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c = volume of the particles per unit volume of mixture 

c = constant pressure specific heat of the gas 

c s specific heat of the solid particles 

C_ = drag coefficient 
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d = diameter of a particle 

D a drag force per particle 

P * frictional parameter "between the phases 

F - force per unit volume of mixture acting on the gas 

h « convective heat transfer coefficient 

injangle = injection angle 

injvel s injection velocity 

k = thermal conductivity 

L s= non-dimensionalizing length 

m = mass of a particle 

M = Mach number 

m » number of particles per unit volume of mixture 
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a ts heat transfer per unit volume of mixture 

R = gas constant 

Re » Reynolds number 

Re - = particle Reynolds number 
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StTMMARt 

This thesis discusses the problem of laminar flow of a viscous 

gas over a semi-infinite flat plate with wall-slot injection of solid 

particles. The boundary layer effects are studied. 

The analysis treats the particles as a continuum. Thus, a con­

tinuity equation and two conservation of momentum equations are used to 

represent the particle flow. These equations together with the contin­

uity and momentum equations for the gas phase and the appropriate bound­

ary conditions describe the problem mathematically. 

The coupling of the momentum equations by the shear between the 

two phases results in the necessity of solving simultaneous partial dif­

ferential equa-tions. The finite difference technique is employed to 

handle this difficulty. With this method of solution the Burroughs 

5500 digital computer is programmed to solve for the velocities and den­

sities necessary to describe the flow of the two phases. 

The injection velocity and angle are varied to study various flow 

situations. Flow situations with the parallel component of the injec­

tion velocity both less than and greater than the free-stream velocity 

are investigated. 
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•CHAPTER I 

INTRODUCTION 

Gas-solid particle flows have been the object of research for 

many years. Early studies were designed to obtain information for the 

design of pneumatic conveying systems, sedimentation systems, dust col­

lection systems, and various transport systems. Lumped design parameters 

were usually adequate for these applications * More recently, such fields 

as reactor technology, metallized propellant rockets, and air purifica­

tion (Clean Air Bill of 1963) have stimulated new interest in the flow 

of a gas-solids suspension* In addition to lumped design parameters, 

these applications demand knowledge of distribution within the systems, 

Thusj it has become necessary to understand the basic transport pheno­

mena, represent them mathematically, and develop methods of solution. 

Many publications have been written on the subject of gaB-solid 

particle systems, but very few deal with two-phase flow in boundary lay­

ers* The most important of these are papers by S, L, Soo (1,2,3>4), 

F, E* Marble (5), and R. E, Singleton (6)» Both Soo and Marble discuss 

various aspects of two-phase flow, including boundary layer effects, 

Singleton deals only with two-phase boundary layer flow, 

S, L. Soo thoroughly discusses the transport phenomena of two-phase 

flow* In a paper presented in 1$62 (l),, he develops the differential 

equations of conservation of mass, momentum, and energy for the two -

phase boundary layer. Flow over a flat plate is investigated. In this 

analysis Soo uses the integral form of the conservation equations. He 
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concludes that the solid particles could result in an increase or de­

crease in the fluid boundary layer thickness, depending on the fluid 

Reynolds number and the particle diameter„ 

In 1965 Soo presented a paper that deals with many aspects of 

two-phase flov (2). The two-phase flov conservation equations are again 

developed. Soo applies these equations to boundary layer motion over 

a flat plate. As in the 1962 paper Soo uses the integral approach, 

The boundary layer analysis in this paper is more extensive but is bas­

ically identical to that of the earlier paper, 

Two other papers by Soo merit a brief consideration. One on 

laminar and separated flov(3)'examines suspensions of particles so 

small that Browniah motion becomes important. This difficulty is re­

solved with the introduction of a Rrowiian diffusivity equation. The 

second paper discusses particle sis;e distribution (4), In this paper 

Soo develops a method of solution to deal with particles of varying 

size. The approach is an extension of' the continuum concept, 

Like Soo, F.E, Marble (5) develops the boundary layer differential 

equations of conservation. In his analysis of laminar flow over a flat 

plate these equations are combined and rewritten in terms of the velocity 

differences between the two phases. With the assumption that the y-com-

ponent of the gas velocity is equal to the y-component of the particle 

velocity, Marble expresses the equations in terms of a stream function. 

This enables a power series solution to be used, 

In his thesis Singleton (6) studieis tvo-phase boundary layer mo­

tion in detail. The conversation equations are used to solve the prob­

lems of flov over a flat plate and flow perpendicular to the axis of a 
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cylinder. Singleton reduces these partial, differential equations to 

ordinary differential equations with use of the stream function. This 

enabled him to solve the equations numerically by power series expansion. 

The problem considered in this thesis follows logically from the 

gas-solid particle flow over a flat plate,, This problem is the laminar 

flow of a gas over a flat plate with wall-slot injection of solid part­

icles. This situation is investigated to determine the boundary layer 

behavior of the two-phase system. The velocity distributions are of 

primary concern. To study these distributions various flow situations 

are created by varying the injection velocity and angle. 
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CHAPTER II 

THEORY OF TWO-DIMENSIONAL GAS-PARTICLE BOUNDARY LAYERS 

v The situation to be examined is the laminar flow of a viscous 

gas over a flat plate, Solid particles are injected into the gas at 

the plate's leading edge. Since the particles are not injected parallel 

to the plate and are not injected at the free-stream velocity, the part­

icles must slip vith respect to the gas* The magnitude of the particle 

slip velocity (velocity of the particles with respect to the gas) is 

dependent upon the region of the boundary layer under consideration. 

Near the plate the slip velocity Is large, but it decreases to zero 

in the free stream, 

The apparent particle density, defined as the mass of the part­

icles per unit volume of mixture of both phases, is assumed to be suf­

ficiently low and the particles are assumed to move at so nearly the 

same speed that they do not collide with each other. The interaction 

of the flow fields around the individual particles is neglected. The 

particles are assumed to have no random motion and exert no pressure, 

Since their individual behavior is of no interest, the particles are 

considered as a continuum* 

With, the no collision assumption, the behavior of the two-phase 

system is entirely dependent upon the interaction between fluid and 

particles, The particle Reynolds number and the molecular mean free 

path of the fluid are considered to be small enough that Stokes drag 

law for spheres is a reasonable approximation* From Stokes law the 
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drag force of the fluid on the particle phase, and the force of the 

particles on the fluid phase, may be evaluated (see APPENDIX A). The 

force per unit volume of mixture acting on the gas is 

F = n (6 IT) PKJ ( W -. w) (II-l) 
Jr Jr Jr 

•where w - v i s the s l i p veloci ty in any direct ion and n i s the number 
p * . " P 

of particles per unit volume of mixture 

p P 
XI S= — &• S3 mmmmJhy^. (ll~2) 

TD m 4 2 x ' 
• ? TTff pr a 

3 © 

By subs t i tu t ion 

P 
F p « 4 § - 6 TI pa (wp - v)- ( n - 3 ) 

o TT0 p 

P-nMu-WL - v) 
F « ^ J L f ^ _ E . _ - . (n.if) 

p £ / ! • ) ( ! ! £ ) • a 

9' VP / \ v- I 

F - ¥ = (*_ - v) (II-5) 
P Am P 

"where X = momentum equilibrium length 
m 

X = t ii » -• - - ) — - a (II~6) 
m m ôo 9 I p / I |JL / 
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and where t = momentum equilibrium time 

2 
2 PS

a 

t * - -S~ (II -7) 
m 9 . p, 

Singleton (6) discusses lift forces on the particles in addition 

to the Stokes drag forces, The lift results from particle spin, and 

the particle spin is caused by shear. Singleton concludes that the 

lift forces are negligible if [ — 7 I r/ ;is small enough» In this 

** /PU«M/, \ -k 
thesis the lift is neglected since/-—^-) r?| is on the order of 10" • 

\ M» / W 
In Marble's paper (5) the importance of the momentum equilibrium 

X 
parameter, — , is considered, Physically, the momentum equilibrium 

parameter is the ratio of the distance required for the particle vel­

ocity to reach that of the fluid to the characteristic length of the 

flow field. Singleton (6) investigates the magnitude of this parameter 

and states that if 

J £ » | (11-8) 

then the particles have not had time to adjust to the gas flow and con­

sequently have large slip velocities. Because of these large slips the 

particle motion is determined by the injection conditions. If 

JS« J (II -9) 

then the particles have the required length to reduce their injection 

velocities, Hence^ the slip velocities in this regime are small, and 

the particle motion is influenced by the gas flow to a greater extent, 
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The x-injection ratio, the ratio of the x-component of the part­

icle injection velocity to the-.free-stream velocity, is an important 

factor in this tvo-phase flow system. For small x-injection ratios 

the injection velocities exert relatively little influence dovnstream 

as their effects are damped out in short distances. However, at larger 

x-injection ratios the effect of the particle injection velocities 

is important farther dovnstream, 
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CHAPITER III 

CONSERVATION EQUATIONS FOR M)-PHASE FLOW 

To develop equations that represent the two-phase flow system, 

the particle phase is treated as a continuum. This treatment enables 

equations of conservation of mass and momentum to he "written for the 

particle phase* Conservation equations of mass and momentum may also 

be written for the gas *. 

These conservation laws are written for a two-dimensional system 

(l), The continuity equation for the gas is, 

It +h, (pu) + h (|DV) e ° (IH-I) 

The conservation of momentum equations for the gas are 

*Adt dx Sy; dx dx ̂  ** 
du 2 du 2 dv 
dx ° 3 Sx " 3 By 

+ | - L |I + |*'2S-V p F(u -u) (III-2) 
By \p dx p dy J wv P 

n /2 l + „ £l.'+ v 22\ - 2 i + 2L /a, 21 £ 2* S- 211 p(at + u §3E + v 55F j - " 5y h 5 y ( * 5y " I S3E " 3 537 

+ ^ / . (HV §S^i + ^§) + ^ p - - ) dn-3) 
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F 
•where F « * as ̂  • • ̂ A . 

p (v - w) p a 

The continuity equation of the particle phase is 

dp~ B / ... x . 3 <rr£ + 2- (p U ) + |- (p V ) « 0 (Ill-lf) 
et ox VKp p' ^y p p 

The conservation df momentum equations for the particle phase are 

/ du hu "dtx \ 

p
P v§r + U

P sr+ V
P sr' ss - Pp'f^ - » ) ' (I11-5^ 

/ dv dV dv \ 
p ( -_E + u r ^ + y --£)«- p F(v - v) (III-6) 
'P\dt p dX p 3y / Mp p V 

Using the boundary layer simplification, fluid-phase incompres-

sihility, and a steady state (analysis (T)j» the non-dimensional forms 

of equations (ill-l) through (ill-6) are written as follows (see 

APPENDIX B): 

!&!,.+ |JJ. a, 0 ( I I I -7) 
dx r dyf V 

? o 
U » - — - + v » »—». ss - - - —--75 + —— mJL ^U 1 - U 1 J ^ I I I - O J 

dx» 3y8 Re ^ , 2 u^ p p 

L - (p u") + I - T (P v») - 0 (III-9) 
dx( VHp p ' By' u p P ' l y/ 
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duJ Bu* 
u 

FL + v« „_J£ = .. ££ (u* - u«) (III-10.) 
p dx9 p By' u^ 

dv1 'dv* FL 

% Sa^ + VP By^ s " u" ^VP " v'* (III-11) 
00 

p u« L 

•where Re * — — . The primes indicate non-dimensional variables. They 

•will be used throughout this thesis except in'the next chapter. In 

CHAPTER IV the non-dimensional primes are omitted to avoid confusion 

•with the primes denoting derivatives. All velocities and distances in 

CHAPTER IV are non-dimensional. 

The viscosityj p., is the viscosity of the mixture of gas and 

particles and not of the gas alone* There is disagreement as to -whether 

the viscosity increases (8) or decreases (9) tftien particles are sus­

pended in the gas. According to Einstein (8) 

\k a P» [I + 2.Sc] (III-12) 

•where p, is the viscosity of the gas and c is the volume of the spheres 

per unit volume of mixture, , 

P-p n
vP 

C ss «-s- a- -=J£«™. (HI-IS) 
P S .B 

«."5 

c is of the order of 10 J or smaller for <any particulate material. This 

leads to 

p - y, [1 +2.5 * ©(lO*"3)] "̂ ti (III-U0 
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Tnus, the viscosity is taken to "be the gais-phase viscosity. 

