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| NOMENCLATURE

volume of the particles per unit volume of mixture
congtant pressure specifice ﬁeat of the gas
gpeclfic heat of the solid pgrticles

dreg coefficient |

dlameter of a particle

drag forcémper particle

frictional paremeter between the phaces

forc% per unit volume of mixture acting on the ggﬁ
convéctive'heat transfer coefficient

= injection angle

injection velocity

thermal cenduetivity

non-dlmensionalizing length

mass of_a-pérticle

Mach number

number of particles per unit volume of mixture
Wusselt number

pressure

Prandtl number

heat transfer per unit volume of mixture

gas constant

Reynolds number

particle Reynolds number

ki
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- = fluid veloclty component normal to the plate |

" = viscosity of the mixture of gas and salid

-vii

= time

= momentum equilibriux fime

= temperature ;:r the gas

= te@erature of the particles

= temperature of the wa:}.l

= temperature _o.'f the gas in free stream

= fluid velocity component parallel to the 'p_1a_1;e

= particle velocity component parellel to the .' plé_.t-e :

= free-stream velocity of the gas

= particle velocity component normel to the plate __

= relative particle velacity with respect to the _'ﬂtiid_ in
any direction | -

= Cartesian coordinate parallel to the plate

= Caxtésian coordinate normal to the plate

= 'boundary 1ayei' thickness

= particle boundary layer thickness

= viscous dissipstion function

= viscosity of the gas
= density of the gas _
= density of the particle phase, apparent particle den"sit_.y

]

density of the solid materisl of vhich the particles are composed
momentum equilibrium length | |
= radius of a particle

non-dimensional temperature of the gas

-l

g'non-dimen_gional'tempez‘ature ‘of the particles
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This thésis discusses the problem of laminar flow of & viscous
gas over a semi-infinite flat plate with mlles_lot i:a_jection of solid
particles., The boundary layer effects are stﬁdieda : | _

The analysia treats the paz'hicles as & continuum. -,r'-hus,-a"'coﬁ'.
tinuity eq;uation a.nd two consez'vation of momentum equationa are’ used to

represent the particle flow._ These equations together with the eontin-

uity and momentum equationa for the gas phase and the appropriate bcmnd- '

ary conditions &escribe the problem mthematically.

'I'he cou;pling of the momentum eq_uations b'y the she__;____

two phaaes resulta in the neceasity of solving simltaneous partial dif—

fert:l.al equations-. 'I'he fin:lte difference technique is employed 'l:o h
handle this difficulty. With thie method of aolution the Burroughs
55“ digital computer is program.ed to aolve for the velocities ‘and den-
sities necesagsary to describe the flow of the two phases.

The injection velocity and angle are varled- to Bstudy v'arioua i’low

situatione. Flov. sitnations with the-parallel component of the :I.n.jec- o

tion velocity 'both leaa than a.nd greater tha.n the free-stream velocity

_are 1nvestigated.
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CHAPTER 1
INTRODUCEION

Gas-g0lid particle £lows have been the object of re'aeh:_éch'for_ _
many years, Early studies were designed to ob'Ba:j.n information for the

design of pneumetic conveying systems, sedimentation systems, dust col-

‘lection systems, and various transport systems. Lumped design parameters

L.

were usually adequate for these aPplications,. More recently, guch ﬁ'eida"
es3 reactor technology, metallized propella.nt rockets, and air '_puri:l.’ica-

tion (Clean Air Bill of 1963) have Btiﬂ:lated_ nev interest in the flow .

of a gas-solids suspension. In addition to iumped deign.parametei_"s ,

these applications demand knowledge of distribution within 'tht_a éystenist

Thus, it has become necessary to understend the basic tranapdrf pheno-
mena, répi'esent them mtheﬁaticaliy , anfl develop methdds-of*gblﬁtidn ¢
zl-hny'public'ationé ‘have been written on the subject of éaé;ablid-
particle systems, tut very few deal with two-:phase flow in boundary la:.r-
ers, The most important of these- are papers by S. L. Soo (1, 2 3 ll-),
F. B. Marble (5), end R, E, Singleton (6). Both Soo and Marble d_:Lscuss
various aspects of t%b-phase’ flow, including boundary layer effects,
Singleton deals only with two-phase boundary leyer :[’low. |
8. L. Soo thoroughly discusses the tranaport phemmena of two-phase
flow. In a peper presented in 1962 (1), he develops the differential’
equations of conservation of wass, mementm, and energy for thetw-

phase boundary layer. Flow ovér a flst plate is investigated. In thie

~enalysis Sco uses the integrel form of the conservation _é_Qu&"_l;iOns._ He




concludes that the solid particles could :resu:'_l.t'-in an increase or de-

‘erease in the fluid boundary layer thickness, depending on the fluid

Reynolds number end the particle dismeter,

In 1965 Soo presented 8 psper that deals with meny aspects of
two-phase flow (2). The ‘bwo—phaae flow conservation equationa are aga:l.n
developed. Soo applies these equations to bounda.ry 1a,yer motlion over
& flet pla'be. As in the 1962 paper Soo uses the :.ntegral @proach. _
The boundary la;rer analysis in th:l.s ;paper 1s more extensive but ie bas-
ically identical to that of the earlier paper, _

Two other papers by Soo merit a brief considefation. One :on'

laminar end separa.ted flow(s) examines suspensions of particles so

‘small that Brownisn motion bet..omes mortant This dirﬁculty is re-

golved with the introduction of a Brownien difmsivity eq_uat:l.‘on. ' The__
'secpm-l_ peper discusses perticle size distribution (4). In ﬁhis_ paper
Soo develops & method of solution to desl vith particles of verying
size. The approach is an extension of the contimium concept. |

Like Soo, F.E, Marble (5) develops the boundsry 1aL'ye;~ differentiel
equations of conservation. In his snalysis of 1am1na#- flow; over a flat
plate these equations are ccunbined and rewritten in tems of the velocity
differences between the two phases. With the assumption that the y-com-

ponent of the gas ifelocity is equel to the y-eomponent of the particle

~ velocity, Merble expresses the equations in terms. of a streem function.

This enables & power series solution to be used. . _
In his thesls Singleton (6) studies two-phase boundary 1ayer mo-
tion in detail. The conversation equations are used to solve the prob-

lems of flow over a flat plate and flow par_{:endicular to the axis of &




cylinder, 'Sixlf;gleton reduces these partial aifferential equations to
ordinary d1fferential equations with use of the stream function. This
enabled ﬁim to solve thé equations numerically by'power_ 's_erieg e;:panéion_.-.
The problem conside:i-ed in this thesis follows logleally from the
gas=solid part:léle flow over a {lat plate. This problem :I.s.the ia:lninar
flow of a gas over a flat plate vith wall-slot injection of solid part-
icles, This situation ie investigated to determine the boundary layer
hehevior of the t‘m-phasé system, 'Ihe'ive].ocity d.‘l.s'l:._ri'butions are o:t'. '
primery concern. To study these distributions various flov situstions

are created by varying the inJec‘Eion_velocity and angle,




CHAPTER ITI
THEORY OF TWO-DIMENSIONAL GAS-PARTICLE BOUNDARY LAYFRS

* The situation to be ex&minéd is the 1aminar flow of & viscous
gag over a flat plate, Solid particles are injected into the gas at
the plate's leading edge. Since the particles are not injected parellel
to the plate and are not injected &t the free.-Stream velocity, the part-
icles must glip with respect to the gas. The magnitude of the pdrt:.cle-.
sliﬁ veloeity (vel&city of the pérticlea with respect ﬁo:the gas) is
dependent upon'the region of the boundary layer ui;der consideratipn.
Near the plate the slip velocity :Lallarge , but it decreases to zero
in the free stream, _.

The aﬁparent_ parb'iclé density, defined es .the mase of the part.
icles per uhit volume of mixture of both phases, is essumed to be Buf-
ficiently low and the particles sre assumed'to move &t so nearly thé
geme speed thet they do not collide with each other, The interadtion
of the flow fields around the individuel par‘bi';les 18 neglected, The
particles are assumed to have no random motion and exert no pressure,
gince their individual behaevior is of no interest, the particles are
considered as a continium, |

With. the no collision assumption, the behavior of the two-phase
system 1s entirely dependent upon the interaction between fluid and
particles, The particle Reynolds humber and the molecular heaﬁ free
path of the fluid are considered to be small enough that Stokes drag

law for s_pheres is a ressonable approximstion, From Stokes law the

S —— e _“jlg



drag force of the fluid on the particle phase, and the force of the
particles on the fluid vhase ,'ma.y be evaluated (see APPENDIX A). The

force per unit volume of mixture acting on the gas is.

r e (611) wo (i =W (ix-l)

vhere ip - ¥ is the slip velocity in any direction and n, is the number

of particles per unit volume of mixture

0. P |
n, = ER = (1I1-2)
By substitution
] _
= - 6 h y = W - -
" _

Pofhe .(WP - W)

F? = - (Ps) (p%c-,) (IT-k)
o\ /\ " v/°
| oy |
F, = —f‘—;— (%, - ¥) (I1-5)
where A = momentum equilibrium length .
= _2 Pg\ [P @ .
lm—t_mu,--9(p)(“ o J(n6)

s e s e e e L




and vhere tm = momentum equilibrium time

=2 .8 | - .
t 5 _ o (11-7)

Singleton (6) discusses 1ift foreces on the particles in addition
to the Stokee drag foreces, The 111% results from perticle spin, and
the particle spin is ceueed by . shear. Singletoﬁ'concludes that the

_) 1e small enough.' In this

: ﬁqwe
lift forces are negligible if - (
1

u g |
thesis the 1ift is neglected eince(p : )(2) 18 on the order of 10

L
In Marble's paper (5) the importence of the momentum equilibrium
parameter, 2— , is censidered Fhysically, the momentum equilibrium
parameter is the ratio of the distance required for the perticle vel-
ocity to reach that of the flwlid to. the characteriatic length of the

flow field, Singleton (6) investigates the magnitude of this parameter

“and states that if

A . .
m Ll
2> (11-8)

then the particles have not had time to adjust to the gas flow and con-

sequently heve large slip velocitics, Because of these large slips the -

perticle motion is determined by the injection conditions, If

r

s ) .
m -~ . T . )
2 << | o (II .9)

then the particles heave the réquired length to reduce their injection

velocities. Hence; the slip velocities in this regime ere small, end

the particle motion 1s influenced by the gas flow to a grester extent.




The x-injection ratio, the retio of the x-component of the part-
icle injection -veloéity .to the free-stream velocity, is an importent
factor in this two-phsse flow system. For small x-in,j-ectidn ratios
the injection velocities exért relatively little in:?luence downstream
as thelr effects are damped out in 'short distances; However, at larger
x-injection ratios the effect of the particle in,jeétibn velocitiee |

is importent farther downstresm.

=t




‘ CHAPTER IIT
CONSERVATTON EQUATIONS FOR TWO-PHASE FLOW

To develop equetions -hhé.t- .-i-epresent: the two-phase flow system,
the pé.rticle-pha,ae 'i-s treated gs & continuum. This treatment enables
equetions of conservation of mese and momentum to be mﬁten-for the
particle phase, Conservaetion equationa of mass and;momehtum ey alsb
| be written for the gas.
| These conservation laws are written for e two-dimensibnal éystem

(1). The continuity equation for the gas is;
3 , 2 ) _ - I
3‘12; + 5= (pu) + 55 (pv) = 0 (111-1)

The conservation of momentum equetions for the gas are
v 0 '_P. .... ( .23 =2 Bx)
p(at * u ay) * P3x"3I5% IS

2 (6 e B)ep(a - | 0
+ay(uax+u_ay+p1?(u w)  (II1-2)

LN = . ) .
+ G EuE) ey - ()




| F
vhere F = —-——-2—--—- == % —EE .
| pp(ffp- W) P0

The continuity equation of the particle phase is

op 3 o a ( ' o -ll- .

The conservation of momentum equations for the particle phase are

Bu. ou B _ ' S
pP(SEB + 'l.‘lp S?CE + VP 55:2) ®” - ppF(up -.11) : | N (III-s)
VLA ?:E | o
f’p(?ég tu gt/ T ey - ) - ()

"

Using the boundary layer simplification, fluid-phese incompres-
s1bility, and a steady stete enalysie (7), the non-dimensionel forms

of equations (ITI-1) through (IYI-6) are written as follows (see’

APPENDIX B):
. t . o _
%‘?:.,..4- g;;.,. =0 (I1I-7)
ut u' - ou* 1 aeut N EE EP. (u! = u'} ! (III-B)
3x' 3¥"  Re 83’; 2 u_ p P .
v () + & (pv!) = 0 - (111-9)
ox’ Ppp’ T EY 'y -
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up 5t * Vp 55T - T (up u ) (III-10)
av! v! ..
FL -
1 . + I 1 - "3 ™
W v ssR - i (_vp v.) (III 11)
pqu

vhetre Re =

. The primes indicate non-dimensional veriables, They
will be used throughout this thesls except in the next chepter, In
CHAPTER IV the non-dimensional primes are omitted to evoid confusion
with the primes denoting derivatives, ALl velocities and distances in
CHAPTER IV are non-dimensional. |
The viseosity, k, 1s the viscosity of the mixture of gas and
particles and not of the gas alone. There is disagreement as to ‘vhether
the viscosity incresses (8) or decreases (9) when particles are'aua:

pended in the gas. Accofd’i’ng to E:i.::_tste:ln‘(S)
p=b [1+25] . | (I11-12)

vhere ko is the viscosity of the gas end ¢ is the volume of the spheres

per uanlt volume of mixture,

0 B o — _ _
PPl - M : (I1I-13)
s Pe _ . ,

¢ is of the order of '10'3 or smaller for any particulete material, This
leads to o

b=y (14 2.5+ 0(107)] wu (mram)
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Thus, the viscoeity is teken to be the gas-phase viscosity.
- The esteblishment of the gppropriate boundary coi_xditibimfalong
with equations (III-7) through (III-11) completés the mathematical des-

eription of the probl em. For the gas _:phase the boundary conditions are:

(1) potential flow at the plate's leading edge o
‘uffo,y) =1 | (III;15)
viogl=0 © (1I1-16)
(1t) ges velocity venishes at tﬁe p;.ate
u'[x,0] =0 | - ' (111;17)
v'[x,0] = 0 | | _(IiI?iS)

(111) gas velocity (x-component) muet approach free-stream
 ‘yalue as Yy approaches mfinity |

Um , u'lx,y] = 1. | R (II;-19)

For the particle phase the boundary conditions are:

(i) constant injection conditions

“w [0,0] = (njvel) - [cos(injengle)]  (ITL-20)

v! [0,0] =(injvel) * [sin(injengle)]  (III-22).

°p [0,0] = ps(o.i) | (111-22)
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(i1) particle velocity (y-component) venishes at the plate

wix0l=0 (1I1-23)
(111) particle veloecity (x-component) must approach free-stresm

value as y approaches infinity

lm v [x,5) =1 R (leaeu)

(iv) particle density vanishes st the plate
p:'p [x,0] = 0. . o ' (111-25.)

The condition that P (0,01 = pa(o.l)'is arbitrary, and any similer
condition could:be used. However, at all times the no collision assumption
mist be reasonable. |

The above mathemetical description of the problem is correct
only vhen Stokes dreg law 1s reasonsbly accurate. If the drag lav is
valid then

pliw, - a
Reg m < ‘_ | (Ir1-26)

For & given fluid and & given particle diameter equation (III-26) re~

stricts the slip velocity
W - i .'( . . III"’ f
% -%1<% | Cr-1)

Hence, it is epparent that the exteant of 1the'regime of small &lip de-

pends on the flow field parameters,
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The x-injection ratio influences the slip 'veloc:l.ties. Large

 ratios ceuse large slip velofbi‘t;ies} Thus, there is a limit on the x-

in,jéetion ratio for vhich the small elip _ve]_.dcit},r requirement is
satigfied, . |




1h

CHAPTER IV
FINITE DIFFERENCE TECHNTQUE

The finite difference techni. q_ue v developed to numerically

solve differential equations. The technique is valua‘ble vhen the solu-

tion of complicated ordinary diffe: ential equat:lons part:lal diﬂ’erentisl .

