design. The exact behavior of this linkage 

is, however, extremely complex, and can only be precisely determined by 

a detailed analytical approach. 

An Inertia Study of Linkage Number One and Number Two 

Because of the similarity of linkage number one and number two, 

it was decided that a comparative study of the energy required to over

come the inertia of these linkages might provide another basis for 

deciding which is the better of the two for the purpose in mind. The 

mechanisms will be considered to receive step inputs of velocity (v) 

at each of the four input positions, depending upon which output posi

tion is desired. It must be kepr in mind, however, that this is a 

purely hypothetical case for comparative purposes only, since a step 

velocity input may never be actually realized. 

For any linkage member (i) in translation, the energy required 

is 

E+ = ^ m . ( v . )
2 

t 2 1 1 

or 

E^ = — m.(c.v) 
t 2 I I 

(21) 
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where c. is a constant based upon that portion of the input velocity (v) 

which is transmitted to link (i). 

In addition, the energy required for a member in rotation is 

E - — I. a). - - I 
r 2 l I z 

or 

E r = i l . ( ^ ) 2 (22) 
1 

where (d.) is The distance from the axis of rotation (or instant center) 
l 

to the point of application of velocity (v.). 

Linkage Number One 

Referring to Figure 22, it will again be assumed that members 

one, three, five and seven move in pure translation, so that the small 

rotational motions of these links may be neglected. Members two, four, 

and six will move either in translation or rotation. The energy 

required to overcome the inertias of the four input members and the 

output member will be disregarded as they will be approximately the 

same for both linkage number one and linkage number two. 

The moment of inertia of those links subject to rotation may 

be determined by first finding the instant center of rotation. To 

get from output position one to output position six for example, 

linjc four receives two distinct velocity inputs as shown in Figure 

31. The value of (r), as defined by Figure 31, and the subsequent 

location of the instant center, may be found using the properties of 

(~) 
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Figure 31. Determining the Instant Center of Rotation of Link h upon 
Operation from Output Position One to Output Position Six. 
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similar triangles. 

Assuming the link is a homogeneous rod of length L 

I. = ~ m.(L.)2 + ~.<4- + r) 2 (23) 
i 12 1 1 i i 

L? L. , 

letting L = 2 unit lengths 

Ii = mi[T + (1 + r ) 2 ] ( 2 U ) 

1 2 °i 
setting q. = [— + (1 + r) ], and -=— = a. , then 

J. O Q » 1 
i 

rr.. v 
i (c^a^) (25) 

Now, the value of (r) for any horizontal link (two, four, or 

six) may vary from zero to infinity (translation) depending upon which 

inputs are actuated. Thus, the energy required to actuate a horizontal 

link in rotation may be expressed by Equation (25). The link will be 

in translation when it receives inputs of equal magnitude, and the 

energy required for such motion is expressed by Equation (21). Since 

vertical links one, three, five, and seven will only be considered to 

move in translation, the energy required will also be expressed by 

Equation (21). 
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The total energy involved in the operation from output position 

one to any other output position may be expressed as 

Etotal = 1" l ™iki ( 2 6 ) 

1=1 

2 
where k. is equal to (c. ) if the link (i) is in translation, and is 

2 
equal to (q.a. ) if the link is in rotation, 

If the energy required to operate the linkage from position one 

to each of the other fifteen positions is calculated, a comparison 

between the two linkages may be determined. The energy equations for 

linkage number one, neglecting input and output members, may be written 

as follows: 

v 2
 r

 m2 m3 \ m5 m6 ™7 n 
El-2 = — [ m l + 1 " + — + 27 + 49 + IW + 22T ] 

