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Abstract

We study stability properties of interconnected hybrid systems with application to
large-scale logistics networks.

Hybrid systems are dynamical systems that combine two types of dynamics: con-
tinuous and discrete. Such behaviour occurs in wide range of applications. Logistics
networks are one of such applications, where the continuous dynamics occurs in the pro-
duction and processing of material and the discrete one in the picking up and delivering
of material. Stability of logistics networks characterizes their robustness to the changes
occurring in the network. However, the hybrid dynamics and the large size of the network
lead to complexity of the stability analysis.

In this thesis we show how the behaviour of a logistics networks can be described
by interconnected hybrid systems. Then we recall the small gain conditions used in the
stability analysis of continuous and discrete systems and extend them to establish input-
to-state stability (ISS) of interconnected hybrid systems. We give the mixed small gain
condition in a matrix form I' o D % id, where the matrix I" describes the interconnection
structure of the system and the diagonal matrix D takes into account whether ISS con-
dition for a subsystem is formulated in the maximization or the summation sense. The
small gain condition is sufficient for ISS of an interconnected hybrid system and can be
applied to an interconnection of an arbitrary finite number of ISS subsystems. We also
show an application of this condition to particular subclasses of hybrid systems: impul-
sive systems, comparison systems and the systems with stability of only a part of the
state.

Furthermore, we introduce an approach for structure-preserving model reduction for
large-scale logistics networks. This approach supposes to aggregate typical interconnec-
tion patterns (motifs) of the network graph. Such reduction allows to decrease the number
of computations needed to verify the small gain condition.
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Introduction

Hybrid dynamical systems occur in many modern applications due to their ability to deal with a com-
bination of both continuous and discrete types of dynamics in one model. The continuous dynamics
is usually given by an ordinary differential equation with an input:

= f(z,u), (z,u) € C,
and the discrete dynamics is given by an instantaneous change in the state (jump):
2" = g, u), (v,u) € D.

This system behaves continuously in the points (x,u) € C' and jumps in the points (z,u) € D.
Such behaviour occurs, for example, in control systems that combine digital and analog devices, e.g.,
robotics [5], network control systems [159], [110], reset systems [111] or engineering systems [62].
Logistics networks is another type of systems that possesses hybrid dynamics. These networks pro-
duce and move goods from suppliers to customers. In the literature, there are known many approaches
for the modelling of logistics networks. These models differ in their ability to describe different net-
work characteristics, to apply various analysis methods and to achieve desirable performance goals.
Networks, where only continuous flows occur, are described by continuous dynamical systems, see
[69], [41] and [65]. A network with discrete changes is given by a discrete-time model [7], [116],
[113]. A network with random (stochastic) events can be modelled as a stochastic model, see [94]
and [145]. In more general types of logistics networks there are usually continuous changes in pro-
duction, processing or transportation of goods and discrete (discontinuous) changes in picking up and
delivering of goods to other locations. In this case it is natural to describe the dynamics by a hybrid
dynamical system, see [137] and [146].

The analysis of logistics networks can be performed also in different directions: optimization [69],
[113], [137], where the main point is optimal performance of the network; stability, where stable
behaviour under perturbation is desirable [146], [41], [116], [69]; control, where the tools for the
control of the network are developed [113], [137].

However, the real-world logistics networks are large-scale and possess a complex structure. This im-
plies large size and complex structure of their models. Analytical analysis of large-scale models is
rather sophisticated and time-consuming. This motivates the question of reduction of the model size
before its analysis. The best way of reduction is to approximate the model by a smaller one. It means
that the reduced model has to possess similar characteristics as the original one. In mathematical
systems theory there is a theory of model reduction that proposes different methods for reduction of
large-scale systems [4], [123]. These methods are well-developed for linear systems. Their main ad-
vantages are small approximation error, preservation of dynamical properties (stability, observability,
controllability) and numerical efficiency. However, the weak point of their application to logistics
networks is that they, in general, do not preserve the structure of the network. This property is cru-
cial for the analysis of logistics networks, because logistics networks consist of real physical objects
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like production facilities, warehouses, retailers, transportation routes and thus information about them
should not be lost. Furthermore, the dynamics of logistics networks is usually nonlinear. Compared
to linear systems, the theory of model reduction of nonlinear systems is taking only the first steps in
its development and is applied only to particular classes of nonlinear dynamics [10].

We start this thesis by surveying eleven known approaches for modelling of logistics networks in
Chapter 1. These approaches cover four types of dynamics: discrete one in Section 1.2.1, continuous
one in Section 1.2.2, hybrid one in Section 1.2.3 and stochastic one in Section 1.2.4. We present
the main equations of each model that describe the network dynamics and recall the main results
concerning their application to stability analysis and control. We support the survey by a comparison
of main characteristics of the approaches in Table 1.1.

To study stability of a logistics network we consider one of the modelling approaches that proposes to
model logistics networks as an interconnection of n hybrid subsystems. Then the dynamics of logistic
location 7 is described by a hybrid system

vy = gi(wy, . we ), (T, T U, Uy) € Dy

{ .fz = fi(l'l,...,l'n,ui), (ml,...,xn,ul,...,un) € Cl',

with state z; (e.g. queue of orders or stock level), external input wu; (e.g. customer orders or flow of
raw material), continuous changes described by the function f;, discontinuous changes described by
the function g;. The sets C;, D; define the type of the behaviour of the ith subsystem corresponding
to the given states z; and inputs u;: continuous in case C; or discontinuous in case D;. Thus, this
modelling approach includes two types of dynamics in one model and allows description of more
general types of logistics networks.

We are concerned with stability of logistics networks, because this property guarantees persistence
of the network to perturbations that occur, for example, in demand, cooperation between logistic
partners or transportation. In particular, we are interested in input-to-state stability (ISS) introduced
for continuous systems in [152] and extended to hybrid systems in [27] . This type of stability assures

boundedness of the overall state z = (z1,..., 2T)T of the system under boundedness of the overall
external input u = (ul, ..., uX)7 for all times and state jumps:

|, k)] < max{B(|zol, £, k), 7(llull4p))}-

Here z is the initial state, ¢ is the time, £ is the number of the interval between the jumps, [|ul|(, ;) is
the norm of the hybrid input. The function 7 : R, x R, x R, — R, increases in the first argument
and tends to zero in the second and the third one. The function v : R, — R, is strictly increasing
and ~(0) = 0.

In the stability analysis of the interconnection of hybrid subsystems we restrict us to the case where
all subsystems has the ISS property, i.e.

2s(t, k)| < max{Bi(|a], ¢, k), mevcyiy ([l o), v (eall o)) -

Functions 7;; : R, — R are strictly increasing, unbounded and v(0) = 0. Furthermore, ~;; describes
the influence of the jth subsystem on the ith subsystem and thus it is also called gain function.

Our aim is to use information about the interconnection structure of the network for checking whether
the network is ISS. For continuous and discrete systems a well-established approach is to use the so-
called small gain conditions [82], [54], [126], [50] and [86]. As hybrid systems combine both types
of dynamics, this motivates us to adapt these small gain conditions to hybrid subsystems. The first
attempts were done for an interconnection of two hybrid systems in [96], [110]. In Chapter 2 we
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extend application of the small gain condition to an interconnection of more than two subsystems.
Moreover, we extend this condition to the case where some subsystems has the ISS property with
summations instead of maximizations in the definition of ISS. To this end, we consider the gain
matrix I' := (7;;)nxn that describes the interconnection structure of the network. To guarantee ISS of
the network we impose a sufficient condition, the mixed small gain condition in a matrix form, see
Theorem 2.4.5:

oD #id

where I' : R — IR’ is a matrix operator corresponding to the gain matrix I, id is the identity
operator and # is the logical neglecting of >. The diagonal matrix operator D : R? — R’ has
id in the ¢th element of the diagonal in case the ith subsystem has the ISS property in terms of
maximizations and id + « in case the ¢th subsystem has the ISS property in terms of summations with
some « : R, — R, such that « is strictly increasing, unbounded and «(0) = 0. Thus, the mixed
small gain condition impose a condition on the cooperation between logistics locations, given by the
matrix [', that guarantees stability of a logistics network.

In Theorem 2.4.13 we apply this small gain condition to construct an ISS-Lyapunov function for the
interconnected hybrid system. This function provides a useful tool for establishing ISS of the hybrid
system. As a corollary, we present the small gain conditions for particular classes of hybrid systems:
for systems where only parts of the states are stable in Corollary 2.4.20, for impulsive systems in
Theorem 2.4.26 and for comparison systems in Theorem 2.4.30.

In the case of a large size of a logistics network, the verification of the small gain condition needs
large amount of computations due to the large size of the corresponding gain matrix I'. With aim to
reduce the size of I', in Chapter 3 we introduce an approach for structure preserving model reduction
of logistics networks. In this approach we consider the matrix I' as a model of logistics networks
that describes the interconnection structure of the network. To reduce the size of the gain matrix,
we introduce three rules based on certain types of interconnections in the networks, so-called motifs
[103], that allow to pass from the matrix I' of dimension n to the matrix [ of dimension [ with
[ < n. These rules suppose aggregation of the gains of the subsystems that belong to one of the
following motifs: parallel connection, sequential connection and almost disconnected subgraph. In
Theorems 3.2.1, 3.2.5 and 3.2.9 we derive that, if the small gain condition holds for I" obtained by an
application of one of three aggregation rules, then the small gain condition holds also for I'. Thus, we
can establish ISS of logistics network of the size n by checking the small gain condition corresponding
to the matrix I of dimension [ < n, see Corollaries 3.2.2, 3.2.6 and 3.2.10. As the matrix I' consists
in general of nonlinear gains this approach can be applied to networks with linear dynamics as well
as with nonlinear one. Furthermore, these aggregation rules preserve the main structure of a logistics
network.

Description of a model of a logistics network as an interconnected continuous system considered in
Section 1.2.2 is published in [41], [43] and [44]. A survey on the known modelling approaches for
logistics networks from Chapter 1 is partially published in [141], [146]. The result on the mixed
small gain condition from Chapter 2 for interconnected continuous systems is published in [49], [50].
The small gain results for hybrid and impulsive systems are published in [45], [46], [47] and [48].
Application of the aggregation rules, considered in Chapter 3, to reduce the size of the model of a
logistics network is published in [143], [144]. A result on an investigation of topological properties
of logistics networks is published in [142].
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Chapter 1

Mathematical models of logistics networks

Logistics network, called also production network or supply chain, is a system that moves products
from suppliers to customers [36]. Modern logistics networks vary in their structural and dynami-
cal properties. They may consist of locations geographically distributed all over the world as well
of machines arranged inside one production facility [33]. The main performance indicators of such
networks are stability, minimization of costs and ability to satisfy customer orders. Feature charac-
teristics and dynamics of a logistics network can be modelled either by the simulation models [140]
or by the mathematical models. We are interested in the mathematical models as they allow deep in-
vestigation of network dynamics. In the literature there is a wide choice of modelling approaches that
vary in their properties. To summarize these approaches, there were performed several reviews of the
known models in the literature. In [17], [104] authors consider simulation, game-theoretic, determin-
istic and stochastic models that are mostly static. Models describing the decision process in logistics
networks were investigated in [100] and models that deal with information sharing were reviewed in
[78]. However, the aforementioned papers do not consider the dynamical behaviour of the network.
The dynamical properties of logistics networks were studied in [135]. The authors stress there on the
review of the typical mathematical approaches for the analysis of dynamical effects in logistics net-
works without providing a detailed overview of the known modelling approaches. In this chapter we
are going to fill this gap. To this end, we go through the main modelling approaches known in the lit-
erature and identify their modelling concepts, application areas and features. At the end of the chapter
we provide a comparison table that highlights the main properties of each modelling approach.

