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NOMENCLATURE AND SYMBOLS 

The following terms and symbols have been used in this thesis. 

uniform disk a disk of constant thickness with or without holes 

solid disk a disk with no holes 

filled disk a given disk modified so that all. noncentral holes are 

filled in 

conical disk a linearly tapered disk with knife-edge periphery, taper 

starting from the axis of the disk 

noncentral holes (or eccentric holes) holes not located at the center 

of the disk 

Whenever simply "tapered disk" is mentioned, it is to be understood that 

reference is made to the linearly tapered disk. Simple mention of "holes 

means circular holes. 

a outer radius of the disk 

Ax, Ag constants in the solution of conical disk 

A , A' constants in the infinite series of the stress function 
n' n 

$ (r,9) 
ci 

a , a Fourier coefficients in cosine series 
o' n 

b radius of the circle on which the centers of the noncentral 

holes are located 

b Fourier coefficients in sine series 
n 
B , B' arbitrary constants in the infinite series of the stress 
rr n 

function $ (r,0) 
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0 ' n 
Cx , ^2 ) c3 

1 s ' 
C 

3 S 

d 

d n 

E 

F 

f 

c radius of the noncentral hole 

c , c, Fourier coefficients of a cosine series 

arbitrary constants in the stress function $0(r) 

arbitrary constants in the stress function $ (r,9) 
C2 

inner radius of the disk, i.e. the radius of the central hole 

Fourier coefficients of a sine series 

Young's modulus 

^ ou2R2 
g 

photoelastic material fringe value 

g acceleration due to gravity 

G shear modulus 

h thickness of the tapered disk at any radius r 

k number of noncentral holes 

K as defined by equation (53) in Saito's solution 

M , M , M , M as defined by equations (99, 100, 101, 102) 
m ' 2n 3n 4n J 7 ' 
m = 0, 1, 2, . . . ., k-1 

n fringe order in photoelastic analysis, also used as an index 

of the infinite series 

P = (l-x)a 
ro 

Px(x), P2(x) complementary functions of the hypergeometric differential 

equation 

P3 (x) particular integral 

Pi> P2i P3 radial stress coefficients 

1it Qs} I3 tangential stress coefficients 

Q(x) = (l-x)a0 
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R radius of the tapered disk extended to the knife edge 

r disc radial coordinate 

Sx(x) infinite series solution of the hypergeometric differential 

equation in x 

Sx(x) logarithmic solution of the same differential equation 

Sg(t) infinite series solution of the hypergeometric differential 

equation in t̂  where t = 1-x 

S3(t) logarithmic solution of the same differential equation 

t = (l-x) in Martin-Bisshopp's solution 

t width of the calibration member in photoelastic analysis 

u radial displacement in. the disk 

U0 real part of W0 

U real part of W 
s s 

v tangential displacement in the disk 

v peripheral velocity of the disk in Saito's solution 

W0 complex harmonic function 
i -i " U ^3 T T 

W s derivative of W0 defined as > \ °- , where b is 
s 

x 

T^iyr dbs 

the location radius of the noncentral holes 

r 
; R 

i9 
z = complex variable = re' 

X a nondimensional parameter 

Y weight density of the material 

uu angular speed in radian per second 

9 central angle on the face of the disk, degrees or radians 

ip,p) polar coordinates referred to the center of a noncentral hole 
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r o 1^ 
£ = Pe 

v Poisson's ratio 

$0(r), $ (r,0), $ (̂ ,9) stress functions 
c1 c3 

$ (z), \|r (z), $ (£*,)> f (C,.) analytic functions in Saito's solution 

symmetrical case defined as the case of rotating disk without noncentral 

holes and in which the stresses and strains are functions of 

r only 

e radial strain 
r 
e radial strain in symmetrical case, e = e (r) 
r0 r0 r0

v 

eQ tangential strain 
o 

eQ tangential strain in symmetrical case, ea = eQ (r) 
yo yo yo 
Y « shear strain 
r9 

o~ radial stress 
r 
a radial stress in symmetrical case, a = a (r) 

a tangential stress 
U 

tangential stress in symmetrical case, o = a (r) 
'o yo yo a, 

T ~ shear stress 
r9 

T gamma function 

Symbols not occurring in this list are defined wherever they are 

introduced. 
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SUMMARY 

This thesis presents an original method by which the stresses 

around a noncentral circular hole in a linearly tapered rotating disk 

containing a central hole and a ring of symmetrically placed noncentral 

holes can be reliably calculated under the condition of zero traction on 

the hole boundaries. It also presents an original theoretical analysis 

for the stress field of a rotating uniform disk with a similar arrange

ment of holes. 

The determination of the stresses tangent to the boundary of a 

noncentral hole in a linearly tapered rotating disk is accomplished by 

utilizing^ in part, solutions which are either known or available in the 

literature. The following steps outline the method. 

1. First it is imagined that all the noncentral holes in the 

tapered disk are filled solidly with the disk material„ The disk result

ing is called a filled disk. Martin-Bisshopp's solution is employed to 

determine the tangential stresses at points in the filled disk corres

ponding to points of interest on the hole boundaries in the original, disk. 

2. Next, the original tapered disk with all of its holes is re

placed by an equivalent uniform disk with noncentral holes only. Saito's 

solution is employed to determine the stresses along the periphery of a 

noncentral hole of this modified disk. A stress-concentration factor is 

then defined as the ratio of the hole boundary's tangential stress as 

determined by Saito's uniform-disk solution to the tangential stress at a 

corresponding point in the filled uniform disk. Based on this definition, 
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a set of stress-concentration factors around a noncentral hole is calcu

lated. 

3- Finally, the stress-concentration factors as determined in 

step 2 are multiplied with o~fi stresses in the filled tapered disk obtained 

in step 1; this product yields stresses tangent to the boundary of the 

noncentral hole in the original tapered disk. It is noted that the posi

tion of the maximum stress around such boundary depends upon the relative 

hole size. 

A photoelastic frozen stress analysis is used to verify the stresses 

obtained by the method described for three different relative hole sizes. 

The stresses obtained from both analyses are found to be in excellent 

agreement throughout. 

In addition to the above, a theoretical development of a stress 

function for a rotating uniform disk with central and noncentral circular 

holes Is presented. This stress function is constructed by superposing 

three particular stress functions. The first of these is related to the 

disk with a central hole only and is associated with the body forces due 

to centrifugal action; the second introduces periodicity to the stress 

field in the disk with a central hole only; and the third introduces ap

propriate singularities at the centers of the noncentral holes. These 

particular functions are each chosen with enough arbitrariness to admit 

the introduction, of an equilibrating system of stresses along the free 

boundaries. The entire analysis pertaining to this is reported in Chap

ter VIII of the thesis, 
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CHAPTER I 

INTRODUCTION 

The present trend toward higher rotation speeds and complex 

geometry in many types of machinery increases the difficulty of designing 

various rotating parts of such machines <> In particular, rotors subjected 

to high angular velocities develop in themselves very high stresses which 

are frequently difficult to analyze. Flywheels, turbine disks, grinding 

wheels, gears, and rotary valves are just a few examples of such parts„ 

The stresses in a uniform rotating disk, with or without a central 

hole, are determined by relatively simple equations (37); but, if the disk 

is given a taper, the problem is considerably more difficult. When non-

central holes are introduced in any rotating disk, even more difficulty 

is encountered. Holes in rotating disks are frequently desirable, or 

even required, to accomplish a specific objective such as reduction of 

weight, axial flow, control of fluids, or dynamic balancing. 

The case where a disk has a straight conical taper and also con

tains noncentral holes is especially difficult to analyze. Such a disk 

design has been used in a modified Tesla turbine (2) as well as numerous 

other applications. 

The present work is concerned with a study of such a problem and 

presents an original method of predicting the stresses tangent to the 

boundaries around the noncentral holes in a rotating disk with linear 

taper. A photoelastic analysis which confirms the results is included., 
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The method may be extended to any type of tapered disk for which the solu

tion without the nor.central holes is known. 

A theoretical analysis of the stress field in a uniform rotating 

disk with central and noncentral holes is included. Such an analysis, 

it is believed, has not been developed heretofore. Because of the compli

cated nature of the resulting equations, no closed form solutions could 

be reported. Nevertheless, this analysis provides a good beginning for 

the problem and future investigation along this line is recommended. 
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CHAPTER II 

REVIEW OF LITERATURE 

In 1895^ Chree (7) first studied the stresses in a rotating 

ellipsoid. Included in this classic work is the solution for a flat 

disk spinning about its own axis. He demonstrated that the error intro

duced in the stresses is of the order of five percent when a thin ellip

soid is substituted for a flat disk having the same overall dimensions. 

The most outstanding works of stress analysis in rotating disks 

started in 1905 with Stodola (36) and in 1.912 with Donath (9)- Stodola 

included solutions for rotating disks having hyperbolic profiles« His 

work and the work of many others are contained in his two classic volumes 

"Steam and Gas Turbines." Donath was the first to suggest that an ap

proximate solution for the conical disk could be obtained by using a 

series of flat annular rings each of different thickness approximating 

the conical shape- Gramme1 (12) later (1923) showed that Donath's ap

proximate solution for conical disk could be extended to disks with arbi

trary profiles. 

Martin (25) in 1923 presented a solution for the conical disk in a 

power series obtained from the hypergeometric differential equation in 

terms of stress. At the same time, Honegger (l6) in Germany solved the 

same problem independently in terms of displacement, by using a series 

solution. In Martin's solution, numerical evaluation of the stress coef

ficients corresponding to the values of the argument near which these 
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series converge slowly or diverge is laborious, and in some cases asymp

totic approximations are necessary. Bisshopp (6) in 1 9 ^ reconsidered 

Martin's problem and, by introducing logarithmic solutions, obtained a 

set of four series which converge much more rapidly. Bisshopp suggests 

approximating a disk of arbitrary profile by means of a series of concen

tric annular rings, each having conical taper. He provides a table of 

stress-coefficients by means of which specific solutions for simple coni

cal disks are accomplished quite rapidly- Both Martin's and Bisshopp's 

solutions are covered in greater detail in Chapter III. Their combined 

solution is used as a preliminary step in the development of a solution 

for the problem under consideration, in this work. 

The problems of stresses in thin rotating disks with thickness 

variation as a power function of the radius have been discussed by Sen (33)* 

Kumar and Jogarao (21), and many others. Lee (23) has developed an in

teresting solution by a stress function method for the case where the 

disk has a profile of the form 

h = c exp(kr ) 

where c is the "hypothetic" thickness where kr is zero, k and s being 

the parametric constants. When k and s have different signs, h decreases 

with r and this case is of more practical significance so far as the ro

tating disk is concerned. On the other hand, the case in which k and s 

have the same signs may be found useful in the design of flywheels, since 

h then increases with r. 

The state of stress in a rotating disk with no plane of symmetry 
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perpendicular to the axis of rotation has been investigated by Hodge and 

Papa (15) in 1955• In addition to the usual radial and tangential forces, 

bending moments were taken into account because of variation in centroidal 

heights with respect to the radius in the derivation of the equations of 

motion. The equations of motion are uncoupled, one for centrifugal 

stresses and the other for the ending moments and were solved by means 

of a stress function, approach. The disk profile was assumed to be a power 

function of r. 

Samanta (32) in 1963 presented a solution to the problem of a non-

homogeneous rotating disk in which the modulus of elasticity is considered 

as 

E = E0 e"
kr 

keeping the thickness of the disk and Poisson's ratio constant* Both the 

displacement formulation and the stress formulation were employed in con

structing two solutions, and the solutions so obtained were found to check 

each other, 

Sengupta (3̂ +)> probably, was the first to analyze the stresses in 

cylindrically aeolotropic rotating disks of hyperbolic and exponential 

profiles with the following stress-strain relations. 

e = a, OL. + a o~ 
r is 9 22 r 

ee = a n a e + aisCTr 

e = a Or, + a a 
z 13 0 23 r 

Y a = a T , r8 66 T\ 
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where aix, aX2^ • • •
 e"tc. are the elastic constants. 

A problem of similar nature has been discussed by Bert and Nieden-

fuhr (5) who analyzed stretching of a polar-orthotropic disk of varying 

thickness under arbitrary body forces by a stress function method. The 

type of orthotropy considered by them is illustrated by the following 

stress-strain relationships. 

= 
C U r 9 

e 
r 

= eE 

= 
ae - va r 

eG = eE 

2c J^e 
Yr9 " eE 

where 

tangential modulus 
radial modulus 

and 

eE 
° ~ 2G 

A problem consisting of an annular disk with stiffness varying as a power 

function of r was solved to illustrate the method. 

All of the problems discussed in this chapter down to this point 

are relatively simple in nature, in view of the fact that they all involve 

solutions of differential equations in which r is the only independent 

variable. 

In cases where the stress and strain fields depend on both r and 0, 

and the disk profile varies in some manner other than a power function of 

r, the mathematical structure of the problem becomes extremely involved. 

In such cases, either an approximate theoretical solution or an experi-
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mental analysis is generally resorted to. 

In 1938 Mindlin (26) solved the problem of an eccentrically rotat

ing disk of constant thickness using bipolar coordinates. In 19̂ -9 Udo-

guchi (38) presented a rigorous theoretical analysis of centrifugal 

stresses in a rotating disk containing an eccentric hole, by use of bipolar 

coordinates. In 1951 Barnhart, Hale, and Meriam {k) developed an approxi

mate solution for the stresses in a uniform rotating disk with noncentral 

holes. Their method involved three steps, each fairly simple in itself. 

These were: 

1. solution of stresses in a solid uniform rotating disk; 

2. using stress concentration factors for stresses around a circu

lar hole in an infinite plate to modify the stresses determined in step one; 

3. a further modification of the stresses to account for the 

stress gradients was made by using the solution for the stresses around 

a hole in an infinite plate under pure bending in its plane. 

A photoelastic frozen stress analysis showed that the stresses obtained 

experimentally agreed very closely with those obtained through their 

analysis. 

Saito (29,30) made a series of studies concerned with stresses in 

rotating disks both experimentally and theoretically. In 195*+ he pre

sented a theoretical solution for stresses in a uniform rotating disk 

containing a ring of equi-spaced holes. The disk did not have a central 

hole and eccentric holes were of the same radii. His solution is based 

on a complex variable technique in plane elasticity using both polar and 

rectangular coordinates referred to the center of the disk and to the 

center of the noncentral holes, respectively, This solution by him is 
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discussed in detail in the next chapter. 

In 1965 Saito and Honma (3l) analyzed the stresses in a tapered 

disk with noncentral holes experimentally by using bonded-wire strain 

gageso In this case also the disk considered did not have a central hole. 

No theoretical work was included in this paper. 

In 1963 Green, Hooper, and Hetherington (13) presented an interest

ing numerical solution of the stress distribution in rotating circular 

disks containing a central hole and a symmetrical array of noncentral 

holes. Particular attention was given to an annulus with a width of ap

proximately eight hole diameters containing the holes in which the full 

two dimensional equations were solved. The region outside this annulus 

was treated as radially symmetric and the stresses there were determined 

from a simple one dimensional model. Stress distributions were reported 

for uniform disks of fixed geometry containing 10, 20, and k-5 holes. 

