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ABSTRACT. In this thesis we first develop a geometric framework for spectral pairs and for orthonor-
mal families of complex exponential functions in L2(u1), where p is a given Borel probability measure
compactly supported in R. Secondly, we develop wavelet bases on L2-spaces based on limit sets of
different iteration systems.

In the framework of spectral pairs we consider families of exponential functions (e)\))\er, ex: T
e2TAT satisfying I'—T" = Z, and determine the L2-spaces in which these functions are orthonormal or
constitute a basis. We also consider invariant measures on Cantor sets and study for which measures
we have a family of exponential functions (ex), e that is an orthonormal basis for the L2-space with
respect to this measure. For the case of Cantor sets the families of exponential functions are obtained
via Hadamard matrices.

For the study of wavelet bases, we set up a multiresolution analysis on fractal sets derived from
limit sets of Markov Interval Maps. For this we consider the Z-convolution of a non-atomic measure
supported on the limit set of such a system and give a thorough investigation of the space of square
integrable functions with respect to this measure. We define an abstract multiresolution analysis,
prove the existence of mother wavelets and then apply these abstract results to Markov Interval
Maps. Even though, in our setting, the corresponding scaling operators are in general not unitary
we are able to give a complete description of the multiresolution analysis in terms of multiwavelets.

We also set up a multiresolution analysis for enlarged fractals in R and R2, which are sets arising
from fractals that are generated by iterated function systems, so that the enlarged fractals are dense
in R or R2, respectively. The measure supported on the fractal is also extended to a measure on the
enlarged fractal. We then construct a wavelet basis via multiresolution analysis on this L2-space with
respect to the measure having the enlarged fractal as the support, with the characteristic function of
the original fractal as the father wavelet which gives us via the multiresolution analysis the wavelet
basis for the L2-space. In this construction we have two unitary operators. Finally, we also apply
the wavelet bases on enlarged fractals in two dimensions to image compression.
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CHAPTER 1

Introduction

This thesis deals with the connections between the limit sets of different iteration systems of
contractions and countable bases in L2-spaces which are based on these limit sets. In Part 1, we
consider countable Fourier bases of the form z — 2™ )\ € I' C R, for L?-spaces. We start with
sets I' C R satisfying I' — I' = Z and study in which L2-spaces the family of exponential functions
x> €2™% X\ €T, is a basis. Then we consider L?-spaces on Cantor sets equipped with the measure
w1 of maximal entropy. Cantor sets are given by an affine iterated function system that has the same
scaling in all functions.

In the second part we consider wavelet bases on different L2-spaces. We start with a general
construction, where we consider an abstract multiresolution analysis, see Definition [I.2] We then
apply these results to the limit sets of Markov Interval Maps and obtain the existence of a one-
sided multiresolution analysis. Further, we consider a Markov measure and we obtain a two-sided
multiresolution analysis. Then we turn to the limit sets of iterated function systems which are in the
first step viewed as a special case of the limit sets of Markov Interval Maps. Afterward we construct
enlarged fractals from these limit sets which are dense in R and consider a multiresolution analysis on
the L%-spaces with respect to measures that have the enlarged fractals as support.

In the third part we consider a construction of wavelet bases on enlarged fractals in two dimensions
and apply these wavelet bases to image compressions.

We give for each part of the thesis a separate introduction and state the main results for each.

1.1. ... to Part 1

We study an approach to geometric measure theory based on Fourier techniques. While traditional
Fourier analysis uses as a starting point the Lebesgue measure in one or several dimensions, there is
an interest in developing transform theory for other measures. This is motivated in part by problems
in geometric measure theory, with a recent emphasis on scale self-similarity.

In this context we consider Borel probability measures x4 in R such that the Hilbert space L?(u) has
a Fourier basis of complex exponential functions (ex),cp, ex @ @ — €™ ¢ e R, for some countable
set I' C R. If i satisfies this property, the set of frequencies I" in the orthonormal basis (ONB) is called
a spectrum for p and (u,T") is called a spectral pair.

Historically, these questions arise from the study of spectral pairs in connection with the tiling of
a space. This connection is stated in the Fuglede Conjecture from 1974, which says: A measurable
set  in R is a spectral set if and only if it tiles R? by translation. A measurable set  C R? is said
to be spectral if the measure yu = A|q, where A is the d-dimensional Lebesgue measure, is a spectral
measure, see [JP99]. This conjecture is not completely solved; in fact there are counter examples
for dimension d > 5. Despite the counter examples, the connection between spectral sets and tilings
is strongly evident, especially in low dimensions. There are many positive results concerning the
connection between spectral sets and tiles, see e.g. [DJ07, DJ0O9b, TP98, [TP92|. The tiling spaces
have connections to physics, for example in understanding the diffraction in molecular structures that
form quasi-crystals.

Classical Fourier analysis considers the canonical Fourier duality of the torus T and its dual group
Z. One difference between the classical Fourier analysis on the one hand and spectral pairs (i, I") on
the other is the absence of a group structure in the context of general spectral pairs. In fact, for general
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spectral pairs, typically neither of the sets in the pair, the support of the measure p, or its spectrum
I', has a group structure.

Although fractals do not have a group structure or a Haar measure, it is possible to identify a
substitute for the Haar measure. To each fractal set C' associated to an iterated function system (IFS)
there is a probability measure with support C that is, like a Haar measure, uniquely determined by
an invariance property, see [Hut81] or Theorem [A.9, This measure is typically singular with respect
to the Lebesgue measure.

We consider a special class of measures which are supported on Cantor sets. More precisely, the
Cantor sets are fractals that are given by an affine IFS (alFS) with the same scale for all branches,

that is (Tb(ac) = Ll_gb)beB’ ReN R>2 BcCR:={0,1,...,R—1}. The measure on such a Cantor
log N

set is the measure of maximal entropy which coincides with the Tog 7 -Hausdorfl measure restricted
to the Cantor set C, where N = card B. This measure also coincides with the measure obtained via
Hutchinson’s theorem, see Theorem with the weight 1/N on all subsets 7,(C), b € B.

The question of existence of a spectrum for a measure supported on a Cantor set is significant,
even in simple examples. Jorgensen and Pedersen show in [JP98al| that the measure on the 1/4-Cantor
set (given by the alFS (1o(x) = £, 71(z) = £2)) has a spectrum and in [JP98Db] that the measure on
the middle-third Cantor set (given by the alFS (o(z) = £, 71 () = £2)) has no spectrum. In fact,
there are no more than two mutually orthonormal functions e,, s € R, in the L?-space of the measure
of this set.

In the literature, predominantly one class of fractals is considered for the construction of spectral
pairs, namely the Cantor sets and their measures of maximal entropy, see [DHS09, [DJ06, DJO07,
DJ08|, [DJ09a, [DJ09b), DHJ09, [JPI8b, [TP98al, EW06] et al. These measures have the advantage
that their Fourier transforms can be explicitly written down as infinite products, which allow their
zeros to be easily computed. In [EWO06| L.aba and Wang obtain some general results for not necessarily
self-similar measures. They show that a non-zero finite spectral Borel measure p is either discrete or
has no discrete part. Furthermore, if u = Y 4 podq is discrete, p, > 0, then A is a finite set and
1 assigns the same weight to each point of A. Further, they point out that in all known examples of
spectral pairs the measures are either absolutely continuous with respect to the Lebesgue measure or
they are purely singular.

There are other publications on spectral pairs in connection with different areas. Jorgensen and
Pedersen, [JP98a, . JP98b]|, found connections to Hardy spaces and other authors extended the re-
search on spectral pairs to fractals with overlap. Some results for these fractals are stated in [JKSO7].

There is also one approach that considers a “general” Fourier basis on not necessarily affine fractals,
see [BK10|. This general Fourier basis is constructed via a homeomorphism between a Cantor set
and the fractal under consideration. The Fourier basis for the Cantor set is then carried over to the
other fractal. In this way, it is even possible to obtain such a general Fourier basis for the middle-third
Cantor set by using a homeomorphism between the 1/4-Cantor set and the middle-third Cantor set.

Overview and main results of Part 1. In general the question of spectral pairs can be
approached from two directions. We can either start with a measure p and ask whether there exists a
set T such that (i, T') is a spectral pair or we can start with the countable set I" and look for measures
w such that (u,T) is a spectral pair.

Denote by M+ (T") the set of all compactly supported probability measures x such that the family
(ex)xer is an orthonormal family in L?(p). Analogously, M©B(T) is the set of all compactly supported
probability measures p such that (u,I") is a spectral pair. We start with a thorough investigation of
the spaces M*(I") and MPB(T") for arbitrary countable sets I'. We refer the reader to Chapter [3{ and
Chapter [4] for further information.

In the next step we turn to specific sets I', namely those with the property I' — I' = Z. For the
corresponding sets M+ (I") we obtain the following main results. The first result concerns the structure
of the Fourier transform of measures in M~ (T"), see Theorem
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Theorem. The Fourier transform of every u € M+ (T) factors as a product

//’Z = f ' )‘|[0,1]a
where [ extends to to an entire function on C of the form given in ,

The function f in the theorem above is of the form f(z) = e™*)¢(z) with h and £ suitable
functions obtained via the Weierstrass Factorization Theorem. The last theorem already indicates a
correspondence between the measures € M- (T') and the Lebesgue measure restricted to the unit
interval. Our next result gives a connection between the sets M5 (Z) and M*(Z), see Theorem

Theorem. M5 (Z) is the set of extreme points of M*(Z), i.e. MOB(Z) = ext(M*(Z)).

The following theorem, see Theorem completely answers the question of which countable sets
I' C R with I' = T" = Z admit a measure such that (u,T") is a spectral pair.

Theorem. For ' ¢ Z withT —T = Z, M93(T) = .

So spectral pairs exist for this class of sets only for I' = Z + a, a € R, and one natural element in
MOB(Z) is A|jp,1). Theorem [5.3 gives a connection between all elements in M~ (Z) and the element
Aljo,1) Vvia their Fourier transform.

One possible extension of the class of countable sets I' C R with the above property is to the class
{' CR:T —T =kZ,k € R}. By using the following proposition, compare Proposition we obtain
results analogous to those for the class {I’ CR:T' —T"' = Z}.

Proposition. u € M*(kZ) if and only if there is v € M+(Z) with v(t) = fi (kt) for all t € R.

In Chapter [6] we turn the question around, that is, we start with a measure p and ask when it is
possible to find a set I" such that (u,I") is a spectral pair. We restrict ourselves to the consideration of
invariant measures on Cantor sets and the spectra are obtained via complex Hadamard matrices. A
complex Hadamard matrix is a unitary matrix given in terms of a scaling R > 2 and two sets B, L. C Ny

by = (eiQ”blRfl) , N = card B. One result characterizes the existence of a Hadamard matrix
VN beB,leL

in terms of the zeros of ), ey, see Proposition Let Z (ZbeB eb) denote the set of zeros of
Y sep s inRand Z (ZbeB eb) denote the set of zeros in the unit interval.

Proposition. Let B C R, 0 € B, R € N, R > 2. There exists a Hadamard matric Mr(B, L),
L C R, card L = card B, if and only if there are N — 1 elements a; € Z (Y ,cpes), j € N\{0}, with

aj—a; € Z (X pepen), i,j € N\{0}, i # j, and Ra; € Z, j € N\{0}.

If we consider a specific class of Hadamard matrices, namely the Fourier matrices, we can even say
precisely for which scalings we can obtain a Fourier matrix, see Lemma Fourier matrices of size

(N x N) are Hadamard matrices where the second row is given by (1,w,w2, e ,wN_l), w = e27/N

Lemma. Let Mr(B,L), R > 2, B,L C Ny, card B = cardL = N < oo, give an (N x N)-Fourier
matriz. Then the scaling R must be a multiple of N, i.e., R = Nk for some k € N.

The next result gives a partial answer to the question of when we can actually obtain a spectral
pair directly from a Hadamard matrix, see Proposition[6.27] This proposition gives two cases in which
we have a spectrum of an invariant measure p directly from a Hadamard matrix.

Proposition. Let B C R, 0€ B, Re N, R > 2, and let L C R, card L = card B, be such that
Mg(B, L) gives a Hadamard matriz.
(1) If ged{by,...,by—1} = 1, then (up,T(L)) is a spectral pair, where T(L) := {31 (L;R" :
l;€L,n¢€ No}. In particular, if 1 € B, then (ug,T'(L)) is always a spectral pair.
(2) If R > 2 is even and 2" € B for some n € N, then (up,I'(L)) is a spectral pair.
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This part of the thesis is organized as follows. In Chapter 2] we give the basic definitions, state
results from the literature and fix the notation. In Chapter [3] we give results concerning the Banach
algebra of measures with particular attention to measures that are absolutely continuous with respect
to the Lebesgue measure, and in Chapter [4] we consider what can be deduced starting with a general
spectral pair. Chapter [f] considers whether we can find for a set I' C R with I' — I = Z a probability
measure 4 such that (e,), . is an ONB in L?(u). In Chapter@we consider a specific class of fractals,
precisely the Cantor sets, and for these fractals we obtain spectral pairs in one dimension via Hadamard
matrices. We establish other properties of these spectral pairs. In Section [6.5 we state these result
and give further results for the special class of (3 x 3)-Hadamard matrices. In Chapter we give some
ideas about possible further research and open problems.

Parts of the results stated here can be found in [BJ11] like most of Chapters[2] [3|and [4} of Chapter
[5] there are parts like Theorem 5.3 and 5.9 published in [BJ11] and also results for the special case of
(3 x 3)-Hadamard matrices of Chapter [6] are in [BJ1I].

1.2. ... to Part 2

It is natural to consider wavelets in the context of fractals since both carry a self-similar structure;
the fractal inherits it from the prescribed scaling of the iterated function system (IF'S) while the wavelet
satisfies a certain scaling identity.

The aim of wavelet analysis is to approximate functions by using superpositions from a wavelet
basis. This basis is supposed to be orthonormal and derived from a finite set of functions, the so-
called mother wavelets. To obtain such a basis we employ the multiresolution analysis (MRA) which
uses a function, called father wavelet, that satisfies specific properties given below. Our main goal
is therefore to set up an MRA in the non-linear situation. For this we generalize some ideas from
[DJ06, [DMPO8|, which are restricted to homogeneous linear cases with respect to the restriction of
certain Hausdorff measures. These results have been extended in [BK10] to non-linear fractals with
the measure of maximal entropy.

In the case of a fractal given by an IFS on [0, 1] there are several approaches to constructing wavelet
bases. All give bases on the L2-space associated to suitable singular measures which are supported
on enlarged versions of the original fractal. An enlarged fractal is derived from the original fractal by
first mapping scaled copies of it to each gap interval and then taking the union of translates by Z,
thus defining a dense set in R. In [DJO06], the authors construct a wavelet basis for fractals on self-
similar Cantor sets, that is, sets that are given by affine IFS with the same scaling factor 1/N, N > 2,
for all p < N branches. They consider the L?-space with respect to u, the d-dimensional Hausdorff
measure restricted to the enlarged fractal, where § denotes the dimension of the Cantor set. In this
situation the analysis depends on the two unitary operators U and T', where U denotes the scaling
operator given by Uf := \/pf (N-) and T denotes the translation operator given by T'f := f(- — 1)
for f € L?(p). Furthermore, a natural choice for a father wavelet ¢ is the characteristic function of
the original fractal. The authors show that for a family of closed subspaces {V; : j € Z} of L?(u) the
following six conditions are satisfied, where cl stands for the closure.

- CVycV,icVyecVicVoCee,

cl UjeZ Vi = L*(n),

mjez Vi = {0}7

Vj+1 = UVj> JEZ,

{T™p: n € Z} is an orthonormal basis for V;,

U—'TUu =TV

These observations allow the authors to construct a wavelet basis for L?(y) explicitly given via mother
wavelets which are obtained from the father wavelet in terms of certain filter functions.

In [BK10] we generalized this approach by allowing conformal IFS satisfying the open set condition
on [0,1]. We chose the measure of maximal entropy supported on the fractal and this measure is
extended to a measure u supported on the enlarged fractal in R. Then similarly as in [DJ06| we
constructed the wavelet basis via MRA in terms of the unitary scaling operator U and the unitary
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translation operator T. Again via filter functions the mother wavelets v¢;, i € {1,..., N — 1} were
defined such that {U”Tkwi :n,ke€Z,ie{l,...,N— 1}} provided an orthonormal basis of L?(p).

In the literature there are also constructions for limit sets of Markov Interval Maps. A Markov
Interval Map (MIM) can be seen as a generalization of an IFS since it consists of contractions with
an incidence matrix. To our knowledge there are at least two further approaches to construct wavelet
bases on the limit sets of MIMs, namely [MP09}, [KS10], and there is one approach for the specific case
of a B-transformation given in [GP96]. In [MP09] Marcolli and Paolucci consider the limit set X of an
MIM inside the unit interval consisting of the inverse branches 7;(z) = % fori € N = {0,...,N — 1}
with some transition rule encoded in an incidence matrix A. This limit set can be associated with
a Cantor set inside the unit interval. The Cantor set is then equipped with the Hausdorff measure
of the appropriate dimension §. If all transitions were allowed, the limit set would coincide with a
usual Cantor set given by an affine iterated function system. They then use the representation of the
Cuntz-Krieger algebra O 4, where A is the incidence matrix, for the construction of the orthonormal
system of wavelets on L2 (H d X) and not a multiresolution analysis. Their proofs mainly rely on
results in [Bod07, [Jon98|. Finally, Marcolli and Paolucci give a possible application where they
adapt the construction of a wavelet basis to graph wavelets for finite graphs with no sinks, which can
be associated to Cuntz-Krieger algebras. These graph wavelets are a useful tool for spatial network
traffic analysis, compare [MP09, [CKO03|.

In [KS10] Kefiebshmer and Samuel construct a Haar basis analogous to the wavelet basis con-
struction in [DJ06] for the middle-third Cantor set for a one-sided topologically exact sub-shift of finite
type and with respect to a Gibbs measure f14 for a Hoélder continuous potential ¢. The construction
is then used to obtain a spectral triple in the framework of non-commutative geometry.

The construction of wavelet bases in spaces other than L?(R, \), where ) is the Lebesgue measure
on R, may lead to a further understanding of non-commutative geometry in the sense that we can
obtain a Fourier or wavelet basis for quasi-lattices or quasi-crystals.

As an essential non-linear example for the construction of a wavelet basis on limit sets of MIMs
one can take the limit set of a Kleinian group together with the measure of maximal entropy or the
Patterson-Sullivan measure, see Example [9.3]

As an example for wavelet bases for MIMs we apthe construction to a S-transformation, where

8 = 1+T\/5 denotes the golden mean, see Example In this way we obtain a wavelet basis for
L? (vz), where v is the invariant measure for this transformation and vz arises from v by translation
by Z, compare [Rén57, [Par60]|. This measure is absolutely continuous with respect to the Lebesgue
measure. In [GP96], Gazeau and Patera construct a similar basis to ours for the S-transformation
with respect to the Lebesgue measure on R. Instead of a translation by the group Z, they use a
translation by so-called S-integers which are given by the [-adic expansions and are obtained by a
greedy algorithm. There are some common features between our construction and the one in [GP96],
in fact both give characteristic functions on intervals depending on powers of 5. But since we consider
different measures, we have different coeflicients.

Overview and results of Part 2. Here, our aim is to extend the construction of wavelet bases
with respect to fractal measures in different ways. We start with the extension to the construction
of wavelet bases on the by Z translated limit set of a Markov Interval Map. A Markov Interval
Map consists of a family (Bi)i]\sol of closed subintervals in [0, 1] with disjoint interior and a function
F : U;ey Bi = [0,1], such that F|p, is expanding and C', i € N and such that F (B;) N B; # 0
implies B; C F (B;). Its (fractal) limit set is given by X := ("  F~"J, where J := |J;cy Bi- By
considering its inverse branches 7; := (F| Bi)_l, i € N, we obtain a Graph Directed Markov System
(see [MUO3]) with incidence matrix A = (4;;), ;. , where A;; = 1if F'(B;) O B; and 0 otherwise.
For the precise definition see Definition [9.1] and for an explicit example of an MIM see Example 11
where we consider the S-transformation. Up to a countable set where the coding map is finite-to-one,
the limit set X is homeomorphic to the topological Markov chain X4 = {w = (wo,w,...) € NV :
Ay, = Lfor all i > 0}. For the definition of the canonical coding map 7 from ¥4 to X see (9.1.1.
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0 371 1

FIGURE 1.2.1. The graph of the S-transform.

Given a Markov measure  on the shift space ¥4 with a probability vector (p;),.n and stochastic

matrix (7;;), jens We consider the probability measure v := o7 ~!, to which we also refer as a Markov

measure. The Z-convolution (by translations) of v is given by
vz = Zl/( — k).
keZ
Similar to the construction in [BK10|] we introduce the scaling operator

(1.2.1) Uf(x):=>_ Y>> Pi (e — k) - f(r7 (@ — k) + j + NE)

.
k€Z jeN ieN pjTji

and the translation operator

(1.2.2) Tf(z):= flz —1)

for f € L?*(vz) and = € R, where [ji] C R, i,j € N, denotes a cylinder set (see Section [9.1). It is
important to note that in contrast to the construction of the scaling operator for IFS the operator U
is in general not unitary. Nevertheless, we have the following properties (see Proposition [9.18]).

-1
Proposition. Let (¢;);cy denote a family of father wavelets given by ¢; := \/v([i]) 1), i € N. The
translation operator T and the scaling operator U satisfy the following properties.
(1) TU =UTY,

For an explicit formula for U* see (9.3.1). As an example for this setting we consider the S-
transformation.

Example 1.1 (S-transformation). Let g := %5 denote the golden mean. Then the S-transform
is given by F : [0,1] — [0,1], x — Bxmod1 (see Figure for the graph of F'). This map can

be considered as an MIM as follows. In this case we have X := [0,1] and the inverse branches are
To(z) == 3, z € [0,1], and 71 (2) := '”517 x € [0, B —1]. We may choose the two intervals By := [0, 5 —1]

and B; := [ — 1, 1] and the corresponding incidence matrix is then given by A := < 1 (1) >
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FIGURE 1.2.2. The graph of U (id[ojl]).

From [Rén57, [Par60] we know that there exists an invariant measure v for the S-transformation
absolutely continuous with respect to the Lebesgue measure restricted to [0, 1] with density h given by

VE_
h(z) = {5+130\/37 0<z< 52 5

5+v5 V61
=, 5 <o < 1.

The measure v can be represented on ¥4 by a stationary Markov measure with the stochastic matrix
_(B-1 2-p
= ( R

and probability vector p := (%, 6—\;51) The scaling operator U acting on L? (1) is then given for
x € R by

Uf(z) =Y (ﬂn[o,ﬁ_Q)(x — k) + g gy (@—k) + 8- Lo gy (@ — k)) Bz — k) + 2K).

kEZ

For the father wavelets we may choose ¢y = (\/5/5) 1z Iip,p—1) and 1 = (\/56) 1z Tg—1,1)- The
action of U is illustrated in Figure where U is applied to the identity map idjg; : = = =,
restricted to [0,1]. That is for « € [0, 1] we have

U (id[o’l]) xr = (\/B]l[(),B—Q)(.’E) + 1[5727571)@7) + B . ]1[[371,1)(1')) 63’,‘

We further generalize our construction by considering non-atomic probability measures v on X
which we do not assume to be Markovian. In this case it is natural to consider more than one scaling

operator U. More precisely, we consider a family of scaling operators (U(”))n <z which allow us to

construct an orthonormal wavelet basis. For this we define U(®) := I, where I denotes the identity
operator, and for f € L?(vz) and n € N, x € R, we let

. n—1
(1.23) UM f@)=> >3 %n[w] (x—Fk)-f <Tw1(x —k)+ > wa1 N+ N”k)

kE€ZwEST jEN =0
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and
n—1
Z Z Z E’? (x—an_l_iNi—N"k>
kEZwes™ jeN i=0
n—1
(1.2.4) -f <Tw (m — an_l_iNi — N"k) + k) .
=0

It is straightforward to verify that if the measure v is Markovian, then we have U = U™ for n € Ny
and UG- = (U*)", n € N. More details are provided in Section Furthermore, the operators
(U ("))n z and T satisfy the following relations (see Proposition .

Proposition. Let (;);y denote the family of father wavelets given by ¢; = (VZ([Z']))A/2 Iy, 1€ N.
The translation operator T and the family of scaling operators (U(n))nez satisfy the following.

(1) TUM™ =u™TN" neN,
UCMTp; =TN"'UCMp;, neN, jEN,

o= UD€ N

)
)
4) if UMT g, £ 0, then (UMT o, |[UMT ) = 6,.00.4.5), m k.l €Z, 1,5 €N,
Y UMUGE" =1, neN,

(6) if UMT*p; #£0, then USMUM TRy, =TFp; neN, ke€Z, j€N.

The properties of (U ("))n ¢z and T' lead us to the following abstract definition of a multiresolution

analysis which involves more than one father wavelet. In the literature these functions are sometimes
called multiwavelets (cf. [AIp93]). Let B be the Borel o-algebra on R.

Definition 1.2 (Abstract MRA). Let u be a non-atomic measure on (R, B).
(1) Let (U(")) and 7 be bounded linear operators on L?(u) such that 7 is unitary and
nez

U = 1. We say that <u, (Z/l(")> Z,T) allows a two-sided multiresolution analysis (two-
ne

sided MRA) if there exists a family {V; : j € Z} of closed subspaces of L? (1) and for some

N € N there exists a family of functions (called father wavelets) ¢; € L* (u), j € N, with

compact support, such that the following conditions are satisfied.

(a) -CVyocVicVocViCcVy C

(b) ClUjezV = L*(n),

(©) Njez Vi = {0},

(d) Z/{(" { it ke, je N}) \ {0} is an orthonormal basis of V,, for all n € Z,

(e) U {'Tkgoz ke N"ie N} C spany "V {'Tk% ke N"Hlie N} n € Ny, and
(=n) {pi:1€ N} C spanid "V {chpi i €Nk Eﬂ}, n €N,

) TU™ |y, =U™D TN |y and U Ty, = TV U™ |y, n e N

(2) Let (Z/{(")) . and 7 be bounded linear operators on L?(x) such that 7 is unitary and
neNg

U =71. We say that (u, (Ll(")) N ,T) allows a one-sided multiresolution analysis (one-
n&Ng

sided MRA) if there exists a family {V; : j € Np} of closed subspaces of L? (1) and for some
N € N there exists a family of functions (called father wavelets) ¢; € L? (u), j € N, with
compact support, such that the following conditions are satisfied.

(a) VocvicVoC- -,

() AdUjen, Vi = L?(u),

(c) (U(") {Tk kel je N}) \ {0} is an orthonormal basis of V,, for all n € Ny,
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@) U™ {’rk pi ke N ie m} C span ("D {’rk oi ke Nt e M}, n € N,
() TU™ |y, =u™ TN |y, neN.

Our next theorem shows that in the setting of MIM as given above, (VZ7 (U(”))n ez T) allows an
abstract MRA as introduced above (see Theorem [9.11)).

Theorem. Let (U(”))nGNO be given as in (1.2.5) and T given in (1.2.4). Then (VZ7 (U(”))neNo 7T)
allows a one-sided MRA, where the father wavelets are taken to be p; := (VZ([i]))_1/2 Ipy, i€ N.

For the abstract MRA we show that there always exists an orthonormal wavelet basis and we give
a precise form of the basis (see Theorem [8.1)).

Theorem. Let pu be a non-atomic measure on R, (U(”)) be a family of bounded linear operators
€z

on L*(p) and T be a unitary operator on L*(p). If (,u, (U(")) . ,T) allows a two-sided MRA with
ne

father wavelets @;, j € N, then there exist for every n € Ng numbers d,, € N"t2 d_, € N? q, €
Nt g, €N, with d, > qn, d—p > q_pn, and two families of mother wavelets (7/1n,l led, — qn),

(¢—n,l led_, — q_n), n € Ny, such that the following set of functions defines an orthonormal basis
for L2(s),

{de}nyl:nENO,ZGdnfqn,kEZ}U{TNnkll)_n,l: neN,led_n—q_n,keZ}.

Remark 1.3. We give a construction for the family of mother wavelets v, ; in Section@ The mother
wavelets 1, ; are given as linear combinations of A" T* ¢, with coeflicients chosen appropriately. For

each n € Z we consider the linear subspaces W,, := V11 © V,,, where the closed subspaces V,, of
L?(u) are as in Definition together with the finite family of functions (¢, :1 € dy —g,). We

show that for n > 0 and for n < 0 the sets {Tk YnikeZled, — qn} and {TNWk Yny k€Ll €

d_jn| = G—|n| }, respectively, give an orthonormal basis of W,,.

An immediate consequence of the proof of Theorem [8:1] is the following corresponding result for
the one-sided MRA (see Corollary [8.4).

Corollary. Let i1 be a non-atomic measure on R, (Z/{(")) N a family of bounded linear operators on
neNp

L?(u) and T a unitary operator on L*(p). If <u, (U(")) N ,T> allows a one-sided MRA with the
neNg

father wavelets ¢;, j € N, then there exist for every n € No numbers d,, € N"*2, q, € N"*1 with
dn > qn and a family of mother wavelets (zbn’l led, — qn), n € Ny, such that the following set of
functions defines an orthonormal basis for L*(p)

{Tkl/)n,l:nENO,ledn—qn,keZ}U{Tkgai:keZ,neﬂ}.

The construction for an MIM with an underlying Markov measure v belongs to a specific class. In
this class the scaling operators U (") can be represented multiplicatively. In our general framework we

say that <,u, (Z/l(")) o ,T> is multiplicative if there exists a bounded linear operator U on L? (i)
n€Ng

such that U™ = Y™ and U™ = (U*)" hold for all n € Ny. The results concerning the mother
wavelets simplify in this case as a consequence of the following lemma (see Lemma .

Lemma. Let us assume that (u, (U(")> Z,T) allows a two-sided MRA with the closed subspaces
ne
Vi, n € Z, of L*(u) from Definition and set W, .=V, 11 6V,, n€Z.
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e If there is a bounded linear operator U such that U™ =y for alln € N, then W, = U™ Wy,
n € N.

o If there is a bounded linear operator U such that U™ = (U*)" for all n € N, then W_,, =
U "W_i, neN.

Thus, we only have to find appropriate mother wavelets for W, and W_; and obtain a wavelet basis
by repeatedly applying U. More precisely, this observation allows us to derive the following corollary
from the Theorem [8.1] (see Corollary [8.8)).

Corollary. If (,u, (u(")) ,T) is multiplicative, then there exists an orthonormal basis of L?(j)
n€Ng
of the form

({M"T’“?/Jl ‘neNykeZle dO—N}u {(u*)"T’w,yl neNy,keZled —N}) \ {0},
where the functions ¥, l € dy — N, and p_;, l € d_1 — N, are given explicitly in Remark .

The above corollary applied to Example with the g-transformation as the MIM leads to the
following construction.

Example (Example (continued)). The mother wavelet is given by

o= (V52— 9) 10 g9 - (v5) 7 11 5

and so a basis is given by
{TFp1: ke2Z+1}U{UT*: ke D,,ne Ny U{(U)"T*: k€ Z,neN},

where

n—1

Zk 20+ 20 s (ky) e, €40, 13" Ky kj 1 =0,j€n—1,1€Z

The proof that this indeed defines an orthonormal basis will be postponed to Section [9.3.2}

In the case of an MRA for an MIM with Markov measure v we have in particular that U™ = U”
and U= = (U*)" and we even obtain a stronger correspondence between Markov measures for MIMs
and a two-sided MRA (see Theorem [9.12)).

Theorem. (VZ, (U(”))nEZ,T) allows a two-sided MRA with respect to the father wavelets ¢; =
(VZ([Z']))A/2 1), i € N, if and only if the measure v is Markovian.

In the case of v being a Markov measure we obtain an even stronger property than multiplicative:
we have ¢; € spanU {Tjgoi RS ﬂ} for each j € N. We call an MRA with this property translation
complete. We further investigate multiplicative MRA which are translation complete in Section
In this situation we derive a 0-1-valued transition matrix A given by A;; = 0 if and only if ¢/ T! p; =0
and show that for an MIM the matrix coincides with the incidence matrix. This observation is used
to construct the mother wavelets in a simpler way by using a unitary matrix for each father wavelet
to obtain coefficients for the corresponding mother wavelets. We will use this approach to construct
the mother wavelets for MIMs. The results so far can also be found in [BK11].

In the next step we consider an MIM with the measure vz and a different family of scaling operators

((7(")> , acting on L?(vz) which are given for x € R, n € N, by
ne

n—1
UMW) =y > JLM( z—k)f <Tw1(m—k) +N"k+an1iNi>

kEZ weX; =0
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and for n € Z, n < 0, by

n)f Z Z ﬁlx(x—an 1—sN® — N"k)

kEZ weX"

n—1
f (mx =) wp1-iN' = N"k) + k) :

=0

This family of operators ((7(")) , the translation operator T" defined above and the father wavelet
nez

p = 1x satisfy the same properties that are given in Proposition for (U ("))n ez T and the family

of father wavelets ¢; = %l[i], i € N, only the scaling relation for the father wavelet takes the form
vt

p = U ZjeN Vvz([j])T?¢. In this setting we obtain the following result concerning the existence
of a two-sided MRA and the MIM being an IFS (see Theorem [9.28]).

Theorem. <1/Z, ((7(")) Z,T> allows a two-sided MRA with respect to the father wavelet p := 1y,
ne

if and only if the measure v is a measure obtained by Hutchinson’s theorem with a probability vector

p=(po,-..,pN—1) for an IFS. Furthermore, the family of scaling operators ((7(”)) is multiplicative,
nez

je. UM = (17(1)) , if and only if v is a measure obtained by Hutchinson’s theorem with a probability

vector p = (po, . ..,pN—1) for an IFS.

After establishing this correspondence between two-sided MRA with the family of scaling operators
(U(")) , and IFSs we turn to the construction of wavelet bases on enlarged fractals in analogy to
n

[BKlO,I DJO06] and extend these constructions so that different measures are allowed. In this setting
we have two unitary operators U and T and one father wavelet ¢ for the MRA and so the definition
of the MRA can take a different form.

Remark 1.4. Let z be a non-atomic measure on (R, B). Let ¢ and T be unitary operators on L?(u).
We say (u,U,T) allows a two-sided multiresolution analysis (two-sided MRA) if there exists a family
{V;: j € Z} of closed subspaces of L?(u) and a function (called a father wavelet) p € L? (i), with
compact support, such that the following conditions are satisfied.

(1) ---CcVaecCcViCcVycVicW C
ClUJezV = L%(p),
3 ﬂJeZV {03},

(2)
(3)
4) { p: ke Z} is an orthonormal basis of V),
(5)
(6)

) L{V Vﬁ_lforalleZ

6) U TU =T for some N € N.

Note that the condition is equivalent to the condition ¢ € spanl/ {'Tk p:ke Z}. In our setting

of the MRA on enlarged fractals we even have that ¢ € spanlf {Tk w:keN }, which is equivalent to

the condition of Definition
We start with a fractal C' C [0,1] given by an IFS satisfying the open set condition (OSC) for

(0,1). In the first step the IFS is extended to one which has [0, 1] as the invariant set and that satisfies
the OSC for (0,1) by defining affine functions on the gaps. So the extended IFS consists of contractions
(r; 1€ N), N € N. In a set A we encode those functions in the extended IFS that belong to the
original IFS. The enlarged fractal is then defined by mapping scaled copies of the fractal into the gaps
using the extended IFS and in the next step it is translated by Z. So the enlarged fractal is defined to
be
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R:= U L—lj T7.,(C) | +E,
keZ \wexzu{0}
where ¥ = {(ip,...,ix-1) € N¥: keN, i, ¢ A}. On the fractal we then consider a measure p
obtained by Hutchinson’s theorem (see Theorem for the IFS with the weights p; € (0,1),i € A
and ) ;. 4 p; = 1. This measure is also extended to a measure which has the enlarged fractal as the
essential support. First this measure is defined on the unit interval by setting

Jw]—1
Z H Co; " O Tw_l
wexu{p} =0
for some weights ¢; € RT, ¢ € N, on the gaps. By translation it is then defined on R to be vz(-) :=
> ez V(- — k). Then two unitary operators T and U acting on L?(vz) are defined by setting T'f(-) =
f(-=1) and, for x € R,

Uf Z( S v Lnqoan@—k) - f (7 (@ — k) + Nk + 1)

k€Z \ieN\A

+3 (Ve Lngoaney @ = B) + VB Lnoy(@ = k) - £ (7@ = k) + Nk + 1) )
€A

So U is given in terms of the the extended IFS in analogy to the definition of the measure v. We then
obtain the following theorem.

Theorem. Let the father wavelet be p := 1 and for j € Z let
Vi = clspan{Uka@ ke Z} ,
then (vz,U,T) allows a two-sided MRA with respect to ¢ and Vj, j € Z. In particular,
clspan {U"Tkgo in€ZL keL)=Lvz).

We also study further the MRA, where the definition of the MRA uses a slightly different notion (see
the definition in [BK10]). That is, we consider a measure vz on (R, B) such that vz (A) = vz (A + k),
Ae B, keZ,and cl (supp(yZ|[O’1])) = [0, 1]. Furthermore the scaling operator U is given in terms of
a scaling function. This function ¢ : R — R is a continuous, bijective, strictly increasing function with
o’ > 1 such that for some fixed N € N and p € N we have

o(x+k) =o(@)+Nk, x€l0,1],k€Z,
vz (0(A)) = prz(A), A€ B.

Then we define the scaling operator U acting on L?(vz) by setting U f(-) = \/pf(c(+)) and for all j € Z
the condition UV; = V4, is equivalent to f € V; <= foo € V;;,. In this situation we only consider
measures vz such that vz ([0,1]) < oo, from which we deduce that p = N. For this case we can give
different wavelet bases. To do this we use the classical MRA on L?(R, \) with the scaling operator
Uf(-) = VNf(N-) and the translation operator Tf(-) = f(- — 1), which is well known. Then there
exists a homeomorphism ¢ between the two spaces L?(vz) and L?(R,\) such that ¢ intertwines the
functions o and z — Nz. It also holds that vz = Ao ¢~ 1.

This part is organized as follows. We start with an abstract MRA in Chapter [§] In Section [8.2]
we then consider the special case of multiplicative systems. In Section [8:3 we show how the condition
of translation completeness simplifies the construction of the mother wavelets. Afterward, in Chapter
Ol we apply the abstract MRA to the construction of a wavelet bases for Markov Interval Maps.
There we start with a family of operators (U™) _ acting on L? (1) for an arbitrary non-atomic
probability measure v on the limit set of an MIM in the unit interval translated by Z and show that
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(VZ, (U(”))neNo ,T) always allows a one-sided MRA. If on the other hand (VZ, (U(”))nEZ ,T) allows
a two-sided MRA, we then prove that the measure v is necessarily Markovian. The construction of the
mother wavelets will be given explicitly. In Section we give an explicit construction of the wavelet
basis if the measure v is Markovian. We also consider iterated function systems as a special case of
MIMs.

In Chapter we then turn to the construction of wavelet bases on so-called enlarged fractals
in one dimension. We prove that if we consider a measure obtained by Hutchinson’s theorem on the
fractal and extend it to a measure on the enlarged fractal, then a two-sided MRA is allowed for L?(vyz),
where the father wavelet is the characteristic function of the fractal.

The results of Chapter |8 and Chapter |§| (except Section can also be found in [BK11].

1.3. ... to Part 3

In Part 3 we turn to the construction of wavelet bases in dimensions higher than one, so that appli-
cations are possible, for instance to image compression. As for one dimensional wavelets and fractals,
two dimensional versions also have properties in common like self-similarity. Furthermore, the wavelet
analysis uses dilations and translations in the construction and many self-similar fractals also have
dilations. Another interesting aspect is that both wavelets and fractals are used in image compression,
where both have advantages and disadvantages, like blurring by zooming in, or long compression times.
Because of these common features, we construct a common mathematical foundation.

The first approach in the literature for the construction of wavelet bases on fractals in two di-
mensions can be found in [Str97|. Strichartz constructs a wavelet basis consisting of piecewise linear
functions on the Sierpinski Gasket itself. His construction uses triangulations of the Sierpinski Gasket
and a one-sided MRA. More precisely, Strichartz’s wavelets form a frame for the Sierpinski Gasket not
an orthonormal basis since the functions are not orthogonal within each scale; only on different scales.
This construction can also be applied to other connected fractals that are post-critically finite and also
smoother wavelets can be constructed.

Another approach in the literature can be found in [DMPO8], [ID’A08]. It also gives a construction
of a wavelet basis on the Sierpinski Gasket, but this is a similar construction to the construction for
the middle-third Cantor set given in [DJ06] and it considers an enlarged fractal for the Sierpinski
Gasket. In [DMPO0S8), [D’A08| D’Andrea, Merrill and Packer consider the log(3)/log(2)-dimensional
Hausdorff measure restricted to an enlarged fractal of the Sierpinski Gasket C'. The enlarged fractal
is defined as R = U,,en Up yeze A" (C + (K, ), where A = ( g (2) . Their construction considers
as the father wavelet the characteristic function on the Sierpinski Gasket and the unitary operators
for the MRA are Uf(-) = V3f(A-) and T®D f(-) = £ (- — (k, 1)), (k1) € Z2.

They also apply this wavelet basis to image compression. Their compression scheme is in analogy
to the compression with the two dimensional Haar wavelet. We generalize this approach by considering

different fractals and different measures obtained by Hutchinson’s theorem on these fractals.

Overview and main results of Part 3. In Chapter [11| we construct two dimensional wavelet
bases on enlarged fractals. This construction is analogous to that given earlier in dimension one.
Nevertheless, there are more restrictions on possible fractals for the construction. The first restriction
is that the fractal must lie inside a closed bounded set D C R? such that the plane allows a tiling by
the set D with Z2 and two vectors 171) and v_% Furthermore, there must exist an extension of the IFS

o
of the form (T(i’j) :(4,7) € N1 x &) so that the extended IFS satisfies the open set condition for D
(the interior of D) and it has D as the invariant set. From the fractal we obtain an enlarged fractal
by mapping scaled copies of the fractal under the extended IFS in its gaps and in the second step
we translate this set by Z2 and the vectors v—>1, 3. On the fractal we consider a measure obtained by
Hutchinson’s theorem, which we then extend to one with the enlarged fractal as the support in an
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analogous way to the extension of the enlarged fractal. Then we construct a wavelet basis in the L?-
space with respect to the measure on the enlarged fractal. The construction is done via multiresolution
analysis of the following form.

Remark 1.5. Let p be a non-atomic measure on (R2, B). Let U and T be unitary operators on L?(p).
We say (u,U,T) allows a two-sided multiresolution analysis (two-sided MRA) if there exists a family
{V;: j € Z} of closed subspaces of L?(u) and a function (called a father wavelet) ¢ € L* (u), with
compact support, such that the following conditions are satisfied.

(1) ---cVaocViCcVyCcViCcWVa C

(2) ClUJezV L?(p),

®3) Njez Vi = {0}

(4) { TED o (k1) e 22} is an orthonormal basis of Vj,
(5) UV; =V;yq for all j € Z,

(6)

6) Ut TED Y = TWkND (g 1y € 72 for some Ny, Ny € N.

We consider a scaling operator U that is given in terms of the functions in the extended IFS.
The translation operator T is defined by T*D f(.) = f(- — kvi — v3), (k,1) € Z2. We consider as the
father wavelet the characteristic function of the fractal. In this setting it allows a two-sided MRA. The
wavelet basis is given in terms of mother wavelets which are constructed in terms of filter functions on
the two-dimensional torus.

After giving this theoretical foundation, we apply the constructed wavelet bases to image compres-
sion, where we compare the results for different wavelet bases. The application to image compression
follows along the lines of [DMPOS8]|. As a result we observe that the structure of the underlying frac-
tal is imposed on the compressed image. Furthermore, there is a correlation between the Hausdorff
dimension of the underlying fractal and the compression results for the wavelet bases.

In image compression the actual choice of possible fractals is more limited than those that allow
an MRA on their enlarged fractal, because the information about the operators U and T is not used;
only the filter functions are used. So the fractal is assumed to lie in a rectangle and the IFS to consist
of affine scalings that map the rectangle to equally sized copies of itself.

In Chapter we construct in analogy to the one dimensional wavelet bases on enlarged fractals,
the mathematical foundation for wavelet bases on enlarged fractals in two dimensions. In Chapter
we then start by explaining how the image compression takes place and in Section we apply
different wavelet bases to an image.

Remarks about the appendix. In the appendix there are introductions to the mathematical
fields of fractal geometry, wavelet analysis and C*-algebras and we also state various results that are
used in the main part of the thesis. In Appendix [B] and [C|] we give some connections to different
mathematical fields for the wavelet bases on enlarged fractals as defined in Chapter [I0] and Chapter
[[1} We give a connection to representations of the Cuntz algebra Oy. More precisely, we consider the
two representations (Z;);cy given by Zj|n) = [Nn +1i), i € N, n € Ny, on [*(Ny) and (S;),.y given
by (Sif) (2) == mi(2)f (2N),i € N, 2 € T := {w e C: |w| =1}, on L*(T, ), where m;, i € N, are
the filter functions obtained by the MRA, of the Cuntz algebra Op. Then we can write the scaling
operator U of the MRA for enlarged fractals in one dimension in terms of these representations. More

precisely, in Proposition [B.5] we show that
V=S zes:

i€EN
where the correspondence L?(vz) = 1?(Ng) ® L*(T, \) is used (see Proposition [B.3). An analogous
interpretation of the operator U is also given for the two dimensional MRA on enlarged fractals.

In Appendix We apply a direct limit approach, as considered in [BLP™10], to the wavelet bases
on enlarged fractals of Chapter [I0] and Chapter [[I] We consider in one dimension the isometry
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S=Sm,: f(z)Hmo(z)f(zN), zeT,

on L2(T, \), where my is the low-pass filter obtained from the MRA on an enlarged fractal, and take
the direct limit space ((L2(T,\)) oo; Sec, 00 ) Of the system (L?(T, \),S), where g is obtained from
the unitary representation defined for n € Z by (o,f) (2) = 2" f(2), f € L*(T,\), z € T. We show that
this direct limit space ((L2 (T, /\)) 00> S0, goo) is isomorphic to (LQ(Vz), U, T) (see Corollary . In
the next step we construct an orthonormal basis for (LQ(T, /\))Oo by applying a theorem of [BLP™ 10|
to our setting and using the high-pass filter functions of the MRA. Finally, we show in Proposition
that this orthonormal basis for (LZ(T, )\))Oo is mapped to the wavelet basis constructed in Chap-
ter |10 of L?(rz) under application of a unique isometry Roo : (L?(T, )\))OO — L?(vz) which exists by
the direct limit theory. We also obtain the analogous results for the two dimensional wavelet bases
on enlarged fractals. Our constructions fit nicely in this setting and in this way we can give partly
different proofs.

In the nomenclature it is evident that some letters are used for different things, but we hope that
it is always clear from the context which is meant. The entries in the nomenclature are divided by the
parts they appear in or whether they are of a more general nature. Furthermore, we only put those
defined objects in the nomenclature that appear in several sections.

1.4. A connection between Fourier bases and wavelet bases on fractals

We only show the connection between Fourier bases and wavelet bases on enlarged fractals for
Cantor sets in one dimension since the construction of Fourier bases on fractals as considered in Part
1 is only done for Cantor sets. (Nevertheless, it is also possible to define a “general” Fourier bases on
fractals given by an IFS and equipped with their measures of maximal entropy, see [BK10].) The
connection is considered in [DJ06, Jor06|] and we explain it on the example of the 1/4-Cantor set.
We start by giving the precise setting and then give the corresponding result.

For further information concerning the example of the 1/4-Cantor set C' compare Example
Recall that the IFS is (7o(z) = £, 72(x) = £32) and its invariant measure y is p = H'?|q, the 1/2-
Hausdorff measure restricted to the Cantor set. We know that for I' = {ZLO 14" 1; €{0,1}, k € No}
(ex)yer is an ONB for L?(y)

_ xzt+

Now we turn to the construction of the wavelet basis. We consider the extended IFS (7;(z) = £}

)ica
with the weights on the gaps given by ¢; = % for all © € {0,1,2,3}. Consequently, the measure on
the enlarged fractal is the 1/2-Hausdorff measure restricted to the enlarged fractal and the scaling
operator U is given by Uf(-) = v2f(4), f € L* (H'/?). The father wavelet ¢ is the characteristic
function on the 1/4-Cantor set, ¢ = 1¢, and the corresponding filter functions are

mo(z) = % (1+ 22) 7
m(z) = z,

ma(2) = 23,

ms(z) = % (1-27)

Thus, the mother wavelets are defined as 1; = Um;(T), i € {1,2,3}, and the ONB for L? (Hl/z) is
given by

{UT*y; : n k€ Z,i€{1,2,3}}.
We can rewrite this basis in the way of Proposition for i € {0,1,2,3} and n € Ny as

anti = Umi(T)pn
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and obtain the basis {T%¢, : k € Z, n € N} of L?(vz). From this sequence (n)neng
the first four functions which are precisely ¢, 11, 12, 13, for the following result.