1.1 Notation

First, we introduce the notation that will be used throughout the thesis.

1.1.1 Logistics network

The main activities of a logistics network include production, inventory control, storing and pro-
cessing. Thus, the network consists of different objects: suppliers, production facilities, distributors,
retailers, customers, machines at a production facility. We call such objects locations. We denote by
n the number of locations and we number all the locations by 7 = 1, ..., n. The decision, a location
takes, on handling the orders relies on a certain policy. By x we understand the state of a location.
Usually, it is the stock level (inventory level) of a location or a work content to be performed. The
variable ¢ denotes a length of queue, e.g., the queue of customer orders at a location or products to
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Chapter 1. Mathematical models of logistics networks

be processed by a machine. The external input denoted by u, describes usually the flow of customer
orders or the flow of raw material from the external suppliers. The output is denoted by y. A typ-
ical output is consumption. The customer demand is described by the variable d. An example of a
logistics network that illustrates our notation is shown in Figure 1.1.

Y4 - output of Location 4

xq - stock level of Location 1

wq - input of Location 1
qs - queue of orders at Location 3
/ /

Location 4

r
lE L ‘\ \

\@ = <o

Location 5
|| I Location 3

material flow from Location 2 to Location 3 @ ﬁ

Location 6
Production facilities Distribution center Retailers Customers

:}

Location 2

Figure 1.1: General description of a logistics network.

The production rate of a production facility is given by a production function f and the maximal
production rate is denoted by a. The number of a production step is denoted by £ = 1,2,... and
the product type is denoted by p = 1,2,.... We define by c;; the consumption rate of products of
location j by location 7 and we denote by d;; the delivery rate of products of location ¢ to location j .
For usual time we write t. For the time needed to rearrange a location for production of another type
of products we write 7 and call this time adaptation time.

Note that this is only a general description of logistics networks and its parameters. Later in Sec-
tion 1.2, where we present different approaches for mathematical modelling of dynamics of logistics
networks, some of these parameters disappear or new ones appear depending on the features of a
specific modelling approach.

Material, information and monetary flows connect locations of a logistics network and create the
structure of the network. The structure of a flow is frequently characterized as linear, convergent,
divergent, or nonlinear, see Figure 1.2. Here, linear denotes a simple chain of locations passed one
after the other, convergent describes flows originating from a large number of locations and ending in
a few end locations, divergent describes the opposite structure in which a few sources feed a larger
number of end locations, while nonlinear in this context simply denotes a more intricate structure
which does not fit into the other categories.

Lack of information between the locations, complexity of the network structure, nonlinearity of dy-
namics and large size of the network can bring the network to instability, e.g. [154], [37], [107] and
[39]. Instability of logistics network means, roughly speaking, unboundedness of the overall state.
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1.1. Notation

O
O\Ci)/ - Q\C?/ - Oﬁf/é\\/‘Q
O O O O

(a) Linear (b) Convergent (c) Divergent (d) Nonlinear

O-0-0-0

Figure 1.2: Structure of the network

Instability results in increasing of costs, in increasing of the number of unsatisfied orders and finally
in the loss of profit. For example, a traffic jam causes the later pick up of the products from the
warehouse. Thus, the amount of stored products increases, that increases the costs due to storing. The
later pick up by-turn causes later delivery of the goods to customers. This decreases the customer
satisfaction and thus implies the decreasing of the customer demand and of the profits of the logistics
network. Thus, stability of the networks is the property of their survivability. This motivates the study
of the network structure and behaviour.

There are many different types of stability. In this thesis our aim is to study input-to-state stability
of logistics networks. In Section 1.1.4 we give a precise definition of input-to-state stability and in
Chapter 2 we provide conditions that guarantee input-to-state stability of logistics networks.

In the following subsections we recall the notions from matrix, graph and control theory. These no-
tions we are going to use to present different modelling approaches of logistics networks in Section 1.2
and to derive stability conditions for logistics networks in Chapter 2.

1.1.2 Vectors and matrices

In the following, we set R, := [0, 00) and denote the positive orthant by R”! := [0, 00)". A vector
v € R and a matrix M € R’J*" are called nonnegative. The transposition of a vector v € R" is
denoted by v” and the transposition of a matrix M € R™ " is denoted by M7 By (-, -) we denote the
standard scalar product in R".

On R" we use the partial order [54] induced by the positive orthant given by

rT>2Y &= x>V, 1=1,...,n,
T>Y = >y, t=1,...,n,

for all x,y € R™. Furthermore, forall x,y € R* we write x > y < Ji e {l,...,n}: =; <vy;,
i.e., the logical negation of >.

For a nonempty index set / C {1,...,n} we denote by |I| the number of elements of /. For a
nonempty index set J C {1,...,n} let P; denote the projection of R, onto ler]'. Let IR be the
anti-projection RK' — R7, defined by

1

T g LiyCiy
k=1
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Chapter 1. Mathematical models of logistics networks

where {e;, }r—1,.., denotes the standard basis in R" and I = {7y, ...}

B is the open unit ball in R™ and B is its closure. The set B C R" is relatively closed in the set
x CR™if B=BnNy.

We denote by | - | some vector norm in R™. In particular, |v|

max = Max |v;| means the maximum norm
and |v|; = )", |v;| the 1-norm. The spectral radius of a matrix M is denoted by p(M). A matrix
M e R™" is called reducible, if there exists a permutation matrix P € R™*" such that
A B
P"MP =
bl

where the matrices A and C' are square. Otherwise, M is said to be irreducible. A matrix M is called
primitive, if there exists a positive integer k& € N such that M/* > 0. Note that any primitive matrix
is irreducible. The converse is false, in general. For the following connection between primitive and
irreducible matrices we refer to [20, Theorem 2.1.7].

Lemma 1.1.1. For M > 0 the following are equivalent.
(a) M is irreducible and p(M) is greater in magnitude than any other eigenvalue.
(b) M is primitive.

Another useful connection between irreducible and primitive matrices is the following, cf. [20, Corol-
lary 2.2.28].

Lemma 1.1.2. An irreducible matrix is primitive, if its trace is positive.

1.1.3 Graphs

A useful tool to describe networks are graphs. Here, we introduce the notion of graphs from [14] and
show how graphs can be described by matrices. A directed graph with weights consists of a finite
vertex set V and an edge set I/, where a directed edge from vertex 1 to vertex j is an ordered pair
(1,7) € E C V x V. The weights can be represented by a |V'| x |V| weighted adjacency matrix
A, where a;; > 0 denotes the weight of the directed edge from vertex 7 to vertex j. By convention
a;; > 0, if and only if (i,7) € E. We will denote a directed graph with weights of this form by
G = (V, E, A). Additionally, we define for each vertex i the set of successors by

S(i) ={j : (i,5) € E}
and the set of predecessors by
P@i)=A{j : (j,9) € E}.

A path from vertex ¢ to j is a sequence of distinct vertices starting with 7 and ending with j such
that there is a directed edge between consecutive vertices. A directed graph is said to be strongly
connected, if for any ordered pair (i, j) of vertices, there is a path which leads from i to j. In terms of
the weighted adjacency matrix this is equivalent to the fact that A is irreducible, [20].

8



1.1. Notation

1.1.4 Notions from control theory

To describe dynamics of a logistics network we need the notions from control theory [89].

We call a continuous function v : R, — R positive definite, if v(0) = 0 and v(s) # 0 for s # 0. A
function v : R, — R is said to be of class /C, if it is continuous, strictly increasing and v(0) = 0.
Function v € K is of class K, if, in addition, it is unbounded. Note that for any o € I, its inverse
function o~ ! always exists and o' € K. A function 5 : R, x R, — R, is said to be of class XL,
if for each fixed ¢ the function (-, t) is of class K and, for each fixed s, the function ¢ — (s, 1) is
continuous, non-increasing and tends to zero for £ — co. A function 5 : Ry x Ry x Ry — R, is
said to be of class KLL, if for each fixed ¢t > 0 the function (-, -,t) € KL and for each fixed r > 0,
B(-,r,-) € KL. A function f : R® — R™ is affine, if there exist matrices Ay, ..., A, € R™ x R! and
a vector b € R™ such that for all z € R™, f(z) = Ayzy + -+ - + Apz, + 0.

M™ denotes the n-fold composition of a map M : R} — R’ denoted by M o...o M. We denote by
id the identity map. We define the restriction of a function v : R, — R™ to the interval [s1, 5] by

o), ift € sy, s,
0[81782}(25) - { 0, otherwise.

The essential supremum norm of a measurable function ¢ : Ry — R™ is denoted by ||¢[_, =
esssup{|¢(s)|,s € Ry}, Ly (or Loo(Ry,R™)) is the set of measurable functions for which this
norm is finite.

The tangent cone to the set C C R™ at v € C, To(x), is the set of all v € R™ for which there exist
real numbers «; \, 0 and vectors v; — v such that forz =1,2,..., x4+ a;v; € C, see [63], [125]
and [13].

A function f(z) is locally Lipschitz continuous on a domain (open and connected set) D C R”, if
each point of D has a neighborhood D such that f satisfies the Lipschitz condition

|f(x) = f(y)] < Lo|z —y|

for all points x,y in Dy with some Lipschitz constant L, than can depend on the point in Dy. We
denote the set of such functions by Lip;,.. Note that locally Lipschitz continuous functions are differ-
entiable almost everywhere by the Rademacher’s theorem. In the points, where such a function is not
differentiable, we use the notion of Clarke’s generalized gradient, see [34], [52]. The set

Of(x) =conv{¢ € R" : Jxy, — 2, IV f(xr)and V f(x) — ¢} (1.1)

is called Clarke’s generalized gradient of f at x € R". Note that if f is differential at some point,
then its Clarke generalized gradient coincides with the usual gradient at this point.

1.1.5 Dynamical systems and their stability

Here we briefly introduce four types of dynamical systems and the types of their stability.

Dynamical systems
We distinguish four main types of dynamical systems by the type of their behaviour:

* Continuous dynamical system given by an ordinary differential equation with an input [89]:
#(t) = f(x(t), u(t), x(to) =2’ (1.2)

9



Chapter 1. Mathematical models of logistics networks

where ¢ is the time, € R"* is the state, u € R™ is the measurable locally essentially bounded
input, f : R™ "« — R" describes the continuous dynamics and x(t) is the initial condition
at time t,. We assume that f is continuous and for all » € R, it is locally Lipschitz continuous
in 2 and uniformly in u for |u| < r.

* Discrete dynamical system given by a difference equation with an input [89]:
w(k+1) = g(z(k),u(k)), z(0)=2° k=0,1,2,..., (1.3)

where £k is the discrete time, z € R" is the state, u € R™ is the measurable locally essentially
bounded input, g : R™*" — R" describes the discrete dynamics and z(0) is the initial
condition. We assume that g is continuous.

* Hybrid dynamical system given as a combination of continuous and discrete dynamical systems
[60], [162]:

ety = flx(t),ult), if (z(t),u(t) €C, o,
(1) = glat),ult)), if (z(t),u(t) e D, )= (1.4)

where € R" is the state, x(¢) is a state after its "immediate" change at time ¢ ("jump"),
u € R™ is the measurable locally essentially bounded input, f : R™**" — R™ describes the
continuous dynamics at points (z,u) € C' C R™ " g : R"*"« — R describes the discrete
dynamics at points (z,u) € D C R™ ™ and 2V is the initial condition. A point of the solution
trajectory is denoted by x(¢, k) where ¢ is the time and k is the number of the interval between
the jumps, see Section 2 for a detailed description of hybrid systems. Functions f and g are
assumed to be continuous, and set C' and D closed.

e Stochastic linear dynamical system given by a stochastic difference equation [19]:
z(k+1) = Az(k) + Bu(k) + Ed(k), x(0) = 2°, (1.5)

where £ is the discrete time, x € R"= is the state, v € R™ is the measurable locally essentially
bounded input, d € R" is the bounded random value, A € R"**" B € R"™*"™ and F €
R"= >4 2(0) is the initial condition.

