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Abstract

In soil chemistry or marine microbiology (for example when dealing with marine aggre-
gates), one often encounters situations where porous bodies are suspended in a fluid. In
this context, the question of boundary conditions for the fluid velocity and pressure at
the porous-liquid interface arises. Up to the present, only results for straight interfaces
are known.

In this work, the behaviour of a free fluid above a porous medium is investigated,
where the interface between the two flow regions is assumed to be curved. By carrying
out a coordinate transformation, we obtain the description of the flow in a domain with a
straight boundary.

We assume the geometry in this domain to be e-periodic. Using periodic homogenisa-
tion, the effective behaviour of the solution of the transformed partial differential equations
in the porous part is obtained, yielding a Darcy law with a non-constant permeability
matrix. The boundary layer approach of Jager and Mikeli¢ is then generalized to construct
corrections at the interface.

Finally, this allows us to obtain the fluid behaviour at the porous-liquid interface:
Whereas the velocity in normal direction is continuous over the interface, a jump appears in
tangential direction. The magnitude of this jump can explicitely be calculated and seems
to be related to the slope of the interface. Therefore the results indicate a generalized law

of Beavers and Joseph.
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1 Introduction

This work is concerned with boundary conditions for a fluid flow at the interface of a

porous medium and a free fluid.

Porous media consist of (at least) two phases, the porous matriz — which in our case will
be an impermeable solid — and a void space, which in this work is assumed to be filled with
a viscous incompressible fluid. Usually one has to consider at least two different scales:
First, a macroscale given by the domain of interest, such as a piece of soil, for instance.
In this case the characteristic length of the macroscale is normally in the range of metres
to kilometres. Second, a microscale at the level of the individual porous particles. In
the above example, its characteristic length would be given in the range of micrometres
to millimetres. Porous materials play a great role in mathematical modelling and have
applications in various fields of interest, e.g. soil chemistry, oil recovery or hardening of
concrete (see for example the works of Bear [Bea72| or Logan [Log01] for an introduction).
One example for a practical application of this thesis in the field of marine microbiology

is the simulation of dissolution of mineral species from sinking marine aggregates:

Marine aggregates are particles found in the pelagic zone of the oceans. They consist of
detritus, dead material, living organism and inorganic matter, for exampel clay minerals.
Their size ranges from 500 micrometres to some millimetres. (See [AS88| for an introduc-
tion to the subject and further information.) Due to the sinking of these aggregates to
the seabed, a constant transportation process of chemical and biological material to the
sea floor is maintained. According to Fowler and Knauer [FK86|, this is the main process

driving vertical fluxes in the ocean.

In order to model the transport and aggregation phenomena, one has to know the advective
and diffusive exchange of the aggregate with the sourrounding water. Due to [FK86],
the aggregates can be considered as a porous medium. Thus the choice of correct fluid

exchange conditions at porous-liquid interfaces is of great importance.

The full inclusion of the microscale in simulations or models is often not feasible. However,
in many situations one is only interested in an effective model at the level of the macroscale.
In order to obtain such an effective model, mostly two methods are used: The representative

elementary volume-method (REV), and homogenisation.

Let u(z) be the quantity of interest at point z (e.g. a fluid velocity or solute concentration);

then the REV-ansatz is to substitute u by a local average (u), where
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Here B(z) denotes a given open ball with center z. This ball has to be chosen large
enough to average over the material properties, but at the same time small enough to
capture local changes of u. Details can be found in [Whi99]. However, this method is not

mathematical rigorous.

The main idea of homogenisation is to ‘replace’ the heterogeneous medium by a homo-
geneous one. Therefore, not a single problem is considered, but a family of problems is
constructed in the following way: It is assumed that the microscopic geometry is periodic,
given by a repetition of a so-called reference cell which is scaled by a factor € > 0. The
homogeneous material is then created by letting ¢ — 0.

To be more precise, assume that for given € > 0 the quantity of interest u® in the above

setting is given as a solution of the equation
Eiu&‘ — f&"

where £° is a linear differential operator and f¢ is a given right hand side with f* — f in
a suitable sense.
Then one is interested whether there exists a function u° such that u® — u°. Additionally,
under certain conditions one can find a differential operator £° such that u° is a solution
of

£0° = 7.

This problem is then thought to govern the macroscopic behaviour and is considered as

an effective model.

In lots of situations, u® and u” are related in the following way: There exists a so-called

asymptotic expansion of the form

x x x
uf (x) = u(x, g) + euq (z, g) + e%uy (1, g) +...

with known functions u” and u;, i = 1,2,.... They depend on two variables = and y = =
the first in the actual domain and the latter in the reference cell, extended by periodicity.
Therefore the characteristics of the porous structure and the geometry on the microscale
are not lost as in the REV-method but are captured in the contribution in the second

variable.

1.1 Boundary Conditions for Porous Media

A now classical result in the theory of homogenisation states that, starting with the Stokes

or Navier-Stokes equation, the effective fluid flow in a porous medium is given by Darcy’s
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law (see the works of Tartar in [SP80|, Allaire in [Hor97] and Mikeli¢ [Mik91]|). When
dealing with porous bodies inside another fluid, the boundary condition coupling the free
fluid flow and the Darcy flow at the porous-liquid interface is of great interest. However,
due to the different nature of the governing equations, the derivation of a ‘natural’
boundary condition is difficult: While the equation for the Darcy velocity consists of a
second order equation for the pressure and a first order equation for the velocity, the
system of equations governing the free fluid velocity (e.g. the Stokes or Navier-Stokes
equation) is of second order for the velocity and of first order for the pressure.

For an incompressible fluid, the flow in the direction normal to the interface has to be
continuous due to mass conservation. However, additional conditions at the interface are

not clearly available.

From a mechanical point of view, Beavers and Joseph [BJ67| concluded by practical
experiments that a jump in the effective velocity appears in tangential direction. This
jump is given by
1
aK " 2(vp —vp) 7= (Vupr) -, (1.1)

where vp denotes the velocity of the free fluid, vp denotes the effective Darcy velocity in
the porous medium and K is the permeability of the porous medium. The factor « is the
so-called slip coefficient which has to be determined experimentally. Moreover, v and T
are the unit normal and tangential vector with respect to the interface separating the
porous medium and the free fluid. The Darcy velocity for given fluid viscosity p is given
by

1

vp = ——K Vp,
I

where p denotes the pressure. Note that the condition mentioned above gives a relation
between the velocity of the free fluid at the interface and the effective velocity inside the
porous medium — it does not impose a condition on the actual fluid velocity inside the

porous medium at the interface. See also Figure 1 for a schematic illustration.

Later, Saffman used a statistical model to derive the boundary condition of Beavers and
Joseph. In [Saf71], he argued that vp - 7 is of lesser order than the other terms and arrived
at a jump given by

vp T = éK%(v vpv) -7+ O(K).

Other boundary conditions were proposed as well: Ochoa-Tapia and Whitaker for example
used the REV-method to obtain that the velocity and pressure as well as the normal stress
are continuous over the porous-liquid interface, but a jump appears in the tangential

stress in the form

(V{vp)yy — V{vp)v) - 7 = ﬂK*%<vD> ‘T
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Here (vp) denotes the averaged free fluid velocity, which is given by a Stokes equation,
and (vp) is the averaged velocity in the porous medium, which in this case fulfills a Darcy

law with Brinkman correction,
1
(vp) = —;K(WP) — uA(vp)).

g is a known constant, and the dimensionless factor § has to be determined experimen-
tally. For details see [OTW95a| and [OTW95b].

However, a rigorous mathematical derivation of the effective fluid behaviour at the
boundary was not available until Jiger and Mikeli¢ applied the theory of homogenisation
to the problem.

In [JM96| they developed a mathematical boundary layer together with several corrector
terms, which allowed them to justify a jump boundary condition. The main tool was the
construction of several ‘boundary layer functions’: These functions have a given value at
the interface and decay exponentially outside it. They can be used to correct the influence
of spurious terms at the boundary, stemming from the contributions of other functions to

the fluid velocity and pressure.

In [JMOO], this theory was applied to give a mathematical proof of the Saffman modification
of the boundary condition of Beavers and Joseph (see also Section 4 of the Chapter
“Homogenization Theory and Applications to Filtration through Porous Media” in [EFMO00]

for a more comprehensible, simplified version of the proofs), yielding the condition

e (Vopv) -7 =avp -7+ O(?)

where a = —% can be calculated explicitely. The constant Cp stems from a boundary

layer problem for the Stokes equation, cf. [JM00]|. (See also [JMNO1]| for numerical

simulations of the boundary layer functions.)

However, these results suffer from several drawbacks: First, only a planar boundary in the
form of a line or a plane is considered (this also applies to the results of Beavers, Joseph
and Saffman). Therefore, the effect of a possible curvature of the interface is not known.
Second, the result in [JMO00] is not a genuine homogenisation result: The e appearing in
the above equation is the scale parameter of the homogenisation setting, but at the same
time it is also considered to be the physical parameter of the square root of permeability.
Finally, the ‘limit equations’ still depend on this e, with estimates given only in the less

_1
strong H ™ 2-norm.

Generalizations of the boundary layers in [JM96]| were developed by Neuss-Radu in [NROO].
However, applications only treat reaction-diffusion systems without flow, and explicit

results can only be obtained in the case of a layered medium, see [NRO1].
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Free Fluid Region

Figure 1: Schematic illustration of the velocity profile for a horizontal flow
in a domain consisting of an impermeable upper boundary (with no-slip
condition), a free fluid part and a porous region. vy denotes the velocity in
the free fluid domain, whereas vp is the effective Darcy velocity. The quantity
Av = vp|y — vp corresponds to the jump across the interface as discussed in
Equation (1.1).

The main problem which makes the treatment of general settings infeasible is the loss of
exponential decay of the boundary layer functions (cf. Section 5): With the generalized
definition, Neuss-Radu was able to show in [NROO| that an exponential stabilization is
not possible in a general setting. However, all available tools for the treatment of these

problems depend on this type of decay!.

In this work, a new approach towards a generalization of the law of Beavers and Joseph
for curved interfaces using constructions similar to [JM96] is proposed.

The main idea is to transform a reference geometry with a straight interface to a domain
with a curved interface. It is assumed that the porous part in the reference geometry
consists of a periodic array of a scaled reference cells and that the flow in the transformed
geometry is governed by the stationary Stokes equation. Therefore one obtains a set of
transformed differential equations in the reference configuration. Boundary layer functions
for these equations are constructed such that — due to the straight boundary — their

exponential decay can be assured.

However, to the author’s knowledge the transformed differential equations have never

been considered in the context of periodic homogenisation. Therefore, as a first step

!Maria Neuss-Radu, private communications.



14 1 Introduction

existence and uniqueness-results as well as effective equations have to be derived — see

below for a detailed overview.

Other constructions to obtain the boundary behaviour via homogenisation, especially
in the case of reaction-diffusion systems, are also possible; see for example the work of
Neuss-Radu and Jager [NRJO7].

1.2 Overview of the Main Geometries

In this section we describe the geometrical settings which are used throughout this work.
For illustrations, the reader is referred to Figure 5 (on page 62), Figure 3 (on page 26)
and Figure 6 (page 66).

Let L > 0. We consider a fluid flowing in the semi-infinite strip [0, L] x R being divided

into two parts

0 :=1[0, L] x Ry,
corresponding to the free fluid domain, and
QQ = [O,L] X R<0,
corresponding to the porous medium. Both parts are separated by the interface

= [0, L] x {0}.

We assume an e-periodic geometry in {29: Define a reference cell as
Y :=[0,1]%,

containing a connected open set Yg (corresponding to the solid part of the cell). Its
boundary dYg is assumed to be of class C* with 9Ys NIJY = (). Let

Y*:=Y\Ys

be the fluid part of the reference cell.

For given € > 0 such that % € N, let x be the characteristic function of Y*, extended by
periodicity to the whole R%. Set x°(z) := x(%) and define the fluid part of the porous
medium as

05 ={z e Q[ x*(x) =1}.

The fluid domain is then given by

F=0;UXUQs5.
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In order to be able to obtain the effective fluid behaviour near X, we have to define a
number of so-called boundary layer problems, see Section 5. To this end, we introduce

the following setting: We consider the domain [0, 1] x R subdivided as follows:
Zt =10,1] x (0,00)

corresponds to the free fluid region, whereas the union of translated reference cells

Z = fj{y* _ (2)}\5

k=1

is considered to be the void space in the porous part. Here
S =10,1] x {0}

denotes the interface between Z* and Z~. Finally, let
Z=zvuz"

and
ZBL =ZTuSuZz-

be the fluid domain without and with interface.

1.3 Outline of the Work

We give an overview of what is going to follow:

In Section 2 an outline of stationary coordinate transformations is given together with
results how differential operators behave under these transformations. Furthermore, in
Lemma 2.7 various identities are derived which will play an important role in the sequel.
Finally, the stationary Stokes equation is transformed; yielding the main type of equations

we will deal with in this work.

In order to be able to deal with the fluid’s behaviour at the interface, the effective fluid
velocity stemming from the homogenisation of the transformed Stokes equations needs
to be known. This is dealt with in Section 3: We consider the equations in a domain
containing a periodic array of holes, with the hole size tending to zero. Note that in this
section — as we are only interested in the effective law governing the flow — we deal with a
different, bounded geometry, making the proofs easier.

First, a short review of the concept of two-scale-convergence is given, together with some
known results from functional analysis. Next, existence and uniqueness results for the

transformed Stokes equation are proven. Observe that the arguments in the corresponding
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proofs will also be important in subsequent sections, where we will not go into too
many details. Finally, the homogenisation itself is carried out, leading to a transformed
Darcy’s law with variable permeability tensor. Note that no special attention is paid to
the thorough introduction of periodic homogenisation; and the reader is assumed to be
familiar with the conventions and applications covered in basic textbooks — see for example
Donato/Cioranescu [CD99| (with a strong mathematical flavour) or Hornung |[Hor97| for

applications to porous media.

The cell problem appearing in the above homogenisation turns out to be a partial
differential equation depending on a parameter, leading to a family of solutions. Section 4
investigates this dependence. By using the implicit function theorem for Banach spaces,
one can show that under some conditions certain differentiability properties in the direction

of the parameter carry over to the solution.

Now we have all results at hand to deal with the behaviour at the porous-liquid interface,
which is presented in Section 5. Various auxiliary problems for the correction of the flow
are constructed and their influence on the right hand side is observed. The derivation
is a more formal one: Regularity results are used without thorough treatment, and no
special attention is paid to the differentiablity properties of the solutions of the problems.
Furthermore, due to the tedious nature of the calculations, only few details are given;
and the focus of the exposition lies mostly on the effective velocity. The main results are

given in Section 5.6.

Finally, Appendix A collects results needed for the discussion of some auxiliary problems

from the foregoing part of the work.

1.4 Notations and Conventions

Some notational conventions: Constants (mostly denoted by C,C1,C,...) never depend
on the scale parameter € unless otherwise stated. When deriving inequalities, we frequently
use a generic constant which might change in the course of the estimation. & denotes the

well-known Landau symbol, indicating the order of neglected terms.

As for function spaces, we use the usual notation L?(A) for functions f : A — R which
are square-integrable with respect to the Lebesgue measure on a domain A C R™, n € N.
The space L§(A) consists of those f € L?(A) such that [, f dA = 0. Sobolev spaces
with order of differentiability & and order of integrability 2 are denoted by H*(A). Here
the subscript 0 indicates a vanishing trace on the boundary (cf. for example [Maz85]| for
details).

Spaces of continuously differentiable functions are denoted with C¥(A) etc., where k €
N U {0,00} is the order of differentiability. The space C§°(A) consists of infinitely

differentiable functions having compact support in A.
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The subscript # indicates periodicity. For function spaces with respect to the reference
cell Y, the periodicity is assumed to hold in both coordinate variables, whereas for the
strips Z, Z*, Zgy, and Q, QF etc. periodicity is assumed with respect to the first variable
only. Finally, the dual of a Banach space X is written as X’.

In the sequel, functions depending on a parameter are considered as well. However,
no special attention is paid to notational subtleties, and the notation is switched when
necessary. E.g. for f € C*(€2,C5°(A)) the expressions f(x,y) and f(x)(y) etc. denote the
value of f(z) at y € A, for z € Q.

The letter H will be reserved for the Heaviside-function H : R — R,

H(x) 1 forz>0
T) = )
0 forxz<O

For two matrices A, B € R™" n € N, their inner product is given by

A:B= tr(ATB) = Z (A)ij(B)i;  €R,
7,7=1

where tr denotes the trace operator. Let a,b € R™ be two vectors. The tensor product of

a and b is defined as
a®b= ab’ = (aibj)iyjzlwwn e R"*™,

The unit vectors in R? are denoted by e; and ey, and the identity matrix by I.

For a function u € H%J”””(Z), k > 0, there exist two trace operators on S which we will
denote for a moment by % " and 74", corresponding to the trace of u|,+ on S and that

of u|z- on S, resp. Thus the jump of u across S is given by
+ —
[us =77 (u) =77 (u) € H™(S).

Finally, for a given Lipschitz boundary OA of a set A C R? we denote the outer unit

normal vector in z € A by v(z) and the corresponding unit tangential vector by 7(zx).

0 -1
T = v
1 0

Hence
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1 Introduction




19

2 Coordinate Transformations

In this section we review the basic concepts of coordinate transformations and apply them
to the steady state Stokes equation. However, as we are only concerned with stationary
transformations, we do not go into too many details. For an overview of the general notion,

the reader is referred to the doctoral dissertation [Mei08] and the references therein.

2.1 Differential Operators under Coordinate Transformations

As a first step, we recall the definition of coordinate transformations and some differential

operators and investigate their relations:

Let Q ¢ R™ with n € N be a Lipschitz domain; let ¢ : ) — R be a scalar function,
7 :Q — R™ a vector field and M : Q — R™ ™ a matrix function. They are assumed to

be sufficiently smooth.

2.1 Definition.
The gradient of a vector field is defined as

< Ok
(v])lk - (9331‘7

forik=1,....n (ie. V j is the transpose of the Jacobian matriz ofj); the divergence

of a matriz-valued function is defined column-wise, thus

- "~ OM;
(@iv () = Y- G,
i=1 v

for k=1,...,n; and the Laplacian of a vector field is given by
Aj = div(V j).

For n = 2 we define the two operators

Curl(¢) = <_82é2> = [[1) _é Ve
Ox1
and - N
curl(j) = gj;l - g]x;
2.2 Remark.

The ‘curl’-operators above are two-dimensional variants of the well-known curl operator

describing the rotation of three-dimensional vector fields.



20 2 Coordinate Transformations

We have the relations
curlVe=0 and div Curlé = 0,

and curl is the formal adjoint of Curl (see [Ver07] and [DLI0] for details concerning these

operators).

2.3 Definition.
Let Q,Q C R™ be Lipschitz domains and let ¢ : @ — Q. We call ¢ a regular orientation-

preserving C*-coordinate transformation if

1. v is a C*-diffeomorphism, and

2. There exist ¢,C > 0 such that
c<detF(z)<C VzeQ,
where F' denotes the Jacobian matriz of 1.
If det F' = 1, we call v volume preserving.

We will indicate coordinates in Q by z = (z1, ..., 2,) and those in Q by = = (z1,...,2,).

Define

2.4 Lemma.
Let ¢ : @ — Q be a C'-coordinate transformation. Denote by F the Jacobian matriz of
Y, and let J(z) := det(F(z)). With the notations and definitions above it holds

1. F7TV,c=V,é
2. div,(JF1j) = (J o~ 1) diva(j).

3. div,(JEIM) = (J o p~ 1) div,(M).

Proof. The first assertion is a simple application of the chain rule, whereas the second
one is known as the Piola-transformation (see [Zei88|, Chapter 61. Note that Zeidler
defines vectors and gradients row-wise, leading to slightly different formulas.) For the

matrix divergence the second statement holds column-wise. ¢
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Application of this lemma yields:

2.5 Lemma.
Let 1 be a volume-preserving C-coordinate transformation. The operators from Defini-

tion 2.1 transform according to

1. A (6) =div,(F7IFTV, c).
2. A7) = div,(F'F-TV, 5).
3. dive(j) = div, (F~1j).
4. div, (M) = div,(F~'M).
5. Curly(¢) = Curl.(c),

with

1

FTv,ec.
0

Curl.(c) = [(1) N

6. curl,(j) = Cfl;lz(j)y
with
curl,(5) = curl, (FT5).

Proof. For volume-preserving coordinate transformations it holds J = 1, thus in that
case by the preceding lemma we have div,(F~'5) = div,(j) and div,(F~'M) = div,(M),
which gives the third and the fourth statement. The first and the second statement follow
by the equalities A,(¢) = div,(V,¢é) and A,(j) = div,(V, ) and application of the
above results to the right hand sides.

The fifth statement follows along the same lines, whereas the sixth can be obtained by a

direct calculation of the effect of the transformation on the defining equation. ¢
2.6 Remark.

) ) 0 -1 0 -1 )
A simple computation shows that _ F+ =F 0 ; thus it holds

61\1?12(0) = F Curl,(c).

2.7 Lemma (Transformed Differential Identities).
Let v be a volume-preserving C'-coordinate transformation as above. Then the following
identities hold:

1. div,(Fle)=F1V,c.

2. div, (F'F-TV_ (div.(F~1§))) = div,(Ftdiv(F'F~T V. j)).
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3. div.(F~1 Curl.(c)) = 0.

4. div.(F~Y(cj)) = cdiv(F 1)+ FTVe-j.

5. cwrl,(F~TV,¢) = 0.

6. curl,(div,(FLFTV, ) = div,(F*F TV, curl.(j)).

7. If div,(F~15) = 0, then

FTV, (curl,(j)) =

0 —1
div,(F'F~ TV, ).
) 0] iv.( 7)

8 F TV (div,(F'FTVe)) =div,(F'F TV, (FTV,c).

Proof. To obtain the first statement transform the well-known equation div,(¢l) = V,¢.
The second follows from A,(div, j) = div,(A.j). Next transform div,(Curl,(¢)) = 0
and div,(éj) = édivy(j) + V. é-j. Finally observe that curl,(V,¢&) = 0 as well as
curl, (A7) = Ag(curl 7).

If div, (5) = 0, a simple calculation together with the fact that in this case g—ill = _%

shows that V,(curl, j) = [9 78] Az(j), which upon transformation yields the result. For
the last statement consider V;(Azé) = Az (V). ¢

2.8 Remark.
Let v(x) be the unit normal vector at x € 9S). Then the corresponding transformed unit

normal vector is given by
(x) = [|[F T (@) ()|~ F T (@)v(2).

If n = 2, the unit tangential vector 7(z) has the direction [ 3] F~T(z)v(z) =
F(z)[{ §]v(z) = F(2)7(z), thus it holds

7(2) = |F(2)7(2)|| 7 F(2)7(2).

||I-|| indicates the chosen norm in R™.

2.2 Derivation of the Transformed Stokes Problem

We apply the results of the preceding subsection to the following situation in R?: Let L > 0
and define Q = [0, L] x R. Let g € C*(R) be a given function such that g(z 4+ L) = g()
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Q] Q'I
4
0 )3 L /\ 0 % L
Qz ﬁz

Figure 2: The coordinate transformation ¢ transforms the domain €2 with a
straight interface ¥ to the domain € with curved interface X.

for all x € R. We consider the graph {(z1,9(x1)) | #1 € [0,L]} C R? to describe an
interface X in Q, dividing it into two parts Q; and Qy:

Q= {2 = (x1,29) €ER? | 21 € [0, L], 29 < g(z1)}
Qg := {x = (21,29) €R? | 21 € [0, L], 22 > g(1)}

Y= {x=(z1,20) € R? | 21 € [0, L], z2 = g(x1)}.
Let S C €3 be a closed set (corresponding to a solid part in the domain), such that
95N oQ = 0.
We want to transform the domain 2 = [0, L] x R with a straight boundary ¥ = [0, L] x {0},
with parts Q; = [0, L] x Ryo and Qs = [0, L] x R to the above situation. We will

indicate coordinates in Q by z = (21, 22) and those in Q by = = (1, z3). Therefore define

the transformation (compare Figure 2)

.9

P

Q
21 x 21
[ — g .
22 T2 22+ g(21)
Then the Jacobian matrix F' of ¢ is given by

10
F(z) = [g/(Zl) 1]. (2.1)

Since det F' = 1, 1 is a volume preserving C*>°-coordinate transformation.
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In Qp = Q\S’ , we consider a viscous fluid whose flow is governed by a steady state Stokes
flow, that is: Find a velocity u and a pressure p with (@, p) € H'(Qr)? x L*(Qr)/R such
that

—Agii(z) + Vo plz) = f(x) in Qp (2.2a)
div, (i(x)) = 0 in Qp (2.2b)

@(z) =0 on S (2.2c)

@, p are L-periodic in xq (2.2d)

with a given force f € L?(Qp). Here and in the sequel, we will tacitly assume that the
fluid viscosity has a constant value of 1 (the case of a different constant viscosity p can

easily be adapted).

