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Abstract

We characterise fractal sets arising from conformal iterated function systems (cIFS) and conformal
graph directed Markov systems (cGDMS) for which the Minkowski content and the fractal curvature
measures, as introduced in [Win08], exist. With this, we generalise studies that have been carried
out for invariant sets of iterated function systems consisting of similarities.

For self-conformal subsets of the d-dimensional Euclidean space we show, under certain geometric
conditions, that the local average Minkowski content always exists and provide an explicit formula.
If the system is non-lattice, we prove that also the local Minkowski content exists and coincides with
its average version. From this general result we deduce new results for the subclass of self-similar
sets, which significantly generalise the statements from [DKz 110, LPW11]. For self-similar sets we
additionally show that the fractal curvature measures exist in the non-lattice situation and that an
average version exists for both lattice and non-lattice systems. With this, we provide a substantially
different proof to those presented in [Win08, WZ10, Zah11] and gain alternative useful formulae for
the fractal curvature measures. Another important subclass of self-conformal sets is the class of
conformal C***-diffeomorphic images of self-similar sets, where a € (0, 1]. We show that the local
Minkowski content of such an image exists, whenever the local Minkowski content of the considered
self-similar set exists. This new result also yields nice relationships between the local Minkowski

contents of the self-similar set and its image.

In contrast to the fact that the Minkowski content of a non-degenerate self-similar subset of R exists
if and only if the system is non-lattice [LP93, Fal95, LvF06], we prove that there exist invariant
sets of lattice cIFS for which the Minkowski content does exist. This surprising result is illustrated
with examples and disproves Conjecture 4 of [Lap93] for self-conformal sets. We additionally show
that even amongst the subclass of C'T®-diffeomorphic images of self-similar sets, there exist lattice
sets for which the Minkowski content exists. However, we prove that the fractal curvature measures
of such non-degenerate sets in R exist if and only if the underlying system is non-lattice. The
importance of this subclass is emphasised by the result that a lattice cIFS in R, which consists
of analytic maps, is automatically conjugate to a lattice system consisting of similarities. From
this, we infer that the fractal curvature measures of a non-degenerate invariant set of a cIFS in R

consisting of analytic maps exist if and only if the system is non-lattice.

The above-mentioned results for systems, whose invariant set is a subset of R, are shown to be valid
for the more general class of limit sets of cGDMS. Specifically, we show that the Minkowski content
of a non-degenerate limit set of a cGDMS consisting of similarities exists if and only if the system
is non-lattice, providing an important generalisation of the respective result for self-similar subsets
of R. Further, we obtain that limit sets of non-lattice cGDMS are Minkowski measurable and by
this verify Conjecture 4 of [Lap93] for limit sets of Fuchsian groups of Schottky type, since they are
always non-lattice (see for instance [Lal89)]).
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1 Introduction

A central theme in fractal geometry is to characterise the geometric structure of fractal
objects. In this context, various different notions of dimension play a crucial role. However,
sets of the same ‘fractal’” dimension, such as Minkowski or Hausdorff dimension, can differ
significantly in their structure. Here, the Minkowski content and fractal curvature measures
come into play to provide information on the texture of a set, beyond its dimension. Besides
this geometric motivation, the intention behind introducing fractal curvature measures
in [Win08] was to develop an alternative notion of curvature, since the classical notions
do not seem to be appropriate for fractal sets. With this, the quest in geometric measure

theory of extending the concept of curvature measures as far as possible is addressed.

In this thesis, we consider both of the above aspects by investigating the Minkowski content
and fractal curvature measures of invariant sets arising from conformal iterated function
systems, which we call self-conformal sets, and limit sets of conformal graph directed
Markov systems. Through these investigations, we generalise studies which have been
carried out for self-similar sets. This is of interest since fractal sets arising in geometry, for
instance limit sets of Fuchsian groups, or in number theory, for instance sets defined by
Diophantine inequalities, are not typically self-similar but are rather self-conformal. We see
that the existence of the Minkowski content and the fractal curvature measures is dependant
upon the underlying conformal system being lattice or non-lattice in the sense of [Lal89].
We discover that in this dependence lies a major difference between general self-conformal
sets and the subclass of self-similar sets: Whereas the Minkowski content of a self-similar
subset of R with zero Lebesgue measure, which satisfies the open set condition (OSC),
exists if and only if the underlying system is non-lattice [LP93, Fal95, LvF06], we prove
that the Minkowski content of a general self-conformal set exists in the non-lattice case
and show that in the lattice situation both existence and non-existence of the Minkowski
content is possible. In this introduction we present an outline of the original results, but
beforehand, we give a more detailed description of the relevance of the Minkowski content

and of studies which have already been carried out concerning its existence and evaluation.

After [Man95], it is well known that a Cantor dust on [0, 1] may achieve any given Hausdorff
dimension within (0, 1) in many different ways and that the results need not look alike. As
an example, consider the following two Cantor sets: To begin the construction of both,
subdivide the unit interval [0, 1] into seven intervals of same lengths. For the first Cantor

set C keep the first, third, fifth and seventh interval from the left and repeat the same
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procedure with the remaining intervals. For the second Cantor set C keep at each step the
two leftmost and the two rightmost intervals. Then the Minkowski as well as the Hausdorff
dimension of C and C5 are equal, although the two sets differ significantly in their gap
structure. The Minkowski content is capable of detecting this structural difference, as is
discussed in [Man82, Man95|, and was proposed therein as a measure of lacunarity for
fractal sets. The word lacunarity originates from the latin word lacuna which means gap.
According to [Man82], “a fractal is to be called lacunar if its gaps tend to be large, in the
sense that they include large intervals (discs, or balls).” Thus, C5 is more lacunar than
C1. This is also reflected by the fact that the average Minkowski content of (' is greater
than that of Cy (see Example 2.47). In this way, the Minkowski content can be viewed as
a beneficial complement to the notion of dimension. Besides the geometric interpretation,
results on the existence of the Minkowski content play an important role with respect
to the Weyl-Berry conjecture concerning the asymptotic distribution of the eigenvalues
of the Laplacian on sets with fractal boundaries. More precisely, the asymptotic second
term is expressed in terms of the Minkowski dimension and the Minkowski content of the
boundary of the set, whenever these quantities exist (see [Fal95, Section 4],[Lap91, LV96]
and references therein). Another motivation for studying the Minkowski content of fractal
sets arises from non-commutative geometry: In Connes’ seminal book [Con94] the notion
of a non-commutative fractal geometry is developed. There, it is shown that the natural
analogue of the volume of a compact smooth Riemannian spin® manifold for a fractal
set in R is that of the Minkowski content. This idea is also reflected in the articles
[GI03, Sam10, FS11].

There are various references available concerning the existence of the Minkowski content for
self-similar sets and subsets of R. A complete characterisation of Minkowski measurability
of fractal strings has been obtained in [LP93, Fal95, LvF06]. In higher dimensional ambient
spaces, using renewal theory, Gatzouras [Gat00] obtains Minkowski measurability of non-
lattice self-similar sets satisfying the OSC. Further, Gatzouras shows that the average
Minkowski content, which is defined via a logarithmic Cesaro average, exists for any
self-similar set satisfying the OSC. By means of geometric zeta functions and their analytic
properties alternative proofs and formulae to [Gat00] are provided in [DKz"10, LPW11]
under certain conditions on the geometric structure of the underlying set. Moreover, under
these assumptions, it is shown that the Minkowski content does not exist in the lattice

situation.

In the following, we present generalisations of the above-mentioned results for the much
more general class of non-empty compact sets which arise through conformal systems. At
first, we focus on self-conformal sets, which are the invariant sets of conformal iterated

function systems satisfying the OSC. Such iterated function systems are abbreviated by



cIFS and are introduced in [MU96, MUO3]. A central role in our investigations is played
by the bounded connected components of the complement of the self-conformal set, which
we call gaps. For their rigorous definition, we fix a cIFS ® = {¢1,...,on}, N > 2, with
associated self-conformal set F' C R?, which satisfies the OSC with a connected open set
O C R? satisfying F' € O and 90 C F. Here O and JO respectively denote the closure
and the boundary of O. Since we are particularly interested in sets of a fractal nature, we
focus on systems satisfying A\y(O \ ®O) > 0, where )y denotes the d-dimensional Lebesgue
measure. In this case, the set O \ ®O is assumed to possess a finite number of connected
components, which we denote by G, ..., G?, for some Q € N, and call them the primary
gaps of F. The primary gaps have a special geometric meaning, namely, letting G, denote
the image of G under the map ¢, := ¢, 0---0¢y,, forw =wi---wy, € {1,...,N}™ = ¥™
m € N, and setting % := {@} U|J>°_, ™ and GL := G for i € {1,...,Q}, the union
FUJ,es- UzQ:1 G?, provides a disjoint decomposition of O. Our arguments suggest that it
is natural to impose mild regularity conditions on the boundaries of O and G',...,GY,
namely that the upper Minkowski dimension of JO is strictly less than the Minkowski
dimension § of F and that a slightly weaker condition is satisfied for G?, ..., dG%. Note
that the Minkowski dimension is proven to exist in [Bed88] for the sets we consider. With
this background, we present a selection of our main results. Before stating the first one, we
define F. := {z € R? | inf ep|r — y| < e} for e > 0, where |z — y| denotes the Euclidean

distance between z,y € RY.

Theorem (Theorem 2.29, Remark 2.30). The average Minkowski content of F', which is
defined to be M(F) := lim._,o|lng|~! f; TO= 4= \g(F,)dT, always exists and is equal to the

well-defined positive and finite limit

Q
) _ - i
o <n%gr(1>o > /ooe To=d)y jAd(Fe_mGw)dT>,

wexm Y i=1

where the constant H is a measure theoretical entropy. Furthermore, in the non-lattice
case, the Minkowski content M(F) 1= lim._,0 €9~ %\g(F.) of F also exists and coincides
with M(F).

In the special case of F' being a self-similar set the above formula simplifies to

g >~ T(6—d < i
= /_ 10D S N(Fyr 1 G,
o0 =1
The preceding result emphasises the strong dependence of the Minkowski content on the
structure of the gaps. However, often not only the global structure of a set is of interest,

but also its local structure, since it contains more information on the texture of the set.
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Therefore, we also consider a localised version of the Minkowski content. We discover that
this localised version of the Minkowski content is a constant multiple of the J-conformal

measure v associated with the cIFS ®.

Theorem (Theorem 2.29). The local average Minkowski content of F, which is defined
to be the weak limit M(F,-) := w-lim,_,o|lne|~} f; TO~4=I\4(F, N )T, exists and is
equal to M(F) -v(-). Further, in the non-lattice situation, the local Minkowski content
M(F,-) := w-lim. 09~ 9N\g(F. N -) also exists and is equal to M(F) - v(-).

The formula for the (average) Minkowski content in the first theorem is in the spirit of
[DKz 10, LPW11], where self-similar sets are considered. Our assumptions are significantly
weaker. In particular, we do not require the condition of monophase main gaps and allow
the boundaries of G1, ..., G? to be fractal. In this way, our results permit the study of a
bigger variety of fractal sets, even in the self-similar setting. Our method of proof is based

on analytic properties of the Perron-Frobenius operator, which are motivated by [Lal89].

An important subclass of self-conformal sets is formed by the class of conformal C!*e-
diffeomorphic images of self-similar sets, where o € (0, 1]. In Theorem 2.41 we provide a
neat relationship between the local Minkowski contents of a self-similar set X C R% and its
image g(K). The statement is that M (9(K),-) is absolutely continuous with respect to
the push-forward measure g*ﬂ (K,-) and their Radon-Nikodym derivative is given by

dM(g(K),")

S — |g/og71|dimM(K)
d (9. MK, "))

)

where dimj/(K) denotes the Minkowski dimension of K. This yields the following nice

relation between the respective Minkowski contents.
Mg(K) = M(K) - [ 19500y

where p denotes the dimjs (K )-conformal measure associated with K (see Theorem 2.42).
The class of diffeomorphic images of self-similar sets turns out to be important. We already
alluded to the crucial difference between self-similar and general self-conformal subsets of
R, which is that self-similar subsets of R with zero Lebesgue measure satisfying the OSC
are Minkowski measurable if and only if the underlying system is non-lattice, whereas we
show that there exist self-conformal sets of zero Lebesgue measure arising from lattice
cIFS which are Minkowski measurable. We provide a general condition under which the
Minkowski content of a lattice self-conformal subset of R is proven to exist. This condition
simplifies in the case that the self-conformal set can be obtained as a C'*%-diffeomorphic

image of a self-similar set, yielding that even amongst this class there exist Minkowski



measurable sets arising from lattice systems. As a consequence, we gain the following for
the Middle Third Cantor set, which is a self-similar set that is well known to be lattice.

Theorem (Example 2.45). Let C C R denote the Middle Third Cantor set. Then, there
exists a CYT-diffeomorphism g such that g(C) is Minkowski measurable, whereas C is not

Minkowski measurable.

Note that this result together with Corollary 2.3 of [LP93] shows that there exist fractal
strings having invariant sets of lattice cIF'S with zero Lebesgue measure for boundary, for
which the asymptotic second term of the eigenvalue counting function of the Laplacian
is monotonic. In Conjecture 4 of [Lap93] it was conjectured that for ‘approximately’
self-similar sets monotonic behaviour of the asymptotic second term occurs if and only if
the system is non-lattice. Conformal maps locally behave like similarities and thus the
above theorem disproves the conjecture for self-conformal sets. Lattice cIF'S which arise via
conjugation of cIFS consisting of similarities play an important role in the general theory

of lattice cIF'S, which is stated in our next theorem.

Theorem (Theorem 2.46). Suppose that d = 1 and assume that ® consists of analytic
maps and is lattice. Then there exists a self-similar set K C R and a map g which is

analytic on an open neighbourhood of K, such that F = g(K).

An important generalisation of cIFS is given by conformal graph directed Markov systems
(cGDMS). Such systems are presented in [MUO03]. They allow us to study for example
cIFS, cIFS with a transition rule, cIFS, where the open set O is not necessarily connected,
Markov interval maps and Fuchsian groups of Schottky type, to name a few. Thus, all the
results that we present for limit sets of cGDMS are automatically valid for self-conformal

sets. In the special case that the cGDMS consists of similarities, we write sGDMS.

Theorem (Theorem 5.16). Limit sets of sGDMS in R which have zero Lebesgue measure
are Minkowski measurable if and only if the sGDMS is non-lattice.

The preceding theorem provides a considerable generalisation of the respective dichotomy
for self-similar sets given in [LP93, Fal95, LvF06]. We have already seen, that this di-
chotomy fails to hold for general self-conformal subsets of R. We additionally show that
there exist limit sets of lattice cGDMS, which are Minkowski measurable and are not
self-conformal sets. We show that limit sets of non-lattice cGDMS on the other hand
are always Minkowski measurable. This together with Corollary 2.3 of [LP93] verifies
Conjecture 4 of [Lap93] for limit sets of Fuchsian groups of Schottky type, since such
systems are non-lattice as is stated in [Lal89]. Further results concerning the Minkowski

measurability of limit sets of general cGDMS (consisting of conformal maps) are presented
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in the more general framework of fractal curvature measures.

Notions of curvature are an important tool to describe the geometric structure of sets and
have been introduced and intensively studied for broad classes of sets. Originally, the idea
to characterise sets in terms of their curvature stems from the study of smooth manifolds
as well as from the theory of convex bodies with sufficiently smooth boundaries. In his
fundamental paper Curvature Measures [Fed59], Federer localises, extends and unifies the
previously existing notions of curvature to sets of positive reach. This is where he introduces
curvature measures, which can be viewed as a measure theoretical substitute for the notion
of curvature for sets without a differentiable structure. Federer’s curvature measures have
been studied and generalised in various ways. An extension to finite unions of convex bodies
is given in [Gro78] and [Sch80] and to finite unions of sets with positive reach in [Z&h84].
In [Win08], Winter extends the curvature measures to fractal sets in R?, which typically
cannot be expressed as finite unions of sets with positive reach. These measures are referred
to as fractal curvature measures and are defined to be weak limits of rescaled versions of the
curvature measures introduced by Federer, Groemer and Schneider. Winter also examines
conditions for their existence in the self-similar case. These considerations are generalised
in [WZ10, Z&h11]. There, for a compact set F' C R? it is assumed that the closure of the
complement W of F_ is a set of positive reach for Lebesgue-almost all € > 0. Note that
this condition is automatically satisfied if the ambient space is of dimension < 3, see [Fu85],
and that the condition is not needed if k € {d — 1,d} for arbitrary d € N. Under this
assumption, Federer’s curvature measures of W are determined for Lebesgue-almost
every € > 0 and are denoted by Co(R%\ F.,-),...,Cy(R%\ F.,-). This gives rise to the

definition

Cu(F.,-) == (=) FC(RI\ F,-)

for k € {0,...,d—1} and Cy(F%,-) := Ag(F-N-). Note that these definitions are consistent
in that the terms on the left and right hand sides coincide if F, and W are both of
positive reach. For an intuitive understanding, we remark that Cy_q(F%,-) coincides with
half the surface measure on the boundary OF; of F_, that is, with A\y_1(9F¢,-)/2. From the
above introduced quantities, the fractal curvature measures arise as the essential weak limits
e (F)C(FL, ") as e tends to zero, where s;,(F) is an appropriate scaling exponent. Rescaling
is necessary, because the term Cy(F.,R?) typically tends to zero as e tends to zero for a
fractal set F', whereas Cy_1(F-,R?) tends to infinity. Note that the limit esd(F)Cd(Fg, )
coincides with the local Minkowski content in case of convergence, if s4(F') = § — d. The
central question arising in this context is to identify those sets for which these weak limits
exist. In [Win08, WZ10, Z&h11] it has been shown that the fractal curvature measures exist

for self-similar sets with positive Lebesgue measure as well as for self-similar sets which are



non-lattice and satisfy the open set condition. We provide a substantially different proof of
these existence results under our geometric conditions, where the mild regularity conditions
on the boundaries of O and G',... G are substituted by mild regularity conditions

involving the curvature measures. Our result is as follows.

Theorem (Theorem 2.37). Suppose that ® consists of similarities. Then the weak limit
w-lim._,o[lneg| 7} fel To=*=1Cy(F,.,-)dT ewists for k € {0,...,d} and is equal to the finite

signed Borel measure

Q
5 [ s ;
H/_ooe TORN " Crp(Fypmr, GHAT - v(), (1.1)

i=1
where H is a measure theoretical entropy. In the non-lattice situation the essential weak limait

ess-w-lim,_,0 €9 "FCy(F., ") also exists and coincides with the measure from Equation (1.1).

Equation (1.1) provides a significantly different and useful formula to those presented in
[Win08, WZ10, Zah11]. We strengthen the above result when d = 1. Note that if the
ambient space is of dimension one, then Cy(F;,-) = A\g(OF-N-)/2 and C1(F¢,-) = A (F:N-).

Theorem (Theorem 2.31). Assume that d =1 so that F C R. Then for k € {0,1} the
weak limit 5’,{(15’, W) 1= w-lime_o[lne|~* f; TO1=kCy(F,,-)dT exists and satisfies

5f(F.)_2_5C. ) d éf(p.)_Léc. )
o (Fy ) = v an 1’_(1—5)HV7

H
where the constant ¢ is given by the well-defined positive and finite limit

Q
ci= n}gnoo Z Z:|GZ’0]‘S

weXm =1

Here |G?)| denotes the length of the interval G, and H is a measure theoretical entropy. In
the non-lattice case, additionally the following limits exist C,f(F, Y = limg 0 FCL(FL, )
and satisfy C,{(F, = 5,{(F, -). Furthermore, if ® consists of analytic maps and is lattice,
then C’,{(F, -) does not exist.

We provide an analogous statement to the above theorem for limit sets of cGDMS, for which
the formula is more involved (see Theorem 5.13). For the subclass of C1T*-diffeomorphic
images of limit sets of sSGDMS we obtain nice relationships between the fractal curvature
measures of the image and the original set. Letting K denote the limit set of a lattice
sGDMS and letting g be a C'*-diffeomorphism, we show that 5,{ (9(K),-) is absolutely
continuous with respect to the push-forward measure g*é’,{ (K,-) and their Radon-Nikodym
derivative is given by N
dC{(9(K). )

~ — ’g/ nglydim]w(K)‘
d (g*C,{(K,))
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In the non-lattice situation, we prove that C,{ (9(K), ) exists and coincides with 5,{ (9(K),-).
In the lattice case, C,{ (9(K),-) does not exist. This is a particularly interesting observation,
since the Minkowski content of a C'*-diffeomorphic image of a limit set of a lattice sGDMS

can exist and since C’{ (9(K),R), by definition, coincides with the Minkowski content of
9(K).

The thesis is organised in the following way:.

In Chapter 2 we rigorously define the central notions such as the Minkowski content, the
fractal curvature measures, conformal iterated function systems and self-conformal sets.
We also provide a detailed description of the geometric conditions that we impose on
the self-conformal sets. Furthermore, we provide the complete exposition of the original
results concerning self-conformal sets. That is, we precisely state the results presented
above and provide some further related statements. Our results are illustrated by some
examples at the end of Chapter 2. In Chapter 3 we provide background material on the
Perron-Frobenius theory and on volume functions of parallel sets. This background is
central for proving our results in Chapter 4. In the first section of Chapter 4 we prove
strong auxiliary key results, which enable us to unify the proofs of all the theorems from
Chapter 2. The following sections of Chapter 4 contain the proofs. In Chapter 5, we define
limit sets of conformal graph directed Markov systems, whose importance we illustrate by
a collection of examples. Further, we provide an exposition of our results concerning such
limit sets. Finally, a short appendix is attached, which gives supplementary material on

measure theory.

To assist the reader, we provide an index, which contains all the relevant notions and

nomenclature.

* Kk ok ok ok ok ok Kk
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2 Central Notions and Main Results

The aim of this chapter is to present original results concerning the Minkowski content

and the fractal curvature measures of invariant sets of conformal iterated function systems.

We start by setting up the necessary definitions in Sections 2.1 to 2.3. More precisely, in
Section 2.1 we introduce the (local) Minkowski content and the fractal curvature measures.
In Section 2.2 we define conformal iterated function systems and associated important
terminology. Section 2.3 is devoted to geometric conditions that we impose on the self-
conformal sets and their geometric meaning. In Section 2.4, we exhibit our main results
concerning the (local) Minkowski content and the fractal curvature measures for conformal
iterated function systems and by this link Sections 2.1 to 2.3 together. Finally, in Section 2.5

our results are illustrated by a collection of examples.

2.1 (Local) Minkowski Content and Fractal Curvature Mea-

sures

In this section we provide the definitions and constructions of the (local) Minkowski content

and the fractal curvature measures. We start by fixing the following notation.

Let R denote the set of real numbers, set R := {z € R |z > 0} and R := {z € R | z > 0}.
We denote by N the set of natural numbers not containing zero and set Ng := NU {0}. For
a compact subset Y of the d-dimensional Euclidean space (R%,| - ), where d € N, and for
€ > 0 we define
Y. = RY | inf |z —y| <
ci={w eRY| inf o —y| <}

to be the e-parallel neighbourhood of Y and
Yo, := {xeRd];gf/\x—y\ <ce}

to be the open e-parallel neighbourhood of Y. Further, we let \; denote the d-dimensional

Lebesgue measure on R%.

A key concept in fractal geometry is provided by several different notions of dimension, such
as the Hausdorff, packing and Minkowski dimensions, to name but a few. They characterise
the scaling behaviour of the considered set and in a certain sense classify fractals as objects
‘between’ the Euclidean spaces (see [Man95]). The notion of dimension plays a vital role

also in this thesis. Of particular interest for our purposes is the Minkowski dimension. The

9
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Minkowski dimension coincides with the box-counting dimension (see Claim 3.1 in [Fal03])

and is defined as follows.

Definition 2.1 (Minkowski dimension). For a non-empty compact set Y C R the upper
and lower Minkowski dimensions are respectively defined to be
—_— In \g(Y- In \g(Y-
dimy (V) = dfliminfndi(g) and dim,,(Y) := dflimsupndi(s).
e\0 Ine e\0 Ine

In case that the upper and lower Minkowski dimensions coincide, we call the common value
the Minkowski dimension of Y and denote it by dimp/(Y).

Definition 2.2 ((Average) Minkowski content, Minkowski measurable). Let Y C R?
denote a set for which the Minkowski dimension dimy,(Y') exists. The upper Minkowski
content M(Y') and the lower Minkowski content M(Y) of Y are defined by

M(Y) := limsup emm()=d) () and M(Y) := liminf ¢8mm () =d) (v,

eNO0 e\0

If the upper and lower Minkowski contents coincide, we denote the common value by M(Y)
and refer to it as the Minkowski content of Y. When the Minkowski content exists, is
positive and finite, then we say that Y is Minkowski measurable. The average Minkowski
content of Y is defined to be

—_— 1 .
M(Y) ;:E{%ylndl/ pdma(Y)=d=1) (v, )dT,

13

provided that the limit exists.

Remark 2.3. The average Minkowski content is a logarithmic Cesaro average. If the
Minkowski content of Y exists, then the average Minkowski content of Y also exists and

M(Y) = M(Y).

Observe that, by definition, whenever it exists, the Minkowski content gives the asymptotic
scaling factor between gdimp (Y)=d 4pd Ad(Yz). Thus, it detects the rate at which the
d-dimensional volume of Y, shrinks as € tends to zero and can be viewed as a beneficial
complement to the notion of dimension. More precisely, two sets with the same Minkowski
dimension which exhibit different shrinking rates can be distinguished by the value of their
Minkowski contents. Examples of fractals with the same Minkowski dimension but different
Minkowski contents are the two Cantor sets Cy and C5 from the introduction, which we
return to at the beginning of Section 2.5. For further insight into this matter, we refer the
reader to [Man82, Man95].

Moreover, the Minkowski content can be viewed as an analogue of the notion of length, area

or volume (depending on the dimension) for fractional dimensional sets. This is motivated
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in [Fal97, p.45] in the following way: “In R?, if Y is a single point then Y is a ball with
A3(Yz) = %7r€3, if Y is a segment of length [ then Y, is ‘sausage-like’ with \3(Y.) ~ mle?,
and if Y is a flat set of area a then Y. is essentially a thickening of Y with A3(Y:) ~ 2ae. In

3=0 where the integer 0 is the dimension of Y, so that the exponent

each case, A3(Yz) ~ ce
of ¢ is indicative of the dimension. The coefficient ¢ of €379, known as the Minkowski
content of Y, is a measure of the length, area or volume of the set as appropriate.” Here,

the meaning of f(g) ~ g(e) for two functions f,g: RT — R* is that lim._, f(¢)/g(e) = 1.

Often, not only the global structure of a set is of interest, but also its local structure,
since it contains more information on the ‘texture’ of the set itself. This information is
reflected by the local (average) Minkowski content, which gives a refinement of the (average)
Minkowski content. For its definition we use terminology from measure theory for which

we refer the reader to the appendix.

Definition 2.4 (Local (average) Minkowski content). Let Y C R? denote a non-empty
compact set whose Minkowski dimension dim/(Y") exists. The local Minkowski content
M(Y,-) of Y is defined to be the finite Borel measure

MUY ) = wlime Tt (ve ),

whenever this weak limit exists. The local average Minkowski content of Y is defined to be

the finite Borel measure M (Y, ) which arises as the weak limit

—~— 1 .
M(Y,") = W—lim|ln5|_1/ pdimu (V)=d=1) (y .)dT,
e\0 c

whenever this weak limit exists. Moreover, for a Borel set B € B(R%) we define

M(Y,B) :=limsuped™)=d)\ (Y, " B)  and
e\0
M(Y,B) := lim inf gdimmn(V)=d) (v, N B),

where B(R%) denotes the Borel o-algebra on R?.

The local Minkowski content appears as one of the fractal curvature measures, which are
defined by Winter in [Win08]. These measures provide a set of geometric characteristics for
fractal sets and were introduced for extending the notion of curvature to the fractal setting.
The definition of Winter’s fractal curvature measures is based on the curvature measures
which were introduced by Federer in [Fed59]. Federer’s curvature measures localise, extend
and unify the previously existing notions of curvature in differential and convex geometry.

Before presenting Federer’s curvature measures, we fix the following notation.
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X Y

Figure 2.1: The set X is not of positive reach, since every point on the drawn line segments
has two closest neighbours in X. The set Y is of positive finite reach. Its reach is equal to

the radius r of the complementary circle.

The reach of a compact set Y C R is defined to be
reach(Y) :=sup{e >0 |VaeeY. IyeY: |z —y|l=¢},

where, following convention, sup(@) := —oco. A compact set Y C R? is said to be of positive
reach if reach(Y’) > 0. For a set Y of positive reach the metric projection pry onto Y is
defined to be the map

PTy: Y<reach(Y) —-Y

which maps a point in Y eaen(y) to its unique closest neighbour in Y. Examples for sets of
positive reach are non-empty, compact and convex sets. Note that these sets are even of
infinite reach. An example for a set which is not of positive reach and an example for a set
which is of positive finite reach are given in Figure 2.1. For sets of positive reach, the local
Steiner formula shows that the volume of the e-parallel neighbourhood can be expressed as
a polynomial in . Federer’s curvature measures arise as the coefficients of this polynomial

expansion.

Theorem 2.5 (Local Steiner formula, [Fed59]). Let Y C R? be a compact set of positive
reach. Then there exist uniquely defined signed Borel measures Co(Y,),...,Cyq(Y,") such
that for every B € B(RY) and every e € [0,reach(Y)) we have

d

Ma(Yznpry'(B)) = e Fiy 1 Ci(Y, B),
k=0

where ki denotes the k-dimensional volume of the k-dimensional unit ball.

Definition 2.6 (Curvature measure, total curvature). For a compact set Y C R? of
positive reach and k € {0,...,d} the k-th curvature measure of Y is defined to be the
measure Cg(Y,-) from Theorem 2.5. The k-th total curvature of Y is defined to be the
value Ci(Y) 1= Cr(Y,R%).
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The total curvatures are also known as intrinsic volumes, Minkowski functionals or Quer-
massintegrale. These are well-studied objects in classical convex geometry. Federer’s
curvature measures refine these notions for non-empty, compact, convex sets and can be
viewed as a measure theoretical substitute of the notion of curvature for sets without
a differentiable structure. Indeed, if the boundary of the convex set Y C R? is twice
continuously differentiable, then the curvature measures Co(Y,-),...,Cy_1(Y,) can be

gained by integrating the elementary symmetric functions of principle curvature. That is

(Y, B) = c(d. k) - / S
oY NB

for k € {0,...,d — 1}, where ¢(d, k) is a constant which only depends on d and k, H4!
denotes the (d — 1)-dimensional Hausdorff measure and oy, is the k-th elementary symmetric

function of principal curvature given by

og:=1 and o} := Z Kiy *ene Kip, fOFkE{l,...,d—l}.

1<) <..<ip<d—1

Here, k1,...,Kkq—1 denote the principal curvatures of Y. This connection is proven in

[Sch93, p.206] and justifies why Federer’s measures are called curvature measures.

Some useful properties and geometric characterisations of the curvature measures are stated
in the following proposition and can, for instance, be found in Chapters 5 and 6 of [Fed59].

Further properties, especially for convex sets, are given in [Sch78, SW92].

Proposition 2.7. Let Y C R? denote a compact set of positive reach, whose boundary is
denoted by Y and let B € B(R?) denote a bounded Borel set. Then the following hold.