2 m„ 4rn 4m, 4mr 4m 4rru 
_ v r 2 3 4 5 6 /-, 

1-3 = ~ l ~ ' ~1T + ^Yf + ~49~ + IW + 22^ J 

2 m 4m 19m 36m 127m 196m 
E l - 1 5 ~ ~2 ~3~ + ~V~ + 27 + ' 49 + 147 + 225 ^ 

2 
E = — [m + m + m + m + m + m + m ] 

1-16 2 1 2 3 4 5 6 7 

and, the total energy required to move from position one to each of 

the other fifteen output positions r.iay be expressed as 
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Etotal = El-2 + El-3 + ••' + El-15 + El-16 

2 
= 31.3 mv 

where (m) is the mass per unit length, and links one, three, five, and 

seven are of one unit length, while links two, four, and six are of two 

2 
unit lengths. The value of the constants (c.) and (q.a. ) for each 

i l l 

distinct output position may be found in Table 8. 

Linkage Number Two 

This linkage will be modified slightly as shown in Figure 32 so 

that the output displacement and the relative sizes of the links will 

be similar to that of linkage number one. The same basic assumptions 

will hold as with linkage number one. That is, the rotation of links 

one, three, five, and seven will be neglected, and they will each be of 

one unit length. Links two, four, and six will each be of two unit 

lengths. Again, the inertias of the input and output members will not 

be considered. The energy equations may then be written as follows: 

2 mi rn ni v r 2 5 6n 
El-2 = "T [mi + T" + -Q- + 27] 

2 UK 4mr 4m_ 
v_ r__2_ 5 5H 

'1-3 2 LT~ 'T ~9~ ~2T] 

2 m 4m l̂ m 
E = \ [-3- + m3 + m^ + ~ + - - - + m ] 
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Figure 32. Another Configuration of Linkage No. 2 with the Same Relative 
Link Sizes and Output Displacement as that of Linkage No. 1. 
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2 
Ei i a ~ ~T~ Cm, + m + m t m + m + mr + m ] 1-lb 2 1 2 3 4 b 6 / 

The total energy required to move from output position one to 

each of the other fifteen positions may now be expressed as follows: 

E+- H- i = E! o + E T Q + • • • + En + E. 1 R total 1-2 1-3 1-15 1-16 

2 
33.0 mv 

2 
The value of the constants (c.) and (q.a. ) may be found in Table 9. 

I l i 

From the results of the previous calculations, it appears that 

under the given conditions9 slightly less energy is required to operate 

linkage number one. This may seem surprising in that linkage number 

two has a smaller average number of links in motion. However, it may 

be seen that the members of linkage number two are subject to more 

pure translation than those members of linkage number one, and it may 

readily be determined that it requires more energy to displace one of 

2 
the smaller links in translation (mv ) than one of the larger links 

2 2 
in rotation about one end (— mv ). Thus., reducing the mass of the 

O 

vertical members could significantly improve the output response of 

both mechanisms. It must be kept in mind, however, that reducing the 

length of these vertical _inks could affect the linearity of the output 

displacement. Thus, it is up to the designer to find the proper balance 

between the two factors, based on which is the more essential. 
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CHAPTER VI 

CONCLUSIONS 

Application of Manolescu's Method 

A method proposed by N. I. Manolescu has been used in the collec

tion of kinematic chains of Class I, II, and III, having seven, nine, 

and eleven members, respectively, and four degrees of mobility. The 

results of applying this procedure to those chains are given as follows: 

1. There exists one seven-bar kinematic chain. It is the single 

loop chain and consists of seven binary members. 

2. There are six distinct nine-bar chains, each containing seven 

binary members and two ternary members. 

3. There exist at least 128 eleven-bar chains exclusive of those 

with fractionated mobility. They may be classified in the three sub

groups (a) 7-4, (b) 8-2-1, and (c) 9-0-2. 

M-. As the chains grow larger, it becomes increasingly difficult 

to apply this method. Duplications increase considerably, as do the 

numbers of possible ways of attaching Assur Groups to the lesser chains. 