We consider also subclasses of continuous (1.2) and discrete system (1.3) without inputs, so-called
unforced dynamical systems:

i(t) = f(x(t)), (1.6)
and

2(k+1) = g(z(k)). (1.7)

Consider system (1.6) with z € R”. Let S be n — 1 dimensional surface of section, i.e. hypersurface
where all trajectories starting on S flow throught it, not parallel to it. The map P : S — S is called
Poincare’'map [157], if is obtained by following trajectories from one intersection with .S to the next.
If x5 € S denotes the kth intersection, then the Poincare'map is defined by

10



1.1. Notation

Stability notions

We consider for continuous systems (1.2) or (1.6) the following types of stability [89], [152]:
Definition 1.1.3 (Stability of continuous dynamical systems). Consider a system of the form (1.6)
* A point x* is a fixed (or equilibrium) point for f, if f(z*) =0

e A fixed point x* is stable, if for each ¢ > 0 there is a § > 0 such that whenever |2° — x*| < §
the solution x(t) exists and satisfies |x(t) — x*| < ¢, for all t > 0;

e A fixed point x* is attractive, if there is a & > 0 such that whenever |1° — x*| < § the solution
x(t) of (1.6) exists and tlim x(t) = x*;

* A fixed point x* is globally attractive if it is attractive for any § > 0;
* A fixed point x* is asymptotically stable, if it is stable and attractive;

* A fixed point x* is unstable, if it is not stable.
Consider a system of the form (1.2):

o System (1.2) is called input-to-state stable (ISS), if there exist functions § € KL and v €
Koo U {0} such that for all 2° € R™ ju € Loo(R,R™)

|2 (t)] < max{(|2°],£),y(lull)}, ¢ =0. (1.9)

Remark 1.1.4. By an abuse of notation the abbreviation "ISS" will mean throughout the thesis "input-
to-state stable" or "input-to-state stability" depending on the context.

We consider for a discrete system of the form (1.7) the following types of stability [89], [114].
Definition 1.1.5 (Stability of discrete dynamical systems). Consider a system of the form (1.7):
* A point x* is a fixed (or equilibrium) point for g, if z* = g(z*) ;

e A fixed point z* is stable, if for each € > 0 there is a § > 0 such that whenever |2° — x*| < §,
the solution {x"*} of (1.7) exists and satisfies |x* — x*| < ¢, forall k > 1;

e A point x* is called a period two point, if z* = g*(x*);

e A fixed point x* is attractive, if there is a & > 0 such that whenever |z° — x*| < § the solution
{2*} of (1.7) exists and klim ok = a*;
—00

* A fixed point x* is asymptotically stable, if it is stable and attractive;
* A fixed point x* is unstable, if it is not stable.

Remark 1.1.6. By stability of a dynamical system we will usually understand stability of its equilib-
rium points.

In hybrid systems of the form (1.4) we are interested in input-to-state stability [96]:

11



Chapter 1. Mathematical models of logistics networks

Definition 1.1.7 (ISS of hybrid dynamical systems). System (1.4) is called 1SS, if there exist functions
B € KLL and vy € Ky U{0} such that for all initial conditions (x(0,0),u(0,0)) € C'U D, bounded
inputs u € Lo (R, R™) and times t > 0, number of intervals between the jumps k > 0

(¢, k)| < max{B(|z(0)], ¢, k), v(llull )} (1.10)

In the following section we will review the main known approaches for modelling the dynamics
of logistics networks. Furthermore, we will show the main results concerning their stability and
performance.

1.2 Review of the known modelling approaches

Here we review eleven modelling approaches for logistics networks found in the recent literature.
For convenience, we group them by the type of dynamics they possess. In particular, we distinguish
four groups of models corresponding to four types of dynamics: discrete, continuous, hybrid and
stochastic one.

Investigations of stability properties of logistics networks conducted in Chapter 2 will be based on the
model of logistics network as an interconnected hybrid system from Subsection 1.2.3.

1.2.1 Discrete deterministic systems

Discrete deterministic systems are used to model logistic networks where the considered time changes
discretely.

Modelling of product lines as ''bucket brigades'

A product line is a production system that consists of machines and workers. In [21] it was proposed
to treat a product line as a so-called "bucket brigade", where each worker carries an item from machine
to machine and then passes it to the next worker. This idea was further extended in [15], [16], [25], [8]
and [7]. The main problem is to arrange the jobs between the workers, i.e. to assign the points of the
passing of the items, to achieve certain performance aims like self-balancing or maximal throughput.
We introduce this modelling approach relying on [7] and show conditions that guarantee self-balancing.
We consider two workers denoted by A and B. Work content of a job to be performed on an item
is denoted by w. When an item enters a product line w = 0 and then w changes continuously. At
the end w = 1. Each worker works with his own speed. The speed for worker B is assumed to be 1
and the speed of worker A is assumed to be f; on the interval [0, 1] of the job and f on the interval
[W, 1] such that f; <1 < fs.

The states at time ¢ are positions of the workers along the product line: xz4(t) € [0, 1] for worker A
and x(t) € [0, 1] for worker B. A new job is every time started by worker B. Worker A finishes the
previous job at some point 2° and then takes over the job from worker B. The portion of the job of
worker B is

zp(t) =1,V > 0. (1.11)

If worker A starts after the break point 1/, then the portion of a job of worker A is
za(t) = 2 + fot, (1.12)

12



1.2. Review of the known modelling approaches

and if he starts before the break point

20 + flt U <tw
zall) = { W folt—tw) ¢ > tw, (115
where ty = Wf;la”o is the time it takes worker A to get to V.

Define t,, as the amount of time that worker A spends to process job n and assume that the time is
reseted whenever a job is finished. Then the new starting point for worker A at a new job n + 1 is
given by

1—a® , forz” > W,

P = ap(f) =4 . 1.14
5(tn) {W(%—fg)—fc—lJr% for z < W. (1.14)
A piecewise linear map given by (1.14) is a Poincare’ map as in (1.8).

One of the aims is to obtain a self-balanced or a self-organized product line. Self-balancing and self-
organizing are defined using the notion of a fixed point. In particular, existence of a fixed point x
for a two worker bucket brigade means that worker B works always from 0 to =, and worker A from
xs to 1. For the map given in (1.14) a fixed point always exists, but may be either stable, periodic
or unstable [7]. The corresponding product line corresponding to a stable fixed point is called self-
balanced, i.e. for every starting point of worker A they eventually end up working the same part of the
product line. If there exists a period-two stable point, then the corresponding product line is called to
be self-organized and handover of the product from the worker B to the worker A occurs alternatingly
at two positions, i.e. at two fixed points.

The type of fixed point can be identified using a value L that is the time that worker A would need to
get through the whole production line:

W . 1-W
fi fo
If L > 1, then worker B is faster on average than worker A.

In [7] conditions that establish the type of the fixed point were obtained. We formulate them in the
following theorem.

L: (1.15)

Theorem 1.2.1. Depending on W, x4 and L the fixed point is
o globally stable, if W < x, and worker A is faster on average than worker B (L < 1)
o stable period-two point, if W < x, and worker B is faster on average than worker A (L > 1)
e unstable period-two point, if W > x4 and worker A is faster on average than worker B (L < 1)
* unstable, if W > x4 and B is faster on average than worker A (L > 1)

This modelling approach allows to describe a production line as a bucket brigade. We have consid-
ered two types of stable production lines: self-balanced and self-organized. Stability condition given
in Theorem 1.2.1 depends on the workers speeds. Though the presented model is simplified by con-
sidering only two workers with constant speeds, it may be further modified and extended to achieve
maximal throughput, by adding more workers, by implying another rules of job sharing like blocking
or by introducing new properties for the workers like learning [8].

13



Chapter 1. Mathematical models of logistics networks

Decentralized supply chains

In decentralized (or autonomous) supply chains information is not shared between all locations and
each supplier determines its order quantities based on the demand and inventory information of previ-
ous time periods, [116], [36], [37] and [118]. Due to this bounded information sharing the Bullwhip
effect may occur. The main question is how to quantify this effect. Here we will show an approach to
quantify this effect based on the model considered in [116].

Consider a supply chain that consists of n + 1 suppliers connected sequentially, see Figure 1.2a. The
suppliers are denoted by indices 7 = 1,2, ..., n + 1 starting from downstream and ¢ = 0 corresponds
to the final customer. The time is discrete and the time periods are denoted by ¢ = 0,1, 2,.... At the
beginning of every time period ¢, supplier ¢ checks his inventory level during the period and orders
the needed quantity u; at the end of the period. The inventory level of the ith supplier at the period
t + 1, i.e., the difference between the placed and received orders, is described as follows

Goods ordered by supplier ¢ arrive after a constant lead time 7;. The in-stock inventory level of
supplier ¢ during the period ¢ + 1, i.e., the difference between the received items and received orders,
is given by

yit+1) =y (t) +u(t — 1) — i (t),i=1,2,.... (1.17)

The order quantity w; () of supplier i at the end of period ¢ is calculated based on the information about
its inventory levels x;, y; of all previous periods up to ¢ and the order quantities u;_; of all previous
periods up to ¢t — 1. The next step is to focus on the ordering policy, which is based on the information
above. Policies often used in practice are proper, linear and time-invariant (LTI). A policy is called
proper, if the size of the orders received is constant over the time, the supplier inventory tends to a
constant equilibrium value that is independent of the initial conditions and the orders placed tend to
the value of orders received. Further, a policy is called LTY, if u;(t) is a time-dependent linear function
of x;, y; and u;_;. In order to give a simple description of a proper and LTI policy we introduce the
unit shift operator R for the time series and let R; denote its [-fold application, i.e.

Rla;(t) == x;(t — 1) (1.18)
forall ¢ and for all [ = 0,1, .... Then the general expression is

Here ~; is a real number and A;, B; and C; are polynomials with real coefficients

Ai(R) = ab + a' R+ ayR* + .. ., (1.20)
Bi(R) = by + bR + bR + . . ., (1.21)
Ci(R)=ch+ iR+ cAR*+ ..., (1.22)

The polynomials A; and B; indicate the influence of inventory history on the ordering decisions and

C; the influence of orders received. The exact choice of these polynomials depends on the application

needs. For such an ordering policy it follows from the definition of the properness that the nominal

equilibrium exists such that order sizes, inventory levels and in-stock inventories stay constant, say
oo o0 o0

%, Yoo and ul© .
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1.2. Review of the known modelling approaches

A negative effect occurring in such networks is an instability given by the Bullwhip effect: increasing
of fluctuation of orders in direction from retailers to suppliers due to the changes in the customer
demand [59], [95], [30]. To quantify the Bullwhip effect we consider the error between the current
states and their corresponding equilibrium. That is, we denote

() = wi(t) — u™ = A(R)T;(t) + By(R)Gi(t) + Ci(R)ai_y (t — 1),i = 1,2, ...

i(t) = xi(t) — 2% = 2;(t) + w(t) — wia(t),i = 0,2,. (1.23)
(t) = yi(t) —y>™ = 5i(t) + w;(t — 1) — w1 (t),0 = 1, 2, .