(i) CaY. B) = Aa(Y N B).
(ii) Ca-r(Y, B) = Aa_1(9Y, B) /2.
(iii) Co(Y) is equal to the Euler-Poincaré characteristic of Y.

(iv) Cp(Y,B) = Cy(Y,BNIY) fork € {0,...,d—1}, which means that the k-th curvature

measure of Y is concentrated on the boundary of Y for k < d.

(v) Let X, Y CRY be such that X, Y and X NY are of positive reach. If B is contained

wn the interior of X, then

Cr(X NY,B) =Ck(Y,B) forke€{0,...,d}.

(vi) For >0 and k € {0,...,d} we have

C(BY, BB) = " - Ci(Y, B).
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Federer’s curvature measures were studied and generalised in various ways. An extension
to finite unions of non-empty compact convex sets is given in [Gro78, Sch80| and to finite
unions of sets with positive reach in [Zdh84]. Unfortunately, fractal sets are commonly
not representable as finite unions of sets of positive reach and thus Federer’s curvature
measures are a priori not defined for fractal sets. This is the reason why fractal curvature
measures are introduced via a limiting procedure in [Win08]. There, fractal sets with
polyconvex parallel sets are considered. We now present the more general approach for

defining fractal curvature measures from [WZ10, Zih11].

Let X denote the closure of a set X C R? and in the following, let Y C R? denote a
compact set. A distance € > 0 is called regular for Y, if Y. is a Lipschitz manifold and
the closure of the complement R? \ Y. of Y; is of positive reach. Thus, for regular € > 0 the
curvature measures of W are determined. This allows one to define the k-th curvature
measure Ci(Ye,-) of Yz through

Cr(Ye, ) = (1) F ORI Yz, ) (2.1)

for regular € > 0 and k € {0,...,d — 1}. This definition is consistent, in that equality in

the above equation is ensured, if both Yz and R9\ Y. are of positive reach.

Remark 2.8. For regular £ > 0, Proposition 2.7(ii) implies that
Ci—1(RI\YZ, ) = Ag—1(ORI\ Y2) N +) /2 = Xg—1 (Y= 1 ) /2.

For the sets Y, that we consider in the following, A\g_1(0Yz N -)/2 is a finite measure for
all € > 0. Therefore, this notion is used in any case. The family of curvature measures is

completed by the volume measure
Ca(Ye, ) = Aa(Ye 1)
for any € > 0. Note that this definition is consistent with Proposition 2.7(i).

Under the assumption that Lebesgue-almost all € > 0 are regular distances for a compact
set Y, the fractal curvature measures of Y can be introduced via a limiting procedure of
the curvature measures of Y. as € tends to zero. Note, that the assumption of the regular
distances having full measure is natural, since for any compact set ¥ ¢ R% in dimension
d < 3, Lebesgue-almost all ¢ > 0 are regular distances for Y (see [Fu85]). However, this is
no longer true in dimension d > 4 (see [Fer76]). It is nevertheless remarkable to note that in
any dimension all sufficiently large distances, more precisely all £ > \/mdiam(if),
are regular distances for Y (see [Fu85]). Here, diam(Y') := sup, ,cy|z — y| denotes the

diameter of Y.

We call the Borel measure, which assigns measure zero to every Borel set trivial. Every

other signed Borel measure is called non-trivial. For a function f: U — R defined on
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U C X € {R,RI} with \{(X \ U) = 0, we say that f(t) essentially converges as t
tends to = € X, if there exists a y € R such that lim,,_,o f(u,) = y for every sequence
(un)nen satisfying u,, € U and lim,,_,o u,, = 2. In this case, we write ess-lim;_,, f(t) = y.
The essential limit superior (ess-limsup), the essential limit inferior (ess-liminf) and the

essential weak limit (ess-w-lim) are defined accordingly.

Definition 2.9 ((Average) fractal curvature measures, total (average) fractal curvature).
Let Y C R? denote a non-empty compact set for which the Minkowski dimension dim;(Y")
exists and for which A;(R* \ Uy) = 0, where U, := {e¢ > 0| ¢ is a regular distance for Y’}
if d>4and ke {0,...,d—2}, and Uy := R" otherwise. Fix k € {0,...,d}. Provided
that the essential weak limit

C’g (Y, ") == ess-w-lim emm (V) =k oy (v, )

e\

of the finite signed Borel measures ed™m(Y)=kCy (Y, ) exists and is non-trivial, where the
essential limit is taken over ¢ € ﬁk, we call it the k-th fractal curvature measure of Y.
Moreover, for a Borel set B € B(R?) we set

éﬁ(y, B) := ess-limsup e ™ (Y)=kCy (Y. B)  and
e\ 0

Qi(Y, B) = ess—alinolinf edimM(Y)*ka(Yg, B),
where the essential limits are taken over & € U. Provided it exists and the limiting signed
measure is non-trivial, the weak limit
~ 1 .
cly,) = W_hmungl/ T (V) =k=1c (v )dT
e\0 c
is called the k-th average fractal curvature measure of Y. Finally,

cl(v)=Cf(v,RY) and Cl(Y):=C[(v,R?)

are respectively called the k-th total fractal curvature and the k-th total average fractal

curvature if they are non-zero.

Note that C[J; (Y,-) and 5’5 (Y, ) respectively coincide with M(Y,-) and M (Y,-), whenever
they exist and that 6,5 (Y, ) is defined to be the weak limit of the logarithmic Cesaro-averages
of edimm(Y)=kCy (V. ).

Remark 2.10. In [Win08], the fractal curvature measures of Y were actually introduced

as the weak limits w-lim._.q Esk(Y)Ck(Yg, -), where s;(Y') is a scaling exponent which is
defined to be

sp(Y) :=inf{t > 0| 'Oy (Yz) — 0 as ¢ tends to zero}.
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Here, C}*(Yz,-) denotes the total variation measure of Ci(Yz,-) (see the appendix) and
CYar(Yz) == O (Yz, RY). In Proposition 2.2.10 of [Win08] it has been shown that s (Y) = 0
and that Ci(Y) = lim._,0 Cr(Yz), whenever Y is a finite union of non-empty compact
convex sets and satisfies Cy(Y) # 0. Thus, the definition is consistent with Federer’s
definition for such sets. In [Win08] it is moreover shown for certain self-similar sets Y that
if 6,{()/) # 0, then s,(Y) = dimy/(Y) — k. However, when 6’,{(}’) = 0 both is possible,
s = dimp(Y) — k or s < dimps(Y) — k. Even for self-similar sets, it is not clear as to
what the right scaling exponents should be if 5£ (Y) = 0. Thus, since we consider the
more general self-conformal sets, we restricted ourselves to the situation that 5,{ (Y)#01in
Definition 2.9.

Before we give the precise definition of self-conformal sets in the next section, we conclude
this section with statements on the relevance of the fractal curvature measures. The fractal
curvature measures not only extend the notion of curvature to the fractal setting but also
form a family of geometric characteristics for fractal sets. The d-th total fractal curvature
can be interpreted as a ‘fractal volume’, the (d — 1)-st total fractal curvature can be viewed
as a ‘fractal surface area’ and the 0-th total fractal curvature can be interpreted as a
‘fractal Euler number’. These interpretations are given in [Win08]. They are based on the
properties in Proposition 2.7 and the geometric considerations from [Fal03, p.45] which we
presented earlier in this section in the context of the Minkowski content. Studies on the
geometric meaning of the total fractal curvatures have also been carried out in [KomO0§],
where an intuitive approach for understanding the geometric relevance is presented, which

is illustrated by a series of examples.

2.2 Conformal Iterated Function Systems

The central objects of our study are self-conformal sets. They arise as the invariant
sets of iterated function systems which consist of certain conformal maps. Such systems
were intensively studied by Mauldin, Urbanski and their co-authors (see for example
[MU96, MUO03]). On our way to define these iterated function systems, we start by giving

fundamental definitions through which we also fix our notation.

Definition 2.11 (Similarity, conformal map). A function f: U — R, which is defined
on an open connected set U C R? is called a similarity, if there exists an 7 > 0 such
that |f(z) — f(y)| = r|lz —y| for all z,y € U. We refer to r as the similarity ratio of f.
A C'-diffeomorphism f: U — V between two open connected sets U,V C R? is called
conformal if its total derivative at every point of U is a similarity. In this case, we let
|f/(z)| € R denote the similarity ratio of the total derivative of f at x € U and call it the

length scaling ratio of f at x.
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Definition 2.12 (a-Hélder continuous, C+*(U)). A map f: X — X’ between two metric
spaces (X, 0, ) and (X', 0,,) is called a-Hélder continuous for a € (0, 1], if there exists a
c € R such that o, (f(x), f(y)) < c- oy (x,y)* for all z,y € X. In this case, we call a the
Holder exponent and ¢ the Holder constant of f. A C!-diffeomorphism f: U — V between
two open connected subsets U, V of the Euclidean space (R?,|-|) belongs to C'**(U) for
a € (0,1] if its total derivative D f is a-Holder continuous; that is if there exists a ¢ € R
such that | Df(z)— D f(y)|lop < c-|z—y|* for all z,y € U. Here, ||-||op denotes the operator
norm, which for a linear operator A: R? — R? is defined by ||A|op := SUPgeRd, |g|=1|AT].

Some well-known facts about conformal maps are compiled in the next proposition.

Proposition 2.13. (i) Ford =1, f being conformal means that f is a strictly monotonic

Ct-diffeomorphism.

(i) For d =2, conformal means holomorphic or anti-holomorphic with non-zero deriva-

tive.

(iii) For d > 3 every conformal map fdefined on an open set U extends to the entire space
R? and takes the form
f=BAoci+b,

where B> 0, A is a linear isometry in R%, i is either an inversion with respect to a
sphere or the identity map and b € R®. This is known as Liouville’s theorem (see for
instance Chapter A.3 in [BP92]).

Remark 2.14. From Proposition 2.13 one can conclude that if f € C***(U) is conformal,
then the length scaling ratio |f'|: U — R satisfies ||f'(z)] — |f'(y)|| < c|lz — y|* for all

x,y € U and some ¢ € R and thus is a-Hé6lder continuous.

Having considered conformal maps, we now turn to iterated function systems and show

how their invariant sets can be encoded.

Definition 2.15 (Contraction, IFS). Let (X, o) denote a non-empty compact metric space.
A function ¢: X — X is called a contraction if there exists a real number r € (0,1) such
that o(¢(x), d(y)) < r-o(z,y) for all x,y € X. An iterated function system (IFS) acting
on X is a collection of injective contractions ® := {¢;: X — X | i € X}, where X is a

non-empty finite index-set containing at least two elements.

Theorem 2.16 (Hutchinson). For an IFS ® := {¢;: X — X | i € ¥} acting on a metric
space X, there exists a unique, non-empty and compact subset F' C X, which is invariant
under ®, that is
F=|]¢F = oF.
IS
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The above theorem is a famous result in fractal geometry and can for instance be found
in Theorem 9.1 of [Fal03]. The unique non-empty compact invariant set of an IFS can be

encoded by the code space, which is introduced below.

The Code Space. For an IFS & := {¢;: X — X |i € ¥}, we call ¥ =: {1,..., N}
the alphabet, where N > 2. We let X" denote the set of words of length n € N over X
and let X* := UnENo 3" denote the set of all finite words over ¥ including the empty
word @, where X0 := {@}. For two finite words u = w1 -+ Un, W = W1 -+ Wy, € 1%, we
let uw = uy - Upwy - Wy, € X* denote their concatenation. Likewise, we set uw :=
UL Upwiwe - € XX for u =up - uy € XF and w = wjwy -+ € X%, Forw =wy -+ wy, €
3* we set ¢y, = ¢y, O+ 0 Py, and define ¢z :=idx to be the identity map on X. For a
finite word w € ¥*, we let n(w) denote its length, where n(@) := 0. Further, we call the
set 2°° of infinite words over ¥ the code space. The code space % gives a coding of the
unique non-empty compact invariant set of an IFS ® which can be seen as follows. For
w=wiwsy - € X and n € N we denote the initial word of length n by wl|, = wiws - - - W,
For each w € X% the intersection ), cy ¢u), (X) contains exactly one point z,, € X and

gives rise to a continuous surjection 7: X*° — F, w — x,, which we call the code map.

This notation allows us to introduce conformal iterated function systems and to describe

their properties.

Definition 2.17 (cIFS). Let X be a compact connected subset of the d-dimensional
Euclidean Space (R%,|-|). An IFS ® := {¢;: X — X | i € X} is said to be a conformal
iterated function system (cIFS) acting on X, provided

(i) intpa(X) # @ and intga(X) = X, where intga(X) denotes the topological interior of
X

)

(ii) @ satisfies the open set condition (OSC) with open set O := intgpa(X), that is
$i(0) C O for every i € ¥ and ¢;(O) N ¢;(0) = @ for distinct 4,j € ¥ and

(iii) there exists an open connected subset V > X of R? and an « € (0, 1] such that for
every i € ¥ the map ¢; is conformal on V and belongs to C1+* (V).

Definition 2.18 (Self-conformal set, self-similar set). We call the unique non-empty
compact invariant set of a cIF'S ®, which exists by Theorem 2.16, the self-conformal set
associated with ®. If the maps ¢1,...,¢x of the cIFS & are similarities, then the unique

non-empty compact invariant set is called the self-similar set associated with ®.

A crucial property of a cIFS with regard to our results is the property of being lattice or
non-lattice. For defining these terms we now introduce the shift space and the geometric

potential function.
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The Shift Space. The shift space (£°°,0) is given by the code space > together with
the shift-map o which is defined to be the map o: ¥*UX*> — ¥* UX>® given by o(w) := &
for w € {BYUD, o(wy - wy) i=wa - -w, € X! for wy---w, € X", where n > 2 and

o(wiwy -+ ) = wows - - - € X for wiwy - -+ € X,

We equip %% with the product topology of the discrete topologies on 3 and denote by

C(X°) the set of complex-valued continuous functions on X°°.

Definition 2.19 (Cohomologous, (non-) lattice function). Two functions fi, fa € C(X*°)
are called cohomologous, if there exists a ¢ € C(X°°) such that f; — fo =9 — ¢ oo. A
function f € C(X°°) is said to be lattice, if f is cohomologous to a function whose range is

contained in a discrete subgroup of R. Otherwise, we say that f is non-lattice.

The notion of being lattice or non-lattice can be carried over to a cIFS ® and its self-

conformal set F' by considering the geometric potential function associated with ®:

Definition 2.20 (Geometric potential function, (non-) lattice cIFS). Fix a cIFS & :=
{¢1,...,0n}. Denote by F' the self-conformal set associated with ® and let (X°°, o) be the
associated shift space. Define the geometric potential function to be the map £: ¥*° — R
given by {(w) := —In|¢/, (mow)| for w = wiwy --- € X°°. If £ is non-lattice, then we call ®
(and also F') non-lattice. On the other hand, if £ is lattice, then we call ® (and also F))

lattice.

One of the key properties of a cIFS is the bounded distortion property. Our results require
the following refinement of this property, which we could not find in this precise form in

the literature. Therefore, we give a short proof.

Lemma 2.21 (Bounded distortion lemma). A c¢IFS ® = {¢1,...,¢n} acting on X
satisfies the following bounded distortion property (BDP). There exists a sequence (0p)nen
with on, > 0 for all n € N and lim,,_.o 0, = 1 such that for all w,u € ¥* and x,y € ¢, X

we have

Proof. Fix w € X" and let z,y € ¢,X and u = uy -+ uy) € X* be arbitrarily chosen.
Noting that the length scaling ratio of a conformal map on a compact set is bounded away

from zero, we can write

G S o
5.0 < exp <kz:1 | In| @y, (Ggry(2))] — In|dr, (gry ()] )

ZZAk
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Since |¢}| moreover is a-Holder continuous, it follows that In|¢}| is a-Hoélder continuous
for each i € {1,...,N}. Let ¢; be the corresponding Holder constant and set ¢ :=
max;e(, .. N} Ci- Further, let 7 <1 be a common upper bound for the contraction ratios of

the maps ¢1,...,¢n. Then we have

Ap < c|¢aku(x) - ¢Uku(y)|a Sc (Tn(U)ik|I - y|>

and thus

u)
Ap <
1

2

c |z —y|* < ©  max sup |z —y|* =: 0
1—ra —1—-ro wGZ"%ye(z,wX "

e
Il

Since o, converges to 0 as n — 0o, o, 1= exp(oy) converges to 1 as n — oo. The estimate

for the lower bound can be obtained by just interchanging the roles of x and . O

Another central object in our studies is the d-conformal measure, where & denotes the
Minkowski dimension of the underlying set. For its introduction, let ® denote a cIF'S acting
on X and let F' be the associated self-conformal set. It is well known that the Minkowski
dimension § := dim/(F) of F exists and is positive and finite (see Theorem 3.2). The

unique probability measure v supported on F' which satisfies
V(i XNe;X)=0 and v(¢;B) = / ARG (2.2)
B

for all distinct 7,j € ¥ and for all Borel sets B C X, is called the §-conformal measure
associated with ®. The statement on the uniqueness and existence is shown in [MU96]
and goes back to the work of [Pat76, Sul79, DU91]. We remark that in [MU96] the cone
condition is required to hold, since infinite cIF'S, that is cIF'S with a countable alphabet,

are considered. For cIFS with a finite alphabet this condition is not necessary.

2.3 Geometric Conditions

In this section we introduce some geometric conditions which we impose on the self-

conformal sets and comment on their meaning.

Throughout this section, we let ® := {¢1,...,¢n} denote a cIFS acting on a compact
and connected set X C R? with open set O := intga(X) and associated self-conformal set
F'. Further, we let 0 := dimy,(F') denote the Minkowski dimension of F' and recall that
0=X.

The first set of conditions gives specifications on the geometric structure of the exterior
boundary of the self-conformal set F' C X, which is the part of the fractal which is accessible

from the complement of X in R (see also Definition 2.24).
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(COND1) FCO and 0O CF.
(COND 2) o = mM(aO) < 4.

The first consequence of (COND 1) is the following. Writing ®Y := Ufi 1 ¢:Y for a subset
Y C X, (COND 1) implies that 00 \ ®X C 90 \ F = @. This implies that either
Ad(O\ ©X) >0 or A\g(X \ ©X) = 0. These two cases respectively correspond to ‘fractal’
and full-dimensional self-conformal sets, as is stated in the following proposition, which

results from combining Proposition 4.4 and Theorem 4.5 in [MU96] with Theorem 3.2.

Proposition 2.22. If \j(O \ ®X) > 0, then \g(F) = 0 and 6 < d. Conversely, if
Ad( X\ @X) =0, then \g(F) = Xg(X) >0 and § = d.

If \y(O\ ®X) > 0, then we call F' non-degenerate. In Section 2.4 we are going to see that
it is important to distinguish between these two cases for statements on the Minkowski

measurability.

We now focus on the non-degenerate case, that is \;(O \ ®X) > 0, and by this impose a
fractal structure on the invariant set F'. Just like we assume a regularity condition to hold
for the boundary of X (see (COND 2)), we assume regularity properties to be satisfied for
the boundary of X \ ®X too:

(COND 3) X\ ®X possesses a finite number of connected components G',. .., G with
Q € N.

(COND 4)  There exists a d; < 6 for which e *®r=4) )\ (F,_, N G") is uniformly bounded
from above for t €e R and 7 € {1,...,Q}.

We call G1,...,G¥ the primary gaps of F. Their images under the maps ¢, for w € *
are called the main gaps of F and are denoted by G°, := ¢,G* for i € {1,...,Q}.

When being interested in the k-th fractal curvature measure C’,f:(F, -) for k € {0,...,d},
we need conditions, which are similar to (COND 2) and (COND 4), to be satisfied for
the total variation measure of the k-th fractal curvature measure. For presenting these

conditions, we define
U:={tcR|e"is aregular distance for F'}

and set Up :=U if d >4 and k € {0,...,d — 2}, and Uy, := R otherwise. Moreover, we let
CY? (Fy-t,-) denote the total variation measure of Cj(F.—¢,-) (see the appendix).

(COND 2’)  There exists a do < & such that e t0o=FCyar(F_, X .\ X) is uniformly
bounded from above for t € Uj,.
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(COND 4’)  There exists a §; < ¢ such that e ") CYar(F,—,, G%) is uniformly bounded
from above for ¢ € {1,...,Q} and t € Uy.

Examples for systems which satisfy the above conditions include well-studied self-similar
sets like the Sierpinski gasket or the Sierpinski carpet (see Section 2.5). An example of a
more complicated self-similar set which satisfies our conditions and for which 0O as well
as OG" are fractal is presented at the end of this section in Example 2.25. An example of a
strictly self-conformal set satisfying our conditions and having fractal boundaries is given
in Example 2.26. Before turning to these examples, we want to comment on the relevance
of the geometric conditions (COND 1) to (COND 4), (COND 2’) and (COND 4’).

A pivotal object in studying the Minkowski content and the fractal curvature measures of
F is the e-parallel neighbourhood F; of F' for € > 0. The conditions (COND 1), (COND 3)
and the OSC ensure that we can decompose X. O F. for € > 0 in the following way.

s

X. = (X A\ X)U | ) (@ X\ "' X)U ﬁ "X = (X.\ X)U [j " (X \DX)UF
n=0

0 n=0

n

=X \x)ulJ | GLuF, (2.3)

i=1wed*

O

where all the above unions are disjoint. Thus, the problem of characterising the structure
of the set F. can be decomposed into studying the structure of F. inside the main gaps
on the one hand and outside of the set X on the other hand. (COND 2), which states
that the upper Minkowski dimension of 0O is strictly less than the Minkowski dimension
of F, ensures that e9~9\;(F. N (X.\ X)) converges to zero as ¢ — 0 and (COND 4) is
needed for investigating £2~I\y(F. N Ulel Upes+ G). Likewise, (COND 2°) and (COND
4’) are used for studying the terms e**Cy(F., X. \ X) and €9 FCy(F, UZQ:1 Upes= GL)
for k € {0,...,d}.

We remark that the above conditions are related to the conditions which are used in
[DKz*10, LPW11] for obtaining results on the Minkowski measurability of self-similar sets.
The assumptions in both these articles are especially given for self-similar sets and are
satisfied only for a narrow class of self-conformal sets. In particular, besides (COND 1),
(COND 3) and a slightly different version of (COND 2), it is assumed in [DKz*10, LPW11]
that each of the main gaps G.,... ,Gg for w € ¥* is monophase, which is defined as

follows.

Definition 2.23 (Monophase). A non-empty and bounded open set G C R? with inradius

g, that is the radius of the largest d-dimensional ball which is inscribed in G, is called
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monophase if there exist real numbers 1y(G), ..., ng—1(G) such that
d—1
A ((Rd \G).N G) =3 (@) eTF fore € (0, g]. (2.4)
k=0

Thus, the main gaps of a self-conformal set F' C R? are monophase if the volume of the
e-parallel neighbourhood of F' within each main gap can be expressed as a polynomial of
degree d in ¢ for all sufficiently small € > 0. Since the condition of monophase main gaps

is relevant also for our investigations, we now allude to its geometric meaning.

It is easy to verify that open rectangles and triangles are examples for monophase subsets of
R2. Thus, the Sierpinski gasket and the Sierpinski carpet are examples for self-similar sets
with monophase main gaps. An example for a bounded open set which is not monophase

is a half-circle. If we take the radius of the half-circle G to be one, then

— &

o ((W)E N G) - g(% — )4 (1—e)? - arcsin <1 c ) eVl =2,

which cannot be expressed as a polynomial of degree two in €.

We remark that the main gaps of a self-similar set are monophase if and only if its primary
gaps are monophase, because of the following scaling property of the Lebesgue measure.
Suppose that G C RY satisfies Equation (2.4) with n9(G),...,n4(G) € R and g > 0. Take
é to be a similarity on R? with similarity ratio » > 0. Then

Ad ((]Rd \ ¢G): N QSG) =rd. Ny ((W)E/r N G) = zd: (nk(G) : rk> 4% fore € (0,rg|.
k=0

Since conformal maps deform the structure of the underlying set, we do not necessarily
have the dichotomy that the main gaps of a self-conformal set are monophase if and only if
its primary gaps are. Thus, requiring that all the main gaps of a self-conformal set are
monophase is a very restrictive assumption, whereas it is satisfied for many well-studied
self-similar sets. (COND 4) is a substitute for the monophase condition. It even allows the
boundary of the primary gaps to be fractal and thus permits the study of a bigger variety

of fractal sets, even in the self-similar setting. Examples of such sets are presented now.

Examples

For introducing the set in our first example, we fix some terminology from [PWO08].

Definition 2.24 (Exterior boundary, envelope). Let Y € R? denote a compact set. Then
R?\ Y has a unique unbounded component, which we denote by U. (For d = 1, there are

actually two unbounded components in R¢ \'Y, if 400 and —oo are not identified. In this
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case, we let U be their union.) Then 9U is called the exterior boundary of Y; it consists of
that portion of Y which is accessible when approaching Y from infinity. The envelope of Y
is the complement R\ U of U.

Ezample 2.25 (Self-similar set whose primary gaps have fractal boundary). We consider the
self-similar set whose construction is depicted in Figure 2.2. Take X to be the equilateral
triangle in R? with vertices (0,0), (1,0) and (1/2,/3/2). Define 21 similarities on X all
of which have similarity ratio 1/7 and denote them by 51, e ,521. They are visualised
in Figure 2.2. Let F' C X denote the self-similar set associated with ® := {51, . ,521}.
Take X to be the envelope of F' (see Figure 2.3) and set O := intg2 X. Then ® := <f>|X is a
cIFS with O as open set which satisfies (COND 1) and (COND 3). The set F' possesses
seven primary gaps G',...,G7 which are depicted in Figure 2.3. Conditions (COND 2)
and (COND 4) are satisfied, since

. In21 . In 10 . i
dimy, (F) = S and dimp(0X) = T = dim s (0G")
fori € {1,...,7}. To see this, we remark that it is well known that for such a self-similar set

the Minkowski dimension exists and coincides with the similarity dimension. The similarity
dimension of a self-similar set which consists of N copies of size r of itself is given by the
value —In N/Inr. In our example, F' consists of 21 copies of size 1/7 of itself and thus,
dimp/(F) = In21/In7. For computing the Minkowski dimension of 90X, we decompose
OX into three parts, namely, we partition it at the points (0,0), (1,0) and (1/2,v/3/2).
Each of these three parts consists of 10 copies of size 1/7 of itself. Since the Minkowski
dimension exists and the upper Minkowski dimension is stable with respect to finite unions
(see [Fal03, Ch. 3.2]), that is dimy; (X UY) = max{dimy;(X), dimy;(Y)}, we obtain that
dim;(0X) = In10/1In7. Analogously, it can be seen that dimy;(0G?) = In10/1n7 for each
of the primary gaps G', ..., G" depicted in Figure 2.3.

In the next example we provide a construction of a self-conformal set which is not self-similar
and satisfies our conditions.

Ezample 2.26 (Self-conformal set whose primary gaps have fractal boundary). An example
for a strictly self-conformal set satisfying (COND 1) to (COND 4) can be obtained by
applying the function

g R2 =R (z,y) = ((2+1)° = (y+1)% 2+ 1)(y + 1))

to the self-similar set F' from Example 2.25. This gives rise to a self-conformal system
which is conjugate to a self-similar system. Such systems are examined in Section 2.4.3. A

picture of the resulting self-conformal set is given in Figure 2.4.
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Figure 2.2: The self-similar set from Example 2.25 and its construction. Its exterior

boundary as well as the boundaries of the primary gaps are fractal.

Figure 2.3: The envelope and the primary gaps G',...,G7 of the self-similar set from
Example 2.25.
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Figure 2.4: The strictly self-conformal set from Example 2.26. Its exterior boundary as

well as the boundaries of the primary gaps are fractal.

2.4 Main Results for Conformal Iterated Function Systems

Now, we are ready to exhibit our main results concerning self-conformal sets. For ease of

presentation, their proofs are provided in Chapter 4.

The results are subdivided into three categories. Firstly, in Section 2.4.1, we focus on the
original results for general self-conformal sets. Secondly, in Section 2.4.2, we state the new
results concerning fractal curvature measures of self-similar sets. Thirdly, concluding this
section, in Section 2.4.3, we present our results for C't“-diffeomorphic images of self-similar

sets, which form an important subclass of self-conformal sets.

2.4.1 Self-Conformal Sets

In presenting our results for general self-conformal sets, we firstly focus on the results
concerning the (local) Minkowski measurability of self-conformal subsets of R?. These
results extend the results which were obtained in [KK10] for self-conformal subsets of R to
higher dimensional Euclidean spaces. Moreover, they extend the results which are given in
[Gat00, Win08, DKz 10, LPW11] for self-similar sets to the conformal setting. Secondly,
we consider self-conformal subsets of R, for which we provide stronger results concerning

Minkowski measurability and also give results for the fractal curvature measures.
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We impose the conditions (COND 1) to (COND 4) from Section 2.3. There, we have seen
that for a cIFS ® acting on X with associated open set O := intpa X either \y(O\ ®X) > 0
or A\g(X \ ®X) = 0. We now distinguish between these two cases and begin with the
simpler one, namely with Ay(X \ ®X) = 0. Here, Proposition 2.22 immediately yields the

following result which we state without a proof.

Proposition 2.27. Let F' denote the self-conformal set associated with the cIFS ® acting
on X. Suppose that A\g(X \ ®X) = 0 and that (COND 1) and (COND 2) are satisfied.
Then the (local) Minkowski content of F exists and satisfies

M(F,)=M(FN-)  and  M(F) = \(F).

From now on, we suppose that A\y(O \ ®X) > 0, imposing a fractal structure on the

invariant set F. Here, the systems are more delicate and the results are more interesting.

Throughout the remainder of this section we fix the following notation.

Notation 2.28. We let ® denote a cIFS acting on a compact and connected set X C R?
with associated self-conformal set F' C R?. The associated geometric potential function is
denoted by £: ¥ — R and the Minkowski dimension of F' by ¢ := dim/(F). Assuming
(COND 3), we let G, ..., G? denote the primary gaps of F and G1,. .., G¥ the associated
main gaps for w € ¥*. Further, v denotes the d-conformal measure associated with ¢ and
H

1i_se denotes the measure theoretical entropy of the shift map o with respect to the unique

shift-invariant Gibbs measure p_g¢ for the potential function —d¢ (see Equation (3.4)).

A key result in this thesis is the following theorem.

Theorem 2.29 (Self-conformal sets — local Minkowski content). Fizx the notation from
Notation 2.28. Suppose that \g(O\ ®X) > 0 and that (COND 1) to (COND 4) hold. Then

we have the following.

(i) The local average Minkowski content M(F, -) exists and is equal to the well-defined

finite non-trivial measure

Q
) . - i
H, .. <n15%o > /ooe ro=as :Ad(FeTﬂGw)dT> ().

H-d¢ wesm ¥~ i=1
(i) If € is non-lattice, then M(F,-) exists and is equal to MV(F, ).

The proof of Theorem 2.29 is provided in Section 4.2.1.
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Remark 2.30. Since M(F) = M(F,R%), M(F) = M(F,R%) and v(R%) = 1, the above
theorem immediately yields that the average Minkowski content exists and is equal to
M (F,RY). Theorem 2.29 moreover gives that the Minkowski content M (F) of F exists if

¢ is non-lattice, and that it is equal to the average Minkowski content in this case.

