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Introduction

The interpretation and the validity of the results from linear regression rely on strong
modeling assumptions (e.g. linearity of the conditional mean of Y given X3, ..., X} ) which
are known not to be satisfied in many cases. In order to overcome the problems in the
interpretation of regression results|Scharpenberg (2012) and Brannath and Scharpenberg
(2014) introduced a new, population-based and generally non-linear measure of associ-
ation called mean impact. The mean impact of an independent variable X on a target
variable Y is defined as the maximum possible change in the mean of Y, when changing
the density of X (in the population) in a suitably standardized way. Based on the mean
impact further parameters, one of which is a non-linear measure for determination, were
defined. There is also a natural extension to the case of multiple independent variables
X1,..., X, where we are interested in quantifying the association between Y and X3
corrected for possible associations driven by Xo, ..., X} (corresponding to multiple re-
gression). However, |Scharpenberg (2012) and Brannath and Scharpenberg (2014) point
out that a restriction of the possible distributional disturbances is needed when esti-
mating the mean impact in order to avoid overfitting problems. Therefore, they restrict
themselves to functions linear in X. Doing so, they obtain conservative estimates for the
mean impact and build conservative confidence intervals on their basis. Additionally, it
is shown that this procedure leads to a new interpretation of linear regression coeflicients
under mean model miss specification.

The restriction to linear distributional disturbances seems very strict and the result-
ing estimates are often very conservative. The goal of this thesis is to move from linear
distributional disturbances to non-linear ones. Doing so we expect to obtain less conser-
vative estimates of the mean impact. Estimates as well as confidence intervals for the
mean impact based on different non-linear regression techniques will be derived and their
(asymptotical) behavior will be investigated in the course of this thesis. We will do this
for the single independent variable case, as well as for the case of multiple independent

variables.

The thesis is organized as follows: In the first section we present the theoretical founda-
tions of the mean impact analysis. The main results of [Scharpenberg (2012), including
the theory for the (partial) linear mean impact (which is the mean impact where we
restrict the set of distributional disturbances to linear functions), are presented as well
as major improvements of the asymptotic normality results for the signed (partial) linear

mean impact. Furthermore, the common mean impact of several variables X7, .., X; on




a target variable Y is defined. Again restriction to linear disturbances is made resulting
in the linear common mean impact. Also presented is the partial common mean im-
pact which serves to quantify the common influence of a set of variables X1, .., X} on a
target variable Y which goes beyond the possible influence of a second set of variables
Q1,...,Q;. Again a restriction to linear functions is made. In a further step second order
accurate bootstrap intervals are derived for the newly defined parameters. Furthermore,
an alternative approach to the quantification of the influence of X; which goes beyond
the possible influence of other covariates Xo, ..., X}, is also introduced. In this approach
this influence is defined as the difference of the common mean impact of all variables
X1, ..., X and the common mean impact of X5, ..., X;. This difference can then be seen
as the excess of dependence when adding X7 to the set of covariates considered.

The second section deals with the relaxation of the restriction to linear functions in
the single covariate case. We derive conservative estimates of the mean impact based
on non-linear regression techniques like polynomial regression and kernel smoothers.
Higher order local regression is also considered. Confidence intervals based on asymptotic
normality results as well as bootstrap confidence intervals, for the mean impact based
on non-linear regression techniques are derived.

In Section 3 we define partial mean impacts based on non-linear regression techniques,
which allows us to quantify the influence of a single covariate X; on Y which goes beyond
the possible influence of other covariates Xo, ..., X} in a more flexible way than in the
linear partial mean impact setup. The non-linear regression techniques used include
again polynomial regression and kernel smoothing. We extend the alternative approach
to the quantification of partial influences of Section 2 to non-linear regression techniques.

In the last Section we present results from a simulation study in which we consider the
coverage probability of the confidence intervals derived in this thesis. We also investigate
the probability of exclusion of zero (i.e. the power) in cases where the mean impact is not
equal to zero. The results of the non-linear mean impact analyses are compared to the
linear mean impact analysis in order to evaluate the benefit (or the possible drawback)
when moving from linear to non-linear impact analysis.

In the appendix a brief overview of the regression techniques and the bootstrap tech-
niques which are used in this thesis as well as proofs which are left out in the course of

the thesis are given.




1. Theoretical foundations - Impact analysis

In this section the main results of the impact analysis derived in IScharpenberg (2012)
are given.

In classical regression analysis one tries to describe the dependency of a target vari-
able Y from independent variables X7, ..., X; (which we will call covariates in the se-
quel) by a probabilistic model. Since one usually interprets the results of regression
analysis on an individual basis the regression model describes the distribution of Y of
an individual in dependence on its covariate values. Interpreting the results in this
individual-based manner implies that they depend only on the conditional distribution
of Y given X7, ..., X} and are independent of the marginal distribution of the covariates
in the underlying population. Assumptions like linearity of the conditional mean of Y
given Xi,..., X in the covariates or that no other covariates have an influence, which
justify the individual-based way of interpretation do not generally hold. This means
that the results of regression analysis may often depend on the marginal distribution of
the covariates which can make the individual-based approach misleading.

In order to avoid this type of misinterpretation, [Scharpenberg (2012) and Brannath
and Scharpenberg (2014) introduce an approach in which one looks at changes in the
distribution of the target variable across the population when the marginal distribution
of the covariates is perturbed. The dependence of the results on the specific population
and the way the population is perturbed are thereby acknowledged.

Scharpenberg (2012) first investigates the scenario of one covariate whose influence on
the target variable is described. Later this approach is generalized to the case of several
observed covariates where it is aimed to investigate the influence of one covariate on the
target variable which goes beyond the possible influence of the other covariates. In this
thesis we will explain the main idea in the context of the special case of one covariate.
The results derived in|Scharpenberg (2012) are only given for the general case, where the
special case is carried along as an example since large parts of this thesis are constructed

for this special case.

1.1. Mathematical presentation

As mentioned before, in order to introduce the idea of the new approach, we take a look
at the influence of a single real valued covariate X onto a real valued target variable Y,
where we assume that Y, X € L3 and the distribution of (X,Y) has a density on R2
with respect to the Lebesgue-measure.

In contrast to classical regression analysis we are not directly looking at the influence




of a covariate X on the conditional mean E(Y|X) of a target variable Y. We investigate
how E(Y) the marginal population mean of Y changes when the marginal distribution
of X in the population is changed, instead. Let f and h be the marginal densities of
X and Y. Let A(Y|X) be the conditional density of ¥ given X. Since X and Y are

independent if and only if h(y|z) = h(y) for all = we obtain in the case of independence

of X and Y that
X and Y
dzdy = dxd
// y’x y v independent // y e

—/ (v)y dy.

The last expression is independent of the marginal density f of X. Hence, the mean of
Y does not depend on the density f of X which means that the question “Has X got an
influence on Y77 leads to the question “Does the mean of Y change when the density
of X is changed (in the population)?”. These considerations suggest that the change of
the mean of Y when changing the density of X in the population is a good indicator for
the influence of X on Y. Define

B1,() = [ [ htola) (o) de dy

where f;, i = 1,2 are densities of X. Then the change of the mean of Y when the density

of X is changed from f; to fo can be written as

AE(Y) = En(Y) - En(Y) = [ [ vhlolo){fale) = (@)} dady
— [[ snw12)3(0) 1) dady = E(v ()

_ felx)-filz) _ fa(z)
where §(z) = O
theorem, if Py, is absolutely continuous with respect to Py, where Py, is the measure

with Lebesgue-density f;, i = 1,2 (cf. [Klenke, 2008, p159).
The key quantity of the new approach, which is called “Mean Impact Analysis (MImA)”

— 1. Such ¢ exists, according to the Radon-Nikodym

in [Scharpenberg (2012), is the mean impact of a covariate X on Y

ty (X) = sup Ep{Y(X)}.
S€LL(R): Ep{5(X)}=0,Ep{62(X)}=1

It “describes the maximum change in the mean of Y when the density f of X (in
the population) is changed to (1 + §(z))f(z) in a way that § is L2 (R)-integrable with




norm equal to 1”7 (Scharpenberg, 2012, p. 20). One can see with the help of Cauchy s
inequality, that the mean impact is bounded by the standard deviation y/Varp(Y) of Y.
Note that the name mean impact might be misleading, since we do not describe causal

influences. The mean impact is rather a measure of association.

1.2. Partial mean impact

In all considerations of this section we assume Y, Xq,..., X € L%,. One can generalize
the concept of the mean impact analysis to the case were we consider more than one
covariate in order to investigate the influence of X on the target variable Y which goes
beyond the influence of the other covariates Xo, ..., X;. Similar to the univariate case
perturbations of the distribution of the covariates in the population are considered and
one has a look at the change of the mean of Y. One only regards perturbations that
leave the means of Xs, ..., X} unchanged in order to account for the potential influence

of other covariates than Xj.

1.2.1. General approach

The k regarded covariates are denoted by X1, ..., X} and X = (X7, ..., X}) is the vector
of the covariates. Given this set of covariates one is interested in the question if a
covariate e.g. Xj has influence on Y beyond the (potential) influence of Xo, ..., Xk.
This question is answered by estimating the regression coefficient for X7 of the multiple
regression model in the theory of linear models. The regression coefficient shows how the
conditional expectation Ep (Y |X) changes, when X7 is changed and the other covariates
are fixed.

In the new, population-based approach [Scharpenberg (2012) defines another quantity
to characterize the influence of X7 on Y going beyond the influence of Xo, ..., X3. This

quantity is called the partial mean impact of X1 on Y and is defined as

e, (Y[ Xa, oo, Xi) = sup Ep {Y§(X)}, (1.1)
S€LE (RF):6(X)eHy , Ep{62(X)}=1

where Ho = span(1, Xo, X3, ..., Xi) C L3,
“The partial mean impact describes the maximum change in the mean of Y when
the density f of Xi,..., X (in the population) is changed to (1 4+ 40)f in a way that

§ is L2 (RF)-integrable with norm equal to one and the means of the other covariates
Xa, ..., X}, are not changed” (Scharpenberg, 2012, p. 54).




With P?-L; being the orthogonal projection onto ’HQL we obtain for §(X) € ’Hgl with
Fp(6%(X)) =1 that:

Ep(Y8(X)) = Ep(Z5(X)) £ VEp(Z\/Ep(2(X)) = /Vare(Z)

where Z = P51V and the last equation follows from Ep(Z) = Ep(Z-1) = 0. In the
single-covariate case we have Hs = span(1) and P X =X - Ep(X).
The following theorem implies that the supremum in (L)) is always attained. There-

fore, we could write max instead of sup in (LI).

Theorem 1.1. Let Y € L}. The partial mean impact vx, (Y| X2, ..., Xg) of X1 on'Y is

equal to

(1) the upper bound /Varp(Z) if and only if Y = g(X) for a measurable function
g:RF 5 R,

(2) \/Varp{PH%g(X)} if Y = g(X)+ e where € is a square integrable random variable
with mean Ep(e) = 0 which is independent of X,

(3) 0 if and only if Ep(Y|X) € Ha,

(4) if tx,(Y|X2, ..., Xp) #0, then 1x,(Y|Xa, ..., Xi) = E{Y3(X)} where

8(X) = Pyy Ep(Y|X)//Vare {Py; Bp (Y] X)),

In the singe-covariate case this theorem simplifies in the following way.
Theorem 1.2. Let Y € L. The mean impact 1x(Y) of X on'Y is equal to

(1) the upper bound /Varp(Y) if and only if Y = g(X) for a measurable function
g:R =R, ie., Y depends on X in a deterministic way.

(2) /Varp{g(X)} if Y = g(X) + € where € is a square integrable random variable
with mean Ep(e) = 0 which is independent of X .

(3) 0 if and only if Ep(Y|X) = Ep(Y) almost surely.

(4) if ix(Y) #0, then 1x(Y) = Ep{Y3(X)} where

0(X) = [Ep(Y|X) — Ep(Y)]/\/Varp{Ep(Y|X)}.

and the sign of stx(Y') is the sign of Cor{X, Ep(Y|X)}.




Assume that the covariates have Lebesgue-density f. In the definition of the partial
mean impact ([ILT]), 1+ 0 is the factor which we have to multiply to the density f of X in
the population to obtain the “new” density to which f is changed. By maximizing over
all § € L4 (R¥) it is possible that the resulting density f(1+3) becomes negative at some
points. Since a density has to be non-negative one should only regard those § € LQP (RF),
for which f(X)(1+ 6(X)) > 0. IniScharpenberg (2012) not exaclty this result is shown,
but it is shown that there is a sequence §,, of measurable functions that are asymptotically

orthogonal to Hy and for which Fp(Y6,(X))/v/Fp(62(X e (YXa, ..., Xp).

Theorem 1.3. There is a sequence oy, ( X) with (146,( ))f(X) >0 and Ep(6,(X)) =0
fm‘alln Ep(X;0n( /\/Ep (02(X = 0 for all j =2,....k and

X)/VER((X) = ux, Y|X2,...,Xk).

In the single-covariate case the desired stronger version of this theorem holds. This

means that we have:

Theorem 1.4. We have that

wx(Y) = sup Ep(Y§(X))/\/Ep(5(X))
S€LE (R):Bp (6(X))=0,£(X)(1+5(X))>0

From the definition of the partial mean impact ([LI]) follows that it only accounts for
linear influences of the covariates Xo, ..., X;. Due to this, it is possible that the partial
mean impact is positive although Y does not depend on X;. The following expample

illustrates this.

Example 1.5. Let Y = 0y + 01 X5 + 02 X2 + € where Xo ~ N(0,1) and € ~ N(0,1) are
stochastically independent and 0; # 0 for 1l = 0,1,2. Then we have according to Theorem
(L1 with He = span(1, X3)

Lx, (V] Xs) = \/Varp{PHQL (6o + 01 Xo + 05X2)} = \/Varp{PHQL (0:X2)}

— \/Varp{(é?g{X22 - Ep(X3)})}
= |62]y/Varp(X3) > 0.

Hence, vx,(Y|X2) # 0 although X1 and Y are independent.

One possible way to account for non linear influences of the covariates is to add Xj2
to the set of covariates for all j = 2,...,k (this procedure accounts for quadratic influ-

ences). To account for the influences of all measurable transformations of the covariates




Xa,..., X}, one would have to demand Ep(§(X)g(X;)) = 0 for all measurable g and all
j =2,...,k in the definition of the partial mean impact. This approach leads to a com-

plex statistical problem and is not followed up by [Scharpenberg (2012).

It can be shown that the perturbation ¢ leading to the impact is almost surely uniquely

determined.

Theorem 1.6. If tx,(Y|X2,..., X3) > 0 then the perturbation § € L% (R¥) for which
FEp(6(X)) =0, Ep(0%(X)) =1 and Ep(Y§(X)) = vx,(Y|Xa,..., X3,) is P almost surely

uniquely determined.

Note, that the partial mean impact (as well as the mean impact in the single-covariate
case) is by definition always non-negative. Hence, the partial mean impact does not give
any hint in which direction the change in the distribution of X changes the mean of Y.
In order to be able to indicate the direction of the change the so called signed partial

mean impact is defined by
sux, (Y Xa, ..., Xi) = sign(Ep{X100(X)})ex, (Y[ X2, ..., Xi)
where &y € L} (RF) is such that 6o(X) € Hy, Ep {62(X)} =1 and
tx, (Y| Xa, ... Xg) = Ep{Y 6 (X)}.

It is possible that the signed partial mean impact equals zero, although the partial mean
impact is non-negative which happens when Ep(X;p(X)) = 0. Since this hints to a
non-linear relationship between Y and X; one could consider a non-linear transformation
T(X;) of X; and regard the signed partial mean impact for 7'(X7) in order to describe
the influence of X7 in a better way. Analogous to the signed partial mean impact, the

signed mean impact is given by
stx(Y) = sign (Ep{Xdp(X)}) tx(Y)

in the single covariate case. Note that (Ep{X;1d9(X)}) indicates by which amount the
mean of X is changed with the disturbance Jp(X) that maximizes the change of the
mean of Y.

Another quantity which is based on the partial mean impact is the partial mean slope.




It is given by
Ox, (Y| X, ..., Xg) = vx,(Y|Xo, ..., Xi) /Ep{X100(X) }

if 1x,(Y|Xa,...; X3) > 0 and FEp(X160(X)) # 0, where &y € L& (RF), 6o(X) € Hy,
Ep(60(X)?) = 1and vx, (Y|Xa,..., Xi) = Ep(Y6o(X)). Note that for vx, (Y |Xo, ..., X3) >
0 with Jp the partial mean slope is also uniquely determined. If ¢x, (Y| X2,..., Xx) =0
it is defined to be zero. It gives the amount the mean of Y changes if the mean of X7 is

changed (without changing the mean of the other covariates) by one unit.

Theorem 1.7. If Y = 6 +Z?=1 0;X;+€ where (X1, ..., X)) and € are independent and
Ep(e) = 0 then the partial mean slope is 0x,(Y|Xa, ..., Xx) = 61 and the partial mean
impact is vx, (Y[ Xa, ..., X) = ‘01‘\/EP{(PH2LX1)2}. The signed partial mean impact is

stx, (Y[ X, ooy Xg) = 91\/Ep{(PH2LX1)2}.

In the single-covariate case this theorem reduces to:

Theorem 1.8. IfY = 0y + 01X + € where X and € are independent and Ep(€) = 0 then
the mean slope is O0x(Y) = 61 and the mean impact is 1x(Y) = |01]\/Varp(X). The
signed mean impact is stx(Y) = 01/ Varp(X).

Hence, in the case of an underlying linear model the new parameters, (partial) mean
slope and signed (partial) mean impact are closely related to the coefficients of this
model. This relationship between impact analysis and linear regression in the case of the
regression model to be true is faced again when considering the asymptotic distribution
of the estimators which will be derived later. In the single covariate case we define,
additionally to the new parameters above, the population coefficient for determination,

which is given by

Rp(x) = 20

= W, (1.2)

Note that the population coefficient for determination is equal to Pearson’s correla-
tion ratio given in [Doksum and Samarov (1995). A partial population coefficient for

determination will be introduced in Section [1.9.4]

1.2.2. Restricted and linear partial mean impact

There may be reasons to restrict the set of perturbations ¢ of the density f(X) in
definition (L)) of the partial mean impact of X; on Y. We will see later that estimation

and testing will require restrictions, otherwise we obtain meaningless results due to the
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problem of overfitting. This leads to the following general definition of the restricted
partial mean impact. Let R be a closed subset of L2 (R¥). We define for R the restricted

partial mean impact as

K (VX o, Xi) = sup Ep{Y§(X)}
JER:S(X)EHT , Ep{02(X)}=1
where Hy = span(1, X9, X3, ..., Xi). Restriction to a linear subspace R leads again
always to a non-negative number because with § also —d belongs to R.
When regarding the special set of perturbations Rx = {h(X) = a¢ + 25:1 a; X; :

a; € R} C L4 (R¥) one obtains the so called linear partial mean impact
KV | Xa, oy Xp) = 55 (V] X2, oo, Xi).

It “describes the maximum change in the mean of Y when the density f of Xy, ..., X
(in the population) is to (1 + 0)f a way that & is linear in (1, X7, ..., Xx), L% (RF)-
integrable with norm equal to one and the means of the other covariates Xo, ..., X;
are not changed” (cf. [Scharpenberg, 2012, p. 61). Since the partial mean impact is
defined as the supremum over all perturbations of the density of the covariates, every
restriction of the set of perturbation leads to a smaller (restricted) impact than the
unrestricted impact (). Consequently, Ll)igf(Y|X2,...,Xk) is a lower bound for the
unrestricted partial impact tx, (Y| X2, ..., X)) and consistent estimates and one-sided
tests for Llf{l‘(Y|X2, ...y X ) with control of the type I error rate will be conservative with
regard to the unrestricted partial impact tx, (Y| Xo, ..., Xi).

B v P?-Llel
P Bp((Ppy X107 ) |

Similar to the unrestricted partial mean impact, a signed version for the restricted

Proposition 1.9. We have (Y |Xa, ..., X;) =

partial mean impact can be defined
su% (Y| Xa, ..., Xi,) = sign(Ep{X160(X)})X, (Y] X2, ..., Xk)

where dy € R with do(X) € Ho and Ep(d3(X)) = 1 is the unique disturbance with
Ep(Y(X)) =& (Y|X2, ..., Xg).

Lemma 1.10. We have

Py X

Y
VB (Prg X1)?)

St (Y | X, oy Xi) = Ep
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In the previous section we mentioned that it can be desirable, in order to account for
the influence of all measurable transformations of the covariates Xs, ..., Xi, to demand
that

for all measurable functions g and all j = 2,...,k in the definition of the partial mean

impact. For the § from the linear mean impact we can show the following result.

Proposition 1.11. If Ep(X1|Xy, ... Xi) = & + Y5, & X, for suitable & € R and
6(X) =

P X
"y

W then we have

Ep {5(X)g(X;)} = 0

for all measurable functions g and all j =2, ..., k.

Hence, when the conditional mean of Xy given the other covariates is a linear function
of those covariates, the (signed) linear partial mean impact accounts for the influence of

all measurable transformations of X, ..., Xj.

The linear partial mean slope is defined as
0% (Y| X, ..., Xp) = (Y[ X, o, Xi) [ Ep (80(X) X1)
where &y € L% (RF) with 60(X) € Hy, Ep(62(X)) =1 and
BV | X, .y Xi) = Bp(0o(X)Y).

Proposition 1.12. 91)1'(?(Y\X2,...,Xk) equals the coefficient for X1 in the orthogonal
projection of Y onto H = span(1, X1, Xo, ..., Xi), i.e. when PyY = 90—|—Z§:1 0;X; then
0 (Y| X, ..., Xp,) = 61

Hence, in the case of a linear model Ep(Y|X1,..., X;) = 0o + Zle 0;X; the linear
partial mean slope is the regression coeflicient 6.
By Theorem LI we have 6o(X) = Py 1 X1/, /Varp Py X1. Together with the fact that

the linear partial mean impact Ll)z(’} (Y|Xa,..., X)) is a lower bound for the unrestricted
partial mean impact tx, (Y|X2,..., X;) we obtain that |9§?(Y|X2,...,Xk)| is a lower
bound for the absolute value of the unrestricted partial mean impact |0x, (Y| Xo, ..., Xi)|.
Therefore, tests for the hypothesis Hy : |9l)i(71‘(Y|X2, iy Xp)| < w for v > 0 with control
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of the type I error rate will be conservative for Hj, : |0x, (Y| X2, ..., Xi)| < v.

In the single-covariate case we can write the linear versions of the parameters as

lin(yy _ X —Bp(X) )| _tinyy — X - Ep(X)
') = |Ep <Y m) ,sux'(Y) = Ep <Y Varp(X)>
and
- (50
1.3. Examples

In this section we give the values of tx(Y), sex(Y) and 0x(Y) in the case where
Y = ¢g(X) + ¢ for a square integrable random variable ¢ with mean E(¢) = 0 which
is independent of X. Obviously ¢x(Y) and 0x(Y) depend on ¢g(X) and the distribution
of X, £L(X). In the following we consider a specific g(X) and £(X) and compute the
resulting tx (YY) and Ox(Y'). The example presented here originates from |Scharpenberg
(2012), more examples can be found there. Let £(X) = N(u,0?) and g(X) = ae® for
a # 0. Then we have

o2
wx(Y) = |a|\/62(u+02) —2t%) = |a|e“e‘72/2\/ eo? — 1.

Furthermore, it can be shown that
Ox(Y) = ae“e”2/2(e‘72 —1)/c?

and
six (V) = sign(Ep{X5(X)Vix (V) = aete” 2\ eo* — 1.

For the linear versions of the parameters we obtain
li &
st(Y) = acett 7,

which implies ,
HY) = s8] = laloe™ T

and ,
O (Y) = |ale" 7.
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The following table presents values of tx(Y), 4(Y), stx(Y), siti(Y), 60x(Y) and
04n(Y) for a = 1 and different p and o

poo? oY) B(Y) six(Y) sdn(Y) Ox(Y) 6n(Y)
0

o
1 2.161  1.649 2.161 1.649 2.833 1.649
-1 01 0.795  0.607 0.795 0.607 1.042  0.607
1
0.

—_

0.875  4.482 5.875 4.482 7.701  4.482

1 25 1.642 1.540 1.642 1.540 3.499  3.080

Table 1: Parameter values which are used in Figure [I]

We can see that the absolute mean slope as well as the linear absolute mean slope
are less dependent on the variance o2 than their mean impact counterparts. Figure [
presents the graph of g(X) = e¥, the densities of different normal distributions and a

straight line with slope 0x(Y") which crosses the point
(Ep(X),9(Ep(X))).

e T T T T = T T T T
7 ey Z o Rend
2 e, 1y 4 2 o028 4
Figure 1: Behavior of the absolute mean slope for g(X) = eX and different normal

distributions for X.

Figure[dlsuggests, that for 0> — 0 the mean slope 6x (Y') will converge to the derivative
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of g(X) in the point z = yu = Ep(X) which indeed is the case.

1.4. Estimation of the partial mean impact

We now deal with the estimation of the partial mean impact and the other new pa-
rameters. To this end we consider observations (Y;, X;1, ..., Xjx), ¢ = 1,...,n. The most

intuitive way of estimating tx, (Y| Xa, ..., Xi) is using the estimator

. 1
LXl(Y|X25"',Xk) = sSup _YT(;(X)’
SELZ (RF):5(x) L X i=2,....n, 1 |6(x) 120 =1,6(x) L1 T

where [Ja|gn = /> 1, a? for a € R™ is the euclidean norm on R™, X; = (21, ..., Tn;) 7,
X = (X1, Xg), 6(x) = (5(X11, 00y X1k)s o0y (X1 ooy Xt )T, Y = (Y1, .., yn)T and
1=(1,...,1)T. Here L means orthogonality in R", hence 6(x) L X; < > i=1(6(x));(X4); =
0. As we will show next this way of estimating the impact leads to overfitting. With
My = span(1,Xs, ... X)) the linear subspace of R™ spanned by the observation vectors
Xo, ..., X} and the assumption that the observation vector Y does not belong to My we

obtain for

A~

Z
6(X) = T 5
—=Z| |z~
\/ﬁH R
where Py 1Y = Z = (Z1,...,Z,) that § € L3(R¥). Furthermore,

1 =11 Z|[3-
SISOl = = 1
n 21z
y/
(5(X) = o 150 € MQL
NS

= §(x)L11,6(x)LX;i=2,..,n.

Therefore,
. 1oy Z 1, -
LXI(Y’XQ,...,X].C) > -Y' —— = —HZHRn
n Ll Ve
Since ||Z||g» > 0 for Y ¢ My, a positive impact of X; on Y could always be found
by using the estimator ix, (Y| Xa, ..., Xi), even when tx, (Y|X2, ..., Xi) = 0. Therefore,

using this estimator leads to meaningless results.
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One can avoid the problem of overfitting by restricting the set of functions for § and
estimate restricted partial mean impacts. We consider the special case of linear functions

and use the estimator

. 1
(Y| Xay ooy Xi) = sup —Y7T5(x).
§(x)=aol+arXi+...4a, Xp,8(x)eEM, L|5(x) )12, =1 "
One can show that, with PMQL X, =U= ((71, ey Un), the estimator for the linear partial

mean impact can be written as

, 1 U
(Y] X2,y Xp) = | =Y

n 117
Vi lIOl&-

~ 1 N
= |01|—=||U||rn
=IOl
where él is the least squares estimator of the coefficient 67 in the multivariate linear
regression model. The second equation is valid due to the fact that the least squares
estimator of the regression coefficient #; can be estimated by the least squares estimator
of a simple linear regression model with Y as dependent and the residual vector PM% X4
as independent variable.
Analogously to this the signed linear partial mean impact can be estimated by
: 1 U
S (Y Xy oy Xp) = YT

n 117712
V7 1UllRn
-1 .
= 0—||U||gr~.
1 \/ﬁ” i
Hence, estimating the linear signed impact of X7 on Y leads to a scaled version of the

coefficient from a multiple linear regression. For the estimators of the parameters from

the single-covariate setup we have

1 — Yi(X; — X)

A . 1 & _
Alin _ _ 2
P == — | = |01],| = ) _(Xi — X)?,

n— \/% S (X - X)2 n

- lin 1 ¢ Yi(X; — X) L1 _

SLlX (Y) = E Z — 91 E (XZ - X)Q’

=T (X - X2 =
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and
n n

(V) =) (X — X)) Y (X, — X).

i=1 i=1

Here 61 is the regression coefficient from the univariate regression model.

1.4.1. Asymptotic normality and hypothesis testing

Let (Yi, Xi1,..., Xik), i = 1,...,n, be i.i.d. observations with the same multivariate distri-
bution as the real random variables Y, X1, ..., X € L%. In order to simplify the notation
we write Y = (Y1,...,Y,) and X, = (Xy;,...,X,,;) for j = 1,..., k. In application of the
theory derived before, one surely will be interested in testing for v € R the one-sided

hypothesis

Hy : SLZ)Z;?(Y|X2,...,Xk) <wv ws. Hy: SLl)igf(Y|X2,...,Xk) > v (1.3)
or for v > 0 the hypothesis

Hoy: (Y| X2,y o, Xi) <v ws. Hy: (Y| X, Xi) > 0. (1.4)

Furthermore, confidence intervals for the parameters are of great interest. Since we have
Llf{l‘(Y|X2,...,Xk) = |5L§?(Y|X2,...,Xk)| the one-sided null hypothesis (L4) coincides
with the null hypothesis Hy : —v < SL%L (Y| Xa,..., Xx) <wv. Hence, we start constructing
a test for (L3) and build from this a test for (I4). We know that a level « test for
Hy : L%L(Y]Xg, ..., X) < w is a conservative level « test for Hy : tx, (Y| X2, ..., Xi) < v.
We are also interested in testing for v € R the one-sided hypothesis

Ho: 0 (Y| Xo, o, Xg) < v ws. Hy: 0V |Xo, ., X)) > . (1.5)

Asymptotic normality
Remember the subspace
k
Mo = span(l, Xy, .., Xp) = {B1 + Y _ X;B;: 8= (B1,.... B)" € R*}
j=2
and its orthogonal complement H; = Hs in L%. We consider the decomposition of X;

k
X1:U—{—X1 with X1:£1—|—2Xj£j67'[2 and U € H;.
j=2
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Hence, X is the orthogonal projection of X onto Hs. The same decomposition can be
made for X;1, namely X;; = U; + X;1 where X;; = & + 22?22 Xij&; € MHa. To establish

asymptotic results we need the assumption
Ep{U?Y?} < 0 (1.6)

which implies that the random variable UY has finite variance. This assumption follows,
for instance, if Y, X1,..., X} € L%, Y = g(Xy,..., Xi) + € where ¢ is a random variable
independent of Xi, ..., X}, with € € L% and g(X, ..., X;) is bounded or g(X1, ..., Xj) and
U are stochastically independent. (I.6]) also follows if

Ep(Y?) < 0 and EP(X;l) <oo forallj=1,... k.

A similar decomposition of X; as vector in R™ can be considered. With the ran-
dom matrix D, = (1,Xs,...,X};) where 1 = (1,...,1)7 € R” and the assumption
that rank(D,) = k we can define ¢ = (DID,)"'DIX;, the least squares estimate
of £ = (&1,...,&;). Obviously we have

My =span(D,,) = {D,[: 5 € Rk} C R".

Therefore, the definition X;; = (Dné)l = (él + Z?:z Xl-jéj)?zl leads to the conclusion
U, = (U X

X1 = (Pu,X1); which implies U)i = X — Xi1.

Lemma 1.13. We have é Loe

Lemma 1.14. Let V1, V5, ... be an i.i.d. sequence of random variables in L%,. Then, for

U; and U; defined above the following statements are true.
(a) S0 (Ui = U;)? = o0 (Xi1 — Xi1)? is bounded in probability.

(b) IfEP(‘/z) = EP(WXz]) =0 fOT’j = 2, ,k? then

n

(1/vn) > (Ui = T3)V; 5 0.

i=1

(¢) If Ep(|ViXij|) < oo and Ep(|V;X;;Xu|) < oo for all 2 < j,1 <k then

n

(1/n) > (U; = U;)*V; 5 0.
i=1




18

In the following let again Z = Py, L Y. In order to show the asymptotic normality of

the linear signed partial mean impact we first show a proposition.

Proposition 1.15. We have that

ﬁ(%iﬁf—%fj(]ﬁ) 7

=1 i=1

Proof. We have

1 e - 1 —

%\

Z %Z(Uz - U)U;,

1 2)

where both (1) and (2) converge to 0 in probability by Lemma [[.T4l O

With the help of Proposition [LI5 we are able to show the asymptotic normality of
SLl)Z(n (Y| X, ..., X)) stated in the following theorem (In [Scharpenberg (2012) this result

was not shown).

Theorem 1.16. We have

VRS (V] X, ., Xi) — s (V] X, o, X)) 5 N (0, %) ,

n
where

, s (Y|Xa, .., Xp) 5 lin 5

o =r? — p (B (U3 Z) = st (Y |Xs, o X))
lin 2
st (Y| Xo, ..oy X
+< n “) Vare(U?),
n

with n? = Ep(U?) and k* = Ep(UZ).
Proof. We have
V(S (Y [ Xa, o Xi)i) — 8180 (Y [ X, ooy X))
)

= V(SR (Y] X, o Xi)i) — st (Y| X, ..., Xi)n
—/n(s (Y X2, ..y Xi)h) — st (Y] X2, ..., Xi)n).
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We regard the random vector (U(ﬁ) which has mean
UiZ; st (Y| Xa,y ooy Xi)n
Ep 5 | = 1 )
U; n

and covariance matrix

U Z; K2 p
Covp< ! Z> = =2,
s P

where k? = Varp(UZ), v = Varp(U?) and p = Covp(U;Z;,U?) = Ep(U3Z;) —
Ep(U; Z;)Ep(U?) = Ep(U2Z;) — st (Y| Xa, ..., Xi )1
By the strong law of large numbers ((cf. lvan der Vaart, 2000, p. 16)) we obtain

i (%Z: (U(é) ) <5Ll)i£(Y|)f722,---,Xk)77>> 4N, <<8>2> . (1.10)

From Proposition [L15 we know that

~ lin ~ 1 n
Sty (Y Xy ooy Xp)n — =Y 00 Us Z; 0
x/ﬁ< Xl(l‘ . A2k)771 7222_21 Z Z> = ( ) (1.11)
n > Uf — n > i1 U 0
Additionally we have
1 0 » 1 0
VXX | T s 0% X | A (1.12)
n+1) 2

Therefore, it follows, when adding (LI0) and (LI]), by (van der Vaart, 2000, p.11) that

A (7)) £u ()

and in conclusion by multiplying with (.12l

1 0 1 I (U Z; siin (V| X, ..., Xp)n
S V1Xa,0 0 X)) :

n+n =1 K

:\/ﬁ<§L§q(Y|X2,...,Xk)ﬁ—sdgg(Y|X2,...,Xk)n> £ N, <<o> 2’)
st (Y Xy, .oy Xp)f) — s (Y] X, o, Xi )




20

where
2 st (Y| Xa,..., Xk)p
S — AN AT = RN
- - SLgyll(Y\Xg,...,Xk)p SLl)Z(n(Y‘XQ,...,Xk) 9
2n 2n v

From this it follows by the Cramér-Wold Device and the properties of the normal dis-
tribution that

V(SR (Y[ X, o, Xp)h = s (V] X, 0, Xi))

:(1 _1> \/E<SLZ)Z{1‘(Y|X2,...,X;€) —SLl)Z(n(Y|X2,...,Xk)?7>
SLZ)Z("(Y]XQ,...,X;C) —SLl)Z(n(Y‘XQ,...7Xk)T]

and therefore

N L
VA(SEN (Y | X, oy Xi) — 8250 (V[ Xy, . X5)) 5 N (o,n—ﬁ)

O

In order to estimate the asymptotic normal distribution of ,§Ll}(” (Y| Xy, ..., Xj) we need
to estimate the variance ¢/n?. The next theorem shows how ¢/n? can be consistently

estimated.