Theorem ([Jor06]). Under the definitions above the family
{ex()pj(t—Fk): Ael,j=0,3, ke Z}U{ex(t/4)p;(t —k): XeT,j=1,2, ke Z}
is an orthonormal basis in the Hilbert space L> (Hl/Q).

Remark 1.6.

(1) This theorem holds also for different Cantor sets that allow a spectral pair. But it does not
hold for the middle-third Cantor set, since there does not exist a spectrum for the measure
H'08(2)/198(3) yestricted to the middle-third Cantor set.

(2) We can extend the result to other fractals that are homeomorphic to a Cantor set in the sense
of [BK10]. In this case we do not have the “usual” Fourier basis but a general Fourier basis
of the form e, o ¢~!, where ¢ is a suitable homeomorphism.

we only consider
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Spectral pairs






CHAPTER 2

Basic definitions and some results from the literature

We start with the general definition of the spectrum and the spectral pair and afterward we state
the definition that we mainly use.

Definition 2.1 ([JP98b, [JP99]). Given (u,v), where p, v are two Borel probability measures in R?,
F,.: L?(u) — L?(v) is defined by
(P (©) = [ eclaf(@)into).

for f € L?(u), € € RY, eg(z) := €275, (p,v) is called a spectral pair if and only if F}, ,, : L*(u) — L?(v)
is unitary, i.e. isometric and onto.

For the spectral pairs there is the following simple equivalence.

Proposition 2.2 (J[JP98b]). Let p and v be positive Borel measures on R%. Then (u,v) is a spectral
pair if and only if (v, 1) is a spectral pair.

Definition 2.3. Let p and v be positive Borel measures on R%. We say u € {V}J‘ if and only if F), ,
is isometric.

Remark 2.4. If F}, , as in Definition is an isometry, then we have that for all f € L?(p)

V(a0 = 171122
This is equivalent to the following' for all fi, fo € L?(u)

[AVf1|ELVf2>L2(U
/ [ [ ecorn@) - ecul ity dute)an(e)
Rd JRd JRd

= (f1lf2)2(p)

and consequently, for £ € R?
[ ecla = navie) = .,
Rd

for (x,y) € supp(p) x supp(u). Consequently, u € {1/}l means for £ € R? we have
/ €§(.’E - y)dl/(g) = 51,@/
]Rd

for (z,y) € supp(u) x supp(p). Furthermore, (i, ) being a spectral pair implies p € {V}L.

Now we specialize to the only case that we will consider, when v = Jr is the counting measure
supported on a countable set I' C R.

Proposition 2.5 ([JP98b]). If v = ép, I' C RY, then F,, is isometric if and only if (e~)
orthogonal in L?().

Jer 18
In this case we can state the definition for spectral pairs in the following way.

27
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Definition 2.6. For v € RY, let ey(x) = e2™e g ¢ R% A probability measure ;2 on R? is said to
be a spectral measure if there exists a countable set I' C R? such that the family (1), forms an
orthonormal basis for L?(y). In this case, the set I is called the spectrum of the measure p and (p, T')
is called a spectral pair.

In Definition [A27] there is the general definition of an IFS. In this part we mainly consider measures
that arise from affine IF'S in R and so we also give the precise definition of these affine IFS.

Definition 2.7. Let B C Z, card B =: N < 00, and R € N, R > 2. For each b € B we define the
following affine maps on R,
() =222
T = .
’ R
The family of functions (73),. 5 is called an affine iterated function system (alF'S).

Remark 2.8. We notice the following facts concerning alFS.

(1) The functions (73),.  are similarities with similarity constant 1/R < 1.
(2) The invariant sets for these alF'S satisfying the OSC for (0, 1) are also called Cantor sets.

In Section [6] we only consider the following specific measures arising from Hutchinson’s theorem,
see Theorem

Definition 2.9. Let B C Z, card B =: N < oo, and R € N, R > 2 and let (73),.5 be a contractive
iterated function system. The unique probability measure u satisfying

1 _
u(E) = N beZBu(Tb 1(E)), for all Borel subsets E,

is called the invariant measure associated to the IFS (7). -

Remark 2.10. This invariant measure is the measure of maximal entropy in the sense of a shift
dynamical system.

For IFS the following notation will be prominent in this part of the thesis.

Definition 2.11. Let B C Ny, card B < oo, and let R € N be a scaling. Then we denote with (74),c
the alF'S consisting of 7(x) = L;;l” b € B, and the corresponding invariant measure is denoted by upg.

We mainly consider one specific class of measures and sets that can give a spectral pair. In
this class the measure is given as the invariant measure of an alFS and the set I'(L) is given by

(L) := {Z’?:o LRI : ;€L ke No}, where the set L satisfies the following relation.

Definition 2.12. Let B,L C Z, card B = card L =: N < o0, and let R € N, R > 2. Then (R, B, L)
is called a Hadamard triple if the matrix

1 "
M B,L — ( 2miR b-l)
r(B,L):= T e —

is unitary. This matrix M (B, L) is called the (complex) Hadamard matrix for (R, B, L) if it is unitary.

Remark 2.13. We later assume that 0 € B, 0 € L. Then the matrix is dephased in the sense of
Section [6.11

Now we turn to conditions under which we obtain a spectral pair. This will involve stating some
results from the literature. We first fix some notation.

Definition 2.14. Let M be the set of all positive probability measures with compact support on R?
and let 4 € M. For I' C R?, countable, and for ¢t € R? let

S(p.D)() =Y At = )P,

~yel
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where [i is the Fourier transform of the measure p, defined for ¢t € R? as
) = [ e duo).
R4

Define for a countable set T' € R and A > 0
MAT) == {peM: S(uT)E) < Afor allt € R?},
MOB(T) :={peM: S(u,T)(t) = 1for allt € R}
and in particular
M*(T) =M ) ={peM: S(uT)(t) < lfor allt € R*}.

Analogously define
M*(u) == {T CcR: S(p,T)(t) < 1for allt € R?}

and
MOB(p) :={T cR: S(u,T)(t) = 1for allt € R*} .

Now we turn to results under which the existence of an orthonormal family or even an ONB of
functions (ev)y cr is assured. We start with a formula for the Fourier transform of an invariant measure
for an alFS.

Lemma 2.15 ([DJ09b]). Let R€ N, BC R, 0€ B, card B = N, and let (1), be the alFS. Let
pB be the invariant measure for this alFS (1y),c 5. Then fort € R

o 13 (50 ()

127th

where ep(t) :=e . The infinite product is absolutely convergent.

Now we turn to results concerning the existence of an ONB in L?(p).

Proposition 2.16 ([JP98al). A set I' C R is a spectrum for a probability measure p if and only if
forallt € R

S T)(H) = 1.
The following theorem gives results concerning the existence of orthonormal families of functions

in L?(p).
Theorem 2.17 ([DHJ09]). Let p be a probability measure on R% and T' C RY, countable. The
following are equivalent:

(1) The set (ey),er is orthonormal in L2(u).

(2) The function S(u,T) satisfies the inequality S(u,T)(t) < 1 for all t € RY.
Furthermore, (eﬁ,yer is a mazimal family of orthogonal exponentials if and only if 0 < S(u,T)(t) <1
for all t € R,

Remark 2.18. We notice the following connection to the notation fixed above.

(1) If T induces an orthonormal family or an orthonormal basis, then so does +I" + a for any
a € R4

(2) Theorem implies that for u € M*(T') we have that (€1),er is an orthonormal family in
L?(p), and for p € MOB(T), that (u,T) is a spectral pair, i.e. (€y),er 1s an ONB in L3(p).

(3) If a Hadamard matrix exists for (R, B, L), it follows that (e.)

in L2 (up) for T(L) := {Zf:o LR :lLieL ke NO}.

~eT (L) is an orthonormal family

We can even say that in one dimension the existence of a Hadamard matrix ensures the existence
of a spectrum.
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Theorem 2.19 ([DJ09b|). Let B C R, R € N. If there is a Hadamard matriz for the Cantor set
given by (7p),c g i one dimension, then there exists a spectrum I' C R for the corresponding invariant
measure (g .

This result does not give that the spectrum is always given by the set I'(L) defined above, where
Mpg(B, L) is a Hadamard matrix. For the class of measures coming from a Hadamard matrix there is
a more easily checked property in one dimension for ensuring that (up, (L)) is a spectral pair. The
property uses cycles.

Definition 2.20 (|[DJ06]). Suppose two sets B and L, N = card B = card L, form a Hadamard
matrix for the scaling R, then a B-cycle is a finite set {z1, 22, ..., Zmt1} C T such that z; = e py =

ez = e?™émi | with a pairing of points in B, say by, bs,...,bpme1 € B, such that z; =
emo-ni(Civa) 5y = 2, where o_p,(z) = £, and |mo(2)|? = N, where mg(2) = ﬁZleL 2.

Equivalently, a B-cycle may be given by {El, e Eerl} C R satisfying

&i+1 = b; + RE; mod RZ
(Rm - 1)51 = bm + Rbm—l + -+ Rm71b1 mod R™7Z
and |m0 (e’?”ﬁf) !2 =Nforj=1,...,m+1.

If the role of the two sets B and L is reversed, we talk of an L-cycle. Given the Hadamard
property, in one dimension d = 1, the presence of cycles is the only obstruction to the corresponding
pair (up,I'(L)) being spectral.

We can check for a spectrum via cycles in the following way.

Theorem 2.21 (|[DJ06]). Let R € N, R > 2 be given. Let B C R, and suppose there is a set L C Z
such that 0 € L, card L = card B = N, and Mg (B, L) is a Hadamard matriz. Then (ex)ycp(r) 15 an

ONB for L?(u), where T'(L) := {Zf:o LR : ;€L k€ No} and pp s the invariant measure for the
alFS (1y) e, if the only L-cycle is the singleton {1} C T.

Via Hadamard matrices we obtain a space duality between two alFSs.

Proposition 2.22 ([DJ0O9b]|). Let up be the invariant measure for (1), 5 and let juy, be the invariant

measure for the dual system
( () T+ )
Tl = .
R Jier

Then T'(B) is orthogonal in L?(uu1), and T'(L) is orthogonal in L*(ug), where T'(B) and T'(L) are given
as in Theorem [2.2]]

Notice that the last proposition does not give that when one pair (up,'(L)) is a spectral pair, the
other (ur,T'(B)) is one as well.

Now we state some more general results regarding the measures p and sets I' we consider in our
study. The results of [DHJQ9] give a reason why we only consider the invariant measure for an alF'S
and not a measure with different weights on the subsets. The other restriction that we impose is that
the alF'S satisfies the open set condition (OSC), see Definition This is explained in the results of
[DHJ09] which follow.

Theorem 2.23 (|[DHJ09|). Let an aIFS be given by BC R, card B=N,0€ B, and RER, R>1
as (To)peg- Let pup be its invariant measure. Suppose the invariant measure up is spectral. Then there
is no overlap.

Proposition 2.24 ([DHJO09]). Let an alFS be given by B C R, card B = N, 0 € B, and R € R,
R > 1 as (7),c g where there is no overlap. Let p, be the measure on the limit set of the alF'S given by
Hutchinson’s theorem (Theorem with weights po,...,pn—1 € (0,1). Suppose that p, is spectral.

Then we have equal probabilities, pg = -+ =pny_1 = %
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The results of Laba and Wang, [EW06], explain why we do not consider finite sets I" as a spectrum.

Proposition 2.25 (JEWO06]). Let (1, T') be a spectral pair. Then p has an atom if and only if T is
finite. In this case p is purely atomic and all atoms have the same measure.

There are two interesting results in [DJ10] concerning the measures with spectrum Z¢ or measures

such that (e,) ;4 is orthonormal in L?(p).

Theorem 2.26 ([DJ10]). Let u be a Borel probability measure on R%. The following statements are
equivalent:

(1) The set (ey),cza forms an orthonormal set in L2(p).
(2) There exists a bounded measurable function f > 0 that satisfies

Z f(z+ k) =1, for Lebesgue a.e. x € RY,
kezd
such that dpu = fdA.

The other result concerning spectral pairs with the spectrum Z% requires the following definition.

Definition 2.27 ([DJ10]).

(1) Given a Borel measure 1 on R?, a family of Borel subsets (E;);.; is called a partition of p
if p (RN U;es Ei) =0 and p(E;NE;) =0, i # j. We say that two Borel measures p and
' are translation equivalent if there exists a partition (E;),.; and some integers (k;),. ; of
such that (E; + k;),c; is a partition of 4/, and the functions E; > x + x + k; € E; + k; map
the measure p into the measure p'.

(2) A Borel subset E of R? is called translation congruent to @ = [0,1)? if there exists a mea-
surable partition {Ek ke Zd} of @ and integers [}, € Z such that

E = U (Ek+lk)
kezZd

Theorem 2.28 ([DJ10]). Let y1 be a Borel probability measure on R:. Then u has spectrum Z2 if
and only if p is the restriction of the Lebesgue measure to a set E which is translation congruent to Q.

Another way to obtain from one spectral measure a new one is to consider translation congruent
measures.

Proposition 2.29 (|[DJ10]). Let p and p/ be two translation equivalent Borel probability measures on
R, If u has spectrum A contained in Z¢, then 1 is also a spectral measure with spectrum A.

Remark 2.30. Notice that the results above, namely Theorem [2.26) and Theorem [2:28] do not require
that the measures p have compact support. But in the following we generally do impose this restriction.






CHAPTER 3

Transformation group

Let B be the Banach algebra of real signed Borel measures with finite variation equipped with the
convolution and let M be the set of probability measures with compact support as before. The total
variation is defined by

V]| eot == sup > IwE,

i)ic s BiCR; partition ieJ

where J is some index set. The convolution of two signed measures p and v is then defined as

prvi= (p@v)os,

where s : R? — R is given by (2,y) — = +y and u ® v is the product measure. By [Rud90] it holds
that
[1 * valltor < ([ ltot - [V2]ltot-
We can write every element v € B as v = vT — v~ by the Jordan decomposition, where v and v~
are positive measures. Besides B becomes a commutative Banach algebra under convolution with the
identity &g, where 0, x € R, is the Dirac measure.
Now let R act on sets of measures in the following way: Define for z € R and v € B:

T,v:= 06, xv.
Notice that Ty4y = T;Ty, i.e. dppy * v =y * (0 *v) . Furthermore, §y v = v.

Definition 3.1. A subset IC of B is said to be T-translation invariant if v € IC if and only if T,v € K
for all z € R.

In the following we consider specific subsets of B.

Definition 3.2. Define Byys := {v € M : 3f € L*(R, ) such that dv = fdA}, X is the Lebesgue mea-
sure.

Remark 3.3. We notice the following facts regarding Bgps.

(1) In Bgps the "abs" stands for absolutely continuous with respect to the Lebesgue measure.

(2) Recall that v € B if and only if v is absolutely continuous with respect to A (denoted by
v < A) if and only if there exists a Radon-Nikodym derivative % =f.

(3) By Theorem we have that M (Z) C Baps-

(4) Notice that v € Bgs is equivalent to T,v € Bgps. Consequently, Bgs is T-translation
invariant.

Proposition 3.4. For each v € By, (x,v) — Tyv, x € R, is continuous in x on Bgps. If v € B\ Baps,
then this map need not be continuous.

PROOF. Let f € LY(R,\) set T,f(-) = f(- — ), then T,(fd\) = f(- — x)d\. Notice that if
dv = fd\ € Bgps then

lv = Tovlltor = If — f(- = CL’)HLl(JR,A) -0, x =0,
and consequently, we have the continuity for v € Bgps.
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If v € B\ Bgyps then the convergence need not hold because take for example v = g then T,y = 0,
0, =0,

1, =#0.

Indeed if z # 0 and E is a Borel set, then

and HJO — 533”,50,5 =

1, if0eE z¢FE,
(6o —6.)(E) =4 —1, if0¢ B, z¢cE,

0, otherwise.

Lemma 3.5. It holds that Baps C {v € M : ||[v — Tyv||tor — 0, z — 0}.

PRrROOF. The proof follows from ||v — Tov|[tor = ||.f — f(- — 2)||L1r,n) for v € Bays, dv = fdX. O

Now we turn to the connection to spectral pairs.

Proposition 3.6. For fized countable set T' C R, both M+(T) and MOB(T) are T-translation invari-
ant.

The proposition above follows immediately from the following lemma.
Lemma 3.7. S(T,u,I')=5(y,I), z€R.

PRrROOF. Notice that for z,t € R
Tou(t) = / e0(y)dTu(y) = / e(W)du(y — )
- / er(y + 2)duly) = er(x) / e0(y)duy) = en(@)A()

and so we have for t € R

S(Top,T) (8) = S [Tap(t = )2 =Y lery (@) [t = )2 = Y [flt = 7)2 = S (1.T) (2).
yer ~ell ~er
Il

Now we turn to further properties of the sets MA(I'), M+(T') and MPB(T'). For one of the
following results regarding we have to drop the condition of compact support for the measures.

Proposition 3.8. The sets MA(I') and MOB(T') have the following properties:

(1) The sets MA(T) and M*(T) are convex.
(2) The set MOB(T) is not convex.

(3) Let M be the set of all probability measures on R, with not necessarily compact support. Let
for A>0

MAT) = peM: Zm(t—’y)\Q < A forallteR
vET
and M+ = M. Then MA(T') and M*(T') are closed.
PROOF. ad (1): Assume pu,v € MA(I') and 0 < o < 1. We have that
(au +/(1t a)y) =aiu+(1—-a)p

and so it follows that
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> fait =) + (1= a)p(t = 7)[°

~el
= alte = [ + (1= Pfole = )+ e (2001 — (e - ))
~el’
1/2
<A+ (1-aPA+ 9% | 2a(1—a) | [t - P Y e - )P
vel ~el’
<A.

Consequently, the set is convex. For M*(T) the proof follows in the same way with 4 = 1.
ad (2): Assume that 4 € MOB(T') and let v = 6,xp, a € R\{0}. Then it follows that v € M5(T)
since for all £ € R we have

Doty = [T P (e — )P =1
~el ~el ;1

Now we consider for 0 < o < 1 the measure ap + (1 — ) and obtain

S afi(t =) + (1 — )it — )|

yel

=3 At = ) + (L Pt - )P + e 201 — - (e )
yel

=+ (1 —a)? +Re <2a(1 —a) ) At =)ot - 7)>.

~ver

For the expression above to be equal to 1 we must have that

> Re(ilt —)p(t —7)) = 1.

~yel
But
S Re(@lt =)ot — 7)) = D[l — ) - R (2700)
vel ~er
=" cos (2n(t —)a) - [t — v)[?
~er
<1,

since cos (2w(t — v)a) is equal to 1 for only countably many ¢ € R, namely (¢t — v)a € Z, and for
different ¢ € R we have cos (27 (t — v)a) < 1.

ad (3): We assume that pu,, € MA(T), u, € ML(I‘), respectively, is a sequence of measures such
that p, — pu weak-+x. Consequently, we have that jz,, — [ by results in [Bil79]. Since > oer |in (t —
7)]? < A for all n € N, we have by Fatou’s lemma

Dol =P = Y At -y < A.
yel yel’
To see that p need not have compact support compare Example (|

Now we give a more precise example for y,v € MPB(T) and « € (0,1) and

S Jaditt = 7) + (1 - a)p(t —9)|* < 1.
yel’
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Example 3.9. Let us consider the set I' = {Zf:o 1;4°: 1; € {0,1}, k € No} Then the measure p for

the alFS (7o(z) = £, 71(z) = £f2) and the measure v for the alFS (oo(z) = 272, 01(z) = £H) are in
MOB(T), see [JP98al]. We have that y = 64 x v. Furthermore for 0 < a < 1

ap+ (1—a)v ¢ MOB(D),

since
S Jagit =) + (1= a)p(t = 7)|* = 3 [ae FEIB(E —5) + (1 - a)p(t )|
yel yel
_ Z ’aeizw%(t—'y) +(1- a)f . ’ﬁ(t — 7)|2
vel
and

’aei%%(t_”) +(1- 04)‘2 =20 —2a+1+2(a” — @) cos (g(t — ’y)) <1
for Lebesgue-a.e. t € R and vy € I

Remark 3.10. It follows that for yu,v € MOPB(T) we have ap + (1 —a)v € MOB(I'), 0 < a < 1,
p# v, if and only if >°_ . Re (ﬁ(t — )Vt — fy)) =1forallteR.

In most examples of spectral pairs, the measures are compactly supported. Now we give an example
which shows that there are measures, not compactly supported, such that we have a spectral pair.

Example 3.11. We now give an example of a set, translation congruent to [0, 1], so that the restriction
of the Lebesgue measure A to this set has the spectrum Z.

Consider the union A :=J,5,[n + %H’ n+ ] and we take A|4. Now we have that the support
is not compact. But on the other hand we have that A\|4 € M l(Z) since

m(k):/ z27rwkd)\| Z/ " i27rzkd)\(m)

n>1 +n+1

=y / TR\ (z) = /0 ek d)\(x)

n>1

= 60,k

Furthermore, we have that A|4 € M©5(Z) by Theorem since the set A is translation congruent
to [0,1).

We had to drop the hypothesis of the measure having compact support to get the third part of
Proposition Now we give an example of a sequence of measures puy, N € N, convergent to a
measure j, where each measure puy has compact support but the limit measure p is not compactly
supported.

Example 3.12. The example uses as the limit measure p = A| 4 of Example Define the measures
UN = M ay, where

C)[ n+1] [NN+N1H]

Consequently, we have that py, for N € N, has compact support and puy € MYB(Z) by Theorem
We can show for 1 = Al 4 that

un — p, weakx, N — oco.
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The convergence can be seen by considering the Fourier transforms of the measures,

N ei2ntn (61'2#% B ei?ﬂ'ﬁ) 2N (eizw—NfH B 1)

in(t) = nzl it * i2mt ’
o gi2mtn (emﬂ% _ ei27r#)
g 127t '
It follows that iy (t) — 1i(t), N — oo, for all t € R, since
o gi2mtn (eizﬁﬁ _i2m n+1> i2mtN (eizw e 1)
IA®) — in @ = n:ZN:H i2rt - i2mt |
o |gi2mtn (ei%% _i2m n+1) i2mtN (eiZwﬁ _ 1)
= n§+l 127t + 127t
- 1
§n§+l‘n+1 Niﬂﬁo N — oo.

Consequently, the weak x-convergence for the measures follows.
Now we consider further the convolution operation on M.
Proposition 3.13. M*(T") is an ideal in M.
Remark 3.14. We use ideal as a set that is closed under convolution, not summation.

PROOF. Recall that an ideal has to satisfy the following property. For u € M+(T), v € M, we
must have v x u € M*(T'). This is obviously satisfied since vx fi(t) = D(t) - fi(t), t € R, and thus,
if u € M+(T) we have fi(8 —7) = 0 for 3,7 € T and thus px(8 —~) = 0. Obviously, we have
vxp e M. g

Remark 3.15. M*(T') is not an ideal in B; indeed B contains signed measures not just positive
measures. The convolution of € M and v € B need not even be in M, which is one condition for
being an element of M=+(T).

Another fact to notice about the convolution of positive measures is that

supp(p x ) = supp() + supp(v).
But for signed measures v = v — v~ supp(u* ™) and supp(u* v~) do not have to be disjoint and
so for convolutions with signed measures we only have supp(p * v) C supp(u) + supp(v).
To see that M©PB(T') need not be closed under convolution with elements in M, consider e.g.
= (2604 361) * A|o,1) then fi(t) = 1 (14 €™™) - X|g.1) and |5 (1 + €™™)|? < 1 for Lebesgue-a.e.
t€Rand so Yy, |1i(t —7)> <1 for Lebesgue-a.e. t € R. Thus, u ¢ M95(Z).






CHAPTER 4

Varying the measures in a spectral pair: Orthogonal measures

In this section we start with a spectral pair (u,I') in R and consider what this tells us about
M*(T). We have that (8 —v) = dg for 3,y € T and > er At — 7)|)? =1 for all t € R.

Definition 4.1. Let Z(fi) be the set of zeros of fi, i.e. Z(i1) = {t € R: [i(t) = 0}.

Remark 4.2. In general we have for spectral pairs (y,T') that Z(7) 2 (I' — ') \{0}. In Chapter [6] we
give a class of measures where (I' — I') \{0} is always a real subset of Z(fi).

The following example of the 1/4-Cantor set belongs to a class like the one considered in Chapter
0l

Example 4.3. For the invariant measure p given by the alF'S (Tg(x) =1,z = ””T“), we have that
(1, T) is a spectral pair, where

k

(4.0.1) I = {ZW (1 €{0,1}, k NO} =1{0,1,4,5,16,17,20,21,...}.
=0

The Fourier transform of p is

R (e () B ().

n=1

where ey (t) = 2™ b € R, see [JKS08, [DJ09b]. Then we have that

z@=J U+ ({33} +n) 20-07\01

k=1nezZ
since 7€ Z (i) but 7 ¢ (I' = T).

Proposition 4.4. Let (u,T") be a spectral pair. If v =& x pu € M, where £ is a signed measure, then
(ey),er is orthonormal in L3(v), i.e. v € MH(T).

o~

PROOF. We have that fi(y) = 0 for all v € (I' = T')\{0} and thus v(v) = £() - fi(y) = 0 for
v e (T -T)\{0}. .

Proposition 4.5. Let (1, ') be a spectral pair and let v = € x u € M with £ a signed measure and
|§] = 1. Then (ey). cp is orthonormal basis in L?(v), i.e. (v,T) is a spectral pair.

ProOOF. We have by Proposition that (ey),cp is orthonormal in L?(v) and we have that
> er IRt — 7)|? =1 for all t € R and so

ST —E =" € — )P Jac— ) =1.

yel’ yel’
U

Remark 4.6. If we consider in Proposition [4.5]only probability measures £ instead of signed measures
then |£| = 1 ensures £ = 4, for some a € R, since for t € R

‘/Reizmxdf(iﬂ)‘ =1 < /R/Rcos(27Tt(£U—y)) dé(z)dg(y) = 1.

39
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For signed measures v with || = 1 it follows that 7(t) = e*9(*) for some continuous function g : R — R
with g(0) = 0.

Proposition 4.7. Let (u,T') and (v, A) be spectral pairs, such thatT' —T'= A — A.
(1) Then p € M*-(A), ve M), uxv € M+ (') and puxv € M+ (A).
(2) If p = & v, where € is invertible and |£] = 1, we have p € MOB(A) and v € MOB(T).
(3) Let (u,T) be a spectral pair and let A C Ng such that T —T' = A — A. Then (ey)

orthonormal in L?(j).

~EA 18

Remark 4.8. By an invertible measure, we mean a measure p such that there exists a unique measure
¢ so that for all measures v we have & x (u*v) = v. We will write p~! for &.

PROOF. ad (1): Since we have fi(y) =0 and (y) =0fory e ' —T' = A — A, v # 0, it follows
that Z(i) D (A — A)\{0} and Z(¥) D (I = T)\{0}. Thus u € M+(A) and v € M+(T). The other
two statements follow from Proposition

ad (2): If u = £*v, we have f = £ -V and thus it follows that Z(¥) = Z(i1) since Z(E) = 0.
Furthermore,

L=t =P =Y &t =P 1o —nP = P -

vel vel’ ~el’
Thus, v € MPB(T). Since ¢ is invertible, we have that v = ¢! % u. Thus, it follows that p € MOB(A).
ad (3): This result follows easily from the observations above. O

Now we turn to further properties of M= (T).

Proposition 4.9. Let I', A C R, countable.
(1) IfT C A, then M+(A) € M(T).
(2) Letv e M+ (A), ACR and T' C R be such thatn- (I —T) = A — A for some n € R. Then
it holds for v = D(n-) that v € M*(T).

PrOOF. ad (1): If I' C A, then for 4 € M+(A) we get
Sl — P < Y A — )P <1
yel’ YEA

ad (2): Easy observation. O

Remark 4.10. We further notice the following properties of spectral pairs and orthonormal families.

(1) If we have that I' ¢ A, then MPB(T') N M+ (A) = (), because if p € MOB(T) N M+ (A)

then we have that eg L e, for § € A\I' and all v € I" and consequently, (en,)y r cannot be
maximal. Thus, it is not an ONB in L?(u).

(2) In the setting of Proposition (3) it is still unclear when (e4), A is an ONB in L?(p). In
general we know that (u, A) does not give an spectral pair, compare (A|jp,1], Z) and (A|jo,1],T")
in the next section (Example [5.10). But we have that (u,A) is a spectral pair if A =T +a
for any a € R.

€

The following example shows that if we start with a spectral pair (u,I') and another set A ¢ Z
such that I' = I' = A — A, it does not follow that (i, A) is a spectral pair, too.

Example 4.11. Consider the 1/4-Cantor set and the invariant measure y given by the alFS (7'0 (x) =
2 71(z) = ££2) and the set I given as in (4.0.1). As the set A we take A =T'\{0,1}. Then we have
that ' — ' = A — A but (A, ) is not a spectral pair since

oA+ =Y A+ P~ ROP - [EE+ 1P <) At + )P =1,

yEA ~el’ ~el’
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if |7i(t)|?> # 0 or |fi(t + 1)|? # 0. Recall from Example [4.3| that /i takes the form in (4.0.2)). Thus, the
above fails to occur only if cos (2%£) = 0 or cos (% =0 for n € N. But this can only happen for
a countable number of ¢t. Consequently, we do not have that (u, A) is a spectral pair.

Now we give ways to obtain another element in M= (T) if we already know that u € M*(T),
I'cz.

Proposition 4.12. Let y1 be a probability measure on R with supp(p) C [0,1]. Define pz = >, u (- — k).
Assume that the set (e4). ., I' C Z, forms an orthonormal set in L?(u). Let f be a bounded measurable
(with respect to pz) function f > 0 that satisfies

Zf(x +k)=1, for uz-a.e.x € R,

kEZ
then the measure v = fdugz is in M+(T).

PrROOF. For v € I' — T" we have

Jero= [ erstin =3 [ gt Rdste)

kEZ

_ /Supp(m ey (@) S flw + k)dpuz(z) = / o (2)du(x) = b 0.

kEZ supp(u)
0

Remark 4.13. In the proposition above we do not have the other implication, i.e. from the measure
v € M+(T) it does not necessarily follow that there exists a function f with the properties above so

that dv = fduy. We can see this if we consider the measures obtained by Hadamard matrices, see
Chapter [6]






CHAPTER 5

Sets I' forming a spectrum such that the set of differences is
equal to Z

In this chapter we consider a countable set I' C R such that I' — I' = Z and we are looking for
measures £ such that (e4). p, is an orthonormal basis in L?(u), i.e. such that (u,T) is a spectral pair.
Lemma 5.1. Let I' C R satisfy I' —I' =7Z. Then

M+ () = M+ (7).

PRrROOF. Notice that (egle,) = 3~ just depends on the difference v — 5. Consequently, the result
follows. O

Remark 5.2. Regarding the sets M©5(Z) and M+ (T") we notice the following.

(1) It is well known that Alj 1] € M9P(Z).

(2) We easily see that o = v * A|[g,1) with € M is also in M+(I'), =T = Z.

(3) If we consider I' C R such that I' — T' = Z, then it follows that for all 4,7 € T" we have
v —1v] =" — 7] Consequently, we get T =TI" + a for some IV C Z and a € R. Thus, we
can assume [' C Z without loss of generality.

Theorem 5.3. For every pu € M*(T') its Fourier transform factors as a product
//j\/ = f : )‘|[0,1]7
where f extends to to an entire function on C of the form given in .

For the proof of Theorem [5.3] we need the Weierstrass Factorization Theorem, which can be found
in [Rud&7].

Theorem (JRud87]|, Weierstrass Factorization Theorem). Let f be an entire function, suppose f(0) #
0, and let z1, 2z, ... be the zeros of f, listed according to their multiplicities. Then there exist an entire
function g and a sequence {p,} of non-negative integers, such that

10 = 15, ().
n=1 n

whereEp(z):(1fz)exp{z+§+~~+%} forp=1,2,... and Ey(z) =1 — z.

neN

ProoF oF THEOREM [B.3l Consider the Fourier transform of u. We have that 7i vanishes on Z
since p € M*(T).
The first step is to extend the functions fz and Ao 1) to entire functions on C. For this notice

-

that 71 and Ao 1) are analytic on T since the measures have compact support. Then we define the
extensions in the following way:
Consider [—A, A] such that supp(u) C [~ A, A] and consider 2™ in a power series:

[eano) = | S ) = 3 2T [atauta)

n=0 n=0

43
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and | [2"dp(z)| < [|z|"dp(z) < A™ and thus

/ 2mtw |Z27Tt|n An 27r\t|A
du( Z

Consequently, we can extend the function to an entire function on C. Thus, we get

fi(z) = /ei%”dﬂ(x) and Alpo,1)(2) = /emmd/\l[o,ﬂ(w), zeC.

Furthermore, we have that for z € C

iTZ —imz

)\|[0 1]( ) ! (ei27rz — ].) = eiﬂzi — eiﬂ'z Sin(Zﬂ-) _ eiﬂz H (1 _ Z)

127z 12Tz 2T

by results of [Rud87] and the fact that 1 — rsz =(1-2)(1+2).
Since we have that Z\{0} C Z(i) and fi(0) = 1 we can apply the Weierstrass Factorization
Theorem. For the zeros with n € Z\{0} we get for some p,, € Ny

> (z) (1 z) z+ 22 T zZPn
Y=(1-Z2) . expd 2+ 2 4., .

Pn\n n PAn ™ 202 DpnPr

Thus, we have all the factors 1 — Z—Z (since n € Z). Consequently, we get

Ai(z) = "™ - £(2) - N (2),

where h(z) = g(2) —inz+ ), <y fu(2), g is the analytic function obtained by the Weierstrass Factor-
ization Theorem and

22 2Pn

- +
n  2n? DpnPn’

s P 2 2Pn

n=1

and

where the z,, are the zeros which are not in Z. Consequently, we can write

A=) = £(2) - Mo (2),

with
(5.0.3) f(z) = €"¢(2)
and f, the composition, product and sum of entire functions, is entire. O

Remark 5.4. We give some properties of the function f given in (5.0.3).

(1) f:C — C is an entire function.

(2) For f it holds that f(—z) = f(z), z € C.

3) f does not have any purely i 1mag1nary ZEros.

(4) f(k) = (@) (k) -k for k € Z and | | < oo, (B)' (t) = [i2mx - et dpu(x).

Conjecture. We conjecture that all measures in M*(Z) take the form v* A[o,1], where v is a signed
measure.

Remark 5.5. The conjecture can be differently stated as: The function f in ((5.0.3) is the difference
of two positive-definite functions. Consequently, it is the Fourier transform of a signed measure v with
v * Al[o,1] being a probability measure.
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Example 5.6. Now we give an example for the correspondence between the characterization of u €
M~+(Z) as dp = fdX for some function f > 0 with Y, _, f(z 4+ k) = 1 for Lebesgue-a.e. = € R as
given in Theorem and 1 =V - )‘/l[(E (in this case even p = v * Ajg,1]) as given in Theorem
Consider the function f(z) = (1 — ) - Lj1)(2) + (x — 1) - L1,2)(2). It follows that fd\ € M*(T) for
every set I' C Z such that I' — I" = Z. The corresponding measure v such that fd\ = d (1/ * )\|[0,1]) is
v=20y+d — /\‘[071].

We are interested in the measures which give us a spectral pair. More precisely, in the set M*(T)
with I' — T' = Z we look for the set MPB(T). A natural place to look for such measures is the set of
extreme points of M- (T), since in Proposition (2) we have seen that M©B(T') is not a convex set.

Theorem 5.7. The elements in MOB(Z) are exactly the extreme points in M*(Z), i.e. MOB(Z) =
ext(M+(Z)).

PROOF. We prove first the inclusion M©5(Z) C ext (M*(Z)) via the characterization of [DJ10],
see Theorem So assume that for 4 € M9B(Z) and vy, v € M+ (), 0 < a < 1,

p=a-v1+(1—a)- v
By Theorem we have that for vy, vo there are functions f1, fo > 0 such that for j =1, 2,

Z fi(ly + k) =1, for Lebesgue-a.e.y € R.
keZ

For pu the corresponding function is f = 1 4, where A is a compact set that is translation congruent to
the unit interval. Consequently, we have

fdx=a- fidA+ (1 —a) - fadk = (a- fi + (1 —a)- f2)dX.

Since the Radon-Nikodym derivative is Lebesgue-a.e. unique, we have f = a - f1 + (1 — «) - fo.
Furthermore, we have supp f = A, and since fi, fo > 0 it follows that supp f; C A for j = 1,2.
Consequently in ), , fj(y + k) = 1, there is just one non-zero summand for Lebesgue-a.e. y € R
since there exists a partition of [0, 1] of sets Ey C [0,1] such that A = J,c;, (Ex + k), lx € Z. Thus
for the [ € Z with f;(x +1) # 0 it follows that f;(y 4+ 1) = 1. Thus, it follows that f;(y) = La(y) for
Lebesgue-a.e. y € R, j = 1,2. Hence, the result follows, i.e. p is an extreme point in M*(T).

To prove the other inclusion, ext (M*(Z)) ¢ M©B(Z), we fix p € ext (M*(Z)) and notice that
the function f such that fd\ = u € M~*(Z) has compact support, so supp(f) C [—¢, ] for some ¢ € R.
Furthermore if f is not a characteristic function of a set which is translation congruent to [0, 1], that
means fd\ = u for p ¢ MOB(Z), then we have A (supp(f)) =d > 1.

Now we consider the positive function (f — 5)+, defined for € R by

(f —e)@), if (f —e)(x) 20,

0, otherwise,

(f =) (x) = {

for some ¢ > 0. For these functions we have that A (supp ((f - 5)+)) N d for e — 0 and for g1 > &5
supp ((f - 51)+) C supp ((f - 52)+). Now we assume that for all € > 0 and all partitions there exists
an element Ej C [0,1] of the partition such that for all I € Z we have (Ej + 1) € supp ((f - 5)+).

This is equivalent to
A ((Ek + 1) N'supp ((f - s)+)> =0

because if A ((Ek + 1) Nsupp ((f - 5)+>) # 0 and Ex+1 ¢ supp ((f - 5)+) we can consider a different

partition that satisfies this property. Consequently, it follows that f(x+1) < ¢ for Lebesgue-a.e. x € Ej,
and [ € Z. Thus, we have to sum up 1/¢ times these € Ej. This contradicts that f has compact
support.
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Thus, there exists £ > 0 with A (supp ((f - €)+>> > 1 and there exists a partition (E%),.; such

that for all sets Ej, C [0,1] of the partition there exists an I, € Z with (Ex + lx) C supp ((f - 5)+).

Now we define A = |J,.c; Ex +11 and fi = 1 4. Define fo = 1; (f —ely). These two functions satisfy

> kez Ji(x +k) =1 for almost all z € R. For f; it is obvious and for f it follows from

Zi(f(xM)—auA(Hk)): i (Zf(x+k;)—eZ]lA(x+k)> =1

1—¢
kEZ keZ keZ

Consequently, we can write any function with A (supp(f)) = d > 1 as a convex combination of two
other functions, namely f = ef; + (1 — ) fo. Hence, ext (M*(Z)) c MOB(Z). O

Remark 5.8. If we consider M+ (Z), compare Proposition (3), and

MOB(Z) = peM: > |it—y)P =1forallt R
YEZL
instead of M+(Z) and M©B(Z), then we can still prove M©B (Z) C ext (MJ-(Z)) in the same way as

we have proven M©5(Z) C ext (M~*(Z)). But the proof of the other inclusion does not work in the
same way, consider e.g. the function

2F—1
1
fl@) = 22—16 Z ]1[2%72;#1](%_”)’ x eR.
k>1° n=0

Now we turn to further properties of the set M5 (T).
Theorem 5.9. ForT' ¢ Z withT — T =Z, MOB(T') = .

PROOF. First recall that M1(I') = M (Z). If p € MPB(T) then consider 8 € Z\I' and so e L e,
for all v € I'. Consequently, (e,). o cannot be complete. Thus, MOB(T) = 0. O

Example 5.10. An example for a set ' C N such that ' = T' = Z is

k

I = {Zmi 1, €{0,1}, ke NO} =1{0,1,3,4,9,10,12,13,27,28,... }.
i=0

Consequently this is an example for M©B(T") = (). This set would be the natural choice for the middle-

third Cantor set in analogy to the 1/4-Cantor set, compare Example But we know that there is
no spectral pair for the middle-third Cantor set, see [JP98a| and Example

From now on we consider the special case of I' = Z.

Proposition 5.11. If uy € MOB(Z) with pn = 14d)\ and A = S neolak, bk) + U, ak, by € [0,1], Iy € Z,
then p = v x Ao,1), where v is given in .
PrROOF. By translating A as necessary, which does not change the spectral properties of pu =

14d)\, we may assume without loss of generality that ag = 0, [ = 0 and A C R*. Furthermore
Imax := max {l : k € Ng} exists since u has compact support. Then with

0 Imax—1
(5.0.4) Vim0 (Bapttits — Obgttits) F Olunan
k=0 j=l+1
we get 1adA = v x A|jo,1)- O

Remark 5.12. If in Proposition (2) A= Zi\;o[akvbk] + g, ak,br, € [0,1], I, € Z, N € N, then
N must be even.
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FIGURE 5.0.1. Display of the map t — |D(t)].

Example 5.13. For the Example we have that A|4 = v x Aljg,1] with

V:i<§k+ﬁ_5k+%>‘

k=1

This example does not have compact support.
For an example with compact support we can consider Ao 1/2)u[3/2,2- Then v takes the form

1/1507(;1/24*51.

Example 5.14. As an example of a signed measure of the form v = ZkN:O(—l)kéxk, we consider
v =00 —01/4 +03/5 — 0475 +01. Then the map t +— [(t)| looks as shown in Figure Consequently,
it does not satisfy |[7| = 1. So there are signed measures v such that v * g1} € M©P(Z) that does
not satisfy |7 = 1.

5.1. Considerations about M+ (T) for I' C R satisfying I' — ' = kZ, k € N

In this section we characterize the sets M1(I"), MOB(T'), where I' C R with I' — I' = kZ for some
k € R*, k # 0. We obtain analogous results to those for M- (Z) and M?P(Z) by considering the
relation between M+ (T), MOB(T') and M+ (Z), M9B(Z).

Remark 5.15. Before we start stating the results we notice the following.

(1) First notice that M+ (') = M*(kZ) for T C R with I' — " = kZ for some k € RT, k # 0.

(2) For I' C R with ' — ' = kZ for some k € R, k # 0, we notice that I' = T” + a for some
set IV C kZ and a € R. Consequently, we can assume without loss of generality I' C kZ with
I'-T =kZ.

Proposition 5.16. p € M (kZ) if and only if there is v € M*(Z) with D(t) = fi (kt) for all t € R.

PROOF. Let u € M+ (kZ) and take v such that ¥(t) = ji(kt), t € R. Then v is a positive
measure since 7 is a positive definite function and hence the Fourier transform of a positive measure.
Furthermore, 7(0) = 1 and so it is even a probability measure. For [ € Z it follows that D(l) = u(kl) =
S0.1- Consequently, v € M+(Z).

On the other hand take v € M~*(Z) and consider a measure p with 7i(t) = v (%), t € R. Then the
argument goes as above. O

Corollary 5.17. € MOB(kZ) if and only if there is v € MOB(Z) with v(t) = 1i (kt) for all t € R.
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PROOF. Let u € MOB(kZ), then there exists a measure v € M+ (Z) with D(t) = i (kt), t € R. Tt
2

follows that
B . g (t=I\|" |-t
1= iae-or= S () [ =X (5 -

lekZ lekZ ez
and thus v € MPB(Z). Starting with v € MY5(Z) we obtain in the same way that pu € M9B(kZ)
with 71 (t) =7 (), t € R. O

Remark 5.18. With Corollary we can easily obtain an element in M5 (kZ) which is kX1 k]

since 1k
I 127t k 2wt N 3
kXjo,1/x)(t) :/O ke dX(z) = o (e e~ 1) = Mo.1] (k) ,

This element takes in the study of M~ (kZ) the role that has the Lebesgue measure restricted to [0, 1]
in the study of M=*(Z).

2

Now we turn to the results about elements in M+ (kZ) and M©® (kZ), which are analogue to those
for ML(Z) and MOB(Z).

Corollary 5.19. We obtain the following results for M+ (kZ) and M9B(kZ), k € R*, k # 0.
(1) Let u be a Borel probability measure on R. The following statements are equivalent:
(a) The set (ey) ey forms an orthonormal set in L3(u), i.e. u € M (KZ).
(b) There exists a bounded measurable function f > 0 that satisfies

Z flx+1) =k, for Lebesque-a.e. © € R,
letZ
such that dp = fd\.
(2) p € MOB(KZ) if and only if u = k1 ad\, where kA is translation congruent to [0, 1].
(3) Let T' C R with T — T = kZ. For every u € M*(T) its Fourier transform factors in the
product -
p="k-fMoam,
where [ extends to an entire function on C.
(4) The elements in MOB(kZ) are the extreme points in M+(kZ), i.e. MOB(kZ) = ext(M*(kZ)).
(5) For T ¢ kZ with T —T = kZ, MOB(T) = .

PRrROOF. ad (1): To obtain this result we combine Theorem and Proposition Let p €
M (kZ), then there is v € M*(Z) with ¥(t) = fi(kt). For v € M*(Z) we know that there exists
a function g > 0 with >7,_, g(x +1) = 1 for Lebesgue-a.e. 2 € R and v = gd\. Consequently,
v(t) = g(t) = u(kt) and so p = fd\ with f = kg (k-) and f satisfies for Lebesgue-a.e x € R

ST flatl)= > kgk(z+1)) =k Y glkx+m) =k

le+Z e+ meZ

The other directions follows analogously.
ad (2): To obtain this result we combine Theorem [2.28 and Proposition [5.16]
): To obtain this result we combine Theorem [5.3| and Proposition [5.16
4): To obtain this result we combine Theorem [5.7| and Proposition [5.16
5): To obtain this result we combine Theorem [5.9| and Proposition [5.16 O




CHAPTER 6

Construction of spectral pairs via (N x N)-Hadamard matrices

In this chapter we consider one dimensional spectral pairs that we obtain via (N x N)-Hadamard
matrices. More precisely, we consider Cantor sets and the circumstances in which there is a spectrum or
family of orthonormal functions of the corresponding invariant measure defined in Definition [2.9] The
invariant measure for such a fractal is precisely the ﬁ‘;i%-Hausdorff measure restricted to its invariant
set.

Definition [2.12] gives the general definition of a Hadamard matrix. We will consider these in the
sense of Theorem [2.21] i.e. we impose the restriction 0 € L. We further only consider cases with 0 € B.

Remark 6.1. The restriction 0 € B is not a great restriction since if we consider an alFS (Tb(ac) = “"be) beB’

R e N, B = {by,...,bx} C R\{0} there is € R with 75, (x) = z. Furthermore, we have for the
invariant set C' C [z, 1]. Consequently, if we translate the invariant set by x to the left we obtain an
invariant set C' C [0,1 — 2] for the aIFS (oy(z) = )
measure ji for the translated fractal from the original invariant measure p as 1 = d_, x 4 and we know

that a convolution with §_, does not have any influence on the spectral properties.

Furthermore, we obtain the invariant

In the next example we show that we cannot simply omit the property 0 € L.

Example 6.2. Recall the Example There we have a Hadamard matrix for R = 4, B = {0,2}
and L; = {0,1}. Let us now consider Ly = {4,1}. It is easily checked that this also gives a Hadamard
matrix Mr(B, Ly). If we consider the corresponding sets I'y and I'y given as

k
T, = {ZW’ el ke NO} ={0,1,4,5,16,17,20,21,64,65,...},
1=0

k
Iy = {Zliéﬂ 2l € Ly, k€ NO} ={1,4,5,8,17,20,21,24,33,36... }.
i=0

We can easily see that 'y # I'y + k for all £ € Z. Furthermore, I's does not even give an orthonormal

set for p since 32 € 'y — 'y and [i(32) = ¢i*%” [T~ cos (21;1,32) # 0.

6.1. Hadamard matrices

Before we start with the considerations about spectral pairs for Cantor sets, we give an introduction
to Hadamard matrices based on |[TZ06).
Definition 6.3. A square matrix H = (Hj;), ;.

i,j € N, is called a Hadamard matrix if HH* = N - I, i.e. ﬁH is unitary (I stands for the identity

 Oof size N consisting of uni-modular entries, |H;;| = 1,

matrix). One distinguishes

(1) real Hadamard matrices, H;; € R, for 4,j € N,
(2) Hadamard matrices of Butson type H(q, N), for which (H;;)*=1,4,j € N,
(3) complex Hadamard matrices, H;; € C, i,j € N.