IS~

and consider the ratio of the order sequences of the most upstream supplier and customer demand.
This reflects the idea of the so-called worst-case RMSE (root mean square errors) amplification factor

[116] that is given by
1
oo —2 t b
W, = sup M . (1.24)
w020 [ (3220 u5(t))?
This factor allows to state whether supplier n+1 experiences the Bullwhip effect or not. To be precise,
in a supply chain, that is described within the error framework, supplier n + 1 is said fo experience
no Bullwhip effect, it W,, < 1, i.e. if the overall fluctuation of orders of the last supplier is less than
or equal the overall fluctuation of the customer demand. In the case of proper LTI supply chains
with n + 1 locations the sufficient condition for the occurrence of the Bullwhip effect is stated in the
following theorem, see [116, Theorem 3].

Theorem 1.2.2. Supplier n + 1 in an LTI supply chain described by (1.23) experiences the Bullwhip
effect if

W, Z L + B g;(l) > 0. (1.25)

The following corollary establish the Bullwhip effect if the supply chain is homogeneous, i.e. all the
locations are alike.

Corollary 1.2.3. When the supply chain is homogeneous, the Bullwhip effect exists if

1+ B(1)r—C(1)
A(l) + B(1)

> 0. (1.26)

Furthermore, there are similar analytical conditions for other policies (e.g. advanced demand infor-
mation) to predict whether the Bullwhip effect will occur or not, see [116], [117], [115].

Though here only the case of sequentially connected suppliers was considered, it is possible to ex-
tend the modelling approach on general network structures, as well as to cover delays in delivery or
uncertainties [118]. Explicitly there is no production processes involved. By production process one
can understand only lead times 7;.

Modelling of re-entrant lines as queueing systems

Products considered in this modelling approach pass through several production steps to be finished
[113]. Such networks have nonlinear structure as in Figure 1.2d and are called re-entrant lines. The
topology of the routes is determined by the set mappings. The state of the system is given by the
length of the queues at the machines. The main aim is to arrange the machine processing time for
different product types to achieve the maximal production rate.
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Chapter 1. Mathematical models of logistics networks

We consider n machines denoted by U;, @ = 1,...,n, and p product flows denoted by P, k =
1,...,p. There are a finite fixed number of routes for each product. During the production cycle
only one item of product type can be processed at a machine. A product flow P, can be processed
on ny machines denoted by 1, ..., n; and has s, sequential production steps. The mapping sy () :
{1,...,nx} — {1,..., sy} defines the set of numbers of the production steps which can be performed
by the machine /. The family of all mappings from {1, ..., n;} into the set of all subsets {1,. .., s;}
is denoted by M*.

For two mappings a,b € Mpy* by h = a U b we denote such a mapping from M* that for any
I €{1,...,n} itholds that h(l) = a(l) Ub(l). A mapping s € M;* is a product-stream Py, if for any

L€ {1,...,n;} itholds that sy(1) # 0 and | sp() = {1,2, ..., s}.
=1

By Qflj we denote the queue of the items of the product P after being processed at the machine U;
and that are waiting to be processed by the machine U;, where j is the production step of the product
Py. The length of the queue Qflj at time ¢ is qflj (t). The state of the machine U; described by products
Py at stage j at time ¢ is given by

@’'(="Y a4/, (1.27)

icing(l)

where ing (1) is the set of machines from which the products P, arrive to machine U;.
Let Tﬁj be the time that machine U; needs to perform a production step j of a product k produced
for machine U], nflj be the number of items of product P on production step j produced by the
machine U; for the machine U; during the processing time Tﬁj , my; be the batch size required for
the production step j + 1 of Py, aflj be the ratio of the time needed for machine U; for working for
machine U; over product P} on production step j. aflj , nflj satisfy the following natural conditions:
Sall < 1,47 > 0foralld,j > 0,i > 0,0, Y ak < 1andal? > 0 for all k,I. Denote also

kgl k.l

Nf] = > nflj where outy (i) is the set of machines to which the products P, arrive from machine
leouty(7)

Ui.

The dynamics of the machine U, is described by the change of its queue length due to the arriving of
the new items and shipping of the processed items to the next machines:

kj _ kj kj+1
; ny ra;(t—t a;? " (t—1 ;
q’(t)=5 [ > -t [”( 5 0)}] -y e T}Ejﬂ ]+ () (1.28)
ZEan(l)

kj Tit i€outy (1) li

where S{z} = I:r\%
The Stinson-Smith Condition [155]

kj kj kj+1
nil ail o ali o O (1 29)
: : Tkjm ) z : ki+1 :
icing () il kj i€outy (1) "l

imposed on the dynamics of the machine U; minimizes its idle time. Moreover, this condition guar-
antees boundedness of its queue qlk 1,

Such a model is used to set an optimization (or quasi-optimization problem) [74] that finds nflj , aflj
under which a production rate is maximal (or quasi-maximal). The quasi-optimization problem is
formulated as a linear programming problem using the Stinson-Smith Condition (1.29). Let n be the

total number of machines, v be a number of product items considered in the optimization problem
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in [113], dflj , ﬁf}j be the solution of the optimization problem, Eiflj , ﬁflj be the solution of the quasi-
optimization problem, QZJ (1), éfﬂ (T') be the states at time 7" for optimal and quasi-optimal solutions,
and p; be the cost of one item per product p;. Though the Stinson-Smith Condition guarantees the
boundedness of the queues, it allows to obtain only the quasi-maximal production rate. The difference
between production rate of optimal solution »_ 1 - q}]zi"’l (T") and production rate of quasi-optimal
i=k
v
solution > i - Z]knffl (T') is estimated in the following theorem, see [113, Theorem 3.1].
k=1

v

Theorem 1.2.4. For 3 i - 5% (T) and > juy, - G- (T) the inequality
k=1

=1
- k - ~% - k ”]'gsil
B SV IO ST YT SIS SRR EE L TR
T 1 k=1  kCing(n+1) Sk

holds, where

~k o~k

0 (ni;ilﬁ nksk) =1 lfn“ji1 # Nksy,
~k .~k

0 (ni;ilﬁ nksk) =0, lfn“ii1 = Nksy, -

This modelling approach describes re-entrant lines where the products pass through several produc-
tion steps. Furthermore, there may be more than one route for a product. A machine is able to assign
the processing time and the number of items of each product to be be processed in order to achieve
certain performance goals. The Stinson-Smith Condition (1.29) guarantees boundedness of the queue
at the machines. However, this condition restricts the choice of possible decisions of a machine to
get the global optimal performance. Thus, only quasi-optimal solutions can be achieved under this
condition.

1.2.2 Continuous deterministic systems

Here we consider modelling approaches that deal with continuous material flows in the network. Such
a network can be described by ordinary or partial differential equations.

Ordinary differential equation

In this framework we model the whole network by modelling the dynamics of each single location by
an ordinary differential equation with inputs as in (1.2) and by describing the dynamics of the whole
network as a system of ordinary differential equations [42], [41], [43] and [44]. Such equations allow
to study stability properties of the networks using known Lyapunov methods and recently established
small gain conditions.
The dynamics of the ith locations, : = 1, ..., n, looks as follows

Ty = ﬁ(xl,...,xn,ui), 7;(0) = 2¥ (1.30)
where x;(0) is an initial state and the functions ﬁ describe the changes at state x; of location 7 and need
not to be linear, [141], [42]. For example, the state x; is the number of unsatisfied orders at location
i, fi(xi(t)) = oy (1 — e‘xi(t)) is its actual production rate, where «; is the maximal production rate
[42]. If the state x; is large, then the production rate f; tends to «; and if the state is small, then f;
tends to zero. This means, if there are many orders, the actual production rate is close to the maximum
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production rate and if there are no orders nothing will be produced. The state of a location ¢ influences
the states of the other locations 5 # ¢. The state of a location ¢ is also subject to an external input
u;. This input might be caused by the new orders from the customers of the logistics network. This
allows to model the dependence and interconnections between the locations more precise

o=ty cgifi(ai(8) — filwi(t)), (1.31)

I

n
where 0 < ¢j; < 1 1is the share of orders of location j at location %, > cji = 1.

=1
The state of the whole logistics network is obtained by combining the states of all locations in one

vector, i.e. ¥ = (21, ... 2T)T . The dynamics of the logistics network is given by
- f:(l'lu"'?xn?ul)
i = f(z,u) = , x(0) = 2°. (1.32)
fn(lj, s 7$n7un)

A well established notion to describe stability of interconnected nonlinear dynamical systems with
inputs is the notion of ISS. In particular, ISS of (1.32) defined by (1.9) occurs when the state x(¢) is
bounded by some function of the initial value z(0) and of the overall input u = (u], ... ul)T over
the time.

For the individual location ¢ described by (1.31) ISS is defined by

[i(0)] < max{ G|, 1), max{y (50000} vl o)} (1.33)

where v;; € K are called gains from other locations j [54].

The notion of ISS is one possibility of defining stability. Here the external influences are addressed
explicitly by ~;. A further advantage of the ISS notion is that there are stability criteria for intercon-
nected systems based on the gains v;; [54], [42]. To illustrate this criteria, all the gains are collected in

amatrix ' := (%j)n «n- This matrix describes interconnection structure of the network. The operator
[': R — R is defined by

maX{71,2(S2)a e 771,n(5n)}
[(s):= : : (1.34)
max{¥n1(51), s Ynn-1(5n-1)}

Inequality I'(s) Z s means that for every s there exists at least one component of the vector I'(s) such
that (T'(s)); < s;. This inequality is called the small gain condition. A r-cycle in the matrix T is a
SEqUENCE YVig iy s Vi1 ia» - - - » Vir_1i» Of size r, where ¢y = 7,.. The cycle of size r in I' is a contraction if

Yioyit © Virsia © - - 5 OVip_y,ir < 1d. (1.35)

In [126, Corollary 3.3.5] the following small gain theorem was proved that guarantees ISS of the
interconnected system (1.32).

Theorem 1.2.5. Consider system (1.30) and suppose that each subsystem is ISS so that condition
(1.33) holds. IfT'(s) 2 s forall ;s # 0, or equivalently, if every cycle in T is a contraction, then
system (1.32) is ISS from u to x.
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Thus, this stability condition depends on the interconnection structure of the network given by matrix
I'. This modelling approach allows for a modularity principle. That is, the ISS concept allows to
establish stability of the network from stability of single locations. Moreover, there are no restrictions
on the interconnection structure.

From the practical point of view, this framework can cope with nonlinear dynamics in every location
of the logistics network. Further, this approach provides a stability criteria to decide whether the
interconnection of stable locations leads to a stable logistics network. The criterion takes the topology
of the logistics network into account. This modelling approach can be further extended to capture
delays in delivery [43]. Input-to-state stability and the small gain condition are discussed in more
detail in Chapter 2.