When the dimension of the underlying Euclidean space is one, we can strengthen the above
results. In this case we obtain results on both the fractal curvature measures Cg (F,-),
C{ (F,-) and statements about the existence or non-existence in the lattice situation. Note
that if d = 1, then (COND 2) to (COND 4), (COND 2’) and (COND 4’) are always satisfied
for a cIFS which satisfies (COND 1) (see Section 4.2.2, proof of Lemma 4.9).

Theorem 2.31 (Self-conformal subsets of R — fractal curvature measures). Fiz the notation
from Notation 2.28. Assume that d =1 so that X C R. Suppose that \(O \ ®X) > 0 is
satisfied and that (COND 1) holds. For a connected subset G C R let |G| denote its length.
Then for k € {0,1} we have the following.

(i) The average fractal curvature measures of F exist and satisfy

Gl =220 and EIE) = —2C
,) = (- an )= V(- ,
0 H,u,,g& ! (1 - 5)HH76§

where the constant ¢ is given by the well-defined positive and finite limit

Q
c= lim_ >N IGLP. (2.5)

wex™ =1

(i) If € is non-lattice, then C,{(F, -) ezists and equals ég(F, ).

(7i3) If € is lattice and the system ® consists of analytic maps, then C,{(F, -) does not exist.

The proof of Theorem 2.31 can be found in Section 4.2.2.
Remark 2.32. Theorem 2.31 yields that s = 6 — k is the right choice for the scaling

exponent, which we introduced in Remark 2.10.

An astonishing result on the Minkowski measurability for self-conformal subsets of R is
presented in the next theorem. It states that a non-degenerate lattice self-conformal set can
be Minkowski measurable. This contrasts the fact that a non-degenerate self-similar subset
of R is Minkowski measurable if and only if it is non-lattice, which has been obtained in
[LP93, Fal95, LvF06] (see also Theorem 2.39).

Theorem 2.33 (Self-conformal subsets of R — Minkowski content). Suppose that we are
in the situation of Theorem 2.31. Then the following hold.
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(i) The average Minkowski content M(F) exists and is equal to the positive and finite

value
21-0.

(1 - 6)HH—55

with ¢ as in Equation (2.5).

(i) If € is non-lattice, then the Minkowski content M(F) of F' exists and coincides with
M(F).

(iii) If € is lattice, then we have that
0 < M(F) < M(F) < .

What is more, equality in the above equation can be attained. More precisely let
¢, € C(X%°) denote the functions satisfying § — ( = b — 1 o o, where the range
of ¢ is contained in a discrete subgroup of R. Let a € R denote the mazximal real
number for which ((£°°) C aZ. Further, denote by v_s¢ the unique eigenmeasure
with eigenvalue one of the dual of the Perron-Frobenius operator for the potential
function —0( (see Section 3.1.2). If, for every t € [0,a), we have

e6

t_
>y g0t (Ina,nati) = _i > v_scorT ([, (n+1)a)), (26)
nez nez

then it follows that M(F) = M(F).

Remark 2.34. The proof of Theorem 2.33(iii) shows that Equation (2.6) implies that also
rald
CY(F) = Co(F).

Note that the sums occurring in Equation (2.6) are finite and that the proof of Theorem 2.33
is given in Section 4.2.3. An example, where Equation (2.6) is satisfied, is presented at the
end of this section as Example 2.45. This example is particularly interesting as it sheds

new light on a conjecture described in the following remark.

Remark 2.35 (On a conjecture by Lapidus from 1993). Conjecture 3 in [Lap93] states
that a non-degenerate self-similar set in R? is Minkowski measurable if and only if it
is non-lattice. This conjecture was proven to be correct in space dimension d = 1 in
[LP93, Fal95, LvF06]. For higher dimensional spaces the part concerning the lattice
situation is still an open problem. In the same paper, [Lap93], a similar conjecture is given
for so-called ‘approximately’ self-similar sets. A precise definition of an ‘approximately’
self-similar set is not given. However, since conformal maps locally behave like similarities,
we view self-conformal sets as being ‘approximately’ self-similar and remark that for such

sets the preceding theorem in combination with Corollary 2.3 of [LP93] provides a negative
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answer to this conjecture (see also Example 2.45). Note that Theorem 2.33 combined with
Corollary 2.3 of [LP93] in particular shows that there exist fractal strings with lattice
self-conformal boundary for which the asymptotic second term of the eigenvalue counting
function N(X) of the Laplacian (in the sense of [LP93]) is monotonic. We thank Lapidus
for pointing the connection out to us. We will return to this conjecture at the very end of

Chapter 5, where we study conformal graph directed Markov systems.

2.4.2 Self-Similar Sets

Self-similar sets form a special class of self-conformal sets. In the self-similar setting our
methods of proof immediately allow to retrieve results on all the fractal curvature measures
for higher dimensional Euclidean spaces. With this, we provide a substantially different
proof and obtain alternative, useful formulae to [Win08, WZ10, Zdh11] and moreover
extend the results given in [DKz*10, LPW11].

Remark 2.36. The §-conformal measure associated with a cIF'S ® consisting of similarities
coincides with the normalised §-dimensional Hausdorff-measure on the invariant set. Also,

letting 71, ...,rn denote the similarity ratios of the similarities ¢1, ..., ¢x, we have that
N
Hufag =0, ln(Ti)T?-

Theorem 2.37 (Self-similar sets — fractal curvature measures). Fiz the notation from
Notation 2.28. Suppose that ® consists of similarities, so that F' is self-similar. Assume
that \g(O\ ®X) > 0 and that (COND 1) to (COND 3), (COND 2’) and (COND }’) are
satisfied. If d > 4 and k < d — 2 additionally assume that Lebesgue-almost all ¢ > 0 are
reqular distances for F. Then for k € {0,...,d} the following hold.

(i) él{(F, -) exists and is equal to the finite signed Borel measure

Q
b o s ;
7 / e TOR N " Cp(Fper, GAT - ().

H—s¢ —00 i=1
(i) If € is non-lattice, then C,{(F, \) ezists and is equal to 6’,{(F, ).

The proof of Theorem 2.37 is given in Section 4.3.1.

For self-similar sets studies on the existence of the fractal curvature measures have already
been carried out. We now want to put the result of the above theorem into context with

these results from the literature.

The existence of the limits 6,{ and C’g has first been investigated for self-similar sets in
[Win08] under the assumption of polyconvex parallel sets. This means that the e-parallel

neighbourhoods of the underlying set F' can be represented by a finite union of non-empty
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convex sets for all sufficiently small € > 0. For k = d this assumption is not necessary, as
was gained in [Gat00]. The assumption has been eliminated in [WZ10, Zah11] for k =d —1
and substituted by a regularity condition for k£ € {0,...,d — 2}. The formulae for 6’,{ (F,-),
and in the non-lattice situation also for C,{(F, -), given in [Win08, WZ10, Z&h11] depend

on the overlap functions

N
Ri(e) = Ck(Fo) = > T(0,(e)Cil(¢iF)e), >0,
=1

where 71, ..., 7y denote the similarity ratios of ¢1,...,¢x. Their formula is
5 R
: / T~ LRy (T)dAT - v(-), (2.7)
Hy s Jo

where R > /2 - diam(F) is some real number and diam(F') denotes the diameter of F.

The formula from Equation (2.7) and the one from Theorem 2.37 differ quite significantly.
While our formula is based on the structure of the primary gaps, the formula from
Equation (2.7) is based on the structure of the overlaps (¢;F). N (¢;F). for distinct
i,j € {1,..., N}, this can be seen by an inclusion-exclusion argument. The total fractal
curvatures have been evaluated in [Win08| for the Sierpinski gasket and the Sierpinski
carpet using the formula from Equation (2.7). In Section 2.5 we are going to see that using
the formula from Theorem 2.37 quickly yields the same results. Moreover, in Section 2.5
we present an example for a non-lattice self-similar set, for which the fractal curvature

measures can be easily computed by using Theorem 2.37.

Now, we focus on the special case k = d concerning the Minkowski content. The Minkowski
content of self-similar subsets of R? has first been investigated by Gatzouras in [Gat00].
He obtained existence of the Minkowski content in the non-lattice case and that the
average Minkowski content always exists. Complementary to [Gat00], where renewal
theory was used, the following studies have been carried out. By means of geometric zeta
functions and their analytic properties, existence of the Minkowski content was shown for
non-lattice self-similar sets in [DKz"10, LPW11], where alternative formulae to the ones
of [Gat00] are given. Recall from Section 2.3 that [DKz*10, LPW11] impose geometric
conditions and in particular require the fractal to possess monophase main gaps (see
Definition 2.23). Remarkably, in these works non-existence of the Minkowski content in
the lattice situation could be shown for non-degenerate self-similar sets satisfying these
geometric conditions. Imposing the condition of monophase main gaps, we show that the
results from [DKz110, LPW11] can be deduced from Theorem 2.37 and its proof. We

additionally obtain results for the local Minkowski content.

Theorem 2.38 (Self-similar sets with monophase main gaps — local Minkowski content).

Suppose that we are in the situation of Theorem 2.37 and that the Minkowski dimension
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§ of F satisfies d —1 < § < d. Let g denote the inradius of G*. Assume that for each
i€ {1,...,Q} there exist no(G?),...,n4_1(G") € R such that
. d_l . . .
M(Fo-t NG") = an((}“)e_t(d_]) fort > —In(g") (2.8)
j=0

and set ng(G?) := —X\g(G*). Then in addition to the results from Theorem 2.37 the following
hold.

(i) The formula for the local average Minkowski content (and in the non-lattice case also

for the local Minkowski content) simplifies to
5 Q

1;(G*)(g")"
7l DOD Dy el ICH

H—s¢ i=1 j=0

(i) If € is lattice, then the local Minkowski content of F does not exist. What is more,

for every k € ¥* we have that
M(F, $,0) < M(F, ¢,,0).

The proof of Theorem 2.38 is provided in Section 4.3.2.

We remark that Theorem 2.38 generalises the result from [DKz'10], since the authors
assume that O = intga (F'), where (F') denotes the convex hull of F'. This condition appears
to be restrictive in the conformal setting. Theorem 2.38 in particular states that under
its assumptions a non-degenerate self-similar set is Minkowski measurable if and only if
its associated geometric potential function is non-lattice. This dichotomy is valid for any
self-similar subset of R (see Remark 2.35). The validity of this dichotomy in R follows
also from Theorem 2.38 because of the following. For d = 1 the additional assumption
of Theorem 2.38, namely, that there exists 179(G?) € R such that Equation (2.8) holds, is
always satisfied. This is the case, since for every non-empty open bounded and connected
subset G C R we have that

Gl t < —In(|G]/2),

M(F—NG) =
2¢7t 1t >—In(|G|/2),

where |G| denotes the length of G. The same dichotomy holds for the O-th total fractal

curvature.

Theorem 2.39 (Self-similar subsets of R — fractal curvature measures). Fiz the notation
from Notation 2.28. Suppose that ® consists of similarities and that X C R. Assume
that A (O \ ®X) > 0 and that (COND 1) is satisfied. Then in addition to the results of
Theorem 2.31 the following hold.
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(i) The formulae for the average fractal curvature measures (and in the non-lattice case

also for the fractal curvature measures) simplify to

~f 20 & 6 ~f 21-¢ < 16
Co(F) = gr— 2 IGv() and C{(F) = 521G ()
1=1 £ =1

Note that both 5({(F, -) and (NZ'{(F, -) are non-trivial.

(ii) If & is lattice, then the fractal curvature measures of F' do not exist. Moreover, for
k €{0,1} and every B € B(R) for which BN F' is non-empty and is equal to a finite
union of sets of the form ¢, F, where w € ¥*, and for which F. N B = (F N B). for
all sufficiently small € > 0 we have that

C{(F, B) < CL(F, B).

A proof is provided in Section 4.4.4.

2.4.3 (C'**-Images of Self-Similar Sets

Another interesting class of self-conformal sets is the class of conformal C!*%images of
self-similar sets, where v € (0, 1]. This class was investigated by Freiberg and the author
in [FK] with regard to (local) Minkowski measurability in R?. It was investigated also
by Kessebohmer and the author in [KK10] in view of the fractal curvature measures for
subsets of R. We start with the higher dimensional setting from [FK]. Here, we only state
the results and refer to [FK] for their proofs.

We say that an IFS @ := {¢1,...,¢n} with invariant set F' satisfies the strong separation
condition (SSC), if ¢;F N ¢;F = @ for all distinct i,j € {1,..., N}. The precise setting
from [FK] is the following.

Setting 2.40. Let K denote the invariant set of an IFS R := {R1,..., Ry} which consists
of similarities and satisfies the SSC. Let U denote an open domain containing the (1/2)-
parallel neighbourhood of K and introduce a conformal C'+%(f)-diffeomorphism g: U — R,
where a € (0,1]. We set F':= g(K) and note that F satisfies

N
F=|]gRig " (F).
i=1
The maps ¢; := gR;g~ !, i € {1,..., N}, are not necessarily contractions. However, the

a-Holder continuity of the length scaling ratio |¢’| (see Remark 2.14) implies that an iterate
® of the system @ := {¢1,...,¢n} consists solely of contractions. Indeed, ® is an IFS and
F' is its unique non-empty compact invariant set. Note that the IFS ® satisfies the SSC,
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since ¢ is a diffeomorphism. Moreover, since ¢ is bi-Lipschitz the Minkowski dimensions of
K and F coincide. We denote the common value dimy;(K) = dimys(F') by . The function

g is called a conjugacy between the systems R and .

Theorem 2.41 (C'™*images — local Minkowski content, [FK]). With the notation of
Setting 2.40 the following hold.

(i) The local average Minkowski contents of K and F' always exist. Moreover, M(F, )
is absolutely continuous with respect to the push-forward measure g*Mv (K,-) (see the

appendiz) and their Radon-Nikodym derivative is

AMES) g

d (Q*M(Kv )

(ii) If the local Minkowski content of K exists, then the local Minkowski content of F
exists. Moreover, M(K,-) = M(F,-) and M(F,-) = M(F,-).

Theorem 2.42 (C'*“-images — Minkowski content, [FK]). Fix the notation from Set-
ting 2.40. Let v denote the §-conformal measure associated with K. Then the following
hold.

(i) The average Minkowski contents of K and F always exist and are positive and finite.

Moreover, they satisfy the relation

M(P) = M) - [ 1o/

(ii) F is Minkowski measurable if K is Minkowski measurable. In this case we have

M(K) = M(K) and M(F) = M(F).

The above theorems in tandem with the results from Section 2.4.2 and [Gat00] imply that
F' is Minkowski measurable if it is non-lattice. It is worth to notify that the geometric
conditions (COND 1) to (COND 4) are not required in [FK] with regard to [Gat00]. Further,
it is important to remark that the converse of Theorem 2.42(ii) is not true, that is, F'
can be Minkowski measurable if K is not. This is going to be alluded to in the following,
where we concentrate on C'*®-images of self-similar subsets of R. Here, the assumption
of SSC can be substituted by the weaker OSC assumption and a relation between the
fractal curvature measures of K and F' is obtained. The forthcoming results are going to

be proven in Section 4.4.

Theorem 2.43 (C'*°-images in R — fractal curvature measures). Let R denote a cIFS

acting on X C R which consists of similarities and let K denote its invariant set. By
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0 := dimy (K) we denote the Minkowski dimension of K and by U D X a connected open
neighbourhood of X in R. Let g: U — R be a C*T(U) map, for which |¢'| is bounded away
from zero, where a € (0,1]. Assume that \1(X \ RX) > 0 and set F' := g(K). Then the
following hold.

(i) The average fractal curvature measures of both K and F exist. Moreover, 5’,{(F, )
1s absolutely continuous with respect to the push-forward measure g*é,{(K, -) for
k € {0,1} and their Radon-Nikodym derivative is given by

) o gy

a (g.CL(K, )

(ii) If R is non-lattice, then the fractal curvature measures of both K and F' exist. Further,
C’,{(F, -) is absolutely continuous with respect to the push-forward measure g*C’,{(K, )
for k € {0,1} with Radon-Nikodym derivative

dCE(F)  _ g og7 .

d (9.0 (K.
(iii) If R is lattice, then neither the 0-th nor the 1-st fractal curvature measure of F exists.

The proof of Theorem 2.43 can be found in Section 4.4.1.

The above theorem in particular states that the fractal curvature measures of a C!*®-image
of a non-degenerate self-similar set K C R exist if and only if K is non-lattice. On the
contrary, the dichotomy lattice versus non-lattice does not carry over to the Minkowski
content. This is stated in the next corollary and shows that even amongst the class of
C'te_diffeomorphic images of self-similar sets, there exist Minkowski measurable lattice sets.

We have already seen that this is possible for general self-conformal sets in Section 2.4.1.

Corollary 2.44 (C'™®images in R — Minkowski content). Suppose that we are in the
situation of Theorem 2.43. Let v denote the d-conformal measure associated with K. Then

we have the following.

(i) The average Minkowski contents of both K and F exist, are positive and finite and
satisfy
RA(F) = M) - [ 1o P
K
(ii) If R is non-lattice, then the Minkowski contents of both K and F' exist, are positive
and finite and satisfy

M(P) = M(E) - [ 1o/
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(iii) If R is lattice, then the Minkowski content of K does not exist, whereas the Minkowski
content of F' might or might not exist. More precisely, assume that K C [0, 1] and that
the geometric potential function & associated with R is lattice. Let a > 0 be maximal
such that the range of & is contained in aZ. Define g: R — R, g(z) := v((—o0, z]) to
be the distribution function of v. For n € N define the function g,: [—1,00) — R by

r o, an —1/6
gn () ::/ (g(r)(e‘s —-1)+ 1) dr
-1
and set F, := gn,(K). Then for every n € N we have M(F,) = M(F,).

Corollary 2.44 is proven in Section 4.4.2.

From the condition in the above corollary, we now construct explicit examples of non-
degenerate lattice Minkowski measurable self-conformal sets and thus add to the discussion

given in Remark 2.35.

Example 2.45. Let K C [0, 1] be the Middle Third Cantor Set and let v denote the In2/In 3-
conformal measure associated with K. Let g: R — R denote the Devil’s Staircase Function
defined by g(r) := v((—o0,r]). Define the function g: [-1,00) — R by

g(z) = / G(y) + 1) "%/ 2y

and set F' := g(K). Then we have M(F) = M(F), although M(K) < M(K). This is a

consequence of Theorem 2.39 and Corollary 2.44.

Lattice cIFS which arise via a C'*® conjugation of IFS consisting of similarities play an
important role in the general theory of lattice cIFS. Namely, if a lattice cIF'S is analytic,

then it is automatically conjugate to a lattice system consisting of similarities.

Theorem 2.46 (Analytic lattice cIFS). Let ® be a lattice cIFS acting on X C R and
consisting of analytic maps. Let F' denote the associated self-conformal set. Then there

exist a self-similar set K C R and a map g which is analytic on an open neighbourhood of

K such that F = g(K).

The above result is of interest, since it allows us to carry the obtained results for C'*e-
images of lattice self-similar sets over to general self-conformal sets. It will be proven in
Section 4.4.3

2.5 Examples

We start this section by investigating the two Cantor sets C1 and Cy from the introduction.

Further, we are going to apply the results from the preceding section to some well-known
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fractal sets, namely the Sierpinski gasket and the Sierpinski carpet. Both these sets arise
from lattice systems. Therefore, at the end of this section, we additionally consider a set
arising from a non-lattice system, for which the computations become especially easy with

the formula from Theorem 2.37.

Ezxzample 2.47. Recall the construction of the two Cantor sets C7 and Cs from the intro-
duction. The set C is the invariant set of the iterated function system ® := {¢1,..., ¢4},
where ¢;(x) = x/7+2(i — 1)/7 for i € {1,...,4}. It can be easily verified that the IFS ®
satisfies the prerequisites of Theorem 2.39 and that the Minkowski (Hausdorff or similarity)
dimension of C; is equal to ¢ := dimp;(C1) =1n4/In7. An application of Theorem 2.39

yields that
~ 3 270
M) =3+ (1-6)Ind’
The Cantor set Cy is the invariant set of the IFS W := {¢1,..., 94}, where ¢;(x) = z/7,
Yo(x) =a/T+1)7, Y3(x) = x/7T+5/7 and ¢Y4(x) = z/7+ 6/7. Its Minkowski dimension is

also equal to In4/In7 = §. Here Theorem 2.39 yields
. 36 276
M) =5 (1—6)Ind’
Thus, M (C1) > M (C9), which reflects the capability of the average Minkowski content to

distinguish between sets of the same Minkowski (Hausdorff or similarity) dimension.

Ezample 2.48 (The Sierpinski gasket). The Sierpinski gasket F' is visualised in Figure 2.5.
It is the invariant set of the IFS ® = {¢1, 2, @3} which is constructed as follows. Let
X C R? denote the equilateral triangle with edges (0,0),(1,0) and (1/2,/3/2). Then
¢1,02,03: X — X are defined by ¢1(x) = /2, ¢o(z) := x/2 4+ (1/2,0) and ¢3(z) =
x/2+ (1/4,1/3/4).

The geometric potential function £ associated with ® only takes the value In 2 and thus

is lattice. Therefore, we evaluate the total average fractal curvatures. Indeed, it is not

Figure 2.5: The Sierpinski gasket with primary gap G whose inradius is g.
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difficult to see that the total fractal curvatures of the Sierpinski gasket do not exist. In case
k = 2 this follows from Theorem 2.38. It is well known that the Minkowski dimension of F'
is equal to In3/1In2. The Sierpinski gasket possesses exactly one primary gap G, which is
the equilateral triangle with edges (1/2,0), (1/4,+/3/4) and (3/4,+/3/4). The inradius g of
G is g = v/3/12. Moreover, from the definition of the curvature measures in Equation (2.1)

and from Proposition 2.7 it follows that

0 T < —lIng,

Co(Fy-r,G) =
-1 :T>—-Ing,
0 :T < —Ing,
Cy(F,-r,G) =
3(1/4 —+/3e ) T >—Ing,
3/16 :T < —Ing,
CQ(Fe_T7G) = \[/ B "

3¢ T(1/2—v3e™T) :T > —Ing.

Using that 5_1117#_&E = [In2dp_se = In2 (see Equation (3.4)) and evaluating the integrals
from the formula in Theorem 2.37 we directly obtain

- 1

(J{(F):—m.g%—omz?,,

~f 3 5—1 3V3 )
Fy=—" .1 _2Y2. 0 03761 and

A= Tmem Y m3 ¢ 03761 an

~f V3 52 3 51 3V3
Fy=—2Y2 . VY00 41,8126,

CE) = mam Y T men Y m3 ¢ 18120

The same values have been gained in [Win08| by using the formula which we presented in
Equation (2.7).

Ezample 2.49 (The Sierpinski carpet). The Sierpinski carpet F' is depicted in Figure 2.6.
It is generated by the following IFS ®. Let X := [0, 1]? denote the unit square in R?. For

7 8 9
4 G% 6
1 2 3

Figure 2.6: The Sierpinski carpet and its primary gap G whose inradius is g.
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z € Rset [z] :=min{z € Z | x < z}. Define ¢j: X — X for j € {1,...,9} by
(j — 1)(mod3)
/3] =1

and set ® :={¢; | 7 € {1,...,9} \ {5}}. The geometric potential function £ associated
with ® only takes the value In3. Therefore, £ is lattice. Like for the Sierpinski gasket it is

¢j(x) = g + <

not hard to see that the total fractal curvatures do not exist. Therefore, we evaluate the
total average fractal curvatures. The Sierpinski carpet possesses exactly one primary gap,
which we denote by G. The primary gap G is the square with vertices (1/3,1/3), (2/3,1/3),
(2/3,2/3) and (1/3,2/3). Its inradius ¢ is equal to g = 1/6. Moreover, the Minkowski
dimension of F'is § := dimps(F) = In8/In3. From the definition of the curvature measures

in Equation (2.1) and from Proposition 2.7 it follows that

0 T < —Ing,

Co(F,-r,G) =
-1 :T>—-Ing,
0 T < —Ing,
Cl(FefT,G) = and
2(1/3—-2¢T) T >—Ing,
1/9 :T<—Ing,
Co(For Gy = 4 =

4e T(1/3—eT) :T>—Ing.

The measure theoretical entropy of the shift map with respect to the measure p_s¢ satisfies
o 'H

u_se = JIn3du_se = In3 (see Equation (3.4)). Evaluating the integrals from the

formula in Theorem 2.37 we obtain

. 1
Cl(F) = 3 - ¢° ~ —0.0162,

_ 2 4

ClFy= —= . g1~ . ~0.0725 and

1( ) 3111(8/3) g In8 g an

_ 1 4 4
CiF)=——— 24—~ g0t 25013520
2F) =5 hom ¢ T3 e Y ns 7

Also these values have been obtained in [Win08] by means of the formula from Equa-
tion (2.7).

Ezample 2.50 (Non-lattice self-similar set). In this example, we consider the self-similar set
F whose construction via the IFS ® is visualised in Figure 2.7. The IFS ® which is depicted
in Figure 2.7 consists of ten similarities ¢1, ..., ¢10 acting on the unit square X := [0, 1]%.
The similarity ratios of ¢ and ¢9 are 1/2. The similarity ratios of ¢3 and ¢4 are 1/3
and the similarity ratios of ¢5 to ¢19 are 1/6. Thus, the geometric potential function &

associated with ® takes the values In2, In3 and In6. As In2 and In 3 are not contained in



40 CHAPTER 2. CENTRAL NOTIONS AND MAIN RESULTS

10
4 T
G 2
8 |G 9
6 G2 7
1 @
3
5

Figure 2.7: The self-similar set which is examined in Example 2.50, its construction and

its primary gaps G!, ..., G*.

a discrete subgroup of R, £ is non-lattice. Hence, the fractal curvature measures do exist
according to Theorem 2.37. The invariant set F possesses four primary gaps, which we
denote by G',..., G*. Each of the primary gaps is a square with side length 1/6. Thus,
the inradius of G* is g* = 1/12 for each i € {1,...,4}. From the definition of the curvature

measures in Equation (2.1) and from Proposition 2.7 it follows that for ¢ € {1,...,4} we
have that
. 0 : T < —Ing',
Co(Fe-1,G") = .
-1 :T>—-Ing",
, 0 : T < —Ing’,
Ci(Fp-1,G") = - and
2(1/6 —2e~T) T > —Ing’,
, 1/36 : T < —1Ing,
Co(Fy-r,G") =

4 T(1/6 —e ) T >—Ing"

By the Moran-Hutchinson formula (see for instance Theorem 9.3 in [Fal03]) the Minkowski

dimension of F'is the unique solution § of the equation
21704 2.370 46170 =1,

It approximately is § ~ 1.8835. Equation (3.4) yields (5’1]'{#7‘sg =21"91n24+2.3%In3 +
6!791n6 ~ 1.0212. Evaluating the integrals from the formula in Theorem 2.37 we obtain

cl(F) = _H:l - (g")° ~ —0.0193,
—5¢
46 16
ClF)=— " (g1 = -(¢")° ~0.0874 and
()= s5nm, . @ g @)
5 89 16
ClFy= — 2 . (4'y2+ S(gh)t = -(g")° ~ 1.4992.



3 Preliminaries

In this chapter, we present useful tools and necessary background for proving the results
from Chapter 2. We moreover give further explanation on the constants which occur in

our theorems.

We start in Section 3.1 with providing crucial material from the Perron-Frobenius theory

and in Section 3.2 we present two results concerning volume functions of parallel sets.

3.1 Perron-Frobenius Theory

In order to provide the necessary background to define the constants in our main statements
and also to set up the tools needed in the proofs, we now recall some facts from the Perron-

Frobenius theory.

We begin in Section 3.1.1 by introducing important notions. In Section 3.1.2 we present
a central result from the Perron-Frobenius theory and in Section 3.1.3 we study analytic
properties of the complex Perron-Frobenius operator which are crucial for the proofs in
Chapter 4.

3.1.1 The Topological Pressure Function and Hélder Continuity

The aim of this subsection is to establish important terminology which is required in the

following two subsections. A good reference for the exposition provided below is [Bow08|.

The Perron-Frobenius theory is a theory on the shift space (3°°, o), which we introduced
in Section 2.2. Recall from Section 2.2 that we equip X*° with the product topology of
the discrete topologies on ¥ and let C(X°°) denote the set of continuous complex-valued

functions on X*°.

A central notion in this theory is that of the topological pressure function. For its
introduction take f € C(X*°), n € Ny and let S,, f denote the n-th Birkhoff sum, which is
defined to be

n—1
Snf::Zfoak forn e N and Sof :=0.
k=0

Definition 3.1 (Topological pressure function). The topological pressure function is defined

41
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by
P:C(X*) - R, P(f):= lim n 'ln Z exp sup Sp.f(u)

n—oo
wenn u€|w]
for f € C(X%°), where [w] := {u € ¥ | u; = w; for 1 <i < n(w)} denotes the w-cylinder

set for w € ¥*, in particular [@] = X*°.

A major attribute of the topological pressure function is that it is linked to the Minkowski

dimension of the invariant set of a cIF'S.

Theorem 3.2. The Minkowski as well as the Hausdorff dimension of the self-conformal
set associated with the cIFS ® is equal to the unique positive real number t > 0 for which

P(—t&) =0, where £ denotes the geometric potential function associated with ®.

The above theorem is provided in [Bed88|. There, in particular, the statement concerning
the Minkowski dimension was obtained. The statement concerning the Hausdorff dimension
goes back to [Bow79, Rue82].

Also linked to the topological pressure function is the notion of a Gibbs measure for a
potential function. Gibbs measures carry the nice property that the measure of a cylinder
set of length n is comparable to the n-th Birkhoff sum of the potential function. More
precisely, a finite Borel measure p on the code space ¥X°° is said to be a Gibbs measure for
f € C(X) if there exists a constant ¢ > 0 such that

o el )

<c

~ exp(Spf(x) —n-P(f)) —

for every x € %°° and n € N.

Another central notion in the following is the class of Holder continuous functions on 3.
It forms an important subclass of the class of continuous functions C(3°°) and is defined

below.
Definition 3.3 (Hélder continuous on ¥*°). For f € C(£*°), o € (0,1) and n € Ny define

var, (f) = sup{|f(w) — f(u)] | w,u € ¥°° and w; = u; for all i € {1,...,n}},
Varn(f)

an

| flo :=sup and

n>0

Fa(E%7) = {f € C(E) | |fla < 00}
Elements of F,(X°°) are called a-Hdlder continuous functions on ¥°°.

In Section 3.1.3 we are going to make use of the fact that the space F, (%) endowed with
the norm || - || := |‘|a + || - ||oo, Where || - ||oo denotes the supremum-norm, is a Banach

space.
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Remark 3.4. The geometric potential function £ associated with a cIFS ® := {¢1,...,¢n}
satisfies £ € Fz(X®) for some a € (0,1). To see this, we let r < 1 denote a common
upper bound for the contraction ratios of ¢1,...,¢n. Because of the a-Hélder continuity
of [¢}],...,|¢y| and the fact that |¢]]...,|¢)y| are bounded away from zero we obtain that
there exists a constant ¢ € R such that for every n € N we have var, (§) < er®m=1) and
varg(§) < co. Thus, & € F5(2%°), where a :=r* € (0,1).

3.1.2 Ruelle’s Perron-Frobenius Theorem

This subsection is devoted to important results in the Perron-Frobenius theory. They
originate mainly from [Rue68] and have been further developed for example in [WalO1,

Bow08]. Let us start with introducing the central object of these studies.