Additionally, the method does not concentrate on the derivation of any 

particular subgroup, but rather on the whole class of chains. Thus, 

this method appears to be best suited for the collection of those chains 

belonging to the first two or three classes which contain the smaller 

number of members. 
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Application of Franke's Method 

By analyzing the design requirements, it was determined that the 

minimum number of links for a practical mechanism would be thirteen. A 

collection was made of the thirteen-bar and fifteen-bar kinematic chains 

of Class IV and V, respectively, utilizing the method of Franke. How

ever, only those subgroups were derived which were not of fractionated 

mobility, since chains belonging to such subgroups would not yield 

mechanisms applicable to our purpose. Equation (8) was derived which 

indicated the conditions for a subgroup to be of fractionated mobility. 

The results of applying this method indicated the following: 

1. There are two subgroups in Class IV which will yield suitable 

mechanisms. They are (a) 9-3-0-1 which contains five suitable chains, 

and (b) 10-1-1-1 which contains two suitable chains. 

2. There are nine subgroups in Class V which will yield suitable 

mechanisms. These subgroups contain a combined total of several hundred 

kinematic chains, each of which may yield workable mechanisms. 

Preliminary Design of Three Working Mechanisms 

From the collection of the kinematic chains of Class IV and V, 

three mechanisms were selected for further study. From initial observa

tions, these mechanisms appeared to have desirable attributes for the 

decoder design. However, it is certainly quite possible that further 

study will reveal other promising mechanic s in the collection. 

The details for calculating the dimensions of linkage number one 

and linkage number two have been given, The determination of exact 

dimensions for linkage number three was not attempted at this time; 
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however, a trial-and-error procedure was worked out which allowed a 

working model of this linkage to be constructed. Working models of the 

three mechanisms were designed and built. 

The following observations regarding the characteristics of these 

mechanisms were made: 

1. Linkage number one has an output displacement that may be 

considered essentially linear. However, the spacing between the sixteen 

output positions is relatively small compared to the input displacements. 

The mechanism contains only two basic link sizes exclusive of the input 

and output members, thus permitting a design with reduced manufacturing 

costs. An analytical study of the energy required to overcome the iner

tia of its members indicated that it required slightly less energy than 

did linkage number two, which actually contains a smaller average number 

of moving parts. Such a study, however, is not conclusive, and final 

conclusions cannot be made until the performance of the operational 

prototypes is analyzed. 

2. A geometric approach was successfully used in the determina

tion of the dimensions of linkage number two, and the resulting behavior 

of the model indicated an essentially linear output displacement. The 

symmetric character of linkage number two is very desirable, and can 

lead to a neat and compact arrangement.of input and output members. 

Slider substitutions for several of the intermediate links might profit

ably be utilized in this mechanism. 

3. Linkage number three may be considered as having a large out

put response compared to relatively small input displacements, which, in 

comparison to the small output displacements of linkages number one and 
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number two, could offset the fact that it has two additional members. 

Its configuration is essentially symmetric and well suited for the 

purpose of a practical design. The exact behavior of this linkage is, 

however, extremely complex, and can only be precisely determined by a 

detailed analytical approach. Additionally, it was found to have many 

dead center positions which complicated the task of design. 
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CHAPTER VII 

RECOMMENDATIONS 

Based upon the experience gained from this study, the following 

recommendations will be made for further work to be done: 

1. It is certainly most probable that further study of the 

tabulated collection of kinematic chains of Class IV and V will reveal 

other mechanisms well suited for use as a decoder. Thus, the collection 

of kinematic chains may be used as a reference source from which 

selected chains may be analyzed for further study. 

2. From the observations noted from the performance of the model 

of linkage number three, it is recommended that further study be 

attempted to determine, In more detail, the behavior of this mechanism. 

The approach may be wholly analytical in nature; or, a trial-and-error 

procedure, programmed for a digital computer, could determine behavior 

patterns of the mechanism based upon various values of the design 

parameters. 

3. It is evident that the permutation synthesis of linkages 

is limited by the enormously large collections of kinematic chains that 

inevitably occur when the number of links in the chain becomes large. 