The establishment of the appropriate "boundary conditions along 

•with equations (III-T) through (III»ll) completes the mathematical des­

cription of the problem. For the gas phaise the boundary conditions are; 

(i) potential flow at the plate's leading edge 

u'[0,y] - 1 . (Ill-15) 

••[0,y] « 0 (111-16.) 

(ii) gas velocity vanishes at the plate 

u'[x,0] - 0 (III-1T) 

vf[x,0] « 0 (111-18) 

(iii) gas velocity (aocomponent) mxat approach free-stream 

value as y approaches infinity 

l i m ^ u'[x,y] = 1. (111-19) 

For the particle phase the boundary conditions are: 

(i) constant injection conditions 

u« [0,0] * (injvel) • [cos(injangle)] (111-20) 
P 

v1 [0,0] »(injvel) ? [sia( in jangle)] (III-.21-.). 
Xr 

PP [0,0] « p (0.1) (111-22) 
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(ii) particle velocity (y-component) vanishes at the plate 

yj [3c,o] = o (ni-23) 

(iii) particle velocity (x-component) must approach free-stream 

value as y approaches infinity 

U lV* up [x'y] s x (nr-24) 

(iv) particle density vanishes at the plate 

p^ [x,0] . 0. (III-25.) 

The condition that p [0,0] => p (0*1) is arbitrary, and any similar 
p s . 

condition couldvbe used. However<, at all times the no collision assumption 

must be reasonable. 

The above mathematical description of the problem is correct 

only when Stokes drag law is reasonably accurate. If the drag law is 

valid then 

R e d . « — £ — — < | (111-26) 

For a given fluid and a given particle diameter equation (III-26) re­

stricts the slip velocity 

i^p-^I^Sp- (III-2?) 

Hence, it is apparent that the extent of the regime of small slip de­

pends on the flow field parameters, 



The x-injection ratio influences the slip velocities. Large 

ratios cause large slip velocities. Thus., there is a limit on the x-

injection ratio for -which the small, ©lip velocity requirement is 

satisfied. 
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CHAPTER. IV 

FINITE DIFFERENCE TECHNIQUE 

The finite difference technique was developed to numerically 

solve differential equations. The technique is valuable -when the solu­

tion of complicated ordinary differential equations, partial differential 

equations, and simultaneous differential equations is needed, 

The method is dependent on the replacement of derivatives by 

approximations derived from the Taylor series (10) • When a function u 

and its derivatives are single-valued, finite, and continuous functions 

of x, then by the Taylor series., 

u(x + h) « u(x)•+ hu»(x) + J h2u"(x) + | h 3u M ,(x) + ... (IV-l) 

and 

u(x -• h) = u(x) - nuf(x) + i h2u,8(x) - | h V " ( x ) + .....' (IV-2) 

The addition of these expansions yields 

u(x + h) + u(x - h) == 2u(x) + I M I ' ^ X ) + 0(hV, (IV-3) 

k 
where 0(h ) denotes terms containing fouz*th and higher powers of h. 

If these higer order terms are neglected, it follows that 

^•(x) « ̂ -|.-.ig u(x + h) - 2u(x) + u(x - h)| (IV-4) 
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Equation (lV-2) is subtracted from equation (IV-1), and terms of order 

h and higher are neglected 

u'(x) = ~ = |r [u(ac.+ h) ~ u(x - h)] . (IV-5) 

The equation for u'(x) approximates the slope of the tangent at 

P by the slope of chord AB (see Figure 1) s and is called a central dif­

ference approximation. The slope of the tangent can also be approximated 

by the slope of chord PB (forward difference) 

u'(x) B |-[u(x + h) - u(x)] 

or the slope of chord AP (backward difference) 

u'(x) = i [u(x) - u(x - h)j 

(17-6) 

(XV-7) 

tangent at x 

0 x-h x x+h x 

Figure 1. Finite Differences 

With the use of equation (lV-*0, (IV--6), and (IV-T) the non-

dimensional equations (III-T) through (III.-ll) are approximated as follows 
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u •* u v *• v 
mil > Tiaiiiiniinim I I r ; ; i i -f* »»r»»-AJm».ii-i.-> »» —.dhi&i X= ^J 

Ax Ay 
( lV-8) 

v, V i > r u U + v ^ . T J L E ^ I m L. tti,j+i". I , J + U I , J - I 
i ' ,J Ax v i , j Ay Re ^ 2 

P. 
LA Si (u -u. J (XV-9) 
P u , - p ^ i , j -

u -u 
p i . J H - l i J 

i , j Ax +. u 

p -p v ~v 
P 1+1 .J P i , J , r

 P i , j P i , 3 - 1 
p ^ 4 Ax ^ i 1 A y 

+v :—M.' .̂Ar.1 « o (xv~io) 
p i j A y 

^ 

u -u 
p i + l , J P M + T . 

i,i A x p i , 3 

u -u 
p., * p , 1A 

Ay 
^ ( u - a ) ( I V - l l ) 

u 

V - V • V - V ' 

J i + * . J P i J + , P i . J P 1 , J - 1 
VJ, , • Ax . ' p . . • 4 y . 

S i ( v ' - v . , ) (IV-12; 
u - p i s j l ' J 

From equat ion (XV-9) 

u -a „-££y + A 5 V ! i * A i + J ^ 
1+1, J 1,3 Ay 1,3 Ay 1,3 u ± . p 

u 
FL p l , j Ax 

P l , 3 FL . Ax 1^ j L J + 1 _ Ax 
p u

 a ^ 2 Re m. . " S 
H <° Ay i , j Ay 

u Ax, 1 ,3-1 

Ay" u i , 3 
(IV-13) 
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From equation (IV-8) 

•4 ^ i B v - , - T^ u, , + ~£ u, . . (iV-lk) 
i , j+r 1,j Ax i , j AX i - i , j v ' 

From equation (IV-13.) 

u 
u, = u - j & v * 4 5 y J ^ J ^ l . S ; 6 x + ££-Mtx(lV-15) 

J- $ J >L j J 

From equation (IV-12) 

v P, .v • - £ J i i i v + £*J^U -ZtJ i^Ax 
Pi+i,j pi,j A y u

P i 1 *i,j ^ V , pi^-i u« u
P i i 

•*• ;> d J- > d •*• f d 

+ S i Z i i i Ax (IV-16) 
v. • u 

From equation (IV-10) 

u p p 
« « a. « P i - l ^ l ^X J ^ J „ ' A X P i J , 

*I-I,J XJ X J X J . ' X ^V.'i.J Ay UP * i , j - i 

A y u %± , 4 Ay u p
P ^ I V - 1 7 ^ 

Pi,<1 ' J P i , j , J 

The criteria of convergence and stability must be satisfied if 

the solution of these five equations is to be a reasonable approximation 

to the solution of the partial differential equations describing the 
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two-phase flow, equations (III-7) through (Ill-ll).. Both of these con­

ditions are concerned with the total error that results from the approxi­

mation. The first condition is concerned with the convergence of the 

solution of the difference equations to the solution of the differential 

equations; the second deals with the unstable growth or stable decay 

of the errors produced by the arithmetic operations needed to solve 

the finite difference equations, 

Let D represent the exact solution of a partial differential 

equation, A represent the exact solution of the corresponding equation, 

and f\ represent the numerical solution,. The discretization error for 

convergence, (D - A), is due to the increment size. The conditions 

under which the discretization error approaches zero is the convergence 

analysis. The error (A- T|) is the result of round-off in the arithmetic 

operations. The finite difference equation is stable if the cumulative 

effect of all of the round-off errors is negligible. Hence, in order 

to make 

(D - T\) a (D « A) + (A.- 11) (IV-18) 

small, the numerical solution must be both convergent and stable (10)« 

The problem of convergence and stability of the numerical solu­

tion for non-linear partial differential equations with variable coef­

ficients can be handled in only a few particular cases. However, if the 

coefficients of the derivative terras are always at least one order lower 

than the derivatives themselves, then the non-linear equations are con­

sidered quasi-linear. The variable coefficients are treated as constants 

throughout the analysis. They take on their most adverse values in or­

der to determine the restriction on the increment size (10). 
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Rewriting equations (ill-7) through (lit-11) in quasi-linear 

form yields: 

P- + p- = o (IV-19) 
ox oy 

pL +1 | a . 4 .24•+ !E a (1* . i) (iv-20) 
dx u dy uRe ^~2 • p u l u / v 

^X> PT5 S U T 3 V n S P T 5 PT3 ^ T D 

' IKI + o«E .„...,£, 4. o-£, —™&. + wE ,__&. = o (lV-2l) 
dx u ox u dy u dy 

&r Jr Jr 

Ji + i.JX.fifl.-SL) (17.22, 
ox u^ oy uOT \ u ; p j 

dv v dv F L /*L • v \ ' 
UII mi HI I -{- o > A i «mnmnffE» i a n» a m s » | i d a ,s> o n > 1 I T V " 2 1 J 

3x ^ a y u^lup t^; v 

The von Neumann stability analysis uses the quasi-linear form 

of the partial differential equations. Tills method expresses the solu­

tion in terms of finite Fourier series. A complete description of the 

von Neumann method can "be found in O'Brien, Hyman, and Kaplan (11 )••• In 

essence, the method depends on expressing the solution as 

i(K Lx+M Ay) i* Ay 
U - £ Z e 1 -ZZ« ne ^ (IV-2M 

^1*2 *i*2 

•.•- n • ik-Ax _ ,,-,....,.,. 

where £ = e and i = /IT; This form' is substituted into the equa-
!l 

tion, and if a solution is found, a necessary and sufficient condition 



for stability is that 

I 5 I * I (IV-25) 

for all values.;of k. and kp, 

Richtmyer (12) has extended the von Nurmann stability analysis 

to include systems of equations. The system to be analyzed here con­

sists of five independent variables 

ui 1' vi 1> U D \ ,pt> (IV-26) 
i,J -i,J B±fy P i J ; Pi>d 

and a set of five linear equations 

V i , j " u i , r c i u i , j + c i u i , ; ) - i + c 2 u i , j t i ;^^ , j* c 2 u i , j . i + c 3 (1V-2T) 

u =u -C u +C u -+C, " • (IV-29) 
% H , j Pi,J 5pi,j 5Pi,J-l b 

v - v -C v +C v +C (IV-30) 
Pi+l ,J P i , j 5 p i , j 5 p i , J - l r 

p = p -CQu , +CQu -C.,p +C_p "C i n v 
p

i + i , j p i , j 8 p i , j 8 *±-i,j 9 pi ,j" 9 pi,j-i 10pi,j-i 

+ c ioV . . (.CT-») 
l^J-J. . 

•where 

., Ax v 
'1 "" Ay u 
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r Ax 1 
u2 " -r-S uRe 

Ay 

P#-) C_ ~ ~k ££.[.-£ - 1) Ax 

Ci^ - Ax 

c *M-£ 
5 Ay up 

6 \> \ V 

7 u \u • u / 1 » \ "D "n/ 

8 A 

9 5 

P ^^LJt 
10•" Ay u 

The following solutions are assumed and substituted into equation (XV-27) 

through (IV-31). 
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_ i ( k Ak+k Ay) , i U y 
ui ,J=IT e * 2 = 1 1 *?e <C T"32> 

^L k 2 k l k 2 

,_ ,_ i ( k ^ x + k J S y ) i , X A x 
v i , j-n- - i z £ • ' (iv-33) 

4 k2 H k2 

i (K^Ax+k^y) , n i k Ay 

\/He -II ? 3 e <w-*> 
k l k 2 k l k 2 

i(KLAx+k2Ay) ,._, v ^ ik^y 

2 
Y : H - ^ ^ - I E * v ^ <*-*> 

kl k2 \ k 

^ iCk^x+kgAy) ,-, ^ , ^ ikgAy 

)j . Lt LA Li Li .5 
PP« ; i L e = i Z, S e (17-36) 

k l k 2 k l k 2 

The substitution of equations (IV-32) through (IV-36) into equa­

tions (XV-27) through (IV-31) results in the relation 

8 l 3 S S 0 (IV-3T) 

where G is the amplification matrix, and g„ and gQ are vectors. 
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Si 

" . n + 1 " 

-n+1 

«n+l 

h 

c1 
-n+1 
*5 

; i . 