Definition 3.5 (Perron-Frobenius operator). For f € C(X°°) define the Perron-Frobenius
operator Ly: C(X>°) — C(X°) by

Lpp(z):= Y /Wy (3:2)
y: oy=x
for x € 3¥°° and let E’} be the dual of L, acting on the set of Borel probability measures

on X°°.

By Theorem 2.16 and Corollary 2.17 of [Wal01] and Theorem 1.7 of [Bow08], for each
real-valued Holder continuous f € F,(X°°), some « € (0, 1), there exists a unique Borel
probability measure vy on ¥>° such that E;Vf = vy for some v, > 0. Moreover, 7y is
uniquely determined by this equation and satisfies v¢ = exp(P(f)), where P denotes the

topological pressure function.

Further, there exists a unique strictly positive eigenfunction hy € C(X>°) of L satisfying

Lihy = ~yphp. We take hy to be normalised so that [hydvy = 1. By py we denote the

duy _

o-invariant probability measure defined by vy

hy. This is the unique o-invariant Gibbs
measure for the potential function f. Additionally, under some normalisation assumptions
we have convergence of the iterates of the Perron-Frobenius operator to the projection onto

its eigenfunction hy. To be more precise we have
i [l "L — [hdvp - hyllee =0 ¥ € C(5%). (3.3)

The definition of the topological pressure function and the relation v¢ = exp(P(f)) imply
the following.

Proposition 3.6. Let f € C(X*°) be positive and real-valued. Then z — P(zf) and

Z > y.f are strictly monotonically increasing functions for real z.
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With the notation established above, we now introduce the measure theoretical entropy,
which occurs in our formulae in Section 2.4. Note, that the geometric potential function
¢ of a cIFS ® belongs to € F,(X*°) by Remark 3.4. It can be shown that the measure
theoretical entropy H),_,, of the shift-map o with respect to p_g¢ is given by

Hy, ;. =0 /Z Edpge, (3.4)

where ¢ denotes the Minkowski dimension of the self-conformal set associated with &.
This observation follows for example from the variational principle (see Theorem 1.22 of
[Bow08]) and Theorem 3.2.

An interesting property of h_s¢ is given in Section 6.1 of [MU03]:

Theorem 3.7 ([MUO03]). Suppose that the contractions ¢1,...,on of a cIFS acting on
X C R are real-analytic on an open neighbourhood of X in R. Let & denote the geometric
potential function associated with ® = {¢1,...,¢n} and let § denote the Minkowski
dimension of the invariant set of ®. Then h_s¢ has a real-analytic extension on an open

connected neighbourhood of X in R.

The above theorem follows from Corollary 6.1.4 of [MUO03]. Note that there cIFS with a
countable alphabet are considered and it is additionally required that there exists an open
connected set U C R? containing X such that all elements of the cIFS extend to analytic
functions on U and such that U is invariant under all elements of the cIFS. This condition

is always satisfied for systems with a finite alphabet.

3.1.3 Analytic Properties of the Perron-Frobenius Operator

This subsection is concerned with analytic properties of the operator-valued function
z> (I —L,5)7), where f € F, () is fixed and z € C.

Let us start by giving the precise definition of what it means for an operator-valued
function to be holomorphic. We let B(F,(X>°)) denote the set of all bounded linear
operators on F,(3) to F,(X°°). Note that since (Fo(X%), || - |lo) is a Banach space,
also (B(Fa(X%)),] - [lop) is a Banach space (see for example [Kat95, p.150]). Here || - ||op
denotes the operator norm, which for A € B(F,(X>)) is defined through ||A|op, =

SUPge 7, (220, llglla=1 [[49]la-

Definition 3.8 (Operator-valued holomorphic function). An operator-valued function
f: D — B(Fo(X°)) defined on an open domain D C C is called holomorphic, if for all
z € D there exists an [(z) € B(F, (X)) such that

Jim IR (f (= + h) = f(2)) = Uz) lop = 0.
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For more insights on these notions, we refer to [Kat95], especially Chapters I11.3 and VII.1
in there. Following convention, we interchangeably use the terms holomorphic and analytic.

I'is played by the

A central role in studying the analytic properties of z — (I — L.¢)~
spectrum of the Perron-Frobenius operator. The Perron-Frobenius operator L.; is a
bounded linear operator on the Banach space (Fo(X%°), || - ||a). Its spectrum is the set of
all complex numbers A such that £,y — Al is not invertible. The spectral radius spr(L.y)
of L.y is the radius of the smallest closed disc with centre at the origin which contains the

spectrum of L,r. The spectral radius formula states that
Tim (214 = spr(Lap). (3.5)

The spectrum of the complex Perron-Frobenius operator has been studied by Parry and
Pollicott. The following statement, which characterises the spectrum of £, for non-real
z € C, originates from [Pol84]. Here, we present it in the form of Theorem B of [Lal89].
For this, let R(z) and ¥(z) denote the real and imaginary parts of z € C.

Theorem 3.9 ([Pol84]). Take f € Fo(X>) for a € (0,1) and suppose that z € C\ R.

(i) If for some a € R the function (3(z)f —a)/(27) is cohomologous to an integer-valued
function, then ew'ym(zﬁ is a simple eigenvalue of L5, and the rest of the spectrum is

contained in a disc centred at zero of radius strictly less than Yree)s -

(11) Otherwise, the entire spectrum of L.y is contained in a disc centred at zero of radius

strictly less than vy, -

Now, we present a couple of useful results from [Lal89] concerning holomorphic properties

of the operator-valued function z — (I — L,5)~! for z € C.

Proposition 3.10 (Propositions 7.1 and 7.2 in [Lal89]). Let f € F,(3°°) denote a real-
valued a-Holder continuous function for o € (0,1) and let —6 denote the unique real zero
of z+ P(zf). Then the following hold.

(i) The function z v+ (I — L)™' is holomorphic in the half-plane R(z) < —0.

(i) The function z — (I — L,)~" has a simple pole at z = —4. In particular, for each

g € Fa(X%),

(I = L) g =7ep(L=zp) " [gdvag - by + (T = L) g (3.6)
for z in some punctured neighbourhood of z = —4§, where

V=L — L and L'; is defined through

L9 =5 9dvey-hay  for g € Fo(2%°) and some o € (0,1).
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Moreover, z — (I — L"z’f)*l is a holomorphic operator-valued function in a neighbourhood
of z = —9.

We remark that the factor v, of the first summand on the right hand side of Equation (3.6)
is missing in [Lal89]. This however does not affect the results, since the z-value of interest

is z = —0, where 7, = 1.

We are going to be interested in the residue of z — (I — Ezf)*l at the simple pole z = —§.
For this, we use that the topological pressure function z — P(zf) is real-analytic for z € R
and real-valued f € F,(X°°) and that it satisfies

d

SPEN = [ fduy, zer (37)
The analyticity of the topological pressure function can be proven with methods of analytic
perturbation theory as presented in [Kat95]. This method of proof is due to Ruelle [Rue78].
Combined with Equation (3.7), Proposition 3.10(ii) yields the following corollary, since

v:f = exp(P(zf)) and since z — 7,7, z — [ gdv,s and z — h, are continuous at z = —4.

Corollary 3.11. Assume that f is real-valued and take g € Fo(X°°). Then the residue of
(I — sz)_lg(x) at z = —0, where x € X°°, is

B fgdy_(;f
[ fdu_sy

We remark that the equation from Corollary 3.11 and the respective equation in [Lal89,

h_sf(x).

p.25] differ by sign.
We end this section by presenting two statements from [Lal89], which address the analyticity

of z— (I — L,7)"! on the line R(z) = —§. These two statements show that the analytic
properties highly depend on f being lattice or non-lattice.

Proposition 3.12 (Proposition 7.3 in [Lal89]). If f is non-lattice then the function
z > (I=L,5)"Y is holomorphic in a neighbourhood of every z on the line R(2) = —§ except
for z=—=9.

Proposition 3.13 (Proposition 7.4 in [Lal89]). If f is integer-valued but not cohomologuous
to any function valued in a proper subgroup of the integers, then z — (I — £zf)_1 is 2mi-
periodic, and holomorphic at every z on the line R(z) = —§ such that I(z)/(2m) is not an

integer.

3.2 Volume Functions of Parallel Sets

In this short section, we present two tools which provide relationships between the 0-th and

the 1-st total fractal curvatures of subsets of R. These statements are needed for proving
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the statements concerning the lattice situation.

The first tool is a special case of Corollary 3.2 of [RW10] and allows one to deduce the

existence of the Minkowski content from the existence of the 0-th total fractal curvature.

Theorem 3.14 (Rataj, Winter). Let Y C R be a non-empty and compact set for which
the Minkowski dimension & := dimy;(Y) exists and which is such that \*(Y) = 0. Then

d)\0 Y. 510 Y.
tim inf S0 OYE) i inf 5N (Y2) < lim sup LA (V) < lim sup o O0e).
e\0 1-9 e\,0 e\0 e\0 1-9

The proof is based on an interesting relationship between the derivative %Al(Fa) which
exists Lebesgue-almost everywhere and the quantity A\°(OF.) which was established in
[Sta76] for arbitrary bounded subsets of R? and builds on the work of [Kne51]. As this

relationship is of use also for us, we state it in the form of Corollary 2.5 in [RW10].

Proposition 3.15 (Stachd). Let Y C R be compact. Then the function € — A (Yz) is
differentiable for all but a countable number of € > 0 with differential

d 1y 0
die/\ (Ye) = A(9Y%).
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4 Proofs

In this chapter we present the proofs of our main theorems. These theorems are concerned
with different structures of the underlying set F' and thus are subdivided into three

categories just like in Chapter 2.

The common theme of all the theorems is that they make a statement about the existence

of the (essential-) weak-limit

(ess-) vx;—{t(l)n kO (FL, )

and the weak limit

1
W-lim]ln5|_1/ e TR Oy (Fyer, )T
e\0 c

for some or all k € {0,...,d}.

We begin in Section 4.1 by giving an outline of the structure of the proofs of the theorems
and by presenting key results which will be used in the proofs. In Section 4.2 these key
results are used for proving the theorems concerning self-conformal sets. In Section 4.3 the
self-similar setting is addressed and the final Section 4.4 covers the situation of C!'T%-images

of self-similar sets.

4.1 Key Tools and Outline of the Proofs

The common factor of the theorems from Chapter 2 is that the underlying set F' is an
invariant set of a cIFS ® acting on a non-empty, compact connected set X C R? such that
Ai(O \ ©X) is strictly positive and such that the geometric conditions from Section 2.3
hold. (Note that (COND 2) to (COND 4), (COND 2’) and (COND 4’) are always satisfied
in space dimension one as we will see later in the proofs.) Recall from Definition 2.17
that a cIF'S F' acting on X satisfies the OSC with open set O := intpaX. Moreover, recall
that the geometric conditions from Section 2.3 imply that X \ ®X possesses finitely many
connected components, which are denoted by G',...,G? and called the primary gaps of
F. Their images under the map ¢, are denoted by G, ..., GY for w € X%

The proofs of our theorems are rather technical. Thus, to gain a better overview of the
structure of the proofs and in order to show the relevance of the forthcoming lemmas, we
now present an outline of the proofs. For ease of presentation, we restrict ourselves to the
non-lattice situation here and remark that the fundamental idea behind the proofs on the

average parts is the same.

49
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(I) We introduce the set-class

Er ={¢,0 |weX*}UKp, where (4.1)
Kp = {K € B(RY) ] IneN: K CRY\ Uwezngwa} (4.2)

and show that £ is an intersection stable generator for B(R?). This is done in

Lemma 4.4.

(IT) Using Step (I) together with Prohorov’s Theorem (Theorem A.7) and the fact
that two signed Borel measures which coincide on an intersection stable generator
for B(R?) coincide on B(RY) (see Proposition A.4) we show the following. If
there exists a signed Borel measure p such that e *O=FCy(F,-., B) (essentially)
converges to u(B) for every B € Ep as t — oo on the domain of definition, then
(ess-) w-limy o0 e HOF) Oy (Fu—t, ) = p(-). This is shown in Lemma 4.6.

In order to show the existence of p as in Step (II) we distinguish between the cases B € K
and B € &p \ Kr.

(IIT) For B € K we show that (ess-) limy o e ORI Cy(F,—¢, B) = 0.
For B = ¢,0 € Er \ KF, where k € ¥*, we show that

00 Q
Cr(Fots B)= 3 D0 % Ljg(uwe)Cy (Fe-t7UG:;mB> Fo(eh)  (4.3)
=1

weX™m n=0uyecx"

for t € Uy, where Uy :== {t € R | e7! is a regular distance for F} if d > 4 and
k€ {0,...,d—2} and Uy := R else (see Lemma 4.5).

Here o denotes the Landau symbol, which is defined as follows. For a function f: U — R de-
finedon U C R with A\;(R\U) = 0and g: R — R we write f = o(g) if ess- lim/_,o f(t)/g(t) =
0, where the essential limit is taken over U. Since F' has finitely many primary gaps, we
assume without loss of generality that F' possesses exactly one primary gap which we

denote by G. Its main gaps are denoted by G, for w € ¥*.

In view of Equation (4.3) we introduce functions
fk’w(t) = Ck(Feft, Gw)

for w € ¥* whose domain of definition depends on the respective setting of the theorem
(see Lemmas 4.8, 4.9 and 4.13).
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(IV) We show that the expression on the right hand side of Equation (4.3) can be
approximated by

S S Ay B (¢ S (uwn) Fo(eR) (44)

weX™M n=0yex"

::Nk,m,n(t)

and determine the (essential) asymptotic as ¢ — oo for the functions Ny, . (see Key
Lemma 4.2).

Note that in the self-similar case the terms in Equations (4.3) and (4.4) are equal.

(V) From the knowledge of the asymptotic of Ny, , we deduce the existence of a signed
Borel measure p such that

(ess-) lim e tO~RCy(F._, B) = u(B)

t—o00

for all B € £ and determine the limiting signed Borel measure p. This is done in

the respective proofs of the theorems.

Combining Steps (I) to (V) shows the desired statement.

Now we present the precise statements and proofs of the auxiliary results and start with the
most important one, namely with Key Lemma 4.2. This result is formulated in a general
way so that it can be applied in all the cases we consider. In this way it unifies the proofs

of all the results from Chapter 2.

4.1.1 Key Lemma 4.2 with Proof

We first fix some notation. We let |z] denote the integer part of x € R, that is the largest
integer z € Z satisfying z < x. Moreover, {z} :=x — |z| € [0,1) is the fractional part of x.

Definition 4.1 (essentially asymptotic). Let U C R denote a set which satisfies A; (R\U) =
0. We say that a function f: U — R is essentially asymptotic to a function g: R — R on
U ast — oo, if

ess-lim f(t)/g(t) = 1,

where the essential limit is taken over U. For such f,g and U we write f(t) ~U g(t) as

t — oo.

Key lemma 4.2. Let ® denote a cIFS acting on a compact connected subset X of R% with
associated self-conformal set F C R, Let 6 := dimy;(F) > 0 be the Minkowski dimension
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of F' and denote by {: ¥°° — R the geometric potential function. Let v_se and pi_s¢ be
the measures deﬁned in Ruelle’s Perron-Frobenius Theorem (see Section 3.1.2) and denote
byhas—g . ForkeN,meN andw € ™ let
frw:U—=R be functzons satisfying the following.

(A) The domain of definition U C R fulfils \y(R\ U) = 0 and for every t € U there exists
an g9 > 0 such that t —e € U for every € € [0, p).

(B) The function fi, is left-continuous on U, meaning that lims—z fi o (t) = frw(x) for
t<
every x € U. ’

(C) The integral
/ e 0P| f (1)t
—00

exrists.

(D) For x € ¥*°, k € ¥* and m € N the series
Nimw (t, ) Z Z Z 1y (uwz)e Yo hSnt(wn) g (t — S, (uw))
weX™ n=0uex"

converges absolutely for t in the domain of definition V' of Ny x(-,x). Note that
Item (A) implies that A\ (R\ V) = 0.

(E) One of the following is valid for a fixred m € N.

(a) There exists a t* > 0 such that fi,(t) =0 for allt <t* and w € ¥™ or

(b) Nim.x(-, ) is non-increasing.

(F) There exists a € € R such that e_t(é_k)Nﬁﬁ(t,a:) < € forallx € ¥° andt €V,

where

NEbS (4 0) 1= Z Z Zefksné woz)| i o (t — Spé(uwz))|.

weX™ n=0uexm"

(G) There exist t* € R (which coincides with the t* from Item (E)a when in the situation
Item (E)a) and € > 0 such that for all t < t* we have

Nabs (t ZL’) < ¢
for allm € N and v € ¥°. If k <4, then we require € = 0.

Then the following hold.
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(i) For x € ¥°° we always have that
t
lim ¢~ 1/ e~ (‘sfk)]\ﬁf’m’,{(T7 x)dT

t—o00
~T(6—k) £, (T)dT - J L dvse s
-3 [T emar L (o)

(ii) If € is non-lattice, then
1,,dv_
Nim(t, ) Z / o TO=k) ¢ }o(T)dT - Mh_(%(w@ et(0—=F)

wexm YT fgdu_és

=:Dg. m,x(T)

as t — oo, for all x € ¥°°, where V' is as in Item (D).

(iii) Assume that £ is lattice. Let (,1p € C(X°°) denote functions such that £ —( = p—1oo
and such that the range of ¢ is contained in a discrete subgroup of R. Let a > 0 be
mazimal satisfying ((X°°) C aZ. Assume that (a) U = R (which implies V = R)
or that (b) ¥ = 0. In case (a), set V :=R and in case (b) let Vdenote the domain
of definition of t +— >7°__ e~O=R) f (al +a{t/a}). (Note that Item (A) implies
that A (R\ V) = 0 in both cases.) Then

N i (t, )
t+w(wz) (6—k) kw(wx)h 5{(&)33)
awez;m ‘ JCdp—sc
_/oo W1, (y Z e al0H) f <a1+a{t+“i(“5”)} —w(y)> dv_sc(y)

l=—
as t — oo along 1% uniformly for x € .

Note that Items (A) to (G) of Key Lemma 4.2 are satisfied for the functions given by
Jrw(t) = Ci(Fe-t,Gy,), where F' is as in our theorems. This is shown in Lemmas 4.8, 4.9
and 4.13.

The proofs of the three parts of Key Lemma 4.2 are very different and so we split the
proof and start by considering Item (ii). Before carrying out this proof, we present a useful
smoothing argument for showing the asymptotic (see [Lal89] pp. 27 ff.). For a probability

density II: R — R we consider its Fourier-Laplace transform given by

II(if) := / h OHTI()dt

—0o0
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and introduce the following class of probability densities.
P :={II: R — R | IT is a probability density, II(t) = II(—t¢) for ¢ € R and
ﬁ(iﬁ) is non-negative, C*° and has compact support}.
Note that the function I1: R — C given by

—9?
. e — (0] <1,
I1(i0) := P (1—92) 6] <

0 : else

(4.5)

defines an even probability density II: R — R which lies in 3. That II is a probability
density is due to Bochner’s theorem (see for instance [Kle08, Satz 15.29]). Thus, B is
non-empty. For the following, fix II as such. As Il is an even probability density we know
that for all € > 0 there exists a 7 > 0 such that
T
/ T(t)dt > 1— <.
—T

For each € > 0 fix such a 7 = 7(¢). Thus, II. which for £ > 0 is defined by

I.(t) := -~ II(t-7(e)/e) (4.6)
satisfies _ ©)
II.(¢)dt = II(t)dt > 1 —e.
[ - [ 0

Moreover, it can be easily verified that II; € 9B for all € > 0. The smoothing argument

goes as follows.

Lemma 4.3. In order to prove Key Lemma 4.2(ii) it suffices to prove that for all x € X*°

we have that

o0

lim (Me(r = T) 4+ (=1 — T)) e TOPIN 1 o (T, 2)dT = Dy () (4.7)

r—00 —00

uniformly for e € (0,1].

Proof. In case N, .(t,x) is a monotonic function in ¢, this statement follows directly
from the proof of Lemma 8.2 of [Lal89]. In order to cover also functions which are not
necessarily monotonic, we are going to adapt the methods of proof used in [Lal89]. Thus,
in the following we suppose that we are in case (E)a, namely that there exists a t* > 0
such that fj,(t) =0 for all t < t* and w € ¥™.

Firstly, for r € R and € > 0, Item (F) implies that

) r+e
’ / . (r — T)e TO=RIN, . (T, z)dT — / I (r — T)e  TORIN; (T, 2)dT

—€

<C-g, (4.8)
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which tends to 0 as & — 0 uniformly for 2z € ¥°°. Secondly, using Item (G) and that ¢’ =0
for k < § we have that

—r+2e
lim ii\% /_ ) I (—r+e—T)e TN, (T, 2)dT| < lim. g% ¢’e(r=22)(0=k) — .
(4.9)
Thirdly, we observe that with V' as in Item (D) we have that
inf ¢ =OO-RN o (r—Ex)- (1—¢)
£€f0,2¢] Y
r—eeV
T
< / I.(r —e—T)e TO PN o (T, 2)dT
r—2e
< sup e TAOHRN L (r—E ). (4.10)
£€0,2¢]
r—eeV

For a fixed r € V, Item (E)a implies that the series which defines Ny, .(r — €,2) is a
finite sum, since £ is positive. Moreover, the number of summands is bounded uniformly
for x € £°° and € € [0, 2¢] for which r — £ € V. Since according to Item (B) the functions

frw are left-continuous on U it follows that

lim inf e*(’"*aw*k)Nk,m,,{(r —g,z) = lim sup e*(T*a(‘s*k)Nk’m,H(r —£,x)

e\0 Z€0,2¢] N0 z¢[0,2¢]
r—eeV r—eeV
= eir((;ik)Nk,m,m(ra x) (4‘11)

Using Equations (4.8) to (4.11) and that by hypothesis the convergence in Equation (4.7)
is uniform in &, we conclude that

Dimos(w) = lim lim [ (He(r = T) + 1e(=r = 7)) e TO PNy (T, 2)dT

= lim lim (I(r = T) + (—r = T)) e TCP N (T, 2)dT

r—=00e\0 J_~

.
= lim lim ( / M (r —e—T)e TORN (T, 2)dT
r—2¢e

r—00 e\ 0
—r+2¢
+ / (=7 +e—T)e TCRN, (T, x)dT)
—-r

= esslim TN ().

O]

Proof of Key Lemma 4.2(ii). In this proof we use some of the tools presented in the proof

of Theorem 1 of [Lal89], which we repeat here for the convenience of the reader. For z € C,
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k€ X" and x € X*° denote the Fourier-Laplace transform by
o0
Lim (2, ) = / T O RIN e (T, 2)dT. (4.12)
—00
Items (F) and (G) imply that the function Lg , . (-, z) is well-defined and analytic on

{ze C|R(z) <0} ck <9,
{zeC|d—k<R(z)<0} k>0

Zk =

Here, R(z) denotes the real part of z € C. What is more, for small enough € > 0, Items (F)
and (G) imply that Ly, (-, ) converges absolutely and uniformly on

{zeC|R(z) < —¢} k<o,

Zi(e) =
{zeClod—k+e<R(z)<—€} k>0

Now, in every such region, using Item (D) as well as the monotone and dominated

convergence theorems, we obtain the following.

Lk,m,n(za ZL‘)

= 33N g (uw)e ) / TTOR) fi (T — Sué (uwe)) AT
weXm n=0uexm —00

— Z Z Z ]1[/@] (uwx)e—ksnﬁ(uwm) /OO ezT—T(ﬁ—k)fkw(T)dT . e(z—5+k)Sn§(uwm)
weEXM n=0uexmn —o0

i 00

= D D Ll pel(wa)- / T=TOR) ., (T)dT.

weX™ n=0 —00

By Theorem 3.9(ii), the spectral radius formula (see Equation (3.5)) and the fact that
vY_s¢ = 1 (see Theorem 3.2), the series Y ° L _5)elin (wzx) converges for R(z) < 0 and

we obtain

[ee]
meﬂ%@::EZ(I_CQJKY+%MW@‘/ eI =TO=R) f ,(T)dT.
wexm >
Moreover, by Proposition 3.12, the operator-valued function z + (I — L.¢)~! is holo-
morphic at every z on the line R(z) = —¢ except for z = —¢, which is a simple pole by
Proposition 3.10. According to Corollary 3.11 the residue of (I — L.¢) ' 1j(wa) at z = =6

1S
B f 1 [H} dV,lgf

J&dpse
Hence, the residue of Ly, (2, ) at 2 =0 is

> Culwa) / e T@=k) g (T)dT.

oo
wexm %

“h_se(wr) =: Cxw). (4.13)
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Thus, Lj (2, ) has the following representation.

Cr(wz) > —T(6—k)
Limw(2,7) = qump(z,0) + Y = e frw(T)dT, (4.14)
z —0o0
wexm
where g (-, 2): C — C is holomorphic in a region containing the closed half-plane
R(z) <0if k < and the strip {z€ C|J—k+e < R(z) <0} if & > 0, where € > 0 is
sufficiently small. Ttems (F) and (G) and Lebesgue’s dominated convergence theorem imply
for every € € (0, 1] that

/ (.(r —T) + M. (—r = T)) e TORI N, (T, 2)dT

—00
o0

= lim ((r —T) 4+ Lo (—r — T)) e TOk+s) N, (T, 2)dT. (4.15)
S\O oo s 17y

Using the inverse Fourier-Laplace transform II.(t) = [ e_ietﬁ\g(iﬁ)de/(%r) and that the
integral on the left hand side of Equation (4.15) exists, we can convert the integral from

the right hand side for sufficiently small s > 0 as follows.

/ (I (r —T) + T (—r — T)) e s T-TOR N (T, 2)dT
_/ / 0T TL (i6) (e—ier 107~) dj —ST-TO-k) Ny (T, 2)dT
o 27r
(T[T Ge-sT-T(-N) = . do
= e Nigm e (T, 22)11.(16)2 cos(Hr)%dT
o0 —~ de
= / L.k (10 — s, 2)11:(i0)2 cos(0r) —
oo 27
(4.14) [ _ x)(i0 + s
= (MM S [T <0>+<>)
oo wexm Y
i(ia)zcos(er)gﬁ. (4.16)
s

The measures given by mdQ converge weakly to the Dirac point-mass at zero as s — 0.
Moreover, we can ignore the imaginary part on the right hand side of Equation (4.16) since
the left hand side is real. Using that ﬁ\s(iﬁ) is real and that T/I\,E(O) =1for all € € (0,1] we

therefore obtain

lim (.(r — T) 4 M (—r — T)) e T-TOR Ny (T, 2)dT (4.17)
=R ( / Qem.r (10, 2)TI(i6) cos(6r) ) > / “TOR) i (T)AT - Ce(we).
oo wexm®”

Combining Lemma 4.3 with Equations (4.13), (4.15) and (4.17) it follows that all that

remains to show is that the first integral on the right hand side of Equation (4.17) converges
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to zero as r — oo uniformly for ¢ € (0,1]. Recall that ﬁ;(i@) is C* and has compact
support; assume that it is contained in [—S,S]. Also, recall that gy ., . (-, ) is analytic
in a neighbourhood of [—iS,iS] and continuous in z. The Cauchy integral formula for
derivatives implies that %qk,mﬁ(z, x)|,=ip is uniformly continuous in # and hence bounded
on [—S, S] x £°°. Thus, %qkymﬁ(z,x) is bounded on [—iS,1S] x ¥°°. Integrating by parts

now implies

s — 0
/ Qh,m,k (16, )11 (i6) cos(Or) —
-S

T
. —~ . .sin(fr) |5 S qd . — . sin(6r
= Qom, (10, 2)I1(i6) 77(7’ ) o _/Sdﬁ (qumv,{(lﬁ,x)ﬂg(lﬁo 757’ )dﬁ. (4.18)

As the support of I/T\g is contained in [—iS,1S] and I/T:- is C*°, the first term on the right hand
side of Equation (4.18) equals zero for all 7 > 0. For the second term on the right hand side
of Equation (4.18) we remark that f[\g(iQ) = ﬁ(i@a/T(a)). Therefore, the definition of II in
Equation (4.5) implies that f[\s(iQ), as well as, %ﬁ:(i@) is uniformly bounded for ¢ € (0, 1].
This shows that the second term on the right hand side of Equation (4.18) converges to
zero uniformly for € € (0, 1] as r — co. Hence the first integral on the right hand side of

Equation (4.17) converges to zero as r — oo uniformly for ¢ € (0, 1]. O

Proof of Key Lemma 4.2(iii). Items (F) and (G) imply that for a fixed g € [0,a), m € N,
we X" ke ¥ and x € ¥ for which al + f — ¢(wz) € V for all [ € Z, the function
NP

k,w,k

(-,z) given by

[e.e]

ﬁlﬁw,n(z7x) = Z elZNk,w,n(al + 5 — ¢(W$)a$) (4.19)

l=—00

is well-defined and analytic for z € gk, where

3. {zeC|R(z) <a(k—9)} c k<4,
Tl eC|0<RE) <alk—8) k>0

and

Niw(t,z) =Y Y g (uwz)e ¥ f (0 — 5,6 (uwe))
n=0ue¥"
for t € V. Furthermore, Items (F) and (G) imply that we can make the following conversions
for z € 2y, for which /3 is additionally assumed to satisfy al + 8 — Y(uwz) € U for alll € Z
and u € ¥*. Note that S,& = S,( + 1 — ¥ oo™ and recall that S,,¢ € aZ for all n € N.
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Nﬁw,ﬁ(z,:c)

= Z Z 1y, (uwz)e ™ konE(uwe) Z e frw(al + B — h(wr) — Spé(uwz))
n=0ue¥" l=—00
= Z Z ]l[n] (uwm)e_ks"g(uwx) Z e(l-}—a*lSnC(uwx))kaM(al + B - ¢(uwx))
n=0ueXn l=—0c0
00 . ©
— Z Z ele” z—k)SnC(uwx)e—k(¢(uwx)—¢(w$))]lM (uwz) Z elsz,w(al + B — P(uwz))
n=0ue3" l=—00
= ekw(wx) Z L"?a_lsz)C (e_kw]l[n] Z elsz,w(al + 6 - ¢)> (WCC)
n=>0 l=—0c0

For z € Z;, we have that R(a~'z — k) < —6. Thus, by Theorem 3.2 and Proposition 3.6
we know that yg(g-1.—)c < 1. Theorem 3.9 (both parts) and the spectral radius formula
(Equation (3.5)) then imply for every z € Z;, that

Ny (z@) = O = L, ) (e—’“ﬁ]l[&] > e frwlal+ 8- 7/’)) (wa).

l=—0c0

Since a~1¢ is integer-valued but not cohomologous to any function valued in a proper
subgroup of the integers, we can apply Proposition 3.13. Thus, z + (I — L,¢)™! is 2ma™ti-
periodic and holomorphic at every z on the line R*(z) = —§ such that $(z)/(2ra™!) is not an
integer, where (z) denotes the imaginary part of z € C. Therefore, z — (I—E(a—lz_k)g)il
has got an isolated singularity at z = a(k — ¢) and is holomorphic at each z = a(k — ) +1i6

for 0 < |0| < ma~!. By Proposition 3.10 the singularity of N,fw L(z,2) at z = a(k —9) is

Y(a=1z—k)¢

—ky lz
A el S e "Y1y, e frw(al + B — V)Avig-1,_p¢ - ha—12—pc (W) .
1= Ya-12—k) /oo W D il D)dV(a-12k)¢ a1z k) (W2)

l=—00

::E:,(wac)
Since z — E,(wz) and 2 = y(q-1,_g)¢ are continuous in z = a(k — §), the singularity is a
simple pole with residue
Eyk—s)(wz) . Eqh—s)(wz)
_%V(a_lsz)dz:a(k—é) - fEOQ Cd/,l,_(gg ’

which follows from Equation (3.7). It follows that N kﬁ w2, T) is meromorphic in Z1(e) for

some ¢ > 0, where

Zu(e) = (Zku{ze«3|a(k—5)gére(z)<a(k—5)+g})m{ze<cyog<s(z)gm—l}
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and that the only singularity in this region is a simple pole at z = a(k — §) with residue

o0

W Y e O g (a4 B — W)dv_g -

l=—00

h_s¢(wz)

ki (wz) —kv
—ae e 1 _—
fzoo Cdp—s¢

Moo

=: Cy ().