There have been a number of experimental studies on circular disks 

containing noncentral holes by the stress freezing technique of photo-

elasticity. The work of Barnhart, et al. (k) and Newton (28), in this 

context, are worth mentioning., These investigators mounted their disks 

on face plates using pins passing through ncncentral holes to provide the 

turning moment. Such a situation is not usually encountered in practice. 

Armstrong (l) found that rotating a disk in this manner produces a stress 

pattern somewhat different from that produced when the disk is held and 

rotated by means of a central shaft. Armstrong, in his analysis of 

stresses in a rotating, linearly tapered di?k with a central hc> :md 

containing an array of six noncentral holes, introduced for the first 

time the phenomenon of "spoke effect," which allows the outer annulus 
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of the disk to expand somewhat more than would the corresponding portion 

of a disk having no noncentral holes. He has analyzed the stresses along 

a radial line passing through one of the noncentral holes for both uniform 

and tapered disks. 

The problem of rotating disks with noncentral holes resembles in 

many respects the problem of a plate with holes under a biaxial stress 

field. When a plate is regarded as extended infinitely in all directions, 

the solution of the stresses around an isolated single hole in it is well 

known. The presence of other boundaries near the hole usually introduces 

great mathematical complication* Jeffery (20) using bipolar coordinates 

obtained the solution of a semi-infinite plate containing two holes of 

any radii and center distance. The problem of an infinite strip perforated 

by a circular hole, symmetrically placed between the edges, was solved by 

Rowland (17) • An analysis of stresses in a plate containing an infinite 

row of uniformly spaced holes of equal radii was also obtained by Howland 

using the complex variable technique. Following the same technique, Ling 

and Wang (2k) solved the problem, of a plate under radial tension, per

forated by a ring of circular holes. 
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CHAPTER III 

DETAILED DISCUSSION OF THE SOLUTIONS OF MARTIN, 

BISSHOPP, AND SAITO 

Martin (25) in 1923 developed, a theoretical solution for stresses 

in rotating disks of conical profile. He formulated the problem in terms 

of the radial stress eliminating the tangential stress from the differen

tial equation of equilibrium with the help of the equation of compati

bility. The resulting equation was a hypergeometric differential equation 

of exponent difference two, which yielded a solution in the form of two 

infinite series and a particular integral due to centrifugal body force. 

Numerical evaluation of these series at values of the argument near which 

they diverge or converge very slowly was found extremely difficult. 

Bisshopp (6) in l^kk reconsidered this problem and constructed solutions 

by employing linear relations between the hypergeometric functions of 

arguments x and (l-x) and two other expansions in terms of the same argu

ments which involved logarithms. 

Saito (30) in 1957 presented a solution for a uniform, rotating 

disk without a central hole, but containing a ring of equal sized circular 

holes symmetrically placed around the center of the disk. His method of 

solution was by means of the complex variable technique in two dimensional 

elasticity. He constructed four har^o; >.io functions, two of which were 

referred to the polar coordinates (r,9) at the center of the disk; the 

other two were referred to (p,£>) coordinate system at the center of an 
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arbitrary noncentral hole. The second set of functions was designed to 

provide singularity at the center of the noncentral holes. The general 

stress field in the disk was obtained from the combination of these four 

functions so as to satisfy the appropriate boundary conditions. 

The purpose of discussing, in some detail, these solutions in this 

chapter is to present their results which will help in constructing a 

theoretical solution for the determination of the stresses around the non-

central holes in a linearly tapered disk presented in Chapter IV. 

Martin-Bisshopp: Solution of a Conical Disk 

The equation of dynamic equilibrium for a conical rotating disk is 

given by 

r ( h r o ) - haQ = - - ha>2r2 ( l ) 
d r r 0 ' 9 0 g 

The e q u a t i o n of c o m p a t i b i l i t y i n t h i s c a s e i s 

de 
e " efi - r — ^ (2) 

r n e n d r 

which upon rewriting in terms of stress becomes 

a - v <ja = — ( r a c - v r a ) r 0 e 0 d r 9 0 T0
J 

The disk thickness is expressed by 

h = H(l - |) 
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Let x = -

Then h = H(l-x) (k) 

Now, equation (l) in terms of x; and in view of equation (h)f becomes 

d £- [c x(l-x)] - aQ (1-x) = - F x
2(l-x) 

dx r 
(5) 

where 

F = - ou2R2 (5a) 

Likewise equation (3) assumes the form 

(a - vaQ ) = — (xa - vxa ) 
rn 9n' dx 9n rn

; (6) 

Eliminating aQ from equation (6) with"the help of equation (5), the fol-
eo 

lowing governing,equation results 

d x(l-x) ± - (1-x) a + (3-2x) £- (1-x) a + (l-v)(l-x) 
dx' dx 

(7) 

> v ) F x(l-x) 

Letting (1-x) a = P 

;i-x) an = Q 

(8) 
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one obtains from equation (5) 

= |j (Ex) + F X
s (1-x) (9) 

Equation (7); in view of equations (8) and (9)j> reduces to 

ri2 P HP 
x(1-x) o5? + (3~2x) i f + (1_v) p 3 " (3+v) F x(1"x) (i0 

the left hand side of which is recognized to be of hypergeometric type, 

such as 

x(l-x) ~ + [C - (a+b+l) x] ̂ - - abP = 0 (ll) 
dx2 dx 

Upon comparing the coefficients of equation (ll) with those of equation 

(10) one finds: 3-2x = c -• (a+b+l) x and (l-v) = - ab, i.e., c = 3, (a+b̂  

= 1, ab = v-1. Introducing t = 1-x into equation (ll) the following hyper

geometric equation is obtained. 

t ( l - t ) — + [a+b+1 - c - (a+D+l)t] ~ - abP = 0 
d t 2 d t 

The gene ra l s o l u t i o n of equa t ion (10) i s 

P(x) = AjPaix) + AgP^x) + P 3 (x) (13 

where Px(x) and P2(x) are the complementary functions, and P3(x) is the 

particular integral. In fact 
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P 3 ( x ) 2±y [ x a _ Zi2v x2 _ i-v ^ ( l U ) 
3 v y ll+v 5+v 5+v 5+v v J 

The roots of the indicial equation associated with equation (ll) are 0 and 

-2. The integral corresponding to the root 0 is 

T-I/ i o N ^ / \ -, a.b a(a+l) b(b+l) 2 /-,r-\ 
F(a,b,3;x) - Sx(x) = 1 + — • x + ^ i 7 2 7 0 + ' * ' ^ ^ 

n 
in which the coefficient of x is 

a(a+n-l) . . . a (b+n-l) . . . b 
n! (n+2)! 

The remainder after m terms as given by Bisshopp is 

(m+2) x sm an 
K <• ~ 
m TTOI3 

which shows that there is a value of m > N0 for |x| == 1 which makes the 

sum of almost all of the terms in the series (15) arbitrarily small, and 

hence proves the convergence of the series, both absolutely and uniformly. 

it has been shown in reference (6) that the series derived from equation 

(15) is also absolutely and uniformly convergent in the interval jxj SE 1. 

Next, the integral belonging to the exponent two is, for convenience, 

obtained from equation (12) which is equation (ll) transformed to use the 

variable t. Thus 

t2F(a+2,b+2,3/t) = Sa(t) - ~ ^ 
rab+2 (a+2)(a+l)(b+2)(b+l) 

2 + 1! 3! 

(a+3)(a+2)(a+1)(b+3)(b+2)(b+l) a 

2TT! t + 
(16) 
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in which the coefficient of t (of the terms within the square bracket) 

is 

(n+a+l) . . . (a+l)(n+b+l) . . . (b+l) 
n! (n+2) ! 

and the remainder term is (reference 6) 

s i n an j~ t ~j m 
Rm < TT a b ( l - t ) Lm + ~J t 

This series evidently diverges when t=l. As would be expected, the diffi

culties are increased for the derivatives of the infinite series for 

values of x or t near unity. In view of this, two more series with loga

rithmic solutions are introduced. These new series converge rapidly when 

x and t are near zero. As a consequence of the relation 1-x = t, the 

logarithmic series may be used to construct a convenient form of the func

tion for calculation. Bisshopp has indicated that restricting the values 

of x and t between 0 and •§• in all four series and their derivatives is 

sufficient for numerical calculation. 

The second solution of equation (ll) involves logarithms because 

the difference of the indicial roots is an integer, the other conditions 

of the general theory being fulfilled. Thus the logarithmic solution of 

equation (ll) is 

Sx(x) 

in which 

ab(ab+2) _ / s _, 1 ab+2 ~ / \ /-^N 
— ^ M x ) l o S e

X + ~3 " - £ — " s4(x) (1-7) 
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( x ) = V (n + a-3) • • • ( a -2 ) (n + b-3 ) . • • (b-2) x ( n - 2 ) ^ 
4 L n! (n-2) ! r n 

n=s 

1 1 1 1 , 1 
+ . . . + + 7T + . . . + " - 1 n a-2 a+n-3 b-2 b+n-3 2 

1 1 1 
' * ' n-2 2 ~ ' ' ' n 

l d £ _ K= -h + iii+ ; - ^i -2Y - 2*(a) - n cot aTT 

Y = Euler's constant = 0-577,215,665 . . . 

n 

, / x r (a+l) ., . V A M 
\Ha) = -̂ rv rf = - Y + l i m > 
^K ' r (a+lj n-̂co ^ \m m+a/ 

m=i 
where the "prime" indicates differentiation with respect to the argument. 

Similarly, the second solution of equation (12), which is a loga

rithmic solution, is 

S s ( t ) = - a ( a + D ^ ( b + l ) g a ( t ) l Q g ^ + S s ( t ) ( l 8 ) 

where 
00 

s3(t) = i - abt - y ( n - i + a ) • - , - f
a ( g : 1 ; b ) • • • b tn 4 

J x ' Z_ n! (n-2J ! rn n-2 

n 
1 

= — + . . 
a 

1 1 
a + n - 1 b 

1 i _± . . . _± 

1 - I - 1 

b+n-1 2 

lim <& = 2[— - Y - f(&)] - n cot an n.-»co n a 

The details concerning the convergence of the series in equations 
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(17) and (l8) and of the series derived from them are discussed thoroughly 

in reference (6). 

The four solutions, equations (15)> (lo)^ (17)> and (18) are line

arly dependent, since they satisfy two second order differential equations 

(ll) and (12) which are related by the linear transformation, 1-x = t, in 

the same interval of convergence [0,1]. Therefore, the general solution 

involving S2(t) and S2(t) is equivalent to Sx(x) in the interval between 

zero and unity, i.e. 

P(t> = C2Ss(t) + C^ft) = S^x) 

where Cx and C2 are determined by the following conditions (reference 6) 

1 1 ^ 0 «
t > - U ^ S^ ( x^nab1ab +

a2) <2<» 

P(t) - Sx(x) = 1 (21) 
t-»i x-»o 

Equations (19) and (20), in view of the equations (15)> (l6), and (l8) 

yield 

r - 2 s i n an (oo\ 
Ll ~ nab (ab+2) [~d) 

In an analogous manner, it has been shown in reference (6) that 

C2 = [— - y - l K a ) ] - G O S aTj Y being the Euler's constant. 

Equations (13) and (19)> together with the relation 1-x = t give 
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A ^ x ) = A ^ x ) (23) 

= A: (C2S2(l-x) + qs^l-x)} (2^) 

Equation (23) converges very rapidly near x=0, whereas equation (2̂ -) does 

the same near x=l. By using each of these equations in its range of rapid 

convergence, Px(x) is computed very easily numerically. The second solu

tion is treated in an analogous manner and is found to be 

A,P2(x) = A2S2(l-x) (25) 

= Ag {CgS^x) + qS^x)] (26) 

and is very convenient for numerical work, both at x near zero and unity. 

The derived series from equations (23), (2U), (25), and (26) also 

exhibit similar behavior of convergence with respect to x near zero and 

unity. 

From the relationship between P and Q, defined by equation (9), one 

obtains 

Qi = n (Pi-) 

% = ^ (pax) ; (27. 

Qo = ̂  (P3x) + F x
2(l-x) > 

Then the "stress coefficients" as defined by Bisshopp (6) are 
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pi = qTi^y ^ = c^i^J 

p2 - - XitxT ^3 

11+V ["= ^ r.x- + iiii x +
 3 

5+v 5+v 

^3 = 
3+v T l+3v 

11+v L 3+v 
l+2v 
5+v 

^ y 

5+v. 

(28) 

These express the stresses a and ov. in the following form because of 

equation (13)« 

o, = AiPi + AsP2 + F p3 (29) 

afi = Al 1l + A3 <& + F $3 

Numerical values of the stress coefficients for a wide range of 

values of v are given by Bisshopp corresponding to positive values of x 

between zero and unity. Table 1, which is reproduced here from reference 

(6), gives the stress coefficients for v=0»3 at intervals of x=0.01 between 

zero and unity. 

The equations (29) and (30) for a rotating conical disk can be con

veniently employed to calculate the centrifugal stresses in any concentric 

annulus cut from it. In other words, the stresses in a rotating disk with 

a central hole and a linearly tapered profile can be obtained with the 

help of these two equations once the constants Ax and Ag are evaluated 

from the known tractions prescribed on the boundaries of the disk. 



20 

Table 1. Stress Coefficients in a Conical Disk for v=0-3 

r 
•>1 "»2 *3 

r 
7 "»1 «2 13 

.00 1.1*33959 - 0 .1655031 .50 2.CC937 U.9L357 .16731*85 

.01 

.02 

. 0 } 

.01. 
.05 
.06 

.07 

.08 

.09 

1.1*1.1668 
l.U*9'joo 
1.1*571.59 

lJ.655hfl 
1J.73771 

.IS?.' 52 

l j .906} l , 
1.1*992 e2 
1.500060 

7GU5.51 
1779.952 
799.656 

L5U.759 
291* .278 
206.665 

155.566/i 
118.9261 
95.05I18 

.1661679 

.lUr*rK 

.1677966 

, 1685605 
,1692908 
.169987U 

.1706505 
,1712799 
.1718757 

.51 

.52 

.55 

.51. 

.55 

.56 

.57 
•58 
.59 

2.11296 
2.15735 
2.16259 

2.18873 
2.21582 
2.21i591 

2.27308 
2.50539 
2.351.91 II

 I
 I

I .1665319 
.1656816 
.161.7978' 

.1638902 

.1629291 

.I6I9UJ1 

.1609260 

.159871*0 

.1587883 

.10 1.517051 77.8919 .1721.378 .60 2.56773 5.81656 .1576691 

.11 

.12 

. 1 } 

• U* 
.15 
.16 

.17 

.10 

.19 

1.52611*2 
1.5351U5 
1 .5^057 

1 .55U73 
1.561*267 

.571*21*6 

1.581^15 
1.591*780 
1.605JU8 

65.1279 
55.5697 
1*7.73*1. 

1*1.61*81* 
56.7111. 
32.6500 

29.2666 
26.1*166 
23.9921 

.1729665 

.1751.612 

.1739225 

.171*5501 
.17U7UU 
.17510U5 

.1751*3*2 

.17572lii 

.1759859 

.61 
.62 
.63 

.61. 

