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Abstract

The Mumford-Shah functional has provided an important approach
for image denoising and segmentation. Recently, it has been applied
to image reconstruction in fields such as X-ray tomography and elec-
tric impedance tomography. In this thesis we study the applicability
of the Mumford-Shah model to a setting, where a prior: edge informa-
tion is available and reliable. Such a situation occurs for example in
biomedical imaging, where multimodal imaging systems have received

a lot of interest.

The regularization terms in the Mumford-Shah functional force
smoothness of the image within individual regions and simultaneously
detect edges across which smoothing is prevented. We propose to di-
vide the edge penalty into two parts depending on the a priori edge in-
formation. We investigate the proposed model for well-posedness and
regularization properties under an assumption of pointwise bounded-

ness of the underlying image.

Furthermore, we present two variational approximations that allow
numerical implementations. For one we prove that it I'-converges to
a special case of our proposed model, the other we motivate heuris-
tically. The resulting algorithm alternates between an image recon-
struction and an image evaluation step. We illustrate the feasibility

with two numerical examples.
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Chapter 1
Introduction

In this thesis, we study a novel approach to image reconstruction from ill-posed
operator equations, using a priori edge knowledge. The proposed model is based
on the well-known Mumford-Shah regularization for image denoising and segmen-
tation.

In this introduction we will first state the underlying motivation and then
describe our proposed approach. Finally, we describe our contributions and give

an outline of the thesis.

1.1 Multimodal image reconstruction

The underlying motivation to our work stems from multimodal image reconstruc-
tion in medical imaging. This field has gained considerable interest in recent years
and is still rapidly developing Ehrhardt et al. [2014]; Kazantsev et al. [2014]; Leahy
and Yan [1991]; Schweiger and Arridge [1999]; Townsend [2008]; Vauhkonen et al.
[1998].

Over the last decades, a number of imaging modalities have emerged in the
field of biomedical imaging. For example there are well established procedures,
such as X-ray computed tomography (X-ray CT) or magnetic resonance imag-
ing (MRI), that can visualize anatomical information with a high resolution and
newer methods, such as diffuse optical tomography (DOT), positron emission to-

mography (PET) or electric impedance tomography (EIT), which are capable of



visualizing chemical or biological processes, but have a poor resolution, see Bush-
berg and Boone [2011]; Intes [2008]. The natural observation that motivates this
thesis is that images of the same object, but obtained from different modalities,
possess similar complementary feature information.

A multimodal imaging approach treats the reconstruction from two or more
imaging modalities as a combined task, rather than solving each imaging prob-
lem individually, see Intes [2008]. The terminology covers both innovations on
the hardware side, where scanners have been developed that can acquire data
from different modalities, either sequentially or simultaneously Cherry [2006],
and innovations on the algorithmic side, where methods have been developed
making use of the cross modal information in the inversion of the data, see for
example Ehrhardt et al. [2014]; Somayajula et al. [2005]. Bi-modal examples are
PET/MRI and PET/X-ray CT that are also in commercial use, where PET gives
functional and MRI or X-ray CT yield anatomical information.

In applications, the measured data is almost always incomplete or inaccurate,
due to limitations for example in the measurement geometry or accuracy. Fur-
thermore, indirect imaging problems lead to inverse problems, that are typically
ill-posed, see Engl et al. [1996]. In light of the ill-posedness and corrupted mea-
sured data it is therefore desirable to make use of all available information from
different methods in a complementary manner to narrow the solution space.

Steps for a multimodal imaging approach are to identify the features that are
shared across the considered modalities, model these features and design algo-
rithms that can make use of the additional complementary information. For many
applications, such as PET/X-ray CT and DOT/X-ray CT, the edges of the un-
derlying images are correlated as different anatomical regions usually also present
different functional information. We therefore want to use edges as the connect-
ing feature, see also Kazantsev et al. [2014]; Leahy and Yan [1991]; Schweiger and
Arridge [1999]. Other possible features are information theoretic similarities as
in Somayajula et al. [2005].

In this work we consider a variational approach to bimodal image reconstruc-

tion. In the following section we present the model we base our approach on.



1.2 The Mumford-Shah model for image seg-

mentation and denoising

In the following, we consider an image as a function on a two dimensional bounded
domain Q C R2.

Computing a segmentation of an image is a key step in image processing.
The segmentation problem for an image g € L*(2) can be defined as finding a

decomposition
Q:R1UR2U...UR1UK

of ), where R; C () are disjoint connected open subsets and K is the union of

the boundaries of R; in 2. We consider a decomposition meaningful if
1. the image g varies smoothly and/or slowly within each R;,

2. the image ¢ varies discontinuously and/or rapidly across K between differ-
ent Rz

A segmentation is often used as a starting point for further analysis and thus
plays a key role in image processing.

Inspired by the discrete Gibbs energy of Geman and Geman [1984], in Mum-
ford and Shah [1989] a variational approach to the image segmentation problem
was introduced. They proposed to minimize a functional (see equation (1.1)) with
the aim to find a piecewise smooth approximation of an image and also detect
its edges. Since its introduction the Mumford-Shah model has received a lot of
attention, see for example Ambrosio et al. [2000]; David [2005]; Fusco [2003].

To a given noisy image g € L>(Q), the Mumford-Shah functional is
defined as

MS(f, K) ::/Q|f—g|2dx+oz/Q\K|Vf]2dx+ﬁﬂ{1(K) (1.1)

for every closed subset K C €, every f € WH3(Q\ K) and positive parameters

« and 3. The one dimensional Hausdorff measure H!(K) measures a generalized



length of K, see Section 2.2 for the definition. The last term forces K to be a
1-dimensional rectifiable curve for a minimizing pair (f, K).
A minimizer (f, K') of the Mumford-Shah functional (1.1) must balance three

requirements each coming from one of the terms:
1. f must be a good approximation of ¢ in the Ly norm,
2. f must be smooth everywhere in {2 except at the edges K,
3. the edges K must be as “short” as possible.

The minimizer (f, K) can be understood as a simplification of the original picture
g. Regions in Q\ K are drawn smoothly and details are lost, but main objects are
sharply marked through K. In this thesis we consider a pair (f, K) fulfilling the
above described requirements as a “good segmentation”, i.e. the smaller MS(f, K)
the better.

The Mumford-Shah functional has a natural generalization for signals on N-
dimensional domains  C RY. Instead of penalizing the length of an edge, in
dimension N the discontinuity set K is penalized by its N — 1 dimensional Haus-
dorff measure HY"1(K). As a result, for minimizers (f, K) the set K essentially

is a N — 1 dimensional subset of 2 (in the sense of Hausdorff dimension).

1.3 Regularizing with the Mumford-Shah func-

tional

The Mumford-Shah functional and its variants have been applied to many imaging
applications. Examples are electric impedance tomography Rondi and Santosa
[2001], image inpainting Esedoglu and Shen [2002], image deblurring Bar et al.
[2006], X-ray tomography Ramlau and Ring [2007], electron tomography Klann
[2011] and SPECT Klann and Ramlau [2013].

Let A: X — Y be a forward operator of an imaging application mapping
from its image space X to its data space Y (both spaces suitably defined). The



Mumford-Shah functional with corresponding least squares fidelity term then is

MS(f,K) = [|A(f) — gll? + o /

IV f|2dx + BHNH(K). (1.2)
Q\K

With a non-trivial operator A, the original existence and regularity theory cannot
be applied directly. In fact, the functional (1.2) may not have a minimizer without
extra constraint, as shown in Fornasier et al. [2011] for the image deblurring
problem. Therefore it is necessary to introduce reasonable constraints on the
image f, edge set K or forward operator A to establish existence results, see
Rondi [2007, 2008a,b]; Rondi and Santosa [2001]. In Rondi [2008b], it was shown
that for electric impedance tomography and for certain linear forward operators
under a pointwise boundedness constraint on f, the Mumford-Shah functional
yields a regularization on the image. In Jiang et al. [2014] it was shown that
under the same pointwise boundedness constraint the Mumford-Shah functional
yields a regularization for both the image and edge for an a prior: parameter
choice rule. When the image f is restricted to piecewise constants, existence and
other regularization properties have also been established by Klann and Ramlau
[2013]; Ramlau and Ring [2010]. In Fornasier et al. [2011] it was shown that
under an additional regularity constraint on K, the Mumford-Shah functional
yields a minimizer for linear forward operators, provided they are either compact

and injective or first-order differential operators.

1.4 Image reconstruction with the Mumford-Shah

model using a prior: edge information

We now present the model we propose to bimodal imaging based on the Mumford-
Shah model.

We study one specific case of feature based bimodal image reconstruction,
where one modality is severely more ill-posed than the other. Examples for such
a setting are PET /X-ray CT and DOT/X-ray CT , where DOT and PET are the
more ill-posed problems.

Because of this asymmetrical setting we use the feature similarity only in one



direction, which is from the less to the more ill-posed problem. We will presume
that the less ill-posed problem is already solved and its edge set K° C  is
available and reliable. Our approach is to use the a priori edge knowledge of K°
in the reconstruction of the more ill-posed problem.

We propose to separate the edge penalty H~1(K) into two parts depending
on K° leading to the Mumford-Shah type functional with a priori edge
knowledge

MS(f, Ko = AU gl +a [ VP (13)

O\K

+ BHYTHE N\ K) + 43 (K N KT,

with parameters 0 <~ < f and 0 < a.

In the modified functional (1.3), edges K that coincide with a priori edges
K° are penalized less (with factor «), than edges not included in K (with factor
B). Thus, edges coinciding with K® are more likely to be reconstructed. In the
early work Leahy and Yan [1991] a closely related approach based on the discrete
model of Geman and Geman [1984] was proposed for coupled PET /MRI.

In Chapter 3 we will study the proposed functional with regard to existence

of a minimizer, stability and parameter choice rules.

1.5 Variational approximation in the sense of ['-

convergence

In applying the Mumford-Shah regularization to practical applications, several
issues arise. The primary difficulty comes from the edge part because it is not
easy to represent in programming and to trace its updates. One solution is to
use the level-set method Chan and Vese [2001]. Another approach is based on
the I'-convergence theory by approximating the edge set with smooth indicator
functions Ambrosio and Tortorelli [1992].

In this work we study the latter approach for the above described Mumford-
Shah functional with a priori edge information (1.3). The aim is to define a

sequence of regular functionals, that on the one hand can easily be implemented,



and on the other hand yield minimizers that approximate solutions of the original
problem. A suitable notion of convergence for such variational approximations is
I'-convergence, see Braides [2002].

In Chapter 4 we follow the I'-convergence approximation of the Mumford-
Shah functional with elliptic functionals from Ambrosio and Tortorelli [1992]. In
Ambrosio and Tortorelli [1992] a phase field approach, where the edges are ap-
proximated by smooth indicator functions v € W2(Q),0 < v < 1, was proposed.
There v ~ 0 indicates the presence and v ~ 1 the absence of an edge.

There are several advantages in choosing a phase field approach to model
edges. Firstly, it gives a non-parametric global description of edges with which
topological changes, such as introducing new edges, do not require extra effort.
Secondly, the edges are available in a format that is easy to access and therefore
can be used for other image processing tasks such as image registration, see Droske
et al. [2009]. Thirdly, in contrast to sharp edge representations, the phase-field
function only indicates the approximate position of edges in a blurry way. As a
result, stronger and weaker edges can be distinguished with the indicator function.
Naturally, these characteristics are disadvantageous for certain tasks, for example
if a sharp segmentation into different regions is desired.

For the original Mumford-Shah penalty, the I'-approximation of Ambrosio-

Tortorellr is

AT, (f,v) = a/(v2 + k.,)|V f|*dz + ﬁ/en]Vv\Q + %dm, (1.4)
)

Q

where f,v € W'%(Q),e,, k., € R" and k., is of higher order than &,. As for the
Mumford-Shah penalty, the first integral of (1.4) enforces smoothness whenever
there is no edge, i.e. v & 1, and the second integral penalizes edges.

To derive a variational approximation for (1.3) we need to describe the a priori
edges in a suitable way. We assume that for the a priori edge set K° we have a
sequence of smooth functions {vY}, for which v2(z) — 0 if z € K° and otherwise

0

vp(z) — 1. We will add further technical assumptions later, see Assumption 4.1.



In this work we study the modified penalty

AT, o(f,v) = a/(v2 + k., )|V [Pz + 5/an|W|2 + de, (1.5)
Q Q A2
where the last quadratic term was changed from (1 — v)? to (v — v)?. In areas
where no a priori edge information is available, that is locally v? ~ 1 for all n
large enough, the penalties AT, and AT .0 are approximately the same. In
areas where there is a priori edge information, that is locally v2 ~ 0 for all n
large enough, the penalty guides v to take an edge at the location.

In Chapter 4 we will present sufficient conditions under which the proposed se-
quence of functionals (1.5) [-converges to the Mumford-Shah penalty including a
priori edge information. Unfortunately, we can only establish the ['-convergence
under the condition v = 0. Nevertheless, we propose a heuristic approxima-
tion which overcomes shortcomings of the above proposed penalty in numerical

implementations.

1.6 Contribution and related work

There are several similar variational models to (1.3) in the literature. For exam-
ple in the already mentioned work Leahy and Yan [1991] a finite difference model
using the same idea of penalizing jumps differently according to some a priori
known set is studied. Mathematically very close variational problems are studied
in the context of fracture mechanics by Amar et al. [2010]; Babadjian and Giaco-
mini [2013]; Dal Maso et al. [2005]; Giacomini and Ponsiglione [2006]. Motivated
by crack evolution in anisotropic materials these works cover rather general edge
penalty terms. The same compactness and lower semicontinuity properties in the
aforementioned work are used in this thesis, for example to obtain existence of
a solution. For this reason the main contribution of Chapter 3 are the results
on the regularization properties of the Mumford-Shah penalty (also for the case
K° = ). As shown by Fornasier et al. [2011] the topologies and assumptions
have to be chosen with care to ensure that the regularization is well posed. Once

a setting is fixed, the actual proofs for stability and the regularization properties



follow established paths such as in Anzengruber and Ramlau [2010]; Klann and
Ramlau [2013]; Ramlau and Ring [2010]. However, the proofs still needed to be
verified in detail, for example to see what constraints on the parameters are nec-
essary. Our work extends the regularization results of Jiang et al. [2014]; Rondi
[2008b] and gives further justification of using the Mumford-Shah approach as a
regularization.

There are many approximations of the original Mumford-Shah functional that
allow numerical implementations. For example, there are finite difference approxi-
mations Chambolle [1995], finite element approximations Bourdin and Chambolle
[2000], elliptic approximations Ambrosio and Tortorelli [1992] or non local ap-
proximations Braides and Dal Maso [1997]. See also Braides [2002]. In Chapter 4
we extend the classic approach of Ambrosio and Tortorelli [1992], which is still
used as the reference algorithm for comparisons with new implementations of the
Mumford-Shah functional. To our knowledge this kind of extension is new. The
difference to other generalizations is that our approximations depend not only on
a scalar parameter but also on a sequence of functions.

Our numerical results are meant as a first illustration of the proposed model
rather than an exhaustive study. The resulting algorithm alternates between an
image reconstruction and image evaluation step. Such a procedure can also be
understood in the context of adaptive regularization methods with non constant
regularization parameter, see for example Alexandrov et al. [2010]; Gilboa et al.
[2006]; Grasmair [2009].

1.7 Outline

The thesis is structured as follows.

In Chapter 2 we state some notations and results needed in the later parts of
the thesis.

In Chapter 3 we study the proposed model regarding existence of a minimizer,
stability with respect to the data and regularization parameters and parameter
choice rules.

In Chapter 4 we study the proposed approximation. We first investigate the

a priori sequence {v°} and note the assumptions we impose. Then we establish



convergence in one dimension for the case v = 0 and lift the result to dimension
N > 2 by standard arguments in the theory of I'-convergence. Finally, we give a
heuristic motivation for a second variational approximation.

In Chapter 5 we evaluate the approach for two inverse problems with simulated
data. One is X-ray CT and one is 2 dimensional DOT. Both applications are
covered by our theoretical results.

In Chapter 6 we draw a conclusion and provide an outlook for future work.

10



Chapter 2

Preliminaries

2.1 Inverse Problems

In this section a brief introduction on ill-posed inverse problems is provided. The
reference for this section are Engl et al. [1996]; Louis [1989]; Rieder [2003].

Let X and Y be Banach spaces and A : X — Y a operator, possibly non-
linear. Computing for a given f € X its effect under the operator A(f) = g is
called the direct problem. In many applications the opposite is desired, that is
for a given observation g € Y the cause f € X resulting in g is wanted. Solving

the operator equation

Alf) =y (2.1)

for a g, is called the inverse problem. If the operator A is linear and bounded, it is
called a linear inverse problem. Inverse problems arise in many branches of science
and engineering, including computer vision, geophysics, medical imaging and
nondestructive testing Rieder [2003]. In most applications the inverse problem is
ill-posed, which leads to sever difficulties due to the inaccuracy in the model and
the noise in the data.

Hadamard [1923] proposed the following definition for the well-posedness of

an inverse problem.

Definition 2.1. Let A: X — Y be a map between the topological spaces X and

11



Y. The problem (A, X,Y") is called well-posed, if the following properties hold.

(i) The equation Af = g has a solution for every g € Y.
(ii) The solution is uniquely determined by the data g.

(iii) The inverse map A™' 1 Y — X is continuous, that is the solution f is

continuously dependent on the data g.
If one of the conditions does not hold, the problem is called ill-posed.
We denote by R(A) := A(X) the range of A. Condition (7iz) is usually the

crucial one. In applications, the measurement typically carries some errors. Often
instead of the exact data g € R(A) only a corrupted version ¢° € Y is measured.
A simple way to characterize the noise is by its noise level 6, with ||g° — g||y <.

As ¢° is not necessarily in the range of A, more general solutions to the inverse
problem have to be considered. A possible approach is to consider least square

solutions f € X for which

f = argmin,c[|Af — ¢°I13- (2.2)

Other criteria might also be used in 2.2, for example the Kullback-Leibler diver-
gence. If least square solutions exist there might be infinite many and in order
to uniquely determine a solution an additional selection is needed. Furthermore,
the least squares approach does not resolve the crucial problem of condition ().

To stabilize the inversion often the minimization of penalized least squares

functionals

F(f) = [IA(f) = 9°lI72 + @ (f) (2.3)

is considered, as in Tikhonov [1963]. In this approach, besides the fitting to
the observed data ¢° enforced through the first term (called the fidelity term),
a priori knowledge on the solution f can be introduced into the reconstruction
through the penalty functional W. Some choices of the regularization term are
U(f) = IV, () = |If]12 Tikhonov [1963] or W(f) = [Vf]1: (the total
variation of f) Rudin et al. [1992]. Other choices of ¥ could be norms or semi-

norms of f and/or V f or “norms” with respect to a certain basis or frame as in

12



sparsity regularization Daubechies et al. [2004]. The parameter a > 0 balances
the influence of the data fitting term and the penalty term W.

The choice of a has a big influence on the quality of the reconstruction. A too
large o leads to a minimizer that might not approximate the data well enough,
a too small a leads to a minimizer where the errors of the data might be carried
over and amplified. Furthermore it has to be ensured that the bias introduced
through the penalty is reasonable. That is the a priori knowledge is used to
deal with the errors and noise in the data, but it can be ensured, with a suitable
parameter choice rule, that for decreasing noise the reconstruction tends to the
true solution.

In our work we consider non-linear operators and non-convex variational meth-
ods. Therefore we can not ask for uniqueness of the minimizer and hence also
not for convergence in norm. Moreover we have multiple parameters. These re-
quirements, together with the need of stability, lead to the following definition of

a regularization we will use.

Definition 2.2. Let AT : R(A) — X be an operator that maps g € R(A) to a
solution f1 = Al(g) of (2.1). A family of operators R* : Y — 2% for a € RY is

called a regularization for A" if:
(i) (Existence) The set R*(g) is non-empty for all g € Y.

(ii) (Stability) For every a € RY, {g,},g € Y, if g» — g, then there exists

a sequence {f,} € R*(gn) that convergences, at least subsequentially, to a

f € R%(g).

(iii) (Convergence) For ¢° € Y such that ||¢° — glly < & and suitably chosen o =
(0, ¢°) with a(d,g°) — 0 as § — 0, there exists a sequence {fs} € R*(¢%)

that convergences, at least subsequentially, to a solution of (2.1) as § — 0.

2.2 Radon measures and the Hausdorff measure

In this section the theory of measures needed for the space of bounded variation
is recalled. Moreover the Hausdorff measure is defined. The main reference is
[Ambrosio et al., 2000, Chapter 1].

13



First the o-algebra and measure spaces are defined.

Definition 2.3 ([Ambrosio et al., 2000, p.1 Definition 1.1}). Let M be a nonempty
set and let A be a collection of subsets of M.

(i) We say that A is a o-algebra if 0 € A, M/E, € A whenever E; € A and
for every sequence (E,), C A the union |, E, € A.

(i) If A is a o-algebra in M, we call the pair (M, A) a measure space.

(iii) The smallest o-algebra containing all open subsets of M is called Borel-

algebra and is denoted by B(M), when M is a topological space.

For simplicity we restrict the following definitions to bounded domains 2 C

RV,

Definition 2.4 ([Ambrosio et al., 2000, p.2 Definition 1.4, p.19 Definition 1.40]).

Let (2, A) be a measure space.

(i) We say that pp : A — R™ is a measure if u(0) = 0 and for any sequence

(En)n of pairwise disjoint elements of A

(ii) A set function defined on the relatively compact Borel subsets of Q0 that is
a measure on (K,B(K)) for every compact set K C € is called a Radon
measure on §2.

If the function is a measure on (€2, B(Q2)) it is called a finite Radon mea-

sure.

We state a special case of the Radon-Nykodim Theorem, which we will need
to characterize functions of bounded variation. We denote the N dimensional

Lebesgue measure by £V.

Theorem 2.5 ([Ambrosio et al., 2000, p.14 Theorem 1.28] Radon-Nykodim). Let

v be a R™-valued finite Radon measure on 2. Then there exists a unique pair of

14



R™-valued measures v*,v® with
v=v"+1°

where v* is absolutely continuous with respect to LV and v® is singular with respect
to LN. Moreover there is a unique function f € (L*(Q))™ so that v* = fLN.

The Hausdorff measure below is a generalized volume for lower dimensional
sets. We will use the Hausdorff measure to penalize the discontinuities in the
Mumford-Shah functional.