‘equations, and simltaneous differential equations is needed

The method 1s dependent on the replacement of derivativea-.by.‘_;.;_

spproximations deriv'ed from the Taylor sez'ies '(-10). When a function u

- and its derivatives are single-valued » Tinite, ‘and continuous functions

of x, then by the Taylor geries ,

u(x + h) = u(x) + hu‘(x) + &0 u"(x) +Z h3 “'(x) + e (IV-l)

and

u(x - h) = u(x) - '(x) + % hau”(:t:) - %l@u“'(x)‘ + .. '(';_‘v..g_)

The addition of these expansiocns yields

4,

u(.x +h) 4 u(x - h) = 2u(x) + h2u"(x) + O(h _ : (I.V-B)_'

vhere . O(h ) denotee ‘terms containing fourth and higher povers of h.
If these h:i.ger order tems are neglected it :follows that

u"(x) = i%é = & I:u(x + h) - Qu(x) + u(x - h):l (Iv-h)
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Equation (IV-2) is subtracted from equaticn (Iv-1) , and terms of order

h3 aﬁd higher are neglected
W) == gg [wxem) utxom)] L ()

The equation for u' (x). appro:d.mateé the slope of the tangent at
P by the slope of. chord. AB"(seg Figure 1), and is called a central aif-
ferez;ce 'appr_.-oximation. 'The'sl-ope of the 'tangent cen 8180 be approxima_jbed
by the slope of chord FB (forwaerd difference) |

u'(x) =-11_—; [Ut(x +h) - u(x)] . (IV-G)

or the slope of chord AP (backward difference)

wh)=%bh)—ﬂx-hﬂ- (1v-7)

r

u(x)

/ —-—tangent at x

a

0 'xah x x+h :':
Figure 1. ¥inlte Differences

With the use of equation (IV-k), (IV-6), and (IV-T) the non~

dimensionanl equations (ITI~T) through (ITT-11) are approximated as Tollows:
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u cu . Yy
1, " M1, T1,941 T V19 _
- Ax 4 + Ay _ 0 (1v-8)
u - u, ,=u - U -2u, 4u
w | ted .d o Aad fhdel 1 i1 d,J 1,4-1
1,9 & A, N Re v .
P, .
P
i,j FL _
IR v
Pou (upi,J 1,‘1) ( .9) |
u - p =p - v, v
ihj _ Ax Pi,J Ax o Pi,,j ﬁy
P :.".pPi- 31
+v L . = 0 (Iv-10)
Py 4 Ay _
? - .
3 =1L =]
By P uP LY :
i,;j .. . | 1,3 - i,J ¥
Vo . Yo vp Vo
u . _j'ﬂ,;i 1d .,y y 1’;31 Lk o %L- (v S, (IV-12)
Pag 0 5% P, w P1y T
From equation (IV-9) .
Ax Ax Yoy ' 3 FL upig!
s Yt ey 25" 24 o2 Ax
00,0 P07 8y L0 TR ey T T w gy

. P 1 -
Py s pr , u , u
p v, 3?2 Re Uy -E;z Re -E-ie ui,J_ : -




From equation (IV-8)

Vi,3¢1 T

From equation (IV-11)

17

- _I wog b, | (IV-lil)

1,3 1,5 Ax "1-1,]

“p
= —%—’-‘-v +2xv —?'—ﬂ.—-u_.a +-—-’-ibx(IV-15)
Pren,g Py W Py B gty 0 e " Vp, |
X 3
From equation (IV-12)
vp p 'p
P,y Pi,y M Py s 23 Uy Pi,.j-l = "p
v . '
+ ,E.E u_iz.zl Ax (1V-16)
= U, | | |
From equation (IV-10)
- ‘p °p AP
1-1,J _ Ax i, Ax ~1,)
Por s Py P TPy TR TRE b, By U B
1,3 T3 P Py Y 1,5 1dd Py g [isdel
i
| T x P
- _%_?‘ L, ;EP.‘ __i:.d (Iv-17)
¥y up pi J Y U.p J"l .
1,d ’ i,J 1

The criteria of convergence and stability must be satisfled if

the solution of these five equeticns iz to be a reasonable spproximation

to the solution of the partial differential equations describing the
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two-phase flow, equations (III~7) through {(ITI-1l). Both of these con-
ditions are concerned with the total error'that results from the approxi-"
mation, The first condition is concerned with the convergence of the |
solution of the difference eguations to the solution of the differential-
equations; the second dearls with the unstable growth or stable decay

of the errors produced by the arithmetic pperations needed to solve

the finite difference equations.

Let D represent the exact solution of a partisl differential
equation, A represent the exact solution of thé‘ correspo:;ding' equation,
and 1 represent the numerical solut:ioh. The diacretizétion error for
convergence, (D - A), is due to the increment size, The conditioﬁs
under which the discretization error approaches iero is the cqnvex?g'ence '
analysis, The error (A= T) is the result of .round-oﬁ’ in the arithmetic
operationg, The finite difference e._qub.ticm is .sftable if the cumlative
effect of all of the round-off errors is negligible, Hence, in order

to make
(D-M=(D-b)+(a-T) (V-18)

small, the numericel solution mst be both convergent and stable (10).
The problem of convergence and stabllity of the numerical solu~
tion for non-linesr partial differentisl egquations with variable coef-
ficients can be handled in of::ly a few particular cases, Eoweirer s 1f the
coefficients of the derivative terms are always at least one order 'lbn_?er
than the derivatives tﬁemaelves, then the non.lineer equations are c‘on-;
sidered q_uasi-linear. The varisble coefficients are treated as coﬁstan—ts
throughout the analysis. They take on their moet adverse values in or-

der to determine the restriction on the increment size (10).
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Rewriting equations (III-7) through (III-11) in quasi-linear

fornm ylelds:
3§+§§=_o | (1v-19)
2 P " _ -
d . vV au l 3w FL :
-z*a";'“m;;z*sag[ﬁz'l) - (zv-20)
3 duL v ¥ v o |
.EE+EB—B+..£-EB+EES-E=O (IV-E].)
- ¥x up ax “p ¥y up ¥
.a:E :’2.3 -E. ...'2. ' .. |
x w, 3y “,_( '%D) ' (1v-22)
v v_ av Y :
2+ 2 2. K2 v) - (1v-23)
3x W, oy Uptly Uy _ !

The von Neumann stability analysis usee the quasi-linear form
of the partial differential equations. Tﬁis method expresses the solu;
tion in terms of finite Fourier aeries} A complete description of the
 von Neumann method can be found in O'Brien, Hyman, and Kaplen (11) In

' essence, ‘the method depends on expreaaing the polution as

7 e' i(kiﬁxweby) } ZZ o eik'2mr

¥

2 - Kk,

(Ivfeh)_

)
5

ik ax
n " S A T L L REEp
vhere § = e epd 1 = /-1, This form {8 substituted into the eque-

tion, end 1f & solution is found, & necessary and sufficient condition




for stability 1s that
lel=| o (1v-25)

for all velues:;of kl and k2. | ‘
Richtmyer {12) hes extended the von Nurmann stebility analysis
%o include'systems of equations,  The systém to be analyzed here con-

sists of :ive_independent varigbles

ui)tj, vi!d, 'upi,‘.)'! Ypi,j’ppi,,j (Iv )

dnd a set of five linear equations

Ugep,s® N, 37010, 500, 91 000, 0 40 g0 (TV-2T)

Vi,342° vi,j'chui,3+ch“;-1,3 .(IVAéB)
R R T U L ) o (we)
vfi+l,3= vbi,j.C5vf1,j+c5vf1,J-1ch (iv'30)
P,y pPi,J-CBuPi': ;csupi_lhj"csfpi, fcsippi,a‘_l’clo"pi’ 1
+ Clo#pi,a..'l | (1v-31)
where
C, = 3X Y




o ax?®
Clo.- F!;_“f,

The following solutions gre assumed and substituted into equation (IV-27)

through (IV-31),
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: +i Ay) .
oy z Z 1(1;151: k Ay Z' E‘ n 1k20y (Tv-32)
v.i’J=Z Z 1(k1¢x+k25'?) 2 z n J.’klax (1v-33)
g R
| 1(k1&x+k 2’”) | 1k Ay
Pi,J z z _ E’ Z g3 S - e
K K ‘ o
:I.( bx+k AY) n ik .y_. . |
AFDDERCEEAE DR S i
"k Ky kl,kz
1( 5x+k2AY) ikQAy |
z z Ky z Z E_, e (1v-36)

1’1,.1

5 2 K k2

The substitution of equations (IV-32) through (IV-36) into equa-

tions (IV-27) through (IV-31) results in the re_l.'atiqq
g8 =G &, (1v-37)

vhere G is the emplification matrix, and El snd EO are vectors.

e e




_ng._- | —q-‘
g 2
PER §g+1 - - ‘; - (Iv- 38)
; g, = .
. [l e -
g -
B | '_

Lax (12) has shown that the von Neumann necessery condition for stability
18 |

S I o (ve39)
where A are the eigenvalues of the emplificetion metrix. If all of
the elements in @ ere bounded for all k, and k, and 1f all of the
elgenvalues: vith the possible exception of one sa_tisfy relation (IV-39),
then the condition is necegsary and aufﬁcient.

The amplification matrix of equaticms (:l:v-32) through (Iv-36) is

[_ . . R . _-
all 0 0 0 o, a16
8y 1 0 o o o0
0 O 333 0 0 . a36 |
| (Iv-4o).
0 0 0 am'_ 0 ahé
0 0 a53 asu a55 0
| O 0 0 0 0 1




-where

- (1. o-18yy 1Ay .. =AYy,
8,=1 - Cl(l-e ) + Ca(e -2+e )

-ikzt\y
516= 03e

ikzby-ikl&x-)

8= C,(g71-1)(e

=1 - .5
834= 1 05(1 e }

-:I.kQAy _
336" Cse

ah‘l-= l - Cs(l-e-iby) .

-ikeAy

ah6= CTe
| -1
&53" 83~ 1)

ash= Clo(eaiby-l)'

-1 . _o18Y
855" 1 09(1 e ).

From this matrix the six eigenvlaues are determined

2l




25

A =1 - Gl(l-e'my) + ca(eim’- 2 + o 187y

A =1~ %%'E (1 -y, fiz_ E%E (éia? -2+ é-igy) '(IV-hli.J
Ay =1 (I\;-he)
a3=1-%u.§m%=1-§$%(1-9“) TWJQ
M= g (TV-bl)
15; = 13 . | “ (IV-b5)
hg = 1 | s (TIv-b6)

12 and 7‘6 immediately satisfy the stability criteris, From an exami-

nation of 13, )Lu, and 3.5 for the most adverse 05, it :I.s apparent that
£1] if

%

ax v R
055 % <1, (IV-4T7)

Since-up ie always greater then or equal to vp for injection angles of

45° or less, and v, is alveys positive, | 13| s | i

bx & by, - (Iv-48)

The von NEumann'method allows cne eigenvalue to violate the ln relation~

_ ship. Thus, the difference equations of the system are stable since




Ax = Ay and injangle S 45° in thie thesis. ), 8lso obeys the stability

1
eriteria in most flow situations however with large injeetion velo-
cities ll 18 elightly greater than one. _

Lax_(;2)'has shown the equivalence of convergence_and stability .
for problems which satisfy the consistency conditions. For linear
equations theﬁcbnsistency condition states that thé trﬁncation érror,
Et, mst venish gs Ax. end Ay approa¢h Zero. .

‘The truncation error is defined by

5

E, = (Finite Difference Equation) - (Partiel Differential Equetion).
This error cen be determined by expanding the point values in the dif-
ference equatidns in a Taylor series., These terms afé'substituted into

the finite difference equetions. ‘Mhe truncation error is obtained from

the remainder terms, Hence, the error in the continuity eqpations is
o o g ..
E, = 0 [(a)2, (a9)3 | (1v-19)
and that in the momentum equatlions is
. 2 _ _
E, = 0 [4x, (ay)7]. . (zv-50)

The truncation error venishes in ell cages as Ax and Ay approach zero,"
and the difference equafions converge;

| ' In'conciueion, the finite difference-eqnatious'have been shown
to converge ahd to be.stable. The ven Neumann method is used to estab-

lish stability, and the Lax consistency condition is used in the-cbn-

. wvergence analysis, With the establishmen$ of thqae-canﬂitiOHE'the

Burroughs 5500 digital computer is used to solve the difference equa-
tions {see APPENDIX E).




CHAPIER V

DISCUSSION OF RESULIS

The Burroughs 5500 digital computer wes uged to solve numericelly

the problem of wall-slot particle injection into & gas flowing over e
flat plate, The date, displeyed 1n-A.PPENDIX D, consist of the velocity '

end density distributions of the two phases. This data is besed on

Re =:5,5253 x 105 | ' - {v-1)
%= 827 (v-2)
[o ,0] = 14,5 i’::g . - (v-3)

These values regult if:

(1) eair is the viscous ges

b 47

'5 1bm
p.. = 1.2850 x 10 Fi-seo’ ’

(11) each particle is 10,0 microns in diameter and is éomposed
of a material such that

=1hso--§,




(411) the free-stream velocity is 100 1%

(iv)  the non-dimensionalizing lemgth, L, 13 1 f%,
For a system described by these conditions the momentum equilibrium
length, A, is 0,0678 ft. | |

The above set of conditions ie not uniéﬁe. The data‘in”this
thesis represents any two-phase flow system in vhich equations (V-l),
'(v-e), and (V-3) ere velid.

 The results of primary concern aré the x-velocity profiles and

the boundary layer thicknesses. ‘In order to discuss these results it
is necessary to define the fluid boundary leyer t‘hickness, 5, and the
particle boundary layer thickneaa, ) 5 In this thesis the boundary

layer thicknesses are defined as the distances for which

| w - u| = 0.0000Lu,,f0or 8 '(v_--'-;)-
| u, - w_ | = 0,0000L u_, for 5 (v-5)

This definition enables similar trestment of situations whén the x-
component of injection velocity 18 less than or greate: then the free;
stréam veloclty.

Figures 2 and 3 show a comparieon of the boundary layer thicke
nesses at different injection conditions. From an observation of these
graphs it is apparent that for sny injeciiom.conditiona both thicknesses
are considerably thicker than the boundary iayer thicknéségwith no in- -
Jection (the Blasius problem). Figuree 7 through.lh-demonstrate:that'
the particle boundary layer thickness is always thicker than the fluid .

thickness for a given injection velocity and angle.
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An examination of Figures 2 end 3 and the y-component of in;}ec- -
tion velocity in Table 1 reveals a deﬁni'l.e dependency of the boundary
" layer thicknesses on the y—in,)ecticm Veloc:l'ty. Figures b and 5 show
this dependenc}'. . These greaphs dem:mstra,te- that both thiclmessea are ap-
proximately ;proportional to the }r-in;jection velocity.- f
Schlichting (7 demonstrates tha.t for flow over a ﬂat plate
with no particle in;;ection the boundary 1e.yer th:l.clmeas is

bno mection = A \ E%: x% _ | _._-('v-6.) .

vhere A is a eonstaht The fluid a:nd part:lcle boundary 1ayer thielcnesses
are also proport:l.onal to some power o:l’ x (aee E'igures 2 and 3)
a.ua.logy with the no-injection cape,

583.\/%:.’.‘9‘"_:‘- - | ...(#.-7).
_'s?uc\/gx"-- o L (v-8)

vhere a and b are frﬁetional, positive conétanta. . B anii'-_ C are prb;.
portional to the’ y-in;)eetion velocity, ‘

An examination of the x-velocity pmﬂles of F:lgures T' ‘bhrough
14 reveals that the fluid x-velocity and the partic:l.e_ x-vel_oc_it_y.ap;
proach each other as the flow proceeds downstresm. This charscteristice
" results from the momentum tra.nafer between the two phasea.