.65 

.66 

.67 

.68 

.69 

2.C0195 
2.1*3765 
2J.7U95 

2.51596 
2.551.85 
2.59771 

2.61*275 
2.690*2* 
2.7U010 

3.73C5li 
}.6L£hZ 
3-56979 

5.1*9ll*U 
3.I122I9 
3.35235 

5.29627 
5.22228 
5.16075 

.1565162 

.1553296 

.15U°9S 

.1528557 

.1515683 

.15021.73 

,U*8C925 
.Ili750li5 
.11,60 821* 

.20 1.616125 21.911ii .1762097 .70 2.79285 3.10155 . lUi6263 

.21 

.22 

.25 

.21* 

.25 

.26 

.27 
.28 
.29 

1.627119 
1.638336 
1.61.9785 

1.66 Ui73 
1.675L08 
1.685601 

1.698059 
1.710795 
1.72 3815 

20.1115 
18.51*351* 
17.16616 

15.95500. 
U*.87891* 
13.91969 

13.06060 
12.2f>792 
11.59018 

.1761.020 

.1765606 
.1766855 

.1767769 

.1768 31.6 

.1760587 

.17601*92 

.1768060 

.1767292 

.71 

.72 

.7J 

,7U 
.75 
.76 

.77 
.78 
.79 

2.81*866 
2.90783 
2.97071 

3.03769 
5.10923 
3.18581i 

3.26815 
3.35686 
3J.52eii 

3.CU.56 
2.98965 
2.93672 

2.88568 
2.8361.2 
2.78887 

2.71*293 
2.69853 
2.65560 

.11*31376 

.Ha6U*9 

.U.CO53J1 

.158U85 

.13681*1.6 
•1351875 

.1331*961* 

.1317718 

.1300136 

.50 1.757150 10.95779 .1766188 .80 5.55710 2.6lii07 .1282217 

.51 

.52 

. 5 } 

.JU 

.55 

.56 

.57 

.50 

.59 

1.750751* 
1.761*699 
1.778977 

I.7956OI 
1.808585 
1.82391*5 

1.859696 
1.855055 
I.e72li59 

10.58265 
9.85707 
9.37761 

8.95632 
8.55119 
8.15697 

7.81090 
7.1.9015 
7-19222 

.1761.71*3 

.1762971 

.1760058 

.17581.08 

.1755625 

.1752501 

.17U90U3 
• 17li52U 
.171*1118 

.61 

.82 

.83 

• Oli 
.85 
.86 

.87 

.80 
.89 

3.67035 
5.79553 
5.93310 

li.06565 
li.25607 
**J*I*796 

1*.66601 
a.9161.1 
5.2075U 

2.57587 
. 2 . 5 51*91* 
2.1i972li 

2.1i6070 
2.1*2526 
2.39090 

2.35755 
2.52518 
2.29575 

.1263963 
.121.5372 
.12261*1*5 

.1207181 

.1187582 

.116761.5 

.111*7373 

.1126761* 

.110532C 

.1*0 1 #889. 68 6.911*9U .1756651 .90 5-55103 2.26321 .108li538 

.1*1 

.1*2 
Xi 

M 
.1*5 
.1*6 

XI 
.1*8 
X) 

1.906962 
1.921*91*2 
1.9U3U31 

1.9621.55 
1.982031* 
2.00220 

2.02299 
2.0UJ.2-
2.0665J 

6.65638 
6.1.11*83 
6.18878 

5.97668 
5.7779li 
5.59089 

5.1*H*7!i 
5.21.865 
5.09183 

.17)181,7 
•17267C6 
.1721232 

.1715li20 

.1709271 

.1702786 

.1695966 

.1688808 

.1681315 

.91 

.92 

.93 

.914 

.95 

.96 

.97 
•98 
.99 

5.96355 
6J.6969 
7.10366 

7.91*565 
9.088611 

10.76913 

13.50620 
18.81.71*5 
3i» .1*1*57 

2.23353 
2.20li66 
2.17662 

2.11*5>53 
2.12276 
2.09690 

2.07172 
2.01*719 
2.02329 

.1062921 

.10UC967 

.1018677 

.0996051 

.0975068 

.091.9789 

.09261511 
• C9C2183 
.0877375 

.50 2.08937 li .91.557 .16731.85 1.00 - 2.00000 .0853231 

• v 
TT 

^1 •>t "3 
r 
7 Pi •Pa "3 

.00 1.1.53959 « o .1653051 .50 2.1*9975 1.7U3253 .1556601* 

.01 

.02 

.03 

.oi. 

.05 

.06 

.07 

.08 

.09 

1.1*1*5058 
1.1*56575 
1.1,67909 

1.1*79671* 
1J.91675 
1.503919 

1.516iiUi 
1.529167 
1.51*2188 

6951.07 
1751. li7Z 
766.511 

L&.ilxO 
275.51*2 
189.0580 

153.2061i 
105.2611 
82.7155 

.16651.12 

.1677209 

.1688U2 

.1699C61 

.1709096 

.1718557 

.17271.51.' 

.1735726 

.171.31.55 

.51 

.52 
•5} 

.51* 
•55 
•56 

•57 
.58 
.59 

2.51*237 
2.58672 
2.63291 

2.601C6 
2.75128 
2.78375 

2.8J859 
2.895<?9 
2.95615 

1.61,71*27 
1.55737U 
l.li72651i 

1.592866 
1.51761*9 
1.21*6670 

1.179628 
1.11621,8 
1.056276 

•1539781 
.1522375 
,1501.385 

.1*35810 

.11*66551 

.11*1*6909 

.11*26582 

.11*05671 

.1581176 

.10 1.5551i85 66.6187 .1750559 .60 5.01921 .9991*82 •1J62097 

.11 

.12 

. 1 } 

.u. 

.15 

.16 

.17 

.18 
.19 

1.5*9067 
1.58291.3 
1.59712? 

1.611621 
I.626U1I1 
I.6I1I60U 

1.657111. 
1.672906 
1.689251i 

51.. 7517 
1.5.7082 
je .6998 

35.1500 
26.6619 
25.0327 

22.011.7 
19.1.9109 
17.36003 

.1757100 

.1763056 

.17601.29 

.1773217 

.17771*21 

.nsiodi 

.1781.077 

.1766529 

.1706397 

.61 

.62 
• 63 

.61. 

.65 

.66 

.67 

.68 
•69 

5.0051.5 
5-155U 
J .2281*6 

5.5058! 
5 . J071.9 
5.1.758? 

3-565U* 
5.66261 
3.76591. 

.91.5651. 
.&01.W7 
81*6 32 

.800093 
.756328 
.711/97 

.675068 
.637322 
.60131*7 

.15391.51* 

.1J161B7 

.1292356 

.126791*1 

.121*291*1 

.1217358 

.1191190 

.1161*1*59 

.1137103 

.20 1.705870 15.5li .61 .1789681 .70 3.87605 .567059 ,1 . 0 9 1 , , 

.a 

.22 
•23 
.2li 
.25 
.26 

.27 

.28 

.29 

1.722911 
1.7I.OJ70 
1.758265 

1.776612 
1.7951*29 
1.811,735 

I.83I4550 
1.85L89U 
1.875739 

13.98583 
12.63785 
11.1.61.57 

10.1*5750 
9.53299 
8.73295 

8.02190 
7-56726 
6.81856 

.1790381 

.17901.97 

.1790028 

.1780976 

.1787339 

.1785119 

.1782311. 

.1778925 

.1771*953 

.71 

.72 

.75 

.71. 

.75 

.76 

.77 

.78 

.79 

5.99561. 
1*.11951 
li.251.56 

I.. 39987 
li.55661i 
l i .726) l 

lt.91057 
5.11138 
5 . 5 5 U 1 

.551* 302 

.50301*6 

.1.73188 

.1*1*1*650 

.1.17360 
• 39121*9 

.366256 
• 31*2521 
.519366 

.1080660 
.1051592 
.1021920 

.0991661* 
,0960021* 
.09291*00 

.0097392 

.006L800 

.0831625 

.30 1.097260 6.30710 .1770596 .30 5-57258 .297l*06,N 
.0797863 

.51 

.52 

.55 

.311 

.55 
• 36 

.57 
• 38 
.59 

1.919550 
1.91.2026 
1.965375 

1.909liO7 
2.011.15 
2.05965 

2.06592 
2.09301 
2.12C97 

5.81.553 
5.1.2766 
5.01.821 

It. 70267 
1..30719 
I1.09&I1I1 

3.63352 
3-58993 
3 . 5 6 5 U 

.1765255 

.1759550 

.1755221 

.171.6528 

.1758550 

.1750789 

.172211*1* 

.1712911. 

.1705101 

.81 

.82 

.85 

.14 

.65 

.66 

.87 

.68 

.89 

5-659Z3 
6.15521* 
6.1*6578 

6.83730 
7.25799 
7.73837 

8.29219 
8.93773 
9.70015 

.276526 

.256103 

.25669U 

.218058 

.200159 
.102959^ 

.1661*279 

.1505311* 

.13521*06 

.0765518 

.0726590 

.0695077 

.0656930 

.0620300 

.0563035 

.051*5186 

.0506755 

.01*67736 

.iiO 2.11.902 5.15825 .169270} .90 10.611*27 .1205276 .01*26135 

.la 

.1*2 

.1.5 

.1*1* 

.1.5 
•1*6 

Ml 
.1*8 
X) 

2.17965 
2.2101.5 
2.21*227 

2.27522 
2.50953 
2-3^^67 

2.30151 
2.1*1931 
2.1.5376 

2.96657 
2.78691. 
2.621.05 

2.1.7075 
2.52799 
2.19'>85 

2.07051 
1.951*225 
1.81i55liO 

.1681722-

.1670156 

.I658O06 

.161*5272 

.I65195U 

.1611052 

.1605566 

.15881*96 

.157201*2 

.91 

.92 
•95 

•9U 
•95 
.96 

.-97 

.98 

.99 

i l . 73070 
15.12522 
LU.9169U 

17.5Qli55 
20.61*1*7 
25.6523 

35.991*2 
50.6706 

IOO.682I1 

.1065657 

.0927300 

.0795969 

.06691*38 
.051*7500 
.0 ,29950 

.0316601 

.0207272 

.01017919 

.0507950 

.051*7160 

.0305327 

.0263890 

.0221568 

.01782629 

.0151*5752 

.00902995 

.001i51J*ia 

.50 2.1*9975 1.7U5253 .1556601. I.re *" 0 0 

15.5li.61
li.251.56
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Saito: Solution of a Uniform Rotating Disk Containing 

a Symmetrical Array of Noncentral Holes 

The following geometry is used in Saito's solution for a uniform 

rotating disk without a central hole but containing a symmetrical array 

of noncentral circular holes. 

With reference to Figure 1, (x,y) are the rectangular coordinates 

referred to the center of the disk as origin; (r,0) are the corresponding 

polar coordinates. (Xm, Ym), (Xm, Ym) are the rectangular coordinates re-

th 

ferred to the m hole as origin; (p 9<p ) are the corresponding polar co

ordinates. (p,p) are the polar coordinates referred to 00, the center of 

the "zeroth" noncentral hole, as origin. 

Figure 1. Coordinate Systems Used in Saito's Solution 



22 

The radius of each noncentral hole is taken as b\ with the hole 

centers uniformly spaced around the circumference of a concentric circle 

of radius b at points represented by 

2imrr/k , . 
z - b e ; (31) 

where 

k is the number of noncentral holes 

and m = 0,1,2,. . . ,(k-l) 

A. is a dimensionless parameter 

i0 , 
z = x+iy = are , a complex variable (32 J 

From Figure 1, one can easily see that 

b ^ = Xm + iYm = bp m e (33) 

b£ = z-b = bp e±<P (3I+) 

C = C, e ̂ A (35) 

Also using the relation 

T_ *' ^ 2imn/k 
bf = z-b e ' 
Tn 

one obtains from transformation (3^0 

£ = 1+C - e
21m"A (36) 

and in view of transformations (35) and (36), C can be written as 
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- „ -2imTT/k , - 2 i m n / k 
^ C e +' e / - i 37; 

Introducing a new variable 

U = m 2imn/k 
1 - e 

38) 

equation (37) is rewritten as 

l+u r 
m* 

n̂ ~ tT^F" 
m • 

(39) 

On purely physical ground, the following restrictions must hold in order 

that the boundaries of the holes and of the disk should not overalp. 

1 X < sin — for b/a < -
k - . TT 

1 + sin — 
k 

X < ^ - 1 for b/a s 
1 + s m — 

k 

As the disk is assumed to be in a state of generalized plane stress, Saito 

considered the following stress state in the disk with reference to the 

(x,y) and (r,9) coordinates. 

Q + Q = (J + Q 
x y r t 

a - a + 2i T y x xy 

- - cu2 ̂  (l+v) zz + h real $ (z) > 

Or, - CJ + 2i T .) e 9 r r9 
•219 

= X u2 i (l-v) ^ + 2 [z $'(z) -f t|/ (z)] I 

ho) 



2k 

in which $ (z) and \jj (z) are suitably chosen analytic functions with the 

property 

V2 (Vt e)-0, ' ^ 

The stress system referred to the (Xm,Ym) coordinates was taken to be 

(m) (m) ), -i * i r \ 
a + a = 4 real $ C 
x y m in 

c <"> - *>> + 21 T_.<»> - 2 [^ *m (t) + ^ (Cj 
y x 

d 

xy 
(4l) 

d^m 

with V2 $ = 0 , v2 \1; = 0. m Ym 

In view of relations (35) and (36), the stress system in equation (4-1) wa: 

transformed into (r.,9) coordinates as 

i ., , /z -2imTT/k _. ̂  
a + aA = 4 real $ - e ' - 1 
r 9 m \b J 

\ 

2imTT 

CTQ - a + 2i T Q = 2 e 9 r r9 
2i(0-2mrr/k) f/z k 

, ^ e > (te 

r-* /z -dimn/k 
& r- e ' - 1 + 
m \b 

z -2imTT/k 
- e 7 - 1 rm \b 

Now, taking the sum of equations (4o) and (4-2)-, the following stress field 

for the disk was obtained. 

a + an = - - a)
2 i(l+v) zz" + 4 real r 9 e * 

k-i 
^z -2imrr/k n r- e ' -1 $ (z) + 

c Z_ m \b 
m=o 

continued 
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( e q u a t i o n (^3) c o n t i n u e d ) 

o^ - o + 2 i T 9 r 
Y a I 

r6 g cu 
2 i6 2i.e r_. | ( l - v ) z 2 e ^ ° + 2 e ^ ° [ z V ( z ) + * (z)} 

c Tc 

k - i 2 i ( e - ^ I I ) 2 i m T T 

+ 2 > e 

m=o 

m̂ Vb 

k 
2imrr 

» ' ( | e " ~ - 1 
m \b 

m 

2imn 
k~~ 

- 1 

Nex t , u s i n g r e l a t i o n (39)> t h e s t r e s s sy s t em i n e q u a t i o n (kl) was t r a n s 

formed i n t o {p,<p) c o o r d i n a t e s as f o l l o w s 

1+u t 
a - U r e a l $ ( 77—7— 

m \U - 1 / 
m 

a 
P 

a + 2 i T 
P Pf 

- 2 e 
2i^> m 

U - 1 ) 
• m ' 