Definition 2.6 ([Ambrosio et al., 2000, p.72 Definition 2.46]). Let k € N and

E C RY. The k-dimensional Hausdorff measure of E is given by

H*(E) = lim H}(E)

pL0

where, for 0 < § < oo,ﬂ-(’; 1s defined by

J{k( = —mf{z diam(E;))* : diam(E;) < p, E C Ujer E}

el

for finite or countable covers {E;}icr, with the convention diam(@)) = 0. The

constant wy, is the Lebesque measure of the unit ball in R¥.

We will need the following lemma to lift our I'-convergence result from one

dimension to N dimensions in Chapter 4.

Lemma 2.7 ([Attouch et al., 2006, p.122 Lemma 4.22]). Let pu be a non-negative

R—wvalued Radon measure, {f,} be a family of non-negative functions in L}L(Q)
Then

/ SUpy fodjt = sup Z / fzdu

el

where the supremum is taken over all finite families {A;}ier of pairwise disjoint

open subsets of €2.
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2.3 Sobolev spaces

In this section Sobolev spaces are introduced. The reference is [Ambrosio et al.,
2000, Chapter 2]. Let © C RY be an open domain.

We denote the Banach space of real valued p-integrable functions as L”(£2, R)
for 1 <p<oo,ie feLP(QR)if and only if

| fllzeco) = (/Q |f|pdx)p < 0.

The Banach space of essentially bounded functions is written as L>(£2, R) with

norm

71l @ NcQ:llen(N)=0(ng{)NU(J;)D

In the following we will write LP(§2) := LP(€2,R) for 1 < p < oo and also omit R
for the Sobolev spaces WP (§2) which we define in the following.

We first need the definition of weak derivatives.

Definition 2.8 ([Ambrosio et al., 2000, p.43 Definition 2.3 + p.45 Remark 2.10]).
Let o be a multiindex and f € Li,.(Q); if there is g, € L}, such that

||
/ f—(9 odr = (—1)"’| / Jatpdx Vo € C5°(92),
o or Q

then we say that g, is the weak a-th derivative of f. The a-th weak derivative
if exists is unique and is denoted by %ﬂf or Vf.

We can now define the Sobolev spaces.

Definition 2.9 ([Ambrosio et al., 2000, p.43 Definition 2.4 and p.45 Remark
2.10] ). We say that f € W™P(Q) if f € LP(Q) and for every |a| < m all weak

derivatives %f exist and belong to LP(S).
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The Sobolev spaces W?(Q) for 1 < p < co endowed with the norm

1w = 1T+ D IV FI

i=1 |a]=i
and for p = oo with
1 llwmes = 1 flpe + DD IV Flles
i=1 |a|=i

are Banach spaces (for p = 2 Hilbert spaces).
We make a remark about the weak convergence in Sobolev spaces, which we

will need later. First we note the weak convergence in LP(2) and in W™P((2).

Remark 2.10 ([Alt, 1985, p.228 example 1 and 3]). Let 1 < p < oo and %jﬁ =1.
If p=1 set ¢ = .

(i) For f., f € LP(Q):

fao— f weakly in LP(Q)

= /fngdx%/fgda: for all g € LY(Q).
Q Q

(ii) For fn,f e WmP(Q):

fo— [ weakly in W™P(Q)
o0 0 ,
= —fo— =——f weakly in LP(Q) for all |a] < m.
01, 0x,
Now we show that for bounded domains weak convergence in W™P(Q) for

1 < p < co implies weak convergence in W™1(§2).

Remark 2.11. Let Q C RY be a bounded domain and f,, — f weakly in W™P(Q)
with 1 < p < o0 and%—k%:l.
As the domain is bounded for every |a| < m the functions 2 f,, 22 f € LP(Q)

OxeJ Ny Pre
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are also in L' (). Moreover L>(Q) C L)) and therefore for every g € L>=(Q)

olel olal

2.4 Functions of bounded variation

In this section the space of functions of bounded variations BV (€2, R) is intro-
duced. It is the space that we use to model images for a relaxed version of
the Mumford-Shah functional. The reference for this chapter is Ambrosio et al.
[2000]. Let © C RY be open and bounded. We again write BV () := BV (Q,R)

Definition 2.12 ([Ambrosio et al., 2000, p. 117 Definition 3.1] The space BV (2)).
Let f € LY(Q); we say that f is a function of bounded variation in Q if the

distributional derivative of f is representable by a finite Radon measure in €1, i.e.

if

/fﬁspdx:—/godDif Vo e CyP(R2), i=1,...,n

for some RN -valued measure Df = (D1 f, ..., Dxf) in Q. The vector space of all
functions of bounded variation in € is denoted by BV () .

Moreover we define the total variation of Df as
|Df| := sup {Z \Df(E,)| : E, € B(Q) pairwise disjoint, ) = UE"}
n=0 n

To explain the name of BV (Q2) the following definition of variation is needed.

Definition 2.13 ([Ambrosio et al., 2000, p. 119 Definition 3.4]). Let f € L, ().
The variation V (f,Q) of f in Q is defined by

V(£,0) = sup { [ i) e o€ l@. ol < 1}

The space BV (Q) contains exactly those functions f € L*(€2) for which the
variation V' (f, ) is bounded.
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Proposition 2.14 ([Ambrosio et al., 2000, p. 120 Proposition 3.6]). Let f €
L} .(Q). Then, f belongs to BV (Q) if and only if V(f,Q) < co. In addition for
any f € BV(Q) it holds V(f,Q) = |Df|(Q2).

The space BV () is a Banach space with the norm

I llBv) = [[fllei@ + [DFI(),

For every f € W'(Q) it is ||f|lwri@) = ||fllBve). The inclusion W(Q) C
BV (Q) is strict, as for example the Heaviside function h : (=1,1) - R

1, >0

h(x)::{() z <0.

is in BV (=1,1) \ WbH(=1,1).
The notion of continuity and differentiability has to be generalized suitably
for functions in BV (Q2).

Definition 2.15 ([Ambrosio et al., 2000, p. 160 Definition 3.63] Approximate
limit). Let f € L} (Q); we say that f has an approximate limit at z € Q if

loc

there exists z € R such that

o B
lgﬁ)lm /B,,(x) |f(y) — z[dy = 0. (2.4)

The set SyC Q without an approximate limit is called the approximate discon-
tinuity set. For any x € Q\ Sy the value z, uniquely determined by (2./), is
called the approzimate limit of f at x and is denoted by f(:z:) A function f is
called approximately continuous at z if x ¢ Sy and f(x) = f(z).

For a function in BV (2) the approximate discontinuity set is of zero Lebesgue
measure LV (S}) = 0.

Proposition 2.16 ([Ambrosio et al., 2000, p. 160 Proposition 3.64 (a)]). Let
f e LL(Q). Then Sy is a LN-negligible set and f(z) : Q\ Sy — R coincides

loc

LN -almost everywhere in Q\ Sy with f.

In the same idea the approximate gradient is defined.
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Definition 2.17 ([Ambrosio et al., 2000, p. 165 Definition 3.70] Approximate
differentiability). Let f € L}, (Q) and let x € Q\ Sy; we say that [ is approxi-

loc

mately differentiable at x if there exists a 1 x N matriz L such that

. 1 f)—f@) - Lly—=x),
lf}ﬂ)l LN (By(x)) /BP(J:) P =0 (25)

If f is approxzimately differentiable at x the matriz, uniquely determined by (2.5),
is called the approximate differential of [ at x and is denoted by V f(x).

For the definition of the approximate jump set the following notations for two
halves of a ball B,(x) cut by a hyperplane is used. Let v € RY and (-,-) denote

the euclidean inner product in RY. We define:

B:(:p, v) :={y € B,(x)| (y — x,v) > 0},
B, (v,v) == {y € By(x)|{y —z,v) <0.}.

We write the unit sphere as S™V—1.

Definition 2.18 ([Ambrosio et al., 2000, p. 163 Definition 3.67] Approximate
jump points). Let f € L}, (Q) and x € Q. We say that x is an approximate
jump point of f if there exist a,b € R and v € SV~ such that a # b and

1
lim —— — aldy = 5
B T o S 10 (2:6)
and
i e [ ) by =0 2
mm ——=———— — = U. .
0 LB, (@) Joram

The triplet (a,b,v), uniquely determined by equation (2.6) up to a permutation
of (a,b) and a change of sign of v, is denoted by (f*(x), f~(z),vs(x)). The set
of approzimate jump points is denoted by J;.

In the following the two triplets (a, b, v) and (b, a, —v) are viewed as equivalent.

Using the Radon-Nykodim theorem 2.5 the distributional derivative D f can

be split into an absolutely continuous part D®f, which is integrable with respect
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to the Lebesgue measure, and a singular part D f
Df =D+ D°f.

The singular part can be further divided into a jump part, restricted to the jump
set DI f = D*f|;,, and a diffuse part D°f = D*f — D7 f = D*f|g\;,. The part
D¢ is called Cantor part, as the Cantor-Vitali function is the most prominent
example for a function with Df = D°f.

The density of the absolutely continuous part D* can be characterized more

precisely.

Theorem 2.19 ([Ambrosio et al., 2000, p. 177 Theorem 3.83] Calderon Zyg-
mund). Any function f € BV(Q) is approzimately differentiable at L™ -almost
everywhere point of Q). Moreover, the approximate differential V f is the density
of the absolutely continuous part of Df with respect to LV .

The jump part D’ f can also be characterized.

Theorem 2.20 ([Ambrosio et al., 2000, p. 173 Theorem 3.78]). Let f € BV ()
then

FHNH S\ Jp) =0 (2.8)
and
DIf = (f*" = f vy,

Because of (2.8) the jump set J; and discontinuity set Sy are essentially the
same and we will only use Sy in the following chapters.
It turns out that the space BV (2) is too big for minimizing Mumford-Shah

type functionals. Instead the subspace of functions with D¢ = 0 will be used.

Definition 2.21 (SBV(Q2)). Let f € BV(Q2); we say that f is a special func-

tion of bounded variation in (2 if

Df =0. (2.9)
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The vector space of all special functions of bounded variation in € is denoted by

SBV(Q).

In the following some properties are listed that will be useful in the later parts
of the thesis. The most important property is the compactness and semicontinuity
theorem in SBV ().

First we states that the variation is reduced if a function is cut off at a constant

value.

Proposition 2.22 ([De Giorgi et al., 1989, p.198 Remark. 2.2]). Let f € BV (Q)
and set f, = min{a, max{f, —a}} for 0 < a < oo. The following properties hold:

Vil <IVf| ae onQ,
HY (S, \Sp N Q) =0,

/|Dfa|dx§/|Df|dx.
Q Q

From the above proposition it directly follows [, |V fo|dz < [, |V f|dz and
HNH(S,, NQ) < HYLH(S, N Q).

The following propositions are about the relation between the spaces W1 (Q)
and SBV (Q).

Proposition 2.23 ([De Giorgi et al., 1989, p.198 Lemma 2.3]). Let f € L®(2)N
LY(Q). Let K C RY be closed and assume

feW(Q\K) and FH¥N"YKNQ) < +oo.
Then

feSBV(Q) and SN C K.

Also note that for a bound domain Q if [, ,[Vf[*dz < +oo then also
fQ\K |V fldx < 4o0.
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Proposition 2.24. Let f € SBV(Q) N L>(Q2) and
/ \VfPdx < 400,
Q

then f € WP(Q\ S}).

Proof. For a function f € SBV(Q) the distributional derivative restricted to
0\ S} is the absolutely continuous part, i.e. Df ’Q\ST = VLY. The approximate
differential V f € L*(2) is therefore the weak derivative of f in Q\ S;. Together
with the L* bound of f and the boundedness of the domain 2 we have f €
WLL(Q\ Sf). As the LP-norm of the weak derivative is also bounded it follows
feWr(Q\Sy). O

The following compactness and semicontinuity theorem was proven in Am-
brosio [1989]. We state a version from Attouch et al. [2006]. It will be the key
tool to prove the existence of a solution to the Mumford-Shah functional and for

the study of the regularization properties of the Mumford-Shah penalty.

Theorem 2.25 ([Attouch et al., 2006, p. 515 Theorem 13.4.3]). Let {f.} be a
sequence in SBV(Q) satisfying for p > 1,

sup{kaHoo—{—/ \ka]pda:+9{N_l(ka)} < +o00.
keN Q

Then there exists a subsequence, still denoted as { f,} and a function f in SBV (),
such that

fe— f strongly in L,.(Q),
Vi —=Vf weakly in LP(Q),
FHNTL(Sy) < lim inf FHNH(S).
—00

For the case including the a priori edge knowledge K° C € we will also need

to extend the lower semicontinuity to the following penalty

K — BHN N K\ K°) +yHV YK N K")

23



with 0 < v < 8 and K° fixed. See [Amar et al., 2010, Theorem 3.2] for a lower
semicontinuity result that covers our penalty amongst other generalizations.

We state a different proof here.

Corollary 2.26. Let K° be a compact subset of Q with HY "1 (K°) < oo and {f,}
be a sequence in SBV () satisfying for p > 1,

sup {anHoo +/ |an]pda:+j{N_1(an)} < +00.
neN Q

Then there exists a subsequence, still denoted as {f,} and a function f in SBV (Q),
such that for oo >0 and >~ >0

o / IV fPde+ SIS\ K) + 43 (S, 1K) (2.10)
Q
< lim inf [a / IV fulPdx + BHNTH(S,, \ KP) +yHV (S, N KY)
n—oo Q

Proof. Because of the lower semicontinuity Theorem 2.25 we directly have

FHNTH(S) < yliminf HVTH(Sy,) (2.11)
n—o0
and
/|Vf|pdx§hminf/ |V fu|Pd. (2.12)
0 n— o0 QO

Furthermore if we define the new open domain Q* := Q\ K° we can apply the
theorem again to obtain
HYTH(Sp \ K°) < liminf 5OV7H(Sy, \ K°)
0 <liminf [HKY(Sy, \ K°) = HY ' (Sp \ K°)] . (2.13)

n—oo
By rearranging (2.11) we can get
YIS N K°)

< liminf [y (FH(Sy, \ K2) — HY (S, \ K°)) +4HY (S, N K?)].

n—oo
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Using (2.13) together with 8 > v and 0 < HV (S, N KY) we can follow

’yj‘CN_l(Sf N KO)
< liminf [B (FHV'(Sy, \ K°) = HVTH(Sp \ K9)) +yHY Sy, N K°)] .

n—oo

Bringing the constant SHY~1(S; \ K°) back to the left side together with (2.12)
leads to the claim. O

Functions in SV B(2) can also be characterized through their restrictions to
one dimensional slices. The following notations are used to lift the variational
approximation in Chapter 4 from one dimension to higher dimensions. We adapt
the notation of [Attouch et al., 2006, p. 414 ]. Let SY~! be the N — 1 dimensional

sphere. For every v € SV~! we define

Ty = {yERN:<y’I/>:O}’
Q={teR:y+treQ},yem,
Q, ={yem :Q,#0}

Furthermore we define for all Borel functions f : 2 — R and y in €2, the Borel

Ty

Figure 2.1: The domain Q and a slice Q, for a fixed v € SV,

function f, for all t € Q, by f,(t) = f(y +tv).
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Theorem 2.27 ([Attouch et al., 2006, p. 414 Theorem 10.5.2]). Let f be a given
function in L°°(S)) such that for allv € SN~!
(i) f, € SBV(RQ,) for HN ! ae. iny € Q,,

(i) [, (fQJ |V fldt + HO(Sy, ) ) dHN ! < oo
Then f belongs to SBV (Q2). Conversely, if f belongs to SBV(2) N L>(Q2), con-
Moreover, for HN=1 a.e. in

ditions (i) and (ii) are satisfied for all v € SN=1

ye,
(Vi(y+tv),v)y =Vf,(t)

and
[ 3es5)ase = [ fpniase
0¥ S;

We conclude the section by giving an example of a BV function for which the

jump set is not well behaved in the context of our segmentation problem.

Example 2.28 ([Chambolle, 2000, p. 34]). Let Q = B,(0) C R? and

1
[ = Z 2_nx32_n(mn)ﬁﬂy
n=1
where (x,,), is the sequence of all points Q* N and X the characteristic function

For every x € Q it then is

1 1

f@y=" > <X %
n:x€By—n (Tn) n=1

1
=2
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The Hausdorff measure of |J,, 0Ba-n(x,) N Q is bounded through

H (U OBgy-n(x,) N Q> < iQW%
n n=1
1

= 4.
=

=27

Every increase of the function f is restricted to the singular jump set|J, OBa-n(xy,)
and so the absolutely continuous part of the distributional derivative and the Can-
tor part are zero. As the highest possible jump the function can take is 2 the
function f is in SBV(Q) with jump set U, 0By-n(z,) N Q.

The jump set of [ is dense in 2

Sy =|JOByn(za) N Q= Q.

That a behavior as in the example above can not occur for minimizers of the
weak Mumford-Shah functional is a key step to prove the existence of a minimizer

for the strong formulation.

2.5 [I'-convergence

In this section the theory of I'-convergence is introduced.

['-convergence is a convergence designed for the approximation of variational
problems. Loosely speaking, for a sequence of functionals {F,} that I'-converge
to a limit functional F, the minimizers of { F,,} also approximate the minimizers
of F. This allows the approximation of computational difficult problems by more
feasible ones.

The main reference for this part is Braides [2002].

Definition 2.29 ([Braides, 2002, p.22 Definition 1.5]). Let (X,d) be a metric
space. We say that a sequence F,, : X — [—o00,+o0] I'-converges in X to
F: X — [—00,400| if forall f € X:
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(i) (liminf inequality) for every sequence {f,} converging to f

F(f) < liminf F,(f,); (2.14)

(ii) (limsup inequality / recovery sequence) there exists a sequence {f,} con-

verging to f such that

limnsup F.(fn) < F(f). (2.15)

The function F' is called the T-limit of {F,} and we write F = I'-lim,, F},.

The I'-limit is uniquely determined if it exists. The definition of I'-convergence

can be extended to continuous parameters ¢.

Definition 2.30. We say that a sequence F. : X — [—00,+00] I'-converges
to F' : X — [—o0,+00] if for all sequences {e,} converging to 0 we have I'-
lim, F. = F.

The main advantage of I'-convergence is characterized in the Fundamental

Theorem of I'-convergence.

Theorem 2.31 ([Braides, 2002, p.29 Theorem 1.21]Fundamental Theorem of I'-
convergence). Let (X, d) be a metric space, let {F,} be a sequence such that there
exists a compact set K C X, so that for alln € N

inf F,, = inf F,.
X K
If {F,,} T'-convergences to F, then there ezists a minimum of F' and
min F' = lim inf F},.
X n—oo X

Moreover, if for a precompact sequence {x,}: lim, o Fy,(2,) = lim,_, infx F,,

then every limit point of {x,} is a minimum point of F'.

We list some properties of ['-convergence which we will use in later chapters .
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Proposition 2.32. Let (X,d) be a metric space and let F,, : X — [—o00,+00]

['-converges in X to F': X — [—00, 4+00].

(i)

(ii)

(iii)

(iv)

2.6

The T-limit F is a lower semicontinuous function (see [Braides, 2002, p.32
Proposition 1.28]).

Every subsequence of { F,,} T'-convergences to the same I'-limit F' ([Braides,
2002, p.34 Proposition 1.37]).

(Stability under continuous perturbation)
If G is a continuous function, then {F, + G} I'-converges to (F + G)
([Braides, 2002, p.23 Remark 1.7]).

Pointwise convergence does not lead to I'-convergence.

For example if and only if F' is lower semicontinuous the constant sequence
of functions F,, = F, n = 1,2,.. I'-converges to F ([Braides, 2002, p.24
Remark 1.8]).

If for every n € N F,, is convez, then also the I'-limit F' is convex ([Braides,
2002, p.38 Exercise 1.6]).

o-convergence

In this section the notion of o-convergence is presented. The reference for this

part is Dal Maso et al. [2005]. In our work we will characterize the convergence

of edges in terms of o-convergence.

First we give a definition of weak convergence in SBV(Q2) that was introduced
in Dal Maso et al. [2005].

Definition 2.33 (Weak convergence in SBV (€2) Dal Maso et al. [2005]). We say
a sequence {f,} converges weakly to f in SBV () if and only if f, (n=1,---)
and f € SBV(Q) N L®(Q), fo — f ae inQ, Vf, = Vfin LY(Q), and both
sequences {|| fullz=} and {H'(Sy,)} are bounded.
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Note that this weak convergence is not meant in the usual Banach Space
setting seeing as the dual of BV(€) is hard to characterize [Ambrosio et al.,
2000, Remark 3.12 p. 124].

Given two sets A and B C RV, we write ACB if HY"1(A\B) = 0 and A=B
if HN=1((A\B) U (B\A)) = 0.

Definition 2.34 (Convergence of sets Dal Maso et al. [2005]). A sequence of
sets {F,} is said to o-converge to F in Q if E, (n = 1,---) and E C 9,
{HN-Y(E,)} is bounded, and the following conditions are satisfied:
(i) If {fx} converges weakly to f in SBV () and Sy, CE,, for some sequence
ny — 00, then SyCE.

(ii) There exist a function f € SBV () and a sequence {f,} converging to f
weakly in SBV () such that Sy=E and Sy, CE, for every n.

From the second condition and the compactness and semicontinuity Theo-

rem 2.25, it follows that if {E,} o-converges to E, then

HNHE) < liminf HYY(E,). (2.16)

n—oo

The following compactness property was also proven in Dal Maso et al. [2005].

Theorem 2.35 (Compactness for o-convergence Dal Maso et al. [2005]). For
every sequence {E,} C 0, if the sequence of its Hausdorff measures {HN*(E,)}

is bounded, there is a o-convergent subsequence of {E,}.
We will also frequently use the following relation.

Lemma 2.36. For two sets A, B C RY with HN"1(A) < 0o and HN"Y(B) < oo,
if BCA and HY71(A) < HNY(B), then B=A.

Proof. Because BCA, by definition H¥"1(B \ A) = 0. Rewriting the sets as
A=(A\B)U(ANB)and B=(B\ A)U(BNA), we can follow
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Therefore HY (A \ B) = 0, which yields HY 1 ((A\B) U (B\4)) =0
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Chapter 3

Regularizing with a prior:

structural information

In this chapter we study the approximation of solutions of ill-posed inverse prob-

lems given via operator equations

A(f)=4¢"

through the solutions of variational problems

in {140 - ey +o [ ISP B9\ K 500 (K 1 k)
s Q\K

(3.1)

in the presence of a priori edge knowledge K° C Q. Here Q c RY, and © C
RM for N,M € N are bounded domains. We consider a continuous operator
A L*Q) — L*(©), scalar parameters 0 < v < 3, 0 < a and p > 1. We will
discuss existence and regularity of minimizers, stability with respect to the data
and parameters and present two parameter choice rules with which the approach
yields a regularization.