. The x-velocity proﬁlea with the x-i.n.jection veloc:l.t:l.es less

than free stream ( see Flgures T thrcmgh 11) sre of the aame :tom ag the
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no;inJeétion profiles of Figure 6., The x-velocities increase from their
va:l.l values 10 the ﬁee-—atream velncity.' Sinece the particles slip at
the plate, their wall veloe:lt:les near the leading edge are greater tha.n
the fluid's, In spite of this they are glover to a.ccelerate to the free;
st_i'ee'm veibci.ty becange the- sol_i_d material is so much denser than the
| gas. Therefore, the x-velocity profiles of the particles and the 1414
‘migt créas until the flm} 1s far encugh maﬁns'i;rea:ﬁ thet the shear hais"
' _reduced the parbicle ‘wall veloc!.ty to zero, F:l.gure 8 18 a good emmple
to show how the pmﬁles eroes. At x' = 0,02 the tm pmﬁles cross, :
but by x' = 0, 05 the particle wall velocity haa been rednced ta zero and
there' ie no crossing

For greater than free-etreaan x=injection velocities the proﬁles
increaae to a m:d.mm and then liec.r.'ease to the free-stremn value, Fig-
ures 12 through 1k disp].ay this be]aavior-. Tn these graphs there 15. ne -
crossing of the profiles since the partiole velocity can never be
decreaged fagt encwugh to 'become less than the ﬂuid v'elocity. An
emmination of these ﬁgures revea.La that the mﬁmm of both 'bhe fluid
and particle x-velocit:l.es oeecur at approxitmately 'bhe same distance above
~ the plate, This distance is always small compared to the bounde.ry lay~
er thiékne’ss.es. i‘ig‘u‘re 15 ghovs these maximm velocities a8 a function
of 1;he distance down the plate, This graph clearly de‘mnstrate_s that
the particle x-velocity and the fluid x-velocity apﬁrogeh each other,

A comparison of the veloeity ﬁfoﬁles of different maééﬁibn )
conditions, Figures 7 through lh, demonstrates that at constent injec-
tion engle .and_ at a given distance dowmstream the x\;ve]'.oci'ty profiles
'beéome ﬂé.tter as the x-injection veloc:il..'.t::y approéehes the free;stream

velocity, This behevior resulis from the decreage in slip viloeity as
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the free-stream velocity is approached.

The parbil.cie density profiles are all of the same form once the
flow has moved downstream. The dgnlsify 18 zero at the plate,. increases
to a 'maadmx_m, and then decreases to zero at the particle boundaxry lay;
er limit, "I'ablea 3 through 10 {APFENDIX D) show that the particles diaQ

peraé 88 the flow proceeds dom:étreaﬁ. 'i'he particle density decreases

' as the particles disperse and is slways considerably less than the

injection density.

If the injected particles are at a different temperature then

the viscous gas, then heat will be transferred. This heat transfer -

can be described in differential equation form es follows (see APPENDIX

C):
w2 2 L L2% afpmEL, o (g
ax! ! FFBeay,ﬁ 3p Pru_‘p
28 20 ¢
T p:.!'.nu—EF—E - * -
'D.ip S-ig Vp 5}7 £ B cs u@ (BP 3) (V 10)

These equaticns become similar to equations (III-8) end (III-10) if

Pr=1 _ (v-11)
Nu = 3 ' (v-22)
< = €y : (v-13)

" The Nusselt number can be shown to be about three by épplying the var-
ious formilae for gas flow over a sphere. Kreith (13) gives one such

formila that ylelds Nu = 2,68,
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Since equations (V-9) and (V-10) and equations (ITI-8) end (III-10)

have gimilar boundary cbndifions ," the temperature proﬂles _afe similar to

the x-velocity profiles, The profiles become ildentical if

u £o,0] = 8 [0,0] | {V-14)

Figures 7 through 14 are x-velocity profile plots. If equation (v-lh)
holde true, then the figures are also plotu of the tenqperature pro- |
files. The fluid and particle X-ve] locity da'ba of AFPENDIX D are 8lso
the fluid and particle temperature data,

At large :Lnaection velocities or large mJeetion angles the re--
sulte become quantitatively' less accurate than for small injectlion p_ara-
meters, However, they are still qualitatively c"orz-ect.' For all in,j'ec;
tion conditions the slip velot:ities_-are large near the 1ead1ng edge
(x<A_). Lerge x-injection velocitles result in slip velocities that
ere so large that Stokes dreg lew ie not strictly valid (see APPENDIX
A). o
| For ejither large injec¢tion velocit:lea or large :I.nJection angles -

the boundary layer simpl:l.ﬁcat:l,om mey not be entirely valid. This ap-

proximation is based on the Blasius no-_in.jection bqu.nda_ry 1a;§ner thicke

ness. The boundary layer thicknesses involved here are much thicker -
vhich may render the simplified equations somevhat imaccurate,

The fluid in thie snalysis has been considered to be incompres.-‘
sible, This assumption introﬂnceg very little error aﬁ long as the
Mh muber s small (7) |

318 << 1. | (v5)

oy
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If this condition is not met, the eqnatibns-to be solved would be equa-
tions (III-1) through (III-6) These equations could be gimplified and

non-dimenaionalized to

%-,;, (pu') +§-§. (pv') =0 S (V-16)
- du! .y au‘. = ! S + L ‘_3_21.1": 4 :;E FL (w' - u) | .(v_]_-r)
ox' Y’ pugw a#' . Re-a';:g_ 3 .uw - 3 . L
w &, v'I v, . -—é—l ok , 1 9;2-"" +52.E (v = ¥ ). '(W}-lﬂ)
£Yy 3y pu ,.Bv' "Re 52 P w, ' p
3 'y . D Yoo ' _ _ =
ax (Ppup) + Ay (PPVP) 1_0 . (v 19)
! ' __ ' _
t IE = Era 1 - t . P
. “'a_x?”"_rp o " T, (ug, = u) g N (v-20)
av' av' o _ -
. = o -—- ' - ' ’ . -
Uy 53 ay = (vp . o (v-21)

o
This thesis hae dealt with the analybice;i problem of vall-glot -_
particle injection into & __gé'a -flowing over & flat plate, The sya.tem.
can be simlated by channel flow of e viscous e;aa in a rectangular duct.
_'I'he duet mst be 1a.rge enough 'I:ha'b the :lnteraction of the boundary
layers can be neslected. ) Particles alone cannot be in.jected :lnto the |
channel, ‘.Ehere mst be & medium to transpor‘b them into 'l'.he main flow. _
This difﬁculty ia overcome by suspension of the yarticles in t.he seme.”

gaa that is in ‘the cha.nnel. The :I.n,jection gas ahould be at the seme

i —mg
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density ss the gas in the channel. Thie method is epproximately
equivalent to pure particle injection if the injection velocity is mot
too large relative to the free-stream velogity and if the injection

. angle i& smell, Figure 16 1s a draving of this channel flow system.

Partiéle’s suspended in air

Figui‘e 16,  Charmel Flow
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 APPENDIX A

FORCE OF INTERACTION BETWEEN THE TWO PHASES

r

The dreg forceVof the fluid on the particle phase can be evalu-
- ated with the use of Stokea drag 1aw for spheres. The dreg coefficiént
is formed vith reference to the dynamic head 3 p(w -V ) and the

frontal .area,
2 - =2 ‘ - _
D =cygo” Ud plw - wp) 1 - (A1)

Stokes drag lew (7) states

1}

2k | e - ¥ )a R
= T, | Reg = ————<1 (a-2)

The substitution bf'CD into equation (A-1) ylelds the drag force per

particle

D = -——JL—m [3 p(W-w)a'_l | (.A-B)'

o(¥ - W)

vhere d 18 the diameter of one particle end (¥ - ¥, ) is the relative
velocity of the fluid with respect to the particles. The above drag

equation is simplified to
= 6'ﬂ'uo(ﬁ;- Gf) (A=)

The totel drag per unit volume of mixture is




Do - o, (6 ) wh’r . ;f?? - )

vhere B is the number of pariicles per unit volume of mixture,
Oseen's equation (7) could be used in place of Stokes!

i

Cncﬁ-e;-i-% Red <5 | (A-S)

It e a slightly better epproximetion and is valid for particle Reynolds
numbers up to five, However, for a_lma:l.],. glip véi‘oci-_tieﬁ _-'S'Eokés_'lav s |
quite accurate and 18 useain this tl‘.ne_szia.' If air is the viscous gas
(9 = 0.07L Lm/2t3, 1 = 1.2850 x 1077 Lom/ft-sec) and the perticle
dtameter is 10 micl;Onis (.3.28 % 1077 ft); 'thén Sto];es dreg '_:La..ﬁ"i_s-;_vali-‘&. _

for
lF-%l<ssizm. @)

sec

This condition is satisfied except near the leeding edge of the plate

‘for most injection cohdi‘bioi}é.

S e Tt o .
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APPENDYX B
SIMPLIFICATION OF CONSERVATION BQUATIONS
The equations to be simplified are eqations (IT1-1) through

(111-6).

RroBruBsoPevPao | (3-1)

3 5
+§—x(u§3+u§§)+plpﬂup'-u) - (B-2)
+ %;‘ (Iu %}E + %%) + ppF(vP - v) o (B-3)
;;:2 * Py -Z:lf *ug gr:-:E- + 0, ;B + vg_,;%g_u 0  (B=k)
94;? * _z,:.:R_ + vp--z;ﬁ) == pF(u, - u) | @-5)
pp(:" s g;a v ;;R)= - p.F(v, = V) (B-6)
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1

Schlichting (7) haes shown that if the Mach number is small
compared with u.nity; fluid c'ompreas:l.'bility can be negleét.ed. With the
uge of fluid incompressibility and the sssumption of steady state, the

equations redu_ce to

du 3V _ | '
2 2 . p. o o
au ou _pdu _pdu_'p : :
us+v =B +EB 2y F{u_ - u) _ ~(B-8)
v /v azv 32v P ' :
uﬁ+VE§=%5?+%;—2+ERF(VP-V) (B-g)
. Yy
3 2 (ivdoo .
5% (ppip) + 57 (pp7p) = © R
ou 3 : , _ | '
av ov, '
P ) —L = - - ' -1
%, 5% + v, 57 F(vp v) (B-12)

For conven:l:ence.,' the conservetlon equations are put in non-

dimensional form by using the following relations:

x! = i”‘ | | (B-13)
y' =4 B (B-14)
u' = o - (B-15)




V'HL
Ve
®

1! = o

up um
T

'V‘.=.
™

pu, L
Re = —~

The non«.dimensionalization leads to

du! av'
-yl

qu' 1 3w 1 3w

ut  aw .
' — 1 '
w a—?-x % sz' i (uy - ')
av! vt

. . Sl FL
he T UM Eﬁ' o (v = 7"

p . .
' ! 1 ¥L ] t
u T +V'3—-ry =-R-é--——2x +Re—;:2+32§'(u,p-u)

5

(B-16)

(B-17)

(B-18)

(B-19)

I' (B~20)

(B-21)

(B-22)

(B-23)

(B-2k)

(B-25)

The finel simplification is obtained from the boundery layer ap-

proximations (6), - The terms of the fluid momentum equations ere exam-
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ined on an order of magnitude besis to determine vhich are negligible
in the boundary leyer. Equatione (B-21) and (B-22) are rewritten and .

exemined term by term

2, 2 D .
du ow’' 1 du' 1 d3u'  pFL, : Py
u' 3x! + v! 3y =fn-é--—’—2+‘ﬁg"‘:‘g+lsaa-(“£-u' .(3-26)
¥x' Y ® _ S
11 s 821 L 11
& _
: 2 2., p T :
v’ av' 1 3% 1 @'y’ FL ., i _
utgfr+v'5?”§€ax' “‘ﬁ;;)y'z+i;ﬁu—(vp-v) (5-27)
& 2 2%
L. 8 3 § & 5 ;é 8§ §
} 1 2 t ._ Co S )
In the first eq_uation_ﬁ-e- -:-;%5 mgy he neglectet_i , and the second equa-

tion can be discarded completely.

-~

Therefore, the governing equations of the two-phase flow are:

ey b . ' . . . . ' y
%—:—‘;T- + -g—:—r = O _ _ : (B-28)
U U T T - (3-29)
S (put) +&r (o V') =0 o (B-30)
ax ‘Pplp/ TEF Vp Vi TT I
aul "-v' . .
T - - a E . : ' -
o st g, (o - ) (B-31)
ir - - T _ I - -




b

(3-32)
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APPENDIX C .
~ HEAT TRANSFER BETWEEN THE TWO PHASES

When the particles and the viscous gas are at different #enrpera;
tures, there is heat 'trajns\fer between the :_tm phésés. _Ttie.'dénfectiﬁ'e
héﬁf trs.ns:?ef from the particles to the g’a-é per unitvolume of mixture
e (6) . o . _ _ N

= h l} - . ' . . C-
qp np (b mo ) (Tp '1'? | .. . . ( 1)
This equation cen be rewritten in terms of the Nusselt number.

Hu'=_=

WI.‘:!'

=%‘—a - ,(c;e)'
5 R ERO®) (1,-m (e)

vhere qp = heat transfer per unib vnlume of mixbure,
h = convective heat transfer coefficient,
= themal condnctivity,
T = teﬁperature gas,
Tp = temperature of the particlea, ‘
P _
nh = number of particles per unit volume of mdxture = ———E—— .

§ o Py

n_ 1s substituted into equation (C-3)
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- ;_RkNu . S _ -
K55 oW S (20
8 ¢ _
The twoidimensional conservation of engrgy-' equation for the gas
is | | |
3T, o2, B)LE, BB, 2L R (kD)
LA at*“ax*"ay MY + k

3x © ¥y S:‘; Y

and for the particles is

/3T 3T S A

vhere ¢, = constant pre__ss_ﬁré ppecific heat of the gas,

© g = specific heat of the solid "pai*_tigiés ,

§ = viscous dissipstion function.’ | | _

With the use of the simplifications of AFPENDIX B plus the
assumption that k and " “are mdependent of temperature . equations (C-s)

end (0-6) in non-dimensional form becorie

_ o 0 _
3 -1 1 3 3 Mu oL
w Lt v o a + = : =—{0_ - 8) (C-T)
ax T T T e, WL yNET R 00T P Um ' P
o8 99 .y C - S
' ] N ; m El_ - . . . . -
upa—x%’--l—vpa—ﬁ 2—-—39:‘:6 Ef“,.(ap 0) (08?
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vhere T _ temperature of the wall,

T = tempersture of the gas in free stream,

T -
° = g,
' Tﬂh.w
. 'Tw' B
" LT,
By substitution of .
' we e
s N
a9 o
Ff"é;?ﬁ_"" o (c-10) -

1%
L]

~8) (o)

20 26 , e R o
] P__LlM pFL .. _ )
r uP T U8 3Pre;u, (ep 0) | (C-12)

The boundery conditions for these two equations are as follows:
(1) temperature of the gas et the leading edge of the plate

is constant
ooyl =1 _ (c-13)
(11) temperature of the gas at the plate is that of the plete

a. t:t,ﬂ] 32 0 : | .(c"'lll") _

-
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(111) temperature of the gas mst approach free stream value as

| y aepproaches infinity
_ | 11'“;»-@.9 [x,3y] =2 - | (c-15)
(iv) perticle tempersture at tﬁe'injgétidn poinf_ia constant
09'[0,0] = conatahtl ._- :- :  '.(0}15)

(v) particle tempersture must approsch free stream value as y
o approaches Infinity | o

L & (xy) = 1. (c-17)




" the 'ﬂii'ferent injection paremeters considered,

29

APPENDIX D
DATA

'_ APPENDIX D contains completé data for the various injection con-
ditions, Table 1 displaye the mJectibn e:'onditiona :I.nvestigated. _
Tables 2 through 10 give:the da1 a separate-d according to the 1n;)ection
parameters, Tables 11 throu_gh pL compare the x-veloéity profiles for

the

A quantities in this appendix ere non-dimensional e sept

'._amgles which are in degrees and the densities which are in pounds—maas

per cubie foot,

RPN

e




Injection
Veloeity

0.50
0 .‘50
0.50

1.00
1.00

. 1.50
1.50

2.00

Table 1.

Injection
Angle

10
30
45

10
30

10
20

10

x-Injection
Velocity

0.49240
0.43301
0.35355

0.,98481
0.86603

1.k772
1.40954

1,96962

Injection Parameters Investigated

¥=Injection

Véloq%ty

0.08682 .
0.25000
0.35355

0.17365

© 0,50000

0.260k47
0.51303

0.34730

60
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Table 3. Solution for injvel = 0,50 and injangle = 10°

xl

0.0000
0’, 0200

0.0400

0.0600

- 0.0800

yt

0.0000
0.0000

0.0010
0,0020
0,0030

0, 0040
0.0050
0,0060
0.0070
0.0000
0,0010
0.0020
0.0030
0.0040
0.0050
0.0060

0.0070

0.0080
0.0090
0,0000
0.0010
0.,0020
0.0030

0.0050

0.0050
0.0060
0.0070
0.0080
0.0090
0.0100
0,0110
0.0000
0.0010
0.0020
0,0030

00,0040

0,0050
0,0060
0.0070
0,0080
0.0090
0.0100

0.0110

0.0120

ut .