Theorem 1.17. We have that
G/ 5 o/n?,

with

I
x>

R R 2
. g &T;(Y\XQ, o X)L SV | Xoy oy Xi)\ Ly
P p+ T ¥,
where p= LS U3Z; — sl (V| Xo, oo, X3, 42 = L0 (U2 = L5770 U2)2, &2 =
%Z?Zl{UiZ S (Y| Xoy ooy Xp )} and 72 = 2370 U2

Proof. From [Scharpenberg (2012) we know that &2 SALl)Z(n (Y| X, ..., X)) and 7 are consis-
tent estimators of k%, /4! (Y]Xg, ..., X)) and 7. This implies that we only have to show
the consistency of p and 42 for p and 2. This follows directly from the assumptions

(e.g. existing means, i.i.d. random variables, ...) and the fact that é e O
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Note that in |Scharpenberg (2012) it was only shown that
VISR (Y X, ooy X)) — sU80 (Y| Xa, o, Xi)n} 5 N (0, 57)

where k? = Varp(UZ) and #? = 1 P U? 5 92 = Ep(U?). This result is less
satisfactory than Theorem since it only allows the derivation of a confidence inter-
val for Sle(Y|X2, ..., Xg)n instead of si5 " (Y|X2, ..., Xi). The asymptotic normality of
él}'{?(Y\XQ, ..., X}) can also be shown. According to Proposition [[L9 we have that

05 (Y| Xs, ..., Xy) = Ep(UY)/Ep(U?)

which leads to the estimator
n n
00 (Y| Xa, ., Xi) = > U/ UF.
i=1 i=1

él}'{?(Y\XQ, ..., X}) is identical to the least squares estimate of the regression coefficient
from the linear model with Y as dependent variable and X7, ..., X} as independent co-

variables. It can be shown that

0 (Y] Xa, .oy X ZUY/ZU2 ZUZ/ZU2

In order to show the asymptotic normality of the estimate Hl)l'(?(Y\XQ, ..y X;) we need
the assumption
Ep(|X;X; X1 X,|) <ooforalll <i,jl,m<k (1.13)

which follows, for instance, if all X; are bounded. Conclusions of (ILI3]) are e.g. that
Ep{U?Z?} < 0o and Ep(U}) < 0.

Theorem 1.18. If (Y;, Xi1,..., Xi), i = 1,...,n, are i.i.d. and satisfy assumption (I3
then

2
m Zn L T
VALY Xar e X0) — O X X)) 5 (0,05
where 72 = Ep[U*{Z — U (Y| X2, ..., X)) }?] and n? = Ep(U?).

We already know how to estimate 72. The following theorem gives a consistent esti-

mate for 72.
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Theorem 1.19. Using the same assumptions as for Theorem [L18 we can state that

1 n
P == U 51
n
i=1
where €; are the residuals from a linear regression analysis with dependent variable Y;

and independent variables X;1, ..., Xi-

If € and the covariates X1, ..., X} are independent we obtain
7 = Ep(U€}) = Bp(U})Ep(}) = 1°0?,

which implies

7.2 0,2

o

Hence, \/ﬁ{él)i(’}(Y]Xg, ey Xpp) — Hl)i(’}(Y\XQ, ..., X))} converges to the same normal distri-
bution as y/n{61 — 01} where 6 is the least squares estimate for the regression coefficient
01 from a linear regression analysis with dependent variable Y and independent variables
X1, ..., Xp. Additionally 72/n* would be estimated by 52/7? where 62 is the estimate
for the residual variance form the linear model.

Transferring these results into the case of a linear regression model ¥ = 61 X1 + ... +
0 X1 +e€ with Ep(e) = 0 and e uncorrelated to the covariates, Theorems[[.I8 and [[.T9 are
similar to the results in [White (1980a) and (White (1980h) for the regression coefficient
0.

The single-covariate versions of Theorems [[LI8 and [[L.T9 are

Theorem 1.20. Under the setup of this section we have that
\/— élin V) — Hlin Y £ N(o 7—_2

where 72 = Ep{(X —Ep(X))?[(Y —Ep(Y))— (X — Ep(X))0%(Y)]?} and n* = Ep({X —
Ep(X)}?) = Varp(X)

and

Theorem 1.21. Under the same assumptions as in Theorem [L.20 we have that
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where €; are the residuals from a linear regression analysis with target variable Y; and

covariates 1, X;.

Hypothesis testing and confidence intervals for the partial linear mean slope

A direct consequence of Theorems [[.I8 and [.T9] is that with
T, = V{0 (Y| Xa, ..., X)) — v}(7?/7)

the rejection rule T,, > ®~!(1 — ) provides a test with significance level close to « for
the hypothesis (LH]). Analogous

CIg = 0% (Y[ Xa, oy Xp) = (772711 = ) /v/n, 00)

is expected to have coverage probability close to 1 — « for Hl)l'(?(Y]Xg, vy X&)
Similar to this the rejection rule |T,| > ®~1(1 — ) is expected to provide an approx-
imate level « test for the two-sided hypothesis

Ho: 05 (Y|Xo, s Xg) =v  vs. Hyp:08(Y|Xo, ., Xg) # 0

where v € R. An approximate two-sided confidence interval for the linear partial mean

impact is then given by
A7 R R _ [0
CIf 5 ggea = (0% (V| Xg, ..o, Xi) + (F/77) 071 (1 - 5)/\/5)-

In order to improve the type one error rate of the tests and the coverage probability
of the confidence intervals one could follow the heuristic approach replace the quantile
®~1(1 - §) of the normal distribution by the (1 — §)-quantile of the t-distribution with
n — (k + 1) degrees of freedom.

Hypothesis testing and confidence intervals for the partial linear signed mean

impact

Since in [Scharpenberg (2012) it was only shown that
~ i o L
\/ﬁ{SL?(?(Y’XQ, ey Xp)N — SLS?I)(Y]XQ, o Xp)n} = N(0, k%)

only confidence intervals for SLl)igf (Y| X, ..., X )n could be constructed. A heuristic ap-

proach to the construction of a confidence interval for SL%L (Y|Xa,..., X)) from those of
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SLl)Z(n(Y|X2, ey Xp)n and 9%‘(Y|X2, ..., X)) is given there. We have that
CIZ = [s5 (Y| X2, ..., Xi)h — 807 (1 — @) /v/n, 00)

is expected to have coverage probability close to 1 — « for Sle (Y|X2, , Xi)n for suffi-
ciently large sample sizes. Again one could improve the coverage probability of this inter-
val by replacing the normal quantile by the quantile of the t-distribution with n— (k+1)
degrees of freedom. Note, that this consideration is only heuristic.

To construct the confidence interval for Sle (Y| Xa, ..., Xx) we note that both, CI5" /n
and CI%n, are approximate one-sided (1 — ) confidence intervals for the linear signed

impact. We can rewrite them as
S _ S /o ﬁ 0, _ 01
CI}"/m=(CI}"/n) | = and Cl,n=CI 0= (1.14)
n n

where one of the terms % and % is always smaller than 1 while the other one is greater
than one. Therefore, we choose our confidence interval for the linear signed mean impact
to be

CIM = OT [ U CT0h = (85 (Y| Xa, ..., Xi) — ¢, 00)

where ¢ = (@71(1 — )/y/n) max{&/f,7/7}. Since this interval always contains at least
one of the two intervals in (LI4]). Hence, we expect this interval to have asymptotic

ISL,Old

coverage probability of 1 — a.. Similarly, the rejection rule v ¢ CIg is expected to

provide an approximate level a test for (IL3]). A test for the two-sided hypothesis
Hy: SL“"(Y|X2, ,Xg)=v ws. Hj: SLZ)Z(?(Y|X2,...,X;€) #v
can be derived from the two-sided confidence interval
CL g = (S (Y] Xy, s Xp) — €, SR (Y| Xn, o, X)) +0)

where ¢ = (@711 — o/2)//n) max{& /1, 7/7}.
However, this approach to the construction of a confidence interval for the linear singed

mean impact is only heuristic. Theorem [[.L16]l implies that

5 (Y | Xae Xi)

ot = [s5 (Y] X, oo, X) — g(bl(l —a)/v/n,0).

is a one-sided asymptotic (1 — «)% confidence interval for SL“"(Y|X2, , X)) Therefore,
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S (V] Xapeen X) . .
the rejection rule v ¢ Cl, XX g is expected to provide an approximate level «

test for the null hypothesis Hy : SL%L(Y]XQ, ey Xi) < for v eR.

As a next step we want to construct a test for (IL4]). For v > 0 we have
K| Xay oy X)) S v —v < s (V| Xs, 0, X)) < .
This implies that the rejection rule
v <min{la| : a € CI3y gaea}

provides an approximate level « test for (L4]). Thus, an approximate level « confidence
interval is given by
CI, = [min{la| : a € CI3s gqeat, 00)- (1.15)

1.4.2. Simulations

In order to investigate if the derived confidence interval for sﬁfﬁ (Y| Xa, ..., Xi) really im-
proves the old one we make some simulations and compare the two intervals with respect
to the coverage probability and the probability of not covering zero. For the comparison
of the intervals we choose the scenarios (1) and (2) of Section 5.1 [Scharpenberg (2012).

All simulations used n = 100 observations and 1000 repetitions.

(1) We assume that Y = feX +e where X ~ N(u,0?) and € ~ N(0,1) are independent.
Table 2 gives the power of the test of Hp : /{"*(X) < v with v = 0 and the
power of the z-test from linear regression for the one-sided null hypothesis that
the first regression coefficient is less or equal zero (Hp : 1 < 0) assuming that

X ~ N(u,0?). The tables also give the linear mean slope and the mean slope.

pooo?  04(Y) Ox(Y) Power linear-slope-test Power z-test
0 1 0.206 0.354  0.6041 0.6216
-1 01 0.076 0.130  0.1896 0.1807
1 1 0.560 0.963  0.9942 0.9971
1 025 0.385 0.437  0.6067 0.5980

Table 2: Power of the test for 47(Y) and the z-test from linear regression.

One can see that the linear mean slope test may suffer a slight loss in power

compared to the z-test but it can also be more powerful in some cases.
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po o2 s(Y) sux(Y) Power new impact test Power old test
0 1 0.206 0.270 0.6018 0.5695
-101 0.076 0.099 0.1904 0.1723
1 1 0.560 0.734 0.9929 0.9878
1 025 0.193 0.205 0.6073 0.5822

Table 3: Power of the new test for s:4*(Y") and the old test.

One can see, that using the new confidence interval increases the power by up to

3% compared to the use of the interval from [Scharpenberg (2012). The power of

the new test is now near to the power of the test for the linear slope.

pooo? slY) six(Y) CLIPMY 3 sldin(Y) CIst 5 sdin(Y)
0 1 0.206 0.270 0.9427 0.9692
-101 0.076 0.099 0.9417 0.9552
1 1 0.560 0.734 0.9600 0.9938
1 025 0.193 0.205 0.9660 0.9385

Table 4: Coverage probabilities of the two confidence intervals for st for different normal
distributions of X.

In some cases the new confidence interval tends to undercoverage although it im-

proves the old interval in terms of coverage probability in the last case.

(2) We now let Y = 2eX + ¢ where X ~ Ezp()) is independent from e ~ N(0,1). The

simulations gave the following results.

A 0En(Y) Ox(Y) Power linear-slope-test Power z-test
3 1.125 1.500  0.9059 0.9050
5 0.781 0.833  0.4540 0.4634

Table 5: Power of the test for 47(Y) and the z-test from linear regression.
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A (YY) sux(Y) Power new impact test Power old test
3 0375 0.433 0.8873 0.8027
5 0.156 0.161 0.4634 0.3842

Table 6: Power of the new test for s:4*(Y") and the old test.

In these scenarios the power of the tests could be improved by approximately 8%
by using the new confidence intervals. In this case as well the power of the test

for the signed linear mean impact is now close to the one of the linear slope. One

A SLl)i(n(Y) stx(Y) Clgmewasd)@”(Y) CI;LOldBSLl)i(”(Y)

5 0.375 0.433 0.9667 0.9983
5 0.156 0.161 0.9424 0.9824

Table 7: Coverage probabilities of the two confidence intervals for st for different normal
distributions of X.

can see, that similar to the first simulations the use of the new confidence intervals
reduces the coverage probability. Nevertheless the new coverage probabilities are

much closer to stated level than the old ones.
1.5. Absolute mean slope

Up to this point the mean slope was defined by

vx, (Y| X, .., X1

O30 VX2, Xb) = = 50 X0)

Here, &g is the almost surely uniquely defined perturbation for which we have that
tx, (Y Xa, ..., Xi) = Ep(Yp(X)). It describes the maximum change in the mean of Y
when changing the distribution of the covariates in a way that the mean of X7 is changed
by one unit with the same distributional change. However, such a statement is only useful
if there is a linear relationship between Y and X;. When moving to non-linear and
therefore possibly non-monotonous relationships the mean slope becomes meaningless.
For example when regarding quadratic influences of X1 on Y (say Y = X? +¢) the term
Ep(X160(X)) could become very small or zero. Therefore, we suggest a new measure

of association which we call partial absolute mean slope. It is defined as the maximum




28

change in the mean of Y relative to the maximum possible change in the mean of X;
when changing the density of the covariates. This can be formalized as follows:

V|Xs,..., X Y| Xs,.., X
Ox, (Y| X2, ..., Xp,) = 0 VX, o Xe) (VX5 ’“), (1.16)

LXl(X1|X2""’X/€) VCLTP(PHQLXl)

where Ho = span(Xo,..., X;). With the definition as the ratio of maximum possible
changes in the means of Y and X; under distributional changes of the covariates, the
absolute mean slope becomes meaningful again. Note that the mean impact depends
strongly on the distribution of X7. The mean slope is not completely but more invariant
with respect to this distribution (see also Brannath and Scharpenberg (2014)).
In the single covariate case the absolute mean slope simplifies to

wx (V) ex(Y)

(V) = 5 = She ) (1.17)

As already pointed out there may be reasons to regard restricted versions of the partial
absolute mean slope (ILI6) (e.g. to avoid overfitting). Let R be a closed subset of L3 (R).

We define the restricted partial absolute mean slope as

K (Y Xo, .., Xy)
K (X Xy, X))

0% (Y| Xa,..., X)) =

where L?l(Y‘XQ, ..., X}) is the restricted partial mean impact. In the special case of
restriction to linear subspaces we obtain that the linear partial absolute mean slope is
the absolute value of the linear partial mean slope. Hence, when we restrict to linear
functions d the absolute mean slope has still the interpretation of the maximum change
in the mean of Y when we change X; by one unit, which has a simple interpretation
in the linear setup. In the course of this thesis we will regard the absolute mean slope

instead of the mean slope.

1.6. Common mean impact of several variables
In generalization to the mean impact we can define the common mean impact of a set

of covariates X = (XM, .. X(*)) Tt is given by

LX(1)7M’X(1C)(Y) = sup Ep[Y§(X)]. (1.18)
§(X)eLp (R), Ep[6(X)]=0, Ep[8?(X)]=1
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The common mean impact quantifies the maximum change in the mean of the target
variable Y, when the common density f of X, ..., X*) is changed to f(149), where §
has mean zero and variance equal to one. Hence, the common mean impact is a measure

of the multivariate association between ¥ and X, ..., X *)

Theorem 1.22. Let XU, .., X®) and Y be square integrable. Then

(a) 1x(Y) = /Varp[Ep(Y]X)]
(b) 1x(Y) =0 if and only if Ep(Y|X) = Ep(Y) is independent from X.

(c) 0<ix(Y) <uwy(Y)=SDp(Y) where SDp(Y) = /Varp(Y).

(d) 1x(Y) = vy (Y) if and only if Y depends on X deterministically, i.e., Y = g(X)

for a measurable function g : Rt - R.

(e) if Y = g(X)+U, where g : R™*1 — R is measurable and U and X are stochastically
independent, then 1x(Y) = 1x[g(X)] = SD[g(X)].

Proof. (a) follows from Cauchy-Schwartz ‘s inequality in L?(R), which implies

Ep[Y§(X)] = Ep[Ep(Y|X)6(X)] = Ep[{Ep(Y|X) — Ep(Y)}d(X)]
< SDp[Ep(Y|X)].

For §(X) = {Ep(Y|X)—Ep(Y)}/SDp|Ep(Y|X)] we obtain Ep[(X)] = 0, Ep[§?(X)] =
1 and Ep[Y§(X)] = SDp[Ep(Y|X)]. This implies tx(Y) = SDp[Ep(Y|X)]. Statements
(b) to (e) follow from (a) and Varp(Y) = Varp[Ep(Y|X)] + Ep[Varp(Y|X)]. O

1.7. Common linear mean impact of several variables

Similar to the case of the mean impact we would run into overfitting problems, when
trying to estimate the common mean impact (LI8). As a solution to this, we restrict
the set of allowed perturbations d to the set of functions linear in random variables
XM x®) (we write X = (X(l),...,X(k)))7 where we assume that X = 1. This

means we have

Ary) = sup Ep{Yd(X)}
6(X)€H;EP {S(X)}:O,EP {62 (X)}:l

where H = span(X W, .. X (k)) - L%,. This common linear mean impact is clearly

a lower bound for the common mean impact (LI8)). Applications of this scenario will
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cover polynomial fits or fitting natural splines and are further described in later sections.
However, the common linear impact can be used to describe non-linear associations

between the target variable Y and one (ore more) independent variables.

As a next step, we show that the common linear impact of X equals y/Varp(PyY). By
Cauchy “s inequality we obtain for all § € H with Ep(§(X)) = 0 and Ep(6%(X)) = 1
that

Ep(Yo(X)) =Ep(PyY (X)) = Ep({PyY — Ep(PyY)}6(X))
<\ Varp(PyY).
Hence, if \/Varp(PyY) = 0 then (£*(Y) = 0, otherwise chose §(X) = {PyY —
Ep(PyY)}//Varp(PyY) and obtain (&*(Y) = \/Varp(PyY). Note that Varp(PyY) =
Ep{(Py,Y)?}, where H; = H Nspan(1)* = H — span(1).

By these arguments the linear mean impact can be estimated by

n

(PMmY)i — % Z(PMY)ZI

. 1<
(Y) = - >
i—1

n

n 2
— %Z(PMY)f - (% Z(PMY)Z) (1.19)
i=1

=1

. : T
where Y = (Y1, ..., Y;)T, M = span(X®, ..., X®)) C R and X©) = <X§J), ...,X,(L”) is

the vector of observations of X /). Consistency of this estimator can be shown as follows.
Let él, ,ék be the coefficients of the projection of Y onto M in R™ and &1, ..., & the
coefficients of the projection of Y onto H in L%. We know that (él, ,ék) 2 (&1, eey &k)-

Therefore we have

1 n n

- Z(PMY% = % Z(&Xi(l) + .+ kai(k))

=1 i=1
1 & 1~ (&
~ 1 ~
=4-> XZ.(>+...+§%§ x®
i=1 =1

Lo Bp(XW) 4+ .+ &Ep(X™)
= EP(PHY).
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Analogously it can be shown that £ 3" | (Pp(Y)? 2 Ep([PyY]?) and therefore i (V) &
Nin
ix'(Y).

1.7.1. A test for the linear common mean impact being zero

As a next step we want to derive a test for
Ho:§"(Y)=0 vs. Hy: (YY) #0s H: (YY) >0.
We make the assumption

Assumption 1.23. There exists no € € R¥ with € # 0 so that the linear combination
XD 4 L+ &X®) s almost surely constant.

With this assumption we obtain
lin

1x'(Y) =0« PyY = const. almost surely < R{ = 0,

where R= | ¢, |, with [, being the (k—1) dimensional identity matrix and § =

0
(€1,...,&)T the vector of coefficients of the orthogonal projection of Y on H. Therefore,

Hy: (V) =0« Hj: RE=0.
To construct a test for H{, we make the following assumptions which originate from
White (1980h).

Assumption 1.24. The true model is
Yi=gW)+e, i=1,...,n

where g is an unknown measurable function and (W;, €;) are i.i.d. random (p+1) vectors

(p > 1) such that E(W;) = 0, EOWI'W;) = Mww finite and non-singular, E(e;) = 0,

E(e}) = 02 < 00, E(W[e;) =0 and E(g(W;)?) = 03 < 0.

Assumption 1.25. X = (XM . X®)) 45 a4 measurable function of W.
Assumption[[.25 means that the elements of X; are functions of W;, but not necessarily

functions of every element of W;, some variables may be omitted. We also need to assume
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Assumption 1.26. Ep(g(W;)e;) =0, EP(XZTEZ') =0, EP(XZ-TXZ-) = Mxx s finite and

nonsingular.

White (1980b) shows that under assumptions [[.24] [[.25] and [[.26] the following asymp-
totic result holds:

V(€ —€) 5 Ny(0,%)

where X can be consistently estimated by (XX /n)~'V(XTX/n)~! with

V=n! Yo (Y —X;£)?2XTX; and € is the vector of estimated coefficients from a linear
regression with target variable Y and covariates X, ..., X*)_ Since R has rank k — 1
we obtain

VIR(E —€) 5 Ni_1(0, RERT)

which implies
nlR(E — & RXTX/n) 'V (XTX/n) "R RE - O] 5 Xy,
thus under H): R€ =0
nlRETRXTX/n) V(XX /n) " RTRE 5 xE o
This implies that we can reject H{, at an asymptotic significance level « if
T = n[RETIROXTX/n) "V (XTX/m) BT R 2 Q) (1 - a),
where Qif_l(l — ) is the (1 — &) —quantile of the x2_, distribution.

1.7.2. A shrinkage-like approach to the construction of confidence intervals for the

linear common mean impact

In this section we want to derive lower confidence intervals for (4(Y). We will start
by constructing confidence intervals for the squared impact, from which one can easily
obtain the desired confidence bounds for the unsquared restricted impact. First of all
we assume that the assumptions [[.23] [1.24] and hold. It was shown in the

previous section that these assumptions imply

. . L

n(€— TS 1E - 5,

with ¥ = (XTX/n)~ 1V, (X"X /n)~! from above. When testing the squared impact via

the coefficient vector & of the orthogonal projection of Y onto H one has to keep in mind
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that multiple £ can lead to the same squared impact. Thus, to be able to reject a certain
impact we have to be able to reject all coefficient vectors leading to this impact. To this

end we note that

1 1

) = XX/ =X | X | €
1 1
=:U

and choose a shrinkage-like approach. The idea is to find for A > 0

argming n(§ — )70 — &) + AT UE. (1.20)

In this approach we penalize the x?-test for H] by the estimated squared impact obtained
by £. In the following we will show that this minimization problem is equivalent to finding

the minimum of
n( - E-©)
under the constraint ¢7UE < s(\) for s(\) = §§U§ A, Where &) is the unique solution to

(L20). This means that by testing the coefficient &, which solves (L.20), we essentially
test the hypotheses

Hy: Ll)i(”Q(Y) <s(\) vs. Hy: LZ)Q"Q(Y) > 5(A). (1.21)

By testing these hypotheses for all s(A) in a decreasing manner we will be able to find the
desired asymptotic lower confidence interval (the last s(A) which cannot be rejected). In
order to understand the behavior of £, and s(\) when \ changes we make the following

considerations.
Proposition 1.27. &, = [nX~1 + AU 1nX~1¢ is the unique solution to (L20).
Proof. First of all we show that nE~1 + AU is non-singular. We have
S = (XTX/n) "V, (XTX /n)~!
= (XTX/n) 1 XTQ/mX(XTX /n)1,

with Q = diag(é2, ..., ¢

obtain

2) and € = (V; — X;€)? > 0. Therefore, for ¢ # 0, ¢ € R* we

n

ISe = F(XTX/n) 1 XTQ/mX(XTX /n) e ='Q/né > 0
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with ¢ = X(X”X /n)~'c # 0 since X has full rank. Hence ¥ is positive-semidefinite and

since it is non-singular it is positive-definite. This implies that n>~1 is also positive-

1 - 1
definite. Furthermore, we have for ¢ # 0, ¢ € R¥ and 1 =
1 .. 1
Ue ="' XTX /nec — I XT1X /n’c
1 n k 2 1 n k 2
Zg_z ZCin' - ﬁZZCjXU >0,
i=1 \j=1 i=1 j=1
where “=" in > only holds if rank(X) < k. Hence we have > 0 instead of > 0. In

consequence we obtain for ¢ # 0, ¢ € R*

I MET+AU)e = TnE e+ AT Ue > 0.
0 >0
>

Hence n2~! 4 AU is positive-definite and thereby invertible.

Now we show the statement of the proposition. To this end we consider

0 - R R
a_g”(5 TS -9+ 2TUE=0

&2nE7HE - €) + AUE =0
enS i —pE T+ AUE=0
ohST AU =nD 1
sf=E6 = I 4 AU Inn I

Hence &) is the unique solution to (L20). O

Proposition 1.28. Let A > 0. &\ s also a minimizer of the expression

n(€ - TS (-9

under the constraint €TUE < s(\) = SEU@\.
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Proof. Let £UE < s(\). Then we have

~ A

0<nE—TEE &) —n(€ —&)TESHE - &) + MTUE - As())
—_— —————

<0
<n(€-OT'STME-E —n€ - )TSTIE &),
Therefore, £, is also a minimizer of the expression
n(€-"E-9)
under the constraint ¢7UE < s(\). O

Proposition 1.29. Let A > 0. A minimizer ofn(é—f)Til_l(é—f) under the constraint
€TUE < s(N) is also a minimizer of n(€ — )TS1(€ — &) + AeTUE.

Proof. Let € be a minimizer of n(§ — £)TS71(€ — ¢) under the constraint £7UE < s()).

Since &) obviously fulfills the constraint we have
n(€—)TSTHE- <n(€-&)TETHE- &)

which implies

Hence the required minimization. O

The latter two propositions imply that the minimization problem (L20]) is equivalent
to the minimization of n(€ —&)TS (€ — ¢) under the constraint £7UE < s(\) = ¢lue,.

Proposition 1.30. s(\) is decreasing in A > 0.

Proof. Let 0 < A1 < A\2. Due to the minimization property of £, we have

n(€ — &2)TE7HE — Ex2) + Aas(N2) < n(€ — Ex1)TE7HE = En1) + Aas(A1)

which implies

A2 (s(A2) — s(M)) < n(€ = &E)TSTHE - &) —n(€ — E2)TE7HE - ).
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Analogously we obtain

A(s(h2) = s(A1)) = n(€ = E1)TETHE - &) — n(€ — £2)TETHE - &)

Hence

A2(s(A2) = (A1) < Ar(s(A2) — s(A1)).
Since 0 < A1 < Ay this implies that s(A2) < s(A). O

We have already observed that we have to reject all coefficient vectors £ that lead to a
specific squared impact to be able to reject this squared impact. We have shown that &)
minimizes the test statistic n(é—&)TS "1 (£—=¢) for all € with Ll;(”g (V) =£Tue < €fug, =
Ll)’gf; (Y'). Which means that by testing &, we essentially test the hypotheses (IL2]]). This
implies that being able to reject £, means being able to reject Ll)i(’?;(Y) and all smaller
values. Since s(A) is monotonously decreasing in A the expression n(é - Q)Tfl_l(é —&))
is monotonously increasing in A. Therefore, we can test £, for all A and construct a
lower confidence interval out of all Ll)i(’?;(Y) for which &) could not be rejected. Since
it is impossible to test for all A > 0 we choose a different procedure in applications. In
a first step we perform the test for :{*(Y) = 0 from the previous section. If we cannot
reject we choose our lower confidence limit to be 0. In the case where /£*(Y) = 0 can
be rejected we test for an arbitrary increasing sequence of A until £, can be rejected the
first time. Let A\; be the first A of the sequence for which we can reject £,. Then we
undertake a bisection search between \;_; and \; and stop when the difference between
the smallest squared impact which could not be rejected and the largest squared impact
which could be rejected is less or equal a pre-chosen margin e. We then choose the
lower bound of the confidence interval to be the largest squared impact which could
be rejected. A lower bound for the Ll)i(”(Y) is then just the square root of this bound.
However, as will turn out in Section Ml these intervals have poor coverage probability,
when the mean impact equals zero and the sample size is small (i.e. n =& 100). This
may be due to the fact that the use of the robust covariance estimate of (White (1980b)
leads to type-I error inflation. In order to overcome this lack of performance for small
impacts and small sample sizes, we will derive bootstrap intervals for the mean impact in
Section [L7.5], which will have better coverage properties. Simulations with larger sample
sizes (n = 200,n = 500) showed that the coverage probabilities of the intervals derived
here come close to the nominal level. Therefore, bootstrap methods are only necessary

when the sample size is small.
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1.7.3. Common population coefficient for determination

We can also define the population coefficient for determination in the given setup. Re-
member, that the unrestricted population coefficient for determination (.2]) for a single
variable X7 is defined by

Rp = 1%, (Y)/Varp(Y)

and quantifies how close tx,(Y) is to its upper bound \/W(Y). In generalization
to this we define the common population coefficient for determination of X, ... X ()
which coincides with Pearson’s correlation ratio considered in [Doksum and Samarov
(1995), by

R% = % (Y)/Varp(Y).

This expression quantifies how close tx(Y) is to its upper bound /Varp(Y'). The natu-
ral restriction to linear perturbations leads to the linear common population coefficient
for determination of X ..., X (%)

REP = lin* (V) [V arp(Y). (1.22)
We can rewrite (L22) as Ri—i,"2 =Varp(PyY)/Varp(Y) and estimate this by
RE™ =i (v) /6%, (1.23)

where 6% = 13" (V; — Y)? and H = span(X 1, ..., Xx®)).

1.7.4. Common absolute mean slope

We recall the definition (ILI7)) for the absolute mean slope of a singe covariate Xi:

vx, (Y)
Ox,(Y) = 12—~
X1 ( ) LXl (Xl)
When XM, .., X®*) are functions of X we can use the common linear mean impact of

XM X®) to approximate the the absolute mean slope of X, namely by the common

linear absolute mean slope

al)z(n(y): Ll)l(n(Y) — Ll)l(n(Y) (1‘24)

LXl(Xl) \/Varp(Xl)’

which does not necessarily equal the linear slope of X; alone.
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It can be estimated by

~

) Zlin Y

) \/% >y (X — X2

Note, that in theory we could also define a signed version of the polynomial based

impact. Since the consideration of a signed impact is questionable in non-monotonous
relationships this approach is not followed up further in this thesis.

The common absolute mean slope will be called “mean slope” in the sequel.

1.7.5. Bootstrap intervals for the common linear mean impact

As it was already said, the confidence intervals for the common linear mean impact
based on the shrinkage-like approach of Section tend to undercoverage, when the
sample size is not sufficiently large and the mean impact is close (or equal) to zero. In
the following we will give a theoretical justification for using bootstrap methods in the
construction of confidence intervals for the common linear mean impact based on the
variables XM ... X®) in order to overcome these undercoverage issues. Therefore, we
will show that the conditions of the “smooth function model” of Hall (Hall (1988) and
Hall (1992)) which is reviewed in Section [A.3 are fulfilled.

Theorem 1.31. If BFp(| XWXV XM X)) < 0o and Ep(| XD XDY?|) < 0o for all
1< 4,1,m,0 <k bootstrap BC, and studentized bootstrap intervals for Ll)i(”Q(Y) based on

lin2
5 (Y') are second order accurate.

Proof. We show that ZZ)Q"Q(Y) is a smooth function of arithmetic means of certain i.i.d.
random vectors and Ll)i(”Q (Y) is the same smooth function of the expectation of these

variables. To show this we only need to show that the terms arising in (LI9)), namely

1 — 1 —
- > (PuY); and - > (PuY);
=1

i=1

are smooth functions of i.i.d. means. Since square and subtraction are smooth this would

imply the smoothness of Zl)i(”Q (Y'). We make the following considerations:

1< 1 1
=3 (PuY); =—YTX(X"X/n) ' =XTY
n n n

:VTCfIV”
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where

and
-1

3

_ _ 1 i) v (i
c-1— (XTX/n) 1_ <E Xl( )Xl(J)>
=1 i,j=1,..,k

Hence, % > (PmY)? is a polynomial in the entry of the mean of the i.i.d. vectors

Zi = (XM, xPy, xOxM L xDx® 0 xE xR
for i = 1,...,n. Since all partial derivatives of this quotient of polynomials are quotients
of polynomials themselves they are also differentiable. Induction yields the smoothness
of 137 | (PmY)?. Note that the denominator of " | (Pr(Y)?, which is the deter-
minant of C, is always greater than zero since it is the determinant of a (by assumption)
non-singular matrix. It follows by similar arguments, that %Z?zl(PMY)i is a smooth

function of i.i.d. means. We have
1 — 1 T 1 lgr T -1
— E (PuY),=—-1"X(X"X/n)"" =X'Y=W"C"V,
n n n
i=1

where C and V are defined as before and 1 = (1,...,1)T, consequently

n n T
1 1 n 1 "
W=-xT1= —E:XU...—E:X.( .
n (n =1 b ’ni:1 '

This implies that %Z?Zl(PMY)i also is a quotient of polynomials of means of i.i.d.
random variables and therefore, by the argumentation above a smooth function in
i.i.d. means. Note that the matrices W, C' and V converge to the same matrices, but

. . . . . . ~lin?2 .
with expected values instead of arithmetic means as entries. Hence, since i (V) is

consistent for Ll)i(”Q(Y), LZ)Q"Q (Y) can be written as the same smooth function as Zl)i(”Q(Y)
but of the corresponding expectations instead of arithmetic means. Thus, Zl)i(”Q (V) fulfills
the conditions of Halls smooth function model. This means that bootstrap BC, and stu-

dentized bootstrap intervals for Ll)i(”Q (Y') based on Zl)i("Q (Y) are second order accurate. [

From these intervals we can derive second order accurate confidence intervals for
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lin

1" (Y) by choosing the lower bound

0 if 150t <0

JIBoot if gboot 5 ()

lo =

where %°°! is the bootstrap confidence bound for Ll)i("Q (Y'). The second order accuracy of
this bounds is due to the second order accuracy of the bootstrap bound, the monotony
of /- and the fact that the impact is non-negative.

Note, that if /£%(Y) # 0 the estimated linear common mean impact itself (instead of
its squared version) fulfills the conditions of the smooth function model (y/- is smooth
on R*). Hence, when the common linear mean impact is strictly positive, bootstrap
BC, and studentized bootstrap intervals based on i5*(Y") are second order accurate for

Ll)i("(Y) > 0. However, when using bootstrap bounds based on the unsquared estimate

E&"(Y) we have to make sure that Ll)i(”(Y) > 0. To ensure this, we can pre perform the
test for the null-hypothesis (4*(Y") = 0 of Section [L7.1] prior to the calculation of the
confidence intervals. In Section 4l we compare the method of computing the confidence
bounds via the squared estimate to the approach where we bootstrap the unsquared
estimate with pre-performed test for (&*(Y) = 0 (Set the confidence bound to zero,
when the test can not reject the null-hypothesis).

From the results above it follows that é§”2(Y) also fulfills the smooth function model
leading to second order accuracy of bootstrap BC, and studentized bootstrap inter-
vals. From these intervals we can obtain confidence bounds for #4%"(Y) by the same

transformation as in Section [[.9.3] namely by

0 if 150t <0

Iboot i gboot 5 o

where [2°° is the bootstrap confidence bound for HQ"Q(Y).
Note, that if #%"(Y) > 0 its estimate 4*(Y) fulfills the smooth function model.

Hence, we could also compute bootstrap bounds based on the unsqared estimate éél(”(Y)

lo =

when pre-performing a test for Ll)i(”(Y) = 0 (which is essentially the same as to test for
9?("(1/) =0).

We can also show that in this setup the linear common population coeflicient for de-
termination (L22) with its estimate (I.23]) meets the conditions of the smooth function
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model. To this end, we note that

RE™ = °(Y)/6%,
with 6% = 13" (¥; — Y)? contains the smooth function LZ)Q"Q(Y). Obviously the
expression 6% is a smooth function of means of i.i.d. random variables. Furthermore, it
is consistent for 0% = Varp(Y). Thus, the conditions of the smooth function model are

met and bootstrap BC,, and studentized bootstrap intervals for lei,”Q are second order

accurate.

1.8. Partial common mean impact

Again we consider the case where we want to quantify the association between a target
variable Y and a set of covariates X = (X(l), ...,X(k)) which goes beyond the possible
influence of further variables Q = (Q1,...,Q;). We define the partial common mean

impact by

Lx, xm(YQ1, ..., Q1)
= sup Ep[Yi(X,Q)]. (1.25)
SeLy (RF1):E(5(X,Q))=0, E(2(X,Q))=1, B(6(X,Q)Q;)=0 Vj=1,..,

It describes the maximum change in the mean of Y, when the common density f of
(X(l), X Q, .., Q) is changed to f(1+ ¢), where 0 has mean zero and variance

equal to one and the means of (Q1, ..., Q;) remain unchanged.

When the variables X1, ..., X(*) are functions of a single variable X we can in gener-

alization to the common mean slope ([.24]) define a partial common mean slope by

txy, . x (Y]Q1,..., Q1)
Ly, xm (X1|Q1, ..., Q1)

Oxo,. xw(Y]Q1,...,Qu) =

1.9. Linear partial common impact analysis
1.9.1. Definition of the linear partial common mean impact

In order to avoid the problem of overfitting which arises in the estimation of the common
partial mean impact (L.25), we regard the common linear influence of the set of covariates

XM .. X®) which goes beyond the possible influence of Q1, ..., Q;. Hence, we regard
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the linear partial common mean impact which is given by

Ll)?fn,,,,,x(k)(Y|Q1, Q) = sup Ep{Yi(X,Q)}, (1.26)
SEHNHF, Ep{62(X,Q)}=1

where # = span(Q1,...,Q;, 1, XM, ... X*)) and H, = span(1,Q1,...,Q;). The linear
i

X0, x®

of the mean of Y when the density f of the variables X, ..., X®) Q,...Q; in the

population is changed to (1 4+ J)f in a way that ¢ is linear in X0 X® Q... Q,

L?(RF*!)-integrable with norm equal to one and the means of the covariates Q1, ..., Q;

partial mean impact ¢ (Y@, ...,Q;) describes in a sense the maximum change

remain unchanged. Obviously the linear partial common mean impact (L26]) is a lower
bound for the (unrestricted) partial common mean impact (IL25]). In order to be able to

calculate this impact, we make the following consideration.