A solution to this problem would be to program the methods of permuta

tion synthesis for a digital computer. This is, of course, not a simple 

task. For example, it would be most difficult to efficiently program 
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the definition of a distinct configuration. However, the benefits to be 

gained would certainly justify such a study. 
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APPENDIX A 

DETERMINATION OF THOSE SUBGROUPS WHICH WILL YIELD 

ONLY KINEMATIC CHAINS OF FRACTIONATED MOBILITY 
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In general, it may be stated that the condition of fractionated 

mobility arises when a kinematic chain consists of two independent 

linkages sharing the same reference link. If a linkage is not to have 

fractionated mobility, all links, exclusive of the frame and binary 

members, must be considered to contribute or share one or more joints 

so that they will be tied together in some configuration. 

The minimum amount of joints contributed by these links may be 

expressed as 

1 = 3 

where the term £ n. includes all members except binary links, and the 
i=3 X 

subscript (i) identifies the type of link. Thus, three ternary links of 

the subgroup 9-3-0-1 will contribute a minimum of 

j = 2( J r_„-2) = 2(4-2) = 4 joints 
m . ** I J 

1 — O 

in order to prevent the condition of fractionated mobility. 

The total number of joints available on all members of the chain 

exclusive of the frame and binary links may be expressed as 

= I l n . - i 
'* i=3 

where ir is the number of joints on the frame and V in. again includes 
f i£3

 x 

all members except binary links. 
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Now, if the number of joints on the frame is greater than the 

total number of available joints (j ) less the joints that must be 

shared (j ), the resulting chain will be of fractionated mobility. 

This condition may be expressed as 

or 

jr- > j - i (for fractionated mobility) 
f a c 

j > I i n. - j - 2( I n - 2) (8) 
i=3 i=3 

2j > I (i - 2)n. + M 
f . , i 

i = 3 

5f > J (^)n. + 2 
1 = 3 

Thus, for the subgroup 10-2-0-0-1 

j = 6 > (1 + 2 + 2) = 5 

and will therefore only yield chains of fractionated mobility, since 

j '> j - j . The subgroup 9-3-0-1 shows 
l a c 

j = 5 = (3/2 + 3/2 + 2) = 5 
f 
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and may therefore yield chains not having fractionated mobility, although 

such chains might be so arranged intentionally if desired. 
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APPENDIX B 

TABULATED INERTIA CONSTANTS FOR 

LINKAGE NUMBER ONE AND LINKAGE NUMBER TWO 
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Table 8. Inertia Constants for Linkage Number One 

Output 
Position 

LINKAGE MEMBER 
Output 

Position 1 2 3 4 5 6 7 

1 0 
'•s. 

0 0 0 0 0 0 

2 c = 1 
q = 4/3 
a = 1/2 

c s 1/3 
q = 4/3 
a --- 1/6 

c = 1/7 
q = 4/3 
a a 1/14 

C = 1/15 

3 c = 0 
q = 4/3 
a = 1/2 

c = 2/3 
q = 4/3 
a = 1/3 

c = 2/7 
q a 4/3 
a = 1/7 

c = 2/15 

4 c = 1 c = 1 • c = 1 
q a 4/3 
a = 1/2 

c a 3/7 q = 4/3 
a = 3/14 

C a 1/5 

5 c = 0 0 0 
q = 4/3 
a =.1/2 

c = 4/7 
q =4/3 
a a 2/J. :. 