Damped oscillator models

A modelling approach inspired by physics of interconnected oscillators [158] has been investigated
in [69], [70], [105] and [151]. Here we model logistics networks that adapt their production speeds.
Due to the fact that adaptation needs some time, instability effects like the Bullwhip effect occur.
The model uses an idea of a physical transport problem, where the flows of products are considered.
The model is given by balance equations for the flows of products and by the adaptation of the pro-
duction speeds. There are n logistics locations denoted by ¢ € {1,...,n}. Location ¢ delivers d;;
products of kind ¢ to other locations and consumes c;; products of kind k per production cycle, i.e.
for production of one unit. The production speed f;(t) of a location i is the number of production
cycles per time unit (day, week,...). z;(¢) denotes the number of products of kind ¢ available in the
logistics network (inventory). The function y; () represents an external flow like consumption, losses
and import of resources

Yi(t) = Cims1fur1(t) — dio fo(t). (1.36)

Here f, .1 reflects the customers demand while f reflects the inflow of resources. It is assumed that
¢;; and d;; are normalized, such that 0 < ¢;;,d;; < 1 and

do=1-% dj>0, cpp=1-) c;>0. (1.37)
- =

The inventory change of product ¢ is given by the difference of supply and demand

d:z:l

= () = f7(t) Zduf] Zcmf] ) + i), (1.38)

where the first term represents the supply and the second term denotes the demand. Variations of the
consumption rate y;(¢) enforce an adaptation of production speeds. This is based on information about
the current inventory of all locations i, the change of inventory x;(¢) and the current production speed
fi(t). The adaptations are not instantaneous and require an adaptation time 7; for adjustments. In the
following we state an adaption for the case of sequential logistics networks. Let 2 denote a desired
inventory level, fO (x4, da’z) a desired rate, then the delivery rate is adapted to minimize changes in

dt
d“ according to

1nvent0ry

;1[0 — )
d—tj—;i T 51 +€z[f0 fi@®]] - (1.39)
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The analysis of the Bullwhip effect is performed by linearizing the model described in (1.38), (1.39)
around the equilibrium point (z;, %) = (z;,0) [89]. The size of the Bullwhip effect depends on
the network topology and the adaptation of production rates. Instability condition for the case of a
sequential supply chain, see Figure 1.2a, and feedback (1.39) was shown in [69]:

Theorem 1.2.6. Variations in the consumption rate are magnified under the instability condition:

This condition implies that the Bullwhip effect occurs, if the adaptation time 7; is too large, if there
is no adaptation to some desired production speed (corresponding to ¢; = 0), or if the production
management reacts too strong to deviations of the actual stock level x; from the desired one ¥ (cor-
responding to small value of 7).

In the damped oscillator model the dynamics of a logistics network is represented by the flow of
products and by the adaptation of the production rates. The model can be extended to cover transport
delays [151] and to a macroeconomic model with different economic sectors [69]. This approach
contains qualitative models for the analysis of the Bullwhip effect, that may occur in a supply chain.

Multilevel network model

We consider a multilevel network consisted of logistics network, information network and financial
network [108], [107] and [106]. Logistics locations that compose this supply chain compete with
each other. The commodity is homogeneous. Manufactures produce goods and sell them to retailers.
Retailers deliver then goods to consumers at demand markets. The main aim is to achieve stable
behaviour of the material flows between locations and of the prices for the products.

We use the following notation for the logistics locations and delivery sizes: ¢ is the number of a
producer (manufacturer), ¢ = 1, ..., n,, j is the number of retailer, j = 1, ..., n,, [ is the number of a
consumer, [ = 1, ..., n,, yl-lj is a nonnegative size of delivery between producer 7 and retailer 7, yjz.l isa
nonnegative size of delivery between retailer j and consumer [, Y* = (y};)i=1,...np1j=1,..n, € R
is the overall delivery between producers and retailers, Y? = (y?l) i=1,mel=1,..n. € RI7" s the
overall delivery between retailers and consumers, y; is the overall amount of produced goods by
manufacturer i, y = (Y1, ..., Yi, ---» Yn,) € R'}” is the overall amount of produced goods.

The logistics network consists of 3 levels of nodes: manufactures, retailers and consumers. The
nodes are connected by edges describing material flows between manufacturers and retailers (y}j),
and retailers and consumers (3/]21)~

To describe the financial network we use the following notation: ;5 is the product price of man-
ufacturer i associated with retailer j, m; € R!” is the price of manufacturer i for the product,
T = (M1, T12s ey 7T1np) e Ri” are the prices of all manufacturers; my; is the price of retailer j,
Ty = (a1, T22, ..., Moy, ) € R are the prices of all retailers; 7y, is the true price for the product as
perceived by consumer [, 3 = (731, 32, ..., T3, ) € R

Then the financial network consists of the nodes representing the same logistics locations but where
the edges denote the prices for the products.

The information network consists also of the same logistics locations but is now bidirectional and
shows delivery and price information over the time in order to adjust delivery size and prices for
obtaining equilibrium, i.e. constant delivery sizes and prices.

Dynamics of the price 73, is given as follows

[ i) = S iy > 0,
= B Ny . 1.41
ok {max{o,dm)—zjzly;l}, if 7y = 0, (14D
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where d; is a demand function that depends on the price 73. Thus, the change in the price is the
difference between the demand and the available amount of goods at the consumers. The second
equation in (1.41) guarantees that the price does not become negative.

Dynamics of the price 7y is given by

: Do Y D i if mp; > 0,
fras = =1V 7 2= Yy ! (1.42)
N { max{0, > yj2‘l — i yilj}v if mp; = 0.

The change in price is now the difference between the available amount of goods at the manufacturers
and at the retailers.
Dynamics of the delivery size yjzl is described in the following way

1 { 7r31—0jl(Y2)—7r2j, lnyQZ >0, (1 43)
Yji = maX{O,ng — 0]' (Y2> — ’/ng}, if y?l =0, '
where 60;,(Y?) are the transportation costs. The change in the delivery size is then the difference
between the price the consumers are ready to pay and the transportation costs together with the price
of a retailer. The second equation in (1.43) guarantees that the delivery size is not negative.

Consider production cost function 7; = n;(Y'!) and transportation cost function 6;; = 6, (yzlj) The
overall cost of a manufacturer is the sum of production costs and transportation costs. The price for

On; (Y1
the product of the manufacturer is the marginal costs of production and transportation: 1 (1 )
ij
9955) The costs of the retailer for handling are denoted by ; — 6 (S, y1) — 6;(¥"
e e costs of the retailer for handling are denoted by 0; = 0;(> ;2 v;;) = 0;(Y").
ij

Dynamics of the material flows between the manufacturers and the retailers is given by the difference
between the price of retailer and the marginal costs of the retailer and the manufacturer:

90,07 om(Yh)  96i(yyy)

m2j T T T if yj > 0
yij _ ayzg alyz] ?ylj L (144)
max{0, my; — 06;(Y") — Oni(Y”) — aeij.(yij)} ifyh, =0
) ) i Y-
! ayilj ayilj ayilj !

To describe the overall dynamics of the network given in (1.41)-(1.44) we take X = (Y1 Y2 ), 7m3) €
T (YY) 00i(yl) 06.(YY)
_ NpNy +nrne+nr+ne _ _ 7 J ) .
K :R+ ,F(X) = (F}j,Fﬂ,Fj,E),Where Ej = ay” + ayilj] + éyll] —T25;
Fj = moj + 05(Y?) = mis By = 3507 iy — 2205 vy and By = 3757, 4y — di(m). Then we can
represent the dynamics as the projected dynamical system (PDS) [109]

X = HK(X, —F(X)), X(0) = X, (1.45)

where [ is a projection operator of —F'(X) onto K at X and Xy = (Y'*, Y* 7,0, 73°) is an initial
condition. Note that this dynamical system has the discontinuous right-hand side as we guarantee in
(1.41)-(1.44) that all the variables are nonnegative. Under assumption that functions 7); are additive
and have bounded second-order derivative, functions 0;;, ¢; have bounded second-order derivative
and 0;;, 0, have bounded first-order derivative there exists a unique solution of (1.45) for any X, € K.
Dynamical system (1.45) allows to study stability of the given logistics network. The following
theorem establishes condition for stability of the system (1.45), see [108, Theorem 4].
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Theorem 1.2.7. Suppose that the production cost functions n; are additive, internal production cost
function n}, transportation cost functions 0;;, 0; are convex, 01, are monotone increasing and demand
functions d; are monotone decreasing of the demand market prices, then the dynamical system (1.45)
underlying the supply chain is stable.

The given modelling approach allows to study three different levels of operation of a logistics net-
work: logistical, financial and information. An approach was introduced for three types of locations
but can be extended for an arbitrary number of location types and to cover uncertainties like uncer-
taint customer demand [55]. The behaviour of the logistics networks can be described as a projected
dynamical system. The discontinuity of the right-hand side of (1.45) does not allow to apply classical
tools for the stability analysis.

Modelling with partial differential equations

Here we investigate the dynamics of the material flows between locations using partial differential
equations [58] and the conservation law of material flow [6], [64], [65], [71] and [112]. This mod-
elling approach is usually used to pose optimization problems to minimize the queue length or to
maximize the outflow of goods.

In the model introduced in [65] a logistics network is represented as a finite connected graph (V, E)
[68]. Each 7 € V corresponds to a logistic location and f; is a material flow on it. Locations are
connected to each other at vertices j € L. Each location consist of a processor that has fixed constant
processing time 7;, size(length) /; and maximal capacity «;. The location is modelled by a finite
interval [a;, b;], where © € [a;, b;] is the processing stage of a material at location . Its queue ¢; is
located at = = a;. The density of material p;(x, t) for location i at time ¢ and stage = € [a;, b;] satisfies
the advection equation (conservation law) with initial conditions p; o(z), see [112]:

Opi + Oufi(ps) = 0, t>0, (1.46)
Fo) = min{ Zparf. (1.47)
pi(.fl?, O) = ,O@Q(CE) € [(Ii, bz] (148)

The governing equation for the corresponding queue ¢;(t) depends on the connections of the vertex.
In the simplest possible case with one incoming and one outgoing link the queue ¢; buffers possible
demands for the processor ¢

qi(t) = fici(pic1(biz1,t)) — filpi(as, 1)), t>0, (1.49)
¢(0) = gio- (1.50)

The boundary condition for the outgoing location ¢ at z = a;:

Filpilas ) = { raniin{fi1(/)z‘1(bi1,t));oéi} : Zzg; i 87 (1.51)

To define the solution for (1.46)-(1.51), according to [64], we give first the notions of a solution for

a single node without coupling, i.e. for (1.46)-(1.48), and of a solution for the dynamics on an edge
(1.49)-(1.51).
Consider the Cauchy problem:

Op(x, ) + 0uf(p) =0, p(x,0) = p(z). (1.52)
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Definition 1.2.8. A locally bounded and measurable function p(z,t) on RxR, is called an admissible
weak solution to (1.52), if for any non-decreasing function h(p) and any smooth non-negative function
¢ with compact support in R x R,

/ / p)6e + F(p)pe)dudt + 7 I(po)é(z, 0)dax > 0,

where I(p) = [" h(£)d€ and F(p) = [” h(
Compact support of a function is the set of points where the function is not zero.

Definition 1.2.9. Let functions p1(z,t), p2(x,t) in L'([a,b] x R.) be given such that p;(-,t) has
bounded variation. Let q(t) := qo(t) > 0 be a an absolutely continuous function on [0,T] for T
sufficiently large and let f;(p;) := min{y;, p;}. Then we call (p1, p2, q) an admissible solution at the
vertex for all times 0 < ¢t < T, if and only if

%Q(t) = fi(p1(b—,1)) — fa(pa(a+,t)) for almost all t

q(t) >0,

_ ) M2
Bt = e o) )

L'([a,b] x Ry ) is the space of functions p : [a,b] x R — Rwith [ |p(s)| < oo, a+ is the right
[(L b] XR+
limit of a and b— is the left limit of b. Function p; has bounded variation on [a, b] if the total variation
np—1

over all partitions P = {xo, ..., 2,,} of [a, b] given by sup Z |pj(xk+1) — pj(z)| is bounded.
P k=1
Solution of the whole network is then defined as follows.

Definition 1.2.10. Let T > 0, values q;o > 0,7 = 2,...,n and functions p;q : |a;,b;] — R in L
and with bounded variation for all v = 1, ..., n be given. The supply chain problem then reads with
fi=min{p;, p;} andVi=1,...,n V(z,t) € (a;,b;) x (0,T),Vi=2,...,n

8tpi + aa:fz(pZ) =0, pi(l‘, 0) - Pi,O(x)a
01qi(t) = fi—1(pi—1(b—, 1)) = fi(pi(a+,1)).