Proposition 1.32. With the above definitions of H and Ho we have that
PHmH;Z = PHPHQLZ = PH%PHZ,

for all Z € L?(RF+1).

Proof. First of all, since Ho C H we have for all Z € L?(R**!) that

PyPyyZ =PyZ — PyPy,Z = PyZ — Py, Z
= PyZ — Py, PyZ = Py Py Z.

Thus, P’HP/H%Z = PH% PyZ e HN ’H% This, together with the definition of the projec-
tion provides for all U € H NHy

Ep(UPyy1 Z) =Ep(UZ)
—Ep(UPyZ)
=Ep(UPyy PuZ) = Ep(UPy Py, 7).

Thus, since the projection is uniquely defined, we obtain
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We can rewrite the impact (L26) as

‘ v Py0(X, Q)

lin Y O E 4 ,
L ( ‘Qh eeey l) - sup L P. X (;2 ’
XW,...x®) €L}, Vars(5(X,Q))>0 VER{(Pr0(X, Q))%}

where H = H N ’H% The same argumentation as in Section [[.1 gives

B o (V1@Q1 Q1) = \Ep{(PgY)2} = \[Vare(PyY).
Proposition 1.33. With the definitions of this section we have that
H=HNHy =M,

where Hy = span(PHQLX(l), s PHQLX(I‘“)).

Proof. We start by showing that H C Hi. Let Z € H, then we have trivially that
PpZ = Z. By Proposition [[.32] we can rewrite this as PyZ = Py L PyZ = Z. This

means that we have

Z =Py PyZ = Py, Zn]X(J +770+Z77k+le
j=1

for some coefficients 7g, ..., 7j4m,

HJ‘X ]) < Hl

||M»

Consequently, we obtain H C H;. Next we show the reverse statement H; C H. Since
we obviously have that H; C ’HQl it suffices to show that H; C H. To this end let

Z € Hi, this means that we can write for some coefficients v1, ..., v; and (o, ...,

k
7 — Z VAPH%X(J') — Z uj(X(j) — Py, X))
j=1 j=1
=> p(xW — ¢ - Zchm
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From this we obtain #; C M and consequently H; C H. Together with H C H; the

assertion follows. O

With the result of Proposition [[.33, we can also write

Ll)i(rél)7...’x(k)(Y‘Ql7 ceey Ql) =V VaTP {P’H1Y}7

where H; = span(PHQLX(l), ...,PH%X(I“)).

In the case of X1 .. X(*) being functions of a single variable X; (with XU) = X, for

one j), the linear partial common mean slope is defined as

o 1Q1Q) Vg (P
QX(1)7,,,7x(k)(Y|Q1,---an) = Tin X - ’
LXU),...,X(’“)( 11Q1, .., Q1) VCLTP(PHQLXl)

1.9.2. Estimation of the linear partial common mean impact

Given i.i.d. observations Y = (Y1, .., )T, Q; = (Qujy -+, Quj) T, X = (X, ..., X7

of Y, Q; and X for j=1,...,0 and m = 1,..., k we estimate L§71)7...,X(k)(Y|Q1’ s Q)
by

~lin - 1

LlX(l),...,X(k)(Y|Q1, s Q1) =[P, Y2 = %HPMIYH’

where M; = span (X(l), ...,X(k)), with X(j) = PMQLX(j) and Ms = span (1,Qq, ..., Q;).
When XM, .., X®*) are functions of a single variable X; (with XU = X, for one 7),

the linear partial common mean slope is well defined and can be estimated by

Alin
li LX<1),.,,,X<k)(Y’Q17 Q1)
al)Z(T(LI),...,X(k)(Y|Q1,-"an) = —
\/% doica ((P/v%xl)i - PM2¢X1)

Here, X is the vector of i.i.d. observations of the variable Xj.

1.9.3. Bootstrap confidence intervals in linear partial common impact analysis

We will show that Z?gf; () (Y@, ..., Q) meets the conditions of the smooth function

model of Hall described in Section [A.3.3] which implies that bootstrap-BC, and studen-
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tized bootstrap intervals are second order accurate. From these intervals one can easily

2

derive confidence intervals for Ll)i(71),___7x(k) (YQ1,...,Qr).

Theorem 1.34. Bootstrap BC, and studentized bootstrap confidence intervals for

c 2 A2
L§71)7...7X(k)(Y|Q1, ey Q1) based on L§71)7...7X(k)(Y|Q1, ., Q1) are second order accurate.
()

Proof. With X being the matrix with j-th column X" we have that

. 1 ~ ~T ~\—1 7 4 AT A\ 1 &
W (V@1 Q) ==Y X (X'X) XX (X'X) X'y
Pryy
1 ro (oTo, \ 1 1g
=-YTX (XTX/n> X'y,
n n

()

We can rewrite X as

X7 = x0) - @/ QXY

where Q = (1,Q, ..., Q;). We can see that

1y xU)
Lqrxv) = F i X
n .
1y X Qu

is a vector of means of i.i.d. random variables. Obviously, (Q7Q/n)~! is a matrix whose
entries are smooth functions of means of i.i.d. random variables (this was already shown

in Section [[7). Hence, we can write

To /-1 0Tx6) — [ +0)
(Q"Q/n)'~QTXY) = (£ ,

>m:1,...,l+1
()

where f,g,{) are smooth functions of means of i.i.d. random variables. Consequently X"

is given by

f(])
0 } 1 " " 41
XV = x0) _ Q : = {Xl-j — (flj + Z fg)Qi(m—1)> } ’
m=2 i:17 T
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This implies that

1.7 1 <& )
X Y={{2NxYy -
K= (LS (

+1

(11 1y
iy ~Yit Z fr(r{)ﬁ Zin(ml)> }
m=2 =1

J=1,....k

is a vector of smooth function of means of i.i.d.random variables. Analogously it can
be shown that <XTX/n)71 is a matrix with smooth functions of means i.i.d. random
variables as entries. From this it follows that Zl)z(’}f) <o (Y[Q1, ..., Qr) meets the con-
ditions of the smooth function model. If we can show that Zl)igﬁ) 77777 ¥ W Y1Q1,...,Q1) —
Ll)?ﬁ)7...7x(k)(Y|Q1, ..., @) the considerations in [Hall (1988) and [Hall (1992) concerning
the smooth function model give the second order accuracy of the BC, and the studen-
l)i(ri),___,x(k) (Y|Q1,...,Q;). For the consistency we make the
following considerations. A direct conclusion of the proof of Lemma [[.13] (which is also

tized bootstrap interval for ¢

given in Appendix [B) is that
-2
N xw (Y1Q1, -, Q1)

- {Ep <PH2LX(J'))j:1 k} {Ep <PH2LX(a>pH§X(b))a b}l {EP (PHQLX(J')> }JT

1ok
(1.27)
As mentioned before we have
Jin 1 s (o T -11.7
W xo (V@1 Q) = —YTX (X X/n) =Xy,
with
X=X-QQ"Q)'Q"X, where X = (XM, .. Xk
Using this notation we obtain
1,7 1 . 1 .
-X Y:—<X(J),Y> ——(X(]),P Y)
n n < ) j=l,...k mn < M Y) G=1,.k
1 . 1 .
- X(])Y> __(p X(J)Y>
n << ' Y) j=l,...k N (P, ' Y) =1,k
1 ,
- ©))
2 (X))
P ()
2 Bp <PH%X Y>j:1,...,k’ (1.28)

where (-,-) denotes the inner product in R™. The convergence in (L28)) follows instantly




47

from the convergence of the coefficients of the projection in R™ to those of the projection
in L? (see for example Lemma[[T3)). Let (51, very él+1) be the coefficients of the projection
of XU) onto Mj and (&1, .-, &41) the coefficients of the projection of X ) onto Hs. Then

we have
1 +1 I+1
<pM X0, Y) :52 Y§1+Z§]Q” »Yi —'51‘ZY+Z§ ZQH i
+1 A
S6aEp(Y)+Ep (VY Q1| =FEp <ypH2X(]>>,
j=2

thus, (L28) holds. For %XTX we obtain

XX =1 (X" - X"QQ"Q) Q") (X - Q(Q7Q) Q")

— XX - 1X"Q(QQ) 'Q'X
n n

1 1
—(x@.x0) (X, P, X))
a,b

a,b
(a0 (e (con )], o
{EP (X(“) Py, X0 >)}a7b - {EP (PHLX( 9 p LX@)}M, (1.30)

where the convergence in (I.29)) follows analogous to that in (L28). Combining (L.27),
(C2]) and (L30) gives

N in2
Ll)Z(y%l) X (k) (Y’Qh - Q1) 5 L{)?(Ll)““’X(k) (Y‘Ql, ey Ql)

Thus, bootstrap BC, and studentized bootstrap confidence intervals for

l)lgfl) X ®) (Y@, ...,Q;) based on Ll)z(’}l) _,X(k)(Y‘Qh---,Ql) are second order accurate.
O

From these intervals we can derive second order accurate confidence intervals for

Ll)ig(il) X(k)(Y\Ql, ..., Q1) by choosing the lower bound
0 if b0t <0
L — (1.31)

N N
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where 1%°°! is the bootstrap confidence bound for L§7?)7...,X(’c)(y|Q1’ ..., @1). The second

order accuracy of this bounds is due to the second order accuracy of the bootstrap
bound, the monotony of /- and the fact that the impact is non-negative. Analogously
to Section [L7.5] one can see that the unsquared estimate 31)271)7.“7)((;@)(”@1, .., Q) also
l)z(’}f) ) (YQ1,...,Q;) # 0. Thus, we could also

use bootstrap bounds based on Zl)igfl) 0 (Y|Q1, ..., Q1) when performing a test for the

fulfills the smooth function model, if ¢

null-hypothesis Ll)i(’él),___, X(k)(Y]Ql, ..., Q1) = 0 prior to the calculation of the confidence
bounds (set the bound to be zero if the test does not reject).
In the same manner it can be shown that bootstrap BC, and studentized bootstrap

. -2 T
intervals for al)Z(T(llh...,X(k) (Y|Q1, ..., Q;) based on 91)’(7(‘1)7“_7)((,9) (Y|Q1, ..., Q) are second order

accurate. Using the same transformation as in (IL.3I]) we obtain confidence intervals for
y
9)2(7(11)7___7X(k)(Y|Q17 ) Ql)

1.9.4. Alternative Approach
Alternative partial mean impact

Another approach to quantify the influence of covariates X, ..., X*) on ¥ which goes
beyond the possible influence of the other covariates @1, ...,Q; is to regard the differ-
ence in the common influence of XMW, ... X*) Q;,...,Q; and the common influence of
Q1,...,Q;. Hence we look at

bxm . x®.01..0,Y) = tQi...q(Y). (1.32)

This difference describes the additional maximum change in the mean of Y, when chang-
ing the distribution of XM, ..., X®) @y, ..., Q; instead of Q1, ..., Q; in the population. It
is therefore a measure of the influence of X, ..., X*) which goes beyond the influence

of Q1,...,Q;. Moving to the linear versions of the common impacts leads to

153 153
e x® a0, (Y) — gy (Y):

Note that this difference is not necessarily a lower bound for the difference of the un-
restricted impacts ([.32). To obtain a lower bound for (I.32]) one would need to have
a conservative estimate of txw)  yw g, g,(Y) (which can be done by using the lin-
ear impact) and a consistent or anticonservative estimate of vg, . ,(Y). Moreover, to

be able to make use of the smooth function model asymptotic, we need to look at the
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difference of the squared impacts

lzn

i
L x0,0p0(Y) — é? Lo, (Y).

Since Zf",’}i ) oY) and Zlgl‘ Q (Y') both fulfill the smooth function model of

'7X(k)7Q17
Hall (1988) and Hall (1992), their difference does so as well. This implies that bootstrap
BC, and studentized bootstrap intervals for LX(l) X(’C>,Q1,...,QZ(Y) ngl‘ ,(Y') based

on {lin? Y)— Zlgl‘ ., (Y) are second order accurate. When regardlng the

XM, X(k)ley---le(
difference of the squared impacts it follows from orthogonality that

l l lin?
)Z(Tél) X(k)le7---an(Y) — QZT;’ 7Ql(Y) = L}71)7.“’X(k) (Y‘Ql, 7Ql) (133)

Similar to the previous cases the smooth function model also applies to the difference

of the unsquared impacts, when both L?gfl) (Y) and le ,Qz(Y) are strictly

X®),Q1,...,Q1
positive.

Alternative partial mean slope

In the setup where XM, ..., X(*) are functions of a single covariate X, (assuming that

XU = X, for one J), the partial absolute common mean slope was defined as

Lx(1)7...’X(k) (Y’Qla sty Ql)

9 Y|Q1,...Q) = :
x,. xt (Y@, ... Q1) .. 0 (X1]Q1, s Q1)

A straightforward application of the alternative approach to is then given by

Ot (Y]Q1, - Q1) = txw, x0.01,.0Y) ~ oY)
XM x k) 1y Q1 LX(l),---7X(k),Q17---,QL(X1) —10y...(X1)
— LX(l)""7X(k)7Q17"'=Ql(Y) B LQI?"'?QI (Y)

SDP(XI) —lQ1,...,Q (Xl)

It shows how much more the mean of Y can be changed by adding X, ..., X*) to the
set of covariates relative to the excess in the maximum change of the mean of X; when
adding those covariates. A linear version of this parameter is given by

li i
galt, lin (Y|Q1, s Q) = L)Z(%,...,X<’f>,Q17---,Qz(Y) 511 le(Y)
X(k) FRRES) - ;

W
- U x 00, (K1) — 10 (X1)

LQ1,...
Lgl(rél)v"'vX(k)lev"' Ql(Y) LlQZT;’ ( )

SDP(Xl) —Lgn l(Xl)
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This can be estimated by

~li ~i
B ion oy — F0xa M) 0 M)
X (k) PRARD] -

) SD i
i SDp(X1) — i o (X1)

)

where §]_\)p(X1) =n"13 " (Xa — X1)% If we want to use the smooth function model

we need look at the squares of the impacts again. Thus, we consider the parameter

lin? lin?
X0 xwgr.0,Y) —wor V)
Varp(X1) — i o (X1)

Orthogonality provides that this equals

2
Ll)z(rfl)7,,,’)((k) (Y[Q1,...,Q)
B o (X1Q1, e, Q)

2
= el)lczx.,,,x(k)(Y\Qh s Q7).

Thus, in the linear case, the alternative approach leads to similar results as the classical
approach. However, when moving away from linear restrictions, as will be done in
Section this is no longer the case.

Partial coefficient for determination

The alternative approach enables us to define a partial measure of determination, namely

by
2 2
RX(1>,...,X(k),Q1,...,Ql o RQl,---,Qz

2
1- RQly---le

(1.34)

Note, that this quantity is not defined for Ré17~~~7Ql = 1, however, in this case all variation
of Ep(Y|X) can be explained by Q1,...,Q; and one would not need to add further
variables to the set of explanatory variables. Hence, without loss of generality we will
assume R2Q1,---,Qz < 1 in the sequel. Furthermore, this definition is very similar to the
partial coefficient for determination of the linear regression which is for example defined
in [Paulson (2007, Ch. 5). This quantity explains how much of the variation of Y that
could not be explained by Q1,...,Q; can be explained by adding XM, ..., X®*) to the
model. It lies between zero and one and is zero if and only if LX(1)7~~~7X(k)7Q17---7Ql(Y) =
LQ1,..,@,(Y), which can be interpreted as that XD X®) do not have an effect on YV
which goes beyond the effect of @q,...,Q;. It is one if R§(1)7...,X(’€)7Q1,---,Qz = 1, which
means that adding X @, .., X®) to the set of explanatory variables explains all variation
of Ep(Y|X) that could not already be explained by @1, ..., Q; alone. The linear version
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of (L34)) is given by
Rlin2 _ plin?
X(l)v"'vx(k)7Q17"'7Ql Ql""’Ql
_ plin?
1 RQly---le

and can be estimated by its natural estimate

Alin2 . Alin2
RX(I)""’X(k)7Q17"'7Ql RQly"'le

Hlin?
1= RQly---le

In this setup as well, the smooth function model holds, leading to second order accurate

bootstrap BC, and studentized bootstrap intervals.

1.9.5. Example

In this section we want to investigate the difference between the two approaches to
quantify the influence of X7 on Y which goes beyond the possible influence of Xs, ..., X3
of the Sections [L9.1] and [L9.4l In this example we examine the case of two covariates

X7 and Xjy. For simplicity we only look at linear influences. Let
Y =a1 X1+ a2 X5 +e,

where € has mean zero and is independent of X; and X5. Furthermore, assume that
Ep(X;)=0and Varp(X;) =1 for i = 1,2 as well as Corrp(X1, X2) = p. The common

linear mean impact of X; and X5 on Y is then given as

4 (X1, Xa) = v/Varp (@1 X1 + a2 X) = \/a? + 2a1a2p + a3,

The (linear) mean impact of Xo on Y can be seen to equal

Xy — Ep(X
FEp <Y2—P(2)>' = |a1p + ag|.

lin
L X =
Y ( 2) VCL’I“P (XQ)

Hence the alternative approach to the quantification of the influence of X7 on Y which

goes beyond the possible influence of Xs gives

L@”(Xl,Xg) — L@"(Xg) = \/a% + 2aja2p + a3 — |a1p + az| .

Note that, if a; = 0 also /4"(Xy, X5) — {#*(X3) = 0. However, if aj # 0 this expression

depends on the coefficient as of Xs.
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The partial mean impact of interest is in this setup given by

Py X,

Wiy, (X1) = |Ep |V

:‘all\/l_ 27

VaTP(PHQLXl)

where Hy = span(1, X2). One can see that the partial mean impact is independent of

as and is therefore preferred to the alternative approach.

In simulations no substantial differences between the alternative approach and the com-
mon partial mean impact approach could be discovered for the scenario of this example.
Therefore, the simulation results are not shown here. However, in Section [ additional

simulation results for other scenarios are provided.

1.10. Application of Impact analysis to data with a zero-inflated covariate

Another example for the application of the impact analysis and the smooth function
model is given, when the variable X has a compound distribution with a probability
mass at zero and an otherwise continuous distribution. We restrict ourselves to the
case where we have a metric target variable Y and a single independent variable X. In
this case an ordinary linear regression is questionable, because the part of the data for
which X is zero has a strong influence on the fit for the part of the data where X # 0.
Hence, the results of a linear regression are difficult to interpret. With the help of the
impact analysis we can overcome this problem. We do so by estimating the mean impact

(conservatively) by

TNCEED P (. kS (1.3)
&

LS (V- V)2

where the prognoses Y; are equal to the mean of all observations Y; for which X; = 0, if
X; = 0 and equal to the prognoses of a linear regression with all data-points for which
X # 0, if X # 0. This means that we split the data in the parts where X; = 0 and
X; # 0 and fit different models in each part. Formally, we can obtain these prognoses by
a linear regression with covariates 1¢x_oy, I{x+0y, X without intercept. Obviously the
estimate (L33)) is the estimate of the common linear mean impact of Lix—oys Lixzo0p, X.
Hence, by the argumentation of Section [[.7] we obtain that its square fulfills the smooth

function model and that it is consistent for

Lﬂ{x:o}v]l{x;éo},x(y) =/ Varp(PyY),
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with H = span(]l{XZO}, Lx+0y X). Hence Bootstrap BC, and studentized bootstrap
intervals are second order accurate for the squared common impact. Transformation of
the confidence bounds yields confidence bounds for the common mean impact itself.

Note that the linear fit in the data where X # 0 can be generalized to non-linear
fits of polynomial regression and spline-methods with fixed knots (or any other additive
model, namely by adding the required basis terms to the model) without affecting the
theoretical results. When doing so, one has to keep in mind, that it is necessary to
multiply the resulting basis-terms by 1x0y in order to perform the fitting only in the
subset of the data, where X # 0. Another advantage of the splitting of the data set is
that we can now use transformations to the data in one subset of the data which was
not possible on the whole data set (e.g. we could use a log-transformation for X # 0
and then fit models in log(X)). This means that the impact analysis gives us the ability
to interpret models (namely by the estimated mean impact as the inner product of Y
and the standardized prognoses) that were hardly interpretable before.

Table B gives the simulation results of 10,000 simulation runs with n = 100 observa-
tions. Compared are the classical linear regression with robust variance estimate and
the application of the mean impact analysis described in this section (prognoses taken
from the linear regression independent variables 1¢x_qy, L{xz0}, X ). The test for the
impact analysis is based on basic bootstrap intervals with two pre-performed tests (to
check if the impact is larger than zero). Performed were the test of Section [[7.1] and
a global F-test from linear regression. Further details on this tests can be found in
Section 1.2, where different methods for the calculation of confidence intervals for the
linear common mean impact are compared. One can see that in the models I-III (defined
below) the impact analysis outperforms the linear regression in terms of rejection prob-
ability by 9%(Model 1T) — 84%(Model I). In Model IV the coefficient from the linear
regression and the mean impact are both equal to zero. Therefore, the given rejection
probability is equal to the type-I-error. One can see that linear regression suffers from

slight type-I-error inflation, whereas the impact analysis does not.
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Model pg Rejection Probability Parameter Estimate
Linear model Impact analysis Regression coefficient Mean impact
I 0.3 0.106 1.000 0.066 0.648
I 0.5 0.159 1.000 -0.156 0.612
II 0.3 0.898 0.983 0.534 0.512
II 0.5 0.740 0.935 0.424 0.437
III 0.3 0.876 1.000 1.339 1.617
111 0.5 0.528 1.000 0.885 1.359
v 0.3 0.060 0.039 0.001 0.126
v 0.5 0.067 0.044 0.005 0.127

Table 8: Simulation results comparing classical linear regression with the robust variance
estimate to impact analysis in four different set-ups (Model I Y = 2 1y x_qy +
X+e Model ILY = Ty + X +€; Model III: Y = 2- 1 x_qy + X2 +4¢; Model
IV:Y = ¢). In each scenario X = 0 with probability py and follows a log-normal
distribution otherwise. The error ¢ ~ N(0,1) is independent from X. Given
are the rejection probabilities (tests performed at significance level 0.05) of the
hypothesis that the parameters (the regression coefficient respectively the mean
impact) are zero.
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2. Non-linear impact analysis

The theoretical framework derived in [White (1980a), White (1980h), [Scharpenberg
(2012) and [Brannath and Scharpenberg (2014) gives a justification for using linear re-
gression techniques even when the assumptions of the linear model are not valid. In this
case one estimates the linear impact, which is a lower bound for the mean impact. This
implies that even when the assumptions of linear regressions are violated using linear
regression techniques in estimation of the mean impact is a conservative method.

In the further course of this thesis we will use non-linear and non-parametric regression
techniques such as Splines and Kernel Smoothers (cf. Sections [A.1.2] and [A. 1)) to
estimate non-linear versions of the mean impact. We will restrict ourselves to the case
of one observed covariate and, since according to (4) of Theorem [[L2, the mean impact

is given by

Ep(Y|X) - Ep(Y)
Er (Y \/Varp(EP(Y\X))> ’

estimate the mean impact by
1 & 0(Xi) —n ' 327, (X))
lx (Y) = E Z Yi 2 5!
o e e s o))

where §(X;) will be estimates of E(Y|X) at the X; obtained by methods like natural
cubic splines, polynomial regression or kernel smoothers. Furthermore, we will derive
the asymptotic distribution of these estimators so that confidence intervals for the mean
impact can be derived.

Another advantage of using non-linear or non-parametric regression techniques to
estimate the mean impact is that users of these methods can easily compute an estimate
and a confidence bound for the mean impact when fitting curves to their data. Hence,
whenever fitting curves to the data we get a parameter quantifying the influence of the

covariate X on Y.

2.1. Impact analysis based on polynomials and splines

With the help of the restricted common mean impact defined in Section [[.7 we are able

to investigate the common linear influence of two ore more covariates X, ..., X (*),
An application of this scenario involves polynomial fitting. In this case the variables

XM X®) are taken to be 1, X, X2, ..., X*~1)_ With this set of variables we can detect
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polynomial influences of X up to (k — 1)st order. We expect a restricted impact based
on polynomials to be closer to the true impact than the linear mean impact. Another
way for covering non-linear influences of a covariate X on the target variable Y enabled
by the setup provided here is fitting natural splines. For natural cubic splines with
fixed knot sequence (i, ..., (,;, we obtain according to (Hastie et al., 2001, p.121 f) that
XW XK = Ny(X),..., Nyuy2(X), where

Ni(X) =1, No(X) = X, Niyo(X) = dy(X) = dp_1 (X)),

forl=1,...,m with
(X - @)l - (X =G
Cm - Cl ’
as mentioned in Appendix [A.T.2l The problem of how to choose the knot sequence

di(X) =

immediately arises. A data dependent choice of the knots, like empirical quantiles of
X will usually cause a violation of the smooth function model, since then Ny o(X;)
are not i.i.d. anymore. This means that the theoretical results derived here are not valid
anymore. However, simulations indicate that the spline based impact analysis still works
(in terms of coverage probability of confidence intervals) when employing data dependent
knot sequences. When choosing knot sequences one has to keep in mind that it must be
guaranteed that all knots lie inside of the range of the observations X. Especially when
using bootstrap methods this condition can easily fail when drawing from the observed
data.

The setup provided above gives us not only the opportunity to detect non-linear
influences of one covariate but also to investigate the common non-linear influence of
two ore more covariates Xi,..., X} on the target Variable Y. To this end we can fit
polynomials in X7, ..., Xi and proceed in the same way as above. Another way to detect
non-linear influences of several covariates is fitting multidimensional splines with pre-
chosen knot-grid. The same knot-choosing problems as in the univariate case arise here
too. One should be aware that the number of basis functions (when for example using
the tensor product basis already introduced in Section [A.1.2]) grows exponentially fast
with the number of covariates included (Hastie et all, 2001, p. 139).

All setups described here can trivially also be applied to the absolute mean slope.

2.2. Kernel-method-based impacts

In this section we write Z1 = (X1,Y7), Z2 = (X2,Y3), ... for the i.i.d. observations of the

random variables X and Y. We are now interested in estimating the mean impact of a
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single covariate X on Y (The case of a common impact of several covariates is a straight-
forward generalization of the theory derived here an will be discussed in Section 2.2.6]).
The definition of the mean impact tx (Y) suggests the use of an estimator which has the
form " . _

1 0(X;)—9

Ly , (2.)

n L—n [z N2

=LA e, () - 9)

where 4 is a perturbation estimated from the data and § = Ly, 5(X;). In the following
sections we will choose perturbations 5 based on kernel smoothers and other kernel
methods. Application of the theory of U-statistics and the delta method will yield
asymptotic normality of this estimators. Furthermore, as pointed out in Section [A.3], it
follows from Bickel and Freedman (1981) and an additional argument that the bootstrap
is valid in these cases.

All cases which are considered below use kernels with fixed bandwidth. For practical
application of the derived methods there is the difficulty to choose the bandwidth. For
the argumentation for the asymptotic normality derived below the bandwidth must be
chosen data independent. For the comparison of methods in Section [ we will compute
the restricted impacts for several fixed bandwidths h as well as for data dependent
bandwidths.

2.2.1. Kernel-smoother-based impact analysis

We now use a perturbation ) inspired by a Nadaraya-Watson kernel regression estimator.
Let

§(z) = % S Ki(w — X;)Y;, (2.2)
j=1

where Kj(u) = K(u/h) is a symmetric kernel weight function with fixed bandwidth

h > 0. Note that we obtain d () from the Nadaraya-Watson kernel regression estimator

N Zn: Kp(z — X;)Y;
n~1 Zlnzl Kn(r — Xi)

Jj=1

by multiplying to each value 7 (z) the kernel density estimator

fe) = -3 Kule — X0)
=1
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of the density f of X. This means that values of Y whose X values lead to higher
values of f(X) are given a higher weight than in the kernel regression estimator. A
natural estimator for a restricted kernel smoother-based impact is then as mentioned

before given by

1 S(i —6
ZY\/ s (600 -5)°

where 6§ = %2?21 6(X;). We name this estimator i%(Y") (ks for kernel smoother) and

rewrite it in the following way:
ks L — 2
lx (Y) = T = =
\V i3 — LZ

where 71 = 2 31 | Yid(X;), iy = L LS Yid, i3 =150, §(X;)2 and iy = LS 5(X;).
We aim to show that i = (i1, ..., 4) is essentially a third order U-statistic and therefore

asymptotically normal. Application of the delta method will yield asymptotic normality
of k(Y.

For the proof of the asymptotic normality we need the following lemma and assumption.

Lemma 2.1. Let w : R™ — RP be a permutation-symmetric function of the random
vectors Zj, , ..., Zj,, such that Ep (w(Zj,, ..., Z;,,)) and Ep (W*(Zj,, ..., Z;,)) ewist for all
(J1y -y Jm) € {1,...,n}™. Then we have that

1
\/_nm Z Z ,]1? jm) = \/ﬁn—m Z ’w(Zjl,...,ij)—{-Op(l),
]1 1 ] C({jlvvjm})

where C ({Jj1, .., jm }) is the set of all combinations which can be drawn without replace-

ment from {1,...,n} in m draws.

Proof. Because of the symmetry of w we can write

nm
C({j1,-»dm})
m—1
Vn
30 D e D w(Zn Dy D Zi),
k=1 acA(k) C({j1,--dx})

al ay
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where A(k) = {(a1,...,ax) : Zle a; = m,a; € Nyo}, ¢(a) is independent of n, and 7,
appears a;-times in the function w. Hence, we only need to show, that for given k and
a € A(k) the term

Z w(Zjl,...,Zjl,...,ij,...,ij)
C({j1,--x})

S

converges to zero in probability. At first we rewrite this expression as

vn ]
n—m Z w (ZJI”ZJk)’
C({j1,-dx})

where w*(Zj,, ..., Zj,) = w(Zj, oy Zjysoos Z

IR

viously, with S ({1,...,k}) being the set off all permutations of {1,...,k} this equals

Vn 1 .
Py Z ja] Z W Ly L)

C{j1,eir})  wESH{1,....k})

vn 1
= > Kl Y. Wiy Ziw)

J1<<jr  we€SH{1,...k})

_n n! n\ ! 1 vy P
Tk (n — k)lnF \k Z k! Z W (Zjaqy> - Zingy)-

<<jr  we€SH{1,...k})

Zj;,) with Z;, appearing a;-times. Ob-

Vn n!

Since m—k > 1/2, the term nm—?k converges to zero. Furthermore, we have o = L

(n—F)
With the assumptions of this lemma, Theorem [A.7 gives that

1

n 1 *

<k> 2 5 2 WD)
A<<jr  weS{1,..k})

converges to its (existing) mean and is therefore bounded in probability. We obtain

NG
Y= w(Zy, e Zy, o 2

poo G

C({Jhn]k})

ij) = Op(l)-

Assumption 2.2. Let

9 (Zi, 75, 2)) = Kp(Xs — X;)YiY;,  92(Zs, Z5, 2)) = Kp(X; — X1)YiY),
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93(Zi, Zj, Z)) = Kn(Xi; — X;)Y, Kn(Xs — X0)Y1,  94(Z;, 25, Z)) = Kn(X; — X;5)Y.

Furthermore, let g = (g1, ...,94) and

w(Zi, Zj, Z1) :%{Q(Z%Zja Z1) + 9(Zi, Zi, Z5) + 9(Z;5, Zi, Z1) (2.3)
+9(Z5, 21, Zi) + 9(Z1, Zi, Z5) + 9( 21, Zj, Zi) }-
Assume that
Ep(w(Zi, Z;, 7)) and Ep(w*(Zi, Z;, 7))
exist for all (i,j,1) € {1,..,n}> and define ¥ = Ep(w(Z;, Z;, Z))) fori # j # 1 # i.

Theorem 2.3. Under Assumption [2.2 we have that
VAR () = R (V) 5 N(0,0?),

with 02> = DF(9)TVDF(9),

al — ag

\/ag—ai’

F ((al, ey a4)T) —

K (Y) = F(9) and
V =9Ep (0(Z)0" (Z:)) ,

for w(Z;) = Ep(w(Zi, Z;, Z1)| Zi) —

Proof. With the notation of this section we have

n n n

i == ZY& QZZKhX X;)V;Y; = nlg 121121”12“
J 1

1 1
== =01(Zi,2;,%) =

Similarly,

n n n

SN 9 WAL UURE H D NICER
7j=11=1

=1 11=1 =1
I= =92(Zi,2,%)

nsZZZKhX X;)Y;Kp(Xs — X))V, = 322211}32“

=1 11=1 =1 11=1
J= =93(Z:,2;,2;) i=
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and

n n n

i :% 25(}@ = % > D Kn(Xi - X))Y; = % 22> wilZinZ

=1 j=1 i=1 j=1 [=1
= =:94(Z;,2;,2;) =

Hence, we obtain for 7 = (iy,...,74)" that

n n

Y33 wizz,

1j5=11=1

By Lemma 2.1] and Assumption we obtain

i \/_ZZZUJ (Zi, Zj, Z1) + op(1)

il

=3 GZZZw Zi, Zi, 7)) + 0p(1)

<5<l

R NE () SO S ulZi 2, ) +opl1)

i<j<l

=:Upn

where U, is a third-order U-statistics. Consequently, we have

V(i - ) =D o, (1) — v

_n(n— 1)3(71 —-2) V(Un = 9) +0,(1) + <n(n - 1)3(n —2) S \/ﬁ> 9
n | S — n
=1 5N (0,V) e
“SN(O,V)
with
V =9EBp (0(Z)w" (%)) (2.4)

where w(Z;) = Ep(w(Z;, Zj, Z1)|Z;) — 9. Since the mapping

T a;p — ag

F((al,...,a4) ) — \/ﬁ

is continuously differentiable application of the delta-method with (55(Y) = F(9) yields




62

V(R (Y) = &(Y)) = v (F(i) - F(9)) = DF(0)'N(0,V) = N(0,0%),  (2.5)

where 02 = DF(9)TVDF(9). O

2

The next lemma shows how ¢“ can be consistently estimated.

Lemma 2.4. 02 can be consistently estimated by
6% = DF())TVDF(2),

where

—1
. n ) ) i
' <5> 2 5! Yo U Zny Zay) Zn)s Znta) Znr) — UL

i<j<l<a<b meS({i,jl,a,b})
and g(ZZ, Z]a Zla Zaa Zb) - w(ZZ, Z]a Zl)wT(Zia Zaa Zb)

Proof. Since 7 is consistent for ¥, DF()) can be consistently estimated by DF(7). To
find a consistent estimator for V' we make the following considerations (which are similar
to those in [Kowalski and Tu (2008, p. 259))

V/9 =Ep (0(Z))a" (Z:))
=Ep (Ep {w(Zi, 2;, 2))|Z;} Bp {w" (Z;, Z;, 2) | Z;})
— 20Fp (Bp {w(Z;, Z;, 2)| Zi}) + 097
=Ep (Bp {w(Zi, Zj, Z)|2:} Be {w" (2, Z;, Z1)| Zi}) — 997
=Bp (Ep {w(Zi, Zj, Z)w" (Zi, Zas Z)| Zi}) — 907
—Ep (w(Zi, Zj, 2w (Zi, Zay Z)) =007,

=:9(Z:,25,21,Z a,Zy)

where a ¢ {i,7,l}, b ¢ {i,7,l,a}. By the theory of U-statistics (cf. Kowalski and Tu
(2008)) Ep (9(Z;, Z;, Z1, Z4, Z1)) can be consistently estimated by

1
n =
<5> E 9(Zi, Z, 2, Zo, Zyy),

i<j<l<a<b
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where §(Z;, Zj, Zy, Za, Zp) is a symmetric version of §(Z;, Z;, Zy, Za, Zp) say
= 1 -
9(Z;, Zj, Zy, Za, Zy) = ol Z 9(Zr(iys Zn(j)s Zn(l)s Zn(a)s (b))
meS({i.j,l,a,b})
with S ({7,7,1,a,b}) being the set of all permutations of {i, j,[,a,b}. Hence a consistent

estimator for V is given by

—1
N n 1 N o
V=9 <5> > 5 > 3(Zntiys Zn(j)ys Zn(t)s Zntays Znvy) — 000 | (2.6)

i<j<l<a<b  weS({i,jl,a,b})

which leads to
6% = DF())TVDF (1) (2.7)

as consistent estimator for o. O

Combining (23] and ([2.7)) we obtain

5 N(0,1).

Once we have an asymptotic normality result like that, an asymptotic level a confidence

interval for /58(Y") is given by
CI =[5 (Y) — 21_a6/v/n,0) (2.8)

where z1_, is the 1 — a quantile of the standard normal distribution.