c a 4/15 

6 c = 1 
q = 4/3 
a = 1/2 

c = 1/3 
q = 4 1/3 
a = 1/3 

c = 5/7 
q = 4/3 
a a 5/14 

C a 1/3 

7 c = 0 
q = 4/3 
a = 1/2 

c = 2/3 
q = 25 0/3 
a - 1/6 

c a 6/7 q = 4/3 a a 3/7 C a 2/5 

8 c = 1 o = 1 T c = 1 c = 1T c = 1 
q = 4/3 
a = 1/2 

c = 7/15 

9 c = 0 0 0 0 0 
q = 4/3 
a = 1/2 

C = 8/15 

10 c = .1 
q = 4/3 
a = 1/2 

c = 1/3 
q = 4/3 
a = 1/6 

c = 1/7 
q a 2 T/9 
a a 3/7 C = 3/5 

11 c = 0 
q = 4/3 
a = 1/2 

c = 2/3 
q = 4/3 
a = 1/3 

c = 2/7 
qa3 43/75 
a = 5/14 C a 2/3 

12 c = 1 c = lT c = 1 
q - 4/3 
a = 1/2 

c a 3/7 
qa-6 7/12 
a = 2/7 

c =11/15 

13 c = 0 0 0 
q = 4/3 
a a 1/2 

c - 4/7 
q=13 7/9 
a a 3/14 c = 4/5 

14 c = 1 
q = 4/3 
a = 1/2 

c = 1/3 
q=4 1/3 
a a 1/3 

c = 5/7 q= 36 1/3 
a = 1/7 c =13/15 

15 c = 0 
q = 4/3 
"a = 1/2 

c = 2/3 
q= 25 1/3 
a a 1/6 

c = 6/7 
q=169 1/3 
a a 1/14 c =14/15 

16 c = .1 c = 1 c = 1 c = 1 T C a 1 C a 1 c = 1 

NOTE: The superscript T denotes a horizontal member in translation. 
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Table 9. Inertia Constants for Linkage Number Two 

Output 
Position 

LINKAGE MEMBER 
Output 

Position 1 2 3 4 5 6 7 

1 0 0 0 0 0 0 0 

2 c = 1 
q = 4/3 
a = 1/2 

0 0 c = 1/3 
q = 4/3 
a = 1/6 

0 

3 0 
q = 4/3 
a = 1/2 

0 0 c = 2/3 
q = 4/3 
a = 1/3 

0 

4 c = 1 c = 1 0 0 c = 1 
q = 4/3 
a = 1/2 

0 

5 0 0 c = 1 
q = 4/3 
a = 1/2 

0 
q = 4/3 
a = 1/6 

c = 1/3 

6 c = 1 
q = 4/3 
a = 1/2 

c = 1 
q = 4/3 
a = 1/2 

c = 1/3 
"T 

c = 1/31 c = 1/3 

7 0 
q = 4/3 
a = 1/2 

c = 1 
q = 4/3 
a = 1/2 

c = 2/3 
q =9 1/3 
a = 1/6 

c = 1/3 

8 c = 1 c = 1 c = 1 
q = 4/3 
a = 1/2 

c = 1 
q =4 1/3 
a = 1/3 

c = 1/3 

9 0 0 0 
q - 4/3 
a = 1/2 

0 
q - 4/3 
a = 1/3 

c = 2/3 

10 c = 1 
q = 4/3 
a = 1/2 

0 
q = 4/3 
a = 1/2 

c = 1/3 
q =9 1/3 
a = 1/6 

c = 2/3 

11 0 
q - 4/3 
a = 1/2 

0 
q = 4/3 
a = 1/2 

c = 2/3 
T 

c .=2/3 c = 2/3 

12 c = 1 c = 1 0 
q = 4/3 
a = 1/2 

c = 1 
q=25 1/3 
a = 1/6 

c = 2/3 

13 0 0 c = 1 e = 1 0 
q = 4/3 
a = 1/2 

c = 1 

14 c = 1 
q = 4/3 
a = 1/2 

c = 1 c = 1 c = 1/3 
q=4 1/3 
a = 1/3 

c = 1 

15 0 
q = 4/3 
a = 1/2 

c = 1 1 T 

c = 1 
c = 2/3 

q=25 1/3 
a = 1/6 

c = 1 

16 c = 1 c = 1 c = 1 
— 

1 T 

c = 1 
c = 1 c = 1 c = 1 

NOTE: The superscript T denotes a horizontal member in translation. 
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