1+U C m b 

l+u r 
mte 

s L U. 
m 

.1 m \U - 1 
m 

i+u r 
m^ 

rm \U - 1 
m 

\ 

(hh) 

And w i t h t h e h e l p of r e l a t i o n s (3^0j (35)? ana (37) > t h e s t r e s s s y s t e m i n 

e q u a t i o n s (kO) was t r a n s f o r m e d i n t o {p,<f>) c o o r d i n a t e s 

a p + a, = - j v 2 i ( l + v ) ( ~ ) 2 (1+C+C+CC) + ^ Re $ Q (b+b£) 

a - a + 2 i T = * v2 J ( 1 - v ) e 2 1 ^ ( ^ ) 2 ( l + ^ 2 

r P P^ g 4 a- b ' 

+ 2 e 2 l ^ [ b ( l + " c ) $c' (b+bC) + \|fc (b+bC)] 

> ( ^5) 

where v = oua i s t h e p e r i p h e r a l s p e e d of t h e d i s k , 
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The addition of equation (MO to equation (h^) led to the following stress 

system which is referred to (pfp) coordinates for each noncentral hole* 

ap •+ a, - - \ v2 i (l+v) (f)2 (1HHHC) 

k - i 
r <r /1 + u £\~ 

k Re U(C) + $c (b+bC) + ) $ m \U - 1 / J 
tasi m 

V V 2 i T ^ l M e 2 1 ^ ( | ) ' (1H)2 

+ 2 e2±F U $ ' ( 0 + i|f(C) + ^(l+C) $c' (b+bC) 

k ^ u2
 ri+u 7 ,i+u r. 

c ^ Um-1 ^ - 1 m \U - 1 
m—i v in ' m m 

/ i + u £ 
f m^ . \U -1 /J J 

m 

> (W) 

where a t m=0 $ ( £) = $(£) and 
rm 0 = ¥x) 

In view of the fact that the stresses and displacements are single-

valued analytic functions in the complete disk and they are repeating with 

respect to rotation about the origin through angles — — and are even with 
k 

respect to the line of symmetry, Saito assumed the following forms for the 

harmonic functions 
\ 

(z) = Y A
s
 (z/a) sk-2 

s=i 
'47) 

$c(z) = y Bg (z/a) sk 

s=o 
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and 

7m 0 -- K f ̂ } + I Cs-, C ^ S=2 

(̂ 8) 

m 
0 = - K f (l+v) + y Ds_2 £ s 

^ S=2 

where A's^ B's, C s, Ds_, and K are constant coefficients and remain to 

be determined from the boundary conditions. 

Now, substituting functions (k-7) and (48) into the stress equations 

(43) and (46) yields the stresses expressed in power series of z and £. 

Because of the presence of singularities on r = |z| = b, the expansion of 

equations (43) and (46) into power series is different depending on whether 

|z| < b or > b. 

Saito assumed the boundary tractions in Fourier series. 

a = a + / a cos nkG 
r o L n 

n=i 

• A = ) b sin nk6 
r6 Ls rv 

n=i 

) on r=l W) 

and 

a = C + ) C cos n<p 
p o L n 

n=i 

T 

on p=X 

d sin np 
pp L. n 

n=i 

50) 

and introduced them into the series expansions of equations (43) and (46). 
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Then equating the coefficients of the different powers of z and £ on both 

sides of those equations, he obtained the following set of simultaneous 

equations. 

2B0 - k(^)
2 C0 + 2(l-v) k(^)

2 K = a0 + • * v
2 | (3+v) , 

a, d, td, 

A + (nk-2) B - f(l+v)(nk+2) 0 + p ] K + ) na C 
n n L n nJ L, s s 

s=o 

{(nk+2) nbg -
 nCs] Ds = -an , n * 1 , 

s=o 

A + nk B + f ( l+v) n k O + p } K ~ ) n a C n n L n nJ L, s s 
s=o 

•f ) (nk S - nC ) D = b , n i? 1 , 
[_ s s s n 

s=o 

2B0 - X* C0 + 2( l+v) q0 K - ) $s
 B

s
+ L J s Bs 

s=o s=i 

= C0 +*v* ( f ) 2 ft ( l + v ) + | ;3+v) X2} , 
g a 

X"3 C: + {2(3+v) X~l + q ^ } K - X J_ ^ DQ + X £ ^ B 

> 

s s=o s=i 

cx + I v2 (^)2 1 (3-fv) X , 
g a 

continued) 
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(equation (51) continued) 

-X'3 Cx - { 2 ( l - v ) X'1 - qxX} K - X £ \ Dg + X £ • 1 j g B s 
s=o s=i 

= d, - ^ Vs (^)2 i ( l-v) X , 
6 <* 

•X C3 + k X 3 D0 + t 2 K - 2 . a
s
 Cs + I Ys Ds 

V" 2 

I 
s=i 

s=o 

(51) 

f A - ) g B « 0 Y ^ ' 
s s z_ °s s 

s=o s=i 
- v 2 © 3 i (1-v), 
g a 

• X"4 C2 - 2X~2 D0 + ( ^ X 2 + t a ) K - Y 

> - " C O 

£ (2 %s X
2 + \ ) Ds - I \ 

3=0 S = 0 

OL C 
z_ s s 

s=i 

A 
s s 

s=o 

I <V2V"> 
s=i 

• ^ + h y 2 ( ! ) 2 * ( i ~ v ) > 

•\ C + (n+2) X~n D + f- ( n - 2 ) q An + t \ n ^ } K 
n n-s n n J 

n -v n - 2 ~ V r / *.\ n_ n n , n-2-, ^ 
a X C + ) f ( n - 2 ) P X -+ Y X } D 

s s Z_ c s s J s 
S = l S = 0 

s n' 

n n-2 V fn n-2 , , n. n7 _ _ 
fsX s " L <• g s X ^ ^ J s X ^ - = - ' 

s-o s=i 

n ^ 3, 

continued 



( e q u a t i o n (51) c o n t i n u e d ) 

A. C - n X D + ( -n q X + t \ ) K 
n n-2 n n 

n , n - 2 „ V / nr, -vn n , n - 2 s ^ 
a X C + ) ( n 3 A . 4 - Y X ) D 

s s Z-J s s s 
s=i s=o 

n^ . n - 2 . V / n , n -2 n . .n>> T1 

f A A - ) ( g X + n j A. ) B 
s s L s s s 

s=o s=i 

n ^ 3 , 

where 

w b , n k + 2 i * . 
a s - k ( - ) ( s ) 

n . , b v n k + 2 , _ , w n k s 
c = k ( - ) ( n k + l ) ( s + i ) 

o ct 

k-i 

°P = -a y (u - D S + 2 

m=i 

k - i 

*p = ( s+2) Y (U - 1 ) S + 2 U 
s /_ m m 

m=i 

\ - * $ " 

j = s k ( - J u s v a y 

k - i 

\ = (-Dn Ct+i1) Y (V1 ) S u 
m 

m=i 

k - i 
/ ., \ n + l /S+n+lx V /TT , \S.+2 ,,-i 

•s = (-D ( s+l ) I ( V 1 ) U m 
m=i 
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n - i 
1 / n N n + 1 / n >. /S+nN V / , , 
Yg = ( - 1 ) ( n - l ) ( s + 1 ) ^ (U m -1 . 

n.. / -, \n+l ,__ n N /S+nN V /rr , N S + 1 T Tn-l 
m 

m=i 

n , b ^ k - 2 k _ o 
f s = ( a } ( n-2.) 

n / b N S k / n \ / S k \ 
g s = ( - ) ( n - l ) ( . n - l ) 

n . / b N
s k /SkN 

J s = (" ) ( n ) 

h nk 

o = k n 
n a 

h nk+2 
p = ( - ) k {-nk + 2 - v (nk+2)} (52) 

II a, 

k - i 

q = - (1+v) V ( - l ) n _ 1 (U -1 ) \^ 
n L m m 

m.= i 
k - i 

q. = Y (u - 1 
o L^ m 

m=i 

k - i 

t n = ( l + v ) £ ( - I ) 1 1 " 1 ( n - 1 ) i ^ 1
 + ( 3 - v ) I ( - l ) n " ' ^ 

m=i 

k - i k - i 

m= 1 m= 1 Um-1 

The s o l u t i o n of e q u a t i o n s (51) f o r t h e c o e f f i c i e n t s , namely A , B , K, 
n n 

etc., yields the following. 

K= l^ (b T̂  + £ (%-Ci) (53 
2 

•a' 5 

and 

H «^"
a ^ L ( V a ) s C„ (y/g) yf r g 

2{\~2 - k(b/a)2} 2{V2 - k(b/a)3} ^ U W 

_ a 
Jo 

(continued) 
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equation (5^) continued' 

- k ( V (* (l+v) + i (3+v) X2)} - ^ b /a )^K { ( 1 . v ) x - 8 

(k,v)q o} * ( b / * ) a y »p D + —UkMl 
2{X"3 - k(b/a)2} s 4 s s 2{X-2 - k(k/a)2} 

s = i 

A = - * fnk a + (nk-2) b } + f ( l+v) n2k2 0 + (nk-l ) p } K n * L n v nJ Lv ' n K ' ^nJ 

uu uu 

- Y (nk-l) na C + Y nd D , n a l 

s=o s=o 

B = i (a +b ) - f ( l+v) (nk+l ) 0 + p } K + y n a C + y n e D n * v n rr l ' n ^nJ L s s /_, s i s=o s=o 

n ^ 1 

co = -8
 a " " " - 7 ^ + ^ 4 ^ 7 3 - t* <3+v) - (|)2 (i (l+v) 

X 2 - k (b /a ) 2 X 3 - k tb /a ) 2 a 

a * (3+v) X s)} + - 3
 K • , {2 ( l -v ) k ( | ) S - 2 ( 1 - v ) ^ ] 

r o i r o 
(3 , i- _ _ _ . ) j B, A"2 - k ) b / a ) a L fi s A-8 _ k ( b / a ) a X J s s J 

S = 0 "• - \ ~ / - / ga - j 

"i = - i ( l - v ) C l X
s - i (3+v) d ^ 3 f n.>« K - V ' a x4r-

>=o 

+1 xjs >•* V 
s=o 

(continued) 



equation (5^) continued) 

C2 = ( c , - ^ ) x* + * v * (If f- (!_,) x * + ( U q a X e _ 3 t a A 4 ) 

+ L 3 % ** cs - I ^ \ *8 + 3 % A*) D s-o str0
 s s s 

+ ) 3 ° f x4 A + y fQ % v* . j , s , 

K 

s • -s L 3 * , X + 4 Js **) B . 
s-i s=i b s 

Do = * (9 , -d . ) Xs + £ v* (^)S J ( l -v) A2
 + ( q ^ - t8A2) K 

CO CD 

* i ^ *' *• + J x <'«• "S + 2 j s ^ BB. + 

* f-n - (n+2) dn} Xn+2
 + [ „ ^ n x2n+2 - („+i) t A 2 n } K C 

n 
n 

- 1 (n+l) \ X2n Cs - J' [n» «p ,2n+2 

+ (n+l) V \ 2 n ] D + Y (n+l) uf X2n A 

/ K n + 1 ) g s A + n° J , A," "J B . n ^ 3, 
s=i & 

* ( V d n ) X n
+ {(n- l ) ^ * . . t W J + y % v 

1 1 LJ / . Q 

n„ , 2 n i 
{(n-D B \ ' + S \ — } D + ) ] f A

2 r ; - A 
s^b ° B - s 4, s ,v

 S 
CO 

+ I i \ ^ " " 2 + (n-l) °J ) ::) B 



3^ 

where 

n ,2^2 n. n d = n
2k2 "b - (nk-l) c 

s s s 

n / T _ N nn n 
e = - (n.k+1) b + c 

s v ' s s 

55 

In the case where the disk and the hole have free boundaries 

a0=0, c0=0:, and 

a = b = 0 
n n 

c = d - 0 
n n 

for n ̂  1 

in equations (53) and (5*0* K is calculated easily from equation (53). 

For solving the system of linear equations (̂ -O, Saito used the method of 

perturbation in which \ was considered as the perturbation parameter. It 

was assumed that the arbitrary constants could be expressed in series of 

\ as 

(2t) ,2t+2 

t=0 

t=0 

n (2t) 2t+2 
Bn * ' n 

A = y A <2t> x 2 t + 2 

Z_ n 
t=o 

CU = 2t) ?t+J 

t."-

G, = n (2t) .2t+U (56) 
t=o 
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r V r (2t) .2t+i+ 

t=o 

C = Y C ( 2 t ) X 2 t + 2 n + 2 , n - 3 n 7_ n t=o 

D0 = Y D0<
2t> X2 t + 2 

t=o 

D = > D<2t> X 2 t + 2 n , n g 3 
n-2 ,ZL n-2 ' 

t=o 

When equations (56) are substituted into equations (5^-)* "the following 

sets of equations to be solved for the constants are obtained. 