1.,00000
0.00000
0,82085
0.96186
0.99722

0.99994
1.,00000

1.00000
0.,00000

0.69702 -

0.86478

- 0.95426

0.99114
0.99918
0.99997
1.,00000
1.,.00000
1.00000
0.,00000
0.61639
0.80246

0.90319

. 0.96328
0.9907h

0.99864
0.99989
1.00000
1.00000
1,00000
1.00000
0.00000

0.55798 -

0.76197
0.86701
0.93499
0.97511
0.99332
0,99886
0.99989

0.99999
1.00000

1,00000
1.00000

vl

0.00000
0, 00000
0,00490
0.01264

- 0.01659
0.01706

0.01708
0.01708
0.017¢8
0,00000
0.00312
0.00764
0.01140
0.01375
0.01hkg
0.01459
0.,01459
0.01k459
0.01h459
C. 00000
0.00203
0.00509
©.00750
0.00955
0.,01085
0,01136

"0.01146

0.01147
0.01147
0.,0114T
0,01147
0.00000
0,00131
0,00357
0.00520
0.,00665
0.00782
0.00852
0.00880
0,00885
0.00887
0,00887
0.00887
0.00887

“p
0.4%9240

0.19586

0.66449
0.87160
0.97000
0.99610
0.99971
0.99999
1,00000
0.00000
0.57848
0.76363
0.88247
0.95475

10.98751
0.99760.

0.99968

0.9999T
1, 00000

- 0,00000

0.54877

0.7262T.

0.33601
0.91306
0.96189
0.98686
0,99655
0.99931
0.99990

0.99999
1.,Q0000

0.00000
0.52872

- 0.7091k

0.81435
0.88910
0.94138
0.97374
0.99037
0.99717
0.9993k
©.99988

0.99998
1.00000

%
0.08682

0,00000

0.0231%
0.049h3
0.06413
0.06808
0.,06861

0,06865
0.06865 -

0.00000 .

0.00902
0,02327
0.03750
0.04792
0.05306
0.05468
0.05502

0.0550T.

0.05507
0.,00000
0.00469
0.0L3LT
0.02253
0.031l
0.03817
0.04205
0.04365

0.04h11

0.0bk21
0.0hk23
0.04423
0.00000
0,00279
0.00841
0.01468
0.02114
0,02695
0.03127
0,03381
0.0349k
0.03532
0.03542
0.03544
0,0354%

Pp

1k, 50000

62

0.00000

0.14632
0,17911

0,0874s5

0.01852 °

0.00193

0.00011
0,00000
0.00000
0.06217
0.10486
0.11572
0,08387
0.037Th
0,01042
0.0018h
0,00022
0.00000
0.,00000

. 0.,03976

0.06729
0.08672
0.08797
0.067T0
0.03723

0.00372
0.00070
0.,00009
0, 00000
0, 00000
0.03098
0.05008
0,06702
0.07561
0.07136
0.05391
0.03090
0.01298
0.00399
0,00092
+0,00016
0.00000




0.1000

0,0000
0.0010

00,0020 -

0.0030
0.00k0
0.0050
0.0060
0.0670
0.0080
0.0090

0.0100 -

0.0110
0.0120
0.0130

'1.00000

Table 3. (cont.)

.C.,- ﬂ._

0,00000  ©0.00000
0.51409  0.00087
0.73280° 0.00262
0.84195 0.00382
0,91299  0.00486

0.95929 0.00576 .

0.98514 L0064
0.9961k 00679
0,99934 00602

1,00000
1.00000

Q

0

O.

0
1,00000¢ ©
0

._h..

P

0.00000
0.50768

0.69757

0.80254
0.87568
0.92836

- 0,96361 -

0.98419
0.99425
0.99827

0,99958

0.99991

0.99999
1.00000

v!
P

0,00000

0.00178

0.00577
0.01016
0.01482
0,01933

0,02314

0.02583
0.02735
0.02802
0.02826
0.02832
0.02833
0.02833

°p

0.00000

- 0,02708

0,0k1.01
0.05533
0,06498

63

0.06683

10,05870

0, 0h20k4
0,02343
0,00988
0.00316
0.00078
0.00015

{0,00000




Table 4. Solution for injvel = 0.50 and.injangle = 30°

x' y! n! v! ﬂm., cw_u uw
0,0000  0.0000 1.00000 0,00000  0.43301 0,25000 1k%,50000
0.0200  0.0000 0,00000. 0.00000  0,13647 0,00000  0.00000
0.0010 0.66438 0.00378 . 0.49138 0.00782  0.05578
0,0020 0.76252 0.0090L = 0.60073 0,04382  0.11854
0.0030 - 0,8hk791 0,0163L  0.69380 0,0763L  0.18673
- 0.00k0  0.92210 0,02569  0.78793 0.11342  0.23957
0.0050 = 0,97249 0.03k5k  0.87603 0,14965  0.24029
0.0060 0.99447  0.03972 0.95513  0.17707 0.17176
0.0070 0.99946 0,04125 0,98261 0.,19156  0,08002
0.0080 0.99998 0.041k5  0.99625 0.19656 0.02332
0.0090 1.00000 0.014k6  0.99946 0,19766  0.00428
~0,0100  1.00000 O,0k146  0,99995 0.19782  ©,00051
1 0.0116  1.00000 0.0k146  1,00000 0,19783 0.00000
0.0400 0.0000  0,00000 0,00000  0.00000 ©.00000 0.00000
0.0010 0.58615 0.00257 0.47757 0.00654 - 0,02L76
0.0020 0,69221 0.00540  0,58562 0,0167TL  0.04158
0,0030 0.75339 0.00754%  0.648K8 0,02864  0,06434
0.0040 0.80865 0,0L020 0.70238 0,04266  0,08627
0.0050 0.85965 0.01343 0.75391  0.05871 0.120905
0.0060 0.90513 ~ 0.01725  0.80kk2 0.07644  0,12946
0.0070  0.94300 - 0.02116 0.85331  0.09508 0.14329
0.0080  0.97107 0.02k70  ©0.89859 ©0.11335  0.14465
0.0090 0.98841 0.02732  0.93729 0.12951 0.1284%
0.0100 0.99661  0.02880 0.96650 0.14189 0.09581
0.110  0.99933 0.,02038  0.,98506 0.1h97h  0.05735
0.0120  0,99991 0.02952  0.99458 ©0.15371  0.02667
0,0130  0.99999  0.02955  0.99842 0.,15528  0,00953
0.01%0  1.00000 0.02955  0,99963 0.15576  0,00263
0.0150 1.00000 0.0295% ~ 0.99993 0.15587 0.0005T
0.0160 1.00000 0.02955  0.99999 0.15589  0,00020
0.0170 . 1,00000 . 0,02955 1.00000 0.15590  0.00000
0.0600  0,0000 = 0.00000 0.00000 = 0,00000 . 0,00000  0.00000 .
_ 0.0010  0.52470  0,00L75  0.47335 0,003%5  0,01426
0.0020 0.66033 0.00407  0.59233 0.0093L -0,02553
0.0030 ©0.71947 0.00530  ©0.65126 0,01565  0,03807
0.0040 ~0,76T11  0.00654 0.69653 0,02292  0.0507T.
0.0050 0,81052 0.00801  0.73719 " 0.,03123  0.06346
0,0060 0.85043  0,00972  O.7755L 0.04057  0.07597
0.0070 0.88666 0.01165 0.81216 0,0508%  0,08784
0.0080 0,91869  0,01372  0.84718 0,06183  0.09823
- 0,0000 0,94581 o0,01580  0.88021 0.07323  0,10573 .
0,0100 0,96730  0.0L77T3  0.91059 0.08458  0,10837
0.0110  ©:98273 0.0193L .  0.93739 0.09525  0.10397
0.0120 0.99235 0.020k9  0,95962 0,10L455 0.09110
0.0130 0.99730 0,02117  0.97651 0.11187 0.07075
0.0Ll40  0.99927 0.02148 0.68794 0,11692  0.04721




X' i

0.0800

0.1000

yl
0.0150
0.0160
0,0170
0.0180
0.0190

0.0200

0.0210
0.0000
0,0010
0.0020
0,0030
0.0040
0.0050
0, 0060
00,0070
0.0080

0.0090
0.0100 -

0,0110
0.1200
0.0130
0.01k0
0.0150
0,0160
0.0170
0.0180
0,0190
0.0200
0,0210
0.0220
0.0230
0.0240
0,0000

-~ 0,001L0

0.0020
0,0030
0.0040
0.0050
0.0060
0.0070
0.0080
0.0090
0,0100
0.,0110

' 0.0120
- 0,0130

Table 4. {(cont.)

ut

0.99985
0.99998
1,00000
1.00000
1.00000

1,00000

1,00000
0.00000

0.47388

0.63679

0,70092
0.T7h616

0.78608

0.82260
0.85607
0.88650
0.913712
0.93743

0.95732

0.97312
0.98475
0.99244

0.99683 -

0,99892
0.9997L
0,99994
0.99999
1,00000
1.00000
1., 00000
1.,00000
0, 00000
0.4328¢9
0.61641
0.68824
0.T33L4

0.77LF0

0.80635
0.83803
0.86710
0.89345

0.9170k
0.93776

0.95545

0.96996

v-l

0.0215%
0,02161
0,02162
0.02162

0,02162
0.02162
0.02162

©.0000C
0.00117

0.00312 -
0.00407

0.00482

0,00564
0,00659 -

0.00765
0,00882
©.01007

0.01133
0.01256

0.01368
0.01461
0,01531
0.01576
0.01600
0.01510
0,01613

0.0151h

0,01614

- 0.01614

0.01614
0.0161%
0.01614
0., 00000
0.00079
0.00242
0.00324
0.00377
0.00430

- 0,00489

0.00555
0.00628
0.00706

0.00788 .

0.00871
0.00951
0.01027

ui

P
0.99464
0.99796
0.9993%

0.99982

0.99996

10499999

1.00000
©.00000

0.4s9k9

0.59522

0.65628
'0.69925

0.7363L

0.77032

0.80218

0.83223"

0.86050
0.883690
0.91118

-0.93297

0.95190
0.95758
0.97977

0.9384g

0.99413
0,9973k
0.99894
0.99963

- 0,99989

0.99997
0.99999
1.00000

0. 00000
0.43779
0.59256
0.65888
0.70189
0.73768
0.76995

0., 79978

0.82758
0.85355
0.87770
0.90000
0.92031

0.93848

P

0.11990 .
0,12137
0.12198

0,12218

- 0.12224

0.12225

10,12226
0.00000
_0;00608

"~ 0,01003

_O;OIHHD'
0.01937 -

0.02498
0.03120
0.03797
0.04519
0.05273
0.06039
0.Q6792
0.07k499
0.08127

0,086k

0.09030
0.09287
0,09463
0.09510
0.09542
0.09553
0.09557
0.09558
0.09558
0., 00000
0.00138
0,00431

0,00702
. 0.0098T

0.01308
0,016T1,
0.02076
0.02521
0.03000
0.03508
0.04036
0.04575
0,05109

p

P
0,02638

0.01217
0,00463
0.001k45
0,00038

- 0.00008

0.00000

0.,00000

0.01152

0.028%40

0,03753

0.0k6l] -

0.05507
0.06347
0.071k45
0.07868
0, 08463
0.08843
0.08919
0.08560
0.07688
0.06323
0,0k6kg
0.02988
0,01651
0.00777
0.00312

0.00107

0.00032
0.00008
0,00000
0, 00000
0,010k4
0,01568
0.02352
0.03102
0.03813
0,04493
0.,05148
0.057TT
0.06370
0.06908
0.07362
0.07688
0.07823
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Table 4, (cont.)

] 1 ] ]

y n v ;ﬁ cwv nw
0.00140  0,9812F 0.01092  0.95430 0.05622  0.07694
0.0150 0,98938 0.01145 0.96762  0.06094 0.07230
0.0160 ©.99468 0.01184 0.97833  0.06507 0.0639k
0.0170 0.99772 0.01208 0.98646  0,06843 0,05223
0.0180 0.99918 o0.01221 0.99219  0,07095 0.03863
0.0190 0,99976 0.01227  0.99589 0.07265 0,02539
0,0200 0,99995 0,01220 - 0.99805 0.,07366 0.01463
0,0210 0,99999 0,0L230 0.99917 . 0.07420 0,00733
0.0220 1,00000 0.01230 0.99969  0,074L5 0,00319
0.0230  1,00000 0.01230 0.99989 0.0T455 0,0012),
0.0240  1.00000 0.01230 0.99997 0.07458 - 0.00040
0.0250 1,00000 0,01230 0,99999  0,07459 0.00012
0.0260. 1.00000 0,01230 1.00000 © 0.07460 0.00000

e e i _| ; ——— e e mmem o

e e —



fr-.p-.pr.pr

x'

0.0000
0.0200

0.0400

0.0600

Table 5,

yl

© 0.0000
0,0000
0.0010
0.0020
0.,0030
0,0040
0,0050
0.0060
0.0070
0.0080
0.0090

- 0,0100

0.0110
0.0120
00,0130
0.01%0
0.0000
0,0010
0.0020

0.0030.

0.0040
0.0050
0.,0060
0.0070

0,0080

0.0090
0.0L00
0,0110
0.0120
0.0130
0.01%0
0.0150

0.0160

0,0170
0,0180
0.0190
0.0210
0.,0000
0,0010
0,0020
0,0030
00,0040
0.0050
0.,0060
~ 0.0070

Solution for injvel = 0,50 and injangle = 45°

ul

1.00000
0.00000
0.57057
0.65057
0.72249

0.79590

0.86736
0.92962
0.97307
0.99369
0.99923
0.99996
1.00000
1.00000

- 1.00000

1.00000
0. 00000
0.5000}

0.59844

0.65043
0.69815
0, 74420
0, 78868
0.83127
0.87130
0.90777
0.93935
0.96461
0.68249
0,99306
0.99793
0.99956
0.99994
0,99999
1, 00000

1.00000

1,00000
0.00000
0. ulb2)

0.57259

0.62541
0.66T17
0., TO604
0.74295
0.77811

© 0.81153

Vl

0.00000
0.00000
0.00352
0.00765
0.01319
0.02148

10.03256

0.04523
0.05650

0.06320 .

0,06541
0,06575
0.06578

0.06578

0,06573
0.06573
0.00000
0.00231
0.00645
0,008k
0.01092
0.01405
0.01773
0.02206
0.02672
0.03LhT
0.03581
0.03950
0.04194
0.04323
0.0h372

0,04384

0,04386
0.04387
0.04387
0.04387
0.00000
0.00150
0.00362
0.00464
0.00556

0.0066%5

0.00797
0.00951
0.01129

ul

P
0.35355
0.05701
0.41330
0.49693
0.56102
0.62725

- 0.70084

0.78186
0.86369
0.93235
0.97531
0.99371
0.99891
0.99987
0.99999
1.,00000

0.00000

0.41798
0,50935
0.55847
0.59925
0.63789
0.67620
0. 71497
0.75454
0.79489
0.83556
0.87547
0.91275
0.94493
0.96960
0.98575
0,994L5
0.99823
0.99954
0.99990
1. 00000
0.00000
0.41hs59

0.5211h4

0,57057

0.60758
0,64072

0.67200
0.70219

0.73163 -

v'
0.35355
0.00000
0.0136k

0.03371 .

0,05921
0, 0910k
0.12943
0.17283
0.21624
0.25137

0.27222

0,28060

0.20281

0,28323

1 0.28323

0.00000
0.00506
0.01301
0.02206
0.03272
0,04519
0.05955
0.07586
0.09406
0.11395

0.13506

0.156k9
0.17690
0.19460
0.20808
0.21675
0.22131

0,22323
0.22387

0.22404
0,22409
0.00000
0.00271

0.00738

0.01216
0.01759
0.02385
0,03101
0.03908
0.04808

Pp

1k,50000
0.00000
0.03771
0.07784

67

0.12522

0.17933
0.23436
0.27282
0.26546
0.19694
0.10159
0.03436
0.,00750
0.,00106

0,00010 -

0.00000
0.,00000
0.01571
0.02911
0.04361
0.05863
0,07431
0.09071
0,1076k4
0.12447
0.13980
0.1511%
0.15476
0.14639
0.12365%
0.08961

0,05361

0.02575

0.00981 -

0.00296
0.0007TL

0,00000.
" 0,00000

0,01084
0.01872

0.02758

0.03638
0.04481

0.,05332 -
0.06188
0.07051 .




10,0800

q__
0.0090
0.0100

0.0110
0.0120

0.0130.
0.0140 .
0,0150
0,0160 .