We call a family p; : [a;,b;] x [0,T) of L' functions with bounded variation and functions q;, abso-
lutely continuous, an admissible solution to the network problem, if for each vertex, (p;,q;); is an
admissible solution at the node in the sense of Definition 1.2.9, and if forall i = 2,...,n, ¢;(0) = i
and if for all i, p; is an admissible weak solution for the processor in the sense of Definition 1.2.8.

Condition for the existence of solution for a network with linear structure, see Figure 1.2a, is given in
the following theorem, see [64, Theorem 3.13].

Theorem 1.2.11. Consider a network of n processors and assume:

(A1) the processors are consecutively labelled, such that processor i — 1 is connected at x = b;_; to
processor i;

(A2) l;/7; = 1 for all i;

(A3) pio(z) < a for almost all x € |a;, b;] and all i.

Consider the problem (1.47) and (1.52).

Assume that the initial data (p10)(2), ..., pno(z)) are the step functions. Then the problem (1.47),
(1.52) has a weak admissible solution constructed by admissible network solutions in the sense of
Definition 1.2.10.
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More general interconnections are considered in [65].

Optimization problems considered in this model include minimization of the queue length or maxi-
mization of outflow of the goods by controlling the production velocity or choosing the route for the
flow [6]. In [40] the Bullwhip effect was studied.

This modelling approach considers dynamics of logistics networks as a continuous flow of goods
between and inside locations. The model covers different properties of logistic locations like process-
ing time, queue length and capacity. It is possible to consider different optimization problems [98].
Extension of the model on multiple products is considered in [9]. The use of numerical methods for
solving optimization problems with PDEs causes long processing time, [65]. But if some restrictions
on the model are introduced, then it is possible to find numerically quasi-optimal solutions.

1.2.3 Hybrid deterministic systems

Shipping of finished products, switching of production rate cause discontinuous changes at the stock
level of locations or in the behaviour of production facilities. Here we will show how such discontin-
uous (hybrid) effects can be described by switched or more generally by hybrid dynamical systems
[162].

Modelling by interconnected hybrid dynamical systems

The modelling and analysis framework using hybrid dynamical systems is similar to continuous dy-
namical systems in (1.32). Again the network is represented as an interconnection of several subsys-
tems that describe logistics locations. However, the dynamics of a subsystem is more general now
and is allowed to be additionally discontinuous (discrete) at some time instants. These discontinuities
arise when there is an immediate change (jump) in the state of a location. This permits, for instance,
a more detailed description of transportation processes. In particular, if the state represents the stock
level, then modelling of discrete shipments of material is possible. Moreover, according to the state
and the demand, a distinction of the kind of shipping can be drawn, e.g. shipping by a truck, a ship or
an airplane.

To model such a hybrid behaviour we use the notion of hybrid dynamical systems from (1.4). We use
the set M, C RE: Ni+2: M (o define condition, when the state z; € x; C RY", respectively the stock
level of location ¢, changes continuously. Here ; describes the values that the state x; can take. We
denote by u; € U; C RM:i the input of the ith location, where U; describes the values that the input
can take. Then the dynamics of location 7 is given by

ii:ﬁ(xla'--axnyui)v (ZE,U) GMCW (1.53)

where x := (27, ... 2T, u:= (ul,... ul)T. Here again as in continuous systems in (1.31) and in

[42], [43] and [44], we can choose, for example, function
filzr, oo mn,w) = u + Z cjifi(w;(t) — filwi(t)),
JiJ7e

where fi(z;(t)) := a; (1 — e ")) and «; describes the maximal production rate.
The discontinuous changes in the state occur, if (z,u) € Mp, C R-:Nit2:M: - And the jumps in the
state follow the equation

v =gi(x1,. .. T, u),  (x,u) € Mp,. (1.54)
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Function g; describes the discrete changes at location 7. For example, think of a truck that arrives
to location ¢, and delivers or takes material from it. In this case the time needed to load or upload
the truck can be neglected with respect to the time that the location needs to produce one unit of
material or the truck needs to transport material to another location. Furthermore, the change in the
state depends usually on the state of the location and the truck’s capacity. For example, if the capacity
of the truck arriving to location ¢ is denoted by b and if the truck picks up the ready-made material

from location i, then g;(z1, . .., Tp, u;) = ; — min{b, z;} and
r = z; — min{b, x;}.
If the truck delivers material to location j, then g;(z1, ..., z,, u;) = x; + min{b, z;} and

x) = x; + min{b, z;}.
As we will see in Section 2.1, we can describe the overall behaviour of such logistics network as one
large hybrid system (1.4)

r = f(z,u), (xr,u) € Mg,
2 1.55
ro= gl (w e My, (1)
with y :=x1 X ... X X, U := Uy X ... x Uy, M¢ := NM¢,, Mp :== UMp,, f:=(f,..., fI)T and
g=0gF, ..., 90T, where

. A gi('raui)y if (ZE,U> - MDN
gl u) = { Zi, otherwise .

The properties of such a description of an interconnection of hybrid systems we will discuss in Chap-
ter 2.

The perturbation in external inputs like fluctuation of customer demand may lead to instability of
such network. Thus, the concept of input-to-state stability introduced in (1.10) needs to be applied to
analyse stability of such networks. In this analysis we assume that each individual location ¢ can be
autonomously controlled to achieve input-to-state stability of its dynamics, i.e. according to (1.10):

jzi(t, k)| < max{f;(|=7]. ¢, k), max i (12l ea)» Y (il )

holds for all times ¢ > 0, number of intervals between the jumps £ > 0, inputs from other subsystems
x; and external inputs ;.

However, this property does not in general guarantee that the interconnection of these ISS subsystems
will be ISS, see Example (2.4.16). This may occur due to non-effective cooperation between the lo-
gistic locations. To check, whether the network is nevertheless ISS, we can use similar approach as in
interconnected continuous systems in Section 1.2.2. We consider the gain matrix I" := (7;;)nx». This
matrix describes the interconnection structure of the network. And we consider the corresponding
matrix operator I' : R} — R. As corollary of Theorem 2.4.5 in Chapter 2, it can be shown that the
following small gain theorem guarantees ISS of the interconnected hybrid system (1.55):

Theorem 1.2.12. Consider interconnected system (1.54). Assume that Mp, = Mp, i =1,...,n and
that the set { f(z,u) : u € U N eB} is convex for each x € x,e > 0. If all subsystems in (1.53) are
ISS and T'(s) % s forall s, s # 0, then the system (1.55) is ISS.

Due to the combination of discrete and continuous dynamics, this modelling approach has more ca-
pabilities in precise description of logistics networks than those based only on continuous or discrete
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dynamical systems introduced in the previous sections. For example, the possibility that the discontin-
uous changes can be taken into account enables to model additional characteristics like transportation
processes. However, the nature of hybrid systems implies more intricated analysis of their dynamics.
In Chapter 2 we will discuss more precisely hybrid systems, their interconnections and show how sta-
bility of them can be established using the small gain condition. Furthermore, we will show how the
Lyapunov technique, that is being effectively exploited in studying stability of continuous systems,
can be applied to establish ISS of hybrid systems.

Switched system

We consider manufacturing networks where the machines switch between processing different types
of products. Such a switching is modelled using logical-differential equations [136], [137] or billiards
[149], [120], [119]. The main problem is to schedule the switching to achieve stable behaviour.

We illustrate this modelling approach by means of logical-differential equations [136]. There are P
part-types denoted by 1, ..., P and n machines denoted by the set M = {1,...,n}. Parts of type
p are processed at the machines fi,1, ..., ity n, Where p,; € M. The parts may visit the machine
more then once and then p,, ; = 1, ;. Raw parts of type p arrive to the system at the machine i, ; at a
constant rate u,, > 0. Parts of type p to be processed at the ith machine are waiting in the buffer b, ;.
From this buffer the products are processed at a given constant rate c, ; > 0.

The level (state) of the buffer b, ; at time ¢ is denoted by z,,;(¢). Part of the type p needs a transporta-
tion time 7, ; > 0 to get from the machine 7 to the machine 7 4 1. The buffer of the machine [ is then
given by B; := {b,; : y,; = l}. To switch from the processing of the part of one type to the part of
another type the machine [ needs a set-up time 6, > 0.

The dynamics of the system we describe using logical-differential equations . The state of the machine
[ is described by a symbolic variable ¢;(t) that is given as follows

() = 0, if the machine [ does not work at time ¢, (1.56)
@by = by, if the machine [ works with the buffer b, ; at time ¢. '
The amount of parts of the type p fully processed at time ¢ is denoted by y,,(t).
The change of the state of the buffer b, is described as follows
. Uy — v ifq,, ,(t)="0by1
Tp1(t) = O P 1.57
pall) { Up, if qup,l(t) # b1 ( )

The change of the state of the buffer b, ;,7 = 2,...,n, is given by

i ™ Xpyy s if Qi (t) = Up1 and qup,i&(t - Tpﬂ'*l) = bp,i*h

. —O0y lfq i t) = 1 andq i t—Tﬁ',l 7£ b i—1s

() = Cn £ ds, Et> = g 20 o 1§t T ; 7 Oni (1.58)
Qi1 1 Qpup i ) p,1 ANA gy, ;4 Tp,i—1 p,i—1)
07 lf q,up,i (t) 7é pr and q/Lp,i—1<t - Tpvi—l) # bp,i—l‘

The change in the overall amount of parts of type p (cumulative output) processed by the machine i, ;
is given as follows

- . Oy is if Ay (t) = bILl?
Upa(t) { 0. g (1) £ by, (1.59)

The rule for machine [ for switching from processing parts from buffer b € B; to buffer b’ € B is
given by the set 7;(b — ¥') and functions F; : ([q,(+), z(-)]|5) — [67, o0). Then the feedback policy
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is given by
if (q(t) = b) and [q;(+), 2(-)]|§ € T1(b — V') then (1.60)
5i() = Filla(), 2 Ib);
q):=0 Vie(t,t+ot); |. (1.61)
@t +0,(t) +0) =t

The state of the manufacturing system at time ¢ is then described by vectors ¢(t) = [q1(¢), . . ., gn(t)],
2(t) = {2,4(t)} and y(t) = {gpa(t)}.

This model is used for the calculating of stable or optimal scheduling policies by choosing appropriate
arrival rates u,, and set-up times &; > 4}.

Definition 1.2.13. The closed-loop system (1.56)-(1.60) is said to be stable if for any solution
[q(t), x(t)] to the system with initial condition x(0) = xo, y(0) = 0, ¢(t) = 0Vt < 0, the vector
function x(t) is bounded on [0, 00) by a constant L(zq) > 0.

Definition 1.2.14. The closed-loop system (1.56)-(1.60) is said to be regular with the production
levels dy, ds, . . ., dp and the scheduling period 7' if it is stable and the following condition holds:
For any solution [q(t), z(t)] to the system with initial conditions x(0) = xo, y(0) = 0, q(t) = 0
Yt < 0, the output y(1) satisfies:

T (5,0 + DT) = ,sGT)) = dy, ¥p. Vi

Definition 1.2.15. Assume that dy,ds, ... ,dp are given. The minimal time I for which there exist
constants uy,...,up and a feedback policy of the form (1.60) such that the closed-loop system is
regular with the production levels dy, ds, . . ., dp and the scheduling period Ty, is called the minimal
scheduling period of the system with the production levels dy, ds, . . ., dp.