It will turn out in the simulations of Section Ml that the estimator i%¢(Y) may be
anti conservative especially when L{%S (Y) = 0. In a late state of this thesis we became
aware of the work of [Doksum and Samarov (1995), which deals with obtaining reliable
estimators for a nonparametric coefficient of determination. Their results suggest that

using a “leave-one-out” estimator where we replace §(X;) in (Z2) by

. 1
0'(Xi) = —— > En(Xi - X))Y;,
i

thus leaving the i-th observation of Y out, leads to more conservative estimates. A proof
of asymptotic normality of the leave-one-out estimator in our case can be done in the
same spirit as the proof of Theorem In fact, Lemma 2.1l would only be needed to

ensure that y/nis is a U-statistics plus a term which is o,(1). The other terms can easily
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be seen to be U-Statistics without this lemma. The leave-one-out type of estimation can
also be applied to all the following Kernel-method based estimators for the mean impact.
The investigation of the leave-one-out estimator will not be subject of this thesis, but is
clearly an interesting topic for further research.

We now come back to the estimator using all observations. We have to check, if
55(Y) is a lower bound for the “true” impact ¢x(Y"). This would imply that the con-
fidence interval in (Z.8)) is conservative for ¢tx(Y). To this end we make the following

considerations. We have that

Ep (Kn(Xi — X;)YiY;)
Ep(Kn(X; — X1)V1Y;)
Ep (Kp(X; — X;)Kp(X; — X3)Y;Y))
Ep(Kn(Xi — X;)Y))

19 = EP(U)(ZZ, Zj, Zl)) =

From this it follows that

U1 — o
=Ep (YK (X; — X;)Y) — Ep(Y) Ep(Kn(X; — X3)Y))
=Ep {Ep[YiKp(X; — X;)Y;|Xi]} — Ep(Yi)Ep { Ep[Kn(X; — X)) Y;]Xi]}
=Ep {Ep (Y| Xi) Ep[Kn(Xi — X;)Y;|Xi]} — Ep(Yi) Ep { Ep[Kn(X; — X))V} X[}
=Ep {Y;Ep[Kn(X; — X;)V;|Xi]} — Ep(Yi) Ep { Ep[Kp(X; — X1)Y;|X5]}
=Covp (Y, Ep[Kp(X; — X;)Y;|X])
=Ep {Y; [Ep (K (X; — X;)Y;|Xi) — Ep(Ep(Kn(Xi — X;)Y;|X5))]}

where the third equality follows from Ep(Ep(Y|X)h(X)) = Ep(Ep[Yh(X)|X]) =
Ep(Yh(X)), for every measurable function h (see for example Klenke (2008)). Ad-

ditionally, we have

-
=Ep (Kn(X; — X;)Y; Kn(X; — X))Vi) — Bp(Kn(X; - X;)Y)?
—Ep {Ep[Kn(X; — X;)Y;| Xi| B [Kn(X; — X))Vi|X,]} — Ep {Ep[Kn(X; — X;)Y;|X,]}?

=Ep {Ep[Kn(Xi — X;)Y;|X,*} — Ep {Ep[Kn(Xi — X;)Y;|X,]}*
:VCLT‘P (EP{Kh(Xz — X])Y}‘XZ}) .
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Hence

V05— 02

where (5(X) = EP {Kh(X — XJ)Y}‘X},

Jeyy = =t {Y(S(X) —Ep(é(X))},

=1x(Y).

Varp(6(X))

. {Y5<X>—Ep<5<x>>}
SeLZ(R)

Thus &8(Y) < ux(Y) and (Z8) is a (potentially conservative) asymptotic level o confi-
dence interval for ¢x (Y).

Since the computation of & in ([2.7)) requires substantial computational effort for typical
n it would be more convenient to use bootstrap methods to calculate a confidence interval
for LI)C(S(Y). In order to establish the consistency of the bootstrap in this setup we will

need a “bootstrap version” of Lemma 2.1

Lemma 2.5. Let w : R™ — RP be a permutation-symmetric function of the random
vectors Zj, , ..., Zj,, such that Ep (w(Zj,, ..., Z;,,)) and Ep (wW*(Zj,, ..., Z;,)) ewist for all
(J1y -y Jm) € {1,...,n}™. Furthermore, let Z3, ..., Z be bootstrap repetitions of Z1, ..., Zn,
i.e. 1.1.d. random wvectors which are distributed according to the empirical distribution

function F,, of Z1,..., Z,. Then we have for almost all sequences Zy, Zs, ... that
1 « - 1
Vs e Yz 2 ) =V Y wl(Zy s ZG,) + opi2(1),
1=l jm=1 C({J1,sdm})

where
Ap = p|Z(1) < P(|An] > €| Z1, ..., Zn) — 0 Ve > 0, almost surely

and C ({j1, -, jm}) is the set of all combinations which can be drawn without replacement

from {1,....,n} in m draws.

Proof. By the same argumentation as in the proof of Lemma 2.1 it suffices to show that

for a given integer k with 1 <k <m — 1 and

k
a€ Ak) = {(al,...,ak) : Zal =m,aq; € N>0}
=1
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the expression

EHE

2: W25 20 2 22,
C({j1,--Jr})

where Z7 appears q; times, converges to zero in probability given Zi, ..., Zy for almost

all Z1, Zo,.... We can rewrite this as

Vn n! n\ ! 1 - . )
nm=k (n —k)Ink \ k Z k! Z w(Z], 1 j,r(k))7 (2.9)

n<..<jr  weS{1,...k})

ha(Gin)
where G,, is the empirical distribution function of Zj,...,Z; and w (Z]*ﬂ" ,Z;k) =
(ZJ*I, ey BF ey By ey Zj*k) with Z7 appearing a;-times. With the notation

—1
n 1 "
wE = (1) Y h Y i)

j1<...<jk ’ WES({lv---vk})

we obtain that (2.9) equals

e (1a(G) — ha(F)) 4 (1)

One can see that —Y= % converges to zero. According to [Bickel and Freedman

nm—k (n—k

(1981) we have that the term (h(Grn) — ha(Fp)) is oy z(1) for almost all Zy, Zs, ... .
Lemma.limplies that [,ﬂ Wh (Fy) is 0p|z(1) for almost all Z1, Zs, ... too. Hence
the statement of the Lemma is shown. U

Theorem 2.6. Let i%"(Y) be i%(Y) based on the bootstrap sample Zf,...,Z%. The

conditional dzstmbutzon of Vn(ik (V) — % (Y)) (given Zu, ..., Z,) and the distribution
of (i (Y) —55(Y)) converge to the same limit for almost all Zy, Za, ... .

Proof. Let t* be ¢ based on the bootstrap sample Z7, ..., Z). Performing the same cal-
culations as in the proof of Theorem [2.3] and replacing Lemma 2.1l by Lemma 2.5 in this

argumentation we obtain for almost all sequences Z;, Z, ... and all a € R?

P (Vn(i* —10) <alZy,..., Zy)

Vit (W(Go) = h(EL)) + 0p7(1) < a

n3

_ (Mn_nm_m

Zl, vy Zn> — <I>07V(a),
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where

e = (1) S XY 1 = (5) T Sz

<j<l i<j<l

with w from Assumption and ®gy(a) is the distribution function of N(0,V) and
V is as in_(24). The convergence to the normal distribution follows from Bickel and

Freedman (1981)). Application of the delta-method yields that for almost all sequences
Z1,75,... and all b € R

P(ﬁm@@ﬂ—ﬁ(»gthﬁZJ%@wﬂ&

with @ ,2 being the distribution function of N(0,0?), 0% from ([Z5) and %" (V) being the
bootstrap version of i5(Y"). Hence, the conditional distribution of v/n (5" (V') — % (Y))
(given Z1, ..., Z,) and the distribution of /n (5 (Y) — t52(Y)) converge to the same limit
for almost all Z1, 29, ... . O

Theorem states that the bootstrap is consistent for the kernel smoother based
impact. This consistency of the bootstrap justifies the use of bootstrap confidence in-

tervals.

Another possibility to reduce the computation time for the variance estimator (2.7 is
to modify the covariance estimator V. We will show that it is sufficient to take the first
sum in (2.6) not over all i < j <1 < a < b but to sample from these combinations of
indices in a suitable manner for the estimator to remain consistent. To this end we state

the following lemma.

Lemma 2.7. Let

- 1 1 ~
Y= E Z g Z g(ZW(i)a""Zﬂ(b))a

(i,4,k,a,b) €W " meS({i,4l,a,b})

v(%,...,b)

where W = {Wy,...,Wg} and the W; are sampled without replacement (using a uniform
distribution) from C} == {i < j <l<a <b:i,..,be{l,..,n}}. Let further (3)/B — 1
for n = co. Then we have

S-2 5o,
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where

is as in (2.0).

Proof. We have that

(3,...,b)eCS (2,...,0)eEW
n -1
n
:<1—%> <5> Z v(i,...,b)
(2,...,b)€CS
1
+ 5 > wlienb) = > (i b)

(i,...,b)€C3 (i,....D)EW

(iy...,b)ECE\W

The term 1 — (g) /B converges to zero, Y is as seen above consistent for some finite
matrix and > pecs\w V(G ..., b) converges to zero, since CE\W| = (%) —B —0.

Hence the statement of the lemma holds. O

From this lemma it follows that we can replace 3. by ¥ in the estimation of the variance
62 without losing the consistency of the estimator. Choosing this procedure leads to a
reduction of computation time but requires to choose the sample size B. Since there is

no intuitive way for doing so we will not pursue this approach any further.

2.2.2. Population coefficient for determination based on kernel smoothers

We can also give an estimate for the population coefficient for determination which is

based on kernel smoothers. We estimate the parameter
RE® = k() /Varp(Y)

by
L es2 R
RE =8°(Y) /6y, (2.10)

where 6% = 13" (V; — Y)% Our aim is to show that }?1]352 converges to a normal

distribution and that the bootstrap is consistent in this setup. We do so by applying
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the the theory of U-statistics similar to Section E.2.T] where we examined 52(Y).

Assumption 2.8. Let g1,...,94 as in Assumption 22 and additionally gs(Z;, Z;, 7)) =
$(Y; — Y;)2. Furthermore, let w be defined analogous to (Z3) and assume that

Ep(w(Zi, Z;, 7)) and Ep(w*(Zi, Z;, 7))

exist for all (i,j,1) € {1,...,n}> and define ¥ = Ep(w(Z;, Z;, Z))) fori # j # 1 # i.
Assume that additionally 95 # 0, which is equivalent to Varp(Y') # 0.

Theorem 2.9. Under Assumption we have that
Jn (3’1382 - R1’%52> £ N(0,0?),

with 0> = DF(9)TVDF(9),

2
F((ar,mas)T) = |-2=22| Jas and V =9Ep (a(Z)a" (%))
as well as W(Z;) = Ep(w(Z;, Zj, )| Z;) — 9

Proof. We define i5 = 1 3™ | (Y; — V)2 = 6. We have that

nQZZ (¥; - v5)° 3222 (Y - ;) 322271}52@,

=1 j=1 zl]lll%,—/ =1 j5=11=1
95(Zi,25,2;)

We now regard the vectors i = (i1, ..., Z5)T and ¥. With the same argumentation as in

the proof of Theorem 23] but with w = (w1, ..., ws)? instead of w = (wy,...,wys)T, we

obtain
iz = 0) =" =D i, 40, (1) - Vo
_n(n— 1)3(71 —-2) (Un = 9) +0,(1) + <n(n - 1)3(n —2) S \/ﬁ> 9
n —_— n
—1 AN(0,V) ~;
0,V)
with

£

V = 9Fp (i(Z)i" (7))
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where w(Z;) = Ep(w(Z;, Zj, Z1)|Z;) — 9. The mapping

2
F((al,...,ag,)T) = [%] /as
Vas —aj

is continuously differentiable with F(7) = }A%’f,SQ and F(v) = RIE,SQ. Hence, by applying
the delta method we obtain

Jn (R’E,SQ - R’§,32> A N(0,02),
with 02 = DF(9)TV DF(9). O

For the estimation of 02 we can use the estimator (27) or the same estimator but
with the modified estimator for V' from Lemma 2.7 (in both cases with the new w, F'
and 7).

It can be shown analogously to Section 2.2.1] that the bootstrap is consistent in this
case, which implies that we can also compute bootstrap confidence intervals for RIIESQ.
Every confidence interval for RIE,SQ will be a conservative confidence interval for R%,.

Note that the estimator (Z.I0) is very similar to (and in a sense a special case of) one

of the estimates [Doksum and Samarov (1995) propose for Person s correlation ratio

= Varp(Ep(Y|X))
Varp(Y)

However, our results differ from those of [Doksum and Samarov (1995) as they use a
leave-one-out type estimator (which can also be employed here, as seen in Section 2:2.])

and do not derive a result of bootstrap consistency, as we do in this thesis.

2.2.3. Mean slope based on kernel-smoothers

In a similar spirit we can show that the canonical estimate of the mean slope based
on kernel-smoothers is also a differentiable function of a U-statistics under suitable ad-
ditional assumptions. This implies that the construction of confidence intervals with
and without the usage of bootstrap-methods works in the same manner as for the mean
impact and the population coefficient for determination based on kernel-smoothing. We

estimate the mean slope based on kernel smoothing by

\/% 2 i (X — X)?
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Assumption 2.10. Let g1, ..., 94 as in Assumption[Z2 and additionally g5(Z;, Z;, Z;) =
%(Xi — X;)2. Furthermore, let w be defined analogous to 2.3) and assume that

Ep(w(Zi, Z;, 7)) and Ep(w*(Zi, Z;, 7))

exist for all (i,j,1) € {1,...,n}> and define ¥ = Ep(w(Z;,Z;,2))) fori # j # | # i.
Assume that additionally 95 # 0, which is equivalent to Varp(X) # 0.

Theorem 2.11. Under Assumption [2.10 we have that
V(B () = 0% (V) 5 N(0,0%),
with O’2 = DF(@)TVDF(Q”, 9= EP(U)(ZZ, Zj, Zl));

F((a1,....a5)T) = (o —az)/v/as and 'V =9Ep (w(Z;)w" (Z;)),

\/ ag — ai
as well as w(Z;) = Ep(w(Z;, Zj, )\ Z;) = 9.

Proof. The proof is similar to that of Theorem One only has to replace Y by X
in the definition of 75 and to use the new function F' in the application of the delta
method. O

Similar to the previous sections bootstrap and non-bootstrap methods can be applied
in order to construct asymptotic confidence intervals.
2.2.4. Loess-based impact analysis

In this section we choose a perturbation ) inspired by a local linear regression estimator.
We choose

o(x) = % DY (X —a) (X — X)) Kz — X5) Kz — X))V,
J=11=1

where Kp(u) = K(u/h) is a symmetric kernel weight function with fixed bandwidth

h > 0. Note that we obtain 8 () from the local linear regression regression estimator

iz iy ey (X = 2)(Xj = X)) Kn(z — Xj) Kn(z — X1)Y,
i e (X = X X)) Ky — X)) Kp(z — Xp)
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derived in (A.3) by dropping the denominator. Again, we use the natural estimator

1 O(X) — ¢
2Y¢zug —

where § = 1 377 | 6(X;), and rewrite it as

1=

Zg?eSS(Y) _ 1 — L2

Vis— 13

where iy = 230 Vi0(X;), io = 2300 Vb, i3 = L300 6(Xi)2and iy = L 0 6(X0).
We define i = (i1, ...,i4)T. Analogous to the case where 4 is based on a kernel smoother
(see Section 2.2.T)) we will prove that i[2°*%(Y") is asymptotically normal by showing that
it is essentially a function of a fifth order U-statistic. All steps in the following exam-
ination are very similar to those in the kernel smoother case. We aim to show that
i = (i1,...,04)7 is essentially a fifth order U-statistic and therefore asymptotic normal.

Application of the delta method yields asymptotic normality of ¢ Aloess (Y).

Assumption 2.12. Let
91(Z;, Z;, 21, Zy, Zm) = (Xj — XZ)(XJ — X)) Kp(X; — Xj)Kh(Xi - X))y,
92(Zi, Z;, 21, Zy, Zm) = (Xj — Xk)(X] — X)) Kn(Xy — Xj)Kh(Xk - X))y,
93(Zi, Zj, Z1y Zgy Zm) ={(X;j — Xi) (X — Xp) Kn(X; — X;)Kp(X; — X))V,
(Xp — X3)(Xp — X)) K (Xi — Xp) K (Xi — X)) Y},
and
94(Zi, Z;, 21, Zy, Zm) = (Xj — XZ)(XJ — X)) Kn(X; — Xj)Kh(Xi - X))V

Furthermore let g = (g1, ..., 94) and

1
w(Zi, Zj, Z1, Ziy Zm) = = Z I(Zr(iys Zn(G)s Zr()s Zr(k)s Lr(m))
" reS{i,glkm})
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with S({i,7,1,k,m}) being the set of all permutations of {i,7,l,k,m}. Assume that
EP(’U)(Zi,Zj,Z[,Zk;,Zm)) and EP(w2(ZiaZj)ZlaZk‘)Zm))

exist for all (i,j,1,k,m) € {1,..,n}> and define 9 = Ep(w(Z;, Z;, Z1, Zi, Zm)) for i <
j<..<m.

Theorem 2.13. Under Assumption [2.13 we have that
VR (V) = (V) 5 N(0,0%), (2.11)

where 02 = DF(9)TVDF(v),

F((ay,.a0)") = 22—V = 9Bp (i(Z)i" (%)),

\/as — ai
as well as ¢*3(Y) = F(9) and w(Z;) = Ep(w(Zi, Z;, Z1, Zr, Zom)| Zi) — 0.

Proof. The proof is similar to the one of Theorem [2.3] for the kernel smoother based

mean impact can be found in Appendix O

Our next task is finding a consistent estimator for o2. The following lemma gives such

an estimator.

Lemma 2.14. A consistent estimator for o? is given by

6% = DF())TVDF(2), (2.12)
where
-1
N n 1 - o
V =25 <9> Z g Z g(Zﬂ(z)a o0y Zﬂ'(d)) —u"
i<..<d” meS{i,...,d})
and

g(ZZ, Z]a Zla Zk‘, Zm, Za, Zb, ZC) Zd) - w(ZZ, Z]a Zl, Zk;a Zm)wT(Zla Zaa Zb, ZCa Zd)

Proof. This proof can also be found in Appendix O

Combining (ZII) and (ZI2) we obtain

~oess Y) — loess Y
VaEE ) Z ) £ v gy,

o]
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For the confidence interval based on the above asymptotic result to be a (potentially
conservative) asymptotic level a confidence interval for ¢x(Y') it is crucial to know that
1%9¢%5(Y') < 1x(Y). This can be shown as follows. Let a(Z;, Z;, 7)) = (X; — X;)(X; —
X)) Ky (X — X;)Kp(X; — X;)Y), then we can rewrite 9 as

191 :EP {a(ZZ-, Zj, Zl)Y;} = EP {EP[Y;G(ZZ, Zj, Zl)’Xz]}
=Ep {Ep (Y| Xi)Epla(Z;, Z;, Z1)| Xi]} = Ep {YiEp[a(Zi, Z;, Z1)| Xi]}
192 :EP {a(Zk, Zj, Zl)Y;} = EP(Y;)EP {a(Zk, Zj, Zl)}
=Ep(Y:)Ep {Epla(Zk, Z;, Z1)| Xi]},
hence,
U1 = ¥2 = Covp(Y;,0(X;)) = Ep {Yi[6(X;) — Ep(6(Xi))]},
where §(X;) = Ep[(X; — Xi)(X; — X)) Kp(X; — X;) Kn(X; — X))V X;]. Furthermore, we

have

V3 =Ep {a(Z;, Z;, Zy)a(Zi, Zy, Zm) } = Ep {Epla(Z;, Z;, Z)a(Zi, Zy, Zm)| Xi] }
=Ep {Epla(Zi, Zj, Z))| Xi|Ev[a(Z;i, Zy, Z)| Xi]} = Ep { Ev[a(Zi, Zj, Z1)| Xi)*}
=Ep(6(X;)?),

where the third equality follows from the structure of a (given X; all variables occurring
in a(Z;, Z;, Z;) are independent of those occurring in a(Z;, Zy, Zp,)). Additionally, we

have
Vs = Ep{a(Z;, Z;, 1)} = Ep {Epla(Zi, Z;, Z1)| Xi]} = Ep(6(X5)).

Therefore, we obtain

Joesa(yy 1= _ g {Y5<X> — Bp(3(X)) } |

_\/793—79?1 B Varp(X)

where 6(X) = Ep[(X; — X)(X; — X)) Knp(X — X;)Kp(X — X))V X],

< sup Ep
SeL2(R)

{Y5<X> ~ Bp((X)) } ().

Varp(§(X))

Thus 1%2°%%(Y) < 1x(Y) and an asymptotic level o confidence interval for :/2¢%5(Y) is a

(potentially conservative) asymptotic level « confidence interval for ¢x(Y).
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Since the computation of ¢ in (2I2) requires similar to the case in Section 2.2.1]
great computational effort if n is not very small it may be convenient to use bootstrap
methods to calculate a confidence interval for :42¢%¢(X) rather than to compute the
variance estimator. Using the same arguments as in the previous section we obtain that
the bootstrap is consistent in this setup, i.e. when we denote the estimator Zl)‘gess (Y)
computed based on a bootstrap sample Z7, ..., Z* by Zl)‘}ess*(Y) we have that for almost
all sequences Z1, Za, ... the conditional distribution of /n(i2***" (Y) — ilee**(Y)) (given
Z1, .y Zn) and the distribution of /n (2% (Y') — /¢°3(Y")) converge to the same limiting

distribution.

2.2.5. Impact analysis based on local polynomials

In generalization to Sections 221l and 24 we now choose a perturbation d based
on the predictions of a degree k local polynomial fit. The case k = 1 then gives the
ordinary kernel smoother, and k = 2 leads to local linear regression. The local polynomial

regression estimator of degree k at x is, as also presented in Section [A.1.] given by
-11
m(x) = (1,2, ...,2%) (n'BT"W(2)B) ' =BTW(2)Y,
n

where B is the matrix with (1, X;, ..., XF) as i-th row, W(z) = diag {(K,,(Xi — 2))i=1,..n}
for a symmetric kernel K, (u) = K(u/h) with bandwidth h and Y = (Y1,...,Y;,)T is the
vector of observations of the target variable. For the estimation of the mean impact we

will use )
o(z) = (1,2,...,aF) cof {(n"'B"W(z)B) } =BT W(2)Y,
n
in (ZI)). Note that § arises from 7 by replacing

(n'B"W(2)B) -

by
cof { (nilBTW(:U)B)} ,

where cof denotes the matrix of cofactors. The matrix of cofactors of a quadratic k x k-
matrix A is given by
{COf(A)}ij = (—1)HjMz‘j,

where M;; is the determinant of the sub-matrix arising from A by canceling the i-th row
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and the j-column. Additionally, we have according to [Fischern (2005) that
(n'B"W(2)B) " = det {(n"'B"W(x)B)} " {cof (n'BTW(2)B)}" .

Since (n_lBTW(:U)B) is symmetric its matrix of cofactors is symmetric too. Hence, by
replacing (7”F1BTW(JU)B)_1 by cof {(n"'BT"W(z)B)} we only drop the determinant
in the denomiator. In the following we will show that the estimator
11— s

Vis— 12

with 7 = & 30, Yid(Xi), iz = £ 20, Vi, B3 = 5 3001, 0(X0)? and iy = 5 07, 6(X,)
is asymptotically normal. We do so by showing that i = (i1,...,i4)7 is essentially a
(2k+3)rd-order U-statistics. Application of the delta-method yields the desired asymp-

) =

totic normality of the estimator. As in the special cases above [Bickel and Freedman
(1981)) provide the validity of the bootstrap in this scenario.
As a first step we note that

1 « _
I A _ )t Y. (m—+1-1)
n'BTW(X)B = § = 3 Ky(X; - X)X]

J=1 Lm=1,... k+1

Since the elements of the matrix of cofactors of this matrix are the signed determinants

of k x k sub-matrices they are of the form
1 n n
— S WZy, e ),
=l jr=1

where h(Z;

Kp(Xj, — Xi) X7, for suitable vs. Hence, we can rewrite the matrix of cofactors as

- Zj,) is a sum respectively a difference of products of terms of the form

1 n n
cof {nilBTW(Xi)B} = Z Z him(Zj, s -y Zj,)

L
= Ik= I,m=1,...k+1

Assumption 2.15. Let

gl(Zjl’ ) Zj2k+3) = ijmw(zjl’ ) ij+1’ ij+2)’

gQ(Zj17"'7Zj2k+3) =Y ?I}(Zjl,...,Z

Jk+3 jk+2)7




7

93(211’ ey Zj2k+3) = U~)(Zj1, ey ij+1 > Zj2k+3)u~)(ij+2’ ey Zj2k+2’ Zj2k+3)’

94(Zj17 E3) Zj2k+3) = @(Zjn s ij+2)7

with
k+1 k+1
W(Zjy 5 oo ij+17 Z;) = Z Z him (Zjy5 -, ij)Kh(Xjk+1 - Xi)}/}k+1X;:;11X?I_1'
=1 m=1

Furthermore, define g = (g1, ...,94) and let

1
U)(Zjl, "'7Zj2k+3) = m Z g(ij(1)7""Zj7r(2k+3))'
(2 +3) reS({1,....2k+3})

Additionally, assume that
EP(w(Zjlv <oty Zj2k+3)) and EP(w2(Zj17 ey Zj2k+3))

exist for all (ji,..., jok+3) € {1,...n}***3 and define ¥ = Ep(w(Zj,, ..., Zjy,4)) for
71 <o < Jr+3-

Theorem 2.16. Under Assumption [2.13 we have that
\/_ ~locpol locpol L 2
nely C(Y) =1y 7(Y) ¢ = N(0,0%),

where 0 = DF(9)TSDF(9), F ((a1,...,as)") = “4=22 Ll)?Cp()l(Y) = F(¥) and

az—aj
Y= (2k+3)2EP {(EP [w(Zjlv i) Zj2k+3)’Zj1] - 79) (EP [wT(ZjN ) Zj2k+3)’Zj1] - ﬁT)} :

Proof. The proof of this theorem can be found in Appendix [Bl O

Lemma 2.17. The variance o2

can be consistently estimated by
62 = DF())TSDF(D),

where

—1
- 9 n 1 (17 A T
- () X X #ae B

J1<...<Jak+5 ’ reS({1,...,4k+5})




78

and
~ T
G(Zjys s Zj4k+5) = w(Zjy s Zj2k+3)w (Zj1, Ljoyar -+ Zj4k+5)'
Proof. For the proof see Appendix [Bl O

From this result we obtain

\/_ Al)(;cpol (Y) . Ll)c;cpol(y)

A — N(0,1).
o
For polynomial regression the argumentation of the previous sections, ensuring the con-
sistency of the bootstrap and thus justifying the use of bootstrap confidence intervals
apply as well. Finally, we will show that LlOcP Ol(Y) < 1x(Y). To this end we note that

we can rewrite the elements of 9 as

1 = Ep (Yid(Zj,, .., Zjy, 1 s Z0))

Vs = Ep (Yid(Zj,, ..., Zj,.,,))

3 = Ep (0(Zj,, .0, Zjy 1 Zi)0(Zjy s g5 wos Zijnrns Zi))
V4 = Ep (0(Z,, ..., Zj, ,)) -

From this it follows that

9y = Bp {Ep (Yii(Zjy, ) Zjy o1, Z3)| X))
= Ep{Ep(Yi|Xi)Ep[0(Zjy, ..., Zj, . » Zi)| Xil }
= EP{YZ EP[UN)(Zjlv E3) ij+17Zi)‘Xi]}

=:0(X;)

and

VYo = Ep(Y;)Ep(W(Zj,, ..., Z;

Jk+12

Z;)) = Ep(Y;)Ep(6(Xi)),

hence, ¥; — 2 = Couvp(Y;,0(X;)) = Ep {Yi[6(X;) — Ep(d(X;))]}. Furthermore, we have

¥3 =Ep ( Zi )UN)(Z Zj2k+27 Zl)’XZ})

Ez

{ Jl’ ]k+17 Jk4+29
=Ep {E [~ Jio e ch+1’ ‘XZ] [ Jk+27"'7Zj2k+27Zi)’Xi]}
:EP { [ Jl’ ]k+1’ |XZ] } 1)2),
where the second equality holds because of the structure of w (W(Zj,, ..., Zj, ., Zi) does

not use Y; which implies that the conditional independence needed for the second equality
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holds). Additionally we have

V4 = Ep {Ep (0(Z},, ..., Z

Jk+12

Z)|Xi)} = Ep(5(Xy)).

Consequently we obtain

foer iy 1=t {Y6<X> ~ Ep(3(X)) }

X VT VVarp(5(X))
)

- 6(X) - Ep(6(X)) | _ ,
gaeLfsz) b {Y Varp(0(X)) } x(X).

2.2.6. Common impact based on kernel-smoothing

In this section we generalize the approach of the kernel method based impact to the
case where we want to quantify the common influence of a set of covariates X1, ..., X
onto the target variable Y. Therefore, we estimate the impact of X = (X1,..., X;) on Y

based on kernel smoothing by

where X; = (X1, ..., Xjx) and

N 1
5 _ = XV
1(Xi) = =3 Kn(Xi = X)),
7j=1
for a kernel < X
m(xi—xj):a(_” = ]H>

and D from Section [A.T.Il With this choice of the estimated impact we are essentially
in the situation of Section 22Tl The same argumentation applies here and leads to
asymptotic normality of the estimator for the restricted impact. Furthermore, it follows,
that the bootstrap is consistent in this case.

A generalization to higher order local regression in the variables X7, ..., X is straight
forward and leads to the setup of Section
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2.2.7. Modification of the Kernel-smoother-based impact

In Section 2.2.1] we dealt with an impact based on the predictions of kernel smoothing
where the denominator of the kernel-smoother was left out. We now consider a kernel-
smoother based impact without dropping the denominator. Since the denominator is a
function of all observations and the estimator of the impact is therefore not a U-statistics
anymore the methods to derive the asymptotic distribution of the estimator used in 2.2.1]
do not apply here. Nevertheless we can deal with this problem by modifying the way
we estimate the impact. We will use all observations to compute the denominator of
the kernel smoother but only m, < n observations to compute the estimator for the
impact. Choosing a suitable m,, we can show the asymptotic normality of the estimator.
This procedure is particularly useful and interesting in cases where we do not have
observations of the target variable Y for all individuals. This might occur in large health
insurance data sets, where the covariates (e.g. sex, age) are present for all insured people
but the target variable is only observed for a subset of the insured people.

Note, that the results of [Doksum and Samarov (1995) may be used to derive an
asymptotic theory for an estimator for the kernel smoother based impact without drop-
ping the denominator using all observations by using a leave-one-out type estimator for
5. However, this approach is not pursued in this thesis.

Again we need to assume that the bandwidth 4 > 0 of the symmetric kernel Kj,(u) =
K(Ju/hl|) is fixed. We now need the additional assumptions

Assumption 2.18. 1. K 1is non-negative and bounded;
2. [K(x)dz =1;
3. K(z) = p(|x|), where p is a monotone decreasing function on [0, 00).

Note that for example the Gaussian kernel or the Epanechnikov quadratic kernel meet

these assumptions. We now choose the perturbation

Sa) = L 30 Knle — X))
Mn j=1 % Zlnzl Kp(z — X))

where m,, — oo and the following assumption holds.

Assumption 2.19. Let m,, — oo such that %:)71 — 0.
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We then estimate the impact by

" s (v o)

where § = an Yo b (X;). Similar to the cases before we decompose the estimator to

JRAL I &= J AL AL
h=— Yid(Xi),la=—) Yid,iz=—» 0(X)}iu=—) 6X;),
2 O N g 2 SO 9 80

i —i: ~__ (7 ~\T
—=2_. Let i = (i1,...,04)" and

with 5" (Y) = G
3y

f(u) = Ep (Kp(u — X)),
assuming this exists.

Assumption 2.20. Let

Kn(Xi — X, Kn(X; — X
91(Zz',Zj,Zl)=MYin, 92(ZiaZj,Zl):M iY,
f(X3) f(X5)
Kn(Xi — X)) Kn(X; — X, Kn(Xi — X,
05(7i, 25, 70) = TR T XN = Xy g g2, 7, 7 = 2K )y
F(X5)? f(Xi)

and define g = (g1,...,94). Let w be defined as in (23). We assume that the following
quantities exist for all (i,j,1) € {1,...,n}>:

Ep(w(Zi, 25, Z1)),  Be(w*(Zi, Zj, %))
Definition 2.21. Let i # j # 1 # i the following parameters exist by Assumption [2.20)
Uk = Ep (9k(Zi, Zj, Z1)),  for k € {1,...,4}.

Assumption 2.22. There exsists 7 > 0 such that f(z) > n Yz € supp(X), where
supp(X) denotes the support of X. Furthermore let the density f of X be bounded.

With this assumption we can state the following lemma.
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Lemma 2.23. We have that

Vg sup| f(x) = f(z)] ¥ 0,

z€eR
where f(z) = 1 > i1 Kn(z — Xj).

Proof. Adopting the notation of Pollard (1984) we write f(z) = P, K, and f(z) =
PK}), , and obtain

sup [f(z) — f(x)| = sup |PpKp 4 — PK}, |-
rER x€ER

Let Kp(u) = Kp(u)/c, where ¢ is an upper bound of K which exists according to
Assumption 2.I8 Note that we have 0 < K < 1. We then have

sup [P, K » — PK}, o] = csup |Pnl~{h,x — IP’f(;wL
zeR z€R

According to [Pollard (1984, p.36) and his Lemma 25 all kernels that meet Assumption
218 also meet the assumptions of his Theorem 37 which we will apply here. Denoting
the density of X by f we obtain

PKj , = /f(2 (%) fly)dy < /f( (%) fy)dy

= h/f((t)f(x + ht)dt < qh/l?(t)dt = qh%

nlog(n)~

where ¢ is an upper bound of f, which exists by Assumption 2221 We choose 6 = gh/c
1
- — 00, that né%a? log(n)~! — co. Hence we

1/2

can apply Theorem 37 of [Pollard (1984) which gives

and o, = m, '~ and obtain, since

62 /m,, sup |Pnf(h7$ — IP’f(;w| %0,
z€R

which implies

Vi sup | f(z) — f(a)] 3 0.

zeR
O

We now show that we can replace f by f in & without affecting the asymptotic behavior

of Zl, ceny 24.
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Lemma 2.24. Under the assumptions of this section have that

Mnp Mp My

ZZZ (Zi, Zj, Z1) + 0,(1).

i=1 j=1 [=1

Z:
n

Proof. To this end let

and

We then obtain

nz+Anz

= 1

szFz

nz

For the second term of this expression we make the observation that

nz \VMp, o
g an < 5 n,i =
i—1 nz mp i:1| | f(Xz)
flo) = flo)| 1 &
<y/my su = Ly
<V sup @ - ;1 | Lnil

Since f is bounded away from zero on its support and sup,cg |f(z) — f(z)] 3 0 (by
Lemma [2.23) we have that f(z) > 7j for all 2 € supp(X) for suitable large n. Hence, for

those n we can write

/My, sup J(@) = /() <jw/mnsup‘f(x)—f(x) =0
z€R f(x) U] z€R
Furthermore, we have
= | K, (Xi — X))YY;
05 Bl 2y 30 3~ [FHE N

=v(Zi,Z;)
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1 Mp Mp
=322 M%)

noj=1 j=1

1 & 1 &
=—5 D Mz Zj)+ — > M2, 7))

ity Mn i=1

where XN(Z;,Z;) = 1/2{~(Z;, Z;) + v(Z;, Z;)}. Since by Assumption 22200 E(\(Z;, Z;))
exists for all (i,5) € {1,...,n}? this equals

:% S ON(Zi, Z) + 0p(1)

n

:%%‘1) @") - STNZi Z5) + 0,(1)

i<j

BE{NZi, Z))} < 00

according to the theory of U-statistics (cf. Theorem [A.7)). Hence,

mnt1 n,t + Op(l)
My m
"I Ky (X — XYY
=V Z > L +op(1)
n =1 j=1 _
:'91(21'7 i»Z1)

Mn Mp Mn

e 5SS S w2 2,2 + o),

N =1 j=1 |=1

where w1 (Z;, Z;, Z1) = 5 ZWGS({W m 91(Zr i), Zx(j)s Zx@y)- In the following we will show,
that we can replace the denominators in the expressions /my o, /Mpl3, /My ls similarly.
We can decompose /myio to
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where flml = S(Xl)ff% and flml = S(Xl)f/%. Again, we can show that the
l l

second term converges to zero in probability. We do so by observing

JES Sl

=1

f(z) — f(z)
f(x)

The first term of this expression converges to zero by Lemma 2.23] For the second term

< /My sup

zeR

VI < F(X)) — f(X3)
7m;”lﬂm

we have

Mnp Mnp Mn

—ZMM T Y Y |

”11] 11=1

v2(Zi,Z;5,Z;)

Mp Mp My

g LY M2

M i=1 j=1 =1
where )\Q(ZZ‘7 Zj, Zl) = 1/3' ZWES({i,jJ}) ’YQ(ZT‘-(Z‘)7 Zﬂ(j), Zw(l)) With Assumption 2.20)
and Lemma 2.1] it follows that

1
=—5 Y (Zi.Z;,7) + op(my, ")

C({idl})
m3 — 3m2 + 2m,, (my,
B m; <3> Z)‘QZ“ \Z1) + op(my; ' /?)