«s 
.n 

(IV- 38) 

Lax (12) has shown that the von Neumann necessary condition for stability 

is 

1 X I * | 1 n 1 1 (IV-39) 

where \ are the eigenvalues of the amplification matrix. If all of / 

the elements in G are bounded for all 11. and k^ and if all of the 

eigenvalues: with the possible exception of one satisfy relation (IV-39)» 

then the condition is necessary and sufficient* 

The amplification matrix of equations (IV-32) through (IV^36) is 

16 a l l 0 o 0 0 a. 

a 2 1 1 0 0 G G 

0 0 
*33 

0 0 a. 

0 0 0 akk 0 aJ 

0 0 a 
• 53 ^ 

a 
55 

0 

0 0 0 0 G 1 

36 

k6 
(IV-4G) 
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"where 

a n. 1 - C^l-e-^) + C2(e
1Ay.2+e-

iAy) 

-ikpAy 
al6" C3 e 

a21 
- ikcAy-ik_Ax. 

-C^^-lXe 2 T- ) 

a33= 1 - C (l-e^) 

-ik Ay 
a36= C6 e 

a^= 1 - Cjd-e-1^) 

-ikoiy 
%6° CT

e 

°53= V ^ " 1) 

V Clo(^liy-D 

a55= 1 - C (l-e
_ 1 A y). 

From this matrix the six eigenvlaues are determined 
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^ = 1 -'c^(l-e"1A5r) + C2(e
iiy- 2 + e-iAy) 

h - 1 - g I (1 - e-iiy) + J5g ^ ( e 1 ^ - 2 + e-
liy) (iV-Ul) 

X 2 = 1 (IV-1*2) 

X3 = 1 - C5(l - e
1^) = 1 - g J (1 - «"*) (IVA3) 

Jr 

x^ = x3 (iv-kk) 

X5 = X3 (IV-45) 

X6 = 1 (IV-^6) 

X 2 and X^ immediately satisfy the stability criteria. From an exami­

nation of X.-, X^, and X for the most adverse C , it is apparent that 

|X3| * 1 if 

A- v 

O^i^l, (iV-Vf) 
Ay u p 

Since u is always greater than or equal to v for injection angles of 

h§° or less, and v is always positive, | xJ ^ | if 
Jtr *•/ 

Ax & Ay. (!V-if8) 

The von Neumann method allows one eigenvalue to violate the X relation* 
n 

ship. Thus, the difference equations of the system are stable since 
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Ax = Ay and in jangle ̂  4̂-5° in thie thesis. X. also obeys the stability 

criteria in most flow situations; however, with large injection velo­

cities X. is slightly greater than one* 

Lax (12) has shown the equivalence of convergence and stability 

for problems which satisfy the consistency conditions. For linear 

equations the consistency condition states that the truncation error, 

E., must vanish as Ax and Ay approach zero, 

The truncation error is defined by 

E = (Finite Difference Equation) - (Partial Differential Equation). 

This error can be determined by expanding the point values in the dif­

ference equations in a Taylor series, Tliese terms are substituted into 

the finite difference equations. The truncation error is obtained from 

the remainder terms. Hence, the error in the continuity equations is 

E t = 0 [(ax)
2, (Ay)2] (IV^9) 

and that in the momentum equations is 

Et = 0[4x, (Ay)
2].. (IV-50) 

The truncation error vanishes in all cases as Ax and Ay approach zero, 

and the difference equations converge <, 

In conclusion, the finite difference equations have been shown 

to converge and to be stable. The von Neumann method is used to estab« 

lish stability, and the Lax consistency condition is used in the con­

vergence analysis. With the establishment of these conditions the 

Burroughs 5500 digital computer is used to solve the difference equa­

tions (see APPENDIX E). 
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CHAPTER V 

DISOJ3SI0N 03? RESULTS 

The Burroughs 5500 digital computes? was used to solve numerically 

the problem of wall-slot particle injection into a gas flowing over a 

flat plate. The data, displayed in APPENDIX D, consist of the velocity 

and density distributions of the two phases. This data is based on 

Re * 5.5253 x 105 (V-l) 

S = lift82T (V-2) 

P [0,0] - U.-5 i S . (V-3) 
p ft0 

These values result if: 

(i) air is the viscous gas 

p =» 0.071 m~*r** 
ftr 

p,o = 1.2850 x 10"
5 p 5 11pm 

sec-

(ii) each particle is 10,0 microns in diameter and is composed 

of a material such that 

Ibm 
p BS li|-5«0 -"—W; ) 

3 ft*3 
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(iii) the free-stream velocity is 100-=- , 

(iv) the non-dimensional!zing length, L, is 1 ft, 

For a system described by these conditions the momentum equilibrium 

length, X , is O.0678 ft. 
m 

The above set of conditions is not unique. The data in this 

thesis represents any two-phase flow system in which equations (V-l), 

(V-2), and (V-3) are valid, 

The results of primary concern are the x-velocity profiles and 

the boundary layer thicknesses. In order to discuss these results it 

is necessary to define the fluid boundary layer thickness, 6, and the 

particle boundary layer thickness, S v In this thesis the boundary 

layer thicknesses are defined as the disteinces for which 

| u - u j « ©..OOOOliU^for 6 (V-4) 

\ % - *J -s °-000°l V-.for 8P (V"5) 

This definition enables similar treatment of situations when the x-

cbmponent of injection velocity is less than or greater than the free-

stream velocity, 

Figures 2 and 3 show a comparison of the boundary layer thick­

nesses at different injection conditions. From an observation of these 

graphs it is apparent that for any Injection conditions both thicknesses 

are considerably thicker than the boundary layer thickness* with no in­

jection (the Blasius problem). Figures 7 through 1^ demonstrate: that 

the particle boundary layer thickness is always thicker than the fluid 

thickness for a given injection velocity and angle, 
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An examination of Figures 2 and 3 and the y-component of injec­

tion velocity in Table 1 reveals a definite dependency of the "boundary 

layer thicknesses on the y-injection velocity* Figures k and 5 show 

this dependency. These graphs demonstrate that "both thicknesses are ap­

proximately proportional to the y-injeetion velocity. 

Schlichting (7) demonstrates that for flow over a flat plate 

with no particle injection the "boundary layer thickness is 

II. x* 
no injection \/ pit :AV/-Ji- j? (v-6) 

o 

where A is a constant. The fluid amd particle "boundary layer thicknesses 

are also proportional to some power of x (see Figures 2 and 3)» By 

analogy with the no-injection case, 

6 - B / - ^ - xa (V-7) 
r co 

6 « C J5- J° (v-8) 

'where a and b are fractional, positive constants. B and C are pro­

portional to the y-injection velocity. 

An examination of the x-velocity profiles of Figures? 7 through 

Ik reveals that the fluid x-veloeity and the particle x-velocity ap­

proach each other as the flow proceeds downstream. This characteristics 

results from the momentum transfer between the two phases. 

The x-velocity profiles with the x«Injection velocities less 

than free stream (see Figures 7 through 11) are of the same form as the 
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no-injection profiles of Figure 6. The x-velocities increase from their 

vail values to the free-stream velocity. Since the particles slip at 

the plate, their.veil velocities near the leading edge are greater than 

the fluid's. In spite of this they are slower to accelerate to the free-

stream velocity because the solid material is so much denser than the 

gas. Therefore, the x-velocity profiles of the particles and the fluid 

must cross until the flow is far enough downstream that the shear has 

reduced the particle -wall velocity to zero. Figure 8 is a good example 

to show how the profiles cross. At x* « 0.02 the two profiles cross; 

but by x* « 0.05 the particle wall velocity has been reduced to zero and 

there is no crossing* 

For greater than free-stream x-injection velocities the profiles 

increase to a maximum and then decrease to the free-stream value. Fig­

ures 12 through Ik display this behavior „ In these graphs there is ho 

crossing of the profiles since the particle velocity can never be 

decreased fast enough to become lem than the fluid velocity. An 

examination of these figures reveals that the maximum of both the fluid 

and particle x-velocities occur at approaciLmately the same distance above 

the plate. This distance is always small compared to the boundary lay­

er thiclmesses. Figure 15 shows these maximum velocities as a function 

of the distance down the plate, This graph clearly demonstrates that 

the particle x-velocity and the fluid x-velocity approach each other, 

A comparison of the velocity profiles of different injection 

conditions, Figures 7 through Ik, demonstrates that at constant injec­

tion angle and at a given distance downstream the x-velocity profiles 

become flatter as the x-injection velocity approaches the free-stream 

velocity. This behavior results from the decrease in slip velocity as 
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the free-stream velocity is approached, 

The particle density profiles are all of the same form once the 

flow has moved downstream. The density is zero at the plate, increases 

to a maximum, and then decreases to zero at the particle "boundary lay­

er limit • Tables 3 through 10 (APPENDIX JO) show that the particles dis« 

perse as the flow proceeds downstream, The particle density decreases 

as the particles disperse and la always considerably less than the 

injection density. 

If the injected particles are at a different temperature than 

the viscous gas, then heat will be transferred* This heat transfer 

can be described in differential equation form as follows (see APPENDIX 

e): 

u Sx' V 3y" Pr Be 2 + 3 P ?r u, ^ep B' ^V y' 

ui -4 + v< *--? » : i B JS. 2; (e - e) (v-io) 
p dSr p 3yT 3 Pr c u v°p *' vv x ' 

g TO 

These equations become similar to equations (III-8) and (III-10) if 

Er « 1 (V-ll) 

Nu - 3 (V-12) 

c -"c * (V-13) 
8 p V 

The Nusselt number can be shown to be about three by applying the var­

ious formulae for gas flow over a sphere. Kreith (13) gives one such 

formula that yields Nu * 2.68. 
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Since equations (V-9) and (V-10) and equations (III-8) and (ill-10) 

have similar boundary conditions, the temperature profiles are similar to 

the x-velocity profiles• The profiles become identical if 

^ [0,0] = Qp.[0,0] (V-llf) 

Figures 7 through Ik are x-velocity profile plots. If equation (V-lk) 

holds true, then the figures are also plotn of the temperature pro­

files, The fluid and particle ac-velocity data of APPENDIX D are also 

the fluid and particle temperature data* 

At large injection velocities or large injection angles the re­

sults become quantitatively less accurate than for small injection para­

meters, However, they are still qualitatively correct* For all injec­

tion conditions the slip velocities are la,rge near the leading edge 

(x < X ). Large x-injection velocities resirult in slip velocities that 

are so large that Stokes drag law iet not strictly valid (see APPENDIX 

A ) . 

For either large injection velocities or large injection angles 

the boundary layer simplification may not be entirely valid. This ap­

proximation is based on the Blasius no-injection boundary layer thick­

ness, The boundary layer thicknesses involved here are much thicker 

•$iich may render the simplified equations some-what inaccurate. 

The fluid in this analysis has been considered to be incompres­

sible. This assumption introduces very little error as long as the 

Mach nwnber is small (7) 

iK^«l. (V-15) 
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If th is condition i s not met, the equations to be solved would be equa­

tions ( I I I - l ) through ( I I I -6 ) , These equations could be simplified and 

non-dimensionalized to: 

§5. (P U ' ) + L <PV') = ° (v-16) 

u 5F + v §F s " ~"2~ 53F + S.J? + p u" ( u p • u ) (V"1T) 

pu o y 

f * •* j . ,r. ^ V ' 1 fcP . 1 ^ 2 V . P1D FL / , . X / . - -.«* 
u » _ _ + v ' T—7 a - —•••»" T—. + = • - ——•K + ;^«- - — ( V 1 - V 1 ) ( V - 1 Q ) 

S x 3 y pu * y R e dy* 5 P u « P 
~ CO 

§- , (p U»)•+ I - T (p-V») « 0 (V-19) 
dx1 v rp p By' M p p ' x ^' 

du1 du' _.. 
< S^ + < ^ 4 - - ^J- (u« - u' ) (V-20) 

r 
p fcx' p By1 u

eo P 

3vf Bv" p.. 
u' 5JE + v' - - £ = « —' (v» - v f ) ( V - a ) 
p 53F p 3y' uos

 v p ' v ' 

This thesis has dealt with the analytical problem of wall-slot 

particle injection into a gas flowing over a flat plate. The system 

can be simulated by channel flow of a viscous gas in a rectangular duct. 