! o
( 2 t ) = ( \ ) + M f ) a B c ( 2 t - 2 > - | ( | f ° e o D 0 ( 2 t - 2 ) 

-1 & I \ Ŝ
(2t-2S-U) + § <!>' I W 2 ) , 

s=i s=i ' 

( 2 t ) = (*C ) + k (^)2 C 0
( 2 t " 2 ) - °3 D 0

( 2 t " 2 

0 a ° 0 ° 

t-2 £ 
°3 p (2t-2s-^) + ) ° E (2t-2) 

s = 1 S S S « ! fl S 

^ ^ ( \ ) - x3 D0^
2t-2) - ? l

a D ( 2 t - 2 s - u : 
1 o 4-> s s 

S - 1 

x j B < 2 t - 2 y 
s s ' 

S = l 

c 8
( 2 t > = ( V ) + 3 ( \ c0(2 t~2> +

 2 , q^) +
 s . c ^ 2 t ^ 

1 2 

(continue 
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,equation (57) continued) 
t - 2 

2
a c (2 t -a . -2 ) j _ ^ » (2t-U) 

S S J K 0 ° 
S = 3 

t - 3 
h V 2R r ( 2 t - 2 s - 6 ) 3 ( 2 t - 2 ) 

S=l 

t - 2 oo 

- 3 Y % D (2t-2-^) + 3 Y 2f A (2 t-2) 
z\ s s L 's s 

s=i s=i 

3 2... 
s=i 

% B < 2 t - 2 ) 
. tos s 

I^JkJ 

+ 4 I % B. ;at-it) 

S = l 

2 t ' = (\) + (aa C ^ " 2 ' + \ Cl(
2t"^ + *a ^ - V 

S = 3 S = l 

t - 2 
^ ( 2 t - 2 s - 6 ) z ( 2 t - 2 ) V 2 ( 2 t - 2 s - * 0 

S - i 

A <2t-2> + % B < 2 t - 2 ) + y a j „ B „ ( 2 t - ^ , 
s=i 

s s z_ ° s s 
s=i S = l s s 

A 
2t) /t x / , n > , n _ ( 2 t ) n • = ( a ) - ( n k - l ) ( a C0

V ' + a Cx
 x ' + a C2 
;2t-2) n n (2t-2 

+ f n * C &'**) +
n d D 0 ^ / f nd D ( 2 t - 2 s - 2 ) 

Z. s s o Z_ s s 
o—3 S—I 

n § 1 , 

B ( 2 t ) - ( S ) H (n
8 C A

( 2 t ) • Qa C ( 2 t - 2 ) f V n - - ( 2 t " 2 s ) 

n n o " i 

+ e Dr 
2 t ) 

t - i 

S = 3 

n e B ( 2 t - 2 s - 2 ) _ 
s s 

( c o n t i n u e d ; 
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equation (57) continued) 

2t) ,t 2t) n n (2t-2) 
C v ; = ( C ) + (n+l)( a C0

K J + a C, 
n n v o u l -1 

3 C 
nc C ( 2 t" 2 s ) 

s s 
)-n= Y Db(2t-2) 

S=3 

t-S 

- n 
V nQ _ (2t-2s-i+) , . v n _ (2t) 
1 h V - (n+l) Yo D° 
S=l 

t-1 

n+1) I -
S=l 

Y D 
s s 

2t"2s-2) + f„+l) Y
 nf A (2t) 

' L> s s 
s=i 

+ (n+1) \ 
s=i 

ng B <2t> 
^S S 

n, ^ (2t-2) 
s 

+ n2 Y j B 
Z_. s r 
s=i 

(2t) _ ,t 2t) n _ (2t-2) ^ n n (2t-2) 

n-a 

/ U , \ f LI „ , \t^UJ II ~ \ C \ j - d . } LL ~ 

= ( d ) + ( a C0
 v J + a C1

 K ! + a C. n' o 

+ f \ C (2t"2s)) - (n-l) nfS D0
(2t"2) 

Ẑ  s s ' v o u 

S=3 
t-2 

, n x V nn -n (2t-2S-U) n _ (2t) 
- (n-l) > p D v ' - Y D0

V y 
v ' zL s s o ° 

S-l 
t-1 =° 

n D (2t-2s-2) + C n A (2t) 
s s L. s s 

S=l S=l 

n o (2t) , ^ V n. B (2t-2) 
g B v y + (n-l) ) j B v , n 
°s s s y Z_ s s ' 

S=l S=l 

57: 

where the first terms in the right hand side are determined from the terms 

containing — v2 in equation (5^)-

It is seen that the validity of the solution by this method depends 

largely upon the convergence of the series (56) • In this context Saito 

file:///C/j-d


remarked^ "To establish the convergence of such series analytically is 

very difficult. However, numerical computations carried out for the case 

when X is small indicate convergence of these series and seem to give 

reliable values practically." 

In regard to the procedure for determining the constants, one has 

to adopt the following. First the case of t=0, i»e., the first approxi

mation of the constants has to be determined. Using these values, the 

second approximation (t=l) can then be found easily from equations (57)° 

In this way, by repeating the calculations, the coefficients of each ap

proximation are determined in terms of the preceding coefficients. After 

several iterations the coefficients do not change appreciably and the 

values obtained are taken to be the required ones* In this manner all 

of the A's, B's, C's, and D's are determined, and hence the functions, 

equations (hj) and (kQ), are fully known. Upon substitution of these 

functions into equations (̂4-3) and (MS), the stresses a , o~fi, T fi and 

a , a , T are completely determined. One of these stresses, namely <j 
p 9> pp P 

around the edge of the noncentra.1 hole, is extremely important and is 

readily obtained from the first of equations (k6). Noting a =0 along the 

boundary of the hole, one has 

a - 1 v2 (b~)2 i {- (l+v)(l+\a) - (1+v) A cosp (58) 
9> g a 

+ I q A. f~ cos nfp] + k B0 + k ) X D cos rv<p 
n=o n=2 

oo oo co 

^ I ( I \ \ - I X 0 *" - »" 
n=o s~i s=o 



This equation is used in Chapter IV in the development of the solution 

for stresses around noncentral holes in a rotating tapered disk. 
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CHAPTER IV 

DETERMINATION OF STRESS CONCENTRATION FACTORS FOR NONCENTRAL 

HOLES IN A ROTATING TAPERED DISK 

A determination of stress concentration factors for noncentral 

holes in a rotating disk with linear taper is formulated in this chapter 

with the help of the results of the analyses presented in Chapter III. 

One has already seen that the solution of Martin and Bisshopp presents 

an analytical method of determining the centrifugal stresses in tapered 

disk with a central bore, whereas the solution of Saito determines the 

stresses in a rotating uniform disk containing a symmetrical set of non-

central holes only. By suitably combining these two theories, an analy

tical method is developed here for the determination of the stress con

centration factors and hence the stresses along the boundary of a noncentra] 

hole. 

The method so developed is limited to relatively small angles of 

taper, that is, for which a plane-stress solution is valid. In addition, 

it is further postulated that the stress concentration factors for a hole 

in the centrifugal field of a uniform disk will apply to a geometrically. 

similar hole similarly situated in the centiifugal field of a tapered disk 

having the same outside diameter as that of the uniform one. 

As was shown, the tergcntiaJ stress, [L,, at the edge . f t>e non-

central hole in a uniform rotating disk is given by (Eq. 58, Chapter III) 



1+1 

°„ = 7 v* &' i t" ( l+«)(l+^) - (1+^) X c ° s * (58) 
p g a 

+ ) q X cos n(fi} + 4 B0 + ^ y X D_^ cos n<p 

00 00 00 

^ I (I \\-1 \ ^ n « -
n=o s=i s=o 

in which the constant coefficients B's and D's contain the term — v2 in 
g 

them. Saito defined a stress concentration factor based on the maximum 

stress in the corresponding solid disk in the following manner. The maxi

mum stress in a rotating uniform solid disk occurs at its center and it is 

(Ref. 37, P- 71) 

3+v Y G0 = -^- - v2 , where v2 = (oua)2 (59) 

Let o~ , equation (58), be divided by o~0, equation (59) and call the quo

tient k (Saito's stress concentration factor), k may be then expressed 

in this form. 

k = A + B cos<p + C cos 2<p + D cos 3<P + • • • (60) 
o 

where 

Y 2 ,b\2 
A = 

(3+v) ̂
 L" * g ̂  0 {(1+v)(l^2) - % ^ ] + h B0 

(. A \ Bs " I \ Ds)j 
s=i s=o 



k2. 

3+v) yv2 '-i£v* & U+v) X + H v * (|)2 q,X3 
£ a. R cl 

+ 4(I \ B, " 1 \Ds)X] 
s=i s=o 

c-<i^[*^&"^4 + ^ * W J [ " j 

2 . .. \ -, ~1 

S=0 
S S; D_ ] r j 

CO 

D = 7 ^ - s - [* ̂  v2 (£)" q,\s + 4 X-»D. + h( Y 3j B 
3+v) Y1^ LE g va' ̂  x V 4, s : 

o— 1 

\ Ds ) 
s=o 

The values of A_, B, C, D_, etc. are obviously dependent on B's^ D's, q , 

j , 3 , etc. which in turn are determined from equations (52) and (56) 

in Chapter III. Saito has reported these values in his paper (Ref. 30) 

Q 

for several values of —, X, k, and v. Table 2 shows one such set of 
a 

values for k = 6 and v = 0=3-

For the present problem of determining stresses around the non-

central holes in a tapered disk, these results are very conveniently 

employed as follows. 

We define the stress concentration factor at a point on the bound

ary of a noncentral hole in a uniform rotating disk as the ratio of the 

stress tangent to the boundary at the point of interest to the tangential 

stress that would occur at the same point in a corresponding uniform solid 

disk. This enables one to see the influence of the noncentral hole on the 
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magnitude of the stress that would exist in a corresponding unperforated 

disk. Thus the stress concentrations around "Che noncentral hole based on 

this principle is 

kl . * (6! 

where (<j ) = tangential stress in solid, uniform rotating disk at 
e 0

7u 
point corresponding to the location where a is the stress 

tangent to the boundary of a noncentral hole in a uniform 

perforated disk of otherwise similar geometry 

By (Ref. 31, p. 71) 

( \ 3+v y /n2Q2 f, l+3v r 2 \ ,, , 
[Or, ) = —c ou a II - -5— o" I"2J 
Go'u o g \ 3+v ad/ 

Using k from equation (60), equation (6l) is rewritten as 

Or 

S l G9o ;U 

In view of equations (59) > (w), and (62), equation (63) becomes 

k, = (A + B cos^+ C cos 2^+ . . . ) • g- (6k) 
n l+3v £_x 

3+v a 

This result will now be applied to the tapered disk in determining its 

stresses around the noncentral holes.. Initially the disk of interest is 

imagined to be replaced by a ""filled" disk. That is, a disk geometrically 

similar except that all noncentral holes are filled with disk material. 
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Any central hole is undisturbed. Then by following the procedure due to 

Martin and Bisshopp, the tangential stress in this disk is calculated 

using equation (30) in Chapter III. The constants A-|_ , Ag appearing in 

this equation are evaluated from the known boundary tractions prescribed 

on the outer and inner edges of the disk° Next, to determine the actual 

stress at a point on the boundary of a noncentral hole in this tapered 

disk, the factor kx, equation {6k), is used to multiply the stress at a 

corresponding point as obtained from Martin-Bisshopprs solution. Thus 

°P tapered k l CTeo t a p e r e d ' ^ 

where an , -, is the tangential stress at the point of interest in a 
60 tapered

 to 

corresponding tapered disk without the eccentric holes 

and is given by equation (30), Chapter III 

CTe0 tapered " M * + Vto + F"Js (30) 

where F, qx, and qg have their meanings defined by equations (^a) and 

(28) in Chapter III. Further, qx , qg , and q3 are obtained from Table 1. 

Introducing equations (6k) and (30) into equation (65) one obtains 

= (A + B cos? + c cos I<P + . . . . ) ^ + ̂  + F(^ (66) 
9 tapered v ' ( q+3 V r

2 s 

3+v a* 

From equation (6k) it is obvious that kx is a function of (r, £?, v) 

For geometrically similar disks, if Poisson':j ratio is the same, this fac-
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tor kx itself is independent of speed and mass density. 

The concentration factor k is based on the stress at the center 
s 

of a uniform rotating disk without a central hole. The factor was then 

redefined as kx which is based on a local stress rather than a central 

stress, but still referred to a solid uniform disk. The justification 

for the application of kx to a tapered disk with a central hole lies in 

an assumption that the local stress concentration will behave in the same 

manner if the noncentral holes for the two cases have the same diameters 

and location radii. In this way, if the actual disk contains a central 

hole, the filled disk will also contain a central hole, and the effect 

of such a central hole is thus included in the analysis. 

A better result would undoubtedly be obtained if kx is based on a 

uniform rotating disk with a central hole and containing a ring of periodic 

noncentral holes. An analysis for such a problem is difficult because of 

the algebra involved (see Chapter VIII). 

As an illustration of the application of the theory developed here, 

consider a tapered disk of plastic having mass density 1.152 X 10 4 lb-sec2 

per in.4. The pertinent dimensions of the disk are given in Figure 2. 

The speed of rotation is 1680 r.p.m. 

The initial step is to obtain the solution for a similar disk, but 

without the noncentral holes, that is, a filled disk. In view of this, it 

is necessary to determine first the constants A1 and Ag in equation (66) 

using the proper boundary conditions in Martin-Bisshopp's solution, equa

tion (29), Chapter III. 
For the disk under consideration 
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HI 

a = 3.1 in. 
b = 1.8 in. 
c = 9/32 in. 
d = 0.25 in. 
hj = 0.75 in. 
h0 = o.1 in. 
R = 3.5 in. 

Figure 2. Profile of a Tapered Disk Containing Six 9/l6 Inch 
Diameter Noncentral Holes 
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inside radius d = 0.25 inch 

outside radius a = 3-10 inches 

radius up to the knife edge, R = 3*50 inches 

Since x = r/R 

One obtains for the inner edge 

= d _ 0,25 Q 7 1 5 
Xi R 3-50 u ° u ^ 

and for the outer edge 

a 3.10 nPc-
X° = R = 3^0 = °-8&5 

Angular speed of the d isk 

a . 2 T T ^ 6 8 Q ) = 175.8 r a d . / s e c 

F = - cu2R" 

= (1.152 x 10" 4 ) (175>8) 2 (3°500) 2 

= ^3-7 p s i 

Corresponding to the values of x., x0 the stress coefficients p x , p 2 , p3 

in equation (29) are obtained from Table 1 in Chapter III. The inner and 

outer boundaries of the disk are free from tractions and hence 

(A1P1 + A2ps + Fp 3) r = d r = 0 
r=d 

(continued 
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(A l P l + Agpg + Fp3) = a 
r~a i 0 

= 0 
r=a 

S u b s t i t u t i n g the values of p I J ( p3 , p3 from the t a b l e i n t o these equa t ions , 

one ob ta ins 

A1 (1.5183) + A2 (-133.261+7) + (^3.750) (0.1728) = 0 

Ax (9.3188) + Ag (-0.1^28) + (U3-750)(0.0U87) = 0 

The solution of these equations yields 

A1 = -0.2305 

Ag - 0.05^2 

Now, using equation (66), which was derived from the stress concentration 

factors as described earlier in this chapter, the boundary stresses around 

a noncentral hole will be found. Thus for <p - 0° (see Figure 2) 

r = 2.08l inches 

x - ̂ 081 _ 
X " 3.500 " °' 5^ 

and from Table 1 corresponding to this x 

qi = 2.3518 

qs = 3.8612 

% = 0.1582 

For the type of material considered here, v is taken as 0.3* Substituting 

these values and the values of A, B, C, etc. from Table 2 corresponding to 
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X (i.e. ratio of the radius of the noncentral hole to the location radius 

of holes) = O.I56 into equation (66), one obtains 

[1 .442 _ 0 .084( l ) + 0 . 2 4 ( l ) + 0.057(1) - 0.005(1) - 0.001(1) + 0 - 0 ] X 

[-0.2322 (2.3672) + 0.053 (3-9138) + 43*750 (0-1572)] 
a 
? , 1 . 9 0 0 ,/2.o8l\ 

2 

1 - Is: 3.300 V3-ioo; 

(I.649H6.5865) 
0.7380 

= 14.700 psi 

The stresses around the noncentral hole for other values of <p are calcu

lated in a similar way and displayed in Table 3« Only the stresses on one 

half of the circumference are shown, as the other half is symmetrical. 

Table 3. Theoretical Stresses Around'9/16 Inch Diameter Non-
central Holes in the Tapered Disk Shown in Figure 2 

(p dego o psi. 

0 1^.700 

30 13.380 

60 10.725 

90 10.800 

120 12.400 

150 14.000 

180 14.850 

In addition to this disk, the stresses around the noncentral holes 
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in two other disks, whose dimensions and profiles are shown in Figure 3? 

were also calculated. The disk which contains three-fourths inch diameter 

noncentral holes had a speed of rotation of 2670 rpm and the other disk 

with seven-eighths inch diameter holes had a speed of rotation of 1680 

rpm. The stresses resulting from such calculations are given in Tables 

k and 5. 