By using the transformation formulas from Lemma 2.5, we obtain for u(z) = a(¢(2)),

p(2) = p(¥(2)) and f(z) = f(P(2)):
—div,(F Y 2)FT(2) Vo u(2)) + F7T(2) V. p(2) = f(2) in Qp (2.3a)
div,(F~ (2)u(2)) = 0 in Qp (2.3b)
u(z) =0 on 08 (2.3c)
u, p are L-periodic in z; (2.3d)
with S = ¢~1(S) and Qp = Q\S.
Variants of this system of equations represent the basic equations with which the rest of

this work is concerned.

2.9 Remark.
In continuum mechanics, the quantity F~'(z)F~7(z) corresponds to the inverse of the
right Cauchy-Green tensor, see e.g. [MH94|.

For the convenience of the reader, important formulas will be highlighted by a grey box, whereas the
auxilliary functions in Section 5 are made optically distinguishable by using a frame.
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3 Homogenisation of the Transformed Stokes Equation

In this section we carry out a homogenisation procedure for the transformed Stokes
equation (2.3). As we do not need results on an unbounded strip, but rather are interested

in the effective equation for the velocity and pressure, we consider a simplified situation:

Let © be a bounded Lipschitz domain in R?. We denote by Y = (0, 1)? the reference cell.
Let Yg be a strictly included subset of Y (the solid part) and set Y* := Y\Yg (the fluid
part). Let I' = 0Yg be the boundary of the solid part. It is assumed to belong to the

class C*. (See also Figure 3 for an illustration.)

Define for M C Y and k € Z? the shifted subset
2
Mk =M + Z kjej,
j=1

with e; denoting the j-th unit vector.

For given € > 0 we define the following e-periodic domains:

OF = U (e(Y"NQ) the fluid part
kezZn
5= U (eYENQ) the solid part
kezZn
e = U (eT* N Q) the boundary of the solid part
keZn

In order to avoid technical difficulties, we assume that I'° N 9Q = () for all . Changing

the name of the variables from z back to x in equation (2.3), we consider the problem

—div(F Y 2)F T(2) Vui(z)) + F~ T (z) Vp*(z) = f(z) in Q° (3.1a)
div(F~H(2)u®(x)) = 0 in Q° (3.1b)

u®(z) =0on I (3.1c)

u®(z) =0 on 9N (3.1d)

with a given force f € L*(Q)2.
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Y’

Y

1

Figure 3: The reference cell, consisting of the solid part Yg with boundary
0Yg, and the fluid part Y™*.

3.1 Remark.
Let u, ¢ € C*(Q€)? and p € C*(Q€). Then the rules of integration by parts for the above

type of equation formally read as

— /div(Fl(m)FT(a:) Vu(x)) - ¢(z) de = /FT(x) Vu(z): F7T(z)V ¢(x) do

Qe Qe

- / F Y z)F T (z) Vu(z)v- ¢(z) do,

o0e

and

+ / FH2)é(z) - v p(z) do.

o0e

Here “’ denotes the inner product, A : B = tr(AT B).

3.1 Review of well-known Theorems

For the sake of completeness, in this subsection we review some concepts used to obtain
existence and uniqueness results for Problem (3.1), together with theorems which are

helpful for the homogenisation procedure.

3.1.1 Two-Scale-Convergence

The notion of two-scale-convergence was introduced by Nguetseng in [Ngu89| and later
extended by Allaire, cf. [All92]. It has proven to be extremely useful and is now used as
the main tool in the theory of periodic homogenisation. For a comprehensive overview of

the concept, the reader is referred to the review article by Dag Lukkassen et al., [LNWO02].
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Here we will recall the definition and the main results in the Hilbert space L?(f).
Generalizations to LP-spaces are possible, see for example the above mentioned articles.
In addition, special notions of two-scale convergence on surfaces (cf. [NR92|, [NR96| and
esp. [ADH95]|) and on interfaces (in [NRJ07|) have been developed.

3.2 Definition (Two-Scale-Convergence).
Let uf be a sequence of fuctions in L?(2). u° converges in two-scale sense to ug €

L2(QxY), if

e—0

lim [ u®(z)y(x, g) dr = //uo(x,y)w(a:,y) dy dz Vet CE(Y)). (3.2)
Q QY

. 2
We write u¢ — w.

3.3 Theorem.
Let u® be a bounded sequence of functions in L*(Q2). Then there exists a subsequence €'

and a function ug € L*(Q x Y) such that

e 2
U — ug.

Proof. See |[Ngu89| for the original proof or [All92] for a simplified version. ¢

3.4 Theorem.

1. Let u® be a bounded sequence in H*(Q) such that u® — ug in H'(Q) weakly. Then
u® 2 g, and it exists uy € L*(Q, H#(Y)/R) such that up to a subsequence

Vuf - Veug+ Vyu.

2. Let uf and eV u® be bounded in L*(Q) and L?(Q)%. Then there exists ug €
L2(Q,H71#(Y)) such that along a subsequence

uf -2 g (3.3)

eVut = V,up. (3.4)

3. Let uf be a divergence-free bounded sequence in L?(2)?, which two-scale converges
to ug € L2(Q x Y)2. Then ug satisfies

div,up =0 (3.5)
divx/uo dy = 0. (3.6)
Y

Proof. See |Al192]. ¢
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Unfortunately, the maximal class of test functions ¢ such that (3.2) holds is not known.
In the literature, following classes are often considered (compare [Al192], [CD99], [Ngu89],
[NR92]):

3.5 Lemma.

Let u¢ == wg. Then the convergence (3.2) holds true for the following test functions 1):
e ¢ €C5o(R,Cx(Y)).
o e L*(Q,C4(Y)).
o U(x,y) = Yr(y)ve(w,y), with 1 € LE(Y), 1y € L*(Q,Cx(Y)).

4 1/}(33,y) = wl(y)¢2($7y)7 with 1/)1 € L2(Y), ¢2 € CSO(Q’C;EO(Y))
The following lemma shows that a two-scale limit contains more information than a weak
limit:
3.6 Lemma.
Let uf be a bounded sequence in L2(Q) such that u® —= ug with ug € L2(Q x Y).

Then u — u weakly in L*(Q), where u is given by

u(w) = [ uo(e.y) .

Y
3.1.2 From Functional Analysis

We recall some facts from functional analysis.

The lemma of Lax and Milgram below will be used to obtain a number of existence and

uniqueness results:

3.7 Theorem (Lemma of Lax-Milgram).
Let H be a Hilbert space, B: H x H — R be a continuous, coercive bilinear form and let

b e H' be a continuous linear functional on H.

Then there exists a unique v € H such that
B(u,v) = (b,v) Yv e H.
Proof. See for example [Sho97|, Theorem 1.2.2. ¢

The following two theorems give generalisations of the well-known trace operator of
Sobolev spaces. They are used in the construction of some auxiliary functions, cf. the

proof of the surjectivity of the transformed divergence operator, Lemma 3.16.
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3.8 Theorem (Generalized Trace Theorem).
Let k € R,k > 2, and let A be a bounded domain in R™, n € N with boundary OA € CF+1.
There exists a continuous linear operator T : HF(A) — H"‘_%@A) X Hk_l_%(('?A) with

T(6) = (@lon. o0lon)  for all & € C5(A).

Proof. This is a special case of Proposition 8.7 in [W1o82]. ¢

3.9 Theorem (Generalized Inverse Trace Theorem).
Let A be a bounded domain in R™, n € N, with boundary OA € CFT' with a given
keR, k>2. LetT be defined as above.

There exists a continuous linear extension operator & : kaé(aA) X Hkilfé(ﬁA) —
HF(A) such that
To&=1d

Proof. See again [Wl1o82|, Proposition 8.8. ¢

3.10 Proposition (Regularity Results for Elliptic PDE).
Let r € Ny be given and let A be a bounded domain in R™ with boundary OA € C"+1.

Assume that A is a given matriz-valued function, A € C" (A, R™™™) such that there exist

constants 0 < kg < K 4 with
kall€]? <€TA(x)¢ VEER" Vzel

and

€T A(e)n] < Kallell Inll,  VEneR™ YareA

Here ||-||, denotes the Euclidean norm in R™.

For uw € HY(A) define the differential operator

L:HYA) — HY(A)
Lu = —div(AVu).

We have:
1. Let f € H'"Y(A), g € HT+%(8A) and consider the elliptic Dirichlet problem

Lu=f inA
u=g on JA.

Then every weak solution uw € H(A) belongs to the space H"L(A).
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2. Let f € HY(A) and h € H”_%((‘)A). Then every weak solution u € H(A) of the

elliptic Neumann problem

Lu=f inA
ou
a—h on OA

is in H™1(A).

Proof. This is a special case of the regularity results found in [Hac96|.

¢

To finish this subsection, we give a result which states that the precise form of the constant

appearing in Poincaré’s inequality in €€ is of the form Ce, where C' only depends on the

geometry of the reference cell, but not on €. This lemma will later also be applied to the

set 25 of Section 5.

3.11 Lemma.

Let v € HE(QF). There exists a constant C, independent of €, such that

HU||L2(Q ) é 05 ||V UHLZ(QE)Z .

Proof. The proof will be carried out using a summation-and-scaling argument.

For w € H*(Y*) such that w = 0 on Y it holds
2
”wHL2(Y*) <C vaHL2(Y*)2 )

where the constant C' depends on Y*.

A change of variables z = ey implies for v € H}(QF) and 9(y) :=

equation
Vy0(y) = Vyv(ey) = e Vo u(x)|p=cy-

Application of the above inequality now yields
2 2
Plfy = 3 | b =} JREORY
6(Y* Y*)k

<Y / IV, 5(y)? dy
oL

= Z/€|Vvey]2dy

Y*)k

v(ey)

= v(z) the
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@)

:CsQZ / | Vov(z)? de = Ce? |V ol
k

E(Y*)k
where the constant C' is the same as above and the sum extends over all k € Z2 such that

e(Y*)k c Q. ¢

3.2 Existence and Uniqueness

In this section we prove the existence and uniqueness of the solution of Problem (3.1) for
fixed . Basically, the approach is the same as in the functional-analytic treatment of the
Stokes equation (see e.g. [SP80]).

By multiplying (3.1a) with ¢ € HL (Q°)? where
H\ () 1= {w € HY(9)? | div(F~"w) = 0},
integrating by parts and noting that

/F_T(x) Vp(z)  ¢(x) doe = — /p(x) div(F~Y(z)é(z)) dz =0,

Qe Qe
we obtain the weak formulation of Problem (3.1) in the form
/F_T(x) Vus(z): F~1(z)V ¢(x) dz = /f(l‘) cp(z) dz Vo € HY (9% (3.7)
Qe Qe

Note that H}. (€°) is a Banach space with respect to the norm ||V -||

following lemma for the estimation of the left hand side:

)2 We need the

L2 (Qs

3.12 Lemma.

There exist constants 0 < kr < Kp such that for the eigenvalues \(x) of F~(z)F~T(z)
holds

krp < Xz) < Kp VzeQ,

i.e. F=Y2)F~T(x) is symmetric and positive definite.

Proof. A calculation of the eigenvalues Ai(z), Ao(z) of F~1(2)F~7T(x) yields

R A e o

Ao(z) =1+ g@)? \/9’(901)2 + gl(z1)4.

2



32 3 Homogenisation of the Transformed Stokes Equation

Because of the smoothness of g there exists an M > 1 such that |g(x)| < M for all z € (.
Obviously \;(z) < 1+2M? = Kp, i =1,2.

Choose a kr small enough such that M 2492< ﬁ Another calculation shows that

1
Xo(z) > kp =  ¢(21)%< ke =2,
F

which gives the desired result since A\ (z) > Aa(z). ¢

3.13 Proposition.
Let ¢ > 0 be fived and let F be given by (2.1). For given f € L*(2), the Problem (3.7)

; ; 1 2
has a unique solution u® € Hg, (£2°)=.

Proof. Define for u,v € H} (92°)? the (bi-)linear forms

a(u,v) = /FT(a:) Vu(z): F71(z) Vu(z) dz
Qe

and

b(v) = /f(a:) -v(x) de.
(943

The continuity of b for f € L?(Q)? is standard. In order to apply the lemma of Lax-

Milgram, we have to show that a is continuous and coercive.

First note that as a pointwise estimate we have
F (@) Vo(x): FT(2) Vou(z) = tr(Vo(z) T F7H(2) F~ T (z) Vou(z))

2
= Z el Vo(o)TF~ 1 (2)F~T(z) Vou(z)e
i=1

2
<Y IVe@el, [|F7H @) F T (@), IV v(@)eill,
i=1

2
< KFZeiTVv(x)TVU(CU)ei
i=1
= KpVou(z): Vo(z) = Kr ||Vo(z)|?,

with ||-]|, the Euclidean vector- and matrixnorm. This gives the continuity of a due to

/ |F~T(2) Vu(z) : F1(z) Vo(z)| dz
(9

2
= / Y (F (@) V(@) (F (@) Vo), | de

ge  ig=1
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2

< /(Z (F 7 () vu(g;))ijf) : ( 22: (F~7(x) vv(x))ij)Q) da

N

Ge =1 ij=1
T T S (p-T T 3
= /(F_ (x)Vu(z): F~' () Vu(z))2(F ' () Vu(z) : F~' (z) Vo(z))? do
Qe
<Kr [ 19 0@ |V o(a), do
QS
< Kp HVUHL2(Q€) ’VU”LQ(Qg) )
where the Cauchy-Schwarz inequality in L? has been used in the last step.
For the coercivity consider
kp IV oll 2 < /)\2(56) Vou(z): Vo(r) de
QS
2
< / Z Ni(z)el Vo(z)T Vu(z)e; da
Ge =1
< /FT(x) Vo(z): F~1(z) Vo(z) dz.
QE
Now the Lax-Milgram lemma implies the proposed result. ¢

Due to (3.7), the solution u® fullfills
—div(F ' FTV) — f € (Hi (9)H)*

We will now characterize the orthogonal complement (HZ (2)%)% of H}, (9°)? in order

to reintroduce the pressure.

3.14 Lemma.
It holds
(Hiy () ={FTVp|pe L*(Q)}.

Proof. Define G := {F~TVp|pe L*0)}. Let ¢ € G,u € HL (Q°)? with ¢ = F~T Vp.
Then

<¢,U>H—1(QE)2’H1(95)2 = <F’TVp, u>H—1(Qa)2’H1(Qs)2 = — /pdw(Flu) dl‘ = 0,
Qe

such that ¢ € (H} (9°)?)1. Therefore G C (HJ}, (2)%)*.

For the other inclusion we will show that div(F~1) : H}(Q) — L3(0°) is surjective

and that —F~TV . is its adjoint operator, therefore being injective from Lg(ﬂf) to
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im(—F~TV:). Now if ¢ € (H}, (92°)?)*, we consider u € HE(QF) with div(F~tu) = 0.
It holds

(¥, u)a-1(00)2, 1y ey2 = 0.

Since u is arbitrary,
Y L ker(div(F~1.)),

and since ker(div(F 1))+ = im(—F~7 V) there exists a p € L?(Q°) with

v=FTVp.

The surjectivity of div(F~!) is a consequence of Lemma 3.16 below; and the adjointness

of the operators can easily be seen from the equation
<F_Tvp7 U>H—1(Q€)2,H1(QE)2 = - /pdiV(F_lu) dr = (p, diV(F_lu))Lz(Qs). ¢
0

Before proving some properties of the divergence operator, we need the following lemma.

3.15 Lemma.
Let 6 € HY(QF). Then

Curl(0) - v=—-V0O-17 ondF
Curl(9) - 7 VO -v ondQ°.

Proof. 1t holds

T
0 -1 0 -1
Curl(0) -v = VH'V:V0-< V):—VH‘T,
1 0 1 0
: o [0 —=171T . w 0-11T
since the matrix [1 0] corresponds to a rotation of 5 and thus [1 0] -v=—71. The
second equality follows along the same lines. ¢

Now we are ready to prove the lemma used above:
3.16 Lemma.
Let G € L*(Q°) with [,. G =0. There exists a ¢ € Hj(Q°)* with
div(F~Y(z)é(z)) = G(x) in QF
¢(z) =0 on 0Q°

such that
H¢||H1(QE)2 <C ”GHLQ(QE) :
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Thus div(F~1) : H}(QF)? — L3(QF) is surjective.
Proof. We look for ¢ in the form

¢ = FVn+ FCurl(f)
with 7 satisfying

An=Gin Q°
Vn-v=0on dN°.

By considering the weak formulation of this problem
—/vn:v¢:/G-¢ Vi € HY () /R
Qe Qe

and using estimates similar to those derived in Propositon 3.13 we see that a unique

solution 7 € H (9°)/R exists, satisfying the estimate ||V N zerz < C NG L2qe-

By regularity arguments one can show that

As for 0, it should hold

0%n
8([3181' 7

< CHFHL?(QE)’ i’j S {172}'

L2(Q°)

Curl@) - v=—-VO-7=—-Vn-v=0o0n o
Curl(f) -7 =V0-v=—Vn- 7 Hz(F) on OO,

By the inverse trace Theorem 3.9 there exists a § € H?(QF) with V- v|pg: = -V -7
and 0]gos = 0 (thus especially V-7 =0 on 9Q°) and

||9HH2(QE) <C ||V77||H1(Qf) :

Now we have V7 + Curl(f) = 0 on 09°, therefore also F(Vn+ Curl(f)) = 0 on the
boundary of €2°. ¢

3.17 Remark.
In the sequel, we will use various analogues of this lemma. However, note that the

boundedness of the domain is an important prerequisite.

To reintroduce the pressure, notice that by equation (3.7)

—div(F'F TV — f e (HL (9)H) .
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By Lemma 3.14 there exists a pressure p° € L?()?), unique up to a constant, such that
—div(F~ Y (a)F T (2) V' (2)) = f(a) = —F(2) Vp(2)

holds in €2¢. This finishes the considerations about the existence and uniqueness of the

transformed Stokes equation.

We have the following regularity result:

3.18 Proposition.
If f € H (Q)?, r >0, then u® € H" 2(Q%)? and p* € H" ().

We do not give a proof, which can be carried out by adapting the regularity arguments
for the usual Stokes equation (see e.g. [Tem77]). For the interior of the domain, one can

use the following argument:

Applying div(F~!) to Equation (3.1a) gives (by the second formula of Lemma 2.7)
div(F'F TV =div(F~f) e H1(Q).
Therefore p* € H™ (), where Q¢ is a strictly included subdomain of Q. Because of
—div(F'FTVvw)=f-FTVp" € H ()
we conclude that u® € H"2(Q%)2.

3.19 Remark.
A careful investigation of the foregoing section shows that a solution of (3.1) exists even
for f € H=1(QF)2.

3.3 A-priori Estimates and Extensions

As usual in the homogenisation of the Stokes equation (see for example [SP80] or [All89]),
we scale the velocity by €2 and look for (uf,pf) € H}(9Q%)? x L*(Qf)/R such that

—2div(FY2)F T(z) Vel (z)) + F T (2) Vp°(z) = f(z) in QF (3.8a
div(F~(z)uf(z)) = 0 in Q° (

u®(z) =0on I'* (3.8¢c

u®(z) =0 on 0N (3.8d
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with weak formulation

/€2FT(x) Vul(z): F1(2)Vé(z) do — /ps(a:) div(F~Y(z)p(z)) dz
Qe Qe (3.9)

— [ 1@)- ¢(a) da
J

for all ¢ € HJ(QF)2.

In order to be able to apply compactness results (like Theorems 3.3 or 3.4) we need
estimates of u®, p° on a fixed domain. As )¢ varies with ¢, we have to define extensions of
the velocity and the pressure. For the velocity, we simply extend u® by 0 in Q\Q°. Note
that div(F~1u®) = 0 still holds for this extension.

The extension of the pressure is more complicated. We adapt the construction of an
extension operator, originally proposed by Tartar in [SP80| and later generalized by
Allaire, see |AllI89]. The extension is defined by duality, using the following restriction

operator:

3.20 Proposition.

There exists a linear restriction operator
RE: Hy(Q)* — H(QF)?
such that for w € Hg(Q)?:

w=00ndN\0N = Rw=uw|q
div(F'w)=0in Q = div(F 'R°w) =0 in Q°

and

HREwHLQ(QE)Q te HV(RE’LU)HLQ(QE)‘L < C(HwHL?(Q)2 +e ”vw”L2(9>4)-

For the proof we need several lemmas. We begin by repeating the usual definition of the

restriction operator for the Stokes equation.

3.21 Lemma.

There exists a linear restriction operator

RE: HY(Q)? — HY()?
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such that

w=0ondF\IN = Rw=uw|g

div(iw) =01in Q@ = div(R*w) =0 in Q°

and
5 5 2 2
IR W72 ge 2 + X IV(RTW) 22 eyt < Cllwll32 02 + €7 IV wl[7200)-

Proof. We construct a similar operator 7~€, defined in the reference cell, and proceed by

rescaling and summation:

For given v € H}(Y)? we look for vg € HY(Y*)?, solution of

—Avg +Vg=—-Avin Y"

: . 1 : o
div(vg) = div(v) + |Y*|Y/dlv(v(y)) dyinY

vr = 0 on Yy

vr = v on OY.

/div(vR) dy = / vR - v doy,

Y oY

Since

the standard theory for the Stokes equation (see e.g. [Tem?77|) yields the existence of a
velocity vg such that

HURHHl(Y*)2 <C ||UHH1(Y)2 .
Now define Rv := vg. Thus R : H}(Y)? — H'(Y*)? is a continuous linear operator.

Rescaling R to the cell eY* and applying it to each cell in 2 we obtain the desired operator
RE: HY(Q)? — H(9°)? where — by the usual rescaled estimates for the gradient — we

obtain
5 = 2 2
IR w1720e 2 + EXIV(REW)[[72 0002 < Clllw]lF2 g2 + €2 IV w72 02)- (3.10)

¢

We are now able to show the existence of R®:
Proof of Proposition 3.20. Let w € H*(Q)? be given and define

Réw = FRE(F~tw).
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This gives

w=0o0ndN\IN = Flw=0ond0Q"\oQ
—  RE(F'w) = F lwlg:
- RE'LU = w‘QE
div(Flw)=0in Q = div(R°(F 'w)) =0in Q°

—  div(F'R*w) = 0 in O°

and

_ 2 _ 2
||R6w||i2<95)2 + 52 HV(REU))H%Z(QE)“ < O(”F leL2(Q)2 + 62 HV(F 1w)HL2(Q)4)
< C(”UJH%?(QP +é° vaHi?(Q)‘l)a
since the second derivatives of the entries of F~! are bounded. ¢

We can now define the extension of the pressure by duality: Let ¢° € H~1(2)? fulfill
<qaaw>H—1(Q)2,Hg(Q)2 = <F_Tvp€7R€w>H_1(Q€)2,Hé(QE)2 Vw € H(%(Q)

Since R¢ is continuous and linear from Hg (92)? to H} ()%, we conclude that ¢° € H~1(Q)?

(¢° can be interpreted as an extension of F~7 V pf). Next choose an arbitrary w € H}(Q)?

such that div(F~!w) = 0. Then
(€%, W) 102, mi2 = <F_TVpS,R5w>H71(QE)27H(1)(QE)z = /p‘E div(F~'Rw) dz = 0.
(93

Thus ¢° L w and therefore, by Lemma 3.14, ¢° = F~7 V §° with a $° € L?(Q). Here §°

denotes the extended pressure.

In the sequel, we will denote the extensions of u® and p° by the same symbols.

3.22 Lemma.

For the extended velocity u® and pressure p° it holds
HUEHL2(9)2 +e ”VU€HL2(Q)4 <C

and

HPEHL2(Q)/R < C.
Proof. Choosing ¢ = u° in (3.9) and using the coercivity of the bilinear form gives

2
gsz HVUEHLQ(Q)4 < HfHL2(Q)2 HuEHLQ(Q)2 < Ce HvuauLQ(Q)‘l ’
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where the Poincaré inequality has been used, giving an additional e. Thus & |V u®| 2 g <
C. Use of the Poincaré¢ inequality [|u]| 2o < Ce ||V uf|| 2o again finishes the estimate
of the velocity.