The duct must be large enough that the interaction of the boundary 

layers can be neglected. Particles alone cannot be injected into the 

channel. There must be a medium to transport them into the main flow. 

This difficulty is overcome by suspension of the particles in the same 

gas that is in the channel. The injection gas should be at the same 
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density as the gas in the channel. This method is approximately 

equivalent to pure particle injection if the injection velocity is not 

too large relative to the free-stream velocity and if the injection 

angle is small. Figure l6 is a drawing of this channel flow system. 

Air 
um 

Particles suspended in air 

Figure 16, Channel Flow 
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APPENDIX A 

FORCE OF INTERACTION BETWEEN THE TWO PHASES 

The drag force of the fluid on the particle phase can be evalu­

ated with the use of Stokes drag law for spheres. The drag coefficient 

is formed with reference to the dynamic head \ p(w - w ) and the 
Jr 

frontal area , 

D - C j p j 2 [ J p(v - wp)2] (A-l) 

Stokes drag law (7) states 

ok P( w " ̂  )ct , 
c
D = i d

 Red = - ~ r E - < i <A-2> 

The substitution of C into equation (A-l) yields the drag force per 

particle 

D = . 2VS ™2 a P(» - «vfi (A-3) 
p(w - w )d . * 

where d is the diameter of one particle and (w - w ) is the relative 

velocity of the fluid with respect to the particles. The above drag 

equation is simplified to 

D = 6 IT LLO(W - w ) (A-4) 

P 

The total drag per unit volume of mixture is 
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ftip - n p (6TT) JKJ(W - v p ) > - P '(A-5) 

•where n i s the number of particles per unit volume of mixture. 
Jr 

Oseen!s equation (7) could be used in place of Stokes* 

CD = I ^ + 1 H e d < 5 CA-«) 

It is a slightly better approximation and is valid for particle Reynolds 

numbers up to five. Howver, for small slip velocities Stokes lav is 

quite accurate and is used in this thesis. If air is the viscous gas 

(p s 0*071 lbm/ft
3, \i>Q » 1.28=j0 x 10"

5 lbm/ft-sec) and the particle 

diameter is 10 microns (3.28 x 10 ' ft), then Stokes drag lav is valid 

for 

|v - v I < 5.5-.S- . (A-7) 
1 p 1 '• sec v . ' •' 

This condition is satisfied except near the leading edge of the plate 

for most injection conditions. 
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AEPEWDIX B 

SDflHJFICATXON OF CONSEIVATION EQUATIONS 

The equations to "be simplified are eqations ( I I I - l ) through 

( I I I - 6 ) . 

„ , 3u 3u . _ 3u\ 3P . 3 L 3u a 3u 2 3v 
P 3t + u Sx + v 5yj = - §5 + 5x -: * 3* " 3 * 3 5 • 3 •* 37 

+ fe»g + » g > + «p*V-«> <B'2> 
/ Bv _,. „ Bv A ,r Bv\ BP _, B / o Bv 2 Bu 2 dv^ 

p B t + u . 5x + v 5 5 • • 5 y + 5 y 2 » l S y " 3 t f c S i " 3 ^ By; 

+ | ~ (^ | I + ^ |H) + p F ( v - v) (B-3) 
By v p Bx p By *p P 

Bp Bu Bp Bv Bp 
f-wJL + Q =—.£. + V|[ -•» »"' + ft '—••*>> + V ——*• B 0 ( B - 4 / 

at Fp ax P ax Hp e y p ay" 

/Bu Bu Bu 

P\Bt P Bx P By / P P 
p (-~.£ + u^ -r-^ + v^--J&) « ' - p^F(u^ - u) (B-5) 

Bv Bv Bv 
P P I 

' p \ B t + u p B x + v p B y r ^p*x"p 
p ( £T^ + ^ 55? + v^ S^) 1 8 " P-F ( v^ " v ) (B-6) 
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Schlichting (7) has shown tha t i f the Mach number i s small 

compared v i th un i ty , f luid compressibil i ty can be neglected. With the 

use of f luid incompressibil i ty and the asisumption of steady s t a t e , the 

equations reduce to 

3 u + | - = o (B-T) 5* 3y 

U | + V||^$ + ̂  + ? F ( U p - U ) (B-8) 

u S t T S , ^ + ̂ t ? , ( v T ) (B-9) 

| = (p u ) + | - (p v ) = 0 (B-10) 
dx XFp p ' 3y V | p p 7 v ' 

du Bu 
u -JB. + v sr-^ a - F(u « u) ($-11) 
p B>x p By P 

UP Sx2 + Vp Sy* := - F ( V
P - V ) ( B-1 2> 

For convenience, the conservation equations are put in non-

dimensional form by using the following r e l a t i o n s : 

(B-13) 

(B-U) 

(B-15) 

X1 - if 
L 

y' - li 
L 

u» u 
as «.—» U eo 
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v t V 

"~ u"" 
<» 

u 
K p 

S5 ~ J B -

V 

p 
= ~&, 

u 

pu L 
Re = — 

The non-dimensionalization leads to 

(B-16) 

(B-17) 

(B-18) 

(B-19) 

m iHMiiaiuii 4 " gpanaa'w ES5 \J -

2 p 

«• 2H1 + V'SHI- 'A.-2EL, + -LLJ i l + lEEfe r«« - uO f̂  2-n 
u jp. + v ^ _ - ~ , _ + ,-» . _ + -A . — ^ - u ; I B - a j 

2 '̂  P 
„i *v' * wt- 2 l l - _ 1 ^ vf , 1 d ' ^ J j ) ]?L , . ' ,x ,_ — * 

dx* By* Re ~ 2 Re ^ .^2 p u^ p v / 

| - (p *• ) + ! - (p v1) -• 0 (B-23) 
ox ^ p p ' dy xr]? p ' v J / 

du1 dm' 1?T 

u« _JjL + v i _ £ s T ^ (U ' - u ' ) (B-2^) 
p B x ' P dy* u v p V 

u» -~2 + v1 «r-$ - « — (v" - v») (B-25) 
p dxf p By1" u p 

The final simplification is obtained from the boundary layer ap­

proximations (6). The terms of the fluid Momentum equations are exam-
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ined on an order of magnitude basis to determine which are negligible 

in the boundary layer. Equations.(B-21) and (B-22) are rewritten and 

examined term by term 

u §x» + § F " R£ ̂  Se ^ + p u~ ^ u } ( B - 2 6 ' 

1 1 6 J- 5 2 1 i52 i g . 1 l 
6 

U 3x« V dy< He ! ^ 2 f Re .~T2 + p S~ ^Vp V ; ^B 2 T ; 

1 6 6 f 6 2 6 •• 62 " ^ 6 6 

2' 
In the first equation .=- Ux may be neglected, and the second equa-

dx' 
tion can be discarded completely,, 

Therefore, the governing equations of the two-phase flow are: 

l -T (p u«) + ^ t * (p v« )•'- 0 (B-30) 
dx" VHp p dy* Hp pV v •> ' 

*K l)K vr. 
u» —£, + v1 * -4 « - £±i (uf - u*) (B-31) 

p dx1^ p c)y? u t
 v p ' KD D ' 
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Bvr evl _ 
u i • - _ £ + ,v* - J E • -• £ i (v» .. v f ) 
p-SaT P W u v p ' (B-32) 
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APPENDIX C 

HEAT TRANSFER BETWEEN THE TWO PHASES 

When the particles and the viscous gas are at different tempera­

tures, there is heat transfer between the two phases. The convective 

heat transfer from the particles to the gas per unit volume of mixture 

is (6) 

q^ - nph(fc TTO2) (Tp - T). (C-l) 

This equation can be rewritten in terms of the Nusselt number 

m = f = %£ (c-2) 

^ = np f i (lnTO
2) (T]? - T) (C-3) 

where q_ « heat transfer per .unit volume of mixture, 

h » convective heat transfer coefficient, 

k « themal conductivity, 

T =s temperature gas, 

T = temperature of the particles, 
pv n « number of particles per unit volume of mixture •» «&«— . 

p k 2 
3 ^ P S 

n is substituted into equation (G-3) 
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The two-dimensional conservation of energy equation for the gas 

is 

P cp(3t + u Sx + v §7 J = aT + u 5x + -T.Sy + 5x Vk §*! 

*fe (,f}^„ - ' ( C - S ) 

and for the p a r t i c l e s i s 

Btf /dT BT BT A 

V A s t + u
P s? + . vP 3^7= - s <c-6) 

where c = constant pressure specific heat of the gas, 

c = specific heat of the solid particles, 

fi = viscous dissipation function; 

With the use of the simplifications of APPENDIX B plus the 

assumption that k and p, are independent of temperature, equations (C-5) 

and (C-6) in non-dimensional form become 

u . 2L..+ v . 21 . « JL. -L. 2fk- + 3 J E S L _ ! E M e - e) (C-T) 
U ^ V + V By' pcp V a y « 2 2 p C ( y 2 p u ^ p 9 ' t C T > 

s p 

p S F " pSy» 2 c a 2 e s u w p * > 
: S P 
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where T • temperature of the wall, 

T «» temperature of the gas in free: stream, 

9 P 

T - T 
V 

m - m > 
» V 

T .- T 
p w 

T - T ' 
oo w 

.on of 

p-c 
Pr « -T& 

k. 

~ "2* 2 "" 
ff Ps 

equations (C-7) and (C-8) may be -written as 

(C-9) 

(e-io) 

u 53E + y Sy - B? Ri 7 7 + 3 p Pr u~ (9p e ' ( C ' W 

*y' 

u Ji + vjt. igiffi(9 -e) (c-12) 
p Bx By 3 Pr c& uw

 v p ' v ' 

The "boundary conditions for these two equations are as follows: 

(i) temperature of the gas at the leading edge of the plate 

is constant 

© [©,y] * 1 (c-13) 

(ii) temperature of the gas at the plate is that of the plate 

e |>,o] » 0 (c-ii) 



(iii) temperature of the gas must approach free stream value as 

y approaches infinity 

l i V» e tx'y3 *x (c"15) 

(iv) particle temperature at the injection point is constant 

0 [0,0] = constant (C-l6) 
Jtr 

(v) particle temperature must approach free stream value as y 

approaches infinity 

lim*, *v't*>rt " 1- (c-lT) 



59 

APPENDIX D 

MTA 

AH*ENDIX D contains complete data for the various injection con­

ditions. Table 1 displays the Injection conditions investigated, 

Tables 2 through 10 give: the data separated according to the injection 

parameters». Tables 11 through Ik compare the x-velocity profiles for 

the different injection parameters considered. 