Throughout this thesis we assume that
(i) K°is a compact subset of €,

(if) HV1(K?) < oo.
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The a priori edge K° gives information where the true signal is likely to be
discontinuous. This information can be obtained from a secondary modality that
is less ill-posed, an application specific template or a reconstruction at a previous
time point.

Let K be defined as the set of all closed subsets in ). For brevity we denote
the Mumford-Shah type penalty term as

Vo o (f, K) = a/ \V f|Pdx + BHN YK\ K°) + yFHN YK N K" (3.2
O\K
for f € WH(Q\K), K € X.

The objective functional then is

MSy, k0,05 (f: K) = [|A(f) = gllZ2(0) + ¥ko.0,5(f, K) (3.3)

for f e WIP(Q\K), K € X.

If the parameters «, 3,7y or the data g are fixed and there is no chance of
confusion, we will use shorter notations such as MSko(f, K') and ¥ xo(f, K).

The main difficulty in studying the Mumford-Shah functional lies in the dif-
ferent nature of f and K with their respective parts in the penalty term. The
function f is defined on a N-dimensional domain and K is a singular set in N
dimensions. To show the existence of a minimizer the direct approach would be
to take a minimizing sequence (f,, K,), € W'P(Q\K,) x X:

lim MS(f,, K,,) = inf MS(f, K
i MS(fa, Kn) = 0o MBS K)

and try to extract a subsequence, still denoted as (f,,, K, )., converging to a pair

(f, K) so that
MS(f, K) < liminf MS(f,,, K,,)

n—o0

by some lower semicontinuity property. The approach fails as the map

K+ HVHK)
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(and also the modified edge term) is not lower semicontinuous with respect to any
topology that is weak enough to obtain a convergent subsequence simply from
the boundedness of {HY"1(K,,)}, see David [2005].

Nevertheless in the original paper Mumford and Shah [1989] the existence of
a minimizer was conjectured and a first proof was given shortly after in De Giorgi
et al. [1989].

In this chapter we follow ideas of De Giorgi et al. [1989] by considering a re-
laxed version of the Mumford-Shah type functional on SBV(Q2) . For f € SBV(Q)

we define
Vo ap(f) = a/ |V fPde + BHN (S, \ KO) +4HY 1S, N K?),  (3.4)
Q

where V f is the density of the Lebesgue integrable part of D f and Sy is the jump
set. Because of the p-integral over the gradient, for f € SBV(2) it can also be
W0 0 54(f) = 400. We allow this as we are considering a minimization problem
and thus only are interested in functions for which Wxo , 5., (f) < +00.

The weak Mumford-Shah functional on SBV (1) is defined as

M8y, k0.0,84(f) = [IA(f) = gllZ20) + Vo, (f). (3.5)

We again use the more compact notation MSgo(f) and Wgo(f) if o, 8,7 or the
data g are fixed and there is no chance of confusion. In contrast, the functional
(3.3) will be called the strong Mumford-Shah functional.

To show a desired property for the strong Mumford-Shah functional, the

proofs follow the same strategy.

1. Prove the desired feature for minimizers of the weak version (3.5) using the

compactness and semicontinuity theorem in SBV (Q).

2. Follow by the regularity results of De Giorgi et al. [1989] that the desired
property also holds for strong minimizers (f, K) € Wh(Q\K) x X.

The second step is necessary as it is not a prior: clear that minimizers of the weak
functional are well behaved in the context of image segmentation, see Example
2.28.
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3.1 Existence

In this section results on the existence of a minimizer of MS xo 4 5 (f, K) and
MS, x0.05~(f) are presented. A short overview on existence for the original
Mumford-Shah functional can be found in Fusco [2003]. We will use the short
notations MSgo(f, K) and MSgo(f) for (3.3) and (3.5) respectively.

Fornasier et al. [2011] showed that restrictions are necessary to establish ex-
istence of a minimizer for Mumford-Shah type functionals with non trivial oper-
ators. We study our problem with a boundedness constraint, that is we consider

functions f in the set
X)) ={fel®Q): a< f<b aec inQ} (3.6)

where —oo < a < b < oo are constants. This constraint was also used in Jiang
et al. [2014]; Rondi [2008b]; Rondi and Santosa [2001].

By applying the direct method in the calculus of variations, the compactness
and lower semicontinuity Theorem 2.25 with Corollary 2.26 yield the existence of

a minimizer for the weak setting in SBV (Q).

Lemma 3.1. Letp > 1, a >0, >~v>0, —co<a <b< oo, K'Y CcC Q be
fized with HN =Y K®) < co and A : L*(Q2) — L?(©) be a continuous operator. For
every g € L>(0©), there exists at least one minimizer of the weak Mumford-Shah

functional (3.5) in SBV () N X2(€).

Proof. Let {fn}n, € SBV(Q) N X%(Q) be a minimizing sequence:
lim MSgo(f,) = inf MSgo(u) < +o0.

n—00 ueSBV

By the minimality of the sequence and the pointwise boundedness there exists a

constant C' > 0 so that for every n € N
fallim + [ Vo +3¢71(5,) < €.
Q

From Theorem 2.35 and Corollary 2.26 it follows: There exists a function f &€
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SBV(Q) N X5(Q) and a subsequence, still denoted with (f,,),, so that

fn— f in LY,

As f, fn € Xb(Q) we also have by Fatou’s lemma that f, — f in L(Q), for any
1<qg<o0.
By the continuity of the data fitting term with regards to L?*(§2) convergence

it follows

MSgo(f) = [A(f) = gllz2) + Tro(f)

< liminf [ A(fa) = gl3x0) + Txo(fo)] = _inf TS o(w)

Therefore the function f is a minimizer of the weak Mumford-Shah functional in
SBV ()N X5(Q). O

In general a special function of bounded variation f may have a complex
jump set Sy. For example, there are functions f € SBV(Q) for which S; = Q,
see Example 2.28. Therefore it is necessary to find conditions that ensure certain
regularity of the jump set. In De Giorgi et al. [1989] it was proven that if the
fidelity term decays with higher order than the penalty terms, then the jump set

of minimizers of the weak Mumford-Shah functional is essentially closed, that is
HNHSA\SF N Q) =0. (3.7)

This is sufficient for weak minimizers f € SBV(2) to induce a strong minimizer
(f,Sy) € WHP(Q\S}) x K. We summarize the above in the following definition

and theorem.

Definition 3.2. We say that the fidelity term f — ||Af — g||%2(®) decays with
order k£ > 0 for pointwise bound functions if for some constant C > 0, for
every ball B, CC Q of radius p, and for every f,v € SBV(Q) N X5(Q) with

supp (f —v) C By it is | [|A(f) — gll720) — |A(v) — gllZ20) | < CP".
Theorem 3.3. Letp > 1, a>0,3>~7 >0, —co<a<b<oo, KYCcC Q be
fized with HN"1(K®) < 0o and A : L*(Q)) — L*(©) be a continuous operator. If
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for some & > 0 the fidelity term [+ ||A(f) —g||%2(@) decays with order N —1+¢

for pointwise bound functions, then there exists at least one minimizing pair of
the Mumford-Shah functional (5.3) in WYP(Q\K) N X5(Q) x XK.

Proof. As € is bounded and p > 1, for every (f, K) € WIP(Q\K) N X? x K with
MSgo(f, K) < 400 it holds that f € SBV () N X% and S; C K. Therefore we
directly have

min {MSgo(f) : f € SBV(2) N X}
< inf{MSgo(f, K): (f, K) € W"P(Q\K) N X! x K}.

For a minimizer f* of the weak Mumford-Shah functional from Theorem 3.8 we
have that

Therefore we can follow

MS o (f*)

— JA() — gl + / VP + IS\ KO) A3 (S \ KO)
— JAG®) — gl + a / [T BN\ KO 906 S K
.

— Mol 7).

Due to MSgo(f*) < 0o the weak minimizer f* is contained in WP(Q\S;) N X!

and therefore the last equality above is valid. As a result

min {MSxo(f) : f € SBV(Q2) N X}
= min{MSgo(f, K) : (f, K) € W"P(Q\K)N X? x X},

with (f*, S;+) being a minimizer of the strong Mumford-Shah functional. O

The above proof showed, that once the regularity of the jump set is ensured

through Theorem 3.8, weak and strong minimizers are essentially the same. In
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Proposition 3.10 we will give conditions on the operator A that ensure a decay of

the least squares fidelity term with order N — 1+ ¢ for pointwise bound functions.

Example 3.4 (Minimizers are not unique). Let Q = [—-1,1], A=1Id, a =0 =1
7=0,K°=0, \€R,p=2 and h: Q — R be the Heaviside function

1, >0

h(x):{o z <0.

The corresponding one dimensional Mumford-Shah functional to the signal

g = A\h is defined as

MS(f, K) ::/(f—Ah)2d:B+ / |f/(x)|?dx + H°(K)

Q\K

for (f,K) € W (Q\K)NL>*(Q) x K. In one dimension the discontinuity set K
is a finite set of points and H° is the counting measure.

There are only two possible candidates for a minimizer:

1. (fi. K1) = (AR, {0}) with

MS(AR,{0}) = 3°({0}) =1,
2. (f2, K3) = (f*,0), where f* is the uniquely determined minimizer of

G(H = [ dns [ |f@)Pis

in W2([-1,1]).

By regularity results (see for exzample [David, 2005, p.17 Lemma 13]) the
function f* is in CY(Q) and fulfills the linear equation

"+ f=M on[-1,1]
f(=1)=f{1)=0
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in a weak sense. We can find a fundamental solution fy so that, for any A > 0,

the solution can be represented as f* = \fo. Computing MS(f*,0) therefore is,

MS(f*,0) = MS(\fo,0) = \* / (h— fo)* dx + X\? / |fo(x)Pdx = N2C,
Q

Q

for some C' > 0 independent of . Therefore, if X > %, then (f1, K1) = (Ah,{0})
is the unique minimizer. If A < %, then (fa, Ko) = (f*,0) is the unique min-
imizer. And if A = —=, then there are exactly two minimizers (fi, K,) and

\/_5;
(f27 K2)

The fact that minimizers are not unique matches the empiric experience, that

in some cases even for human vision more than one segmentation can be good.

Definition 3.5. For g € L>*(0),p>1,a>0,>v>0, —00 < a < b < o0,
K° cc Q with HN"1(K°) < oo and A continuous from L*(2) to L*(©) we define
M, k005 and M, ko o 5. as the set of minimizers of (5.5) in SBV(Q)N Xt and
(3.3) in WHP(Q\K) N X2(Q) x K respectively.

3.2 Regularity of K

In this section we will recall conditions for the essential closedness of the edge set
following [Ambrosio et al., 2000, Chapter 7]. The essential closedness is necessary
to conclude the existence proof of the previous section.

A central point in the regularity theory of the edges is that at small scales
minimizers of the Mumford-Shah functional, for certain data fitting terms, behave

similar to minimizers of
F(f) = a/ IV fPdr + BHVYS)).
Q
For this it is necessary that the data fitting term f — ||A(f) — 9”%2(9) becomes

negligible at small scales, see Fusco [2003].

If we keep the a priori edge K° fixed, then the proofs in [Ambrosio et al.,
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2000, Chapter 7] can also be applied to our setting by considering
Fyo(f) = a/ IV fPdx + BHN (S \ K) + yHY (S N KO).
Q

The main arguments of the proof use the scaling property of the penalty terms,
that do not change, by having different but fixed weights § > 0 and v > 0 on
different parts of the domain. As K° cC Q with HN"1(K°) < co the case v =0
can be rewritten as a classic Mumford-Shah functional on the new open domain
0\ K° and is therefore also covered by [Ambrosio et al., 2000, Chapter 7].

To give a more precise meaning to this the following definitions are needed.

Definition 3.6. Let the function f € SBVi,.(Q2) and the ball B,(x) C €2 be given.
We call a function v € SBV,.(?) a competitor of f in B,(z) if f and v only
differ inside of B,(x), i.e. supp(f —v) C B,(x).

We define the functional
Fro(f,U) = a/ IV fPdz + BH((Sp nU)\ K°) + 43 ((SpnU) N K?)
U
(3.8)

for every f € SBV(2) and open set U C €.

With this it is possible to define the notion of quasiminimality.

Definition 3.7 (see [Ambrosio et al., 2000, p. 339 Definition 7.2 and p. 350
7.17)). We say that a function f € SBV},.() is a quasiminimizer of Fyo in
Q if there exists constants w,e > 0 such that for all balls B,(x) CC Q and all
competitors v € SBV,.(Q) of f in B,(x) it is

Fro(f, Bp(x)) < F(v, By(x)) +wp™ 1. (3.9)

Theorem 3.8. Let f be a function in SBV(Q). If f is a quasiminimizer of Fyo
i ), then

HNT(S\S N Q) = 0. (3.10)
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Proof. The proof works the same as [Ambrosio et al., 2000, p. 351 Theorem 7.21]
together with [Ambrosio et al., 2000, p. 78 Theorem 2.56]. O

See also Babadjian and Giacomini [2013] following [Ambrosio et al., 2000,
Chap. 7] for the proof of existence and regularity of a minimizer to a similar
variational problem.

The most important example of a quasiminimizer of Fxo are minimizers of
the weak Mumford-Shah functional.

Proposition 3.9. Let the function f be a minimizer of the weak Mumford-Shah
functional (5.5) in SBV () N X5(Q). If for some € > 0 the fidelity term f —
|A(f) — 9“%2(@) decays with order N — 1+ ¢, then f is a quasiminimizer of Fo.

We will use the short notations W o for (3.4).

Proof. Let f € SBV () N X2(Q2) be a minimizer of the weak Mumford-Shah

functional and v € SBV(Q2) be a competitor of f in the ball B,(z) C €.
With the minimality of f it is

|A(f) — 9||%2(@) + Upo(f) < [|A(v) — 9||%2(e) + Ugo(v).
As v is also a competitor of f in B,(z) we follow
Fo(f, By(x))
< [JA(v) — 9||%2(@) — lACf) = 9||2L2(®) + Fgo(v, By(z)).
The decay of the fidelity term then leads to the claim. ]

This also concludes the existence proof of the previous section.
The following proposition is helpful to verify the decay property for least

squares penalty terms.

Proposition 3.10. Let A : L?(Q) — L*(©) be the forward operator and g €
L*>(0©) be the measured data. If there exist exponents 1 < q and 1 < §,¢' < oo
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with % + é =1 such that for all functions f, v € SBV () N X2(Q) it holds
IACf) = A)lLaey < LILf = vllLeo) (3.11)

and

IACS) + A)l Lo @) < C (3.12)

for some constants L and C' > 0, then the fidelity term f — ||A(f) — g||%2(9)

decays with order % for pointwise bound functions.
Proof. We fix a ball B, CC Q of radius p. For any f, v € SBV(Q) N X2(Q) with
supp (f —v) C B, it holds

A7) = alEsio) — I140) = gl = [ (AL +A(0) = 20)(AL) = A)

< [[ACF) + A(v) = 29/l Lo )| A(S) — A(v) Lae)
< (C+2[9ll @) LIS = vllLa@).

As supp (f —v) C B, and f, v € X2(Q) we conclude
1A(F) = gllZ20) = 1A(0) = gllZ20) < CIIf = vlzas,) < CpMo

for some C, C:’ > 0. O

As a first example we show that image deblurring fits into our framework. In
Chapter 4 we will show that the lemma above can also be applied to X-ray CT

and 2 dimensional diffuse optical tomography.

Example 3.11. A classical imaging task is image deconvolution, that is restor-
ing an image from its blurred version, see Bertero and Boccacci [1998]. Given
a blurring kernel ¢ € LY(Q), we define for 1 < q < oo the forward operator
A LYQ) — L) as

Af(2) = (6% f)(z) == / ()l — y)dy.
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The operator A is linear and bounded for 1 < q < oco. We have for f, v €
SBV ()N X5(Q)

o * f—d*vlpi) < LIIf — vl

and

16+ f + & x vl =) < CIIf + vz < O,

for some constants L, C', C > 0. By Proposition 3.10, with ezponents ¢ = § = 1

and ¢ = oo, the fidelity term decays with order N for pointwise bound functions.

3.3 Stability

In this section we prove stability with respect to the data and parameters.
Again we first consider the weak setting on SBV (£2) N X?2(2) for continuous

operators A : L*(Q) — L*(©). If additionally the data fitting term decays with

order N — 1 + ¢ for pointwise bound functions for some ¢ > 0, then the results

also hold in the strong setting.

Lemma 3.12. Letp > 1, a>0,8>v>0, —co<a<b< oo, K°CcC Q be
fized with HY"1(K°) < oo and A be continuous from L*(Q) to L*(O).
2
Assume we have a converging sequence of data g, 5 g, gn € L=(O©) (n =

1,...). Then every sequence of minimizers {f,}, with f, € Mg, Ko ap~, cON-

verges subsequentially to a minimizer f* € M, o o 5~ in L*(2). Moreover MS, ko o 5-(f*) =

lim,, mngO,aﬁ,y(fn)'

As the parameters o, 3, v are fixed we will use the shorter notations W o and
NS, 0.

Proof. Because of the minimality of f,,, we have that for every n € N,

Uro(fu) < NAfa) = gallz20) + Tro(fn)
< [ A(a) = gull72(0),
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where a denotes the function of constant value a for which Wxo(a) = 0. Since

2
Jn L—> g, there is some constant C' > 0 such that

sup { Ifllimio + [ [VAPd 4307155 b < malal o) + .
Q

ne

Corollary 2.26 and Theorem 2.35 yield a function f* € SBV () N X%(Q) and a
set F C €, so that a subsequence of { f,,}, still denoted by { f,,}, weakly converges
to f*in SBV and {S},} o-converges to E. Because 2 is a bounded domain and
p > 1, the weak convergence Vf, — Vf in LP(Q) implies weak convergence in
L'(2). By the semicontinuity conclusion (2.10) of Corollary 2.26, it follows that

U go(f*) < liminf (Ugo(fn))- (3.13)

n—oo

Because f, and f* € X?(€), the sequence {f,} actually converges to f* in L(Q)
for every 1 < ¢ < oo, and consequently A(f,) L1 A(f*). Together we have

|ACf*) = 9”%2(9) + Wgo(f)
< nh_{IOlo “A(fn) - gnH%ﬂ(@) + hggolf (EKO (fn)) ’ (314)

Let v € SBV(Q) N X5(2). Then comparing MS,, o(f,,) with MS,, o (v) yields
the desired minimality of f*:
JA(f) = 9||2L2(@) + Wgo(f*) < thlff_l)glf (HA(U) - gn”%?(@) + Wxo (U)>
= [|A(v) = gll72(e) + Txo ().
Setting v = f* leads to MS, xo(f*) = lim, MS,, xo(f,) for the subsequence { f,}.

The procedure can be repeated to obtain the convergence of function values for

the entire sequence. ]

Next we prove that for the classic Mumford-Shah regularization, that is K° =

(), also the edges of minimizers converge for converging data.

Lemma 3.13. Let the same assumptions as in Lemma 3.12 hold. Additionally
let K° =10, then the edge sets {S},} o-converge to Sy-.
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Proof. We take the same converging subsequence {f,} with limit function f* €
SBV(Q) N X%(Q) as in the proof of Lemma 3.12. Furthermore we have the set
E C Q, for which {S},} o-converges to E.

It remains to show that E=Sg-. As {f,,} weakly converges to f* in SBV () it
follows from Definition 2.34 (i) of o-convergence that Sy« CE. Just as in obtaining
(3.14), by the lower semicontinuity (2.16) of the Hausdorff measure regarding o-

convergence, it follows that

IAG) = alfiey + o [ 95 Pda + 53671 (E)
< Jin A%, = gullsey + Hmint (o [ V5o + 550(s,))
< AU = lse + o [ IV Pdo + 530 (55.)

Therefore, HY"H(E) < HN(Sy+), which together with Sy CE yields E=S7, by
Lemma 2.36. ]

Theorem 3.14 (Stability with respect to g). Let p > 1, o > 0, § > v > 0,
—o0o<a<b<oo, K°CCQ be fivred with HN "1 (K°) < 0o and A be continuous
from L*(Q) to L*(©). Additionally let for some € > 0 the fidelity term f
|A(f) — gH%Q(@) decay with order N — 1 + ¢ for pointwise bound functions.

Assume we have a converging sequence of data g, LR g, gn € LX(O©) (n =
1,...). Then for every sequence of minimizers {(fn, K,)}, with (f,, K,) €
M, Koap~, there exists a pair (f*, K*) € My koo, for which {f,} converges
subsequentially to f* in L'(Q).

Moreover MS, o op~(f*, K*) = lim, MS,, ko4 p~(fn, Kn).

Proof. For n € N, by the regularity of the edge sets K,, it follows that f, are
in SBV(Q) N X%(Q) with K,=S;,. Furthermore we have f, € M, 0.05-
Using Lemma 3.12 above there exists a function f* € M%Ko’a,@7 so that for a
subsequence of { f,,} it is f, L, f*and MS, go(f*) = lim, MS, xo(fn). Again by
regularity of the edge sets it follows that (f*, Sy+) is a minimizer in WP (Q\S;-)N
X%(Q) x X to the data g for the strong Mumford-Shah functional (3.3) and
MS, ko(f*,Sp+) =lim, MS,, go(fn,Ss,). We arrive at the claim by setting K* =
S O
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Corollary 3.15 (Stability with respect to g). Let the same conditions as in
Theorem 3.1/ hold. Additionally let K° = (), then the edges {K,} o-converge to
K*.

Proof. We take the same converging subsequence {f,} with limit function f* €
SBV(2) N X°(Q) as above. Furthermore we have the same sequence {K,} and
the set K* = W

It remains to show that K, - K*. Again for n € N, by the regularity of
the edge sets K,, it follows that f, are in SBV(Q) N X%(Q) with K,=S;, =S, .
By Lemma 3.13 we have that S, o-converge to Sy«. As K,,=S;, and K*=S5}- it
follows that K, o-converge to K*. ]

Now let us consider stability with respect to the parameters «, g and ~.