For the estimation of the pressure note that, if w € H{(Q)?,

(FTV 0%, w) 102 my@e = (F~7 VP, REW) k11002, myary?
= —/f-REw d:lU—l—&Q/F_TVu5 : F7T V(R w) da,
Qe Qe

thus

|<F_TVPaaw>H—1(Q>2,H3(Q)2| < C(Hf||L2<Q)2 ||R€w||L2(Q)2
2|V e 2 IV (REW) 2 )
< C(||f||L2(Q>2 +e HVUEHLQ(Q)‘l) (Hw||L2(Q)2 te ||vw||L2(Q)4)
< C(HwHL2(Q)2 te vaHLz(Q)4)7

and F~T V p® is bounded in H~1(Q)2.

(Q)/R <C ”VpEHH’l(Q)2 <C HF_T VpEHH’l(Q)z’
a constant independent of ¢ as well (cf. [Tem77|, Proposition 1.2 in Chapter 1). ¢

Since ||p]| - we see that p® is bounded by

3.23 Remark.

For further properties about the extended pressure see Hornung et al., [Hor97|: For
example, one can show that p® equals its extension in )¢, that the weakly convergent
subsequences of p* are actually strongly convergent; and the derivation of an explicit

formula for the extension is possible as well (see also the original work of Lipton and
Avellaneda, [LA90]).

3.4 The Limit Equations

Using Theorems 3.3 and 3.4, we see that due to the foregoing lemma there exist a
ug € L*(9, H;léﬁ(Y))2 and a pg € L?(2 x Y) such that along a subsequence (still denoted
by ¢)

u' =2 g (3.11)
eVut 2 V,ug (3.12)
p° == po. (3.13)

These limits are characterised in the following theorem:
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3.24 Theorem.

The two-scale limits ug, pg are solutions of the homogenised problem

F~ () Vypi(z,y) + F 1 (2) Vo po()
—divy(F U @) F () Vyuole,y) = f@)  inQx YT
divy, (F~ ! (z)uo(z,y)) = 0 inQxY”*
divm<F_1( )/uo(m Y) dy) = in
Y
ug(z,y) =0 in QxYs
(/ F~Y(z)up(z,y) dy) v=0 on 09

uo(x), p1(z) are Y -periodic in y
We will call this problem the homogenised transformed Stokes equation.

Proof. The proof will be done in several steps:

Step 1) po does not depend on y:

Inserting e¢(z, ) with ¢ € C5°(€, C’;gf(Y))2 as a test function in (3.9) yields by the
boundedness of f and ¢ V u®

0=1im [ () div(F (@)e(z, 1)) dz = / / pol, y) divy(F~ @)z, y)) dy dz.
Qe QY

An integration by parts shows that F'~T(z) V,(po(z,y)) = 0, thus py does not depend on
Y.

Step 2) Additional conditions:
Test equation (3.8b) with ¢ € C5°(Q):

0= 21_12% div(F~(z)uf (x))¢(x) dz = —ii_r)r(l] uf(z) - (F~T(2) V ¢(z)) dz
Qe

_//UO(x’y) F () V, é(2) dy do
Qv

— [aiva( [ 7 @t ) ota) dy da.

Q Y

Thus div,(F~(z) [, uo(z,y) dy) =0 in Q.
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Choosing ¢ € C5°(€2,CF(Y)), ¢ = 0 in Q X Yg and testing similarly with e¢(z, £), one

obtains

0= lim [ div(F~}(z)u(z)) - ed(z, g) dz

E—>

(93

= —1lim [ u*(z)  F~ 7 (z) (e Va d(x, f) + Vy é(z, g)) dz

e—0

_//“(’(x’y)'FT(ﬂf) Vyé(z,y) dy da

Q Y*

= [ [ divyF = @yl ) - ol ) dy

QY+

We conclude that div,(F~(z)ug(z,y)) = 0 in Q x Yp.
Now testing with ¢ € C>(Q) gives due to u = 0 on 9°:

0= il_r)% div(F~ Y (x)u (z))¢(x) do = — 21_1% uf(z) - F~ T (2) V () da
Qe Qe

= /(/uo(av,y) dy) CF (1) V,o(z) dy dx

QY

= [ (P2 [unleny) dy)oo) dy do

Q Y

- [P @[ wlew) ) -véla) do.

o0 Y

Since div,(F~'(z) [y uo(z,y) dy) = 0, we obtain ([, F~(z)ug(z,y) dy) - v =0 on 9.
Finally, let ¢ € Cg°(Q,C2(Y)), ¢ = 0in Q x Y*. By

0 :gi_r% ua(x)gb(x,g) dz = //uo(x,y)¢(x,y) dy dz = //uo o(z,y) dy dz
Q Qv Q Y

we get ugp(z,y) =0in Q x Yg.

Step 3) Obtaining the limit equations:

Choose a test function ¢ € C5°(Q,CF (Y ))? such that ¢(z,y) = 0 in Q x Y,
div,(F~Yz) [y ¢(z,y) dy) = 0 in Q and divy(F~'(z)¢(z,y)) = 0 in Q x V. Insert-
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ing ¢(z, £) in (3.9) yields

/F_T(ZL‘)E Vu(z) : F_T(a:) Vy o(z, g) dz — /pg(x) divm(F_l(:r)gb(:L‘, )) dx
Q

Q

~ [ 1@ 902, %) da + 0(c).

Q

It holds

lim [ p°(z) div,(F~(x)p(z,

X
e—0 IS

)) dz = /po(x) div, (F_l(ac)/gb(ac,y) dy) dz =0,

Q Q Y

and since e V uf —= Vy up, the limit equation for e — 0 is given by
//FT(JJ) Vyuo(z,y) : F~1(x) Vyo(x,y) dy de = //f(:c) ~p(x,y) dy dz. (3.14)
QYv QYv
By density of the test functions, this equation holds in the space
u —{¢> € L2(Q, HY(Y))? ‘ dive (Fl(:c)/qb(:c,y) dy) —0in Q,é(x,y) =0 in Q x Ys,
Y

div, (F~Y(x)¢(z,y)) =0in @ x Y, and (/ F~Y(z)p(z,y) dy) -v=0on OQ}.
Y

Finally, we need to reintroduce the pressure: Analogously to [Hor97| one can show that
Ut ={F (@) Voq@) + F () Vyai(e,y) | g € H'(Q)/R,q1 € L*(Q, LE(Y))/R},
giving the existence of p. € H*(Q)/R, p; € L?(%, Li(Y))/R such that

— divy (F~H(2) F 1 (2) Vy uo(z,y)) — f(z)
= —F " (2) Vapu(z) = F " (2) Vy pr(a,y) (3.15)

in QxY*.

Step 4) Convergence of the pressure:

What remains to be shown is that the pressure p, equals the limit pg. Choose an arbitrary
NS C(C)’O(Q,C’;;f(Y))2 such that divy(F~(2)¢(z,y)) =0 in Q x Y. Inserting ¢(z, L) as
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test function in (3.9) and passing to the limit yields

/ / 2) Yy uo(w,y) : FT (@) V,y é(w,y) dy da

—//m(x)divx(F‘ (@ole.y)) dy do = [ [ @) 6(2.9) dy o
QY QY

Integrating the first term on the left hand side by parts and inserting equation (3.15),

one obtains

//FT(QT)VIP@() B(z,y) dy dx—// Ve pa(s) - d(z,y) dy dz
QY

// Vypi(z,y) - ¢(x,y) dy de.

Again, via an integration by parts we see that the last term on the right hand side vanishes
since div, (F~(x)¢(z,y)) = 0. Therefore

pro = vafp*7

and we obtain the equality of p, and pg modulo a constant. This finishes the proof of the

theorem. ¢

3.25 Remark.
By using estimates similar to those in the proof of Proposition 3.13, one can show the
existence and uniqueness (up to constants for the pressures) of a solution of the system

in Theorem 3.24. Thus the whole sequence (u®,p°) converges.

In order to eliminate the dependence of the homogenised transformed Stokes equation on
the variable in Y, we introduce the following cell problem: For ¢ = 1,2 and fixed x € )
let w’, € H#(Y)Q and 7% € L;E(Y)/R be the solution of

— divy (F (@) F () Vy wi(y)) + FT(2) V, mi(y) = FT(@)e;  inY" (3.16)
div, (F~Hz)wl(y)) =0 inY* (3.16b)

wi(y) =0 inYs (3.16¢)

w7’ are Y-periodic in y (3.16d)

3.26 Remark.
Again, existence and uniqueness of solutions of the cell problem follow similar to Section 3.2.

Note that the Problem (3.16) corresponds to a transformed Stokes equation, where the
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(91> . ( 1 >
Y2 yo +9'(z1)y1 )

Thus x plays the role of a parameter. This transformation is also volume-preserving;

transformation is given by

therefore analogues of Lemmas 2.5 and 2.7 hold.

In the sequel, we write w'(x,y) := wi(y) and 7%(x,y) := 7. (y). For the differentiability

properties of these functions in z-direction see the next section.

Now define

2
wole,y) = S ((FT@) (@), ~ 2w, ) (3.17)
i=1 !

2

0 =3 ((F @)7@), ~ 222y, (318)
i=1 !

A simple calculation shows that ug and pp fulfill the homogenised transformed Stokes
equation. Define u(z) := [, uo(z,y) dy and the matrix A(x) by (A = [y wi(z,y) dy,
then u® — v in L?(Q) weakly (cf. Lemma 3.6) with

u(@) = A@)(FT(2) () — V po(x)) in € (3.190)
div(F~}(z)u(z)) = 0 in Q (3.19b)
u(z) - F~1(x)v(z) = 0 on Q) (3.19¢)

3.27 Remark.
By application of the inverse coordinate transformation to the above system of equations

we see that u satisfies a Darcy law with a non-constant permeability tensor.

We conclude this section by proving some properties of the matrix F~'A:

3.28 Lemma.
Fiz v € Q. Then the matriz F~'(x)A(x) with A defined as above is symmetric and

positive definite.

Proof. The weak formulation of the cell problem (3.16) reads
/FT(JJ) Vywh: F T (2)V, ¢ dy = /qb CF T (x)e; dy = /(Fl(:v)d)) -e; dy (3.20)
Y Y Y

with test functions ¢ € H;%(Y)2 such that ¢ = 0 on 9Yg, ¢ Y-periodic and

div,(F~1(z)¢) = 0. Choosing wl as test function in the above equation and similarly w?,
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as test function in the weak formulation for w?, ' leads to
[ @) e dy= [ @l e a
y* y*

which is equivalent to (F~1(x)A4;(z))-e; = (F~'(x)Ai())-e; (A; denotes the i-th column
of A). Thus F~!(z)A(x) is symmetric.

Next, choose a ¢ € R?. Then it holds due to equation (3.20)

T @A) = @At = 2 [ @t av)sis

Ll oy
- Z(/ Ezv w _T(l’)fj Vy w% dy)
L]y
2
= ‘ Z(&-F*T(a:) vV, wt) > 0.
i L2(y*>4

Therefore F~1(z)A(z) is positive. As for the positive definiteness, keeping in mind the last
equation we have to show the statement Y. (&, F =7 (z) V, wl) = 0 a.e. = & = 0. Choose
a test function ¢ with [,.. ¢ dy = F(z)¢. (This can be achieved by first constructing
¢1 and ¢o, Y-periodic solutions of a transformed Stokes flow in Y* with ¢; = 0 on 0Yg,
i = 1,2 and given forces f; and fa, such that the vectors ([y. ¢1 dy) and (3. ¢2 dy)
are linearly independent. Then define ¢ as a suitable linear combination of ¢; and ¢s.)
Multiplying (3.20) with &;, one obtains

[ar @V, ul PV, 0 dy = [6F @) 6y = [ a6 =[vIg,
A v Y

By summation over i, we see that

Y (GF (@) Vyuwl) =0ae = &=0,i=12

%
which finishes the proof. ¢

3.29 Remark.

By the definition of the matrix F and the functions w’, the matrix F~'A depends on
x only via the x1-variable, in which it is L-periodic and continuous (see also the next
section). By the foregoing lemma, the minimal eigenvalue Ay, (z) of F~1(x)A(x) fulfills
Amin(2) > 0. Since the eigenvalues of a matrix depend continuously on its entries, we see
that also



3.4 The Limit Equations 47

Analogously, one can find a uniform bound on the greatest eigenvalue Apax(z) of
F~Yx)A(x), x € [0, L].

Thus (3.19) represents an elliptic partial differential equation for py with a Neumann
boundary condition; and using arguments similar to those in Subsection 3.2, one obtains

a solution which is unique up to constants.
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4 Parameter-dependent PDEs

We consider the differentiability of a solution of a partial differential equation with respect
to a parameter. The main tool will be the Implicit Function Theorem. Note that in this
section we will mostly deal with total derivatives of functions between Banach spaces,
i.e. for X,Y Banach spaces and F : X — Y the total derivative DF of F is a bounded
linear operator, DF € L(X,Y).

In the sequel, let ©Q be a domain in R? and let Y* be the fluid part of the reference cell as

in the preceding section.

4.1 Theorem (Implicit Function Theorem).

Let X, Y and Z be Banach spaces over R. Let F : U(xo,yo) C X XY — Z be a mapping
defined on an open neighbourhood U(xg,yo) of xo € X,yo € Y with F(xo,yo) = 0. Assume
that the total derivative in y-direction DyF exists in U(zo,vo), and ((DyF)(xo,y0)) !

exists as a continuous linear operator. Assume also that F and D,JF are continuous in
(20, Yo)-
Then the following holds:

1. There exist ro,r > 0 such that: For all x € X with ||z — z¢||, < 1o there exists
exactly one y(z) € Y with F(x,y(x)) =0 and ||y(z) — yol|, <.

2. If F is m-times continuously differentiable in a neighbourhood of (xo,yo), then y(+)

18 also m-times continuously differentiable in a neighborhood of xg.

3. For the deriwvative Dyy(x) it holds
Dyy(x) = —DyF(z,y(x)) " 0 DyF(x,y(x)). (4.1)

Proof. See Zeidler |Zei86], Theorem 4.B. ¢

4.1 Application to the Divergence Operator

As a first simple application of the above theorem, we consider a problem similar to one

dealing with a divergence-correction, see Section 5.4.1.

Let h € Cm(Q,Lg,#(Y*)) for an m € N and let F' be given by (2.1). For fixed x € Q

consider the problem:

Find v(z) € H&#(Y*)2 with

div, (F~"(z)y(2)) = h(z) in Y* (4.2a)
v(z) =0 on 0Yg (4.2b)
~v(x) is Y-periodic in y (4.2¢)
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The operator div,(F~!(z)) maps from Holﬁéfé(Y*)2 to La#(Y*), cf. the proof of
Lemma 3.16. Therefore define an operator

D:R?* x Hy 4(Y*)? — L§ 4(Y™)

D(x,u) = divy (F~(x)u) — h(z)
For a solution ~(x) of (4.2) it holds D(z,v(z)) = 0.

We check the requirements of the Implicit Function Theorem in the following lemmas:

4.2 Lemma.
Assume that F as defined in (2.1) is in C™(R)*, m € N. Then the operator D defined

above is continuous.

Proof. Let x,, — x in R? and u,, — u in H&#(Y*)Q. Then it holds

1D tn) = D, )|y, < ||divy (F (@) (un = ) = (F (@) = F~'(2))u)
+ Hh(xn) - h’(m)HLQ(Y*)
< € e [(F ™ (wa))ig| [V (en = )|

L2(Y™)

L2(Y™)
+C max (P~ () = F~ @)y 1V ull -
+ [|h(zn) — h(x)||L2(Y*)

— 0.

The operator div,(F~!(x)-) is linear and continuous, thus its total derivative is the same

operator. Hence we obtain for the derivative of D in u-direction

D,D(z,u)[w] = div, (F(z)w).

4.3 Lemma.
Consider the situation as above. Then D,D is continuous and D,D(xz,w) is continuously

invertible.
Proof. Choose sequences z, — x in R? and u, — v in H} #(Y*)Q. Then it holds

H (DuD(:pn, Uun) — DyD(x, u)) [w] H

Lg #(Y")

= [|divy ([F " @n) = F M @))|,5 )
< C max [(F~(zq) = F (@) ;| [V w2

4,j=1,2 COPN

Therefore the operator norm of the difference D, D(xy,, uy,) — Dy, D(x,u) is bounded by

C max; j—12 |F ' (z,) — F~}(z)| — 0 for n — oo. Hence D,/D is continuous.
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To see the invertibility, consider the equation D, D(z,u)w] = f for given f € L(2)7 #(Y7).

This corresponds to the problem

div, (F ! (z)w) = f in Y*
w =0 on 0Yyg

w is Y-periodic in y,
which has a unique solution w € H&#(Y*) with
vaHLQ(Y*) <C HfHLQ(Y*)
(see Lemma 3.16). Hence D, D is continuously invertible. ¢

Considering the difference quotient and passing to the limit, one sees that

D,D(x,u)[e;] = divy(gj;(x)u) - ggz ()

for ¢ = 1,2. The continuity can be shown using the same arguments as above.

Derivatives of D of higher order can be treated analogously; in u-direction the operator
is infinitely differentiable, whereas in z-direction we obtain continuous derivatives up to
order m.

Thus the assumptions of the implicit function theorem are fulfilled. This yields the

following proposition:

4.4 Proposition.
Let m € N, h € Cm(Q,La#(Y*)) and assume F € C™(Q). For the solution v(z) of
Problem (4.2) it holds

7 € Cloe(Q, Hy 4 (Y™)?)

Proof. The above lemmas show that we can apply Theorem 4.1, thus it only remains to

show that v is in the above mentioned function space:

The preceding considerations show that for every = € €) there exists a neighborhood U
of x such that v(x) is m-times continuously differentiable in U. Thus for every compact

subset K of € the norms
H 9%y(x)

01110219

Hé,#(Y*)Z
with a1 + as = a, ay,as > 0, @ < m are bounded on K. ¢

Now using Equation (4.1) yields the governing equations for the derivatives 8%' Due to

OF __
Doy = 0 we have
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4.5 Corollary.
Define wi = 8%17 and wy = 8%27. Then for fized x € §Q, the functions wi(x),wa(x) €
H&’#(Y*)2 solve the problems

divy, (FH(z)wi(2)) = -—(z) — div, (a—xl(x)’y(x)> inY”"
w1 (CU) = on 0Yg

wi(x) is Y -periodic in y

and
divy (F_l(x)wg(m)) = 881};@) inY”"
w9 (ZL') =0 on OYS

wo(x) is Y -periodic in y
Proof. By Equation (4.1), w; fulfills
D,D(z,u)[w;] = —D;D(z,u)le;],

which corresponds to the problems above. ¢

4.2 Application to the Cell Problem

Next, we want to apply the Implicit Function Theorem to the following situation: Let
z €  be fixed and let m € N. We are looking for functions u(z) € H&#(Y*)2 and
p(x) € Li(Y*)/R such that for given f € C™(1, (H&#(Y*)Q)’):

—divy (FH2)F T (2) Vyu(z)) + F~(2) Vyp(z) = f(z) in Y* (4.3a)
div, (F~ ! (z)u(z)) = 0 in Y* (4.3b)

u(z) =0 on 0Ys (4.3c)

u(x), p(x) are Y-periodic in y (4.3d)

(this is the cell problem (3.16) from Section 3). We assume again that the matrix function
F as defined in (2.1) is in C"*(R)*.

We define an operator

At R? x [Ho (Y*)? x L (Y*)/R] — (Ho 4 (Y™)?) x L§ 4(Y™)

—divy (F~Y(2)F~T(2) Vyu) + FT(z) Vyp — f@:))

Alw,u,p) = ( divy (F~!(z)u)
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For the solution u(z), p(z) of Equation (4.3) it holds A(z,u(x), p(x)) = 0. In order to be
able to apply Theorem 4.1, we have to discuss the operator and its total derivative in

(u, p)-direction:

4.6 Lemma.

The operator A is continuous.

Proof. Consider sequences x,, — z in R? u,, — u in .F[éqé#(if*)2 and p, — pin L?(Y*)/R.
We have F~'F~T(z,) — F7'F~T(2) in L>(R?) for ,, — .
Considering the terms of A separately yields:

1. As f is continuous in z, f(x,) — f(z) in (H&#(Y*)Z)’.

2. The product of a sequence in L with one converging in L? still gives a sequence

converging in L?; thus an integration by parts shows that for ¢ € H&#(Y*)2

/ —divy, (F_l(;rn)F_T(xn) Vy un) o dy = /F_T(xn) Vyuy, F_T(xn) Vy o dy
o

v
— /FT(x) Vyu: F1(z)V, ¢ dy = / —divy (Fﬁl(x)F*T(x) Vyu) - ¢ dy.
Y Y

Therefore
—divy (F N 2n)F T (2) Vyuy) —  —divy (FH(2)F T (2) Vyu)
in (Hg ,(Y*)?)"

3. Similarly it holds F~T(z,,) V, pp — F~T(2) Vyp in (H&#(Y*)Q)’ due to

/ FT (2,)(Vy pu)d dy = — / P divy (F~Y(20)6) dy

Y* Y*

- / pdivy (F~L(z)¢) dy = / FT(2)(Vyp)6 dy.

Y* Y*

4. Finally, for the divergence it holds
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Note that —divy(F~Y(2)F~T(z)V, ), F~1(2)V,- and div,(F~!(z)-) are continuous
linear operators on their respective domains, therefore their derivative is the operator
itself. Given u € H&’# (Y*)2, 7 € L?>(Y*)/R we obtain for the total derivative D, of A

n (u, p)-direction:

— divy (F~ ! (z)F T (2 w Tz v

In order to see the existence of Dyp.A(z,u,p)~! consider for given Gy € (H&#(Y*)Q)’ and
g2 € La#(Y*) the equation

Dy Az, u, p)[w, 7] = (G1> . (4.4)

92

The following lemma asserts the continuous invertibility of Dy A(x,u,p):

4.7 Lemma.
Equation (4.4) has a unique solution (w, ) € H&’#(Y*)Q x L*(Y*)/R such that

||w”H%’#(Y*)2 + HTr”LQ(Y*)/]R < C(”G1||(Hév#(Y*)2)/ + ||g2||L2(Y*))'

Therefore (DypA(z,u,p)) ' (H&#(Y*)Q)’ X La#(Y*) — H&#(Y*)2 X Li(Y*)/R exists

as a continuous linear operator.
Proof. We are looking for a solution of

- divy(F_l(fﬁ)F_T(fU) V,w) + F_T(x) Vym=G1inY”
divy(F~!(z)w) = g2 in Y*
w =0 on JYyg

w is Y-periodic in y

We adapt the method of ‘subtracting the divergence’, as in the case for the non-
homogeneous Stokes equations (cf. |[Tem?77], [Soh01]|): Analogously to Lemma 3.16
there exists a uj € H[}#(Y*)2 such that

divy (F~ ! (z)u1) = go

with Hvy u1||L2(Y*)4 <C ||92HL2(Y*)'
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Set v = w — uy. The existence theory for the transformed Stokes equation shows that

there exists a unique solution of the problem
—divy(F Y z)F 1 (z) Vyv) + FT(2) V7
=Gy — divy (F H@)F T (x) Vyup) in Y*
div, (F~ (x)v) =0 in Y*
v =10 on 0Yg

v is Y-periodic in y
with
Hvyv”L?(Y*)‘l + ||7T”L2(Y*)/R < C(HGl”(Hé’#(Y*)z)/ + ||Vy U1HL2(Y*)4).
Now the lemma follows easily. ¢
We obtain as well

4.8 Lemma.

The total derivative D,,A is continuous.

Proof. Let z,, — x in R? and u,, — u in H&#(Y*)2 as well as p, — p in L*(Y*)/R. We

have to estimate the difference Dy, A(xy,, un, pn) — DypA(x, u, p) in the operator norm.

Let w € H&#(Y*)z, 7 € L?(Y*)/R. We start by estimating the terms separately:

1. Consider for ¢ € H&’#(Y*)2

/ divy<(F_1(xn)F_T(:vn) — P @)F (@), w) - dy’
4

/(Fl(xn)FT(a:n) — Fﬁl(x)FfT(x)) Vyw:Vyo dy‘
Ve

< Cz‘gljfé (Fﬁl(a:n)FfT(xn) — Fﬁl(x)FfT(x))iA

’ ||Vyw||L2(y*>4 I\Vy d’HL?(Y*)“ )
Thus
divy ((F " (zn)F " (zn) — F (@) F " (2)) Vyw H
H y(( (@n)F~" (20) (2)F~" () Vy ) (HY ()2

< C max [(F~ (@) F 7 (2a) — F @) F 7 (@) |1V, w]

Z,]:1,2 L2<Y*)4 ’
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2. Analogously for ¢ € lﬁf&#(Y*)2

‘/(F_T(a:n) —F (@) V¢ dy‘ - ‘/Trdivy<(F_1(:cn) - F—l(x))¢) dy'
a .