We will only consider complex Hadamard matrices.
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Definition 6.4. We need two other general notions about Hadamard matrices.

(1) A complex Hadamard matrix is called dephased when the entries of the first row and column
are equal to 1, i.e. Hy; = Hyp =1 for all7 € N.

(2) Two Hadamard matrices H; and Hs are called equivalent if there exist diagonal unitary
matrices D; and Do and permutation matrices P, and P, such that Hy = D1 PiHyP>D5.

Lemma 6.5. For a complex (ﬁ X E)—Hada@ard matriz H there exist uniquely determined diagonal
unitary matrices D, = diag (Hoo, Hig, ... ,H(N,l)o) and D, = diag (1, HyHoq, - - . ,HOOHO(N,I))
such that D,.HD, is dephased.

Remark 6.6. Some remarks about Hadamard matrices:

(1) Two Hadamard matrices with the same dephased form are equivalent.

(2) The Hadamard matrices are only completely classified for N = 2,3,4,5,6. For larger N we
do not know all the possible forms of Hadamard matrices. Consequently, we cannot consider
general Hadamard matrices but we restrict ourselves to the so-called Fourier matrices of size
(N x N). These are the dephased Hadamard matrices with (Hlj)jEN = (1, w,w?, ... ,wN_l),

2w /N

w=e , as the second row.

Before we start with the spectral pairs obtained via Hadamard matrices we give the classification
for N =4.

Example 6.7. Let N = 4. All dephased Hadamard matrices have the form

1 1 1 1

1 1 ele —1 —¢i@

511 -1 1 -1 , a € [0,2m).
1 —efe —1 ele

In this way we can obtain e.g. the following spectral pair. Let R = 8, B = {0,1,4,5} and L =
{0,1,4,5}. Then we get

1 1 1 1
111 w -1 —w i
MR(B,L):5 L1 1 1 . w=e2m/8,
1 —w -1 w

Furthermore, we have that I'(L) is even the spectrum for ppg, see [DJ10].

6.2. Zeros of [

In this section we consider properties of an invariant measure pupg of an alFS (Tb(:v) = %‘b)

beB’
B CR,0€ B,card B= N, R > 2. The Fourier transform of up takes the form:
A(t)—ﬁi Se ()], ter
peW =11 "\Rr) )’ '
n=1 beB

The following result is in analogy to Lemma 11.2 of [JKSO08|, where it is shown for one specific kind
of fractal.

Proposition 6.8. Let BC R, R N, R > 2, and let up be the invariant measure corresponding to
the alFS (1y),cg- Supposet € R is a fived real number. There are K € N and ¢ > 0 such that

15 (% ()

In other words, if for some tg € R, p(to) = 0, then one of the factors of the product must be 0.

> c.




6.2. ZEROS OF fi

PROOF. Let t € R be fixed and notice that

(S el T (Sl =

We further consider the real part and show that [], - ‘%e(% ( > ben b

realize that for ¢ > 0

T (x (Sal) 20 = % n(|n(m (e

The Taylor expansion of (Zbe 56 ( #)) around 0 gives

¥ () - NZ(ZM)

beB beB

_1_722 k+1 27rtbR

beBk>1

(3 ()
Now define for n € N, t € R,

Thus, we have

En

We have that &,(t) > 0 since

)

mM

k>0

1
:1—NZZ
beB k>1

ni

T

I1 ()]

Z k+1 27TtbR
(2k)!
k>1

(2k).

2

—13%(;/,(};3%(;))) <1 = 1<) <1 <= 0<en(t) <2.

Now we choose N; € N such that for all n > N; we have

en(t) <

N 2
beB

and choose Ny € N such that for all n > Ns:

1 (27TbR_")2 9
N Z — =t < 1.
beB

Now we consider the Taylor expansion of In |§Re (% (ZbEB ep (

2

a2
< 1 (2mbR™™) 2

o

£))) |- We have for —1 < e, (t) <1

1 t e (t)F
In %Q<N(Zeb(Rn>))| =In(1—¢,(t)) = —Z .
beB k=1
Now we choose N3 € N such that for all n > N3 we have
% < 2e,(t).
k=1
This is possible since for 0 < &,(t) < 1/2 we have
) k 0
en(t) ! en(t)
< L(H)F = < 2e,(t
2 _kg:f (t) e S (t)

51



52 6. CONSTRUCTION OF SPECTRAL PAIRS VIA (N x N)-HADAMARD MATRICES

Consequently, if we choose K > max { N7, Na, N3}, we have

gln“ﬁe(;](éeb(;)>>‘ :T;((—;M,f)k) > Z: —2¢,(t)

n7

> %Z(zwb)%*%t?

n>K  beB
]' —2n
ey > (2mb)? > R,
beB n>K

Now we define

c:=exp ( - % Z(27rb)2 Z R72”t2) >0

beB n>K

and thus we have
Ty o)l = T Re(( S elg)) 2 e
n>K ~ beEB n>K beB
O

Consequently, the only zeros of jip are those coming from zeros of the factors in the infinite
product.

Lemma 6.9. Let BC R, R€ N, R > 2, and let ug be the invariant measure corresponding to the
alFS (1y)yc5- The zeros of fip are

Z(ip) = URl(Z(Zeb)).
=1 beB
PROOF. With Proposition [6.8] we know that for ¢y € R to be a zero of fi5, one of the factors

% (ZbeB €p (%)) must be equal to zero. 0

Remark 6.10. We can write the elements of Z (3 ,c €s) in terms of the ones in Z (Y}, pep) =

Z (> pepen) N[0,1] as
2(3a)=Uz(Xa)+k

beB kEZ beB

As an easy observation we get the following proposition.

Proposition 6.11. Let B C R, R € N, R > 2, and let up be the invariant measure for the alFS
(16)pe- Then (efy)weF are pairwise orthogonal in L*(ug) if and only if

v —v" € Z(ig), for all v, €T.
Consequently, for all v,y €T there area € Z (Y ycpen), n €N, k € Z, withy —+ = R"(a + k).
PRrROOF. This follows from Proposition Lemma [6.9] and Remark O

Now we turn to the first correspondence between the existence of Hadamard matrices and the
zeros of a measure up.

Corollary 6.12. Let BC R, Re N, R> 2. If % > pep €b does not have any zeros in [0, 1], then there
does not exist any orthonormal functions e, v € R, in L*(up), where up is the invariant measure for
the alFS (1y),c - Furthermore, then there does not exist a Hadamard matriz.
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ProoF. From Proposition we know that for (e,) ., I' C R, to be orthonormal in L? (uB)
we must have y —+' € Z (ip) for all v,7' € T and Z (i) = Ujeg R (Ukez 2 (Xpepes) +k) =0 if

Z (ZbeB eb) = (D
For the second part consider the Hadamard matrix Mg(B, L) for some set L C Ny with card L =

card B and 0 € L. From the unitary condition of the Hadamard matrix it follows that ), - ey (%j) =
0 for l,l~€ L, 7él~, which is not possible if Z (EbeB eb) = 0. O

Remark 6.13. We have the following correspondence between the zeros of ), _ ;; e, and the elements of
theset L = {l; : i € N} of the Hadamard matrix. For any l;,l; € L, i # j, we have Lilieyg (ZbeB eb)

R
and since 0 € L we also have % €Z(Xpepen), i € N\{0}.

Proposition 6.14. Let BC R, 0 € B, R € N and R > 2. There exists a Hadamard matric Mg(B, L),
L C R, N =cardL = card B, if and only if there are at least N — 1 elements in a; € Z (EbeB eb)
with a; —a; € Z(EbeBeb), i,jeN,i#j, and Raj € Z, j € N.

PROOF. Assume that there exists a Hadamard matrix Mg (B, L) then we know that for ;,1; € L,
i 7, l"l_%lj ez (ZbeB eb) and since 0 € L we even have % ez (ZbeB eb), l € L,1#0. Consequently,
we have at least N — 1 elements a; = %, j€N\{0}in Z (X ,cpen) with a; —a; € Z (X ,cpen) and
RCL]‘ € 7.

For the other implication assume there are at least N — 1 elements in a; € Z (Zbe B eb) with
aj —a; € Z(YXpepen), i,j € N, i # j, and Raj € Z, j € N. Define I; = Ra; for j € N\{0} and
L={0,l1,...,In-1} C R. Then Mg(B, L) gives a Hadamard matrix. O

Corollary 6.15. Let BC R, R € N, R > 2, and let up be the invariant measure corresponding to
the alFS (1), - If there exists a € Z (ZbGB eb) and some m € N with R™a € Z, then there exists a
countable family of orthonormal functions, namely (eﬁy),yEF with T = {R™"a : n € N} in L*(up).

PROOF. This result follows analogous to Proposition O

Example 6.16. Consider B = {0,1,2,5} and R =8. We know Z (> ,czes) = {3 +k: k € Z} thus
for T = {& : n € N} we have that (e4),er is orthogonal in L?(u). But we do not have that (up,T)
is a spectral pair since Y |5 (t — 7)|? # 1 for a.e. t € R by calculations.

Remark 6.17. Under the conditions of Corollary if there exist at least two elements a1, as in
Z (ZbeB eb) with R"a; € Z, j =1,2, me N, and a1 —as € Z (ZbeB eb), then the family (ex),cp,
[ = {R™"q : n € N}, is not maximal in L?(ug).

If the positive integer m in I' = {R™"a : n € N} of Corollary is not min {n € N: R"q € Z},

then the family (e,), ., I' = {R™"a :n € N}, is not maximal in L*(up).

Example 6.18. With the observations above we can see why we cannot find an ONB for the middle-
third Cantor set. It is a well known result that for the middle-third Cantor set there do not exist more
than two orthonormal functions e, v € R, see [JP98al].

This Cantor set is given via (10(z) = £, 72(z) = £2)
we have

. Consequently, for its invariant measure g
oo (o)
1 t . 27t
i) =1l z(14+e(=))=e"|]cos|=]).

Z () = G U (3"<i+k>):{3:(1+42):neN}.

n=1kcZ

The zeros are

Now assume that for some x,y,z € R we have x —y € Z(ii) and z —x € Z(1), i.e. x—y =3™ (i + kl)
and z —x = 3"2 (% + kg). Consequently, z —y = 3"2 (i + kg) +3m (i + kl) ¢ Z(p). Thus, we cannot
have more than two orthogonal elements in (ew)7 op for any set I' C R.
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Now we turn to a more general case in which we only have finitely many orthonormal functions
es, s € R, in L%(p).

Proposition 6.19. Let BC R, R€e N, R > 2, and let up be the invariant measure corresponding to
the aIFS (1y)ycp- If for alla € Z (3, es) and for all n € N we have R"a ¢ Z, then there are only
a finite number of orthonormal functions e, v € R, in L?(ug).

PROOF. Assume that (e,,e, ) are orthonormal in L?(pup). Then v — ' = R™ (a1 + ki) for some
n €N,a; € Z (ZbGB eb) and k; € Z. Consequently, any 5 € R with eg orthonormal to e, in L2(MB)
satisfies v/ — 8 = R™ (ag + ko), some ny € N, ay € Z (ZbeB eb) and ko € Z. Furthermore, it follows
that
v =B =R" (a1 4+ k1) + R" (ag + k2) = R™ (a1 + R™ ™ay + l) ,

where we assume that n; > no and [ € Z. For (eg,e, ) to be orthonormal we must have that
a1 + R™ ™ay € Z (Y ,cpep). But since there are only finitely many elements in Z (3,5 ;) and
for every a € Z (Zbe B eb) we have R"a ¢ Z for every n € N, this can only happen for finitely many
0 eR.

O

Remark 6.20. One application of Proposition is the following: Let B = N and ged(R, N) =1,
then there are only finitely many orthonormal functions e, v € R, in L?(ug) since Z (Zbe B eb) =
{£:jeN\{0}} and R"- & ¢ Z for any n € N, j € N\{0}.

If we only assume R # Nk instead of gcd(R, N) = 1, it may be possible to find a countable family
of orthogonal functions, consider e.g. R =6, N =4 and B = {0,1,2,3}, then we have that I' C Z
with T' =T =J,,»; R"% gives a countably orthonormal family (ey),er in L3 (up).

6.3. Classification of Cantor sets via existence of Fourier matrices

In the following we consider some cases in which we can say whether we have a spectral pair or
only an orthonormal set. For this let B C Ny and L C Ny be finite sets such that card B = card L = N.
We denote their elements as B = {0,b1,...,bx_1} and L ={0,11,...,Ixy-1}.

Remark 6.21. Notice that all the measures pupg, B C R, R > 2, obtained from Hutchinson’s theorem
for an IF'S are mutually singular with respect to one another because they all have essentially disjoint

support. This can be seen by first realizing that the measures pp are the f}ig—dimensional Hausdorff

measures restricted to the obtained fractal Cp, i.e. supp(ug) = {Zi>1 ;R a; € B}. Furthermore,

we have that card (B N B’) < N —1. More precisely it is either BNB’ = {0} or BNB' ={0,¢1,...,¢n}
for some n € N — 1\{0}, if B and B’ have other elements in common. Consequently, we get that

supp(up) Nsupp(pp) =< Y a;R™": a; € BN B’
i>1
0, card(BNB') =1
{Zizl @R : a;€ BN B’} , card(BNB') =n+1, somen € N — 1\{0}.

For the first case we obviously have the statement. In the second case we can identify the set
{Zi>1 a;R7": a; € BN B’} with the limit set of the aIFS

(m) xr+c
Te = .
R ceBNB’

log(n+1)
log R

This limit set has the Hausdorfl dimension

log N
log R

and hence it has measure zero with respect to the

-Hausdorff measure.
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Now we turn to our results for the existence of Fourier matrices. We start with the possible scaling
for the alFsS.

Lemma 6.22. Let Mr(B,L), R > 2, B,L C Ny, card B=cardL = N < oo, give an (N x N)-Fourier
matriz. Then the scaling R must be a multiple of N, i.e. R= Nk for some k € N.

PROOF. For the matrix \/% (ei%R_lbl> to be a Fourier matrix, we must have for j € N\{0}
N beB,leL

that e27R ™ 'bily — w?, w = €e2™/N_ Thus, this is only possible if we have that R = Nk for some k € N
and k divides byl; for all j € N\{0}. O

Analogously we can state the following result.

Lemma 6.23. If R # Nk for allk € N, B CN, card B= N, then there is no set L C N, card L = N,
such that Mg(B, L) is a Fourier matriz.

PROOF. Compare the proof of Lemma [6.22] O

Notice that we cannot obtain for every set B C Nand R € N, R > 2, a set L C N such that
Mg(B, L) is a Hadamard matrix or even a Fourier matrix. In the next proposition we give some cases
where we can obtain such a set L.

Proposition 6.24. Let R = Nk, k € N. Then we have the following results.
(1) Let L = k- N then there are at least kN =1 different sets B C R with 0 € B, card B = N,
such that Mr(B, L) is a Hadamard matriz.
(2) For L#k-N, k prime, and L C R, card L = N, there is at most one set B C R such that
Mg(B, L) is a Fourier matriz.

kal

Remark 6.25. For (1) we can say more precisely that there are sets such that we obtain a

Fourier matrix.

PROOF. ad (1): We must have for some s € £N:

1 i2n(N-k) " tbisk _ 1 i2mbjs/N _
N Z e J = N Z e J = (5570.
JEN JEN

Consequently, we can conclude that b; = Nn; 4+ j for n; € Ny and j € IV, byp = 0. Hence with the
condition b; < R — 1, we have EN-1 options.
ad (2): From the Fourier condition it follows that we must have that

1 I
< Z ei2mR Yo (ln—lm) _ 5n,m.
JEN
Consequently, we sum up the Nth roots of unity. Since R = Nk it follows that b; must be a multiple
of k. Thus, we can only have a Fourier matrix if B = kIV. O

Remark 6.26. In the second part of the last proposition we do not always obtain a Fourier matrix.
We only get one if the elements in L take the form {Nn; + j : j € N\{0}, somen; € N} U{0}. In this
case the sets B and L are interchanged with those in Proposition (1).

Furthermore, if we assume k = kiko, ki,koy > 2, then we can also consider sets of the form
B=ky-Nand L =Fky-N.

6.4. Classification of orthonormal families coming from Hadamard matrices

Now we turn to cases where we even get a spectral pair. In the following we always assume that
we have a Hadamard matrix and we want to know when the corresponding measure pp and the set
I'(L) actually give a spectral pair.

Proposition 6.27. Let BC R, 0€ B, Re N, R>2, and let L C R, card L = card B = N, be such
that Mg(B, L) gives a Hadamard matriz. Let pp be the invariant measure for the alF'S (1y),c -
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(1) If ged{b1,...,bn—_1} = 1, then (up,[(L)) is a spectral pair. In particular, if 1 € B, then
(up, (L)) is always a spectral pair.
(2) If R > 2 is even and 2™ € B for some n € N, then (ug,I'(L)) is a spectral pair.

PRrROOF. ad (1): We assume that we have a non-singleton cycle, i.e. there is x € [0,1] with
T(x) = « for some w = (a1,...,a,), a; € L. Consequently, this property for x is equivalent to

> ;R = (R" — 1)z
j=1

The other condition that = satisfies is
1 2
~ |1+ ee (@) + -+ ey, ()| = N.

n CRi-1 n CRIi—1 . . . .
Thus, we must have that all of by - %, coby_1- 27(:1%%1) are integers, which is not possible

since even for the biggest possible 327, a; R/~ i.e. a; = max(L) < R — 2 for all j, we have that

R" -1

1.
.1 <R

> a7 < (R-2)

j=1
So we know that all b; must have a common divisor with R™ — 1, which is not possible since we have
ng(bl, ‘e ;bN—l) =1.

ad (2): The possible cycle points take the form = = % and x < 1. We have that R"™ — 1
is odd. Thus, one divisor of b; has to divide R™ — 1 for all b; € B. If b; = 2" for some n € N, this is
not possible. Hence we can only have the singleton cycle {0}. d

6.4.1. Connections between measures from Fourier matrices. In the following we only
consider the case where we have a Fourier matrix with the set L = k- N. First we recall that for
Mg(B, L) to be a Fourier matrix we have that B ={Nn;+j: j€ N,n; € No} C Rand R =kN.

Lemma 6.28. Let L =Fk- N. For all sets B C R, 0 € B, such that Mr(B,L), R = Nk, is a Fourier
matriz, then [ip is diwisible by pp,, where pp, is the invariant measure for the aIFS (Ty)pep, with
By = N and pp is the invariant measure for the alFS (1p),c -

PROOF. First we have that

s 13 (50 ()

where e, (t) = €2, Thus, if we show that 1 4+ x® + ... + 2¥-1 is divisible by 1 +z + -+ + 2V 1
we have the result. Now notice that we have b; = Nn; + j for j € N\{0} and n; € Ny by the proof
of Proposition (1). The result will be shown by induction. The statement is obviously true when
nG=--+-=nNnN-1 =0.

Assume it is already shown for nq,...,ny—1. Now we consider the induction step n; — n; +1 for
some j € N —1\{0}:

1+an1+1+.'.+anj+j+N+.'.+anN,1+N—1

=(1+az+a2+ - 2N (@t _ pNnitd)
41N+l oy NN o+ N=2 | Ny _i+N-1
and by induction hypothesis we have that 1 + N1+ ... 4 pNPv—1+N-1 ig divisible by 1 + 2 + 22 +
e + IN—l. D

Proposition 6.29. Let L = k- N and R = Nk. For all sets B C R satisfying 0 € B such that
Mg(B, L) is a Fourier matriz, it follows that ug = v * up,, where v is a signed measure, up is the
invariant measure for the alFS (1y),cp and pp, the one for (1y),c g, with By = N.
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PROOF. From Lemma we already have that i = g- i, , where g is a specific function. Thus
we have to show that g is the Fourier transform of a signed measure. From the proof of Lemma [6.28

we have that - m
o0 =TI e (7).

I=1=0
where jo = 0 and j; € {1,...,max(b1,...,by—1) — N +1}, B = {0,b1,...,bn_1}, bj = Nn; + 7,
j € N\{0}, and m € N depends on ny,...,nx_1.

Now let us consider v(-) = %52, > ((=1)%d;, (-R'). Then we have that
o) =I>(-V'es (57)-

1=1i=0
Hence it remains to show that v is indeed a signed measure with v(R) = 1. It is obvious that v(#) = 0
and v(R) = 1 since in every finite number s of steps we have that [];_, > ((=1)%;, (R'-R) = 1.
Furthermore, we have that v (I, oy An) = X ,.en ¥ (An) for disjoint sets (Ay,), oy
the Dirac measure §; (-R') and the sum of the Dirac measures. Consequently, it also holds for the
convolution. 0

because it holds for

In the remaining part of this section we further consider properties of the ideal generated by pp,
with By = N. We use ideal as explained in Remark [3:14]

Proposition 6.30. Let L=k -N, Re N, R= Nk, and let H(L) denote the measures obtained from
the Fourier matrices Mr(B, L) for different sets B C N. Then H(L) is a subset of the ideal (up,) in
B, where pp, is the invariant measure for the alFS (Tb)bEB1 with By = N.

PROOF. Let Mg(B, L) give a Fourier matrix, then ji5 is divisible by jz5, by Lemma Thus
we have that pp € ideal(up, ). O

Remark 6.31. Notice that H(L) ¢ M*(T).

Proposition 6.32. Let BC N, card B= N <oo, Re N, R > 2, and let up be the invariant measure
for the alFS (1y),cp- Then §, * pup for x € R is an extreme point in ideal(up) N M.

PROOF. We assume that d,xpup = a-vixup+(1—a)-vexup for some 0 < o < 1, vy *pup, voxpup € M
and vy, vy are signed measures. First notice that we then have vy, = v;" — v, vy = v — 5 and thus
Spxpp=o-vi *pup+(1—a) vf*pp—(a-vy xpup+(1—a) vy *pg).
Furthermore, we have that supp (I/j_ * HB) C supp (I/j+ * #B) and (supp (1/;' * ,uB) \ supp (1/7_ * ,uB)) C
supp (vj x pp) C supp (05 * ) for j = 1,2. We also have that 0 € supp (ug) and supp (6 x ug) C
[x,b + z], where b = max (supp(up)), and supp (1/]+ *MB) = supp (uf) + supp (up), j = 1,2. Con-
sequently, we have min (supp (V;r)) > x and max (supp (l/;r)) < z for j = 1,2. Thus, it follows that

vj =0, for j = 1,2, and so §, x up is an extreme point in ideal(pp) N M. d
Proposition 6.33. For By = N, R = Nk, k € N, and up, being the invariant measure for the alFS

(Tb)pep,» we can find a measure v such that Mo =7 - i, -

PROOF. First recall that A|g 1) is the invariant measure for the full alFS, i.e. for (7;(z) = Zt*).
Consequently, we have that for t € R N

Mo =1 % > e (Rtn)
n=1 i€ER

Consider for t € R
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—

Then we have that A|jg 1) = 7 - fip, since

@(t)zﬁ&(l—i—el (Rtn>+ ten. 1<an)>

__ x+a

Consequently, v is the invariant measure for the alFS (Ta(as) = % O

)aENk'

Proposition 6.34. Let B; = N, R = Nk, k,N € N, and up, being the invariant measure for the
alFS (1y),ep, - Then ideal (X|,1]) C ideal (up,) in B.

Let L=k-N, R= Nk, k,N € N. Then for all sets B C R such that 0 € B and Mgr(B,L) is a
Fourier matriz, it follows that ideal (up) C ideal (up,) in B, where up is the corresponding invariant
measure for the alFS (Ty),c -

PROOF. For the first part we only need that Alj 1; € ideal (up,) and this follows from Proposition
[6-33] The second part follows from Proposition [6.29] O

Remark 6.35. For N = 2, 3, 4, 5 we can even say in general that for R # Nk there does not exist
any Hadamard matrix, not only Fourier matrix. Furthermore for N =4 and L = {0, k, 2k, 3k} we can
only obtain a set B such that we get the Fourier matrix, not a different form of a Hadamard matrix.

6.5. Construction of (3 x 3)-Hadamard matrices

In this section we want to further explain the results of the previous sections in the case of (3 x 3)-
Hadamard matrices. We only include the results that we find helpful or where the proofs are easier
to understand. We also include some further results. There is only one dephased form of a (3 x 3)-
Hadamard matrix, namely the form of the Fourier matrix. Consequently, we can give a complete
characterization of the possible orthonormal families.

The unitary matrix of Definition now takes the form for B = {0,b1,b2} and L = {0,1,12}

1 1 1

1 1 62m‘R*1b111 62m‘R*1b112

V3 1 e2miR 'baly 2R bals

For this matrix to be unitary it is enough to examine the exponents of the exponential functions
because we have to consider the adding up of roots of unity and thus we get the following condition:

0 0 0 0 0 0
0 R 'l R byl 0 1/3 2/3 | (modR).
0 R_lbgll R_lbglg 0 2/3 1/3

In this case we get that R = 3k for some k € N, see Lemma |6.22

Proposition 6.36. For B = {0,1,2}, k € N, (up,I'(L)) is a spectral pair, where T'(L) is defined

in terms of L = {0,k,2k} and pp is the invariant measure for the alFS (r,(z) = St2

Ms (B, L) is a Hadamard matriz.

)b€{0,1,2}’ e

Remark 6.37. In general we cannot interchange B and L so that (uy,I'(B)) is a spectral pair whenever
(up,T(L)) is. But if we consider R = 6, L = {0,1,5} and B = {0,2,4}. Then we have a Mg(B, L)
Hadamard matrix and (ur,I'(B)) gives a spectral pair. We also have that (up,I'(L)) is a spectral
pair.

Example 6.38. In this example we want to show that for £ odd we do not always have a spectral
pair. Let us consider k = 3,i.e. R =9, L ={0,3,6} and B {0,4,8}. We can easﬂy check that L and

B give a Hadamard matrix. Now we can consider z = 3 and we have that 76 (2) = 2. Furthermore,
we have that

1

3 S1te @) +e(6)| =3

2
3 3 1
e (3) v (3)| =3

Consequently, in this example we can find a non-singleton cycle.




6.5. CONSTRUCTION OF (3 x 3)-HADAMARD MATRICES 59

In analogy to Lemma [6.28 we can give an algorithm to calculate the signed measure v that gives
KB =V*UB,-

Remark 6.39. To find the signed measure v that satisfies up = v x up, for some set B we proceed
inductively as follows.

Write by = 3ny + 1 and by = 3ny + 2 with ny,ny € Ng. Then jip is the product of sums with
2 -min(ny,ne) + 1 terms. We have to consider different cases.

Case 1: Let n =0, ny > 1, then we get

T4+2+2222 = (14242 (1—2)+2 1+ 4 27).
Case 2: Let no =0, ny > 1, then we get
14 23mtl 4 22 = (1 +z+ z2) (1= 2) + 22 (1 +z+ z3("1_1)+2> )
Case 3: Let no > 1, ny > 1, then we get

14 3mtl g 3nat2 _ (1 N 22) (1—2)+ 20 (1 4 p3m=1)+1 23(n271)+2> '

In the next step the same procedure is applied to the terms 1+ 23721 4 22 1 4 z 4 23(m1—-D+2 o
1 +23(n171)+1 +23(n271)+2.

In this case we give a precise formula for the m in the proof of Proposition [6.29]

Proposition 6.40. Let R=3k, L=Fk-N, k € N. For all sets B such that Mr(B, L) is a Hadamard
matriz, it follows that up = v*up,, where v is a signed measure, By = {0,1,2} and ppg is the invariant
measure for the alFS (1),cp and pp, the one for (),cp, -

PrOOF. This proof is analogous to the one of Proposition with m = 2 - max(nj,ns), where
b1:3n1+landb2:3n2+2. O

Now we state a result that we do not have for general Hadamard matrices. We first consider of
the zeros of fi5. We have that fip has the form fip(t) = [~ f (). t € R.
Lemma 6.41. All the zeros of f are simple (mod R) if and only if all of [i are simple.

PROOF. ” = ”: Assume that f has only simple zeros (mod R), i.e. let ay,...,a,, € R be the zeros
of f such that there does not exist n € N with R"a; = q; for any 4,5 € {1,...,n}. It follows that

{R"a;j:neN,je{l,...,m}}

are the zeros of i and these are simple.

7 < 7: In this case we have that g has simple zeros and we will prove by contradiction that f has
only simple zeros. So assume that f has at least one zero that is not simple. Then we have that R"a;
is not a simple zero of . This contradicts that & has simple zeros. (]

Proposition 6.42. Let B = {0,by,bo} and pp(z) = 1+2°1 42 then Z(pp)NT, T= {2z € C: |z| = 1},
consists of simple zeros.
PROOF. If there is some z in Z(pp) N'T which is not simple, then
1+ 20 4 2t =0,
by 2% 4 by2®? = 0.

Consequently, z%2 = b;’_lbl € T. This is just possible if bo = 2b; and this is in contradiction to

b1 2% + by2?? = 0. Thus, all the zeros of pp in T are simple. d

From the Proposition [6.42|and the Lemma [6.41|it follows that jip for any B has only simple zeros,
where g is the invariant measure to the alF'S (7),¢ -
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Example 6.43. Finally we give an example for the scaling R = 6, i.e. kK = 2. We consider the set
= {Z?:o 1;6°: 1; €{0,2,4} ,n € NO}, i.e. L ={0,2,4}. We have seen that for the possible choices
of B ={0,b1,bo} C {0,...,5} we must have by = 3ny + 1 and by = 3ny + 2 for some ni,ns € Np.
Thus, we obtain the possible sets By = {0,1,2}, Bs = {0,2,4}, B3 = {0,1,5} and By = {0,4,5}.
Furthermore, we know from Proposition that (up,,T) is a spectral pair. We can also show that
(qu,F) is a spectral pair for j = 2,3,4. To see this first notice that we must have for some a; € L

and n € N ) -

Z] 1aJRj Do a; R

== 7 7 dp=2=—""1____ 7
Rr-1 S0 MR R 8
where by,by € B;\{0}, i = 2,3,4. Notice that R" — 1 is odd and E?Zl ajR7~1 < R" — 1. Thus, each
b; must be a divisor for R™ — 1. This is not possible if b; € {2,4}. Hence we cannot have a non-trivial
cycle for By and By. For B3 we obtain this conclusion since 1 € Bj.

Now we obtain the Fourier transform of the measures:

_ | t t
BB, () = 3 (1 +e1 (6") +eo (6"

1

n=1
() ﬁ 1 (1+ ( )+ t
KBy = 5 €2\ =, €a |\ =
n:13 6 6

i, divides the other fig;, j = 2,3,4. So we can write fip, = f/; - g, for j =2,3,4 since

1+22 42 =14 2+42Y) - (1 - 2427,

T+t 425 =14+ 2+2%) - (1224 2%,

1+22 425 =0 42+42Y)-(1-2+23).
For jig, = & - Jip, we have for t € R

{1 (- (&) ()

n=1
Thus, we have that up, = &; * up, for j = 2,3,4, where §; is a signed measure.
Now we further consider the connection between pp, and pup,. For the support of these measures
we have that

supp /IJB1 {Zaz oy € {07 172}} and Supp /1432 - {Zaz oy € {032a4}} .

So supp(up,) = 2supp(up,) and ug,(t) = g, (2t), t € R. Furthermore, we have that (up,,I") and
(1B, ,2T) are both spectral pairs since for t € R

L= g+ =Y a5 @ +))° =Y a5 (2t +27)]°.

~el’ vyel ~yel
In the next step we consider the zeros for jip,; for j =1,2,3,4: We get for j = 1,3,4

=0 U ({53} ) ez =0 U ({5556} +)

k=1n€Z
Consequently, we have that Z(up,) 2 I' — I'\{0}.
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Furthermore, we have for j = 1,2, that )\/|[0\1]( t) =v;(t) - g, (t), t € R, where

0 T2 (100 (&)) w0 50-T1 (10 (&)

n=1 =

For j = 3,4, there does not exist v; such that A/h(E(t) =;(t) - g, (t), t € R. We have that

~UU({555)rn) ma z@=UUe({3}n)

k=1n€eZ k=1n€ezZ
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CHAPTER 7

Conclusion and outlook

There are still many open questions in connection with this work. The main restriction in the study
of the geometry of spectral pairs is that we mainly consider fractals that are Cantor sets and not even
fractals where the branches have different similarity coefficients. Even this slight generalization makes
the whole study much more complicated. In [BK10, Boh09] we gave a way to construct a “general”
Fourier basis on any kind of one dimensional fractal given via an IFS with increasing branches. This
general Fourier basis was carried over from a Cantor set via a conjugating homeomorphism. In this
way it is even possible to obtain a Fourier basis for the middle-third Cantor set.

Another open question is for which countable sets I' C Z there exists a measure p such that (p,T")
is a spectral pair. Here we gave a partial answer for the case I' — I' = Z, but it is still open for sets
I without this property. Another simpler open question is for which sets I' has M*(I") at least two
distinct elements, that are not obtained from the other by convolution with a Dirac measure J,, € R.

For the single subsections there are still smaller open questions like for Chapter [3] whether there
is v € B\ Bups such that  — T, is continuous and whether it follows from lim, o ||V — Tyv||tet = 0
that v < A. Furthermore, what is the subset {1/ eB: lim,_o ||%(TI1/ —V)||tor = 0}?

Open questions regarding Chapter [4] are, for example, is the property (u,I') and (v, A) being
spectral pairs and that I — ' = A — A enough to ensure (v,T') and (i, A) being spectral pairs? Or on
the other hand is there a counter example?

Consequently, there is still a lot of work to study every aspect of spectral pairs even if we restrict
ourselves to affine iterated function systems in one dimension.

We could although study higher dimensional fractals, which are given via alFSs:

(m(z) = Rz +0)),.p

with R being a (n x n)-matrix with eigenvalues A, |A| > 1, B C N", x € R”, such that it satisfies the
OSC. For dimension 2 we can easily obtain a connection to one dimensional fractals in the following
way.

Let C1, Ca be two Cantor sets such that (ey) 5, and (e4), cn, are orthonormal basis for L2(uy),
L?(uz), respectively, where iy and g are the invariant measures for the Cantor sets C;, Cy. Then
(e ®€y)cn, ~ea, IS an orthonormal basis for L2 (1 @ o).

We could although consider fractals that are not the tensor product of two one-dimensional ones.
Then the study is more complicated. But it should still be possible to obtain analogous results to the
one-dimensional ones.

63






Part 2

Wavelet bases on fractals in the line






CHAPTER 8

Abstract multiresolution analysis

In this chapter we prove the existence of a wavelet basis for an abstract MRA. Throughout this
section we fix ( p, (Z/I (")) ,T) which allows a two-sided MRA as stated in Definition and then

ne”Z
we obtain the following result.

Theorem 8.1. Let u be a non-atomic measure on R, (U(")> be a family of bounded linear operators
neZ

on L?(u) and T be a unitary operator on L?(u). If (/,L, (Z/{(n)) . ,T) allows a two-sided MRA with
ne

father wavelets @;, j € N, then there ewist for every n € Ng numbers d,, € Nt2 d_, e N2, q, €
Nt g, € N, with dy, > qn, d—n > g—pn, and two families of mother wavelets (Q/Jn,l :led, — qn),

(1/1_”,1 led_, — q_n), n € Ny, such that the following set of functions defines an orthonormal basis
for L*(p)

{T"Gni:neNo L€ dn—gu keZ}U{T v,y neN, led n—g o keZ}.

We turn to the proof of the theorem in Section [8I] where we also give a explicit formula for the

functions v, ;, ¥_p,; compare (8.1.1) and (8.1.2).

For the construction of an ONB we cannot define the mother wavelets in terms of filter functions
due to the fact that we have more than one father wavelet. Before we turn to the proof of Theorem
we notice that for n € N

k
(8.0.1) {(,j)EN" x N} = {QNJ,(k)N> :keN"“},

where (m)y := mmod N and |z| = maxyez k<, (k) is the largest integer not exceeding x € R.
Clearly from the definition of the MRA, Definition , we also have the following:

(1) If for n € Ny, k € N* L U™ vl Pk)y 7 0, then there exist uniquely determined coeffi-

%k)meNH? € CNV""* such that

n &k n n X
U™ vl PRy = Uy Dmennt A TH Pim)n

cients (a

(8.0.2) and
(amt =0, me Nmt2 iy TR o < 0).

(2) If ut=m w; 70, n €N, ¢ € N, then there exist uniquely determined coefficients (b%l) €

CN? such that

meN?

U=m 0 = yu—n+n Zmem b:lrli TL%J Plm)n

(8.0.3) and
(bri =0, me N2, if U TR g = 0))

Remark 8.2. We only consider (™™ ¢; above, since U™ TF o, = TN"* /=™ o, by of Defini-
tion

67
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Lemma 8.3. The following statements hold for the coefficients (afﬁk)meNHH, ke Nt n e Ny,
and (b%’i)meNQ, ie N, neN.

(1) For fizred n € Ny, define
(8.0.4) Qn = {m e Ny TR g0 A 0} .

Then the vectors (aﬁl’k)mEN"Jrz’
(2) For fized n € N, define
(8.0.5) Qni={meN:U g, 20}

Then the vectors (b7%")

k € Qn, are orthonormal.

men2r b€ Q_,, are orthonormal.

PRrROOF. ad (1): For fixed n € Ny, let k,l € Q,,, then
Sy = wum™ Tl @(k)N|U(n) Tl%] On)
— <u(n+1) Z a%k Tl%] @(m)N‘U(n-H) Z az,";l TR SO(m)N>

meNn+2 meN”+2

ad (2): This is a calculation similar to (1). O

8.1. Proof of Theorem 8.1

The aim is to prove the existence of a basis as given in Theorem The proof is divided into two
parts. First we construct coefficients such that the functions ¢, ; given in (8.1.1) and (8.1.2) give an
orthonormal basis. In the second part we verify that these functions do indeed give an orthonormal
basis. We prove these parts first for n € Ny and then for n € Z, n < 0. The mother wavelets are defined
for each scale n € Z so that they, together with their translates, form a basis for W,, = V11 6 V,,,
where V,, is given in Definition [[.2] Define for n € Ny

D, = {m € N™*2 . g =£ 0 for some k € Qn},
D_, = {m e N?: b%k = 0 for some k € Q_n},
and d,, := card D,,, d_,, := card D_,,. Also define ¢,, := card @,, and g_,, := card Q_,, for n € Ny with
Qn and Q_,, given in (8.0.4)) and (8.0.5) respectively.
e The mother wavelets for the subspaces W,,, n € Ny, of the MRA will take the form for
ked, — dn
(8.1.1) U =UTTD N R TR g
meNn+2

where the coefficients ¥ € C are given in (8.1.3).
e For the negative index subspaces W_,,, n € N, of L?(u) we define the mother wavelets in
terms of the coefficients of the matrix in 1) forneNand ked_, —q_, by

(8.1.2) Yopg =UTTED N kTR o

meN2

The coefficients ¢k € C, ¢;™* € C, can be determined via the Gram-Schmidt process. Before we
turn to the determination of the coefficients ¢* € C, ¢;;™* € C, we note that for all n € Ny we have
dn > qn and d_,, > q_, by the properties and of Definition

For the definition of the basis we fix n € Ny and we construct an orthonormal basis for C% in the

following way. Consider the (g, X d,,)-matrix (afn’k) EQnmeD," Choose any d,, — ¢, vectors of length
. ; n

d, that are orthonormal to the vectors (am )mED , k € Qn, (e.g. by applying the Gram-Schmidt
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process to any linearly independent collection of d,, — ¢,, vectors of length d,,). We denote these d,, — ¢,

orthonormal vectors of length d,, by (cﬁ;i) fori € d,, — q,- We extend each vector (cﬁ;i) toa

meD, meD,

vector of length N"*2 by ¢ = 0 if m € N"*2\D,, and we define matrices C,, := (c"’k

m )k€d7z_Qn:m67NTL+2
: n+2 (ke : n+2 ; ;
of size (d,, — qn) X N and A,, := (am )kEQT,,,mEN"JrZ of size g, x N™"“. So we obtain a matrix of
size d,, x N2 by

(8.1.3) My, = < ’é: )

storing the coefficients for the mother wavelets in W,,.
Now we turn to the construction of the coefficients for ¢ _, 5, n € N, in (8.1.2). For each n €
N, we define an orthonormal basis of C%-» in the following way. Consider the (q_, x d_,,)-matrix

(bF) co_,.mep_,- Now choose any collection of d_,, — g—, vectors which are orthonormal to the

vectors (bﬁ{k)meD7 , k € Q_n, (e.g. by application of the Gram-Schmidt process to any linearly
independent collection of d_,, — g—n vectors of length _d_n). In the last step we extend each vector
(™) vep . to avector of length N? by defining ¢;,"* = 0 if m € N*\D_,,. Now we define matrices

D,, = (™" , and B, = (b1F) , such that

m )iedfn_qfnﬂ”ei keQ_n,meEN?

(8.1.4) M, = ( g’; >

is a matrix of size d_,, x N2 storing the coefficients for the mother wavelets in W_,,.

In the next step we show that we do indeed obtain an orthonormal basis with the mother wavelets
given in and (8.1.2). First we prove this for n € Ng. Recall that W, = V,11 6V, for
n € No. Consequently, B, cy, Wn & Vo = L2(u) since for every n € Ny it follows iteratively that

Va1 = @Z:o Wi ®Vy. Now we show that for fixed n € N, we have that {Tl Unk:k €dyp—qp,l € Z}

is an orthonormal basis of W,,. First we show the orthonormality.
To show the orthonormality of 7" ¢, and T ¢y, 7,5 € Z, k,l € d,, — qn, it is sufficient to
consider 7" 9, , and ¢, ; since the operator 7 is unitary. The orthonormality follows then from

T n n o ntln n n m
(T st :< Z ok () TR N @(m)N‘ Z L+ TLH @(m)N>

meNnt+2 meNn+2

S (Ut TN o Ut Tl ) )

meN"+2 ge Nnt+2

n,k—=n,l
Do D R St 2] mn )L F (o))

meNnt2 se Nnt2

2 n,k=n,l
= 67}0 ’ Cm Cm

meNn+2

= 0r,0 O -

In the next step we consider a basis element of V,, 41 of the form 2/("*+1 7wl kx> k€ N2, and
show that it is a linear combination of functions 2™ Tl Oy and Y m, 1 € Nt med, —q,. It
is sufficient to consider only k& € N"*2 by Definition . If ) TLx ] ©(k)y = 0 this is obvious.
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If ¢+ Tl Qkyy # 0, k € N"2 it can be written as the following linear combination:
) Lk

Pk)n
_ n+1 —n,l nl 77Ll nl m
SCGRI IOV DO S ) LT
meN"+2 \I1eQn l€dn—qn
=0k, m
_ an lu(n+1 Z a:zn,l TL%J Plm)w + Z E’Z,l u(n-i—l) Z C'Zl,l TI‘%J Plm)n
1€Qn meNn+2 l€dn—qn meNn+2
—n,l n —n,l
= a Z/{( J@(Z)N + Z Ck wn’l.
ey, ledn—qn

If we consider T° Yk and T Yy, s for n,m € No, n #m, l,r € Z, k € dy, — gn, S € dyy — G, the

orthonormality follows from T, € Wi, T" ¥y, s € W,,, and by the definition of W,,, W,.
Now we consider the closed subspaces V,, of L?(u) with n < 0 and proof the corresponding

results. We show that for fixed n € N {TNnk Y_pi:le€d_p —q_n, k€ Z; is an orthonormal basis

of W_,, = V_,41 ©V_,. First we show that any function U=t ¢; can be written as a linear
combination of functions Y™™ p; and Y_pg, @ € N, Il € d_,, —q_y. This linear combination is
precisely

y=nth ©
— u(—n—i—l)( Z ( Z B;L,lb%l_k Z Cj—nl —nl)TL | m)N>
meN2 leQ-n l€d—n—q—n
=8jm

bj Lyy(=n+1) Z banL’"J@( » z —7nl —n+1) Z —nlrlEl )

€EQ_n meN? l€d_n—q_n meN?
_ _—n,l

Z u( n) o+ Z Cj n '(/)—n,l~

€EQ_n led_n—q—n

We have to show the orthonormality only for ¢_,,; and ¢_,, j since T is a unitary operator. For ¢_,,
and ¥_, k, I,k € d_,, — q_y, the orthonormality follows from

< nl|w nk < Z Cinlu(_n-i_l) TL J )N’ Z C:nmku(_n—i_l) TL%J @(m)N>

meN?2 meN?

—n,l5s—n,k
E Cm " Cm

meN2

=01

Furthermore, it follows that L?(u) = @,c; Wi, since we have shown before that Den, Wn © Vo =
L?(p). We also have that v, k, ¥—m1, m,n € No, k € d, — qn, | € d—p, — g—pm, are orthonormal since
Yk € Wy, Y_m,1 € W_,,. Consequently, we have that

{T'Yup:n€Zkedn—gnlen}

is an ONB of L?(p).

Corollary 8.4. Let u be a non-atomic measure on R, (Z/I(")) . a family of bounded linear operators
n&lNg

on L?(u) and T a unitary operator on L*(u). If <u, (Z/l(”)) N ,T) allows a one-sided MRA with
n&Np
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the father wavelets ¢;, j € N, then there exists for every n € Ng numbers d,, € N"*2 g, € N"*! with
dn > qn and a family of mother wavelets (wnl led, — qn) such that the following set of functions
defines an orthonormal basis for L (1)

{T’“wn,z n € Ng, l €dy qn,keZ} {T’“@i:kez,ieﬂ}.

PROOF. The proof follows from the first part of the proof of Theorem In addition we have
to show the orthonormality between 1, ; and ¢;, which follows from the construction of the mother
wavelets. d

8.2. Abstract multiplicative multiresolution analysis

In this section we want to consider how the general results simplify if we impose the extra condition
of a multiplicative MRA.

Recall from the introduction that in the case of Definition [I.2} we say that we have a multiplicative
MRA if there exists an operator U such that 4™ = Y™ for all n € N and U™ = (U*)", n € N. We

then say (/,L7 ((u)" ’ (u*)n)nel\’o T ) allows a two-sided multiplicative MRA.
The key observation is contained in Lemma [8.5] which we prove first.

Lemma 8.5. Let us assume that (u, (U(”)) . ’T) allows a two-sided MRA with the closed subspaces
ne

Vi, n € Z, of L*(u) from Deﬁm'tion and set Wy, :=V,416V,, n €Z.

o If there is a bounded linear operator U such that U™ = U™ for alln € N, then W, = U™ W,
n € N.
o If there is a bounded linear operator U such that U™ = U*)" for alln € N, then W_,, =

U ' W_y, neN.

PRrROOF. Recall that {'T Yor:k€dg—N, l¢€ Z} is an orthonormal basis of Wy. We have v ;, =

LR Y TR Hand we show that for fixed n € N, U" Wy = W,,. First it follows that
meN2 “m P(m)n
U T Yo €Wy, C Vg1, n €N, meZ, kedy— N, since

urTm Yo = Z C?,k Ut I‘%J-"—Nm@(l)]\;

leN?

and fori € N, r € Z,

n m n n 5 L n T 7i 7
U T o iU T i) = U T Y P UTI gy Jun T 3 o UT I p)0)

leNZ JENZ
n m 0,k L n r 0,2 Fa
= U TN T P TI o U TN Y T ad TR g )
leN2 JENZ
= O - c? ka? S
leN?

Consequently, U" Wy C W,,. Now fix m € Z, j € N, n € Ny, and consider Y"1 7™ w; € Vg1, We
show that this can be written as a linear combination of functions U™ T ¢; and U™ T Yok, 1,7 € Z,
i € N, k € dy— N, by considering the inner product First we recall from the proof of Theorem

that ¢/ TL~ Oy = Zieﬂﬁg’i% + Zledo ck 1/)01 for k € N? and hence for k € N2

1:<Z/I7'L%J ‘Zak ;i + Z el = aytayt + Z e,

1€EN ledo—N i€EN ledo—
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It follows that for m € N™t2 written as m = k + N%k1, k € N2, k1 € N, we have %] = L%J + Nk,
and (m)y = (k)n, and so

& n —0,% n =
(UM TIRIENE o UM TR Y @ e+ U T Y al o)
1EN ledo—N

_ <Z/l”+1 TLE 4Nk (p(k)N‘unJrl TNk ag,i Z a?,i Tl%] @(1)N>
iEN leN?

QTR g [ T S QS T g, )

l€do—N iEN?
- _0,i 0, _0,l 0,1
_E:akak+ E:Ckck
1EN ledo—N
=1.