All quantities in this appendix are non-dimensional except the 

angles -which are in degrees and the densities -which are in pounds-mass 

per cubic foot* 



Table 1. Injection Parameters Investigated 

Injection 
Velocity 

Injection 
Angle 

x-Injection 
Velocity 

y-Injection 
Velocity 

0.50 
0.50 
O.50 

10 
30 
45 

0.^9240 
0.43301 
O.35355 

0.08682 
0.25000 
0.35355 

1.00 
1.00 

10 
30 

0.98481 
O.86603 

0.17365 
0.50000 

lc50 
1.50 

10 
20 

1.47721 
1.40954 

0,26047 
0.51303 

2.00 10 I.96962 0,34730 
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Table 3. Solution for i ryvel = 0.50 and injangle = 10' 

x" 

0.0000 
0^0200 

0.0400 

0.0600 

0o0800 

y\ 

0.0000 
0.0000 
0.0010 
0,0020 
0.0030 
0.0040 
0.0050 
0.0060 
0.0070 
0.0000 
0.0010 
0.0020 
0.0030 
0.0040 
0.0050 
0.0060 
0.0070 
0.0080 
0.0090 
0.0000 
0.0010 
0.0020 
0.0030 
0.0040 
0.0050 
0.0060 
0.0070 
0.0080 
0.0090 
0.0100 
0.0110 
0.0000 
0.0010 
0.0020 
0.0030 
0,0040 
0.0050 
0.0060 
0.0070 
0.0080 
0.0090 
0.0100 
0.0110 
0o0120 

u' 

1.00000 
0.00000 
0.82085 
0.96186 
0.99722 

0.9999^ 
1.00000 
1,00000 
1.00000 
0.00000 
0.69702 
0.86478 
0.95426 
0.99114 
0.99918 
0.99997 
1.00000 
1.00000 
1.00000 
0.00000 
0.61639 
0.80246 
0.90319 
0.96328 
0.99074 
0.99864 
0.99989 
00000 
00000 
00000 
00000 

0.00000 
0.55798 
0.76197 
0.86701 
0.93^99 
0.97511 
0.99332 
0.99886 
0.99989 
0.99999 
1.00000 
1.00000 
1.00000 

v« 

0.00000 
0,00000 
0,00490 
0.01284 
0,01659 
0,01706 
0.01708 
0.01708 
0,01708 
0.00000 
0.00312 
0.00764 
o.oii4o 
O.G1375 
O.01449 
0.01459 
0.01459 
0.01459 
0.01459 
0.00000 
0.00203 
0.00509 
0.00750 
0.00955 
0.01085 
0.01136 
0.01146 
0.01147 
0.01147 
0.01147 
0.01147 
0.00000 
0.00131 
0.00357 
0,00520 
0,00665 
0.00782 
0.00852 
0,00880 
0.00886 
0.00887 
0.00887 
0.00887 
0.00887 

u' 
p 

0,49240 
0,19586 
0.66449 
0.87160 
0.97000 
0.99610 
0.99971 
0,99999 
1.00000 
0.00000 
0.57848 
0.76363 
0.88247 
0.95^75 
0.98751 
0.99760 
0.99968 
0.99997 
1.00000 
0.00000 
0.54877 
0.72627 

83601 
91306 
96189 
98686 
99655 
99931 
99990 
99999 
00000 

0.00000 
0.52872 
0.7091^ 
0.81435 
0.88910 
0,94138 
0.9737^ 
0,99037 
0.99717 
0„9993^ 
0,99988 
0,99998 
1.00000 

p 

0.08682 
0.00000 
0.02314 
0.04948 
0.06413 
0,06808 
0.06861 
0.06865 
0.06865 
0.00000 
0.00902 
0.02327 
0.03750 
0.04792 
0.05306 
0.05468 
0.05502 
0.05507, 
0.05507 
0.00000 
0.00469 
0.01317 
0.02253 
0.03141 
0.03817 
0.04205 
0.04365 
0.0^411 
0.04421 
0.04423 
0.04423 
0.00000 
0,00279 
0.00841 
0.01468 
0.02114 
0.02695 
0,03127 
0.03381 
0.03494 
0.03532 
0.035^2 
0.03544 
0.03544 

14.50000 
0.0000a 
0.14632 
0.17911 
0.08745 
0.01852 
0.00193 
0.00011 
0.00000 
0.00000 
0.06217 
0.10486 
0.11572 
0.08387 
0.03774 
0.01042 
o.ooi84 
0.00022 
0.00000 
0.00000 
0.03976 
0.06729 
0,08672 
0.08797 
0,06770 
0.03723 
o.oo4n 
0.00372 
0.00070 
0.00009 
0.00000 
0.00000 
0.03098 
0.05068 
0.06762 
0.07561 
0.07136 
0.05391 
0.03090 
0.01298 
0.00399 
0.00092 
0.00016 
0.00000 
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0.0800 

0.1000 

y' 

0.0150 
0.0160 
0.0170 
0.0180 
0.0190 
0.0200 
0.0210 
0.0000 
0.0010 
0.0020 
0.0030 
0.0040 
0.0050 
0.0060 
0.00T0 
0.0080 
0.0090 
0.0100 
0.0110 
0,1200 
0.0130 
o.oi4o 
0.0150 
0.0160 
0.0170 
0.Q180 
0.0190 
0.0200 
0.0210 
0.0220 
0,0230 
0.0240 
0.0000 
0.0010 
0.0020 
0,0030 
o.oo4o 
0.0050 
0o0060 
0.0070 
0.0080 
0.0090 
0.0100 
0.0110 
0o0120 
0.0130 

u' 

0.99985 
0.99998 
00000 
00000 
00000 
00000 
00000 

0.00000 
0.47388 
0.63679 
0.70092 
0.74616 
0.78608 
0.82260 
0.85607 
0.88650 
0.91372 
0.93743 
0.95732 
0.97312 
0.98475 
0.99244 
0.99683 
0.99892 
0.99971 
0.99994 
0.99999 
1.00000 
1.00000 
1.00000 
1.00000 
1.00000 
0.00000 
0.43289 
0,6i64l 
0.66824 
0-73344 
0.771T0 
0.80635 
0.83803 
0.86710 
0.89345 
O.91704 
0.93776 
0.95545 
d.96996 

0.02159 
0.02161 
0.02162 
0.02162 
0.02162 
0.02162 
0.02162 
0.00000 
0.00117 
0.00312 
0.00407 
0.001*62 
0.00564 
0.00659 
0.00765 
0.00882 
0.01007 
0.01133 
0.01256 
0.01368 
0.01461 
0.01531 
0.01576 
0.01600 
0.01610 
0.01613 
o.oi6i4 
0.01614 
0.01614 
0.01614 
0.01614 
0.01614 
0.00000 
0.00079 
0.00242 
0.00324 
0.00377 
0*00430 
0.00489 
0.00555 
0.00628 
0.00706 
0.00788 
0.00871 
0.00951 
0.01027 

u' 
p 

O.99464 
0.99796 
0.99934 
0.99982 
0.99996 
0.99999 
1:00000 
0.00000 
0.45949 
0.59522 
0.65628 
0.69925 
0.73631 
0.77032 
0.80218 
0,83223 
0.86050 
0.88690 
0.91118 
0.93297 
0.95190 
0.96758 
0.97977 
0.98849 
0.99^13 
0.9973^ 
0.99894 
0.99963 
00S)9989 
0.99997 
0.99999 
1.00000 
0.00000 
0.43779 
0.59256 
0.65888 
0.70189 
0*73768 
0.76995 
0.79978 
0.82758 
0.85355 
0.87770 
0.90000 
0.92031 
0.93848 

V* 
p 

0.11990 
0.12137 
0.12198 
0.12218 
0.12224 
0.12225 
0.12226 
0.00600 
0.60211 
0.00608 
0^01003 
0,oi44o 
0.01937 
0.02498 
0.03120 
0.03797 
0.04519 
0.05273 
0.06039 
00Q6792 
0.07499 
0.08127 
0.08644 
0.09030 
0.09287 
0.09463 
0.09510 
0.09542 
0.09553 
0.09557 
0.09558 
0.09558 
0.00000 
0.00138 
0.00431 
0.00702 
0.00987 
0.01308 
0.01671 
0.02076 
0.02521 
0.03000 
0.03508 
0.04036 
0.04575 
0.05109 

p 
0.02638 
0.01217 
0.00463 
0.00145 
0.00038 
0.00008 
0.00000 
0.00000 
0.01152 
0.01920 
0.62840 
0,03753 
o.o464l 
0.05507 
0.06347 
0.07145 
0.07868 
0.08463 
0.06848 
0.08919 
0.08560 
0.07688 
0.06323 
0.04649 
0.02988 
0.01651 
0.00777 
0.00312 
0.00107 
0.00032 
0.00008 
0.00000 
0.00000 
0.01044 
0.01598 
0.02352 
0.03102 
0.03813 
0.04493 
0.05148 
0.05777 
0.06370 
0.06908 
0.07362 
0.07688 
0.07823 



o o o o o o o o o o o 
b o b o b b b b b b b 
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Table 5, Solution for injvel *= 0,50 and injangle =- 45' 

0.0000 
0.0200 

o.o4oo 

0.0600 

y* 

0.0000 
0.0000 
0*0010 
0.0020 
0.0030 
o.oo4o 
0.0050 
OcOo6o 
0o0070 
0.0080 
0.0090 
0.0100 
0.0110 
0.0120 
0.0130 
0.0l40 
0.0000 
0,0010 
0.0020 
0.0030 
O.OOlfO 
0.0050 
0.0060 
0.0070 
0.0080 
0.0090 
0.0100 
0,0110 
0.0120 
0.0130 
0.0l40 
0.0150 
0.0160 
0.0170 
0.0180 
0.0190 
0.0210 
0.0000 
0.0010 
0.0020 
000030 
0.0040 
0.0050 
0.0060 
0,0070 
0.0080 

u* 

1,00000 
0,00000 
0.57057 
0.65057 
0.72249 
0.79590 
0.86736 
0.92962 
0.97307 
0.99369 
0.99923 
0.99996 
1.00000 
1.00000 
1.00000 
1.00000 
0.00000 
0.50094 
0.59844 
0.65043 
0.69815 
0.74420 
0.78868 
0.83127 
0.87130 
0.90777 
0.93935 
0.96461 
0,i)8249 
0.99306 
0.99793 
0.99956 
0.9999^ 
0.99999 
1.00000 
1.00000 
1.00000 
0.00000 
0.44421 
0,57259 
0.62541 
0.66717 
o.70604 
0.74295 
0.77811 
0.81153 

V 

0.00000 
0.00000 
0.00352 
0,00765 
0.01319 
0.02148 
0.03256 
0.04523 
0.05650 
0.0632b 
0.0654.1 
0.06575 
0.06578 
0.06578 
0.06578 
0.06578 
0.00000 
0.00231 
0.00484 
0.00645 
o.oo84i 
0.01092 
0.01405 
0.01778 
0.02206 
0.02672 
0.03147 
0.03581 
0.03950 
0.04194 
0.04323 
0.04372 
0*04384 
o„04386 
0.04387 
0.04387 
0.04387 
0.00000 
0.00150 
0.00362 
o.oo464 
0.00556 
0.00665 
0.00797 
0.00951 
0,01129 

u' 

0.35355 
0.05701 
0.41330 
0,49693 
0.56102 
0.62725 
0,70084 
0.78186 
0.86369 
0.93235 

97531 
59371 
59891 
59987 
59999 
00000 

0.00000 
41798 
50935 
5847 

59925 
63789 

0.67620 
0,71497 
0,75454 
0.79489 
0.83556 
0.875^7 
o„91275 
0*94493 
0.96960 
o„98575 
0.99^5 
0..99823 
0„9995^ 
0.99990 
00000 
00000 

4l459 
52114 

0.57057 
0,60758 
0.64072 
0.67200 
0.70219 
0.73163 

0.35355 
0.00000 
0.01364 
0.03371 
0.05921 
o009104 
0.12943 
0.17283 
0.21624 
0.25137 
0.27222 
0.28060 
0.28281 
0.28318 
0.28323 
0.28323 
0.00000 
0.00506 
0.01301 
0.02206 
0.03272 
0.04519 
0,05955 
0.07586 
0.09406 
0.11395 
0.13506 
0.15649 
0.17690 
0.19460 
0.20808 
0.21675 
0.22131 
0.22323 
0.22387 
0.22404 
0.22409 
0.00000 
0.00271 
0.00738 
oe01216 
0.01759 
0.02385 
0.03101 
0.03908 
0.04808 

p 

14.50000 
0.00000 
0.03771 
0.07784 
0.12522 
0.17933 
0.23436 
0.27282 
0.26546 
0.19694 
0.10159 
0.03436 
0.00750 
0.00106 
O.OOOIO 
0.00000 
0.00000 
0.01571 
0.02911 
0.04361 
0.05863 
0.07431 
0,09071 
0.10764 
0.12447 
0.13980 
0.15114 
0.15476 
0.14639 
0,12365 
0.08961 
0.05361 
0.02575 
0.00981 
0.00296 
0.00071 
0.00000. 
0.00000 
0.01084 
0.01872 
0.02758 
0.03638 
0.04481 
0.05332 
0.06188 
0.07051 
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Table 5, (cont,) 

y» 