—1 —1
< € max (P~ (2a) = F~ @) | Il o) [ 93 010

and therefore

|(F 7 @)~ T (@) 7] <€ mas (F (o) = P (2)

(Hg 4 (Y i,j=1,2 ij| ”7T||L2(Y*)’
3. Finally for the divergence (similar to the above situation) it holds

[divy (F~ (z) = F' (@))w) || 2y, < C max, [(F~ (an) = F7H (@) IV wl] 2 e

Now we can estimate

H (Dup-A(liy U, Pn) — DupA(xv U, p)) [w

SCO

+[|(F @) = @) vy

’ﬂ-] H(Héy#(Y*)Q)’ X L§ 4 (Y™)

divy ((F~ (@) F " (@n) = ' (2)F " (2)) V) H

(Hy 4 (¥

(HE L, (v)2) divy<(F_1(xn) — F_l(x))w) L2(Y*>>

< C(mae (P @) F " (@) = P @)F (@) + o | (P ) = 771 (@),

|

(Il s + 19y 0l )

Therefore the operator norm of the difference Dy, A(z, up, pn) — DypA(x, u, p) is bounded
by

O (mae | (P~ () 7 (@) =P (@) F " (@) 4 ma, | (P~ ) = F (@) 1) — 0.

Thus D,,.A is continuous. ¢

In z-direction we obtain by considering the difference quotient and passing to the limit

—div, (& [F @) F T (@)] v, u)+( (@) Vyp - g f (@)

d1vy<( ) )

where e; denotes the i-th unit vector. By considering the partial derivatives and arguing

DCEA(xa u, p) [61] =

as above, one can show that 3 .A(:c u, p) is continuous for i = 1,2 everywhere in 2, thus

D, A has the same property.
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Note that the same argument holds for derivatives of higher order in z-direction. Further-
more, as a linear operator, A is infinitely differentiable in (u, p)-direction. Thus we can

apply the Implicit Function Theorem to obtain:

4.9 Proposition.
Assume that F(x) as given by (2.1) is m-times continuously differentiable and that
fec™Q,L3(Y").

Then the solution (u,p) of equation (4.3) is in C[”

loc

(Q[Hj 4 (Y*)? x LE(Y*)/R]), i.e.

u(z,y) and p(z,y) are m-times differentiable in x.

Proof. The arguments above show that the assumptions of the Implicit Function Theorem
are fulfilled everywhere in Q x [H} #(Y*)2 X Li (Y*)/R]. Theorem 4.1 therefore gives the
existence and differentiability properties of a function k € C[I\.(€2, [H & #(Y*)2 X L?# (Y*)/R])
such that A(z, k(x)) = 0. By the uniqueness of solutions it must hold

mmm:<§j3). R

4.10 Corollary.

By formula (4.1) we obtain the governing equations for the derivatives: Let

@m%:aCm%(m<mM»:a@wv
m(z,y))  Or1 \p(z,y) m(z,y) ) Or2 \p(a,y))’

then in the case of F' given by (2.1) it holds for x € 2

0

—divy (FHz)F T (2) Vywi(2)) + F 1 (2) Vymi(z) = B (z)
+divy (5 [F@F T @] Ty u()) = (5 F @) Vypla) in Y
divy (F~(z)w: (z)) = — divy((a‘;F-l(x))u(x)) inY*
wi(z) =0 on dYs

wi (z), m(z) are yi-periodic in Y™

and
—divy (FHz)F T (2) Vywa(x)) + F 1 () Vyma(z) = 883:2 (x) inY*
div, (F~(z)wi(x)) =0 inY”"
wa(z) =0 on 0Yyg

wo(x), ma(x) are y1-periodic in Y™
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4.11 Remark.

The above derivation can be extended to problems for a Stokes flow with a jump boundary
condition. Schematically, we can make the following considerations: Let S be a given
interface in a domain A and let o € Cm(Q,H%(S)) be a function such that for the

parametrized fluid velocity w it holds [u(x)]s = o(z). One can then define an operator of

the form
A R? x [H'(A)? x L*(A)/R] — (H™'(A))? x L3(A) x H3(S)
—divy(FY2)FT(2) Vyu) + F~T(2) V,p — f(z)
A'(z,u,p) = divy (F~(x)u)
[uls —o(x)

and adapt the steps carried out above in order to be able to apply the Implicit Function
Theorem. Especially, by considering the governing equations for V,u, one arrives at
[Vzuls = Vo, thus

[Vm U]S = Vm[u]s
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5 Behaviour at the Boundary

In this section, we carry out the mathematical constructions which are necessary to
characterise the behaviour of the fluid at the interface ¥. These are mostly generalisations
of ideas found in [JM96].

However, as the course of the derivation is lengthy and tedious, the reader should keep in

mind the following ‘plot’:

1. As a first step (Section 5.3.1), the volume force is eliminated by subtracting auxiliary

functions defined in the free fluid domain and in the porous part, respectively.

2. This correction introduces a jump of the corrected velocity across . In order to
eliminate this jump, a boundary layer function is constructed in Section 5.3.2. This
type of function is concentrated around the interface ¥ and decays exponentially

outside it.

3. When subtracting the boundary layer function in an appropriate way, problems are
introduced in the free fluid domain. Therefore another corrector function (which
will be called a ‘counterflow’) is constructed. This counterflow is given in ; only

and corrects the subtraction of the decay constant of the boundary layer function.

4. Finally, the estimates for the pressure are not sufficient yet, leading to another
boundary layer- and counterflow problem in Section 5.3.3. This finishes the correction

of the volume force.

5. An investigation of the condition on the divergence of the velocity shows that it has
to be corrected as well (Section 5.4). In two steps, the influence due to the porous
part and due to a boundary layer function are eliminated. For each of these steps,

constructions similar to 2. and 3. have to be carried out.

6. To finish with, the influence of all these constructions on the equation is considered

and the velocity and pressure are estimated in Section 5.5.

The main goal of this correction process is the elimination of all functions in the weak
formulation which do not have a sufficient order in terms of powers of . Finally, we
arrive at the weak formulation (5.6) which — upon inserting the corrected velocity as test

function — allows the derivation of effective estimates.

An overview of the auxiliary functions and their connections is depicted in Figure 4, to
which the reader is referred when reading the following subsections. We start by giving
an overview of the involved geometries and the main assumption which is necessary to

gain information about the behaviour of the velocity at the interface.
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5.1 Setting of the Problem

We consider a situation similar to Section 2.2: Let ©Q; = [0, L] x Rs¢ be the free fluid
domain and let Q9 = [0, L] X R be the porous medium, both separated by an interface
¥ =10,L] x {0}.

We denote the reference cell by Y = [0,1]? and assume that it contains an open set Yg
(the solid part) which is strictly included in Y. Its boundary 0Ys is assumed to be of
class C*°. Let Y* = Y'\Yg be the fluid part of the reference cell.

For given € > 0 such that % € N, we define the e-periodic geometry as follows: Let x be
the characteristic function of Y*, extended by periodicity to the whole of R?, and set
X°(x) == x(%). We define the fluid part of the porous medium as

5={ze|x(z) =1}
Then the fluid domain QF is given by (see also Figure 5)

QszglLJZUQ;.

Let I € C§°(€2) be a given volume force, [ # 0 on X. The fluid flow is assumed to be

governed by the following equations:

—div(F Y (z)F T (2) Vu (z)) + F () Vp°(z) = L°(2) in Q° (5.1a)
div(F~Hz)u®(x)) = 0 in Q° (5.1b)
u®(x) =0 on 007\ (5.1c)
u®,p® are L-periodic in x1 (5.1d)
with
e 2l in '
I 0

The scaling in L¢ is chosen according to the usual scaling in the homogenisation of fluid

flow in porous media, see eg. [SP80].

In the sequel, we will make use of the following ‘abuse of notation’: For a given function
¢ : Q@ — R we denote by (1 + x2)¢, ﬁ etc. the functions w¢, % resp., where

L((i;)) = 1+ x2. Besides, we will need the following assumption:

5.1 Assumption.

We assume that the following statements are true:

1. Let p*P(x,y) be a boundary layer function which stabilizes exponentially in y
towards some constant Cpi(:v) in Z* (cf. Appendix A.1). We assume that p*P!
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and C;E are differentiable in x, that also V, p"P' decays exponentially in y and
that the corresponding stabilizing constant is the matching derivative of C,j[. Thus

espescially

e V, p"P(z,y) stabilizes exponentially in y towards V, C’/}L(x)

e div,(V, p"P(x,7)) stabilizes exponentially in y towards div,(V C;t(x))

2. All the stabilizations are uniform in x, i.e. there exist constants C,~yy > 0 indepen-
dent of x such that

0P (2, y) — CE(x)| < Cem Wl
|V pP (2, y) — Vo CF (2)] < Cem 002!

ete., in Z*.

0 2 L
A E XXX
R EEEE)
N EEEEE)
o0 0000
oooqzooo
A EEEEE)
R EEEE
ejo 00000

Figure 5: The main geometry, consisting of the free fluid domain ; and the
porous medium (25, separated by the interface X.
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5.2 Auxiliary Results

5.2 Definition.
We define the following spaces:

W.={z€ L} ()| Vze L*(Q)" 2z € L*(Q5),div(F'2) = 0 a.e. in O,
z =0 on 005\09, z is L-periodic in 1}
Vi={z€ L} ()| Vze L*)? 2 is L-periodic in z1} i=1,2

W={zeL} ()] zeVZ div(F '2) =0 ae. inQ}.
We is equipped with the norm |||, = [V 2| 2 e 1-

The unboundedness of the domain poses additional problems. In order to prove existence
and uniqueness for a number of auxiliary problems, we need the following Poincaré-type

inequalities:

5.3 Lemma.
Let p € W, z € V;. Then

¢
< CUVO|, 20 5 +VEIV O, 2,004
H 1+ 29 12(0¢)? — (H ¢||L (Q1) \[H ¢||L ©3) )
1 1
H 15 29 (z -7 /Z(JH,O) dx1) s <OV ,20,0-
Z 7
Proof. See [JM96]. .

In Q5, we have the usual estimates:

5.4 Lemma.
Let ¢ € H;#(Qg) with ¢ =0 on 9Q5\002. Then there exists constant C' independent of €
such that

1. ||¢||L2(Q§> < Ce ||V¢||L2(Qg)2'
1
2. ||¢||L2(E) < Cez ||V¢||L2(Q§)2'

Proof. The first part follows analogously to Lemma 3.11. The second part can be proved

by using the same summation-and-scaling argument based on the usual trace estimate. ¢
We want to derive the variational problem corresponding to (5.1). Let ¢ € V with

V= {4y € Cg%(Q°)? | div(F ') =0}
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such that supp(¢) C Qp, Qp := [0, L] x (—=b,b). Multiplying the left part of (5.1a) with ¢
and integrating by parts in Q gives due to div(F~1¢) =0

/— div(F~ Y (z)F~ 1 (2) Vus(z)) - ¢(z) do = /FT(aj)uE(m) : F 1 (2)V é(z) da

Qe Q

- / (FHa) P~ (2) Vui(z) = F~H(2)p*)v) - ¢(z) do.

a0y

Note that the boundary integral vanishes because of the periodic boundary conditions

and the compact support of h and ¢, therefore it holds
/FT($)u€(x) cF T (2) V() doe = /Ls(a:) ~p(x) de Vo eV.
Qe Qe

5.5 Lemma.

The closure of V with respect to ||-||;, equals W.

Proof. Denote by V the closure of V with respect to ||V [l p2geys- Let um €V, u € V with
U — u in the norm of We.. Thus Vu € L?(Q°)* and div(F~'u) = 0 because of

| div(F~ )| = | div(F (u — um))| < C||V(u — um)

HL2(525)4 — 0.

Since Vu € L?(2°)* we conclude that u € L2 (9°)? (see for example [Maz85|, Sec-

loc

tion 1.1.2). Finally, due to the Poincaré inequality in 25
[l 2 )2 < C IV ullp2gg0 < C.

Therefore we have V C W..

Denote by V! the orthogonal complement of V in W, and let w € V*. Since w is
orthogonal to functions u with div(F~!'u) = 0 we conclude that w = F~T Vp with
p € H} (9F) satisfies

div(F7'F~TVp) =0in Q°
FTVp=0ond0r.

Thus p is constant and w = 0. Therefore V*+ = {0} and the lemma is proved. ¢

Hence the weak formulation of Problem (5.1) is

/F_T(x) Vus(z): F~1(x)V ¢(x) do = /Ls(aj) ~p(zr) de Vo € We. (5.2)

Qe Qe
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The properties of the left hand side follow analogously to Section 3.2. Because of

Lemma 5.3

. @)
<| o ez 2 el CUT ol

(913

‘ / L5(z) - ¢(z) da
.

(since LF has a compact support), thus L® € W/, and we can apply the lemma of

Lax-Milgram to obtain a unique solution u® € W-.

Similar to Section 3.2 we obtain the existence of a pressure p° € L2 _(QF) (which is only
locally square integrable due to the unbounded domain, see also the proof of Proposition

A.3). By using the lifting properties, we get

5.6 Lemma.
Problem (5.2) has a unique solution u® € Wy, and there exists a unique p° € L3 (Q°)/R
such that (5.1) holds. Moreover u® € C22(Q)?, p* € C2.(QF).

oc loc

5.3 Correction of the Velocity

Define the space Vper(€2°) as

Voer () = {z € LE (9% | Vze LA, 2=0o0n 00°\09, 2 is L-periodic in 1}

Similarly, by density of Cg?#(QE)Q in Vper(2°) with respect to |||, (cf. Lemma 5.5), we

obtain the following modified weak formulation of (5.1):

/ FT@) v ) pT () ¥ () da — / g div(F~(2)6(x)) dz

Qe : Qe (5.3)
= /l(x) - p(x) do + / lg) co(z) dr Vo € Vper (09).
o O3

For the definition of the boundary layer functions, we introduce the following geometry

(see Figure 6 for an illustration): Set

Z - ;Q{Y* - (2)}\5

S =10,1] x {0}
Zt =10,1] x (0,00)
Z=7vUuZ"

ZpL,=2ZTUSUZ".
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® 000 0

Figure 6: The boundary layer strip Zpy,.

Finally, let

V= {z € L2 (ZpL)? | Vze L2, 2 e L}(Z7)?,

z=0on ijl{aKq — (2) }, zis l-periodic in a:l}.

5.3.1 Elimination of the Forces

As a first step, we want to eliminate the force L. We assume that the flow in 2 is

dominated by a transformed Stokes flow with no-slip condition on ¥; therefore define wug

and mg by
—div(F N 2)F~T(2) Vug(z)) + F~ 1 (x) Vro(z) =1 in
div(F~Y(z)up(z)) =0 in O
up(x) =0 on X
ug, Ty are L-periodic in xq

(Ql)) n (COO (Ql @] 2)2 x Ce° (Ql U E))

For the existence of a solution (ug,m) € (W x L? - e

loc

see Appendix A.5.



5.3 Correction of the Velocity 67

The cell problem is defined as in Section 3.4: We are looking for w'(z, y), 7 (x, y) satisfying

—divy (FYz)F 1 (z) Vyw'(z,y)) + F 1 (2) Vy ' (z,y) = F T (2)e; in QxY*
div, (F~ (z)w'(z,y)) = 0 in QxY*
w'(z,y) =0 on Q x 9Yg

w'(z), 7'(z) are Y-periodic in y

Here and in the sequel, let all indices i, k, etc. extend over the set {1,2}.

There egists a unique solution (w',7') € C2 (€, [H&#(Y*)2 X Li(Y*)/R]) and
(wi(x), 7 (z)) € C®(Y*)% x C*(Y*). Due to the special form of F, the two functions
depend on x only via the xj-variable. Therefore we obtain C*°-regularity in z-direction,

and w’ and 7* are bounded from above.

In Qq, we expect the flow to be governed by a transformed Darcy’s law:

div (F_l(a:)A(x) (FT(2)l(z) — Vp(:z))) =0 in Q)
p(x) =0 on X
p is L-periodic in x1,

where A(x) is the permeability tensor, (A(z))i; = [y wé (z,y) dy. Due to the properties
of F~1A (see Remark 3.29), there exists a unique solution p € V5. By using an analogue
of Theorem A.10, we obtain an exponential stabilization of p towards a constant and an
exponential stabilization of V p towards 0, both for for o — —o0.

Define

Di@) = ((F10: - 32) @)

and let H denote the Heaviside function. We consider

5 — H(w2)uo(x) — H(—x2) ZDi(Qf)wi(w’ g)

and
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Substitution into Equation (5.3) yields

/ {F‘%) V) ) P () Y uo(a)

— H(—2») [F*T(x) v(z Di(z)w'(z, f))} } FT(2) V ¢(z) do
_ /{pf(l’) — H(zo)mo(z) — H(— [ ZDZ 7t }}le( Yx)p(z)) do
Q

= [{-r @)+ @RS - e ot0) dow [ o ota) a
> e

where
oo(x) = mo(x)] — F~T(2) V ug(z)
B = F Y (2)F T (2) (Z(V D'(z)) ® w'(x, §>
+Zi:(DZ(:v) [Vw'(z,Z) —e'n'(a, Z>D>
and

oA = diV(F ZDZ i g )
J%divx(F— (@) F T (x ZD’w y'( 9)
L F @) Y (VD) (e, D) - S F T 2P @2

7
Then by the Poincaré inequality in 25 (cf. Lemma 3.11) and the exponential stabilization

of D' towards 0

)dz| <C HV¢”L2(Q 5yt -

Similarly
1
< Ce2 qus”ﬁ(ng)‘l :

‘/F_l(x)aoeg - ¢(x) doy
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5.3.2 Continuity of the Traces

The above elimination of the volume force introduced a jump across 3. In order to be
able to use the correction of 2 Y as a test function in (5.3), we have to correct its behaviour

on Y and eliminate that jump.

Define the family of boundary layer functions (w®P!, 7%P!) by

—divy(F (2)F T (2) Vy w™™ (2,9)) + F T (2) V, 7P (z,9) =0 i QxZ
div, (F~Hz)w" P (z,9)) =0 inQx Z
[w lbl(w)] (y) = w'(z,y) on QxS

[(F~H(2) T (2) Vyw" P (2) — F~ ()7 (2))ea] s (y)

= (F ' 2)F T(2)V, w’(:L‘) — F Y (x)n'(x))ea(y) on QxS
wP(z,y) =0 on Q x U2 {0V — (2)}

wi,bl(x)7 Wi,bl(a:) are 1-periodic in ¥

Appendix A.1 gives the existence of (w""(z),7*P(z)) € V NCX(2)? x CX.(Z). Fur-

loc

thermore, for fixed x € Q there exist constants vp > 0, y* > 0, C*P!(z) and C%(z) such
that

grolvzl Vy wi’bl(:l:) € LQ(Z)4, e%‘yﬂwi’bl(:r) c LQ(Z_)Q, e%‘w'wi’bl(az) c LQ(Z_).
Moreover we have

)| < Cemvlzl gy > g
)| < Ce —’Yo\y2|’ Yo >y
)| < Ce —oly2|, Yo >y
)| < Ce —oly2|, Yo >yt

|wi,bl< ) Crz bl(l‘
[P (2, y) =

| Vo (w2, y) — O (z
| Vo (a"(a,y) — O (x

Here we used Assumption 5.1: The right hand side is independent of x and the decay
carries over to the derivatives in . Appendix A.1 shows that we have an exponential

decay towards 0 in Z~. Therefore we obtain the following lemma:
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5.7 Lemma.
Extend w™P(z) by 0 in [0,1] x R\Zgr. Then it holds for all ¢ > 1

X 1

[t &)~ H@)oWE)| | < ce
e L9(2)?
ibl, . Ly i 1
Nz, =) — H(z2)C(x) < Cea
9 Li(Q)
. T 1
v, wP(x, = < Ces.
H 4 (=, E) L@t

Proof. We only give the proof of the first inequality in Z*, the others follow analogously.
Substituting y2 = %2 we obtain for ¢ > 1

/ [, 2) = H(wz) O™ (a)|" dz < C / el |7 dz
zZ+ zt

oo oo
< C/evoq|zf| dzy = Cg/e—voqyzl dyo
0 0
< Ce.
Now taking the ¢-th root on both sides yields the result. ¢

5.8 Remark.
The preceding lemma justifies the term ‘boundary layer function’, as w*"(x) and 7! (z)

are concentrated on S and decay exponentially outside this interface.

Define for given § > 0
Dj(z) = D'(w1,—0)e "

In Q1 we have to correct the influence of the boundary layer functions by using the

counterflow given by

—div(F Y (z)F T(2) Vu*(z)) + F T (2) Va*(x) =0 inQ
div(F~Yz)u™®(z)) =0 in Y
uk (z1,40) = (C,i’lef;)ek(a:l, 0) onX

uik‘7 ,R_ik:

are L-periodic in x

Note that the function u** corresponds to the construction C’,i’blu”C in [JM96], and

7k corresponds to C]Z’blﬂ'ik.

H(x2) Y, Di(x)C*P(x) on ¥, see below. There exists a unique solution (u*,7%) €
W x L2 (1)/R, cf. Appendix A.5.

loc

These functions are introduced to correct the term
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We make the following ansatz:

Us(x) = = — H(z2)up(zx —I9 ZDZ
_ZDZ(x)( zbl( 7%) ( )Czbl .%'2 Zuzk )
and
Pe(z) = pz(f) — H(ws)mo(e) — H(—2) [5% + %Z Di(z)m(z g)}

Inserting these functions into (5.3) yields

/F ) VU (z): F~T(2)V ¢(x) dz — /Pa(ac) div(F~Y(z)p(z)) dx

Qe
— [P @on+ e 2F  wples - 6(0) do + [ - o0) do
d

3

+ / BE do, + /(Bi + BS + BS + BY)es - ¢(a) dog (5.4)
b

+ [ A5 F TV ¢(x)da+ [ AS-é(x) dz+ [ AS-é(z) doe + [ A dx
/ Jrirs s |

with
@) 3 Ve (Dh@) © (w'(r, 7) — H(wa) ()
A5 = —Di(z) div, (F*l(g;)F*T(a:) Vo (w0 (z, g) - H(a;g)C’i’bl(a:)))
Hx)g" (x1) div - 0 , 0 -
g “([w;blu,z) H(:m)o;bl(ac) w;bl<x,§>—ﬂ<m>c§“<x>])
Ag:—F Zv (Di(z) (7" (2 g)—c;(x)))
Af = =2F " (2) Vo (0P (2 é)— H(z9)C"(2)) : F~T(x) V(Dj(2)9)
0 0 |
. 4 : V(Dj(2)g" (x1)9(z
+ WP (@, ) — H(z)CP (@) wiP(e, ) — H(z) i (2) (D5(x)g" (z1)o(x))

—(w"(@ ,g) H (@) (2)) div(F ™} () F " (2) V Dj(x) ® ¢(x)),
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B = —F Y ZDZ )CUP (2

BS = F~(x) (F*T(a;) vy ui’f(g;)] -3 wik(x)f)
i,k i,k

Bi=3 P [<VD5< ) @ wi(z, 2) +2V, wi(z, ) Dj(a)

0 0 7 "
CiV (z) C;’,bl(x)] Dy(z)g" (1)

B =Y F ' @)F (@) [w'(@. D) V Diw)es @ 6(x) + C(@) V Di(a)es © b(a)].