Now we notice that we can write any element k € Z as k = kg + N™+2{ for some kg € N"*2 and | € Z.
Consequently, with U T |y, = TU |y, we obtain the general result for &' 7% v, k€Z,jeN.
To obtain W_,, = (U*)"W_1, W_1 =V, ©V_1, n € N, we can proceed as above. First we have

from the proof of Theorem that ¥_q1 = Zleﬁ cfl’k Tlx) ©)ns k € d_1 — N, and that ¢;,

. 1,0 . _ . .
Jj € N, can be represented as ¢; = ZZGN bOJ U* o + Zled_rN ¢; 1’11[171,;. With these observations
we obtain as above that for m,r € Z

(@) T™ il @) T o) =0

and

<(u*)n71 gOJ| (u*)n Zgj_l’l(pl + (u*)nfl Z E]‘_Ll'(/)—l,l> 1.

leN led_1—N

O

Remark 8.6. If we have YU* = I, then Wy = U (W_1). Note that ¢ is not necessarily injective on
W_;.

Now we turn to the mother wavelets for the multiplicative MRA.

Remark 8.7. If ™ =™ /=™ = 4*)", then we only consider the mother wavelets for k € dy — N.
So

0
Yor =U Z T ooy

lEN?

where the coefficients are from (8.0.2)) and we define 9y := 1 k.
For the negatively indexed part of the construction we write for k € d_y — N

_ 1
Yok = Z T o)

leN2

Corollary 8.8. If (u, (U(")) Z,T) is multiplicative (with the bounded linear operator U), then
ne
there exists an orthonormal basis of L*(u) of the form
({M”T’“zpl neNokeZ,ledy —N} U {(u*)”T’w,J neNo,keZled, —N}) \ {0},

where the functions ¥y, | € dy — N, and ¢¥_;, 1 € d_y — N, are given in Remark .
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8.3. Translation completeness

In the following we assume a stronger condition than of Definition namely in a translation
complete multiplicative MRA the father wavelets satisfy for j € N

(8.3.1) p; €spanUd {T7 p; :i € N}.
This condition implies that for ¢;, j € IV, there exist complex numbers a?’j , 1 € N, such that
0= a UT ¢
ieN

We would like to point out that this condition is also satisfied for the particular case of Markov
Interval Maps with Markov measure where the father wavelets ¢;, 7 € N, are chosen to be the scaled
characteristic functions on the cylinder sets [j] (see Section [J).

The relation takes for a multiplicative MRA the following form for k € Z, j € N, n € Ny,

ur Tk 0; = Z a?,j Yt TNk vu
leN?

and under condition (8.3.1]) this simplifies to

)N

um Tk 0; = Z a?,j un+1 TNk+j 0i.
i€EN
To simplify the notation we set a{ = a?’j . We now show that condition 1| allows us to simplify
the construction of the mother wavelets.

Lemma 8.9. Under condition one possible choice of the matrix My in has a block
structure consisting of N blocks.

PROOF. Define Q% := {j € N.: UT" ¢; # 0} and ¢* := card Q" for each k € N. Then (a})
is a vector of length ¢* and we choose ¢* — 1 orthonormal vectors to (aé‘?)jE o
applying the Gram-Schmidt process to any collection of linearly independent to (a?)je o+ family of

JEQF
of length ¢* (e.g. by

q* — 1 vectors of length ¢*). We denote these vectors by (c?’l) o’ I € ¢*\{0}. We extend each of
Jje -

the vectors (c?’l) to one (ck’l) of length N by defining ¢*! = 0 if j € N\Q*. Then
JEQF 7 Jjen J

(45)ex
Mk =

()
c:
7 Jiegh\{0},jEN
is a matrix of size ¢* x N.
The matrix Mg = (hij)ieql jen? given with the blocks My, k € N, which are defined for k = 0 by
(hij)ieﬁ,jeﬂ = Mo,
and for k € N\{0} by

(Rijiesst ) a\s2bod gt et N \en = Mi

and otherwise zeros satisfies the conditions imposed on My in (8.1.3)), i.e. if we restrict the columns
to those in D; give an ONB of C%, and M), is of size gy x N? since Y keN ¢* = go. We notice that

M\o is ordered in a different way than M, since the rows (ak

j)jer are not grouped in M. d
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Remark 8.10.
(1) U™ =uy", U= = U*)" and (8.3.1), the mother wavelets take the simpler form for
k=0,1¢q¢"\{0} and for k € N\{0}, 1 € 3 ,¢"\>F ¢/, as

k,l k
= ch UT" ¢j,

JEN

where the coefficients are as constructed in Lemma For negative indexed part we define

forked ,—N
¢_)k = Z cl_l’k TL%J W(l)
leENZ2
(2) Under the condition ({8.3.1)), or the slightly weaker statement
(8.3.2) U™ Tl Z ok (D) TN+ RN o,
1EN

we can obtain the coefficients for the mother wavelets by constructing for each k € N" with
um™ Tk ¢j # 0 for at least one j € N a matrix of size ¢™* x ¢"*, where ¢"* := card{j € N :
U™ Tk ©; # 0} instead of one unitary matrix of size d,, x d,,. In this way we need at most
N™ matrices on the scale n € N.

Now we turn to a correspondence to the construction of a wavelet basis for an MIM. The next
proposition shows how the incidence matrix of an MIM plays a role in the MRA.

Proposition 8.11. In the case ofu(”) = (U)", n € Ny, and if it further holds that a; 9.5 # 0 if
and only ifU’Tjwl #0,i,j € N, then we have for n € N k €, U”Tkga # 0 if and only szor all
i=0,...,n—2, UT*+ ¢ #0 andUTkogaJ #0, where k =1, 1lch—&-lN”, ki€ N ,i€mn, and
leZ.

PROOF. We prove this for k = kg + Nki, ko, k1 € N. The general result follows iteratively.
Notice that ? Tk°+Nk1 S =UT™ (U Tho gaj). Consequently, from (2 7ro+Nk pj # 0 it follows

that U 7% @ # 0. Furthermore, we have that
UT™ oy =UTH Y aPUT™ o = U TN N " gfog, £ 0

€N iEN

if > TR o) 24 0.
If we assume that U 7™ ¢, # 0 and U T @; # 0 then

TV G U TR U TR gy = () UTH (o~ Y dbuThg,

i€EN\{j}

-1
= (a)  |uTH o= Xl TV ) 20,
i€EN\{j}
since
HUTkr ko — Z afo U2 TNk1+l~c0 ‘PiHQ —1— Z |ak°\2 |a§§o|2 7& 0.
i€N\{s} i€EN\{s}
O

Remark 8.12. The same result can be shown if for alln € N, k € N™ and j € N there is ¢ € R that
may depend on n, k, j, for which we have ™ 7% pj=c (Z/I(l)) T* w; and (8.3.1).
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Under the conditions of Proposition we can give a (N x N) matrix A which coincides with
the incidence matrix in the case of MIM given by A = (Aj;), ;v with

4, = {0, it UT g, =0,

1, otherwise.






CHAPTER 9

Applications to Markov Interval Maps

9.1. Markov Interval Maps

In this section we give some basic definitions and notations. We consider limit sets of one-
dimensional Markov Interval Maps.
Definition 9.1. Let (B;),.y be closed intervals in [0, 1] with disjoint interior and define J := (J,; v Bi-
Suppose a function F : J — [0, 1] is expanding and C' on each B;, i € N, such that if F(B;) N B; # ()
then B; C F(B;) for i, j € N. Then we call the system ((Bi)ieN ,F) a Markov Interval Map (MIM).
Its limit set is defined to be the set X := (" F~"J. B

Remark 9.2.
-1

(1) We define the inverse branches 7; := (F|p,) ", i € N. The family (7;),cy is called a
one-dimensional Graph Directed Markov System (GDMS) with the incidence matrix A =
(Aij), jen Which is given by

1, if Bj CF (Bz)
Agj = .
0, otherwise,

and it follows that F'(B;) = U;c. Ay—1 Bi-
(2) If F(B;) = [0,1] for each i € N, then 7;, ¢ € N, (given in (1)) corresponds to an iterated
function system (IF'S).

Example 9.3. An example is a convex, co-compact Kleinian group, as shown in Figure where
the limit set is the set that is obtained by successive application of these four maps, where the com-
position of g; and g; are forbidden. We can associate the limit set in hyperbolic space to the limit
set in [0,1] of the corresponding Bowen-Series map to the maps g; and g; L which gives rise to a
Markov Interval Map, compare Figure [0.1.15] A typical measure to be studied would be the measure
of maximal entropy or the conformal measure (of maximal dimension).

Next we consider the corresponding shift space with the alphabet N = {0,..., N — 1}. The limit
set X is then homeomorphic (mod v) to the set of all admissible words

Y= {w= (wo,wi,...) € NV: Ay, = Lfor all i > 0}.
A homeomorphism 7 : ¥4 — X can be given by fixing any point € X and defining = by the rule
(9.1.1) w = limy, 00 Ty © <+ 0 Ty, (T),
The map is independent of the particular choice of x € X and = is called the coding map.
Remark 9.4. We define the cylinder sets for wy,...,wr € N, k € Ny, by

[wo .. wi] == {(wh,wh,...) EXa: wi=wi,i€{0,...,k}}.

If for some ¢ € {0,...,k — 1} we have A,,,.,,, = 0 then [wy...wi] = 0.
For i € N, the sets B; and F (B;) are homeomorphic (mod v) to the sets

7 (By) = [i]

77
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7 Ay

h g h! g !
(a) A fundamental domain of the (B) The corresponding Bowen-
action of (g,h) on the Poincaré Series map.

disc model.

FIGURE 9.1.1. Example of a Fuchsian group.

and
7N F(By) = {w = (wo,w1,...) €Xa: Agy, =1}
in the shift space, respectively. The map F' is conjugated via 7 to the shift dynamic 6 : ¥4 — X4,
0 (wo, w1, ...) = (w1,ws,...) and consequently, the functions 7; correspond to the inverse branches of
the shift function, i.e. 7; o 7 (wo,w1,...) = 7 (i,wo, w1, .. ), for w € =1 (F(B;)), i € N.
Furthermore, let us fix the following notation.

o X% = {w=(wo,...,wn-1) EN": Ay, =1forallie{0,....,n—1}} defines the set of
admissible words of length n € N.

e 3% stands for all finite words, i.e. ¥% =J,~; X%.

e For w € X% we define 7, := 7, 0Ty, 0+ 0 Ty,

e For w € ¥, 7 € ¥} we define their concatenation

WT := (W0, ++ s Wn—1,TOy -+ - s Trn—1)
which is an element of ¥’ whenever Ay, -, = 1.

On the shift space ¥4 we consider the product topology on N and we consider the Borel o-algebra
B on ¥ 4 which is generated by the open sets in the product topology.

As a measure on X we could consider, for instance, the pullbacks under 7 of Gibbs measures on
Y4 (for definitions see e.g. [KS10]).

Now we define the appropriate space for which we want to construct a wavelet basis.

Definition 9.5. Let v be a probability measure on (X4,8) and v = v o L.

fractal by

Define the enlarged

R=JX+k
kEZ
and define the Z-convolution vz of the measure v for a Borel set B in R by

ve(B) = v(B—k),
keZ
which clearly is an invariant measure under Z-translation.

Remark 9.6. One example is the space L? (X 4, le), where ¥4 denotes a one-sided topologically exact
sub-shift of finite type. An important class of measures on ¥4 are given by invariant Gibbs measures
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with respect to a Holder continuous potentials ¢ € C(X4,R), denoted by e, compare [KS10]. 14
corresponds to the measure v in Definition

In the following we use the convention 07! - 1y = 0. For simplicity we let [w .. .w,_1] also denote
the set 7, 0 -+ 07y, ,(X) using the identification by 7. Furthermore, here the measure v supported
on [0, 1] always corresponds to a measure 7 on ¥4 by v = Zon~! and vz denotes the measure obtained
from v by Z-convolution.

9.2. Multiresolution analysis for MIMs

Now we apply the results of Chapter [§] to Markov Interval Maps. More precisely, we construct a
wavelet basis on the L?-space of a limit set of a Markov Interval Map translated by Z with respect to
a measure. First we consider the case where we do not have any relation between vz ([¢5]) and vz ([i]),
vz ([4]), 4,5 € N. In this case we cannot define only one scaling operator U, but on each scale n € Z
we consider a different operator U™ . Consequently, we obtain a family of operators (U (")) ;- For

ne
this we define U(®) := I and for f € Lz(llz), z € Rand n € N we let

U @)=Y Y S mk>-f(m<xk>+zwn_1_m+mk)

kEZweST jEN i=0

and

n—1
U@ =3 3 vz ([wi]) ﬂ(aj_zwnlzNZ Nnk,>

k€EZweX jeEN vz [‘]] =0

n—1
f (Tw (l‘ — D w1 N — N”k) + k) .
=0

The unitary translation operator T acting on L?(vz) is defined by

TF() = f(—1).
Remark 9.7.
(1) Notice that in general we have U U(l) # U®@ since for i, j, k € N the multiplicative constant

V;L(([Ll])) ;’;((U])) for UWUM and N J]) for U® on the cylinder sets may differ.

(2) The operator T is unitary.
(3) The operators (U(”))n are well defined, namely for f € L?(vz) we have U™ f € L?(vy).

EZ

—1/2

Define the N father wavelets as p; := (u([7])) 1p; fori € N.

Remark 9.8. Notice that for w € ¥%, j € N and k € Z with k = Z:L 01 Wno1—iN* + N"I, | € Z, we
have

0 if A, =0,
(9.2.1) UWTkp, = ’ 1/2 1 n-1
(vz(lwi])) T'1 [wj], Otherwise.

Now we turn to the proof of the properties of (U(n))nez and T stated in Proposition

Proposition 9.9. Let (@j)jeﬂ denote the family of father wavelets given by o; = (Z/Z([i]))fl/2 Lpy,
i € N. The translation operator T and the family of scaling operators (U("))neZ satisfy the following.
(1) TUM™ =u™TN" n €N,
(2) UWTp; =TN'UC™yp;, neN, jeN,
(3) ©; = U(l)TiZ. VZ([ij])(pj7 i€ N,
(4)

JEN \ wz(fi])
4) if UMT g, # 0, then (UM TR UM T ;) = S0y, 0.4), ok, LEZ, 1,5 €N,
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(5) UMy =1, neN,
(6) if UMT*p; £0, then USMUMTFp; = TRp;, neN, k€ Z, j€N.

PROOF. ad : Let n € N, f € L%(vz), v € R, then
TU™ f(z)

=>_ 2.2

k€EZ weSY jEN

=2 2.2

I€Z wES"; jEN.
=UM™TN" f(x).

n—1
w]( —1-k)-f (Twl(l‘ —1-k)+ an_l_iNi + N”k)

=0

=0

n—1
[wa]( —0-f (ml(x —D+ Y wna N+ N — N”)

ad : Let i € N, x € R, then
pi(z) = (v ([) "> 1 (2)

JEN

v va(lg)) v2(lBD ()17 Ljij) (@)

2\ valli) vallis)

JEN

ad : Notice that forn e Nl € N, k € Z,

n—1
U(_n)@l(x) = Z Z Tl.]y ©j (.’IJ — anliNi>
i=0

WEL wo=l jEN

and

U(*”)Tkgol(m) = Z Z Tﬁ ; (:c — Tiwn,l,iNi - N”k‘) .

weX R iwo=ljEN =0
Consequently, TN"kU(_”)goj = U(_")Tkgoj forallkeZ, neN, j€N.
ad [#): Let n € Nand k= Y0 wpo1- N + Ny, w € 5%, k1 € Z, and | = Y770 G 1N +
N'l,oe¥), lh€Zand A, ,;=1, Az, ,j=1fori,j € N then
n n . —1/2 ~ . —1/2
(UMTR oUW T ;) = ((vz([wil) 2 T* Lg | vz (@) T hag) = Gty iy, (@)

Otherwise, we have U™T*p; =0 or U(”)Tlnpj =0.
Furthermore for n € N, k,j € Z, i,m € N, we have

U TR U T p,,)

:< Z Z c[i‘]y lwn,l,iNi.yN’"k(pj

weX i iwo=1i jEN

:5k,l : 5i,m : Z Z VfZ o[‘;‘]y

wEX iwo=1 jEN

> X

weXR iwo=m jEN

P wn,flfiN’i+N’Lzspj>

= O(k,i),(1,m)>

where we used in the second equality that (T%¢;|T" ;) = 0k j),(1.i)-
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ad (B): Let n € N, f € L?(vz), = € R, then
U(”)U(fn)f(x)

=2 2.

wc—lZZZ Ej}

l€Z weXy reN kEZwWEST jEN
n—1 n—1
L) (Tal(w —D) 4D BN NT= Y wu N - N”k)
=0 i=0
n—-1 _ n—1 _
f (Tw (7-51(33 — l) + Z (Iin_l_iNl + N™ — an—l—iNz _ Nnk) + k‘)
=0 i=0

=33 D k) - f@)

keZwes™ jeN
= f(x),

where we used in the third equality that i = r, w = w and k = [ since otherwise it is zero.
ad @: Forn e N, k € Z, j € N, with U(")Tk(pj # 0, there is w € ¥%, | € Z, with k =

Z?:ol Wn_1-¢N*+ N™[ and so
= TN i <uz<m>>‘”2 I

] = Tkg)j.

Remark 9.10. We further notice that for n € N, f € L?(vz), » € R, we have

U( n)U(n)f Z Z ]l[]] (l‘_zwn — ’LNz Nnk> f( )

kEZ yjexnnHt

and consequently, in general we do not have U (=my™) = .

Theorem 9.11. Let (U("))neNO be given as in (1.2.5). Then (VZ, (U("))neNo ,
MRA with respect to the family of father wavelets ¢; 1= (VZ([Z']))A/2 I, i € N.

PRrROOF. We verify that the properties to of Definition are satisfied with the father
wavelets ¢; = (1/([2’])_1/2 1j, i € N. We define the closed subspaces of L*(vz) for j € N as

T) allows a one-sided

Vi = clspan{U(j)Tkapi ckeZ,ie ﬂ}
ad : By the definition of V; we obviously have that {U(j)Tkgai ckeZ,ie ﬂ} spans Vj, j € Z.
The orthonormality follows from Proposition .

ad : We notice that if k € Z takes the form k = Zn 01 Wn—1-iN* 4+ N"[ for some w € X7%,
leZ and j € N, we have

(n w-ﬂ’ n j
)Tk% Z Ut DNkt
1EN

If there is no w € 7%, | € Z, such that k = 31" 01 Wn_1_iN* 4+ N™, then UM T*p; = 0.
ad : Notice that for n € N, k € Z and i € N, we obtain with Proposition and that

U, = kg VZ([.Z'D i = UM+ VZ(['Z‘D o
j%:\, va(lij]) ™’ ]%:V vz ([ig)) ™’

By Remark (1) the inclusion V,, C V,, 41 follows.
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ad : First we notice that X is either totally disconnected or we can consider X as an interval in
[0,1]. Furthermore, every characteristic function on a cylinder [w] C ¥ 4 can be obtained by U™ T%y;,
n € Ng, k € Z, j € N. Thus, we are left to show that {Tk]l[w] kel we EZ} is dense in L?(vz).
If X is totally disconnected, it follows by the Stone-Weierstrass Theorem that

{TF1): k€Z,we sy}

is dense in C(R, C), where R is the enlarged fractal, see e.g. [KSS07|. Besides it is well known that
C(R,C) is dense in L?(vz) and so clspan {T*1, : k € Z, w € X% } = L*(1g).

If X = [a,b], notice that every interval J C [0, 1] can be approximated by 7,(X), w € ¥%. Hence
To(X), w € £, generates the Borel o-algebra B in R, thus every element A € B can be approximated
by elements of {7, (X) : w € £%}. Consequently, every elementary function can be approximated by
functions 1 (x) and so all functions in L?(vz) can be approximated by elements of

(TFl: we Ny, keZ) = {U(")Tlcpi :neNy, ez, i eﬂ}.

Consequently, clU, cy, Vo = = L%(vz) and so cl UneZ = L%(vz).
ad (2€): This follows from Proposition[9.9] (1) and (2). O

Next we give the connection between a two-sided MRA and a Markov measure. The if direction
of the following theorem will be shown in Section

Theorem 9.12. (VZ, (U("))nGZ,T) allows a two-sided MRA with respect to the family of father

wavelets @; == (VZ([i]))_1/2 1), @ € N, if and only if the measure v is Markovian.

PROOF OF "=—". We assume that (VZ, (U(”))nGZ 7T) allows a two-sided MRA with the father

wavelets ¢; = (Vz(m)_l/ 2 1), @ € N. Then in particular, it holds by of Definition that for
neN

U™ {p;1ie€ N} Cspan Ut Tk, :ie N ke N} .
We further notice that for n € N, k,i € N,

U(*")(pk — Z Z TZZ 0 Wn—1— ZN’SDJ

weX R iwo=k jEN
and
—n+D)pk, . _ ([ws]) Wy N'4N"1E
U Tk, = E E [z] YZNWIN) 3o wn—a ©;
weny™ Liwo=i JEN

From the explicit formula of U= ¢, and U DT, n e N, k,m,i € N, we have that
(UEM @[ U DT 0;) =0 only if m = k since

(UM g U T™ ;)

:< 2. 2 b[% TR N,

weX:wo=k jEN

Z Z L[L;t]] TZL 0 Wn—2— (NN (p]>

wexni” Liwo=i JEN

R D WIE o T G

wEEG wo=k j1EN Gexn~\iwg=i j2EN

Sr25 L NN,
Te=o Pja

vz([kwj]) [vz(lwi])

where we used in the third equality the property of Proposition , namely (Tkg;j1|Tlgoj2> =
O(h,jr).(1.gz) for any k1 € Z and j1, js € N.
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As a consequence of (2¢)) and . ) of Definition and the observation above it follows that for
every n € N, k € N, there exist unique (a" k) N € CV such that

iEN

U-my Zan Ryt kg, — ZO‘ Z Z ﬁ Ty wn2—t NN~ 1%]

1EN 1EN wenT” Lwo=i JEN

On the other hand, from the precise form of U(=™ ¢y, it follows that

—n CLJ] n—lw L 1
U( )kaz Z Z [k] S Wno1N ©;

weX:wo=k jEN

vz( kwj va(lkwj]) pser 2w, o Nt lkcp
J
En 1]€N

_Z Z Z vz, kw] ng;“wn,%lzvu]v”*k%.

zerez;" Lwo=i JEN

By comparing the coefficients it follows that for every w € ¥ !, wy = i, we have ak %
% Consequently, a; ¥ e RT and
, , 2 vy ([K])
vz ([kwi]) = vz (Jw amh) I
Z([ j]) Z([ .7]) ( i ) VZ(M)

Now it remains to be shown that a?’k are independent of n € N. For n € N, w € " with wy = ¢, and
k € N it follows that

vallke]) = Y va(lkd) = 3 VZ([WJ'])(i. -

On the other hand we can write w € ¥ with wyp =4 as w = Ww,_; for a suitable w € ZZ‘_l, wy = 1,
and so

(o) wahl)
6
n.k k

= «;"" and so iteratively a;" = azn’k for all n,m € N. In the

vz([kw]) = vz ([kwwy,—1]) = vz([wwp—1])

Thus, for k,i € N we have o n—Lk

following we write o for al” k.

So we have vz([kwj]) = (af )2VZ([k])/1/Z([wo]) -vg(wj]) for all w € 3%, j,k € N. From this

wo
property we conclude the Markov relation since for any k,i € N

Ck’-c 2VZ 2
(ki) = 3 withiz) = 300D, 55 (s a,

jen e el

Define my; := (af)Z, then my; is an incidence probability. Therefore the measure v is Markovian as
desired.
The reversed implication will be shown in Section O
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9.2.1. Mother wavelets for MIMs. In this section we are in the case of Remark (2) and
so we consider for each father wavelet ¢;, i € N, a matrix of coefficients; more precisely on each scale
we have to consider for each element of the alphabet N a matrix of coefficients. We slightly change

o Mlto cw’l for w € X7, since the information about n and & is encoded in w (n is
given by the length of the Word wand k=" 0 Wn_1_;N?).
For w € E"+1 we need a matrix of size ¢“» x ¢*», where ¢*» = card{j € N : A, ; = 1}. First we

determine c;-”k €C, je N, ke g \{0}, such that the (¢“» x ¢*)-matrix

vg([wi]) )
Sl ( o ).

the notation from ¢

)
WnJ .
nJ =) qu“’"\{O},JEDwn

where D,,, ={j € N : A, ; = 1} is unitary. This is done as explained above.
We define for w € £, k= 31" w,—;N* the basis functions by declaring for I € ¢*»\{0} that

Pt =UMTENY " A, ;.
JEN

These functions can be written differently for w € £, k € ¢#»\{0}, as

=3 Au et walwil) TP L.

JEN
Theorem and Theorem imply the following.
Corollary 9.13. The set
[T leZ, wesy ke {l,...,¢9 =1} U{T'p;: 1€ Z,j € N}
is an orthonormal basis for L*(vz).
Remark 9.14. In fact, the proofs of Theorem [8.1] and Theorem [9.11] show that we have for n € N
clspan {T'*" 1 1€ Z, w e ¥4, ke {1,...,¢“"* —1}} =V, © V1.

9.3. MRA for Markov measures

In this section we construct a wavelet basis on the limit set translated by Z under the hypothesis
that the underlying measure v is Markovian. For this fix a probability vector p = (po,p1,-..,PN—-1)
and a (N x N) stochastic matrix II = (7;x); , c v such that for w € X% we have

n—2
wl) = Pug H Twiw;y1-
=0

Furthermore, we have that 7j;, = 0 if A, = 0.

The construction is a special case of the one in the last section. Therefore, we omit some proofs
here and mainly state the results, so that the special features of this case become clear.

Recall the definition of the scaling operator acting on L?(vz) given in :

=3 D[ Lyl — k) [l (e = k) 5+ NE).
ke pJ ﬂ-ﬂ
JjEN ieN
and the translation operator is as defined in (1.2.2)).
In this construction we only have to define one operator U since we obtain U = U" for all
n € Np. Another main difference is that we do not need one matrix for every w € X% to obtain the
mother wavelets, but we only need matrices for w € £% = N. So we do not need more than N2
matrices. This follows from Lemma
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The setting is as defined in Section Set U := UMand so it takes the form in (1.2.1). By the

:ZZ(([[;}‘])) = ppT and hence one easily verifies that U™ = U”™. Also notice

that U is not unitary unless we have that A;; =1 for all 4,j € IV.
Now we turn to the form of U*.

Markov property we have

Lemma 9.15. U* has the form for f € L?>(vz), * € R,

(9.3.1) pﬂ”ﬂ (z —j— Nk)- f(rj(x — j — Nk) + k).

Remark 9.16. Notice that U* = U1 and (U*)" = U™,

PRrROOF. To prove that U* has the form above we use the Z-translation invariance of the measure

vz, and the fact that d(L)ZT’) = P on [i]. We obtain this Radon-Nikodym derivative since for a
cylinder set [w], w € ¥%, n € N, we have

Vz. (TJ([W])) = PjTjwo H Mwiwit1

=0

and VZ([W]) = Puwy H?:O TMwiwiyr-
Consequently, we obtain for f,g € L?(vz) that

(Uflg)

/ZZZ /pj e — B) - F(r7 @ — k) +  + Nk) - g()dva(x)

keZ jeN ieN

-[Eyy )

Tis
kE€ZjEN iEN p] Ji

DI

kE€Z jEN i€EN

[ S St e+ N @ R )

keZ jeN ieN i

= [ st )20 D P Ml = = NK) gl — = V) + R)dva()

keZjEN ieN
={f1U"9),
with U*g as in (9.3.1)). O

Now we turn to the definition of the father wavelets which we will use in the MRA. Define the N
father wavelets as @; := (VZ([i]))_1/2 1p; fori € V.

Ay (@) - flry Yx) + 7+ Nk) - g(z + k)dvg(x)

P (7j(2)) - [z +j + Nk) - g(7 (x) + k)dvz(7;(x))

Remark 9.17. Notice that the family of father wavelets (¢;); y is orthonormal by definition.

Now we turn to the properties of the operators U and T given in the next proposition.

-1
Proposition 9.18. Let (p;),cy denote the family of father wavelets given by @; = /v([i]) 1y,
1 € N. The translation operator T and the scaling operator U satisfy the following properties.

(1
(2) Z:Uzjeﬂ./ij’%,iGM;

(3) (T*¢ilT'0;) = d(hiy..5), kil €Z, 0,5 €N,

4) UU* =1,

(5) U*U =1 if and only if A;j =1 for alli,j € N.
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PROOF Each of . . and . follows directly from Proposition
ad (b): This is analogous to the proof of () or Proposition . . We obtain for f € L?(vz),
r eR,

keZ jeN

and 37> ien Dien Ajilpy(x —j — Nk)=1forallz € Rif and only if Aj; =1foralld,je N. O

Now we turn to the proof of the backward direction of Theorem So we show that (vz,U,T)
allows a two-sided MRA. Some of the properties follow directly from the proof of Theorem [9.11

PROOF OF THEOREM [9.12| ”<=". We establish the properties to of Deﬁnition The

property (|1b]) follows from Theorem
ad (le): For n € Ny it follows directly by Theorem ForneZ n<0,x€eR, keN,it

follows by

U™ o ()

In|—1

[n| -2
§ § § l
= H Twwigr * Thwi Tw), —1i * Pi <£L' - w\n|—1—lN )

WGEKL‘ZUJO:’C €N =1 =0

In|—3 [n|—2
= Z W( Z Z H Twwiyr * Tjws Tw), —ai * Pi (:E - Z UJ\n|_2_lNl — kNI”_1>>

jEN wenM I gy—j €N\ I=1 1=0
n|—1 pk

=3 g U TR (@),

JEN

ad (la): For n € Ny it follows directly from Theorem Forn € Z,n <0, k € N, it follows
from the calculation

( |"‘<p _Z\/ﬁ ‘”| 1Tk

JEN

ad : We have that [,y
n € N. More precisely, for j € N

vz, (supp ((U™) Z vz ( card {w € E"+1 fWo = Jywn = z}) .
€N

V,, = {0}, because the support of (U*)" ¢;, j € N, increases with

Consequently, {0} = (;c; V; since any function f € ;o V; must be constant on supp ((U*)" ¢;) for
every n € N and for some j € N.

ad : This property follows directly from the definition of the spaces V; and Proposition
with the observation that U™ = U™ and U™ = (U*)", n € N,.

ad : This property follows from Proposition and . O

Remark 9.19. Now we give some remarks concerning the father wavelets.
(1) The relation for the functions ¢;, i € N, can also be written as

(‘P] jJEN ZMZ ur <'0J)JEN’
lEN

V/ =1
where the M; are (N x N)-matrices with (1), , = {0 Ttk nth " forn,ke€N.
’ , otherwise,
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(2) Notice that for k € Z we can write k = ag + NI, where ag € N and some [ € Z, i.e. k is in
the N-adic expansion. Then we obtain

0 if Ay, =0,
UTkgoj = ’ 12 1 0f
(Pag * Taoj) T'1i4y5, otherwise.

(3) Notice that in {U"T’Wpi neN keZ,ic ﬂ} some functions are constantly zero. These
functions are precisely those where for k € Z written in the N-adic expansion,
k= Z;:OI kp—1—jN*+IN"™, k; € N, | € Z, either Ay,y,,, = 0 for some j € {0,...,n — 2} or

kn—11 -

(4) We would like to point out some interesting connections to C*-algebras of Cuntz-Krieger
type, [KSS07]. We start by further considering the scaling operator U for the MRA in the
setting of an MIM with the incidence matrix A and Markov measure v. We can also write
the operator U in a different way using the representation of a Cuntz-Krieger algebra. For
this we consider the partial isometries S; given for i € N, f € L?(v), € supp(v) by

Sif (@) = (w([) ™ 1y (2) £ (77 (2)).

It has been shown in [KSS07]| that this gives a representation of the Cuntz-Krieger algebra
O 4 by bounded operators acting on L?(v), that is the S;, i € N, are partial isometries and

41

satisfy
SiSi=>_ Ai;8;S;,
JEN
I=>Y 88
iEN

The scaling operator U acting on L? (vz) can then alternatively be written in terms of the
partial isometries as

Di i —(j+Nk
U=> D> /- Tr8aT- v,
keZjEN ieN Je

where we notice that S;1;, 7,7 € IV, acts on L? (vz). We can also write U* in terms of the
partial isometries S;, i € N. In this way we obtain

U= 3 o s T
k€ZjeN ieN

The spaces V,,, n € Ny, as defined in the proof of Theorem [9.12| can also be written in terms
of the partial isometries S;, i € NV, that is for n € N a basis of V,, is given by

{/ bi TlSwgoi:ZEZ,weEfg,ieN}7
an,,li

where for w € ¥% we have S, = S0, -+ Sw,_1, W= (Wo, ..., Wn_1)-

9.3.1. Mother wavelets for Markov measures. The construction of the mother wavelets
simplifies in this setting because we only have to consider mother wavelets for one scale and obtain
the other by iterative application of the operators U and T by Lemma [8.5] The mother wavelets are
constructed via N matrices as given in Lemma and so the mother wavelets are defined for k € N
and [ € ¢*\{0}, by

] c k,l
PP =TUTH S " e,
JEN

. k.l .
for coefficients ¢’ € C asin Lemma
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Remark 9.20.

(1) The number of mother wavelets we obtain is Y., .y ¢® < N2. In the case of N? mother
wavelets we are in the case of fractals given by an IFS.

k_
(2) Notice that Y/, ! AMAkjcf’lE?’l + /Thi/Thj = 0i 5.

(3) Alternatively we can define the mother wavelets as the elements of the vector

kNt _ k.l k, _\t
(v )le{1,...,qk—1} - ((A’W € )leq’“\{O},j€N> (ur SO])jeﬂ'

(4) Here we can see that we only need mother wavelets for Wy since

3 Ay (walwi))'? =

JEN

Puwo H 7Tz (i+1) Z Ak] \/Trwnflj = Oa

JEN

which was the crucial condition in the case of the last section.

Corollary 9.21. The set
{U"me :n€No, m € Dy, k€ N, 1 € ¢"\{0}}
U{U)" T neN,meZ keN,led"\{0}}
u{(U TkgajanN k€ NZ+1,j,l€N, Aj =0}
is an ONB for L*(vz), where

n—1
Dn,k :{m €Z:m= an_l_iNi + N"l,wi €N, (wo,. .. ,wn_l) € Zz and Awgk =1,1€ Z}
i=0
Remark 9.22.
(1) Because UW_; = W, we only have to add those functions Tkapj, k € Z, j € N, that satisfy
UT*p; = 0 to the basis of U* (W) to obtain a basis of W_j.
(2) Notice that

¢k’l =ur* Z AkinJ‘Pz Z Akz P Thi) vz Likay-

1EN 1EN

9.3.2. Examples. In the construction of [MP09] only Cantor sets with an incidence matrix are

considered, i.e. the inverse maps of the MIM have the form (Tl(l') = :EJ—\"I_i)iEN7 and there exists a
N log 7(A)

incidence matrix A. The limit set has then the Hausdorff dimension § = dimy(X) = log N7
r(A) is the spectral radius of A. So we consider the J-dimensional Hausdorff measure p restricted to

—25,
the by Z translated set X. It follows that p; = u([j]) and m; = N - Pi_ Consequently, in this case
we can rewrite our conditions for obtaining the coefficients of the mother wavelets in a simpler way.

More precisely, for k € N instead of

where

Z Akjc?iw/ﬂkj =0

JEN
we obtain the condition
ki
Z Aijj'lw/pj =0.
JEN

Although the basis in [MP09] is only given in terms of the representation of a Cuntz-Krieger
algebra we can now give a scaling operator U in the sense of ([1.2.1)) for this case. More precisely, we

obtain
2) =N "N 1y —k)- f(r; Nz — k) +j + NE).
keZ jeN
Proof of Example Recall that the S-transformation is given by F : [0,1] — [0,1], x — Sz
mod 1. We have X = [0,1] and the inverse branches are 7o(z) = 3, = € [0,1], and 71(z) = IT#,
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x € [0, 5—1]. We may choose the two intervals By = [0, 3—1] and B; = [—1, 1] and the corresponding
1 1
10

_(B-1 2-8
n._( R )

BT) Recall that the scaling operator U acting on L? (v7) is given

incidence matrix is then given by A = ( ) This map clearly belongs to the class of Markov

measures with the stochastic matrix

and probability vector p := (
for x € R by

5=

Uf(@) = (VB2 (@ = k) + Lz gy (@ = k) + B Tgr 1y (x — k) - f (Bl — k) + 2k).

kEZL

For the father wavelets we choose ¢y = (\/5/5)1/2 Tjp,5—1) and ¢y = (\/55) 1/ Tig—1,1)-

Consequently, (p, U, T) allows a two-sided MRA. We can construct the mother wavelets along the
lines of Section Since in this case ¢° = 2 and ¢' = 1 we only have to construct coefficients for ¢
to obtain the mother wavelets. These coeflicients are given in the following unitary matrix

( VB—1 2-7 >
VITB VA1

Thus, the mother wavelet is ¥ = U (\/2 — Bpo — /B — 1<p1). To obtain the basis we further notice
that UT¢; = 0 and so we have to keep T*¢y, k € 27 + 1 in the basis.

9.4. Different approach for general measures on MIMs

In this section we give the construction of a wavelet basis via MRA for an MIM with respect
to a general non-atomic probability measure v with respect to a different family of scaling operators

((NI(”)) than the one given in (|1.2.3) and only one father wavelet ¢ := 1x, where X is the limit
nEZ

set of the MIM.

We define a family of scaling operators (ﬁ(”)) ; for f € L*(vz), z € R, n €N, as
ne

n—1
UM f@) =3 > L@ — k)f <m‘1(x— K)+ Nk + an_l_im)

kEZ weXy =0

and as

Umf@) =YY Vi (w)ix x—an 1_iN' — N"k)

k€EZ weXy
n—1 )
f (Tw(i’? - anqﬂ‘]\” - N"k)+ k) .

i=0

Remark 9.23. For n € Ny, k € Z with k = 2?2—01 kp_1_iN? 4+ N™l, (ki)ieﬂ € N", | € Z, we have
UMk, = L i
va(w]) © TP
where w = (ko,...,kn—1). For n € Z, n < 0, we have
(94.1) TMo= 3" Vog(@)T=m0 Ny,
wGZ‘:l

Then the family of operators (ﬁ' (”)) 2 the operator T' and the father wavelet ¢ satisfy the
ne

following properties.
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Proposition 9.24. ﬁ("), T and ¢ satisfy the following relations.
(1) TU™ = UM™TN" pneN,

(2) ﬁ(_”)Tgo = TNnﬁ(_")go, n €N,

(3) ¢= om Ejeﬂ Vvz([i]) T’ ¢,

(4) if UMTkp £ 0, then (UMTFQ|UMT ) = 61y, n,k,l € Z,

(5) UMWUG™ =T, neN,

(6) if UMTkp £ 0, then UMUMTrp = Tkp, neN, k € Z.

PRrOOF. This proof goes as the one of Propositionwith the difference that we take U™ instead
of U n € Z, and for the family of father wavelets (¢;) ien We consider the only father wavelet ¢.

So we only show the property (3) and we obtain for z € R

p(x) = 1) =Y ¢ (7M@) =0 > Va5 TVe(x).

JEN JEN JEN

Remark 9.25. For n € Ny, k € N” with k = Z?:_Ol Wp—1-;N*, w € X%, we have

(9.4.2) UMrhe ="
JEN

vz([wil) 7 (na1) k4 N7
v O

Corollary 9.26. (VZ, (ﬁ(")) . ,T> allows a one-sided MRA with respect to the father wavelet
nelNg
p:=1x.

Remark 9.27. The correspondence between the one-sided MRA with respect to (U (”))n €No and

(Ff(n)) . is as follows: for k € Z, k = S ko1 iNT+ N (ki) € N™, 1€ Z, we have
neNg -

Tk, = gn=DpEis R NTHENTTH )

Consequently, the closed subspaces V;, j € Ny, given in the proof of Theorem and I7J =
clspan {ﬁ(j)Tktp k¢ Z}, j € Ny, of L2(vz) are related for each j € Ng by V1 = V;.

PrRoOOF OF COROLLARY [3.26] This result follows from Theorem and Remark [9.27] since for
the MRA we define the closed subspaces of L?(vz) as ‘N/] := clspan ﬁ(j)chp keZ;, j € Np.
Consequently, the properties and of Definition follow directly from Theorem The
properties and follow from Proposition The property follows from ({9.4.2]). O
Theorem 9.28. | vy, (17(”)) Z,T) allows a two-sided MRA with respect to the father wavelet @ :=

ne
1x, if and only if the incidence matrix A consists only of ones and the measure v is a measure obtained
by Hutchinson’s theorem with a probability vector p = (po,...,pn—1). Furthermore, um = (ﬁ(l))

~ ~ n
and U™ = (U(fl)) for all n € N, if and only if v is a measure obtained by Hutchinson’s theorem
with a probability vector p = (po,...,PN-1)-

Remark 9.29. The theorem above gives that the MIM is an IFS if for this family of scaling operators
(CNT (")) ; a two-sided MRA holds for this setting. In addition to be multiplicative, we also have that
ne

UM is a unitary operator if a two-sided MRA is allowed.

PROOF. Assume that (VZ, (ﬁ(”)) . ,T) allows a two-sided MRA with the father wavelet ¢ =
ne
1x, then for alln € N

UMy cspan U Tk - ke N} .



9.4. DIFFERENT APPROACH FOR GENERAL MEASURES ON MIMS 91

Therefore there are ¢} € C, k € N, such that

Uv(_n)@ = Z 02[7(_n+1)Tk(p = Z CZ Z ]/Z([w])TZ?;(? wnfz—iNi-l-N"*lktp.

keN keN  wexn?

On the other hand, we have

Ure= 3" vz ([w]) TZim0 @n—1=iN* 5 = > 3 o (W) TZim0 wn—2=iN'+N"""5

weSY JEN yexn

Consequently, it follows for all w € X% and j € N that \/vz([jw]) = cfy/vz([w]) and so ¢} € RY.
¢ is independent of n € N since for w € ¥’} and j € N we have

ve((jw]) = 3 va(ljwk]) = (2+1)* S va(wk]) = (3+)° vz ().

keN keN

Thus, ¢} = c"+1 foraln € N, j E N. We denote ¢; = ¢} for j € N and these satisfy Z]GN (c ) =1

since vz([j]) = Y ey v2([5E]) = (¢;)* X pen vz([E]) = (¢;)? and > jen vz(lj]) = 1. So it follows that
for w e X7

n—1

va(lw)) = [ (cwr)’

i=0
and so v must be the probability measure obtained by Hutchinson’s theorem for an IFS with the
probability vector p = ((00)2 R (cN_l)Q) and the incidence matrix A of the MIM consists only of
ones.

Furthermore, the family of operators (U (")) is multiplicative since for f € L?(vz), z € R,
nez

U@ f(x) = Y hez YiieN aen cj.—llc].—zlﬂ[jlj2](x —k)f (T; (T;(m —k)) + N2k + j1N + j»)

and

kEZhEN
Y et 03 Y e 1y e )+ N k)
LEZ j2eN kEZ j1EN

f (75 (7, (@ = ) + NI+ jo — k) + Nk + 1)

J1 J2

=S5 N Gl @ - 0f (7 (75 @ = D) + N2+ Nja + 1) -

LEZ jaeN j1EN

So U® = MU, Tteratively, we can show the result for all n € Ny. To obtain the result for n € Z,
n < 0, we notice that U1 = (U(l))* and then we can prove the result in a way similar to the above.

Consequently, now we have that if there exists a two-sided MRA then the measure v is a mea-
sure obtained by Hutchinson’s theorem with a probability vector p = (po,...,pn—1) for an IFS and
furthermore the MRA is multiplicative. To show the backward direction we can assume that the mea-
sure v is a measure obtained by Hutchinson’s theorem for an IFS and hence for the scaling operators
((7("> . we have U™ = (7”, n € Z, with U=0UD and U being unitary, which can be easily

n

verified. Then the proof goes analogous to the proof of the backward direction of Theorem[9.12] where
we use the operator U and ¢ instead of U and (¢i);en and define the closed subspaces of L2 (vz) as

‘chlspan{ﬁkaap:kGZ},jGZ. g
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9.4.1. Mother wavelets Now we turn to the mother wavelets that we obtain via this MRA.

We have for n € Ny, k = ZZ 0 Wn—1— ;N that

n)Tk(p Z f:i n-‘rl)TJ-‘rNkSO
JEN
So for every scale n € Ny we need for w € ¥’ at most a matrix of size (N x N). Define for w € X7,
n €N,
Dwnfl = {] € E : Ajwnfl = 1}
and ¢¥ := card D,,, ,. Then we choose ¢“»~' — 1 vectors of length ¢*»~! which are orthonormal to

( ”Z(([[j“’]]))) . We denote the vectors by (c"f’i) , 1€ ¢“»1\{0}. We extend the vectors
velwl) J jep,,, 7 JjeD., S

(c;-”i) to some of length N via c;-”i =01if j € N\D,, ,. We can denote this extension as
jED“’n 1

Awnajc;)’i since Ay,,_,; = 0 if and only if j € N\D,,,_, and if j € D,,,_,, Aw,_,; = 1.
The mother wavelets are defined for w € ¥%, n € Ny, i € ¢“-1\{0}, as

wz Nk
wwzfzc T+ 2

JjeEN

where k = Z? 01 Wn_1—iN* € N" w e ", and they take the explicit form

Yo = 3 Au e (wa((wi) " gy
JEN

Corollary 9.30. The set
(T weSh,neNieg\{0},leZ}U{T'v:1€Z}

is an ONB of L?(vz).

PRrROOF. This result follows from Theorem [R.1] with Theorem [0.28 O
Remark 9.31.

(1) If the measure v is Markovian, then for each scale n € Ny we can consider the same matrices
of coefficients, since for k € N™ with k = ZZ" 01 Wn—1—;N*, w € 3%, we have

ﬁ(n)Tk Z Jw U(n+1)Tj+Nk<p Z /pjijoij(n-i-l)Tj-&-Nk(p.
DPuwo

JEN JEN

(2) If we compare the mother wavelets for the construction with respect to the family of scaling

operators (U(")) compare Section with the one with respect to ((NI(”)) , then

n€Ny’ neNg
we notice that we can consider the same coefficient matrices for both construction, since we
already know that V;,1 =V} for j € Ny and furthermore for £ € N we have

= Uk Z O k+Niy, — Z
iEN

Consequently, we have the same initial vector for the construction of the mother wavelets for
W1 =V, 6 Vi and Wo = Vi © V. Analogously we obtain for j € N, k = >~ 01 Wp—1—;N?,

kil) U(l)Tk(pi_
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wj € X% that

UMTkg, = Z WJZ DNkt
iEN
U(n+1)TNk+j(p Z [le])ﬁ(n+2)TNk+j+Nn+li(p
P ()
It also follows that the same choice of coefficients for the mother wavelets for Wn = Nn—i—l @17"
and W, _1, n € N, is possible, and in this case the mother wavelets for the two constructions

coincide.

9.4.2. Application to IFSs. Now we give the construction of a wavelet basis on a fractal that
is translated by Z with a general non-atomic measure. This construction is a special case of the one
in Section [9.4] Here the incidence matrix A consists only of ones.

First we clarify the notation. Let S := (; : [0,1] — [0,1] : ¢ € N) be an IFS. Then there exists an
invariant set C for S by Theorem[A8] On C we fix a measure v, e.g. a Gibbs measure. We consider for
v the convolution with Z, more precisely vz = 3, ., v (- — k), which has the support R = | J, o, C + k.
Furthermore, in the corresponding shift space let ¥ = N denote the set of words of length n € N. We
denote w € ¥™ as w = (wp ... wn—1), w; € N. The set of all finite words is denoted by ¥* = J,, oy X"
Between the shift space and the limit set C' there is a coding map 7 (see ) such that we can
identify 7,,(C) with [w]. For further information see Section

Now we want to construct a wavelet basis on L?(vz), where the measure vz is supported on R.
We obtain the wavelet basis via a one-sided MRA, compare Definition for the precise definition.

In this case the scaling operators (U("))HGNO , U© = I, have a simpler form: they are given for

neN, xeR, fe L*vy), by

(9.4.3) UM fa)=> Y 1M( —k)f <Tw1(x —k)+ N"k + ni: wn”w) .

k€EZ wexm =0

The translation operator T" acting on L2(Vz) is again defined by setting T'f(-) = f(-—1). The operators
(U(n))neNo’ T and the father wavelet ¢ = 1¢ satisfy the properties in Proposition (1), (3), (4).

Remark 9.32. Notice that we could also consider a family of father wavelets (¢;),c n, @i = w([i])? g,
as for an MIM and then we would obtain an analogous wavelet basis. -

Corollary 9.33. Let (U("))nGNO be given as in (9.4.5). Then (VZ, (U(”))
MRA with respect to the father wavelet ¢ = 1¢.

neN, ,T) allows a one-sided

Remark 9.34 (Mother wavelets). The construction of the mother wavelets is as described in Section
9.4.1{ with the only difference that for all j € N we have D; = N and so ¢/ = N. Consequently, for
every scale n € Ny and every w € X% we need an (N x N)-matrix with coefficients for the mother
wavelets.