<j<l

LE{(Z:,Z;)} < oo
by Theorem [A.7] Concluding, we have that

N
NS :m—n" Z L+ o0,(1)

Mnp Mp My X )YY'I

Kp(X; —
_\/_m3 ZZZ h (Xz) + p(l)

n =1 j=1I=1

=:92(Zi,2,%;)

Mnp Mp My

—\/_ =3 3N walZi, Zy, Zy) + 0p(),

nzl]lll

where wa(Z;, Zj, Z)) = § ZweS {iilD) 92(Z(i)> Zr(j)> Zr(1))- By decomposing analogously
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to the previous two cases and by application of Lemma [2.23] it follows that we have

My, My Mp

ST = ZZZKh X Kn(Xi = X;)Y;Y]

nzlj 1i=1 f(Xz')2

where m m
1220 200 Kn(Xi — X5) Kn(Xi — X))Y;Y

T ml FXa) f(Xs)

and

1227 20 KX — XG) K (Xi — X0)Y;Y f(X

L _ 2 ( ).
my, J(X3)? f(X;

A; =

\_/&ﬁo

Thus,

My, SU fx) —f(:c) 1 T T Kp (X — X5)Kp(X; — Xl)YYl
SR e | 2;; FX)F(X)

As a next step we examine the term (a).

My, Mp My ’Kh

K,(X;, — X))Y;Y,
D=3 Stk ghad

X;)
N =1 j=1 =1 f(Xl)z

My, My, My ‘Kh

1 X)) Kn(Xs = X)Y;Yi| F(XG) -
*m%;;lzl FX.)? fx

F(X)
Xi)
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%113 1i=1 f(Xi)z

By application of the theory of U-statistics together with Assumption 2.20] it can be

shown that the expression

My, Mp Mnp

Kp( (X — X))Y;Y,
mgzzz| n(X }( () 1)Y;Y|

n =1 j=11=1

converges to

> <|Kh( X)) Kn(Xi — Xl)YY|>
P =
f(Xi)?
Furthermore, sup,cp ‘ G J)C (:Lf;(x) op(1) by Lemma Thus, we obtain that

Thereby

\/— S - f(X) )—f(Xi)
(Xi)

This implies

ity =Y %%%KhX X)) Kn(X; — X;)Y;Y;

n i=1 j=1Il=1 f(XZ)
A A K (X — Xl VER(X; — X;)Y;Y
+ 0,(1).
” ;;ZZ; Xz)f(Xz) p()

Repeated application of Lemma 2.23 gives

CA A A K (X — X)) KR (X — X;)Y;Y,
ZZZ n( 1) K ( ;) Ly top(1)
” i=1 j=1 =1 f(Xz)

=:93(Z:,2;,2;)

Mn Mnp Mn

Zzzwg Zi, Zi, 7)) + 0,(1),

”zljlll




where w3(Z;, Z;, Z1) = § ZneS({z iy 93(Zn(iy, Zr(j)> Zr@y)- Similar to the cases of iy, ..., i3
we obtain that

which equals by suitable decomposition and application of Lemma 2.23]

Vi 3 s JK)
= ;5()(@)]?()(@‘) +0p(1)
VT AN (X - X))
g o ix) o
=:94(Z;,2;,Zy)

Mn Mnp Mn

ZZZW Zi, Zj, 7)) + 0p(1),

nll_]lll

where w4(Z;, Z;, 2)) = %ZWES({i,j7l}) 94(Zr(i)s Zn(j)s Zr@y)- Thus, summarizing the re-

sults we obtain:
Mp Mp Mn

ZZZ (Zi, Zj, Z1) + 0,(1)

nll_]lll

O

With the preceding results we are able to prove the asymptotic normality of the

modified version of the kernel smoother based impact estimator.

Theorem 2.25. Under the assumptions of this section we have

Vi (@) = e (Y)) <5 N(0, DF(W)TV DF(9),

2

[ea

where F(a,b,c,d) = \/7172, hEmed(yy = F(7) and LI;(S mod(yy = F(9) (ks,mod stands

for kernel smoother modified). In this case the covariance matriz V is given by V =
9Ep {w(Z)w(Z;)"} with w(Z;) = Ep (w(Z;, Zj, Z21)| Z;) —

Proof. We obtain

V(i = 9) = /my 3222 (Zi, Z;, Z)) =9 | + 0p(1).
My j=11=1

=1
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According to Lemma 2.1l we have

mgzzz w(Zi, 2 ——3 N" w(Zi, 2y, Z1) + op(my 7).

n =1 j=1I=1 n({ j,1})

Furthermore, we can rewrite this as

1
— Z w(Zi, Zj, Z) + op(my,'/?)

C({i.5.11)
3 _ 3 2 9 -1
M i<j<l
Ccn [}r d

This means that we have

V(i = 9) = e/ (Un — 9) + 0p(1) + (o — 1) /imd.

where (¢, —1)\/m;, — 0 and ¢, — 1. Theorem [A. 7 together with Assumption 220 gives
that

ViU, —9) =5 N(0,V)
and consequently
V(T —9) 55 N(0,V),
)

Ep (w(Zi, Zj, Z1)|Z;) — . Application
= yields the asymptotic normality of the

where V = 9Ep {w(Z;)w(Z;)"} with @(Z
of the delta method Wlth F(a, b,c,d) =

estimator for the impact

T

-5 N(0, DF(9)"VDF(9)),

2

~ks,mod ks,mod
Vimn iy (Y) — 1y (Y))

where Ll§(s mod(yy = F(7) and Léc(s mod(y'y = F(9). O

Similarly to the other kernel method based impacts it can be shown that L])C; mOd(Y) <

tx (Y') (the proof is omitted here). We are now interested in finding a consistent estimator

for o2.

2

Lemma 2.26. The variance o? can be consistently estimated by DF (7)79(3*—iiT)DF (%),
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where

-1
(1 1 ) )
7= <5> Z 51 Z W(Zi, Zj, 20)0" (Ziy Zas Zy)

i<j<l<a<b = weS({i,jlab})
and W(Z;, Z;, Zy) is obtained from w(Z;, Z;, Z;) by replacing all fs by fs.

Proof. The proof makes use of Lemma [2.23] and is otherwise very similar to the proofs
of the analogous results of the preceding sections but with more complex sums. It can
be found in Appendix [Bl O

Similar to the cases before, the computation of that variance estimate is very computer
intensive for usual sample sizes. However, we do not yet have a justification for bootstrap

methods in this scenario. This could be the subject of future research.

2.2.8. Another modification of the Kernel-smoother-based impact

In the previous section we introduced a modification to the kernel-smoother-based im-
pact, where we did not need to drop the denominator of the kernel smoother at the
cost that we could not use all data in the estimation of the impact. Furthermore, in all
considerations up to this point we needed the bandwidth of the kernel smoother to be
fixed. In this section we present an alternative modification to the estimator based on
kernel smoothing, which enables us to keep the denominator of the kernel smoother as
well as to use a bandwidth h that decreases with the sample size. However, the price
to be paid for these advantages is that again we can not use all available data in the
estimation of the mean impact and that we need to assume that X has bounded support.
The new modification makes use of the results of Mack and Silverman (1982) and uses

the estimator

— 5(X;) =6
=— Yy, =
" \/ Ly (506 - 50x)

~ks,mod2 (Y)

0% , (2.13)

where

. Z;‘L:1 Knp(x — X;)Y;
> i Kn(z — X;)

the ordinary kernel smoother. Note, that we use all data in the kernel-smoothing while

()

we only use the first m,, < n observations for the estimation of the mean impact.

Furthermore, we do no longer need to assume that the bandwidth A is fixed. In order for
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the asymptotic to work we need the following assumptions which originate from Mack
and Silverman (1982).

Assumption 2.27. o K is uniformly continuous with modulus of continuity wg,
i.e. |[K(x) — K(y)| < wg(|z —yl|) for all z,y € supp(K) and wk : [0, 00] — [0, o0]
is continuous at zero with wi(0) = 0. Furthermore K is of bounded variation
V(K);

o K is absolutely integrable with respect to the Lebesque measure on the line;
o K(z) — 0 as |z| — oo;
o [ |zlog z]|3|dK (z)| < oo,

Assumption 2.28. e Ep|Y|* < co and sup, [ |y|°f(z,y)dy < oo, s > 2;

e f, g and | are continuous on an open interval containing the bounded interval

J, where f is the joint density of X and Y, g is the marginal density of X and
Wz) = [yf(z,y)dy

Assumption 2.29. m,, - 0o and h — 0 as n — oo in a way that

(%log(l/h)) i —0

and my, < n for all n € N.

Assumption 2.30. (a) The support J of X is a bounded interval, on which its density

is bounded away from zero.

(b) The density of X and [ f(x,y)y dy have bounded second derivatives, where f(x,y)
is the joint density of X and Y.

1 1 1/2

(d) n®*""1h — oo for somen <1 —s71 and s > 2.

(c) h? = o(ay), where

(e) The kernel function K is symmetric.

With this we can state the following theorem.
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Theorem 2.31. Assume that Assumptions[2.27, [2.28 and[2.30 hold. Then we have that

2L sup [6(z) — Ep(Y|z)| = 0,(1).

an
z€J
Proof. For the proof see Theorem B from Mack and Silverman (1982). O

The following Corollary follows immediately.

Corollary 2.32. Assume that the Assumption as well as conditions of Theorem
(237 are met. Then we have that

N sup o(z) — Bp(Y|z)| = 0p(1).

To show the asymptotic normality of the estimate Zl)cf’mOdZ (Y) from (2I3) we need an

additional assumption.

Assumption 2.33. We define
91(Zi, Z;) = YiEp(Y|Xi)  92(Zi, Z;) = YiEp(Y|X;)
93(Zi, Zj) = Ep(Y|Xi)Ep(Y|X;)  94(Zi, Zj) = Ep(Y]X3)
as well as g = (g1, ..., g4)T and w(Z;, Z;) = 3 (9(Zi, Z;) + 9(Z;, Z;)) and assume that
Ep (w(Z;,Z;)) and Ep (w*(Z;, Z;))

exist for all (i,7) € {1,...,mp}>. Additionally, define ¥ = E(w(Z;, Z;)) for i # j.

Theorem 2.34. Under the assumptions of this section we have that

\/m—n <Z§(s’m0d2(y) _ Lx(Y)) £> N(O, 0'2)7

where 0 = DF(9)'SDF(9), £ = 2Ep (0(Z;)w" (Z;)), where w(Z;) = Ep (w(Z;, Z;)|Z;)—

¥ and F(ay,...,a4) = =2,
az—a

Proof. For the proof see Appendix Bl O

Note that this is the first asymptotic result we obtained directly for the (unrestricted)
mean impact, and not for a lower bound of it. This means that, under the comparatively
strong conditions imposed in this setup, we are able to make statements for the mean

impact itself.
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In order to be able to give an asymptotic confidence interval for the impact, we need

2

to find a consistent estimate of the variance . The following lemma shows how this

can be achieved.

Lemma 2.35. Under the setup of this section a consistent estimate for o? is given by

6% = DF())TSDF(D),

where ¥ = g—iil withT = (i1, ..., 1)7, where iy = an S Vb (X)), Ty = == S V6(X)
i3 = 7= Y 6(X3)? and iy = - Y1 6(X;) and

7

—1
2 mny 1 o .
Jup = ( 3 > > 2 > Yo 9@y Zomn) 9 (Zomis Zoway)-

<j<l 7€S({i,g,1}) wes({n(i),m()})
peS({m(i),m(1)})

g 1is obtained from g by replacing Ep (Y |x) with 3(3:)
Proof. For the proof see Appendix Bl O
A consequence of this lemma is that a confidence interval for tx(Y) is given by

~ks,mod2 o
CIl =iy (Y) - %zl_a,oo).
Since we have an asymptotic result directly for the mean impact ¢x(Y") we can also give

a two-sided asymptotic confidence interval

~ks,mod2 o ~ks,mod2 o
Cla_sideda = |lx (Y) - ﬁzl—a/% Ly (Y)+ %zl—a/Q -
One disadvantage of this alternative modification of the kernel smoother based estima-
tion of the mean impact is that we do not have a theoretical justification to use bootstrap
methods in the calculation of the confidence intervals for the mean impact. Such a result
would need a bootstrap version of Corollary [2.32] which we do not have at hand. Finding

such a corollary could be the subject of future research.




94

3. Partial non-linear impact analysis

So far we focused on finding methods for non-linear impact estimation. It might as well
be desirable to find methods which allow us to describe non-linear partial mean impacts,
that means non-linear influences of one covariate X; on the target variable Y, which go
beyond the influence of other covariates (1, ...,Q;. In the following we will discuss two
approaches to this problem. The first one is a direct generalization of the procedures
in Section [ where we fitted functions linear in a set of covariates X, ..., X(*) to the
data. The second approach tries to answer the question of a non-linear influence of one
covariate which goes beyond the possible influence of other covariates via the application

of kernel smoothers.

3.1. Partial non-linear impact based on polynomials and splines

In Section [L9.1] we derived the theory to quantify the dependence of Y on a set of co-
variates XM, ..., X*®) which goes beyond the possible influence of another set of random
variables Q1, ..., Q;. An application of this framework includes the fitting of polynomials
and splines in a single variable X7 (analogous to Section 2.I]). In that case one would
simply choose X, ... X*) to be the respective basis terms. Furthermore, we could
choose )1, ...,@Q; to be polynomial or spline basis terms in other covariates, allowing
us to characterize the non-linear influence of X; on Y while correcting for non-linear
influences of other variables.

The scenarios outlined here can also be applied to the partial common absolute mean

slope.

3.2. Partial non-linear impact based on kernel smoothers

We will derive the theory for a partial mean impact based on kernel smoothers for the
scenario where we consider the influence of a single covariate X7 on Y which goes beyond
the influence of other covariates Xo, ..., X}.. An extension to non-linear influence of more
than one variable is straight forward. One simply replaces the one-dimensional kernel-fit

in the following by the higher-dimensional fit (as it was already done in Section 2:2.0)).

3.2.1. Direct approach via density-changes

In the definition of the partial mean impact (I.Il), we focused on perturbations & of
the common density of Xi,..., X}, which leave the means of the covariates Xo, ..., X;

unchanged. In order to construct an estimate for the partial mean impact which is
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based on kernel smoothers we choose the perturbation
PMLm(Xl)

0(X) = :
VS Paei(X0) )2

where

A 1<
m(X1); = - ZKh(Xil - X1)Yj,
=1

X, = (Xyj, ..., Xpn;) are the observations of X; and M = span(1, Xa, ..., X},). This leads

to the following estimate for the partial kernel-smoother-based impact

1 ~
e (Y X2, oy X) :EYTé(X)
B LYTim(Xy) — 1Y T Proin(Xy)
vV m(X1)[13 — n= | Pron(Xa) 13
_ aYT(Xy) - g YTin/d
vV m(X1)[3 — n—tm]13/d?

where )
m = Xcof(XTX/n)EXTm(Xl),

d = det(X"X/n) and X = (X, ..., X}) with X; = 1 and X; = X, for j=2,....k. With
the notation ) )
5(X) = —m(X1) T X cof (XTX /n)=XTm(X;)
n n

(note that n=t{|m||3/d?* = s(X)/d) we aim to show that
1 1 1 4
= (YT, YK (K (X)

is essentially a five-dimensional U-statistics. With the same argumentation as in Section
2211 where we considered the ordinary impact based on kernel smoothers, we can then
deduce asymptotic normality of our estimate. Furthermore, the bootstrap can then be
shown to be consistent.

As a first step we investigate the expression cof (X7X /n). We have that
1 n
(XTX/n)ap = - Z; XiaXip,
p

where Xj;, is the i-th element of X, (analogous for a). Since the entries of cof (XX /n)
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are signed determinants of (k — 1) x (k — 1)-sub-matrices of X7 X /n they can be written

nk 1 Z Z le'“ ]k 1) (3-2)

j1i=1  jg-1=1

where Z; = (Y;, Xi1, ..., Xir)T and g(Z i L

Jk—1

as

) is a sum respectively a difference of
products and quotients of terms of the form XJOGX b, 0,0 = 1,....,k — 1 (the specific

form of g depends on which element of cof (XTX /n) is expressed). Hence

COf(XTX/TL nk 1 Z Z gim(Z 1o L 1) )

Jji=1 Je—1=1 I,m=1,...k

where gy, is that function g from (3:2) which leads to the I, m-th entry of cof(X”7X/n).

Furthermore, we have

1 1 — g
Lyrg {— zxﬂn}
n n ok

and

1 o 1 n n 5
EX m(Xl) = E Z ZKh(XZl — le)}/}Xil

i=1 j=1 ——
Defining fi(Zj,, Zjy,,) = Kn(Xj1 — Xjp11)Yjeys Xju We can write
1 T lop
ip ==Y X cof (XTX /n)=XTm
n n
kK 1 n n
:ZZ k2 Z glm(Zj17 oo L D (Z Ik ]k+1)Xjk+2ijk+2
I=1 j=1 1=l Jrye=l
1 n n k k
T k2 Z Zzglm(zﬁ’ coos L) 1(Z5, ]k+1)Xjk+2ijk+2
J1=1  jryo=11=1 j=1
62(Zj17---7ij+2)
1 n n
_W Z v2(ZJ1’ Z]k+3)
=l jrys=1
where vo(Zj,, ..., Zj, ) = U2(Zjy, ..., Zj,_,). Analogously it can be seen that

~

l5 = nk+3Z Z 5(Zjrs - Zijrss )y

J1=1  jgq3=1
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with

l k

v5(Zj1"" Jk+3 :Zzglm Jisee .]k 1)fl( Tk Jk+1)fm( Jk429 ]k+3)

=1 m=1

For 73 we obtain

i3 = nk+3z Z V3(Zjys s ]k+3)

J1=1  Jgy3=1

where v3(Zj,, ..., Z;

jess) contains sums and products of terms of the form XiaXip, a,b =

.k, i=1,...,n. Furthermore, we have

= W Z Z Ul(Zjl,---,ij+3)

Jj1=1  Jjgg3=1

where v1(Zj,,..., Z

jk+3)

= Kh(lel — Xj21)}/}1Y32 and

iy = W Z Z U4(Zj1’-'-aij+3)

J1=1  jrys=1

with v4(Zj,, -, Zjy5) = Kn(Xj1—Xj,1)?Y 2. Thereby, with the definition v = (v1, ..., v5)"
we obtain
i = S Y i Zi)
J1=1  Jgy3=1
s Y Y Wl T
J1=1  Jgy3=1
where

1
w(Zjl,...,ij+3) = VIR Z U(ij(1)7"'7Zj7r(k+3))'
(k+1)! meS({1,...,k+3})

Assumption 3.1. Assume that
Ep(w(Zj,, .. Zj,,)) and Ep(w?(Zj,,...Zj,.,))

exist for all (ji,..., jits) € {1,...,n}**3 and define 9 = Ep(w(Zj,,..., Z;,,)) for j1 <

- < Jk43-

)
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With Assumption 3.l we obtain that i = Un—i—op(n_l/ 2), where U, is a five-dimensional
k+ 3rd order U-statistics. Hence, we can use the argumentation of Section 2. 2.1 to infer,
that

V(i =) 5 N5(0,V),

with V = (k+3)!Ep (ﬁ(zjl)ﬁT(zjl)), where 1(Z;,) = Ep (w(Zj,,.... Z

Jk+3

)|Z;,). Thus,
application of the delta-method yields

N L
V(iR (Y [Xa, oy X3) = I8 (Y] X2, ., Xi)) = N(0,07),

where Ll)“fl(Y|X2,...,Xk) = F(v¥), with F(aq,...,a5) = \;L#/‘;?’ and the variance is
as—as/az

given by 02 = DF(9)V DF(9)T. Furthermore, it follows that the bootstrap is consistent
in this scenario.

In the above considerations we built the estimator for the partial mean impact based
on a kernel fit of Y in X;. We could also use all covariates X7, ..., X in the kernel fitting,
which would result in a different m(X) in ([B.1]), namely

m(X); = X; cof (XTW(X)X)XTW(X,)Y,

where W(X;) = diag (K (|| X1 — X)), -, Kn (|| Xy, — X;]])). With this choice of 7 we
would also obtain that our estimate for the kernel smoother-based partial mean impact
is essentially a U-statistics (the order of the U-statistics increases). Concluding, we also

obtain asymptotic normality of the estimate and consistency of the bootstrap.

3.2.2. An alternative approach

Similar to Section [L9.4] we can regard an alternative approach to decide whether there
is an influence of the covariate X; which goes beyond the possible influence of other
covariates X, ..., Xi. We do no longer regard changes of the density of the covariates
which leave the means of X5, ..., X} unchanged. Instead of this we estimate the impacts
based on kernel smoothing in X1, ..., X} and in Xo, ..., X} and say that X7 has an influ-
ence on Y which goes beyond that of Xo, ..., Xj, if the estimated impact based on kernel
smoothing in X7, ..., X is significantly larger than the that of Xo,..., X;. Remember
that we estimate the impact of X = (X7, ..., Xi) on Y based on kernel smoothing by

;) — 01(X)

1 — 61(X;) —
Y)=->Y 1
" \/% > <51(Xj) - 51(X))2

% (

)
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where X; = (X1, ..., Xjx) and
1 n
01(Xi) = - ZKh(Xz - X;)Yj,
7j=1
for a kernel < X
Kp(X;i—X;)=D <7” ! ; J”)
and D from Section [A.I1l Let the estimator Z];{(Y) of the impact of X = (Xa, ..., Xz)

on Y be analogously defined as Z’;{(Y) but with

. 1<~ - - - _ X; — X,
02(X;) = ﬁZKh(Xz —X;)Y; and Kup(X;-X;)=D (%) :
j=1

instead of &; and Kj. As described above we now regard the difference between these
two estimated impacts ¢ (V) — Z])?(S(Y).

Assumption 3.2. Let
0 (Zi, 725, 2)) = Kp(Xs = X)YiY;,  g2(Zi, Z5, Z)) = Kp(X; — X)) YY),

93(Zi, 25, 2)) = Kn(X; — X))V Kn(X; = X0)Ys,  9(Zi, Z5, Z)) = Kn(X; — X;)Y5,
95(Zi, Zj, Zy) = Kp(Xs = X))V3Y;,  96(Zi, Z5, 2) = Kn(X; — X)) Y3V,

and

91(Zi, Zj, 7)) = Kn(Xs — X)) Kp(Xi — X))Y1,  9s(Zi, Zj, 7)) = Kn(Xi — X;)Y;.

We use the notation g = (g1, ...,gs) and define w analogously to (23). Furthermore, we
let O = E(w(Z;, Z;,71)), fori# j #1#1.

Theorem 3.3. Under Assumption[3.2 we can conclude that
B | X, o Xp) — ASY | X, o, Xi) 5 N(0,02),
where i% ™ (V| Xy, ..., Xp) = i (V)= (V) and S5 (Y[ Xa, .. Xp) = (V)2 (V) =
2 _ T TY _ _a1—a2 _ _as5—ae
F(¥), 0= DF(W)'VDF(9), F((a1,....,as)") = g T e and

V =9Ep (@(Z)i" (%))
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where W(Z;) = Ep(w(Z;, Zj, Z))| Z;) — ¥.

Proof. The key to determining the asymptotic distribution of this difference is once again

the theory of U-statistics. We can rewrite the difference as

11— 12 ls — Lg

~ks ~ks _ -
LX(Y)_LX(Y)_ \/Zg—Zi \/Z7—Z§’

with

- < . - ol 1
= - E Yzél(Xl)a lg = — E sz(sl(X)a L3 = E E 61(Xi)2’ by = E E :61(XZ)’
i=1 i=1

We obtain in analogy to the proof of Theorem
1 n n n
Y S )
=1 j=1 =1

With Assumption we can follow the argumentation of the proof of Theorem to

obtain
V(i —9) =5N(0,V)

and

V =9EBp (W(Z)w" (Z))

where w(Z;) = Ep(w(Z;, Zj, Z1)|Z;) — 9. Application of the delta method with

T) a] — ag as — Qg

T Vay—ai  \Jar a2

F((al, ceey ag)

yields
(Y | X, X)) = RS (Y] X Xp) 5 N(0,07),

where Z];fl’alt(Y\XQ, ey Xg) = Zlfgs(y)—il;{(y) and Ll?l’alt(Y]Xg, o Xg) = (V) =k (Y) =
F(9) as well as 02 = DF(9)TVDF(9). O
By replacing F' and 7 in Section 2.2.1] by our new F' and 7 we can also apply the results

of Section 2221l concerning estimation of ¢2. The same considerations as in Section
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221l show that the bootstrap is consistent in this case as well which is a justification for
computing bootstrap confidence intervals in this case (e.g. in order to save computational

time).

In the case of the linear common mean impact orthogonality provided (L33), which

means
B () = (V) = (Y[ X, e X

However, due to the lack of orthogonality, in the case of kernel smoothing such a decom-
position does not hold in general.

3.2.3. Partial mean slope based on kernel smoothing

Direct approach

The partial mean slope based on kernel smoothing is defined as

o (Vixe X K (Y| Xa, o, Xi) (Y] X, ., Xp)
Xl( | PR k:) X41X X - ’
LX1( 1‘ 2y 000y k) VCL'I"P(P/H%Xl)

where Ho = span(1, Xo, ..., Xj). It is estimated by
e (Y Xy, ..., Xp)

27
\/22 1 HLXl) PHngl)

0% (V| Xa,..., X

where My = span(1, Xo, ..., X)). We use the notation from Section B.2.T] and define

1 n
L6:E§ : i1 = k+3 E : E : v6(Zjy 5 - ]k+3)

1=1 J1=1  jgg3=1

where v(Zj,, ..., Z

jk+3) = Xi21 and
~ d T 1 T T 1 T
7 = EPMXl PuyX; = EXlXcof(X X/n)EX X.

Analogous to the discussion of 75 one can see that we have

iy = nk"'QZ Z Zzglm 1o L 1)Xjle X]k+1ijk+11

=1 jep1=11=1 j=1




102

nk+3 E : E : v7(Zjy - ]k+3)

J1=1  jgq3=1

where v7(ZJ1’ Jk+3) Zl 1 Z] 1 9im(Z Jis- ij—l)Xjlejlejk+lijk+ll' Let v =
(v1,...,v7) and as before

1
w(Zjl,...,ij+3) = m Z U(Zjﬂ(l)a-"?Zj,r(k—l—?)))'
" reS({1,....k+3})
Then we obtain for i = (iy, ..., i7)"
[ = nk+3 Z Z Zjrs s Zijyry) = nk+3 Z Z Zjrs s Zijnrs)s

J1=1  jr43=1 Jj1=1  Jg43=1

where w(Zj,, ..., Zj,,,) = (k+3)I"* Znes({jlv---ajk+3}) v(Zjy, s Zjy,»)- Assume that the
following holds:

Assumption 3.4. Assume that
P(w(Zj,,...Zj,.,)) and Ep(w’(Zj,...Zj ,))

exist for all (ji, ..., jits) € {1,...,n}**3 and define 9 = Ep(w(Z,,..., Z;,,)) for j1 <

- < Jk43-

It follows from Lemma 2.1 and the theory of U-statistics that

with V = (k+3)!Ep <h( AT (Z; )) where @(Z;,) = Ep (w(Zj,, . Zj, .3)| Z;,) 9 and
VY = Ep(w(Zj,, ..., Zj,,,)). Thus, application of the delta-method with F(ay,...,a7) =

(a1—az/as)

\/a47a5/a3\/a67a7/03

yields

Mo s L
NG (9’§(1(Y|X2, s Xp) — 052 (V| X, ...,Xk)> £ N(0,0?),
where Hl;fl(Y|X2, ey Xi) = F(¥) and
o? = DF(9)TSDF(0).

By the same argumentation as in Section 22211 we can find a consistent estimate 2 of
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o2. Application of Lemma together with the results of Bickel and Freedman (1981))

gives consistency of the bootstrap in this case.

Alternative approach

We now adopt the notation of Section B.2.2] where we considered the alternative approach
for the partial mean impact. The extension to the partial mean slope can be done by

regarding the difference

0 (Y | X, . X)) =

which can be estimated by

) —ig(Y)

055 (Y| Xy, oy X)) = .
X1 ( | 2 k) 1 » . X 2 ks ¥
n Zi:l ( il 1) Lx( 1)

We define g9(Z;, Z;, Z;) = LX) — X;1)? as well as

n
910(Zi, Zj, 7)) = Kin(Xi — X)X Xj1, 91(Zi, Z;, 7)) = Kn(X; — X)) X1 Xi1,
and

912(Zi, Z;, 7)) = K (Xi — X)) Kn(Xi — X)) X0,  013(Zi, Zj, 7)) = Kn(Xi — X)X 1.

Furthermore, let
n n n

U= % ZZ ZW(ZZ, Zj, Zl)7

i=1 j=1 =1
where still w(ZZ7 Z]7 Zl) = %{g(zla Zj7 Zl) + g(Zla Zl7 Z]) + g(Z]7 Zi7 Zl) + g(Z]7 Zl7 ZZ)
+9(Z1,Zi, Z5) + 9(Z1, Z4, Z;) }, with g = (g1, ..., g13). Assume, that Assumption still
holds for this w. With this assumption we can follow the argumentation of Section 2.2.]

to obtain

(i —9) =5 N(0,V)

where ¥ is defined as in Assumption but with the new w derived in this section and

V =9Ep ((Z)a" (Z:))
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where w(Z;) = Ep(w(Z;, Zj, Z1)|Z;) — 9. Application of the delta method with

alp — ag as — ag 1/2 aip —ail
F((ay,...,a13)7) = - /| ay® — ——=
\/ag—ai \/a7—a§ 9 \/alg—a%?,
yields
Aks,al ks,al L
e;jtmxg, o Xp) — a)g“mXQ, . X)) 5 N(0,02),

where 05 (Y |Xp, .., Xp) = 08(Y) — 05(Y) and 053 (Y|Xa, ..., Xi) = 0(Y) —
0;?(5(5/) = F(9) as well as 02 = DF(9)TV DF(¥9). By replacing the function F in Section
2211 by our new F' we can also apply the results of that section concerning estimation
of 0% (including Lemma 7). The same considerations as in Section 2.2.1] show that
the bootstrap is consistent in this case as well which is a justification for computing

bootstrap confidence intervals in this case (e.g. in order to save computational time).

3.2.4. Partial population coefficient for determination based on kernel smoothing

Similar to Section [[L9.4] we can define a partial population coefficient for determination

based on kernel smoothing. We consider the expression

R (Y) - RE(Y)

RES (V| Xy, .., X1) =
X, (Y]Xo k) TR )

, (3.3)

where RI)“(SQ(Y) = LI)C(SQ(Y)/V(ITP(Y) and RI;{Q(Y) = Ll;{Q(Y)/VaTP(Y). Thus, we can
rewrite (33) as

2

KO =&

Varp(Y) — Ll;i(sQ (Y)

2
RE (Y| X, . X)) =
This can be estimated by

kg2 kg2
() - ik(Y)
Varp(Y) — 5°(v)’

RE (Y|Xa, ., Xi) = (3.4)

where Varp(Y) = n~2 Do 2 (Y —Y;)?. As anext step we will derive an asymptotic
normality result for ([3.4]). To this end we use the notation of Section B.2.2] and define
99(Zi,Z;, Z)) = (Y;=Y;)*and ig = n™ 3y, zyzl o1 99(Zi, Z;, Zy). Hence, we obtain

1 n n n
L= ﬁzzzw(ziazjﬁzl)a

i=1 j=1 [=1
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where 7 = (i1, ..., i9) " and still w(Z;, Z;, Z;) = %{g(ZZ-, Zi, 20)+9(Z;, 21, Z5)+9(Zs, Zi, Zp)+
9(Z;, 21, Z;) + 9(Z1, Zi, Z) + 9(Z1, Z, Z;) }. Assume, that Assumption B2 still holds for

this w. With this assumption we can follow the argumentation of Section 2.2.1] to obtain
V(i —9) 55N (0,V)
with ¥ = Ep(w(Z;, Z;, Z;)) and
V =9Ep (0(Z)u" (Z;))

where w(Z;) = Ep(w(Z;, Zj, Z;)|Z;) — 9. Application of the delta method with

2 2
< al1—az _ as—ae
v/ az—a? v ar—a?
F((al, ...,ag)T) = : 2 5
_ as —ae
0 ( >

pks s L
vn (R§(12(Y!X27 o Xp) = RE (V] Xy, ---7Xk)> = N(0,0%),

yields

where 02 = DF(9)TV DF(¥9). The considerations of Section ZZZ T regarding an estimate
for the variance o2 do also apply in this section. Hence, we can compute a consistent es-

timator 62 for 0. Using this estimator we can compute an asymptotic level o confidence
. k 2
interval for RY (Y| X2, ..., X,) by

CI = [RE* (V| X, .., Xp) — 6/V21 0, oo) .

Application of Lemma together with the results of [Bickel and Freedman (1981)) gives
consistency of the bootstrap in this case as well.

Doksum and Samarov (1995) define a “measure of relative importance” which is very
similar to our partial population coefficient for determination based on kernel smoothers.
However, they use a different estimator than we do. Translating their estimator into our

framework would lead to the estimator

A~ ~ N ~

Corr (5:(X) = 8:(X),Y - 6:(X))

where Corr is the empirical correlation coefficient and &; is the leave-one-out version of
) already introduced in Section 2221 A comparison between this estimator and ours

could be the subject of future research and is not done in this thesis.
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4. Simulations - Comparison of methods

In this section we want to investigate the performance of the different methods derived
in the previous sections in a simulation study. We aim to compare the different methods
with respect to the coverage probability of the confidence intervals as well as the power
in cases where the respective impact is greater than zero. We will also compare the
newly derived methods to the linear mean impact of Scharpenberg (2012) and Brannath
and Scharpenberg (2014). For the results in this section we computed 1,000 repetitions
with n=100 observations. The comparably small number of repetitions and observations
is due to the processor-intensive nature of the bootstrap methods applied. A more
thorough investigation with different sample sizes and more repetitions should be the
subject of future research. All confidence intervals are computed at a significance level of
o = 0.05. Bootstrap intervals are based on 1,000 bootstrap repetitions. All simulations

where run using the statistical software R.

4.1. Single Covariate Case

In the single covariate case we investigate the performance of the methods derived in the
previous sections on six models. The first model is a linear one, where Y = 0.3X + ¢,
where € ~ N(0,1) is independent from X ~ N(0,1). In the second model we have
Y =sin((X + 1)37/2) + . Here we have again that e ~ N(0, 1) is independent from X,
but X ~ U(—1,1). Model 3 is given by Y = sin(5X) + ¢ where X and € are independent
and both follow a standard normal distribution. In the fourth model we have X ~ U(0, 1)
independent from € and Y = sin(12(X +0.2)) /(X 4+ 0.2) + €. The fifth model states that
Y and X are independent and both follow a standard normal distribution. The sixth
model is a heteroscedastic one where we chose the impact to equal zero. We assume that
X ~ N(0,1) and Y ~ N(0,2%/2). Figure [ gives a graphical overview of the different
models, and how the different regression techniques fit data, that arise from this model.