Table k. Theoretical Stresses Around 3/4 Inch Diameter 
Noncentral Holes, rpm 2670 

<jp deg. G(p psi 

0 37-200 

30 33.100 

60 26.600 

90 27.200 

120 32.0^0 

150 3 5 ^ 0 0 

180 35-600 

A1 = -0 .6o4 , A2 «= 0.130, F = 110.400 p s i , X = 0.208 
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R = 3.75' 

=n R" =0.6 

PROFILE OF A DISK 
CONTAINING 7/8 INCH. 
DIAM. NONCENTRAL 

HOLES. 

b. PROFILE OF A DISK 
CONTAINING 3/4 INCH. 
DIAM. NONCENTRAL 

HOLES. 

Figure 3 . Tapered Disk P r o f i l e s 



53 

Table 5« Theoretical Stresses Around 7/8 Inch Diameter 
Noncentral Holes, rpm 1680 

£>deg. % psi 

0 16.4oo 

30 14.550 

60 11.000 

90 11.900 

120 15.556 

135 16.000 

150 15*330 

180 i4.4oo 

A2 = -0.555, A2 = 0.0492, F = 50.400 psi, X = 0.243 

In Chapter V the results given in Tables 3? ^ and 5 are verified 

photoelastically. 
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CHAPTER V 

PHOTOELASTIC ANALYSIS OF STRESSES AROUND NONCENTRAL 

HOLES IN A ROTATING TAPERED DISK 

In order to verify the results of the theoretical solution presented 

in the previous chapter, an. experimental procedure was needed. Photoelas

tic stress analysis was considered the best for the purpose, In this 

chapter, a photoelastic analysis of the stress field around the noncentral 

holes in the tapered disk is described and compared with the results theo

retically obtained.. The procedure adopted here is the well known "frozen 

stress" technique in standard photoelastic analysis. 

Experimental Procedure 

Models 

For photoelastic analysis, three disk models and a calibration 

member of Bakelite ERL 2795 epoxy resin cured with. ZZ-L-08l4 were cast in 

aluminum moulds using ordinary paste wax as a mould release. The mixture 

ratio of +̂0 parts by weight of ZZ-L-08l^ to 100 parts of ERL 2795 was 

used. This mixture ratio has been used by other investigators at Georgia 

Tech and has proved very satisfactory. It should be mentioned that the 

curing reaction for larger quantities of this plastic becomes highly exo

thermic 10 to 15 minutes after the initial mixing, and it was necessary 

to pre-chill the molds for the disks with ice water and to keep them cool 

for the first half hour or so. The small mold for the calibration member 



55 

did not require cooling due to its smaller mass but,, in fact, was heated 

slightly by means of a ligho bulb hung over it in order that its curing 

time and temperature would approximate those of the disks« After removal 

from the molds, in order to insure more uniform curing, the castings were 

put in the stress freezing oven and given a post-cure which consisted of 

the following cycle0 

1. Heating to 250°F, 30 minutes, manual control. 

2. Soaking at 250°F, 120 minutes, automatic control. 

3» Cooling to room temperature, 5°F per hour, automatic control. 

Each disk was machined on a Bridgeport milling machine, the in

dexing head of which was used to mount the disk during machining. The holes 

were first drilled slightly under size and then brought to size by milling 

and reaming. The taper was cut by means of an end mill, swiveling the in

dex head an appropriate amount and then rotating the head with the disk 

mounted on it. The calibration member was machined on a Gorton Pantograph 

router; a Palmgreen adjustable rotating head was used, to mount the calibra

tion piece during machining<, 

The dimensions of the disks and the sizes and configurations of the 

holes were essentially the same as those reported in the previous chapter 

on the theoretical stress analysis (see Figures 2 and 3)« 

Equipment 

The following is a list of equipment and apparatus used in the 

experiment. 

1. A stress freezing oven. 

2o A 1000 watt chromalox heating element and a copper-constantan 

thermocouple. 
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3- An automatic heating and cooling control unit designed and 

installed by Minneapolis-Honeywell, Inc. This unit is described in more 

detail later in this section. 

k« A 0° to ̂ 00°F mercury thermometer to make frequent checks of 

the oven temperature. 

5« A squirrel-cage induction motor of one quarter hp as a driving 

unit. 

6. A strobotac to determine the speed of rotation. It had a low 

range of 600 to 3700 rpm and a high range of 2̂ -00 to 1^,500 rpm with 

separate adjustments for each range. 

7° A photoelastic bench with all its testing units, namely, po

larizer, analyzer, quarter-wave plates, separate monochromatic and white 

light sources, screen and camera. 

The stress freezing oven was designed and fabricated. It was es

sentially a wooden box approximately 18 inches long, 15 inches deep, and 

15 inches wide. It was lined with aluminum sheet 0,0̂ -0 inch thick. Inside 

this aluminum sheet was a five-eighths inch layer of asbestos compound, 

and inside this a layer of aluminum foil. The purpose of this arrangement 

was principally to help minimize temperature differentials in the box as 

well as to provide insulation against heat loss and to protect the wood 

from any hot spot which might develop under some conditions. 

The top of the oven, which was removable, had four holes to provide 

insertion of the thermocouple, the heating element, the thermometer, and 

the loading cable of the calibration piece. It also had two small grooved 

pulleys over which the light weight flexible metal loading cable from the 

calibration piece was led. Two opposite walls of the box were drilled at 
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seven and one-half inches from the top and seven and one-half inches from 

one end to receive ball bearings. A steel, shaft, specially designed for 

the purpose, was inserted horizontally into the box and mounted in the 

bearingso The shaft had a stepped grooved pulley on one end, and the 

other end was threaded to receive a lock. nut. It was designed to provide 

enough space to receive up to three disks, two small fan blades, a light 

compression spring, and suitable spacers (see Figures k and 5)-

A 1000 watt chromalox heating element extending downward into the 

oven was used. A separate electric cable led from the head of this ele

ment to the control unit through a switch by means of which the heating 

power could be reduced to 5̂ 0 watts. This feature was especially useful 

during the cooling process. 

In order to record and control the temperature in the oven, a 

copper-constantan thermocouple was used. From time to time the thermo

couple reading was checked against a mercury thermometer inserted in the 

oven. The agreement of the two readings was always within one degree 

Fahrenheit. 

The heating and cooling of the oven was controlled by a unit de

signed by Minneapolis-Honeywell, Inc. The principal features of this 

unit consisted of 

1. a Brown Electronic recording potentiometer with a range of 

50°F to 350°Fj 

2. the control center containing the power switch to the heater 

itself, a reset rate control to determine the frequency of heating pulses, 

a proportional band control to determine the ratio of the length of the 

heating pulse to the total reset time, and an overriding manual heat con-



Figure k. Photograph of Stress Freezing Equipment vn 
Co 



Figure 5* Details of Stress Freezing Oven and Cover VJl 

MD 
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trol switch; 

3« a program start switch; 

k. heating and cooling rate controls with a temperature rate range 

of from 0°F to 5°F per hour. When necessary, these controls were over

ridden manually by moving the upper indicator on the potentiometer to the 

desired temperature; and 

5. a soaking timer relay which could be set for any period up to 

-̂80 minutes by turning the control knob on the timer, 

Stress Freezing 

The disk models were secured near the middle of the shaft by means 

of spring loaded collars. On each side of the set of disks a small fan 

blade was mounted to insure adequate circulation of air within the oven 

and maintain uniform temperature throughout. The calibration member was 

mounted in its loading rig which was a frame attached to the inside of the 

top cover of the oven. The calibration member was loaded in direct ten

sion. The shaft carrying the disks was driven by means of a light weight 

V-belt from the motor. 

The control unit was set to provide the following heating cycle. 

1. Heating to 275°F in about 30 minutes, manually controlled. 

2. Soaking at this temperature for 120 minutes. 

3. Cooling to room temperature, 5°F per hour. The soaking and 

cooling portions of the cycle were automatically controlled. 

The three disks were run at 1680 rpm. After the runs were completed, 

it was noted that the disk with the three-fourths inch noncentral holes 

not only had a very poor fringe pattern, but it had been made from a bad 

casting. Another disk with the same geometry was then used. Since the 
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fringe orders were rather low in all three specimens, the additional disk 

was run at 2670 rpm. 

At the end of each run, when the temperature in the oven reached 

room temperature, the motor was stopped, and the disks and the calibration 

member were removed from the oven. 

The disks and the calibration members were then given a light coat 

of rose oil, and the fringe pattern of each was photographed using mono

chromatic (green, 5̂ +6l A) light in the polariscope (see Figures 6, 7 , 8, 

and 9). 

Stress Analysis from Photoelastic Data 

The stresses in each disk tangent to the boundary of a noncentral 

hole in that disk were determined experimenta]ly as follows. 

From the calibration member, which was loaded in direct tension, 

the material fringe value was determined by the equation (Ref. 11, p. l6l) 

where 

P is the applied load 

t is the width of the member at the shank 

n is the fringe order in the shank of the member as determined by 

the Tardy Compensation method (Ref. lk, p. 863)-

For this member 

P = ^.00 lbs 

t = 0.500 inch 

n = 7.20 
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Figure "'rozen Stress Pattern in the Calibration Member 
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Figure 7- Frozen Stress Pattern for Disk with 9/l6 Inch Eccentric 
Holes (rpm l68o) 
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Figure 8. Frozen Stress Pattern for Disk with 3/^ Inch Eccentric 
Holes (rpm 2670) 
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Figure 9* Frozen Stress Pattern for Disk with 7/8 Inch Eccentric 
Holes (rpm l68o) 
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Therefore 

r =
 k'00 

2(0.500)(7-20) 

= 0.555 lb per fringe inch 

At various stations in the disk around a noncentral hole,, the values of 

0 - 0 were determined by the familiar stress optic law (Ref. 11, p. 156 
r f-1 

= ̂  (68) 
^ p h 

Since the noncentral holes are free from traction 

a - 0 
P 

and equation (68) gives 

<*. = -¥ (69) 
p h K y/ 

At a point on the hole boundary nearest the outside of the disk (i.e. at 

= 0°) for nine-sixteenth inch diameter holes, 

n = 4.20 

h = 0.320 inch. 

2(4.20)(0.555) 
CL, = 

<fi 0.320 

= 14.58 psi 

In this way, the values of a around one half of the circumference of the 

noncentral holes (because the other half is symmetrical) in each disk were 

calculated and the results given in Tables 6, "J, and 8. In these tables, 

the values of a were rounded off to three significant figures. 



Table 6. Photoelastic Stresses Around 9/l6 Inch Diameter 
Noncentral Holes, rpm 1680 
(Other information as per Figures 2 and 7) 

•pde'g. h inch % Psi 

0 

30 

60 

90 

120 

150 

180 

i+,20 0.320 

i+.OO 0.3^0 

3-50 0.370 

k.QO 0.U10 

5.00 0.U50 

5*75 0.^60 

6.00 0.U70 

13 = 1 

10.5 

10.8 

12.3 

13.9 

1U.2 

Table 7- Photoelastic Stresses Around 3/̂ - Inch Diameter 
Noncentral Holes, rpm 2670 
(Other information as per Figures 3 a^d 8) 

£>deg. h Inch 0̂ , psi 

0 

30 

60 

90 

120 

150 

180 

8.75 0.268 

8.00 0.270 

7.00 0.300 

8.00 0.330 

10.00 0-355 

12.00 O.385 

12.50 0.395 

36.2 

32.9 

26.0 

27.0 

31.2 

3^. 6 

35-2 



Table 8. P h o t o e l a s t i c S t r e s s e s Around 7/8 Inch Diameter 
Noncentral Holes , rpm 1680 
(Other informat ion as per Figures 3 and 9) 

<pdeg. n h inch a p s i 

0 3-5 0.21+0 16.2 

30 3.25 0,250 Ik.k 

60 3-00 0.300 11 .1 

90 1+.00 0.370 12.0 

120 5.5O 0.39^ 15.5 

135 5-75 0.398 16.0 

150 5.50 o.i+oo 15.3 

180 5-25 0.1+15 l U . l 

The maximum stress at the edge of the central hole of the disk con

taining nine-sixteenth inch diameter noncentral holes, from photoelastic 

frange pattern is 

2 ( 7 ) f c p 5 ) = 11-82 psi 

The corresponding stresses in the other disks are 

0 £08 = 31*° p s i (disk w i t h 3 A in. holes 

and 

o?6oo = 13'° psi ^disk with 7/8 in° h o l e s) 

These stresses are seen to be less than the maximum stresses at the edge 

of a noncentral hole in the corresponding disks. 
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CHAPTER VI 

DISCUSSION OF RESULTS 

The mathematical analysis of the elastic stress problem pertaining 

to a rotating tapered disk, with noncentral holes is extremely difficult. 

Even the analysis of the stress field in a uniform rotating disk with both 

central hole and uniformly spaced noncentral holes is beset with algebraic 

complication (Chapter VIIl). In view of these, a recourse has been made 

in utilizing the existing theoretical solutions of a tapered disk with a 

central hole (Martin-Bisshopp) and a uniform disk with a symmetrical array 

of noncentral holes (but no central hole)(Saito) and constructing therefrom 

a solution that yields the stresses tangent to the boundaries around the 

noncentral holes in a tapered disk of the type considered here. An accu

rate analysis of this highly stressed zone is essential in order to design 

the disk properly, and the method developed here appears to give extremely 

good values. It should be pointed out that in the immediate region of a 

hole the largest stresses occur at the hole boundary itself, 

The results of the theoretical analysis presented in Chapter IV re

veal a set of large stresses surrounding each eccentric hole in the tapered 

disk. These stresses were subsequently confirmed experimentally by the 

analysis of the corresponding photoelastic fringe patterns. Both the theo

retical and photoelastic results are plotted in Figures 10, 11, and 12 for 

comparison. 

From these graphs one can see that the theoretical stresses are 
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16 U 

psi 

30c 60° 90° 120° 150c 180c 

THEORETICAL 

EXPERIMENTAL 

9/16 INCH DIAMETER HOLES 
RPM 1680 
X =0.156 

Figure 10. Stresses Around 9/lb Inch Diameter Noncentral Holes 
in Rotating Tapered Disk 
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-z^=* 

THEORETICAL 

EXPERIMENTAL 

3/4 INCH DIAMETER HOLES 
RPM 2670 
X = 0.208 

30"- 60° 90c 120c 1501 1801 

Figure 11. Stresses Around 3/̂ - Inch Diameter Noncentral Holes 
in Rotating Tapered Disk 
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psi 

3(r 6cr 90° 120° 150*- 180c 

THEORETICAL 

• - - • _ _ • EXPERIMENTAL 

7/8 INCH DIAMETER HOLES 
RPM 1680 
X =0.243 

Figure 12. Stresses Around 7/8 Inch Diameter Noncentral Holes 
in Rotating Tapered Disk 
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only slightly higher in magnitude than those determined experimentally 

and there is a remarkably close agreement between them throughout* For 

practical design, of the disk based on strength, the stresses obtained from 

the theoretical analysis can be relied upon,, as these appear to be con

servative. 