0.0170

0,0180

0.0190
0,0200

- 0,0210

0.0220
0.0230
0.0240

0,0250

0.0260

0,0270 -

0.0000
0.0010
0.0020
0.,0030
0.00%0
0.0050
0.0060
0.0070
0.0080

.0,0090

0,0100
0.0110
0.0120
0,0130
0.01L%0
0.,0150
0,0160

0,0170

0.0180
0,0190
00,0200
0,0210
0.0220
0.0230
0.0240
0.0250
0.0260

Table 5. (cont.)

Fﬂ-

0.84310
0.87262
0.80982
0.92434

" 0.94576

0.96367
0.97T73
0.98764
0.99428
0.997TT
0.99930

. 0.99983
. 0.99997

1.00000
1.00000
1.00000
1,00000

©1,00000

1,00000

0.00000

0.39819
0.55172
0.61119
0.65159

© 0,68762

0.72135
0.75323
0.78340
0.81194
0.83883
0.86403
0.887L4L
0.90896
0.92846
0,94568

- 0.96056

0.97292
0.98268
0.98987
0.99470
0.99759
0.99907
0.99970
0.99992

0.99998
1.00000

Mﬁ_

0.01320
0,01549
0.01783
0,02026
0,02267

0.02493
- 0.02693

0.02853

0.03034 ¢
0.03067"
0.03080

0.03083

0.03084

0,0308%4
0.03084
0.03084
0.03084

'0,03084
0.00000
0,00095

0.00272
0.00356

- 0,00k41Y4

0.0CkT6
0.0C547
0.00630
0.00723

0.00829

0.00945
0,01071
0.01206
0.01346
0.01489
0,01631

0.01767

0.01891
0,02000
0.02088
0,02152
0.02194
0.,02218
0.02229
0.02233

-0.02234

0.02235

%

0.76051
0.78894
0.81690
0.84430
0.8709%

0.@@@5

0.92038

- 0.94199

0.96055
0.97540
0.98618

. 0.99312

0.99700
0.99887
0.99963
0.99990
0.99997
0.99999
1.,00000

. 0.00000

0.39697
0.52358
0.57773
0.61457
0.64636

0.67573 .

0.70348

0.75543
0.77996
0.8036L

0.82650

0.84853
- 0.86968

- 0.9089k .

0.92673

. 0.94299

0.95745
0.96985
0.97994
0.98763
0.99303
0.99644
0.9983T
0.99933

a..-

)%
0.05800 0.
0.06879 0,
0.08038 0.
0.09266 0.

0,11833 Q.
0.13100 O,
- 0.1533% 0.
0.16183 0.
0.16802 0.
0.17199 0.
0.17T819  o.
0.17523 0.
0.17565 0.
017579 C.
0.17583 o0,
0.17585 0.
0.17585 0.
Ooooooo O.o
0.00164 0.
0.00487 0,
0.00786 0.
0,01107 0.
0.0147h o.
0.0180% 0.
0,02368 0.
- 0,02897 0.
0.03480 0.
0,04116 Qe
0.,04803 0.
0,05538 0.
0.,06416 0.
0.07130 © O.
0.07971 0,
0.08825 0.
0.09675 0.
0,10500 0.
0.11271 0.
0.11961 0.
0.125h42 0.
0,12995 0.
0.13316 0.
0.13521 0.
0.13636 0.
0.13694 0.

°
07919
08776
09592
10318
10876
11155
11015
10316
089685
07207

0hoT8
03020
,01562

0068%
00254
00080
00022

00005

00000

00000
00919

01453
02133

02790

03408
0kooo
oks78
05148
05713

06275

06830
07369
07880

083k
08719

08963
09027 -

08826
oB2gh
07392
061

oL6T6
03201
01941
01033
00480




0.1000

yf

0.0270
0,0280

0.0290

0.0300
0.0310
0,0000
0,0010
0.0020
0.0030
0.00L40
0, 0050
0.0060
0.0070
0,0080
0,0000
0,0100
0.0110
0,0120
0.0130
0.0140
0.0150
0.0160
0.0170
0.0180
0.0190
0.0200
0,0210
0.0220
0,0230
0.0240
0.0250
0.0260
0.0270

0.0280

0,0290
0.0300
0.0310
0,0320
0.0330
0,0340
0.0140
0,0150
0.01.60
0.,0170
0,0180
0.0190

Table 5. {cont.)

u' oy

1,00000 0.02235
1.00000 0.02235
1.00000 0.02235
1.00000 0.02235
1.00000 0.02235
0.00000  0.00000
0.36203  0.00063
0.53284 - 0,00209
0,60088 0.00285

- 0.6k197  0.00329

0.67678  0.00369
Q.70802 0,001k

0.73909 0.00464

0.7675%  0,00521
0,79439  0.00585
0.81970  0.00655
0.84350 0,00731

0.86577 0.00812

0.88650 0,00898
0.90563  0.00087
0.92311. 0.01078
0.93887 0.01170
0.95282  0.01259
0.96490  0.0134%
0.9750F  0.0L423

0,98322 0.01492

0.98948  0.015hkg

0.99395 0.01594
0.99688 0.01525

10.99858 0,01645

0.99944  0,01656

0.99982  0,01561
'0.99995  0.01663

0.99999  0.01663
1.00000 0.01664
1.00000  0,0l664
1.00000 0,01664
1.00000 0.0L664
1,00000 0.01664
1.00000 0.01664
0.90563  0.00987
0.92311 0.0,078
0,93887 - 0.01170
0.95282 0,01259
0.96490  0.01344
0.97504k  0.01423

ul

P
0.99976
0.99992
0.99998

0.99999
1.00000

0, 00000
0.3727h
0.51914
0.58033

0.61845

0.6501L4
0.67808
0.70594
0.73141
0.'75560
0.77865
0.80065
0.82167
0.84172
0.86083
0.87898
0.89613
0.91224
0,92723
0.9%101
0.95346
0.96448
0.97395
0.98179

'0,98798

0.99258
0.995TT
0.99778
0.99804
0,9995k%
0.99982
0.9599k
0,99998
0.99999
1.00000
0.86083
0.7898

0.80613
0.91224
0.92723
0.9h101

v'
P

0.13718
0.13728
0.13731
0.13732
0.13732
0.00000
0,00L05
0.00345
0,00553
0.00760
0.00993
0.01259
0.01561

0.01899

0.02273
0.02683
0.03126
0.03602
0.0k109
0,046k,
0.05202
0.05780
0.06371

© 0.06968

0.07559
0,08133
0.08676
0.,09172
0.0960k
0.09961
0.10236
10.10430
0.10555
0.10627
0,10664
0.10681

0.10688

0.10691
0.10692
0.10692
0,0L6LY
0,05202
0.05780
0.06371L
0,06968
0.07559

69

Pp

0.00195
0.,00070
0,00022
0.00006
0.00000
0.,00000
0.00868
0.01238
0.01811
0.02372
0.02885
0.03362
0.03815
0,04253
0.04680
0.05100
0.0551k4
0.05920
0,06316
0,06695
0.07048

0,07360

0,07610
0.07769
0.07800
0,07660
0,07304
0,06697
0.05832
0,04757
0,03580
0,02451
0.01509
0.00829
0, 00406
0.00LTT
0.00069
0.0002Y
0,00007
0.00000
0,06695
0,07048
0.07360
0.07610
0.07769
0.07800

]




G.0000
0.0200

0,0400

0.,0600

0.0800

yl
0.0000

0.0010

10,0020

20,0030
0,0040
0.0050
0,0060
0.0070
0,0080
0.,0090

€,0000

00010
0.0020
0.0030
0,0040
0,0050
0.0060
0,0070
0.0080
00%90
0.0100
0,0110
0.0120
- 0.0000
0.0010
0.0020
0.0030
0.0040
0.0050
0.0060
0,0070
0.0080
0,0090
0,01.00
0.0110
0.0120
0,01.30
0,010
 0,0000
0.0010
0,0020
0,0030
0,0040
0.0050
Q.0060

ul

1.00000
0, 00000
0.96895
0.99169

0.99753

0.99956
0.99996

1.00000
1.00000
1..00000
0,00000

0.92173
0.97732

0.98832
0,99430

0.99764

0,99925
0,99983
0.99998
1.00000

1.00000 .

1,00000
1.00000
0.00000
0.86T15
0.96365
0.98012
0.98823

0.99337 -

0.99661
0.99852

0.99948 -

0.99986

- 0,99998

1,00000
1.00000
1., 00000
1.00000
0, 00000
0.81007
0.94898
0.97322
0.98318
0.98046
0.99369

vl

0.00000

0.00000

0,00321
0.00477

©.00543
. G.00575
0,00584
10.00585

0, 06585
0.00585

0.00280

0,004605

0.00527
0.00565
0.00597

- 0,00614

0,00622
0.00624
0,00625

0,00625°

0.00625
0,00625
0, 00000

0.,002L0 .

Q.00448
0.00506
0.00541
0.00567

0.00587

0, 00600
0,00608
0.00612
0,00613

0.00614

0,00614
0.,0061%4
0.0061k
0.00000
0.00199
0.00416
0.00478
0,00507
0,00528
0.00545

u'
P

0.98481
0.98826

0.92565
- 0,97035
. 0.98756

0.99553
0.99881

0.99978.

0,99997
0.99999
1,00000

- 0.30172

0.85700

0,93874

0.96738

C0.9817T
"0.99015

0.99515
0.99794
0.99929
0.99980
0.99996
0.99999
1.,00000
0,09518
0.80201
0.91824

10.95513

0.97273

0.68308"

0.98973
0.99410
0.,99690

0.99856 -

0.999k2
0.99981
0.9999k

- 0.99999

1,00000
0.00000
0.75799
0.90457
0.94819
0.95771
0.97896
0.98627

p
0.17365
0.00000
0.03387
0.06691
0.09511

1 0.11520

0,12573
0.12933
0.13009
0.13018
0,13019
0.00000
0.01482
0,03110

. 0,04673

0.06132
0,07h21

- 0,08457

0.09176
0.09580
0.09753
0.09809
0,09822
0.09825
0.00000
0.00826
0,0182k

- 0,02778

10.03695

T 0.04566

0.05367
0.06065
0,06627
0,07027
0,07269
0.073689
0.07436
0.07451
0,07455
0.00000
0,00516
0.01209
0.01847
0.02457
0.03046
0.03606

70

Table 6. Solution for injvel = 1,00 and injangle = 10°

"o

14,50000

 0.00000
0.08381
0,15116
0.17876
0.14515
0.07395
0.02202
0,00385
0.00041
0.00000
0.00000
0.03257
0,06223
0,08893
0.10815 -
0.11402
0,10154
0.07256
0.0393h.
0,01561

0,00451

0.00097
0.00000
0.00000
0.0201k
0,0378L
0.05553

o.0718h

0,08400
0,090k1
0.08806
0.0754k
0.05468
0,03225
0.,01507
0.00553
0.00160
0.00000
0.00000
0.01410
0.027h45
0.04073
0.05351
0.06487
0.07368

e ey
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xi

0.0000

0.0200

0.0400

Table T.

yl

0.0000
0.0000
0.0010
0.0020
0.0030
0.0040
0.0050
0, 0060
0.0070
0.0080
0.0090
0,0100

0.0110.

0.0120

0.0130"

0.,0140
0.0150
0.,0L60
0.0000
0.0010
0.0020
0,0030
0.0040
0,0050
0.,0060
0.0070

0.0080

0.0090
0.0100
QJo110
0.0120
0,0130
0.0130
0.0140
0.0150

0.01L70
0.0180
0,0190
“ 00,0200

~0,0210 |

¢.0220
0.0230
0. 0240

T2

Solution for injvel = 1.00 and injangle = 30°

ul

1,00000
0.00000.

0.94717
0.97133
0.97h27
0.97780
0.98194
0.,98640
0.99081
0.99471
0.99T761
0.99926
0.99986
0.99999
1.00000
1.00000
1.00000
1.00000

0.00000

0.9059h4
0,96750
0,970k
0.97205
0.97397
0,97618

0.97861 -

0.98121
.0,98392
0.,98667
0.98937
0.99195
0.99429
0.99%29
0.99629
0.99785
0.99893
0.99957
0.99987
0.99997
1. 00000
1,00000
1.00000
1,00000
1.,00000

0

0.00486
0.00554
0.00645
0.00754
0.00868
0.00966
0.01033
0.01062
0.01065
0.01069
0.01065
0.01069
0.01069
0.00000
0.00261
0.00415
0.,00430
0.00440
0.00455
0.00475

0.00501

0.00533
0.00570
0.,006L3
0.00560
0.00710
0.00760
0.00760
0.00806
0.00846

- 0.,00876

0.00895
0.00905
0.00909

0.00910 -

0.00910
0,00910
0.00910
0.00910

uf

D
0,86603
0.56948
0.81969
0,86962
0,89182
0.90726
0,02076
0.93390
0,54726
0.960T79
0.97389
0.98529
0.99349
0.99791
0.9995k%
0.99993
0.99999

1.00000

0.2729k
0.7732k4
0.86028

0.,88899

0,90382
0.91386
0.92189
0.92899
0.93569
0.94223
0.948T7
0.95535
0.,96197
0.96860
0.96860
0.97510
0.98129
0.98692

0.99168

0.949531
0,99772
0.,99906

0.99968
0,99991

0.99998
1,00000

vi

D
0.50000
0,00000
0.03146
0.06532
05'10007
0.13569
0.172Lh
0,20923

0,2464T.

0,28275
0.31602
0,3h322

. 0.361h7

0.37057
0.37365
0.37432

0.37h41 -
0,37hk2 -

0.00000
0.01306
0,02815

0.04328 -
0.05859

0.07k13
0.08991

0.10597
0.12228

0,1388L

0.15562
0.17253
0.18045

0.20617
0,20617 -
0,22234

0.237h9
0,25099
0.26215
0.2704%
0.27578
0.27866
002'r99"|'
0.28040

© 0.28053
0.28056

pp
14,50000
0, 00000
0.00210
- 0,00893
0, 02090
0.03823
0.06093
0.08824
0,1177h
0.14362
0.15507
0.1391h
0,09457
0.0l415
0,01320
0.00244
0.00027
0,00000
0,.00000
0.00060
0.00218
0,00484
0,00859
0.01346
0,01948
0,02662
0.03486
008411
0,05418
0.06472
0,07512
0.08441
0,084

- 0,09107

0,09309: -
0,08833
0.07565
0,05650
0.03555

- 0,01830

0,00758
0.00251
0.00066
0, 00000




xl‘

0. 0000
0.0200

0.0400

0.0600

Table 8, Solution for injvel = 1,50 and injangle = 10°

0.0110
- 0.0120

.0,0130

- 0.01k0
°0.0150
'0.0160
0.0000
0.0010
0,0020
0.0030
0.0040
0.0050
0.,0060
0.0070
"0.0080
0.0090
0.0100
0.0110
0.0120
0.0130

'

1.00000
0.00000
1.1264k%
1.08616
1.04803
1.02155
1.00692
1.00136

©1.0001k

1.00001
1.00000
1,00000
1.00000
0.00000
1.11l16
1.12154
1.09442
1.06919
1.04715
1.02913
1.01575

- 1.00708

1.00247

 1,00063

1.00011
1.00001
1.00000
1.,00000
1.00000

-1.00000

1.08095
1.13083
1.21347
09335
07392
.05591
203990
.02640
01579
.00828
1.00366
1,00132
1.00037

HEHFPFHEK

v!

0.00000
0.00000
0,00270
0.00102
-0,00240
-0.00593
-0,00856
-0.00986
-0.01022
-0,01027
-0 01027
-0,01027

-=0,01027

0,00000
0.00272
0.00329
0.00222
0.00071
=0.00101
=-0.00275

=0.00429

=0,00545
-0,00617

-0,00650

-0, 00661
=0,00663
-0,00663

=0,00663
-0,00663

-0,00663
0,00000
0.00000
0.00166
0.00154
0.00093
0,00008

=0,00092

~0.00199

-0,0030h4
~0,00400
-0,00478
-0.00533
-0,00567
=0,00583

“p
1.h7721
1,18067
1.28978
1.24175
1.17736
1,11568
1.0644%
1.02865
1.009k40
1.0021%
1.00033
1.00003
1.00000
0.88412
1.21672
1.23875
1.21520
1.18104
1.14463
1,10935
1.07730
1.05007
1,02893
1.01h43
1,00602
1.,00205
1.00056
1.00012
1,00002
1,00000
0.58758
1.10456
.19578

.16099
.13522
.10950
.08512

HEHFP PR

- 1.,0630%

1.0M400

- 1.02858

1.01703
1.00916

L20133
.186hs5

0.03904
0.05003

0.05978

0.06836
0,07581
0.08218
0.08754
0.09192
0.09535
0.09786
0.09955

P

14,50000
'0.,00000
0.05436
0.10273
0.15066
0.15970
0.14909
0.10623

0.05212 .