Furthermore, the value of the mean impact in each scenario is given in Table Ol
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Figure 2: Display of the models of the simulation study. Upper left: Model 1, upper
right: Model 2, mid left: Model 3, mid right: Model 4, lower left panel: Model
5, lower right panel: Model 6. In each case a randomly generated data set
according is plotted. The black curves show the underlying true relationship
between X and Y. The red curves give the density of X. Three different
regression fits are also given: Linear model (green), Polynomial of degree 3
(purple) and Kernel Smoother (blue).
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Model tx(Y)
Y =03X+e¢ 0.3

Y =sin((X +1)37/2) + ¢ 0.675
Y =sin(5X) + € 0.707
Y =sin(12(X +0.2)) /(X +0.2) + ¢ 1.270
Y =e¢ 0
Heteroscedasticity 0

Table 9: Value of mean impact in the different simulation models

In Tables [I0] [Tl and 12 we can see an overview of the estimated mean impacts, their
bias as well as their variance and MSE for the methods based on linear regression, poly-
nomial regression and kernel smoothing. We can see that the kernel smoother based
impact tends to have smaller bias than the other two methods in the scenarios where
the mean impact is not equal to zero. However, in the scenarios where it equals zero
the bias is clearly greater than with the other two methods. We chose a data dependent
bandwidth for the kernel smoother based mean impact because it will turn out in Sec-
tion LT.3] that doing so yields better results than using a fixed bandwidth. Whenever
we will speak of bootstrap intervals using “transformations” in the course of this section
we mean that the bootstrap confidence bounds are computed based on an estimate for
the squared mean impact (allowing us to make use of the smooth function model which
yields second order accurate bootstrap intervals) and then transform these bounds (just
by taking the square root whenever they are positve) to obtain confidence bounds on

the (unsquared) impact scale as described in the derivation of the theory.

Model ux(Y) i%(Y) Bias  Variance MSE
Y =03X +e€ 0.3 0.297 -0.003 0.010 0.010
Y =sin((X + 1)37/2) + ¢ 0.675 0.089  -0.586 0.005  0.347
Y =sin(bX) + € 0.707  0.097 -0.610 0.006 0.378
Y =sin(12(X +0.2))/(X +0.2) +¢ 1.270 0277  -0.993 0.024  1.010
Y =€ 0 0.080 0.080 0.004 0.010
Heteroscedasticity 0 0.093 0.093  0.005 0.014

Table 10: Overview of the estimated linear mean impact. Given are the mean estimate
as well as the empirical bias (for the unrestricted mean impact), variance and
mse based on 1,000 simulation runs.
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Model tx (Y) Zggl (Y) Bias  Variance MSE
Y =03X+¢ 0.3 0.331 0.031  0.009 0.010
Y =sin((X + 1)37/2) + ¢ 0.675 0447  -0.227 0012  0.063
Y =sin(bX) +e€ 0.707  0.197 -0.510 0.007 0.267
Y =sin(12(X +0.2))/(X +0.2) +¢ 1270 0401 -0.869 0.022  0.777
Y =¢ 0 0.160 0.160  0.005 0.030
Heteroscedasticity 0 0.216 0.216 0.012 0.058

Table 11: Overview of the estimated polynomial mean impact. Used were cubic poly-
nomials. Given are the mean estimate as well as the empirical bias (for the
unrestricted mean impact), variance and mse based on 1,000 simulation runs.

Model ux(Y) i%(Y) Bias  Variance MSE
Y =03X +e¢ 0.3 0.319  0.019 0.008 0.008
Y =sin((X +1)37/2) + ¢ 0.675 0.695 0.020 0.010 0.011
Y =sin(5X) + € 0.707 0.481 -0.226 0.015 0.066
Y =sin(12(X +0.2))/(X +0.2) +¢ 1270 1.184 -0.086 0.015 0.022
Y =¢ 0 0.200  0.200 0.005 0.044
Heteroscedasticity 0 0.207  0.207  0.006 0.049

Table 12: Overview of the estimated kernel smoother mean impact with data dependent
bandwidth. Given are the mean estimate as well as the empirical bias (for the
unrestricted mean impact), variance and mse based on 1,000 simulation runs.

We will compare many different methods in the sequel. Table [[3] gives an overview

over all performed simulations and displays which table contains which results.




Type of Impact  Type of Bootstrap Transformation used Bandwidth Pre-performed tests Table Page

Linear Studentized Yes NA No Table [[4 Page 11l
Shrinkage* Yes NA Yes Table Page

Studentized Yes NA No Table Page 1121

Polynomial Studentized No NA Yes Table [l Page
Basic Yes NA No Table Page 114

Basic No NA Yes Table Page

Basic No Fixed No Table Page

Basic No Optimal Yes Table 23] Page

Kernel-Smoother Studentized No Optimal Yes Table Page
CHIEISMOOLICE gt dentized** No Optimal Yes Table Page
Basic*** No Fixed No Table Page

Basic*** No Optimal Yes Table 271 Page

Local Linear Basic No Fixed No Table 211 Page
Local Squared Basic No Fixed No Table Page [I17

Table 13: Overview of simulation scenarios in the single covariate case. *: The shrinkage approach for the calculation of

confidence intervals from Section [L7.2] no bootstrap performed. **: In this scenario the regression functions were
normalized such that the true mean impact equals one. ***: Kernel-Smoother based impact estimate without
deletion of denominator.

0TI
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4.1.1. Linear mean impact

First we compute the simulations for the linear mean impact analysis. This allows
us to compare the performance of the intervals based on the normal approximation
(see (LIH)) to the studentized bootstrap interval (where we consider the “common”
impact of X alone). Furthermore, these results will be used for the comparison to
the non-linear methods to assess their benefit. One can see from Table [I4] that both
types of confidence intervals maintain the pre specified level in all cases but the case
of heteroscedasticity. Here the confidence interval based on the normal approximation
shows slight undercoverage. With both methods one has very low power in all scenarios
but the linear one. The normal approximation based confidence interval outperforms the
bootstrap interval in terms of power. In the scenario of a linear underlying regression
function both methods maintain the confidence level. However the power of the normal

approximation interval (0.853) is greater than the one of the bootstrap interval (0.625).

Model tx(Y) Coverporm Powerporm Coverpoor Powerpoo
Y =03X +¢ 0.3 0.974 0.853 0.957 0.625
Y =sin((X +1)37) + ¢ 0.6745 1.000 0.060 1.000 0.008
Y =sin(5X) + € 0.707 1.000 0.051 1.000 0.009
y = U e 12698 1.000 0.380 1.000 0.150
Y =€ 0 0.941 0.059 0.989 0.011
Heteroscedasticity 0 0.939 0.061 0.983 0.017

Table 14: Simulation results for the linear mean impact. Compared are the confidence
interval based on the asymptotic normality (norm) result and the bootstrap
confidence interval (boot). For each interval the coverage probability for the
(unrestricted) mean impact and the probability of exclusion of zero (power)
are given.

4.1.2. Polynomial based impact

As a next step we investigate the confidence intervals based on the shrinkage like ap-
proach of Section for polynomial regression. We chose to use polynomials of degree
3. Table shows that the confidence intervals resulting from the shrinkage like ap-
proach perform very good in all scenarios where the mean impact is greater than zero.
However, the coverage probability of 0.837 in the case where the mean impact is zero is

very low and far from tolerable. Hence, other methods for the computation of confidence
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Model tx(Y) Cover Power

Y =03X +e¢ 0.3 0.988 0.731

Y =sin((X + 1)%77) +e€¢ 0.6745 1.000 0.820

Y =sin(bX) + € 0.707  1.000 0.169
_ sin(12(X+0.2))

Y =¢ 0 0.837  0.163

Heteroscedasticity 0 0.693  0.307

Table 15: Simulation results for the shrinkage approach confidence intervals for the cubic
polynomial based mean impact. Given are the coverage probability of the
interval for the (unrestricted) mean impact and the probability of exclusion of
zero (power).

intervals are needed.

Since the confidence intervals based on the shrinkage like approach to not perform very
good, we want to investigate the performance of the intervals based on the polynomial
mean impact. We now compute studentized bootstrap intervals. We used the functional

delta method variance estimate which is further introduced in Section[A.3.2 The results

Model tx(Y) Coverage Power
Y =03X +e¢ 0.3 0.949 0.610
Y =sin((X +1)37) +€¢ 0.6745 1.000 0.732
Y =sin(5X) + € 0.707  1.000 0.066
_ sin(12(X+0.2))
Y = S(XT.Q) +e 1.2698 1.000 0.180
Y =¢ 0 0.936 0.064
Heteroscedasticity 0 0.855 0.145

Table 16: Simulation results for studentized bootstrap intervals for the cubic polynomial
based mean impact. Given are the coverage probability of the interval for the
(unrestricted) mean impact and the probability of exclusion of zero (power).

of Table [16] indicate, that the coverage probability of the studentized intervals is main-
tained in scenarios 2-4. In the case of a linear model and when there is no relationship
between X and Y the coverage probability lies slightly below 0.95. However, this small
deviations from the nominal confidence level is explainable by simulation error.

In Section it was also mentioned that it is possible to compute bootstrap in-

tervals based directly on the estimate i5(Y) instead of using its square (as we did in
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the calculations for Table [I@]), when we can preclude that the mean impact is zero. To
this end we computed studentized bootstrap intervals, again using the functional delta
method estimate of the variance, and pre performed different test for the hypothesis that
the polynomial based impact is zero. The first test we used is the test from Section [L7.11
Since this test is based on the results of [White (1980b) we denote the coverage prob-
ability and power of the confidence intervals arising from pre performing this test by
Coverypite and Powerypie. We also investigated whether or not the use of the global
F-test (Hp : & = & = &3 = 0 where &, ..., {3 are the coefficients from the projection
of Y onto span(1, X, X2, X3)) from the linear regression (without robust variance esti-
mate) as pre-performed test delivers better results (coverage probability and power of
this procedure are denoted by Coverrp and Powerp in Table [[7). The performance of
the procedure where both, the F-test and the test from Section [[7.1] are performed prior

to the calculation of confidence intervals was also investigated. The results of Table [I7

Model tx(Y) Coverpg test Powerng test  Coverypite  Powerypite
Y =03X +¢ 0.3 0.931 0.927 0.931 0.689
Y =sin(X + 1)37) + ¢ 06745 1.000 0.950 1.000 0.855
Y =sin(bX) + ¢ 0.707 1.000 0.315 1.000 0.045
y o= U e 12698 1.000 0.592 1.000 0.334
Y =¢ 0 0.688 0.312 0.960 0.040
Heteroscedasticity 0 0.543 0.457 0.592 0.408

Model tx(Y) Coverp Powerp Coverpyn, Powerp,

Y =03X +¢ 0.3 0.931 0.836 0.931 0.685

Y =sin((X +1)37) + ¢ 06745 1.000 0862  1.000 0.841

Y =sin(bX) + € 0.707 1.000 0.167 1.000 0.043

y =SB e 12698 1.000  0.391 1000 0.320

Y =¢ 0 0.821 0.179 0.960 0.040

Heteroscedasticity 0 0.671 0.329 0.679 0.321

Table 17: Simulation results for studentized bootstrap intervals for the cubic polynomial
based mean impact (not using transformations). Given are the coverage prob-
ability of the interval for the (unrestricted) mean impact and the probability
of exclusion of zero (power), when pre-performing different test for the impact
being zero.

show that the studentized bootstrap intervals based on the polynomial mean impact,

not using the transformation performs very bad in the case, where the mean impact is
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zero. This is due to the fact, that in this case the smooth function model does not hold,
and we do not have any theoretical justification for the use of bootstrap methods in this
case. This issue is resolved by the use of the test from Section [L 7.l However, when
using this test, we still have slight undercoverage in the case of a linear relationship
between X and Y. The use of the F-test does not give any benefit. The improvement
of the coverage probability to 0.821 in the zero impact case is not sufficient. Therefore,
the best choice seems to be to use the test from Section [[L7.I] prior to the calculation of
the confidence intervals.

When comparing the results of the procedure where we compute the studentized boot-
strap intervals via transformation of the estimated polynomial mean impact (Table [I6)
with the results of the procedure where we did not use the transformation but pre
performed a test for the mean impact being zero (Table [I7)), we can see that the lat-
ter procedure yields a higher coverage probability as well as a higher power in most
scenarios. In the presence of heteroscedasticity both procedures do not perform very
good, although we should mention that the transformation procedure beats the non-
transformation procedure in this case. However, this scenario is not covered by the

theory derived in this thesis.

The computation of studentized bootstrap confidence intervals can be very time consum-
ing, especially when using the functional delta method variance estimate. This is why
it might be preferable to calculate the less cpu-intensive basic bootstrap intervals. We
performed the same simulations as for Tables [I6l and [I7 but with basic bootstrap inter-

vals instead of studentized intervals. We can see from Table [I§ that the basic bootstrap

Model tx(Y) Coverage Power
Y =03X+e¢ 0.3 0.988 0.010
Y =sin((X + 1)37) +€ 06745 1.000 0.358
Y =sin(5X) + € 0.707  1.000 0.001
_ sin(12(X+40.2))
Y = —(xt02  tE€ 1.2698 1.000 0.010
Y =¢€ 0 0.997 0.003
Heteroscedasticity 0 0.994 0.006

Table 18: Simulation results for basic bootstrap intervals for the cubic polynomial based
mean impact. Given are the coverage probability of the interval for the (un-
restricted) mean impact and the probability of exclusion of zero (power).

intervals using the transformation of the estimated mean impact are very conservative
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and have close to no power.

Model tx(Y) Coverpo test Powerpg test  Coverypite Powerypite
Y =03X +¢ 0.3 0.931 0.940 0.931 0.700
Y =sin((X +1)37) +¢ 06745 1.000 0.973 1.000 0.857
Y =sin(5X) + € 0.707 1.000 0.329 1.000 0.045
y =S e 12698 1.000 0.614 1.000 0.361
Y =¢ 0 0.554 0.446 0.573 0.427
Heteroscedasticity 0 0.457 0.180 0.200 0.673

Model tx(Y) Covery Powery Coverpyn Poweryon,

Y =03X +¢ 0.3 0.931 0.835 0.931 0.685

Y =sin(X +1)37)+€ 06745 1.000  0.864  1.000 0.842

Y =sin(5X) + ¢ 0.707 1.000 0.172 1.000 0.043

y = MBI e 12698 1.000 0411 1.000 0.338

Y =¢ 0 0.818 0.182 0.959 0.041

Heteroscedasticity 0 0.656 0.344 0.662 0.338

Table 19: Simulation results for basic bootstrap intervals for the cubic polynomial based
mean impact (not using transformations). Given are the coverage probabil-
ity of the interval for the (unrestricted) mean impact and the probability of
exclusion of zero (power), when pre-performing different test for the impact
being zero.

Moving to the intervals where we do not use the transformation of the estimated
impact (Table [[9) increases the power at the cost of resulting severe undercoverage
in the case where the mean impact is zero. In this case pre-performing the test from
Section [L7.T] does not resolve the issue. However, using this test and the F-test leads
to confidence intervals that maintain the coverage probability and have a power which
is comparable to the power of the studentized intervals using no transformation but the
test from Section [L7.11

4.1.3. Kernel-smoother based impact analysis

In this section we compare the performance of the mean impact analysis based on
kernel methods. Since we assumed fixed bandwidths in the derivation of the asymp-
totic results of the kernel-method based impact analysis we consider the three cases of
h € {0.05, 0.1, 0.5}. The computation of the variance estimates derived in Section

is very time consuming, which is why we compare the methods using basic bootstrap
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intervals. We use a normal kernel for the kernel-smoother and higher order regression

based mean impact. We can see from Table that the performance of the kernel-

Model tx(Y) Covggs Powgos Covg1 Powyy Covgs Powgs
Y = 03X +¢ 0.3 0.227  1.000  0.770 0.998  0.975  0.895
Y =sin((X +1)37)+€ 06745 0.893  1.000 0936 1.000 0.969  1.000
Y =sin(5X) + ¢ 0.707 0.872  1.000 0952 1.000  0.998  0.989
Y = W Te 12698 0969  1.000  0.995 1.000  1.000  0.592
Y —e 0 0.528  0.472  0.838 0.162  0.923  0.077
Heteroscedasticity 0 0.000  1.000  0.028 0972  0.648  0.352

Table 20: Simulation results for basic bootstrap intervals of the kernel smoother based
impact for different bandwidths. Given are the coverage probability for the
(unrestricted) mean impact and the probability of excluding zero (power).

smoother based impact analysis is highly dependent on the choice of the bandwidth h.
The fact which of the three bandwidths performs best is also depends on the underlying
model. Small bandwidths allow for more flexible modeling which is advantageous when
the true regression function is very curvy (e.g. in Model 2) while large bandwidths are
preferable when the true structure is less curvy (e.g. Model 5). Later in this section we
will investigate whether a data dependent choice of the bandwidth (which we have no

theoretical justification for) gives good results in simulations. The results for the local

Model tx(Y) Covgos Powgos Covg1 Powyy Couvgs Powgs
Y =0.3X +¢ 0.3 1000 0.108  1.000 0.209 0.987 0.714
Y =sin((X +1)37) +€ 06745 1.000  0.097  1.000 0.064 1.000 0.022
Y =sin(5X) + ¢ 0.707 1.000  0.110  1.000 0.147  1.000  0.118
Y = % Te 12698 1.000 0.374  1.000 0406  1.000 0.513
Y =e 0 0.907  0.093  0.922 0078  0.926 0.074
Heteroscedasticity 0 0927 0073  0.929 0071 0926 0.074

Table 21: Simulation results for basic bootstrap intervals of the local linear regression
based impact for different bandwidths. Given are the coverage probability for
the (unrestricted) mean impact and the probability of excluding zero (power).

linear regression based impact analysis in Table 1] show that in this case too the per-
formance is highly dependent on the choice of the kernel bandwidth. However, we can

also see that this method has low power compared to the kernel smoother based impact.
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Hence, we will not further investigate the local linear regression based mean impact. In

Model tx(Y) Covyps Powggs Couvgr Powgy Covgs Powgs
Y =03X +¢ 0.3 0.989 0.505 0.989 0.553 0.995 0.598
Y =sin((X + 1)37) +€ 06745 1.000 0106  1.000 0104 0995 0.105
Y =sin(5X) + € 0.707 1.000 0.242 1.000 0.222 1.000 0.160
y = SR e 12698 1.000 0.286 1000 0125 1.000 0311
Y =¢ 0 0.877 0.123 0.914 0.086 0.925 0.075
Heteroscedasticity 0 0.772 0.228 0.793  0.207 0.873  0.127

Table 22: Simulation results for basic bootstrap intervals of the local quadratic regression
based impact for different bandwidths. Given are the coverage probability for
the (unrestricted) mean impact and the probability of excluding zero (power).

Table 22] the simulation results for the local quadratic regression based impact analysis
are given. Similar to the kernel-smoother based and the local linear regression based
mean impact analysis the results depend on the chosen bandwidth A. This methods does
not show a good power and is therefore not followed up any further.

As a next step we want to examine how the kernel-smoother based impact analy-
sis performs when we choose the bandwidth data dependent. For the simulations the
bandwidth was chosen with the R function h.select which selects a bandwidth asso-
ciated with approximate degrees of freedom equal to 6 (this is the default setup for
non-parametric regression, for further details of degrees of freedom of kernel smoothers
see Hastie et al. (2001)). Since it turned out that the data-based choice of h leads to
undercoverage in scenarios where the mean impact equals zero we also computed some
intervals where tests for the the hypothesis that the mean impact is zero were pre-
performed. The first test is a permutation test. Another test is the wild bootstrap test
explained in Section [A.3.5l The third test is a residual bootstrap test, which is similar
to the wild bootstrap test with the difference that the residuals for each observation are
drawn from the full set of residuals instead of from a two point distribution. The results
of these simulations can be found in Table 23l Note, that the results of Doksum and
Samarov (1995) suggest that using a leave-one-out type estimator for the mean impact
may lead to more conservative results, even without pre-performing any tests. However,
since the simulations of this thesis were very computer intensive, such methods were not
investigated. This is an interesting subject of possible future research.

We can see in Table 23] that the coverage probability of the confidence intervals where

we do not perform any test prior to their calculation is very poor in the cases where
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Model tx(Y) Coverpg test  Powerng test  Coverperm — Powerperm
Y =03X +¢ 0.3 0.970 0.873 0.970 0.482
Y = sin(X + 1)37) + ¢ 0.6745 0.949 1.000 0.949 1.000
Y =sin(bX) + ¢ 0.707 0.996 0.919 0.996 0.850
y = U e 12698 0.992 1.000 0.992 1.000
Y =¢ 0 0.601 0.399 0.943 0.057
Heteroscedasticity 0 0.673 0.327 0.726 0.274
Model tx(Y)  Coveryig Poweryiig Coverpesia  Power;esiq
Y =03X +¢ 0.3 0.971 0.429 0.971 0.494
Y =sin(X + 1)37) + ¢ 06745 0.949 1.000 0.948 1.000
Y =sin(5X) + € 0.707 0.996 0.830 0.997 0.853
y =) pe 12698 0.992 1.000 0.992 1.000
Y =¢ 0 0.951 0.049 0.943 0.057
Heteroscedasticity 0 0.963 0.037 0.726 0.274

Table 23: Simulation results for basic bootstrap intervals of the kernel-smoother based
impact for data dependent bandwidth. Given are the coverage probability
for the (unrestricted) mean impact and the probability of excluding zero
(power) when performing no test (no test), when pre-performing a permuta-
tion test (perm), when pre-performing a wild bootstrap test (wild) and when
pre-performing a residual bootstrap test (resid).

the mean impact equals zero. All three tests improve the coverage probability of the
tests, where it should be mentioned that only the wild bootstrap test leads to confidence
intervals that maintain the desired coverage probability. Furthermore, the use of the
wild bootstrap procedure gives good results in terms of power and coverage even in
the presence of heteroscedasticity. The confidence intervals with pre performed wild
bootstrap test and data dependent bandwidth are therefore preferable.

As it is well known, studentized bootstrap intervals are sometimes second order ac-
curate. In order to investigate whether or not the calculation of studentized bootstrap
intervals has a benefit in the case of kernel-smoother based mean impact analysis (where
there is no proof of second order accuracy), we computed studentized bootstrap inter-
vals using the functional delta method variance estimate. In the simulations we pre-
performed a wild bootstrap test to rule out that the mean impact equals zero. One can
see (Table 24)) that the studentized intervals are more conservative than the basic boot-
strap intervals in most cases which results in a loss of power of up to 0.4 in the case of a

linear model. Therefore, there is no benefit from calculating studentized intervals. For
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Model tx(Y) Coverage Power
Y =03X +e¢ 0.3 1 0.037
Y =sin((X +1)3n) +¢ 0.6745 0.994 0.881
Y =sin(5X) + ¢ 0.707  0.997 0.853
_ sin(12(X+0.2))
Y = S(XT.Q) +e 1.2698 0.9644 0.971
Y =e¢ 0 0.996 0.004
Heteroscedasticity 0 0.999 0.001

Table 24: Simulation results for studentized bootstrap intervals for the kernel-smoother
based impact with data dependent bandwidth and pre-performed wild boot-
strap test.

explorational purposes we also computed the same simulations as for Table 24] but with
standardized regression functions where the mean impact equals one in each scenario.
The results can be found in Table and show that the power for the standardized

scenarios is much higher than for the unstandardized scenarios.

Model i%(Y) Coverage Power
Y=X+e 0.8719 1 0.992

Y =sin((X +1)37)/0.6745 + ¢ 1.018  0.985 1

Y =sin(5X)/v0.5 + ¢ 0.9185 1 0.917

y = Snl200i02) 1.0140  0.980 0.998

= (X+0.2)1.2698

Table 25: Simulation results for studentized bootstrap intervals for the kernel-smoother
based impact with data dependent bandwidth and pre-performed wild boot-
strap test. The regression functions have been modified so that the resulting
mean impact equals 1 in each scenario.

Additionally to the fact that the bandwidth of the kernel smoother has to be fixed,
we also dropped the denominator of the kernel smoother when deriving the theory of
the kernel smoother based impact analysis. In the following we will show some exem-
plary simulation results where we did not drop the denominator of the kernel smoother.
Table shows that the performance of the intervals based on kernel smoothers with
fixed bandwidth but inclusion of the denominator also depends on the choice of the
bandwidth h. In the zero impact scenario these intervals have much poorer coverage

probability than the intervals based on the kernel smoothers without denominator. The
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Model tx(Y) Covggs Powgos Covg1 Powyy Covgs Powgs
Y = 03X +¢ 0.3 0.043  1.000 0414 1.000 0917 0.972
Y =sin((X +1)37)+e 06745 0839  1.000 0921 1.000 0.997  1.000
Y =sin(5X) + ¢ 0.707 0511  1.000  0.800 1.000  0.999  0.999
Y = W Te 12698 0950  1.000  0.997 1.000  1.000  0.570
Y —e 0 0.001  0.999  0.015 0985  0.443  0.557
Heteroscedasticity 0 0.000  1.000  0.001 0999 0.331  0.669

Table 26: Simulation results for basic bootstrap intervals of the kernel-smoother based
impact without deletion of the denominator for different bandwidths. Given
are the coverage probability for the (unrestricted) mean impact and the prob-

ability of excluding zero (power).

results in the remaining setups are comparable. Table 27] gives simulation results for the

kernel smoother based impact with denominator but data dependent bandwidth. We

also performed a wild bootstrap test prior to the calculation of the intervals. Table

Model tx(Y) Coverpg test  Powerng test Coveryyg Poweryqg
Y =03X +¢ 0.3 0.889 0.978 0.889 0.735
Y =sin((X +1)37) +¢ 0.6745 0.942 1.000 0.942 1.000
Y =sin(bX) + ¢ 0.707 0.999 0.983 0.999 0.937
y = U e 12698 0.956 1.000 0.956 1.000
Y =¢ 0 0.318 0.682 0.839 0.161
Heteroscedasticity 0 0.245 0.755 0.605 0.395

Table 27: Simulation results for basic bootstrap intervals of the kernel-smoother based
impact without deletion of the denominator for data dependent bandwidth.
Given are the coverage probability for the (unrestricted) mean impact and the
probability of excluding zero (power).

shows that when regarding the kernel smoother based mean impact with data dependent

bandwidth where we do not leave out the denominator of the kernel smoother we observe

severe undercoverage in the scenarios where the mean impact is zero and in the linear

scenario of the first model. In contrast to the case where we dropped the denominator,

pre performing of the wild bootstrap test does not improve the coverage probability to

an acceptable level.
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4.2. Partial impact analysis

To assess the performance of the different methods for a non-linear partial mean impact
analysis we use four different models. In all models we have one target variable Y and
two independent variables X; and Xs. In each case we are interested in the partial
mean impact of X; on Y. The first two scenarios were also investigated in |Scharpenberg
(2012) and are given a follows. Model I is given by a linear relationship between Y and
X5, whereas X7 has no direct influence on the target variable. The model equation is
given by Y = 2 4+ 0.2X, + ¢, where € ~ N(0,1) is independent from (X1, Xs3), X1 ~
N(0,1.5625), X9 ~ N(0,1) and the correlation between the independent variables is
given by Corr(Xj, X2) = 0.6. The second model is similar to the fist one, but now
X1 has a linear influence on Y. The model is given by Y = 0.3X; + 0.2X5 + ¢, where
e ~ N(0,1) is independent from (X7, X2), X1 ~ N(0,1.5625), Xo ~ N(0,1) and the
correlation between the independent variables is given by Corr(Xi, Xs) = 0.6. In the
third model, we assume the independent variables to be stochastically independent. We
write the model as Y = X2+ X, +¢, where € ~ N(0, 1) is independent from (X7, X3) and
X1 ~ N(0,1) and Xo ~ N(0,1) are stochastically independent. In this case, X; has a
quadratic influence on the target variable. However this scenario is constructed in a way
that the linear partial mean impact equals zero, which is why we expect the non-linear
mean impact analysis to outperform the linear partial mean impact when trying to infer
about the unrestricted partial mean impact, which is strictly positive in this case. In
the fourth scenario we also have that X; and X5 are independent. The model is given
as Y = sin(12(X; 4+ 0.2))/(X1 + 0.2) + X5 + €, where € ~ N(0,1) independent from
X1 ~ U[0,1] and X5 ~ N(0,1). We use a normal kernel for the kernel-smoother based

partial mean impact.

4.2.1. Partial linear mean impact analysis

As a first step we investigate the performance of the partial linear mean impact analysis.
To this end, we perform simulation runs in the three models specified above. Similar
to the singe covariate case we compute the confidence intervals based on the normal
approximation and studentized confidence intervals (using the functional delta method
variance estimate). The results of Table 2§ show that the confidence interval based on
the normal approximation for the partial linear mean impact outperforms the studen-
tized bootstrap interval in scenario II. The power loss when moving from the normal
approximation to the bootstrap interval amounts to 0.2. In the first model, where the

partial mean impact tx, (Y|X2) is zero, both methods hold the coverage probability.
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Model tx, (Y|X2) Covernorm Powernorm Coveryoor Powerpoo

I 0 0.950 0.005 0.989 0.011
II 0.3 0.980 0.838 0.964 0.613
111 1.414 1.000 0.071 1.000 0.023
v 1.2698 1.000 0.383 1.000 0.145

Table 28: Simulation results for the partial linear mean impact. Compared are the con-
fidence intervals based on the asymptotic normality (norm) result and the
bootstrap confidence interval (boot). For each interval the coverage probabil-
ity for the (unrestricted) partial mean impact and the probability of exclusion
of zero (power) are given.

In models IIT an IV, where the true linear partial mean impact LI)Z;?(Y|X2) equals zero
but the unrestricted partial mean impact is strictly positive, we can observe that both
methods have very low power, which shows the limitations of the linear partial mean

impact.

4.2.2. Partial polynomial impact analysis

Now we want to compare the two procedures for a partial mean impact based on polyno-
mials (again of degree 3). Calculated are the studentized bootstrap confidence intervals
for 1x, (Y| X2) and for Lg(l x(Y)— Lg(l(Y). We learn from Table 29 that the polynomial

Model vx, (Y]X2) L§(17X2(Y)—L%(1(Y) Coverpgre  Powerpgry Covergy Powerqy

I 0 0 0.934 0.066 0.934 0.066
11 0.3 0.266 0.924 0.619 1.000 0.619
111 1.414 2 0.973 1.000 0.973 1.000
v 1.2698 1.6212 0.979 0.184 0.979 0.184

Table 29: Simulation results for the partial polynomial mean impact. Compared are the
confidence intervals based on the direct approach via density changes, i.e. the
partial polynomial impact (part), and the intervals for the alternative approach
(alt). For each interval the coverage probability for the (unrestricted) partial
mean impact (respectively for the difference of the squared impacts) and the
probability of exclusion of zero (power) are given.

based partial mean impact leads to anti-conservative confidence intervals in the first two

scenarios. The alternative approach leads to under coverage in scenario I (vx, (Y| X2)=0)




123

and a coverage probability of 1 in scenario II. In scenario III both methods perform
equally well with a coverage of 0.975 and a power equal to 1. When regarding the re-
sults of scenario IV, we see that the power of the partial mean impact analysis based
on polynomials drops to 0.184. We observe that both methods lead to the same power,
which is due to the fact that

B (Y1 X) = 7, (V) — (),

which implies that the confidence bounds for L%‘Q (Y| X3) and L{)ngXQ (Y) - Ll)i{f (Y) are
the same. Since we obtain from this confidence bound the bound for Ll)igf(Y|X2) by a
simple transformation, which does not change the fact if zero is included or not in the

confidence interval, we obtain the same power in both approaches.

4.2.3. Kernel-smoother based partial impact analysis

In this section we investigate the performance of the kernel smoother based partial
mean impact. Compared are the performances of the intervals based on the “direct”
approach via density changes and of the approach where we consider the difference

tx,,x,(Y) —tx,(Y). We computed basic bootstrap intervals in all scenarios. The results

Model tx,(Y[X2) tx;,x,(Y)—tx,(Y) Coverper Powerpg: Coveryy Powergy

I 0 0 0.941 0.059 0.971 0.029
11 0.3 0.320 0.999 0.159 1.000 0.019
111 1.414 0.732 1.000 0.700 0.984 0.550
v 1.2698 0.6163 0.997 1.000 0.996 0.993

Table 30: Simulation results for the partial kernel smoother based mean impact. Com-
pared are the confidence intervals based on the direct approach via density
changes, i.e. the partial polynomial impact (part), and the intervals for the
alternative approach (alt). For each interval the coverage probability for the
(unrestricted) partial mean impact and the probability of exclusion of zero
(power) are given.

of Table show that the kernel-smoother based partial mean impact tends to slight
undercoverage (0.941) when the mean impact is zero. In each scenario the partial mean
impact approach is more powerful than the alternative approach, the loss of power,
when applying the alternative approach amounts to 0.15 in scenario III. However, when

regarding scenario IV, we can see that the kernel smoother based partial mean impact
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analysis outperforms both the linear and the polynomial based analysis in that setup
with a gain in power of about 0.61 respectively 0.81. This indicates that the kernel
smoother based partial mean impact analysis is the best method when the underlying

relationship is highly non-linear.

4.3. Summary of simulation results

In this section we give a summary of the simulation results above. In the single covariate
case we observed that the linear mean impact analysis works good when the underlying
model is indeed linear, but has very low power in highly non-linear setups.

The shrinkage like approach to the construction of confidence intervals for the polyno-
mial based mean impact led to undercoverage in the case where the mean impact equals
zero. This implies that the test from Section [L7.1] which is essentially an application
of the result of White (1980H) does not maintain its level in small sample sizes (e.g.
n = 100 like it is the case in this thesis). However, increasing the sample size to 200 and
500 in additional simulations not shown here improved the results substantially and led
to coverage probabilities close to the nominal level.

The bootstrap confidence intervals for the polynomial based mean impact resolved the
issue of undercoverage for small sample sizes. Using studentized bootstrap confidence
intervals as described in Section led to higher coverage probabilities. However, in
the case where the mean impact equals zero we still observed a slight undercoverage
(0.936, see Table ). The power of this method could be improved by using studentized
bootstrap intervals which do not make use of the transformation to the (% (Y)-scale and
back. In that case, when pre performing the test of Section [[7.1], we obtain confidence
intervals that hold the level of significance with the exception of the linear case, where the
coverage probability drops to 0.931. Using basic bootstrap intervals leads to very similar
results. Nevertheless, the intervals for the polynomial based mean impact have much
larger probability to exclude zero, when the mean impact is greater than zero. Hence,
using these intervals instead of the intervals from the linear mean impact analysis leads
to a more powerful procedure. The gain in power amounts to approximately 0.79 in
scenario 2. However, when the underlying model gets too curvy the gain from fitting
polynomials instead of straight lines vanishes, which is due to the limited flexibility of
polynomials.

The performance of the kernel-smoother based impact analysis was shown to depend
highly on the chosen kernel-bandwidth h. Furthermore, it could be seen that moving

from kernel-smoothers to higher order local regression has no benefit. On the contrary
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doing so leads to confidence intervals which perform worse in terms of power. In the
simulations it could be shown that kernel-smoothing with data dependent bandwidth
leads to severe undercoverage when the mean impact is small. However, pre performing
a wild bootstrap test for the hypothesis that the mean impact is zero resolved this issue
and lead to confidence intervals which maintained the coverage probability and had high
power in the non-linear scenarios. However, these intervals experience a huge loss of
power when the underlying relationship is linear compared to the intervals from the
linear mean impact analysis (0.429 vs. 0.853).

To summarize the simulation results for the single covariate case, we can conclude
that the linear mean impact analysis performs good when the underlying relationship
between X and Y is indeed linear. When we assume non-linear relationships, the kernel-
smoother based impact analysis (with pre-performed wild bootstrap test) was shown to
give the most satisfying results, since we had powers of 1, 0.83 and 1 in the scenarios
2-4, where the linear mean impact analysis was not able to identify an effect. When the
non-linearities are of moderate order (e.g. in scenario 2), the polynomial based mean

impact also gave good results.

The simulations for the linear partial mean impact indicate, that the confidence intervals
based on the normal approximation outperform the studentized bootstrap intervals.
Both types of confidence intervals maintained the coverage probability in all scenarios
under investigation. However, as was expected, the linear partial mean impact performed
well in the scenarios where the relationship between Y and X; was linear (Model I and
IT) but had very low power (0.071) when moving the a quadratic relationship. In model
IV (non-linear in X; and linear in Xo; X7, X9 independent) however the power increased
to 0.383, which is still not very high.

For the polynomial partial mean impact we observed undercoverage for the confidence
intervals originating from the approach via density changes. In the setup where the
influence of X; on Y is linear (scenario II) we observe a loss of power of about 0.2
compared to the linear mean impact. A similar power loss is observed in scenario IV.
However, in scenario I (quadratic influence of X;) we observe a power of 1 which is
considerably higher than that of the linear mean impact.

When regarding the partial mean impact based on kernel-smoothers we observed slight
undercoverage (0.941) in the scenario where the mean impact is zero. The alternative
approach to the quantification of the influence of X; showed a better coverage (0.971).
However, in the other two scenarios this approach led to a loss of power of about 0.2

compared to the direct approach. It was noticeable that the kernel-smoother based
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partial mean impact only has a power of 0.159 in the linear scenario resulting in a loss of
about 0.68 compared to the linear partial mean impact. In the non-linear scenario III the
kernel-smoother based partial mean impact showed a power of 0.7 which is considerably
higher than the power of the linear partial mean impact but still 0.3 less than the power
of the polynomial based approach. In scenario IV the partial mean impact based on
kernel smoothing showed the best performance with a coverage probability and a power
both close to 1, clearly outperforming the other methods at hand.