As the derivation of the above terms is not totally standard, we give some hints. We need

the following lemma:

5.9 Lemma.

For w sufficiently smooth it holds
divy (F~H(a)F~ () Vyw(,y))

= div, (Ffl(x)FfT(x) Vew(z,y) —g"(x1) [ 0 0 ] )

’Ujl(ﬂf, y) w2($7 y)
Proof. Note that

T 1 —g'(71)
F(2)F () [—g’(xl) (1+9/<$1)2)]'

A calculation shows that component-wise

(divx(F_l(:L‘)F_T(x) Vyw(x,y)))k 831 (‘;’f -4 ( )?;;“)(w,y)
0 , owy, owy,
+ ;2(—9 (xl)Tyl +(1+ ¢ (21) )Tm)(%y)
(G — ) ) o)
+ 2 g ) G+ (L4 g @) G~ o ) ,0)

:(diVy(F_l(fL')F_T(x) V:p w(l’>y) _g//(.%'l) [un((; y) w2(;) y))])k ’
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When calculating the right hand side of (5.4), the problems are stemming from the volume

integral

IF = / div(F_l(:c)F_T(a:) V(D (x) (P (=, g) - H(z‘g)Ci’bl(m‘))))gb(w) da.
Qe

Using the rules of the transformation lemma 2.7 one obtains

1= [aiv(F @) F T (@)Y Di) & (0, %) - Hz) @) ) ()
(9
+ Dj() div(F @) F " (2) V (' (z, Z) = H(2:)C™(a)) ) ()

FT(2) V(w (2, 2) — H(z2)C*(x)) - F~T(2) V Di(2)(z) da.
€
The first and the last term on the right hand side are integrated by parts, yielding

/F_T(m) V(wi’bl(:ﬂ, g) - H(mg)Ci’bl(x)) - F~1(2)V Di(z)¢(x) da
QE
_ / — (", 5) = H(22) O™ (@) div(F~ (2)F " () V D) @ ¢(x)) d
QE
+ [P @F @) [0 D)ls ¥ Djw)es @ o(a)
b
+ O (2) V Di(z)es © ¢(x)} do,.

Note that [w"P!(z, I)s = w'(z, L).

Next, we treat div (Ffl(x)F*T(x) V(w P (z, Z) — H(xg)Ci’bl(x))>:

+ é dive (F (@) (@) ¥y (w2, £) — H(a2) OV ()

+ 512 div, (F_l(:c)F_T(:c) v, (WP (z, g) - H(asg)Ci’bl(x)))

The last term cancels together with éF‘T(a:) Vy(Di(z)mP (2, 2)), and the first one on
the right hand side is integrated by parts. For the remainder the above lemma is used.

Remark that due to the presence of the derivative in y-direction the constant C*P!(z) can
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be included in the formula; which gives
1 . ,
~ div, (F(@)F 7 (@) ¥, (0 (2, D) = H(w2) O (@)

= L, (F 0P T(@) Va0 e D) - )0 0)

e o o ])
Ui ) - B0 @) wh (e, D) - Hiaa) 05 (@)

€

— div (F—l(x)F‘T(:c) V. (0, g) — H(z2)C"(x))

_ //(x)' | 0 | | 0 | )
P Wi @, 2) — H(zo) O (2) wi (w, 2) — H(25)C3" ()

o8

e )' 0 0 )
P i @, 2) — H(ao)CM (@) i (@, 2) — H(wa) O3 ()| )

Expanding the second terms in the divergences gives, due to the opposed leading sign of

the terms

= div (F_l (2)F~1(z)V, (wi’bl(w, g) - H(:Ug)Ci’bl(x))>

/" iv . 0 ; ; ; ‘
—g(z1)d ([wz,bl(x, o) — H(x2)Cy™(2) wh (2, 2) — H(m)Cé’bl(a:)])

1 ' e

—div, <F1(x)FT(x) Vo ('@, 2) - H(xg)Ci’bl(x)))

0 0 ‘ )
wi (@, 2) = H(z2)CP™ (2) wh™ (2, 2) — H(w2) O3 (2) | )

1 ' e

— ¢"(z1) div, <
Here, the first two terms can be treated via integration by parts as before. For the last
two Assumption 5.1 is used.

The term containing %° vanishes due to

[(Fﬁl(m)F*T(m‘) A\ wi’bl(a:, g) — Elefl(a:)ﬂi’bl(:c, g))62:| .

— F @) F T (2)V, [wi’bl(x, g)} e
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=F Ya)[FT(z) Vw'(z, g) - éwi(m,

)]ea.

Finally, we can estimate the above terms:

‘/Bfneg-(;ﬁ do,
by

1
< Cez ||V ¢||L2(Q§)4

form=1,...,4 and

< Ce? [V,

151
‘/Bt’) dog (@5)4
Y

/ A5 F T (2)Vo(x) de

(953
/Ag-gbd:c

< Ce3 |V ¢l

@)*

1
< Ce2 [[@]| (g, 2

1951
1
/Ag c¢ dx| < Cez2 |V ¢||L2(sz§)4
Q3
1
/ A5 - ¢ da| < Ce7 |8 1,
1951
1
/Ai ¢ dz| < Ce2 [V 2ge) -
Q3

5.3.3 Correction of the Pressure

We see that problems arise from A5 due to the factor % Therefore we are going to

construct a correction of the pressure in the following way:

Define the following boundary layer problem:

—divy (F~ ' (2)F " (2) V, 8" (2, 9)) + F 7 (2) Vy w2, y)
= FT(2) Vo (Di(2) (x"\(z, g)) — H(22)Ci(z)) inQx Z
div, (F~(2)3"" (2,4)) =0 in Q x Z
(B (@)]s(y) =0 on QxS
[(F (@) F T (2) Vy B! (2) = F~H(@)w"P(2))ea] g(y) = 0 on Q2 x S
Bi’bl(x,y) =0 on Qx Jp2,{9Ys — (2)}

BHP(2), whPl(z) are 1-periodic in y;
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Appendix A.1 gives the existence of (8%P!(z),w"P(x)) € V NCEZ(2)? x C2.(Z). Further-
more, for fixed = € Q there exist constants vy > 0, Cgbl(x) and C?(z) such that

eoly2] A ﬁi,bl(x) c LQ(Z)4, evo|y2|5i7bl($) e L2(Z_)2, 670‘y2|wi7b1(x) c L2(Z_),
and we have

87 (2, y) = O ()] < Cem ozl gy >y
WP (@, y) - Ci(x

| Vo (87" (2, y) — C5™ (=
| Vo (w (@, y) — CL(x

)

)| < Ce vl yy >
)| < Ceolv2| Yo >y
)

)
)|

Ce w02l o > g,

IN

Here we used Assumption 5.1: The right hand side is independent of x and the decay

carries over to the derivatives in x.

Due to the exponential decay to 0 in Z~ (see Appendix A.1 and Lemma 5.7) it holds for
allg>1

( B2, 2) — H(22) O (2) < Cen
€ L1(0)?
AN i L
w"(x, =) — H(x2)Cl(x) < Cea
3 LI(Q)
|vysi@ 5| <cen.
g llpao)*

We define the corresponding counterflow to be governed by

—div(F Y () F T (2) V* (@) + F T (2) V(@) =0 in O
div(F Y (z)b*(z)) =0 in O
bi*(z1, +0) = (Cg};})ek(wl, 0) onX

bk, g% are L-periodic in z;

The existence of a unique solution (b%,¢*) € W x L2 (€1)/R is given in Appendix A.5.

loc

5.10 Remark.

Another possibility to correct the pressure would be the use of a function Q' satisfying

L) _ vt y) — Cifa) in @ x (0,1] x Rso)
o

Q' is 1-periodic in y;
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and then proceeding as in [JM96]. Note that due to Lemma A.18 a solution is given by

Y1

Qi(x,y) = / 70 (2) (2, y2) dz — Ci ()

0

For further details, see the article of Jager and Mikeli¢ cited above.

We can now define

=U*" - il Ly _ H C’z bl —eH( blk
€ % (8" (z, 5) (22) eH (xq) E
and

B = P73 (0w, D) — Hm)CLw) — eH a2) Y a @),

i i,k
Remark that [V, 3%P]g = V,[8""!]s = 0, thus we obtain

/FT(x) VU (z): F1(x)Vé(z) do — /]55(35) div(F~Y(z)p(z)) dz

Qe Qe

= /(—F_l(x)oo + 8_2F_1(:E)p(33))62 - ¢(x) dog + /saff < ¢(x) dzx
O

P

+/( 1+ B5 + B5 + Bj)ea - ¢(x) dam+/B§ do,
> >

+ [ A FTV@(2) de+ [ A5-¢(x) do + [ A da (5.5)
/ J s ]
+e/m€-F—Tv¢ dx+/2l -z dx+/m ) dx
+e | Biex- () doy + | Bies - () doy

/ /

with

- Z div, (F_l(:c)F_T(az) v, (87 (z, g) - H(:@)C’E’bl(m)))
= > F (@) Vel 7) — H(z2)CL(w)),
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We estimate the terms separately: We have

Qlf;F—Tws( ) da

/ 25 - ) dz

/ % - p(r) de
Q3

< Ce2 |Vl

95)4

< Ce2 (9l 11 1(Qp)?

3
<Cez ||V ¢HL2(Q§)4

as well as

3
<Cez ||V ¢||L2(QE)4

6/53?62 < ¢(x) doy

‘/%262 $(2) dog| < Ce? |V | 200

The term er 25 - ¢(z) do can be estimated similarly to the preceding paragraph by using

Lemma 5.9, hence obtaining

/ A5 - ) dz

Finally, we see that the right hand side of (5.5) is bounded by

< Ce2 19l 11 Lae)? -

clv ¢E||L2(sz§)4 +C ||¢||H1(Ql)2 +Ce? pe2 doy

)

such that setting p = 0 on % was a sensible choice.

However, ||div(F~'U?)|| 2, < C, introducing problems in the estimation of the term
(fqe P?div(F'¢) dz) when inserting U* as a test function. Therefore, as a next step we

have to correct the divergence.
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5.4 Correction of the Divergence

By calculating the transformed divergence of U¢, we obtain

div(F~Y(z)U*®(z)) = —H(—x2) Z div, (F~1(z) D' (x)w' (z, E))

— 32 [Di@) div (P @ e, D)) = H(wa) Do) div(F ()0 (2)

The aim of this subsection is to correct all terms from the above formula which do not

have an order of at least O(e).

5.4.1 The Compressibility Effect in the Porous Part

In order to correct the term divy(F~!(z)D*(z)w'(x, %)) appearing in U¢, we introduce

the following auxiliary problems:

divy (F~}(2)y' (z,y)) = dive(F ™ (2) D (2)w' (2, y))

e e (P @@ ([ W ) ) ey

Y*
Y (z,y) =0 on Q x dYs

7'(z) is Y-periodic in y

Because the right hand side has zero mean value there exists at least one v*(x) € H, é’ #(Y*)2
satisfying the equation, cf. the proof of Lemma 3.14. By regularity results and the theory

of parameter dependent differential equations, we obtain
Ve CER(QHLL(Y)?) and yi(z) € CF(YH)2
Since

dive (F~! () D' (2)w'(z,y)) = F~ (2) Vo D'(2) - w'(2,y) + D'(2) dive(F~ (2)w' (2, y)),
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we can obtain a solution 4* in the form

yi(@,y) =Y (F"VDi(x)) 47 (z,y) + D'(@)7 (z,y),

J

where 4% solves

Aij ()
Y|

49 (z,y) =0 on 0Yg

divy(F_l(fwij(xvy)) = wé‘(% y) — inQxY”"

4% (z) is Y-periodic in y
and 7'(x) fulfills
divy (F~'(2)7) = diva(F~ (2)w' (2, y))

i dive (P [ Wi ar)) mexr

Y*
A (z,y) =0 on Q x dYg
7%(z) is Y-periodic in y

By the theory of parameter-dependent PDEs in Section 4.1, the solutions of the above
problems are in C2 (€2, H&’#(Y*)Q) with 4%(x) and 7%(z) in C>®°(Y*)2, due to regularity
results. Since the two functions depend on x only via the xj-variable, we even have
4,5 € C>(4, H&#(Y*)2), and 4 as well as 4° are bounded from above. Now due to its

form, we get an exponential decay of +* towards 0 for xg — —o0.

Finally, define the corresponding boundary layer

)=0 inQxZ
)=0 InQxZ
(x,y) on QxS
[(F~ (@) F T (x) Vyy" P (2) — F~H(2)7 P (x) ezl s (y)
= (F Y a)F T(x) Vyv'(2))e2(y) on QxS
7@ y) =0 on @ x UL {0Ys — ()}

ﬂyi,bl(‘r)’ ﬁi,bl(a:) are 1-periodic in y;

Appendix A.1 gives the existence of (y*P(z), 7P (2)) € V NC.(Z2)? x C2.(Z). Further-
more, for fixed 2 € © there exist constants vo > 0, C*P!(z) and C%(z) such that

e'yolyzlvy ’yi’bl(x) c LQ(Z)A‘, e’Yo\y2|fyi7b1(m) e L2(Z*)2, 670‘y2|7}i7b1(x) c LQ(Z*),
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and we have

)| < Ceolvzl g > o
)| < Ce—’yoly2|7 Yo >y
)| < Ce 0wl yy >
)| < Ce vl yy > y*.

|,Yzbl( ) Czbl(x
(z

#0 (e, > C

™

X

|v ( z,bl( ) i,bl

(z)
| V(7P (e, ) 7 ()
Here we used Assumption 5.1: The right hand side is independent of z and the decay

carries over to the derivatives in x.

Due to the exponential decay to 0 in Z~ (see Appendix A.1 and Lemma 5.7) it holds for
allg>1

[P, %) - B M) < cen
L9(2)?
7P (2, L) — H(22)Cl () < Ced
9 LI(Q)
. 1
Hvypyhbl(xv{) < Ceq.
g llpaa)*

Finally, define the counterflow as

—div(F Y a)F T(z) Va* (@) + F T (z)Va*x) =0 in Y
div(F~Y(z)a™* () =0 in
@* (x1,40) = (Ci™ep(21,0)  on X

@', 7% are L-periodic in 21

Note that the function @** corresponds to a construction of the form é,i’blﬁik in [JM96],

~i,bl

and 7 corresponds similarly to Cy 7. There exists a unique solution (@, 7%) €

W x L2 (4)/R, cf. Appendix A.5.
Define

Uf(e) = 0% + eH (=) 7' (2, ) 2 3 (1" (@, 2) = H(z) O™ (@)

+eH(z) Y i (x)
ik

and

= P° + Z(fri’bl(w, g) — CL(x)) +eH(x2) ZW”“

ik
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Note that

Zdwm< D () ( / w'(z,y) dy)> = dive (P~} (@) Y [Ai(x) D' ()]

Y+ v

— div, (F_l(:c)A(x) (FT(2)l -V p(x))) —0

by construction of the transformed Darcy velocity. Here A; denotes the i-th column of

the permeability tensor A. Thus

div(F~(@)Uf (2)) = - Z div, (F*(@Dé(w) (0@, T) = H(22)C"(2)))

5.4.2 The Compressibility Effect due to the Boundary Layer Functions

We see that the order of div(F~!(z)Us(x)) is ﬁ(aé), dominated by the boundary layer

term w*? (z, £)— H (x2)C"" (). That is why we need to construct an additional correction.

Set

€)= F)( [ diva (P @)D @) [0 0.9) — ) O )] ) dy)es

ZBL

Find #* such that

divy (F~Y(2)0 (2, 1)) = div, (F_l(:c) () [w ™ (2, ) — H(yQ)Ci’bl(:U)]) inQxZ

Proposition A.34 ensures the existence of at least one 0'(z) € H*(Z)?> N C2(Z)?, having
exponential decay towards 0 for |y2| — oo as well as for |z2| — oo. In order to correct

the jump of 6 across ¥ in Qy, we define the following counterflow:

—div(F Y (2)F T(2)Vd* @)+ F T () Vg*(x)=0 inQ
div(F~Y(z)d*(z)) =0 inQ
d*(z1,+0) = (Cy)ex(z1,0)  on 3

d* ¢"* are L-periodic in 2,
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Note again that the function u’* corresponds to the construction C; Zldlk in [JM96], and
7% corresponds to Cg’zlgik. There exists a unique solution (d*, g**) € W x L} _(Q1)/R,

cf. Appendix A.5.
Now define

U (z) = U (2) + gz 0 (z, f) —eH(z2) Y d*(x)

ik
and

P5(z) = P(x) — eH(x2) ) _ g™ (x).

ik

Inserting these functions and calculating the right hand side of the variational equa-

tion (5.3) yields

/FT(x) VUS(z): F1(2)V é(z) do — /P;(x) div(F~Y(z)p(z)) dz

Qe Qe

- / (—F~\(@)on + 2P @)p)es - d(x) doy + / o $(z) da

by

+/( 14 B5 + B3+ Bj)ea - ¢(x) dax+/B§ do,,

3
+/A§:FTV¢(:/U) dx—i—/A%-qS(x) d:c+/A§-¢(:c) dz
QE QE QE
+/Ai dx+e/m§:F—Tv¢(x) dx+/ £ o(z) da (5.6)
QF QF

+/2l§ o(x dx+a/%§62 d(z) dog + /%262 $(z) doy
+5/A5 F~1V ¢(x) dx+5/A§:F_TV¢(x) dz

+e | A FT(2)Vo(z)de+ | A - é(z) da

/ /

/Ag ¢(x) do + /Bfeg - p(x) dog + E/Bgeg ~p(x) dz
) 5

where

\ 8]

:ZF_T
ZF z) VO (x

m\a ™
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=2 (@) Vo (0w, D) — H(z) O (@)

and
Bi = — Z F_l(:l,‘)F_T({L‘) [Vy ’Yi(l’, g) + vy 01(13 g)]

By ==Y F (@) F (@) Vit (e) + FT(0) Va*(x) - 7 (@)] - g*(@)1.
i,k

We obtain the following estimates:

e/A§ cFTV ¢(x) do

<C ”V ¢||L2(Q§)4

Q5
E/Ag CFTV ¢(z) dz| < C ||V Dl 120 y3
(953
E/A§ cF () Vp(z) de| < Ce? IV @l L2(ge s
QE

3
< C? |B]l e ye

e [ AL - o(x) dox
/

and

3
<Cez ||V ¢||L2(Q;)4

€ 6]5-62 ~¢(x) doy
/

for j =1, 2.

The estimation of the term (1 [,. A - ¢(z) dz) goes along the same lines as that of
L div, (F~Y(2)F~T(z) V, (w"P(z, %) — H(x2)C"P(2))) above (cf. page 75); therefore we

)€

obtain the estimate
3
< Cez ||¢”H1(QE)2 :

/ AE - o(x) da

Qe
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5.5 Estimation of the Corrected Solutions
5.5.1 Estimates for the Velocity

Now we can insert Us as a test function in (5.6) in order to obtain an estimate in Q°.

Using Proposition A.32 and the above inequalities we arrive at

2
kp ||v U2€”L2(QE)4 <

/FqWﬂﬁzFJVUng
Qe

C . —y7e e
< 219Ul + € [VE TS| + CIT Ul (57

L?(Q°
where kg is the constant from Lemma 3.12.

5.11 Proposition.

There exists a constant C' such that

||U2E||L2(Q§)2 + HdiV(FilUQE)HLQ(Q%) < Ce

1052052 < COVE

Proof. First notice that ||div(F~Us)||

correction.

L2y = Ce by construction of the divergence-
Due to the choice of the function spaces and the auxiliary problems it holds VU;5 €
L2(9)*. Thus for each fixed & > 0 there exists a constant C(¢), depending on ¢, such that
[V U5l 2(e )2 < C(e). Consider for a moment only those € such that ||V U5|| o> L
For these e, the inequality (5.7) is equivalent to

L?(Q°

C
IV Us|| 2ot < C + e < 2C.
2leen IV US|l

L2 (95)4

Therefore the whole sequence is bounded by C” := max{2C, 1}, independent of €. Finally,

due to Poincaré’s inequality,
HU28|’L2(Q§)2 <Ce|V U28HL2(Q§)4 < Ck,

which concludes the proof of the first inequality.

The second one is a consequence of the trace estimate
10Uz 111252 < CVENV US| 250 < CVE. ¢

In the free fluid domain, we want to use the estimates for the very weak solution of the

transformed Stokes equations, see Appendix A.2.
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A calculation shows that in 7 we have

—div(F'FTVUS) + F7TV P5 = &5 + div(F 1 95)
div(F~U35) = ©°,

with

B5(x) = — > div, (F*l(g;)F*T@) v, (8, g) - H(m)cgbl(x)))

as well as

@5(@) =23 F 7 (2) Vi (Dj(a) (w2, T) = €M) )

0 0
B F(2)d (z . ) . ) ; i
Zi (@)g" (1) ( [Dg(x)(wi’bl(x, 2) - CyP(x))  Dj(a)(wy (a, 2 - C;’bl(x))] >

— e FIVL (5, D) - O W)

e Z FT(2) V(v (x, §> — M) — Y FT(2) Vi(x, g)
and
0% (z) = ¢ Z div, (F—l(a;) (7" (z, g) - éizbl(a;))) +e ) dive (F 7\ (2)0(z, 2))

. -1 ible . Ly bl
+szi:dwx(F (2) (8" (2, 5) = O (x))),
where we used Lemma 5.9 on the term (cf. page 75)

:)_cogy)

é Z div, (F_l (2)FT(2)V, (Df; (x) (wi’bl(x,
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Due to the decay of the terms on the right hand sides, we get an estimate of the form
1]

the very weak solutions, this is not sufficient and we need the following lemma:

L2 S Ceé, i = 1,2. However, to use the estimates derived from the theory of

5.12 Lemma.

Let w be a boundary layer function of the above type stabilizing to a constant Cy, such that
X x
() = Cu| < Ce™™

in Zt and let 0 < § < 9. Then it holds

[NIES

IN

Hem(w(f) — ) Ccs.

3

L%(21)?

Proof. Assume w.l.o.g. ¢ < 1. By the monotonicity of the exponential function it holds
2 w(l) - Cyl < CPmmE < M,
Since (6§ —p) < 0, arguing as in the proof of Lemma 5.7 yields the asserted inequality. 4
Finally, we arrive at the follwing estimates:
167205 |20y < Oz, (|2 @5 1aye < Ce2, [[€7720°2(a,) < Ce.

Since (1 + z2) < Ce%2 for a certain constant C, we can use Proposition A.28 to obtain

the following result:

5.13 Proposition.
Let Assumption A.22 hold (e.g. the function g describing the boundary is point-symmetric
with respect to £ on [0, L]). Then we have the following estimate for Us :

1

(1 +z2) "' US| < Cen.,

L?(91)% —

5.5.2 Estimates for the Pressure

The estimation of the pressure is much easier. As in [JM96], we consider the pressure
P§ = e2P§, where p° is replaced by the extended pressure j¢, cf. Appendix A.3. We

obtain

5.14 Proposition.
For the pressure F§ it holds

(1 + |z2)) B || < Ce.

L2(Q) —
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Proof. The inequality is a consequence of Proposition A.32: We have

Ps C
H 2 < IV Us iz aeye + 10+ o205 g, 2

1+|CC2‘

L?(Q)

+ e[| P72 2(05)2 T (@5 HL2(525)4 )

where ®] and ®5 are defined as above. The norms on the right hand side are bounded

independent of ¢, thus scaling by €2 gives the desired result. ¢

5.6 Main Results

We summarize our results:

5.15 Theorem.

Define the corrected velocity as
“1(2"“") H(ws)uo(z — ZDZ wi( )
_sz ) (w (@ g) H () C\ () ) H(x, Zqu
—gz(ﬁirbl(x,g)—H(@)c;;bl( >—5H (2) szk
+eH(—x 27 2,2 —G—EZ( i,b1 (g g H(J:Q)C“’bl(x)>
+ eH (2 Zazk +5292 = —eH(mg)Zdik(x)

Us(x) =

and the corrected pressure as

Let Assumption A.22 hold (e.g. the function g describing the boundary is point-symmetric

with respect to % on [0, L]). Then we have the following estimates, where C' is a constant
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independent of €:

H(l + 332)_1U06HL2(521)2 = 06%
[div(F UG ||, < Ce
HUSHLz(Q;)? + HdiV(FilUS)HLz(Q? <Ce

US|,z < Ce2
and

(1 + [z2]) " P || Ce.

L) =

Observe that Y, Di(z)w'(x, £) — A(x)(FT(2)l(x) — V p(z)) by the definition of D!

)€

and the cell problems. Furthermore, the boundary layers tend to 0 outside ¥ for ¢ — 0.

Therefore we obtain

5.16 Theorem.
It holds

us i .
2 H(2)[uo + Zu k] + H(—x9)A(FT1 -V p)  weakly in L*(K)?
ik

and
pF — H(—x2)p weakly in L?(K)?

for all K C Q such that K is precompact.

Thus the velocity up of the free fluid in €2 is given by

Up = ug + E u'®
i,k

whereas for the filtration velocity up in the porous medium 29 it holds
up = A(FT1 -V p)

(the Stokes velocity ug, the pressure p and the permeability tensor A are defined on
pages 66 and 67, and the counterflow u’* can be found on page 70).

Now the question arises which conditions hold at the interface 3, coupling ur and up.