Additionally,
Z Gl kaw,{(al—i—ﬁ (wx), x)

l=—00
is finite by Item (G). Recalling the definition of ]V,f vy from Equation (4.19) we thus

conclude that
Co ()

;elszyw’,{(al + B — w(w.’ﬂ),l‘) — m

is holomorphic in Z(¢) for some £ > 0. We observe that z — ("7~ —1)/(z +a(5 — k))

is holomorphic in C. Making the transform of variables 2 := e***(~k) we thus obtain that

Zze 5kaw,{(al+ﬁ (wx),x) — ng(f)

is holomorphic in {e*t*®%) | z € Z;()}. This implies that

o0
Lkwﬁ(:zv, x) = Z Z’/l (e_al(a_k)Nk,w,n(al + 6 - ¢(w:):), x) + Cwﬁ(x)>
1=0
is holomorphic in {Z | |2] < e°}. Since Ly, x(, ) is holomorphic in {Z | [2] < e°} and e® > 1,
the coefficient sequence of the power series of Ly, « (-, z) converges to zero exponentially

fast, more precisely,
e ORING o w(an + B — p(w), x) + Cu (@) = o((1 + (¢ = 1)/2)™")

as n — oo (n € N). Thus, for x € X*° we have that

— New (a Lw(“’x)J +G{M} —w(wx),m)

a
_— T/

=n _ﬁ

t+w(WI)J(5 k) k‘w(wz)h 5@(&1(6)

[ ¢dp—sc

o0

: / W) Y e O <al + a{w} — w(y)> dv_sc(y)

a
l=—00

~ ae\‘

as t — oo, which finishes the proof. O
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Proof of Key Lemma 4.2(i). First note that if f ~" g as ¢t — oo, then the existence of
limy oo t 1 fot g(T)dT implies the existence of limy oot~ ! fg f(T)dT and moreover that
limy oo t 1 f7 F(T)AT = limy—oo t 1 [ g(T)dT.

If ¢ is non-lattice, Key Lemma 4.2(i) thus is a straightforward consequence of Key

Lemma 4.2(ii). Therefore, we now consider the case that £ is lattice. Clearly,

t
/ e~ T(6—FK) N (T, z)dT
0

ala='t] t
— / e TORIN o o (T, 2)dT + / e TORIN, (T, 2)dT. (4.20)
0 ala—1t]

Due to Item (F) the second summand on the right hand side of Equation (4.20) is absolutely
bounded by € - (t — ala"'t]) < € - a. For the first summand we use that by Item (iii) we
have that Ny «(t,2) ~V" aMy . (t,7) as t — oo, where

h_
Mk7m7,{(t,x) — Z ekw(wx) 5C(W$) ) M,:’,K(t,x)

wexm f CM_(SC
and forw € X* and t € V
| trwn) | 5
Ml?,n(tam)'e L a J(é k)
_ = —al(s— t+ v(wx
= / e W (y) Y e R g, (al + a{lﬁ()} - w@)) dv_sc(y).
> l=—00

It is easy to verify that ¢+ e *O=F) M . (¢, %) is periodic with period a. Thus,

t
lim ¢~ / e TO-M Ny o (T, 2)dT

t—o00 0

-1
t
= lim ala”t] .
t—o00 t

ala=1t]
(ala™'t])™? / e TORI Ny (T, 2)dT
0

= lim (aLaltJ)lLaltJ/ e TR My (T, 2)dT
0

t—o00

- / e TO=RIM, (T, x)dT.
0
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Consider
/ e TOR M (T, x)dT
0

_ /a N e e (O

0

./oo —kv(y) Ly (y i e (al + a{w} - w(y)> dv_s¢(y)dT

a

:/ e(TW(wz))(ak)/ W (y Z e OB £ (al + T — (y))dv_se (y)dT
0 oo

l=—

= V(DO / e (y) / T fi (T — () AT dv—sc(y)
=0k [ ey ) [T g ()T ()

=0 oh) [T )T [ e D ().

This implies

t
lim ¢t / e TORIN (T, 2)dT
—00 0

o) [ 1(5e L (y)e Y Wdv_s(y)

_ Z PR )/ e T0 k)fkw(T)dT‘ J [5] ¢ ~h_sc(wx).
wenm —o0 deM—ég

Noting that e *Vdv_sc = dv_se, [voo (dpi—sc = [go Edpi—se and eVh_se = h_g, the

statement of Key Lemma 4.2(i) follows. O

4.1.2 Lemmas 4.4 to 4.6 with Proofs

As described in the beginning of this section, we make use of the fact that two signed
Borel measures which coincide on an intersection stable generator for B(R%) coincide on
B(R?) (see Proposition A.4) in order to show convergence of the signed Borel measures
e 0Ky (F,~,-). For the application of Proposition A.4 we use the set-class £, which we
introduced in Equation (4.1), and now show that £ forms an intersection stable generator
for the Borel o-algebra B(R?) of R? (see Definition A.1). We remark that similar ideas
were used in [Win08] for the self-similar setting. The following lemma is a modification of
Lemma 6.1.1 of [Win08].

Lemma 4.4. & is an intersection stable generator for B(RY).

Proof. Since O is the open set satisfying the OSC for ®, it is clear to see that &p is

intersection stable. Moreover, letting o(€r) denote the o-algebra generated by & we
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have that ¢(£r) C B(RY). Thus, in order to show that o(Er) = B(RY) we will now show
B(R?) C o(EF). The idea of how to prove this is to show that every open set in R? is a

countable union of sets in Ep.

Let B C R% denote an open set and take z € B. Then there exists some r > 0 such that
B,(z) C B, where B, (x) denotes the open ball with radius r centred at z. Define

n(r) ;= min{n € N | diam(¢,0) < r for all w € ¥"}.

Set ¥,(r) := {w € X" | z € $,0}. By definition, diam(¢,0) < r for all w € X, (r)
and thus ¢,0 C B,(x) for these w. Moreover, for each w € ™" \ ¥.(r), ¢,O has
positive distance to x. Therefore, we can find some positive constant 0 < ¢ < 7 such that
|z — $,0| > ¢ for all w € X"\ $,(r). Set D, := Be(z)\ Uwes, () @wO- Then Dj is
a subset of R\ J, csn(r @O and thus an element of Kr (for the definition of Kp see
Equation (4.2)). Set E, := D, U UWEZI(T) ¢, O. By construction, F, is a finite union of
sets from & and E; C B,(r) C B. On the other hand, the family {E, | z € B} forms
an open cover of B, which by the Lindel6f Theorem possesses a countable open subcover.
More precisely, there exist x1, 22, ... in B such that B = [J;cr Ez,. Since each set Ey, is a

finite union of sets from &g, the proof is complete. O

Now, we turn to Step (III) from the beginning of Section 4.1.

Lemma 4.5. Let ® denote a cIFS acting on X and suppose that A\g(X \ ®X) > 0. Denote
by F C R? the self-conformal set associated with ® and let § > 0 be its Minkowski dimension.
Assume (COND 1) to (COND 3) and let GL,. .., G2 denote the main gaps of F for w € *.
Ifd>4 and k € {0,...,d — 2} suppose that Lebesgue-almost all distances are regular for
F and write U := {t € R | et is a reqular distance for F}. Further, assume that there
exists a 6y < 0 such that C’,Zar(Fe—t,Gf;J) e t0r=kK) s uniformly bounded from above by
a constant € € R forie {l,...,Q}, w € ¥* and t € Uy, where Uy :=U ifd > 4 and
ke{0,...,d—2} and Uy := R else. Then the following hold.

(i) If B € Kp, then Cy(Fy-t, B) = 0(¢"®=F)) as t — oo on U.

(ii) If B = ¢,0 € Er \ Kp for some k € ¥*, then for allm € N and x € ¥*° we have

Ci(Fe-t,B) = Z i Z 1 (uwz ) Cy, (Fe,t,Uinlng) + o(et0-k))

weXm n=0uecxym

ast — oo on Uy.

Both Items (i) and (ii) remain valid when substituting the total variation measure C* in
for Cl.
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Proof. From Items (i) and (iv) of Proposition 2.7 it follows that Cy(F,-¢, B) = C(F -, BN
D), whenever D € B(R%) contains F,—:. Now, because F,: is contained in the disjoint
union (Oy-¢ \ O) U Uwesicqt,...0r G! U F for any t € R, the following holds for any
te U, and B € Ep.

Ci(Fo-t, B) = Cp(Fot,0o-\ONB)+Cy(For, | J GLNB)+Cy(Fet, FNB). (4.21)

wex*
ie{1,,Q}

The first summand on the right hand side of Equation (4.21) is 0(e!(®=*)) since (COND 27)
implies that there exists a € € R such that

etk ovar(p 0, \ O N B) < le”07%)

as t — oo on Ug. Also, the third summand on the right hand side of Equation (4.21) is
0(et0=k)). To see this, we distinguish between two cases. If k = d, then 0 < Cy(F,—¢, F' N
B) < \g(F') = 0 by Propositions 2.7 and 2.22. If k¥ < d, then C}*(F,-¢, ) is concentrated on
the boundary 0F,—: of Fo—+ (see Proposition 2.7(iv)), which implies that C}*" (Fe—¢, FNB) =
0, since 0F,~+ N F' = @ for all t € R. Therefore, it only remains to consider the second
summand on the right hand side of Equation (4.21). To this end assume without loss of

generality that I’ possesses exactly one primary gap which we denote by G.

ad (i): For B € Kp there exists an n € N such that BN ¢,0 = @ for all w € ¥". Since
G, C ¢,,0 for every w € X* we conclude that U;’f:n Uwezm G,NB =@ and
hence that

n—1
Cy (Fe—r, | GunB)=>" > Cy*(Fe—t,Gu,N B). (4.22)

weS* m=0weX™

By the hypothesis we have
e tO-R v (F G, N B) < e 00

as t — oo on Uy, which together with Equation (4.22) shows the assertion of
Item (i).

ad (ii): For B = ¢,0 € Er \ Kr and for an arbitrary m € N write

Ck(Feft, U Gy, N B)

wex*

m—1 00
= Z Z Ck(Feft,GwﬂB)-f- Z Z Z Ck(Fe*faGume)'

n=0 weXn weXm n=0uexm
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As in the proof of Item (i) it can be easily seen that the first summand on
the right hand side of the preceding equation is o(et(5_k) ). Further, we have
either G C ¢x0 or Gy, N ¢,0 = &, the former of which holds if and only if
uwx € [k] for some and thus any x € £°°. This implies Ci(Fo-t, Gyw N ¢x0) =
1 (uwz) - Cp(Fo-t, Guy) which shows Item (ii).

That the same is true for the total variation measure can be easily verified in exactly the

same way. O

With regard to Step (II) from the beginning of Section 4.1 we now show that Prohorov’s

theorem can be applied in order to obtain the desired convergence.

Lemma 4.6. Suppose that we are in the situation of Lemma 4.5. Moreover, assume that
e 0=k Crar(F, ) is uniformly bounded for t € (1,00) N Uy. Then we have the following.

(i) If there exists a signed Borel measure p such that ess-limy o e *O=FCy(F,—¢, B) =
w(B) for every B € Ep, where Er is as defined in Equation (4.1) and the essential
limat 1s taken over Uy, then

ess-w-lime "R CL(F -0, ) = u(-).

t—o00

(ii) If there exists a signed Borel measure j such that for every B € Ep,
limy oot 1 fot e TO-kKCy(F,-r,B)dT = u(B) , then
t
w-lim ¢! / e TR Cr(Fyor, )AT = pu(-).
0

t—00
Proof. We start with proving Item (i). Define
Pi={p(-) i= e ORCL(F—, ) | t € (1,00) N U}

By the hypothesis and Proposition 2.7, the family P is uniformly tight and totally bounded.
Let (T, )nen denote a sequence in (0, 1) which converges to zero and for which 7., € Uy, for
n € N. Then by Prohorov’s Theorem (Theorem A.7) there exists a subsequence (T}, )ken
and a finite signed Borel measure i such that (,uT;kl) ken converges weakly to 1. However,
for B € EF the essential limit ess-lim;_yoo e_t((s_k)Ck(Fe—t, B) exists by assumption and
coincides with p(B). Lemma 4.4 states that £ is an intersection stable generator for
B(R?). Thus, by Proposition A.4 we conclude that fi coincides with the measure p for
every such sequence (T, )ken-

Item (ii) can be shown in the same way by taking

P = {ut(~) =11 /t e TR Oy (Fyr, -)dT ’ te (1,00)} :

0
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The tools that we established above, now allow us to prove our main results. We begin

with the results for general self-conformal sets in the the next section.

4.2 Self-Conformal Sets — Proofs of Theorems 2.29, 2.31
and 2.33

In this section we prove Theorems 2.29, 2.31 and 2.33, which are concerned with the existence

of the local Minkowski content and the fractal curvature measures of self-conformal sets.

For showing the existence of the limits in Theorems 2.29 and 2.31 we require the following

approximation argument.

Lemma 4.7. For an arbitrary x € %°° and T € R the following hold.

(i) (a) Suppose that we are in the situation of Theorem 2.29. Then having T <
020N e [0 e~ T(0=d) 2?:1 Ai(Fo-r NGL)AT - h_ge(wz) for all sufficiently

large m € N implies

- Q
T <liminf » / e TN " N(Fr N GL,)dT.

m—00
wexm Y =1
(b) Suppose that we are in the situation of Theorem 2.31. Then having T <
0%, > esm Z?:1|Gfu\5h_5§ (wx) for all sufficiently large m € N implies

Q
T < 1}5&@2 > oGP,

=1 weXm™

(ii) (a) Suppose that we are in the situation of Theorem 2.29. Then having T >
02O e [0 e~ T(0=d) Z'LQ:I ANa(Fo-rNGL)AT -h_ge(wz) for all sufficiently

large m € N implies

o0 Q A
T > limsup Z / e T00=d) Z)\d(FefT NG,,)dT.

Mmoo Lenm i=1

(b) Suppose that we are in the situation of Theorem 2.31. Then having T >
00 > esm z?:ﬂGZJ]‘Sh_gg(ww) for all sufficiently large m € N implies

Q
: i 10
Yzlimsp), ) |Gl

i=1 wexm
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Proof. We are first going to approximate the eigenfunction h_s¢ of the Perron-Frobenius
operator £_gs¢. For that we claim that £L” ;. 1(x) = > uesn| @ (mz)|° for each x € £ and
n € N, where 1 is the constant one-function. This can be easily seen by induction. Since
L 5¢1 converges uniformly to the eigenfunction h_s¢ as n — oo (see Equation (3.3)) we
have that

Ve>03IM eN:Vn> M, Vo e X°:

D 1@ (r2)” = hoge(w)| <e. (4.23)

uexn
Furthermore, according to the BDP (see Lemma 2.21) we know that
Ve >03IM e N:Vm > M': |o,, — 1| < €. (4.24)

Without loss of generality we assume that F' possesses exactly one primary gap G with

corresponding main gaps G, for w € ¥*.

ad (i)a: Note that for u € ¥*, m e Ny w € ¥, 2 € ¥ and T € R we have that

|¢;(7T"J"E)|d)‘d(Fe—T NGy) < Q;in/\d(ﬁsz(Fe—T) N Guw)
< an)‘d((qsu(F)e*Tgm|¢>§t(7rw:p)| N Guw)

Moreover, (¢ F)e-1 NGy = Fo-1 NGy, for all T € R, since Gy C ¢,0. Thus,
Equations (4.23) and (4.24) imply the following for all n > M and m > M’.

T < G20 Z / e—T(fs—db\d(Fe_TmGw)dT'h—as(wa)

m
wexm

<om ' D D / e~ 1OV}, (mo) " A Foor g, () g 1 Gr) AT

WEXM yeEX™

e > / e TO=D N (For N Gy)dT

weym
= Y > / e TO=D\y(For N Gyp)dT
wexm yexn ¥ T
Fegt Y / e TC=0))\ (B (1 G)dT
wexm o0
<S4y / e TO=D\y(F v N Gyp)dT
wexm yexn ¥ T

+e(l4+e)™0 ) / e T~ )\ )(For N G,,)dT

wexm

= Ann-

)
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Hence, for all €,&' > 0

T <liminfliminf A,, ,

m—oo n—0o0

< (1+ )" liminf liminf ) Z/ TO=d)\y(Fyor 0 Goo)dT

m—o0 n—oo _
WEX™ yeX"

+e(l+e)* P limsup » / e TO=D\y(For NGL)AT.  (4.25)

m—r0o0 wenm Y~

The BDP implies that the limits of the sums in Equation (4.25) are finite, which
is shown in the following. Recall that we let ||¢,||« := sup,ex|@),(z)| denote
the supremum-norm of ¢/,. Note that A\g(F,-r NG) = A\y(G) for T < —IndiamG
and that by (COND 4) there exists a constant € € R and a d; < § such that
e tOr=d )\ (F,-. NG) < € for all t € R.

Z/ 6d)\dF TﬁG)d

weEX™
<Y / IO @ N A(Fo=1 o 11 o N G)AT
weym YT
-y / =TG- 18 o=\ g(Fyer 0 G)dT
wexrm Y T
— IndiamG
= < / =) ¢! (1% o~ \g(G)AT
wem -
s [T we e w)
— IndiamG
s [ 2@, _ ¢
_d—d d o—d ) )
= 0§ <d— 5 (diamG)°™* + 5o, (diam@) I) wezzm 6115

In Lemma 4.2.12 in [MUO3] it is shown that > s [|¢),[|% =: am defines a
bounded sequence (am,)men. Therefore, letting e and &’ tend to zero, Equa-

tion (4.25) implies the assertion of Item (i)a.

ad (i)b: Here, we use the same methods which we applied for showing Item (i)a. For
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n > M and m > M’ we have

T <o) Y 1Gul’hose(wr)

wexm
Y I (z 6 () +s)

wem uexn
<ol Y D Gl +ed), D Ll - 1G1°

WEX™M yeX™ weym
<A+ D0 D Gwl +e1+) Y Nl - 161

WEX™M yeXn weXm

= Apn.

For all ,&’ > 0 we have

T <liminfliminf A4,, ,

m—0o0 Nn—0o0

< (1 +&")* lim inf lim inf Z Z Gl

m—oo Nn—00

WEX™M yeX™
Fe(l+ ) timsup 3 Ll - 1GP.
m—0o wesm

As in the proof of Item (i)a, we conclude that the assertion is implied by taking

the limits as € and €’ tend to zero.

The same arguments can be used to show Item (ii). O

4.2.1 Proof of Theorem 2.29

In proving Theorem 2.29, we are going to follow the structure presented in the beginning
of Section 4.1. In particular, we need to verify the prerequisites of the Lemmas from

Section 4.1. That we can apply Key Lemma 4.2 is shown next.

Lemma 4.8. Suppose that we are in the situation of Theorem 2.29. Then Items (A) to (G)
of Key Lemma 4.2 are satisfied for fqg.,: R — R given by

Q
fdw Z)\dF tﬂGZ)

=1

where w € X for some fixred m € N.

Proof. Without loss of generality we assume that F' possesses exactly one primary gap
which we denote by G. The associated main gaps are denoted by G, for w € ¥*. Set
gw = diam(Gy)/2. For t < —Ing,, we have fq,(t) = A\(GL).
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ad (A):

ad (B):

ad (C):

ad (D):

ad (E):

ad (F):
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fdw is defined on the whole real line.

fdw is continuous which results by combining Theorem 1 with Lemma 5 from
[Sta76].

By (COND 4), A\g(Fy-: N G)e "91=4) is uniformly bounded by a constant ¢
Thus
0o —In gu 00 "
/ et £y, (H)]dE < / et DN\ (Gy)dt + / Ce =01

—00 —00 —Ingy,
1

L5 < 55
Q: I
5—o;

w

_ d

< 00.

Note that by the definition of the geometric potential function £ we have
e~ @SnE(wor) — | (rwx)|? for every n € N, u € X", w € ¥* and 2 € £°°. Thus,

oo
Ns}ifsl,(t7 x) = Z Z Z e_dsng(uwx))\d(FC—t+57L§(1Lum) N Gw)

weXm n=0uex"

< YYD o Aa(Farg, N Guw)

weX™ n=0uex"
< Z Z Z le)‘d(Guw) < le)\d(O)
weXm n=0uecxm
Here, we have used the fact that (¢uf)e N Guw = Fz NGy for all € > 0 and u, w

as above.

Item (E)b is satisfied, since ¢ = Ag(F,~++sn¢(uws) NGy) is non-increasing for every
neN ueX"” weX*and x € X,

First, define

Né‘](t,w) — Z Z eidsn&(ux)Ad(Fe—t+Sn§(u(L) M Gw>
n=0uec¥"

for w € ¥, t € R and x € X* and note that N7 satisfies a renewal type
equation:
Yo NGt —E(y)y)e ®W = N§(t,2) — Aa(Foe N Gu), (4.26)
Yy: oy=x

Thus, the function MY given by M%(t,z) := e 'O~ N% (¢, 2)/h_s¢(x) satisfies

MG (t,x) =~ C=DNy(Fe N Gy) /h_se(x)

EPORUIEEUR sy e
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For showing the assertion of Item (F) we now show that the function MY is uni-
formly bounded for ¢t € R and x € 3°°. This finishes the proof of Item (F), since
h_s¢ is continuous and thus bounded on ¥*°. Define h_s, = infyexo hose(7).
Since h_gs¢ is strictly positive and X*° is compact, h_s¢ > 0. Further define

My = sup ME(t,)
t'<t, x€X>®

and note that M, (—Ing,) is finite:

MY (~Ing,) < e sup NY (', x)
h_(sg t'<—In gy, xEX>®
o—d

_ v sup i Z e*dS”g(“m))\d(Gw)

h
LL_g¢ xe¥ee n=0uexn

o—d o0

g
== —. sup L" () A(Gy) < oo.
o 3 (G

This bound follows from the spectral radius formula (see Equation (3.5)) and the
fact that the spectral radius of £_g¢ satisfies y_q¢ < 7_s¢ = 1 (see Theorems 3.2
and 3.9 and Proposition 3.6). Now consider the case ¢t > — In g,, and choose £ > 0
such that {(z) > ¢ for all z € 3°°. Such an ¢ exists, since the maps ¢1,...,¢n
are defined on a compact set and are contractions and differentiable which implies
that their derivative is uniformly bounded away from 1. By (COND 4), there
exists a 07 < § and a € € R such that e t0-d)\y(Fme N Q) < Ce~ 1001 Thus,
for w € ¥* we have that

e_t((s_d))\d(Fe—t NGy) = e_t(g_d)kd((ﬁwa)e—t NGy)

< 0 |2 e, (4.28)
—_—————
=:¢
Since h_s¢ is the eigenfunction with eigenvalue v_s¢ = 1 of L_s¢, we have
that 1 =3 . . e W _se(y)/h_se(x) for all 2 € . Since furthermore

Mj(t—e) > Mj(t—&(x)) for all z € £ we conclude that

W=z 3 Mg e
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for all z € ¥*°. Together with Equation (4.27) this implies that

sup Mg(t,x) - D5(t —e)

t'e[t—e,t)
zeX™
(4.29) — h_
<  sup MY(t,x)— sup Z M (t—E(y)) - e %W - s (y)
t'E[t—e,t) zE€X® oy —55(37)
TeEX™
w w — h_s Yy
< s M) swp Y MEW -g(y),y) e 6
t'elt—e,t) t'elt—et) y. oy=x —6¢ (z)
TeEXN™® TeEXN™®
w w - h—se(y
< sup | MY, z)- Z MYt —£(y),y) - e %W . hg())
t'eft—e,t) y: oy=x —s¢()
TeN™
(4.27) e_t/((s_d))‘d(Feft/ NGy)/h_se(x)
t'eft—e,t)
TeX™
(4.28) _

< . e’(t’E)(‘s*éI)/ﬁﬂ%.
Therefore,

M (t) = M (t — €) + max {0, sup MY (', x) — My (t — 5)}
t'elt—e,t)
TeEX®

S M‘;(t — €) =+ Ee_(t_a)(é_él)/h_(sé.

Hence, for arbitrary n € N and t > —In g, we have

= n—1
M (t+ne) < hL . Z o920 g=16=01) L ()
Rose 55

This now implies

— ¢. g5_51 W
sup M ;(—1Ing, + ne) < = + Mg(—Ingy,) < oo,

neN b - (1 —eme0=0n))

proving the assertion. The inspiration for the construction of the functions MY

comes from [Lal89].

ad (G): Since A\g(Fo-+ N G,) = Aa(Gy) for all t < —In(g,,) and by the gibbs property of
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the measure p_g4¢ (see Equation (3.1)) it follows for all ¢ < —IndiamG that

abs Z Z Z e dSnﬁ(uwx))\ (G )

weXm n=0uexm

S el ON(G)

weXm n=0uecx"

o
= > RN (GY)

weXm n=0

< eXg(0)/(1 — P9y = ¢ < o0,

IN

where ¢ denotes the constant in the Gibbs property of ;1_s¢. Here, we have used
that P(—d§) < P(—0&) = 0, which follows from Theorem 3.2 and Proposition 3.6.

O

We now turn to proving the two items of Theorem 2.29 and start with Item (ii) which is

concerned with the non-lattice case.

Proof of Theorem 2.29(ii). Recall that the main ideas of this proof are presented in Steps
(I) to (V) in the beginning of Section 4.1.

We start with showing that e *®=4 )\, (F,-+ N B) converges to the well-defined limit

lim Z/ e T00- d)Z)\dF _r NG AT ——— v(B) (4.30)

maoowEzjm _ ffdlu s¢

as t — oo for every B € Ep, where Ep is as defined in Equation (4.1) and by this specify
the measure p from Step (II). Then an application of Lemma 4.6 finishes the proof.

For showing that e *(0=4) \;(F,— N B) converges to the limit in Equation (4.30) for B € &,
we want to apply Lemma 4.5. (This is Step (III).) In Equation (4.28) we have shown that
the fact that there exists a 67 < & such that e=®r =4 . \y(F,—» N G*) is uniformly bounded
by some constant ¢ fort € R and every i € {1,...,Q} implies that e =4 . \)(F,_. NG")
is also uniformly bounded for t € R, w € ¥* and 7 € {1,...,Q}. Therefore, Lemma 4.5 is
applicable. We distinguish between the two cases B € Kp and B € £p \ Kp.

For B € Kp, Lemma 4.5 implies that lim;_,., e *O~)\;(F,—. N B) = 0 = v(B). The case
B € &p \ Kp requires some more work. For B € & \ Kp there exists a k € ¥* such that
B = ¢,,0. By Lemma 4.5(ii) we know that for all m € N and = € ¥°° we have that

Ai(Fot N 9x0) = Y i 7 1 (uwr)Ag(Fome NUZ, Gy) +0(ef0D)  (4.31)

weXm n=0uexm
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as t — co. Now we come to Step (IV) and approximate the first term on the right hand
side of Equation (4.31).

Since F,+ NG, = (puF)e—t NG, the BDP implies the following for an arbitrary z € $°°,
ie{l,...,Q}, we X" and u € ¥*.

)‘d(Fe_t N sz) < ](bil(wwx)]dgfn)\d(F ~t o /|01, (Tw)| N GZU) and

Ai(Fet NGY) > ’¢;(7wa)yd d( e~toml /|6t (mwz)| [ G.,).
Thus, using that |¢/, (rwz)| = e (W) for n € N, u € ¥" w € X* and z € ¥ by

definition of the geometric potential function in Definition 2.20 we altogether obtain the

following for an arbitrary z € %

)\d(Fe—t a ¢n0)

00 Q
< Z Z Z Ly (uwa)e~ 5 o, Z Ad(Fy - tn om)t snetuon) N GL) + 0(e!07D)
weX™ n=0uecx" i=1
= gand7m7N(t —Inop,z)+ o(et(é_d)) (4.32)

as t — 00, where Ny, . is as defined in Key Lemma 4.2 with fq,,(t) := Z?Zl Na(Fot NGY)).
Analogously, a lower bound for \j(F,-: N ¢,0) is given by

)\d(Fe—t N ¢I€O) > Qr_nde,m(t +1In Om, li) + U(Et(é_d))'
Lemma 4.8 allows us to apply Key Lemma 4.2(ii) and we obtain for all m € N and x € X

that

Nd,m,n(t —In oy, LL’)
Q
. 1.dv_s
~EY / “TO-D S \(F, nghyar. L ) et g
e —6¢ Om
wexm Y T =1 ffd/ifég
(4.33)

as t — oo. Thus, combining Equations (4.32) and (4.33) we conclude that

limsup e 0= D\ (F,— N ¢,0)

t—o00

0240 o—T(6—d) i J Lpgdv_se
wezz:m/_ ZAdFmG)dT e eselen)

and analogously that

liminf e 7t~ \;(Fy - N ¢,,0)

t—o00

Q
02+ T(5-d) N ) i J gdvse
E E d(Fo-r NGL)dT - h_(;g(wx)

wexm Y i=1
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hold for all m € N and x € ¥X*°. An application of Lemma 4.7 now gives

lim sup Z /Oo e—T(d—d) f:)\d(F NG )dT . M
M0 emm Y —o0 i=1 ’ J&dpse

< liminf e *O=D )\ (F,— N $,0)

t—o00

< limsupe O~ D N (F—i N ¢,.0)

t—o0
Q
o0 . 1,dv_g
< limi E ~T(6—d) ~ i ) J 1 3
< lirILILlOIéf /_ooe g Ni(Fo-r N GL)dT Tedi s
wexm =1

which shows that all the above limits exist. Moreover,

[ dv-se = v(6.0), (4.34)

which can be seen as follows. (COND 2) states that the upper Minkowski dimension of
90 is strictly less than 6. Therefore, the §-dimensional Hausdorff measure #° of 90O is
zero. Tt follows that v(90) = 0, since v is equivalent to H° by Corollary 4.18 in [MU96].
This shows that for B € £r \ Kr the expression e “0~9)\;(F,-+ N B) also converges to the
well-defined limit from Equation (4.30). This furthermore implies that e *®~4)\;(F,+) is
uniformly bounded for ¢ € (1,00). Therefore, we can apply Lemma 4.6 which finishes the
proof. O

Proof of Theorem 2.29(i). The main ideas of this proof are presented in Steps (I) to (V)
in the beginning of Section 4.1. We start with showing that ¢~ fot e TO=D\y(F,-r N B)dT

converges to the well-defined limit

Q

[o.¢] _ B . B)

lim > / e TO-Dy M(For 0 GYaT - - B (4.35)
weym Y =0 i—1 f&dﬂ—ﬁf

as t — oo for every B € Ep, where Ef is defined in Equation (4.1) and by this specify the

measure 4 from Step (II).