CHAPTER 10

Construction of wavelet bases on enlarged fractals in R

10.1. Setting for wavelet bases on enlarged fractals

We start by clarifying the setting for the construction of the wavelet bases on enlarged fractal.
The following starting point is as in [BK10]. We start with an IFS
S:=(0;:00,1] = [0,1]: i€p={0,...,p—1})
consisting of p injective contractions o; which are uniformly Lipschitz with Lipschitz-constant 0 <
cs < 1,ie. |oi(x) —oi(y)| < cslz—yl|, z,y € [0,1], i € p. Here we always assume that all contractions
have the same orientation (in fact are increasing) and that the IFS satisfies the OSC for (0,1), i.e.
UiEp 04((0,1)) € (0,1) and 0;((0,1)) No;((0,1)) =0, i,j € p, i # j. It is well known that there exists
a unique non-empty compact set C' C [0, 1] such that C' = Uiep 0;(C). This set C' will be called the
limit set (or the fractal) of S, compare Theorem Furthermore, let B denote the Borel o-algebra
in R.
Remark 10.1.
(1) We will always assume that the IFS (0),c,
lies to the left of oy, 1([0,1]) for all i € p — 1.

(2) The restriction that all functions in the IFS are increasing is imposed on the setting for
simplicity in notation.

is arranged in ascending order, that is o;([0, 1])

Fact 10.2. It is always possible to extend the IFS S by linear contractions to obtain an IFS
S:=(r:10,1] = [0,1]: i € N)

which leaves no gaps. More precisely, there exists a number N € {p,...,2p+ 1} and a set A C N such
that
(1) {Tj:jEA}:{O'it iEB},
(2) T0 (O) = 0, TN-—-1 (1) =1 and I (1) = Ti+1 (0),
(3) Vi e N\ A: 7; : [0,1] — [0,1] is an affine increasing contraction and either i = N — 1 or
i+1e A

Remark 10.3.

(1) The extended IFS S satisfies also the OSC for (0,1) and it has [0, 1] as the invariant set.

(2) Note that it is not essential to choose the “gap filling functions” 7;, i € N\ A, to be affine. Our
analysis would work for any set of contracting injections as long as (1), (2) in Fact and
the condition that for all ¢ € N\ A either i = N — 1 or i + 1 € A are satisfied. Nevertheless,
the particular choice has an influence on the enlarged fractal R defined in Definition and
the measure vz on R given in Definition [10.6]

(3) We could also drop condition Fact (3) and have even more freedom in the extension of
the IFS. Then we could even vary in the number of gap-filling functions, e.g. if we consider
the IFS (0¢(z) = £,01(z) = ZF2) then we could consider this either as an IFS with one gap
(i.e. [$,3]) or as an IFS with two gaps (i.e. [, 2] and [2,2]).

Now we turn to the definition for the enlarged fractal which is as in [BK10]. The enlarged fractal
is first defined in the unit interval [0, 1] and in the next step it is translated to the whole real line.

95
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Definition 10.4. Define the enlarged fractal in [0,1] as

Roy:= |H m(0),
weXu{0}

where ¥ := {(ig,...,ix_1) € N*: k€ N, iz ¢ A} and for w = (ig,...,i%_1) T = Tig © -+~ O Ti)_,-
The enlarged fractal in R is defined as

R:=]J Roy +*k.
kEZL

Remark 10.5.

(1) This enlarged fractal in [0, 1] can be understood in the way that scaled copies of the original
fractal C' are mapped in the gaps of this fractal. In this way we get a dense set in [0, 1].
Afterward this set is just translated in R.

(2) In the shift space for the alphabet N we have that the enlarged fractal in [0, 1], Rjp 1y, is
homeomorphic to the set

{wEMN: HnENO”(w)EEA},

where 6 is the shift map and ¥4 = AN, i.e. we take all the infinite words that are eventually
in the original fractal. The homeomorphism between these two spaces is the coding map 7
(see with the incidence matrix consisting only of ones). Furthermore, we denote with
¥* the set of all words of finite length, i.e. ¥* = J,, oy N".

Now we turn to the measure. On the limit set C' we consider a measure that we obtain by
Hutchinson’s theorem, see Theorem So we consider weights p; > 0 on 7;(C) for i € A such that
> icaPi = 1, and from Hutchinson’s theorem we know that there exists a unique probability measure
w1 on C satisfying

p=> pi-por .

i€A

For the definition of the measure on the enlarged fractal we have to fix weights on the gaps, i.e. we
take weights 0 < ¢; on 7;([0,1]) for i € N\A and 0 < ¢; on 7;([0,1]\C) for ¢ € A. Then the measure
on the enlarged fractal is, like the enlarged fractal itself, defined initially on [0, 1] and then translated
to R.

Definition 10.6. Let a set function on [0, 1] be defined by

Jw]—1
V= Z chi -/107";1
wesU{0} \ i=0
for weights ¢; € RT, i € N, and on R by vz(:) :== >, ., v(- — k).

Proposition 10.7. The set functions v and vy are measures.

PRrOOF. The proof follows along the lines of the corresponding proof in [Boh09]. It is obvious
that v> 0 and v(f) = 0. Thus, it remains to show that v is o-additive. So take (4,) nen, 4n € B,
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disjoint. Notice that po 75! (4,cn An) = D pen 0 7, (An) and so

vilHAn | =plH A )+ ﬁl% por; | 1M An
CORICREAL SRR O

neN weXx 1=0 neN
Jw]—1
:ZN(An)+ZZ HCUJi potyt (Ay)
neN neNweX 1=0

w|—1

=22 | T e ) (w o) (an)

neNweX =0

=Y v(4,).

neN
O
Lemma 10.8. The measure v satisfies the following relation:
Vv = Zci.l)oT;1 + Z Ci .#oTiflﬁ—Zpi 4 O Ty,
i€EN 1EN\A i€A
whereﬂ:ZwEE Lil(;lcwi-uonjl:y—u.
PROOF. Rewrite the definition of v as
w]—1 lw|—1
v= Y (e went= S (o] nonts 3 aoport o
weXU{0} =0 weN:|w|>2 =0 1EN\A
=> ci-vory '+ > eirpor, Y pi-por .
i€EN iEN\A €A
O

Remark 10.9. Recall to say that a measure p on R is locally finite means that for every x € R there
is an open neighborhood of z with finite y-measure. In this case it is enough to show this condition
for intervals and hence it is sufficient to show it for the unit interval [0, 1].

Proposition 10.10. The measure vz is a locally finite measure if and only if

Zci<1.

iEN
In particular, vz is not locally finite if ¢; = p; fori € A.

PROOF. If vz is a locally finite measure, we have that vz([0,1]) < co. This gives

lw|—1 |w|—1
v(0,1)= > | ] e | -nGt@) = D> ] e
wesU{0} =0 wexU{P} i=0

since p (7,1([0,1])) =1 for all w € X U {@}. Furthermore, we get

n

|ew|—1 o0
2 lew=1+ 2 (> | 2o
weXU{h} i=0 IEN\A n=0 \jEN

and this sum converges only if } ..y ¢; < 1.

On the other hand if we have that > .\ ¢; <1, it follows that

JeEN
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lw|—1 Jw|—1
VZ([O’ 1]) = Z H Cu; - w_l [071])) = Z H Cuw;
weXU{P} =0 wexu{P} =0
=1+ Z C; i Z cj < 0
iEN\A n=0 \jeN

and thus, vz is locally finite.
In the case c; = p; for j € A we have

D= pit D¢

jEN jEA JEN\A

and 37, 4 pj =1. Thus, >,y > 1. =

Remark 10.11.

(1)
(2)

Lemma 10.12. We have for B € B, B C [0,1] that v(7;(B)
)

From Proposition it follows that we cannot obtain a probability measure v from x on
Ryp,1) unless we rescale the measure y, since y is already a probability measure.

In the case of [BK10), IDJ06] the authors consider the measure of maximal entropy on the
fractal, that is p; = % for i € A. The authors extend this measure in the way explained above
with the weights ¢; = ]% for all 2« € N. Thus the measure is not locally finite. This observation
is in correspondence to the construction in [DJ0G|. Since there the resulting measure vy is
the log(2)/log(3)-dimensional Hausdorff measure restricted to the enlarged fractal for the
middle-third Cantor set. It is also well known that H*([0,1]) = oo for s < 1, where H?
stands for the s-dimensional Hausdorff measure, and it also holds that H*® (R N[0, 1]) = oo,
where R is the enlarged fractal since RN [0,1] is dense in [0, 1].

~v(B), j € N\A, and v(7;(B)) =

¢; - v(B)+ (pj —¢j) - w(B), j € A. In particular, v(7;(C)) = ¢; orj € N\A and v(7;(C)) = p; for

ie A

PrOOF. For j € A we get

|| -1

v(m(B) = Y IT coi | -1 (2t (m3(B)))

weXu{p} \ =0

Jw|—1
=p(m(B)+ Y c-p(n i mB))+ Y I o | -n (2t (m3(B))
iEN\A WET: |w|>1 =0
=0
Jw]—1
=pjn(B) e > | ] e | - (mS1(B)
weXD =0

=c¢; - v(B)+ (pj — ¢;) - u(B).
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For j € N\ A we get

|ow|—1

> 1T o n(mm(B))

weXu{h} =0

Jw|—1
=B+ Y cp(mtmB))+ Y ] e n (i (1(B)
T ien\a weS: |w|>1 i=0
Jw]—1
=i u(B) ey ] o (701(B)
weX =0
=Cj- I/(B)
For the last part of the statement we notice that v(C) = u(C') =1 and so the result follows. O

10.1.1. Definition of the operators for the MRA. In this section we define two unitary
operators acting on L?(vz) for the MRA and give some properties of these. The scaling operator is
furthermore set in relation to representations of the Cuntz algebra Oy obtained by an IFS.

Definition 10.13. Define the operators T and U acting on L?(vz) for f € L?(vz), z € R, as
() = flx 1)

and

uf Z( S Ve Lnqoan @ — k) f (77 @ — k) + Nk +1)

kEZ \ieN\A

+> (\/0771 e oaney (@ — k) + Vi Loy (@ k)) f (@ = k) + Nk‘+i)>-
icA
T is called the translation operator and U is called the scaling operator.

Example 10.14. To explain further how the operator U acts on functions in L?(vz) we visualize its
action for the example of the 1/4-Cantor set given by (o(z) = %, 75(x) = ££3). This IFS is extended
with the function 7 (z) = %1/2 We consider first the measure on the Cantor set given for the weights
(1/2,1/2) by Hutchinson’s theorem and for the extension we consider ¢y = ¢; = ¢ = 3. Then we

consider the measure given with the weights py = i and py = % by Hutchinson’s theorem and the

extension ¢y = pg, ca = po and ¢; = 1. For these two settings we apply the corresponding scaling
operators U to the map x — 22 on [0, 1], which are shown in Figure [10.1.1fA) and Figure [10.1.1B).
Notice that this map 2 +— 2% does not belong to L?(v7) for any of the two settings since in both cases
we have ([0, 1]) = co.

Remark 10.15.

(1) By the definition of the operator U we can see that U has the same structure as the measure
vz, compare the structure of v given in Lemma

(2) Note that we can write the operator U in terms of the representation of a Cuntz algebra. It
is well known that for an IFS (7;),. 4, we get the following representation of the Cuntz algebra
O, on L?(u): fori € A, f € L*(u), x € supp(p), set

Sif(@) = vhi ' rey(@) - f(r (@)
Furthermore define for i € N\A, f € L?(v), = € supp(v),
Sif(x) = v/e " Leqoay(@) - f(r ()

and for i € A, f € L*(v), x € supp(v),

Sif(@) = ' Lyqoane) (@) - f(r7 ().
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4 4
| ] B, /

0

o o1 02 03 04 05 06 07 08 09 1 a 01 02 03 04 05 06 o7 08 09 1

(A) The action of U for pg = p2 = (B) The action of U for ¢o = pg =
cozclzqz%. %,czngzgandclzl.

FIGURE 10.1.1. Application of the operator U to the map z +— 2?2, z € [0, 1].

Notice that if for i € N we have that S; f(z) = \/cifl~]lﬂ.([0’1])(x)-f(T[l(x)) and ),y ¢ =1,

(E) would be a representation of the Cuntz algebra Op. So this is only a representation
iEN

of the Cuntz algebra Oy if the IFS and the extended IFS coincide. Furthermore, notice
that since in the definition of S;, i € A, and gi, i € N, the characteristic function on 7;(C)
and 7;([0,1]) or 7;(]0,1])\C, respectively, are included we can consider functions f € L?(vz)
with support exceeding supp(p) and supp(v), respectively. Consequently, we can consider
the composition of S;“gj, i € A, j € N, and we obtain that Sjgj =0forallie A, j €N,
and furthermore

dij - Loy - 1, i,j € N\A,
gjgj = 67”'/ ) ]1[071]\0 : I’ Z?j e A; .

0, i€ N\A, j e A,

0, jEN\A, ic A

Then we have that U can be written for f € L?(vz) as

(10.1.1) Uf = Z Z TrG, T~ Wkt ¢y ZTk (gl + Si) T (Nk+i) ¢

kEZ \ieN\A icA

Now we turn to the properties of the operators U and T'. We start with their unitarity and the
precise form of U 1.

Corollary 10.16. The operators T and U are unitary in L*(vz) and the inverse of U is given for
f € L2(VZ); T e ]R; by

U f@)=> > (Ve-lpyle—i—Nk)- f(ri(x—i— Nk)+k))
k€Zie N\ A
(10.1.2)

+Z<\/a]].[071)\0($—Z—NI€)+\/}72]].C(.’E—’L—Nk)) f(’Tl(SU—Z—Nk)‘Fk)

i€A
or equivalently for f € L?(vz)

(10.1.3) U =30 XD TS TR S TR (S 5 ) T

kezZ \ieN\A i€A
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PROOF. T is a unitary operator since vy is translation invariant under Z by definition.

Furthermore, it can be easily verified that the two formulas in (10.1.2) and (10.1.3) define the
same operator. To show that U~! has this form we use the notation of (10.1.3). Notice that we only
have to consider §;‘§i, i€ N, and S}S;, i € A, in the following equality by Remark (2). Let
f € L?*(vz) and = € R, then

U™'U f(x)
:Z< S NG (Z > TS T NEED fa) 44> TH (S +S)T (WK f (2 ))
ez \ jenA kEZieN\A €A
X (S 55) T (X TSR T (84 5) T 0)
=y kEZieN\A icA
_Z ( Z THNIGH S TN () + ZTerNl (S*S n S*S) (Nl+i)f(33))
I€Z ieN\A i€A
_Z( Z T““Nl ( )TNl Zf +ZT7+NZ (1[0 ]( )T—(Nl+i)f(m)))
IEZ icN\A A
=>"> 1@ —i—N)f(2)
IE€EZ i€EN

where we used in the second equality that only the summands with k = [ and j = i are non-zero.
Now it remains to be shown that U is indeed unitary. For this we again use the representation of

U~'in (10.1.3). Let f,g € L?(vz), then

U=1flg) = <Z( Z T1+Nk5* kf+ZTi+Nk (§;+S:)T—kf)‘g>
i€A

k€Z ieN\A

_ Z ( Z <Ti+Nk§;<Tfkf’g> n Z <Ti+Nk§l_*T7kf’g> + <Ti+NkS;<Tfkf|g>)

k€EZ ieN\A i€A
= Z ( Z <f|Tk§iT*(z‘+Nk)g> + Z (<f|Tk§iT*(i+Nk)g> + <f|TkSin(i+Nk)g>)>
k€Z ieN\A i€A
= (flUg)
with U having the form of (10.1.1)). -

Now we turn to the definition of the father wavelet ¢ for the MRA. In the following we set ¢ := 1¢
and for z € T let

€A
We call the function mg : T — C the low-pass filter. Then we have the following relations between the
operators U, T and the filter function mg, where we consider mg to be applied to the operator T in z.

Remark 10.17. Often in the literature, compare e.g. [BJ02], a low-pass filter mg satisfies mg(1) =
V/N. Notice that although we call mo low-pass filter, it does not satisfy this condition since mo(l) =

Yieavii £ VN
Proposition 10.18. The operators T and U satisfy the following.
(1) U™'TU =TV,

(2) U o =mo(T)ep,
(3) <Tkg0|Tlg0> = 5k,l; k.leZ.
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PRrROOF. ad (3): This follows directly from vz ((C + k)N (C +1)) = x4, k,I € Z, which is true
since the intersection is for k # [ at most one point and the measure vz is non-atomic.
ad (1): Let f € L*(vz), then

ultuf
:Z <Z Ti+Nk§;‘T*k(Z ( Z Tl+1§ij(Nl+j)f + ZTZ+1 (gj " Sj) Tf(NlJrj)f))
kEZ \ieN\A leZ jeN\A jeA
+ ZTH—NIC (Svf + Sf) T—’f(z ( Z TG (NI ZTZ+1 (gj n Sj) T_(Nl+j)f)))
€A leZ jeN\A jeA
:Z < Z TNk Gk (TkgiT—(N(k—l)-i,-i)f)
k€Z \ieN\A

VK (G o) b (TR (G4 ) e (V-4
+§4T+N (S:+s0) 7k (1% (854 8:) T~ 1*f))

=> ( SO TN (L Tf) + > TV (T ape + 1e) (Tf(N(k—l)Jri)f) )

kEZ iEN\A i€A

=S (X touC—i-NO+Y (ool —i— NE) +1o(- =i = NK) ) f(- = N)
kEZ icN\A icA

=T,

where in the second equality we used that only the summands for k =1+ 1 and ¢ = j are non-zero.
ad (2): Let « € R, then

Ulo(@) =Y > (Va Loyl —i— Nk) - ¢ (ri(z —i — Nk) + k)

kEZieN\A

i€A

= Vi Lo(z —i)e (ri(x — 1))

€A
=> Vpi-le(z—i).
€A

10.2. Construction of the wavelet basis via MRA

Now we turn to the construction of a wavelet basis of L?(vz). This construction goes along the
lines of the MRA, explained in [BK10]. Before we state the theorem we further explore how the
operators U and T act on the father wavelet (.

Now we turn to the form of U"T*¢p, n,k € Z. We have that for n € N, k € Z with k =
S RN LN K, €N, L€ Z,

U'T* o =T'cl, ¢y,

where w = (ko,k1,...,k,_1) and ¢ € RT depends on all corresponding weights pr,; and ¢, for j €
{0,...,n — 1} that come from the application of the operator U.
For UMT*p, n € Z, n < 0, k € Z, we obtain the following form:

In|-1

n [n|=1 . Ari [n|
D VN B R E

(Jose-sd|n|—1) EAIT i=0
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Remark 10.19. If we consider the action of U and T on the function ¢ in the shift space, we can
see that the operators U and T act together like the shift function on 4, i.e. U"T* n e N, k € N,
indicates how many and which elements of the alphabet N are set in front of £4. So we obtain

elements in {w eNV:ImeN(w)e ZA}, where 6 is the shift map.

Now we come to the main theorem of this section.

Theorem 10.20. Let the father wavelet be ¢ := 1¢ and for j € Z let
V= clspan{Ukacp c ke Z} .

Then (vz,U,T) allows a two-sided MRA with respect to the father wavelet ¢ and the subspaces Vj,
j € Z. In particular, it holds that

cspan {U"T* o : n€ Z, k € Z} = L*(vz).

ProoOF. We recall that we have to prove six properties, compare Remark

ad (4): This follows directly from Proposition (3) and the definition of V.

ad (5): This follows directly from the definition of V; for j € Z.

ad (6): This was shown in Proposition (1).

ad (1): We have that U71TU = TV and ¢ = Umq(T)p, compare Proposition From this it
follows that for j, k € Z

UITFp = UITFUmo(T)p = U TNomo(T)

and thus V} C V}'+1.
ad (2): First we consider the case where C' is totally disconnected. This proof is similar to the one
in [BLP710|. We define a function o for x € R by

o(@) =3 > Unomayl@ = k) (7' (@ = k) +i + Nk)

kE€ZiEN

and for z € R its inverse is

oM z) =D ) My (z — Nk) (ri(x — Nk — i) + k).

kEZiEN

This function is bijective on R. With this function we can write the enlarged fractal R as

rR=J| U mw© +k=Ua—"<@c+k>.

kEZ \weXu{p} neN kEZ

We have that it is an increasing union in n of disjoint unions. We claim that it suffices to approximate
functions f which have support in ¢~ (C + K) for N > 0 and K € Z. To see why, consider an
arbitrary non-negative function f € L?(vz) and define for n € N

In = [ Lo=n(Uye, C+k)
and for k € N
In=F Lon__, oty

j=—k
We have that g& 7 g, for k — oo and g,  f for n — co. We additionally have |gk| < f for all
n € N, k € N. Consequently, by the dominated convergence theorem applied twice we obtain that the
function f can be approximated by functions with support contained in sets o~ "(C + k) for n € Ny
and k € Z. For general f € L?(vz), we can write f = fT — f~ with uniquely defined f*, f~ > 0, and
apply the above argument to f* and f~.

Now we realize that T~5U~" f has support in C if f € L?(vz) satisfies supp(f) C o=V (C + K).
We consider the sets 0" (C' + k), n € N, k € Z, which are contained in C. For each n > 0, there are
exactly p™ sets of the form o= (C + k), k € Z, which are contained in C. The sets c~"(C' + k), k € Z,
are disjoint and satisfy
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o7 (C+E)=|JomT(C +j+ Nk).
jeA
Thus, two sets ™" (C + k) C C, n € Ny, k € Z, are either disjoint or one is contained in the other,
and it can be easily checked that

B := span{]lrn(CHC) :n>0,k€eZ, o " (CH+k)C C’}
is a x-subalgebra of C(C,C). Furthermore B separates points of C since if we consider two distinct
points z,y € C then we can always find two sets 7,(C) and 75 (C), w, & € ¥*, such that 7,,(C)N75(C) =
0 and z € 7,(C), y € 75(C). So B is uniformly dense in C(C,C) by the Stone-Weierstrass theorem.

By |[Kig01], p is a regular Borel measure on C. It now follows that C(C,C) is dense in L?(u).
Hence, we can find for any € > 0 a function ¢ in

span {]lc,fn(m_k) :n, ke Z} = span {U"Tkgo tn,k € Z}
such that [|[T-5UN f — g|| < e. We know that T5 and U~ are unitary and so

|f = UNTRg|| = |T=KUN (f —UNTRg) | = |TKUNf —gl| <.

Since

UNTK (Unchp) — gN+npN Kk,
we see that UNTX g has the required form.

In the case C = [0,1] we have that p = v and we notice that every set [a,b] C [0,1] can be
approximated by 7,(C), w € ¥*. Hence every element A € B can be approximated by elements
of {7,(C): we X*}. Consequently, every elementary function can be approximated by functions
1,,(c) and so all functions in L?(u) can be approximated by elements of {Tk]lm(c) TweE E*} =
{U”Tlgo :neNy,le Z}.

ad (3): Clearly 0 € ;7 Vj. Now take f € ;.5 V;. Then f € V; for all j € Z. Notice that if
0 # f €V}, for some jo € Z it follows that for some k € Z, ¢ # 0, f|,—jo(c4k) = cLlo—io(c+k) and since
(Vj)j <io is a nested sequence it follows that for every j < jg there exists exactly one k; € Z such that
flo=i(ctr;) = clo—i(cyk,)- Consequently, f takes the value c on the nested union |J;;, o~I(C + k).
Since this union has infinite measure, f must be constantly 0. O

10.2.1. Filter functions and mother wavelets. The mother wavelets are constructed in terms
of filter functions. For the definition of the mother wavelets we need N — 1 filter functions my : T — C,
k € N\{0}. These have the form my : z+— > .y af -2, k € N\{0}, for some a¥ € C, such that

1

(10.2.1) M(z) = = (m;('2)) ;e -

where p = €?™/N | is unitary for almost all z € T. The condition above on the filter functions can be
found in [BK10, [DJO6].

Remark 10.21. In the case of a multifractal measure, i.e. a measure with different weights, it is more
difficult to give a precise definition of the filter functions than if we consider the measure of maximal
entropy, see [BK10]|. In the case of the measure of maximal entropy the first N — p high-pass filters,
mi,...my—p, on T can be defined as

M1 z>—>zdi,i6N—p—1,
where d; € G := {j € N\A} = {d; : j € N —p}, and the last p — 1 filters are defined with A =
{bo,...,bp_l} by

1 , }
MN—pt+k : &= — anjzbj’ fork ¢ B\{O}’ n= 62771/1).
vPig
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Lemma 10.22. The unitarity of the matriz M(z) in (10.2.1) is equivalent to

(10.2.2) Yicaal b =0 and Y,y afa; =0k, k,l€N.
Remark 10.23. The condition in ((10.2.2) is equivalent to the matrix

) (a9) e
(a} )ieﬁ,keﬁ\{o} ,

with a? = VPi, @ € A, and a = 0, i € N\A, being unitary. Consequently, this is analogous to the
construction of the mother wavelets as considered in Section So for further information regarding
the construction of the filter functions see Section

Proor oF LEMMA [[0.22] Firstly, we know from [Boh09), DJ06| that the unitarity of the matrix
is equivalent to

1
N > miw)m; (W) = bi;

wN=z

holding for all 4,5 € N. Secondly, we have from [Boh09, [DJ06| that for any functions fi(z) =

Yicz a;2' and fa(z) = Diez Biz* on T with a;,3; € C
N > AW f(w) =D @b
wN=z i€Z

If we apply these results to the filter functions m;, i € N, we get for fi = m; for j € N\{0} and

f2:m0 that
DoV =

€A
and for f; = m; and fo = my, for j,k € N\{0} that
> alal =
iEN
On the other hand it follows from ZleN afal = 6y, k,1 € N, that for 4, j € N\{0}
1 _
LS @=L Y Yt Y=Y Yt L 3
wN=z wN:z keN leEN kEN lEN wN=z

=0k,1

For mg and m;, j € N, we can show the condition analogously with >, , az p; = 0 and so the

matrix in (10.2.1)) is unitary. O

Example 10.24. Now we give an example with a definition of filter functions. We consider the
middle-third Cantor set with the weights pg = i and p; = %. Then we get as the low-pass filter:

(10.2.3) mo(z) = %Jr? 2

Now we give two possible choices for the two high-pass filter functions. Our first choice is for z € T

(10.2.4) mij(%) = \/E (% +dz— T12Z2) 7
w0 =i )
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and another possible choice for the filter functions is for z € T
my? () = z,
V3 o1

2

Remark 10.25. In the previous example we notice that the filter functions do not depend on the
weights ¢;, ¢ € N, i.e. on the weights on the gaps and on 7; ([0,1]\C). They just depend on the
original weights of the fractal. The fact that there is not a unique choice of the filter functions can
be easily seen from the construction since any orthonormal vectors to the vector given by the low-
pass filter can be taken. Via the Gram-Schmidt process we can also see this since we can start with
any linearly independent vectors and different choices made at this step may give different families of
mother wavelets.

Now we turn to the definition of the mother wavelets and to the orthonormal basis for L?(vz).
Corollary 10.26. Define the mother wavelets as
¥i:==Um; (T) ¢, i € N\{0}.
The set
{U"T*y; - i € N\{0}, n,k € Z}
is an ONB for L?(vz).
This corollary follows directly from Theorem [8:I] and Theorem [10.20] and so we do not give any
proof.
Remark 10.27.
(1) Notice that the mother wavelets 1;, j € N\{0}, take the following form:
vi= > alVa e+ Y al Vb o)
iEN\A i€A
So they are weighted sums of characteristic functions which are not supported on 7;([0, 1]\C),
1€ N.
(2) We can write the functions U"T*¢ also in terms of the mother wavelets and U™~ 1T!p. We
illustrate this for n = 1 and k € N. Then we have for k € A

UT = ()P o+ > @y
JEN\{0}
and for k € N\A
. »
UTFp= > @
JEN\{0}
We apply the construction of wavelet bases on enlarged fractals to two examples. We start with a
continuation of Example The second example considers a Julia set in one dimension.

Example (Example continued). Recall the setting of Example For the middle-third
Cantor set with the weights py = i and p; = % we have the low-pass filter as given in and
a possible choice of high-pass filters is given in . For these filter function the corresponding
mother wavelets are

3 1 _ 1

Y1) = \[2 (Lo(c)(x) + 7 Ve (@) — 3 1172<c>) 7
3 1 _ 1

Po(z) = \/; <—1m(0)($) + Nl Ver 1171(0)@) + 3 172(0)> ,

where ¢; is the weight given to 71 ([0, 1]). Here we can see that in the definition of the mother wavelets
the weights on the gaps 7;([0,1]), i € N\ A, have an influence on the orthonormality of the basis.
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We give one example of this construction applied to a member of an interesting class of fractals,
namely Julia sets. It is not possible to apply this wavelet construction to all Julia sets.

Example 10.28. We consider an example of a Cantor like Julia set, compare [Bea91]. The Julia
set is given by the inverse map of the IFS. Let F : = +— 2x — 1/x on J = [—1,1] with a pole at
x = 0. This function F is strictly increasing on each of the intervals Iy = [—1,—1/2] and I; = [1/2,1].
Consequently, the two inverse branches o := (F|[,1’,1/2]) ~!and o1 = (F|[0’1/2]) ! satisfy oo (J) = I
and o1(J) = I and since |F’'(z)| > 2 on Iy and I it follows that |o((z)| < 1/2 and |o}(z)| < 1/2.
Thus, these are contractions and we can consider the limit set C' for o9 and o7. Furthermore, there
exists an invariant probability measure on any Julia set by results of [Bea91l, Bro65|. This measure
will be denoted by p and it satisfies p = % (noog' +poo;?)

Now we define the extended IFS. We extend the IFS (0g,01) to the IFS S = (79 = 09, 71, 72 = 01)
with the function 7, : 2 — §, z € J. For this we can now construct the enlarged fractal and the
measure vz on it as given in Definition and Definition with one small change. Namely, the
translation has to be done by 2 instead of 1, since in this example we start with the interval [—1, 1];
an interval of length two. Consequently,

R = R[O,l] + 27, = U R[O,l] + 21,
lez
and vz : B— R}, B Y, ., V(B +2k). For the definition of the wavelet basis we have to induce the

same change in the definition of the operators U and T, i.e. Tf(z) = f(z —2) and for ¢y = c» = 3,
c1 ERT, feL?(vy), x €R,

Uf(x) = V211 1yp(x—k)- f (75 (& — k) + 6k)
kEZ
+ \/07171 . 1[_1/271/2)($ — k)f (T{l((E — k) +6k5 + 2)
V2 Lo ny(x—k) - f (r5 ' (x — k) + 6k +4) .

The wavelet basis can now be constructed in the way explained above with the father wavelet
¢ = 1g. The corresponding low-pass filter is mg(z) = %(1 + 2%). Possible high-pass filters are

mi(z) = z and ma(z) = %(1 — 2?). The corresponding mother wavelets are 1); = \/%]lﬁ(c) and

Py = 1) — Lryo)- So the set
{UMT*y; in, k€ Z,i=1,2}
is an ONB for L?(vz).

10.3. Further results for MRA for the measure of maximal entropy

In this section we want to further consider the MRA in the way we defined it in [BK10]. We
consider a non-atomic measure vz on (R, B) such that vz (A) = vz (A+k), A € B, k € Z, and
cl (supp(yz|[0,1])) = [0, 1]. Furthermore the scaling operator U is given in terms of a scaling function
o. This function o : R — R is a continuous, bijective, expanding function with |o(x) —o(y)| > ¢-|z—y|
for all x,y € R, ¢ > 1, such that for some fixed N € Nand p € N

olx+k) =o(x)+ Nk, x€]0,1], keZ,

(10.3.1) Vi (0(A) =pus(d),  AcB.

Then we define the scaling operator U acting on L?(vz) as U f(-) = \/pf(o(-)) and we can rewrite the
property UV; = V1 of the MRA as f € V; < foo e V11, j €.

For this setting we deduce properties of the measure vz and the scaling function o. We assume
that vz is locally finite, i.e. we assume vz([0,1]) < oo.

Lemma 10.29. If vz([0,1]) < oo it follows that p = N in (10.3.1).
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PRrROOF. We have that vzo0 = p-vy and o(z+k) = x+ Nk. Consequently, we have ([0, 1]) = [0, V]
and so

p-vz([0,1]) = vz(a([0,1])) = vz ([0, N]) = N - v([0, 1]),
since vy is translation invariant under Z. Thus, p = N.

O

Remark 10.30. (1) Without loss of generality we set vz([0,1]) = 1.
(2) Notice that we always have vz (o~ ([k,k+1])) = N~! for k € N. Thus, if we consider 71 (z)
o~ (z+k), z € [0,1], k € N, as an IFS with the invariant set [0, 1] and if supp (vz]0,17) = [0,
then the measure vz]j 1) coincides with the measure of maximal entropy, since vz 1

% Zkeﬂ VZ‘[O,l] o lel

Proposition 10.31. The measure vz is unique with the properties in (10.5.1]).

=

Remark 10.32. The assertion of uniqueness is that if m is any measure satisfying the property
(10.3.1)), we must have supp(m/jo,1)) = supp(vz|[0,1]) up to a set of measure zero.

PROOF. We can prove the uniqueness via Hutchinson’s theorem, compare Theorem [A.9] First
notice that the measure vz is translation invariant under Z. Consequently, it is enough to consider the
measure on [0,1]. To see the uniqueness consider an IFS obtained from o~! where the functions are
given by 71.(z) = o~z + k), x € [0,1], k € N. Since o is expanding the 75, are contractions. This IFS
satisfies the OSC for (0,1) and its invariant set is [0, 1]. Hence, there is a unique invariant measure v

on [0,1] such that
1
V= ~ Z Vo 7',;1
keN
Now define vz : A+ >, ., v(A — k). We will show that vz satisfies the condition vz o0 = N - vz.
First notice that 7, '(z) = o(x) — k and

vz(o(A) =Y v(o(A) —k)=> > v(o(A) - NI —1i) ZV<U; 4))

kEZ €N IEZ LeZ =0
and
y( U Tgl(A—Z)) =S (A=) = N -v(A-1)
i€EN 1EN
Thus,

=> Ny =N -vz(A).

lez
Since the measure is uniquely defined on [0, 1] by Hutchinson’s theorem, compare Theorem or
[Hut81], and it is translation invariant, so it follows that v = vy if supp (Vz|[071]) = [0,1]. Otherwise
we can still prove that vz and vz take the same values on intervals in [0, 1] and hence they differ only
by a set of measure zero. To see that both take the same measure on intervals consider the interval
la,b] C [0,1]. Then the measures of [0,a) and [0,b] can both be approximated by sets oI ([k, k+ 1)),
k€ Z,jeN Weget vz([0,a)) =Y oo, m:N~% and v7([0,b]) = Yoo, s; N, where the coefficients r;

are given as
ri=max{j € Ng: o' ([j,j +1]) < a},
re = max{j € Ng: 072 ([ry + Nj,r1 + N(j +1)]) < a},

n—1 n—1
T = Max {j eENg: o™ <[ZriNi_1 —I—N"_lj,ZriNi_l + NG+ 1)]) < a},

i=1 i=1
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and the coefficients s; are defined in the analogous way for b, more precisely

s1 = max{j € No: o' ([j,j +1]) <b},

n—1 n—1
Sp = max {j eNg:o™" ([ZsiNi_l + NS s NN+ 1)D < b} .

i=1 i=1
Since the measure v satisfies the same relations as vz, we get exactly the same formulas for v7([0, a))
and vz([0,0]), and hence vz = v7. O

Proposition 10.33. The measure vz is the Stieltjes measure for the homeomorphism ¢ : R — R
satisfying vz = Ao ¢~ 1, where \ is the Lebesgue measure on R. Furthermore let (x) :== Nz, x € R,
then ¢ oo =7 o ¢.

The connection of the last proposition can be illustrated in a commutative diagram as follows:

L2 (Vz) 4U> Lz(Vz)

‘| |o

L2(R,\) —2= L2(R, )\

PRrROOF OF PROPOSITION [[0.33]l The homeomorphism ¢ is given in [BK10] as the fixed point of
the operator ' : E — E given by

(Ff)(z) =Y _Fiofor, () Lpo)may(@) + Ly (x), z € [0,1],
iEN
where E := {f € C([0,1],[0,1]) : f(0) =0, f(1) =1, f : [0,1] = [0,1]} and 7;(z) = & for i € N,
z € 0,1].
Now we show that for k € Z, | € N,

vz ([0~ (k), 0 (k+ 1)]) = (0" (k + 1)) — (o' (k)).
This follows directly from the following two observations. First notice that vz (o~ ([k, k + 1])) = N~
and the homeomorphism ¢ maps
o(o~' (k) =7 (¢(k) = N~'o(k) = N~k
by the conditions on ¢.

For arbitrary intervals [a,b], a,b € R, we consider the measure vz([a,b]). The measures of [0, a)
and [0, b] are calculated in the proof of Proposition [10.31} Thus we have

vz ([a,0) =D siNT = > "N~ = ¢(b) — ¢(a).
=1 =1

Corollary 10.34. The function h(z) := vz ((—o0, z]), © € R, satisfies hoo = N - h.

PROOF. The property follows from h(o(x)) = vz ((—o0,0(z)]) = vz (0 ((—o0,2])) = N - h(z),
z e R g

Now we start with the construction of the wavelet basis. This goes along the lines of Section [11.3
or [BK10] and consequently, we omit the proofs.

For this case the two unitary operators U and T are defined as T f(z) = f(z — 1) and Uf(x) =
VN[ (o(z)) for f € L?(vz), * € R. The father wavelet is ¢ = Ljo,1) and so the corresponding filter
function is mg(z) = \/% Zieﬂ 2%, z € T. These satisfy the properties in Proposition In this
case we have that ¢ = >,y ¢ (a(-) — i) = Umg(T)ep.
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Corollary 10.35. Let the father wavelet be ¢ := 1jg 1] and for j € Z let
Vi = clspan{Ukacp ke Z} ,
then (vz,U,T) allows a two-sided MRA with respect to ¢, V;, j € Z, as above. In particular,
clspan {U"T* ¢ : k,n € Z} = L*(vz).

For the construction of the mother wavelets we have to get N — 1 high-pass filters m;, i € N\{0}.
These can be constructed as in [BK10, IDJ06|, compare Remark [10.21

Corollary 10.36. Define the mother wavelets for i € N\{0} as v; := Um;(T)p. The set
{UT*y; : i € N\{0}, n, k € Z}
is an ONB for L?(vz).

Remark 10.37. It is also possible to show that the cascade operator converges under the same
conditions on the filter functions as in the case for the Lebesgue measure with a scaling by N. The
proof given in [BJO2| can be given in an analogous way for this setting of the MRA. So we can take
exactly the same filter functions to obtain a father wavelet. Hence we can obtain many different wavelet
bases on the space L?(vz). More precisely, the wavelets that are carried over by ¢ from L?(R,\) with
the scaling operator U f(x) = VN f(Nz), f € L*(R,)\), = € R, also give a basis in L?(vz).
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Wayvelet bases on fractals in the plane






CHAPTER 11

Wayvelet bases on enlarged fractals in two dimensions

In this chapter we construct wavelet bases on enlarged fractals in two dimensions. This construction
is analogous to the one dimensional construction, but in two dimensions there are more restrictions
on the underlying fractal. We start with the setup for the multiresolution analysis. First we define
the enlarged fractal for an IFS and the measure on it. Then we continue with the construction of the
wavelet basis. For this we define two unitary operators and prove the properties of the MRA. In the
next step we define the mother wavelets and obtain an orthonormal basis.

11.1. Setting for the construction of wavelet bases on enlarged fractals

For the construction of the MRA we consider a compact set D C R? that gives a tiling of R%2. By
this we mean that there are linearly independent vectors 171, v_2> € R? such that R2 = D + Zﬁ + Z@,
and such that distinct translates of D by elements of Zv{ +Zv} are essentially disjoint in the sense that
their intersection has measure zero (the measure under consideration is given in Proposition .

We start with an IFS

S=(0c;i:D—=D:i€{0,...,p—1} =p),

p > 2, consisting of p contractions with a contraction constant 0 < c¢s < 1 and the IFS satisfies the
o

open set condition for D, the interior of D. This IFS gives a fractal C' C D, satisfying C' = UiGp 0:(C),

i.e. it is the limit set of S, by Hutchinson’s theorem (see Theorem |A.8).
Furthermore, we assume that there exists an extension of the IFS S to an IFS

S: (T(i,j) . (Z,j) c K),

where K C 72, N := card K > p, consisting of contractions with contraction constant 0 < c¢g < 1,

such that D = U(i’j)eK 7(4,5) (D), satisfying the OSC for D. In addition there exists a set A C K such
that

{o;:iep}={ru,: (i,j) € A}

and there exist numbers N1, No € N with N = N; N5 and

(11.1.1) R*= | | D+ Nik+i)vf + (Nal + )53
(k,1)€Z? (i,5)eK

Example 11.1. An example for this setting is the division of the unit square as shown in Fig-
ure [[T.1.I[(A), where K = {(0,0),(0,2),(1,1),(0,4),(1,3)} and the fractal is given by affine func-
tions mapping to the parts (1,1),(0,2),(1,3). The unit square D = [0,1] x [0,1] gives a tiling
with the vectors v; = (1,0)! and v3 = (0,1)!. There are five subsets in the unit square (as illus-
trated in Figure A)) and so N = 5, thus a choice for Ny, No is Ny = 5 and Ny = 1. For

K = {(0,0),(0,2),(1,1),(0,4), (1,3)} we obtain F = DU (D + 203) U (D + 403) U (D 4 v{ + 3) U
(D + o7 + 303) as shown in Figure [I1.1.1{B) and this clearly satisfies the condition given in (11.1.1)).

113
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(1,1) (1,3)

(1,1) (1,3)
(0,0) | (0,2) (0,4) (0,0) (0,2) (0,4)
(a) Division of the unit (B) Display of the set F'.

square.

FiGUure 11.1.1. Example of a division of the unit square and its set F'.

In the following we focus on the special case
S= (74 : (i,5) € N1 x Np).

The numbers N; and Ny play a role in the definition of the scaling operator U for the MRA. If there
exists an extended IF'S, one possible choice for the pair Ny, Ny is with N; = 1. If we want to stay
close to the structure of fractal, that is the position of the parts belonging to the fractal, N; and No
should be chosen such that U(i,j)eNl wN, D+ it + jv_g is an augmented version of D. More precisely,

Ui jye v x v D+iv{ +jvs = (D), where U is an affine transformation with ¥(v{) = a, ¥(v3) = b for
some a,b € R*, a,b > 1. Another natural condition could be U(i,j)e&x& C+ivg —s—jv_g = U(C). This
is satisfied e.g. in the example of [DMPO8]. But this does not always exist since e.g. if the contractions
T(;,5) are not affine, then it is not possible to obtain this relation U(i’j)eleNz C +ivg + jus = ().
Furthermore, if the number N of functions in the extended IFS is prime, then the only choice is N, = 1,
NQZN(OIleN, Ngzl)

Remark 11.2. (1) Such an extension S need not to exist for a given &, and when it does exist,
it is not unique (compare Example [11.6)).

(2) For the construction it is important that the indices (¢, ) run through all of N1 x Ny, not
just through a subset of N; x Nj.

(3) For the extension S of the IFS we define contractions on the gaps of the original IFS S.

(4) Notice that the possibility of “gap filling functions” and the tiling of the space are two separate
conditions since e.g. the hexagon allows a tiling of the space but it is not possible to cover
the hexagon with affine scaled copies of itself such that there is no overlap between the copies
with respect to the Lebesgue measure.

On the fractal C' we consider a measure given by Hutchinson’s theorem, (see [Hut81] or Theorem
IA.9) with arbitrary weights on the subsets of the fractal. More precisely, we consider the measure p
on C for weights p(; j) € (0,1), (i,j) € A with Z(i’j)eA P(,5) = 1 satisfying

-1
H= DL gy EOTh):
(i,7)€EA

Remark 11.3. If 4 has the same weights p(; j) = ]% for (i,7) € A, then p is the measure of maximal
entropy if the shift dynamical system corresponding to the IFS is considered.
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11.2. Definitions of the enlarged fractal and a measure on it

The measure of the L2-space on which the wavelet basis will be constructed has a dense set in R? as
support. This set is called the enlarged fractal. The enlarged fractal is first defined in D by filling the
gaps with scaled copies of the fractal and then it is extended to R? by translation. We start by clarifying
some notation. For w := ((i9,J0), .-, (lk—1,Jk—1)) € (& X &)k let 7o, = T(ig,j0) O © Tin_1,jr_1)> let
79 = id be the identity on D and let |w| = k denote the length of w with |} := 0. We let ¥*2? denote
the set of all words of finite length with the alphabet Nj x Na, more precisely ©*2 = | J22 | (N7 x Na)".
Furthermore, let B denote the Borel o-algebra on R2.

Definition 11.4. Define the enlarged fractal in D in two dimensions by
S = U U T.,(C) = U 1.,(C) C D,
kzowe(&x&)k wex*2
and define the enlarged fractal in R? by

R:= |J S+kvoi+1vs.
(k,l)ez?

Fact 11.5. Let
.. . . k . .
2(2) = {((ZOaJO) R (Zk—la]k—l)) S (& X &) 5 ke N7 (Zk—la.]k—l) ¢ A} .

Then S can be written as

S= | n©.

wex@u{n}
Now we give two examples for non-trivial enlarged fractals R.

Example 11.6. We give two examples which both have as the underlying fractal the 1/4-Cantor Dust.
In this example we have D = [0,1] x [0,1], o = (1,0) and v3 = (0,1). The fractal is given by the IFS
S =(0;:i€4) with

ai(?)=< 1(/)4 194 ) T 4 a;, T €[0,1] x[0,1],

0 3/4 0 3/4 . . . . . —
a; € {( 0 > , < 0 ) , ( 3/4 > , < 3/4 )} This fractal is obtained iteratively as shown in Figure

OL21l
H B .. .
H B

(A) Prefractal of order 1. (B) Prefractal of order 2. (c) Prefractal of order 3. (D) Prefractal of order 4.

FIGURE 11.2.1. Prefractals of the Cantor Dust.

(a) In the first case we extend the IFS S to the IFS Sy = (7(; ;) : (4,5) € 3 x 3) as indicated in Fig-
ure[11.2.2((A), with affine contractions on the gaps. Consequently, the set A = {(0,0), (2,0),(0,2),(2,2)}.
In this example we have that 3- D = U(i,j)egng + vy + jv_%. But on the other hand we have that

3-C # U jyeaxa C + i1 +ju3.
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(0,2) (1,2) (2,2) (0,3)1(1,3)1(2,3)](3,3)

(0,2)[(1,2)](2,2)](3,2)

0, )(1,1)](2,1)(3,1)

(0,0) (1,0) (2,0) (0,0)[(1,0)](2,0)|(3,0)

(a) Division of square for S;. (B) Division of square for Sa.

FIGURE 11.2.2. The division of unit square for the Cantor Dust.

(b) Another possible definition for the extended IFS Sy = (7(; ;) : (i,7) € 4 x 4) is as indicated in

Figure 2|(B), with affine contractions on the gaps. In thls case A = {(0,0), ( ,0),(0,3),(3,3)}. In
thlb example we have that 4- D = U (i) €4X4D + w1 +]’U2 We also have that 4-C = U (i.) E4X4C +

i + ]vg So we consider this extension as the natural extension.

Now we have to define an appropriate measure vzz on R? with essential support R. The measure
is defined in a way analogous to that of the enlarged fractal; first on D and then on R2. The subscript
Zf, of the measure vzz denotes the translation of the measure v by 7?2 and the vectors ﬁ, @ For the
definition of the measure vzz we fix weights c(; ;) € R* for (i,7) € N1 x Na.

Proposition 11.7. The set function v : B — E-; given by
|| -1
vi= Z H Cir,jr) ':uOTL;lv

wel{0yus®@ \ k=0
where c(; jy € R, (i,4) € N1 x Ny, fized, and w = ((io,jo),...,(i|w|,1,j|w‘,1)) e ©@, defines a
measure on D. Also the sum of the translates

Vg2 B— R§7
B > v(B-kvf —1v3)
(k,1)ez?

defines a measure. Its essential support is equal to R.

Proor. This proof is analogous to the one—dlmensmnal version (see Proposition with the
difference that we have a translation by Zm + ng instead of Z and use the IFS consmtlng of T(ij)s
(i,5) € N1 x Ny instead of 7;, i € N.

Remark 11.8. Now we give some observations regarding these measures.

(1) Notice that for every (i,j) € A we also take a weight c(; ;) € RTon 7; ;)(D\C) which may
differ from p(; ;.