Lemma 3.16 (Stability with respect to (a, 8,7)). Letp > 1, g € L>®(0), —o0 <
a<b<oo, KCC Q be fized with HN"1(K°) < oo and A be continuous from
L3(2) to L*(©).

Assume we have converging parameters (o, Bn, W) — (o, f*,7*) with o, >
ap > 0, B, > By > 0 and B, > v, = 0. Then every sequence of min-
imizers {f,}, with f, € Mg 0a, g,mm(n = 1,--+), converges subsequentially
to a minimizer f* € My oo geqe in LYQ). Moreover MSy o oe g o+ (f*) =
limy, M Sy k0.0, 6,7 (f)-

Proof. Let (au,, Bn, ) — (a*, B*,7*) be a positive sequence as above and {f,} a
sequence of respective minimizers, that is f,, € M97 KO on By -

Because of the minimality of f,,, we have that for every n € N,

U k0,0,6030 (f) < INAfn) = 9l Z2(0) + P k0 008090 (fr)
< [|A(a) — 9”%2(@)7

where a denotes the function of constant value a for which Wxo . g5 . (a) = 0.

Since «,, and (, are bounded from below there is a constant C' > 0 such that

sup{||fn||Loo<n)+/ |an|pdw+ﬂ{N‘1(an)} < max{|al,|b|} +C.  (3.15)
Q

neN
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Corollary 2.26 and Theorem 2.35 yield a function f* € SBV(2) N X%(Q) and a
set £/ C €, so that a subsequence of { f,}, still denoted by {f,,}, weakly converges
to f*in SBV and {S}, } o-converges to E.

For an arbitrary fixed function v € SBV N X?(Q) we have

MS, k0.0 50 4+ (f*) = [A(F) = glI” + o e g 4 ()
< liminf (| A(fa) = glI* + War 5 4 10 (Fn)
= lim inf (||A(f.) — glI* + Yo, 5, x0(fn))
< liminf (| A(v) = g[|* + ¥a, 5, 550 (V)

= | A@W) = gl|* + U o gv 5= 4= ().

This shows that f* € Mg,Kopé*”B*’,y*.
By setting v = f* we get lim, MS; ko o, g0yn (fn) = M Sy ko o g4 (f*). O

Next we again consider the special case of classic Mumford-Shah regulariza-

tion.

Lemma 3.17 (Stability with respect to (a, 8,7)). Let the same assumptions as
in Lemma 5.16 hold. Additionally let K = 0, then the edge sets {Sy, } o-converge

Proof. We take the same converging subsequence {f,} with limit function f* €
SBV(Q) N Xt(Q) as above. Furthermore we have the set E C €, for which {S;, }
o-converges to F.

It remains to show that E=Sy-. As {f,,} weakly converges to f* in SBV () it
follows from Definition 2.34 (i) of o-convergence that Sy« CE. Just as in obtaining

(3.14), by the lower semicontinuity (2.16) of the Hausdorff measure regarding o-

47



convergence, it follows that

IAG) = sl +a” [ 94 Pde+ 53071 ()
< ligg.}f (||Afn - g||%g(@) + /Q |V fo|Pda + ﬁng'fN_l(an))
< timint (114G = sl + an [ 1977 ds 4 5,907 (55.))
= AU = gl + 0" [ IV P+ 3907 (Sy),

Therefore, HY"H(E) < HV(S}+), which together with Sp-CFE yields E=S-,
by Lemma 2.36. O

We again can formulate the strong version for the case when the fidelity term

decays fast enough in small balls.

Theorem 3.18 (Stability with respect to («, 3,7)). Let p > 1, g € L>®(0),
—00o < a<b<oo, KCCQ be fired with HN"1(K°) < 0o and A be continuous
from L*(Q) to L*(©). Additionally let for some € > 0 the fidelity term f
|A(f) — gHiQ(@) decay with order N — 1 + ¢ for pointwise bound functions.

Assume we have converging parameters (Qu,, Bn, Yn) — (o, 5*,7*) with oy, >
ag >0, B > Bo > 0 and B, > v, > 0. Then for every sequence of mini-
mizers {(fn, Kn)}, with (fr, K,) € My ko0, gorn(m =1,...), there exists a pair
(f*, K*) € M, o o ge o+ for which {f,} converges subsequentially to f* in L*(2).
Moreover MSy o o+ g« 4+ (f*, K*) = lim, MS, ko o, g, .m (fr: Kn)-

Proof. The proof is the same as for Theorem 3.14. O]

Corollary 3.19 (Stability with respect to («, 8,7)). Let the same assumptions
as in the above Theorem 3.18 hold. Additionally let K° = (), then the edges { K, }

o-converge to K*.

Proof. The proof is the same as for Corollary 3.15. [
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3.4 Monotonicity

In this section we will discuss monotonicity of the penalty and the fidelity term

for parameters (a, ,7) where for some constants Cg, C, > 0
B = Csa, and v = C,a.

Thus the problem is reduced to a single parameter setting. We will use the
monotonicity in Section 3.6 for the discrepancy principle and only state it here
for the weak setting on SBV(€). The results can be transferred to the strong
setting as usual. Similar work has been done Anzengruber and Ramlau [2010]
where the discrepancy principle was studied for inverse problems with non-linear
operators.

Before we state our monotonicity results, we give an example where both
decreasing and increasing the parameters o and 5 (but each to a different degree)

yield an increase in the residual.

Example 3.20. Let Q= [-1,1], A=1Id,a>0,3>0,v=0, K°=10, p=2,
A€ R and h: Q — R be the Heaviside function

1, >0

h(x):{o z < 0.

As before the one dimensional Mumford-Shah functional is

MS(f, K) := /()\h — de+ o / | (z)dx + BHO(K)

Q Q\K

for (f, K) € WI2(Q\K) N L* x K. Let X be chosen such that (Ah,{0}) is the
unique minimizer. This is possible, as shown in Example 5.4. As the first variable
of the minimizer (Ah,{0}) equals the signal, the residual is zero.

We will now show that there are parameters o, 5 < 1 and o, 8 > 1 for which
the residual 1s greater than zero.

For any pair of parameters («, 8) > 0 there are only two possible candidates
for a minimizer: (fi, K1) = (A, {0}) with MS(Ah,{0}) = B or (fo, Ko) = (f*,0)
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where f* is the uniquely determined minimizer of

Q/)\h 1) dx+a/|f )|?dx

in WY2([=1,1]). It is well known that for o — 0 it is G(f*) — 0.

We first consider o, 8 < 1. Let us fix B < 1, we can than choose o so small,
that G(f*) < B. It follows that (f*,0) is the unique minimizer of MS(f, K). As
[re Wh2([=1,1]) € C°([—1,1]) and Ah is a step function, the residual is strictly
greater than zero.

Now consider o, f > 1. Let us fir « > 1. We can then set §:= G(f*)+ 1. It
again follows that (f*,0) is the unique minimizer of MS(f, K).

We will follow the presentation in Anzengruber and Ramlau [2010]. For g €
L>®(0), a >0, Cs,C, >0 and K C Q we use the notation:

() = {|A(f) = gllz2@)|f € Myk0.0.050.050}
(@) == {01050, (HIf € Myxoa0s00,0}} (3.16)
J(Oé) = MSg,KQa,C’ﬂa,C’va(f)a f € Mg,KO,a,Cﬂoc,Cwa'

As the minimizers are not unique the functions d and v are set-valued.

Lemma 3.21. For every Cg,C, > 0 the maps a — d(a) and o — J(«a) are
non-decreasing and the map o — ¥ («) is non-increasing in the sense that for

0 < a1 < ag we have

J(Ozl) S J(Oé2>7 (317)
supd(aq) < infd(as), (3.18)
inf ¢ (a1) > sup (). (3.19)

PT’OOf. Let g € Loo(@)’ 0< ap < Qo, fl c Mg,al,CBOq,C-yoq,KO and f2 S Mg,QQ,CBOLQ,C/yCMQ,KO

be arbitrary but fixed. By the minimality of f; we have

‘](al) = HA(f ) g“L2 + \IJKO ,a1,Cga,Cryan (f )
< HA(f?) - g”]ﬁ(@) + \I}Koyal,cﬁalac'yal (f2)
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The first inequality then follows as a; < g by

‘](al) < HA(fQ) - QH%Z(@) + WKO,OéLCﬁahC»yal (fQ)
< HA<f2) - gH%%@) + EKO,QQ,CgOtQ,CVOQ(f?)
= J(Oég).

For the other two inequalities, we start with
IACf) = 9ll720) T Wkoar.cpa1,0000 (1) < IIA(f2) = 9ll720) T ko,01.0501,000 (f2)
which leads to

A = gl = 14 = 9IP) < Ty, () = Trose, (1)
And in the same way
IA(f2) = 9ll720) T Vko.00.Cp02.0502 (F2) < NAF) = 9llZ2(0) + VK0 0n.Cpan.cra (1)
leads to

E1r(0,1,0/3,cy(f2) - E1r(0,1,0/3,cy(fl) < O%[HA(]CI) - 9”2 — [[A(f2) — 9”2}-

We can combine these inequalities and obtain

1 — —
a_1(||A<f1> — gl = 1A(f2) — glI”) < ¥roc,0,(f2) = Vkorcp0, (1)
< 1A = g2 = 1A() - g2
< o WA = glI” = [A(£2) = o).
As 0 < ;- < o= we can follow that [[A(f1) —g|* = [|A(f2) — g]|* < 0 and therefore

IACf) = gl < | A(f2) — gl

51



Furthermore we obtain

Uko 1040, (f2) < Ukoqc,c (fi)

As the functions fi, fo are chosen arbitrarily we obtain the desired monotonicity.
O

Lemma 3.22. For every Cg,C,, > 0 the discontinuity set
A:={a>0|infd(a) < supd(a)} (3.20)

has at most countable many points. The same holds for i) and the respective sets

of discontinuity points coincide.

Proof. For every o € A the set d(«) has at least two values and consequently the
interval (infd(«),supd(«)) is not empty and contains a rational number. Due
to the monotonicity Lemma 3.21, for different a; and ay in A the open inter-
vals (inf d(ay),supd(a;)) and (inf d(az), sup d(az)) are disjoint. As the rational
numbers are countable, the set A has also countable many points at most.

As for two minimizers f1, fo € My o o,05a,0,q it holds

|A(f2) — QH%Q(G) + aKO,OuCﬂa,Cya(]02) = [|A(f1) - 9”%2(6) +EK07a,C’,@a,Cya(fl)>

it is clear that d(«) is set-valued if and only if ¥ («) is set-valued. O

3.5 Regularization with an a prior: parameter

choice

In this section we prove an a priori parameter choice rule with which our approach
yields a regularization for the image and its edges.

As before we will first state the result for the weak version on SBV () and
later lift it to the strong version by the regularity of the edge set.

Lemma 3.23. Let A : L*(Q) — L%*(©) be continuous, g € L*(O), p > 1,
—00 <a<b<oo, KCcc Q with HN"YK°) < 0o and fT € SBV N X5(Q) be
such that A(fT) = g.
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Assume that the noisy data g° € L>(0) with ||g — ¢°||12e) < 0.

Let the regqularization parameters be chosen so that as 6 — 0,

a(8) = 0, B(8) =0, ~(8) =0, (3.21)
52 max{a(8), (3),1(6)}
win{a(8). 50 A0 " winfae).p0)n0) O B

for some C > 0 and a(d) > 0, B(8) > ~(d) > 0. For any sequence 6, — 0 let for
(n = 1, .. ) be in Mg,KO,a(J),,B((S);y(é)- Then

(i) there exists a function f* € SBV(Q)NX5(Q) and a convergent subsequence
of {fo}, still denoted as {f°}, such that {f°"} converges weakly to f* in
SBV(Q);

(ii) t holds A(f*) =g;
(iii) for every other solution ¢ € SBV(2) N X2(Q2) of the operator equation

A(f) =g, it is

/ IV F*|Pdx + FHV 1 (Sp) < C(/ IVoPdr + HY(Sy)). (3.23)
Q Q

Proof. We first prove (i). For every n € N, comparing the given true solution fT

with the minimizer f° yields

IA(S") = g 72(0) + ¥ k0.a(5),6()(8). 10 () (3.24)
< AT = 9”1 720) + Y ko.a(8).80)7(0) (fT)
< 62+ Vo a(s) 86) ) (F1)-

This leads to

/Q IV £ Pda + FHV (S s ) (3.25)

- (52 " maX{a(én)76(5n)77(5)
~ min{a(d,), (0n),7(6)}  min{a(dn), 5(0n),7(9)

As 6, — 0, by definition of the parameters, the right hand side of (3.25) is

i’(/g Vi Pz + 3V (Sp)).
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bounded. Therefore, there exists a constant C' > 0, so that:

sup {Hfén”LOO(Q) —|—/ |Vf5"]pdx + J{Nl(stn)} < max{|al, |b|} + C. (3.26)
Q

neN

Again Corollary 2.26 and 2.35 yield a function f* € SBV(Q2) N X2(Q) and a
set £ C Q, so that there is a subsequence of {fo}, still denoted by {f°}, that
weakly converges to f* in SBV and {Sjys, } o-converges to E.

Next we prove (ii). Using (3.24) we have

IA(f*") = g™ 172(0) < 0 + Wais),50)n).60 (fT)- (3.27)

Because frs, and f* € X?(Q), the sequence {fss, } actually converges to f* in
L3(Q2) for every 1 < g < oo, and consequently A(fs.) L A(f*). Therefore, due

to the parameter choice rule for n — oo, it follows that

IA(f) = gllZ200) = Jm IA(f*") = ™11 32(0) = 0, (3.28)

which proves the convergence to a solution of A(f) = g.
To prove (iii), denote that (3.25) holds for any ¢ in place of fT, provided
¢ € SBV(2) N X’(Q) is a solution of A(f) = g. Using the lower semicontinuity

Theorem 2.25 and (3.25), we obtain

/ IV Pz + HVL(S)) (3.29)
Q

. . On |P N—-1
§h7£ri>g01f(/Q|Vf Pda + HY (S s ))

. 52 max{a(dn), 3(6,)} P N-1
Shﬁ%ﬂf(mm{a(an), 5607+ min{at.), Bon)} /Q|V¢| o+ 3C4(5,)))
—c( /Q Volrde + 3V1(S,). (3.30)

O

Corollary 3.24. Let the same assumptions as in the above Theorem 3.23 hold.
If additionally C' =1, then the edge sets {Sys, } o-converge to Sy-.

Proof. We take the same converging subsequence { o} with limit function f* €
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SBV(Q) N X%(Q) as as in the proof above. Furthermore we have the set £ C €,
for which {Sys. } o-converges to E.

It remains to show that E=S.. Since {f°"} weakly converges to f* in
SBV(Q), it follows from Definition 2.34 (i) that Sy+CE. As f* is a solution
of the operator equation, we can replace fT by f* in (3.25). Then by using the
lower semicontinuity (2.16) and the same argument as from (3.29) to (3.30), we

obtain
/Q]Vf*|pda:‘+9{N1(E)§/Q\Vf*]pdx+fHN1(Sf*). (3.31)

Therefore HY~1(E) < HN=1(S}+), which together with S;«CE yields E=S+, by
Lemma 2.36. [

Theorem 3.25 (Regularization). Let the same notations and parameter choice
rule from Lemma 3.25 hold with C' = 1. Additionally suppose that for some e > 0,
the fidelty term f — ||A(f) — g‘SH%Q(@) decays with order N — 1 + ¢ for pointwise
bound functions.

For any sequence 6, — 0 let (fo, K°) be in Mgs 50,0(5),8(5),4(5)- Lhen

(i) there ewists a pair (f*, K*) € WP (Q\K*) N X2(Q) x X and a convergent
1
subsequence of {f°, K}, still denoted as {fo, K°*}, such that fr L I
and {K°} o-converge to K*;

(ii) 1t holds A(f*) = g;
iii) for every other solution ¢ € WHP(Q\K,) N X2(Q) of the operator equation,
¢ a

it s

/ |V f*Pdx + HYH(K™) g/ IVolPdr + HYN YKy,  (3.32)
OQ\K*

O\K,
where Ky is any suitable compact set so that ¢ € WHP(Q\Ky).

Proof. The proof is an application of Lemma 3.23 with the same arguments as in
the proof of Theorem 3.14. O
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Remark 3.26. In Rondi [2008b] an a priori parameter choice rule a(d) = B(§) =
v(8) = 16 was studied for the Mumford-Shah functional, where c¢1,co > 0. The
fidelity terms considered in Rondi [2008b] are powers of distance functions other
than least-squares functionals. Our result on the a priori parameter choice rule
is an extension in several aspects. In Rondi [2008b] convergence is only obtained
for the image f, in contrast we characterize when the edges converge in the sense
of o-convergence. Furthermore we consider the strong setting and our parameter

choice s more general.

3.6 Regularization with the discrepancy princi-
ple

In this section we prove that a parameter choice via Morozovs discrepancy prin-
ciple yields a regularization for our approach under certain restrictions on the
parameters. We again refer to Anzengruber and Ramlau [2010] for related work.

We will make use of the results in Section 3.21, and therefore restrict ourselves

to parameters («, f3,7) for which
f=Csga and v=Ca (3.33)

for some constants C., Cz > 0.

We use the following version of the discrepancy principle.

Definition 3.27 (MDP). Let g € L®(0), p > 1, —co < a < b < oo, K CC Q
with HN Y K°) < oco.

Let o > 1 > 1. For§ >0 and ¢° € L*(©) with ||g — ¢°||12(0) < 0 we say that
(e, B,7) are chosen according to Morozov’s discrepancy principle (MDP) if there

exists f° € Mgé,KO,a,ﬁ,v such that

m0 < JA(f°) - 95”L2(@) < 0. (3.34)

Morozov’s discrepancy principle fails if it is not possible to find parameters
such that (3.34) is true for at least one minimizer. This is the case, for ex-

ample, when the uncorrupted data is obtained from a function f¥ for which
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Ugo o 54(fT) = 0. Because then for any (o, 8,7) we have

. N )2 2 2

feSBIXI/l:g(g(Q) MSgs k06,8, (f) < AfT) = ¢ l|720) + 0 <07 < md”. (3.35)
For the weak Mumford-Shah penalty on SBV(2) constant functions are in the
kernel.

We first study in which situation it is possible to choose (a, 3,7) according
to MDP.

Lemma 3.28. Let A : L*(Q) — L%*(©) be continuous, g € L*(O), p > 1,
—00o<a<b<oo, KYCCQ with HN 1K) < .
For fized Cg,C,, > 0, to each o > 0 there exist fi, fo € M%Ko,a’cﬁa,@a so that

for ap, 1 o and any sequence {fn,} € M, k0 o Cran Cra. it holds
g, 1 On,LgQ&n,LyQn

hgﬂ IA(fn) = 9ll20) = [|A(f1) — gll 220y

_ min IA(f) = ¢° || 12(0)-

feMg,KO,a,C'ﬂa,an

In the same way for a,, | a and any sequence {f,} € Mg,KU,an,C;aocn,C it holds

v Qn

hgﬂ IA(fn) = 9ll20) = [[A(f2) — gll 220y

= max |A(f) — géHLQ(@)'

feMg,KO,a,Cﬁa,an

Proof. Let{a,} be a positive strictly increasing sequence converging to a and f,, €
M% K9,an,Can,Cyan D€ @ corresponding sequence of arbitrary minimizers. Lemma
3.16 yields a L*(f2) convergent subsequence { f,} with limit f, € M, K9,0,Cpa,Cra
Using the monotonicity Lemma 3.21 of the fidelity term with respect to a we get

for o, T «

1ACH) = 9°llz20) = im [|A(f2) — ¢°ll2e)

< _ inf IA(f) = gllz20) < [1A(f1) — 9ll2(0)-
feMg,KO,a,C'Ba,Crya

We can repeat the reasoning for every subsequence of {f,} and obtain for the
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entire sequence

lim [[A(f) = gl[z20) = i min [ACS) = 9l z20)- (3.36)

g,KO,a,CBa,C»\/a

The claim for {a,} strictly decreasing can be shown in exactly the same

way. (]

We now show that in many cases it is possible to choose « so that the data

fitting term is either very large or vanishes.

Lemma 3.29. Let A : L*(Q) — L%*(©) be continuous, g € L*(O), p > 1,
—00 <a<b<oo, Kcc Q with HN"YK°) < 0o and fT € SBV N X5(Q) be
such that A(fT) = g.

Assume that the noisy data ¢° € L>®(0) with |lg — ¢°||r2e) < 6§ and that ¢°
satisfies | A(C) — ¢°|| > 10 for all constant functions C(x) = C.

Then we can find parameters oy, as > 0 and respective minimizers f; €

M g5 10,0y, Coan1,Can AN fo € Mgé,KO,aQ,cﬁaQ,oyaz such that
JA(f1) — &°llz20) < 710 < 16 < JA(f2) — ¢°llz20) (3.37)

for o > 1 > 1.

Proof. First consider a;,, — 0 and corresponding minimizers f, € M g5 g0 o, Cyan,Cyan-
We have for each n € N

IA(f2) = 8 172(0) < MSgs k0,0, Coan Cyan (1) = 82 + Vo1 0, 0, (fT) = 62
(3.38)

As 11 > 1, for small enough «,,, we therefore have f, € Mg(s’ K9, Can,Cran With

IA(fn) = 9°ll20) < Ti0.
On the other hand assume that «,, — 0o, then for each n € N

_ 1
Vko 1,050, (fn) < a_Msg‘s,KO,an,CBan,CA,an(fn>

n

1
< — 4@ = g3z O
Qp
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Therefore { [, |V fu|Pdz+HN"1(Sy,)} — 0, which together with the L*°(£2) bound
by Corollary 2.26 implies that {f,} has a convergent subsequence that converges
to a function f* € SBV(Q) with [, |V f*[Pdz + HN"1(Sp) = 0, ie. f*is a
constant function. With the assumption that for all constant functions ||A(C) —

g(SHLQ(@) > 190 this yields
lim | A(fa) — ¢°lz2(e) = [A(S7) = 9" ll22e) > m0. (3.39)
Therefore for large enough «,,, we have f, € Mgg KO, am,Cpan,Cryarn
with |A(fn) — ¢°ll20) > T20. u
We summarize the assumptions on the data.
Assumption 3.30. Assume that for 6 > 0 and 7 > 7 > 1 the measured data
¢° € L*(©) satisfies

lg — géHLZ(@) <0< < ||A(C) - 96HL2(®)a (3.40)

for all constant functions C(x) = C € R. Moreover assume that there is no

parameter o > 0 with minimizers f1, fo € M g5 g0 o,cya,0yar Such that

IA(f1) — ¢l r2e) < 116 < 726 < [[A(f2) — ¢l r20)- (3.41)

Theorem 3.31. Let A : L*(Q)) — L*(©) be continuous, g € L*(O), p > 1,
—00 <a<b<oo, KCcC Q with HN"YK°) < 0o and fT € SBV N X5(Q) be
such that A(fT) = g.