The simulation results for the partial mean impact analysis can be summarized as
follows. The linear partial mean impact analysis only performed well, when the under-
lying relationship between Y and X; was indeed linear. In some non-linear setups we
observed close to no power for this methods. In the setup of a quadratic relationship the
polynomial based mean impact outperformed its opponents. When we face higher order
non-linear relationships the kernel smoother based mean impact is the best method at
hand. Hence, when we expect the true relationship to be non-linear but not of a high
order, we should use the polynomial based mean impact analysis. In cases of higher
order non linearities the method of choice should be the kernel smoother based partial

mean impact analysis.
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5. Conclusion and outlook

In this thesis we filled a gap in the work of IScharpenberg (2012) and derived an asymp-
totic normality result for the linear signed (partial) mean impact. From this followed a
test and consequently a method to the construction of confidence intervals for the linear
(partial) mean impact. Furthermore we extended the idea of the mean impact which
was originally derived in [Scharpenberg (2012) and Brannath and Scharpenberg (2014)
to non-linear associations. We defined a common mean impact of several variables which
could be estimated by restriction to linear functions. This common mean impact allows
for the analysis of associations based on polynomial regression, spline regression with
fixed knots or (nearly) any other additive model in one ore more covariates. Another
application of the scenario of a common linear mean impact is given by the scenario
where we have a zero inflated covariate, i.e. a covariate which has a high probability
of becoming zero. In this case the common linear mean impact allows us to model the
part where the covariate is zero independent from the part where it differs from zero.
This means that we can, in a sense, combine an ANVOA and a linear model and obtain
a single measure of association. Using the smooth function model of [Hall (1988) and
Hall (1992), we have shown that bootstrap BC, and studentized bootstrap intervals are
second order accurate in the setup of the linear common mean impact.

To obtain higher flexibility we also regarded a mean impact based on kernel-smoothing,.
In this case we chose the distributional disturbance for the estimation of the mean impact
as the standardized prediction of a kernel smoother fit where the denominator of the
kernel smoother is left out. Using this estimate we were able to show that the resulting
estimate is a function of a U-statistics and thereby asymptotically normally distributed.
Furthermore we justified the use of bootstrap methods in this case. Higher order local
regression was also looked at but did not perform good in simulations. Finally a modifi-
cation of the kernel-smoother based mean impact gave a consistent and asymptotically
normally distributed estimate for the unrestricted mean impact. However, the fact that
we have do not use all data in this approach makes it hard to apply in praxis.

In all single-covariate non-linear mean impact analyses we also derived a mean slope
and a measure for determination, as generalizations of the measured derived in Scharp-
enberg (2012).

In extension to the single covariate case we also defined non-linear partial mean impacts
which quantify the association between the target variable Y and an independent variable

X1 which goes beyond the possible associations driven by other covariates Xa, ..., Xk.
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In this setup as well we defined and investigated a common linear partial mean impact.
Applications of this common linear mean impact are again polynomial impacts which
account for possible polynomial influences or more general we can fit (almost) any ad-
ditive model in X; and account for (almost) any influences of Xy, ..., Xj which can be
expressed by additive models.

For the kernel-smoother based mean impact we also derived a partial mean impact.
The partial mean impact from [Scharpenberg (2012) uses orthogonal projections. In this
thesis we also derived an approach that does not need such projections. It quantifies the
influence of X7 on Y which goes beyond the possible influence of other covariates by the
difference of the common mean impact of all variables and the common mean impact of
all variables except X7. In all partial non-linear impact analyses we also derived partial

non-linear mean slopes and partial non-linear measures for determination.

Simulations indicated that in the single covariate case the kernel-smoother based mean
impact is the most powerful approach except when the true underlying regression rela-
tionship is linear. In that case, obviously, the linear mean impact performed best. The
results from the simulation for the non-linear partial mean impact analysis showed that
the performance of the different methods are more dependent on the underlying scenario
than in the single covariate case. The linear partial mean impact analysis did by far
outperform the other methods in a linear scenario. In moderately non-linear setups the
polynomial partial mean impact performed best, while the kernel smoother based par-
tial mean impact analysis was the only method that still had reasonable power in highly

non-linear scenarios.

The framework of the mean impact analysis still offers many opportunities for further
research. First of all it is desirable to justify the use of data dependent bandwidth in the
case of kernel-smoothing theoretically. We are also interested in a theoretically justified
method allowing for the use of a kernel-smoother where we do not need to drop the
denominator, which uses the full data set available and maintains the coverage probabil-
ity. Furthermore, it might be valuable to allow for splines with a data dependent knot
sequence. Another interesting topic for further research is the application of the mean
impact analysis to high dimensional setups. It might be possible to apply data reduc-
ing methods like the principal component analysis and use the mean impact analysis to

obtain an interpretable and sensible measure of association.
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A. Methodology

All literature used in this appendix can be found in the main literature list.

A.1. Nonparametric regression

Since we make extensive use of non-linear regression techniques in the course of this
thesis we will give an introduction to them in the following sections. Besides polynomial
regression, which is expected to be known to the reader we will make use of kernel- and

spline-methods.

A.1.1. Kernel methods

This section is based on Chapter 6 of Hastie et al. (2001). As in the case of linear
regression we are interested in estimating the regression function f(z) = Ep(Y|X = x)
in order to characterize the dependence of Y on X. Since linear regression delivers a
rather rough idea of the regression function we are searching for more flexible estimates
which give a closer fit to the data.

Kernel regression methods are regression techniques which achieve such flexibility. Let
us assume that we have independent observations (x;, y;)i=1,.. »n of the covariate X and
the response Y. As we will see, kernel regression estimates are mainly weighted averages
of the observations of Y, where the weight depends on the distance of the observations
of X to the point where we try to estimate the regression function. They result from
fitting different models at each evaluation point. In the sequel we will explain how this
is done. One way to estimate the regression function is using the k-nearest neighbor
estimator which is simply the average of the responses of the k£ observations of X which
are nearest to the evaluation point x. This means the k-nearest neighbor estimator is

given by

A~

1 n

i=1
where Ni(x) is the set of k points nearest to x, where “closeness” is defined by the
Euclidean distance. This method leads to a very bumpy fit (see right panel of Figure ()
since f is discontinuous. This is because the fit remains constant as we move on the X-
axis until one point to the right becomes closer to the evaluation point than the farthest
point to the left in Ni(z). In that moment the point to the right replaces the one to the
left in the fit and leads to a different value of f . Hence f changes in a discrete way and

is therefore discontinuous.
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Since this discontinuity seems inappropriate we use methods which produce a smoother
fit.
Kernel Smoother

One method leading to smoother fits is the Nadaraya-Watson kernel-weighted average
which goes back to Nadaraya (1964) and (Watson (1964) and is given by

¢ _ i1 Kn(wi — 2oy
f(.%'o) - Z;L:ll Kh(xz — 1_0) 5

where Kj(z; — ) is a kernel weight function with window width h. Typical kernel

weight functions are

e The Epanechnikov quadratic kernel which is given by

Kp(2; —x0) = D (L ;x(]') ;

where

D) = 31— if [ <1 (A1
0

otherwise.

Epanechnikov (1969) suggested

Dit) = Ze(1-5) if [t < V5;

0 otherwise

instead of (A.Il) which is also commonly referred to as “Epanechnikov quadratic

kernel”,

e The tri-cube function where

Kp(z; —x9) = D <@) ,

with

1—[t?)? if |t < 1;
pay— J L1 <

0 otherwise,

e The Gaussian Kernel, where D(t) = o(t) is the density function of the standard

normal distribution.
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Figure 3: Comparison of a kernel-smoother fit (red curve in the left panel) and a 15-
nearest neighbor fit (red curve in the right panel) to a data set of 150 pairs
x;, y; generated at random from Y = X2 + ¢, X ~ N(0,1), € ~ N(0,1).
The blue curve displays the underlying relationship f(X) = X2. For the
kernel smoother a Gaussian kernel with automatically chosen window width
h = 0.247 was used.

Figure 3 shows a kernel smoother fit and the k-nearest neighbor fit for a given dataset.
One can see that the kernel smoother fit is much smoother than the bumpy fit of the
nearest neighbor estimator. In practice one has to choose either the bandwidth h when
using the kernel smoother or the number k of neighbors involved in the nearest neighbor
fit. When choosing this parameter one has to do a trade off between bias and variance.
Large bandwidths (respectively large number of neighbors) will decrease the variance of
the estimator, since one averages over more observations, while increasing its bias. Vice
versa a small bandwidths leads to higher variance and lower bias. There are asymptotic
results which state that the kernel regression smoother is consistent for the regression
function under certain conditions on the kernel, its bandwidth and the common density
of X and Y.

Mack and Silverman (1982) show such a convergence result. Let (X,Y), (X;,Y;),i =
1,2, ... be ii.d. bivariate random variables with common joint density r(z,y). Further-
more, let g(x) be the marginal density of X and f(z) = Ep(Y|X = z) the regression
function of Y on X and h,, the bandwidth of the Kernel K}, (u) = K(u/h,). The
assumptions used in their consistency proof are already given in Assumption and
Assumption but are repeated here for better readability.
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Assumption A.1. o K is uniformly continuous with modulus of continuity wg, i.e.
’K(.%') - K(y)’ < ’U}K(‘.%' - y’) fOT’ all T,y € Supp(K) and wi : [0,00] - [0,00] is

continuous at zero with wi (0) = 0. Furthermore K is of bounded variation V(K);
o K 1is absolutely integrable with respect to the Lebesgue measure on the line;
o K(xz)—0 as |z| = oo;
o [ |xlog|z]|*|dK (z)| < oo,
and
Assumption A.2. e Ep|Y|® < oo and sup, [ |y|*r(z,y)dy < oo, s > 2;
e 1. g and l are continuous on an open interval containing the bounded interval J,
where [(z) = [yr(z,y)dy.
Theorem A.3. Suppose K satisfies Assumption [A 1l and Assumption [A.2 holds. Sup-

pose J is a bounded interval on which g is bounded away from zero. Suppose that
dYon h) < oo for some A\ > 0 and that n"h,, — oo for some n < 1 —s~'. Then

sup|f(z) — f(x)] = o(1)
J

with probability one.

Hence, under suitable conditions the Nadaraya-Watson kernel regression estimator is

consistent for the regression function.

Local Linear Regression

As one can see in Figure [ the kernel regression estimator can be biased at the boundary
because of the asymmetry of the kernel in that region. There are several methods that
address the boundary issues of kernel smoothing. For example (Gasser and Miiller (1979),
Gasser et al) (1984) and |Gasser et al! (1985) recommend using “boundary kernels”,
which are kernels with asymmetric support. This approach is not followed further in
this thesis. [Karunamuni and Alberts (2005) give an overview of other methods which
could be applied. One of these methods, which reduces the bias to first order is the local
linear regression. Note that the kernel regression estimator &(zg) at the point z¢ is the

solution to the weighted least squares problem
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Hence, by using the Nadaraya-Watson kernel regression estimator we essentially fit local
constants to the data. Local linear regression (also called loess) was initially proposed
by [Cleveland (1979) and goes one step further. It does local linear fits at each evaluation

point. Thus, we consider at each point zg the weighted least squares problem
n
minz Kp(x; — x0)[y; — a — Bx)?. (A.2)
a7/B :1

The estimator for the regression function is then given by f(zo) = &(xo) + 0B (o),
where @(z) and 3(z0) are solutions to (A2). With b(z)” = (1,z), B the n x 2 matrix
with ith row b(x;)” and W (xg) = diag (Kp,(z1 — 2¢), ..., Kn (2, — 20)) we have

F(wo) = b(z0)T (BTW (20)B) " BTW (z0)y.

For the analyses of Section 2.2.4] we rearrange this expression in the following way

~

f(@o)

n n —1 n
=(1, o) 2= Kn(wj =0) - 2jmy @i Kon(w; = o) > i1 YiKn(z;j — x0)
Y wiKn(xy —20) 37, x?Kh(g;j — ) Sy K — o)

— 1 (1 :C) <Z§Ll Z?:1($3 — ijCl)Kh(CC]’ — :C(])Kh(:ﬂl — xO)yl>
det(BTW(ﬂJO)B) ] 2?21 Z?:l(xl — xj)Kh(.%'j — xO)Kh(xl — xO)yl
Z?:l Z?ﬂ(ﬁﬂj —x0)(x; — x) Kp(xj; — 20) Kp (2 — 20)y;

) 21 2o (@F — @jw) Ky(j — wo) Kn (@ — w0) (A.3)

It can be shown that local linear regression reduces bias to first order. This means

that Ep(f(zo)) — f(x¢) only depends on quadratic and higher-order terms in (zg — x;),
i =1,..,n (cf. Hastie et all (2001)).

Local Polynomial Regression

As a generalization to the Nadaraya-Watson kernel regression estimator and the local
linear regression we now introduce local polynomial fitting. Hence, we locally fit polyno-

mials of arbitrary degree k > 0 and therefore regard the weighted least squares problem

n k
. 112
min kZ;Kh(xl —x0)|yi — a— Z;ﬂjxi]
1= j=

a7ﬂj7j:17"'7




137

at 9, whose solution we denote by (é(zq), 81 (o), -.., B (x0)) and estimate the regression

function via f(zq) = a(xo) + 2?21 B;(x0)x)). We can obtain f via
R -1
f(@o) = blwo)" (B W (z0)B) BT W(xo)y,

where b(z9)T = (1,20,...,2f), B is the n x (k + 1) matrix with ith row b(x;) and
W(zy) = diag (Kp(x1 — x0), ..., Kp(x, — x0)). Local polynomial regression reduces bias
in regions of high curvature of the regression function compared to local linear regression.
The price to be paid for this is an increase of the variance. [Hastie et all (2001) summarize

the behavior of local fits as follows:

e “Local linear fits can help bias dramatically at the boundaries at a modest cost in
variance. Local quadratic fits do little at the boundaries for bias, but increase the

variance a lot.

e Local quadratic fits tend to be most helpful in reducing bias due to curvature in

the interior of the domain.

e Asymptotic analysis suggest that local polynomials of odd degree dominate those
of even degree. This is largely due to the fact that asymptotically the MSE is
dominated by boundary effects.”

As mentioned before we have to choose the bandwidth A when applying kernel methods.
For the theory of non-linear impact analysis derived in this thesis this choice is not
allowed to depend on the data. In practice, when one is only interested in estimating the
regression function (and not necessarily in impact analysis) the choice of the bandwidth

can be done by cross-validation.

Local Regression in R”

Up to this point we only considered one-dimensional kernel methods. We can easily
generalize this concept to the multidimensional case where we observe a set of variables
X1,...,X and want to fit local polynomials in this variables with maximum degree d
to the data in order to describe the regression function f(zy,...,z;) = Ep(Y|X; =
Z1,..., X = xg). Hence, letting b(x) consist of all polynomial terms with maximum
degree d (e.g. we have b(X) = (1, X1, X7, X3, Xo, X2, X3, X1 X0, X? X5, X1 X3) ford =3
and k = 2), one solves at x( the following equation for 8 € R™, where m is the dimension

of b(X)

Jnin, > Kn(wi — o)y — b(a) "B (A.4)
=1
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Usually we have for the kernel function

Kp(z; —x0) = D (Li ; on> :

with || - || being the Euclidean norm and D a one-dimensional kernel. The least squares
fit at a specified point z is then given by f(zo) = b(xo)T B(x0), where 3(x) is a solution
to (A4). We can rewrite this as

F(20) = b(wo)” (BTW (20)B) ™' BT W (x0)y,

where B is the matrix with ith row b(z;) and W (x¢) = diag (Kp(z1 — o), ..., Kp(xn — x0))-
Hastie et all (2001, p 174) recommend the standardization of each predictor prior to
smoothing “since the Euclidean norm depends on the units in each coordinate”.
Additionally to this, the rise in dimensionality comes along with undesired side ef-
fects. The boundary effects of kernel smoothing in one dimension “are a much bigger
problem in two or higher dimensions, since the fraction of points on the boundary is
larger” (Hastie et all, 2001, p. 147). Furthermore, it is claimed that local regression
loses it usefulness in dimension much higher than two or three, due to the impossibility
of simultaneously maintaining low bias and low variance without a sample size which

increases exponentially fast in k.

A.1.2. Spline methods

In this section we will present spline methods including cubic splines and natural cubic
splines. This section is based on Chapter 5 of [Hastie et all (2001).

Piecewise Polynomials and Splines

We are still interested in fitting functions to data which are obtained from i.i.d. obser-
vations (Xj,Y;)i=1,..n. In this section we present methods that divide the domain of X
into several areas and fit functions in each area. The function fitted in a certain area
is used to derive predictions for all points in this area. To this end we will choose a so
called knot sequence & < ... < &. Between each two knots a function will be fitted
to the data. Then all functions are combined to obtain a global fit. When we are for
example interested in fitting constant functions between each two knots we can do so by

performing a linear regression with target variable Y and dependent variables

hi(X) = Lixcgy, ha(X) = Tig <xcgo)s - (X)) = Tg,  <x<gyy bra1(X) = Tgg, <xy-




139

The fitted function is then given by f (x) = Zfill éjhj(:n), where éj are the least squares
estimators from the linear model. The functions hq, ..., hx11 are called basis functions
in the sequel. If we want a piecewise linear fit to the data we need the additional basis
functions

hoaks1(X) = (X)X, m=1,.,k+1

in the model. As a next step we can make the piecewise linear fit continuous by imposing
adequate conditions on the coefficients of the linear model. Alternatively one could use

the following set of basis functions, which already incorporates the constrains:
hl(X) = 1? h2(X) = X’ h]+2(X) = (X _é-j)+? .] = 1,---aka

where ()4 denotes the positive part. The fact that the constraint of continuous piecewise
linearity is already incorporated in these basis functions is due to the fact that we use the
positive part in hj;o. Thereby the function hj; s changes the fit f(a:) only if x > ¢; and
only by changing the slope (by its coefficient éj+2) of the fit after ;. Hence the resulting
fit is continuous and piecewise linear. Figure [l shows a piecewise constant, a piecewise
linear and a continuous piecewise linear fit to the same data. The continuous piecewise
linear fit seems to provide the best fit of the three. Since it is very angular we proceed
by fitting local polynomials. Additionally to the continuity we can demand continuous
derivatives up to a certain order. We define an order-M spline with knots &1, ..., & as a
piecewise polynomial of order M — 1 with continuous derivatives up to order M — 2. We
call an order 4 spline cubic spline. One can see that the local constant fit is an order 1
spline, while the continuous piecewise linear fit is an order 2 spline. We can compute an

order M spline via linear regression with target variable Y and covariates

hi(X) =Xt j=1,..,M,
haryr = (X — &ﬂ/[_l, l=1,..,k.

Hastie et all (2001) state that “it is claimed that cubic splines are the lowest-order
splines for which the knot-discontinuity is not visible to the human eye.” Hence, unless
one is interested in smooth derivatives there is no reason to go beyond cubic splines.
When using splines, the goodness of the fit depends on the placement of the knots. In
the applications of splines to impact analysis, we will assume that the knot sequence
is chosen independent from the data in order to prove consistency of the bootstrap.
Simulations indicate that the impact analysis also works with a data dependent choice

of the knots. Usually, a convenient procedure to choose the knots, which is also applied
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in practice, is to place them at empirical quantiles of X.

Figure 4: Piecewise constant (upper left panel), piecewise linear (upper right panel) and
continuous piecewise linear (lower panel) fit with two knots to a data set of 150
pairs ;, y; generated at random from Y = X2 +¢, X ~ N(0,1), e ~ N(0,1).
The blue curve displays the underlying relationship f(X) = X2.

Natural Cubic Splines

It is well known that polynomial fits tend to be very variable at the boundaries and
extrapolation may be dangerous. Hastie et all (2001) claim that these problems get
worse when using splines. Therefore, we want to impose additional constrains to the
fitted functions to reduce the variability of the fit outside the range of the data. One
common constrain is that the function is linear beyond the boundary knots. A cubic
spline which fulfills this condition is called natural cubic spline. Of course, reducing
variance by forcing the fitted function to be linear at the boundaries leads to bias in

that regions. Nevertheless, according to [Hastie et all (2001) the assumption of linearity
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near the boundaries is often considered reasonable. We can represent a natural cubic

spline with k knots by k basis functions. One such set is
Ni(X) =1, Na(X) = X, Npo(X) = di(X) — dpp—1(X),

where
(X —&)t - (X —&)3
e — & '

Each of these basis functions has zero second and third derivative outside the boundary

di(X) =

knots.

There are many sets of basis functions that represent the same cubic spline. The set
of basis functions given here is very simple to understand but lacks numerically attrac-
tiveness. Therefore, for numerically reasons, other basis functions such as the so called
B-spline basis (which will not illustrated here) are used in the practical computation of
splines. In R the function ns of the package splines can be used to compute the basis

functions for natural splines for a given data set.

Multidimensional splines

One can also fit smooth functions of several variables X1, ..., X to a given data set. One
can do so by choosing appropriate multivariable basis functions. For example in the case
of two variables with basis functions h1;(X1), j = 1,.., M for representing functions of
X1 and basis functions hej(X2), j = 1,.., My for representing functions of Xy we can

define the so called tensor product basis by
gjl = hlj(Xl)hgl(Xg), ] = 1, ...,Ml, l= 1, ...7M2

to represent the two-dimensional function

My M>

9(X) = 0jg5(X1, X3).

j=11=1

It is important to note that the dimension of the basis grows exponentially fast in the

number of covariates included.
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A.2. U-Statistics

In this section, which is based on [Kowalski and Tu (2008) we give an introduction to
the theory of U-statistics, which is a powerful tool to investigate the asymptotic behav-
ior of sums of correlated random variables. The methods explained here will be used
extensively in sections 2.2.7] 2.2.4] and U-Statistics were originally introduced by
Hoeffding (194K) and are closely related to the von Mises statistics which were presented
by von Mises (1947).

Often it is the case that we have a statistic which is not the sum of i.i.d. variables. In
these cases the classical theorems concerning the asymptotic behavior of the statistic do
not apply. In some of these scenarios the theory of U-statistics might be used to derive

the asymptotic properties. Let 71, Zs, ..., Z,, be i.i.d. random variables.

Definition A.4. A statistic U, is called a k-dimensional order-m U-statistic if it can
be written as .
U, = <;> S w2y, 25,), (A.5)
(J1,-mrdm)ECH,
where w is a k-dimensional function which is symmetric in its arguments (i.e. all per-
mutations of its arguments lead to the same value of w) and C', = {(J1, ..., jm)|1 < j1 <

e < Jm < m} is the set of all distinct combinations of m indices from the integer set
{1,..,n}.
One example of an one-dimensional order-2 U-statistic is the estimator of the variance

2
n

. 1 1 —
STV AP
j=1

i=1
We have
n n 2
.9 n 1 1
el EP I LD DR
i=1 j=1
1 n 1 n n
2
=— ZZZ._E > 77,
i=1 i=1 j=1

n

:ﬁ (n — 1)223 -3 7z,

]
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=T DB GRS

i#j i#]

1 1 2 1
- Zi—Z)? = (Zi— Z,)2.
n(n—l)ZZQ( i = 2) n(n—1) Z 2( ! 3)
i#j (4.5)eCy

2

Since %(ZZ — Z;)? is obviously symmetric, 62 is an one-dimensional order-2 U-statistic.

It is obvious, since we have ii.d.random variables, that U, defined in (A.5) is an
unbiased estimator for Ep(w(Zj,, ..., Zj,,)), provided this exists. Under mild conditions
we can say much more about U, than just that it is unbiased. To this end we need the

following assumption.

Assumption A.5.
0 :EP(w(Zjla---,ij)) and EP(w2(Zj1"'-aij))

exist.
We define the “projection” of U, by
Un=>_ E(Un|Z)—0(n—1). (A.6)
i=1

We have

n\ !

ez = (1) X Eewl(Zn,,)12)
(jl,...,jm)eC{,g

with the notation Ep(w(Zj,, ..., Z;,, )| Zi] = 9(Z;) it i € {j1, ..., jm} we obtain (note that
Eplw(Zjy, s Zj, )| Zi] = 0 i 0 & {j1s e Jm})

SOREICHEY

= %Q(Zz‘) +="0.

Hence, we can rewrite the projection (A.6) as
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It follows for the centered projection

where §(Z;) = g(Z;) — 6. Since U,, — 0 is a sum of i.i.d. random vectors with mean zero,

the law of large numbers and the central limit theorem imply

A~

U, %0, va (Un - 9) £ N(0,m25,), (A7)
where X, is the covariance matrix of §(Z;). Since §(Z;) has mean zero ¥, is given by

Sy = Be [o(Z)g" (71)] .

One can show (cf [Kowalski and Tu (2008)) that under Assumption [A.5] the following

lemma holds.

Lemma A.6. )

Varp(Uy,) = %VGTP(Q(ZI)) +0(n7?),

2 m2

Varp(Un) = %Var(g(Zl)), Covp(Un,Un) = 729.

We are now able to proof the following theorem which states the consistency and

asymptotic normality of U-statistics.
Theorem A.7. (cf. |[Kowalski and Tu (2008)). Given Assumption[A. 5 we have
Un B0, (U, —0)5 N©0,m?3,). (A.8)

Proof. We write

\/E(Un - 6) - \/E(Un - ‘9) + \/E(Un - Un) - \/E(Un - 6) + en,

where e, = /n(U, — U,) = v/n((U, — 0) — (U, — 6)). The statement of the theorem
follows from (A7) and Slutzky s lemma when we show that e, 2 0. We show this by
showing Ep(enel) % 0. We have

Ep(ener;C) =nVarp(U,) — 2nCovp(U,, Un) +nVarp(Uy,)
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which equals according to Lemma, [A 6]

=m*Varp(g(Z1)) — 2m*%, + m*Varp(g(Z1)) + O(n"?)
=m?%, — 2m*%, + m*%, + O(n2) B 0.

O

Since 6 is usually unknown the covariance matrix of the limiting distribution in (A:8])
is unknown too. Hence, in many applications (like those in the impact analysis derived

in Section [Z2]) we have to estimate it. To this end we consider

X, =Ep |(9(21) = 0) (9(21) — 0)" |
=FEp [Ep {w(Z1,.... Zm)|Z1} Ep {w" (Z1, ..., Zm)| Z1 }] — 00T
=Ep [Ep {w( Zl,...,Z Y (Z1, Zinsts ooy Zom—1)|Z1 }] — 06T
[

EP w Zl,..., (Z17Zm+17---7Z2m—1)] - GGT

This means that we have to estimate Ep [w(Zl, - Zm)wT(Zl7 Lty ooy ng_l)] and 6
in order to estimate XJ,. ¢ can simply be consistently estimated by the U-statistic defined
in (A.9). To estimate Ep [w(Zl, ooy o)W (21, Zog s ooy ng,l)} we construct an other

multivariate U-statistic. To this end, let
f(Z17 ceey ZQm—l) - ’U}(Zl, ceey Zm)wT(Zl7 Zm+17 sy ZZm—l)

and f(Zl, weey Zom—1) & symmetric version of f(Zy, ..., Zay—1) for example

- 1
f(Zla"'722m—1) = m Z f(ZW(1)7"'7Z7r(2m—1))'
" reS({1,...,2m—1})

Then according to Theorem the U-statistic
n -1 =
<2m_ 1) Z f(Z17"'7Z2m—1)
(J1,-sd2m—1)€CE, 4

is a consistent estimator for Ep [w(Zl, oo Zo VW (21, Zoi 1 ooy ng,l)]. Hence we can

estimate X, consistently by

-1
- n ) i
> = <2m — 1> Z f(Z1, ..., Zop—1) — U, U, .

(j17...7j2m_1)€C£Lm_1
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In the course of Section we will derive estimators for the impact (which is introduced
in Section [ that are functions of multivariate U-statistics. Then by application of
the delta method the asymptotic normality of the derived estimators follows from the
asymptotic normality of the U-statistics.

Note that the function w in ([A.H]) is not allowed to depend on n. [Powell et all (1989)
generalize the results above for the case m = 2 to functions w, that do depend on n.
They define for an i.i.d. random sample Z1, Zo, ..., Z, a general second order U-statistic
by

N
Un = <2> Z Z wn(ZiaZj)a
i=1 j=i+1

where w, is a k-dimensional symmetric function. With the additional definitions
rn(Zi) = Eplwn(Z;, Zj)|Zi], 0n = Eplra(Z;)] = Eplwn(Z;, Z;))

and
n

S lra(Z) — 2],

i=1

- 2
U, =0+ —
n
where it is assumed that 6,, exists they show the following lemma.

Lemma A.8. If Ep[|w,.(Z;i, Z;)||?] = o(n), then \/n(U, — U,) = 0p(1).

Note that this does not necessarily imply the normality of U,, since further assump-

tions must be fulfilled for the central limit theorem to be applicable to U,.
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A.3. The Bootstrap

This section, which is based on [Davison and Hinkley (2009) gives a brief introduction
to the bootstrap and explains the methods used in the course of this thesis. The name
bootstrap goes back to [Efron (1979). A lot of research was performed on this field and

bootstrap methods were applied to various statistical problems.

A.3.1. The idea of the bootstrap

The setup for this section is the following one: Assume we have data z1, ..., z, which are
realizations of i.i.d. random variables Z1, ..., Z,. Let F' be the distribution function of Z;,
while f denotes its density. We are interested in a (scalar) parameter § which is estimated
by the statistic 7" which has the realization ¢. In order to be able to construct confidence
intervals for § we have to know the distribution of 7. Usually one distinguishes between

two cases:

e Parametric, i.e. we have a model with parameters v that uniquely determine

f = fyand F'= Fy. 0 is then a component or function of 1;

e Nonparametric, i.e. we do not have a model.

In the applications of bootstrap methods in this thesis we only use nonparametric boot-
strap methods. The parametric bootstrap is used once, in order to introduce the adjusted
percentile method for constructing confidence intervals in the following section. The idea
of the bootstrap is basically to replace the unknown distribution function F' in the quan-
tities of interest by an estimate. When using the parametric bootstrap one estimates
by 1& (for example by maximum likelihood estimation) and replaces the true distribution
function F, by the estimated distribution function Fz&' In the non-parametric case the
empirical distribution function F' is used instead.

We explain the idea of the nonparametric bootstrap by a simple example. Assume

0 = t(F') and we are interested in the bias 5 and the variance v of T":
B=0F)=FEp(T|F)—tF), v=uv(F)=Varp(T|F). (A.9)

Since F' is unknown we are not able to make any statements about 8 or v. The idea of
the bootstrap is to replace the unknown F' by its estimator, the empirical distribution

function . Note that we have

F(u) #{Zz < u} n-! Z ]l{zl<u}
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Hence when replacing F' by Fin (A.9) we obtain

B =0b(F) = Ep(T|F) — t(F), V =u(F)=Varp(T|F).

B and V are called bootstrap estimates of 8 and v. Often it is very hard or even
impossible to determine these bootstrap estimators. In these cases it helps to use Monte

Carlo simulations. These are performed following these steps:

1. Draw Z7,..., Z} independently from F,
2. Compute from this data the statistic 7" and name it T™;
3. Repeat 1. and 2. R-times to obtain 17, ...,Tx;

4. Regard
B =0b(F) = Ep(T|F) —t = E*(T*) — t

and estimate it by

Br=R'Y Ty —t=T"-1t (A.10)
r=1
5. Analogously obtain
R
1 * 7%\ 2
VR= 15— ;(TR — T2 (A.11)

Here and in the following the superscript “*” denotes the distribution respectively expec-
tation according to F. From this procedure it gets clear why the bootstrap is also called
a resampling method. We estimate the bias and variance by resampling independently
from the data. For large R we expect according to the laws of large numbers Bgr to be

near the true bootstrap estimator B.

A.3.2. Bootstrap confidence intervals

All confidence intervals which are presented here are meant to be computed by non-
parametric bootstrap. Only in the introduction of the bias corrected percentile method
we assume a parametric model. For the computation of confidence intervals for 6 we
will need quantiles of the distribution of T'— 6. Since this distribution is unknown we
approximate it by the distribution of T* —¢. Hence we estimate the distribution function
G of T — 0 by

R
. £ —t<u 1y
r=1
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Note that there are two sources of error: One comes from variability of the data (we
only have n observations) and the other arises from finite simulation. In order to keep
the error due to finite simulation small we have to choose R “large”. Usually one sets
R > 1000. Nevertheless for the choice of R it should be considered that large R may
require large amounts of computational time. This issue has become smaller in the past
years due to the improvement of computers.

Since we approximate G by Gr we approximate the p-Quantile ¢(p) of G by the p-

*
(p
the bootstrapped values t7,...,t%. There are several methods for computing bootstrap

quantile ¢(p) of G g, which is given by q(p) = t’(kp) — t, where ¢ ) is the p-quantile of

confidence intervals for . We will give five of them here.

Basic bootstrap confidence intervals

We have for given « € (0,1) that

P(gla) <T—0< gl —a)) =120
=PT—q(l—a)<0<T—q(a) =1-2a. (A.12)

Hence, by replacing the quantiles by their estimates and T by its realization ¢ we obtain

the following approximate 1 — 2« confidence interval for 6:

CIbasic = (t - (j(l - (l), t— (j(Oé))
= (2t =ty 2t 1) -

This confidence interval is called basic bootstrap confidence interval. As explained before
the accuracy of this interval depends on R, so we would choose R large to make the

interval more accurate.

Studentized intervals
We now consider a “studentized” version of 7' — 6 namely

T8

Y—W,

(A.13)

where V' is an estimator of Var(T|F'). One way to find such an estimator for Var(T|F)
is the so called nonparametric delta method or functional delta method. We introduce
the nonparametric delta method for functionals #(-) which are Fréchet-differentiable.

Functional delta method theorems for more general cases can be found in(Serfling (1980)
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and van der Vaart (2000, ch. 20). Let ¢(-) be Fréchet-differentiable at F', this means

that for all distribution functions G exists a linear functional L(F — G) such that
t(G) =t(F)+ L(G - F) +o(|G - F|)), as|G—F| =0, (A.14)

where [|-]| is a norm on the linear space generated by differences of distribution functions.
An example for such a norm is |G — F|| = sup,ep |G(z) — F(x)|. L(G — F) is called
Fréchet-derivative of t at F' in the direction G— F. [Huber (1981, p. 37) shows that if ¢(-)
is weakly continuous in a neighborhood of F' the function L(G — F') can be represented

as

L(G-F)= /Lt(z,F)dG(z),

where

Loz F) = lim W= OF + e} —t(F) _ O{(1 = O)F + eH.}

)
e—0 € Oe =0

with Hy(u) = L¢y>2y is called the influence function of T'. According to van der Vaart
(2000, p.292) the name “influence function” originated in developing robust statistics.
“The function measures the change in the value ¢(F) if an infinitesimally small part of

F is replaced by a pointmass at x”. One can see by setting G = F' in the approximation

(A.14)), that
/Lt(x,F)dF(x) — 0.

Choosing F for G in (AId) gives
. - - 1 ¢
HE) = t(F) + /Lt(z; F)AF() +o(|F ~ FI) % t(F) 4+ " Lz F). (A1)
j=1
Application of the central limit theorem to the sum in (A.13) gives
T —6 ~ N(0,v(F)),
where since we have [ Ly(z; F)dF(z) =0

vp(F) =n " War(Ly(Z)) =n~! /L?(z)dF(z).
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Since F' is unknown we replace F' by F' and obtain the nonparametric delta method

n
. -2 2
g =n g l5,
j=1

variance estimate

where

i = Li(z: F) (A.16)
are called the empirical influence values. The R function empinf of the library boot
delivers several methods for the computation of the empirical influence values.

The idea behind using the studentized statistic (A.13) is to mimic the Student-t statis-
tic which has this form and eliminates the unknown standard deviation when making
inference about a normal distribution mean. Recall the Student-t (1 — 2a) confidence

interval for a normal distribution mean which is given by
= 1/2 _ = 1/2
z—v/' "ty (1 —a),z—v/'t,—1(a) ),

where v is an estimator for the variance and t,_1(p) is the p-quantile of a central ¢-
distribution with n — 1 degrees of freedom. Confidence intervals for 6 based on (A.13])

have the analogue form
<t - Ul/zy(ka)’ t— Ul/Qy(a)> )

where y,) is the p-quantile of the distribution of ¥. We estimate the quantiles of Y by
the empirical quantiles of repetitions of the studentized bootstrap statistic

v — T —t
- V*1/2 ’
where 7™ and V* are based on a simulated random sample Z7, ..., Z;. Let g, denote
the p-quantile of (Y}, ...,Yy) then an approximate level (1 — 2a) confidence interval for
0 is given by

Clspua = <t - 01/2:0(1704)7 t+ Ul/2g(a)> ’

This confidence interval is called studentized bootstrap confidence interval.