We have the following result:
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5.17 Corollary.
At the interface 3 it holds

and

as well as

(up(z) — up(z)) - F(z)er = Z(Ci’bl(a:) — Aq(2)) Di(x)
+g'(21) Y (C5" (@) — Apa(2)) D' (x) (5.10)

7

= [Z(Oivb%x) - AM)D%‘@)} F(@)er

i
where A; denotes the i-th column of the permeability matriz A. Moreover, the constant

C’L bl
CoPl(z) = (C’i bl:;) is the solution of the following system of equations:

[ 1 g'(x1)
—¢'(x1) 1

(ci’“(x)) . (J}} W)y, +0) - Flz)er dy) |

C’;’bl(az) fS wi(a:, y) - F_T(ﬂs)eg doy

For the pressure we have
p(x1,—0)=0 on X.

Proof. Due to Lemma A.21 it holds C*P!(z)- F~T(2)ey = A;(x) - F~T(x)es. Furthermore
we have uy = 0 on X. Therefore, by the definition of u**,

up(x1,40) - F~ (21,0)es = uo(w1,+0) - F~ 7 (21,0)e2 + Y u*(w1,40) - F~"(w1,0)ez

ik
= Z (CHPIDYY (21, 40) - =T (21,0)ey
= Z DA (x1,—0) - F~T(z)ey

= A(z1, —0)(FT1(z1,—-0) — Vp(x1,—0)) - F L (x)ey

= up(z1,—0) - F~1(x)es.
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The second condition is obtained by a simple calculation:

(up —up)(r1,0) -1 = Zuik(xl,—i—O) e — (A(FTf —Vp))(z1,—0) -e;

i,k
= (DY) (w1, +0)er, - e1 — Y (A D' (w1, —0)
ik 7

= (D) (@1, +0) = Y (An DY) (a1, ~0).

%

The third statement follows analogously to the second one, by noting that the direction
of the transformed tangential vector is given by F'(x)e; = (g,(lxl)). As for the pressure,
the condition holds by definition, see Section 5.3.1.

The conditions for the constants C*P'(x) are derived in Lemmas A.17 — A.19 and in
Remark A.20. ¢

5.18 Remark.

We make some remarks on the interpretation of the conditions above: The first equation
gives the conservation of mass of the incompressible fluid: In the continuity condition
(5.8), the vector F~T(x)ey corresponds to the direction of the transformed normal vector

of ¥. Thus the velocity is continuous over the interface ¥ in normal direction.

Furthermore, condition (5.10) indicates a jump across ¥ in the direction of the transformed
tangential vector. The magnitude of the jump is given by the value of the involved
constants, which can be calculated explicitely by solving the associated auxiliary problems.
As they are defined on reference domains and depend on the function g describing the

interface, the local geometry of the porous medium influences the jump condition.

Assuming the constants to be of the same order of magnitude, there seem to be two
contributions to the jump: One is independent of the curved interface plus another one
which is proportional to the slope of the interface. For an explanation, the following
consideration is suggested: The functions involved are defined to be periodic in xi-
direction — therefore they correspond to a flow which is dominated by a rotation in a
two-dimensional torus. Now the bigger the slope of the interface, the more fluid particles
get deflected at that interface, leading to an increased jump (in terms of its absolute

value).
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6 Conclusions

In this work we proposed a generalisation of the boundary layer approach developed by
Willi Jager and Andro Mikeli¢. This was done in order to be able to deal with curved
fluid-porous interfaces when deriving boundary conditions for a fluid flow. Previous works
have been confined to planar interfaces.

In Section 2 we introduced coordinate transformations and applied them to differential
operators. This was done in order to transform a flow situation governed by a steady
state Stokes equation in a domain with a curved interface to a domain with a straight
interface.

To study the effective fluid behaviour, periodic homogenisation was applied to the
transformed Stokes equation in Section 3. After proving existence and uniqueness results
for this type of problem, we identified the effective equations to be a transformed Darcy’s
law with a non-constant permeability matrix.

Since the cell problem consisted of a parameter-dependent family of solutions of partial
differential equations, we investigated the dependence of the solution on that parameter
in the subsequent Section 4. To sum up, the differentiability properties in the direction of
the parameter carry over to the solution under certain conditions.

Concerning the behaviour of the fluid at the interface, in Section 5 numerous interfacial
exchange conditions were identified after introducing several auxiliary problems. Their

rigorous mathematical treatment is postponed to Appendix A.

Therefore, by using a transformation approach, one can consider more general situations
as in [JM96] — without losing the exponential decay of the boundary layer type functions,

which is necessary to obtain effective estimates.

The results do not give a generalized law of Beavers and Joseph — however, they do
point in that direction: For the coupling of the velocity ug of a free fluid above a porous
medium with effective fluid velocity up, the considerations suggest that a jump of the
velocities in tangential direction appears across the interface. The value of this jump can
explicitely be calculated by considering several auxiliary problems. Assuming that the
appearing constants are of the same order of magnitude, this jump is affine linear in the
slope of the interface.

As for the normal direction, the calculations show that the velocity is continuous over
the interface. Therefore our results do not contradict the conservation of mass for

incompressible fluids.
Nevertheless, the approach suffers from some drawbacks, which give room for further

research:

e [t is assumed that the porous part of the reference configuration consists of a

periodic array of cells. Due to the nature of the coordinate transformation, this
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periodicity is lost in the actual domain where the Stokes flow is considered. As a
result of the degeneration of the periodic structure, a non-constant permeability
matrix for the Darcy flow appears.

One possibility to correct this would be the inclusion of another transformation in
the process of deriving the boundary behaviour. This transformation is supposed
to account for the local deformation of the solid parts in €. For homogenisation
settings including coordinate transformations, see for example the works of Meier
and Peter, [Mei08], [Pet06] or [Pet07].

Second, the transformation is chosen in a way such that every point of the domain
is translated. However, one might conjecture that the effect of a curved interface is
only local, having no influence on points of the porous medium far away from the
interface (i.e. with a great xg-value). To overcome this drawback, one can adapt
the approach to a coordinate transformation which applies only locally, e.g. one
which transforms Q N[0, L] x [—b, b] to the rectangle [0, L] x [—b, b]. Note that this
transformation must be volume-preserving in order to keep important properties

used in the above considerations.

Assumption 5.1 was needed to obtain the decay of the boundary layer functions.
However, we did not prove the assertions presented therein; nor did we mention
sufficient conditions for the assumption to hold.

One possible starting point to obtain such results might be to include the constant
of decay into the partial differential equation describing the problem (e.g. by
considering the difference w*(z,£) — C*P!(z)). Then one can use the theory of
parameter-dependent PDEs to derive the governing equations for the derivative in
x-direction of this difference. Afterwards, it might be possible to use the theory
of Landis/Panasenko and Iosif’jan/Oleinik to gain information about the decay of

that derivative.

The concept of very weak solutions of the transformed Stokes equation was only
treated superficially. Especially, one might try to work out the situation when the

compatibility condition used in Lemma A.24 does not hold.

Finally, in most parts of the work the actual form of the matrix F' was not used.
Therefore it seems feasible to consider more complicated coordinate transformations
such that —div(F~'F~TV.) is a strongly elliptic operator.

When dealing with a different coordinate transformation, it would be interesting to
observe whether the results obtained in this work depend on the actual form of the

transformation or whether they are independent of it.
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Appendix

A Results for the Corrector Problems

In this section we give the details for various auxiliary problems which are used in Section 5.
These results are mostly a generalization of those obtained in [JM96]. We are going to

use the same notation for the geometry as above.

When dealing with parameter dependent problems in the reference domains Y* and Zpy,,
we will always assume z €  to be fixed. To simplify the notation, we will drop that
parameter in the name of the solution; and we are not going to consider explicitly the

dependence on it.

A.1 Boundary Layer Functions

We repeat some definitions:

Let
V= {z € L2 (Zg)? | Vze L3(Zp), 2 € LA(Z7),
N 0
z=0on U {0Ys — (k) }, z is 1-periodic in ZL‘1}
k=1
and

> 0
Vdiv = {Z S L%OC(ZBL)Q | Vze LQ(ZBL)4, S LQ(Z_)2, z=0on U{@Yg — <k’>}’
k=1
div, (F~'(z)2(y)) = 0, z is 1-periodic in :cl}.

Define W as the completion of Vg, with respect to the norm

Izl = IV 2]

L?(zgL)* -

The Poincaré inequality in Z~ reads

HZHL2(Z—)2 <C Hv ZHLQ(Z—)“ VzeV.
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A.1.1 The Main Auxiliary Problem

For the development of a theory for the boundary layer functions, we start with a more

general formulation:

Let v1 > 0,0 € H%(S)Q, p e L*(Z)? and p; € L*(Z)* be given. Assume that e7l¥2lp ¢
L?(Zp1)? and enlvlp, e L?(Zgp)*. Consider the following parameter-dependent problem:
Find ¢ € W such that

/ FT () Vy () - F7(z) Vi () dy = / o) Hl)
ZBL

ZBL (A.1)
- / () : FT(2) Yy 6(y) dy + / Fl(2)o(y)- 6(y) doy, Ve W

ZBL S

A.1 Proposition.

There exists a unique solution of Problem (A.1).

Proof. The result follows by application of the Lax-Milgram lemma:
Define for u, ¢ € W

B(u,¢) = / FT(2)V, () : FT(2) Yy dy) dy,

ZBL

b(¢) = /p(y)-¢(y) dy — /pl(y):F_T(ﬂc) Vy d(y) dy+/F‘1(w)0(y)-¢(y) doy,.

ZgL ZBL S
The continuity and coercivity of the bilinear form B in W can be proved analogously to

the case of the transformed Stokes equation, see Proposition 3.13.

To see that b is bounded, note that

] [ oot dy] < ] JEoR dy\ ¥ ] JEoR dy\
T, 7 -

< [I(1+ 3/2)PHL2(2+)2
<Vl

(1 + y2)_1¢HL2(z+)2 + ”pHLﬂZ*)? H(ﬁ”zﬂ(z*)?

(ZsL)*

where we used the standard Poincaré inequality in Z~, the fact that |(14+y3)p| < el¥2l|p| <
6%1671|92|]p| < Cemlvl|p| and H(l +y2)_1¢>’ L2ty S IV @l 25+, see Lemma 5.3. The

estimation of the remaining terms is standard. ¢
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A.2 Lemma.
Let divy (F~Y(x)p1(y)) € L*(ZgL)? and let p, p1,0 be 1-periodic in y1. Then the solution
¢ of (A1) isin H2 (Z)2.

loc

A.3 Proposition.
Under the assumptions of Lemma A.2, there exists a pressure field k € LIQOC(ZBL) such
that

—divy(F Y (z)F T (2) V, C(y)) + FT(x) Vy K(y)
— p(y) +div,(F @pr(y)) i W,

Proof. We are going to use analogues of Lemmas 3.14 and 3.16 for an increasing sequence
of sets in order to show that W+ = {F~T(2)V,p | p € L% (ZpL)}.

loc

Define for [ € N the sets Z = [0,1] x ((0,{) U (Uic:l{Y* - (2)}) and the space

!
W, = {z € HY(Z})? | z =0 for y = +l and on U{@YS— <2>},
k=1

z is 1-periodic in yl}.
It is clear that Z C Z7 ; and that each Z" is a Lipschitz domain.
divi(F~Y(z)) « W, — L&(Z}), divi(F~'(z)-) := divy(F~(z)-) is surjective by an
analogue of Lemma 3.16, thus F~71(2) V,(-) := F~T(2) V,(-) is injective from L3(Z}) to
.
Now let f € V' such that (f,¢)u—1(25.)2 ni(zmy? = 0 for all ¢ € W. Let u €
ker(div;(F~*(z)-)) be given and denote by @ the extension by 0 outside Z;. Since then
divy(F~Y(x)a) = 0in Zpr, we have (f, @) g1z, 2. 1 (252 = 0- By duality of the extension
operation we conclude that f|z» L ker(div;(F~!(x)-)). Therefore f zy € im(F~T(z)V; ),
and there exists a p; € LQ(ZZ*), unique up to a constant with f = F~7 () Vyprin Z;.

Since Zj C Z,,, the difference p;1 — p; is constant in Z;" and we can choose p;41 in such
a way that pjy1 =p;in Z;. Thus f = FT(x) Vyp with p € LE (Zpy).

loc
The pressure k£ can now be obtained by observing that — via an integration by parts of
(A1) divy (F~H (@) T (2) Vy C(y)) + ply) +divy (F~H (2)p1(y)) € W ¢

A.4 Lemma.
Let ¢ and k be defined as above. Under the assumptions of Lemma A.2 we have ( €

H: (Z)* and k € HL (2).

loc
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Finally, we obtain the following strong form of Problem (A.1):

—div, (F~ Y z)F T (2) V, ¢(y)) + F~T(2) Vy k(v)

= p+divy(F~ Y (x)p1(y)) a.e. in Z (A.2a)
div, (F~ ()¢ (y)) =0 ae. in Z (A.2b)
¢(y1,£0) = (5 on S (A.20)

¢=0on Ui {0¥s — ()} (A2q)

(¢, k are l-periodic in y; (A.2e)

with known functions (i € H? (9)2%.

A.1.2 Exponential Decay

Define for k € —N the sets Z, = Z~ N ([0, 1] x [k, k + 1]) (these domains, as well as other

auxiliary sets needed in the course of the derivation, are depicted in Figure 7).

A.5 Proposition.
Let p:= p+divy(F~Y(z)p1) € L*(Z7)? and let ¢ and k be as above. Define

1
= g7 | £
Zy,

Then the following estimates hold:

16 =7kl 2z < CUV Cll2 (g0 + 1101l 12(2,2)

’Tk+1 - Tk’ < C(HVCHL"’(zk UZpy)? + Hﬁ”ﬂ(zkuzkﬂ)?)
Proof. Define the space
Vi = {z € HY(Z)* | =0 on dZ;\(({0} U {1}) x [k, k + 1)), z is 1-periodic in yl}.

Consider Equation (A.2a) on Zj, with Vy(k — ) instead of V,, £. By multiplication with

a test function and integration by parts we obtain

/ FT (@) VyC(y) - () Ty 6(y) dy — / (s — ) divy (F 1 (2)(y)) dy

Zy, Zy,

= [(0t0) +aivy (P @)or(0) - 9(0) dy Vo € Vi

2
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Analogously to Lemma 3.16 there exists ¢ € Vi, solution of

divy (F~ ' (2)ok(y)) = k =11, in Z
with

”vy (b]fHLQ(ZK)‘1 S C HK/ - rkHLZ(Zk) .
C depends only on the geometry of Y* but not on k.

Inserting ¢ in the above equation and remarking that HF_T(.%‘) Vy z‘

< CNIVy 2,

L2
yields
2 _
16 = 7kl[z2 ) < MPlli2 22 1V Onl 2200 + C NV Cll 200 1Vy Gnll 2,0
< C(HﬁHﬁ(zk)? + IV C“L2<Zk)4) [k — TkHL2(Zk) )

thus the first assertion is proved.
Next, set Zj p41 = Z U Zj41 and consider ¢y, 41 satisfying
P 1 inZ)
divy (F7 () Pk k+1(y)) = o
-1 inZ;,
Brert = 0 on (97 U0 Zy1)\(({0} U{1}) x [k, k +2])

@k k+1 is 1-periodic in g
(the existence is assured since the right hand side of the first equation is in LQ(ZhHl)

and has mean value 0).

Testing (A.2a) with ¢ 41 in Zj g1 gives

- / k(y) dy + / k(y) dy + / FT(@) Yy C(y) - F7(2) Yy s (v) dy

Zy, Z+1 Zkk+1

= / P(Y) - Prpr1(y) dy.

Z k+1

Note that ||¢k7/f+1||L2<z,€,k+1)2 < CO||Vy ¢kvk+1HL2(zk,kH>4 < C|Zj g+1|, thus dividing the

equation by |Y*| gives the estimate

|Tk+1 - rk| < C(HVCHL%Z,C,,C“% + HﬁHLQ(zk,kHF)v

which finishes the proof. ¢
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0 S 1

0|z,

”””””” Az, [1Z(-1)
@z,

0|z, Lz, , 71 7(-2)

Figure 7: Auxiliary domains based on the boundary layer cell Zpy,. Left: The
translated reference cells Z;, k € —N. Middle: The two-cell subsets Z, 1.1,
illustrated with the sets Z_5 _1 (shaded with lines) and Z_3 _5 (shaded with
dots). Right: The unbounded strips Z~ (k). In the figure the sets Z~(—1)
(shaded with dots) and Z~(—2) (shaded with lines) are shown.

A.6 Proposition.

For k € —N choose functions 6, € C*°(R<p), 0 < 6% < 1 with 61(2) =0 for z > k+1 and
ok(2) =1 for z < k, z € R>q, such that &), and the derivative &}, are bounded uniformly
in k. Fory = (Z;) € [0,1] x (=00, 0] define ok (y) := 71 (y2).

Let ¢,k be a solution of Problem (A.2). Then it holds

/ FT(2) Y, C(y)Porly) dy = / (5 — )¢ - F(2) Vy ou(y) dy
J
4 / P(y) - Cy)only) dy - / FT(2)V, () : FT(2)(C(y) ® Ty on(y)) dy.

Proof. Testing (A.2a) with ¢ € C5°(ZgL), ¢ = 0 on [Jpo,{9Ys — (2)} and ¢ 1-periodic
in yp yields

/ FT(@) Yy C(y) - F7(2) Y,y 6(y) dy — / e divy(F~1(2)6(y)) dy / 5(y) - oly) dy.

ZBL ZBL ZBL
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Define for | < k — 1 the functions oj,; = 03(1 — ;). Choosing ¢ = (o, leads to

/ FT(2) V, () Pory dy = / s()C(w) - F-T () Vyora(y) dy
T / Ay - Cw)oraly) dy — / FT()Vy () : FT(@)(C(y) © Yy ora(y)) dy,
Z~ Z~

where we used the fact that

F 1 (2) Vy(Corg) = F1(2)(Vy Qowg + C@ F 1 (2) Vy oy,
divy(F_l(m)Cakvl) =(- F_T(af:) Vyori+ ok divy(F_l(:z:)C).

We want to pass to the limit [ — —oo for fixed k. First observe that oy; — o}
as well as Vo, — Vo pointwise for [ — —oo. As |0y < C and |Voy,| =

(Vo)1 +0;) — o, Voy| < C ae. with a constant C, we obtain that almost everywhere

| 1F~ () Vy C)Porly)| < CIF~T(2) V, C(y))?
1Ay ) CWora(y)| < Clply >- ()]
|F () VyC(y) : F1(2)(((y) © Vyora(y)| < C|F T (2) Vy ly) : FT (2)(C(y) @ 1)

where I denotes the identity matrix. Since the right hand sides are integrable, application

of Lebesgue’s dominated convergence theorem yields for [ — —o0o
/ P @) Yy () Poki dy — / P77 (@) ¥y C(o) o dy

/ ) - CWomly) dy  — / 5(y) - C()ow(y) dy
J

P
and

/ FT(2)Vy () : FT(2)(C(y) © Yy oxa(y)) dy

7-

— / FT(2)V, C(y) : FT(2)(C(y) © Ty ox(y)) dy.
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Finally we have to consider the term [, x(y)((y) - F~1(2) Vyori(y). Because of
Voii(y) =0a.e. for y & Z, U Z; we have

/%(y)C(y) F T (2) Vyor(y) dy = / (k(y) = r)C(y) - F~"(2) Vy ora(y) dy

Z- ZpUZ)
= /(H(y) —r)¢(y) - F (@) Vy oraly) dy + /(H(y) —r)C(y) - F () Vy ora(y) dy
Z
Tl—Tk /C Vakl()dy

For | — —o0 we obtain by using Poincaré’s inequality

(i~ /c D)V, 010) | < C1T Gl — 0
‘/ —1)¢ : _T(x) Vy Uk,l(y) dy‘ < C(HVC||L2(ZZ)4 + ||ﬁ||L2(Zl)2) HVCHLQ(ZI)4
— O,

where we also used the preceding lemma for the last estimate. Thus arguing similarly

with Lebesgue’s theorem one arrives at

l——00

Z= Zk

lim [ k(y)C(y) - F " (2) Vyoru(y) dy = /(Fa(y) —re)((y) - F T (2) Vyor(y) dy,

and the proof is complete. ¢
Define for £ € —N the sets
Z (k) :=2Z"n([0,1] x (=00, k]).

A.7 Proposition.

Let p € L*(Z7)? and let ¢, k be a solution of problem (A.2). There exists a constant Cy
independent of k such that

HVCHLz(Z (k) — CO Hp”ﬁ(z (k)2 *
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Proof. We estimate the terms on the right hand side of the previous proposition separately:

By the Poincaré inequality

[ @V, s @) © Yy w) dy\
J

[F @) F @ © Vo) dy]
Zy,
<O,

L?(Zy)*

and

[ ot ctoronts) | = | [ 5060 colonts) o] < IV, Cli e Wl

zZ- Z— (k)

Using Proposition A.5 gives

/(’{ — )¢ - F_T(x) Vy o, (y) dy‘ <C Hvy <|’i2(zk)4 + Hp”LZ(zk)z HVC||L2(Z,C)4 .
Zk

Because of Z7 (k) C Z=(k+1), Zy C Z~(k + 1) and Young’s inequality we obtain
be [ 19,6w)Pas) dy < [ 1F7 (@) 9, Cw)Pout) dy
Z- Z-

* e
< C Iy e+ €8 [ 1V WP dyt G Il e
Z—(k)
for 6 > 0.

Next observe that

/ 1V, C(y) Poily) dy = / 1V, () Poi(y) dy + / 1V, C(4)Pon(y) dy
J

Z— (k) Z

and

19, ¢y = / IV, ()] dy / 19, ¢w)? dy,

Z= (k+1) Z (k)

thus leading to

(kp — Co+C”) / [Vy COP dy < CH IV Cl2a iy + CrlBl o s -
Z— (k)
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Choosing ¢ small enough such that kr — C§ + C* > 0 and kr > C§ gives the recursion
ar < yagy1 + Fy, ke -—N

with
C*
2
a, = [V €Lz 02~ ) T kp—CotC* <1
Ch

_ 12
Fy = Er—Co 10" 191222 1 4 192 -

Since Z~ (k) C Z~ (k+1) we also have Fy, < Fj11. This implies the claim as in [JM96]. 4

A.8 Corollary.

Consider the situation as above. Then there exists a constant Koo,

“mzﬂ%wwr

and a constant C*, independent of k, such that for k € —N holds

k
2 )
”’"€ - K“OO”L?(Z—(k)) <" Z HpHL2(Z_(l+1))2
l=—0
Proof. Proposition A.5 yields
16 =7kl 122, < CUIV L2z + 18]l 12(2,2)

s = 75l < OV Clla v + 10l )

We show that r; is a Cauchy sequence in R, thus providing the existence of ko.: By the
triangle inequality it holds for k € —N, [ <0

1
Pkt =7kl <D Ik — Thag]

j—l
< ZC |VC||L2(Zk+7 L) + ||p||L2(Zk+_] 1 k+])2)

< C(HVCHL 2(Z27(k—1)* + HpHL 2z (k — 1))2)

where the last constant is independent of k and [. Since the last term converges to 0 for

k — —oo, we obtain the desired result.
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Next observe that

HH - ’%OOHLQ(Z"L) < HK‘ - Tm”[ﬂ(zm) + ||Tm - ’%OOHLQ(Z"L)
< C(HVCHLQ(Z,R)4 + HﬁHLZ(Zm)Q) + ‘Y*‘ ’Tm + K“OO‘
< C(HVCHL"’(z*(m+1))4 + HﬁHLQ(z*(m+1))2)

J
+ IY*IjILIIOlO (Z "m—1 = T4 + 11— (41) — ’ioo|>
1=0

00
< C||f_)||L2(z*(m+1))2 +ZC(HVC||L2(Z )

=0
<C Hﬁ”]ﬁ(z*(m.;rm? + 2C(||VCHL2(Z*(m+1))4 + Hﬁ”ﬁ(z*(m.ﬂ)y)
<Clpll.

s+ 1ol 2,

2
m—(+1),m—1) m—(1+1),m—1)

(Z=(m+1))%>

where we used the above inequalites and Proposition A.7. Furthermore, note that

lim;j o0 [1y—(j41) — Kool = 0. Thus by

k
2
HK“ - K’OOHLQ(Z_(k)) < Z H’% - HOOHLQ(zm)
m=—oo
k
<c Z ”ﬁ”L%Z*(mH))?
m=—00
the second assertion holds. ¢

Finally we are able to get a result on the decay of the solutions (, k in the porous part
Z~ of Zpy,:

A.9 Corollary.
Assume that enl¥2l5 e L?(ZgL)? for a y1 > 0. Then there exists a 3 > 0 such that for
the solution (,k of Problem (A.2) holds

—Blk

HVCHH(Z*(IC))“ < Ce P
—B|k

||C||L2(Z’(k))2 < O
< CeBl¥]

s — "300||L2(z*(k))

Proof. By the assumption on p note that HﬁHL2(Zk)2 < Ce~ k. Therefore
! 0
Hﬁ”]ﬁ(z—(l))? < C Z 6_71|k| = Ce_vlm Z (e'\/l)_‘k‘
k=—00 k——o00

C

— = el
1—em '
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where we used the formula for the geometric series for €’ > 1. Using the same argument

once again, one obtains

k
_ —lk
Z ||p||L2(z*(z)) <Ce m| |v

l=—00
which gives the first and the last assertion. The second one follows due to Poincaré’s

inequality. ¢

In order to deal with the behaviour of ¢ and k in Z, we are going to use the theory for
the exponential decay of solutions of elliptic problems, developed by Landis/Panasenko
and Oleinik/Iosif’jan, see |[LP85| and [OI81].