0,01636
0.00323
0.00041,

0.00000 -
0.00000

0,02011
0.03933
0.05802
0.07537
0.09022
0.10073
0.10430
0.09811
0.08098
0,05609
0.03121
0.01353
0.00453
0.00117
0.00024
0.00000
0.00000
0.01208
0.02316
0.03455
0.04597
0.0570T
0.06735
0.,07607
0.08213
0,08412
0.08059
0.,07086
0.05591
0.0387k

T3




0.0800

O;Hooo

Uﬂﬁ

0.0140
0.0150
0,0160

- D.0170

0.0180
0,0190
0.0200
0,0000
0.0010
0.0020
0.0030
0.00L0
0.0050
0.0060
0.0070
0.0080
0.0090
£.,0100

0.0110

0.0120

0.0130

0.0140
0.0150
0.0160
0.0170
0.0180
0,0190
0.,0200
0.0210
0,0220

0.0230

0.0000
0.0010
0.0020

'0,0030

0.0040

0.0050

0,0060
0.0070

.0.0080
.0,0090
10,0100
'0,0110

0.0120

Table 8. (cont,)

,_.._.-

1.00008
1.00001
1.00000
1.00000
1.00000
1.00000
1.00000
0.00000
1.04638
1.12922
1.12155

1.10568

1.08908
1.072T7

11.05730

1.04313
1.03064
1.02026
1.01223
1.00662
1.0031h
1.00127
1.0004k4
1.00013
1.00003
1.00001
1.,00000
1.,00000
1,00000
1.00000
1.00000
0.00000
1.01091
1.12264
1.12451
1.11236

1.09812

1.08348
1.,06904

1.,05523

1,04k242
1.03101
1.02133
1.01362

4.._

~0.00589

-0.00590
]_O * OOWWH

- =0,00591

-0, 00591
-0.00591
«0,00591
0,00000
0.C0000
0.00176
0.00199
0.00174
0.00128
0.00070
0.00003
-0,00069
-0.00141
-0.00209
-0,00268
-0,00315
lOooowh_.m
-0.00368
~0,00379
-0,00383
«0,00385
-0.00385
-0.00385
-0,00385
-0.00385
-0,00385
~0.00385
0.00000
. 00000
C.00177
0,00218
0.00211
0.00186
0.00151
0,00107
0.006059
0.00008
-0.00043
~0.00092

-Q,0013%

"

1.00440
.1.00186
1.00070

1.00023

1.00006
1.00001
1,00000
0.29103
0.99071
l.1h141
1.17385
1.17168
1.15742
1.13860
1.11824
1.09783
1.07833
1.06042
1.04465
1.03139
1.02085
1.01298
1.00751
1.00402
1.00197
1.00089

1.,00036

1,0001h
1.00005
1.00001
1.00000
0.,00000
0.90716
1.09893
1.14875
1.15638
1.14866
1.13467
1.11810
1,10070
1,08348

1.06713 .

1.05219
1.03905

v!
P

“0.10057

0.10110
0,10134
0.10143

. 0.10146

0.10147
0.10147
0.,00000
0.00807

0.01738
0.02584

0,03342
0.0b4019
0,04619
0.05146
0.05606

- 0,06002

0.06338
0.06620
0.06851
0.07033
0.07L71
0.07267
0.07330
0.07366
0,07386
0.07395
0.07399
0.07401

0.07401
0,0Th01

0.00000
0.00512
0.01190
0.01805
0.02351
0.02837
0.03266
0,03644
0.,03973
0.04k258
0.04501
0.04707
0.04880

e

°p

Th

0.02319

0.01188
0.00519
0.0019k
0.00062
0.,00017
0.00000
0.00000
0.00903
0.01673
0,02483
0.03342
0.0k 77
0.05021
0.05821

__o.ommmm

0.,07070
0.07355
0.07287
0.06798

© 0.05894

0.04689
0.03384
0.02196
0.01276
0.00662

10.00308
- 0,00128

0.00048
0,00016
0.00000
0.00000
0.00749
0.01339

0.01979
0,02659
0.03364

0.04083

0.04T796
00547k
0,06075
0.06539
0.06794
0.0676k

A




Table 8, (cont.)

N_ u‘.- .ﬂ.u c_.- ._-.- q_. ﬂ

P P P
0.0130 1.00795 -0.00169  1,02801 0.05023 06398

0
0.001k0° 1,0017 -0.00195  1.01006 0.05138  0,0569%
10,0150 1,00193 -0.00212  1,01245 ©0,05229  0,04723
0,0160- 1,00078 -0,00222  1.00764 0.05296  0,03620
0.,0170  1.00027 -0.00227 1,008 0.0534k - 0,02546
0.0180 1.00008 -0.00229  1.00239 0.05374  0.01636
0,0190 1.00002 -0,00230. '1.00120 0.05393  0.00959
0,0200 1,00000 «0,00230  1.00056 0.05403 - 0.00512
0,0210 1,00000 -0.00230  1.00025 ~0,05408  0,00249
0.0220 1.00000 =-0,00230  1,00010 0,05410  0,00111 "
0.0230 1.00000 =0.00230 = 1,00004 0.05411  0,00045
0,0240 1.00000 -0,00230  1.00001  0,05411  0,000L7
0.0250 1,00000 =0.00230  1.00000 ©0,05411  0,00000

O o ae i e R

RS
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Table 9,

0.0000
0.0200:

0.0400

0,0600

an
0.0000
0,0000
0,000

20,0020

0.0030
0.00k0

- 0.0050
0.0060
QL0070

0.0080
0.0090
0,0100
0.0110
0.0120
0.0130
0.0140
0,0150
0,0160
00,0000
0,0010

0.0020
" 0,0030
0.00%0

0.0050
0.0060

0.0070

0,0080

0.0090
0.0100

0,0110

0,0120
0.0130

00,0140

0,0150
0.0160
0.,0170

0.0180.

0.0190

0. 0200
0.0210

0.0220

0.0230

0,0240
0.0000
0.0010

.ﬁ._

1.00000
0.00000
1.06882
1,06767
1.,06081
1.05220
1.04213
1.031h41
1,02104
1.01209
1.00555
1,00181
1.00036
1..0000h
1.00000
1.00000
1.,00000
1,00000
0.00000
1.048731
1,070kk

1.06783

1.06450
1.06023

1.05510

1.04924

1.04283

1.03608
1,02923
1.02254
1.01631
1.01087
1,00648
1.00334
1.00141
1.00047
1.00011

1.00002

1.00000
1.00000
1.00000
1.,00000
0.00000
1.01353

q—

0.00000
0. 00000
0.00345
0.00366
0.00315
0, 00209
0,000k2

-0.00182 -

-0, 00443
-0,00708
-0.00934
-0.01083
-0.01149
-0.01167
~0.01169
-0,01169
-0,01169
~0.011€9
0.00000
0.00000
0.00400,
0.00363
0,00372
0.00336
0. 00282
0.00209
0.00L16
0., 00006
«0,00120
-0.00256
-0.00354
-0.00526
=0, 00642

- =0,00731

-0,00791
-0.00823
-0,00837
-0, 00840
~0.00841
=0.0084].
=0, 00841
-0,00841,
~0,0084],
0., 00000
0.00000

cul
yY

1.40954

1,11299
1.27034
1.27390
1.25575

1.22959
1.19902

1.16572
1.13104
1.09649
1.06413
1.03665
1,01683
1.00575

1.00136

1.00021
1.00002

1.00000 .

- 0.99352

5

£,18111
1.22655
1..23223
1.22053
1.21573

1.20097

1.19620
1.16879
1.15065
1.13157
1.11206
1,09251
1.07339
1.05529
1.03892
1.02506
1.01439
1.00717
1.,00301
1,00105
1.00030
1.00007

1.00001

1.00000
0.55698
1,03088

Vp
0.51303
0.00000
0.05120
0.10086
0,14762
0,19101
0.23062
0.26612
0.29717
0.32342
0.34450
0.35997
0.36970
0.37huT
O.wﬂmpw
0.37651
0.37656

10.37657

0.00000

0.02495
0.05038

- 0,0Tho2

0,00852
0.12107
0.14248
0.16268

- 0,18157

0.19908
0.21517
0, 22976

0.24280"
0.25424

0.26402

- 0.27205

0.27828
0.28270
0.28548
0.28697
0.28762
0,28786
0.28793
0.28794
0.2879%
0.00000
0.01349

Solution for injvel = 1.50 and injangle = 20°

°p

14,50000
0,00000
0.,00143

76

0.00864

0.02165
0,0h024

- 0,06378

0.09091
0.11884
0.1h224
0.15216
0.13788
0.09715
0.04813
o.onrm

0,00308

'0,00037
0.00000
0.00000
0.00032
0.0019k
0,00493

0,00931

0.,01510
0.,02231
0.03089
0.04078
0.05179
0.06359
0,07560
0,08683
0,09576
0,10021
0.09766
0.08630
0.06683

0.04371.

0.02336
0.00998
- 0,00337

0.00090

0,00019
0.00000
0.00000
0.00018




x!

0.0800

yi

0.0020

0.0030
0.,0040
0.0050
0.0060
0.0070
0,0080
0.0090

0.0100 -

0.0110
0.0120
0.0130
0,0140
0.0150
0,0160

19,0170

0.,0180

10,0190
. 0,0200
- 0,0210
-~ 0,0220
0,0230

0,0240
0.0250
0.0260
0.0270
0.0280
0.0290
0.0300
0.0310
0.,0320
0.0000
0,0010
0,0020
0,0030
0,0040
0,0050
0,0060
0.0070
0,0080
0.,0090
0.,0100

0,0110°

0.,0120
0.0130

Table 9. (cont.)

ut

1.06847

1,06063
1,06805
1,06585
1.06308
1,05976
1.05592
1.05164

1.046097

- 1.04199

1.03677
1.03143
1,02608
1.02088
1.01L600
1.01164
1.,00794
1.00502
1.00289
1,001k9
1.00067
1.00026
1.00009
1.00002
1.,00001
1. 00000
1.,00000
1.00000
1,00000
1,00000
1.00000
0.00000
0.97983
1.02;;8
1.06993
1.06929
1.06795

1.06618

1.06397
1.06135
1.05834
1.05497
1.05127
1.04726
1.04301

vl

0,00171
0.0018T

- 0,00183
0.00173 .
0,00157 .

0.,00134
0.00102
0.00062
0.00013
=0, 00044
-0,00110
«0,00183
«0,00262
-0,00344
0, 00kz8
-0, 005C8
-0, 00582
«0., 00645
-0, 00695
-0.00732
=0, 00755
-0.00767
-0.00773
-0.00776
-0,00776
«0.00777T
-0,007T7
=0, 00777
«0.007TT
=0,007T7
=0.0077T
0.00000
0. 00000
0.00166
0.00102
0.00192
0.00158
0,00261
0.00171
- 0,00157
0,00138
0.00114
0.00086
0.,00053
0,00015

u'
)y

1.14601

1,1804T -

1.19001

1.18994

1,18538

1.17829

1.16957
1.15968
1.14387
1.13736
1.12528
1.11279
1.10003
1.08717
1.0T7hh
1.06197
1.05012
11,0391k
1.02932

© 1.02090

1.01407
1,00887
1.00520
1,00281
1,00140
1,00063
1.00026
1,00010
1.00003
1.0000L
1.00000
0.26043
0.91865
1,07847
1.13213
1.15240
1.15940
1.16021
1.15773
1.15327
1.14751
1.,14079
1.13334

1,12529
1,11675

p
0.02833
0.0k280
0.05681
0.07035
0.08341
0.09596
0.10796
0.11939
0.13022
0.14042

0.14997

0.15885 -

0.16704
0.17453
0.18131
0.18737

0.19270 -

0.,19730
0,20116

0,20429

0.206TL
0.20847
0.20967
0.21042
0,21085
0.21107
0,21118
0,21122
0.21124

"0.21124

0.21125
0.00000
0.00796

0.01770

0.02723
0.03645
0.04539
0.06239
0.0T0k:
0.07818
0,08559
0.09265
0,09935
0.10569

o

' 0,00087

0.00209
0.00387

T

0.00623

0.00919
0,01276
0.01696
0.021.80
0.0272]

0:03953
0.0469k%
0.0545
0,06123
0.06766

0.07279

0.07STh

0.07566
0.07186
0.0642)
0,05340
0.04090
0.02858
0,01810

0,0103% .
0.00531

0.00245
0,00102
0.00038

- 0.00013

0.00000
0.00000
0,00013
0.0005k%
0.00125
0.00228

- 0.00364
0,00535

0.00742
0.00987
0.01271
0.01595

. 0,01961

0,02369
0.02817
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H6TO0 0
09T00" 0
000000
0C000 "0
#5500 0~
©5500°0-
HeS00 0~

- #6500°0=
#6000~

75500°0=
6500° 0=
#4500" Q=
€6500° 0=
£4500°0~

T4S0070=

9HS00 0~
8E500° 0~
#2500 ° 0~
£0500° 0~
/00" 0

LEROO* 0=
€6£00° 0~

£4E00* 0~
06200’ 0=~
GE200° 0~
0@3100' 0=
93 TOn 0=
SLO00° 0~
ge000 0

oA

#2120 1
62520°'T
Eq620° T
TOLE0° T
9LLED T
EQTHO T
9LGH0* T
0%eH0 T
66240° T
22960 T
9T650° T
6.190° T
60%90° 1
90990° 1
19190"° 1
mmmwo.ﬂ
0L690° T
26690° T
GTRSO T
HSl46°0
000000
00000 T
00000"T
00000° T
00000° T
00000° T
00000* T
0000C° 1T
00000° T

T0000°T -

0000' T
2T000" T
0£000° T
29000°T
4E100* T
tHS00° T
GOH00"* 1T
G2900° 1
HO600" T

1Ez10° 1T

9T9TO" T
€020 1
£L420°T
1€620°T

GOEEO T .

S8E0° T

W

ﬁ.pnoav. ‘6 91q8%

0020"0
06T0'0
08T0°0

0LT0"0.

0910°0
05T0°0
0100

0£10°0 .

0Z10'0

OTI0"0 .

00100
0600°0
0000
0.,00°0
0900°0
0500°0
0000

0800°0

02000
0To0 0
Q0000

- 0geo’o:
0LED0:

0g9E0°0
05£0°0
O®ED' O
QL0 0
02£0°0
OTEO'0
00E0 T
06200

082070

0L20°0

0620 G
04200
0£20°0
0220°0
0120°0
0020'C
06T0°0
0gT0" 0
0,100
09T0°0
0$70°0.

OWTO'O.

L

,  000T°0

-x




Table 9. (cont.)

.F_

1.00737
1,01376
1.01051

1.00768

1.00534
1.00351
1,00216

- 1.00123

1.00065
1.00031
1,00014
1.00005

- 1,00002
1.00001 .

-1 . 00000

. 1,00000

1.00000
1.00000

1.00000

1, 00000

- L..00000

1.00000

qg

-0, 00206
-0,00242
-0,0027h
-0.00302
-0,00326
-0.00344
-0.00358
-0, 00366

=-0.00372

-0.00375
-0,00376
«0.0037T
-0.0037T

-0.00378"

~0,00378
-0.00378
-0.00378
~0,00378

-0.00378

-0,00378

«0,00378

.G._

P
1.05179
1.04bY7
1.03748

1,03094

1.02495
1. ou.mwo
1.01495
1,01106

1,00790

1.00543

1.00358

'1,00227

1.00137

1.00079
1.00043:

-1,00022
1,00011

1.00005
1.,00002

1.00001

1.00001
“_..ooooo

4__

P
0,10047
0.10269
0,10467
0,10642

0.10794%

0.10925

0.11035

0.11126
0,11199
0,11255

£0,11297

0.11327

0,11347.

0,11359 .
'0.11367

0.11372

0.11374

0.11375
0,11376
0.11376

0,11376

0.11376

°p .