If Assumption 3.30 is fulfilled then there exist parameters (o, B,7) fulfilling
Morozovs Discrepancy Principle (3.34).

Proof. Assume no («, 3,7) exists that fulfills the MDP. Define the sets

St={a>0][|A(f) — ¢°|lr2e) < 110 for some f € Mg‘s,KO,a,Cﬁoc,C,yoc}a (3.42)
S?={a>0]|[|A(f) — ¢°||l12e) > 20 for some f € Mg‘s,KO,a,C’Ba,C,Ya}' (3.43)

Due to Lemma 3.29 we know the sets S and S? are not empty. Note that for o €
St it must actually hold || A(f) —g‘SHLz(e) <76 forall fe Mg‘s,KO,a,Cﬁa,an or else
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either the MDP would be fulfilled or Assumption 3.30 violated. In the same way
we obtain for a € S it holds [|A(f) — ¢°[|z2e) > 720 for all f € My ko o cha.ca-
Therefore we have ST N S% = () and S' U S? = RT.

Let us define ax* := sup S*. Then it follows from the monotonicity and Lemma
3.29 that 0 < a* < oo and therefore o* is in S' or S2. We treat the cases
separately.

If o* € S then we can choose a strictly decreasing sequence «,, — a* and

fn € Mgé,KO,an,Cgan,Cwan’ Since all o, belong to S?, with Lemma 3.28 we get

720 < Lim[|A(fn) — ¢°llz2(e) = sup IA(f) = ¢°llz20) < Td.

feMgs,Ko,a*,Cﬁa*,pra*

(3.44)

This is a contradiction to 71 < 7.
If a* € S? we can choose a strictly increasing sequence a,, — o* and argument

in the same way. ]

Now we are in the position to prove the main result of this section.

Lemma 3.32. Let A: L?(Q) — L?(0) be continuous, g € L=(0), p > 1, —oo <
a<b<oo, KCC Q with HN "1 (K°) < oo and f1 € SBV N X%(Q) be such that
A(f1) = g. Assume that the noisy data ¢° € L>(0) with ||g — ¢°||120) < 6 and

Assumptions 3.30 are met.

For Cs,C, > 0 and any sequence §,, — 0 let (an, B, Tn) = (an, Caan, Cyon,)
and for € MgLs’Ko’amCBamcvan be chosen according to MDP. Then

(i) there exists a function f* € SBV(Q)NX5(Q) and a convergent subsequence
of {fo}, still denoted as {f°*}, such that {f°} converges weakly to f* in
SBV(Q);

(ii) 1t holds A(f*) = g;

(iii) for every other solution ¢ € SBV(2) N X2() of the operator equation
A(f) =g, it is

\I’LCE,CWKO(JC*) < W1,0/3,07,}(0(@- (3.45)
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Proof. We first prove (i). For every n € N, using MDP and comparing the given

true solution f! with the minimizer fo € ng K9,an,Can,Cran WE have

7168° + Vo 1,050, (f)
< A(*) = g™ I72(0) + Vo 1,050, (F)
<62+ anﬁKO,l,C’ﬁ,C»y(fT)'

This leads to

0<(r —1)62

< anﬁKO,l,OB,CV(fT) - anaKO,l,Cg,Ca,(fJn)-

And we can follow

52 _
0<(n—1)—< \IJKOJ,CB,CW(fT) — \IJKO,LCB,CW(fJn). (3.46)

As0< (r—1)E foralln € Nt is
ﬁKo,l,Cﬁ,C&,(f&n) < Ugoq0,c, (/M. (3.47)
Therefore, there exists a constant C' > 0, so that:

sug {\|f6"|\Loo(Q) +/ |Vf‘5"]pdx + fHNl(Sfan)} < max{|al, |b|} + C. (3.48)
ne Q

Again Corollary 2.26 and 2.35 yield a function f* € SBV(Q) N X%(Q) and a
set £ C Q, so that there is a subsequence of {fo}, still denoted by {f°"}, that
weakly converges to f* in SBV and {S}s. } o-converges to E.

Next we prove (ii). Using the MDP we have

IACS) = g% 1720y < 205 (3.49)

As in the proof of Lemma 3.12, we have A(f%) L A(f*). Therefore for §,, — 0
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it follows that
IA(f) = gllZ200) < JEEO(HA(fé") — 9" 17200y + 62) = 0, (3.50)

which proves that the limit f* is a solution of A(f) = g.
To prove (iii), note that (3.47) holds for any ¢ in place of fT, provided ¢ €
SBV(2) N X5(€Q) is a solution of the operator equation. Using Corollary 2.26,

we obtain

Vo 1.0,0,(f%) <lminf Ugoy oy o, (f) < liminf Ugo s o, 0 (6) (3.51)

n—00 n—oo

:EKO,I,Cg,C»Y (¢) °

]

For the classic Mumford-Shah regularization we can also get convergence of

the edges.

Corollary 3.33. Let the same assumptions as in the above Lemma 5.52 hold. If
additionally Cg = C,, = 1, then the edge sets {Sps, } o-converge to Sy-.

Proof. We take the same converging subsequence {f°*} with limit function f* €
SBV ()N X?%() as in the proof above. Furthermore we have the set E C €, for
which {S}s, } o-converges to E.

It remains to show that EF=Sj.. Since {f°"} weakly converges to f* in
SBV (), it follows from Definition 2.34 (i) that S;<CE. Since f* is a solu-
tion of the operator equation, we can replace fT by f* in (3.47). By using the

lower semicontinuity (2.16) and the same argument as for (3.51), we obtain
/ IV f*Pdx + HYHE) < / |V £ [Pdx + FHVH(S)). (3.52)
Q Q

Therefore HN "1 (E) < HN~1(S}+), which together with Sy CE yields E=S+ by
Lemma 2.36. ]

We conclude the chapter by stating the strong version of the regularization
result for Cg = C,, = 1.
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Theorem 3.34. Let A : L*(Q)) — L?*(©) be continuous, g € L*(O), p > 1,
—00 <a<b<oo, KCccC Q with HN"YK°) < 0o and fT € SBV N X5(Q) be
such that A(fT) = g. Assume that the noisy data ¢° € L= () with ||g—g5||Lz(@) <
0 and Assumptions 3.30 are met.

Additionally suppose that for some ¢ > 0, the fidelity term f — ||A(f) —
g‘;||%2(®) decays with order N — 1 + ¢ for pointwise bound functions.

For any sequence 6, — 0 let (a, Bn, ) = (0, an, ) and (for, K°) €
Mgs k0.0, cm.an D€ chosen according to the MDP. Then

(i) there exists a pair (f*, K*) € W'P(Q\K*) N X2(Q) x & and a convergent
subsequence of {f°, K}, still denoted as {fo, K°*}, such that fr L I
and {K°} o-converge to K*;

(ii) t holds A(f*) =g;

(iii) for every other solution ¢ € WIP(Q\K,) N X5(Q) of the operator equation
A(f) = g, we have that

/ |Vf*|pdx+ﬂ-CN1(K*)§/ IVolPdr + HYH(Ky), (3.53)
Q\K* Q\K¢

where Ky is any suitable compact set so that ¢ € WHP(Q\Ky).

Proof. The proof works the same as for Theorem 3.14. [
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Chapter 4

A variational approximation in

the sense of ['-convergence

In this chapter we will study variational approximations of the weak Mumford-

Shah type functional

MSxo(f, v) = (4.1)
JAC) — gl% + o /

IV 2 dx + BHN TSy \ K9)
O\K

in the sense of I'-convergence following the ideas of Ambrosio and Tortorelli [1992].
Compared to the functional (3.5) in the previous chapter, the functional (4.1)
above corresponds to the special case where 7 = 0, that is edges coinciding with
the a priori edge are not penalized at all. We will also motivate a heuristic
approximation for v # 0 at the end of this chapter.

Sometimes it is possible to view a difficult problem, in our case the Mumford-
Shah type functional, as the limit of a series of more computational feasible or
more understandable problems. In such a scenario it is important to choose
the correct notion of convergence. A suitable convergence for our problem is I'-
convergence. Its objective is the description of asymptotic behavior of families of
minimum problems, which are often depending on some parameters.

For the approximation, instead of a set K we consider a sequences of smooth

edge indicator functions {v,} € W3(Q),0 < v, < 1, where v, ~ 0 and v, ~ 1
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indicate an edge and no edge respectively. This smoothed setting is referred
to as the phase field setting. It is also necessary to describe the a priori edge
information K° in the phase field setting. We assume that for a given K° we
have a sequence {vV} of edge indicator functions that fulfill certain conditions,
which we will specify in the next section.

If the spaces are chosen appropriately, by Proposition 2.32, it suffices to derive
an approximation of the penalty term. The data fitting term can then be regarded
as a continuous perturbation in the sense of Proposition 2.32(ii).

Let us recall that Q C R" is a bounded domain and K is a compact subset of
Q with HV"1(K?) < co. Without loss of generality, we assume that o = 3 = 1.
Furthermore, by {&,} we denote a strictly positive sequence for which ¢, — 0 as
n — oo.

In this chapter we show that under certain assumptions on the a prior: edge

information {v°} and K the sequence of functionals

v € WH(Q),
_ o [ |V fPde + B [ en|Vo]* + @i;”)zdx, for ! )
\Ijvg,n(fav): Q " 0<v<1
400, else
(4.2)
approximates
_ a o |VfPde + BHNH(S,\ KY), v=1,fe€ SBV(Q)
Uyo(f,v) = Jo ! (4.3)

00, else,

in the sense of I'-convergence as n — oo on L?(Q) x L?(Q2). The difference of
(4.2) to the usual Ambrosio-Tortorelli penalty is in the last term, where instead
of a constant function 1 the a priori edges {v2} are used as a constraint.

For the case where v # 0 we propose the heuristically motivated penalty
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n

Hy o(f.v) = a/ﬁvQ\Vf\de + ﬁ/ (en]Vv\z + %)(1 + (02 —v)?)dx
Q
(4.4)

for f, v e WH(Q),0 < v < 1 with 0 < 3,7, a. We do not have any convergence
results in this case and therefore only give a brief motivation at the end of this
chapter.

To apply the theory of I'-convergence we need to show that for suitable topolo-
gies the lim inf-inequality and the lim sup-inequality from Definition 2.29 hold.
We adapt the original proof from Ambrosio and Tortorelli [1992] as it is presented
in Braides [2002]. First, we consider the approximation on an interval and then
lift the result to the N dimensional case by standard techniques. The main con-
tribution and difficulty is to establish suitable conditions on the a priori edge set

and modify the proofs accordingly.

4.1 Representing K" in the phase field setting

In this section we note the assumptions we take on the sequence {v°} € W1¥+1(Q)
that represents the a priori edge information K° C Q in the phase field setting.
We use these assumptions to describe the asymptotic behavior of the sequence
{19} near K°. Furthermore, we give a second more natural set of assumptions
and show why they unfortunately do not work for the proof in the next sections.

We begin by listing the assumptions we will use in this chapter.

Assumption 4.1 (Assumptions on {v°}). For a compact set K C Q C RN with
HNHK) < +o00 we assume that for every sequence {e,} with e, — 0 asn — oo
there exists a sequence {v9} € WHNT(Q),0 <09 <1 such that

(i) v2(z) — 0 uniformly in K° as n — oo.
(ii) 2(z) = 1ifz &€ K° as n — cc.

(iii) For every subset A C Q with ANK® = () there exists a sequence {ns,} € R
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so that

1 —na, <vl(z) <1 forxe A (4.5)
and
NAn
’ 0 4.6
- (46)
as n — oo.
(iv) It holds
/5n\Vv2]N“da: -0 (4.7)
Q

as n — Q.

Assumption (¢) and (éi) ensure that, in the limit, only real edges are indicated
as such, assumption (iii) ensures that away from edges the sequence converges
to 1 fast and assumption (iv) prohibits the valleys around edges to be too steep.
Note that in the assumptions above for WH¥*1(Q) the Sobolev number 1 — NLH
is strictly positive and therefore for every n € N it holds v? € C°(Q).

Remark 4.2. As the domain 2 is bounded and N > 1, from Assumption /.1 (iv)

it follows that

/en]va\Qd:U — 0 (4.8)
0

as n — Q.

We first characterize the behavior of the indicator functions {v?} for n — oo
in the neighborhood of edges. Throughout this chapter we will use the following

estimate on an interval [a,b]: for 1 < p < co and u € WP[a, b] it holds

/ Vulrde > |W\p(b ). (4.9)
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The estimate comes from the minimization of the p-Dirichlet integral

ueW1L.r(Q)
Q

subject to (u—h) € W,*(Q),

min / |Vul|Pdx

for some function h : 2 — R. If the boundary data h is regular enough then a

minimizer is attained and the associated Euler-Lagrange equation is
div(|Vh[P~2Vh) = 0,

see Lewis [1977]. The operator on the left hand side is called the p-Laplacian. In
one dimension linear functions solve the p-Laplacian and thus also minimize the

p-Dirichlet integral over an interval for a given set of boundary values.

Lemma 4.3. Let Q CRY, N > 2 K° cc Q, HN"1(K?) < 0o and {,} be a se-

quence converging to 0. Furthermore, assume {v°} fulfills Assumption /.1 for the

dist(xp ,KO) <

given sequence {e, } and K°. Then for any sequence {x, } with lim sup,, -

00, it holds v2(z,) — 0 as €, — 0.

Proof. Without loss of generality we assume that in the following we are suffi-
ciently far away from the boundary of €.

Step one: Let {2°} be an arbitrary sequence in K° and {p,} be a sequence of
positive real numbers with lim sup,, g—: < 00. We first show that for almost every
x € B1(0) it holds v (2% + p,x) — 0 as n — oco. Let us fix a ¢ € (0,1] and SV~!

be the N — 1 dimensional sphere. Using polar coordinates we compute

/€n|V02|N+1dx > sn/ Vol (z) [N e
Q Bepn (29,)

CPpn
= ¢, / / (Vo2 (22 + ¢ - o) [N at dHY
SN-1.J0

where v denotes an element in SV~ We estimate the one dimensional integral
via the reverse Holder inequality. Let u(t) = |[Vo2 (20 + ¢ - v)|V T h(t) = V1
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and s € (1, N), then

CPn
/ whdt = || w b || L1 (0,cpn))
0

> [ull L/so,epngy 1Nl L=1/G=1 ((0,cpm)) -

The second norm can be computed as

Pn T —(s—1 s—1 s=Ny\ —(s—1
ey = ()0 = (e =)
0 s—=N
= O(Cpn)_S+N7
with ¢ = (&=)¢~Y. Now we estimate the p-Dirichlet integral with a linear

0

function taking the same boundary values as v,

pn 1 s
TP / (V2 + - )N+ )

N (/cpn |Ug(x2) — 0022 + cpuv) |¥dt)s
N 0 ‘Cpn’

CPn s N+1
e 8a) = 1Rt + o)

N+1
)

— (epa) ™V |o0(20) — 22 + cpor

We summarize with

/€n|VUSL|N+1d:p
Q

> €n0(cpn>fs+N(Cpn)stfl / |UO(1‘0) o 02(1'2 + Cpnl/)lN—de_cNfl
SN-1

n n

ot oo (20) — (2l + cparv) |N+1dﬂ{N_1.
Cpn Jgn-1
The integral [, e,|Von|Vdz goes to zero via the Assumption 4.1 (iv). As
liminf, 2= > 0 and v? — 0 uniformly in K for H¥~! - almost every v € SV-1
it holds v2(z, 4+ cp,v) — 0. As ¢ € (0,1] was chosen arbitrarily, we can follow for
LN - almost everywhere z € B*(0) it holds v2 (2% + p,x) — 0.

Step two: Now let us assume there is a sequence {z,} € € with
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dist(zn,

. O . A
lim sup,, = K < o0 and limsup, 12(z,) > C' > 0 as n — co. Because of

Assumption 4.1 (i) we can extract a subsequence such that {z,} € Q\ K". Be-

dist(xn,K9)
En

cause of lim sup,, < oo we can find a sequence {z°} in K% and {p, } € R,

with lim sup,, 2* < oo such that
5 (0
xn S Bpn (xn)7

where B, (20) denotes the interior of B, (z2). Due to step one for £V - almost
every x € B1(0) it holds v?(2% + p,z) — 0 as n — oo. Therefore we can fine a

second sequence {7,,} € R, with
B, (zn) C épn ()

and for HYV~! - almost every v € SV~ it holds v%(x,, + 7,v/) — 0 as n — oo.
Step three: We estimate the gradient over B, (z,) to obtain a contradiction.

As above we have

/ | VOO [N

Q

> / | V2 [N d
BTn (mn)

= €n/ / (V2 (z, + t) V)Nt dFHN !
sv-1.Jo

>C= 100 () — 02 (2, 4 7o) |V AN
Tn JgN-1

We have lim inf,, i—z > 0. Because of step one, for HY~! - almost every v € SN-1

it holds v(z, + 7,v) — 0. For the sequence {z,} with limsup, —diSt(§:’Ko)

< 0
and lim sup,, v2(z,,) > C' > 0 as n — oo the last integral therefore does not go to

zero. This contradicts Assumption 4.1 (iv). O

Lemma 4.3 also holds for dimension N = 1, but the proof does not require the
transformation to polar coordinates and the reverse Holder inequality. Instead
the integral can be estimated directly with linear functions to obtain the claim.

To have a consistent model, it would be desirable to only assume that the

a priori phase field functions were obtained as minimizers from a sequence of
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Ambrosio-Tortorelli functions. In this regard we show a negative result in one

dimension.

Assumption 4.4 (Desirable assumptions on {v°}). For a given set K° C Q with
HN=LK®) < 400 we assume that for every sequence {e,} with e, — 0 asn — oo
there exists a sequence {v2} € WH2(Q) N C°%(2),0 < vl <1 such that

(i) v2(z) > 0 ifx € K as n — oo.

(ii) V2(z) > 1ifz € K° as n — cc.

(iii) For every subset A C it holds
/gnmg S wd:p — HNTH(ANKY) (4.10)

4e,,
A

as n — Q.

We now introduce a one dimensional example to see that these assumptions

are not sufficient. We divide the example into two parts.

Example 4.5 (No recovery sequence). Let Q = (—1,1), K° = {0} and {,} be
a sequence converging to 0. Furthermore, assume {v°} fulfills Assumption J.J for

the given sequence {e,}. Then for every convergent sequence {x,} with limit x:
(i) Iflim, 2= — 0 then vy(z,) — 0.

(i) Iflim, 5= — 0, then the sequence {v)} converges to 1 on [0,2,] in the sense
that

1

/(1 — (- 7))%dT — 0.

0

Proof. We first show (7). The case x, = 0 is treated in the Assumptions 4.4
(4). Let {z,} be a positive sequence converging to 0 with lim, £ — 0. Using

Assumption 4.4 (i), we follow that the sequence {e, [ |(v2)'|*dx} is uniformly
Q
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bound by some constant C' > 0 and we can estimate for all n € N

e / (Y Pdz > e, / (00 [2da
QO 0

n
n

> 5n/ | (vg<xn)x; U%(O)) |2dl‘ _ i_n(v[)(xn) . UO(O))2.

As 22 — oo for n — oo, it is necessary that (v2(z,) — v2(0))> — 0. With

0
n

lim,, v2(0) = 0, we can follow lim,, v2(z,,) = 0.

Now we turn to (ii). If {z,} does not converge to K° = 0, then due to
Assumption 4.4 (i7) the claim holds. Let {z,,} be a sequence converging to 0
with lim, 2= — 0. Using Assumption 4.4 (7i7), we can compute for some constant

C >0 and every n € N

05 [Ustlly,, [Uodior,

4e,, 4e,
1 1
1 0

e, (1 = vp(@n - 7)) zndr = o (1 —2(x, - 7)))2dr,

where we used a change of variable r = 7z,, and dx = x,dr.

As lim,, &= — 0, for the last term to be uniformly bounded it is necessary that

/1(1 — 02 (2, - 7))3dT — 0.

O

Now we will show that for this example, under the above Assumptions /J./, no
sequence {v, } € Wh2(—=1,1) can be found such that

1
_0)2
lim/gn\v;\z + (0"4—%1)(13; =0.
n En
21

72



To be able to find such a (recovery) sequence is necessary for the variational
approximation we are pursuing.

Proof. Assume there exists a sequence {v,} € W'?(—1,1) such that v,(0) — ¢

for some ¢ > 0 and

1
_0N\2
lim/5n|v;|2+%—v’"‘)dx:0, (4.11)
En
—1

For any sequence {x, } with lim £* < oo, as above we have
n

Tn

gn/ ! [2d > 5n/ | (“”("””")x; on(0)) %dz = ;—n(vn(xn) — 0, (0))2.

n

0

As [e,|v)|?dx — 0 and v,(0) — ¢ we can follow that v,(z,) — c.

Q
Therefore, for any C' > 0 it holds v, (t) — ¢ for all ¢ € [0,C¢,| and we can

compute
Cen c 1 c
1 n
lim v /(vn(:c) —1)*dz = lim 45 /(vn(C’ant) —1)%dt = Z(1 — )%

0 0

Assume that ¢ # 1, then as C' > 0 can be chosen arbitrarily large we have

1

1
" /(vn —1)*dz — .
0

(02 — 1)%2de < H°(K®) contradicts the assump-

n

o, .

This together with lim sup,, ﬁ

tion

1
02
lim/ de —0.
n 4e,,
21
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Assume that ¢ = 1, we would then have

for any C' > 0. This yields a contradiction to limsup,, [ €,|(v9)|?dz < HNH(K?)
Q

together with ©2(0) — 0. This can be computed by choosing C' > U{N+(KO) and a

sequences {x,} in [0, Ce,] for which v%(x,) — 1 and then estimating the gradient

/8n|(vg),|2dl’ > /5nlvg(0> ;nvg(x")|2dx
= S 0(0) — 5w
> Z080) - ) - &

]

This concludes our one dimensional example, showing that Assumption 4./

are not sufficient.