The following theorem provides conditions for the regularity of system (1.56)-(1.60) and an estimate
for the minimal scheduling period, see [137, Theorem 3.1].

Theorem 1.2.16. Consider the flexible manufacturing system defined by its production paths

Hp,1s - - 5 Pp.n, Of the part-types, machine rates o, ;, minimal machine set-up times 8?, and transporta-
tion delays 1, ;. Let dy,ds, .. .,dp be given. Then, the following statements hold:

(1) The minimal scheduling period Ty of this system with the production levels

dy,ds, ..., dp is defined by

=150 n Ay 4
b(pvl)eBl b

where k; is the number of buffers in B,.

(2) For any T' > Ty, the closed-loop system with the part arrival rates u, = dT” is regular with
the production levels dy, ds, . . ., dp and the scheduling period T' if:

the feedback policy is defined by:

) = (08 and ()= 00t~ Bla () = 22 ).

Dyt

0u(t) = 6 + 2= —t + Oifau ()]
then | q(t):=0 Vi€ (t,t+ §(1)] '
q(t + 0i(t) + 0) := next[b(p, 7)]
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where 0q(-)5](t) == inf{ty < t:q(s) =qt) Vs € (to,t]};

Here next[0] is the buffer that is the next to 0 in the cycling switching order.

This modelling approach allows to describe manufacturing networks that possess switching between
processing of different types of products. Multiple processing of the product at the same machine is
possible. The model allows to calculate processing policy of the machine to obtain stable or optimal
behaviour. Queues and time delays are covered by the model. Queues are modelled by buffers and
time delays by transportation times. The hybrid nature of the model does not allow to apply methods
from continuous systems during their analysis. Moreover, chaotic effects (’strange’ billiards) may
occur due to the switching [119].

1.2.4 Stochastic models

Here we model logistics networks that experience random effects due to the fluctuation of customer
demand or the changes in the manufacturing processes using the theory of stochastic systems [77],
[12] and [26].

Modelling as a stochastic dynamical system

Stochastic dynamical systems describe behaviour of logistics networks driven by an unknown cus-
tomer demand [94], [161], [56] and [23]. Usually, such models are used to consider optimization
problems under certain assumptions on the unknown demand, e.g. maximum possible value. In [94]
the network is modelled as a stochastic discrete-time controlled dynamical system [19]:

z(t+ 1) = fla(t),ult),d(t)), (1.62)

where z(t) € R™ denotes the state of the system, u(f) € R™ the control input and d(t) € R" the
uncertain disturbances in customer demand at time ¢.
The linear map [ : Rt *"d — R" depends on the structure of the network. The structure is
described by a directed and connected graph G = (V, E), where V' := {vy,...,v,, } denotes the
set of vertices and represents the logistics locations. E := {ey,...,e,, } € V x V denotes the arcs
and represents the material flows and additional arcs. R := {ry,...,r,. } C V x V represents the
informational flows of orders. If there exists an arc (material flow) from node v to node w in F, then
there exists an arc (information flow) from w to v in R.
In order to obtain a first-order difference equation (1.62), the authors introduce additional artificial
nodes between two nodes in such way that the transportation time between any nodes(real and ar-
tificial) is exactly one time unit, see [94]. Thus an arc e; € FE is replaced by a path(chain) of arcs
= {ei,...,¢€ir, } and the set of additional nodes is defined by V; = {oi,..., 0 }, where
Te, € {1,2,. } is the transportation time of arc e;. In the same way arcs of the 1nformat1on flows
are replaced by appropriate paths. The new vertex set is V, the new arc set for material flow is £ and
the new set for the information flow is .
The state 2(")(¢) of location v is its inventory level at time ¢. Its input is u(") (¢) = [ug)(t), ug)(t)]T €

S(v 5 (v) P . . . . < (v) .
R+ ( , where 0() is the number of all incoming material flow arcs and ¢’ ©) is the number of all
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incoming information flow arcs. The input corresponds to the flow on the incoming arcs. Its output is

v v §(v) 5@ . .
yW(t) = [y;;)(t), yl(q)(t)}T e RO+ and corresponds to the flow on the outgoing arcs at time £.
The dynamics is described then by the map

W t+1) = 2O0) + LA ug) (t) — LA zg)(t), (1.63)
yt) = 2, (1.64)
y(t) = 22, (1.65)

where €¥ € R¥ denotes a row vector of ones. The values zgj) (t) are the goods that node v decides to

ship to its customers and zg) (t) are the orders that node v decides to place to each of its suppliers.
Thus, the dynamics of the network defined in (1.63) is determined by the change of inventory level
due to arriving of material and due to shipping of goods. The values zg and zp are control variables
for the system.

The nodes v~ € V' with no outgoing material flow arc are called consumers and form set V. They

generate the uncertain demand d(*) and thus are given by

ye () = dvO(t). (1.66)

The nodes vy; € V with no incoming material flows act as sources of infinite supply capacity and
form set V). They transform incoming orders into outgoing goods:

yfqu) — UgM)(t)- (167)

The dynamics of the whole system is derived by connecting the corresponding inputs «(*) and the
outputs y™. Thus, they are eliminated. Let the nodes v; € V, =V \ (Ve U V), w; €V,
V\ (Ve U Vi) and w), € Vi be indexed such that 1 < i < |V, 1 j<|Viand 1 < k < |VC|
Defining z(t) := [z, ..., 2(1v.D]T as the state vector, u(t) := [z ( ) 2w (0)]F with z(t) ==
2997249 (1))] as the input vector, and d(t) = [[d®D(1)]7 .. [d(w“’cl)(t)] ]T as the disturbance
vector gives a first-order difference equation of the form (1.62). As the equations (1.63) are linear,
the dynamics of the entire system can be written as (1.5)

o(t+1) = Az(t) + Bu(t) + Ed(t). (1.68)

The model allows to find the optimal control u(t) for the network that guarantees the minimum of
costs and the maximum of demand satisfaction. We consider a discrete optimization problem with the
horizon S € N that looks for the optimal input sequence (u(*))%_, and is described on the step s € N
as

J () = min J® (2 ) (1.69)

u(s)
such that for all d*) € D the following holds
Fz®) + Gu® < g, (1.70)

Az® + Bul® e x), (1.71)

where the goal function J* is given by

JE (2 ) = m)ax{|Wm M+ |[Ru® |y 4+ T (D) (Az®) + Bu®) + Ed®)}.  (1.72)
(s)eD
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This goal function minimizes the costs given at the step s by Wa(®), W € R™*" for the state,
Ru'®), R € R™*™ for the input and maximizes the satisfaction of the customer demand given by
Ed®. The disturbance of customer demand is bounded and given on D := {d : Ad < v} C R",
where A € R™*" ~ € R™,n, € NU {0}. Inequality (1.70) describes the constraint on the state
and the input, where F' € R"9*"= G € R"*™ n, € NU{0}. X is the set of the feasible states given
by X®) .= {x € R™ : Vd € D3u € R™ with Fx + Gu < gand Az + Bu + Ev € X6*V}, The
initial state vector is given by 2(®) = x(ty) := 2(0). The boundary condition is given by J**(2%) = 0
and X¥) = {2 € R™ : Fx < g}. The finite time S-step optimal control u* : R™ — R" is given by
the first component u(%) for a fixed horizon S and the infinite-time optimal control law is its limit for
S — o0.

Such discrete optimization problems are usually solved using the dynamic programming [18]. Fur-
thermore, in [19, Theorem 3] it was proved that each dynamic programming step can be solved by a
multi-parametric linear program.

Theorem 1.2.17. The solution u* with parametric uncertainties in the B matrix only, is a piecewise
affine function of x(0) € xo, where Xy is the set of initial states for which a solution to (1.69)-(1.71)
exists. It can be found by solving a multi-parametric linear program.

This approach takes into account an uncertainty in a customer demand. The model deals with trans-
portation times by adding "delay nodes". Such a transformation allows to consider only networks
with linear dynamics.

Multiclass queueing networks and fluid approximations

Multiclass queueing networks are a well-established modelling approach to capture stochastic events
that influence the discrete material flow of a supply chain [36], [145], [148]. The main problem is to
arrange the production rates and policy to achieve the bounded queue length [147]. Here only a brief
description of a multiclass queueing network is given, for details see [38].

The network consists of n locations that process P different types of products. The dynamics of
the network can be described by the following stochastic processes. The arrival process u,(t) de-
scribes the number of external arrivals of type p products in the time period [0,¢]. The production
process z,(t) reflects the number of finished products of type p during the first ¢ time units. For con-
venience we assume that each type of product is produced exclusively at one location. The mapping
s:{1,...,P} — {1,..., 7} determines which type is produced at which location and generates the
constituency matrix C, where ¢;, = 1 if s(p) = j and 0 otherwise.

After being processed, products either change their type according to a given probability or leave the
network. The routing process d;(n) denotes the number of type [ products among the first n products
that become products of type p. As each location can produce various product types, a policy is
needed that determines in which order the products are processed. Typical examples of such service
disciplines are first-in-first-out (FIFO), priority or processor sharing. The allocation process 7, (t)
denotes the total amount of time that location s(p) has devoted on producing type p products. The
initial amount of type p products is g,(0) and the number of type p products at time ¢ is given by the
flow-balance equation

ap(t) = 4p(0) +up(t) + Y dy(wi(n(t))) — z,(7,(1))- (1.73)

To obtain a complete description of the network dynamics further conditions on ¢ and 7 that depend
on the service discipline have to be taken into account, see e.g. [31] and [32]. The main question in
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such model is whether the network is stable. A queueing (service) discipline of a multiclass network is
stable, if the underlying Markov process describing the network dynamics is positive Harris recurrent
[38]. When there is no ambiguity in the underlying queueing discipline, we say that a queueing
network is stable, if the queueing discipline under discussion is stable. Roughly speaking (without
explaining of the Harris recurrence), a queueing network is said to be stable, if the total number of
products in the network remains bounded over all time. This can also be interpreted that the long-
run input rate of the network equals the long-run output rate. An approach to analyse the stability
of multiclass queueing networks is to rescale the stochastic processes and to take limits [38]. The
so-called fluid limit model is obtained by replacing the stochastic processes by their rates, i.e.

O‘p@) = Pps
(t) — pp, (1.74)
(t) — Y-

o+ | ok [ ok [

IS
T~

and by imposing additional specific conditions on the network parameters and queueing discipline,
see [38] and [39]. The flow-balance equation in the continuous deterministic fluid model takes the
form

(1) = qp(0) + pi(t) + Z Yk (Ti(t)) — ppTp(t).- (1.75)

Again there are additional conditions on ¢ and 7 that are specific to the service discipline, see e.g.
[31], [32]. A fluid limit model is stable, if for all p € {1,..., P} there is a time 7 > 0 such that for
any g,(-) with > ¢,(0) = 1 it holds that ¢, (7 + -) = 0 [38].

p

In [39, Theorem 1.1] it was shown the following relation between stability of fluid and corresponding
multiclass queueing networks.

Theorem 1.2.18. A queueing discipline is stable, if the corresponding fluid model is stable.

In [39] several results on stability of fluid networks were proved. In particular, the following theorem
establish stability of fluid networks with different disciplines, see [39, Theorems 4.3 and 4.4]

Theorem 1.2.19. The fluid model corresponding to the First-Buffer-First- Served(FBFS) or Last-
Buffer-First-Served(LBFS) discipline is stable.