A comparison of the critical, stresses at the edges of the central 

holes with those around a noncentral hole in the corresponding disk shows 

that the latter stresses are about 2k percent larger than those around the 

central hole. This suggests that the maximum stress occurring in the 

vicinity of the noncentral hole should be considered as a governing fac

tor in the design. However, no such conclusion should be made in any 

case where the central hole has a keyway or a set of splines, or in cases 

where the total taper is considerably different from the approximately 12 

degrees used here. 

Due to machining difficulties, the taper in all the disks could 

not be maintained precisely the same, and there is a slight variation in 

their degrees of taper* Nevertheless, as the tapers used in all the disks 

are quite moderate, the following feature is remarkably common to all of 

them in spite of the variation in taper,. The minimum stress is found to 

occur at values of (f between 60° and 75° an(i "the stress level between 

<P- 60° and 90° is about 33 percent less than the maximum stresses, The 

maximum stress points are mostly confined to the edges of the holes at 

<p= 0° and l80°, when the noncentral hole size is small, but, with the 

increase of diameter of the hole, the maximum stress position moves out

ward from <p = l80° along the boundary to a point on the boundary near the 

minimum section between adjacent holes. When the diameter of the hole is 
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less than three-fourths inch (i.e. X < 0*2), the stress peaks occur at 

<p- 0° and at l80° as usual: but with increase of diameter, the stress at 

(f= l80° decreases with a corresponding increase in. stress at (p in between 

120° to l80°. The stress at 9? = 0° increases correspondingly* Notice 

that in case of seven-eighths inch diameter noncentral holes, the maximum 

stress position has shifted from <p= l80° to p= 135°° Even with three-

fourths inch size holes, there is a marked tendency of a stress increase 

at P in between 150° to l80°. This is because, with the increase of the 

size of the holes, the material in the web region in between two neigh

boring holes as well as that between the outer edges of the disk and the 

hole is reduced with a corresponding increase of stress in these regions. 

Before concluding this section, a word of caution is inserted here. 

The reader is advised against applying these results to disks with tapers 

appreciably beyond the tapers used in. the present work without further 

investigation, 
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CHAPTER VII 

CONCLUSIONS 

The results of this investigation lead to the following conclusions» 

1. Introduction of noncentral holes in rotating tapered disks 

creates local stresses which are,, in general, larger than the stresses at 

the central hole. 

2. For X < J {\ being the ratio of the noncentral hole size radius 

to its location radius) and for the values of taper used here (a total 

taper on the order of 12 degrees)., the stress peaks in the disk occur at 

points on the noncentral hole boundary furthest from, and nearest to, the 

disk center; that is, at <p = 0° and <P= l80° . 

3» As X increases beyond one fourth, the stress peak nearest the 

disk center, p= l80°, shifts from that point toward the minimum section 

between noncentral holes, i.e. toward p- 120°, with a corresponding de

crease in the stress at #? = l80°„ 

h. The maximum stress around a noncentral hole in a tapered disk 

is a governing factor in the design of the disk and can be reliably and 

easily determined by means of the stress concentration factors developed 

in Chapter IV. 
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CHAPTER VIII 

AN ANALYTICAL APPROACH TO THE CONSTRUCTION OF A STRESS 

FUNCTION FOR A UNIFORM ROTATING DISK 

WITH CENTRAL AND NONCENTRAL HOLES 

In the following pages an analysis is given for the construction 

of a stress function for a uniform rotating disk with a central hole and 

a ring of equally spaced noncentral holes. 

Figure 13. Geometry of Rotating Uniform Disk 
with Central and Noncentral Holes 

A rotating disk with only a single hole at its center is a problem 

in which both stresses and displacements are functions of r only. Intro-
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duction of noncentral holes destroys the symmetry of the stress and strain 

fields and as a result stresses and strains become functions of both r 

and 6. 

In the following analysis all of the usual assumptions regarding 

isotropy and homogeneity of the material and linearity of the stress and 

strain fields are made. The disk is assumed to be perfectly balanced and 

under the action of centrifugal force only- In addition, a condition of 

generalized plane stress is assumed to exist. 

The quasi-static equations of equilibrium of the disk are obtained 

by considering a small element cut from the disk and balancing the forces 

acting on it in r and Q directions separately. These are 

f- (r a ) + Br r' 

3 T r9 
- 0\ ^ ou2r2 (70) 

~- (r2 T J + r 
dr r9 

da, 
= 0 (71) 

The equation of compatibility in this case is 

3Y r6 B3Y 
+ r 

r9 
Br B6 

2r 
Be^ 

Br 

b2e, 

Br* 

Be. B2e 
+ r Br B6' 

= 0 (72) 

The kinetmatic relationships are 

ê  = - + -

r6 

Bu 
Br 

u 1 Bv 
r r Be 

1 Bu Bv 
r B6 Br 

V 

r 

> (73) 
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and the stress-strain relationships are 

£r = I ( Gr " V C T6 ) 

ee = I (ae " V Gr } 

2(l+v) 
V = — T 
Yr0 E r9 

The solution of equations (JO) and (?l) satisfying the compatibility and 

the physical requirements of the problem can be conveniently achieved by 

means of a stress function §(r,9). Before such a function is defined, let 

the equilibrium equations be examined. Equation (70) has a body force 

term on its right hand side. This force is a function of r only* The 

occurrence of the radially varying body force in the equation of equili

brium motivates one to start with a symmetrical problem: a problem per

taining to the rotating uniform disk having the same dimensions and ge

ometry as that of the original one, except the presence of the periodic 

noncentral holes. The solution of this symmetrical problem, which is 

easily obtained, is then modified to account for the noncentral holes of 

the original disk in such a way that the proper boundary conditions are 

established at the edges of the holes and at the inner and outer boundaries 

of the disk. 

With this idea in mind, the first step in the analysis is to imagine 

the original disk not having the noncentral holes and to obtain a corres

ponding solution for this. Since the stress distribution in case of the 

disk without the noncentral holes is symmetrical vrith respect to the axis 

> (7*0 
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of rotation of the disk, the stresses and displacements are functions of 

radius, r, only. The equations of equilibrium and compatibility associ

ated with this case are 

\ 

d- / \ Y 2 2 .-,..,. 
^— (ro~ ) - of- = - — co r equilibrium 
dr r0

y 90 g 

deQ 

eQ - e + r - ° = 0 
8n rn dr 

compatibility 

75) 

/ 

The subscript, o, is used to indicate the radial distribution of 

stresses and strains. 

If a stress function §0(r) is defined as follows 

1 d§, 
rn r dr 

d2 $n Y 2 2 
dr2 g 

> (76) 

and equations (76) are introduced into equations (75)j "the first equation 

of (75) is found to be identically satisfied and the second one yields 

+ r ' a <k 4. . lia _ M i + (3+v) Y ̂ 3 = 0 

dr"" dr dr 
(77) 

the general solution of which is 

60(r) = Ct + C2 log r + C3r2 

32 g — ou r (78) 



where C±, C2 , and C3 are arbitrary constants. Since Cx does not affect 

the stress system, equations (76), it may be dropped from equation (78). 

Thus 

&0(r) = C2 l o g r + C 3 r 2 - ^ | cu2r4 
(79) 

In view of equation (77) > the stresses are given by the following expres

sions 

9s. or 3+v Y m2 a 
r0 r

2 3 8 g 

a. + 2C, - ̂  * w2: 
'0 r 

2 ' ^ 3 

> (80) 

Using the boundary conditions 

a = 0 at r = d and r = a 
ro 

one obtains 

C8 = . 3jv v ^ ^ 

C3 = ^ ^ 2 ( a 2
+ d

2 ) 15 

> (81) 

In view of these values, equations (80) yield 

,2-,2 

r0 ° S 
3+v Y 2 / 2 ,2 a d" 

u T ( a 3 + d 2 - r 3 ) 

uo ( a 2 + d 2 + 
,2 -,2 3+v Y ...2 / „ 2 , , 2 + a"d" l+3v , 

,2 - 3 + v 
r 2 ) 

> (82) 

which a r e r e c o g n i z e d t o be t h e s t r e s s e s i n a r o t a t i n g u n i f o r m d i s k with, a 
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central hole. 

When the disk is perforated by the noncentral holes, the stress 

function $0(r) leaves boundary tractions on the edges of the holes, thus 

not giving the true solution. 

Therefore the main concern, hereafter, will be to construct two 

correcting stress functions with the help of the equations (70) (without 

-X-

body force term ), (7l)> and (72), which will eliminate the boundary trac

tions produced on the holes by §0(r) and which at the same time will not 

violate the traction free situations on the inner and outer edges of the 

disk. 

Let $ be some correcting stress function, which is defined as c 

follows. 

n d§ n d * 
1 c 1 ' 

cr ~ r ar r
2 392 

ds$ c 
C^ = 

r6 

dr< 

1 _ c 1 c 
r2 69 '" r dr 36 

> (83) 

$ defined as such, then, satisfies the equations of equilibrium (70,71) 

(without body force term) identically and reduces the compatibility equa

tion (72) to 

d r 

' $ n d$ , d 2 § 
c 1 c 1 ' 

r d r ' r 2 d 0 2 A d r 3 r %r T^ d 6 3 

Id Id' 
+ 

= 0 (8U) 

The body force term is already taken care of by §0 
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In view of the physical nature of the problem, the first correcting 

stress function, <§ (r,9), should be such that it will relate to the disk 
ci 

with a central hole and have a period —r— (m=0,l,2, . . .,k-l), that is, 

its values will recur when rotated about the center of the disk through 

angles ——, k being the number of noncentral holes. This is necessary, 

because the periodic distribution of the noncentral holes imparts periodi

city to the stress and displacement fields in the disk. Further $ (r,9) 
ci 

has to be chosen with the added restrictions that it must be an even 

function of 6 and be such that it would lead to a single valued displace

ment field in the complete disk. Finally, it is desired that $ (r,9) 
c i 

should be biharmonic as it has to satisfy the equation (8U). All these 
conditions are identically fulfilled when $ (r,9) has the following form 

c i 

(Ref. 37, p . 116): 

i rs\ V it, 2 - n r _ - n k .• • 2+nk „,• nkx . . / 0 r . A 
? ( r , 9 ) = ) (A r + B

n
 r + A n r + Bn r > cosnk9(85) 

1 n=i 

The second correcting stress function $ (r, 9) is associated with 
C2 

a ring of k equally spaced noncentral holes arranged around the center of 

the disko It should be of such a form that it would provide appropriate 

singularity at the center of each noncentral hole. Like the first correct

ing stress function, $ (r,9) is required to be an even biharmonic function 
G2 

(as equation (8*+) has to be satisfied) leading to a single valued dis

placement field. It should also have enough arbitrariness such that in 
combination, with $ (r,9) it will be able to equilibrate the stress state 

ci 

left over by $0(r) along the hole boundaries, without violating the trac

tion free situations on the inner and outer boundaries of the disk. 



The stress function i (r>8) satisfying all these imposed restric-

tions can be written down in its best possible form with the help of com

plex variables. Define the plane of the disk by the complex variable 

z = r e (86) 

where the central hole is located at r = 0 

and the ring of k circular holes of equal radii, ~b\, whose centers are 

located at the points given by 

z = b e
2lirm/^ where nt=0,l,2., . . .,k-l (87) 

b is the location radius and X is a nondimensional parameter (see Figure 

13). 

Now the structure of $ (**>©) is established by considering a class 
C2 

of harmonic functions with logarithmic singularity at each center as de

rived by Howland (l8). 

Howland defined 

W0 - U0 - i V0 

1 rr / -u 2imTT/kN 
= - log II (z - b e ' ) G m=o 

1 t k i k ^ = - log (z - b ) 

the real part of which is periodic. 

Its derivatives, which will be represented by 

W - U - i V 
s s s 

(continued) 



Qk 

(89) (i-lj! db: 

represent a general set of harmonic functions U and V , for all positive 

integral values of s, each W having a pole of order s at the centers 

of the noncentral holes defined by equation (87) and analytic elsewhere-

The need for an even biharmonic function is achieved by taking the terms 

U and r2U into account. Thus s s 

> (z) = C30 U0 + 2, [C ?\ + C 3 sU s] (90) 
2 S=l 

The constant C10 is taken equal to zero as r
2U0 involves r

2 log r which 

leads to a multivalued displacement field. 

It is necessary to express $ in terms of the coordinates (r,9). 

Due to singularities on the circle |z| = h} the expansion of W0 and W 
o 

into power series is different depending on whether |z|>bor |z|<bo 

For IzI > b 
f 1 b n k 

W0 = - k log z + ^ - (-) (91 
n=i 

and for z < b 
nk 

1 /Z W0 = ni • k log b + ) ± (̂ ) (92) 

Also, for z > b 

n=i 

V ^ (°S:b(|)nl£ (93) 
n=i 



and for z < b 

TT f i \ s i V /nk+s-l\/Z 
Ws = ( -D * I ( s-1 ) % 

n=o 

nk 
(9*0 

/ S \ S ' 

where (n) = ~mr^Y~\ > ^he binomial coefficient which is zero for n > s. n!(s-n)! 

The real parts of W and W are then 
O S 

U = - k leg r + 
o Z_ n r 

nk 
cos nkG 

n=i 

> for r > b (95) 

U = k s 

V ,nk-lwbsnk 
^ ( s - l ) ( - ) cos nkG 

n=i 

and 

1 /r snk 
U = - k log b + > - (—) cos nkG 

o z_ n b 
n=i 

Us = (-1)S k Y ( ^ t i - 1 ) ^ ) 1 * cos nkG 
n=-o 

> for r < b (96) 

When the expansions (95) and (96) are introduced into equation 

0, one obtains 

co 

$ (r,6) = - C30 k log r + \ (M r2 •+- M3 ) r
-nk cos nkG (97) 

n=i 

for r > b 

and 

r,0) = - C30 k log b + kr
2 Y (-1)11 C: 
n=i 

(M r2 + M ) r cos nkG v 3 n 4 n 
n=i 

for r < b 



where n k 

M l n = k b n k J ( n t ; t ) c (99) 
S = l 

oo 

^n = ^-nk I (-D8 ("t-i"1) c
ls (10°) 

s=i 

M 
3 n = n 

M 
n -nk 
b 

C3 0 + k b > ( s - l ) C _ (101) 

nk 
nk V , n k - l . 