Firstly, take B € Kp (see Equation (4.2) for the definition of Kp). In Equation (4.28)
we have shown that the fact that there exists a d; < & such that e *07=% . \;(F,—» N GY)
is uniformly bounded by some constant Cfort € Randi € {1,...,Q} implies that
e 0=\ (F,~. N GY) is also uniformly bounded for t € R, w € ¥* and i € {1,...,Q}.
Thus, we can apply Lemma 4.5. By Lemma 4.5(i) we know that A\g(F.—: N B) = o(e!®=%)
as t — o0o. Therefore, for all € > 0 there exists a T € R such that for all ¢t > T we have
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that e {0~D X\ (F,— N B) < e. Thus, for ¢ > T we have

t
1 / e TO=d )\ )(F.-r N B)AT
0

t

T
/ e TO=d )\ y(F.-r N B)dT + /~
0

e TO=D )\ (F-r N B)dT>
T

(r
7

/ e TO=D\y(F—r N B)AT + &(t — T)) —e
0
as t — oo. Hence,

t
lim ¢~ / e TO=dD\y(F,_r N B)dT = 0 = v(B). (4.36)
0

t—o00

Now, take B = ¢,0 € Ep \ K for some k € ¥*. By Lemma 4.5(ii) we have for all m € N
and all x € ¥°° that

M(Fei NB) = Y Z 7 A (uwa)Aa(Fome N UZ Gy + 0(ef0D) (4.37)

weX™m™ n=0uexm"

as t — oo. The BDP implies that for m € N, w € ¥™, i € {1,...,Q} and € £*° we have
that

A(Fot NGly) = Ma((¢uF)e—t N du(GL))
< 0|0 (mwm) | Na(Fa-t g, /161 (mew)) N GL)- (4.38)

Setting fg.,(t) = 2?:1 M(F,-« N'GY) and recalling the definition of Ny, . from Key
Lemma 4.2 we conclude from Equation (4.37) that

Ad(Fo=t N B) < 0, N, (t = 0 g, ) + 0(e"0~), (4.39)

Applying the same argument as in the case of B € K to the second summand on the right
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hand side of Equation (4.39) now shows that for an arbitrary = € ¥°° we have

t
limsupt ! / e PO\ y(F,-r N B)dT
0

t—o00

t
§limsupt_1/ T(6—d) demR( —In gy, z)dT
0

t—o00

t lngm
zlimsuptl/ —T(6- d)Ndm,{(T x)dT - de 0

t—o00 —1Inom

0
= lim sup (t_l / e_T(a_d)Nd7m7H(T, x)dT+

t—o0 —In om

t—1Inp 1 t=lnom .~ _
a t—Ing / O Moo T 0)AT |- 7
m

1.dv_s
/ fT(é d) )\d F o mGz )d f [~] 3 h_s (wx) 2d—48
E E 13 Om >
weym Y fé‘duféé

where the last equality is a consequence of Key Lemma 4.2(i), which we can apply because

of Lemma 4.8. Analogously one can show that

t
hmmftl/ - <5*d>Ad(F —r N B)dT

t—o00

1,dv_s
—T(5 d) )\ F N Gz dT - f [“] 3 b selwr Q_2d+6-

Hence, Lemma 4.7 implies

lim sup Z /OO e~ T(6—d) i)‘d(F NG )dT - M
M0 exm Y To0 i=1 ’ ’ J&dpse

t—o00

t
< liminf ¢~ 1/ e TO=d )\ (F.—r N B)dT
0

t
< limsupt ™! / e TO=d )\ )(F-r N B)AT

t—o00

Q
- Tdv
<liminf 3 / TG0 3 \y(Fy r 1 G yar - L Hde

m—o0 = — ffd,u—ég

which shows that all the above limits exist and are equal. Altogether, we therefore obtain
for an arbitrary B € £ that

t—00

= lim Y (M)ZQ:A (F, mGi)dT.ﬂ
_m~>oo d e*T w ’

wexm Y~ i=1 f §dp—se

t
lim ¢! / ~TO=d)\y(F,-r N B)dT
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since [ 1jdv_se = v(¢,O) was shown in Equation (4.34). The rest follows from Lemma 4.6,
as in the end of the proof of Theorem 2.29(ii) we have shown that e =D )\;(F,_,) is
uniformly bounded for t € (1, 00). O

4.2.2 Proof of Theorem 2.31

In the following we provide the proof of Theorem 2.31. It results by applying Key Lemma 4.2.

That the prerequisites of Key Lemma 4.2 are satisfied is shown in the next lemma.

Lemma 4.9. Assume that we are in the situation of Theorem 2.31. Then Items (A) to (G)
of Key Lemma 4.2 are satisfied for fi.: R — R given by

Q
fraw(®) = Cr(Fet, GL),

i=1

where k € {0,1} and w € ™ for some fized m € N.

Proof. We first show that the prerequisites of Theorem 2.31 imply (COND 2) to (COND
4) when d = 1. Since X \ ®X has at most NV — 1 connected components, the number
of primary gaps of F is finite, implying (COND 3). Thus, we can assume without loss
of generality that I’ possesses exactly one primary gap which we denote by G. We use
the interpretations C1(Fy—+,G) = M\ (F,-« N G) and Cy(F,-+,G) = A\o(OF,—+ N G)/2 from
Proposition 2.7. Then

Gl < —In(|G]/2)

)\]_(Fe—t QG) =
2e7t :t>—In(|G|/2)

which implies that A\ (F,—+ N G) - e *% =1 is uniformly bounded in t for any &; € [0, 1].
Similarly, A;(F,—t N Og—¢ \ O) = 2e~* shows that Aj(Fy—t N Oyt \ O) - e~ %0 =1 is uniformly
bounded in ¢ € R for o = 0. Therefore, (COND 2) and (COND 4) also hold. Hence, for

k = 1 the assertion of this lemma follows from Theorem 2.29.
This leaves to consider the case &k = 0.
ad (A): fow is defined on the whole real line.
ad (B): Note that A\o(0F— N Gy)/2 = 1 (_1n(Gu|/2),00) (1) Thus, fo is left-continuous.

ad (C): The equality A\o(0F.— N Gy)/2 = 1(_ (G, |/2),00)(t) implies that

% 1/1G,1\°
/_Ooe—éﬂfo,w(t)\dt: 5 <| 5 ’) < 0.




4.2. SELF-CONFORMAL SETS 79

ad (D): Since fp, is defined on the whole real line for every w € ¥™, we have V = R.

N (ta) = ) > ) [ fowlt — Sné(uwa))|

weXm n=0uexn

= D D> L m(Gu)/2)00) (= Sné(uwa)).

weXm n=0uexn"

As we assume that the derivatives ¢} are bounded away from one for i €
{1,...,N} and as {(uwz) := —In|¢), (mouwz)|, the sequence (Sp&(uwz))nen is
strictly increasing and unbounded. Therefore, for a fixed ¢ € R the above series

actually is a finite sum and hence N&E’;(t, x) is finite for every ¢t € R and x € X*°.
ad (E): Item (E)a is satisfied with ¢* := —1In(|G|/2).

ad (F): The proof of this part can be carried out in analogy to the proof of the corre-
sponding part in Lemma 4.8: Setting N (¢, ) := > 0" 0> esm Jow(t — Sné(ux))

for & € X°° gives the respective function which satisfies a renewal type equation

Z st(t - 5(2/)73/) - Ng(t,(L‘) - fO,w(t>
y: oy=x
for # € ¥, Setting MY (t,r) := e N¥(t,z)/h_se(x) as in the proof of
Lemma 4.8(F), we obtain M (—In(|Gy,|/2)) = 0. The rest follows through in

the same way.

ad (G): Since fo,, = 0 for t < —1In(|G|/2) for all m € N and all w € ™, we have
N&E,Sl(t, x) =0 for t <t*:= —1In(|G|/2). Note that the here defined t* coincides
with the t* from Item (E)a.

O]

Now, we turn to proving the three parts of Theorem 2.31. Item (iii) of Theorem 2.31
follows from the results which we obtain for C'*°-diffeomorphic images of self-similar sets,

and which are proven in Section 4.4.

Proof of Theorem 2.31(iii). This statement follows from Theorem 2.43(iii) together with

Theorem 2.46. Both these theorems are proven in Section 4.4. O

Before providing the proofs of Items (i) and (ii) of Theorem 2.31, we present global

statements which we use in the proofs of both parts.
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Remark 4.10. In the beginning of the proof of Lemma 4.9 we have seen that the prerequisites
of Theorem 2.31 imply (COND 2) to (COND 4). Therefore, the results in Items (i) and (ii)
of Theorem 2.31 concerning the case k = 1 follow from the respective results in Theorem 2.29
by using that

CFn iy = 166 185 (G172 )

2e7t :t>—1In(|GL|/2),

which follows from the geometric interpretation for Cy(F,-¢,-) from Proposition 2.7.
Thus, we concentrate on the case k = 0 and remark that the idea of proof is the same as
the one for Theorem 2.29: We first consider the limiting behaviour of e *°Cqy(F, ¢, B) for
B € & and then apply Lemma 4.6 to obtain the results concerning the measures. Without

loss of generality we assume that F' possesses exactly one primary gap which we denote by

G.
Remark 4.11. We can apply Lemma 4.5 since firstly, Cy&" (F, -, 04—t \ O)e ™10 = e7%% ig
uniformly bounded in ¢ for dp = 0 and secondly,
Co™ (Femt, Gu) - €71 = 1 in(jal/2).00) (1) - €
is bounded for all 67 € [0,0) and all w € ¥* by 1.

An application of Lemma 4.5 implies that

lim e ¥Cy(Fy-t,B) =0 =1v(B) for B € Kp. (4.41)
— 00

Furthermore, for B = ¢,O € £p \ KF, where k € ¥*, Lemma 4.5 implies that for all m € N

and all x € X*° we have

Co(Fo-t, B) = D> Y > Mg (uwa) - Co(Fomr, Guw) + 0(e”).

weX™ n=0uex"
Setting fow(t) = Co(Fe—t,Gu) = L(_in(a.|/2),00)(t) as in Lemma 4.9 and using that
|Guw| < 0m|dl,(rwz)| - |Gy holds for all u € ¥*, w € ™ we obtain that
Co(Fe-t, Guw) = L n(|Guul/2),00) (B) < V(= 1n(om g, (rwa) |Gl /2),00) (F)
- CO(Fe—t—h] om+Sné(uwz) GUJ) = fO,w(t + 1n Qm - Sné(’u'ww)) (442)

and analogously that
Co(Fo-t, Guw) > fow(t —Inop — Spé(uwe)) (4.43)
hold for all z € ¥*°. Therefore, recalling the definition of Ng,, . from Key Lemma 4.2
with this fy,. we conclude that
Co(Fa-t,050) < Nom(t +1ngp) +0(e?®) and (4.44)
Co(Foty050) > Ny n(t —In o) + o(e™) (4.45)
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as t — oo for kK € X*.

Proof of Theorem 2.31(ii). For k = 1 the statement follows from Remark 4.10. Thus,
we assume k = 0 from now on. By Equation (4.41) it suffices to consider the case
B = ¢,,0 € Ep \ K for some k € ¥*. Without loss of generality we assume that F' posesses
exactly one primary gap which we denote by GG. The associated main gaps are denoted
by G, for w € ¥*. We define fo,(t) := Co(F.-+,Gy) for w € £, ¢t € R and some fixed
m € N. Due to Lemma 4.9 we can apply Key Lemma 4.2(ii) to these fo, and obtain that
No . satisfies

1 dV,§§
Nomr(t, e T30y (F, ar. L wdvse, s 4.4
0.m.s(t, ) wezg:m / ColFer, Gu)dT - Zri = =hose(wr)e (4.46)

as t — oo. Evaluating the integral in Equation (4.46) by using that Cy(F,-r,G,) =

1~ m(Gu|/2),00)(T) gives the asymptotic
27°|Gu|® [ Lpydr-se
Nomw(t, )~ > wl. to
O: ) ( ) 5 ffdﬂféé

wexm

h_se(wz)e

as t — oo. Thus, Equations (4.44) and (4.45) imply that

279G,I° [ Ljdr_
limsupe*t‘sCD(Fe,%(z)nO) < an Z |Gl f [k] AV —5¢

h_s¢(wx) and

t—00 wenm o f&dﬂfﬁ
2701Gy|* [ Tjdvse
hmlnfe OCy(Fort, ¢ O _5 G . ] h_se(wx
0( —t wezzm 5 j’gd'u_55 f( )

hold for all m € N. Applying Lemma 4.7 we hence obtain

99 6 1;,dv_
lim sup Z Gl f [ =08 < liminfe~ t‘SCg(F —t, 9 0)

m—00 wenm 5 f&d#_ﬁg t—00
< limsup e P Cy(Fyt, ¢, 0)
t—00
29 o [ dr_
< lim inf ’(SG‘”‘ ¥ - e
m—0o0 wenm ff N—(Sf

which shows that all the above limits exist and are equal. Since [ 1 dv_se = v(¢0) (see
Equation (4.34)) this shows on the one hand that e Cy2"(F,-) is uniformly bounded for
t € (1,00) and on the other hand together with Equation (4.41) that

92— 4
lim e °Cy(F,-+, B) = lim Z |G, \6
t—o00 m—00

weRm :U‘ 133

v(B)

for all B € £r. Thus, an application of Lemma 4.6 implies the assertion. L
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Proof of Theorem 2.31(i). For k =1 the statement follows from Remark 4.10. For k =0

the proof is carried out in a similar vein as the proof of Theorem 2.29(i).

Without loss of generality, we assume that F' possesses exactly one primary gap, which
we denote by G. We start by showing that ¢! fg e 9TCy(F,-r, B)dT converges to the
well-defined limit
_ 27°Gy|°
lim —_
m—0o0

v(B)
wenm H—s¢

as t — oo for every B € &, where Ep is defined as in Equation (4.1). Due to Remark 4.11
6t)

we may apply Lemma 4.5. Lemma 4.5(i) states that Co(F,-¢, B) = 0(e’") as t — oo for

B € K. The same arguments as in the proof of Theorem 2.29(i) imply that

t
lim ¢~ / e TCy(F,-r, B)dT = 0 = v(B)
0

t—o00

for B € Kp (see Equation (4.36)). Now, take B = ¢.0 € &p \ K for some k € ¥*.
Lemma 4.5(ii) states that the following holds for all m € N and = € X°.

Co(Fet,0x0) = Y > > 1 (uw)Co(Fet, Guw) + 0(e’) (4.47)

wEE™ n=0 uex”
as t — co. As seen in Equations (4.42) and (4.43) we have for m € N, w € ¥, v € X"
and = € X*° that

fow(t —Inop — Spé(uwx)) < Co(Fu-t, Guw) < fow(t +1n0p — Spé(uwx)) (4.48)

with fo(t) := Co(Fe-t, Gy) as in Lemma 4.9. Recalling the definition of No, . from Key
Lemma 4.2, we conclude from Equations (4.47) and (4.48) that

Nomk(t —1n o, ) + o(et‘s) < Co(Fy-t, 90) < Noms(t +1nopm, x) + o(et‘s)

as t — oco. Lemma 4.9 allows an application of Key Lemma 4.2, yielding

Ljgdv—s
=Y / e T8Cy(F,_r, G)dT - / S hgse(wn)
wexm ffd,u o€

t—o00

< liminf ¢! / e T0Cy(F,-r, B)dT
0

t
<lirnsupt1/ e T0Cy(F,-r, B)dT

t—o00

- f]l[,{}dV,(;g
<o / T CW(Fyer, G)dT - 22— h_se(we).
Recalling that Co(F-7,Gy) = 1(Zm(a.|/2),00)(T) for w € ¥* by Proposition 2.7, we have
that -

/ e TOCH(Fyr,Gu)dT = 270G |° /6.
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Hence an application of Lemma 4.7 gives

T gdv_ t
lim sup Z |Gw]52ﬂsm < liminftl/ e TCy(F,-r, B)AT
m—»00 H t—o00
wenm H—s¢ 0

t
glimsupt_l/ e TCy(F,-r, B)dT

t—o0 0
1r.dv_
<timint 3 (G, pp-td e
m—00 H, ,
wem 3

Together with Equations (4.34) and (4.41) the assertion now follows from Lemma 4.6, since
it was shown in the end of the proof of Theorem 2.31(ii) that e **Cy*"(F, ) is uniformly
bounded for ¢ € (1, 00). O

4.2.3 Proof of Theorem 2.33

Items (i) and (ii) of Theorem 2.33 follow from the respective items in Theorem 2.31.

Item (iii) is the key part of Theorem 2.33. For its proof we use the following lemma.

Lemma 4.12. Assume that we are in the situation of Theorem 2.31 and that & is lattice.
Let (,¢ € C(X°) denote functions satisfying & —( = — 1 oo and ((X°°) C aZ, where
a > 0 is maximal with this property. For x € 3°° define the function n: R — R by

n(t) = / e—a,(sl_afl(lp(y)—t” dy_(sc(y) . e_ét.
Then the following are equivalent.
(i) limy_oo m(t) exists.

(ii) n is constant.

5t
(iii) Z e_“‘snu_gg o Y([na,na +t)) = Eat — 1 Z e_“5"V_5< o Y ([na, (n + 1)a))

nez neL

for allt € [0,a).
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Proof. Clearly, 7 is periodic with period a. Therefore, (i) and (ii) are equivalent. Further,

n(t) — / e_aéLa71(¢(y)_t)J dy_éc(y) . e_ét

(n+1)a .
= Z/ efa(;LQ (yft)J dV—éC o Qb*l(y) . efét

nez "’ e
= Z e~ aom <1/5§ oy~ Y([na,na + a{a=1t})) - (1 — e~ )
nez

+v_sco 1/1—1([71@7 (n+ 1)a))e—a6) Qad{—a~'t}
Thus, 7 is constant if and only if there exists a ¢ € R such that for all ¢ € [0,a) we have

Z e~y _sc 0 ([na,na + t))

ne”L

— <e5tc - Z e~y s 0y ([na, (n + 1)a))e_a6> (1—e 9L,

nel

Taking the limit as ¢ — a we obtain that necessarily

c=e Z ey _sc 0 ([na, (n + 1)a))
nez

which proves the statement. O

Proof of Theorem 2.33. Items (i) and (ii) are immediate consequences of the respective
items in Theorem 2.29. Thus, it remains to show Item (iii). For this, we are going to
apply Theorem 3.14 and therefore start by considering the 0-th fractal curvature measure.
Without loss of generality, we assume that F' possesses exactly one primary gap, which we
denote by G. Recall that [@] = £*° from Definition 3.1. In Equations (4.44) and (4.45) we

have seen that

Co(Fu-t,0) < Nomo(t +1ngp) +0(e?)  and (4.49)
Co(F,—1,0) > Nom.o(t —In o) + o(e?) (4.50)

as t — oo, where fp: R — R is defined by fo,(t) := Co(F.-+,Gy). Lemma 4.9 allows us
to apply Key Lemma 4.2. Since ¢ is lattice by assumption, there exist ¢, € C(X*°) such
that & — ( = ¢ — ¢ o o and such that the range of { is contained in a discrete subgroup
of R. We let a > 0 denote the maximal real number for which ((X°°) C aZ. Then Key
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Lemma 4.2(iii) yields

Z ylwn) | h_se(wr)
N t, T NR a ea6L a J . 647
O,TTZ,@( ) S f Cd/,l/_éc

/Oo Z el fy <al+a{t+1/1(wﬂf)} w(y)> dv_sc(y)  (4.51)

[=—00

::AO,M(I)

as t — 0o. The equality Co(Fo—+,G,) = ]l(fln(\Gw\/2),oo) (t) implies that

fow <al +a {Wi(wx)} - w<y)> = L (y),00) (1),

)= | RGO _ [reien))

a

where

Assuming that m is large enough so that [*(y) is positive, we hence obtain

[e.o]

Aoula) = [ D0 e ie(y)
=% 1=1v (y)

e—aél*(y)
= /Eoo 1T omar -5c()
_ —In(|Gwl/2)+¥(y) _ [ t+id(wz)
— (ea(S _ 1)—1/ e 05\‘ a { a }J dyféc(y)

Thus, with n as defined in Lemma 4.12 we have

NOm@(t 13)
ug| 2GR 4w —t—(wa)
Z = 55 ) aé_l)_l/ € 5{ o Jduf(sg(y)
o=t J¢dp—se o
§
= Z h- 5C UJ@' t+ln(|G ’/2) +¢(w;1;)) t<|G!2""|> e51/1(w:p).
wez'm

The prerequisites of Theorem 2.33(iii) in tandem with Lemma 4.12 imply that n(t) = n(0)
for all t € R. Using that h_ge = ¥ - h_sc and that Co(F,—¢) = Co(F,-+,0) + 1 it thus
follows from Equations (4.49) and (4.50) that for all m € N
hse(wz) |Gl o _5

DY Tcd 0\ 5~ ) om

wexm = 6C
< liminf e %*Cy(F,-¢)

t—o0

< limsup e % Cy(F,—+)

t—o00

hse(wz) <|Gw|>‘S 5
= p> T¢dn—s” 10\ ) e

wexm
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An application of Lemma 4.7 shows that lim;_,, e ' Co(F,-+) exists. Theorem 3.14 implies

that limy_, e 0=y (F.-+) also exists, showing the assertion. O

4.3 Self-Similar Sets — Proofs of Theorems 2.37 and 2.38

Also in the self-similar situation, we want to apply Key Lemma 4.2. Therefore, we firstly

show that its prerequisites are satisfied for the setting of Section 2.4.2.

Lemma 4.13. Assume that we are in the situation of Theorem 2.37. Set
U:={tecR|e " is a regular distance for F},

Uy :=U fork €{0,...,d—2} ifd > 4 and Uy := R else. Then for k € {0,...,d} and
w € X" the functions fr.: Uy — R given by

Q
fk,’,w(t) = Z Ck’(Fe_tv GZJ)?
i=1
satisfy Items (A) to (G) of Key Lemma 4.2.

Proof. Without loss of generality we assume that F' possesses exactly one primary gap
which we denote by G. The case k = d has been treated in the more general situation of

self-conformal sets in Lemma 4.8. Thus, we only consider the case k < d here.

ad (A): For d < 3 it has been shown in [Fu85] that Lebesgue-almost all distances are
regular, which implies A (R\U) = 0. For d > 4 and k € {d — 1, d}, the functions
t — Ci(F,-+,G,) are defined everywhere (see Remark 2.8) for w € ¥*. For
d > 4 and k < d — 2 the assumptions of Theorem 2.37 imply \i(R\ U) = 0.
The property that for every ¢ € U there exists an €p > 0 such that t —e € U for
every 0 < e < gq is proven in Proposition 1 of [RZ03].

ad (B): See Lemma 2.3.4 in [Z&h11].

ad (C): Let r, denote the contraction ratio of ¢, (that is ry, := |¢/,(x)| for an arbitrary
x € X) and suppose that ¢t € U is such that ¢t + Inr, € U. By definition
G, is contained in the interior of (¢,0).-« for all t € R. Since F,~: N G, =
(P F)e—t NG, for all t € R we know by the locality and homogeneity properties

of curvature measures (see Proposition 2.7(v),(vi)) that

Ck(Fe*ta Gw) - Ck((gﬁwF)e*t? Gw) - rfzck(Fe*t/rw? G)
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ad (E):

ad (D):

ad (F):

for all ¢t € Uy, for which also ¢ + Inr,, € Uy. Thus,
fk,w (t) = rf;ok(Fe—t/rwv G)

for such ¢. If e=*/r,, > diam(G)/2, then Fy-t/,, = Og-t/y, and, as Cp(Fo-t/y, ")
is concentrated on the boundary of Fy-:/, for k < d (see Proposition 2.7(iv)),
we conclude Cy,(Fo-t/,, G) = 0. Since, by assumption, etk Crvar(F Q) s
uniformly bounded by some constant € > 0 we thus conclude (for k£ < d) that

oo

/ e TN i, (T)|dT < / e O CE (P, G)AT
oo — In(rydiam(G)/2)

= / e TR0 ovar (B G)dT
— In(diam(G)/2)

<rd / b ¢e TO=0nqr
— In(diam(G)/2)

¢} (diam(G) 64

-0 ( 2 >

< 0.

As we only consider the case k < d we know by Proposition 2.7(iv) that
Ck(Fy—t,-) is concentrated on the boundary of F,—+. Thus Cx(F,-+,Gy,) = 0
for e7* > diam(G,,)/2. Hence Item (E)a obtains with t* := —In(g,,/2), where

gm = max,eym diam(Gy,).

The statement of (D) follows from the observation that

Nif(ta) = 3 30 3 e | (1 - S8 (uwa))

weXm n=0uex"

is a finite sum for every ¢ in the domain of definition of N, ,‘31;;(, x). This is the
case, since [y, (t — Sp&(uwx)) = 0, whenever ¢t — Sp¢(uwx) < t* (see ad (E)) and
there are only finitely many v € ¥* for which ¢t — S,,&(uwz) > t* for a given t

and a given w € Y.

The proof of this part will be carried out in analogy to the proof of Lemma 4.8(F).
Therefore, we try to keep it short here. For an w € X, x € ¥*° and t € V define

[e's)
N(I:(t) Q?) = Z Z e_ksng(ux)ck(Fe*tJrSn&(“z) ) Gw)
n=0ueX"n

Then N}’ satisfies a type of renewal equation:

> NPt () y)e MW = N (t,2) — Cr(For, Gu).

Y: oYy=x
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Thus, the function MY given by MY (t,z) := e ORI N¥ (¢, x) /h_s¢(x) satisfies
M (t, )
= RO F, Gl haele) + Y @ SOME (€)1
Wit hse(x)’

We now show that M}’ is uniformly bounded for ¢ € V and x € X°°. Set
h_gse = infrexec hose(x) and recall that h_se > 0. Further, define

M, (t) == sup MLt ).
eV, t'<t
reX>®

Since NP (t,xz) =0 for t < —In(diamG,,) we have that
M; (- In(diamG,,)) = 0

The rest of the proof now follows through in exactly the same way as in
Lemma 4.8(F).

ad (G): The arguments in ad (E) give that N,?};i(t, x) = 0 for all ¢ < t* with the there
defined ¢*.

4.3.1 Proof of Theorem 2.37

Proof of Theorem 2.37. We simultaneously prove Items (i) and (ii). We point out that the
main ideas of the proof are presented as Steps (I) to (V) in the beginning of Section 4.1.
Set

U:={tcR|e"is aregular distance for F},

U :=U for k€ {0,...,d—2} if d > 4 and Uy, := R else. For w € ¥* we let r,, denote the
contraction ratio of ¢y, that is r,, := |¢/, ()| for an arbitrary € X. We start by showing
that e *O~FCy(F, ¢, B) (resp. t! fg e TO-K)Cy(F,-r, B)dT) converges essentially to

/ " Tk ZQ: Co(For, Gyt - - 2B (4.52)
=T e .
—00 i— g fgd/i,(;g

for every B € £, where the essential limit as ¢ — oo is taken over Ug. Then we apply

Lemma 4.6.

By (COND 47), there exists some € € R for which C}y* (F,—¢, G*)e™#01=F) < ¢ for all t € Uy,
and i € {1,...,Q}. By using the Jordan decompositions of the signed Borel measures
Cr(Fe—t,-) and Cg(Fe-t )y, ,-) one can show that this implies that

ft(érk)clgar(pe,t, Gl) < rff . (4.53)
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holds for all t € Uy, w € ¥* and i € {1,...,Q}. Thus, we can apply Lemma 4.5. For
B € Kp Lemma 4.5(i) yields

ess-lim e "0~ RCy (F,—, B) = 0 = v(B). (4.54)

t—o00, teUy
Moreover, Cy,(F,—+, B) = o(e!®=®)) implies that for all £ > 0 there exists a T' € R such that
for all t > T we have |e *0~R(Cy(F,—., B)| < . Thus,

t
lim ‘t_l / e—T@—k)ck(Fe_T,B)dT'

t—o00 0

< lim (
t—o00

which implies that

7
1 / e TR Oy (Fy-r, BYAT
0

t
+t1/~5dT> =g,
T

t
lim ¢~ / e TRy (F,-7, B)dT = 0 = v(B).

t—o00 0

For B = ¢,,0 € Ep \ Kr, where k € ¥*, we use the locality and the homogeneity properties

of the curvature measures (see Proposition 2.7(v) and (vi)) to obtain that
Ck(Fe*“ G:LUJ) = Ck(((;suF)e*tv ¢U(GZU)) = "ijck(Fe*t/ruv GZ})

holds for all u,w € ¥*, 7 € {1,...,Q} and t € Uy for which ¢ + In(r,) € U,. Note that
1y = e~ 5n€(w) for arbitrary w € £, 2 € ¥ and u € X", Together with Lemma, 4.5(ii)
this shows for an arbitrary m € N that

o0 Q
Ck(Feft,(ﬁnO) = Z Z Z ﬂ[ﬁ](uwx)Ck <Fef7 UGZw> 4 o(et(5—kz))
=1

weXm n=0uex"m
Q

= 3 3 Y g uwa)e D NN C(F i spequnn s GL) + 0(e!0P)
weX™ n=0ueX" i=1
= Njom,(t, ) + 0(e'7H) (4.55)

as t — 0o, where Ni ,, . is defined as in Key Lemma 4.2 with f, ,, defined as in Lemma 4.13.
Due to Lemma 4.13 we can apply Key Lemma 4.2(i) and obtain

t
lim ¢! / e TR (F, -1, $,0)dT

t—00 0

Q
o0 ) 1;,dv_s
E € E e y Gy o N_se W),

S /oo P W(Feor, Go) J&dpse elwr)

since limy_yo0 t 1 te_T(é_k)f T)dT = 0 for any f(t) which is 0(e*(?=)) (see Equation (4.36)).
0
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In the non-lattice case, Key Lemma 4.2(ii) yields

ess-lim et 0ROy (F—t, $,,0)

t—o0, teUy
1.dv_s
E / e~ T(0=k) E Cr(Fy-r, GZ 7f Ix] éh se(wx)
— 5 .
S - J€dp—se

Note that Cy(F,—t,G%) = Cp((puF)e-t,G%) = TZECk(Fe—t/Tw,Gi) for t € Uy for which
t +1Inr, € Uy implies that

Z/ 5kZCkFTGZdT_Z / 5kZokFTG’)d

wexm Y T wexm

Q

oo

_ / TR N Cy(Fyr, GAT.  (4.56)
- i=1

Using that h_s¢ = 1, since £ is the geometric potential function to a self-similar system

and that [ 1},dv_se = v(¢.0) (see Equation (4.34)), we hence conclude the following.