(2) Notice that for B € B, B C D, we have v (7(; j(B)) = c(ij) - v(B), (i,j) € (N1 x N3) \A,
and

v (76.9)(B) = ¢y - v(B) + (Paj) = i) - #(B)

for (i,5) € A. In particular, v (7(; ;y(C)) = cq ) for (i,§) € (N1 X Na) \A and v (7 ;(C)) =
P, )fOI"(' )EA

(3) We also have that vz2 (C'N D) = 0, where C is the fractal and 9D is the boundary of the
set D, since we assume that vz ((D + kvt 4+ 103) N (D + novi +mv3)) = 0 for (k,1) # (n,m),
(k, 1), (n,m) € Z*.
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Proposition 11.9. The measure vzz is locally finite if and only if

Z C(i,j) < 1.

(4,7)EN1 X N2

In particular, vgz is not locally finite if the weights c(; j) are given by c(; jy = p,j) for (i,7) € A.

PRrOOF. This proof is analogous to the one-dimensional version (see the proof of Proposition
with the difference that in two dimensions a measure is locally finite if it is finite for sets [a, ] X [c, d],
a,b,c,d € R. Since the set D is contained in some rectangle and it also contains some rectangle, we
show that 72 (D) < co. To prove this we notice that u (7,'(D)) =1 for all w € £ U{0}. Then the
argument goes as the one-dimensional one, where we use c(; ;), (i,7) € N1 X Na, p(; 5, (i,7) € A, and
the sums run through ©® U {0}, N1 x Ny and (N7 x Np) \A. O

11.3. Definitions and properties for the MRA
For the MRA we have to define two unitary operators on L? (Vzg) and a father wavelet. We start

by giving the unitary operators in terms of the extended IFS.

Definition 11.10. The translation operator T is defined for (m,n) € Z2, f € L2(Vzg), as
(T £) () = £ (- = m} —nii).

The scaling operator U acting on L*(vz2) is defined for T eR? fe L*(vg2), as

T ’L
(k,l)ez? c N1><N2)\A ?

Uf(7)=z< > Ve ! (7_m_zv—g>
(i,5)€(
_)

(e (@ = kit - lv_2>)+(N1k+i)v1+(N21+j)v_>2)

+ 3 (v ren (B\0) (F = ko = 158) + /Py L) (7 — k] — 133))
(i,)€A
f( o (& — kvl — lv—2>)+(N1k+i)v_>1+(N2l+j)v_>2)>.

Remark 11.11.

(1) We notice that Uf for f € L*(vz2) is not defined everywhere on supp(v2) since U f is not
supported on the boundary of D. Nevertheless, that does not have an impact since the
boundary has measure zero.

(2) In the definition of the operator U we observe that since (i,7) € N1 x Ny the function U f
is supported on all of R (almost surely, depending on supp(f)). If we had that (i,j) € B &
Ny x Ny, then the values of f(7) for @ € U(i,j)e(&x&)\B D +iv} + jvs are omitted in U f
and so the operator U is not unitary.
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Lemma 11.12. The operators T and U are unitary in L2(I/Z?)) and the inverse operator of U is given
for f € L*(vz2) and Z R by

U (@) = ) < > (VEn 15(@ -+ Nk T - (G + Na) )
(i,5)€(

(k,1)ez? NixNa)\A

< f (T (T = (i + Nik) o] — (§ + Nal) U3) + kv + 103) )

+ 20 (Ve g (7 = (4 Nk 3 = G+ Val) )
(i,J)€A
%

+\/W'10(7—(i+N1k)H—(j+N21)v2))
S () (?—(i+N1k)v—{—(j+N21)@)+kv—{+z175)>.

We postpone the proof to behind Remark [IT.14] First we explore the action of this operator U
in the example of the Cantor Dust, compare Example and give a different representation of the
operators U and U1,

Example 11.13. For the example of the Cantor Dust the operator U for the two divisions of the unit
square acts on the identity map on [0, 1] x [0, 1] as shown in Figure[I1.3.1] For the measure we consider
the weights c(; j) = 1 for (i,5) € 3% 3, (i,5) € 4 x 4, respectively. Notice that the identity map is not
in L?(vz2) since the measure vz is not locally finite.

(A) The operator U for the division (a) (B) The operator U for the division (b)
given in Example @ given in Example@

FIGURE 11.3.1. The action of the operator U for the the Cantor Dust on id.

We now give a connection between the scaling operator U and representations of the Cuntz algebra.

Remark 11.14. We can write the operator U in terms of the representation of a Cuntz algebra. We
consider the following representation of the Cuntz algebra O,: for (i,j) € A, f € L*(p), 7 € supp(p),
define

Sinf(@) = VPan " Le (@) F (@)
Furthermore, define for (i,7) € (N1 x N2) \A, f € L*(v), 2 € supp(v),

Sanf (@) = ey " HT(i,j)(g)(Y) f (T(?,E')(?))
and for (i,j) € A

Seand @) = Va1 o (@)1 (7 ().
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Notice that if we instead defined for (i,4) € A, f € L?(v), A= supp(v),
‘FS’V(LJ)f(?) = \/C(i,j)_l . ]]-T(iyj)(D) (7) ! f (T(:E)(?)> )

and Z(i,j)e&x& ¢(i,j) = 1, then (g(i’j))(ij)eleNZ would be a representation of the Cuntz algebra

Op. This is the case if the extended IFS coincides with the original IFS.
The operators U and U~ take the following form. Let 7 € R2, f € L2 (Vzg)7 then

Uf(?): Z ( Z T(kvl)g(m,)T(—(N1k+i)7—(N21+j))f(?)
(i,5)€(

(k1)€z? NixNa2)\A

+ > Tk (g(m +S<m‘)> T((Nl’“”)’(NQHj))f(?))
(i,5)€A

and

() - z( S TURNRENG R f(g)
(i,5)€(

(k1)ez? NixN2)\A

+ Y NN (5@,;» + S?m)) T(k’l)f@))'

(i,5)€A
We can easily check that the two formulas for U and the two for U~! define the same operator.

PrROOF OF LEMMA [IT.T2] T is a unitary operator since v is translation invariant under 7] +
703 by definition. Furthermore it can be easily verified that the two formulas for U~! define the same
operator. The proof of U=1Uf = f for all f € L2(Vzg) goes analogous to the one-dimensional version.
We consider the representation of U and U~ in terms of S(; ;), (i,7) € 4, and §(i7j), (,4) € N1 x Ny,
and notice that

Sgtety - Lg Lo (0.9), (k1) € (NLx Na) \A,
Sk ~ 61’,',1@,[ 1o X (ivj)a(k?l)€A7
S(i,j)s(k,l) _ (4,5),(k,1) \C
, (i,5) € (N1 x Na) \A, (k,1) € A,
0, (k1) € (N1 x N2)\4, (i,7) € A.

and Sf; - Sy = 0 for (i,§) € A, (k,1) € Ny x Na, 87, 5 Sy = 0 for (i,5) € Ny x Ny, (k,1) € A, and
S&,j)s(k»l) = 0(i5),(eyd for (i,7), (k,1) € A. With these observations we obtain the result in the same
way as the one-dimensional version.

We can show that the operator U is unitary in exactly the same way as for the one-dimensional
version with the representation of U and U~ in terms of S5 g(m-). O

Now we turn to further properties of the operators U and T

Proposition 11.15. The operators T and U satisfy the following.
(1) U—IT*RDy = TWNkN2D) (k1) € 72,
(2) U=tp = mo(T)e, where mo(z,w) := 2(ij)eA P 2wl (z,w) € T? = {we C?:|w =1},
and ¢ := 1¢,
(3) <T(k’l)¢‘T(n’m)‘p> = 5(k,l),(n,m); (kv l)’ (n’m) € ZQ'

Remark 11.16. We define the function mo(z, w) := 3 (; ;yea v/P(irj) ° 2wl (z,w) € T?, as the low-
pass filter for the father wavelet ¢. The filter functions are applied to the operator T as mo(T) =

Yy vPag) - TED.
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PRrOOF. The properties given in (1) and (2) can be shown in an analogous way to the ones in
Proposition (1) and (2) by using the appropriate version U, T, ¢ and mg. For (1) we consider
UT®EDU with (k,1) € Z? instead of 1 (in the one-dimensional version), which carries through the
proof without further difficulties.

ad (3): This follows from vz ((C + kvt 4 103) N (C + nvf + mu3)) = S(k1),(n,m)» (K,1), (n,m) €
72, which holds since vz2(0D) = 0. O

Now we turn to the statement of the MRA in two dimensions.
Theorem 11.17. Set the father wavelet ¢ = 1¢ and for j € Z let
V; =clspan {UjT(k’l)g) (k1) € ZQ} ,
then (Vzg, U,T) allows a two-sided MRA with respect to ¢ and Vj, j € Z, as above. In particular,
CISpan{U"T(“)@ :n€Z, (ki) e ZQ} =L*(vz2).

PROOF. For the proof we show the six properties given in Remark The properties , ,
, and @ follow in the same way as the corresponding one-dimensional properties with the
appropriate operators U and T" and the closed subspaces Vj, j € Z, defined above.

ad : For this property we give more details, although it is analogous to the one-dimensional
version and so it is similar to the one in [BLPT10|. First we consider the case where C is totally
disconnected. We define the following function ¢ in terms of the IFS S for 7 e R? by

- -
7= Z <(i,j)Z 17(1',:‘)(/03)(? ’ 2)

(11.3.1) (k) eZ? elixNo

(T(;j.)(? — kv —103) 4 (i 4+ Nik) 01 + (j + Nal) v‘%) )

This function is bijective on R? and its inverse is

o NT) = ) ( > 15(7—(N1k+z')v_{—(zvzl+j)v_’z)

(k,1)eZ2? \ (i,j)€N1x Na
(T(i,j) (7 — (Nik + Z)U_>1 — (Nol + ])@) + kvt + lU_>2) )
With this function we can write

rR= |J W @) +kd+im=Jo| b C+kof+iu
(k,1)ez? \wex@u{p} neN (k,l)ez?

In terms of the function ¢ we have that R is an increasing union in n of disjoint unions. More precisely
o~ (Lﬂ(w)ep C+kvj + lv_g) is an increasing set in n € N. We claim that it suffices to approximate
functions f which have support in o=V (C' + Kvi + Lv_g) for N > 0 and (K, L) € Z2. To see why,
consider an arbitrary non-negative function f € LZ(Vzg) and define for n € N

In=1[" ]1[,—n(|v|(r)s)eZ2 C+rvf+503)°
and a second sequence for k,n € N as

k
g'n, = Z f : ]107"(0—0—]'171)-‘1-1'172))'
(3,5)E{—k,...,0,....k}?

We have that g * g, for k — oo and g,  f for n — oo. We additionally have |g¥| < f for all
n € N, k € N. Consequently, by the dominated convergence theorem applied twice we obtain that the
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function f can be approximated by functions with support contained in sets o~ (C' + kvi + lv_%) for
n >0 and (k1) € Z*. For general f € L?(vz2), we can write f = f* — f~ with f*, f~ >0, and
apply the above argument to f+ and f~. Now we realize that (%=L UN f has support in C, where
f € L*(vg2) with supp(f) c o=V (C + Kvi 4+ Lv3).

We consider the sets 0" (C' 4 kuv] +193), n € N, (k,1) € Z?, which are contained in C. For each
n > 0, there are exactly p" sets of the form o~ (C + kv + 1v3), (k,1) € Z2, which are contained in
C. The sets 0™ (C + kvj + 1v3), (k,1) € Z2, are disjoint and satisfy

oT(CHER + 1) = | o Y (C+ (Nik + )0l + (Nal + §)03).
(i,4)€A
Thus, two such sets =™ (C + kvt + l@) C C,n €Ny, (k,l) € Z, are either disjoint or one is contained
in the other, and

B:= span{]l (Crmitu) - = 0s (K1) € Z%, 0" (C + kol +103) C}

o—n

is a *-subalgebra of C(C, C) which can be easily checked. Furthermore we have that B separates points
of C since if we consider two points z,y € C then we can always find two separate sets 7,,(C) and
75(0), w,w € £*2 such that 7,(C) N 75(C) = 0 and z € 7,(C), y € 75(C). Now we can apply the
Stone-Weierstrass theorem and get that B is uniformly dense in C(C, C).

Furthermore we know that p is a regular Borel measure on C and it now follows that C(C,C) is
dense in L?(u). Thus we can find for any € > 0 a function g in

span {]lg,,L(C+k17l>+l@) :nez, (kl)e Zz} = span {U”’T(k7l)<p :n ez, (ki) e Zz}

such that |TCE~DU-Nf — g|| < . We know that TUSL) and UV are unitary and so

If = UNTER | = TCRRy—Nf— g <e.

Furthermore, we have that

NK.L) (UnT(k,l)<p> _ UN+nT(N{"K+k,N2"L+l)<p7

so UNTUL) g has the required form.

If we do not have that C' is totally disconnected, but C' C D, we can proof the result by defining
o' =0\ (Ungo Ugenyeze 0™ (0D N C) + ki + lv—2>)>. We have that 3 (C") = 1 since vz (ADNC) = 0
and for the set C’ we can argue in the same way as above. In the last step we can come back to the
original set C' by adding a set of measure zero which does not have any influence.

If C = D, notice that every set [a,b] X [¢,d] C D, a,b,c,d € R, can be approximated by
7.(C), w € ¥*2. Hence it generates B, thus every element A € B, A C D, can be approxi-
mated by elements of {Tw (C):we 2*72}. Consequently, every elementary function can be approxi-
mated by functions T(k’l)]lm(c) and so all functions in L2 (vz2) can be approximated by elements of
{T®D1, o) we B2 (k1) € 22} = {UTHVp : n e Ny, (k1) € Z%}. O

11.3.1. Mother wavelets in two dimensions and the wavelet basis. Now we turn to the
construction of the mother wavelets which are obtained via filter functions of the form m; : T2 — C,

(z,w) = 30 1yeze ng;,z) 2Pl j € N\{0}, and c{k’l) € C, such that specific conditions are satisfied
for the coeflicients cgk y € C. The construction goes along the lines of [BLP™10, DMPO08|. In
[BLPT10, BLM™09| it is done in a more general setting, more precisely in arbitrary Hilbert spaces.

In [DMPOS8] it is done for the special case of a Hilbert space defined on the enlarged fractal of the
Sierpinski Gasket.
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Remark 11.18. First observe that there is a standard isometric isomorphism J : Vo — L2 (']I‘Z, /\)

given by
J ( > C<m,n>T(m’”)(10)) = D CommCimm
(m,n)€ez? (m,n)€z?
where ¢(,n) € C and ey, n)(z,w) := z™w" for (z,w) € T?. For further discussions about the

isomorphism see [DMPO8|. Thus, the filter functions, which are used for the definition of the mother
wavelets, are in L? (T2, A) and under application of J~* and U we get the mother wavelets in L (12 ).

For the construction of the mother wavelets we first define NV — 1 high-pass filters. Recall that the
low-pass filter is given by

mo(z, w) = Z V() E(ing) (7 W),
(i,§)€A
where (z,w) € T? and e(; j)(z,w) = z*w’. With the coefficients of the low-pass filter mg we can define
a vector vg of length N given by

_ 0
(UO)ieﬂ B a((i)Nl*LNLlJ)

with a(()i,j) = /DGy for (i,7) € A, a?m) =0 for (i,j) € (N1 X N2) \A and (m)y := mmod N, m € N,

and |x] = maxgez p<s (k). Thus, we can also write the low-pass filter as mg = vg - £¥, where

(g)ieﬂ = e((i)vaL i )

~y

and e, m) (2, w) = 2"w™, (z,w) € T2, (n,m) € Z2.

We can find N — 1 vectors v;, i € N\{0}, of length N such that (v;),. 5 forms a orthonormal basis
for CV, or equivalently, the matrix (v;),cy is unitary. (For example, consider the vector vy and any
N — 1 linear independent vectors, e.g. for i € N\{0} consider the vector (d; ;) , which is 1 at the
ith coordinate and zero otherwise, then we apply the Gram-Schmidt process to these vectors.)

The high-pass filter functions are defined as m; := v; - €', i € N\{0}. We denote the entries in the
vectors v; by

11.3.2 - 4 )
( ) (Uz)geﬂ a((j)Nl’LNJilJ)

Proposition 11.19. Define the mother wavelets by v; := Um;(T)p, i € N\{0}, where
, t
mi(T) = v; - (T(le,le))
JEN
Then the set
{U”T(’“”wi nel, (k) ez ic M\{o}}
is an. ONB for L*(vz2).

Remark 11.20. The mother wavelets have the following form for i € N\{0}
Vi = > VD rin@+ D AnVPeD  rwu(©):
(k,1)E(N1x N2 )\ A (k1)eA
Proposition [T1.19] does not follow directly from Theorem [81] as in the one-dimensional setting,

since there we only consider an MRA in one dimension.

PrOOF OF PrROPOSITION [1.19l First we prove that 7"y, (k1) € Z2, i € N\{0}, are or-
thonormal. Iteratively we obtain the orthonormality of U"T*D¢y; and U™T ™)y, (k,1), (r,s) € Z2,
n,m € Z, i,5 € N\{0}. Let (u,v),(r,s) € Z* and i, j € N\{0}, then
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<T(u,v),¢}i ‘T(r,s)wj>

=< > al ey T, o+ Y ayyPin T,
(k.De(

NixNa)\A (k,l)eA

j —1r(r,s j —1r(r,s
‘ > alpovemn T, o)+ Y aly /Py T )]1r<k,z><c>>

(k,1)e(N1x N2 )\ A (k)eA
1

= O(u,0),(r,s) * ( > ey @ (Chn)
(h)E(NyxNa)\A

i g —1
Y @ (Pon) <]17<k,z><c>|17<k,”(c>>)
(k,l)eA

= O(u,v),(r,s) * ( Z aék,l)a%k7l) + Z a%k,l)azk,z)) = ) (rs) * Oirjs
(k,1)e(N1x N2 )\ A (k,1)EA

<]]'T(k,l) (&) | ]]‘T(k,z) (C)>

where we use in the second equality that the inner product is only non-zero if (u,v) = (r, s) and in the
last we use that the vectors (v;),. are an orthonormal basis of CcN.
Furthermore, for ¢ € N\{0} we have

(Wile) = > alyy/Pies) = 0.

(k,D)eA
Now we turn to the orthonormality on different scales n, m € Z. This follows for the scales n = —1
and m = 0, since for 4,5 € N\{0} and (k,1) € Z? we have ¢; € Wy C Vi, UT®Dy; € Wy and
Wy = Vo 6 Vy. Iteratively, it follows for all scales n,m € Z.
We show that

{U"TW% neZ, (ki) el ic ﬁ\{o}}
spans L?(vz2) by showing that

{TW%Z— (k1) €72, € ﬂ\{()}}

is an orthonormal basis of W,. We establish this by writing a basis element of V; of the form UT®*:!
(k,1) € Z2, as a linear combination of elements of V and Wy, and then considering the inner product.
We use the property of Proposition [11.15] (1) and so let (k,I) € Ny x Na (instead of Z?), then

(UT®0| S s+ 1alkD) - B

jeN\{0}

_ (k,0) —J J (u,v) 7 (u,v)
*<T S”‘ > “(m)( D Wy T+ ) ot 90)

JEN\{0} (u,v)€A (u,v)e(&x&)\/l

+1a(k D) Poen D \/MT(“’“W
(u,v)EA
= Z Egk’l)a{k’l) + 1Ak, 1) - e
JEN\{0}
=1.

So {T":Dy; : (k,1) € Z*,i € N\{0}} is an orthonormal basis of Wy and iteratively it follows that
{UIT®Dy, « (k1) € Z%,i € N\{0}}, j € Z, is an orthonormal basis for W;. Since we also have
DW= L?(vz2), the result follows. O
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Remark 11.21. It is also possible to obtain an orthonormal basis for some two-dimensional L2-
spaces via the tensor product of two one-dimensional wavelet bases. These wavelet bases also fit in the
construction of this section. The wavelet bases obtained via the tensor product are called separable.
In Example we give an example for the construction of a separable wavelet bases.

11.4. Construction of the wavelet bases for the measure of maximal entropy

In this section we consider a special case of the construction of a wavelet basis on an enlarged
fractal, namely we consider the measure of maximal entropy on the fractal. So we consider the same
setting as before with p(; ;) = 1/p for all (i, j) € A and we extend the measure with the same weights,
ie. ¢y = 1/p for all (4,j) € Ni x Np. Consequently, we have a non-locally finite measure by
Proposition [I1.9} In this context we can define the unitary operator U for the MRA in terms of the
scaling function o given in . The operators U and T are then defined for f € LQ(Vzg) as

Uf()=vpflo())
and
TN F ()= £~ KT~ 1),
The operators 1" and U are unitary in LQ(VZg) and the inverse of U is given for f € Lz(quzj) by

-1 1 -1
U=—re) \/ﬁf (™)
One family of filter functions for the construction of the mother wavelets can be given explicitly
as follows. Let G := {(Lj) € (& X &) \A} = {(d},df) i €N —p} and A = {(a]l,ag) c€A:je ]3}.
Then the first N — p high-pass filters, m1, ..., my_, are defined on T? by
2

1 .
mig1: (z,w) = 25w i€ N —p.

The remaining p — 1 filter functions are defined by

1 . .
\7 an] A fork € p\{0}, n = /P,
b -
j€p

The vectors given by these filter functions form an orthonormal basis of CV.
The wavelet basis for L?(v2) is then given as above for these filter functions and operators.

MN—ptk : (2,W) —

11.5. Examples

In this section we give two different examples of fractals on which we construct wavelet bases. The
first example is the Cantor Dust and the second is based on Gosper Island.

Example 11.22. We construct wavelet bases for the Cantor Dust in two different ways. The first
way is via the tensor product of two one-dimensional wavelet bases and the second way is the direct
one described in Section We consider the Cantor Dust with five gaps as in Example (a) and
we consider the measure of maximal entropy on the fractal which means we take the same weights on
the gaps, c(; ;) = 1/4 for all (i,7) € 3 x 3.

For the tensor product approach we start by noticing that the Cantor Dust coincides with the
tensor product of the one-dimensional 1/4-Cantor set Cy given by the IFS (1o(z) = £, 72(z) = £3)
with itself. Furthermore, the space L?(vz2) based on the Cantor Dust coincides with L?(vz) ® L?(vz),
where vz is the measure in one dimension obtained from the invariant measure p on the Cantor set Cy
with the weights (1/2,1/2) and on the gap we also consider the weight % For the definition of v see
Definition or [BK10]. We have that vz2 = v ® 7. A wavelet basis is then constructed in L?(vz)
with the operators T and U for f € L? (vz) given by (T'f)(z) := f(z — 1) and (U f)(x) := V2f (o(x)),
where the scaling function o restricted to [0,1] is given by

o(x) = Z]l[ovi)(x— k)-(4x — k) + 11,
keZ

N

1
)(;z:—k)~(2x+2+k>+1[271)(z—k)~(4x—1—k).
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Let the father wavelet be () = 1¢, and the mother wavelets be given for x € [0, 1], by

V(@) = V2110,
(@) = Lig, (@)

The corresponding orthonormal basis for L? (vz) is
{U"T’%/é” Ci=1,2, ke Z}.

Consequently, we obtain a wavelet basis for the Cantor Dust with the father wavelet ¢ ((z,y)) =
oM (z) - M (y) and the mother wavelets

1 ((2,9) = (@) - ) (), 2 ((2,9)) = (@) - 5" (),
Vs ((,9) = i (@) - D (y), Y ((2,)) = 050 (@) - D (),
Vs ((.9) = i (@) - i (1), v ((2,9)) = vi (@) - v§ (1),
r ((.9) = v (@) - i (1), Us ((.9)) = v§ () - 8" (y).

The values that these functions take on the subsets are shown in Figure[11.5.1] The subsets are viewed
as scaled copies under application of (7;(C4), 7;(C4)), ¢,j € 3, of the Cantor Dust. So an orthonormal
for L?(vz2) is

{(7"T<’€vl>z/}j neZ (k1) ez?jel,.. .,8}},

where U = (U, U") and T = (T*, T!) such that e.g. U"T*Depy = (UnThGD) . (U"Tl¢§1)>.

1 1 1 . NG 1 1
V2 V2
1 1 1 1 V32 1 1
¥ U1 o 3 Py
B 1 1
2 V2 /2
V2 1 -1
Vs g U7 s

FIGURE 11.5.1. The mother wavelets for the Cantor Dust (construction via the tensor
product).

Now we construct a wavelet basis directly in the way of Section [II.3] on the enlarged fractal of
the Cantor Dust. In this way we have more freedom for the choice of the mother wavelets. A possible
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choice of coefficients for the filter functions is the following.

vo: i 0 1 0 0 0 1 0 1
O S S N T O
. 3 3 3
0 —{ 0 0 0 0 0o = 0
o V2 1 —1 V2
ve: 0 0 0 5 0 Z 0 0 0
vs % 0 0 0 0 0 0 0 ;—g
vg: O 0 % 0 0 0 \—/—% 0 0
v 1 Vi -1 =8 g =38 -1 V3 1
7 1 4 1 4 4 4 4 4
vs =3 1 v3i -1 g =L V3 1 =V
4 4 4 4 4 4 4 4

The mother wavelets so obtained are visualized in Figure [11.5.2] where the values are only taken
on images under the extended IF'S of the Cantor Dust mapped to the subsets of the unit square. That
is more precisely the values on 7; ;(C) for (i,7) € 3 x 3.

_ 1 1 —1
1 L |F| 3 |3]||v] v |=& —V2
1 1
- - - v ARRZ /2
_ —1 1 1
! NHEREIEEAE Ve
¥ Py o 3 Py
-3 V2 2 % e s B
-3 -3 =1 =1
2 2 2 2
% R e s B
¥s (s e g

FIGURE 11.5.2. The mother wavelets on the Cantor Dust (direct construction).

In this example we can see that the wavelets obtained via the tensor product approach also
satisfy the conditions for the direct approach and so we can also obtain these wavelets via the direct
construction of two-dimensional wavelets. But the direct approach allows more freedom of choice in
the coefficients of the high-pass filter functions, and hence we can obtain more different wavelet bases
in the direct approach.

Example 11.23. We now consider an example based on the fractal called “Gosper Island”. This
fractal is constructed along the lines of Figure For the construction of Gosper Island we start
with a hexagon with the vertexes (—2,0), (—1,v/3), (1,v/3), (2,0), (1,—v3) and (—1,—+/3). Then
each edge is changed to four lines. Gosper Island is the limit set of continuing this process indefinitely.
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SINININ.

(A) Gosper Island; (B) Gosper Island; (¢) Gosper Island; (D) Gosper Island;
order 0. order 1. order 2. order 3.

FI1GURE 11.5.3. The construction of Gosper Island.

Gosper Island is actually the boundary of the set and it has Hausdorff dimension 2110‘?;;73 ~ 1.13,
the length of the boundary is infinite but the area bounded by Gosper Island is equal to the area of
the starting hexagon. In the following we also call the set bounded by the curve Gosper Island. The
underlying fractal for the construction of the wavelet basis is considered as lying in Gosper Island.
The set D in our construction is taken to be Gosper Island and it allows a tiling of R? with the two

1 1
— _ - _
vectors v{ = < \/g)andvg—( _\/§>
Seven copies of Gosper Island D fit inside itself, compare Figure [[1.5.4] where it is shown for a
prefractal of Gosper Island.

FIGURE 11.5.4. Scaled copies of Gosper Island in itself.

So the underlying fractal for the construction of the wavelet basis is given by the IFS § =
(0'0,0'1,0'2,0'3) With

1/3

o s )T

1(/)3 1(/)3>?+(1 )
@ )7 (

/

1
) 1/3)7+<2(/)3>’

where the matrix and the vectors are given to the basis Vectors (1,0)%, (0,1)! of R2. The limit set

for this IFS S is called C. The IFS satisfies the OSC for D and it has Hausdorff dimension K))g g

oo Z?i—)

o1 27’—)

w

(o) 27'—)

o3 57'—) 1

TN T N 7N N

log 4

Consequently, the boundary of D has {-35-Hausdorff measure zero.
We define the extended IFS to be S = (T(m) 2 (4,5) €1l x Z) given by
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m,j);ye(l(/f’ 1%)%(;;),
with

() <4078 )G ) (ols ) (50 ) (it ) (o ) ()

Thus A = {(0,0),(0,2),(0,3),(0,4)}, p=4and N =7 (N; =1, N = 7). So in this example we
do not have that U(i,j)elxzD + ivi + jvs is an affine scaled version of D, but seven copies of D are

mapped in a line by translation with j17>2, jer.
The enlarged fractal is defined in two steps: first it is defined in D by

S= |J w0,
wES® U0}
where ©(2) = {w = ((i0;J0) +-- -+ (ik—1,je—1)) € A x ¥ : k €N, (ip_1,jx_1) ¢ A} and by translation
it is defined in R? by
R= |J S+mvi+nvl
(m,n)€Z?

The measure on R is constructed in a way analogous to the construction of the enlarged fractal. The
invariant measure u is the 122 §—Hausdor1°f measure restricted to the invariant set C' for S. This measure

is the measure of maximal entropy. The measure v on S is defined by

V= Z 37“”‘#07";1.

wexu{p}

The measure vzz is obtained by translation of v. This measure coincides with the 122 §—Hausd0rff
measure restricted to the enlarged fractal R.
As the scaling function for the MRA we get for 7 € R?

a(?)z(z ﬂkmlmﬁ(?) > HT(i,j><5)(7‘(m+’72>>

Lk)ez? (4,7)€1xT
(T(;’;) (T — (k0T +103)) + (i + k)01 + (5 + 71)175) .
Then the operators are defined for f € L? (Vzg), T € R?, (m,n) € Z2%, by
(T £) (@) = £ (7 —mitl —nh) and (US)(T) =2 f (o(F).

The father wavelet for the MRA is then as before the characteristic function on the fractal, i.e. p = 1,
and the low-pass filter is

1
mo(z,w) = 3 Z e(,) (2, w).

(i,j)€A

Now the 6 high-pass filters have to be constructed. The corresponding vector vy for the low-pass filter

mo is
1 111
Vo = <2307272727030>
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and possible vectors for the high-pass filters are

vp= (0, 1, 0, 0, 0, 0, 0),
vo= (0, 0, 0, 0, 0, 1, 0),
v3= (0, 0, 0, 0, 0, 0, 1),
vi= (0, 0, 0, 5 =5 0, 0),
vy = (%7 0, ;—% 0, 0, 0, 0),
o= (3 0 5 F 5. 0 0)

The corresponding mother wavelets are given by

Y1 =217, () Y2 =2-1:, ()

3

=2 ]17'(0,6)(0)5 P4 =V2- L’(O 3(C) — V2. ]1"'(0 1(©)

-V2. ILT(o,o)(C) +V2- 17’(0,2)(0)’ Ve :ﬂf(o,o)(c) + 17(0,2)(0) - 17’(0,3)(0) - ]lT(o,4)(C)’

and the wavelet basis is given by

{U”T(’“’l)wi ‘neZ (k) eZ?ic Z\{o}} .

Gosper Island is not a good fractal to be used for image compression since it can only be applied
to images of size (1 x 7*), n € N. For further information about this see Remark and Remark

24

Remark 11.24.

(1)

Notice that if we consider the extended IFS (7(; ;) (iJ)EK with K = {(0,0),(1,0), (1,1), (0, 1),
(=1,0),(0,-1),(=1,-1)}, then

2. D= |J D+ivl+ju3
(i,)eK

So we obtain an augmented version of Gosper Island. Nevertheless, we do not have that
U(k’l)eRQ U(i,j)eK D+ (i+ le)ﬁ +(+ Ngl)v_g for any N1, Ny € N is an essentially disjoint
tiling of R2. For N; = N, = 2 we obtain a tiling but it is only essentially disjoint if we restrict
the elements in K to the set {(0,0), (1,0), (0,1), (1,1)}. If we consider this restriction of K, the
functions U f are not supported on the subsets 7(; jy(D), (i, 7) € K\ {(0,0),(1,0),(0,1),(1,1)}
and so the operator U is not unitary.

There are other interesting examples of fractals in two dimensions which satisfy the conditions
given here for the construction of wavelet bases on fractals. An interesting class of fractals
are Rosy fractals and the special class of Dragon curves. There the Dragon curve takes the
place of the set D and the fractal lies inside D.

11.5.1. Multiresolution analysis for triangles and the Sierpinski Gasket. Now we turn
to a slightly different construction than the one in Section[I1.3] There will mainly be two differences in
the construction. The first is that we include a rotation for the tiling instead of only a translation. The
second is that we do not consider a fractal in the triangle but the triangle itself for the construction.
To be more precise, we can also consider the triangle as the limit set of an IFS without any gaps. So
the construction is analogous to the one for the two dimensional Haar wavelet, where the unit square
can be regarded as the invariant set of an IFS with four functions. We consider the Lebesgue measure

A on R2,

so we construct a wavelet basis in L?(R?, \).

We omit the proofs here since they are similar to the ones in Section [I1.3] The proofs for this
section can be found in Appendix

We consider the triangle A with the vertices (0, 0), (1,0), (0.5,2). It is well known that it gives a
tiling of R? by translation and rotation. More precisely, we define the two vectors v7 = (1,0)* and 73 =

0 -1

(0.5,2)* and we consider the translation by 07 + 037 and rotation by the matrix R := ( 10 >
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(given with respect to the basis vectors (1,0), (0,1)* of R?), which gives a tiling of R? in the way
shown in Figure|[11.5.5

FIGURE 11.5.5. A tiling of R? by triangles.

Hence we have to consider a different translation operator. More precisely, we consider two trans-
lation operators. The first translation operator is then given for (k,1) € Z2, f € L*(R2,\), @ € R2,
by

T8V £(7) = f(T — ko] — 155)
and the second by
7D #(7) = F (RT — kg — 103) .
The dilation operator U is given by
Uf(T) :=2f (AT),

2
where A = ( 0 2

Hence it is the same dilation operator as for the MRA with the two-dimensional Haar wavelet,

compare Example
Proposition 11.25. The operators U, T} and Ty are unitary.

(given with respect to the basis vectors (1,0)¢, (0,1)! of R?).

Notice that the Lebesgue measure of this triangle is 1. We consider the function ¢ := 14, i.e. the
characteristic function on the triangle, as the father wavelet, which satisfies for 7 € R2

P(T) = (AT) + o(AT — 7)) + (AT — v3) + (RAT — 0] + v3)
or equivalently,
o(ATT) =TV (@) + TV () + V() + V().

This can be seen as the scaling relation for the father wavelet, where we have two low-pass filter
functions, one applied to the operator T7 and the second to the operator T5. These filter functions are
for (z,w) € T? given as

1 1
m(l)((za w)) = 5 (1 + €(1,0) (Zv ’LU) + 6(0,1)(27 U.))) and mg((zv w)) = 56(1,—1)(2’” ’LU)

Proposition 11.26. The operators U, Ty and Ts satisfy the following relations.
(1) <Tz(kl)(,0|Tj(n,m)Q0> = §(i,k,l),(j,n,m,)7 (kal)7 (nvm) S Z27 27.7 € {172}7
(2) U™lo = mg(Th)p + mi(T2)p,
3) UL Y = TR (k1) € 72, and UATVU = TR (k1) € 72.
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Remark 11.27. If we combine the application of the two translation operators 77 and 75 we obtain
the following relations: for (k,[), (m,n) € Z* we have

Tl(k,l)Tl(n,m) _ Tl(k:Jrn,ler), TQ(k,l)TQ(n,m) _ Tl(kJrlJrn,mfl)

)

Tl(k,l)T2(n,m) _ T2(k+l+n,mfl) T2(k,l)T1(n7m) _ T2(k+n,m+l).

)

Now we turn to the MRA which is as given in Remark with the difference that we have two
translation operators T;, ¢ = 1,2, instead of one.

Theorem 11.28. Let ¢ := 1A be the father wavelet and for j € Z let
V; = clspan {UjTi(k’l)go (k) €z i€ {1,2}} :
Then (X, U, (T1,T5)) allows a two-sided MRA for ¢ and Vj, j € Z, as above. In particular, we have
clspan {U”Ti(k’l)cp neZ, (ki) ez i= 1,2} — L2(R%,\).

Now we want to consider the mother wavelets. To define the mother wavelets we need three pairs
of high-pass filter functions. These filter functions can be defined for (z,w) € T? as
11 1 ) 1

mi((z.w) = =5 + sea0(=w) - seen(zw).  m(zw) = Feq (W),

1 1 1 1
m3((z,w)) = 5 56(1’0)(2,10) + 56(071)(2,10), mi((z,w)) = 56(1’,1)(,2,10),
1

1 1 1
mé((z,w)) = ) + 56(1,0)(2710) + 56(0,1)(2,111), mg((z,w)) = —56(1,71)(Z7w)~

The coefficients are chosen such that the (4 x 4)-matrix containing the four coefficients for each of the
four pairs of filter functions is unitary.

Proposition 11.29. Define the mother wavelets to be for i =1,2,3
i = U(m (Tr)p + m3 (T2)).
Then the set
{U"Tj(k’l)z/;i cie{1,2,3),nez (k) eZ? je {1,2}}
is an ONB for L? (R2, )\).

Notice that these functions are weighted sums of the characteristic functions on the four sub-
triangles of the original triangle taking the values as shown in Figure [I1.5.6]

1 -1 1 1
1 1 1 -1

1 1 -1 1 -1 -1 -1 1
® P1 o 3

FIGURE 11.5.6. The mother wavelets on the triangle.

Remark 11.30. In this way we can construct an MRA for the Sierpinski Gasket. If we consider the
Sierpinski Gasket in the triangle with the vertices (0,0), (1,0), (0.5,2), then we combine the construc-
tion of the wavelet basis on triangles above with the construction of wavelet bases on fractals given in
Section [TT.3]

In [DMPOS8| D’Andrea, Merrill and Packer consider the construction of a wavelet basis on the
Sierpinski Gasket with only one translation operator. They consider the triangle with vertices (0, 0),
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(1,0) and (0, 1) and obtain within the triangle the Sierpinski Gasket C given by the IFS S = (09, 01, 02)
with
oo(7)=A"17T,
(7)) = AT + ( ) ) ’
1 0
oo(7) = A 7+< . )

where A = <

N O

>. The enlarged fractal that they consider is defined as

)

neN (k,1)eZ

o N

Consequently, the enlarged fractal is not dense in R? since the gaps are not filled.
The wavelet basis is constructed in L? (H'°8(®)/1°8(2)| ) where H'°8(3)/108(2) ig the log(2)/log(3)-

Hausdorff measure on R? and the unitary operators acting on L? (H'08(3)/1°8(2)| o) are
TEDf() = f (2 — kvs — 10),
where 77 = (1,0)t, v3 = (0,1)t, (k,1) € Z2, 7 € R?, and
Uf(T)=V3f(AT).

If we consider only an approximation of the Sierpinski Gasket as shown in Figure then the
Sierpinski Gasket lies in the unit square [0, 1] x [0, 1] instead of the triangle.



CHAPTER 12

Application to image compression

In this chapter we apply the results for wavelet bases on enlarged fractals in two dimensions to
image compression. This is done in a way very similar to [DMPO08]|, where the authors do the same in
the specific case of the Sierpinski Gasket fractal. Their treatment and ours are both closely analogous
to compression using Haar wavelet. We apply different wavelet bases to image compression, with the
“Lena” imageﬂ as an example. We start by giving a general explanation of how wavelet bases are used
in image compression. Then we apply different wavelet bases on the Cantor Dust, a wavelet basis
on the Sierpinski Gasket and the two-dimensional Haar wavelet basis to the image. We compare our
results using the peak-signal-to-noise ratio (PSNR).

12.1. Theoretical background for the application to image compression

Here we explain how the application to images is done. This explanation of the theoretical back-
ground for the application is close to the one in [DMPOS].

We consider greyscale images of size (N7" x N3") pixels, N1, Na,m € N. The image takes val-
ues in {0,...,255}. In correspondence with the size we consider a fractal C' with an extended
IFS {T(w-) 1 (4,7) € N1 x &} Depending on the size of the image the vectors are v] = (0,1) and
v3 = (y,0), y € RT, since the fractal is always seen as lying in a rectangle. In the image compres-
sion only the filter functions are used; not any other information about the underlying space, so the
simplest underlying fractal to an IFS S (and extended IFS S) consists of affine constractions and lies
in a rectangle. There is the dependence of the image size on N1, No because we consider divisions
of the image of size Ny x Np. So if we have that U, jen,xn, D + 01 + 05 = (D) with ¥ an
affine transformation, then the underlying structure of the fractal can have an impact on the image
compression.

Remark 12.1. Here we see that for the example of the Cantor Dust we can apply the wavelet basis for
the compression of images either to images of size (3™ x 3™) or of size (4™ x 4™), m € N, depending
on whether we consider the square as divided in Figure [I1.2.2(A) or in Figure[I1.2.2(B). But then we
consider different Cantor Dust fractals; for one the IFS consists of affine maps with a scaling by the

matrix ( 3 g > and for the other it consists of affine maps with a scaling by the matrix < g 2 )

We can apply the wavelet basis for the Gosper Island only to images of size (1 x 7™), m € N,
which is not a common size of an image. The number of coefficients N in the filter functions have to
be divided into N7, No € N such that N = N7 - No. For a prime number like 7 the only possible choice
is 1-7. Even the application of the wavelet basis to parts of the image of correct size does not give a
good impact on image compression as can be seen in Figure [[2.2.8]

Every pixel is considered as a scaled copy of the fractal C. In this way we regard the image as
a function f in the closed subspace V,, C L?(vz2), obtained by the multiresolution analysis. This
function f can be viewed as having support in RN ([0,1] x [0,4]), ¥y € RT, since the image is bounded.
Furthermore, we have from the MRA that

Lena” (or “Lenna”) image is the probably most widely used test image in image analysis. It is a part of a centerfold
of the November 1972 issue of Playboy magazine. It is a photo of the Swedish model Lena Soderberg, taken by the
photographer Dwight Hooker.
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m
Vi = Vi1 @ Wi = W @ @Wmfj
j=1
So we only consider a one-sided MRA. Consequently, for an image of size (N]™ x NJ*) we can consider
at most m levels of decomposition. A level of decomposition is the projection on subspaces V; and W;.
For f € V,, there are m pairs of subspaces (V;,W;), j € {0,...,m — 1}, on which we can iteratively
project the function f. We decompose f in terms of the MRA in the following way

f= Z <f|Um71T(k’l)50>Um71T(k’l)g0
(k)EN I x N1

4 Z Z <f|Um_1T(k’l)wj>U”L_lT(k’l)’(/Jj

(k))eNm~tx Nt JEN\{0}

= (fleyo+ Y > > Ty Ty,

n=1 (k) eNm™ " x Ny~ JEN\{0}

The inner products between f and the basis functions U™ 'T* 0y and U™~ 1T*Dy); are taken as
the discrete wavelet transform coefficients for the image compression in the first step. More precisely,
for (i,7) € N ' x N3*~! and k € N\{0} we take

al; = (FIUTTTED ) and diy = (fUm T TODyy).
We group these coefficients a}’j, df,’jl, (i,7) € N{* 71 x N*~1 k € N\{0}, in matrices

k,1
e and 4§ = (d)) .
,JEN, 2] ieN{n—lJeN;nfl

Iteratively, we obtain the coefficients for the next steps by application of UT to V1 = V;,_2 @
Wn—2. Thus, we apply the operator U iteratively m times and obtain by using 7! a complete
decomposition of the image f in terms of coefficients a;"; and dﬁ}m7 k € N\{0}.

We call each step of the iterative decomposition of the image B into the matrices a,, and d¥, one
level of decomposition. So in Figure (B) five levels of decomposition are performed.

For the discrete image we can obtain the coefficients a; ;, dﬁ ; by multiplication with a matrix in the
following way. We consider the image as a (N{® x NJ*)-matrix B. We decompose this matrix B in a
coefficient matrix C by taking N™~! sub-matrices of size (N; x N3), we write these as column vectors
and multiply these vectors with the matrix M consisting of the coefficients of the filter functions. More

precisely, for (i,j) € {(1 + Nk, 1+ Nol): ke Nl e NQ’"_I} we rewrite the matrix

1

o= (aivj)iez\r{"—l

H
=: b;;
ken
as a vector. Now let the matrix M consist of the coefficients of the filter functions stored in the vectors
Vo, - .., Un—1 (compare ([11.3.2))); more precisely, the vectors containing the coefficients of the filter give

the rows of the matrix M:

(bi+k,j+l)ke&,le& = (bi+N1717[NL2j,j+(k)N2)

Yo
M =

UN-1
compare Section [11.3.1] The discrete decompositig}n of the image B (that is its projection on the
subspaces (V;, W;), j € m) is done by multiplying b;; with the matrix M, i.e.
1

() i—1
N Ly
b" =

7—1 1 j—1 1
MU T hen oy
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In the next step we continue by transforming the sub-matrix a; given by

ay = <ai—1 i—1 )
1,441 )
Ny TNy (i,j)e{(1+le,1+Nzl);keN{"—l,leN;"—l}

which has the size (N{"_1 X NQm_l). In the same way we consider N™~2 sub-matrices of a; of the size
(N1 X N3) rewrite these as vectors and then we multiply these with the matrix M. The subdivision
procedure is illustrated in Figure [12.1.1

az | di
1 1
aj dl ) 3 dl
d3 | d3
B
2 3 2 3
dl dl dl dl
(o) The (2™ x 2m) (B) The first decomposi- (c) The second iteration
greyscale matrix B. tion in the coefficient ma- of the decomposition in
trix. the coefficient matrix.

FIGURE 12.1.1. Representation of (2 x 2)-sub-matrix decomposition for Ny = Ny = 2.

We illustrate the subdivision of an image in Figure[12.1.2(B), where we apply filter functions based
on the Cantor Dust with nine equally sized sub-squares in the unit square to the “Lena” image, see

Figure [12.1.2[(A).

/

A) “Lena” image B) Image of the decomposed
g g
“Lena” image with filters of
the Cantor Dust.

FIGURE 12.1.2. “Lena” image and its decomposition.

The reconstruction of the image after decomposition uses the inverse wavelet transform. More
precisely, we obtain the reconstructed image in the following way if only one level of decomposition
was done:

N A =T
for (i,4) € {(1 + Nk 1+ Nl : ke Nl e N;n_l} since the matrix M is unitary. Consequently,
we have a perfect reconstruction if we keep all the transform coefficients on all levels.
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The image compression takes place by keeping only a specific percentage P of the transform
coefficients and setting the others to zero. For this we consider two different thresholds. In the hard
threshold, we set the P% of the values with the smallest absolute value equal to zero and leave the others
unchanged. In the soft threshold, we calculate the P-quantile of all absolute values after decomposition
and set the values with the smallest absolute value to zero. The other values are then changed by the
value of the P-quantile in the direction of zero (i.e. the P-quantile is either added or subtracted).

In this way we obtain a sparse matrix for which compression algorithms, e.g. entropy encoding, like
Huffman coding or arithmetic coding, exist. (For further information about compression algorithms see
e.g. [Buc02].) We illustrate the compression and reconstruction algorithms in a diagram schematically,

see Figure [12.1.3]

Image |—— Wavelet |, | Quantization |—»| Encoder |[——| Compressed matrix

Transform

(a) Compression

Compressed matrix |—| Decoder |——|mverse Wavelet| Image

Transform

(B) Reconstruction

F1GURE 12.1.3. The steps of the compression and reconstruction of images.

Remark 12.2. Now we give some further remarks concerning the possible sizes of images, and a
measure of similarity between images which gives us a way of quantifying the similarity between the
original image and the reconstructed image.

(1)

(2)

Many greyscale images have the size (2™ x 2™), m € N. For these images the set of possible
fractals is restricted in the following way. The extended IFSs for the fractals must have
N7 = Ny = 2" and n must divide m. Then we can apply the matrix containing the coefficients
of the filter functions to 4™~ ™ subsets of size (2™ x 2").

We notice that the weights on the gaps do not have any influence on the possible filter
functions and only the filter functions are used for the compression of images. The underlying
space in which the wavelets lie is not considered explicitly.

If we consider color images, we have three matrices of pixel values. One matrix has the values
for the color red, one for green and one for blue. To each of these matrices we can apply
the decomposition algorithm and the compression separately. But there are more efficient
algorithms that consider the correlations between these three matrices.

As a measure for the comparison between the compressed image and the original image B,
we use the peak-signal-to-noise ratio (PSNR), see e.g. [HTGO8|. This is defined as

2
PSNR = 10 - log,, (mf\jl‘gg)) :

where maxp stands for the maximal possible pixel value of the image, i.e. for a greyscaled
image it is 255, and MSE denotes the mean squared error between the original image B and
the reconstructed image K defined as

NM™—1NI"-1

1 2
MSE = — Bi; — K2,
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where the images B and K are considered as matrices of size (N{* x NJ*). The PSNR is
given in decibel (dB) and the higher the PSNR the better the reconstruction. While studying
the compressed images, we noticed that we did not see a great difference between the original
image and the reconstructed image if the PSNR was bigger than 40dB. So if the PSNR is
bigger than 40dB we do not show the reconstructed images here.