Bootstrap normal confidence interval

Another way to construct a confidence interval for 6 is to assume the normal approxi-
mation
T -0 "R N(B,v),
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where S and v are the bias and the variance of T'. Since we then have
(T — 5~ 0)/0!/2 "R N(0,1)
an approximate level (1 — 2a) confidence interval is given by

CInorm = (t - BR + V]}}/221—a)7

where z1_, is the 1 — a quantile of the standard normal distribution and Br and Vg
are the bootstrap estimates for bias and variance defined in (A.I0) and (A.II)). This

confidence interval is referred to as bootstrap normal confidence interval.

Percentile interval

For the percentile method we assume that there exists a transformation U = h(T") which
has a symmetric distribution. We want to construct a confidence interval for ¢ = h(6) by

applying the basic bootstrap confidence interval method. The equation (AI2)) becomes
PU - q(1—a) < <U—q(a)) =1- 20,

where now ¢(«) is the o quantile of the distribution of U — ¢. Because of the assumed

symmetry we can replace g(«) by —¢(1 — «) and ¢(1 — «) by —¢(«) and obtain
P(U +q(a) <O <U +4q(1 —a))=1-2a

Replacing the quantiles g(«) and ¢(1 — «) by their estimates §(a) = u*(a) — u and
G(1 — o) = u*(1 — a) — u (where u*(p) is the p-quantile of the bootstrapped values

ui,...,up) gives the interval
CI¢ - <u>(ka),u>(k1_a))

for ¢. Transformation back to the 6 scale gives us the bootstrap percentile intervall

Clpere = ( ’(a),ta_a)) .

According to [Davison and Hinkley (2009, p.203) this “method turns out to not work
very well with the nonparametric bootstrap even when a suitable transformation h does

exist.”
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Adjusted percentile interval

Since the percentile method does not work very well we need improvements of this
method. One such improvement is the so called adjusted percentile method. This method
can be explained simplest by transformation theory in the parametric framework with
no nuisance parameters and then be extended to the non-parametric case. Hence, for
the beginning we assume that the data are described by a parametric model with the
single unknown parameter #. We estimate 6 by its maximum likelihood estimate t = 6
and make the assumption that there exists a monotone increasing transformation h as
well as an unknown bias correction factor w and an unknown skewness correction factor

a such that we have for h(T) = U and h(0) = ¢
U~ N(¢ —wo(p),0%(4)), where o(¢) =1+ ag. (A.17)

We will derive confidence limits for ¢ and transform them to the 0 scale with the help
of the bootstrap distribution of 7' (note that we use parametric bootstrapping here).

Assuming that ¢ and w are known we obtain
U=+ (1+ad)(Z —w),

where Z ~ N(0,1). [Efron (1987, ch. 3) discusses that via suitable transformation one
can obtain the level a confidence limit for ¢ as

v W+ 24
¢a—u+a(u)—1_a(w+za).

The confidence limit for # is then given as 6, = h™(¢s). Since we do not know h
we cannot compute this bound. We can overcome this lack of knowledge by using the
distribution function of the (parametric) bootstrap replications T which we denote by
G. We then have

Q
—

>
Q
N—

Il

P (T* < 0,)t) = P*(U* < dou)

:¢<%@f+w>:¢<w+T5%5%ZQ’

aﬁzé—1<¢<w+n—;ﬂiﬁﬁ__>>.
1 —a(w+ z4)

hence,
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Thus, a level a confidence limit for # is given by

A w+ z
Oy =t with a=& w4+ ——F"SF—).
«T @ < 1—a(w+ zq)
We see that we do not need to know the underlying transformation A for the computation
of the confidence bound 6. Nevertheless, the constants w and a remain unknown and

need to be estimated. To this end we make use of the normal distribution of U and write
PY(T* < t|t) =P (U* < ulu) =P(U < ¢|p) = ®(w),

which implies

w=d7(G(t)).

Hence we estimate w by

W= ! (@) . (A.18)

For the estimation of a we denote the log-likelihood which is given by the transformation
(A7) by I(¢). One can show that a good transformation for a (ignoring terms of order
n~1) is
gL Ep {I'(¢)*}
6 Vare {I'(¢)}**

which, transformed back to the 6 scale (again ignoring terms of order n~!), gives

1 Ee{l0))
~ 6Varp {1(0)}¥*

Hence we can estimate a by

E* {l*/(é):’)}
Var {l*’(é)}g/r

&/:

(A.19)

=

where [* is the log likelihood of a set of data simulated form the fitted model. This

implies that an approximate level a confidence limit for 6 is given by

A W + Zgo
o = * ith n= P N ———~ | , A2
Oa =tiz with & (w—i— 1—&(11}—1—%)) (A.20)
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with @ from (AI8) and & from (AI9). The limit , is commonly referred to as bootstrap
BC, limit.

(A20) gives the BC, limit only for the parametric case without nuisance parameters.
This method can be extended to the nonparametric case as well which is done by ap-
plying the method for the parametric case to a specially constructed exponential tilted
distribution. This approach does not affect the form of 6, but only the way we estimate

a. The estimator for a in the nonparametric case is given by

1 21 l;’
6 {35 5y

a =

where [; is the empirical influence value of ¢ at z; derived in (A.16). More details are

given in [Davison and Hinkley (2009).

A.3.3. Second order accuracy and the smooth function model

A desirable property of some bootstrap confidence intervals is that they are second order

accurate in many cases. We call a level « lower bound wu,, for @ first order accurate, if
P(0 < u,) = o+ O(n"1/2).

U, 1s said to be second order accurate if
P(6 < u,) =a+0O(n1).

Confidence intervals derived via limiting normal distributions are often only first order
accurate. Hall (cf. Hall (1988), [Hall (1992)) gives a setup, the so called smooth function
model, in which bootstrap BC, intervals and studentized bootstrap intervals are second
order accurate. The smooth function model is given as follows: Assume we have i.i.d. d-
vectors X1,..., X,, with F(X;) = g and X = %Z;;l X;. Assume further, that our
parameter of interest is @ = f(u) for a smooth real-valued function f. Let 6 = f(X) be
the estimator of # with asymptotic variance n~'o?, where 02 = g(u) for a real-valued
smooth function g. (Hall shows without using the smoothness of g that o2 is a smooth
function of y, which means that it is not necessary to demand the smoothness of g.) Hall
then shows that the BC, critical points and the studentized bootstrap critical points

are second order accurate.
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A.3.4. Bootstrapping U-statistics

In the course of this thesis we will apply bootstrap methods to U-statistics. A theoretical
justification for this is given by Bickel and Freedman (1981). Let Xi,..., X, be an
i.i.d. sample of d-vectors with distribution function F’ and empirical distribution function
F,,. Define

o) = [ [wepir@ire)
respectively
n n
g(Fn) =n72 Y Y w(Xi, X;),
i=1 j=1
where w is a symmetric function. g is called a von Mises statistic (cf. lvon Mised (1947))

and is closely related to U-statistics (see (A.H)). It follows similar to the case of U-
statistics that if

/wQ(x,y)dF(x)dF(y) < 00 (A.21)
and
/wZ(x,x)dF(x) < 00
we obtain
Vilg(E) —g(F)} 5 N(0.0%)
where ¢ is given by

ot =4 [ /1 w(x,y>dF<y>}2 AF(z) — g*(F)

Bickel and Freedman (1981) show that under the same conditions, for almost all X7, X, ...,
given (X1, ..., Xp),
L
Vi{g(Gr) = 9(Fa)} = N(0,0%),

where G, is the empirical distribution function of X7, ..., X*. Note, that the condi-
tion (A.2])) is necessary for the bootstrap to work. Bickel and Freedman (1981) give a
counterexample to show the inconsistency of the bootstrap, when (A.21]) does not hold.
Nevertheless, the considerations above show that under suitable conditions the bootstrap
is valid for second order von Mises statistics. Bickel and Freedman (1981) argue that
under the respective conditions on w analogous results also hold for von Mises statis-
tics and U-statistics of arbitrary order. Hence the use of the bootstrap when handling

U-statistics is justified. However, these results do not offer second order accuracy.
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A.3.5. Wild-bootstrap

In this section we introduce the method of the wild-bootstrap, which is used for the
computation of confidence intervals for the kernel smoother based impact of Section 22211
Let m(z) be an estimator for Ep(Y|X = z), e.g. a kernel-smoothing fit. The wild-
bootstrap is a method where we do not sample form the data pairs (X;,Y;) but from the
residuals ¢; = Y; — m(X;). The method was introduced by [Wu (1968). In this thesis we
use the modification of [Hardle and Marron (1991). They draw the bootstrap residual €]
from the distribution

é(1—+/5)/2 with probability (5 + v/5)/10,
€ = (A.22)

&:(1++/5)/2  with probability 1 — (5 + v/5)/10

Using this distribution they obtain that Ep(ef) = 0, Ep(ef) = ¢ and Ep(e;kg) = &,
which means that the first three moments of €} coincide with those of ¢;. Thus, Hardle
and Marron (1991) note that “In a certain sense the resampling distribution [...] can
be thought of as attempting to reconstruct the distribution of each residual through the
use of one single observation.” Using this resampling distribution [Hardle and Marron
(1991)) construct R bootstrap repetitions Y;* = m(X;) + € for i = 1,...,n and calculate
bootstrap confidence bands for kernel smoothers on their basis.

We will use the wild bootstrap approach to perform a test for the null hypothesis Hy :

55(Y) = 0. The procedure is as follows:

1. Perform a kernel smoother fit to the data, obtaining residuals ¢; = Y; — m(X;),
2. Generate R sets of bootstrap residuals according to (A.22),

3. Compute %(Y) in each of the R data sets (&

¥, Xi)i=1,..n Obtaining Z’;(S(Y)r for
r=1,..., R,

4. Calculate the wild bootstrap p-value for Hy as:

p=#{H(Y), > K (YV)Y/R,

where % (V) is calculated using the original data,

5. Reject Hy if p falls below the level of significance.
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B. Theorems and Proofs

Lemma 1.3l
Let (Xy,...,Xg) € LQP and (X1, ..., Xig)i=1,..n i.1.d. observations of (Xji,...,Xy). We
have that

23
where é is the vector of coefficients from the projection of X; = (X1, ..., X;,1) onto
span(1, Xy, ..., X;) € R™ with 1 = (1,...,1) € R™ and £ are the coefficients form the
corresponding projection of X onto span(1, X, ..., Xj) in L%.

Proof. Let D,, = (1,X3, ..., Xk). Since we have i.i.d. observations

1 1 n Z?:lXik
~Dy Dy = —~ : :
n n n n )
Zz‘:1 Xik - Zi:l Xk
1 .. FEp(Xy)
Rt : : = C (B.1)
Bp(Xy) .. BEp(X})

where C is obviously symmetric and positive definite.
In order to simplify the following exposition let W; = 1 in LQP and W; = X; in L%,

Jj=2,...,k. We know that £ minimizes the expression

k k
Ep{(X, — Zgj )2} = Ep(X?) — 2Fp( Z§]WX1+ZZ§J§IEPWW1)

Jj=1 j=1 j=11=1
= FEp(Y?) —2eTA +¢cCe” (B.2)

where A = (Ep(W1X1), ..., Ep(WiX1))T and C = (Ep(W;W;));; is the same symmetric
matrix as in (B.]). Since C' is positive definite, the minimum of the quadratic form (B.2)

is the root of its derivative.

0

ge PP (V) = 267 A+ CET] = 2(-A + CY).

Setting the derivative to zero leads to £ = C~'A. As a next step we consider

. _ 1
¢ =(DID,)'DIX, = n(DID,) 1ED,:1FX1.
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Since n(DID,)~* & ¢~ by (B) and 1pIx, 2 A by the law of large numbers we
obtain

§H 0 A=¢
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Theorem [2.13.
Under Assumption .12 we have that

V(I (V) = (V) 5 N(0,0%),

where 02 = DF(9)TVDF(9),

F((ay,..a0)") = 222 v = 9Ep (0(Z)5"(2)),

\/ ag — ai
as well as (2%(Y) = F(9) and @w(Z;) = Ep(w(Zi, Z;, Z1, Zky Zm)| Zi) — 0.

Proof. We have

~ 1 n R 1 n n n
b= > V(X)) = 3 D (X = Xi)(X; — X)ER(X; — X)) Kn(X; — X))V
i=1 i=1 j=1 1=1
n n

n o n n
:% Z Z Z Z Z gl(Z,‘, Zj, Zy, Zy, Zm)-

i=1 j=1 =1 k=1m=1

Furthermore,
1 n B 1 n n n n
by = ZYﬂS = A > ' (Xj — Xp)(Xj — X)) Kp(Xy — X5) Kn (X, — X)V1Y

Analogous to this we obtain

S 2

:% > X — X)X — X)) ER(Xi — X)) Kn(X; — X))V,

i,4,L,k,m

(Xk - Xl)(Xk - Xm)Kh(Xz - Xk)Kh(Xz - Xm)Ym}

1 n n n n n
== Z ZZ Z Z 93(Zi, Zj, Z1, Zy, Zim)

i=1 j=1 I=1 k=1m=1
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and

~ 1 n 1 n n n
= Y 6(X) = 3 DD D (X = X)X — X)En(Xi — X)) Kn(Xi — X1)Y)
=1 =1 j=1 [=1
n n n n

1 n
=22 D > > 0a(Zin %5 Zi Zks Zom)-
i=1 j=1 I=1 k=1 m=1
Hence, we obtain that

.1 1
L= E E g(ZiaZj,ZlaZk‘)Zm) = E E w(ZiaZj,Zl,Zk;;Zm)-
i7j7l7k7m i,j,l,k,m

Analogous to the case of i%¢(Y") Lemma 2] gives that under Assumption 212 we have

__V/n
\/EL: F Z w(Zj,Zj;Zl,ZIC’Zm)+Op(1)’

C({iajvlvkam})

where C({7,7,l,k,m}) is the set of all combinations which can be drawn without re-

placement from {1,...,n} in five draws. It follows that

G
\/EL :F Z W(Zi,Zj7Zl7Zk7Zm)+Op(]‘)

C({i.4,,k,m})

VRS (%0 25, 2 s Zn) + 0p(1)

n4

i<j<l<k<m
~Dn—-2)(n—-3)(n—4 -1
_n(n—1)(n )5(n )(n Wﬁ@ N w(Zi, Z, 2y, 2y, Zn) +0,(1)
n i<j<i<k<m
-,

where U, is a fifth-order U-statistics. We now have

van(e o) == DO DRI 2 1) - i

= Cn \/E(Un — 1) +0p(1) + (Cn\/_ - \/ﬁ) v
~~—— ———

—1

ENO,V) -0

E5N(0,V),
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n(n—1) (n—2)5(n—3) (n—4) and

where ¢, —

V = 25Ep (i(Z)i" (%))

with @0(Z;) = Ep(w(Z;, Zj, Zy, Zx, Zm)|Z;) — ¥. Since the mapping

a1 — az

\ ag — ai

is continuously differentiable, application of the delta-method with 1}2¢%*(Y) = F(d)
yields

F ((al, ceey a4)T) =

V@RS (Y) = (V) = Vi (F(D) — F(9)) % DF(9)TN(0,V) = N(0,02),

where 02 = DF(9)TVDF(9).
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Lemma [2.74. A consistent estimator for o2 is given by
6% = DF())TVDF (1),

where
-1
N n 1 - o
V =25 <9> Z g Z g(Zn(i)a veey Zﬂ'(d)) - LLT
i<..<d” weS{i,...,d})

and
g(ZZ, Z]a Zla Zk‘, Zm, Za, Zb, ZC) Zd) - w(ZZ, Z]a Zl, Zk;a Zm)wT(Zla Zaa Zb, ZCa Zd)

Proof. Since 7 is consistent for ¥, DF()) can be consistently estimated by DF(z). To
find a consistent estimator for V' we make the following considerations (which are similar
to those in (Kowalski and Tu, 2008, p. 259) and to those in the kernel smoother case in

Section 2.2.7]).

V/25 =Ep (0( Zi))

—FEp (E {w Zl, 12 21 Ziy Z)| Zi} Ep {w” (Zi, Zj, 2y, Z1o, Zin) | 25 }) — 007

=FEp (E {w Zis Z Zl,ZkaZm)wT(Zi’Za’Zb’ZC’Zd)|Zi}) — 9"
(

=FEp (w(Zi, Z;, Z1y Zy Zin) 0" (Ziy Zay Zipy Zey Z4)) =007

=:9(Z;, ijhZImeyZavzbyszd)

Ep (§(Zi, Z;, Z), Zy Zmy Za, 2y, Ze, Zg)) can be consistently estimated by

-1
n =
<9> Z g(Zi7Zj7Zlaz]mZmaZaaZlNZCaZd)a
i<j<l<k<m<a<b<c<d

where §(Z;..., Zg) is a symmetric version of §(Z;, ..., Zg) say

“reS{i,...d})

with S ({i,...,d}) being the set off all permutations of {7,...,d}. Hence a consistent

estimator for V is given by

~ n ~ o
V=25 (9) Z Z g(ZT('(Z)7 ceey Zﬂ'(d)) - LLT

i<.. <d WGS({Z, ,d})
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which leads to
6% = DF())TVDF (1)

as consistent estimator for o. O
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Theorem Under Assumption we have that
Va{EP ) = ) 5 N (0,0%),
where 02 = DF(9)TSDF(9), F ((a1,...,as)") = %, Ll)?CPOl(Y) = F(¢), and
S = (2k+3)2Ep {(BEp [W(Zj, s e Zjn )| 251 | = 9) (B [W! (Z)y, s Zjnos)| 23] —07) )
Proof. We have that

1
cof {n'B"W(X;)B} —BTW(Xi)Y
i " h G2 VKX, — X;)Y;
> 2]1 R 1m( Jioe i) K ( Jk+1 i) Jk+1

m=1 nk+1 Jk+1=1

k+1
Z A 2]1 1° Z;‘Lk_H:l h(k—f—l)m(Zjl’ ) ij)Kh(Xjk+1 - X )Y]k+1X_;€k+1

m=1 nk+1

and thereby

k+1 k+1

1 1
Z Z k+1 Z Z him(Zjy 5 - ]k)Kh(Xjk-H - X )Y7k+1Xjn;:+1 X"

=1 m=1 J1=1 Je+1=1
n  k+1 k+1

nk+1 Z Z Z Z i (Z Jio e Jk)Kh(Xjk+l - XZ')YJ'kﬂX]TZHIsz t

ji=1 Jk+1=1 1=1 m=1

=W(Zjy 2y 11 Z0)

With this we obtain

n n n

i=1j1=1  jr41=1

n2k+3z Z 91(Zjy5 s ]2k+3)

J1=1 Jok+3=1

Furthermore,
SR PR
_EZY% 25()(1)
n2 ZZ @ k+2 Z Z ]17"- Jk+17Zl)

i=1 =1 Jji1=1 Je+1=1
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R g 5
=53 Yoo > Vis@(Zyy, s Ziya)

j1=1 jk+3:1

n2k+32 Z 92 Jis - .72k+3)

j1=1 Jok+3=1

For 73 and 74 we obtain
R
n=t 3
n <
=1
:_Z nk+1 Z Z Jl’ ]k+1’Z)

Jji=1 Je+1=1

R S SR CARr A

mi= 1 Meg41= 1

n2k+3 Z Z Zjis -+ Ljuin Z2k+3)W (ij+2’ v Lo Zok+3)

Jji=1 Jok+3=1

:93(Zj1 7---7Zj2k+3)

and
SR IERRS PELES SHED DR CANE AN
i=1 i=1 ji=1  jrgr=1

1 n n ~

Ji=1 Jk+2=1
1 n
:—n2k+3 Z Z g4(Zj1?“"Zj2k+3)'

j1=1 Jk+2=1

Consequently, we have

1y
= 2 2 9 Zina)

Ji=1 Jok+3=1
n

1 n
:n2k+3z'“ Z w(Zj17"'7Zj2k+3)'

Ji=1 Jok+3=1
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We now consider
- \/ﬁ n n
\/ﬁL :—n%"'?’ Z s Z U)(Zjl, veey Zj2k+3)

J1=1  Joky3=l1

which we can decompose under Assumption 2.15] according to Lemma 2.1] to

Vi -
=73 > W(Zjyseeos Zjngys) + 0p(1)

C({J1s-d2k+3})

Vi -
:n2k+3 (2k + 3)! Z w(Zjlv'“?Zij-Hs) +0p(1)

J1<...<Jok+3

n!/(n — 2k + 3])! n -1
_ Y/ n2£+3+ ) ﬁ(mg) S Wy Zigs) (D).

J1<...<j2k43

=:Cn

=:Up

Hence, it follows that

\/ﬁ(z - 79) :cn\/ﬁUn - \/579
= 0 V(U —0n) + (cn — Dv/A9 5 N(0, %),
~~ . -~

—1

AN(0,D) —0

where
Y= (2k+3)2EP {(EP [w(Zjlv i) Zj2k+3)’Zj1] - 79) (EP [wT(ZjN ) Zj2k+3)’Zj1] - ﬁT)} :

With F ((a1,...,as)") = % and [/27°(Y') = F(9) application of the delta-method
az—aj

yields

N {Zl;;c”"l(Y) — loepel (Y)} = Va{F(7) — F(9)} 5 N(0, DF(0)"SDF(9)).

2

=0
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2

Lemma 2.7l The variance ¢ can be consistently estimated by

= DF()TSDF(D),

where
n -1 1
_ 2 (7. ) _ 5T
e |(4s) X G T e G <
J1<...<Jak+5 reS({1,...,4k+5})
and
- T
g(Zj17 ooy Zj4k+5) = w(ZjU ooy Zj2k+3)w (Zjn Zj2k+47 e Zj4k+5)'

Proof. We note that as a direct consequence of the theory of U-statistics DF' (1) can be
consistently estimated by DF'(7). Hence, if we find a consistent estimator for ¥ we can
estimate o consistently. Again we will estimate Y based on U-statistics, following the

idea in [Kowalski and Tu (2008) and the previous sections. To this end we consider

X/(2k + 3)* =Ep {Ew(Z},, s Zjnr o) Zi | Ev (W (Zjys ooy Ziy )| Z51) ) — 99T

=FEp {EP w Zj17 ey Zj2k+3) (Z]17 Z]2k+47 ZJ4k+5 ’ } 9"
=Ep {w(Zj17 ooy Zj2k+3) (ZJI7 ZJ%+47 J4k+5 } 997

Zh
We can estimate ¥j, by a (4k + 5)-th oder U-statistics. To this end let
~ T
g(Zjl’ sy Zj4k+5) = w(Zjl’ sy Zj2k+3)w (Zjl’ Zj2k+4’ ey Zj4k+5)

and § a symmetric version of §, for example

< 1 -
g(Zjl’ ) Zj4k+5) = m Z g(ZjTr(l)’ ) ijr(4k+5) )
" weS({1,...,4k+5})

It follows that the U-statistics

-1
~ n ~
p = <4k + 5) Z g(Zjlv "'7Zj4k+5)

J1<e.<Jak+5
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is a consistent estimator for ¥j,. Hence, a consistent estimator for ¥ is given by

—1
. n 1 N T
> = (2k+3)? E — E 9(Zj, 1y Zijniansy) T 00
Ak +5) 4~ (4k+5)
J1<...<Jak+5 reS({1,...,4k+5})

This implies that ¢ can be consistently estimated by

6% = DF())TSDF (7).
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Lemma[2.26. The variance o2 can be consistently estimated by DF (2)79(g*—iiT ) DF (),

where

—1
v _(n 1 A )
9= <5> ) 51 Yo (% Z, 2) " (2, Za, Z)

i<j<i<a<b " meS({i.jla.b})
and W(Z;, Z;, Z;) is obtained from w(Z;, Z;, Z;) by replacing all fs by fs.
Proof. Since [ is consistent for ¥ we can estimate DF (1) consistently by DF (7). Hence,

a consistent estimator for V remains to be found. Applying the same calculus as in
Section 2.2.1] we obtain that

V)9 = Ep(w(Zi, Z;, Z)w" (Zi, Za, Zp)) — 997

3(Ziy... Zp)

In this case as well, for estimation, we can replace ¥ by 7. The mean of § can be

consistently estimated by the U-statistic

. - 1 _
g = <Z> Z g Z g(Zw(i)a ey Zﬂ(b))

i<j<l<a<b  weS({i,jl,a,b})

Since § contains the unknown f we can not compute §. Nevertheless, we can replace f
by its estimator f without changing the asymptotic behavior of the estimator. This can

be seen as follows:

—1
A n 1
(D = <5> ) = > W (Zr (i) Zr()s Zn (1)) 0o (Zri)s Zr(a)s Zn(b))

i<j<l<a<b  weS({ijl,a,b})

n\ " 11
:<5> > wegE X > {9u(Zo(r@): Zotnti0)» Zor)

i<j<l<a<b " meS({ijl,a,b}) $eS({n(i)m(a)m(B)})
peS({r(i),m(5),m()})

90(Zy(a(i)) s Zip(m(a)) s Zu(m(v))) } -

The replacement of f by f can be justified similar to the reverse replacement before.

Let u # 3 and define

Lo = (9u(Z iy Zo()s Zo)) 90 Zip(iys Zip(ay> Zup(v)))
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and

FX i) = f (Xp(r(i)

Ar o = (9u(Zpiys Zpts)s Zp(t)) 9(Zuptiys Zays Zup()))

F (X))
With this definitions we can rewrite the estimator g as
(@)
n\ ! 11
:<5> GIpS Do (LmpwtAnpw)
i<j<I<a<bd 7€S({i,5,0,a,b}) veS{n(i),7(a),m(b)})
peS({m(i),m(5),m(1)})
n\ ! 11
() SIS 2
i<j<l<a<b meS({igla,b}) veSUn(i).m(a)m(0)})
peS({m(i),m(5),m(1)})
—1 f f
n 11 fX (e _fX (e
i (5) 2 mer 2 S et }Z)ﬁl <(>p( »
i<j<l<a<b 7 weS({ijlab}) veS({x(i).m(a).m(b)}) P
peS{m(i),m(5),m(1)})
The last term can be shown to be 0,(1). To this end regard
G B
5) 516! - _ ey FX o))
1<j<l<a<b weS({4,5,0,a,b}) veS{n(i),m(a),m(b)}) P
peS({m(i),m(5),m(1)})
f@) ~ f@)] ()™ L1
ol |6 X s 2 2. o Vot
ze i<j<l<a<b reS{ig.l,a,b}) veS{n(i)m(a)m(b)})

peS{m(i),7(5),7(1)})

The first term converges to zero in probability by Lemma 2.23] and the second term
converges to E(| Ly p|), provided this exists, by Theorem Therefore,

A~

n\ * 11 F X ontiy) = F (X p(eiiy))
L L. y
<5> 2 5! 6! 2 2 v F(X =)

i<j<l<a<b reS{i,jl,a,b}) veSUn(),m(a),m(b)})
peS({m(4),7(5),7(1)})
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is 0p(1) and we have

—1
. n 11
(@) =<5> > w5 2 > {va(Zotw(ins Zotr(3))r Zoty)

i<j<l<a<b 7 weS{i,j,la,b}) weS{n(i)x(a)x(b)})

pGS({W(l)JT(J)JT(l)})

90(Zip(n(iy) s Zp(m(a))s L)) § + 0p(1),

where v, is g, except for f is replaced by f By symmetry this argumentation also
holds for v # 3. If either uw or v (or possibly both) equals 3 we can also replace 12 by
fz by twofold application of the argumentation above. Hence, when replacing all fs by
fs in the definition of § we obtain a consistent estimator ¢* for the mean of g. Thus a

consistent estimator for o2 is given by

6% =DF()T9(g* — ii" )DF (7).
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Theorem [2.34. Under the assumptions of Section 2.2.8 we have that
oo <E’§f’m0d2(Y) - LX(Y)) £ N(0,02),

where 02 = DF(9)TSDF(0), £ = 2Ep (0(Z;)0" (Z;)), where w(Z;) = Ep (w(Z;, Z;)| Z;)—

¥ and F(ay,...,aq) = &%
4

Proof. We choose the same procedure as in the preceding sections to show the assertion.
This means that we show that the vector i = (i1, ...,i4)7, where i; = an o Yid(X;),
Zm” Y5( ), I3 = an M §(X)? and 7y = anZ;inl 5(X;) is essentially a

U statlstlcs. After that application of the delta method will give the desired asymptotic

distribution result. For the first element of 7 we obtain

m.
Myl == Mn
m

\/_ZYEP YIX:) + W%Y <5(XZ-) —EP(Y]XZ-)).
=1

m
=1

For the last term we have

‘\/_ZY EP(Y\X))

. 1 &
< my, Slé}} ‘5(x) - EP(Y]x)‘ p Z Y| = 0p(1).
r " i=1

—_——
=op(1) —Ep(|Y])<co
(B.3)

The fact that the first term here is o, (1) follows from Corollary 2321 As a consequence
to (B.3]) we have that

iy = ‘/_ZYEP (Y|X;) 4 0,(1)
=1

Mnp Mn

ZZYEP (Y1X;) + 0,(1). (B.4)

"1131

Furthermore, for i we can show that
NG :—W%YS(X) = _vm"s?ffax
nt2 My, 4 % mn, :
AL YZEP Y|X:) + Z( ~ Ep(Y]X;))

m
n i=1
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where it follows again from Corollary [2:32] that the second summand is 0p(1), hence

Mnp Mn

ZZYEP YIX;) + op(1). (B.5)

nzl]l

For the third element of 7 we need the twofold application of Corollary 2.32] to get our
desired result. As a first step note that similar to the considerations before, we have
that

NS i%é
n i=1 j=1
iia X)) Ep(Y|X;) + Vm@iiaxi) (S(Xj)—Ep(Y]Xj)).
ma i=1 j=1 no=1 j=1

/

~~

(*)

As a next step we show that the term (x) is 0p(1). We have that

() < Vi supBa) ~ Ee(¥la)| - Y [6x0)|.

The first summand is 0p,(1) by Corollary 2320 Hence, it remains to show that min S 16(X5)

is bounded as n — oco. To this end, we regard

b Zn 5(X;) — Ep(Y|X;) + Ep(Y] X))

i=1 Mn 52
Mp 1 mn
Z; p(Y|X)) m—z 5(X;) — Ep(Y|X)
1=

Z |Ep(Y|X:) |—|—5up‘5 EP(Y|33)‘

/ ~~

—Ep{|Ep(Y]X)[} =op(1)

% Be {|Ep (Y |X)]} < .

Thus, we have that

Mnp Mn

Z D (X)) Ep(Y[X;) + 0p(1).

i=1 j=1

V1M L3 =

n
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Applying Corollary 2.32] again leads to

- mp L
Vil = ¥ > ) Ep(Y[X)Ep(YIX;) + 0p(1). (B.6)
nooi=1 j=1

The considerations for 74 are

VMinly = Vi Zn 0(X;)
i—1

mnp

:‘{nﬂ—n" i Ep(Y|X;) + V1M Zn: <5(Xi) - EP(Y!Xi)>

m
=1

=op(1)

VNS Ep(YIX) 4 op(1). (B.7)

noj=1 j=1

We have according to Assumption 2.33]
91(Zi, Zj) = YiEp(Y|Xs)  92(Zi, Z;) = YiEp(Y|X;)

93(Zi, Zj) = Ep(Y|X;) Ep(Y|X;)  9a(Zi, Zj) = Ep(Y|X3)

as well as g = (g1, ....,g4)7 and w(Z;, Z;) = L (9(Zi, Z;) + 9(Z;, Z;)). With these defini-
tions and equations (B.4)), (B.H), (B.6) and (B.7) we obtain

) 1 Mn Mn
Vmpl = \/mnm Z Z w(Zi, Zj) + op(1).
n =1 =1
With Assumption 2:33] it follows from Lemma 2] that
. 2
Vmpl = ‘/m”WZ Zw(Zi, Z;) + op(1)
nooi<y
which implies
Vg, (T —19) = cpy/my, (U, — 9) + 0p(1),
where ¢, = m;;L—:l — 1 and

Up = <W;n> _12 > w(Zi, Z;)

1<j
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is a second order U-statistics. Consequently, we have that

L

Vi (i =) 5 Ni(0,3),

with ¥ = 2Ep (0(Z;)w” (Z;)), where w(Z;) = Ep (w(Z;, Z;)|Z;) — 9. As a next step, we
apply the delta-method to this result and obtain,

S <Zl)g(s,mod2(y) _ LX(y)) A N(0,02),

where 02 = DF(9)TSDF (), and F(ay,...,a4) = ~2=22_, H
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Lemma [2.35. Under the setup of this section a consistent estimate for o2 is given by

= DF()TSDF(D),

where 3 = §—ii? with 7 = (iy, ..., i4)7, where i) = an S Yi0(X), o = = S Yid(X),
i3 = min Yo 5(X;)? and 7y = W%n oo 5(X;) and

~1
2 mny 1 . .
Guw = < 5 ) Do 2 Yo 9By Zomn) 3o (Zow(is Zoy)):

a2 wES({z, 1}) ves{n(i)m()))
! P S ()

As in the proof of the previous theorem g is obtained from g by replacing Ep(Y|z) with

o(x).

Proof. Since we can estimate 9 consistently by ¢ it suffices to find a consistent estimate
for ¥. To this end we note that

Y =Fp

Z;))
Ep {w(Z;, Z;)|Z:} Ep {w" (Zi, Z;)| Z;}) — 99T
Ep {w(Zi, Z;)|Z:} Ep {w" (Zi, Z))|Z;}) — 99"
ZZ’Z Zz,Zl)) 1919T

:g(Z“ ]7Zl)

DN | =

(a(
(
(
(w(

Again we can estimate 9 consistently by . Ep (w(Z;, Z;)w”? (Z;, Z;)) can be, according
to the theory of U-statistics, consistently estimated by

-1
A m z
9= ( 3n> > 9(Zi, 25, 7),

i<j<l

where

< 1 -
g(ZZ7Z]7Zl) - 5 Z g(Zﬂ(i)7Z7r(j)7Z7T(l))7
reS({igl})

where S({i,7,1}) is the symmetric group of the set {7, j,1}. The estimate g can then be

-1
A My 1 ~

i<j<l ’ WES({i7j7l})

written as

However, g contains the unknown Ep(Y|X;) which means that we cannot compute this
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estimate. The solution to this problem is to replace this conditional expectation by the
kernel smoother §(X;). Note, that from the considerations that lead to (B4), (B3),

(B.6) and (B.7) it follows that

Mn Mn
mpy

\7/7; S 19u(Zi Z5) = §u(Zi, Z5)| = 0p(1)  Vu € {1,...,4}, (B.8)

noi=1 j=1

where Gu(Zy (i) Zy(x(j))) 15 the same function as gu(Zy(x(i)), Zy(x(j))) but with ()
instead of Ep(Y|z). In the following, we will show that the replacement of the conditional
expectation by the kernel smoother does not affect the consistency of g. We do so by
showing that replacement does not affect the consistency in each element of g. Therefore,

have a look at

—1
My, 1
:< 3 > doai 2 wulZe) Ze(y)wo(Zagiy Zug)
i<j<l 7eS({i,5,l})

—1
my, 1 1
:< 3 > doa 2 w2 9l Zoei)90 Zotnii: Zpny)

i<j<l T weS{igl}) T wesSUn ()G}
P pesint) )
We show that we can replace gu(Zy(x(i))» Zp(x(j))) in this expression by gu(Zy(x (i), Zu(x()))-
By symmetry it then follows that we can also replace g, (Z,(x(i)), Zp(=(1))) BY 90(Zp(x(i))s Zp(x(1)))-
Obviously, it suffices to show that

My, -1 1 .
( 3 ) o 2 > A9l Zutns Zomn) — GulZorn)s Zoin) }

i<j<t " neS{iglh) ves{Un(i)m(i)})
(B.9)

converges to zero as m, — co. To this end, we make the following considerations.

My -t 1 5
( 5 ) domm 2 > AnlZuetn Zuay) — 0ulZutntiyy Zon)}

i<j<l ~ weS{i.g1}) veS({n(d),m(5)})

my\ ! 1 5
5< 3> >3 > HoulZywin Zoein) = 3 Zytis Zoin) -

i<j<t " weS({ig.1}) veS({n(),m(5)})

To show that this converges to zero it suffices to regard each of the 12 summands for
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which 7 and 1 are fixed. Hence, we regard for fixed 7 and v

My, -1 1 .
( 5 ) > 315 HuZomys Zonin) = G Zutntiny: Zian) |

i<g<l
L (ma\™! i
§1—< 5 > > HoulZuiny, Zun) = GulZitioy: Zotn)
,7,0

Mn

() a2 2) (2 23)| = )

by (B8). From this it follows that (B3) is also 0,(1), which implies that the estimate ¢
with

—1
N mp 1 pd p’
Jup = ( 3 ) > 2 > Yo 3l Zume Zorn) 30 (Zowis Zoay)
i<j<l =7 meS({i,jl}) veSn(i)m(i)})
peS({n(i)m(1)})

is also consistent for Ep (w(Z;, Z;)w” (Z;,Z;)). Consequently, ¥ can be consistently
estimated by

This leads to the estimate

which is consistent for 2. O
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