(i) We always have

t > Q
e o | 0)
1 1 T(5 k‘) F B . T — / T((S k) F B T j"l/(gbi"'€
i [T 0 = [0S e @ T

(ii) If ¢ is non-lattice, then

o Q
1 —t(6—k) B _ —T(5—k) i v(9s0)
tﬁii,ltlé%ke Ci(Fet; 9x0) /_Ooe Z_ Cr(Feor, G)dT Tedp_se

Thus, in both cases, we have convergence to the term in Equation (4.52) for all B € Ep.
By Lemma 4.13(C) the term in Equation (4.52) is finite. An application of Lemma 4.6
finishes the proof. Therefore, all that remains to be shown is, that e_t((s_k)C,Za“r (Fo—t) is

uniformly bounded for ¢ € (1,00) N Ug. This is shown in the following.
That C* (F,—)e "0~ = \j(F,-+)e "0~ is uniformly bounded for ¢ € (1,00) has been
shown in the proof of Theorem 2.29 even for self-conformal subsets of R¢. Therefore, in

the following, we assume that k& < d. From Equation (2.3) we deduce

Cvar( - ) Cvar(F X ., \X) + Cvar (Fe—t, U Ga) + Cvar(Fe_t’ F) (457)

wen*
ie{1,...,Q}

By (COND 27), the first summand on the right hand side of Equation (4.57) is o(e!(0=%)) as
t — 00. Also, the third summand on the right hand side of Equation (4.57) is o(e/®=*)), since
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Ci(Fe-t,-) is concentrated on the boundary of F,—: (see Proposition 2.7) and F,—+ N F = &
for all ¢ € R. Therefore, it remains to consider the second summand on the right hand side
of Equation (4.57).

Since Cj(F-¢,-) is concentrated on the boundary of F,—¢, we have that C)* (Fo-¢,Gy,) =
0, whenever e~t > diam(G,)/2 = r,diam(G)/2 > rn(w)diam(G)/Q, where 7y, =

— "min

minge(y, N} 7. Thus, setting
A(t) := —(t + In(diamG/2))/ In rmyin

the following holds.

et<“>c,:ar<Fet, U GQ)

wes*

ie{1,...,Q}
Q [A®)]
_ Z e—t(éj—k)clzar(Fe_t’ sz)e—t(é—é[)
i=1 n=0 weX”
Q [A@)]
(4;3) Z 51 g t(6=61)

S (.m or—0 g ,—t(6—0
Z Tw (rmin) e ( 1)
wexn

51.—6) LA(t)|+1

min

: 6—0 In(diamG/2)
_Qe(tid — 1) ((dlamG> Rl e—t(5—61)> _

Hence, e "0~k Cyar(F, ) is uniformly bounded for ¢ € (1,00) N Uy, which allows us to
apply Lemma 4.6. O

4.3.2 Proof of Theorem 2.38

Proof of Theorem 2.38. Noting that Cy(F,—1, G*) = M\g(Fo-tNG?) = \g(G?) for t < —1In(g")
and every i € {1,...,Q}, Item (i) is an immediate consequence of Theorem 2.37(i). For
proving Item (ii) we make use of some of the steps in the proof of Theorem 2.37. Firstly,
for B € K, we have

lim e "0~ )\ (F.—, B) = 0 = v(B)

t—o0

by Equation (4.54). Secondly, for B = ¢,,O € Ep \ Kp, where k € ¥*, we have that

Ai(Fy-t N ¢10) = Ny r(t, ) + 0(e!O=D) (4.58)



92 CHAPTER 4. PROOFS

holds for an arbitrary m € N by Equation (4.55). Here, Ny, , is defined as in Key
Lemma 4.2 with fg,,: R — R defined by

Q

fd,w (t) = Z )\d(Fe*t N sz) (4.59)

=1

In Lemma 4.13 we have shown that we may apply Key Lemma 4.2. By assumption, the
geometric potential function ¢ is lattice. Therefore, there exist ¢, € C(X°°) satistying
& — ( =1 — oo, where the range of ( is contained in a discrete subgroup of R. It follows
that the range of £ is contained in a discrete subgroup of R because of the following. Firstly,
¢ is constant on cylinder sets of length one, as it is associated with a cIF'S consisting of
similarities and secondly, every cylinder set of length one contains a word x € X°° satisfying
x = ox. Thus, the equation £ — { = 1) — ¢ o ¢ is satisfied for ( = £ and ¢ = 0. We let
a > 0 denote the maximal real number for which £(X°°) C aZ holds. Further, we remark
that h_se = 1. Then, combining Key Lemma 4.2(iii) with Equations (4.58) and (4.59) we
obtain the following.

—t(6 d))‘d( N (bli )

R o—t(6—d) a1t (o) V=se ([]) = o=
QMGZZ:TVL J Mlz ZAd —al— a{a_lt} mG ) (1)

=—00

For i € {1,...,Q} define Li (t) := —a~!(In(¢%) + Inr,) — {a~ 't} and assume that m is
large enough so that L (t) > 0 for all i € {1,...,Q}, w € ¥™ and t € R. Then using that
F.« D G’ for t < —In(g") we have

oo

Z € al(5 d >\d e—al— a{a=1t} ﬁG Z e 6 d))\d ¢UJ )e al—a{a=1¢} ﬂGZJJ)

l=—00 l=—00

d 1(6—d)
Z (l( )‘d e—al— a{a=lt}—Inry QGZ)

l=—0
LLE, (1)) 00

d—1
Zl) Z e Gz) Z e—al(é—d) Z nj (Gi)e—(al—l—a{a*lt}-i-ln rw)(d—j)
5=0

I=—o0 I=| Li, () ]+1

|
<

o—alLi())(-d) 4=l omal L (6)) (5-4)

- 1 ZO rini(G)
j:

= —rdx (G —afa”'t}(d—j)

ea(‘s_j) —1
o—al L, () (6—7)

d

_ J o (3 —a{a”'t}(d—j)
ZorwnJ(G) e“(‘s*j)—l € .
]:
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Now, recall that a 'lnr, € Z for all w € X*. Therefore, L. (t)] = —allnr, +
|—a"tIn(g") — {a"1t}]. It follows that

—t(5 d))‘d( e ¢){ )

f§ fi—s¢ il 6“5 -1

wexm j=0 i=1

aV_5§ (GZ —GL—‘fl1H(9i)—{a71t}J(5—j) —a{a=1t}(6—j)
_ e +0(1)
[ €dpse wezzjm JZO; eal6=J) —

1

=:q(t)

This is a periodic function in ¢ with period a, which is non-constant because of the following.
The function x;: [0,a) — R,

Q

NG el ()~ {a ) (6-)
X(t) T Z ea((;,j) o 16
=1
is piecewise constant with at most @ points of discontinuity in [0, a) for each j € {1,...,d}.
Moreover, the points of discontinuity coincide for all j € {0, ...,d}. Thus, there exists a

non-empty interval I C [0, a) on which each x; is constant. On this interval I, the function
q can be viewed as a polynomial in eela™'} — ¢t Since the monomials are linearly
independent, it follows that ¢ is non-constant, as we can assume without loss of generality
that there exist i, such that 7;(G?) # 0. Thus, e "=\ (F,—: N ¢,0) as a function in ¢

is asymptotic to a periodic non-constant function. This shows the statement. OJ

4.4 C'**-Images of Self-Similar Sets — Proofs of Theorems 2.39,
2.43 and 2.46 and Corollary 2.44

In this section we provide the proofs of the results concerning C'+®-diffeomorphic images
of self-similar sets. We start with proving Theorem 2.43 and Corollary 2.44. Since C!*e-
diffeomorphic images of self-similar sets are special self-conformal sets, Items (i) and (ii)
of Theorem 2.43 and Corollary 2.44 follow from the respective items in Theorem 2.31 by

using the special structure of C'**-diffeomorphic images in the following way.

We let F denote an image of a self-similar set K C R under a conformal map g € C1T(U),
where @ > 0 and U is a convex open neighbourhood of K. In both Theorem 2.43
and Corollary 2.44 we assume that |¢| is bounded away from 0 on its domain of definition.

Thus, ¢ is bi-Lipschitz and therefore the Minkowski dimension of F' coincides with the
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Minkowski dimension of K (see for instance Corollary 2.4 of [Fal03]). We denote the

common value by §.

The similarities generating K are denoted by Ry, ..., Ry and we set ¢; := go R; 0o g~ ' for
each i € . Recall from the comment in Setting 2.40 that the maps ¢; are not necessarily
contractions, but that an iterate ® of the system ® := {¢1,...,¢n} consists solely of
contractions, that F' := g(K) is the invariant set of ® and that F is thus self-conformal. We
respectively denote by mx and wp the code maps from X*° to K and F' and recall that v
denotes the §-conformal measure associated with R. If we further let rq,...,ry denote the

respective similarity ratios of Ry, ..., Ry, then we have the following list of observations.

(a) ¢; is differentiable for every i € ¥ with differential

g'(Riog~'(y))
997 (v))

where y € Y and Y is the non-empty compact interval which each ¢; is defined on.

dily) =

* T,

(b) The geometric potential function i associated with K is given by {x(w) = —Inry,,,
for w = wjwe--- € ¥*°. The geometric potential function & associated with F
is given by &p(w) = —In|g/ (¢ (m,w))| + In|g'(¢ 7 (mp0w))| — Inry,. Thus & is
non-lattice, if and only if £ is non-lattice.

(¢) The unique o-invariant Gibbs measures for the potential functions —d¢r and —d6&x
satisfy p_sep, = pi—sep -
(d) From Items (b) and (c) we obtain

H_s¢p :/Eoo Epdu—se, = Zlnﬁ T —/ Erdp_see = H s

IS

Further, let él, ce G? and 6’01), e 68 denote the primary and main gaps of K for w € ¥*
and let G, ..., G and GL,... ,GS respectively denote the primary and main gaps of F.
Then

(e) Gi, = g(GL) for i € {1,...,Q} and w € *. Since furthermore |GL| = r,|Gi|, we

have
Q .
lim 3 3 |GLP = lim Z 3 (rw]G| Zmﬁ/ g'°dv,
neree i=1 weXn n—)ooz 1 wexm

where x, € R,X is arbitrary for each w € X*. Note that the above line can be

rigorously proven by using the Bounded Distortion Lemma (see Lemma 2.21).
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(f) The d-conformal measure vp associated with F' and the push-forward measure of

the d-conformal measure v associated with K are absolutely continuous with Radon-

r =|g’ogl|‘s</lg’!5dV>1
d (g«v) K

From these observations we can infer the statements concerning the average and the non-

Nikodym derivative

lattice case of Theorem 2.43 and Corollary 2.44. This is done in the following subsections.

4.4.1 Proof of Theorem 2.43

We prove the three parts (i) to (iii) of Theorem 2.43 separately.

Proof of Theorem 2.43(i),(ii). Using the notation that we set up in the beginning of Sec-
tion 4.4 and Items (a) to (f) from there, an application of Items (i) and (ii) of Theorem 2.31
to ® and of Theorem 2.39 to R proves Items (i) and (ii) of Theorem 2.43. O

Now, we turn to the lattice case. In order to show the statements on the non-existence, we

use the following lemma.

Lemma 4.14. Let F' denote a self-conformal subset of R associated with the cIFS & :=
{¢1,...,0n}. Let 0 := dimps(F') denote the Minkowski dimension of F' and let B C R
denote a Borel set for which Fo—+ N B = (F' N B)g—t for all sufficiently large t > 0. Assume
that there exists a positive, bounded, periodic and Borel-measurable function q: Rt — RT

which has the following properties.

(i) q is not equal to an almost everywhere constant function.

(i) There exist sequences (am)meN and (Cm)men, where amy, ¢y > 0 for all m € N and
am — 1 as m — oo such that the following property is satisfied. For all e > 0 and
m € N there exists an M € N such that for allt > M

(1—)alq(t —Inam) — cme® < e ' \g(dF,— N B)
< (1 +e)al,q(t+Inay) + cme ™. (4.60)

Then for k € {0,1} we have that

C{(F, B) < C{(F,B).
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Proof. We first cover the case £k = 0. Since ¢ is positive and not equal to an almost
everywhere constant function, there exist t1,t; > 0 such that R := ¢(f2)/q(t1) > 1. Choose
m € N so that a?> < /R and choose ¢ > 0 such that (1 +¢)/(1 —¢) < VR. Then
R:=(1—¢)a;’q(ty) — (1 +¢)a’,q(f;) > 0. By Item (ii) we can find an M € N for these &
and m such that Equation (4.60) is satisfied for all ¢ > M. Because of the periodicity of ¢
we can find ¢,y > M such that ¢(t1) = ¢(t; + Ina,,) and ¢(t2) = q(tz — Ina,y,). Moreover,

we can assume that tq,to are so large that Cme Ot 4 e 02 < §/2 Then
) —o0t1
1+¢)ay,q(ti + Inay) + cme

1—¢)a;’q(ty — Inam) — R/2 — ¢pe %2

< e*‘StQ/\O(ﬁFeftQ N B)

e_(stl)\o(aFe—tl N B) <
<

e

Because of the periodicity of ¢ this proves the case k = 0.
For k = 1 observe that the function g: RT™ — R defined by

g(t) == / q(s + t)eP13ds
0

is periodic. Also, ¢ is not a constant function. Since if it was, then 0 = g(0) — g(¢)
for all ¢+ > 0. This would imply [ g(s)e®Dsds = e~V [> ¢(s)e(®~Dsds for all t > 0.
Differentiating with respect to t would imply that ¢ itself is constant almost everywhere
which is a contradiction. Using that F,—+ N B = (F N B),-« for sufficiently large ¢t > 0 and
Stachd’s Theorem (Proposition 3.15), we obtain for sufficiently large ¢ > 0 that

N (e B =0 " N(OF—. (1 B)e~*ds
< etV 4 g)ad, /too q(s + I am)e’®Vds + cpe ™™
= (14¢e)al,g(t +Inay) + cne %
Analogously, we obtain
e DN (Fue N B) = (1 - e)apdg(t — Inay,) — cme ™.

Therefore, the same arguments which were used in the proof of the case kK = 0 imply that

liminf 2\ (F. N B) < limsupe® '\ (F. N B).
eNo e\0

O]

Proof of Theorem 2.43(iii). We want to apply Lemma 4.14 in order to show that there
exists a Borel set B C R for which Qg(F, B) < éi(F, B) for k € {0,1} from which we then
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deduce that the fractal curvature measures do not exist. For applying Lemma 4.14 we first
introduce a family A of non-empty Borel subsets of ¥.°°, where ¥°° denotes the code space
associated with R. For every x € A we then construct a pair (B(k), g,) which consists of a
non-empty Borel set B(x) C R satisfying F,-« N B(k) = (F' N B(k))e-+ for all sufficiently
large ¢ > 0 and a positive bounded periodic Borel-measurable function ¢.: R* — R™, such
that Lemma 4.14(ii) is satisfied for B = B(k) and ¢ = ¢,;. Then, we show that there
always exists a k € A for which ¢, is not equal to an almost everywhere constant function,

verifying Lemma 4.14(i).
We let Rq,..., Ry denote the similarities which the cIFS R consists of, that is R =:

{R1,...,Rn} and let r1,..., 7N denote their respective similarity ratios, that is r; := R}(z)
for any x € X. Note that g is a bijective function by definition. For i € {1,...,N}
define ¢; := go R;o g~ ! and set ® := {¢1,...,¢n}. From the fact that Ry,..., Ry are
contractions and ¢’ is Hélder continuous and bounded away from zero, one can deduce
that there exists an iterate ® of ® which solely consists of contractions. Without loss of
generality we assume that ¢1,...,¢xN are contractions themselves. Then ® is a cIFS with
open set int(gX) and bounded distortion constants g, = 14 max,exm ¢|Ry,X|*/kq, where
kg > 0 is such that |¢'| > k4, on U and c is a constant depending on the Holder constant of
g. Clearly, 0, — 1 as m — co. Moreover, F' := ¢g(K) is its associated self-conformal set,
since ;L) i F = Uiy gRig~'g(K) = Ui, gRi(K) = F.

Let us begin by introducing the family A. Recall that (Y) denotes the convex hull of a
compact set Y C R. Fix an n € Ny and define

l l
A, = { [£)] ‘ KW exr le{l,...,N"}, U(gbﬁ(j)F) is an interval,

j=1 j=1

l
U ¢y F Ny F = @ for every w € X"\ {,1(1)’ . ,ﬁ(l)}}'
i=1

(Note that if the strong separation condition was satisfied, then A,, = {[w] | w € £"}.)
We remark that the condition A\;(X \ ®X) > 0 implies that k C X for every k € A,
whenever n € N. Further, note that A,, # @ for all n € N because of the OSC and set
A=, en, An- Now, fixann € Ny and a k = U;zl[/ﬁ(j)] € A, and choose ¢ > 0 such that
Ul (bur F)aoNéuF = @ for every w € 27\ {x1), ... kD}. Then B(k) := U ($) F)o
is a non-empty Borel subset of R satisfying F. N B(k) = (F'N B(k)). for all ¢ < 6.

Denote by G, ..., G? the primary gaps of F and by GL,..., GY the associated main gaps
for w € ¥*. For constructing the function ¢, fix an m € N and choose M € N so that

e™™ < § and that for every w € ™ all main gaps GJ,..., GY which lic in B(k) are of
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length greater than 2¢~*. Then for all T > M we have

Q

Ao (0F,-r N B(k)) /2= #{w e X" |G, CB(k), |G, >2c T} +1
=1

Q . m—n .

<D D BTN+ QN+,

i=1 wexm j=1

=icm

where we agree that > 7" Q - N/=1 =0 if m —n < 1 and where

=) = #{u € 7 [ Gy C B(k), |Gly| > 277}

for w € ¥*. Likewise
Q
Mo (0F-rNB(r)/2=> > Bl ).
=1 wexm

We let € and ( respectively denote the geometric potential functions associated with ® and
R. Moreover, we let 7, and 7, respectively denote the code maps from ¥°° to F' and K.

They satisfy 7, = gm,.. For z € ¥°° we have the following relation.

§(z) = —In|¢), (m.07)]

= —In|g'(Ry, g~ 'mpox)| = |R} (¢ 'm0w)| 4 Inlg (g m o)
= —In|¢'(m2)| + ((z) + In|g (7 0)|.
Therefore, : ¥°° — R given by ¢(z) := —In|¢/ (7, )| defines a continuous function which

satisfies
§—C=v—9yoo.

Recall that ¢, denotes the Holder constant of ¢’ and that kg > 0 is such that |¢'| > k4 on U.
Also, g satisfies a bounded distortion property, since we have for all z,y € (R, K), where
w € X" and n € N that

g @)| _ |9 (@) —dy)
9'(y) 9'(y)
and clearly, p, — 1 as n — oc.

— & «@
Gl (R
g wexn k‘g

+1=:p, (4.61)

Denote by G' the primary gaps of K and by éfu the main gaps of R, K, wherei € {1,...,N}
and w € ¥*. Thus, for an arbitrary z € ¥, i € {1,...,Q}, w € ¥ and u € X" we have
that

Gl =

= exp (lnpm — Y (uwz) — Spl(uwz) + ln\Rwéio

= exp (lnpm — Y(wx) — Spé(uwz) + ln|RwC~¥i|>

9G] < P - 19 (RuwT )| - | Ruw G|
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Therefore, for x € X°° and w € ¥™

Eue™) < #{u e Gy, € B(w),
I(2/pm) + h(wz) — In|RuG| < T — Spé(uwz)}.

By construction « is a finite union of cylinder sets. Moreover, it is easy to verify that
Items (A) to (G) of Key Lemma 4.2 are satisfied for fy,: R — R defined by fo . (t) :=
Zz‘Q:1 L () +1n(2/pm)—In| RG] 00) (t), where Item (F) can be checked in the same way as in
Lemma 4.9(F).

Recall the definition of NV,

Omﬁ

) from Key Lemma 4.2 with this fy .. By hypothesis, ¢ is
lattice. Since it is the geometric potential function associated with an IF'S which consists of
similarities, ¢ is thus contained in a discrete subgroup of R (see proof of Theorem 2.38). Let
a > 0 denote the maximal real number for which {(3°°) C aZ. Then Key Lemma 4.2(iii)

gives

Ao(Fe-r N B(K))/2 = ¢m

Z Z Z Ly, (uwwz) fo (T — Spé(uwz))
exm

=0 ue¥n

IN
- || MN

N, (T, x)

m,e()

.
—

j=1 wezm fgd'u_(sC

/Ew o (¥ Z ez <az ta {W} _ ¢(y)) dv_se(y)  (4.62)

a
Z=—00

as T — oco. Forie {1,...,Q}, w € ¥™ and z,y € X define

Al()

In(2/pm) + $(wz) — In|R,G| + Ply) {T + ¢ (wa) } _

a a

Then the definition of fy,, implies

S e (as o { T ) -

Z=—00

Q %)
Z Z e—a&z
i=1 2=| AL (y) ) +1
Q
>

(eaé - 1)—1e—a6\_Af\,(y)J )

Moreover, note that h_sc = 1. Thus, the term on the right hand side of Equation (4.62) is
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equal to
a5 n(2/prm) +(wa) =In| Ry Gt +9(y) _ [ T+i(wz)
e o T80 / o : ~{Tesea)|
Z Z 1.(y)e dv_s¢(y)
fcdu o6 = leEm -
a(e® — 1)1 / 1n(2/pm> lnl\IGZ|+w<y) Tde @)
deN—JC i= lweEm

where we used the fact that r,, € aZ for w € ¥*. Define the function ¢.: RT™ — R by

_sr2a(e® — 1)~ w
qe(T) = 7T ;Cdll " / Jdugc(y). (4.63)

Altogether, for all € > 0 there exists an M’ > M such that for all ¢ > M’ we have
e T N(OF,—r N B) < (1 +&)p3,q(T + I ppy) + 2¢me 07

and likewise
e_(ST)‘O(aFe—T N B) > (1 - 5)p;16QN(T - 1npm)'

Clearly, ¢, is periodic with period a. Thus, Lemma 4.14(ii) is satisfied for B = B(k)
and ¢ = q,. Thus, in order to apply Lemma 4.14 it remains to prove the validity of
Lemma 4.14(i), that is that there exists a k € A for which ¢, is not equal to an almost
everywhere constant function. For this, it suffices to consider the function ¢.: RT™ — RT

given by
sl = 1n\éi|+w<y>—tJ
dv_sc(y).

Q
00 = > [ e

i=1
Set 4 :=min{{a " In|G/|} |i=1,...,Q} and § := max{{a~'In|G'|} | i =1,...,Q}. We
first assume that 8 > 0 and consider the following four cases.
CasE 1: D:={y e =™ | {a "(y)} < B} £ 2.
Since 9 € C(X*°) and thus D is open, there exists a k € A such that kK C D. For n € N
and r € (0,1 — ) define T},(r) := a(n + ). Then

w(y) In|GY)

G (Tn( 5‘"2/ . Jdz/_<sc(3/)-

This shows that g is strictly decreasing on (an,a(n + 1 — 3)) for every n € N. Therefore,
qx is not equal to an almost everywhere constant function.

CASE 2: D:={y € X [ {a 9(y)} > B} # 2.

Like in CASE 1, there exists a x € A such that k C D. For n € N and r € (0, 3) set
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T, (r) == a(n —r). Then

aﬁ 7“ 6a7“ Z /

This shows that g is strictly decreasing on (a(n — ), an) for every n € N. Therefore, g, is

w<y> In| & \J
¢ dv_sc(y).

not equal to an almost everywhere constant function.

For the remaining cases we let n* € Ny be maximal such that 8+ n*(1 — B) < B.

CASE 3: There exists an n’ € {0,...,n*} such that
Dy i={y €| B+n'(1-5) <{a "(y)} < B+ (' + N1 -B)} # &.

As in the above cases, there exists a x € A such that x C D,,. For n € N and r € (0,3)
set T (1) == a(n — B+ B+n'(1—p)—r). Then

BT (1)) = Porebe P 62:/%

This shows that g, is strictly decreasing on (a(n — 8+ q(1 — B)),a(n — B+ 8+ q(1 — 3))).

Therefore, g, is not equal to an almost everywhere constant function.

“lan s¢(y)-

If we are not in any of the above three cases, then we have the following.

CasE 4: {y e T [{a M(y)} C{B+n'(1-PB) |n €{0,...,n*}}} = T.
Define s; := max({8 + n/(1 — 8) — {a~ |G} < 0| n/ € {0,...,n*}} U{1}) and
s :=max{s1,...,sy,1— B+ }. Forn € Nand r € (0,s/2) define T,,(r ) :=a(n+r). Then

0. (T, WZ/

This shows that g, is strictly decreasing on (an,a(n + s/2)). Therefore, ¢, is not equal to

w<y> ln\GﬂJ
dv_sc(y).

an almost everywhere constant function.

If 3 =0, then the same methods can be applied after shifting the origin by (1 — B)/2 to
the left.

Thus, we can apply Lemma 4.14 in all four cases and obtain that there always exists a
Borel set B(x) such that Qﬁ(F,B(m)) < 6£(F,B(/€)) for k € {0,1}.

In order to deduce that the fractal curvature measures do not exist, construct a function
n: R — [0, 1] which is continuous, equal to 1 on B(k) and equal to 0 on R\ B(k)g. Then
liminf. .o [ ne®d\(8F.N-)/2 = CL(F, B(k)) < ég(F, B(k)) = limsup,_,q [ ne’d\°(OF. N
-)/2. Thus, the 0-th fractal curvature measure does not exist. Using the same function 7 it

follows analogously, that the 1-st fractal curvature measure does not exist, which completes
the proof. O
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4.4.2 Proof of Corollary 2.44

Proof of Corollary 2.44. Ttems (i) and (ii) of Corollary 2.44 are immediate consequences
of Theorem 2.43. Corollary 2.44(iii) is going to be deduced from Theorem 2.33(iii). We let
7, and 7, respectively denote the code maps from ¥ to K and F;,, and observe that
T =g, 0 7, - Further, we let £, denote the geometric potential function associated with
F,. By Property (b) from the beginning of Section 4.4 we see that &, — {x =¥ — Y oo,
where 1) := —In|g}, o 7. |. By definition we have that g},(z) = (g(z)(e?*" — 1) + 1)_1/5
z € [—1,00). Thus, P(X°) = —In|g], o 7, ()| C [0, an]. We now show that Condition
(2.6) from Theorem 2.33(iii) is satisfied.

for

n
Z e 0%y s 0 N[z, za + 1)) = Z e 0%y _se,. 0 ([ai, ai + 1))
=0

2€7
n ; ; n
_ Ze—éaiyog—l ([e;m -1 7 e&;”‘” — 1>) _ Z e;t -1
= elan — 17 eoan — 1 i:Oean_l
_ e§t -1 ie—&ziy i 5_1 eJai -1 eéa(iJrl) -1
eéa_l'o eéan_l’ e6an_1
1=
eét -1 " _Sai -1 . .
= g 2o st 0¥ ([aiali + 1))
i=0
holds for all ¢ € [0,a) which completes the proof. O

4.4.3 Proof of Theorem 2.46

Here, we show that every analytic lattice cIF'S is conjugate to a cIF'S consisting of similarities

and by this prove Theorem 2.46.

Proof of Theorem 2./6. For ease of notation, we assume without loss of generality that
{0,1} € F C [0,1]. Let & denote the geometric potential function associated with ®
and let m denote the code map from ¥°° to F. By Theorem 3.7 the eigenfunction h_gse
of the Perron-Frobenius operator L£_s¢ possesses a real-analytic extension to an open
neighbourhood of X in R. Denote this extension by h and define {/: := 0" !Inh. Since £ is
lattice, there exist ¢, € C(X°°) such that

§—(=v—voo

and such that { is a function whose range is contained in a discrete subgroup of R. Let
a > 0 be the maximal real number for which ((3°°) C aZ. The function v satisfies the
equation

1f/;o7rzw+5fllnh,5<,
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since h satisfies

dpse  dps¢
dv_se e dv_s¢

hom=h_s =

We define the function g: [0,1] — R by g(z) = [; e{f’v(y)dy/A for € [0,1], where
A= fol ei(y)dy. As 1; is analytic, the Fundamental Theorem of Calculus implies that
@Z —InA = Ing’. Moreover, the analyticity of @Z implies that {Z; is bounded on [0, 1].
Therefore, g’ is bounded away from both 0 and oo and thus g is invertible. Note that
g([0,1]) = [0,1], set g := g~1: [0,1] — [0,1] and extend g to an analytic function on an
open neighbourhood U of [0, 1] such that |¢’| > 0 on Y. Define

Ri:=glogiog foric{l,...,N} and K :=g '(F)C]0,1].
Then setting 7, := ¢g~! o7, we have for x € £°° that

—In|R, (7 ox)| = —Ing (¢, g7 0x) — In|d,, (97 0x)| + Ing (gm, o)
= —(mz) +InA+&(z) + Y(rox) —In A
= —(x) = 6 " In(h_sc(x)) + &(x) + P(ox) + 6 n(h_5c(0x))

=((x) =6 'In (%) .

Since the range of ( is contained in the group aZ and £ and ¢ are bounded on »°°; { in fact
takes a finite number of values. Moreover, ( is continuous which implies that there exists
an N € N such that ¢ is constant on each [w] for w € £V, This cleary implies that £ scl
is constant on [w] for all w € ¥ and all n € N, where 1 denotes the constant one-function.
Thus, Equation (3.3) implies that also h_gs¢ is constant on cylinder sets of length N. This
can be seen by considering |h_s¢(x) — h_s¢(y)| for x,y lying in the same cylinder of length
N and applying the triangle inequality. Therefore, 2 +— —In|R), (7, 0x)| is constant on
cylinder sets of length N 4-1. Hence, for w € ¥N*1 andi € {1,..., N} there exists a ¢, € R
such that R/(7, . z) = ¢, for all x € [w]. Since for each w € SN*! the set {7, 2 | z € [w]}

has got accumulation points and is compact and the map R/ is analytic by construction, it

follows that R] is constant on its domain of definition. Therefore, the maps Ri,..., Ry
are similarities. From the fact that ¢1,..., ¢y are contractions and ¢’ is differentiable and
bounded away from 0, one can deduce that there exists an iterate Rof R:= {Ri1,..., RN}

which solely consists of contractions. The system R satisfies the OSC with open set
(0,1) = g=1(0,1). Therefore, the unique non-empty compact invariant set of R is a self-
similar set. It coincides with K := g~ !(F), since R;(¢7'F) = g '¢ig(g'F) = g~ 'F for
eachie {1,...,N}. O
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4.4.4 Proof of Theorem 2.39

Clearly, every self-similar set belongs to the class of C'**-diffeomophic images of self-similar

sets. Thus, we infer Theorem 2.39 from the more general proofs presented in this subsection.

Proof of Theorem 2.39. We let 7, denote the similarity ratio of ¢,. Using that |G%| =
w - |GY, Ttem (i) is a direct consequence of Theorem 2.31(i). Since self-similar sets
form a sub-class of C!*®-diffeomorphic images of self-similar sets, the statement from
Item (ii) concerning the fractal curvature measures follows from the stronger result in
Theorem 2.43(iii). Thus, all that remains to be shown is the statement Q£(F, B) < €£(F, B).
With regard to the proofs of Theorem 2.43 and Lemma 4.14, we only need to show that
the function ¢, from Equation (4.63) is non-constant. In the situation of a self-similar set,

qx simplifies to the following.

In2—1In|G*|— TJ

2av_ {
_ =T 66 a
QI@(T) =¢ ffd/i 65 ea(S Ze

Since gy, is a periodic function with period a which is non-constant the statement follows. [



5 Extensions to Conformal Graph Directed

Markov Systems

In this chapter we provide a preview to work that has been carried out by the author
regarding conformal graph directed Markov systems (¢cGDMS), which is soon to appear in
[KK11]. Such systems form an interesting extension to the systems which were discussed
in Chapter 2. Here, we exhibit the main results of [KK11]| and illustrate their importance
through a collection of examples. The examples moreover serve to clarify the more involved
definition of the primary gaps. We remark that the results are new, even for systems which
consist of similarities.