0.,05352

9

0.05693

0.06030

0.05958
0.05696

0.,05246

0,04633

0.03906

0,03132

0.02380

0.01709
0,01158
0.00739
0.00M45
0.00252
0.0013%
0.,00068
0.00032
0,000LY

0.00006

0.00000

RS




0,0000
0,0200

0.0ko0

0.0600

T&ble 10 o

yl

'0,0000

10,0000

-0,0010
0.0020
0.0030

0.0040

- 0,0050

0.0060
0,0070
©0,0080
0,0090
0.,0100
0.0110
0,0120
00,0130
-0, 0000
0.0010
0.0020
0.0030
0.0040
0.0050
0.0060
0.0070
0.0080
0.0090

0.0100 -

0.0110
0.0120
0.0130
0.01k40
" 0,0160
0.0180
0,0190
£.0200
10,0000
0,0010
0.0020
10,0030
0.0040
0.0050
_0.0060
0.0070
0.0080

Solution

ul

0.0Q0000
1.23579

1.17385

1.11546
1.06892
1.03526
1,01432
1.00411
1.00072
1.00007
1,00000
1,00000
1.00000
1.00000
0,00000
1.24k257
1,23021
1.19011
1.15287
1,11881
1.08842
1.,06217
1.04055
1.02392
1.01230
1.00526
1.,00LTT
1.0004k
1.00008
1,00001.
1.00000
1., 00000
1.00000
1.00000
1.00000
0.,00000
1.21737
1,24986
1.22139
1.19237
1.16401
1.1371k
1,11183
1,08838

for injvel = 2,00 and injangle = 10°

vl

- 0,00000

0,00000

0.00273
-0.00036
-0,005Th
«0.01193
-0,01793
~0,02255

~0.02530

~0.02641
-0.02667
-0,02670
-0.02670
~0,02670
-0.02670

0,00000

0.00283

0.00276

0.00099
-0.00142

-0,00k27
-0,00738
«0, 01053
~0,01350
-0.01607
-0,01807
-0,01942
-0,0201.6
~0, 02048
“"00 02057
~0,02060
-0, 02060

-0,02060

~0,02060
-0.02060
-0, 02060
0,00000
0.,00000
0.00144
0.00090
-0.00017
-0.00157

-0,00324

~0.00510
-0,00708

Y.
1.,96962
1.67307
1.69159

1.57861 .

1.45539

- 1.33805

1,23284
1. 14427
1,0765T
1.03253
1.01028
1.00229
1.00035
1.0000k

1,00000

1.37652
1,61351
1.59152
1,53180
1.46376
1,39L47
1,.32686
1.26264
1.20315
1.14965
1.10345
1.06577
1.03752
1.01867
1.00789
1.00278
1,00080
1,00019
1.00004
1,00001
1..00000
1.07998
1.47918
1.53163
1.51066

1.46987
1.h2271.

1.37359
1.324ks
1.27639

vi
P R

0.34730
0,00000

0.06433

0.11751
0.15953
0.19151
03 21""76
0.23070
0.,24069
0.24611
0.24843
0.24915
0.24930
0.24932
0.24032
0.00000
0.03173
0.06073
0.08593
0.107hl

0.12545

0,14018
0.15189
0.16091
0.16757
0,17226
0.17537
0.17727
0.17832
0.17882
0,17902
0.17909
0.17911
0.17911
0.17911
0.17911
0,00000
0.01911
0.03766
0.05424
0,06887
0,08160
0,09250
0.10164
0,10912

Pp

14,50000
0.00000

0.03383°

0.06730
0.09833
.0.12400
0.13995
0.13983
0.11759
0.07627
0.03460
0.01029
0,00196

0.00024 -

0.00000
0.00000
0.01192
0.02404
0,03644
0.04887
0,06106
0.07255
0.08268
0.09037
0.0940),
0.09163
0.08158
0,06411

0.04276

0.02339
0,01025
0.00356
0.00098
0.00021.
0. 00004
0.00000
0.00000
0,00681
0.01354
10,02063
0.02802
.0.03565
0.0434T
0,0513k
0.05905

=
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H-

0.1000

qn

10,0000
0.0010

0,0020

0.0030
0,0040
20,0050
00,0060
0.0070
0.0080

0.0090

0.0100
0.0110
0.0120

0.0130

o.01ko
0.0150

0.0160

0.0L70
0.0180
D,0190
0,0200
0.0210
0.0220
0.0230
0,020
0.0250
0.0260
0.0270
0.0280
0.0290
0.0300
0.0310

Teable 10. {cont.)
4 1 4
u! vt _cm___
0,00000  0.00000 0.48689
1.15482  0.00000 1.20934
1.25507 ©0.,00161  1.37473
1.24556  0.00175 1.51129
L.22580 0,00143  1.40673
1.20526 0.00093 1.38621
1.18466 0,00030  1.35872
1.16416 -0,00046 . 1,32801
1,14393 «0,00132  1.29587
1.12412 -0,00225 1.26327
1.10489 <0,00325  1.23085
1.08686 -0,00429  1.19908
1,08910 -0,00533 ~1.168k42
1.05316 -0,00635  1.13933
1.03903 =0,0073L 1.11231
1.02706 «0,00818  1.,08787
1.,01749 -0,00802  1.0664k
1.01040 -0,00950  1.04836
1.00560 -0.00992  1.03375
- 1,0027L° =0.01020  1.02251
1.00116  ~0,01036 1.01429
1.00044 -0,01044  1,00861
1.00014  -0.0L04T 1,00490
1.00004 ~0.0L049 1,00263
1.00001 ~0.010k9  1.00133
1.00000 -0,CL0U9 1.00063
1.00000 =0,01049  -1.,00028
1,00000 -0.01049 - 1.00012
1.00000 -0.01049 1.00005
1.00000 «0.CLOk9  1,00002
1.00000 -0.01049 1.00001
1.00000 «0,01049 1.,00000

1!
P

0.00000

0,00830

0.0L770

. 0.0mmmm
0,03396
-0,0L0T6

0, 04670

0.05182

0.05614
0,05968
0,06247
0,06555

0,06599
0.06684
0,06T20

0.06T1T
0,0668T
0.06643
0.0659k

0.06548

0.06510
0.06481

0.06k61

0,06448

0,064l -

0.06436

0.,06434 .

0.,06433
0.06433

0.06433

0.06433

0.06433

82

®p

0.00000

0.00387

- 0.,00734

0,01108
0.01509

0.01938

0.02397
0,02885

- 0,03402

0.0394T

0.04510

- 0,05080

0.05630
0,06120
0,06493

0.06678

0.06604

0.06224

0.04632
0.03607
0.02608
0.01745
0.01079
0.,00617

. . O.o Omwg )

0,00326

0.00159
0.00072
0.,00030

10.00012

0.00004

0.00000



fcr.fcr.Cr.Jr-.fcr
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0.0000
0.001L0
0.0020
0.0030
0,0040

0.0050"
0,0060

0,0080
0,0090
0.0L00
0.0110
0.Q120
0.0130
0,01%0
0.0150
0.0160
0.0170
0.0180
0,0190
0.0200

Table 11. Fluid Velocity Comparison at x' = 0,05

{x-Component )

ui

83

No In-
Jectlon

0.00000

0:922h45

0.99719
0.99995
1.00000

Injection Conditions

0.50%
10°.

0.00060
0.65320

0.82988"

0.92699
0.97837
0,99629
0;99967
0.99999
1.00000

0.50
30°

0.00000
0.5540k
0.67h51
0.73333

- 0.8302%

0.87276
0.91054
0.9424h

0.96724% -
0.98k2Y -

0.99394
0.99825

10,9996}

(.99995

0.99999
1.,00000

0.50

e
0.00000
0.h7126
0.58444
0,63571

- 0.6795h4

0.72109
0.76088
0.79893
0,83509

0.86900

0.90019
0.92801
0.95173
0.97065
0.98h32
0.9929

0,997h6
0.99929
0.99986
0.99998
1.,00000

”fﬁhe upper number lg injvel and the lower Is injangle

1.00

10°

0.00000

0.89505
0.97052
0,98402
0.99116

0.99553

0.99806

0.99933
0.99983

10.99997

1.00000




v..-

0.0000
0.0020
0.0020

¢ 0.0030

0.0040
0.0050

0.0060

0.0070
0,0080

0, 0090

0,0100
0.0110
0.0120
0.0130
0.0140

0.0150 .

0.0160
0.0170
0.0180
0,0190
0.0200
0.0210

0.0220

0.0230

0.02k0

0.0250

- 0.0260

0.0270

0.0280

0.0290
0.0300

Tatle 11. (cont.)

ut

1:00
30°

o.ooooo
0.881k5

0.96513

0.96972
0.97099

10.97252
0,97430

0.97628
0,97841
0.98067

0.98300

0.98538
0.98775
0.99006

0.99526

0.99602

10,99746

0.99855

0.99928

0.99970

Oo@@@@@ -

0.99997
0.99999
1.00000

Injection Conditions

1.50
10°

0.00000
1,0970L
1.1.2845
1,10598
1,08432
1.06250
1,04399
1.02852

- 1.01657

1,00829
1.00341
1.00109
1,00025
1,00004
1,00000

1:50
\NOO

o.ooouo

1.03079
1,06980

1.06903

1.,06678
1,06381
1.06015
1.05584
1.050a7
1.04565
1.03999
1.03412
1.02818
1.02237
1.,01688
1.01194
1,00778
1,00458
1.00237
1.00106
1,00039

1.00012

1.00003

- 1,00001
1.00000

2.:00
10°

0, 00000
1.23120
1,24289
1,20781
1.17589
1,14h492
- 1,11609
1,08978
1,06637
1,04629
1.02990
1.01745
1,00890
1,00381
1.00131
1,00035
1.00007
1.00001

1.00000

s ey




0. 0Q00

0.0010 .
0.0020

0.0030
0.00L40
0.0050
0.0060
0.0070
00,0080
0.0090
0,0100
0.0110
0.0220
0.0130
0.0140
0.0150

0.0160
0.0170"

0.0180
0.0190
0.0200
0.0210
0,0220

10,0230
0.02ko

Table 12,

85

Particle Velocity Comparison at x' = 0,05
(x-Component ) : _
.C.m

Injection Conditions _
No In~ 0.50% 0.50 0,50 - 1.00 .
Jeection '10°. 30° hge 10°
0.00000 0.00000  0,00000  0.00000  0.24345
0.92245 0.56070  0.47625  0.41839 - 0.82798
‘0.99719 0.7h062 0.58900 0.51644 0.92737
"0.99995 0.85464  0,6487T ° 0,56497 = 0,96041
1.00000 0.93150 = 0.69701 0.60312 0.97663

0,9748% 0.74152 0.63806 0.98618

0.99313 .. 0.78427 " 0,6T167 0.9922),
0.99863  0.82562 = 0.TO4T1 0.99598

0.99980 - 0.8651k 0.73753 . 0,99818
0.99998 0.9017T 0.,77031 0.99930
1.00000 0.93395% 0.80305 0.99978

0.95999  -0.83557 0,99994
0.97875 0.86748 0.99999
- 0.99035 . 0,89806 1.00000

0.99632 0.,92626 :
0.99884 0.95076
0.99969 0.97031
0.99993 = 0.98420
0.99999 0.99272
1.00000 0,99714

0.99905

0.99973

0.9999k

0.99999

1,00000

* _ . L
The Upper number is injvel and the lower iz injangle

1!
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1q166°0
2Egn6'0
HTTH6' O
#BSE6°0
820£6'0
CTH26'0
6916’0
GELO6'0
lzeég o
750980
985610
99HeT 0

o0t
00°T

d

N

{quco)

2T °TqRl

00£0°0
0620°0
08200
0l20°0
09200

0520°0

OH20°0

0£20°0

Q22070
0T20'0
00200
06T0*0
0gQTo* 0
0LT0'0
09T0*0
0STO' 0
OHTO*0
o€T0*0
Q2T0'0
OTT0'0
0OTO'0
0600° 0
08000
0lo0°0
09000
06000
o0’ 0
otoo'o
0200’0
OTO0" 0
0000 0
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0.0000
0,0010
0.0020
0.0030
0,0040
0.0050
0.0060

0.0080

00080 !
0, 0L00"

0.0110
0.01.20
0.0130
0.01%0
0.0150
0.0160
0,0170
0.0180

0,090

0,0200
0,021.0
0.0220
0,0230
0,0240
0,0250
0.0260
0,0270
0.0280

0.0290

*.H_sm upper mimber is injvel and the lower is injangle
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1,00000

Table 13, Fluid S&.oo»g oogwﬂumou ma x' = 0.10
ﬁxaooﬁwoumbdu :
N u
Tnjection Conditions -
No In- 0.50% 0,50 0.50 1,00
Jection 10° 30° hg° - 10°
0.00000 0.00000  0.00000 0.00000 0.00000
0,79192 0.51400  0,43289 0.36203 0,75uoh -
0.97642 0.73280° 0.6164L  0.53284 0.93279
0.9985h 0.841.95 0.68824 0.60088 0,96706
0.99995 0.91299  0.73344 0.64197 0.97906
-1.,00000 0.95929 0.77T1L70 0.67789 0.98624
0.98514 0,80635 0,70892 0.99114
0.99614 0.83808 0.73909 0.99457
0.9993%  0.867T10 °  0.76754 - 0.99601
0.99993  0.89345 0.79439 0.99842 .
1,00000  0,91704 0.81970 £.99931
0.93776 0.84350 0.99978
0.95545 0.86577 0.99993
0.96996 0.88650 - 0.99998
0.98124 0.90563 1.0Q000
0.98958 0.92311 ”
0.99468 - 0,93887
0.99772 0,95282
0,99918 0.96490
0.99976 0.9750k
0.99995  0.98322
0.99999 0.98948
1.,00000 0.99395
. o.mwmmm
0.99
o.mmww:
0.99982
0.99995
0.99999




Table 13. (cont.)

%- ﬂq
“Injection Conditions
1,00 1,50 1.50 2.00
30° 10° 20° 10°
0.0000. .0.00000 0.00000  0,00000 0.,00000
0,0QL0 _ 1.01091 0.94724 1.15482
0.0020 1.12264 1,05815 1.25507
0.0030 1.12451  1.06952 1,2k556
0.0040 1.,11236  1,06972 1,22580
0.0050 - 1,09812 1.06892 1,20526
0, 0060 , 1.08348  1,06767 1.18466
0.0070. 1.06904 1.06606 1.16416
0,0080- n 1.05523 1.06409 1.14393
0.0090 1.04242  1,06179 1.12412
0.0L00 1.03101 1.05916 1.10489
0,0L10 1,02133  1.05622 1,08646
0.0120 ' C1.01362 1.05299 1.06910
0.0130 1.00795 1.04950 1.05316
0.0140 1.00417 1,04576 1.03903
0.0150 1.00193 1.04183 1.02706
0.0160 : 1.00078  1.03766 1.017ho
0,0170 1.00027  1,0336L 1,01.0%40
0.0180. 1.,00008  1.02043 1.00560
0.0190 11,00002 1,02529 1.00271
0.0200 ©1.00000  1,0212h 1,00116
0,021.0 1.01737 1,0004Y
0,0220 1.01376 1.00004
0.0230 1,01051 1.00004
0.0240 _ 1,00768 1,00001
0,0250 '1,0053 1, 00000
0,0260 1.0035L
0.0270" _ 1.00216
0.0280 : 1.0012%
0.0290 - 1.00065
0.03060 ) 1.00031
0.03L0 1.00014
0.0320 , 1.00005
0.0330 1.00002
0.0340 1.00001.

¢.0350 1.,00000 .




0,0000
0.0Q10
0.0020
0,0030
0.,0040
0.0050
0.0060
0.0070
0.0080
0,0090
00,0100
0.0110
0,0120
0.,0130

0,010
0,0150.