4.2 The liminf inequality in one dimension

In this section we prove the lim inf inequality
Ugo(f,v) <lminf Wy ,(fn, vy) (4.12)

for every sequence { f,,, v, } € Wh2(Q)x WH2(Q) converging to (f,v) € SBV(Q2) x
L3(Q) in L*(Q2) x L*(Q) for g, — 0 as n — 0.

Let us fix Q@ = (—1, 1) and recall the definitions for the one dimensional case

0 _ )2

(o) =a [P Par g [elp+
Q

ax. 4.1
Q
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for f,ve WH(Q),0<v <1, and

Tio(fo0) =a [ 17/Pds + 536(; \ ) (4.14)
Q

for f € SBV(Q), v =1 a.e., and else ¥ o (f,v) = +o0o. For restrictions to subsets

A C , we use the notation

v)?

O J—
Tyl ) =o [R1Pae 9 [+ B
A

4e,
A
and

Uo(f,v, A) = a/ |f'|Pdx + BHO(S; \ KON A).
A

We will first prove the following lemma.

Lemma 4.6 (Oscillation Lemma). Let €, — 0 as n — oo and {v2}, K° fulfill
Assumptions J.1. Then for every sequence {v,} € W12(Q) with

1
2

0 _
Sup/»sn\v,’l\2 - %—v")dx < 400 (4.15)
n 871
1

there exists a convergent subsequence of {v,} with limit v that satisfies
v=1 a.e.

Also, for every n > 0 there exists a finite set S" C Q and a subsequence of {v,},
still denoted as {v,}, so that for each compact subset I of Q\ (S"U K°) there
exists an index n, ; € N such that for every n > ny, it holds 1 —n <wv, <1+1n

on I.
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In the proof we use the notation

1
2

0 _
Gn(v,) == /&tnlv;f + Mdm. (4.16)
4e,
“1
Proof. Let {v,} € W'2(Q) be a sequence with (4.15). Let us define I := {z €
(—1,1) : Jvp(z) — 2 (x)| > n} and denote its measure as |I7|. Then for any n > 0

1t is

2 _ 0 2

() < / en(Un(x) — v (1)) Az < e, Chn(r). (4.17)
4 I €n4

As sup,, G, (v,) < oo, for any n > 0 the measure |I])| tends to zero as n — 0.

Also, by the triangle inequality we have

{z € (~1.1) : foule) = 1 > m}] < o € (=1, 1) : fon(a) = vh(@)| + [ef(@) = 1] > m}
< o € (~L1): oale) = o)(@)] > )]

+ o € (~1,1) s [oh(@) — 1] > 2},

As {0} converges to 1 a.e., the right hand side converges to zero as n — oo.
Therefore, also {v,} converges to 1 in measure and therefore also v, — 1 a.e.

It remains to show that {v,} can be bound as described above. For every
N € N let us define N equidistant distributed points x%, := —1 + i%, 1=20,..,]N.
We show that the number of intervals [z, 5!] on which the functions {v,} are
not bound is independent of N, for large enough n and N.

We first fix N and 7 so that [z, 25 '] N K° = (). Let s, be such that v,(s) =
min 71,';'\4;1]/Un<37) and v,(t) = maw J?l]vn(a:). Furthermore, by Assumption
4.1 (u4) we have a sequence 2 — 0 that bounds the oscillations of v through
1),

11— 02| <72 on [2%,2%"]. Note that the sequence {12} is independent of i.

For simplicity assume without loss of generality s < ¢t. With the inequality
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a’® + b? > 2ab we have

t (00 — v,)? t t
[ e+ e > [l = wnldo > [ o] 1= ]~ L o3|z
s En s s
t
> | [ 1ol (1= vl = 1= )

t
> [ Il (= el = 00) d

Using the substitution 7 = v(x) we then have
on (t)
-2/ (11— 7] —n)) dr.
vn(s)

Now we fix 0 < n and define

nN _{Z S {0 N} : max[wi7$i+1]vn<x) - min[xi7$i+1]vn('r> Z 7]}
N {Z S {0, ,N} . [ZEZ‘,IH_I] N KO = Q)}

For i € J| v again let s, be such that v,(s) = min[zx,xﬁl}vn(@") and v, (t) =
AT (i 4i1)Un (). We again assume s < . For sufficiently small n°, that is large

n, Lemma A 1 gives us a constant C' > 0 such that

Tit1 0 __ 2 un(t)
[ et s [
x; 45n vn(s)

> C.

We can therefore follow that for every 0 < n for large n it holds

4 < -

OGn(vn). (4.18)

As sup,G, < oo, the number of intervals on which v,, oscillates more than 7 is
bound and the bound is independent of V.

Let us then define the set S \ := {z; € [-1,1] : 1 € J] v} Forany 0 <n <1
as #J,] y is bounded so is #58,] ; with respect to both N and n. Therefore, letting
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N — oo and n — oo we can find a convergent subsequence of S  with limit
S C Q. We denote the according subsequence also as {v,, }.

For any open set I C Q\ (S"U K?), for N large enough, we can find a cover
U;[ri, 7i41] and an index ng such that for all n > ng it holds I C U;[x;, x41] C
Q\ (8] UK),

As each [z;,7;11] N S)) y = 0 we have that
MAT [, 2,100 (T) = MDY, 2,06 (T) < 1.
Because v, — 1 in measure, for large enough n it therefore holds
1—n<uwv(z)<1+mn. (4.19)

This is valid for the entire cover U;[x;, ;1] and therefore also for I C '\ (S7 U
KO). O

Now we turn to the proof of the liminf inequality in one dimension.

Lemma 4.7 (The liminf inequality). Let &, — 0 as n — oo and {02}, K°
fulfill Assumptions J.1. For every sequence {(fn,v,)} converging to (f,v) in
L3(2) x L*(Q) it then holds

Uro(f,v) <lminf Voo ,(fo, vy). (4.20)

Proof. Let e, — 0, f,, — f and v, — v in L*(Q2) as n — oo. Up to a subsequence,

we can suppose that
liminfﬁvg,n(fn,vn) = lim Evg,n(fn,’l/n) =(C < 400
n n—o0

and v, — 1 a.e. (else there is nothing to show).

We first show
#(Sy \ K°NI) <lminf Wyo ,(fn, vn, 1) (4.21)

for any open subset [ of Q. If S; \ K° = ) there is nothing to show. Otherwise
choose {t1,...,txy} C Sy \ K° and disjoint intervals I; = (a;,b;) C Q with ¢; € [;
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and (a;,b;) N K° = 0. Let t; € Il CC I;, and let m; = liminf, (iﬂftelg vn(t)?). If
m; > 0, then

1 .
/ FP <~ / NORTAESe
I mi Ji;

and because of the L*() convergence of f, also

/ P+ / hP<é
I I

for some constants C, C'> 0. In this case [ converges weakly to f in W12(I!) C
C°(1}), which would imply (S;NI/) = (). Therefore, it has to be m; = 0 and there
exists a sequence {s',} € I such that v,(s’) — 0. Moreover, as v,, converges to 1
a.e., we can find r;, 7} € I; so that r; < s', < rl and v,(r;) — 1, v,(r}) = 1. Then

we can estimate

. = . i /12 (Ug —vy,)°
lim inf W0 ,,(fn, Un, [;) > liminf Enlvpn|” + e dx
n n’ n r; 5

n

st 0 _ 2

> liminf/ en\v;\Q—l—M
n 4e

n

T 0 _ 2
+ liminf/ enlv)|* + (n = )7
no Jgi 4€n

n

dx

/

dx.

Using the inequality a® + b* > 2ab we get

lim inf W0 ,,(fn, On, I;) > liminf/ ' [o! |02 — v, |dx
n n .
. (4.22)
+ lim inf / [0l |02 — | d.

7
n

The two terms on the right hand side of (4.22) are of the same kind and we only
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look at the second one

v/

lim inf /'l [0 [0 — v, |de > liminf/_l W] (Jo, = 1| = |op — 1]) d

K 3
n n

As (ry, 7)) N K° = ) we can use Assumption 4.1 (4ii) of the a priori edge and

obtain

s hminf/ ) (fow — 1] = 12) da.

Using the substitution ¢t = v, (z) and dt = v}, (x)dx we get

vn (1) vn (1})

|t — 1|dt—n21imsup/ dt

vn(sh)

liminf/_z W] (Jo, — 1| = mp) dx > liminf/

: " Jun(sh)

on(r})
:liminf/ [t — 1|dt —n°.

vn(sh)

Letting the limits n — oo, n° — 0, v,(r}) — 1 and v,(s’) — 0 pass, we arrive at

rh 1
i 1
liminf/ |U;L\|vg—vn|dx2/ |t—1|dt:§.
noJs 0
This yields
+

lminf Uyo ,( fr, Un, I;) > =1 (4.23)

N[ —

Together with the arbitrary choice of points {t1,..,txy} C Sy \ K we arrive at
#(Sp \ K°) < liminf Wyg ,( fr, vn, 1) (4.24)

if I is any open set with (S; \ K°) C I.
Now we show that for every open subset I with I N (S; U K?%) = () the limit
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[ is an element of W2(I) and

/If’IQdfv < diminf Wy, (fn, vn, 1). (4.25)
I n

From Lemma 4.6 we know that there exists a set S (not the jump set Sy) so that
for every open set I C (—1,1)\ (SUK?) and n large enough, up to a subsequence,
it holds 1/2 < wv,, < 3/2 on I and thus

1 b
§liminf/ |fPdx < liminf/ V2| fPdr < C.
n 1 n a
Therefore, f, also converges weakly to f in W2(I). We estimate
b
/]f’|2d:1: < lim/v2|f’\2dx < liminf/vfl]f,’fd:v < liminf/ V2| f1 P d.
I noJr n I " a
(4.26)

In the first inequality we used Fatou’s lemma for v,, — 1. In the second, we used
that the map f — [, v2|f'[*dz is convex and lower semicontinuous with regards
to the weak convergence f, — f.

Since f is in Wh(I), the jump set Sy is a subset of (S U K"). As the
points (S U KY)\ S; are only finite, the inequality (4.26) can be extended to
[ e Wh2(Q\ Sy). We therefore have for every I with I NSy =10

b
/|f’|2dx < lim inf/ vz frlPde. < Hminf W0 ,(fr, va, 1). (4.27)
I n a n

It remains to combine the two inequalities (4.24) and (4.27). For every 7 > 0
we define the sets I? := Q\ (Sy+[—7,7]) and I, := (S;\ K°+[—7,7])NQ. The two
sets are disjoint but don’t make up €2 entirely. Then using the two inequalities
(4.24) and (4.27), for every (fn,v,) — (f,v) in L*(Q) x L*(Q2) and 7 > 0 we have

|f'[Pdx + #(S; \ KN I}) <lim inf@vgyn(fn, Up, I?) + lim inf@vg’n(fn, U, I})
17(2 n n

< lim inf @Ug,n<fn7 Un)-
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Letting 7 — 0, we arrive at
Ugo(f,v) <lminf Wy ,(fr, va), (4.28)

the desired inequality. ]

4.3 The limsup inequality in one dimension

In this section we prove the existence of a recovery sequence { f,,,v,} € W%(Q) x
W12(Q) such that

lim sup 6vg,n<fna Un) < EKo(f7 U)' (429)

n

As usual, €, — 0 for n — oo.

Lemma 4.8 (The limsup inequality). Let &, — 0 as n — oo and {09}, K°
Julfill Assumptions J.1. For every (f,v) € L*(2) x L*(Q) there exists a sequence
{fn,vn} converging to (f,v) in L*(Q) x L*(Q) with

limsup@vgm(fn,vn) < Wio(f,v). (4.30)

n

Proof. We can assume v = 1 a.e. or else there is nothing to show. We now
construct such a recovery sequence. It suffices to consider the cases where (a,b) =
(—1,1) and

(i) feWh2(—1,1).
(i) f e W2(~1,1)\ {0}, S; = {0} and (a,b) N KO = 0.
(i) f e W'2(—1,1)\ {0}, S; = K° = {0}.

Other situations can be reduced to the three cases above by separation into small
intervals and shifts. We will define the sequence {v, } such that on the boundary
of each interval it is v, = v?, at least in the limit n — co. Thus a continuous

n’

patching can be done without difficulty.
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For (i) we can simply choose f,(x) = f(z) and v, = (1 — C,)vY with C,, =
exp( W> The factor (1—C,,) is only chosen to make the patching more straight-

forward. We can then compute

B

Tigalfutn) = [ @PIFP+ L (Cutl)? + Beal(L = G Pl

<a/ |f|?dx +B 2+5/ ea| (V) [Pd.

—1

2 exp(34=)? exp(==)
The term 207“ = —5lm= = —5X% goes to zero as £, — 0 because of the

exponential decay. By Assumption 4.1 (iv) we also have f_ll en|(V2)|?dz — 0,

which yields

li sup Ty (s ) < Do (£, 0). (431)

n

We now construct a sequence for (i7). Set f, € Wh?(—1,1) with f,(z) =
f(x) if |z] > €2 and v, = 00 - ¢,, where

0, 7| <ep
1—exp(S), &2 <o <2+ 5,

oOn(z) = (4.32)
1—exp(z=), |zl =€)+ /En

We can then compute

1
Tgalfuin) = [ (@l P 0= 0 4 el )

<a/ ]f|dx+ﬂ/ (V2 —v,)? + V), P da.
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We rewrite the last term to

/_ L0021 = 60 + 200 - ) Pl

1 4dey,
! 1 2 "2 ! 2
< [ =G el 6 o) s
7]_ n

1
1 / /
< [ =P el el (ud) P

1 n
By Assumption 4.1 (4i7) on the a priori edge {v0} it is
1 /
/ en|(V2) |Pdx — 0. (4.33)
—1

The remaining term is the original Ambrosio-Tortorelli approximation of the edge

penalty. Using the definition of ¢,,, we can compute,

s
-1

1 [e eatvEn ] 1 ~1 1
= [ dx+2 — (1= ¢0)2 + en|d|Pdw + — da.
5 [ e / (o) b eald et (e [ e

The first and last integral converge to 0 as €, — 0. Finally, the second term is

Futven 1 /2
=3

e%-&-\/sn 1 2 _ 1 &2 _ ¢
n 2 n 2
_ T N exp(2 ") 24 4.34
e e e AN ()
1 E%+\/an 2 _
= — exp(gn x)d:c
En &2 En
1 82 — X 52-5,- /€ _1
En |: c eXp( En )]8% exp(\/a) -
We define

n::/ el (2 |d:v+—/ dw+£exp(\;;_n)—exp(\;;_n)
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for which it is O,, — 0 as n — oo. Together we have
- 1
Q%Aﬁmmga/1UVm+5@+O@.
-1
In the limit this is
- 1
i sup Ty (o) <0 [ |fPdo+ 5 (4.35)
n -1
and thus the claim for (i7) is shown.

We now construct a sequence for (iii). As in the above case, set f, €
Wh2(—1,1) with f,(z) = f(x) if |z| > 2. We define the edge indicator as

v =00 - @, with C, := exp(2\7;7) and
0, lz| < &2
4o(c) = (1-Cp)- B, &2 <Ja] <2 +e, (4.36)
1-C,, |z] > &2 + e

In the same way as above, we arrive at

T (s ) = / (avzlf’P 20—t + el

4e,
<a/ £ dw+ﬁ/ (L= 60 + eulo - S + eal (0) - 2
<a/ \f\dx+ﬁ/ (1= 6 + 6 dx+ﬁ/ al (10 [P

We look at the following part of the second integral

[ 00 0+ el P (137

2
n
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the other parts of the edge integral can be estimated by

A ! / 1 [ 1
O, = / | (V2) |Pdax + —/ dr + —C2.
-1 2571 0 25n
Now we use that v2 > 0 and v? is continuous. Then, by the mean value theorem

for integration, there exists a &, € [€2,&2 + &,,] such that

a%—i—an 1
/ (W02 (~ (1 = 602 + enld,[2)de

2 4871
5%4’511 1
@6 [ (= ol P
e2 En
Using the definition of ¢, (z) = (1 —C,) - m;—ai and straightforward, but lengthy,

calculation we have

O+ C+1
- 12

=:C,.

E%+En 1
[ - )

- 2
% o +(1-Cy) (4.38)

For £, — 0, all the terms in (4.38) are bounded and we have that lim sup,, C, <

0o. We summarize

~

1
Uoon(frsvn) < a [ | Pde+ B(00(6)*Cr + O,).
-1

dist(K9,x,)
En

By Lemma 4.3, if limsup,, < oo, then v2(z,) — 0 as g, — 0. As

&, € [e2,e2 + ,] we therefore have vf(&,) — 0, and thus, letting the limit pass,

n’

we obtain
o 1
i sup T o (fv0) < 0 [ |7/Pie (4.39)
n —1

]
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4.4 The N-dimensional case

In the previous sections we established liminf and limsup inequalities for the
variational approximation in one dimension. In this section we will lift our results
to dimension N > 2.

For the liminf equality this is done by a slicing technique following Braides
[2002][p. 188ff] which is the standard approach for such kind of variational ap-
proximations. For the limsup inequality we follow Attouch et al. [2006]. Other
references are Ambrosio and Tortorelli [1990]; Attouch et al. [2006]; Braides [1998].

We first fix the notation. Let Q € RY, N > 2 be an open set. We write

Tolf.o)=a [ ViPdo+ B3 (5, \ K) (4.40)

O\K
for f € SBV(Q), v =1 a.e., and else ¥o(f,v) = +o0 and

0 N2
Ty (fr0) = a / IV fPdr + / Vo2 + v
9]

d 4.41
Pr— (4.41)
Q

for v, f € WH2(Q), 0 <wv < 1.

4.4.1 The liminf inequality through slicing

We now prove the liminf inequality
Wio(f,v) < liminfﬁvgan(fn,vn)

for every {(fn,v,)} converging to (f,v) in L*(Q) x L*(Q) for dimensions N >
2. We follow the steps as described in Braides [2002][p. 188ff]. Once the one
dimensional convergence in Theorem 4.7 is established, the N-dimensional case
follows by standard arguments. This can also be seen in the proof below, as we

do not have to address the a priori edge in any step.

Lemma 4.9 (The liminf inequality). Let &, — 0 as n — oo and {02}, K°
fulfill Assumptions 4.1. For every sequence {(fn,vn)} converging to (f,v) in
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L2(Q2) x L*(Q) it then holds
Ugo(f,v) <lminf Wpo ,(fr, vy). (4.42)

We will use the following notations in the proof. Let S¥~! be the N — 1

dimensional sphere. For every v € SV~! we define

Ty = {yERN:<y’I/>:O}’
Q={teR:y+treQ},yem,
Q, ={yem :Q,#0}

Furthermore we define for f : 2 — R and y in 2, the function f, for all ¢ € ),
by fy(t) = f(y + tv).

Y-

Ty

Figure 4.1: The domain Q and a slice Q, for a fixed v € SV,

Proof. 1. ’Localize’ the functional @vﬁ,n highlighting its dependence on the set

of integration.

For all open sets A C 2 we define

= 2 2 2 (Ug_U)Q
Voo o(fiv,A)i=a [ VIVf|idz + B [ en|VV|" + —"—"
A

d
4e,, .
A
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for v, f € WH2(), 0 <v < 1, and W0 ,(f,v) = oo else.

. We first fixv € SN and define for all y € m, one dimensional functionals:

NTa 20 112 s (V) —w)?
Oty [rtaee s e =
n’ gn
I I

for I C R open and bounded, f,v € W'(1),0 <v < land Wy, (f,v,1) =
oo else (actually independent of y). By integrating over all y in 7, we define

the functional

14

avg,n(fﬂ),A) = /Ei:éy,n<fy7vyvf4y)d}fzv_l

v

for A C Q open and bound, f,v € W'?(A),0 < v < 1. By Fubini’s theorem
this is

Tipulf0,4) =@ / (v, V )Pz + B / ol o2+ Lo =)
A

d
4e,, *
A

if (v,Df) << LN, (v, Dv) << LN 0 < v <1 and @igm(f,v,A) = 00

otherwise.

. Compute the one dimensional I'-liminf,, Ezgj’n(f,v, I).

By Theorem 4.7 we have
UA(f0, 1) :=-liminf O (f,0,1) = o / |f'[2dx + BHO (S \ K°)
n n’ I
and we can define

ﬁllj(o(fava) ::/Wlljé%(fyavyvAy)dg{N_l

Ty

for A C 2 open and bound, f,v € Wh?(A),0 <v < 1.
Note that Wyo(f,v, A) is finite if and only if v = 1 a.c. in A, f, € SBV(A,)
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for HN! ae. y € m,. If in addition f € L>®(Q) we have

/ D, |(©,)dFN !

™

< [1]Qnp+2se@ )] <o (@a3)

Ty

4. Apply Fatou’s lemma.
FOI' (fnavn) — (f7U> in LQ(Q) X LZ(Q) we have

lim inf W0 ,(f, v, A) > lim inf@fzg,n(f, v, A)

= lim inf / W' (fys vy, Ay )dFH

> / lim inf U0, (f,, vy, Ay )dFHV

Tk

> / TUU(f, 00 Ay ) AN

Tk

= Uyo(f, v, A).

In the first inequality and first equality we used the definition of @Z% n
The second inequality follows from Fatou’s lemma and the third from The-
orem 4.7. The final equality is the definition of ¥'yo. We can deduce that
liminf, Uy ,.(f, v, A) > Uholf,v, A) for all v € SN-1.

5. Describe the domain of I'-liminf, @vgmn(f,v, A).
If f lies in L*>(Q2), by Equation (4.43) and Theorem 2.27 we deduce that
T-liminf, U0 ,,(f, v, A) is finite if f € SBV(A) and v =1 a.e.