0.0270 
0,0280 
0.0290 
0.0300 
0.0310 
0.0000 
0,0010 
0.0020 
0,0030 
0.0040 
0.0050 
0.0060 
0.0070 
0.0080 
0.0090 
0.D10O 
0.0110 
0.0120 
0.0130 
0,0l40 
0.0150 
0.0l60 
0,0170 
0.0180 
0.0190 
0,0200 
0,0210 
0,0220 
0,0230 
0,0240 
0.0250 
0,0260 
O.O27O 
0.0280 
0.0290 
0.0300 
0.0310 
0.0320 
0.0330 
0,03^0 
0.0l40 
0,0150 
0,0160 
0.0170 
0.0180 
0,0190 

u1 

1.00000 
1,00000 
1.00000 
1.00000 
1.00000 
0,00000 
0.36203 
0,53284 
0,60088 
0.64197 
10.67678 
0.70892 
6.73909 
0.7675k 
0.79439 
0.81970 
0.84350 
0.86577 
0,88650 
0.90563 
0,92311 
0.93887 
0.95282 
0,96490 
0.97504 
0.98322 
0.98948 
0*99395 
0.99688 
0.99858 
0.99944 
0.99982 
0.99995 
0,99999 
1.00000 
1.00000 
1.00000 
1.00000 
1,00000 
1.00000 
0.90563 
0.92311 
0.93887 
0.95282 
0.96*490 
0.97504 

v 
0.02235 
0.02235 
0.02235 
0,02235 

0,02235 
0,00000 
0.00063 
0.00209 
0.00285 
0.00329 
0.00369 
o.oo4i4 
0.00464 
0.00521 
0.00585 
0.00655 
0.00731 
0.00812 
0.00898 
0,00987 
0.01078 
0,01170 
0,01259 
0.01344 
0.01423 
0.01492 
0.01549 
0,01594 
0.01625 
0.01645 
0.01656 
0.01661 
0.01663 
0.01663 
0.01664 
0.01664 
0,01664 
0,01664 
0.01664 
0,01664 

0.00987 
0.0.078 
0.01170 
0,01259 
0,01344 
0,01423 

0.99976 
0,99992 
O.99998 
0.99999 
1.00000 
0.00000 
0.37274 
0.5191^ 
0.58033 
0.61845 
0,65014 
0.67898 
0.7059^ 
0.73141 
0.75560 
0.77865 
0.80065 
0,82167 
0.84172 
0,86083 
0,87898 
0089613 
0,91224 
0*92723 
0.94101 
0.953^6 
0,96448 
0.97395 
0,98179 
0,98798 
0.99258 
0.99577 
0.99778 
0.99894 
0.9995^ 
0.99982 
0.99994 
0,99998 
0.99999 
1.00000 

0.86083 
0.7898 
0,89613 
0.91224 
0.92723 
0,94101 

v» 
P 

0.13718 
0,13728 
0.13731 
O.13732 
0.13732 
0.00000 
0,00105 
0,00345 
0.00553 
0.00760 
0.00993 
0.01259 
0.01561 
0.01899 
0.02273 
Oo02683 
0.03126 
0.03602 
0.04109 
0.04644 
0,05202 
0.05780 
0.06371 
0.06968 
0.07559 
0,08133 
0.08676 
0,09172 
0.09604 
0,09961 
0.10236 
0.10430 
0.10555 
0,10627 
0.10664 
0.10681 
0.10688 
0.10691 
0,10692 
0,10692 
o,o4644 
0,05202 
0.05780 
0.06371 
0,06968 

0.07559 

0,00195 
0.00070 
0.00022 
0.00006 
0.00000 
0.00000 
0.00868 
0,01238 
0.01811 
0.02372 
0.02885 
0,03362 
0.03815 
0,04253 
o.o468o 
O.05100 
O.05514 
O.05920 
O.06316 
O.06695 
0.07048 
O.07360 
0,07610 
O.07769 
0.07800 
O.07660 
0.07304 
0,06697 
O.05832 
0.04757 
O.03580 
0,02451 
0,01509 
0,00829 
0,oo4o6 

0.00177 
O.OOO69 
0!. 00024 
0.00007 
0,00000 
0.06695 
0.07048 
0.07360 
0.07610 
0.07769 
0,07800 



Table 6. Solution for injvel =1,00 and injangle = 10' 

TO 

U' v u' V' 

0.0000 
0,0200 

0.0400 

0,0600 

o.oSoo 

0.0000 
0,0000 
0,0010 
0,0020 
0,0030 
JD.0040 
0.0050 
-A.0660 
0.0070 
0.0080 
0.0090 
0.0000 

a^ooio 
0,0020 
0.0030 
0.0040 
0.0050 
0.0060 
O.OOTO 
0.0080 
0.0090 
0,0100 
0,0110 
0,0120 
0,0000 
0.0010 
0.0020 
0.0030 
0.0040 
0.0050 
0.0060 
0.0070 
0.0080 
0.0090 
0.0100 
0,0110 
0.0120 
0.0130 
0.0l40 
0o0000 
0.0010 
0.0020 
0.0030 
0.0040 
0.0050 
0.0060 

1.00000 
0,00000 
0.96895 
0.99169 
0,99753 
0.99956 
0.99996 
1.00000 
1.00000 
1.00000 
1.00000 
0.00000 
0.92173 
0.97732 
0.98832 
0.99430 

0.99925 
0.99983 
0.99998 
1.00000 
1.00000 
1.00000 
1,00000 
0.00000 
0.86715 
0.96365 
0.98012 
0.98823 
0.99337 
0.99661 
0.99852 
0.99948 
0.99986 
0.99998 
1.00000 
1.00000 
1.00000 
1.00000 
0.00000 
0.81007 
0.94898 
0.97322 
0.98318 
0.98946 
0.99369 

0,00000 
0,00000 
0.00321 
0,00477 
0,00543 
0.00575 
0.00584 
0.00585 
OeOd585 
0.00585 
0.00585 
0.00600 
0,00280 
0,oo466 
0,00527 
0.00569 
0.00597 
0.00614 
0.00622 
0,00624 
0.00625 
0,00625 
0.00625 
0.00625 
0,00000 
0.. 00240 
o„oo448 
0.00506) 
0.00541 
0„00567 
o„ 00587' 
0.00600 
O.OO608 
0,00612 
0.00613 
0.00614 
0.00614 
0.00614 
0.00614 
0.00000 
0.00199 
d.oo4i6 
0.00478 
0.00507 
0.00528 
0.00545 

0.98481 
0.98826 
0.92565 
0.97035 
0.98756 
0.99553 
0.99881 
0.99978 
0.99997 
0.99999 
00000 
39172 
85700 
93874 

0.96738 
O.9817T 
0.99015 
0.99515 
0.9979*1-
0.99929 
0,99980 
0.99996 
0.99999 
1.00000 
0.09518 
0.80201 
0.91824 
0.95513 
0.97273 
0.98308 
0.98973 
0.99410 
0.99690 
0.99856 
0.99942 
0.99981 
0.9999^ 
0,99999 
1.00000 
0.00000 
0.75799 
0.90457 
0.94819 
0.96771 
0.97896 
0.98627 

0.17365 
0.00000 
0.03387 
0.06691 
0.09511 
0.11520 
0.12573 

0.12933 
0.13009 
0.13018 
0.13019 
0.00000 
0.01482 
0.03110 
0.04673 
0.06132 
0.07421 
0.08457 
0,09176 
0.09580 
0.09753 
0.09809 
0.09822 
0.09825 
0.00000 
0.00826 
0.01824 
0.02778 
0.03695 
0.04566 
0.05367 
0.06065 
0.06627 
0.07027 
0.07269 
0.07389 
0.07436 
0.07451 
0.07455 
0.00000 
0.00516 
0.0120Q 
0.01847 
0.02457 
0.03046 
0.03606 

14.50000 
b.00000 
0.08381 
0.15116 
0.17876 
0.14515 
0.07395 
0.02202 
0.00385 
o.ooo4i 
0.00000 
0.00000 
0.03257 
0.06223 
0.08893 
0.10815 
0.11402 
0.10154 
0.07256 
0.0393^ 
0.01561 
0.00451 
0.00097 
0.00000 
0.00000 
0.02014 
0.03781 
Oo05553 
0.07154 
0,08400 
0.09041 
0.08806 
0.07544 
0.05468 
0.03225 
0.01507 
0.00553 
0.00160 
0.00000 
0.00000 
o.oi4io 
0.02745 
0.04073 
0.05351 
0.06487 
0.07368 
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Table 7. Solution for injvel = 1„00 and injangle « 

72 

30° 
I 

x1 y' u' V1 u» 
P 

v' 
P 

pp 
0.0000 .0.0000 1,00000 0.00000 0.86603 0.50000 14.50000 
0.0200 0,0000 0,00000 0.00000 0,56948 0,00000 0.00000 

0,0010 0,94717 0.00307 O.81969 0,03146 0.00210 
0,0020 0*97133 0.00412 O.86962. 0,06532 0.00893 
0.0030 0,97427 o.oo44o O.89182 0.10007 0.02090 
o.oo4o 0.97780 0.00486 0,90726 0.13569 0.03823 
0,0050 0.98194 0.. 00554 0,92076 0,17214 0.06093 ; 
0,0060 0.98640 0,00645 0,93390 0,20923 0.08824 
0,0070 0.99081 0,0075^ O.94726 0.24647 0.11774 
0,0080 0.99471 0,00868 O.96079 o,28275 0,14362 
0,0090 0,,9976l 0,00968 O.97389 0.31602 0ol5507 
0,0100 0,99926 0.01033 O.98529 0.34322 0.13914 
0.0110. O.99986 0.01062 0.99349 0.36147 0.09457 
0.0120 0.99999 0.01069 0.99791 0.37057 0.04415 
0.0130 1.00000 0.01069 0.99954 0.37365 0.01320 

o.oi4o 1.00000 0.01069 0.99993 0.37432 0.00244 
0.0150 1,00000 0.01069 0,99999 0.37441 0.00027 
0.0160 1.00000 0.01069 l.00000 0.37442 0.00000 

0.0400 0.0000 0.00000 0.00000 0*27294 0.00000 - 0.00000 
0.0010 0.90594 0.00261 0.77324 0.01306 o000060 
0.0020 0.96750 0.00415 0.86028 0.02815 0.00218 
0.0030 Oc97049 0.00430 0.88899 0.04328 o.oo484 
0.0040 0.97205 o.oo44o 0.90382 0.05859 0.00859 
0.0050 0.97397 0.00455 0.91386 0.07413 0.01346 
0.0060 0.97618 0.00475 0.92189 0.08991 0.01948 
0.0070 0097861 0.00501 0.92899 0.10597 0.02662 
0.0080 0.98121 0,00533 0.93569 0.12228 0.03486 
0,0090 0.98392 0.00570 0.94223 0.13884 0.04411 
0,0100 0,98667 0,00613 0.94877 0,15562 0,05418 
O.'OllO 0.98937 0.00660 0.95535 0.17253 0.06472 
0,0120 0.99195 0.00710 0.96197 0,18945 0,07512 
0,0130 0.99429 0,00760 O.96860 Oo20617 0.08441 
0.0130 0,99429 0.00760 0*96860 0.20617 0.08441 
0.0140 0.99629 0.00806 O.975IO 0.22234 O.09107 
0.0150 0.99785 0.00846 O.98129 0.23749 O.09309 
.0.0160 0.99893 O.OO876 O.98692 0.25099 O.08833 
0.0170 0.99957 O.OO895 O.99168 0.26215 O.07565 
0,0180 0.99987 O.OO905 0.99531 0.27044 O.05650 
0,0190 0,99997 0*00909 0.99772 0.27578 0.03555 
0.0200 1.00000 0,00910 O.99906 0,27866 0,01830 
0.0210 , 1.00000 0.00910 O.99968 0,27994 O.OO758 
0.0220 1,00000 0.00910 0,99991 0.28040 0.00251 
0.0230 1,00000 0,00910 O.99998 0.28053 0,00066 
0,0240 1.00000 0.00910 1,00000 0,28056 0,00000 

r ' ' _.......... ,._ . h 
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Table 8. for irgvel = 1,50 and injangle =10° 

0.0000 
0.0200 

0.0400 

0.0600 

y' 

"0.0000 
0.0000 
0.0010 
0.0020 
0.0030 
0.0040 
0.0050 
0.0060 
0.0070 
0.0080 
0.0090 
0.0100 
0.0110 
0.0000 
O.OOIO 
Do 0020 
0.0030 
O.OOfcO 
0.0050 
0.0060 
0.0070 
0.0080 
0.0090 
.0/0100 
0.0110 
_0.0120 
0/0130 
0,0140 
0.0150 
0.0160 
.0.0000 
.0,0010 
0.0Q20 
0.0030 
o.oo4o 
0.0050 
0.0060 
0,0070 
0.0080 
0.Q090 
0.0100 
0.0110 
0.0120 
0.0130 

Solution 

u! 