0,0L60
0.0170
0.0180
0,0190

0.0200
0.02L0°

0.0220

0.0230
0.0240

0,0250
10,0260
0.0270
0.0290

0.03p0
0.0310

0,0320

0.0330°

0.0340

Table 14, Particle Velocity Comparisen at x' = 0,10

{ x-Component )

u!
P

89

Injection ooznwwnoum

No In- 0.50% 0.50 0,50

Jection 10°. - 30° hs°

-0, 00000 0.00000  0.00000 0.00000
0.79192 0.50768 . 0.43779 0.37274
0,97642 0.6975T  0.59256 0.5191k
©0,99854  0.80254  0.65888 0.58033
0.99995 0.87568  0.T70189 0,61855
1.,00000 0.92836 . 0,73768 . 0.6500%

0.96361 . 0.76995 . 0.67898

0.984k19  0,79978 0.70594

0.99425 0.82758 0.73141
0,99827 0.85355 0.75560
0.99958 o.mqqqg "0.77865
0.99991 0.90000 0.80065
0.99999  ©0.92031  0.82167
1.00000  0.938kg 0.84172

0.95430 0.86083

0.,96762 0.87898
0.97833  0.89613
0.986L6 0.9122k4
0.99219 0.92723
0.99589 0.94101
10,99805 0,95346
0.999L7 - 0.96448
0.99969 0.97395
o.wwwmw o.mqum
C.99997 0,987H
0.99999 0.99258
1.00000 = 0O.9957T
: 0.99778
, ___o.mwwmr
_ 0.99982
o.wmmwr

0.99998

0.99999
1.00000

1.00
10°

0.00000
0,72368
0.89421

S 0,94k411 -

0.96499

0.97669
0.984k27

0.98952
£.0932L -

0,99585
0.99762
0.99874

- 0.99940 -

0.99974

0.99990
0.99997

0.99999
1,00000

*
‘The upper number is injvel srd the lower is. injangle



-tr-OV.fr-.tr-

0.0090
00,0100

0.0110

0.0120

0,0130
0.0140
0.,0150
0,0160
0.0170
0.0180
0,0190
0, 0200
0,0210
0.0220
0.0230
0.0240
0.0250
0.0260
0,0270
0,0280
0.0290
0,0300
0.0310
0,0320
0,0330
0.03k0
0.0350
0,0369
0.0370
0,0380
0.0390
0, 0400
0.0%10
0.0k20

Table 14, (cont.)

ut
P

1.00
30°

0.00000

0. 00000
0.90716
1.09893
1.1%875
1.15638
1,14866
1.13467

1.11810 .

1.10070
1.08348
1.06713

11.05219

1,03905
1.02801
1.01916
1.01245
1,00764
1,004k
1.00239
1.00120
1.00056
1.00025
1,0001C
1.00004
1,0000L

1.C00000 -

Injection Conditions

0.00000
- 0.83939
1.03191
1,09638
1.12234
1,13328
1.13721
1.1374
- 1.135k2
1.13202
1.12762
1,12249
1.11676
1.11055
1.10393
1.00696
1.08972
1.08226
1.07465

1,06698

1.05933
. 1.05179
1.0Lhk7
1.03748
1,0305h
1.02495
1.01959
1.01L495
1.01106
1.00790
1,00543
1.00358
1.00227
1.00137
1,00079
1..00043
- 1.,00022
1.00011
1,00005
1.,00002

1..00001

1, 00001
1,00000

2.00
10°

0..48689
1.,20934
1.37473
1.41129
1,38621
1.35872
rmmﬁp
1.29587
1.26327
1.23085
1.19908
1,16842
1.23933
1.11231
- 1.,08787
1, 06644
1.04836
1.03375
1,02251
1.01%29
1,00861
1.00490
1.00263
1,00133
1.00063
1,00028
1,00012
1.00005
1.,00002
1,0000L
1.00000
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" APPENDIX E
COMPUTHER PROGRAM

The Burroughs 5500 digital computer wea programed to solve the |
finite difference equations. The ccmputef language theat waé used 1s

The progrem ie set up #o that it will start conputations "at. the
plate’s lea.ding' ed.gé or at .ﬁny-disbtanée downstreem,  The progrem pre-
‘sented here starts at the: -1’;3&1@8 edge. To start at .ei. aomatreém locaw
tion 1t 1as necessery to mow_'.all of the data e.t"'thit; location rrom the
wall to the limit of the particle boundary.layer.. In addit:lon, the Ma \
at one increment upstream mist be known. This data is :punchedinto
cai‘da and added to the end of the card. deck, OCards 133, 002, &nd 168"
must be changed. The zercs on cerds 133 and 168 are replaced by the
starting x-esordinate. The i_éré on card 002 1s changed ﬁo;__*_p_l-;ig number
of y~increments necessary to get to the purticle boundary :La.jwer im%g

'I'o use this program for injection mondﬁi_ox_m ﬂth the x~injedtion

ratios greater than one, some changes wast be lhadé. Cards 208 through
211, 215 through 218, 2¢3 through 226, 228, and 229 are removed from
the deck., 11@&1:95‘1 of cards 220 end 221 ave placed after oard 27,
Thege alterations enable the progrim o be used for large injection
velostties. |




o=

COMPUTER NOMENCIATURE

= particle radiuvs = ¢
_Bx |
Ay

- gL
aAx
= increment in x-direction = Ax

= increment in y-direction = Ay

Y
= P

o Ax
a2
FLAx
u
[--]

= increment counter in x.direction = 1

= injection angle = injangle

= injection velocity = injvel

= increment counter im y-direction = ]

= nen-dimenslonalizing Length = L
= viscosity of the mixture =p
= Reynolds muber = Re

= density of the gas = p

= apparent particle dengity = p p
= density of the solid material = Py
= fluid veloeity in x~direction = u'

= fluld freg-streem veloeity = y,

92




S

v = ﬂp;q_,_:i}alga'eity in y-direction = v

UP = partiéle velocity in x-direction = 1’.1'_p

UPINFIN = perticle free-ptream velocity =,

= 'pa__rticle veloelty in y-direction = :vI"..

VP
X . = distance parallel to the plate = x'
Y

= distance normal to the plate = y'

93
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ok

Conputer Program

- 7COMPILE TO13912 ALGOL 1, 038800015 *0000 URQUHART J B

7DATA \
BEGIN . | | 1100
COMMENT ~ URQUHART-TWO PHASE FTOW- NUMBER 1 | ;101

' INTEGER  I,J,M,N,P,L,R,Q | 102
REAL - X,¥,DX, DY ,UINFIN,MJ,FHO ,RE | 5103
REAL' A,RHOS ,UPINFIN ,F ,FF, INJVEL , INJANGLE , PT ;104
REAL B,C,6,H | | | o105 |
FILE IN  F1(2,10) 3106 [I
FILE OUT F2.6(2,15) ' - | ;107
FORMAT IN FML(ELL.,3(F10.4),15,15,F7.1 ;108 |
FORMAT IN FMR(ELL M, F7.2,F7.2,F7.2) ., 3109
FORMAT OUT FM3("TWO PHASE FLOW-NUMBER 1"////) | ;110 '
FORMAT OUT FMA("MU=",E11.k,Xk,"RHO=",F6.k4 X4, "DX="P6.4,X4,"DY 111

i ,f'6.5_,x1+,"u=“,Ih,xp',“mnm*m;' ,F6.1/) BT |

FORMAT OUT FM5("A=" ,Ell,-h,xh,"m03="',FTgl,im;"UPmFm;“,F'r-,-'e/ ) 113 B
FORMAT OUT FM6("REYNOLDS NUMBER =" ,E1l.4/) o ;11h
FORMAT OUT FM7("F=",E1L.M,///) - 5115 |

FORVAT OUT FMS(/,"FLOW OVER FLAT PLATE WITH PARTICLE INJECTION"/) ;116
FORMAT OUT FM9("INJECTION VEL=",F6.2,X5,"INJECTION ANGLE=",F6.2/) 7

FOMT O'UT Fmo( x1 s llIlf ’xa , llJll ,xlo , 1|'x1i ’}:11 , rI|Y1'I. ’xl2, ﬂuﬂ ,x13 , ﬂv-" , 118

X13,"UP",X12,"VP" ,X11,"RHOP"/) 5119 .

FORMAT OUT FMLL(1h,X5,14,X5,FT.%,%5,57.4,X5,F9.5,%5,F9.5,%5, 120 ;5
F9:5,X5 ,F9e5,X5,F10.5) ' 1121 |

. , !
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WRITE

READ
READ

(¥2,FM3)
(F1,P M) RHO,DX,D!‘ M,N,UIRFIN)
(m,m,a,mos,umm,mm,mm) :

P:=N;L:=1;PI:=3, 11;159

F: %ﬂﬂ-/(m*msmm),w ,ﬁmmzm/z.
RE: mmmn/m

B: =mt/mroc um/nx G=mg/nx*2,n n@xmt/mo

WRITE

WRITE

WRITE

(¥2,FMh M ,RHO ,Dx :mr,n ,N,Umm)
(re,ms ,A,mos,ummm‘l
(FB,M,SE)

(v2,07 ¥7)

Xm0 Y=

EEGIN

REAL, ARRAY [U,V,UP,VP,RHOP -2:Mt1,~2:W1]
R:=-10 | |

WRITE (F2,Fd8) ‘

WRITE (F2,F¥9,THJVEL,INJANGLE )

U [’0,'0] t=1;V [0,0]:=0 |

P '-t.g, 07 :=TWIVELxCOS( INJANGLEXET,/180 ) /UNTFIN
VP [0,0) :=INIVELXSIN( TRTANGLEXPT/180 )/ UNIFIN
RHOP [0,0] :=RHOSx0,1

U [“110] :=1;v(-1,0] }%;Ui’[@,'ﬂ ;_VP["-l;Gj 3=m0;°]

RHOE{ -1,0) ¢=HOP( 0,0]

~ulo, -1],!=1,V[0;*1] "OJUP‘:O:‘:L‘]3“’?{0:0]:”{0:‘13”"1’[0:0]

mor[o »=1) :=RHOP{ 0,0]

95

;123

312k

3126

- 3let
;128




U[0,-2]:=1;V[0,~2) :=0;UP{0,-2) :=UP{ 0,0] ;VP[O,-ej :=VP[0,0]
RHOP(0,-2] :=RHOF[0,0]

FOR I:=1 STEP 1 UNTIL M+l DO

BEGTN | o
ULI,07:=V{I,0):=VP{I,0]:sU[1,-1]:=V{I,~1]:=VP[I,2]:=0
UlT,-27:=V[1,%2) :=VE[I,~2] :=0 | |

END

FOR J:=1 STEP 1 UNTIL M+l DO

EEGIN -

UL 0,J) :=1;v{0,J] :=0;VP[0,J’].:=VP[-Q_:,0]

Ul -1,5) :=1;3V0 -1,5] :=0;vE[ ~1,3] :=§1=[o,o]

UP{0,J) : =UPINFIN/UINFIN;REOF{0,J] 220

ur{-1,3) :armm/uzwm;mq?[o,ﬂ 30

e |

IF ¥>0 THEN BEGTN

FORMAT 1IN i?ma(s(mo.s))

Q:=0 "

FOR I:=-1 STEP 1 UNTIL O DO EEGIN

FOR J:w=e2 STEP 1 UNTIL Q DO | |

READ (Fl,ma',U[I,.i] VU I,0, 0T, Ive 1,0 TRHoF{ T,5])
FOR J;=Q STEP 1 UNTIL N+l DO S
EEGIN | |
ulx,77:=001,Q1;v{T,37 :=v{1,8] ;UP( 1,37 :=UP[I,Q]
VPtI,J]:—VP[I,Q]sm-IOP[I,J]:m |

END;END |

FOR I:=1 STEP 1 UNTLL M+l DO

006

067

;009
;010

o1

e —
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EBEGIN

U(1,0):=V{T,0] ;=VF[I,0) ;<UL T,-3] :=VE{T,-1] :=0
UtI,-2] :=V(I,-2) :=VP[I,-2):=0 " '
END;END

WRITE (F2,FML0)

Pi=N

FOR I:=0 STEP 1 UNTIL M D0
BEGIN
FOR J:=0 STEP 1 UNTIL P IO
EEGIN

TABEL VT,UPT,VPT,RT,RHOBT ,CONT

X_:#O+IxDX;Y:=JJ_tDY

IF J=0 THEN ULT+1,3] :=0 ELSE

IF U[I+1,J-1)=1 THEN U[I+l,J"):=1 ELSE

U{I+1,J): =U[I,d)+G/REx(U[ I,T+1]/0[x ,J]-2+U[i s J=17)
-BxV[ I, 1+BxV{ I,J10{1,0-23/0( 1,37 B
HIXRHOP{1,J JXUPL 1 ,d /Ul T ,0]~HxRu0E{ 1,J]

IF U[I+1,J]> THEN U{I+1,J]:=1 ELSE ¢O TO VT

IF I=0 THEN V[I,J+1]:=0 ELSE

IF J=0 THEN V[I,J+41]:= O ELSE

V{I,d41]:=V[1,334Cx0( 11,07-Cx00 T, 3]

Ir UF[I,J]aO'mHEN HEGIN UP [1+1,J]:EO;VP[I+1,J]¢$VP[I,J]
RHOB{T+1,0) := Rio(I,J); GO TO CONT; END ELSE

IF J>0 THEN BEGIN |

IF UP [1+1,J+1] = UPINFIN/UINFIN THEN UP [I+1,3]:s

 UPILNFIN/UINFIN ELSE

012
;013
;Oih
;015

;161

}162.
163

164
165
166

3167

;168
169
170

o
172
3173

ATh

175

176

s17T

3178

1y

180
161
182




FXDX+ PR 1,0 JUR 1, ) | ©518h
GO TO UPT;END ELSE \ 185
| IF UP (I,J]-FXDX>0 THEN UP [I+1,J):UP{I,J]-FxDX 186
| ELSE UP [I+1,d]:=Q | | 187
UPT: IF UP [I+1,J] UPINFIN/UINFIN THEN UP [ I+1,J):-UPINFIN/UINFIN 188
EISE TO TO. VPP _ ,1&9
VPT: ¥ J=0 THEN VP [I,J] 1O ELEE: S 19f'0";
VE{T+1,97; =VP[I,J]-BxVP[I,J']JWP[I,J]/‘UP[I,J]+BxVPtI,J] 91
: vr[I,J-l]/UP[I,J]--Fxﬁb:VP[l,J]/UP[I,J]—»FMI 31/ 192
UF{1,d] - 193
RT: IF J»0 THEN RH@P[I+1,J] :=RHOP{ I, 3P 1-1,3) VP I,7])- 15%
BxVE{ 1,0 )xR0P( I, J]/UP[I,J]-!-B::VP[I,J]xH{OP[I,J-ll/UP[I,J]- 195
BxXVE[T,J1xRA0P[ T ,J1/UR[ T,3)+BxVE{ T,3-1 JxRHOF{ I,51/uP{1,5] 196
ELSE RHOP [I+1,7] =0 - 9T
RHOPT:IF RIOP [1+1,J]>mds THEN RHOP [I+i,J]-: = RHOS - | 198
| ELSE GO TO CONT | - 599
bon'r.: UP [I+1,-1] -:-UP[I+1,¢_>] ':' ' . ;200°
UP [T+1,-2) :<UE{ T+1 8} o | ;201
VP ['1+_1,-3.].:_=vp[1+1,of| . | 3202
VP [I+1,-2] :=VP[I+1,0) 3203
RHOF[ I+1 ,-i.] +=FHOP{ I+1-:,O"j - ;e0k
"RHOP [I+1,-2) +=RHOF[ T+1 ,O] :205
IF I<LOTHEN 206
meTN 207

UP(T+1,3) :=UP[ 1,9~ BeVP( T, 3]0 1,3-1 ) UR{ 1,07 153

IF U[ I,J-2)<1 THEN




i

WRITE (Fe,mm 1,3, X,'I,U[I,JI,V[I,J]I ,UP[I,J],VP[I,J],
RHOP [ 1,77

ELSE IF UP [1,J-2)<UPINFIN/UINFIN THEN

WRITE (F2,m11,1,7,%,Y,0(1, J],V[I,J]l,UP[I,J] ,VP{1,3)

RHOP [1,5]);END
ELSE IF Re5 THEN BEGIN
IF Ul1,J-2) THEN

WRITE (F2,FM11 I,J,X,Y,U[I,J] ,V[I,JL,.UP[I,J],VP[I,J],

RHOP [I,J]
ELSE IF UP ['I Jw ekumm/umm THEN

WRITE (F2,PML1,I,J,X,Y,0[1,3], V[I J],UPEI J],VP[I,JL_

FHOP [I,J]

END ELSE

IF I-M-1 THEN BEGIN

IF U [1 -J-e]d TEN

Write (ra,m.l I,3,%,Y U[I,J] ,V(1,5) ,UP[I,J] ,VP[I,J],_
RHOP (1,3] '
ELSE IF UP [I,J-2]<UPINFIN/UIM‘IN THEN

WRITE (Fa,mu I,J x,r,ul::,.:r],\r[:,.r] UP[:,J],VP[I,J],
RHOP [I,J]

ELSE END ELSE END

IF Re5 THEN Ri=l ELSE R:=R+l;P:=P-1;END

TDATA F1
1.28508-05  0,0710  0,0005 0.0005 100 200 100,00
1._61;00@-_05 145.0 100.00 50.00  10.00 |
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- Inc., New York, 1960.
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