We start this chapter in Section 5.1 by introducing cGDMS and presenting important
examples. Then, in Section 5.2, we provide statements on the existence of the fractal
curvature measures and the Minkowski content of limit sets of cGDMS and evaluate the

Minkowski content for the examples from Section 5.1.

5.1 Conformal Graph Directed Markov Systems

A core text concerning conformal graph directed Markov systems (cGDMS) is [MUO03].
The class of cGDMS generalises the notion of cIF'S and gives rise to a broader collection of

fractal sets. Before formally defining cGDMS, we first introduce some necessary notions.

Definition 5.1 (Directed multigraph). A directed multigraph (V, E,i,t) consists of a finite
set of vertices V, a finite set of directed edges E and functions ¢,¢: £ — V which determine
the initial and terminal vertex of an edge. The edge e € E goes from i(e) to t(e). Thus,

the initial and terminal vertices of e are i(e) and t(e) respectively.

Definition 5.2 (Incidence matrix). Given a directed multigraph (V, E,i,t), an (#E) X
(#F)-matrix A with entries in {0, 1} is called an incidence matriz. It determines which
edges may follow a given edge via A, . = 1 if and only if t(e) = i(¢) for edges e, e’ € E.
The incidence matrix is called aperiodic and irreducible if there exists an n € N such that
™) > 0 for all

e,e’

the entries of the n-th iterate A™ =: (Ai@,)&e/eg are positive, that is A
e, e € E.

Definition 5.3 (GDMS). A graph directed Markov system (GDMS) consists of a directed

multigraph (V) E,i,t), an incidence matrix A, a set of non-empty compact metric spaces

105
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{Xuv}vev, 7 € (0,1) and for every edge e € E an injective contraction ¢.: Xye) — Xj(e)
with contraction ratio less than or equal to r. Briefly, the set ® := {¢e: Xy(c) = Xj(e) }ecE
is called a GDMS.

In Section 5.2 we consider fractal subsets of the real line. Therefore, we restrict the
definition of a cGDMS to the one-dimensional Euclidean space (R, |-|). For a subset Y C R
we write int(Y') := intg(Y") for the interior of Y.

Definition 5.4 (cGDMS). We call a GDMS a conformal graph directed Markov system
(cGDMS) if

(i) for every vertex v € V, X,, C R is a compact and connected, X, = int(X,) and
int(X,) Nint(X, ) = @ for distinct v,v' € V,

(i) the open set condition (OSC) is satisfied, in the sense that, for all e # ¢’ € E we have

Pe(int(Xy(e))) N ger (int(Xy(er))) =& and

(iii) if for every vertex v € V' there exists an open connected set W, D X, such that for
every e € F with t(e) = v the map ¢, extends to a C'*®-diffeomorphism from W,

into Wj(y, whose derivative ¢ is bounded away from zero on X, where a € (0, 1].

We consider also the special case of cGDMS where the contractions {¢. }.cp are similarities.

Definition 5.5 (sGDMS). A ¢cGDMS whose maps {¢e }ccr are similarities is referred to
as sGDMS.

Remark 5.6. Our definition of a cGDMS differs slightly from the definition given in [MUO03].
Firstly, an incidence matrix in [MUO03] is defined via the property that A, . = 1 implies
t(e) =i(e’). Secondly, the condition that int(X,) Nint(X, ) = & for distinct v, € V is
not required in the definition of a cGDMS in [MUO03]. Thirdly, we require the contractions
¢e for e € E to extend to C'T-diffeomorphisms with derivatives bounded away from zero,
whereas in [MUO3] the contractions need to extend to C!-diffeomorphisms and are required
to satisfy a bounded distortion property. However, disregarding the third difference, a
c¢GDMS in the sense of [MUO3] can always be represented by a cGDMS in our sense, namely
by substituting {@e(Xy())ecr in for the sets { X, },ev and defining the edges accordingly.
Conversely, every cGDMS in our sense is a cGDMS in the sense of [MUO03].

For defining a limit set of a cGDMS, we fix a cGDMS with the notation from Definitions 5.3
and 5.4. The set of infinite admissible words given by the incidence matrix A is defined to
be

EY = {w=uwwy- - € BN | Ay, w.,, = 1 for all n € N}. (5.1)
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The set of subwords of length n € N is denoted by E” and the set of all finite subwords
including the empty word @ by E%. For w € E% we let n(w) denote its length, where

n(D) := 0, define ¢ to be the identity map on | J,y X, and for w € ¥* \ {@} set

Gu = ¢w1 O:--0 QZ)wn(w) : Xt(wn(w)) — Xi(o.q)?

where we let w; denote the i-th letter of the word w, for i € {1,...,n(w)}, that is
W= w] Wy Asin Chapter 2 the initial word of length n € N of w = wiws ... € EY is

defined to be w|, == wi -+ - wy,.

For w € B the sets {dy, (X¢(w,)) fnen form a descending sequence of non-empty compact
sets and therefore (M, cy @ul, (Xt(w,)) 7 9. Recall from Definition 5.3 that r € (0,1)
denotes an upper bound for the contraction ratios of the functions ¢, for e € E. Since
diam (¢, (Xi(w,))) < rdiam(Xy,,)) < " max{diam(X,) | v € V'} for every n € N, the
intersection

ﬂ ¢w\n (Xt(wn))

neN
is a singleton and we denote its only element by 7(w). In analogy to the situation for cIF'S

the projection 7: EY — (J,cy X is called the code map.

Definition 5.7 (Limit set of a cGDMS). The limit set of a cGDMS is defined to be

F :=7n(EY).

Limit sets of cGDMS often have a fractal structure. They include self-conformal sets as
well as self-similar sets. In order to show the significance of cGDMS we are now going to

present three important classes of sets which can be obtained as limit sets of cGDMS.

Conformal Iterated Function Systems with Incidence Matrix.

Assume that the cIFS U := {¢1,...,%n} is equipped with an N x N incidence matrix
A" = (A )ijeq1,.... vy with entries 0,1 which determines which functions may follow a
given function, that is A;; = 1 if and only if ¢; o ¢; is allowed. The system (¥, A’)
can be represented by a ¢cGDMS by setting V' := {1,...,N}, E := {1,..., M}, where
M := 2%:1 A;j and where for all v,v" € V with A;,v’ = 1 there exists an edge ¢ € F
such that i(e) = v and t(e) = v'.

Ezample 5.8. For i € {1,2,3} define ;: [0, 1] — [0, 1] by setting ¢ (z) := z/4, Pa(x) =
x/4+3/8 and ¢3(x) := x/4 + 3/4 and set

A=

—_ O
_= o O
— = =
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A corresponding sGDMS is given by V :={1,2,3}, £ :={1,...,6},

110000

1 :ec{1,2} 1 :ee{l,4} vou b
ile):=¢2 :e=3 , He)=(2 :e=5 , A= (1) (1) 3 (1) (1) (1)
3 :ee{4,5,6} 3 :e€{23,6} 001000
000111

Xy :=1y([0,1]) for v e V, r =1/4 and

o1 X1 &Xh ¢31X3£>X27 ¢51X2£>X37

¢22X3£>X1, ¢42X1E>X3, ¢63X3£>X3-

An illustration for this system is provided in Figure 5.2.

Conformal iterated function systems with disconnected open set.

By definition, a cIFS acting on X needs to satisfy the OSC with open set int(X). If
we allow the OSC to be satisfied with a different open set, then the system can still be
represented by a cGDMS.

Example 5.9. For i € {1,2,3} define ¢;: [0,1] — [0, 1] by ¥1(z) := /3, 2(x) := x/3+2/3
and ¥3(z) := /94 1/9 and set ¥ := {1)1,19,13}. Then W is not a cIFS since the open

set condition is not satisfied with (0, 1) as open set. However, ¥ can be represented by a
sGDMS as follows. Set V :={1,2}, £ :={1,...,6},

1 1 1.1 00
000011
1 ee{l,...,4} 1 :ee{l1,3,5} 111100
i(e) := tle) := , = )
2 :ee {506} 2 :ec{24,6} 000011
1 1 1.1 00
000011

Xy = ,([0,1]) for v € {1,2}, r = 1/3 and

¢12X1£>X1, ¢32X1£>X1, ¢52X1£>X27

¢2¢X2£>X1, ¢4¢X2£>X1, ¢6:X2£>X2~

An illustration for this example is given in Figure 5.3.



5.1. CONFORMAL GRAPH DIRECTED MARKOV SYSTEMS 109

Markov Interval Maps.

For closed intervals Xi,..., Xy in [0, 1] with disjoint interior, N > 2, and X := Ui\;l X;
we call a map f: X — [0,1] a Markov interval map if

(i) f|x, is expanding and there exists a C'*®-continuation to a neighbourhood of X;

and

(ii) if f(X;) N X; # @, then X; C f(X;) fori,j € {1,...,N}.

For a representation by a cGDMS, set V := {1,..., N} and for v € V define f, := {v' €
V| Xy C f(X,)}. For every pair (v,v), where v € V and v’ € f,, introduce an edge
e = e(v,v') with i(e) = v and t(e) = v'. Set E = {e(v,v') | v € V,v' € f,} and define
et Xi(e) = Xi(e) by e := (f|Xi(e))_l‘Xt(e).

Ezample 5.10. Set Xy := [0,1/4], Xy := [1/4,1/2], X3 := [2/3,1] and let the Markov
interval map f: U?Zl X; — [0,1] be given by f|x, (z) := 5x/2, f|x,(z) := 3z —1/2 and
flxs(z) =32 — 2.

Figure 5.1: Graph of the Markov Interval Map f from Example 5.10.
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A corresponding sGDMS is given by V :={1,2,3}, £ :={1,...,7},

1100000
0011000
1 ee{l,2} 1 :ee{l,5} 0011000
ife): =92 :ec{3,4} ,tle):=¢2 :e€{2,3,6},A:=[ 0000111/,
3 :ee {567} 3 :ee{4,7) LE0o0000
0011000
0000O0T1T1°1
r=3/4 and
(f|X1)71 (f|X2)71 (f\x3)71
p1: X1 —— X1, ¢3: Xo —— Xo, 051 X1 — X,
(f|X1)_1 (f|X2)_l (f‘X:a)_l (f|X3)_1

P21 Xog ——— X1, ¢4 X3 —— Xo, ¢6: Xo —— X3, ¢7: X3 —— X3,

The graph of the Markov interval map f is presented in Figure 5.1. An illustration of how

the limit set is obtained is given in Figure 5.4.

5.2 Results for Conformal Graph Directed Markov Systems

In this section, we will characterise limit sets of cGDMS with aperiodic irreducible incidence
matrices for which the (average) fractal curvature measures and the (average) Minkowski
content exist. We concentrate on the results and the examples which we introduced in the
preceding section and refer to [KK11] for the proofs. The original results presented below
are generalisations of the results for self-conformal subsets of R from Chapter 2 and are

new even in the setting of sGDMS.
It follows from Theorems 4.2.9, 4.2.11 and 4.2.13 in [MUO03] that the Minkowski dimension

of a limit set of a cGDMS always exists. Moreover, we can show that such a limit set either
is a non-empty compact interval or has zero one-dimensional Lebesgue measure. We now

distinguish between these two cases.

Proposition 5.11. If Y C R is a non-empty compact interval, then the 1-st fractal

curvature measure exists and satisfies
ol (v, )=y n.

Moreover, taking Winter’s definition of the fractal curvature measures (see Remark 2.10),

we have that so(Y) = 0 and that w-lim._o %) Cy(Yz, ) = \0(dY N -)/2.
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Let us now focus on limit sets with zero one-dimensional Lebesgue measure. For stating our
results we fix a cGDMS (V, E,i,t, A) and assume that the incidence matrix A is aperiodic
and irreducible (see Definition 5.2). Let { X, },ey denote the associated non-empty compact
connected subsets of R and let ® := {¢,: Xie) = Xi(e)}eEE denote the set of injective
contractions whose contraction ratios are bounded by some r € (0,1). Further, let F

denote the unique limit set and let § := dimps(F") be its Minkowski dimension.

Note that the notions from Chapters 2 and 3 concerning the full shift space (£°°,¢) can
be analogously introduced for the code space EY°. In particular, the geometric potential
function §: EY — R is given by {(w) := —In|¢], (7(ow))| for w = wiws - -- € EY, where
o denotes the shift-map on EY°, which is defined in the same manner as in Section 2.2.
Moreover, the results presented in Section 3.1.2 concerning Ruelle’s Perron-Frobenius
theorem are valid also for E° (see [Bow08]). Specifically, there exists a unique o-invariant
Gibbs measure p_s¢ for the potential function —d¢. Further, the measure theoretical

entropy H,, ;. of o with respect to i_s¢ is defined as in Equation (3.4).

Now, we present necessary notions which are specific for cGDMS. The unique probability

measure v supported on F', which for all distinct e, e’ € E satisfies

v (6e(Xie)) N 6o (Xien)) =0 and  w(eB) = /B 16, dv (5.2)

for all Borel sets B C Xy is called the d-conformal measure associated with ®. The
statement on the uniqueness and existence for cGDMS is provided in Theorem 4.2.9 of
[MUO3] and goes back to the work of [Pat76, Sul79, DU91]. For a vertex v € V we denote

the set of edges whose initial and respectively terminal vertex is v by
I, ={ec FE|ile)=v} and T,:={ec E|tle) =0}

Moreover, for n € N we set

Iy = Upen Iy, Ty = Upen Ty and
I = {we EY |i(w) =v}.

For a finite word w € E% the w-cylinder set is defined to be

w]={ue EY |u; =w,; fori € {1,...,n(w)}}, in particular [@]= EY.
As in the situation of self-conformal sets, another central role is played by the primary and
main gaps of F'. Like for self-conformal sets, these are certain intervals in the complement

of the limit set. Such a definition for limit sets of cGDMS is more involved and is given as
follows. Recall that (Y') denotes the convex hull of a set Y C R. For v € V' we define

GY = <Ueelv77[e]> \ Ueelv (m[e]) (5.3)
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and denote by n, the number of connected components of G¥. In [KK11] we show that
Upey G¥ # @ if X1(F) =0, hence, >, .y ny > 1. If GY # @, we denote the connected
components of GV by GV, where j ranges over {1,...,n,} and call them the primary gaps
of F. For every w € T, we define Gy = b(G¥7) and call these sets the main gaps of F.

Having introduced these notions, we are now able to present our results and fix the following

notation.

Notation 5.12. We let ® := {¢, }ccr denote a cGDMS with aperiodic irreducible incidence
matrix and let F' denote its limit set. We set § equal to the Minkowski dimension of F' and
let £ denote the geometric potential function associated with ®. Further, denote by H_s¢
the measure theoretical entropy of the shift map with respect to the unique shift-invariant

Gibbs measure p_g¢ for the potential function —d¢ (see Section 3.1.2).

Theorem 5.13 (cGDMS - fractal curvature measures). Fiz the notation from Notation 5.12
and assume that \'(F) = 0. Then the following hold.

(i) The average fractal curvature measures always exist and are both constant multiples

of the 6-conformal measure v associated with F', that is

2 9¢ 910

CoF) = g v() and G{(P) = gy (),

where the constant ¢ is given by the well-defined positive and finite limit

c=lim » > |G (5.4)

veV j=1welm

(ii) If & is non-lattice, then both the 0-th and 1-st fractal curvature measures exist and
satisfy C’I{(F, )= 5’,{(17, -), for k € {0,1}.

(iii) If & is lattice, then there exists a constant ¢ € R such that 6£(F, B) < @ for every
Borel set B C R and k € {0,1}. Additionally, Qi(F, R) is positive for k € {0,1}.

Using the definition of the Minkowski content, we see that the existence of the fractal
curvature measures immediately implies the existence of the Minkowski content. Thus,
the Minkowski content of F exists, if £ is non-lattice. As in the situation of self-conformal
sets, the lattice case is quite interesting with regard to the Minkowski content. A sufficient
condition under which the Minkowski content exists is given in Part (iii) of the next theorem.
Parts (i) and (ii) of the following theorem are immediate consequences of Theorem 5.13.
For stating the result, we equip EY with the product topology of the discrete topologies
on E and equip the set of infinite admissible words E° C EYN with the subspace topology.
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This is the weakest topology with respect to which the canonical projections onto the
coordinates are continuous. The space of real-valued continuous functions on £ is denoted
by C(EY).

Theorem 5.14 (cGDMS — Minkowski content). Under the conditions of Theorem 5.13
and letting ¢ denote the constant given in Equation (5.4), the following hold.

(i) The average Minkowski content exists and is equal to

. 21—5C
M(F) = ———7F7.
(1- 5)HM76§
(i1) If & is non-lattice, then the Minkowski content M(F') of F' exists and coincides with
M(F).

(iii) If € is lattice, then we have that
0 < M(F) < M(F) < 0.

Further, equality in the above equation can be attained. More precisely let (, ¢ € C(EY)
denote the functions satisfying & — ¢ = b — 1 o o, where the range of ¢ is contained
in a discrete subgroup of R and a € R is maximal such that ((EY) C aZ. Moreover,
let v_s¢c denote the unique eigenmeasure with eigenvalue one of the dual for the
Perron-Frobenius operator for the potential function —0( (see Section 3.1.2). If for
every t € [0,a) we have that

ot __
Z e %"y _scotp N ([na,na+t)) = ;a — 1 Z e " scopp” ! ([na, (n+1)a)), (5.5)

nez nez
then M(F) = M(F).
Remark 5.15. (i) The sums occurring in Equation (5.5) are finite.

(ii) Condition (5.5) not only implies the existence of the Minkowski content but also that
Ci(F.R) = Cy(F.R).

We have already presented an example for a self-conformal set, which satisfies Condition
(5.5) in Chapter 2. An example of a limit set of a lattice cGDMS, which satisfies Condition
(5.5), thus is Minkowski measurable, and which is not a self-conformal set will be presented
in Example 5.20. Observe that, in the special case, when the maps {¢.}.cr of the cGDMS
are similarities, Condition (5.5) cannot be satisfied. In this case it even turns out, that the
limit set F' is Minkowski measurable if and only if the system is non-lattice. This provides
an important extension to the result for self-similar sets given in [LP93, Fal95, LvF06] and

is reflected in the following theorem.
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Theorem 5.16 (sGDMS - fractal curvature measures). Fiz the notation from Nota-
tion 5.12. Suppose that ¢. is a similarity for each e € E, so that ® is an sGDMS. Assume
that \'(F) = 0 and let h_se denote the unique strictly positive eigenfunction with eigenvalue
one of the Perron-Frobenius operator for the potential function —d& (see Section 3.1.2).
Then, additionally to the statements of Theorem 5.13, the following hold.

(i) The constant ¢ from Equation (5.4) simplifies to

= hose(a)GIP,

veV j=1

where x¥ € I° is arbitrary forv e V.

(ii) If & is lattice, then the following holds. For k € {0,1} and for every Borel set B C R
for which F'N B is non-empty and is equal to a finite union of sets of the form m[w],
where w € EY, and for which F. N B = (F N B). for all sufficiently small e > 0 we
have that

0 < CL(F,B) < TL(F, B) < .

The statement that the limit set of an sGDMS is Minkowski measurable if and only if it is
non-lattice is a speciality for GDMS consisting of similarities. We have already seen in
Theorem 5.14 that this dichotomy is not valid for limit sets of general cGDMS. Below, we
will see that this dichotomy already fails to hold for the subclass of C'*-diffeomorphic
images of limit sets of sSGDMS. However, here there is a dichotomy for the fractal curvature
measures. That is, the fractal curvature measures exist if and only if the underlying system
is non-lattice. This is stated in the next theorem, where we moreover give a relationship
between the (average) fractal curvature measures of the limit set of the sGDMS and of its
C'*te_diffeomorphic image.

Theorem 5.17 (C'*-images — fractal curvature measures). Let K C R denote the limit set
of the sGDMS ® with aperiodic irreducible incidence matriz and let § denote its Minkowski
dimension. Set X := <UU€V XU> and let U D X be a connected open neighbourhood of X

in R. Define g: U — R to be a C*(U) map, for which |g'| is bounded away from zero and
€ (0,1]. Assume that A\ (K) =0 and set F := g(K).

(i) The average fractal curvature measures of both K and F exist. Moreover, 6,5(F, )
1s absolutely continuous with respect to the push-forward measure g*élf(K, -) for
k € {0,1}. Their Radon-Nikodym derivative is given by

_AGED) g g,
d (g*CI{(Ka ))

(We refer the reader to the appendiz for the definition of the push-forward measure.)
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(ii) If ® is non-lattice, then the fractal curvature measures of both K and F exist and

coincide with the respective average fractal curvature measures.

(iii) If ® is lattice, then neither the 0-th nor the 1-st fractal curvature measure of K and

F exist.

Theorem 5.18 (C!*-images — Minkowski content). Suppose that we are in the situation
of Theorem 5.17. Let v denote the §-conformal measure associated with K. Then we have

the following.

(i) The average Minkowski content of both K and F exist and are related by

M(F) = M(K) - / 19/ dv.

(ii) If ® is non-lattice, then the Minkowski contents of both K and F exist and coincide

with the respective average Minkowski contents.

(7ii) Assume that K C [0,1] and that the geometric potential function & associated with ®
18 lattice. Let a > 0 be mazimal such that the range of £ is contained in aZ. Define
7:R =R, g(x) :=v((—o0,x]) to be the distribution function of v. For n € N define
the function g,: [—1,00) = R by

i) i= [ (a0 -n+1) " ar

and set Fy, := g,(K). Then for every n € N we have M(F,) = M(F,).

For the reason why & C aZ for some a > 0 we refer to the proof of Theorem 2.38 and remark
that Items (i) and (ii) of the above theorem are direct consequences of the respective items
in Theorem 5.17.

Remark 5.19. The sets F}, constructed in Theorem 5.18 are not only Minkowski measurable
but also satisfy Q{;(Fn) = 65(Fn).

We now illustrate the above results by calculating the Minkowski content of the examples

which were presented at the end of the preceding section.

Ezxzample 5.8 continued. For determining the Minkowski content of the limit set F' of the
cGDMS from Example 5.8, we apply Theorem 5.16 and thus need to find the primary gaps.
Observe that

(w[1]) = [0,1/16], (w[2]) = [3/16,1/4], (m[3]) = [9/16,5/8],
(r[4]) = [3/4,13/16], (x[5]) = [57/64,29/32] and (x[6]) = [15/16,1].
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1 3 13 57 29 15
1 2 3
G = G°=90 and G° = .
(16’16)’ <16’64> <32’16>

—GLl =G31 =G3:2

Thus,

The primary gaps GY', G3! and G2 are illustrated in Figure 5.2.

Another ingredient in the formula of Theorem 5.16 is the eigenfunction h_s¢ of the Perron-
Frobenius operator £_s¢ (see Section 3.1.2), where ¢ denotes the Minkowski dimension
of F and ¢ is the geometric potential function associated with ®. In order to determine
h_s¢, we first determine the measure v_s¢. This is done by solving the linear system of
equations which arises by combining the following three ingredients. (i) For e € E the
defining equation for v_s¢ implies that v_s¢([ee’]) = 470 - v_s¢([€]) for every € € Tiey- (i)
v_se(le]) = Ze’eTi@ v_se([ee’]) and (iii) 3 . pv—se([e]) = 1. The resulting measure v_s¢
satisfies

vose([1)) = vse([4]) = (3-4° —47°) 7,
v_se([2]) = v—_s5¢([3]) = v_s¢([6]) = (46 1) -vse(l]) and
vose([5)) = (1—47°) - v se([1]).

For finding h_s¢, we use the approximation argument from Equation (3.3). We let 1
denote the constant one-function on X*°. Since L” ;. 1(x) = ZWGT&”E) = L7 5:1(y) for
all z,y € X,, where v € V is arbitrary, it follows that h_s¢ is constant on one-cylinders.
Using that the eigenvalue v_s¢ is equal to one, that L_sch_s¢ = v_seh_s¢ and that

J h_sedv_se =1, it follows that

_ 426 o
h’—5§(w1) - 72-i_§+6745 for x! S Il ,
hose(x?) = (1—479) h_ge(at) for 22 € I3° and
hose(x®) = (49 —1)-h_ge(at) for a3 € IS

From the above evaluations we additionally infer that the Minkowski dimension 9§ is the

unique positive root of 479 — 4720 42 — 4% Clearly, H, ;. = dIn4. Thus, altogether we

X1 X5 X3
(w[1]) (w[2)) (w[3]) (w[4]) (@[5))  (x6])
— —
Gl,l G3,1 G? 2

Figure 5.2: Construction of the primary gaps of the cGDMS from Example 5.8.
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obtain from Theorem 5.16 that

M(F) = (1—2;):55- Ind’ —2-?:1_5{26— 2 ((;>5+(45 b ((654>5+ (312)6» '

Ezample 5.9 continued. For the system which we introduced in Example 5.9, the con-

struction of the primary gaps is illustrated in Figure 5.3. Here, G1't = (4/27,5/27) and
G*! = (7/9,8/9). The eigenfunction h_g¢ of the Perron-Frobenius operator £_s with
eigenvalue 1 is equal to the constant one function 1 because of the following. Firstly,
L_ 51 =2/3°+1/9° and secondly, 1 = 2/3% + 1/9° which can be concluded from the fact
that 0 = P(—4d¢), where P denotes the topological pressure function. Thus,

~ o 2170 (2770 4 979)

M(F) =
(1 - 5)HM—55
0 1
X1 X‘Z
(@) @Bh @) (=2 (x[5]) (w[6])
t i —_—
Gll GZ,I

Figure 5.3: Primary gaps of the limit set of the cGDMS from Example 5.9.

Let us now turn to the last example from the end of the previous section. For this
example, we limit ourselves to illustrating the primary gaps, since presenting the complete

calculations would not give any further insights.

Ezample 5.10 continued. For the limit set of the sSGDMS from Example 5.10, the convex

hulls of the projections of the cylinder sets are given by

(1) = 0,2/25],  (w[3]) = [1/4,1/3],  (x[5]) = [2/3,11/15],
(m[2]) = [1/10,1/5],  (w[d]) = [7/18,1/2], («[6]) = [3/4,5/6],  (x[7]) = [8/9,1].

Thus, the primary gaps are
GM = (2/25,1/10), G*' = (1/3,7/18), G>! = (11/15,3/4) and G>? = (5/6,8/9).

They are illustrated in Figure 5.4. This cGDMS is non-lattice and hence its Minkowski

content exists.

We end this chapter with concluding remarks addressing Conjecture 4 from [Lap93] which
we commented on in Remark 2.35. With Theorem 5.16 we have seen that the Minkowski
content of a limit set of an sGDMS in R exists if and only if the sGDMS is non-lattice.
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Figure 5.4: Primary gaps of the limit set of the cGDMS given in Example 5.10.

Theorem 5.14 shows that the Minkowski content of the limit set of a non-lattice cGDMS in
R exists. It furthermore provides a condition, which implies the existence of the Minkowski
content in the lattice case. How this condition simplifies for cGDMS which arise via C1T¢
conjugation of sGDMS is stated in Theorem 5.18. An explicit example which satisfies this

condition is given below.

Example 5.20. Let K C [0,1] denote the limit set of the sGDMS given in Example 5.8. Let
0 denote its Minkowski dimension and let v denote the associated d-conformal measure.
Further, let g: R — R denote the distribution function of v, that is g(x) := v((—o0, z]).
Define the function g: [—1,00) — R by

o@)i= [ @)+ 0o
-1
and set F' := g(K). Then we have M(F) = M(F), although M(K) < M(K). This is a

consequence of Theorems 5.16 and 5.18.

Thus, altogether, we obtain that for limit sets of cGDMS the dichotomy that the Minkowski
content exists if and only if the cGDMS is non-lattice is not true in general. In this context
it is worth to point out that we obtain such a dichotomy statement for the fractal curvature

measures of C!T-diffeomorphic images of limit sets of sGDMS in Theorem 5.17.

Finally, note that limit sets of Fuchsian groups of Schottky type (see for instance [Nic89]
for a definition) can be represented as limit sets of cGDMS. In Part IT of [Lal89] it is stated
that such objects are non-lattice. Combined with Corollary 2.3 of [LP93], Theorem 5.14
thus verifies Conjecture 4 of [Lap93] for limit sets of Fuchsian groups of Schottky type.



A Measure Theory

Here, we collect some facts and notions from measure theory, which are needed throughout
this thesis. Good references are [Bog07, Els05].

We let B(R?) denote the Borel o-algebra on R?, that is the o-algebra generated by open
sets in R%.

Definition A.1 (Intersection stable generator). An intersection stable generator of B(R?)
is a collection of sets £ C B(R?) such that the smallest o-algebra containing £ coincides

with B(R%) and such that the intersection of any two elements of £ again is an element of

£.

Definition A.2 (Signed Borel measure). A signed Borel measure is a o-additive set
function p: B(R?) — R U {+oo} for which u(@) = 0. If a signed Borel measure in

non-negative, then it is a Borel measure.

For a signed Borel measure p on B(R%) the Hahn decomposition theorem provides a disjoint
decomposition of R? into two sets P, N € B(RY) for which u(A) > 0 for all Borel sets
A C P and u(A) <0 for all Borel sets A C N. Here, the sets P and N are unique up to

sets of p-measure zero.

Definition A.3 (Variation measures, Jordan decomposition). For a signed Borel measure
1 we define the set functions p*, u=, ¥ : B(R?Y) — R} U {oc} through

p(B)=pu(BNP), p (B):=-p(BNN) and p*(B):=pu"(B)+u (B)

for B € B(R?), where the sets P,N € B(R?) are given by the Hahn decomposition
theorem. pu*, = and ¥ are respectively called the positive, negative and total variation
measures of . The decomposition y = u™ — p~ is known as the Jordan decomposition of

the signed Borel measure p.

Proposition A.4 (Theorem 6.1.2 in [Win08]). Let 1 and p be signed Borel measures
on B(RY) whose total variation measures are finite. Let £ denote an intersection stable
generator of B(R?) such that p1(E) = po(E) for all E € £. Then 1 and us agree on the
whole of B(R?).

Definition A.5 (Weak convergence). A family (pn)nen of signed Borel measures on

(RY,B(R%)) is called weakly convergent to a signed Borel measure y as n — oo , if for every

119
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bounded continuous real-valued function f on R% one has

Jm [ p@de@ = [ e

The definition of the integral with respect to a signed Borel measure is deduced from the
definition of the integral with respect to a non-negative measure, by using the Jordan
decomposition of the signed Borel measure. If I C R is an index set having x as a limit
point, then the family of signed measures (u.)ccs is said to be weakly convergent to u as
e — x, if (pe, )nen is weakly convergent to p for every sequence (gy,)nen with €, € I and

lim,, o0 €, = .

Definition A.6 (Uniformly tight, totally bounded). A family B of signed Borel measures
on RY is called uniformly tight, if for every e > 0 there exists a compact set K, € B(R?)
such that " (R?\ K.) < ¢ for all p € B. The family B is called totally bounded if there
exists a ¢ € R such that p¥'(R?) < ¢ for all u € .

Theorem A.7 (Prohorov, (see for instance Theorem 8.6.7 in [Bog07])). Let B denote a
uniformly tight and totally bounded family of signed Borel measures on B(R?). Then every

sequence in P contains a weakly convergent subsequence.

Definition A.8 (Push-forward measure). Let (U, 1) and (V,B2) denote two measurable
spaces. Let T': U — V be measurable and let 1 denote a signed Borel measure on 5. The

push-forward measure of p is defined to be the signed Borel measure Typ: B9 — R given
by Tyu(B) = poT~Y(B) for B € Bs.
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