A.10 Theorem (Exponential Decay).

Let the geometry be given as above. In ZT consider the elliptic equation

—divy (F(y) Vyu(y)) = f(y)

with a given matriz function F € L>®(ZT)* satisfying the following ellipticity condition:
Let there exist constants ¢1,C1 > 0 and M >0 (M =1 in case F' is symmetric) such that
for all n, & € R?

cil¢f” < T F(y)¢ < Crlel
1 1
" Fy)el < My Fy)n)2 (€7 F(y)€)z.
Assume further periodic boundary conditions on ({0} U {1} x R>qg) and Dirichlet and/or

Neumann conditions on S such that there exists a solution u with Vu € L*(Z%). Let
there exist constants q,Q > 0 such that Qe®2f € L*(Z1).

Then there exist constants q1, Q1 > 0 and C,, such that

—qik
IV ull 2z o o, 11w gy soryz < @re™™

—aqk
[ = Cull L2 2+ 10, 1) x 00y < @re™

Furthermore, there exists y* > 0 with
lu(y) — Cul < Qre” "> for yp >y

Proof. Theorem 10 of [OI81] gives the first two estimates.

Due to the lifting property of elliptic operators, we obtain a solution v € H?(Z%); and
because of the embedding H?(ZT) < C%(ZT) there exists a continuous representative.

Therefore we can apply Theorem 2 in [LP85] in order to get the pointwise estimate. ¢
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A.11 Proposition.
Assume that (C,k) is a solution of Problem (A.2) with e%2p € HY(Z1)2, eM¥2p; €
HY(ZT)* and env2 div, (F~Y(x)p1) € HY(ZT)2.

There exist 3 >0, y* > 0, a vector C¢ € R? and a constant C,. such that

—Bk
va”Lz(ZJrl"l([O,l] X [k, 00))) S C@ s

,/3]@
||C - CCHLQ(Z"'H([OJ] x [k, 00)))2 < Ce

s = Call < Ce

zt N ([0,1] X [k, 00) ))

and
C(y) — Ce| < Ce P2 for yy > y*

|6(y) = Cul < CeP2 foryo > y*
Proof. Set & = (;\1;1(() By taking the curl of Equation (A.2) we obtain due to Lemma 2.7:
divy (F~ ()P (2) ¥, £(y)) = — curl (p(y) + div, (F'()p1(4) ) in Z*.
The right hand side decays exponentially, thus by the preceding theorem we obtain

< Ce Pk

L2(Z7F N ([0,1] X [k, 50)))?

[V euri¢)

< Ce Pk

L2zt n([0,1] x [k, 00)))

e o

with some constants 5 > 0 and C¢.

Using the 7th assertion of the transformation lemma 2.7 we see that

FT @) Vy(6) = FT @) 9, (el () = [‘1) ‘(1)] divy (F4 @) 7 () ¥, 60).

Therefore
div, (F_l(m)F_T(x) Vy C(y)) =h(y) in Z7,

h being a known function with e®¥2h € L?(Z*). Theorem A.10 now shows that the first
two asserted inequalities about the decay of ( and V ¢ hold.

By taking the transformed divergence of Equation (A.2a) one obtains

divy (F(2)F L (2) V, k(y)) = — div, (F*l(x) [p(y) + divy(Ffl(x)pl(y))}) in Z+.

Again, the right hand side decays exponentially, and the estimate for x is proved. The

remaining two inequalities follow easily. ¢
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At the end of this paragraph, we want to obtain some information about the constant C¢:

A.12 Lemma.
For the solution ¢ of Problem (A.2) it holds for all z <0

1 1
/C Y1, 2 x)eg dyy = /C y1,0) - F~T(x)eq dyy =0,
0 0

and [¢¢- F~T(2)ey doy = 0.

Proof. By density it is enough to show the claim for ¢ € W NC§°(ZpL)?%.

Integration of the equation div, (F~!(x)¢(y)) over [0,1] x (2,0) and application of Stokes

theorem yields due to the periodic boundary conditions

1 1
/C y1,0 r)ey dy; = /C y1,2) - F T (2)eq dyy = K¢ ¥z <O0.
0 0

Since ¢ € W it holds

0 1
2
/</ Y1, t ()egdy1> dt<C//Cy1, dy; dt < oo,
—o 0 —oo 0
and thus K¢ = 0. ¢
A.13 Lemma.

For the constant C it holds C¢ - F~T(x)eg = 0.

Proof. Arguing as in the proof of the above lemma, we obtain
1 1
/C Y1, k T)eg dy; = /C y1, —k) - F~T(z)ez dy
0 0

for all £ > 0. Now the left hand side converges exponentially to fol Ce - F T (z)ey dyr =
C¢ - F~T(z)es, whereas the right hand side converges to 0. ¢

A.1.3 Application to the Stokes Boundary Layer Problems

We apply the results of the foregoing section to the problem: Find (w®"!, 7%P!) € V' x
L% (Zpy,) such that for fixed z € Q2 it holds
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—div, (F~Yz)F~ T (z) V, w"P(y)) + FT(z) V, 7P (y) =0 in Z (A.3a)
divy (F @)wP(y) =0 inZ (A.3b)
[w"™]s(y) = w'(y) on S (A.3c)
[(F~H @) F T (2) Vy w™™ — F~ (@) ™)ea]s(y)
= (F Y a)F T(z) Vyw' — F}(x)7")ea(y) on S (A.3d)
wl(y) =0 on U2 {0Vs— (})}  (A3e)
whP! 7P are 1-periodic in y; (A.3f)

where the functions w?, 7 denote the solution of the cell problem for the transformed

Stokes equation given by

- divy(F*1 () F~T(z) Vy wi(y)) + F~1(z) Vy mi(y) = F T (z)e;
divy (F~ ! (z)w'(y)) = 0
w'(y) =0

w', 7w are Y-periodic in y

Regularity results imply the existence of a solution w’ € C*(Y*).

We eliminate the jump of w*P' on S by setting

,Yi,bl(

y) = w"P(y) — H(y2) R(y) — e2H (y2) A;,

inYV*
in Y*
on 0Yg

where A; = fo “(y1,0) - F~T(x)ey dy;. R is defined in the following lemma:

A.14 Lemma.
The problem

divy(F~'(2)R(y) =0 in Z*
R(y) = wi(yh —0) — esA;  on S
R is 1-periodic in y;

has a solution R € H3(Z%)? such that there evists a o > 0 with e°¥2R € H3(Z1)2.

Furthermore R|g € C*(S)2.

Proof. Similar to Lemma 3.16 we split R in the sum

R(y) = F(x) Vyn(y) + F(z) Curl,(6(y)).
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Thus we get the condition

Ayn(y)) =0 in zZt
on

3 F_l(a:)(wi(yl, —0) — 621212‘) -ep on S

1 is 1-periodic in 1

The existence of a solution follows from standard theory, since the compatibility condition
Jo F~ (@) (w' (y1,—0) — esAp) - eo doy = 0 holds. The above problem corresponds to the
situation of Theorem A.10 with a Neumann boundary condition; therefore there exist
~v > 0 and a constant C,, such that V7 and n — C), decay exponentially with rate e7¥2.
Choose 7y with 0 < 79 < ; then a simple computation shows that €%V € L?(Z7)
and €10%2(n — C,)) € L*(ZT).

Similarly, by differentiating the governing equation for n we obtain

oFn
Yoy2 c L2 Ve 2
‘ Ok1y 9k2y, (27)

for ky + ko = k, ky, ko € N.

For 0 we require

Curly(0) -e2 =0
Curly(0) - e1 = —F~(z)(w™ (41, —0) — exd;) -1 € H2(S).

Analogously to Lemma 3.16 we obtain the existence of # € H*(Z*), by application
of the generalized inverse trace theorem. Note that we can apply Theorem 3.9 in a

neighbourhood of S, yielding a 6 with compact support (thus having esp. an exponential
decay). ¢

bl

Inserting 4»"! into the equations for w”! we see that the former entity satisfies

—divy (F~ (2)F " (2) Vy 7" () + F " (2) V, 7" (y)
= H(yo) divy (F H(2)F-T® ¥V, R(y)) inZ
divy(F_l(x)'yi’bl(y)) =0 inZ
*Msy) =0 on S
[(F~ (@) F~ T (@) Vy v = FH(@)m" ™ ea] s (y
= (F Y a)F T(2) Vyw' — F Y (2)7)e2(y) + F Y (z)F T (2)V, R(y) on S
7Py =0 on UL {0Ys — ()}
i,bl bl

¥, are 1-periodic in ¥
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with variational formulation

/ F 1 (2)Vyy""ly) : F 1 (2) V, 6(y) dy = / divy (F~ (2)F~"(2) Vy R(y)) - ¢(y) dy

ZpL Z+
- /F_l(x) [F_T(ZL‘) V,w' — ﬂif] (y)ea - ¢(y) doy, (A.4)
/F (2) Vy R@w)es - 6(y) doy Voew

This corresponds to Equation (A.1). By the above results about the exponential decay in

Z we therefore obtain the following proposition:

A.15 Proposition.
Problem (A.4) has a unique solution with v"P1 € W, 4*Pl € C®(Z)2. There ezists a
constant v > 0 and a vector CEY € R? such that

eoly2] \ 7i7b1 e L2(Z)4
el (4P — H (y2)CE) € LA(2)2.

Furthermore there exists mP! € C(Z) together with constants v1 > 0, Ci and CL with
P (= H (y) Oy — H(—y2)C) € L*(Z).

A.16 Corollary.

Set wP! = 4P 4 H(yo)R + eoH(y2)A;. Choose the free constant in the pressure 7P in
such a way that C%, = 0.

Then (w®P', 74P is a solution of Problem (A.3); and there exist constants v > 0,C% and

a constant vector CHPL such that

vzl v, w? € 12(2)*
eW|y2|(wi,bl o H(yQ)CZ’bl) c L2(Z)2
ev\yzl(ﬁl}bl _ H(yQ)CfT) c LQ(Z).

With the help of Lemma A.13 we obtain the value of C**'. =T (x)ey:

A.17 Lemma.
It holds

Ci’bl . F_T(ilf)eQ = AZ', (A5)

where A; = fo i(y1,0) - F~T(x)ey dy.
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Proof. By application of Lemma A.13 it holds ny - F~T(z)es = 0. Now consider the
Wby = wiPl(y) — H(y2)R(y) — e2H (y2) A;. Since R stabilizes exponentially
to 0 in Z* and the last term of the right hand side is constant, we get the following

equation vy

condition for the stabilization:

CPL T (1)ey = C,"y CFT(x)ey + e Ay - F7T (2)ey = A;
because of (F~1(x))y2 = 1. ¢
Finally, we can obtain the complete information about the constants:

A.18 Lemma.
For all 0 < a < b it holds

1 1
/WZbl yi,a =/ EPlyyb) dyy.
0 0

Thus the constant C% arising in the stabilization of the pressure is given by
1
Ci = [ 7%, +0) din.
0

Proof. Due to (A.3b) and the actual entries of F~!(z) it holds

0 0 WPl d  inl
—|— —_— —_— . A.
8yl Oy2 ey (@) dy2 wr =0 (4.6)

Note that F~T(z)V,7"P(y) = div,(F~1(z)7""(y)) (cf. Lemma 2.7), thus Equa-

tion (A.3a) reads column-wise

div, (F_l(m) (F~T(z) Vywi (y) — ﬁivbl(y)el)) =0
and

div, <F_1(ac) (F~T () Vywi(y) - wi=bl(y)62)) —0.
Let 0 < a < b. Now integration of the equation

0 = divy <F_1(ac) (F_T(ac) Vy w;’bl(y) — ﬂi’bl(y)eg))

— g/ (1) divy (P~ (@) (F 7 (@) Vy ;™ () = 7 (9)en) )
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over the rectangle [0, 1] x [a, b] yields due to Stokes’ theorem and the periodicity of wP!

and 7Pl in y;-direction

1
/ 1) Vywy™ = aPes) (y1,0) - F " (2)ez din
0
1
/ x)V w;bl - ’bleg)(yl, a) - F_T(ac)eg dyy
0
(F~" (@) Vywi™ = 7"Pey) (y1,b) - 7 (2)ea dyy

— g (1)

+4'(71) (F*T(a:) Vy wi’bl = Wi’blel) (y1,a) - F~1(x)eq dyy.

o O~ _

Now we have (by using the actual form of F~7(z))
TP (y)es - F T (w)er = P (y) and 7 (y)er - F T (x)er = —g' (1) n""!(y)
as well as
T i,bl _T _ ooy 9 bl / ;
(2) Vywi ™ (y) - P (@)er = (Lt g'(21)7) 5wy (y) = g (21) 5 ™ (y)

@) V) P (wer = (14 (1))

where the identity (A.6) was used in the last equation. Substituting these results in the

above equation, one obtains
1
0= O/ (<o = (14 g )yt ' o) 0l (1)
1
- 0/ (<o) gy = (14 g @) gl 4 )0l () i

1 1
zbl zbl
+g x1) / (y1,b) dyr + (1 +g x1) /W (y1,a) dy;.
0 0
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The first two integrals vanish due to the fundamental theorem of calculus and the periodic

boundary conditions. We divide by (1 + ¢'(x1)?) to obtain

1
/ﬂ-l bl y17 dyl
0

This proves the first statement.

’blyl, ) dy1 VO0<a<hb.

O\H

To obtain the second one, notice that for £ > 0 due to Jensen’s inequality

oo 1
i, bl i 2
‘ T (y1,y2) dyr — Cp
k0

dys < / 7P (g1, ) — CLI? dy
[0,1]% (k,00)

— 0 fork—

because of the exponential stabilization of 7P therefore fol 7hPl(y,b) dy; converges to
C! for b — co. Now letting @ — +0 yields the result. ¢

A.19 Lemma.
For the constant C*P' appearing in the exponential stabilization of the velocity w
holds

i,bl it
1
CHP F(x wPl(yy, +0) - F(z)e; d A7
(1, x)er dyi. (A7)
0

Proof. Let b > 0. Similarly to the above lemma, we multiply the equation
0 = divy (F~} @) (F 7 (@) Vy i (y) - %)
+ ¢/ (1) divy (F~ (@) (F T (@) Vyy ™ () = 7Pes) )

by y2 and integrate over [0, 1] x [0, b]. Integration by parts then yields

0= / F () (FT(2) V0t (y) — 70 ()er) - en dy
[0,1]x[0,b]

—g'(z1) F~(z) (F_T(x) Vy w;’bl(y) - Wi’bl(y)@) ez dy
[0,1]%[0,5]

1
+/b x)V wzlbl—w blel)(yl,b) F_T(x)eg dyq
0

1
(1 /b x)V wébl—w bleg)(yl,b) F_T(SL')SQ dy;.
0
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As in the proof of the preceeding lemma we have F~1(z)m"P!(y)es - ea = 78Pl(y)ey -
F~T(z)ey = 7¥Pl(y) and 7P (y)e1- F~T (z)es = —g'(x1)7"P(y), thus the terms containing
the pressure 7%P! cancel out and we have
0= / FH @) P (2) Vy i (y) - ez dy
[0,1]x[0,0]
~d@) [ PP T@ 9,0 ) e dy
(0,1]%[0,5]

1
+/bF T x)V wibl(yl,b) FﬁT(az)eg dyq
0

bE T (z)V wébl(yl,b) F~1(x)ey dyy.

O\H

Another integration by parts of the volume terms now yields
1
bl -
/wl (y1, D) F L (z)F~ T (x)ey - e3 dy
0

+ wz bl (y1,+0)F ( )F_T(£U)€2 - eg dyy

o —

— g (1) [ Wiy, b)F (@) F " (2)es - 3 dys

+g'(x1) [ Wby, +0)F (@) F T (2)es - eo dys

o O~ _

1
+/bF T x)V wibl(yl,b) FﬁT(x)eg dyy
0

bE T (z)V wébl(yl,b) F~1(x)ey dyy.

O\H

When passing to the limit b — oo, the last two integrals vanish since V, whP! decays

exponentially to 0. The terms wi’bl and w;’bl converge to Ci’bl and C;’bl, repectively.
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Thus
1
/ CZ P g( )C;’bl) FY2)FT(z)ey - ep dyy

0
1
/( ibl J( wévbl) (y1, +0)F () F~T(2)ey - ey dyy.
0

Since F~Y(2)F~T(x)es - ea = 1+ ¢g/(21)? we can divide the above equation by 1+ ¢'(z1)?,

leading to
1
o My g zbl / bl g w;,bl)(yl’ +0) dy.
0
This is equation (A.7). ¢
A.20 Remark.

With the help of (A.5) and (A.7) it is possible to obtain the value of C*P: Using the

exact form of F(x) and F~T(z), the above conditions read

C’?bl T (21)Cy M= fol w™P(y1,+0) - F(z)er dy
~d@)ey”™ + ot = Ail®) |

Since the determinant of the coefficient matrix of the left hand side fulfills

o 1 g (z1) _ N(1)2
dt[_g,(xl) ) ] (L+g(z1)7) #0,

the above linear system of equations has a unique solution C*P! = ( %bl .
027

We finish this subsection by showing the relation between the permeability tensor A and
the term Al

A.21 Lemma.
Let Aj = ([ w' dy) be the i-th column of the permeability tensor and set A; = (fS w'
F~T(z)ey doy) as above. Then it holds

Az‘ = Al . F_T(x)eg = Ci’bl . F_T(Qj‘)eg.
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Proof. We argue as above: Integration of the condition div,(F~!(z)w®) = 0 over the set
(0,1) x (0,b) for b € (0,1) and application of Stokes’ theorem yields due to the periodic

boundary conditions

1 1
/wi(yl,()) 'F_T(a:)eg dy; = /wi(yl,b) . F_T(x)eg dy;.
0 0

Now integrate this equation over the interval (0, 1) with respect to b to obtain

11 11

Ai://wi(yl,())- “T(x)ey dy db ://w y1,b) - F~1(x)ey dy; db
0 0 0 0
Y

w' dy) F T (2)es = Ay - F7 T (2)ey

*

The second equality follows due to Lemma A.17. ¢

A.2 Very Weak Solutions of the Transformed Stokes Equation

In order to get sufficient estimates in €21, we develop a theory of very weak solutions for

the transformed Stokes equation.

Consider the problem: Find (B, 3) such that

—div(F Y 2)FT(2)B(z)) + F T (2) V B(z) = Gy + div(F(2)G2) inQ; (A.8a)
div(F~Y(z)B(z)) = ©(z) inQ; (A.8b)

B(z) =¢&(x) onX (A.8c)

B, 3 are L-periodic in 1 (A.8d)

with € € L2()?, 7920 e L2(Qy), © L-periodic in z; and Gy € L2()?, Ga € L2()"
such that €70%2(|G1| + |Ga|) € L?(£2) for some ~q > 0.

For the development of the theory, we assume that there exists a solution (B, [3) satisfying

072V B e 1)1, (B - Ba) € LH(Q0)2, (B — o) € 17(0)
|V B(z)] < e %2 |B(x) — Boo| < e %2 |B(x) — foo| < e7 7072

for zo > x* with given constant (vectors) z*, 7y, Boo and [(u.
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Due to the effect of the curved boundary, we need the following assumption:

A.22 Assumption.
We assume that for the function Vo as defined in Lemma A.24 it holds

/FlFTV\IIQ - e9 doy = 0.
>

A sufficient condition for this assumption to hold is that the function ¢g defining the

boundary (cf. Section 2.2) is point-symmetric with respect to the point % on [0, L], see

below.

A.23 Proposition.

Let f,h be given functions with (14 x2)f € L2(1)?, (1+x2)h € L2(Q1), (14+22)| V| €

L*(Q1) and [ h dz = 0.

There exists a unique solution for the problem

—div(F Y (2)F () V®(2)) + F 1 (2)Vr(z) = f(z) in O
div(F~Y(z)®(z)) = h in
O(x)=0on %

b, 7w is L-periodic in x1

with V& € L*()*, 1 € L2 ()2, Vi € LA()? and 7 € L3 ().

Proof. We again use a decomposition approach and look for ¥, satisfying

—div(F Y (2)F 1 (2) V¥ (z)) = h(z) in
F 2)F T () V¥i(z)-ea=00n %

W, is L-periodic in zy

(A.9a
(A.9b
(A.9c
(A.9d

N~ .

(A.10a)
(A.10Db)
(A.10c)

Similar to Lemma A.33 we get the existence of a solution U3 € L% (€;) which is unique

up to a constant, with

VU, e L),
0%,
8.%‘833]'
0?0,
8$18$38$k

e L*(),

e L3(),

and by Lemma 5.3

1 1
U, —— [0, d L2().
1+x2<1 L/ 1 J’”>€ ()
)
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Now let Og(z) := —2o(F1F~TV ¥ - e1)(x1,+0)e*2 and define

Wy = Curl(6y).
Then Wy € H?(Q1)?%, div(F~1Ws) = 0 in 3 and ¥y is L-periodic in x7. Observe that

) e
*Teo(xl,xg)b@:o: (FYF TV U, -e1)(z1,+0)
€r2

and
9 0 1,42 $2—0 1 2 1 .

Therefore Curl(f) = F~'F~7 V¥ on ¥, and we obtain

Curl(6y) = FCurl(6p) = F- " VI¥;  on %

Next we are looking for W3 and 7 with

—div(F Y 2)F T(2) VU3(z)) + F 1 (2) Vr(z) = f(x)
+div(F~ Y z)h(z)) + div(F 1 (2) F 1 (2) V Uy(z)) in O
div(F~H(x)¥3(x)) = 0 in
Us(z) =0o0n X

W3 is L-periodic in x;
The weak formulation of the above problem in

W={peLi(h)| Voe L)' ¢=00n%,

loc

div(F~'¢) =0 in Q1,¢ is L-periodic in z7}
reads

/FTV\II;:,:FTVqua::/f-qux—/FTV\IIQ:FTVqux Vo e W
971

971 971

(here the term containing h vanishes due to [, div(F'h)¢ dz = [, F"'Vh-¢ dx =
1 1
le hdiv(F~'¢) dz = 0). Using Lemma 5.3, we obtain the existence of a solution W3

with 2= € L*()? and V W3 € L))"

A simple calculation using the transformed differential equalities shows that
O=FTVU +Ty+ T3

solves the Problem (A.9) in weak sense.
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We see that

Vo e L2 (0)4

e L*(Q)?,

1+ x9
0%

L)%
8.%8.7}3' < ( 1)

The pressure can be reintroduced in the usual way; by regularity results we obtain

7 € HL (). Taking the transformed divergence of Equation (A.9a), one obtains
div(F'FTV7)=div(F'FTVh) +div(F~Lf)

me Hi(Y)

7 is L-periodic in x

Thus by elliptic regularity theory

s

VreLl*(Q)* and € L*(Q). ¢

L2

A.24 Lemma.
Assume that (1 + 22)0 € L*(Qy). The problem

div(F'FTVw) =0 in M
FlFrTvyw- es =0 on X

w 1s L-periodic in xq

has a solution w € L2 ($1)/R such that Pw_ L2().

loc Ox;0x;

Proof. Define ¥ by
div(F P TV0,) =0 — 1(/@ dx) in
! L(1 + 22)2
951

FlFTYU,-eg=00nY%

W, is L-periodic in x

This corresponds to (A.10), thus we get a solution ¥y € L?(€;)/R with V ¥y € L?(Q1)2.
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Next we are looking for Uy with
1
iv(F ' Tvw —</ ) Q
div( V ¥s) T )7 O dz ) in
1951

Yo =0o0n X
Wy is L-periodic in x1
Since due to Lemma 5.3

/M(ﬁ/@dx)gﬁdx

1951

= CHL(I —li-l'z) (J@ d)

||V ¢||L2(Ql)2 )
L?(1)

we obtain the existence of a unique solution Wy with V ¥y € L?(2;)2.