12.2. Results of the application to images

Now we apply the wavelet bases in the L?-spaces based on enlarged fractals to image compression.
We start by considering which underlying fractals we can apply to image compression. We then apply
different wavelets to the “Lena” image, see Figure (A), which is of the size (512 x 512) pixels.
As a reference wavelet bases we consider the two-dimensional Haar wavelet (see Example and
compare our results with the results obtained by this. We compare our results by using the PSNR as
an index. The other wavelet bases we consider are based on the Sierpinski Gasket (as considered in
[DMPO08]) and the Cantor Dust.

We start by comparing the reconstruction results for fractals with different Hausdorff dimensions
and analyze whether there is a correlation between the two.

In the example of the Sierpinski Gasket we compare the compression with the one of the Haar
wavelet applied to the “Lena” image. In the example of the Cantor Dust we consider how different
weights on the fractal influence the reconstruction results.

As our last example we apply the wavelet basis defined on Gosper Island to parts of the “Lena”
image, see Example [I1.23]

Results for underlying fractals. We cannot consider every fractal satisfying the conditions
in Section [T1.3] for the application to images. In the application to image compression only the
coefficients of the filter functions are used and not any information about the underlying L2-space and
the operators on it. By the arrangement of the scaled coefficients the underlying fractal is considered
to be in a rectangle and to consist of equally sized copies of it. Consequently, the only underlying
fractals are those which lie in a rectangle and where the IFS consists of affine transformations.

We can obtain a similar fractal to the Sierpinski Gasket in this way, as shown in Figure [[2:2.1]
For images there is no difference by using only an approximation of the fractal instead of the fractal
itself because images are always only approximations since there is a limit for the different scales given
by the size of the image, i.e. its number of pixels.

Results for different Hausdorff dimensions. One natural idea is that there is a correspondence
between the Hausdorff dimension of the underlying fractal and its reconstruction quality. To study
this connection we consider different fractals in the unit square with different Hausdorfl dimensions,
namely the ones of which the prefractals of order 1 are shown in Figure On these fractals we
consider the measure of maximal entropy, so every part of the fractal carries the same weight.

For each fractal we have a different low-pass filter for the construction of the wavelet basis. For
each of these low-pass filters a vector of length 16 is given that contains the coefficients of the low-pass
filter. We consider then the coefficients for the corresponding high-pass filters as stated in Appendix
We apply these filter functions to a part of the “Lena” image of size (243 x 243) pixels. For
the image compression we use 4 levels of decomposition of the image and set 80% of the pixels after
decomposition to zero. We use the hard threshold. Then we obtain the reconstructed images shown
in Figure [12:2.3]

These results indicate that there is a strong correlation between the Hausdorff dimension of the
underlying fractal and the reconstruction performance of the wavelet. More precisely, this correlation
holds if the image to which the compression is applied has smooth surfaces.

If we consider fractals with the same Hausdorff dimension than we notice that there is only a slight
difference in the performance. We consider fractals with the Hausdorff dimension log(8)/log(4) where
parts of the fractal lie in different subsets of the unit square. We then obtain the reconstruction results
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] =%

(A) Prefractal of order 1. (B) Prefractal of order 2. (c) Prefractal of order 4.

AN

(D) Prefractal of order 5. (E) Prefractal of order 7. (r) Prefractal of order 9.

FI1GURE 12.2.1. Approximation of the Sierpinski Gasket.

. Y,

(a) Hausdorff dimen-  (B) Hausdorff dimen- (c) Hausdorff dimen-
sion 1. sion log(3)/log(2). sion log(10)/log(4).

ks b

(p) Hausdorff dimen-  (g) Hausdorff dimen-  (F) Hausdorff dimen-
sion log(11)/log(4). sion log(13)/log(4). sion 2.

FIGURE 12.2.2. Prefractals of order 1 for different Hausdorff dimensions.

shown in Figure [12.2.4

Results for the Sierpinski Gasket. Now we turn to the results that we obtain for the image
compression with wavelets where the underlying fractal is the Sierpinski Gasket as viewed in Figure
12.2.11 We compare these results with those we obtain by using the Haar wavelet. The coefficients for
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(A) Hausdorff dimen- (B) Hausdorff dimen- (c) Hausdorff dimen-

sion 1, PSNR: 13.47dB. sion log(3)/log(2), sion log(10)/ log(4),
PSNR: 18.35dB. PSNR: 20.02dB.

(p) Hausdorff dimen- (e) Hausdorff dimen- (r) Hausdorff dimen-

sion log(11)/log(4), sion log(13)/log(4), sion 2, PSNR: 35.94dB.
PSNR: 22.23dB. PSNR : 29.09dB.

FI1GURE 12.2.3. Reconstructed images for wavelets based on fractals with different
Hausdorff dimensions.

the construction of the wavelet basis based on the Sierpinski Gasket are taken from [DMPOS]|. These
coefficients are:

pSG. L 1 1
0.7 V3 V3 3
v 0 0 0 1
sG. 1 -1
A RN 0 O
6. =L =L 2
3 V6 V6 V6
For the Haar wavelet we have the following coefficients for the filter functions:
faer . 1111
Haar i ﬁ 21 f
v3 2 2z 2z 2

Here we have Ny = Ny = 2 and so for the “Lena” image of size (512 x 512) pixels we can consider
at most 9 levels of decomposition. We notice that there is not a big difference in the reconstruction
performance for different levels of decomposition (see Appendix, so we only consider the maximal
number of levels of decomposition, namely 9.

We keep 30%, 20%, 10% and 1% of the pixels, so we set 70% (80%, 90%, 99% respectively) of the
pixel values after decomposition to zero. As the threshold option we will consider the hard threshold,
since its results are often better than those of the soft threshold. For further information see Appendix
[EZ3] For the image compression with the Haar wavelet we do not see any difference to the original
image if we keep 30% or 20% of the coeflicients since we then have an PSNR of 44.58 dB or 41.57 dB.
So we omit the images here.
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(c) PSNR: 16.99dB. () PSNR: 17dB.

FIGURE 12.2.4. Reconstructed images for wavelets based on different fractals of Haus-
dorff dimension log(8)/log(4).

Now we compare the compression for the Sierpinski Gasket wavelet and the Haar wavelet. The
reconstructed images are viewed in Figure [12.2.5

From the results in Figure we notice, as expected, that the results are better if we use more
coefficients. Furthermore we can clearly see how the underlying structures are induced to the images.
Since the image consists of different smooth areas the results for the Haar wavelet are better than the
ones for the Sierpinski Gasket wavelet.

Results for Cantor Dust. In the next step we apply the image compression with wavelets
based on the Cantor Dust to a part of size (243 x 243) of the “Lena” image because for the Cantor
Dust we divide the unit square in (3 x 3) equally sized sub-squares and so the image must have a
size of (3™ x 3™), n € N. We consider different probability measures on the Cantor Dust given via
Hutchinson’s theorem, see Theorem Consequently, we consider different low-pass filters. The
coefficients of the low-pass filters are given in Figure [12.2.6

We consider these different coefficients to study how different weights on the subsets appear in
the reconstructed images. The coefficients for the corresponding high-pass filters can be found in
Appendix For this study we consider 4 levels of decomposition and set 70% of the pixel values
after decomposition to zero. The reconstructed images can be seen in Figure [12.2.7]
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(a) Sierpinski Gasket, (B) Sierpinski Gasket,
30%, PSNR: 30.57dB. 20%, PSNR: 22.04dB.

(c) Sierpinski Gasket, (D) Haar wavelet, 10%,
10%, PSNR: 12.32dB. PSNR: 37.48dB.

() Sierpinski Gasket, (r) Haar wavelet, 1%,
1%, PSNR: 12.32dB. PSNR: 28.42dB.

FIGURE 12.2.5. Reconstructed images for the Haar wavelet and the Sierpinski Gasket
wavelet.
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(A) CDI1, PSNR: (8) CD2, PSNR: (c) CD3, PSNR:
25.77 dB. 16.27dB. 15.73dB.

(p) CD4, PSNR: (s) CD5, PSNR: (¢) CD6, PSNR:
16.3dB. 16.33dB. 16.32dB.

FIGURE 12.2.7. Reconstructed images for different wavelet bases based on the Cantor Dust.

CDl: oy =g =ag=ay =1/2

as 0 Qy CD2: agzag—%,alzcm:%
. _ 1 _ __ 707
CDa3: az—a3—ﬁ,a1—a4—m
0 0 0
CD4: a2=a3:§,a1:a4:i
CD5: oy =az =1 ag=a4 =Y
o 0 Qs 1 2 1 43 4 1
. _ _ VT _ _ 1
CD6: Oél—ag—T,Oég—Oq—Z

F1GURE 12.2.6. The coefficients for different low-pass filters based on the Cantor Dust.

We observe again how the structure of the Cantor Dust as the underlying fractal is induced to
the reconstructed image. Here we can also see differences in the reconstructed images for different
wavelet bases based on the Cantor Dust. By comparing the results for the Cantor Dust 2 (CD2) and
the Cantor Dust 4 (CD4), given in Figure we notice how for Cantor Dust 2 a tendency from
the lower left corner to the upper right one is induced on the image and for the Cantor Dust 4 form
the upper left to the lower right corner, where there are the subsets with more weight. By comparing
the results for Cantor Dust 5 and Cantor Dust 6 we notice the analogous structure for the upper and
lower squares in one artifact.
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Furthermore the reconstructed image for Cantor Dust 3 (CD3) shows more darker values than
the other images. It concentrates the values more on parts of the image. On the other hand for
Cantor Dust 1 we see that the values are more evenly distributed which coincides with the chosen filter
functions.

Remark 12.3. In [D’A08| D’Andrea shows that the compression under the use of the Sierpinski
Gasket wavelet is superior to the compression with the Haar wavelet when applied to an image of the
Sierpinski Gasket itself. To obtain a perfect reconstruction with the Sierpinski Gasket wavelet we only
need a few coeflicients. We do notice the same result when the wavelet basis is applied to the Sierpinski
Gasket. This reconstruction performance does not hold for all fractals. Only for fractals where there
are not too big smooth surfaces in the image is the compression with a wavelet basis based on a fractal
advantageous to the Haar wavelet basis.

Remark 12.4 (Result for Gosper Island). Now we apply the wavelet basis on the fractal based on
Gosper Island, compare Example to an image. In this case we have N; = 1 and Ny = 7,
consequently the images on which we can apply these wavelets must be of the size (7" x 1), n € N,
pixels. So, we can only consider a part of the “Lena” image of size (73 X 1) pixels. If we want to
consider an image of size (7" x m), m,n € N, we can apply the wavelet basis to the subsets of size
(7™ x 1) and for the reconstruction we merge these subsets together in the reconstruction. In this way
the reconstructed image of size (73 X 512) with 30% of the coefficients and two levels of decompositions
takes the form in Figure [[2:2.8] The PSNR for this image is 16.84 dB. We clearly see that the other
wavelet bases perform better. We observe that the artifacts are for each subset on similar pixels so
that there are lines in the reconstructed image.

FIGURE 12.2.8. Reconstructed image for the wavelet basis based on Gosper Island.






APPENDIX A

Mathematical Introduction

Here we present some background material to the main mathematical areas used in the thesis,
namely fractal geometry and wavelet analysis. In wavelet analysis we focus on multiresolution analysis,
since this area is the dominating aspect in the second and third part. We also give some definitions
and results concerning C*-algebras. Since all of this material in this section is well known, we do not
include proofs.

A.1. ... to Fractal geometry

Fractal geometry was introduced by Mandelbrot in 1975. It is the analysis of complex structures,
like irregular and fragmented patterns, that occur in nature. These complex structures are assumed to
be at all scales, so that the consideration of the set on a smaller scale does not simplify the problem.
These sets cannot be studied by the techniques of classical geometry because they are too irregular. So
different techniques are used for these sets. These sets appear for example as the shapes of clouds and
coastlines. Their name “fractal” comes from the Latin word “fractus”, meaning broken or scattered.

There were various attempts to give a precise definition of a fractal, but these were unsatisfactory.
Consequently, we can only give some characteristics which fractals usually have. One of these properties
is the irregularity at all scales. Another one is that they have non-integer Hausdorff dimension, which
is defined in terms of the Hausdorff measure. The results stated here can be found in [Fal97].

The Hausdorff measure is defined by using d-covers. If F' € R? a d-cover of F' is a countable
collection {U; :i € N} of subsets of R? such that F C [J;cqUi and 0 < |U;] < 6, where |U] =
sup{d(z,y) : x,y € U} is the diameter of U, where d stands for the metric.

Definition A.1. For s > 0 and F a subset of R? define

H§(F) = inf{Z|U¢|s : U Ui D F, Ui < (5}

€N €N

as the §-approximation of the Hausdorff measure. The s-dimensional Hausdorff measure for F is then
defined as

H*(F) = lim Hj(F).

Remark A.2.

(1) This limit exists (may be infinite), because for 6’ < § a ¢’-cover of F is a d-cover of F and so
H; (F) < Hi(F).
(2) H? is a regular Borel measure for every s > 0.

Proposition A.3. If F C R? and ¢ > 0, then H*(cF) = ¢*H*(F), where cF = {cx : z € F}, and
H* is translation invariant, i.e. H*(F +t) = H*(F), t € R,

The Hausdorff dimension of F € R? is defined in terms of the Hausdorff measure.
Definition A.4. The Hausdorff dimension dimg(F) of a set F C R? is defined as
dimpy (F) =inf{s: H*(F) =0} =sup{s: H*(F) = oo}.
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Some fractals can be obtained as the invariant set of an iterated function system and for these
fractals the Hausdorff dimension can be easily computed under some conditions. The considered
fractals in this thesis are all given by iterated function systems. Iterated function systems are given
by using contractions.

Definition A.5. A function 7: D — D, D C RY, is called a contraction if there is 0 < ¢ < 1 such
that for z,y € D the following holds

Im(z) =7l < ¢llz —yll.
A function 7 is called a similarity if equality holds in the above formula.

A useful condition on IFS is the open set condition.

Definition A.6. AnIFS (7;),c v is said to satisfy the open set condition (OSC) if there exists an open
set V' such that U,y 7i(V) C V and 7(V) N7 (V) =0, i # j, 4,5 € N.

Definition A.7. A family of contractions 7g,...,7nv—1 : D — D, where D C R? is closed, is called
an iterated function system (IFS). A compact set C' is called the invariant set (limit set, fractal) of an
IFS if

Cc=|Jmn(0).

iEN
The following fundamental result is due to Hutchinson.

Theorem A.8 ([Hut81]). Let (7i);cy be a system of N contractive maps on a complete metric space
X. Then there is a unique compact subset C C X such that

Cc=|Jmn(0).
iEN
This set C' is called the invariant set for the system of contractive maps.

This invariant set also has a probability measure uniquely determined by the IFS and an invariance
condition.

Theorem A.9 ([Hut81]). Let (7;),cy be a contractive iterated function system on a complete metric
space X. Let pg,...,pn—1 € (0,1) be a list of probabilities such that Zieﬂpi = 1. Then there is a
unique probability measure p, on X such that

wp(E) = Zpi - pip (17 H(E)), for all Borel subsets E.
iEN
Moreover, the measure pu, is supported on the invariant set of the iterated function system (7;);c -

Example A.10. One standard example is the middle-third Cantor set. This set is given by the alFS

(1o(z) = £, 71(x) = %2) and it has the Hausdorff dimension %ggg

By the construction of the fractal we call the single steps the prefractals of a specific order. So
for the middle-third Cantor set we call the line segment from 0 to 1 the prefractal of order 1 and
[0,1/3]U[2/3,1] the prefractal of order 2. The prefractals up to order 6 are visualized in Figure

A.2. ... to classical wavelet analysis

Wavelet analysis is used in signal analysis and in some fields of physics. Via the wavelet transform
a function can be reconstructed from a countable number of points. The wavelet transform is usually
better than the classical Fourier transform at representing discontinuous functions, functions with
peaks and non-periodic functions. In this analysis a square-integrable function is represented as a
wavelet series with respect to an orthonormal basis or a frame.
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(a) Prefractal of order 1. (B) Prefractal of order 2.
(c) Prefractal of order 3. (p) Prefractal of order 4.
(E) Prefractal of order 5. (r) Prefractal of order 6.

FIGURE A.1.1. Prefractals of the middle-third Cantor set.

So the aim of wavelet analysis is to find a countable basis for a Hilbert space. In the literature
mainly the L?-spaces with respect to the Lebesgue measure are considered. Often the countable bases
are obtain via a multiresolution analysis. The classical multiresolution analysis is defined as follows.
This definition differs from Definition [I.2] in that here we only consider unitary operators U and T
acting on the L?(RR, \), where X is the Lebesgue measure on R. For further information see [Dau92].

Definition A.11. A multiresolution analysis (MRA) consists of a family {V; : j € Z} of closed
subspaces of L2(R, \), two unitary operators U and T on L?(R, \) satisfying U~'TU = TV for some
N € N, and a function ¢ € L?(R, \) such that the following conditions are satisfied:

(1)---cVaecVicWVocWVrcVacC---,

(2) dlUjer V; = L2(R ),

(3) Njez Vi = {0},

(4)f€‘/j<:>UfEV}+1,jEZ,

(5) {T™p : n € Z}is an orthonormal basis in V;.

Remark A.12.
(1) The operators T and U are called the translation and scaling operator, respectively. T is

usually defined as Tf(-) = f(- — 1) acting on L?(R,\). If we consider L?(R?,)\) with )
being the Lebesgue measure on R?, the translation operator is usually defined as T®*:D f(.) =

f<. < ’l“ >) (k,1) € 22,

(2) In the standard case in R with respect to the Lebesgue measure, we have Uf(-) = VN f (N),
N eN.

(3) The function ¢ is called the father wavelet and it satisfies a scaling relation of the form
Uty = Y okez arT*p for some ap € C. Define mg(z) = Y okez axz®, z € T, to be the
low-pass filter to ¢.

The mother wavelets, that give the basis, are obtained from the father wavelet ¢ in the following
way. We have to obtain so-called high-pass filters m;, j € N\{0}, of the form m; : z — ng’:}f ajz®,
aj, € C, from the low-pass filter mg. The filter functions have to satisfy the condition that the matrix

1 N—-1

M(z) := \/—N (mj(PlZ))j,z:o’

where p = e2™/N is unitary for almost all z € T.
Then the mother wavelets are defined for j € N\{0} by

;= Um;(T)e.
For the mother wavelets we have that {T%y; : k € Z,j € N\{0}} is a basis for Wy := V; & V; and

{UT*y; i n,k € Z,i € N\{0}}
is an ONB of L?(R, \).
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-1 -1 1 -1 -1 1
1
1 1 1 -1 1 -1
(A) Father wavelet . (B) Mother wavelet 1. (¢) Mother wavelet 1. (p) Mother wavelet 3.

FIGURE A.2.1. Haar wavelet in two dimensions.

In the case of the Lebesgue measure, we have the advantage that we can apply the Fourier transform
to the functions ¢, 1;. Proofs that exploit the Fourier transform are often simpler than direct proofs.

Example A.13. The first constructed wavelet is the Haar wavelet. This gives a basis for L?(R,\)
and it considers a dyadic MRA, i.e. Uf(x) = v/2f (2z), z € R. The father wavelet is the characteristic
function on the unit interval, ¢ = 1 ;). The corresponding low-pass filter is mg(z) = % (1+2).
Thus, we can take mi(z) = % (1 —z) as the high-pass filter and so the mother wavelet is ¢ =

V2 (11[0,1/2) — 11[1/271)). The wavelet basis is then given by

{x 5 20/20 (2 — k) jk € Z}.

Example A.14 (2 dimensional Haar wavelet). The Haar wavelet in two dimensions is in analogy to the
wavelet in one dimension and it gives a basis for L2(R2, \). The scaling operator is U f(7') = 2f (A7),
7 € R?, with A = (2) (2) >, and the translation operator is T f(2) = f (7 — ( I; )), (k1) e
72, 7 € R2. As the father wavelet © we consider the characteristic function on the unit square which
satisfies

Ulp =2 (<p + 70 g 4 7O, 4 T(1,1)90) .

The mother wavelets are chosen such that they take the values as shown in Figure on the
unit square.

A.3. ... to other mathematical fields

In this section we give some further mathematical results from the literature that we use in this
thesis.

Definition (|JBR87]). Let V be a vector space over C. The space V is called an algebra if it is equipped
with a multiplication law which associates a product AB to each pair A, B € V. The product is assumed
to be associative and distributive. Explicitly, one assumes for A, B,C € V and «, 8 € C that

(1) A(BC) = (AB)C,

(2) A(B+C)=AB+ AC,

(3) af(AB) = (aA)(BB).
A mapping A € V — A* € V is called an involution, or adjoint operation, of the algebra V if it has
the following properties:

(1) (A4%)" = 4,

(2) (AB)" = B A",

(3) (A + BB)* =aA* + BB*.
An algebra with an involution is called a x-algebra.
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The next result is from functional analysis. Let C(X,C) be the set of continuous functions from
X to C.

Theorem (Stone-Weierstrass Theorem for complex functions). Let X' be a locally compact Hausdorff
space and S be a subset of C(X,C) which separates points. Then the complexr unital x-algebra generated
by S is uniformly dense in C(X,C).

Definition. A Banach algebra is an algebra V, equipped with a norm || - || making it into a Banach
space, having the additional property that such that ||AB]| < ||A|| - || B]| holds for all A, B € V.
Furthermore, it has a unit if there exists I € V with TA = Al = A for all A € V and ||I|| = 1.

We also use specific C*-algebras.

Definition. A C*-algebra is a *-algebra with the extra conditions that V is a Banach algebra and for
all A in V the condition ||A*A| = ||A||* holds.

Now we turn to the specific C*-algebras.

Definition (Cuntz algebra). Let H be a separable infinite dimensional Hilbert space. For n € N let
(Si)i_y be a family of isometries on H that satisfy

8785 = 6yl

zn: SiSt =1,
=0

where I stands for the identity operator on H. Let O, 41 be the C*-algebra generated by (S;);_,. This
C*-algebra O,,4 is called the Cuntz algebra.

It is well known that the algebraic structure of the Cuntz algebra depends only on the algebraic
relations above and not on the particular choice of isometries used to satisfy them. We will also
need the Cuntz-Krieger algebras. These generalizations of Cuntz algebras are generated by partial
isometries. Recall that an operator S is a partial isometry if and only if S = §5*S.

Definition (Cuntz-Krieger algebra). Let (S;)!_, be a family of n non-zero partial isometries on a
separable complex Hilbert space H satisfying the relations

S8, = iAiijs;

=0

= zn: SiS;,
=0

where A is an (n+ 1) x (n+ 1), 0—1 matrix with no zero row or column and [ is the identity. The
C*-algebra O 4 generated by the family (S;);" is called the Cuntz-Krieger algebra associated to A.

It is well-known that the algebraic structure of the algebra O4 depends only on the relations
encoded in the matrix A in the definition above, and not on the particular choice of partial isometries
(Si)i_, used to satisfy them.

We end this section with some results of measure theory.

Proposition (Fatou’s lemma). Let 0 < f,, : (2, 4) — (ﬁ, E), measurable, where (2, A) is a measur-
able space and R = RU {£o0}. Then

/hminf frndp < liminf/fndu.
n—r oo n—oo

Theorem (Dominated convergence theorem). Let g, f, : (Q,4) = (R,B) with g € L'(u), p the
measure on (2, A), g > 0 and |f,]| < g a.e. and f, a.e. convergent. Then there is a measurable real
valued function f =lim, o fn a.e. For all such functions f, it holds that f € L*(u) and

lim /|f—fn|du:07 in particular /fd,u: li_>m /fnd,u.
n— o0 n oo






APPENDIX B

A connection of the MRA to the Cuntz algebra

This section considers a different interpretation of the operators U in the one-dimensional and
two-dimensional MRA on enlarged fractals of Chapter [I0] and Chapter [T}

B.1. A representation of the one dimensional U in terms of the Cuntz algebra

In this section, we write the scaling operator from a one-dimensional MRA on enlarged fractals in
terms of a tensor product of two representations of the Cuntz algebra Op. One of the representations
is given in terms of the filter functions m;, i € N, of the MRA and the second representation acts on
12 (Ng). It is given by Z; : |n) — |Nn +i), i € N, n € Ny, where we use Dirac’s terminology for the
natural basis |n) in % (Np).

This approach was first considered for the special case of an alFS with the same scaling, i.e. for
a Cantor set and the Hausdorff measure, in [Jor06]. Here we will prove the analogous connection for
the scaling operator U of Chapter [L0| along the lines of [Jor06].

To obtain this presentation we start by rewriting the wavelet basis of the Section [I0.2] compare
Proposition [I0.26] as the sequence of functions given in Proposition [B:I] Here we consider the basis
as it can be obtained from a one-sided MRA.

Proposition B.1. Define a sequence of functions for i € N, n € Ny, by
o = 1¢,

oNnti = Umi(T)pn.

Then {Tkgon :n €Ny, k € Z} is an ONB for L*(vz).

Remark B.2. In Chapter [10] the construction of the wavelet basis was done via a two-sided MRA.
Thus, we have for L?(vz) the basis

{U"T™); - nk € Z, i € N\{0}},

where the functions ¢;, i € N\{0} are defined in Corollary [10.26] If we use a one-sided MRA the
corresponding basis is

{UT*y; : neNo, k€ Z,i e N\{0}} U{T*¢p: keZ}.

Here we only take the closed spaces Vo C Vi C ... of L?(vz) and so we also need the father wavelet ¢
for the basis.

(B.1.1)

PRrROOF OF PrROPOSITION [B.Il By the definition of the functions in (B.1.1)) we have ¢ = . This
definition is consistent with the iteration procedure since ¢ satisfies the scaling identity ¢ = Umq(T)¢.
Moreover, we have ¢; = v, for j € N\{0}.

To show that {Tkgon :n €Ng,k € Z} is an ONB, we first rewrite the formula for ¢,, in terms of
o and the filter functions m;, i € N. For n € N with n = ZLO n;N’, n; € N, r € N, we have

on = Umy, (T) T g Ni—L
= Umno (T) Um’fn (T) P>, ngNi—2

=pyrtt H My, (TNT?I.) ©®o
i=0

151
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or equivalently
r—1

(B.1.2) en=U" T ma (TV7) o,
i=0

Now we turn to the orthonormality of {Tkgon ckeZ,ne NO}. Notice that supp (¢,) C [0, 1], n € Ny.
It therefore suffices to show that the set {¢, : n € Ny} is orthonormal. Let ni,ne € Ny with ny =
St kiNt and ng = Y12 I;N* for some k;,l; € N, r1,75 € No. Since {U™T*¢; :m,k € Z,j € N} is
an orthonormal basis of L?(vz), it follows that for ry # 7o or k., # I, we have (¢, |¢n,) = 0 by its
form, see . Thus now we consider the case ry = ro =: r and k, = [, =: p. It follows that

outen = (T ()| T (i) = %0 Lk
=0 =0

(Jo,--sjr—1)ENT =0
r—1
. ki =l
=11 > dofi @} = bnina

i=0 j,EN
S
=0k;,1;

Now it remains to show that {T’%pn keZ,ne NO} spans L2(VZ). To this end we show that
every function U"de}j, n € Nog, k € Z, j € N\{0}, can be written as a linear combination of functions
T'om, I € Z, m € Ny. It then follows that {chpn ckeZne NO} spans L?(vz) since

{U"T*p; : n € No,k € Z,i € N\{0}} U{T"p: k € Z}

does. First notice that we only have to consider U™T kwj with k£ € N™ since for [ € Z\N"™ we have
UnThp; = T™U™T*4p; for some m € Z, k € N™, with [ = k + N"m. For U"T*;, n € Ny, k € N",
j € N, we only consider ¢, with m =Y ' kNt + jN™ for k; € N . Write k = Z?;Ol I,N* I, € N,
then

UnTka — Z H Z qn—1—i lIw 1— 7UnTk’(/)j

(Joseern—1)EN™ 1=0 gn_1EN

=01;.5;

n—1 )
- X (H) > (H) UrTE

(gos--sqn—1)EN™ \i=0 (Jose-sdn—1)EN™ \i=0

B i ey

(qos-->qn—1)EN™ =0

— 7‘171 1—i
= "qul+N"

(90,--,qn—1)EN™ \i=0

Now we turn to a correspondence between L?(vz) and [?(Ny) ® 1?(Z).

Proposition B.3. There exists a unitary isomorphism between L?(vz) and 12(Ng) ® 1?(Z) which is
the extension of W : on(- — k) — |n) @ |k), n € No, k € Z, and furthermore

L*(vz) = I(No) ® I*(Z) = 1*(Ng) @ L*(T, \).
PROOF. From Proposition we have that T ¢, = p,(- — k), n € Ng, k € Z, is an ONB of

L?(vz) and from [Jor06] we know that |n) ® |k), n € Ng, k € Z, is an ONB of [?(Ny) ®1%(Z). Thus, we
have that W maps the basis elements of L?(17) to the ones of I?(Ny) ®[2(Z). Hence W gives a unitary
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isomorphism between these spaces. The last step of the chain comes from the Fourier isomorphism
12(Z) = L*(T, \), in which |k) corresponds to ey, : x +— e?2™** k€ Z. O

Before we come to the association of the scaling operator U with the tensor product of two
representations of the Cuntz algebra Oy, we express the action of U on T%p,, n € Ny, k € Z, in
terms of the functions 7V nnis n € Ng, j € Z, i € N, and suitable coefficients depending on S;, where
(Sif) (2) ==m;(2)f (zV),i € N, z € T, is a representation of Ox on L*(T, \).

Lemma B.4. The following holds for n € Ng, k € Z
UTkgon = Z Z(ek\Siej>chpNn+i.
€N JEL

PROOF. First we notice that UT*¢,,, n € Ny, k € Z, is not an element of the orthonormal basis
{Tkgon :keZ,ne NO} of L?(vz) (compare Proposition . Now we turn to the specific representa-
tion of UT*p,,, k € Z, n € Ny. Notice that for j € Z, n € Ny and i € N

onnti(-— ) = T?Umi(T)en

and recall that the filter functions are given as my : z +— Zjeﬂ a?zj, z € T, k € N, for suitable

a? € C. Now we show that (UT*¢,|T7onn+i) = (ex|Sie;) for j,k € Z, n € Ny and i € N. We have
that

<UTk90n|TjSDNn+i> = <UTk90n|Tiji(T)‘Pn> = <90n|TNj_kmi(T)90n>

Ef, if there exists an [ € N such that Nj —k+1=0,
0, otherwise.

On the other hand we have
(ex|Siej) = /mi(z)z_Nj 2Py = Zaf/z_Nj_l+kdz
leN

{af, if there exists an [ € N such that Nj —k+1=0,

0, otherwise.

Consequently, (UT*p,,|T o nnti) = (er|Sie;).
Now it follows for k € Z with k = kg + Nkq, kg € N, k1 € Z, that

DD AewlSie) T onnsi = D Y @05 UTVmi(T)pn = Y @y, > aiUT M Ho,

iEN jEZ i€EN jEZ iEN  IeEN
— —i i Nki+l  _ ;7 Nki+k
= E E ag,a; | UT" 5 g, =UTT 00,
IeEN \ieN
=0kg.1

O

The second representation of the Cuntz algebra Oy under consideration comes from the tuple of
isometries (Z;),cy given by Z;ln) = [Nn+1i), i € N, n € Ng, on [>(Ng). With this we can give the
interpretation of U.

Proposition B.5. It holds that
U=> 7S]
iEN

Notice that Z; acts on [2(Ng) and S; on L?(T, ). Consequently, here we use the association of
L3(vz) as 12(Ng) ® L%(T, \).
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ProOOF. This expression follows as in [Jor06] from

Y ZiwSi(m@lk) =) |Zn)©|STer) =Y Y (Siexle;)|Zim) @ le;)

ieN iEN iEN jEL
=3 (enlSie) T onnsi = UT ¢,
i€N jeL
=U(|m) ®1k)).

B.2. A representation of the two dimensional U in terms of the Cuntz algebra

In the same way we can interpret the operator U of the two dimensional MRA on enlarged fractals
as the tensor product of two representations of Cuntz algebra Opn. The construction is very similar
to the one-dimensional case, so we only give the main steps in the proofs. Here we use the notation
of Chapter We start by rewriting the wavelet basis of L? (VZE), compare Proposition as a
sequence of functions and their translates. Recall that N = N1 Ns.

Proposition B.6. Define a sequence of functions for n € Ny, i € N, by
o = 1¢,

oNnti = Umi(T)pn.

Then {T*Vy, : n € Ny, (k,1) € Z*} is an ONB for L (vg2) .

(B.2.1)

PROOF. As in the one dimensional version we have that ¢ = ¢¢ is consistent with the iteration
procedure. Moreover, we have ¢; = 1; for j € N\{0}. In the next step we rewrite the formula for ¢,
iteratively in terms of ¢y and the filter functions, that is for n = >\ _ kN’ k; € N, r € N,

= U7 T T, (057957 g,
i=0
or equivalently
r—1
= U [, (TF40 ) gy
i=0

Notice that supp(¢,) C D, n € N. Consequently, for the orthonormality we can consider without loss
of generality (¢, |@m), i.e. without the translation via "V, (k,1) € Z2. By considering (pn,|¢n,),
ni,ng € No, withng = Y71 k;Nandny = Y2 ;N' for k;, l; € N, 11,72 € Ny, we have (¢n, [¢n,) =0
if ry # ry or ky, # 1, since {UmT(k’l)wj :m € Z, (k1) €Z2,j € ﬁ} So we assume that r{ = ry =: 71
and k, = [, =: p. Then

r—1 ) e r—1 o L
(ot = (T e (757570 g T, (785757 ) )
1=0 i=0

r—1
. k; —l; _
= a, [T i *5111 ng -
Ji)NysLRE Ji)Nys RS ’
11210];@ Gy L2 ] TGy L2

=0y 1

Now it remains to be shown that {7, : (k,l) € Z*,n € Ny} spans L?(vz2). We show that
we can write any element U"T(k’l)wj as a linear combination of {T(’“l)gon (k1) €Z2n e No}. We
notice that it is sufficient to consider (k,1) € Ni* x N3' by the condition U—T@b g = 7(NiaN2b) Qg

let n € No and (k,1) € NJ' x N3 with (k,1) = (Z;:Ol ki Ni, S ziNg), ki € Ny, I; € Ny, then

1=
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EECTEND VRN VD VI N

(.j0;~ Jn— 1)eﬂnl 0 gn-1-+€EN

=6<ki,li>,(<ji>N1 L)

n—1
_ —Qqn—1—i )
- Z it Psrl g Nig N

(90,+++,qn—1)EN™ \i=0

Now we turn to a correspondence between L?(vz2) and I? (Np) ® I? (z?).

Proposition B.7. There exists a unitary isomorphism between LQ(Z/ZE) and 12 (Ng) ® 12 (ZQ) which
is the extension of W : T®FD o, v |n) @ |k, 1), n € Ny, (k,1) € Z2. Furthermore,

L*(vz2) = 17 (No) ® 1% (Z%) = 1> (No) ® L* (T?, \) .

PROOF. As in one dimension W maps an ONB of L?(vz2) to one of > (Ng) @ I* (Z?), so the
argumentation goes as the one dimensional one.

O

In the following we want to express the scaling operator U of the MRA in terms of representations
of the Cuntz algebra Opy. The representations of Oy under consideration come from the tuple of
isometries (Z;),cy given by Ziln) = [Nn+1), i € N, n € Ny, on [*(Ng) and from the tupel (S;),c v
given by (S;f) (z,w) = mi(z,w) f (2N, w™?), i € N, (z,w) € T? on L* (T? \), where m;, i € N, are
the filter functions defined in Proposition [[1.19] First we will need the following connection between
the basis in L?(vz2) and the scalar product in L? (T2, ).

Lemma B.8. The following holds for n € Ny and (k,1) € Z?

UT*™Ve, Z Z e(k,l)\Sie(jl,j2)>T(j1’j"‘)sDNn+i-
1€N (ji1,j2)€Z2

PROOF. First we notice that UT*Y ¢, is not an element of the basis (compare Proposition .
Now we show that (UT*V e, |TU™ ¢y, i) = (e 1| Sie(jm))- To do this first notice that for (k,1) €
Z2a ne N07 (.]3 m) € ZQ,

il = Jvi = kv3) = TN Umy (T,
and recall that the filter functions are given as m; : (z,w) — Z(i,j)e&x& al(i’j) 2wl (z,w) € T?,
I € N\{0}. Then it follows that

Eém), if there exists (r,s) € N1 x Ny
(UT(k’l)gpn|T(j’m)80Nn+i> = such that N5 —k+r=0and Nom — [ + s =0,
0, otherwise.

On the other hand

@, ), if there exists (r,s) € N1 x Ny
(e(re,n|Sieimy) = such that N1j —k+r=0and Nom — [ +s =0,

0, otherwise.

Consequently, (UT(k’l)gon|T(j’m)<pNn+i> = (etr,n|Si€m))-
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Now it follows for (k‘,l) € 72 with (k,l) = (lel +k0,Ngll +lo), kl,ll c Z, ko € &, ly € &,
that

Z Z <e(kvl)‘Sie(j17j2)>T(j1’j2)SDNn+i

i€N (j1,j2) €Z?

= Z Z ko lo) * 8(js o) (e i) TIH 72 Um (T) oy,
i€N (j1,j2) €22

=D Wty UTHH 20y (T gy

ieN

. i i (N1k1+p,Nal1+q)

=D Aty DL pgUT Pn
eN (P,q) EN1 X N2

= Z Zazko7lo)afp,q) UT(N1k1+P,N2l1+q)(pn
(p,g)EN1 X Na i€N

=8(k.10).(p.a)

- UT(k’l)gon.
O
With this we get the interpretation of the operator U.
Proposition B.9. [t holds that
U=> 7Z®S5;.
1EN
PROOF. This proof follows in the same way as the one dimensional version.
O

Remark B.10. We have tried to find an analogous representation for the scaling operator U in the case
of wavelet bases on Markov Interval Maps with a Markov measure, but there is not a natural expansion
to this case. We suspect that such an expansion might be possible if one considers representations of
the Cuntz-Krieger algebra instead of the Cuntz algebra.

B.3. Operator algebras for MIM

Here we want to give some remarks about the existence of analogous operators to the isometries
Sif(z) = mi(2)f(2N), z € T, arising from the filter functions, for the construction of wavelet bases
for MIMs. For the case of one father wavelet we obtain a so-called low-pass filter function and high-
pass filter functions, in terms of which the mother wavelets are given. Via these filter functions we
obtain a representation of the Cuntz algebra Oy, where N is the number of filter functions. In the
case of multiwavelets we can obtain weaker relations. Here we restrict to the case of an MIM with
underlying Markov measure as treated in Section [9.3] These results are in correspondence to results
in [BEMP10].

The relations for the father and the mother wavelets can be written in the following way:

For the following we introduce for z € T the low-pass filter

H(z) = ( 7T’vlzk.)l,keﬂ

and for each k € N and z € T the high-pass filter

Gi(z) = (A ck’jzk) .
fE) = (AR ™2) oy aen
With these definitions we obtain the following immediate lemma.
t

Lemma B.11. Let & = (‘pﬂ');eﬂ’ then ® = UH(T)® and let ¥y, = (d}k’j)jei
U, = UG(T)®, where the operators U and T are applied to every entry in the vector.

{0} for k € N, then
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Remark B.12. It follows that for z € T
H(z)H'(z) = Z,/ijmjzl_k
JEN kN
and for k € N, z € T,
Gr(2)Gj(2) =

These filter functions lead us to the definitions of certain “isometries”.

Definition B.13. For z € T and f =

and for ke N, z € T,

(an R fN—l)a fj € L2(T, )\), define
Suf(z) = VNH'(2)f (V)

Sa.f(z) = Gi(2)f (V) .

For these “isometries” we have the following properties.

Proposition B.14. The following relations hold:

2) S S¢, =1, k€N,

(
(3) S;[SGk =0 and SZ‘;CSH =0,
(4) Sz‘iSGj =0, Z,je&,l?é]

Remark B.15. Realize that for z €

Sif(z f > H(w)

keN,

T f = (fo, .. .,fol) fj € L2(T,)\),

wN=z

and forke N, ze€ T, f = (fo,---, fN-1)s ijLQ(T A,

S&. f( Z Gr(w)

wN*z

PrOOF. ad (I): Let z € T, f = (fo, .. .,fN_l), fj € L*(T, )\), then

SHSuf(z)= Y H(w)

wN=z

Ny= Y HwH w)f(z)=

wN=z

ad (2): Let ke N, z € T, f:(fo,...,fN_l) f; € L*(T, \), then

SGKSGk

Z Grw)GL(W)f(2) = f(2).

wN=z

ad (3): Let ke N, z € T, f:(fo,...,fN,l) fj € L*(T, ), then

SHSGk

=% X AWIG @) =0,

wN=z

since Y. ~_, H(w)G} (w) = 0 by summing up the roots of unity.
(w) = 0 by the choice of the coefficients c?’l.

For S¢, Sy we use that Gy (w)H*
ad (d): Leti,j e N, i#j,z€T,

S¢,Sa, f(z

by summing up the roots of unity.

f= (an”-afN—l) f; € L*(T, \), then

ZG )f(z) =0,

wN_z

f(2).
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Here we have seen that in contrast to the filter functions for a usual MRA with one father wavelet
and a unitary scaling operator U, we do not obtain a representation of a Cuntz algebra since we do
not necessarily have that Sy S + Ekeﬂ\{o} S, 5S¢, = 1. So we only obtain weaker relations between
these filter functions



APPENDIX C

Direct limits

In this chapter we apply a direct limit approach as in [BLP™10] to our construction of wavelet
bases on enlarged fractals in one and two dimensions. The first connection between wavelets and direct
limits was made by Larsen and Raeburn. In [LRO6| Larsen and Raeburn used this approach to give
an alternative proof of a theorem of Mallat which describes a construction of wavelets starting from
a quadrature mirror filter. They mainly show how the father wavelet associated to the filter can be
used to identify a direct limit of Hilbert spaces with L?(IR, \) so that the wavelet basis can be directly
identified. In [Rae09] Raeburn extends their results to show that wavelet-packet bases for L?(R,\)
also fit naturally into the same direct limit framework.

Baggett et al. further extend this work to the construction of the wavelet basis via general MRA,
compare [BLP710, BLM™09|. In [BLM 09| the authors show that for a general Hilbert space and
an isometry S, the direct limit gives an increasing family of subspaces, whose union is dense in the
direct limit space and whose intersection is {0} if the isometry S is a pure isometry. These are exactly
two of the properties for the MRA. But in the standard examples the direct limit space does not
coincide with the space we are interested in, e.g. L*(R,\), because the isometries are e.g. defined on
L?(T, \). Consequently, in [BLP10| Baggett et al. prove that with an isometry into another Hilbert
space, e.g. from L?(T,\) into L?(R,\), that satisfies specific properties, the obtained properties can
be carried over, so that one gets an MRA in the desired space. Wavelet bases constructed in the direct
limit space can be mapped to wavelet bases in the space under consideration. The authors also apply
this approach to wavelet bases on enlarged Cantor sets as constructed in [D.J06].

We apply the approach of [BLPT10]| to the wavelet bases constructed in Section and Section
We start by clarifying the definitions and giving the main results of [BLP10].

C.1. Introduction to direct limits and their application to wavelet bases

We start with a short introduction to direct limits. So we give the precise definition of the direct
limit.
Definition C.1. Suppose H,,, n € Ny, are Hilbert spaces and T}, : H,, - H,1+1,n € Ny, are isometries.
A direct limit (Hoo, (Un)neNo) is a Hilbert space H,, and a sequence of isometries U, : H, — H,
n € Ny, such that U,11 0o T,, = U,, n € Ny, which satisfy the following universal property: for every
family of isometries R,, of H,, n € Ny, into another Hilbert space K such that R, 10T, = R,,, n € Ny,
there exists a unique isometry R, : Ho, — K such that R, o U, = R,, for every n € Ny.

For the proof of the existence of this direct limit space see [LR06, BLM™09|. By the uniqueness
of R it also follows that H., = cl UneNo U, H,.

The relations of Definition can be pictured as in Figure In the diagram all sub-diagrams
commute. For further information see [LR06), BLM'09).

In our application, we only need the direct limits in situations where there is a single Hilbert
space H, and an isometry S on H, for which H,, = H and T, = S for all n € Np. In this case,
applying the universal property of the direct limit to the sequence of isometries R,, = U,, 0 .S produces
an isometry Ss : Hoo — Hyo satisfying Sy, o U, = U, o S, and applying the same property to the
sequence Uy, 11 0 S = U, produces an isometry Yo, : Hoo — Hoo satisfying Yoo o U,, = Up41; and it is
then immediate that for all n € N

Sec0YsolU, =850 n+1:Un+1oS:Un

159
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Uo

Uy
Uz

To T T5

Hy H,y Hy Heo,
R R R
0\ \LRQ
K<

FIGURE C.1.1. Direct limit for ((Hy)neny, (Tn)nen,)-

and
YooOSooo n:YoooUnOS:UWL—i-lOS:Un'

Since the identity operator I on H,, is also an isometry satisfying I o U,, = U, for all n € Ny, we
conclude from the uniqueness property of the direct limit that Sy o Yoo = I and hence that S, is
unitary. This situation is depicted in Figure[C.1.2} If we choose to identify H with the subspaces Uy H
of Hy,, the relation So o Uy = Uy 0 S, together with the facts that Yo, = S% maps U, H to Up41H
for all n € Ny and Hy, = cl UnGNo U, H, implies that S, is the minimal unitary extension of S in the
sense of [Con00|]. Hence the direct limit process can be viewed as a way of turning S into a unitary.

U,
7 g HK_\HOO
ls/ls/ YMCDSM
H-S5 g 5. . He,
U,

FIGURE C.1.2. Direct limit for (H,S).

Now we state the main results from [BLP 10| which we will apply to the one and two dimensional
wavelets on enlarged fractals from Section and Section The main results of [BLP10| are
conditions under which the direct limit space can be concretely identified via an isomorphism with
another space (see Theorem and an application of this correspondence (Proposition to the
construction of mother wavelets.

Let S be an isometry on a Hilbert space H and let (H 005 (Un)neNo) be the Hilbert space direct limit
of the direct system ((H,,T,) = (H,S),n € Ny). It was shown in [BLP"10] that the corresponding
unitary operator So, on H., has the following properties: So,U, = U, S = U,,_; for every n € N and
the subspaces

sy, n<o,

give an increasing sequence of subspaces in Hy, such that cllJ, ., Vn = Hoo and Seo(Vn) = Vi1
Moreover, their intersection is just {0} if and only if the isometry S is a pure isometry in the sense of
the following definition.

v {UH(H» n>0,
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Definition C.2. An isometry S on a Hilbert space H is a pure isometry if and only if (), oy, S"™(H) =
{05

The following proposition is useful in showing that isometries of a form relevant to our setting
are pure. First we start by fixing the notation. We let I denote a countable abelian group, regarded
as a discrete topological space, and we let T denote its dual, which is compact in the corresponding
compact-open topology. The measure we use on T is the normalized Haar measure. Furthermore, we
fix an injective endomorphism o of I' such that (I") has finite index N in I" and (),,~, a™(I') = {0}.

Theorem C.3 (BLM¥09]). Suppose that B is a Borel subset of I' andm : T — C is a Borel function
such that

Z Im(€)]? = N1p(w), for almost allw €T,
a*(§)=w
and define Sy, : L*(B) — L*(B) by (Smf)(w) = m(w)f(a*(w)). If either
(1) f\B has positive measure, or
(2) |m(w)| # 1 on a set of positive measure,

then Sy, is a pure isometry.
Now we turn back to the main results of [BLP 10| and the existence of an MRA.

Theorem C.4 (|IBLP"10|). Let H and K be Hilbert spaces, T' be a countable abelian group and
let W(H), W(K) stand for the groups of unitary operators on H and K respectively. Suppose that
o: I' = W(H) is a unitary representation, and S is an isometry on H such that So, = 04(1)S for
~v € T'. Suppose that 9 : T' — W(K) is a unitary representation and D is a unitary operator on K
such that DY, D* = 4, for v € I'. If there is an isometry R : H — K such that

(1) RS = DR, and

(2) Roy =9,R foryeT,
then there is an isomorphism Roo of Hoo onto the subspace |- D~"R(H) of K such that Roc SR, =
D and Roo0ocRi, = 9. The subspaces D~"R(H) form an MRA of Re (Hoo) relative to D and 9 if
and only if S is a pure isometry.

The next proposition gives a way of constructing an orthonormal basis for the limit Hilbert space
Ho.