3 S 
S = l 

c 3 0 a V 1 * £ ( - i ) s ( ^ t i " 1 ) c 3 s (102) 
4n n 

s=i 

Now, when equations (97) and (98) are combined separately with the sum of 

equations (85) and (79); and equation (8l) is recalled, the complete stress 

function, $ = §0(r) + $ (̂ ,6) + § (r,8) is obtained. 
c i c s 

Thus 

$ ( r , 6 ) = - | ^ ^ m2 {4a 2 d 2 l o g r - 2 ( a 2 + d 2 ) r 2 + r 4 } (103) 

00 

- CL0 k l o g r + ) (A r 2 + B + M r 2 + M ) r _ n k cos nkG 30 & ^ ^ n n i n 3n y 

n=i 

00 

+ ) (A"r 2 + B") r cos nkQ , f o r r > b 
n-i 

and 

$ ( r , G ) = - ^~ ^ OJ2 [ 4 a 2 d 2 l o g r - 2 ( a 3 + d 2 ) r 2 + r 4 ] (10*0 

- C3 0 k l o g b + k r 2 £ ( - l ) n C + ^ (A n r 2 + B n ) 
n=i n=i 

00 

X r~ " cos nkG + ) (A V 2 + B ' + M„ r 2 + M ) r cos nkG 
L n n 3n 4 r r 

n=i 

f o r r < b 
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The a s s o c i a t e d r a d i a l and s h e a r s t r e s s e s a r e 

1 d§ , 1 S2 

r r Sr r $6 + T ^ T (105 

^ w 2 (a2
+d2 - ^f ' r2) 

CD 

- C3 0 k ~ + Y [ ( 2 - n k - n 2 k 2 ) ( A +M ) - \ ( n k + n 2 k 2 ) ( B +M )] 
so 2 2^ n i n ' r

2 n 3 rr r' 
n - i 

X r _ n k cos nk9 + ) [ ( 2 + n k - n 2 k 2 ) A ' + ~ ( n k - n 2 k 2 ) B ' ] 
Z_J n Y1 n 

n=i x 

nk , , 
X r cos nk8 , f o r r > b 

1 d§ 1 5 2 $ /nrV;N 
r9 r d9 r d r S6 

= Y [ ( n k - n 2 k s ) ( A +M„ ) - ( n k + n 2 k 2 ) -4- (B +M )] r s i n nkG 
L ' ^ n i n x ' r n 3 n 

n=i 
CO 

+ y [ ( n k + n 2 k 2 ) A ' + ( n 2 k 3 - n k ) -4- B ' ] r ^ s i n nkG 
L, n r^ n 

n=i 

f o r r > b 

and 

= 3±v Y ^ ( a a + d , _££__,*) ( 1 0 7 ) 
r b g r 2 

+ 2k y ( - l ) n C + y [ ( 2 - n k - n 2 k 2 ) A - ~ ( n k + n 2 k 2 ) B ] 
Z_ i n L n r 2 n 

n=i n=i 

X r _ r l J i cos nkG + J [ ( 2 + n k - n 2 k 2 ) (A '+1^ ) + ~ ( n k - n 2 k 2 ) 
n = i 

X (B'+M )] rn cos nkG, f o r r < b 
x n 4-ny ' 
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- Y [(nk-n2k2) A - (nk+n2k2) -4- B ] r_nk sin nk9 (l 
Zl n v r n v Tr9 
n=i 

00 

+ Y [ (nk+n2k2)(A'+M ) + (n2k2-nk) -i- (B'+M )] r ^ sin nk6 
n=i 

for r < b 

It is required that the boundaries at r=a and r=d must have zero 

radial and shear stresses. As a result of this, the following equations 

are obtained. 

C3G = 0 (109) 

(-i)n c = o (no) 
v ' in 

n=i 

(2-nk-n2k2) a~2nk A - (nk+n2k2) a~
2 ( l + n k ) B + (2+nk-n2k2) A ' \ / n n n 

+ (nk-n2k2) a"2 B' = (n2k2+nk-2) a~2nk M]_ + (n2k2+nk) (ill) 

-2(l+nk) ^ X a v ; M 
3n 

(nk-n2k2) a"2nk A - (nk+n2k2) a"
2(1+nk) B + (nk+n2k2) A' v / n n v ' n 

+ (n2k2-nk) a"2 B' = (n2k2-nk) a"2nk M + (n2k2+nk) (112' \ / n in 

-2(l+nk) ,r X a ^ ' M 
3n 



2-nk-n2k2) d_2nk A - (nk+n2k2) d"
2 ( l + n k ) B + (2+nk-n2k2) A' 

n 

+ (nk-n2k2) d"2 B' = (n2k2-nk-2) M + (n2k2-nk) d 2 M„ (113) 
\ n 2n 4n 

(nk-n2k2) d"2nk A - (nk+n2k2) d
_ 2 ( l + n k ) B + (nk+n2k2) A' 

'n2k2-nk) d~2 B' = (-nk-n2k2) M + (nk-n2k2) d~2 M (11*0 

M , M , M , and M are related to C and C by equations (99), (lOO). m ' an7 sn; 4n is 3s w^/7 /J 

(lOl), and (102). Hence, it is obvious from equations (ill), (112), (113), 

and (llU) that A , B , A', and B' are also related to C and C . The 
n n n n 1 s 3 s 

determination of C, and C will determine the constants A , B , A', and 
1 s 3 s n7 n n 

B ; therefore, it is necessary to ascertain the constants C and C n' ' J 1 s 3s 

from the conditions placed on the stresses at the boundaries of the periodic 

holes. 

In order to make it feasible, all the stress functions derived so 

far must be transformed in terms of the coordinates {$,</>), which are re

ferred to the center of one of the noncentral holes (see Figure 13)* In 

other words, it is necessary to have 

$(p,jp) = §0(p,p) + § (p,p) + $ (p,<p) (115) 
cl c2 

In this context, reference is again made to Howland (l8) who has 

derived the harmonic functions U (s=0,l,2, . . .) corresponding to the 

coordinates {p,<p) as follows. 
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Ir is seen (refer to equations (87) and (88)) that a function with 

logarithmic singularity at the points 

^ 2imTT/k . m=0,l,2, . . .,k-l 
z = b e ' ' ' 

is 

Tr ~ , 2imn/k) 
Wn = - log II (z - b e 0 to m=o 

= - log (z - b J 

Now writing 

z-b = b£= bp e ^ (see Figure 13) (ll6) 

one has_, apart from a constant 

k-i 

W0 = - log C - Y l0g ( l + Um C ) (117) 

n=i 

where 

and u is a root of 
m 

-i- = 1 - e 2 i m n/ k (118) 
u 
m 

(u-l)k - uk = 0 (119) 

Expansion of the logarithmic terms gives 

where 
k~i 

n 1 
a = -
0 n 

m=i 

W0 = - log .£+ I (-l)n ( \ ) Cn (120) 
n=i 

) u , that is, — times the sum of the n power of the 
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roots of equation (119)• When this is rewritten as 

k-i 
n ^n V n /-,m \ 

a = — , where Y = ) u (121) 
0 n ' An LJ m K J 

m=i 

one finds from equation (11.8) 

k-i 
1 V f • -mrri/k mrr \ n Y = — ) (1 e ' cosec -r— ) An ^n L k ' 
2 m=i 

l ( k - x ) 

—r- > cos nrr (-g- - —J cosec -=- 3 for k odd (122) 
2 n - m=! 

1 1 + 

£k-; 

) cos nrr (•§ - —) cosec — , for k even (123) 
2 n 211'1 m=! 

so that x c a n "°e calculated for any given pair of values of k and n. 

The functions derived from equation (88) by successive differentia

tion with respect to b must recur after rotations about the center of 

the disk through angles —-— . Writing equation (88) again in the form 

k-i 

W0 = - log (z-b) - Y l 0 S ( z " b e 2 m T T i / k ) (1210 
m=i 

and defining 

W = bS ^Wj 
s (s-1)! dbs 

one has, for s ̂  1 

k-i / ., xs 

.. „ [u. -1) 

w s.-L + I ^—s (i25) 
(continued) 
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equation (125) continued) 
k - i 

— + y (u - i ) s y 
C m=i p=o 

+ I ( v 1 ) 3 I <-up (P+P") <V>; 

; + i i-ir \ t 

where 
k-i 

P„. V f„ i ̂ s {V+s-±^ V 
«„ = ) (̂ "D ( p ) < (126) s Z-. m ^ m 

m=i 

= (p+rx) I (-Dr (?) v )+s-r r=o 

/P+8-lv .S 
= ( P ) A Xp 

s th 
in which A Y is the s finite difference cf the series y , Y , 

Va' ' ' ' ' 
From equation (119) by binomial expansion 

mk 

pH* = Y (_x)r (f) uP+mk"r (127) u 
r̂ o 

where m is a positive integer. Summing over the roots, one has 

mk 

V* = I ^ ^ W r (128) 

r=o 

Amk 
= A Xp 

so that all the coefficients a can be found from the values of v and 

its first (k-l) difference. 
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When W is split into its real and imaginary parts and Q = p e 

is introduced, it is found that the real parts yield 

UQ = - log p + I (»1)P Pa o p
P cos V<p (129) 

p=i 

CO 

„ cosjy^ Y (.i)PPa pPcosp^ (130) 
p p=o 

With the help of relation (ll6), the following transformations are obtained 

r2 = zz = b2 (1+P e±<P)(l+p e'±(p) 

r 2 = b 2 (1+p 2 + 2p c o s # ? ) (131) 

r 4 = b 4 [l+l]-p3 + p4 + l+p ( l + p 2 ) c o s p + 2p 2 cos 2<p\ (132) 

l o g r = Rea l ( l o g z) (133) 

= Rea l l o g b ( l+p e 1 ^ ) 

00 

= l o g b + ) ( - 1 ) — cos py> 
p=i 

r ^ cos nkG = R e a l ( z 1 ^ ) (13U) 

nk 
, nk V /nkN p 

= b ^ ( p ) p^ cos p<P 

p=o 

r _ n k cos nk9 = Rea l ( z _ n k ) (135) 

, -nk V / -, \P /nk+p-1% p 
b £ ( - 1 ) ^ ( p ^ ) p^ cos p£? 

p=o 



9l+ 

As C30 i s ze ro , equat ion (109), one ob ta ins from equat ion (90).? i n view 

of equat ion (130) 

$c ( p ' ^ * I [ C i s b 2 ( l + p 2 + 2 p COS(p) + C 3 s ] [ p _ S COS S(P ( 1 3 6 ) 

2 S=l 

+ ) (-1) Vas pP cos pjo] 
p^b 

Also in view of the transformations (131), (13̂ -)., and (135)> "the stress 

function defined by equation (85) is now rewritten in terms of (p,9>) co

ordinates as follows. 

00 

$c (p^} = I [ f Anb 2 (l+p2 + 2p c o s P ) + B J b_nk (137) 
1 n=i 

00 OT 

X I ( - l ) P ( ^ P - 1 ) p P c o s p p ] + £ [ [ A V L n 

p=o n=i 

nk 

X (l+p2 + 2p cos^>) + B ' ) b ^ ( p ) PP c os p£>] 
p=o 

Finally, with the help of the transformations (131), (132), and (133)> and 

in view of equation (8l), the stress function §0(
r)> equation (79); is 

transformed into (pf<p) coordinates as follows. 

00 

*o(p*0 = " m * ^ l***# { log b + Y ( - l ) P + 1 £ cos prf (138) 
6d g p k p 

- 2 (a 2 +d 2 ) b2 ( l+p2 + 2p c o s ^ ) 

+ b 4 {1+^p2 + p4 + 4p( l+p 2 ) coscp + 2p2 cos 2<p}] 



By equation (115), the complete stress function §(p,#?) is the sum of 

equations (136), (137); and (138). The stress components in terms of 

$(p>1P) are 

_ i M + A iO 
ap " P Sp p2 ^ 

CL = 
a 2 $ 

<* dp2 

1 a-

py? 5£> p dp 3j^ 

> (139) 

From this point on, the algebra is found to be extremely involved* 

When the boundary conditions are applied to the noncentral holes, namely 

a at p=X = 0 
P 

T at p=\ = 0 
(Ito) 

and the relations of A . B , A. , and B in terms of M . M , M , and M 
n n n n in 2n an 4n 

(equations (ill), (112), (113), and (ll̂ -)) and hence in terms of C and 

C (equations (99)> (100), (101), and (102)) are recalled, one obtains 

a set of simultaneous equations involving C and G only. A formal 
•!• S 3 S 

solution of these equations and equation (110) may be written as 

1 s 
(t) 

t=o 
le as 

,(t) 

t=o 
3 S 

(1^1 

and the feasibility of obtaining the solution depends, in fact, on the 

convergence of these two series. Once the constants are evaluated, the 



stress functions §(r,9) and §(p,£p) are completely determined and, hence, 

the stresses in the disk, 

The analysis assumes the following restrictions to be imposed. 

\(= T-) should be chosen in such a way that 

c ^ . TT _ b-d „ 1 
-—- < sin 7- for < — — 
b-d k a-d TT 

1 + sin 
k 

c ^ a-d -, „ b-d 
b-d b-d a-d 

1 + sin 

> (lk2) 

in order to prevent the boundaries of the holes and the disk from overlap-

ping° Under these conditions, convergence of the series, equation (lUl)^ 

is expected. 
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CHAPTER IX 

RECOMMENDATIONS FOR FURTHER INVESTIGATION 

There are many aspects of the problem of centrifugal stresses in 

rotating disks with central and noncentral holes which remain to be in

vestigated. The analysis of these stresses in a uniform rotating disk 

with central and noncentral holes presented in Chapter VIII is not com

plete. A closed form mathematical solution was not obtained because of 

the complicated nature of the algebra., It is felt that further work in 

this direction is necessary. 

More exhaustive theoretical and experimental analyses are needed 

in the light of the method of analysis reported In this thesis to inves

tigate the effects of (l) degree of taper, particularly larger taper, 

(2) the location and (3) the size of the holes on the stress field in 

the rotating disk by varying one of these parameters at a time keeping 

the other two constant. 

An independent mathematical analysis and solution for elastic 

stresses in a tapered disk with central and noncentral holes in a 

centrifugal field is still needed. It is therefore essential to direct 

attention to this elastic stress problem, 



APPENDIX 

EXTRAPOLATION OF FRINGE ORDERS AT THE 

BOUNDARIES OF NONCENTRAL HOLES 

The fringe orders at the edge of the noncentral holes are often 

hard to read accurately from the photograph of the fringe pattern. This 

is due to two reasons: first, the fringes occur too closely spaced at 

the edge of the hole to count them separately, and second, they often 

occur in their fractional, values which are difficult to ascertain 

exactly., 

For an accurate determination of the order of the fringes at the 

boundary of a noncentral hole, an extrapolation scheme is required.. A 

graphical extrapolation is used in the present work for that purpose. 

At a little distance away from the immediate vicinity of the 

boundary of the hole, the orders of the fringes are easily determined 

as the fringes appear more distinct and separate from one another., These 

values of the fringes, n, are plotted against their radial distance, p, 

from the center of the noncentral hole for a constant angle,(p. The curve 

thus obtained is extended to the edge of the hole. The point of inter

section then gives the value of the fringe order at the edge of the hole 

for that <p as read from the ordinate scale (scale of n). 

A set of such graphs for different noncentral holes employed in 

the Investigation is given in Figures ±k, 15, and l6» 
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Figure 1̂ -. Auxiliary Graph for Fringe Orders Around 9/l6 Inch 
Diameter Noncentral Holes 
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0.2 0.3 0.4 

Figure 15• Auxiliary Graph for Fringe Orders Around ^,/k Inch 
Diameter Xoncentral Holes 
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Figure l6. Auxiliary Graph for Fringe Orders Around 7/8 Inch 
Diameter Noncentral Holes 
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