6. Obtain a direction dependent estimate.

If fe SBV(A) and v =1 a.e. from Theorem 2.27 we have

Tio(f.0.4) =a [ [(VS.0)Pda+ (.0} 30>
A Aﬂ(Sf\Ko)
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where vy is the normal on Sy as defined in Definition 2.18. We can therefore
summarize

lim infW,0 ,,(f,v, A) > (4.44)

sup (a/A\(Vf,uHde—i—ﬁ \(uf,u)]df]{N‘1>.

veSN-1 AN(SF\KO)

. Optimize the lower estimate.
We now apply Lemma 2.7 to optimize the lower estimate (4.44). Let {v;}

be a dense sequence in SV~ We first define the measure yiy = LV |q+vg|s,

and the functions

() = ‘(Vf,Vz)P, xg_isf\Ko
¢l( )) { |<I/f,l/i>|, T € Sf\KO, (445)

We then have

/ sup ¢;(x) dpy = / sup ¢;(z) dpy + / sup ¢ () dpg
Q Q\(57\KO) QN(S\KO) i

:/\Vf|2da;+/ dFN L
Q QN(SF\KO)

We can then apply Lemma 2.7 to conclude

lim inf W0 ,,(f,v) > sup [Zlim inf@vgvn(f,v,Ai)] (4.46)
" gt "
> sup [ [ [(VEwPde g, v g
{Ay S YA AiN(SF\K?)
= a/ |V FI2 dx + BHNH(S; \ K°)
Q
- WKO (f7 U)a

where the supremum is taken over all finite families {4;};,c; of pairwise

disjoint open subsets of (2.
O
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4.4.2 The limsup inequality through density

Finally we show the existence of a recovery sequence {(f,,v,)} converging to
(f,v) so that

lmsup Wyo  (fr vn) < Vo f, 0) (4.47)
for every (f,v) in L*(Q2) x L*(Q) for dimensions N > 2. We will reduce the N
dimensional case to the one dimensional following the presentation in [Attouch
et al., 2006, p. 492ff]. The arguments passing from the N dimensional case to
the one dimensional are again independent of our a priori edge information {v?}
and K.
For the proof, we need to assume certain regularity of the domain 2. We
assume that {2 satisfies the following “refection condition® on 0f2 : there exists

an open neighborhood U of 99 in RY and an injective Lipschitz function ¢ :
UNQ— UNSQ such that ¢~ is Lipschitz.

Lemma 4.10 (limsup inequality). Let &, — 0 as n — oo and {02}, K° fulfill
Assumptions /.1 and Q fulfill the reflection condition. For every (f,v) in L*(Q) X
L2(Q) there exists a sequence {(fn,v,)} converging to (f,v) for which

lim sup ﬁvg,nwfna Un) < EI@(f? U)' (448)

The idea of the proof is to modify (f, 1) in a neighborhood of Sy to obtain, from
the expression of W,0 ,,(fn, vs), an equivalent of a [, |V f|?da + SHN1(Sy \ K9).
We will design the function in the same way as in the one dimensional case, only
depending on the distance of a point x to the edge set. We write for any x € RY
and any set A ¢ RV

d(z, A) Zgggllx—yH?- (4.49)

Proof. We first assume the following regularity condition on the jump set Sy: It
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holds HN=1(S;\ Sy) = 0 and for every compact set A C (2 it holds

L EN@N (57 4),)

_ N—1
lim ), — 30V (5, \ A), (4.50)

where (Sy), is the tubular neighborhood {z € RY : d(z,S;) < p} of order p
around Sy.

Let us fix a,, 1= €24+/En, b, := €2+, and ¢, 1= €542/, with corresponding
sequence of tubular neighborhoods (S})a,, (S¢)s,., (St)e,. We assume that n is

large enough, such that b, < a, < ¢,. We again set C,, = eXp(?&iTl)'

We will separate our domain in the following way:

Q =0\ (5f)a, (SP\NK e, U (SN K )a, \ (Sp\ KO,

U
U (S MKy 0 SN K, ) \ (57 K,
The first three parts corresponds to the cases in dimension one, the last is needed
to make sure that the sequence can be patched such that v, € WH2(Q).

We set f,(z) = f(z) if d(x,Sf) > a, and extend each function f,, such that
fn € WH2(Q).

On Q\ (57, and (5 \ K°),
¢n : R — R is defined as

we set v,(x) = v)(x) - ¢n(d(z,Sy)) where

n

0, t<e?
on(t) =1 1—exp(3h), 2 <t<a, (4.51)
1—-C,, t>a,.

~

On (S; N K%, \ (S;\ K., we define v,(z) = v2(z) - ¢, (d(z, Sy)) with

0, t<e?

R 1-C,) -5, 2 <t<p,

Pn(t) = ( )= (4.52)
1-0C,, t >0y

On (571K )y VSR e, )\ (SPK ), we define v, () = o) () du (d(x, 55))

n
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with

N L (= an)dn(t) + (en — 1)6u(0). (453)

Cn — Qn

Now we compute the integral on each domain.

On Q\ (S¢)a, we have

E1),2,71(,7(.117'0717 Q \ (S_f)an) < /

O\(Sf)an

< / a|V f2dz + B
\(S7)an

1
(A + 5 (CP + 2LVl ) o

1
en|VUII? + B—(C)?d.
(5 )an e

We define
1 02 1 2
0O, :=p en|Vu, | + B—(Cy) dx.
N(5))an den

As in the one dimensional case O} — 0 as n — co.

On (S¢\ K%)., we compute

n

@%Wﬁ+éw$wﬁ+&WW©

ﬁv?L,rL(fm Un, (S_f\ Ko)a") - /( 4e

< a/ IV f|*dx
(SP\K )a,

Sf\KO)an
1

+8 1 4—(1—czﬁn(d(:c,Sf))F+€|V(¢n<d<w75f))l2+a!V(v2)|2dx
(SF\KO)a,, €

and define

O =8 e|V(u)Pdz.
(SP\K)ay,

Besides O? the remaining integral over the edge part is the original Ambrosio-

Tortorelli functional. We will address it in Lemma 4.11 below.
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On (S NK%),, \ (Sf\ K%, we compute

n

Evg,n(fna Un, (S_f N Ko)an \ (S_f \ Ko)an)

ol Vf2dx + /

<

(SfNK®)ap,

/ (+£(vg — )% + 65|an|2> :
(570K 0 \SF\K)er, 4e

For the edge we focus on the integration over qis, as the rest vanishes in the

limit. By mean value theorem we have for some &, € (S; N K°),,

/<sm<o) (Ug(x))z(ft(l — Guld(w, Sp)))? + |V (dn(d(x, ;) ) da

(6 [ (= uldlw SN + el (e, S, o

(?meo)an 48

As dist(&n,Sy)

En

remaining integral is uniformly bounded by Lemma 4.11 and we define

< 00, from Lemma 4.3 ; we have that v2(¢,) — 0. Moreover the

OZ :5(Ug(€n))2/ (i(l - an(d(x’ Sf)))2 + 6’V(Q§n(d($, Sf)))ﬁ)dx

(?meo)an 48
+ 5 e|V(02)2da.
(?meO)an

On ((SrNK%)., N (Sr\ Ko)cn> \ (S7\ K., we write

O3 1= g (s s (57 1K), 1 (S5 \ K, ) \ (57 \ K

We estimate the integral in Lemma A 3 in the appendix and have that O} — 0

as n — o0.
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We can then conclude

lim sup W,0 ,,(f5, vn)

< limsupﬁvg,n(fn, Uy 2\ (S_f)an)

+ lim Supﬁvg,n(fm v, (S \ K°%)a,)
+1imsup o i (f, v, (Sp VK)o, \ (Sp\ K°)e, )

1w 5up Wog  (fs v, ((S7 0 K ), 1 (57 \ K, ) \ (57 \ K

n

Salimsup/ |Vf|2da:+alimsup/ |V f|?dx
n NSy, " (SAK)an
. 1
+plimsup [ (1= duld(e S5)) + £V (6 (dr, Sp)Pda
no S SR, 4

+ limsup (O, 4+ O2 + O} + O,,)
_ @/ IV P+ BIL(S, \ KO).
Q

The second step is to construct a sequence f,, — f, where every f,, fulfills the
regularity assumption (4.50) and that Wxo(f,1) = lim, Vgo(f,,1). The proof
then follows from a diagonalization argument. We refer to [Attouch et al., 2006,
p. 494 Second step] on how to construct such a sequence. In the mentioned proof
it suffices to take K = QN (W) This step also makes use of the reflection
condition . ]

To conclude the proof above we need the following lemma following [Ambrosio
and Tortorelli, 1990, Proposition 5.1]

Lemma 4.11. Let ¢,,a, — 0 as n — oo with &= — 0 and {v)}, K° fulfill
Assumptions J.1. If for f € SBV(Q) it holds

0
L LON(5;\ K),)
p—0 2p

= KNSy \ KY), (4.54)
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and we have a sequence of functions ¢, € W42([0,1]), for which

lim sup (%(1 - ¢n(an))2 + &p|dn(an)'?) < oo, (4.55)

n En

then for any A C Q it is

lim sup /( L (1= 6u(d(w, ) + ealVa(d(z, Sp))Pde

n J(EA\AY, en

< lim sup /Oan é(l - qbn(t))Q + | On(t)|Pdt - U{N_I(S_f \ A).

Proof. Following [Ambrosio and Tortorelli, 1990, Proposition 5.1] we rewrite the

integral

1

/(S\A) 121 = Onld(z 57)))* + €|V (dad(x, 7)) dx

Qn, 1 -
- / (21— 80 +elV(@u®)?) HV (2, 57\ A) = 1] dt.
We define h(t) = LN(d(z, Sy \ A) < t), then by [Attouch et al., 2006, Corollary
4.2.3, p. 138] it is K/ (t) = HN¥"d(z,S; \ A) = t]. Furthermore, we define
zn(t) = = (1= du(t))? + eal(4,(1))[>. We therefore can write

/ 4%<1—cbn(d(:c,Sf)))Q+e|V<¢n<d<a:,Sf)))|2dx
(St\Aan
- / (O ()t

We can then use integration by parts and arrive at

/ Zo (DR (t)dt = [z(t)h(t)]5" —/ Z'(t)h(t)dt.
0 0
The term [z(¢)h(t)]g" vanishes in the limit n — oo because of the assumption

(4.55) and (4.54). Also by (4.54) we have that for all n > 0 there exists a 7 so
that for all ¢ < 7 it is h(t) > 26(HV"1(S; \ A) — ). By this regularity and the
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definition of a,, we can find a sequence 7, — 0 such that

- [ aemtar < 200G\ A =) [ o

A second integration by parts leads to

/0 ")t = () — /0 "t

The term [z(¢)t]g" vanishes in the limit n — oo because of the assumption (4.55).

Together we have

lim sup /( L (1= 6u(@))? + 2|9 (6) Pl

n JENA, 4

< limsup ([z(t)h(t)]gn + (FHTHSE N A) =) ( /0 B 2(t)dt — [z<t>t]8”)>

n

- /0 2(8)dt HV(S;\ A),

4.5 A heuristic approximation for ~ = 0

In this section we introduce a second penalty term, that can be considered as
an approximation of the case where v # 0. The penalty for which we showed
the convergence results in the sections above has numerical shortcomings. Most
importantly, our experiments indicate that the a priori edge K° is always included
in the detected edge, even if the data does not support an edge at a given point, see
Figure 5.4. In some cases it is desirable to give the edge detector more flexibility,
including a priori edges only when the measured data also supports this.

To this end we propose the penalty

(1—wv)?
4e,

Hualfoo) = [ 9 fPda+ 5 [ (el Vol + )1+ (08 — 0)?)de
Q

for f,v € WH2(Q),0 < v, <1 with 0 < 3,7, a.
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We consider it a heuristic approximation of

EHKO (f,v) = a/ IV f2dx + BHN(S) + 48 HY Sy \ K°)
O\K
for parameters 0 < 3,7, a. The reasoning behind this is as follows. In the phase

field setting, the integral

/ (en| VUI* + %)dw

n
Q

approximates H"V1(S};). In the case where v is close to the constant function
1, ie. there is no edge, this integral is small and the edge part in Hy , has a
negligible contribution. Thus the factor (1+v(v2 —v)?) is not of big importance.
In the case where v indicates an edge, that is v(z) ~ 0, the factor (1+~(v2 —v)?)
decides how strongly it is penalized. If v(z) is close to vY(x) (which is the case
z € Sy N KY), then the edges are approximately penalizes by 3. If v(x) is close
to 0 but v2(x) close to 1 (which is the case z € Sy \ K), then the edges are
approximately penalized by (1 4 7). We show some reconstructions with this
penalty in the next chapter.
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Chapter 5
Applications

In this chapter we apply the variational approximations of

. o 2 2 N-—1 0 N—1 0
win ([ 14) 9|d$+a/Q\K|Vf|dx+ﬁf}f (VKO 493671 1 ).

(5.1)

that we introduced in the previous chapter to two inverse problems. The first
problem is 2D X-ray CT with parallel beam geometry. The second is the identifi-
cation of the scattering coefficient in 2D diffuse optical tomography. Both inverse
problems are covered by our theoretical setting and the examples are based on
simulated data.

We compare the standard Mumford-Shah penalty (M.S), the modified Mumford-
Shah penalty (4.2) (M Sko), and the heuristic penalty (4.4) (Hgo). In both ex-
amples we furthermore choose an additional regularization method not making
use of the a priori knowledge. For X-ray CT we choose a smoothed TV penalty
, see Rudin et al. [1992]. For 2D diffuse optical tomography we use a Landweber
method as comparison, see Hanke et al. [1995].

The computations were done using Matlab (version R2013a). For X-ray CT we
used the implementation of the Radon Transform and the adjoint operator written
by Lutz Justen from the Software-Documentation of the Center for Industrial
Mathematics, University of Bremen. For diffuse optical tomography we use the

Toast package from Martin Schweiger and Simon Arridge Schweiger and Arridge
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[2014] for the forward operator and the adjoint of its derivative.
As we only consider simulated data we can evaluate the quality of reconstruc-
tion f... by comparing it with the true image f;... via the peak signal to noise

ratio

max | frruel?
PSNR(free, forue) = 1010g10(MSE<}ft l” ))’ (5.2)

where M SE( firue, free) is the mean square error and via the structural similarity
index measure

2 2
SS[M(freca ftrue) = ( qutmepjfrec i Cl>( Uftruefrcc i C2) (53)

<’u?true + /'L%"ec + C]'>(O-,?‘true + O-.?‘rec + 02) ’

where iy, tty,.. are averages, UJ%ME, a]%m are variances and oy, ... the covari-
ance. The factors cq,cy > 0 stabilize the division. The SSIM returns values in
[—1,1], where the maximum similarity SSTM = 1 is obtained only for identical
images. For the PSN R the larger the value the better. The SSIM often gives
a better indication of similarity between images than the PSN R. See Hore and

Ziou [2010] for a comparison of the two quality measures.

Alternating minimization

Let Wi(f,v) = Wy, (f,v) as in (4.2), Us(f,v) = Hy,(f,v) as in (4.4) and
Ws(f,v) = AT, (f,v) be the original Ambrosio-Tortorelli penalty as in (1.4).

For ¢ = 1, 2,3 we solve the minimization problem

min ([[A(F) = gllfae) + Tl /o)) (5.4)
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in an alternating manner described in Algorithm 1.

Data: g, parameters

Result: reconstruction, edge indicator
Initialization;

vy = 1;

for j =0 to NumberO fIterations do
% Reconstruction:

J; = argming [HA(f) - 9”%2(@) + ag{vﬂvﬂ%@ ;
% Edge detection:

v;41 = argmin, U, (f;, v);

end

reconstruction = fj;

edge indicator = v 1;

Algorithm 1: The alternate minimization to compute a reconstruction and
its edge indicator function by solving the minimization problem 5.4 for i =

1,2,3. The three methods only differ in the edge detection step.
The algorithm alternates between a reconstruction step where f is updated

and an evaluation of f in which v is updated. The obtained information of the
second step is in form of the edge indicator function v, which is then used to
update the regularization penalty for the reconstruction step. These steps are
repeated several times. In each step we use a simple gradient descent method.
We choose the descent direction as the negative gradient and the step size by
backtracking line search with the Armijo-Goldstein stopping condition.

In the next sections we test the proposed method. For both applications we
first state the mathematical model we are using and show that they are covered
by our setting. For this it is necessary to prove that the fidelity decays of high

enough order for pointwise bound functions.

5.1 Two dimensional X-ray CT

We first give a short review of a simple mathematical model for the X-ray com-
puter tomography. The following is from [Natterer, 2001, Chapter II] and [Louis,
1989, Chapter 6].
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In X-ray tomography, the image contrast comes from the X-ray absorption
when X-ray beams pass through an object. The interaction of X-ray and the
object could be a complex process. Nevertheless, the beam path in straight lines
provides a good approximation for X-ray tomography in many cases.

A simple model is given by Beer’s law. Let I(x) be the intensity of an X-ray
and f(x) the X-ray attenuation coefficient at a point z. A X-ray passing a small

distance Az at x has an approximate relative intensity loss of

I(x + Az) — I(x)
I(x)

= f(x)Aw. (5.5)

Let Iy be the initial intensity of the X-ray and I; the intensity after passing
through the object. As we assume that the beam travels in a straight line L,

from (5.5) it follows

I
I_(l) = expf fL f(x)dm
and taking the logarithm it is
I
—In (—1) = [ f(z)dx
I L

We see that a measurement /; and the initial intensity [y give us a line integral
of the X-ray attenuation coefficient f.

The operator mapping a function into the set of its line integrals in two di-
mensions is the Radon Transform. The task in X-ray computer tomography
is to invert this operator.

Let Q C R? be an open bounded domain and f be the X-ray attenuation coeffi-
cient function on Q. We can assume that the domain is
the unit disk Q@ := {z € R? | |¢| < 1}. The sphere in R? is denoted as
St:={z eR?||z| =1}

The Radon Transform R maps a function f into the set of its line integrals.
Let L(o,w) C Q be a line in ), parameterized by a distance o € [—1, 1] to the

origin and a vector w € S! perpendicular to the line. The Radon Transform is
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defined for every f € {g € C* | xkaa—zllg is bounded for every I, k € Ny} as
RIL) = [ faydo
L

for every line L(o,w) C Q or equivalently

Rf(o,w) ::/(  Jlow sz

We call Z := [—1,1] x S the Radon domain. The following theorem states
that the Radon Transform has a well defined extension from L?(Q2) to L*(Z).

Theorem 5.1 ([Louis, 1989, p. 166. Theorem 6.1.1]). The Radon Transform R
has a continuous extension, still denoted by R, mapping from L*(Q) to L*(Z),

R:L*Q) — L*(2).

It follows that the Radon Transform has a Hilbert space adjoint.

Theorem 5.2 ([Louis, 1989, p.168 Theorem 6.1.4 |). Let R : L*(Q) — L*(Z) be
the Radon Transform. Then R*: L*(Z) — L*(Q) with

Rig(o) = [ al(e.w)w)te

1s the adjoint operator of R. We call R* the backprojection.

The function R*g maps a point x € €2 to the integral over all line integrals,
for which the line passes through .

There exist inversion formulas for the Radon Transform (see [Natterer, 2001,
p.18 Theorem 2.1 ]), but they are not feasible as they require complete and exact
data. In practice inverting the Radon Transform from incomplete and noisy data
is an ill-posed problem. Even very small errors in the data g € L?(Z), which are
not avoidable in practice, may lead to bad reconstructions.

In the following remark we discuss that the Mumford-Shah regularization can

be applied to X-ray CT with a least squares fidelity term.
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Remark 5.3. It is well known that the Radon transform is bounded as R :
LY(B1(0)) — LY([-1,1] x SY), see Natterer [2001]. Furthermore it can easily
be shown that R : L>(B1(0)) — L>®([—1,1] x S') is also a bounded operator, see
Page [2011]. Therefore, in the same way as for the image deblurring problem,
Proposition 3.10 can be applied using the exponents ¢ = ¢ =1 and ¢ = co. As a
result the least squares fidelity term with the Radon Transform decays with order

N for pointwise bound functions.

5.1.1 Numerical examples I: X-ray CT

In this section we present numerical examples illustrating the behavior of our
proposed model compared to the standard Mumford-Shah regularization and TV
regularization. The examples are created with synthetically generated data and
are meant as a starting point to numerical investigations rather than an exhaus-
tive study.

We compare our results with TV regularization, which is a variational method
that is also able to reconstruct sharp edges. The minimization problem for TV

regularization is

mfin/®|R(f)—g| dL+)\/Q]Vf\d:c, (5.6)

for f € BV(Q2) and A > 0, see Rudin et al. [1992]. Compared to the smoothing
term in the Mumford-Shah penalty, here the the L; norm instead of the Ly norm
of the gradient is measured. Unfortunately, the TV functional is not a smooth
function of the image f and requires advanced convex optimization methods to
be minimized Zhang et al. [2011]. We follow an alternative approach and replace

the absolute value by a smoothed absolute value. The smoothed TV norm reads:

o (f) = / VINAE + e, (5.7)

with A > 0. When h tends to zero, the smoothed TV penalty becomes closer to
the original one.

In the following examples we reconstruct the phantom illustrated in Figure 5.1.
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Figure 5.1: The true image fT (left) and the corresponding noisy projection data
from 10 angles (right). The phantom is mostly piece-wise constant and has a
linear slope on the right side.

Example 5.4 (MS and TV regularization). In the first example we compare
the standard Mumford-Shah reqularization without a priori edge knowledge to the
smoothed TV reqularization. The data is obtained from 10 views with 4% relative
noise. The noise is additive Gaussian noise. Fig 5.2 shows the reconstructions for
different weights on the smoothing penalty. For the Mumford-Shah reconstruction
the edge weight is kept fized. For TV the best reconstruction with regards to
the peak-signal to noise ratio (PSNR) is in the third column, for the Mumford-
Shah reconstruction it is in the second. The reconstructions from this sparsely
sampled and noisy data have comparable quality. The different regions are more
sharply divided for the Mumford-Shah reconstruction if the edges are detected.
This can be seen for the circles in bottom or top left of the phantom. Depending
on the reqularization parameters the linear slope is reconstructed with or without

a staircasing effect for the Mumford-Shah reqularization.

Example 5.5 (T'V, MS, MSko and Hyo regularization). In this example we
compare the smoothed TV reqularization, standard Mumford-Shah reqularization
to the variational models with the Mumford-Shah priori using the a priori edge
knowledge ﬁMSKo and the heuristic penalty WHKO' The data is again obtained
from 10 views with 4% relative noise. Fig 5.3 shows the reconstructions, where
the parameters were optimized with regard to the PSNR of the reconstruction
to the true image. The small circles at the bottom are reconstructed better when

then a priori knowledge is used. This is expected, as it is additional correct side
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Figure 5.2: Reconstruction from 10 views with 4% relative noise. (top) TV
reconstruction for different weights on the smoothing penalty, (middle) and (bot-
tom) the Mumford-Shah reconstruction and edge set for different weights on the
edge term and fixed weight on the smoothing parameter. For TV regularization
the best reconstruction with regards to the peak-signal to noise ratio is in the
third column with PSNR = 11.51 and SSIM = 0.67, for the Mumford-Shah
reconstruction it is in the second with PSNR = 10.89 and SSIM = 0.76. The
Mumford-Shah reconstructions also illustrate the non-convexity of the approach.
Once an edge is smoothed away in the reconstruction step, it is lost and the
reconstruction can not be guided back to it.

information. The false side information is detected if we use the ﬁMSKo penalty,
for the heuristic penalty this is not the case. If the false edges are included, they

yield artifacts in the reconstructed image.