Proposition C.5 (|BLP™10|). Suppose S is a pure isometry on H and suppose there are a Hilbert
space L, a unitary representation p : I' — W(L), an orthonormal set B in L such that {p,l : | € B,y € T'}
is an orthonormal basis for L, and a unitary isomorphism Sy of L onto (SH)* such that Sip, =
Oa()S1- Then

{5 os (M j €L, v €T, ¥ € U151(B)}
s an orthonormal basis for H..

C.2. Application to wavelet bases on enlarged fractals in one dimension

Now we apply the results of [BLP 10| to the construction of the wavelet bases on enlarged fractals,
see Section In our case, the countable abelian group I is Z and thus I' = T. The endomorphism
a on Z is given by a(n) = Nn. It is obvious that a(Z) has finite index N in Z and (,,~, a"(Z) = {0}.
For the direct limit we consider the Hilbert space L2(T, ) with the isometry S acting on L2(T, \)
defined by

S =Sme: f(2) r—)mo(z)f(zN), z €T,
where my is the low-pass filter from Section[I0.2] Since my is a filter function, it is well known that S
is an isometry.
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Proposition C.6. The operator S is a pure isometry.

PrOOF. We just apply Theorem We have that mo(2) = >, 4 v/Di - 2* and so
Yo Imo@F =30 > VBT =) ey, €0 =N-Y p=N.

a*(§)=w EN=wi,jeA i,jEA EN=y jeA
—_———
:Ném-
It is clear that |mg(w)| # 1 on a set of positive measure. O

We further define g : Z — W(L?*(T)) by (onf) (2) = 2" f(2). It is easily seen that g, is a unitary
operator on L?(T, \) for all n € Z. As the second Hilbert space we consider L?(vz), where the measure
vz is defined in Definition of Section In this space we want to obtain a wavelet basis. Here
we consider the operators used for the MRA in Section These are the scaling and translation
operator U and T (see Definition . We set D = U~! and ¥ = T in Theorem [C.4 To apply
Theorem [C-4] to this setting we have to verify that the unitary operators p,, n € Z, satisfy the desired
properties.

Lemma C.7. The relation So, = onnS, n € Z, is satisfied.

PROOF. Let f € L?(T,\) and 2z € T, n € Z, then So,f(2) = S (2"f(2)) = mo(2)z"N f(2) and
onnSf(2) = onn (mo(2) F(2N)) = 2N™mo(2) (V). M
Before we can show that the direct limit ((LQ('IF, )\)) 00> So0s QOO) is isomorphic to (LQ(Vz), U, T),

we have to find an isometry of L?(T,\) into L?(vz) such that the conditions of Theorem are
satisfied.

Lemma C.8. Forn € Z, lete, : 2+ 2", 2 € T. Then there is an isometry R of L*(T, \) into L?(vz)
such that Re, =T"1¢c = Loy forn € Z.

PRrROOF. This is analogous to the corresponding proof for the special setting of enlarged Cantor
sets with the measure of maximal entropy (see [DJ06]) in [BLP"10], so we will just sketch the
arguments. First notice that {e, : n € Z} is an orthonormal basis for L?(T, \), so it suffices to check
that T"1¢ = 1oy, is an orthonormal set in L?(vz), and this follows from the results in Section m
compare Proposition [T0.18] O

We now show that the isometry R given in Corollary satisfies the conditions of Theorem [C.4]

Lemma C.9. The following relations hold:

(1) RS =U"'R,
(2) Rop =T*R, k € Z.

PROOF. ad (1): Let n € Z then

RSe, =R (mg-enn) =R Z\/lTj'ej—i-Nn - Z\/]Tj.Tj+nN]lC
JjEA jEA

and on the other hand

UT'Ren =U'"T"lc =Y Y /pi-lo(-—i—Nk)- 1o (ri(- —i — Nk) + k —n)
kEZicA

=D VP Lo (=i Nn) =3 Jp T e

i€A i€A
ad (2): Let k,n € Z, then Rore, = Reprn = T "1¢, and TFRe, = T*T"1c = T+ "1¢. O

Applying Theorem [C.4] we then obtain the following.
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Corollary C.10. The direct limit ((Lz('IF,)\)) 005 So0s goo) is isomorphic to (LQ(VZ)7 U, T), With the
subspaces

Vi, = clspan{U"Tkgo c ke Z} , nEZL,
(L?(v2),U,T) allows a two-sided MRA and {T*¢ : k € Z} is an ONB for Vj.

PRrROOF. In Section we showed that | J;; V; is dense in L?(vz). Since the range of R contains
T¥ ¢, it follows that Unen, U™ (R (L?(T, A)) is dense in L?(vz) . The result follows then directly from
Lemma [C.7} Lemma and Lemma under application of Theorem [C.4] O

To obtain an orthonormal basis for L?(vz), we construct an orthonormal basis in (L?(T, X)) _
via Proposition and map it to L?(vz) with R. Recall that in Section we have constructed
the filter functions m;, i € N, for the definition of the mother wavelets. With these filter functions
we can define isometries Sy, by (S, f) (z)= mi(z)f (zV), i € N\{0}, f € L*(T), z € T, such that
(S, (sz‘)iEN\{O}> generate the Cuntz algebra Op, where m;, i € N\{0}, are the high-pass filter

functions of Section [[0.21
To apply Proposition to this setting we have to define the Hilbert space L, the unitary repre-
sentation p, and we have to verify the conditions of Proposition [C.5] We define L by

L:=L*T,\)&---® L*T,\)

N —1times

and we give the isometry F : L — L?(T, ) in the following lemma.
Lemma C.11. Let F: L — L*(T,\) be given by
F(fi,- o fv-1) = Smi fr+ 4 Smy_1 -1
This defines a unitary isomorphism of L*(T,\) @ --- & L*(T,\) onto (Sm, (L*(T, )\)))L.

PROOF. First notice that F' maps to (S, (L*(T, )\)))J' by the conditions on the filter functions.
More precisely, it is well known that
LAT,\) =S (LAT,N) & P Sm, (LA(T,N)
i€N\{0}
since SS* + Zieﬂ\{o} Sm; Sy, = I. Furthermore the S,,,, are pure isometries satisfying S}, Sy, = 0; ;

and S, .S = 0, and so it follows that F' is a unitary isomorphism with inverse F 1= ZieN\{O} Sh.- O
Now we apply the Proposition with the set
Bi={(bi)jey 11 € N},
and p := o®--- @ o, or more precisely p, = 04 © -+ @ 04, 7 € Z. It can be easily seen that p is a
~——

N-1
unitary representation on L since g is a unitary representation on L?(T).

Lemma C.12. The set {p,l: | € B,y € Z} is an orthonormal basis for L.
PROOF. Let | € B, then
pyl=(04 @ - D0yl =000 Do, 1D0,0D-- - B, 0=00---D2"D---DO
and this is obviously a basis since e, (z) = 27, v € Z, z € T, is a basis for L*(T, \). O
Lemma C.13. It holds that Fpy = 0q1)F', 7 € Z.

PROOF. Let z € Tand ! € B, | = (;;)
constant function. Then for v € Z

F(pyl) =F((0,...,0,04,0,...,0)) = Sy, (27) = my(2) - 2V
and 0a(y) (Fl) = Oa(y) (Sm.1(2)) = ony (mi(2)) = my(z) - 27 O

jens © € N. First notice that [ can be considered as a
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Corollary C.14. The set '
{8 00c(k)V : j,k €Z, ¢ € U1F(B)}
is an orthonormal basis for (L*(T, )\))OO

Proor. In Lemma Lemma and Lemma the hypotheses of Proposition were
checked. So the result follows directly from Proposition [C.5 O

As alast step we want to set the orthonormal basis of (L2 (T, )\)) in correspondence to the wavelet
basis for L?(vz) constructed in Section [10.2 _ Corollary m Therefore we apply the isomorphism
R to the basis of (L?(T,\))_

Proposition C.15. The wavelet basis
{UT*y; i n,k € Z,i € N\{0}},
gwen in Chapter[I0, Corollary[10.26, coincides with
Reo ({8 00c (k)2 j k€ Z, ¢ € U1F(B)}) .

PROOF. We start by noticing that F(B) = {m; : i € N\{0}}. The application of R gives for
k,j€Z,ie N\{0},

oo (S5 000 (k) (U1my)) = UIR o0 000 (k) (Urm;) = UIT*Roo (Urmy)

since RooSeoRyE, = UL and Rew0ooRE, = T. Furthermore, Ry, (Uym;) = URm; = Um;(T)p = 1y,
i € N\{0}.

C.3. Application to wavelet bases on enlarged fractals in two dimensions

In this section we give the application of the direct limit approach to the construction of wavelet
bases on enlarged fractals in two dimensions, compare Section We assume that (0,0) € D. Since
D allows a tiling of R?, the condition (0,0) € D is not a restrlctlon.

In two dimensions we have the following ingredients: the countable group is I' = N7+ 37, where
o7 and U3 give a basis of R2, and hence I' = T2. Here the function « is defined on % Z + v3Z by
a(k’u_f + 111_2)) = Nikvj + Ngl@, (k,1) € Z2. For the direct limit approach we consider the Hilbert
space L?(T?,\) and a pure isometry on L?(T2, ) is given by Sy, f(z,w) = mo(z,w)f (2™, w™?),
(z,w) € T2. The unitary representation o : 1Z + v3Z — W(L3(T?)) is given for (k1) € Z* by
Qlﬂ+k17§f(z7w) = lekf(zﬂ w)a (Z7w) S

On the second Hilbert space L?(vzz) the corresponding operators are ¥, = TR (k1) € 72,
and D = U~! defined in Definition

We do not give any proofs in this section because they are analogous to the one dimensional results.
We only have to consider the respective operators, spaces and unitary representations. First we start
with the desired relations for the pure isometry S,,, and the unitary representation p.

Lemma C.16. The relation Sy, 01511153 = ON, 151+ Nakoy Smo» (L k) € Z2, is satisfied.

Before we can show that the direct limit ((L?(T2, X)) o0s Socs 0s0) I8 isomorphic to (L?(vz2),U, T),
we have to give an isometry of L?(T?, A) into L*(R?, vz2) such that the conditions of Theorem are
satisfied.

Corollary C.17. For n,m € Z, let ey, : (2,w) = 2"w™, (z,w) € T2. Then there is an isometry R
of L*(T?,\) into L*(vz2) such that Rey m = T™ 1o = Lot ema; for n,m € Z.
In the next step we consider the isometry R and check that it satisfies the conditions of Theorem
C.4
Lemma C.18. The following relations hold:
(1) RS, =U1R,
(2) Ronitamiz = T™™R, (n,m) € Z2.
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Now we apply the Theorem [C.4] to this setting.

Corollary C.19. The direct limit ((Lz(’ﬂ‘z, )\)) 005 Do0s goo) is isomorphic to (L2(Vzg)7 U, T), With the
subspaces

Vi, = clspan{U"T(k’l)ga (kD) € ZQ} ,n €7,
(L*(v22),U,T) allows a two-sided MRA and {T*D¢ : (k1) € Z*} is an ONB for Vj.

We turn to the construction of the mother wavelets via the direct limit approach. For this we give
a representation of the Cuntz algebra On. We define the isometries S,,, for ¢ € N by

(Smif)(sz): mi(z7w)f (ZvawNZ) s

where the functions m; are the high-pass filters (see Chapter . These generate the Cuntz algebra
On. Moreover, the isometries Sy,,, ¢ € IN, are pure.

We now apply Proposition [C.5] to this setting. We start with the definition of an isometry F :
LA (T2 N @ - @ L*(T? \) — L2(T?)\).

N-1
Lemma C.20. Let F': L*(T?, \) @ --- @ L*(T?,\) — L?(T?,\) be given by
F(fi,.ooifn-1) = Sm fi+ -+ Smy fn-1.

F defines an unitary isomorphism from L*(T?,X) @ --- & L*(T?, ) onto (Sm,(L*(T?, )\)))L.

Now we apply the Proposition [C.5] with the set
B = {(&,j)jeﬁ 11 Gﬂ} R

and the unitary representation p := 9@ --- @ g, or more precisely the representation for (v, ) € Z?
—_——

N-1
given by p 14653 = Oyotrou D0 © Oy7yowy, tO this setting.

Lemma C.21.
(1) The set {p,z1 15l : | € B,(v,0) € Z?} is an orthonormal basis for L*(T?, X)&- - -&L?(T?, ).
(2) It holds that Fp. 51555 = 0Ny~ nesis Fo (7,0) € Z2.

Now we want to obtain the wavelet basis for L2(Vzg). In the discussion above we checked that

all the conditions of Proposition are satisfied and thus for (L2(']I‘2,)\))Oo we get the following
orthonormal basis.

Corollary C.22. The set
{8 0oc(k, )0 = j € Z,(k,1) € Z*, ¢ € U F(B)}
is an orthonormal basis for (L?(T?, )\))Oo

As a last step we want to set the orthonormal basis for (L2 (’]I‘Q, )\))Oo in correspondence to the
wavelet basis for LQ(uzg) constructed in Section [11.3.1] Therefore we apply the isomorphism R, to
the basis of (L2 (']I‘2, )\))OO.

Proposition C.23. The wavelet basis
{U"T(k*l)wi neZ (ki) er?ic ﬂ\{o}} :
gwen in Section[11.3.1] Proposition coincides with
Roo ({55 00c(k, 1) 2 j € Z,(k,1) € Z°, ¢ € UyF(B)}).
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C.4. Remarks on a general Fourier transform

In this section we explain how we can construct a more general Fourier transform for the wavelet
construction on enlarged fractals via the direct limit approach. We will only give a general idea and for
further details we refer to the literature. To obtain a general Fourier transform we give an alternative
realization of the direct limit (L2 (T, /\)) - as a space of functions on the solenoid Sy. This general
Fourier transform was first introduced in [Dut06| in a direct way and in [BLP™10| Baggett et al.
gave a different construction via a realization of the direct limit (L2 (T, )\)) 0o

We explain this construction here because one difficulty in the proofs of the MRA on enlarged
fractals is that we do not have a Fourier transform as in the case of an MRA for the L2-space with
respect to the Lebesgue measure. In the case of an MRA with respect to the Lebesgue measure many
proofs are given in the frequency space and in the end the results are mapped back to L%(R, \).

We start with the definition of the solenoid Sy.

Definition C.24. The solenoid Sy for N € N is defined as
Sy == {(20,21,...) € ™ : 2., = 2, for n > 0}.
Remark C.25.

(1) The solenoid Sy is actually the dual of the group Z[1/N].
(2) The solenoid can also be regarded as the inverse limit Sy = lim(T, z — V).
—

Now we give a brief explanation how to obtain this general Fourier transform. Let pr, be the
projection from Sy onto the nth copy of T. Then there exists a unique probability measure 7 on Sy
such that for all f € C(T,C) we have

= z n_lm ajZ 2 z = L w n_lm wNj 2 z
[ Gommar= [ s T lmofe’ P | ¢ - [+ 3 st It ) ) =

The existence of this measure follows by results of Kolmogorov, compare Lemma 6.1 and Proposition
6.2 of [BLP*10).

Furthermore it is possible to obtain an isomorphism Vi, from L?*(Sn,7) onto (L*(T,\)) o as
it is described in [BLPT10]. Thus, we obtain an isomorphism from L?(vz) onto L?(Sy,T) by
concatenation. This isomorphism is the inverse of Ry, o Voo : L2(Sy,7) — L2(vz), where R :
(L2 (T, /\)) ~ — L?(vz) is given in Section Denote the isomorphism from L?(vz) onto L?(Sy,T)
by F = (Reo 0 Voo) 1.

This isomorphism satisfies the following relations: Let pry : Sy — T be the projection onto the
first entry, and let § denote the shift map on Sy, i.e. pr,(0(¢)) = pr,,_;(§). Then the isomorphism F
satisfies the following relations for f € L?(Sy,7) and £ € Sy

(1) (FUF*f)(§) = mo(pro(£))f(0(8)),
€z

(2) (FT*F*f)(€) = pro(&)*f(€), k € Z,
(3) F(l¢) = 1.
Remark C.26.

(1) For the affine case, compare [DJ06]|, this general Fourier transform coincides with the “Fourier
transform” Dutkay constructed in [Dut06].

(2) It can be easily checked that if we consider a case that is homeomorphic to the Cantor
case, compare [BK10), [Boh09], the Fourier transform obtained via the direct limit approach
coincides with the one that is carried over from the Cantor case constructed by Dutkay in
[Dut06].

(3) Further investigations of this Fourier transform are made by Baggett, Packer, Merrill and
Furst in recent research.
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Proofs of the MRA for triangles

Proor or ProprosITION [T1.25l This is obvious for the operator U. For the operators T} it is
obvious, too, and for T5 realize that:

[T 4@ (@, (F) = [ FET ko~ 1) (v, (7)
— /f(?) ~g(R(? + kv + lvg))dvg, (?)

PROOF OF PROPOSITION [T1.26l ad (1): Notice that these sets can just intersect in a line and
thus this intersection has measure 0 with respect to the two-dimensional Lebesgue measure.
ad (2): This follows directly from the equation

p(ATT) = T{*Vp(@) + TV p(T) + TV (@) + T Vo(T), T € R
ad (3): Let (k,1) € Z2, f € L*(R?,\) and 7 € R?, then
UMTEDUF(T) = FAAT'T — kol — 183)) = f(7 — 2kt — 2008) = TR f(7)
and

UMTHDU F(7) = FIARA™YT — koy — 103)) = f(RT — 2ku] — 2053) = TF2D ().

PRrROOF OF THEOREM [11.28] We have to proof the six properties as they can be found in Remark
M4 Let for j € Z

Vj := clspan {UjTi(k’l)cp (k) eZ%ie {1,2}} .

ad (4): By the definition of the closed subspaces V} it is satisfied that {Ti(k’l)go :(k,1) € Z2,i € {1, 2}}

spans V. By Proposition [L1.26] (1) it is also satisfied that it is an orthonormal basis.
ad (6): This was shown in Proposition [11.26] (3).

ad (1): Notice that ¢ = U(mb(Ty)e + m2(Ta)y) and UTHVY = 72 ang vy =
T(2k20)
5 . Thus
T o = UITHOU (mb (T + mB (Ta) ) = UTHTE) (m(Ty)p + md (Tz) .
Furthermore
Tl(k’l)TQ(n’m)f(:r) = f(R(z — kvy — lvg) — nvy — mus)
= f(Rx — (k+n—1)vy — (=l +m)ve)

_ T2(k+n—l,—l+m)f(x)
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168 D. PROOFS OF THE MRA FOR TRIANGLES

and
TQ(k’l)Tl(mm)f(x) = f(Rx — kvy — lvg — nvy — muy) = T2(k+n’l+m)f(x)

since Rv; = v; and Rvy = —vo +v1. Thus V; C V.

ad (5): This follows from the definition of V;.

ad (3): Clearly we have 0 € (1,5 V;. Let f € ;5 Vj, f # 0, then f € V; for all j € Z. So
for all j € Z there exist (k,l) € Z? such that f|Aj(A+k171>+le172>) = clpi(atkwtrien)r © # 0. But

A (AY (A + ko] +1€73)) — 00, j — 0c. Since f € L2(R2,\), it follows that f = 0.
ad (2): We have to show that for any f € L*(R?, \) lim;_,o || prv, f — f|| = 0. We will show this
for characteristic functions on intervals. So realize that

1L g xe.al® = (b= a)(d - c)
= 1Pty Lo p)x(ed) = Liab)x[e.d) = Pry; La)x(e.all”
= [|(pry, =D 1o p)x[e,a] — Prv; Lapixieall’
= [|(pry, =D Vjapixieall* + 1Py, Lap)xe.al®
and so [|(pry, =D)L p)xfeall® = (b —a)(d — ¢) = [[pry, Liapx[e.qll* - Thus in the following we
will show that lim; o |[pry, Lgpixjeall*> = (b —a)(d —c) for all j € Z. We clearly have that
limj o0 [| Pry, Ligp)x[e,a)l]* < (b—a)(d — ¢) since || pry, Ligp)x[e,all* < (b—a)(d — ¢). Furthermore,

(kL
Ipry, Liapixieall” = > Lo )x [TV TED o) 2
(k,l)ez?,ie{1,2}

>((b—a)2-2-(d—c)2 ' —(b—a)2) - 4—2-(d—c)2" ") - (47 - 1677)

=(b—-a)-(d—c)—(b—a)277 -4 —(d—c)277

—=(b—a)-(d—c), j— o0,
since there are minimal [(b— a)29] -2 - [(d — ¢)217'] (k,1) € Z2, such that (1jq4jx e V7TV ) # 0
for i € {1,2} and the (k,l) € Z2, i € {1,2}, with supp (UjTi(k’l)<p> ¢ [a,b] X [¢,d] are omitted in
the calculation above. There can be maximal (b — a)27 - 4 + 2 - (d — ¢)2/~! which satisfy this. If
supp (UjTi(k’l)go) C [a,b] X [¢,d], then |<Il[a7b}x[cyd]|UjTi(k’l)<p>|2 = (2 -4_j)2. O



APPENDIX E

Appendix for image compression

Recall that the coefficients for the filter functions are given in a unitary (N x N)-matrix M =

(Mij)iGE,jEﬂ’ with N = N1N2.

E.1. Coefficients for the comparison of different Hausdorff dimensions

We include here the coefficients of the filter functions for the comparison of the reconstruction
results for fractals with different Hausdorff dimensions.

The matrix M has the following coefficients of the filter functions for the underlying fractal of
Hausdorff dimension 1: M;; = 3 for (i,5) € {(0,0),(0,3),(0,12),(0,15), (15,0), (15, 3)}, =5
for (i,5) € {(15,12),(15,15)}, M;; = % for (i,5) € {(13,0),(14,12)}, M;; = ﬁ for (i,j) €
{(13,3),(14,15)}, M;; = 1for (i,5) € {(1, 1),(2,2),(3,4), (4,5),(5,6),(6,7),(7,8),(8,9), (9, 10), (10, 11),
(11,13),(12,14) }, M;; = 0 otherwise.

The matrix M has the following coeflicients of the filter functions for the underlying fractal of
Hausdorff dimension log(2)/log(3): M;; = § for (i,7) € {0} x {0,1,2,3,4,6,8,9,12}, M;; = % for
(i,7) € {(7,0),(8,4),(10,9), (11,3)}, M;; = \/é for (i,7) € {(7,2),(8,6),(10,12), (11,1)}, M;; = 1 for
(1,7) € {(12,9,),(12,12),(13,4),(13,6)}, M;; = _71 for (¢,7) € {(12,1),(12,3),(13,0), (13,2}, M;; =
% for (i,7) € {14} x {0,2,4,6}, M;; = \;; for (i,7) € {14} x {1,3,9,12}, M;; = L for (i,7) € {15} x
{0,1,2,3,4,6,9,12}, M;; = \;—% for (i,7) = (15,8), M;; = 1 for (i,5) € {(1,7), 2 11),(3,5), (4, 14),
(5,10),(6,13),(9,15)} and M,; = 0 otherwise.

The matrix M has the following coefficients of the filter functions for the underlying fractal of
the Hausdorff dimension log(10)/log(4): M;; = \} for (i,7) € {0} x {0,2,4,6,7,9,11,12,14,15},

M;; = f for (i,7) € {(7,0),(8,4),(9,7),(10,11), (11, 14)} M, L for

=0

(1, ') € {(7,2),(8,6),(9,9), (10,12), (11,15)}, M;; = % for (4, )_ e {(12,11),(12,12), (13,4),(13,6)},
M;; = 5 for (i,5) € {(12,14),(12,15),(13,0), ( 3, )} M;; = % for (i,5) € {14} x {0,2,4,6},
M;; = J% for (i,7) € {14} x {11,12,14,15}, M;; = —= for (i,5) € {15} x {0,2,4,6,11,12,14,15},
My; = & for (i, §) € {15} x {7,9}, My; = 1 for (i, ) € {(1,1),(2,3),(3,5),(4,8),(5,10), (6,13)} and
M;; = 0 otherwise.

The matrix M has the following coefficients of the filter functions for the underlying fractal of Haus—
dorff dimension log(11)/log(4): M;; = \/% for (¢,7) € {0} x{0,1,2,3,4,6,7,8,9,12,15}, M;; =

VIt
for (i,7) € {1} x {0,1,2,3,4,6,8,9,12,15}, M;; = J% for (i,j) = (1,7), My; = % for (i, g) €
{(12,9), (12,12), (13,4), (13,6)}, M;; = 5 for (i,5) € {(12,1),(12,2), (13 0) (13 )} M;; W for
Mij = o for (i,j) € {14} x {0,2,4,6}, My; = =% for (i,j) € {14} X {1 3 9, 12} M = fro
for (i,7) € {15} x {0,1,2,3,4,6,9,12,15}, M;; = = for (i,j) € {15} x {8,15}, M;; = 1 for
(4,7) € {(2,11),(3,5), (4,14),(5,10), (6,13)} and M;; = 0 otherwise.
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The matrix M has the following coefficients of the filter functions for the underlying fractal of
Hausdorff dimension log(13)/log(4): M;; = L for (i,7) € {0} x {0,1,2,3,4,5,6,8,9,10,11,12, 14},

M;; = — for (i,5) € {(4,0),(5,2), (6,4), (7,6) (8 9)(9,11)}, M;; = = for (i,5) € {(4,1),(5,3),(6,5),
(7,8),(8 10 (9,13)} M;; = & for (i,5) € {(10,0),(10,1),(11,4), (11,5),(12,9), (12,10)}, M;; = 3
2,1

for (i,j) € {(10 2), (10, 3), (11 6),(11,8), (12,11), (12,12)}, M;; = 5 for (i,j) € {13} x {0,1,2,3},
M;; = Q—é for (i,5) € {13} x {4,5, 6 8}, M;; = \/12*0 for (i,7) € {14} x {9,10,11,12}, M;; = JT%
for (i,j) = (14,14), M;; = /12 for (i,j) € {15} x {0,1,2,3,4,5,6,8}, M;; = JT%) for (i,j) €

{15} x {9,10,11,12,14}, M;; =1 for (i, j) € {(1,7),(2,13),(3,15)} and M,; = 0 otherwise.

The matrix M has the following coefficients of the filter functions for the underlying fractal of Haus-
dorff dimension 2: M;; = 1 for (i,5) € {0} x 16 and M;; = § for (i,7) € {15} x 8, M;; = =L for (i,j) €
{15} % {8,9,10,11,12,13, 14,15}, My; = L for (i, ) € {(1,0),(2,2), (3,4), (4,6), (5,8), (6,10), (7, 14),

(8,12)}, My; = 4 for (i,5) € {(1,1), ( 3),(3,5),(4,7),(5,9), (6,11), (7, 15) (8 13)}, Mj; = 3 for
(4,5) € {(9,2),(9,3),(10,6), (10,7),(11,10),(11,11), (12,14 ,(12 15)}, M, 1] = for (i,§) € {(9,0),
(9,1),(10,4), (10,5), (11,8), (11,9), (12,12), (12, 13 )}, My = = for (i,)) € { (13,0), (13,1), (13,2),
(13,3),(14,8), (14,9), (14, 10), (14, 11) }, MU = =L for (i,5) € {(13,4),(13,5),(13,6), (13,7), (14,12),
(14,13), (14, 14), (14,15)} and M,; = 0 otherwise.

Now we turn to the coefficients for different fractals of the same Hausdorff dimension. The fractals
have the Hausdorff dimension log(8)/log(4) and on the fractal the invariant measure is considered. So
the different filter functions are just permuted in different ways.

The matrix M has the following coefficients of the filter functions for the first underlying fractal:
M;; = i for (i,5) € {0}x{0,2,4,7,9,11,12,15} and M;; = % for (i,7) € {14}x{0,2,4,7}, M;; = ;—g
for (i, j ) e {14} x {9,11,12,15}, M;; = % for (i,7) € {(8,0),(9,4),(10,11), (11,12)}, M;; = ;—% for
(i,5) € {(8,2),(9,7),(10,9), (11,15)}, M;; = 5 for (i,5) € {(12, 9) (12,11),(13,4), (13, 1)}, My; =
for (i,7) € {(12,12),(12,15),(13,0), (13, 2)}, i = 1for (i,5) € {(1,1),(2,3),(3,5),(4,8), (5,10),
(6,13),(7,14),(15,6)} and M,; = 0 otherwise.

The matrix M has the following coefficients of the filter functions for the second underlying frac-

tal: M;; = } for (i,7) € {0} x {0,1,2,4,8,9,11,12,15} and M;; = % for (i,7) € {14} x {0,2,4,8},

My; = Sk for (i, 4) € {14} x {1,9,12,15}, M;; = % for (i,7) € {(8,0),(9,4), (10,9), (11,12)}, M;; =
= for ( 7)€ {(8,2),(9,8),(10,15), (11, 1)}, My; = 1 for (i,5) € {(12,9),(12,15), (13,4), (13,8)},
MU = =L for (i,5) € {(12,1), (12,12), (13,0), (13,2)}, Mij =1 for (i,5) € {(1,7), (2,11),(3,5), (4, 14),

(5,10), (6, 13),(7,3),(15,6) } and M;; = 0 otherwise.

The matrix M has the following coefficients of the filter functions for the third underlying fractal:
M;; = % for (i,) € {0}x{0,1,2,6,8,9,12,14} and M,; = % for (i,j) € {14} x{0,1,6,8}, M;; = ;—é
for (i,7) € {14} x {2,9,12,14}, M;; = % for (i,7) € {(8,0),(9,6),(10,12),(11,9)}, M;; = ;—% for
( ) {( ) ( ) (107 14) (11 2)}? iJ = fOI‘ (7”]) € {(125 12)7 (127 14)7 (1376)a (1338)}ﬂ Mij = %1
for (i,7) € {(12,2),(12,9), (13,0), (13, 1)}, sz = 1 for (i,j) € {(1,7),(2,10),(3,4),(4,15), (5, 11),
(6,13),(7,3),(15,5)} and M;; = 0 otherwise.

The matrix M has the following coefficients of the filter functions for the fourth underlying fractal:
= % for (4,7) € {0} x {1,2,3,9,10,12,13,14} and M,; = % for (i,7) € {14} x {2,3,10, 14},

M,
M;; = =L for (i,7) € {14} x {1,9,12,13}, M;; = for (4,7) € {(8,14), (9, 3), (10,9), (11,12)}, M;; =

1
V8 V2
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é for (i,5) € {(8,2),(9,10),(10,13), (11,1)}, M;; = 3 for (i,5) € {(12,9),(12,13),(13,3), (13,10)},

(8
M;; = 5t for (i, 7) € {(12,1),(12,12), (13,2), (13,14)}, M” =1 for (i,5) € {(1,7),(2,8),(3,5), (4,15),
(5,11), ( 0),(7,4),(15,6)} and M,; = 0 otherwise.

E.2. Different levels of decomposition

We consider different levels of decomposition for the Sierpinski Gasket wavelet applied to the
“Lena” image. We set 80% of the coefficients to zero. The reconstructed images for the decomposition
levels 1 to 9 are in Figure We do not see any difference between the images [E.2.1] (D) to (I),
also they have slightly dlfferent PSNR

E.3. Further results for the Sierpinski Gasket — Hard versus soft threshold

Here we consider the two different threshold procedures and compare their results. We apply the
wavelet basis based on the Sierpinski Gasket and the Haar wavelet basis to the “Lena” image. We
consider 9 levels of decomposition and we set 80% of the values after decomposition to zero. Then the
resulting reconstructed images for the Sierpinski Gasket wavelet are as shown in Figure For the
reconstruction with the Haar wavelet we obtain for the hard threshold a PSNR of 41.57dB and for
the soft threshold 37.42 dB.

E.4. Coefficients for different Cantor Dust wavelets

Here we give the coefficients of the filter functions for the different wavelet bases based on the
Cantor Dust.

For Cantor Dust 1 we consider on the fractal the measure of maximal entropy and consider
the following matrix M containing the coefficients of the filter functions: M;; = 5 for (i,7) €
{(0,0),(0,2),(0,6),(0,8),(2,0),(2,2), (4,0), (4,6), (8,0), (8,8)}, My = 3 for (i,j) € { (2,6),(2,8),
(4,2),(4,8),(8,2),(8,6)}, M;; = % for (i,5) € {(1,3),(1,5), (3,1), (3 7) (6,1),(7,3)}, M;; = \—/—% for
(i,7) € {(6,7), (7,5)}, M;; =1 for (i,j) = (5,4) and M,; = 0 otherwise.

For Cantor Dust 2 we consider the measure given by Hutchinson’s theorem with the weights
(1% 15> 15+ 15) and choose the following matrix M containing the coefficients of the filter functions:
Mij = i% fOI‘ (’L .7) S {(0 O) ( ) ( ) (2 O)} MlJ - A\Lﬁ fOI‘ (Zv.]) 16 {(152)7(2a8)a(372)a(356)}7
Mij = 1 for ( ) € {(072) ( ) ( ) )7( ) ( )7( ) )}’ Mij = _T for ('Lv]) € {(178)7(276)}7
M;; =1 for (i,j) € {(4,1),(5,3), (6,4),(7,5), (8, 7)} and M;; = 0 otherwise.

For Cantor Dust 3 we consider the measure given by Hutchinson’s theorem with the weights

((%)2  Toua5> Tos55 ( %)2) and choose the following matrix M containing the coefficients of the fil-

ter functions M;; = 9% for (i, ) € {(0,0),(0,8),(1,6)}, M;; = T for (i 7) €1(1,2),(3,2),(3,6)},
M;; = 15 for (i,5) € {(0,2),(0,6),(1,0),(2,2),(3,0),(3,8)}, M;; = 155 for (i,5) € {(1,8),(2,6)},
M;; =1 for (i,j) € {(4,1),(5,3),(6,4),(7,5),(8,7)} and M;; = 0 otherwise.

For Cantor Dust 4 we consider the measure given by Hutchinson’s theorem with the weights
({5, 1%, 1%+ 15)- These are the same weights as for Cantor Dust 2 only in a different order. We choose

also the coefficients of the filter functions a permutation of the ones of Cantor Dust 2, namely: M;; = %

for (i,j) € {(010)7(078)7(176)7(270)}» M;; = _Tl for (i,7) € {(1’2)’(2’8)’(3’2)’(3’6)}’ Mij = % for
(i,5) € {(0,2),(0,6),(1,0),(2,2),(3,0),(3,8)}, Myj = =T for (i,5) € {(1,8),(2,6)}, M;; = 1 for
(1,7) € {(4,1),(5,3),(6,4),(7,5),(8,7)} and M;; = 0 otherwise.

For Cantor Dust 5 we consider again a permutation of the filter functions of Cantor Dust 2.

Here the measure is given by Hutchinson’s theorem with the weights (1—76, %, %6, 11—6) These are
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(A) Level 1, PSNR = (B) Level 2, PSNR = (c) Level 3, PSNR =
16.06, 2.3 seconds. 16.06, 2.86 seconds. 20.06, 3 seconds.

(p) Level 4, PSNR = () Level 5, PSNR = (r) Level 6, PSNR =
21.85, 3.08 seconds. 21.85, 3.09 seconds. 22.04, 3.05 seconds.

(¢) Level 7, PSNR = (1) Level 8, PSNR = (1) Level 9, PSNR = 22.04,
22.04, 3.11 seconds. 22.04, 3.18 seconds. 3.09 seconds.

Ficure E.2.1. Reconstructed image for wavelet based on the Sierpinski Gasket for
different levels.

the same weights as for Cantor Dust 2 only in a different order. We choose also the coefficients

of the filter functions a permutation of the ones of Cantor Dust 2, namely: M;; = ‘/77 for (i,7) €

{(0,0),(0,2),(1,6),(2,2)}, M;; = %ﬁ for (i,5) € {(1,8),(2,0),(3,6),(3,8)}, My; = % for (i,j) €
{(0,6),(0,8),(1,0),(2,6),(3,0),(3,2)}, M;; = _Tl for (i,5) € {(1,2),(2,8)}, M;; = 1 for (i,j) €
{(4,1),(5,3),(6,4),(7,5),(8,7)} and M;; = 0 otherwise.

For Cantor Dust 6 we consider the last possible permutation of the weights for the measure given
by Hutchinson’s theorem of Cantor Dust 2. Namely we consider the weights (%, 1—16, %, 1—76) We choose
also the coefficients of the filter functions a permutation of the ones of Cantor Dust 2, namely: M;; = 411
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(a) Hard  threshold: (B) Soft threshold: PSNR:
PSNR: 22.04. 15.82.

F1GURE E.3.1. Results for the hard and the soft threshold; application to “Lena” image.

for (i,5) € {(0,0),(0,2),(1,6),(2,0)}, My; = 3 for (i, ) € {(1,8),(2,2),(3,6), (3,8)}, My; = 4 for
(1,7) € {(0,6),(0,8),(1,0),(2,8),(3,0),(3,2)}, M;; = i for (i,7) € {(1,2),(2,6)}, 1 for
(Zaj) € {(471)3 (533)7 (67 )7(7, )a (87 )} and Mij =0ot herw1se






APPENDIX F

Code for the image compression

We give the code for the compression with the Sierpinski Gasket or the Haar wavelet. For the
Cantor Dust the code is analogous, only the size of the image has to be changed and we have to consider
the respective matrix containing the coefficients of the filter functions. We start with the code where
we choose between the wavelet basis for the Haar wavelet and the Sierpinski Gasket wavelet. We
also choose the percentage of coefficients, the threshold procedure and the levels of decomposition
there. For the actual procedure that is applied to the image and does the compression, there is only
a placeholder and the procedure is given in the next step.

% This program is to compress images by using different filter function
clear all

close all

% Input parameters for the wuser

= input(’Enter_the_percentage_of_coefficients_that_should_be_set_to_zero_:_");
= input(’Enter_the_wavelet_that_should_be_used,_0_for_Haar,_1_for_Sierpisnki_Gasket_
= input(’Soft_or_hard_threshold ,_0_for_soft_and_1_for_hard_:");

07070707070707070707070707070707070707070707070707070707070707070707070707070707070707070707070707070,

%00000“00000000000000O00000000000000000000000000000000000000000000

%
m = input(’Enter_the_decomposition_level_:_");
p
q
s

% Imread of the image that shall be compressed
A = imread(’lena.bmp’); % The image must have the size NI"n z N2°n
% (i.e. the size and the filter functions must correspond)

A = im2double (A);
K = A; % copy the image for a comparison between the original
% and the compressed image

n = 9; % Mazimal number of decomposition levels
% dependent on the size of the image and the chosen wavelets

07070707070 07070,

IR T T e 6 e e e e e R e T I e 6 6 6 e e e e e Fe I e I e 6 6 e e e e e S T T I e 6 6 e e e e e T Yo i I Ve 60606060 %

% Definition of the different wavelets in terms of their filter functions. They are
% given as the wectors for the coefficients in the order

% (a(0,0),a(0,1),...,a(0,N1),a(1,0),...a(N1,N2)).
Woo“o"u”ooo”o"o“o”u”oooooouoooooouoooooouooaooouoooooouoouooooooaooouooaoo

% Haar Wavelet

N1Haar = 2;

N2Haar = 2;

vOHaar = [1/2;1/2;1/2;1/2];

vliHaar = [1/2;1/2;-1/2;—-1/2];
v2Haar = [1/2;-1/2;1/2;—-1/2];
v3Haar = [1/2;—-1/2;—-1/2;1/2];

% Definition of the matriz M consisting of the vectors wvi
MHaar = [transpose(vOHaar); transpose(vlHaar); transpose(v2Haar); transpose(v3Haar)]|;

175
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clear vOHaar v1Haar v2Haar v3Haar

I 6 e e 6 e 6 e e e e e e e e e ie e e e e e 6 e ie e e Ie e Mo e e I e e e e ie e Ko ie e i e e ie e ie e e e e e 6%
% Sierpinski Gasket

NISG = 2;

N2SG = 2;

v0OSG = [1/sqrt(3); 1/sqrt(3); 1/sqrt(3); O0];
vlSG = [0; 0; 0; 1];

v2SG = [1/sqrt (2); —1/sqrt(2); 0; 0];

v3SG = [—-1/sqrt (6); —1/sqrt(6); 2/sqrt(6); 0];

% Definition of the matriz M consisting of the wvectors wvi
MSG = [transpose (v0OSG); transpose(vISG); transpose(v2SG); transpose(v3SG)];
clear v0OSG v1SG v2S5G v3SG

I 6 6 e e e e e e e 6 e e e e e e e e e e e e e el e e e e e e e e e 6 e e e e e e e e e e e i e e e e e e e e e

T e e e e e e I e e e e e e e e e e e e e e e e e e e e e e e ie vt e e ie e e e i it e e e ie e e e e e e e ie e e e e e

if ¢ = 0 & m <= n;

N1 = Nl1lHaar;
N2 = N2Haar;
N = N1xN2;
M = MHaar;

YT IR0 Ve e e e e e e e e e e e e e e e e 6%

%% Do compression procedure %%

I T I67 060606060 66 e e 6 e e 66 e o6 e 66

elseif q — 1 & m <= n;
N1 = NISG;
N2 = N2SG;
N = NI1#N2;
M = MSG;

0707070,

I I606 06060 6060 66 e e e 6 e e e e e o6 6%
%% Do compression procedure %%

0707070707070707070707070,

I T I6 0 66 e 66 e e e e e e e e e e e o6 e e e
else

break
end

Now the coefficients that we need are given and the compression algorithm can be applied.

% Decompostion of the matriz A

% Initialisation of matrices for the decomposition
B = zeros(N2,N1);

C = zeros(N,1);

D zeros(N,1);

Al = zeros(N2°n,N1°n);

for v = 0:m—1 % m decomposition levels
for i = 0:(N1°(n—1-v)—1) % number of submatrizes
for j = 0:(N2"(n—-1-v)—1)

for k = 1:N1

for 1 = 1:N2
B(N2—-1+41,k) = A(14N2xj ,Nlxi+k); % Taking the submatrices

end

end
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C = reshape(transpose (B),N,1); % writing the submatriz in a vector
D =Mx«C; % Multiplying the vector with the matriz M

for w = 0:N2-—1
for u = 1:N1
A1(j+14w*N2~ (n—1-v) ,i+14+(u—1)*N1"(n—1—v)) = D(Nlsxwtu); % writing the decomposed
% values in the matriz Al
end
end
end
end
A = Al;
end

% Thresholding for less coefficients
t = prctile (reshape(abs(A),1,N"n),p);
% soft threshold
if s = 0;
for i = 1:N1~(n)
for j = 1:N2"(n)
if abs(A(j,i)) < t
A(j,i) = 0;
elseif A(j,i) >=t
A(j,i) = A(],1)=t;
else
AG 1)
end

A(j,i)+t;

end
end

% hard threshold
elseif s =— 1;
for i = 1:N1"(n)
for j = 1:N2"(n)
if abs(A(j,i)) < t
A(J 7i) = 03
end
end
end
elso
'no_valid_treshold _option’
break;
end

% Reconstruction of the image
C = zeros(N,1);
Al = A;
for v = 1:m % different levels of decomposition
for i = 1:N1"(n—-mtv—1)
for j = 1:N2"(n—-mfv—1)
for k = 0:N1-1
for 1 = 0:N2-1
C(N1xl+4+k+1) = A(j+1xN2~ (n—-mfv—1),i+k*N1" (n-miv—1)); % taking submatrices and
% writing these as wvectors
end
end
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b = transpose (M)*C; % multiplication of these wvectors with M~(—1)
for u = 0:N2-1
for w = 1:N1
A1(N2—u+(j —1)*N2,w+(i —1)*N1) = b(Nlxutw); % writing the reconstructed values
% in the matriz Al
end
end
end
end
A = Al;
end

07070707070707070707070707070; 0707070707070707070707070707070707070707070707070707070707070,

%00000“0000000000000000000000000U00O000000000000000000000000000000
% Construction of the compressed image after reconstruction
imagesc(A)

colormap (gray)

axis square

axis off

I 6 6 e e e e e e e 6 e e e e e e e e e e 6 e e e e e e e T e e e e 6 e e e e e e e i e e e i 6 e e e e e e e e
% Calculation of the PSNR

D = AK;

D =D."2;

MSE = 1/(length(A(:,1))*length(A(:,2)))*sum(sum(D));

PSNR = 10xlogl0(1/MSE)

If we use other wavelet bases, the algorithm stays the same; but the coefficients for the filter
functions are different and if Ny and Ny are different, we have to consider an image of a different size.
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Cuntz-Krieger, 13, 87, 149 quadextension, 2 dimensions, 113
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cycle, 30 Markov measure, 14
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mean squared error, 136
decomposition, 134 multiresolution analysis, 19, 147
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direct limit, 22, 159, 164 abstract, 16, 67
dominated convergence theorem, 149 multiplicative, 17, 71
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filter operator
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Fourier basis, 9 orthonormal basis, 9
Fourier matrix, 11, 50
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fractal, 95, 113, 146 peak-signal-to-noise-ratio, 133, 136
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Radon-Nikodym derivative, 33, 85
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Gram-Schmidt process, 68 shift space, 77, 96, 103
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Nomenclature

alF'S affine iterated function system
IFS iterated function system

MIM Markov Interval Map

GDMS Graph directed Markov system
OSC open set condition

ONB orthonormal basis

MRA multiresolution analysis
PSNR peak-signal-to-noise ratio

a.e. almost everywhere

dB decibel

N natural numbers

No natural numbers including 0
7 integers

R real numbers

R* zER: x>0

C complex numbers

T one-dimensional torus T = {w € C:| w |= 1}
T? two-dimensional torus, T? = {w € C* : | w |= 1}
N ={0,...,N—1}, NeN
card cardinality of a set

cl closure of a set

cos, sin cosine, sine

exp exponential function

ext extreme points of a set

ged greatest common divisor

id identity map

ideal ideal generated by a measure
inf infimum

lim limit

In natural logarithm

log logarithm

max maximum

min minimum

mod modulus

span linear span

sup supremum

supp support

| -] absolute value; also length of a word in the shift space
(I~ (m)yn =m mod N, N € N
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MOB (1—\)
MOB(
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NOMENCLATURE

involution; adjoint operator
catenation

Kronecker symbol

empty set

inner product in L*(p), where u is a meausre; (f | g) = [ f - gdu
LZ'J = maneZ’kgm(kJ), z€eR
characteristic function on a set
Dirac vector

(internal) direct sum

tensor product

complex conjugate of z

interior of the set D

norm, usually Z?-norm; || - ||= /(- | -)

boundary of a set

f L g stands for (f|g) =0

isormophic

convolution of measures, px v

disjoint union

transpose of the matrix or vector v

continuously differentiable functions

s-dimensional Hausdorff measure

identity operator, identity matrix

the set of integrable functions with respect to the mentioned measure
the set of square-integrable functions with image in C with respect to the mentioned
measure

real part

Dirac measure

Lebesgue measure or Haar measure

Borel g-algebra (it is used for different spaces like R, R?, ¥ 4)

Cuntz algebra of order N € N

Cuntz-Krieger algebra for the 0-1-matrix A

space of square-summable sequences

Banach algebra of real signed Borel measures with finite variation
={veM: 3f € L'(R,\) such that dz/ = fdA}
Fourier transform of the measure p, fi(t) = [rq €™ “du(z), t € R?
A e
= {€>\ tAE F}
set of all positive probability measures with compact support in R?
set of all probability measures on R (not necessarily compactly supported)
spectral pair with measure p and countable set I' C R

- {Zf:o LR el ke No}

Hadamard triple

Hadmard matrix for the sets B and L with scaling R: ﬁ (e%m_lbl) , N =card B
beB,IEL

=2 er It =)
={peM: S(uT)(t) < Afor allt € R?}
={peM: S, )(t)—lforalltE]Rd}
{I' CR: S(p,T)(t) = 1for allt € R}
M*'(T)
{T CR: S(u,T)(t) < Lfor allt € R}
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:@eﬂzzver | it — ) |2§Aforallt€R}
= M!

zeros of the function f

zeros of the function f in [0, 1], Z(f) N [0,1]

iterated function system

extended IFS

contraction of IFS or MIM

measures

translation operator for MRA

scaling operator for MRA

closed subspaces for MRA

=Vir10V;

father wavelet for MRA

mother wavelet

low-pass filter, mg : T — C

high-pass filter, m; : T — C

coding map

= N"

= {(io,...,ikfl) Eﬂk tkeN, i ¢ A}
= UneN ¥t = UnEN N"

={weN": w € Aforall i} = A"
={w= (wo,w1,...) E NV : Ay, , = 1Vi >0}

={w=(wo,...,wn-1) € N": Ay,u,,, =1forallie{0,

=Unz; (M x &)n

= {(Godo) - Grmr 1)) € (Wa x No)* s k €N, (i, Gimn) & A

= {(w,wi,...) €ETa: w; =wi,i€{0,...,k}}
= Twy OTw, O+ 0T, ,

shift map

isometry, representation of the Cuntz algebra
stochastic matrix of Markov measure
probability vector
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