1.00000 
0,00000 
1.12644 
1.08616 
1.04803 
1.02155 
1.00692 
1.00136 
1.00014 
1.00001 
1.00000 
1.00000 
1.00000 
0.00000 
I,ll4l6 
1.12154 
1.09442 
1.06919 
1.04715 
1.02913 
1.01575 
1.00708 
1.00247 
1/00063 
1.00011 
1,00001 
1.00000 
1.00000 
1.00000 
1.00000 
0.00000 
1.08095 
1.13083 
1.11347 
1.09335 
1.07392 
1.05591 
1.03990 
1.02640 
1.01579 
1.00828 
1.00366 
1.00132 
1.00037 

V' 

0,00000 
0.00000 
0.00270 
0.00102! 
-0.00240 
-0.00593 
-0.00856 
-0.00986 
-0.01022 
-0.01027' 
-0.01027 
-0.01027 
-0.01027 
6.00000 
0.00272 
0.00329 
0.00222 
0.00071 
-0.00101 
-0,00275 
-0.00429 
-0,00545 
-0.00617 
-0.00650 
-0.00661 
-0,00663 
-0.00663 
-.0.00663. 
-0,00663 
-0.00663 
0.00000 
0.00000 
0,00166 
0.00154 
0.00093 
0.00008 
-0.00092 
-0.00199 
-0.00304 
-0.00400 
-0.00478 
-0,00533 
-0.00567 
-0.00583 

1,47721 
1.18067 
1.28978 
1,24175 
1.17736 
1,11568 
1.06444 
1.02865 
1.00940 
1.00214 
1.00033 
1.00003 
1.00000 
0.88412 
1,21672 
1.23875' 
1.21520 
1.18104 
1.14463 
1.10935 
1.07730 
1.05007 
1.02893 
1.01443 
1.00602 
1.00205 
1.00056 
1.00012 
1.00002 
1.00000 
0.58758 
1.10456 
1.19578 
1.20133 
1.18645 
1/16099 
1.13522 
1.10950 
1.08512 
1.06304 
1.04400 
1.02858 
1.0:1703 
1.00916 

0.26047 
0.00000 
0.04820 
0.08981 
0,12383 
0.15038 
0.16954 
0,18150 
0.18735 
0.18936 
0.18982 
0.18989 
0.18990 
0.00000 
0.02278 
0.04454 
.0,06383 
0.08073 
0.09529 
0.10760 
0,11771 
0.12567 
0.13151 
0.13533 
0.13745 
0„l384l 
0.13876 
0.13885 
0.13888 
0.13888 
0.00000 
0.01316 
0.02676 
0.03904 
0.05003 
0.05978 
0.06836 
0.07581 
0.08218 
0.0875^ 
0.09192 
0.09535 
0.09786 
0.09955 

p p 

14.50000 
0.00000 
0.05436 
0.10273 
Od4o66 
0.15970 
0.14909 
0.10623 
0.05212 
0.01636 
0.00323 
0.00041 
0.00000 
0.00000 
0.02011 
0.03933 
0.05802 
0.07537 
0.09022 
0,10073 
0.10430 
0.09811 
0.08098 
0.05609 
0.03121 
0.01353 
0.00453 
0.00117 
0.00024 
0.00000 
0.00000 
0.01208 
0/02316 
Oo03455 
0.04597 
0.05707 
0.06735 
0.07607 
0.08213 
0.08412 
0,08059 
0.07086 
0.05591 
0.03874 
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Table 9. (cont.) 

y* 

X),0020 
0.0030 
0,0040 
0.0050 
0.0060 
0.0070 
0.0080 
0,0090 
0.0100 
0.0110 
0.0120 
0.0130 
0.0l40 
0.0150 
O.OI60 
0.0170 
0.0180 
0,0190 
0.0200 
0,0210 
0.0220 
0,0230 
0.0240 
0.0250 
000260 
0.0270 
0.0280 
.0.0290 
0.0300 
0,0310 
0.0320 
0.0000 
0.0010 
0.0020 
0.0030 

o.oo4o 
0.0050 
0.0060 
0.0070 
0.0080 
0.0090 
0.0100 
0.0110 
0,0120 
0,0130 

u» 

1.06847 
I.O6963 
1.06805 
I.O6585 
I.O6308 
1.05976 
1.05592 
1.05161*. 
1.04697 
1.04199 
I.03677 
1,03143 
I.02608 
1.02088 
1.01600 
1.01164 
1.00794 
I.00502 
1.00289 
1.00149 
1.00067 
1.00026 
1.00009 
1.00002 
1.00001 
1.00000 
1.00000 
1,00000 
1.00000 
1.00000 
1.00000 
0.00000 

0.97983 
1.06418 
1.06993 
1.06929 
1.06795 
1.06618 
1.06397 
1.06135 
1.05834 
1.05497 
1.05127 
1.04726 
1.04301 

v* 

0.00171 
0.00187 
0.00183 
0.00173 
0.00157 
0.00134 
0.00102 
0*00062 
0.00013 
-0.00044 
-0.00110 
-0,00183 
-0.00262 
-0.00344 
-o.oolJ-28 
-0,00508 
-0.00582 
-0,00645 
-0.00695 
-0.00732 
-0.00755 
-0.00767 
-0.00773 
-0.00776 
-0.0077'6 
-0,00777 
-0.00777 
-0,00777 
-0,00777 
-0.00777 
-0.00777 
0,00000 
0.00000 
0,00166 
0,00192 
0,00192 
0.00188 
0,00181 
0,00171 
0,00157 
0,00138 
Q.00114 
0,00086 
0.00053 
0.00015 

1.14601 
1,18047 
1.19001 
1.18994 
1.18538 
1.17829 
1.16957 
1.15968 
1.14887 
1.13736 
1.12528 
1.11279 
1.10003 
1.08717 
l oOTl j - l j - l 

1.06197 
1.05012 
1,03914 
1„02932 
1,02090 
1,01.407 
1*00887 
1.00520 
1.00,281 
i»ooi4o 
1,00063 
1,00026 
1.00010 
1,00003 
1,00001 
1.00000 
0,26043 
0.91865 
1,07847 
1*13213 
1.15240 
1,15940 
I.16021 
1*15773 
1,15327 
1.14751 
1.14079 
1*13334 
1,12529 
1,11675 

v' 
P 

0.02833 
0.04280 
O.O5681 
0.07035 
0.08341 
0.09596 
0.10796 
0.11939 
0.13022 
b.i4o42 
0.14997 
0.15885 
0.16704 
0.17453 
0.18131 
0.18737 
0.19270 
0.19730 
0.20116 
0.20429 
0.20671 
0.20847 
0.20967 
0.21042 
0.21085 
0,21107 
0,21118 
0.21122 
0.21124 
0.21124 
0.21125 
0,00000 
0.00796 
0.01770 
0.02723 
0.03645 
0.04539 
0.05404 
0.06239 
0.07044 
0.07818 
0,08559 
O.O9265 

0.09935 
O.IO569 

0.00087 
Oo00209 
O.OO387 
0.00623 
0.00919 
0.01276 
O.OI696 
0.02180 
0.02727 
0.03333 
0.03993 
0.04694 
o.054i£ 
0.06123 
0.06766 
0.07279 
0.07574 
0.07566 
0.07186 
0.06423. 
0.05340 
0.04090 
0.02858 
0,01810 
0,01034 
0.00531 
0.00245 
0,00102 
0.00038 
0.00013 
0.00000 
0.00000 
0.00013 
0.00054 
0.00125 
0.00228 
0,00364 
0,00535 
0.00742 
0,00987 
0.01271 
0.01595 
0.01961 
0.02369 
0.02817 
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Table 10. Solution for injvel = 2,00 and injangle = 10' 

0.0000 
0.0200 

0.0400 

0.0600 

y1 

0.0000 
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0.0010 
0.0020 
0.0030 
o.oo4b 
0.0050 
0.0060 
0.0070 
0.0080 
0.0090 
0.0100 
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0.0000 
0.0010 
0.0020 
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o.oo4o 
0.0050 
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0.0070 
0.0080 
0.0090 
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0.0120 
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0.01 to 
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0.0160 
0.0170 
0.0180 
0.0190 
0.0200 
0.0000 
0,0010 
0.0020 
0.0030 
o.ooto 
0.0050 
0.0060 
0.0070 
0.0080 

u' 

1.00000 
0.00000 

.23579 

.17385 
,11546 
,06892 
,03526 
,01432 
,001*11 
,00072 
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,00000 
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,19011 
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,Oto55 
,02392 
,01230 
,00526 
,00177 
,0001*1* 
,00008 

1.00001 
00000 
00000 

1.00000 -
00000 
00000 

0.00000 
1 
1 
,21737 
,21*986 

1.22139 
1 
1 
1 
1 

.3.92J.7 
,i6toi 
,13714 
,11183 

1.08838 

V I 
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Table 11. Fluid Velocity Comparisor 1 at xf = 0 •05 

r 

(x-Component) 

uf 

Inject: .on Conditions 
No In­ 0.50* 0.50 0.50 . 1.00 
jection 10° 30° 45° 10° < 

0.0000 0.00000 0,00000 C ).00000 0.00000 0.00000 
0.0010 0;922^5 0.65320 c ).554o4 0.47126 0.89505 
0.0020 a. 99719 O.82988 ( ). 67^51 0.58444 0.97052 
0.00^0 a, 99995 0.92699 ( ). 73333 0.63571 0.98402 
o.oo4o 1.00000 0.97837 ( ) o78377 0.67954 0,99116 
0.0050 O.99629 ( )„83024 0.72109 0.99553 
o.oo£o 0.99967 ( ). 87276 0.76088 0.99806 
0.0070 0*99999 C ). 91054 0.79893 0.99933 
0.0Q80 1.00000 C ). 94244 0.83509 o.999a3 
0.0690 ). 96724 0.86900 0.99997 
0.0100 ). 98424 0.90019 1.00000 
o.oiio >. 99394 0.92801 
0.0120 ).99825 0.95173 
0.0130 ). 99964 0.97065 
O.Ql40 >. 99995 0.98434 
0.0150 >. 99999 0.99296 
0.0160 ..00000 0.99746 
0.0170 0.99929 
0.0180 0.99986 
0.0190 0.99998 
0.0200 1.00000 

¥t 
The upper number is injvel and the lo-wer is in jangle 
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AB?WBDL E 

CQMWTKR PROGRAM 

The Burroughs 55®0 digital computer was programed to solve the 

finite difference equations, The computer language that was used is 

ALGOL* 

The program is set up so that it vill start computations at the 

plate's leading edge or at any distance tomstrearn* The program pre­

sented here starts at the leading edge a To start at a downstream loca­

tion it is necessary to know all of the data at this location from the 

wall to the limit of the particle boundary layer» In addition, the data 

at one increment upstream must be known. M s data is punched into 

cards and added to the end of the card deck. Cards 133 > 002, and l6S 

must he changed. The zefcp an cards 133 and 168 are replaced "by the 

starting ;x*e#ordihat e # The zero on card 002 is changed to the number 

of y^increments necessary to get to the particle houndary layer limit, 

To use this program for injection isonditioas with the x-injectisn 

ratios greater than one, gome changes mx&t be made » Cards 208 through 

211 > 215 through 218^ 223 through '226, 22S, and 229 are removed from 

the deck* Buplicateis of c&rdit 220-and 221:.;are placed after card iit% 

fhii# alterations enable the pifogwia.̂ to .he Jmsed for rlaffge injection 

velocities* 
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COMPUTER NOMEHCIATUHE 

A • particle radius ».cr' 

B 88 Ay 

G 
Ay 

88 Sx 

BX » increment in x-direction a AX 

m « increment in y~direction - A y 

F - Si 

FF « F 

G 

H 

Ax 
83 ~~2 
Ay 

- ^ x 

u 
00 

I » increment counter in x«»directi.on » i 

IWAmiM « injection angle « injangle 

JHTTO » injecljion velocity « injvel 

J » increment counter in y-direction «J 

L » non-dimensionalizing; length • L 

MEJ » viscosity of the mixture » p, 

RE SB Reynolds number = Re 

Rp) a density of the gas « p 

RHOP » apparent particle density « p„ 
P 

RHOS » density of the solid material « pm 
' • " • „ ' • ' S 

W , w fluid velocity in x~direction » u1 

OTFIE * fluid frfe^t^eam velocity « u B̂ 
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UP as particle velocity la x-direction » tif 