Example 5.6 (Varying parameters for ®ys ). In this ezample we illustrate the
behavior of the penalty WMSKO' We keep the smoothness parameter fized and show

reconstructions for different 3. The data is again obtained from 10 views with 4%
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Figure 5.3: Reconstruction from 10 views with 4% relative noise. Top: a priori
edge information. Bottom rows: reconstruction and edge set from (left) TV regu-
larization, standard Mumford-Shah regularization, Mumford-Shah regularization
using a priori edge knowledge, and (right) the heuristic model. The areas where
no a priori edge knowledge is available the Mumford-Shah reconstructions are
similar, although slightly worse for the standard Mumford-Shah regularization.
The correct side information improves the reconstruction as can be seen from
the circles in the bottom of the images. The incorrect edge knowledge is only
included in the third column, which results in some small artifacts in the recon-
struction. For the T'V reconstruction we have PSNR = 11.51 and SSIM = 0.67,
for the M S reconstruction PSNR = 10.89 and SSIM = 0.76, for the M Sko re-
construction PSNR = 12.7 and SSIM = 0.79 and for the Hgo reconstruction
PSNR =12 and SSIM = 0.81.
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relative noise. Fig 5./ shows the reconstructions.

f=1led B=1le?

Figure 5.4: Reconstruction from 10 views with 4% relative noise using the penalty
EMSKO' The penalty on the smoothness term is kept fixed and the weight on the
edge penalty increases from left to right. The a priori edge is almost always
included in the detected edge set and yields strong artifacts. In regions with
correct additional knowledge the reconstructions are considerably better than
with the standard Mumford-Shah regularization.

Example 5.7 (Varying parameters for Uy ). In this example we illustrate the
behavior of the penalty Wy ,. We keep the smoothness parameter fived, set v =5
and show reconstructions for different 5. The data is again obtained from 10
views with 4% relative noise. Fig 5.5 shows the reconstructions. As can be seen,

for increasing B the a priori edges are not detected anymore.
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Figure 5.5: Reconstruction from 10 views with 4% relative noise using the penalty
EHKO .The weight on the smoothness penalty is kept fixed and the weight on the
edge penalty increases from left to right. The a priori edge is only used when
the data also supports an edge. In regions with correct additional knowledge the
reconstructions are considerably better than with the standard Mumford-Shah
regularization.
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5.2 Two dimensional Diffuse Optical Tomogra-
phy

We first give a description of the mathematical model we will consider for two
dimensional diffuse optical tomography. For a detailed description see for example
Arridge and Schotland [2009].

In steady-state diffuse optical tomography (DOT), the problem is to recon-
struct the diffusion and absorption coefficients of an object using measurements
of ingoing and corresponding outgoing near-infrared light passing through the

object. The governing equation used for the diffuse light v in DOT is
—div (DVu) + pu = 0, in Q, (5.8)

which is a diffuse approximation of the radiative transport equation. Here D
is the diffusion coefficient and p the absorption coefficient. We assume that D,
e L*(Q).

We assume a single measurement is taken by shedding light into the object
at its boundary and measuring the corresponding outgoing light at the boundary
(or part of the boundary).

The incoming light gg € L?(92) can be modeled through a Robin boundary
condition

u+ 2Dv - Vu = gg, on 012, (5.9)

where v € RY is the outer normal. The measurement gy € L?*(92) is the negative

Neumann boundary values of the solution u of (5.8)
gn = —Dv - Vu, (5.10)

either on the entire boundary, 99, or part of it I' C 92, see Arridge [1999];
Arridge and Schotland [2009] for details.

For a pair D and g under imaging with m-incoming light sources g5, € L*(92),
assume we have measured the corresponding Neumann data g4 € L*(09) for
i = 1,2,..,m. We assume the light sources g4 are defined by the user and

known. Therefore the measurements can be equivalently described as Dirichlet
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data
Ip = Ujan = g + 20, on L. (5.11)

Then we can define the forward operator F': L?(Q) x L*(Q) — (L?(0€))™ that
maps each pair of parameters (u, D) to the Dirichlet data F'(u, D) = gi €
L?(99) of the solutions of (5.8) and (5.9) respectively, for g4, i = 1,--- ,m. Let
gp = (g4, -, g) € L2(0Q)™ be a set of measured data. DOT is then to solve

the operator equation

F(u, D) = gp. (5.12)

5.2.1 Decay of the least squares fidelity term

First we verify that the forward operator together with a least squares fidelity
term fits into our theoretical framework, that is we need to verify that the fidelity
term decays with order N — 1 + ¢ for pointwise bound functions and € > 0. As
shown below we can only prove this for dimension 2, for higher dimensions this
is still an open problem.

For the existence and uniqueness of the weak solutions of the boundary value

problem (5.8), (5.9) we assume the following conditions.
Assumption 5.8.

1. The function D is uniformly positive and bounded: there exist ap,bp > 0
such that ap < D < bgp on €.

2. The function u is non-negative and bounded from above; i.e. there exists
b, > 0 such that 0 < < b,,.

Moreover, in this section let {2 have at least Lipschitz boundary.

By the Lax-Milgram theorem and the Sobolev trace and embedding theorems
Egger and Schlottbom [2010], for every gz € L?(99) there exists a unique weak
solution u € W2(Q) of (5.8) with the boundary values (5.9), that is for all
veWh(Q):

/(DVu-Vv—irmw) da:+%/
Q

1
wo dx = —/ gxv dz. (5.13)
o0 2 Joa
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We will need the following regularity theorem from Egger and Schlottbom
[2010].

Theorem 5.9. Let Assumption 5.8 hold. Then there exists a constant pyg > 2
depending only on the domain and the bounds for the coefficients, such that the
solution u of the variational problem (5.13) lies in WP(Q2) whenever gg € LP(O)

for some % < p <pg. Moreover, there holds the a priori estimate

lullwir@) < Cllgzllzooa) (5.14)

with a constant C' that depends only on €2 and the bounds for the coefficients.
If the domain Q2 has a smooth boundary, and if ap/bp approaches one, then the

maximal py such that the statement of the theorem holds, tends to infinity.

If p> %, then p = p/2 for dimension N = 2 and p = 2p/3 for dimension
N = 3 respectively, see [Egger and Schlottbom, 2010, Remark 3.9]. As we will
see later this restricts us to dimension N = 2.

In the following we consider the data fidelity term

(1, D) = |F (1, D) = glIt12(50)m (5.15)

and show that it decays with order N — 1+ ¢ for some ¢ > 0 for pointwise bound
functions. In Rondi and Santosa [2001] a similar result is proven for electric
impedance tomography. We follow their proof here. Assume that 02 and the
bounds ap, bp are such that Theorem 5.9 yields a pg > 4. We now show that
under these conditions, in dimension two, the forward operator F' is Lipschitz
continuous from LP(Q) x LP(Q) — (L*(2))™ for 1 < p < &=. The required
property for the fidelity term then follows from Proposition 3.10.

First we consider a single source g, € L*(02) N L>=(2). Let (o, Do) and
(p1, D1) satisfy the conditions in Assumption 5.8 and wug,u; € W12(Q) be the
respective weak solutions for (5.13) with the same incoming light g&. Then we

have for all v € W12(Q)

1 1
/ (DoVug - Vo + pougv) + —/ UV = / (D1Vuy - Vo + ppugv) + —/ Up.
Q 2 Jag Q 2 Jag
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Subtracting [, DoVu;Vu and [, pouiv from each side leads to

/Q (DoV (ug — uy) - Vo + po(ug — up)v) + % /m(uo — Uy )V

= /Q((D1 — Do)Vuy - Vo + (1 — po)urv) . (5.16)

Let w € W2(Q) be the solution to the following auxiliary boundary value prob-

lem

—div (DoVw) + prow =0, in 2
w+2Dgv - Vw = (ug — uy), on .

Choosing v = (up — u1) as a test function for the auxiliary problem and using

equation (5.16), we obtain

1 1

3 /m(uo —up)? = /Q (DoV (ug — uy) - Vw + pio(ug — ur)w) + B /89(“0 — up)w

= /Q (D1 — Do)Vuy - Vw + (1 — po)uaw) .

Via Holders inequality we arrive at

1

5/8 (o — u1)* < C (|D1 = Dollzo o) + Il — poll o) [ lwrnz o w0l lw.es o
9]

: 1 1 1
Wlth——i-p—Q-i-p—g—l.

P

For the decay property of the fidelity term we need not just p; < % but

also p3 from Theorem 5.9 to be smaller than or equal to 2. For N = 2 we can

choose po = py > 4, p3 =4 and p; = 4p0fp£_p0 < 2. From Theorem 5.9 we have
lallwsos < il 2 (5.17)
and
[wllwies < {luo — uillz2(a0)- (5.18)
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With these inequalities it follows for some constants C' > 0 and C; > 0,

HFZ(,Ula Dl) - Fi(MO>DO)"L2(8Q) = ”Ul - UOHLQ(@Q) (519)
< C(IDy = Dollers 4l = polleos) 9kl 22 o,
< ClH(Nl»Dl) - (/ioa DO)HLPl(Q)me(Q)-

In the same way it can be shown that for multiple light sources (g4, ..., g7y) €
L2(0Q)™ N L>=(Q)™, it holds

| F'(pt1, D1) — F(pio, Do) llz2a0)m < Ll[(p21, D1) — (o, Do)l e ()< () (5.20)

where L > 0 is a constant and 1 < p; < % Proposition 3.10 can straight-
forwardly be extended to the case where the data is collected in (L?(992))™ and
the reconstruction consists of multiple functions. If in Proposition 3.10 we choose
¢ = ¢ =2and q = py, then (5.20) yields the desired decay property of the fidelity
term with order pﬂl >N —1.
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5.2.2 Numerical examples II: recovery of the absorption

In this section we consider a special case of DOT. We are interested in recovering
the absorption coefficient p, and will assume the diffusion coefficient D* to be
known in the following. This is a interesting but computational simpler example,
see Egger [2010]. It is still a non-linear and highly ill-posed problem.

We keep the notation from the section above. For a fixed D* € L>(2) and

given light sources g4, ¢ = 1,---,m, we introduce the new forward operator
G L*(Q) — (L*(09))™ as

G(p) = F(p, D7). (5.21)
The inverse problem then reduces to solve the operator equation

G () = go, (5.22)

where gp = (g4, ..., g5) € L*(9Q)™ is the measured data.

We compare our results with the iterative scheme

pier = iy + ;G (1) (9" — Gy)), (5.23)

where j is the iteration number, G'(p;)* is the adjoint of the derivative of G at a
given point 4; and ¢; is a step size, see Hanke et al. [1995] We choose the stopping
index to maximize the PSN R of the reconstruction to the true image.

In the following we investigate the reconstructions of a simple 100 x 100 phan-
tom, which is shown on the left in Figure 5.6. The actual computational domain
is only in the inner circle as depicted in the middle of Figure 5.6. We have 16
sources and 16 detectors equivalently distributed on the computational domain
indicated by the red and blue points respectively. The data is shown on the
(right), it is noiseless and was created on a much finer mesh to avoid the inverse

crime.

Example 5.10 (MS and Landweber regularization). In the first example we com-
pare the standard Mumford-Shah regularization without a priori edge knowledge

to the the Landweber regularization for different parameters and stopping index.
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Figure 5.6: The true image (left), the actual computational domain for the re-
construction with light sources and detectors shown (middle) and the synthetic
data (right). The domain corresponds to an object with 2 cm diameter.

Fig 5.7 shows the reconstructions for noise free data. Visually the Mumford-Shah
reconstruction are sharper, but the ball in the center is lost, whereas it can still be
guessed for the Landweber method. Also some artifacts appear at the boundaries

of the computational domain.

Example 5.11 (LW, MS, M Sko and Hyo regularization). In this ezample we
compare Landweber reqularization and standard Mumford-Shah reqularization to
the variational models using the a priori edge knowledge. The data is again noise
free. Fig 5.8 shows the reconstructions, where the parameters were adjusted by
hand. It can be seen that the a priori edge knowledge improves the reconstruction
if the edges coincide with the ones from the true image. The method M Sko also
introduces the false edges from the a priori edge set, the heuristic penalty does not

do this. The false edges introduce small artifacts in the reconstruction.
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Figure 5.7: Reconstructions from noise free data. (top) Landweber reconstruc-
tion for different stopping index, (middle) and (bottom) the Mumford-Shah re-
construction and edge set for different weights on the smoothing term and a fixed
weight on the edge term. Although the edges in the Mumford-Shah reconstruc-
tion are sharper, there are some clear artifacts at the edge of the computational
domain.
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Figure 5.8: Reconstruction from noise free data. Top: a priori edge informa-
tion. Bottom rows: reconstruction and edge set from (left) Landweber reg-
ularization, standard Mumford-Shah regularization, Mumford-Shah regulariza-
tion using a priori edge knowledge, and (right) the heuristic model. In areas
where no a priori edge knowledge is available the Mumford-Shah reconstruc-
tions are similar, although slightly worse for Hgo. The correct side informa-
tion improves the reconstruction as can be seen from the circle in the cen-
ter. The incorrect edge knowledge is only included in the third column. For
the LW reconstruction we have PSNR = 25.75 and SSIM = 0.84, for the
M S reconstruction PSNR = 25.80 and SSIM = 0.89, for the M Sko recon-
struction PSNR = 28.04 and SSIM = 0.94 and for the Hxo reconstruction
PSNR =26.31 and SSIM = 0.92.
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Chapter 6

Conclusions

In this thesis we study a variational approach based on the Mumford-Shah model
for image reconstruction with a priori edge information. We presume that the a
priori information was obtained beforehand, possibly from a secondary modality
that is less ill-posed, an application specific template or a reconstruction at a
previous time point. The difference of our approach to the usual Mumford-Shah
regularization is the edge penalty term. We split it into two parts, such that
the length of the edge is penalized less if it coincides with the a priori edge and
penalized more if it does not. Similar extensions of the Mumford-Shah functional
have been studied in the context of fracture mechanics, where the material has
a different hardness depending on the place and orientation, see Babadjian and
Giacomini [2013]; Giacomini and Ponsiglione [2006]. In those works the aim is
mainly to investigate the well-posedness of the problem.

Following the classic proof of De Giorgi et al. [1989] we show that our proposed
functional admits a minimizer under reasonable assumptions on the operator and
underlying image. We assume that the a priori edge is fixed and that the under-
lying image is pointwise bound. Furthermore we show that the approach is stable
and yields a regularization for the image and its edges with a general a prior:
parameter choice rule and also the discrepancy principle. The regularization re-
sults are the main contribution of Chapter 3. To our knowledge these results give
the broadest justification so far to use the non-convex Mumford-Shah regulariza-
tion for ill-posed inverse problems. For example, the fact that the discrepancy

principle yields a regularization for the standard Mumford-Shah regularization
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(that is K% = ) is new. Naturally, there are still open questions, for example
whether the parameter choice rules also allow convergence rates under additional
assumptions.

When applying Mumford-Shah type regularization to practical applications
several issues arise. The primary difficulty comes from the edge part because it
is not easy to represent in programming. In Chapter 4 we prove a ['-convergence
result for the special case v = 0. For the case v # 0 we motivate a heuristic
penalty that allows numerical implementation. Our approximations are in the
phase field setting of Ambrosio-Tortorelli, where edges are described by blurry
indicator functions. First we describe the a priori edge information in terms of
an edge indicator function and note our set of assumptions. We then first prove
the I'-convergence in one dimension and lift the result to dimension N > 2 by
standard arguments in the theory of I'-convergence. Although the technique is
well known, the recovery sequence needed some tedious computations. There
are many ['-convergence results for the Mumford-Shah functional or other free
discontinuity problems, see Braides [2002]. To our knowledge this is the first
extension of the phase field setting in this direction.

Finally, in Chapter 5 we evaluate our approach for the two inverse problems
X-ray CT and DOT. Our numerical experiments indicate that our approach yields
good reconstructions from incomplete data. A drawback of the model surely is
the additional complexity and comparatively high number of parameters.

There are several avenues for future work. The edge penalty can be understood
as being sparsity enforcing, in the sense that the discontinuity set has to be of
zero Lebesgue measure. Although this kind of sparsity does not give rise to
an efficient representation in a certain basis, it might be possible to exploit the
sparsity in the computations, for example to choose the parameters, see Strehlow
[2014]. From an applications point of view it is surely interesting to find a real
application and see if the approach is feasible and the extra effort and complexity
is justified. Looking at the resulting Algorithm 1 each of the two steps could be
modified by itself. The second step can be understood as evaluating the current
reconstruction with regards to some a prior: expectation on the true image, in our
case piece wise smoothness. Depending on this step, the regularization method

in the first step is then adapted. Such kind of adaptive regularization methods
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with non constant regularization parameters have been studied before Alexandrov
et al. [2010]; Gilboa et al. [2006]; Grasmair [2009]. Viewing each step by itself
is more flexible, but on the other hand possibly does not have the mathematical
justification as a Mumford-Shah type approach. Furthermore, other important
image processing steps, such as image registration, could be incorporated into the
model, see Droske et al. [2009].

122



Appendix A

Here we collect small proofs.

Lemma A 1. Let a,b € R with b > a and define h := b —a > 0. Then there

exist constants C,cq > 0, such that for all ¢ < ¢y it holds
b
/|1—x!—cdm20h. (1)

Proof. Because of symmetry, the integral is smallest for « = 1 — h/2 and b =

1+ h/2. We can compute

b 1
/|1—x|—cda:22/ 1 —c—xdr
a 1—-h/2

= (-gh—(1-(1-37)
h2
:Z—ch.

Now we can choose C' and ¢y such that 0 < ¢y < % — C'. We then obtain because

ofc§00<%—0

b h2
/ |1—x|—cdxzz—ch>0h.
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]

Lemma A 2. Let {a,}, {b,} be real sequences and C' > 1. If liminf, a, > 0

then
liminf(a, + b,) < liminf(Ca, + b,). (2)

Proof. Assume the claim is false. Then we have liminf, (a, + b,) < oo and there

exists € > 0 so that
liminf(a, + b,) = liminf(Ca, + b,) + ¢.

Then for a sufficiently large index ny we can find a subsequence {m} € N;m > ny

so that for each m
€
Cam+bm+§ < Uy, + by,

which yields

S
“m =50 -1

This contradicts the assumptions liminf,, a,, > 0. O

Lemma A 3. Under the notations and assumptions of Lemma /.10 we set

Full) = ——((t — a)dult) + (ca — )ulD)). (3)

Cn — Qn
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It then is

lim W (fs s (57 0 K ), 0 S\ E ) )\ SV ED) =0, (4)

Note that from the proof of Lemma 4.8 we know that

lim sup /0 %(1  6(8)” + £l (Gult) Pt < 00

n 5n

and

lim sup /Ocn %(1 — qgn(t))2 + e (dn(t)|Pdt < 0.

n n

Proof. We first note that

Ay 1= ((S7 N K)o, 0 (S KO, ) \ (57 \ KO,
C (K")a, N (S7\ K°),

- (S_f\ KO N (Ko)an+cn)

cn

As HVH S\ KON (K% 4, 4c,) — 0 as n — oo the integral [, v2|V f,[> — 0. By

Lemma 4.11 it then suffices to show that

lim smp/0 ’ %(1 — qgn(t))2 + 0| (0 () |2dt < 00 (5)

n 571

to obtain the claim.
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We will write out the integral step by step. First we look at

1 -

(1— (1)’ :m(cn i — (E— an)nlt) + (en — O)6n())’
:m@% + ca(6n(t) = 1)+ an(Sa(t) = 1) = t(du(t) + du(1))”
" (en — ay)?

en (1= 6u(t)* + ai(1 = 6u (1))

+ (26, = Hn(t) + du(1)))?

a1 = du(t))an(l — $u(t))

+ al@a(t) = 1)(2¢0 — H(dn(t) + du(1)))
+ an(@a(t) = 1) (26 — Hn(t) + Iu(1)))
]

Qn

—— and lim sup,, -

Cn

=~ are bound. We already calcu-

First note that limsup,, -
lated the integrals over the terms (1 — ¢, ()2 and (1 — ¢,,(¢))? in Section 4.3 and
therefore know that the lim sup,, is bound for those two parts. Then because for

te0,c,) it is 0 < tdn(t) + dn(t)) < 2¢, we have

/Dcn L%(an — t(pn(t) + (%n(t)))2dl‘

dey, (Cn — ap)
Cn 2
< / a4
0 n (Cn — an)?

which is also bound as n — oo. The remaining three terms are products of terms

™

for which we know that they are square integrable and bound for n — oco. For
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example using the Cauchy-Schwarz inequality we can estimate the 4-th term as

4e,,

< [Tt -awra [T an-s.mpe.

A%iﬂﬂ—%@Mﬂ—@@mf
4€n 45n

As a result the integral ;" t(l - én(t))de is bound for n — oc.

Now we turn to the integral over the gradient. We use the definition and sort

the terms again

[ (6)

= (en —a,)?
|andl ()1 + leadsy ()2
+ |and!, (£)end, (1)
+ [(Bn(t) = Sult)) + H(8,(£) — 61, (8)
+ |andh, () ((8n(t) = 6n(t) + H(@, (1) — G(1)))]
+ Jendl,(8) ((6n(t) = Gnlt)) + Heh (1) — &,(1))]
l.

2

We already calculated the integrals over the terms |¢/, (¢)[2 and |¢/,(t)|? in Sec-

tion 4.3 and therefore know that the limsup,, of these integrals are bound. We
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then look at

((6n(t) + Gult)) + t(g1, (1) + &,(1)))
< (3n(t) + Gult)” + [2(0n(t) + Gu(t)) (1, () + &, (1)) | + £2(L, () + H,(1))

We can estimate the last term by

and as the integrals over ¢/, ()2 and ¢/, (¢) are bound for n — oo so is this. We

can also estimate

Cn 1 R
/0 €nm(¢n(t) + ¢n(t))?dt < 22,0,

(cn —an)?

which by definition of ¢, and a, is also bound. The second term of (7) then is
bound by Cauchy-Schwarz inequality. The remaining three terms of the gradient

part (6) can all be bounded as above by the Cauchy-Schwarz inequality. [
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