Finally, we correct the behaviour at ¥ by considering W3 with

div(F'FTVW3) =0in Q
F'FTYUs . 9=—F 'FTVYUy: 5 0nY

W3 is L-periodic in x

By Assumption A.22; the compatibility condition for this nonhomogeneous Neumann

problem,
/F—IF—TV Uy - ey dog =0,
>

is fullfilled and we get V W3 € L?(Qy), and ¥3 is unique up to a constant. By setting
w = Wi + ¥y + VU3 we obtain the desired function. ¢

In the sequel we need the following spaces:

Wy={z¢€ L2(0)% | (1 + x2)z € L*(Q1)?, 2 is L-periodic in x1}
Wy ={z€L*(N) | (1+x2)z € L* (), (1 +22)| V2| € L*(),

z is L-periodic in xl}

A.25 Proposition.
Let f,h be as above and let w and ®, 7 be defined as in the preceeding lemmas. Assume
that Problem (A.8) has a solution (B, [3) with the mentioned properties.
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Then it holds

/(B—F—TVw)-fdx—w—@,h)Wé,Wg :/G1-¢ dx—/GQ:F_TVQ> dz
91 Q1 [

+/F_1(F_TV‘I)—7TI)€2-(f—F_TVw) do.
5

Proof. Consider limy,_, be[(B — FTVw)-f— (8- 0)h] dv where Q; = [0, L] x [0, b).

8th

Integration by parts, the equation of Lemma 2.7 and passing to the limit yield

/(B—FTVw)-fdx—(ﬁ—@,mWé,WS :/Gl-@dx—/GQ:FTWb dz
0 91 971

+ /Fl(FT VO —7l)es (€ — F T Vw) do,

b
L
+ lim FYFTVB-FTVYFTVw) - BI+06I)ey- (x1,b) dry
0
L
= Jim FYFTV®—7l)ey- (B—F TVuw)(xy,b) dx;.

0

B and V w stabilize exponentially to some constant vector (by assumption/by application
of Theorem A.10). Hence

(B—F TVw)(x1,b) — Bo € R for b — oo.

Thus

L
lim [ FYFTV®—nl)es- (B—F T Vw)(x,b) day

b—oo

0

L
= /F‘l(F‘TV¢ —ml)ey - By day.
0

We choose a free constant in 7 in such a way that this term vanishes. Next, we integrate
the equation div(F~1®) = h over ), to obtain

L
lim [ F7'®(zy,b)ey doy = blim div(F~'®) = /h =0.

b—o0 —00

0 Q Q
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Since (F~TV B — F~TV(F~TVw) — BI + ©I)(x1,b) stabilizes towards some constant

for b — oo, the first limit term is equal to zero as well. ¢

A .26 Definition.
We call (V,Q) € Wi x W4 a very weak solution of Problem (A.8) if for all f € Wy and
for all h € W35 the identity

/(V—FTVw)'fdx—@—@,h)Wé’WS :/G1~<I>dx—/G2:FTV<I> dz
Q Q Q1
—i—/Fl(FTV(I)—ﬂI)eQ (- FTVw) do, (A.11)

by

holds, where ®, ™ and w are defined as above.

A.27 Lemma.

With the above assumptions, there exist a unique very weak solution.

Proof. This lemma follows by application of Riesz’ representation theorem. The above

equation reads

/V-f dz — (Q, hywy w, = /F_I(F_TVCI)—WI)GQ (6 = F TV w) do, (A.12)

Qq %

+/G1-<I> dx—/ngF_TV<I> d:c+/F_TVw-fdx+(@,h>wé,W3,
951 951 Q1

where the right hand side is linear in f and h. Furthermore, we obtain the estimate (cf.

the proof of the following proposition)

‘/F_l(F_TV@ —ml)ez - (€~ F~TVw) dog| < C(I€ll 2 + 1181l 2(0,)) 1F 1l 20,2
P

as well as
/G1 - dz| + ‘/G2 P FEV @ da| < O(I[(L+22)Gill 20,2 + G2l 20y0) 1120,
Ql Ql
and
/Fva ' f dz| + ’<@7 h>W§,W3’ < C ”@||L2(Ql) (HfHL2(Ql)2 + ”h”L2(Ql))'
Q1

Therefore the right hand side of (A.12) is a continuous linear functional in Wo x W3. ¢
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A .28 Proposition.
Let (B, 3) be a solution of
—div(F~ Y (2)F~T(2)B(z)) — F~1(2) V B(z) = Gy + div(F ! (2)Gs) in
div(F~Y(2)B(z)) = ©(x) in
B(z) =¢&(x) on X
B, 8 are L-periodic in x1

where £ € L2(X)?,e1072|10| € L2(Qy), © L-periodic in x1 and %2 (|G| + |Ga|) € L*(Q1)

for some v > 0 as well as

€172V B € LA()*, €072(B — Boo)? € L*((h), €2 (5 — fs) € LA(S)
|V B()] < e70%2, |B(z) — Boo| < 7072, [B(x) — foo| < €72,

Then we have the following estimate:

H(l + $2)_IBHL2(QI)2 < C(H(l + x2)®”L2(Ql) + H(l + $2)G1”L2(91)2
1G22y + €2y

Proof. By the foregoing derivation we see that (B, 3) is a very weak solution. Choose
f=(1+x3)"2B and h = 0 as test functions in (A.11) to obtain

/(1 +29)?B- (B—F T'Vuw)de = /Fl(FT Vo —nley- (£ - FTVw) do,
Q1 %

+/G1-¢dx—/G2:FTV<I>dx.
(951 (951

We estimate the terms seperately: We have

‘/Gl-@diﬁ <’/(1+$2)G1'(1+1‘2)_1‘I’d1’
Q1 Q1
S C H(l + xg)Glan(Ql)z H(l + $2)72BH

S c H(]. + $2)G1||L2(Ql)2 H(l + xg)leH

<O+ xz)G1”L2(Ql)2 HVCI)HL2(91)4

L2(01)?

L?(21)?
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and

‘/G2 FTY o de
971

< C|Ge|l [V o

L2(29)* ‘ L2(Qp)*

< CGall 20, ||(1+22) ' B

L%(9)?

together with

<CI|FTVe-—nl|

HY (Q5)* ||§||L2(E)2

’/ FYFTVY®—nles- € doy,
P

< C H(l + 1'2)7lBHL2(Ql)2 ||£HL2(Z)2 ’

where )y, is a bounded domain containing 3, due to elliptic regularity theory. Finally

’/ FYFTVY®—nl)ey- F-TVwdo,

< O+ 22) 7B o, 0 [ F7F Vo

L%(92)
<C H(l + xQ)ilBHLQ(Ql)Z’ HGHLQ(QQ

as well as

/(1 +29) 2B - F T'Vwdz
Q1

<O+ w2)7lBHL2(Ql)2 181l 20, - ¢

We conclude this subsection by showing that for a point-symmetric function g describing
the interface ¥ the Assumption A.22 holds: Let g be defined as in Section 2.2 and assume

further that ¢ is point-symmetric with respect to % on [0, L], i.e.

g(x)=—g(L—2z) Vzelo, g]

A.29 Lemma.

Under the above assumptions, it holds

(FleiT)(.Tl, 1’2) = (FlefT)(L -1, 1?2)
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Proof. It holds for 1 € [0, %)

S = - ! —g'(L — 1)
(F'F )L — 2y, 20) = _—g/(L—xl) 1+g'(L—a:1)2]
— - 1 (g(L—fL‘l))/ ]
(g(L—z1)) 1+ ((9(L —21))')?
_ 1 —g'(z1) | 17 o
g (@) 14 g(an)? = (F7F ) (21, m2). ¢

Next, we show that the function Wy as appearing in the proof of Lemma A.24 is axially

symmetric with respect to the axis {zo = £}:

A.30 Lemma.
Define Uy by
div(F'F TV, = W/G dz in (A.13a)
951
Uyo=0o0nX% (A.13b)
Wy is L-periodic in xq (A.13c¢)

Then it holds almost surely
_ L
\Ifg(xl,xg) = \IIQ(L—.CCl,CCQ) m [O, 5] X Rzo.

Proof. First notice that the right hand side is independent of x; and thus trivially

symmetric with respect to {xs = %}

As shown above, there exists a unique solution of the problem (A.13) which will be
denoted by Wy. Now define

- ‘112(3:1,x2) for x € [0, %] X RZO

\112(1'1,1'2) = I .
Uy(L —x1,22) for x € (5,L] x Rxg

By definition, U5 solves (A.13) in [0, g] xR>¢ and Uy =0 on Y. Now for z € (é, LI xRsg
it holds

dive (F~H (2)F " (2) Vo Wa (@) = (=1)* diva(F () F 77 (2) Ve W2 (2)) om(D 21 22)

1
e O
Q1
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Thus ¥s is a solution of Problem (A.13) and by the uniqueness we get ¥y = Uy, which
yields the assertion. ¢

Finally, we are ready to prove the compatibility condition for Ws:

A.31 Lemma.
For Wy as defined above, it holds

/FlFTV\Ilg 69 doy =0
>

Proof. Observe that —V Wy(z1, 22) = V Wa(L — 21, 22) and thus by the above lemmas we

obtain

L
/(FlFT)(xl, 0) V\IIQ(.CCl, 0) -eg day
0
- /(F—lF—T)(L —21,0) VWs(L — 21,0) - €3 day

(F7YF~T)(x1,0) V Uy(z1,0) - eg day.

Il
o &
—

Now the assertion follows easily. ¢

A.3 Extension of the Pressure, Pressure Estimates

In this section we consider the following transformed Stokes problem: Find («, () such
that

— div(F~} (@) F~(2) V o%(2)) + F~1(2) V ¢*(2)
= ®5(z) + div(F ! (2)®5(x)) in QF (A.14a)
div(F~Y(z)a(z)) = ®§(x) in Q° (A.14Db)
a®(x) =0 on 9N°\0N (A.14c)
a, (¢ are L-periodic in z (A.14d)

with (1 + |z2|)®5 € L?(02°)?, ®5 € L2(Q°)* and ®§ € L?(9°). The main aim is to obtain

estimates on (¢ depending on o and the functions on the right hand side.
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Define the function space

H = {¢p € L} ()| Vpe L* (), ¢=0o0n 90\, ¢ is L-periodic in z1 }.
The weak formulation of the above problem reads

/F_T(m) Vo (z): F71(z) V é(z) do — /{E(:L“) div(F~ (z)é(z)) dz
Qe

(93

_ / 8 (2) - $(x) d — / 85(z) : F-T(2)V o(x) dz Vo € HE.

Qe Qe

Thus by using the Poincaré inequality in Q5 and Lemma 5.3 in 21 we obtain the estimate

/ CCdiv(F1¢) dz

(9

<C[IV 0z ggeys + 1+ 22) 05 2,

te H(I)iHL%Q;F + H®§HL2(QE)4 HV¢HL2(QE)4 : (A~15)

But in order to get useful estimates we have to find relations on a fixed domain. Therefore
we have to extend af and (°. For the extension of a® we simply set o = 0 on Q\QF°. The
pressure can be extended similar to Section 3.3 by using the restriction operator R¢ in
Q5, which yields

/5@ div(F~1¢) do = /CE div(F~'R?¢) dz.
Q Qe

Here (¢ denotes the extended pressure.

In the sequel, we need the spaces

Wi ={z€L*(Q) | (1+ |z2])z € L*(Q)}

Vs = {z € L*(Q) | Vze L*(Q)? z € L*(Q), z is L-periodic in xl}.

1+|$2‘

A.32 Proposition.
Let (o, (%) be given by (A.14). Let Ct be the extension of (¢ and choose a free constant
in C= such that [,,(1 4 22)"2C5 = 0. Then it holds

=

C & €
et R |y PR [CRREL e

L2(Q)

+ e[| 2 agyz + 193 12 0eys
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Proof. Let f € Wy and set

We have

since [7°(1 + [x2]) ™2 dz = [—(1+ |x2\)_1}80 = 1 as well as (1 + |z2|)h € L?(Q). The

following lemma shows that there exists a unique w € V3, solution of

div(F'FTVw)=hinQ
Vuwe L*(Q)?

w is L-periodic in 2
with w € H?(Q2). Thus ¢ := F~T Vw solves

div(F~1¢) = hin Q
¢ € L*(),V¢e L)

¢ is L-periodic in z

and we conclude that div(F 1) is surjective from H;#(Q) to Wi/R. Now

Q/fsfdaszﬂ/g“ghdx—i— /fdx /g€1+|x2| )72 da

= /&h dr = /G div(F~'R%¢) dz
Q Qe

which yields by equation (A.15)

‘!f%dx :ufffdx

< C[IV %l qeys + 11+ @2) %5 ]2, 2

e 1052 + 195 gy | 1V (REG) ey -

Due to

C

IVRE s < < (1920 + € 15 0lla0ys )< 101+ la2)hl s
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(see the next lemma, where F~T Vw = ¢), one obtains

M&f da

C
< 21V 0% 2 s + 13+ @285 0,

+e H(I)EHLZ(QE)2 + H(I) HL2($25)4] H(l + ’w2|)h||L2(Sl)2 ’

Therefore it holds for all (1 + |z3|)h € L*(Q2)?/R

1 hd
‘/<1+|=T2‘ + los)h da

C
< = |I0% agays + 10+ @285 0,

+ e[l 2 agyz + (193] 12y } 1L+ |2z2D Al 2 g2 »

which implies the result by duality. ¢

A.33 Lemma.
Let a function h be given with (1 + |z2])h € L*(Q) and [, h dz = 0. The problem

div(F'FTVw)=hinQ
FTvwe Q)

w s L-periodic in x1

has a unique solution w € V3 such that

< O+ |2])nll, 2

L*(Q)

L
/QUSCl, ) dzy = 0.
0

Proof. The weak formulation of the above problem reads

\% 2.2
|| w”L () + Z H axla:ﬁ] Q)

and

/FTVw'FTV¢ dx:/hgb dz V¢ € CP(Q) N Vs.
Q

We want to use the lemma of Lax-Milgram, thus we have to show that h € V4. Consider

'Q/hgbdx

—L/hw—;z/cbdam)dx

o3 fo)

< C HV¢HL2(Q)2 < ¢ ”QSHVQ,

<A+ |22))hl 2 (q)

L2(9)
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due to the assumption on h and Lemma 5.3. Therefore h € V3 and there exists a w € V3
(unique up to a constant) which satisfies the differential equation. We fix the constant in
w by stipulating the mean value over ¥ to be 0. The estimates now follow from standard

regularity theory for elliptic problems. ¢

A.4 Auxiliary Problems for the Divergence-Correction

In this section we consider the auxiliary problems associated with the correction of the

transformed divergence of U®. Define

Ki’bl(yc) _ F(w)(/ div, (F‘l(m)Df;(x) [wi,bl(%y) _ H(yQ)Ci,bl(:L‘)]> dy) €.

ZBL

A.34 Proposition.
The problem: Find 0° such that
divy (F~(2)0'(y)) = dive (F*l(x)pg(x) [w P (2, y) — H(yg)C’i’bl(Q:)]) in Z

6i(y) =0 on U {0Ys — (1)}
[67)s(y) = K" (x) on 5

0" is 1-periodic in y;
has at least one solution 8" € H'(Z)> N CX.(2).
Proof. We argue similarly to Lemma 3.16 and carry out the following ansatz:
0'(y) = F(x) Vyn(y) + F(z) Curl, &(y),
where for 7 it holds
Ayn(y) = div, (F*l(x)pg(x) [wiP (2, ) — H(yg)C’i’bl(w)]) in Z

Vyn(y)-v=0 on U2 {0Ys — ()}

[Vyn(y) - e2]s(y) = / div, (F~ () D§(x)[w"™ (2, y) — H(y2)C"!(2)]) dy  on S
ZBL

Mls(y) =0 on S

n is 1-periodic in y;
We investigate solvability in the space Wp /R, with

Wp={z€L}.(ZpL) | Vz€ L*(Zgpy), 2 is l-periodic in y; }.
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Define the linear functional

£6) = [ [diva(F @) Dja) 0" a9) — H)CH @) ot0) dy

ZBL
1
— [( [t @Dy ) — H )P @) dy)oon,0) din.
0 ZpL

Since £(1) = 0 the linear functional is well defined on Wp /R, and by the properties of
D? and wiP!(x,y) — H(y2)C*P!(x) it is continuous. An integration by parts shows that

the weak formulation of the above equation reads

[ Vun 9,0 d5= o)
ZBL

Thus we get a solution 7, unique up to a constant.

Next, we search for & satisfying

Curl(€) v =—5~ =0 on Ui, {9%s — ()}
Curl(§) - 7 = ;yi =-Vn-m  on UL, {0Ys - ()}

Application of the inverse trace Theorem 3.9 to each cell Y — (2) in Z~ and setting £ =0
in Z7 yields the existence of ¢ similar to the proof of Lemma 3.16. ¢

A.35 Remark.

We give some remarks:

1. Since the right hand side of the equation for n decays exponentially, we can apply
Theorem A.10 and obtain an exponential stabilization of n towards some constant and
a stabilization of V n towards 0. As the construction of £ is local, the decay carries
over to this auxiliary function as well, and we obtain an exponential stabilization of

0% to 0 in y for |yz| — oc.

2. Arguing as in the case of the functions ' (cf. Section 5.4.1), we can obtain an

exponential decay to 0 in x: Since

div, (F~(2) Dj () [0 (@, ) — H(y2) ()] )
= F~"(2) V. Dj(@) - [ (2,y) = H(y2)C"(w)]
+Dj(a) diva (F~ (@)[w"(z,y)  H(y2)C™ (@)])
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we can construct 6° by setting

0'=> (F(2)V, Dg(x))jéii + Di(2)0°,
J
where 0% satisfies

divy (F~! ()0 (y)) = [w}" (z,y) — H(y2)C;" ()] inZ
0 () = 0 on U {0Ys — (1)}
[élj]s(y) — F(gg)(/ w;.’bl(a:,y) - H(yz)C;’bl(x) dy) eg on S

ZBL

0% is 1-periodic in y;

and for 0" it holds

divy (F~ (2)f (1) = divy (F~(@)[w (2, 9) — H ()™ (2)]) in 7
0'(y) = on U2, {0Ys — (2)}
#]5(y) = F(x)( / dive (F~1 ()™ (2, y) — H(2)C™(z)]) dy)es
ZBL,
on S

6 is 1-periodic in y;
Due to the construction of D%, 6% decays exponentially to 0 for |za| — oo.

Therefore we obtain

A .36 Proposition.

The above problem has at least one solution 68° € V such that there exists a o > 0 with

evolvzlgi o HI(Z).
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A.5 Results for Counterflow-like Problems in the Free Fluid Domain

In this section we give the existence and uniqueness results for the counterflow problems

as well as a problem arising in the elimination of the forces in Section 5.3.1.

First consider the problem: Find (ug,m) € Ws x L2 (1) such that

loc
—div(F Y (2)F T (2) Vup(z)) + F T (2) Vmp(z) =1 in Yy
div(F7 Y (2)ug(z)) =0 in O
up(x) =0 on X
ug, o are L-periodic in xq

for a given volume force [ € C§°(2; U X). Here the space Wy is defined by

Ws={z€ Ly ()?| Vze L ()" div(F'2) =0 ae. in Q,z=00n %,

z is L-periodic in xl}.

We obtain the following weak formulation:

/FT(m) Vug(z): F~T(2)V ¢(x) do = /l(m) -p(x) de Vo € Wg (A.16)
1

A.37 Lemma.
There exists a unique solution (ug, ) € Ws x L2 _(21)/R of Problem (A.16).

loc

Proof. The continuity and coercivity of the bilinear form defined by the left hand side of
(A.16) follows as above. Define for ¢ € Wg

b(qﬁ)zg[z-qsdx.

We will show that b € W4, thus the lemma of Lax-Milgram yields the existence of a unique

ug. The reintroduction of the pressure then follows by employing the usual method.

Note that for ¢ € Wy it holds [ ¢ do = 0. Therefore by the second inequality of

Lemma 5.3

‘/l-qzbd:r

1951

L
| (ot e )
0 0

< HV¢HL2(QI)4 (1 + x2)lHL2(Ql)2
<C ”v¢“L2<91)4 )
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where we also used the fact that [ has compact support. Thus b € Wg, which finishes the
proof. ¢

A.38 Remark.
By regularity results we obtain ug € C2,(2 UX)? and mp € C2,(2 UY).

Finally, we consider the type of equation arising in the definition of the counterflow
problems: We are looking for (u,p) € W x L2 (€;)/R such that

loc

—div(F Y 2)F T(z) Vu(z) + F1(z)Vp(z) =0 in (A.17a)
div(F~ Y (z)u(z)) =0 inQ (A.17b)

u(z1,+0) =&(x1) on X (A.17¢)

u,p are L-periodic in z; (A.17d)

where ¢ € H2(X)2.
The space W has been defined in Section 5,

W= {ze€ L ()| Vze L* ()" div(F'2) =0 ae. in Q,

z is L-periodic in ml}.

By the usual inverse trace theorem for Sobolev spaces, there exists a n € H# (21)? with
compact support such that n = £ on X. Next, in analogy to the proof of Lemma 3.16
there exists a w € H%E(Ql)2 with compact support and w = 0 on ¥ such that

div(F~Y(z)w(x)) = div(F~(z)n(z)).

Now set v := u — 1 4+ w; then w solves

|
=7
=N
B
L
N
b
/j
o
<
=
2
_l_
b
/j
8
<
=
&

and the right hand side of the first equation is in (H& #(91)2)/ with compact support. The
arguments used in the proof of Lemma A.37 show that a solution (v,p) € Wg x L2 ()

loc

of the above problem exists. Thus we obtain:

A.39 Lemma.
There exists a unique solution (u,p) € W x L2 (Q1)/R of Problem (A.17).

loc
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B Function Spaces

This appendix contains a list of the non-standard function spaces from Section 5 and

Appendix A (in order of appearance).

Function Spaces defined in Section 5

W, ={z€ L} (Q°) | Vze L*()*, z € L*(Q5), div(F'z) =0 ae. in QF,
z =0 on 9Q5\09, zis L-periodic in 21 }
Vi={z€ L} ()| Vze L*()? zis L-periodic in z1 }
W= {z€Lj. ()| z€V, div(F'2) =0 ae. in O}
V= {¢ € C3% () | div(F~'y) =0}
Voer () ={z € L2 (9)? | Vze L2(Q9)*, 2=0on d0°\0R, z is L-periodic in z1}

loc

Function Spaces defined in Appendix A
V= {z € L2 (Zp)? | Vz e LXZ)*, » e L2(Z27)?,

z=0o0n H{aYS - (2) }, zis l-periodic in xl}

> 0
Vaiv = {z €L (Zpr)’ | Vze L*(ZgL)!, 2 € L*(Z7)* 2=0on U{ays - <k>}’
k=1

div, (F~!(z)z(y)) = 0, z is 1-periodic in xl}
W is the completion of Vaiy with respect to the norm ||z, = [V 2|2, ,
W = {z € HY(Z})? | z =0 for yo = +l and on LZJ{@YS - (2)},

k=1

z is 1-periodic in yl}
Vi = {z € HY(Z)? | =0 on 0Z;\(({0} U {1}) x [k, k +1]), z is 1-periodic in yl}
W ={¢eLi.(n)?| VéeL* ()" ¢=00n%,

div(F~1¢) = 0in Oy, ¢ is L-periodic in :Ul}
Wo={z€ L*()? | (1 +x2)z € L*()?, zis L-periodic in z; }
Wy ={z€L*(M) | (L+22)z € L*(Q), (1 + 22)| V 2| € L*(Q1), 2 is L-periodic in z1 }
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loc

Wi ={z€L*(Q) | (1+|z2])z € L*(Q)}

H®={¢¢€ L3 (QF) | Ve L2QF), ¢ =0on dN\IN, ¢is L-periodic in z1}

Vs = {z € L*(Q) | Vze L*(Q)? z € L*(Q), z is L-periodic in xl}

1+ |z2
Wp={z¢ L% (Zgr) | Vz € L*(Zpy), # is 1-periodic in Y1 }
Ws = {z€ L{ ()% | Vze L*()*, div(F'2) =0ae. inQ, 2=0o0n%,

loc

z is L-periodic in xl}
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