Jr 

UPMFIN = p a r t i c l e free-stream veloci ty « u. 
*V 

V =» fluid velocity in y-directiom « vf 

VP = particle Velocity in y-direetion « v.1 

X as distance parallel to the plate » x1 

Y « difta^cei normal to the plate • y* 
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Computer ]?rogram 

?COMPILE T013912 ALGOL ".03S800015 *0000 URQUHART J B 

?DATA, , 

BEGIN 100 

COMMENT URQUHART-TWO PHASE FLOW-MUMBER 1 ;101 

INTEGER I,J,M,N,P,L,R,Q ;102 

REAL X,Y,DX,Dy,UINFIN,MLf,BHO,RE ;103 

REAL A^OSjUPINFIN^^F^INJVEL^NJANGLE,?! ;10U 

REAL B,CjG,H ;105 

FILE IN Fl(2,10) ;106 

FILE OUT F2^ 6(2,15) ;10T 

FORMAT IN FM1(E11,^/3(F10A),15A5,F7.1 ;108 

FORMAT IN FM2(Ellr^,F7*2>FT«2,F7.-2)- , ;109 

FORMAT OUT FM3("TW0 PHASE FLOW-NUMBER l,r////) ^10 

FORMAT OUT FM*<-( ,r&J=" ,E11 tk,Xk,"WiO=:n ,?6<k,Xk,"Vk=" ,F6 A,X4,"DY 111 

=" ,F6 * 5 ,X4, "M=tf , I k jk , "UNINFIN==M ,F6. l/) ; 112 

FORMAT OUT FM5(MA=,%En,4,X^/nElH0S^M,F7aJ)X^/
,UPINFIN==,,,F7V2/) ;113 

FORMAT OUT FM6("REYNOLDS NUMBER =M,E1I*V) >11^ 

FORMAT OUT FM7("F=" ,E11*^///) ;115 

FORMAT OUT FM8(/,"FL0W OVER FLAT PLATE WITH! PARTICLE INJECTION"/) jll6 

FORMAT OUT FM9("INJECTION VEL=",F6.2,X5,MINJECTION ANGLE^F^2/) ;117 

FORMAT OUT FMlO(Xl/,Il^X8/lJlSnO/T%Xll/,Y"-,Xl-2,llU,SXl3,,*VH, ll8 

X13,nUP",X12,"VPM,Xll,"RH0P'7) ;119 

FORMAT OUT FMU(l^X5 A ^ . ^ ^ ^ ^ X ^ ^ W ^ ^ X ^ , ^ ^ , ^ , ^ ^ ^ , 120 

F9*5,X5>F9*5,X5>FIO»5) ;121 



WRITE (F2,FM3) 

READ (vi,mi,m,Mo9m,m,u9w,wwm) 

REAX) (Fi;^,A,I®OS,UPOT^ 

P:=NiLj=l;PI:«3.l4l59 

F: s9xMJxL/( Z&v&mtSmOFm) jFF: >&3&jmm/L 

RE: =^OaUmFraxL/MtJ 

B;«nx/k: :C ^Bfy/DX^a^^BY^^H :«FxM/HK0 

WRITE (F2,FB^,M,RH0,M;rOT,M,,N,UOT,33Sf) 

WRITE (F2,B45,A^RH0S>tJPn^IW) 

WRITE (F2,FM6,RE) 

WRITE (F2,FM7,IT) 

X:*0;Y;«0 

BEGIN 

REAI, ARRAY [tJ^UP^VP^EHGP -2sMvI^2:N+l] 

R:«-10 

WRItfE (F2,FM8) 

WRITE (F2,F3^,BfJ?EL,31rJAHGLE) 

U C0,0]:»1;V [o ,0] :«0 

UP [<?,o] :Bmm&&os(wkmm^/iQQ)/wa$i® 

W [ 0 ,0 ] j« :QaVEI i^^ 

RKOP [ O ^ i ^ O S x O . l 

U [ - l ^ s s l ^ - l j O l j ^ ^ P C O ^ D ] ! ^ " ! ^ ] : ^ ^ © ^ 

RK0P[-1,0] î sRHOPtO^O] 

ti[o,-i] ̂ Mo,*i] !«O#P[<V:L] j-tnto,o] ;VP[O,O J*VP[O,O] 

RE0P[0*~1]:=»P[0,0] 
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U[0,-2] :«ljV[0,-2] :=0;UP[0,"2] ^UPCO^OLVPCO,^] : «VP[0 ,O] ;lkj 

RH0P[0,-2]s=RH0P[0,0] ; l48 

FOR I : « l STEP 1 UNTIL M+l DO 1^9 

BEGIN 150 

U[I,0]:«V[I,0]:=VP[I,0]:*U[I,«l] -:-V[i,-l]:=VP[I,-l]:»0 ;151 

U[l,-2]:«V[l^2]:sVP[l,-2]:aO ;152 

END ;153 

FOR J ; « l STEP 1 UNTIL N+l DO 154 

BEGIN 155 

U[0,Jl:-a.jV[p,J]:-0;VP[0,j3.:-VP[-0,0] ;156 

U[-l,j];=l;Vt-l,J3?*0{VP[-.l , j]:=VP|;o,0] ;15T 

UP[0,J]:4JPINFIN/UINFIN|RH0P[0,J]:«0 .5158 

UP[ - l , j ] J=UPINFIN/UINFIN;]RHOP[0,tI] :«0 ;159 

END ; l 6 0 

I F X>0 THEN BEGIN 000 

FORMAT IN ?M12(5(F10 .5 ) ) J 001 

Q;*0 ;002 

FOR I j » - l STEP 1 UNTIL 0 DO BEGIN 003 

FOR J ;=~2 STEP 1 UNTIL Q DO , OOU 

READ ( F l , F M 1 2 , U [ I , j ] , V [ I , J ] , U P [ l , J ] V P [ I , J ] R H O P [ I , J ] ) 5OO5 

FOR J > Q STEP 1 UNTIL N+l DO 006 

BEGIN O&T 

U[I , J ] s«UCl,Q].JVIXJ] :«Vtl,Q] lUPtXJ] I ^ U P I X Q ] ;008 

VP[I,J]:-VP[I,Q3jRHOPCl,J]J-0 ;009 

ENDjEND ;010 

FOR I t s l ' STEP 1 UNTIL M+l DO Oil 
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BEGIN 012 

UCl^li-vCl^Olj^VUl^Ojj-UCl^-^t-VPCl^-lli-O ;013 

U[l , -2] :»V[I^2] :«yF[I , -2] . :»0 ;0l4 

END;END ;015 

WRITE (F2,FML0) ; l 6 l 

P:=N ;l62 

FOR I:«0 STEP 1 UNTIL M EO 163 

BEGIN l6k 

FOR J:=0 STEP 1 UNTIL P DO 165 

BEGIN 166 

LABEL VT,UPT,VPT,RT,RH0PT,C0NT -,l6j 

X:*0+IxnXjY:=JxD3f ;l68 

IF J«0 THEN U[I+1,J].:=0 ELSE 1 0 

IF U[ l+ l , J - l ]= l THEN U[I+l,J"J.;»i ELSE 170 

U[I+1,J ] : =U[I, j]+G/REx{u[l ,J+l]/U[l ,J]-2+U[I,J-l]) 171 

-BxVtI,J]+BxV[I,J]xUtl,J-l3/U[l,J] 172 

+HxRHOP[I,J]xUP[I,j]/u[l,cr]-HxRHOP[l,j] ;173 

IF U[ I+1 , J> THEN U[I+1.,J] i*l ELSE GO TO VT j ' r f t 

VT: IF 1=0 THEN Vtl jJ+l] :*0 ELSE 175 

IF J=0 THEN V[l , J+l ] := 0 ELSE tfS 

vCi,j+ii!aV[i>j]+C3aj[i-.i,j3-.cadEJti>j] aft' 

IF U P [ I , J > 0 THEN BEGIN UP [ I+1 ,J ] jbOjVP[I+l,J];=sVP[I>j] ;178 

RHOBtl+l^J]:3 MOPtl>J]j GO TO CONT; END ELSE 179 

IF J>0 THEN BEGIN 180 

IF UP [I+1>J-1] * UPINFIl/uiNFIN THEN UP [ I + l , j ] s * l 8 l 

UPINFIN/UINFIN ELSE 182 
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UP[l+l,J] :=GP[I,J]:
rBxVP[I,J]aDP[I,J-1]/UP[I,J] 183 

-FxDX+FxDX^J[i,J]/UP[l,J] ;l84 

GO TO UPT;END ELSE , l85 

IF UP [I,J]-FxDX>0 THEN UP [I+1,J] :=*JP[I,J]-FxDX 186 

ELSE UP [l+l,J]:~Q ;lfl?T 

MET: IF UP [I+1,J] UPINFIN̂ UIENFIN THEN UP [ I + 1 , J ] : ^ P : O T I N / U I N F I N 188 

El£E TO TO VPT ;189 

VPT: IF J=0 THEN VP [ I , J ] : io ELSJjL / : : ; . : . . : , ' 190 

VP[I+l,J]:==VP[I,J]-BxVP[X 191 

VP[ I , J- l ] /UP[l , J] -FxDXxVP[ I , j]/UP[ I , j]+FxDXxV[I, j ] / 192 

UP[I,J] ;19T 

RT: IF J>0 THEN RHOP[l+l,j] :=RHOP[l,j]3WP[I-l,j]/UP[I,j]- 19^ 

BxVP[l, J]xRH©P[ I , J]/UP[I, J]+BxVP[l,J]xRHOP[l, J-l]/UP[ I , J] -

BxVP[I, j]xRHOP[ I , j]/UF[ I , j]+BXVP[ I , J-l]xRHOP[ I , J]/UP[ I , J] 

ELSE; RHOP [I+l , j3:=0 ;19T 

RHOPT:IF RHOP [ I + 1 , J ] > R H 0 S THM RHOP [ l+I ,J ] : » RHOS 198 

ELSE GO TO CONT ;199 

CONT: UP [1+1,-1] :«UF[ 1+1,0]' ;20tt 

UP [1+1,-2] :=UP[I+1$] ;20I 

VP [ l+l , - l ] :=VP[I+l ,0] j20r 

VP [1+1,-2]:=VP[l+l,0] ;203 

RH0P[I+1,-1]:=RH0P[I+1,03 ;20l+ 

RHOP [1+1,-2]:=RHOP[l+l,0] ;205 

IF Î LOTHEN 206" 

BEGIN 20? 

IF U[I ,J -2 ]<1 THEN 208 



WRITE (P2,EMU.,I ,J ,X,YXl*JLV[I ,J3,UP[l ,J]»yP[I>J] , 

RHOP [ I , J ] 

ELSE IF UP [l,J-2]<JPIl!Ii,IK/UI])IFIK THEN 

WRITE (?2,mLl,X,J,X,X,l^I,jy,V[l,J%V?[I,j'],W[l,j'] 

RHOP [l , j]) ;END 

ELSE IF R«5 THEN BEGIN 

IF U[l,J-2]< THEN 

WRITE (F2,ML1,I , J , X / f , U [ l , j ] X l * JJ»PE[I>J]>VP[I,j], 

RHOP [ I , J ] 

ELSE IF UP [l,J-2]<tJPINFIN/iraiFIN THIiN 

WRITE (F2,FMll,I,J,X>Y,U[l>J]iV[lJlj],UP[l,j],VP[l,j], 

RHOP [I,J] 

END ELSE 

IF I=*M-1 THEN BEGIN 

IF U [i.,J-2]<l THEN 

Write (F2,FM11,I,J^X,Y,U[I,J]//[I,J],UP[I,J],VP[I>J], 

RHOP [I,j] 

ELSE IF UP [I>J-2]<JPBIFP/IOT! ,IN THEN 

WRITE (F2,FKL1,I,J,X,Y,U[I,J], .V[l, j] ,UP[l, j] ,VP[ I , J ] , 

RHOP [ I , j ] 

ELSE END ELSE END 

IF R«5 THEN R:=d ELSE R:=:R+1;P:=P-1;END 

END. 

?DATA Fl 

l,2850@-05 O.OTIO 0.0005 0.0005 100 200 100.00 

1.6i|.00@-05 1^5.0 100.00 50.00 10.00 
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