This modelling approach is suitable, if the supply chain has highly reentrant flows. Further, there
is huge variety of different service disciplines, which can be explicitly modelled in this framework.
So simulations of different scenarios allow the choice of a policy, that is suitable to the requirements.
Moreover, the strength of this approach is that analysis of the influence of stochastic uncertainties (e.g.
production times, transportations etc.) on the stability is possible by purely deterministic criteria. In
[147] the robustness of such networks is investigated using the notion of the stability radii, i.e. the
size of the smallest changes of the network parameters that destabilize the network.

1.3 Comparison of the modelling approaches

In the previous subsections we have reviewed eleven approaches for modelling of logistics networks.
For short overview of the these applicabilities, we have collected the main properties of all the models
in Table 1.1. These properties are classified in this comparison table according to ability to cover dif-
ferent logistics properties of the network, ability to describe production and transportation processes,
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type of behaviour the network possesses, type of equations that describe their dynamics, type of the
analysis and abilities to conduct planning and control. According to Table 1.1, all the approaches vary
in their characteristics, advantages and disadvantages. Thus, the choice of the model that describes
the dynamics of certain logistics network depends on the type of behaviour it possesses, its properties
and application needs.

In the following chapter we will study an approach that proposes to model logistics networks as
interconnected hybrid system (1.55) as we are interested in logistics networks that combine both
continuous and discontinuous dynamics of material flows. In particular, we will show how input-
to-state stability of a hybrid system can be established using the small gain condition and Lyapunov
methods.
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Logistical properties
Micro level X X X X X X X X
Macro level X X X X X X X X
Continuous material flow | x X X X X X X X X
Discrete material flow X X X X X
Production process | x X X X X X X X X X
Transportation process X X X X X X X X X
Warehouse X X X X | X | X X X X X
Re-entrant X X X X X X X X X
Network X X X X X X X X X
Production process
Service disciplines | x X X X X X X X
Different production rates | x X X X X X X X
Different product types X X X
Transportation process
Routing disciplines X X X X X X X
Restricted capacity X X X
Transportation time X X X X X X
Behaviour
Discrete X X X X
Continuous X X X X X
Hybrid | x X X X
Linear | x X X X X X X X
Nonlinear X X X X X X
Deterministic | x X X X X X X X X X
Stochastic X X X
Type of equation
Discrete | x X X X X
Ordinary differential equation X X X X
Partial differential equation X X
Hybrid X X X X
Queue X X
Fluid X X
Analysis
Stability | x X X X X X X X X X X
Input-to-state stability X X
Bullwhip effect X X X
Robustness | x X X X X X X X X
Planning and control
Stabilizing control X X X
Optimal control X X X X X
Planning | x X X X X X

Table 1.1: Classification of the modelling approaches
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Chapter 2

Stability of interconnected hybrid systems

Though a hybrid system of the form (1.55) appears to be a natural way to describe logistics networks,
its analysis is rather sophisticated due to the complex interconnection topology and hybrid effects
(Zeno solution, dwell time) occurring there.

The first notion on hybrid systems was probably given in [163] where a system with some continuous
and some discontinuous states was investigated. The change (transition) in the discrete state occurs,
when the continuous state reaches a predefined transition set. In [1], [156] authors considered hybrid
systems, where again some states are continuous and some discontinuous. But there the dynamics of
discontinuous state was described by the difference equation. In the last decades most of the authors
consider hybrid systems where each state can have both continuous and discontinuous dynamics, see
e.g. [62], [162], [131], [102], [160], [133], [67] and [35].

Starting from [99], many results were obtained in the stability analysis of hybrid systems, see for
example [73], [101], [122]. ISS was first introduced for hybrid systems in [27]. However, ISS of
interconnected systems was first studied for continuous and discrete systems, see [82], [81], [91], [3],
[29], [79], [54], [52] and [126]. The first result of the small gain type was proved for continuous
systems in [82] for a feedback interconnection of two ISS systems. The Lyapunov version of this
result is given in [81]. The small gain condition in [81] states that the composition of the gains from
the subsystems should be less than identity. The second small gain condition in [82] is similar, but it
involves the composition of the gains and of further functions of the form (id + «;). This difference
is due to the use of different definitions of ISS in both papers. Both definitions are equivalent but
the gains enter as a maximum in the first definition, and a sum of the gains is taken in the second
one. These results were generalized for an interconnection of n > 2 systems in [54], [52], [126], [85]
and [86]. In [54] and [52] it was pointed out that the difference between the small gain conditions
remains, i.e., if the gains of different inputs enter as a maximum of gains in the ISS definition or a
sum of them is taken in the definition.

ISS in terms of trajectories for interconnection of two interconnected hybrid systems was firstly stud-
ied using the small gain condition in [96]. In [110] a stability condition of a small gain type was used
for a construction of an ISS-Lyapunov function of a feedback connection of two hybrid systems. An
interconnection of an arbitrary number of sampled-data systems that are a special class of hybrid sys-
tems was considered in [86]. The small gain condition was given there in terms of vector Lyapunov
functions.

In this chapter we show how stability analysis of the system (1.55) can be conducted. In particular,
we give a precise definition of the hybrid system, show how its interconnection can be described and
introduce a more general definition of input-to-state stability for hybrid systems than in (1.10). Such
formulation of ISS, that we will call mixed ISS, allows to consider more general types of intercon-
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nections, where a part of the subsystems is ISS in terms of maximizations and the rest is ISS in terms
of summations. Then we extend the small gain conditions for continuous systems to be applied to
interconnections of an arbitrary finite number of hybrid ISS systems in terms of mixed formulation
of ISS. The obtained mixed small gain condition is based on information about the interconnection
property of the network and as we will see guarantees ISS of an interconnected hybrid system. Fur-
thermore, we show how a Lyapunov technique can be applied to establish ISS of hybrid systems. At
the end of this chapter we apply this small gain condition to establish input-to-state stability of certain
subclasses of hybrid systems.

2.1 Interconnected hybrid systems

As mentioned in the previous chapter, hybrid systems combine both continuous and discontinuous
types of behaviour. The continuous dynamics of the system is usually described by ordinary differen-
tial equations and the discontinuous dynamics by an immediate change ("jump") in the state.

Consider a system that is an interconnection of n hybrid subsystems with states z; € y; C R of the

subsystems and external inputs u; € U; C RMi, 4 = 1,... n. The dynamics of the ith subsystem is
given by
T = filwr, o x U, uy), (T, T, U, Uy) € Ch 1)
vy = gi(xr, . T, U, (T, Ty U, - Uy) € Dy,

where f; : C; — RYi g, : D; — x; and C;, D; are subsets of x; X ... X X X U X ... X
U,. We will consider further a particular case with f;(z1,...,z,,ut, ..., u,) = fi(T1,..., Tp, u;),
gi(x1, .. Uy, uy) = gi(T, ..., T, wy), 1. the case where the ith input u; influences only the
1th the subsystem.

Each hybrid subsystem is described by (f;, g;, C;, D;, xi, U;). The function f; describes the continuous
dynamics defined on the set C;, the function g; describes the instantaneous jumps defined on the set
D;. If (z1,...,2p,uy,...,u,) € C;, then system (2.1) "flows" continuously and the dynamics is
given by the function f;. If (z1,...,2,,uy,...,u,) € D;, then the system jumps instantaneously
according to the function g;. In points in C; N D; the system may either jump or flow, the letter only
if the flowing keeps (x1, ..., Ty, u1, ..., u,) € C;. This yields the non-uniqueness of solutions. In
Proposition 2.1.1 we recall the condition that guarantees the existence of solutions of a hybrid system
and in Proposition 2.1.2 we recall the uniqueness condition. However, first we need to define the
notion of the solution of the hybrid system.

Define x (= x1 X ... X Xn, U := Uy x ... x U,. Solutions of the hybrid systems are usually
defined on hybrid time domains. Hybrid time domains are defined as follows, cf. [131], [60], [110].
A subset Ry x (N U {0}) is called hybrid time domain denoted by dom, if it is given as a union of
finitely or infinitely many intervals [tx, tx11] X {k}, where the numbers 0 = tg, ¢, ... form a finite
or infinite, nondecreasing sequence of real numbers. The "last” interval is allowed to be of the form
[tx, T) x {K} with T finite or T' = +o00. Roughly speaking, the hybrid time domain contains two
types of information: the whole time and the time of the state jumps.

One of the reasons to introduce the hybrid time domains was the ability to study the robustness of
solutions of hybrid systems by comparing the neighbour trajectories. Without taking into account
the jump times of solution trajectories, the measured pointwise distance between trajectories that are
"graphically close" may be arbitrarily large at the points where one solution jumps and the neighbour
one does not. This yields that these trajectories do not converge in terms of pointwise distance [125],
[60]. Thus, the analysis of solution properties like the robustness becomes rather sophisticated. On
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the other hand, the hybrid time domain concept allows to study the convergence of "graphically close"
trajectories using the notion of graphical convergence, e.g., [125], [60] and [63].
The hybrid signal is a function defined on the hybrid time domain. For the ith subsystem the hybrid
input

v = (1, x g alg, . al ul )T (2.2)

y Mmoo Yy

consists of the hybrid signals u; : dom w; — U; € RM: x; : domz; — xj,j # i such that
w;(-, k), x;(-, k) are Lebesgue measurable and locally essentially bounded for each k. We call z; the
internal input for the subsystem 7 and u; is called the external input. For a signal u; : dom u; — U; C
RM: we define its restriction to the interval [(¢1, j1), (t2, jo)] € domu; by

) — ui(t, k), if (t1,51)<(t, k)<(t2, j2),
ui[(tlvjl)v(tQJQ)]( ? ) - O’ OthGI”WlSG,

where for the elements of the hybrid time domain we define that (s,1) < (¢,k) means s + 1 < ¢t + k.
For convenience, we denote ;. k) := wi(0,0),(,k)]-

The hybrid arc of the subsystem i is such a hybrid signal x; : domz; — Y; that z;(-, k) is locally
absolutely continuous for each k. Define z := (z7,... . 20)T e x C RN, u:= (u],...,ul)T €U C
RM, N := > N;, M := Y M;. A hybrid arc and a hybrid input is a solution pair (z;, v;) of the ith
hybrid subsystem (2.1), if

(i) domz; = domu; = domx;,j # 7 and (2(0,0),u(0,0)) € C; U D;,

(i) for all K € NU {0} and almost all (¢,k) € dom z;, for (z(¢, k), u(t, k)) € C;, it holds

ii(a k):fz($l<t7 k)a ) xn(ta k)a ui(tv k))a (23)
(iii) for all (¢, k) € dom z; such that (¢, k + 1) € dom x;, for (x(¢, k), u(t, k)) € D; it holds

The variable ¢ denotes the time and k is the number of the interval between the jumps.

In the hybrid time domain concept one needs to find a solution z; first and then to determine the
hybrid time domain for it [131]. Hybrid time domains allow also for a description of the so-called
Zeno solutions that are solutions with infinitely many jumps in a finite amount of time, i.e. with
t < oo and k — oo, see [164], [60] and [131].

A solution pair of a hybrid system is maximal, if it cannot be extended. It is complete, if its hybrid
time domain is unbounded. In particular, a complete solution may have the bounded time and the
unbounded number of jumps (in case of Zeno solutions), or the unbounded time and the bounded
number of jumps, or both unbounded. Let S, (x°) be the set of all maximal solution pairs (x,u) to
(2.5) with (0, 0) = 2°.

For the existence of solutions we assume that the following basic regularity conditions [28], [63] hold
throughout the thesis:

Assumption (Basic regularity condition).
(i) x; is open, U; is closed, and C;, D; C x X U are relatively closed in x x U;
(ii) f;, g; are continuous.

Their sufficiency for the existence of solutions of a hybrid system of the form (2.1) without internal
and external inputs was proved in [63, Proposition 2.4]:
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Proposition 2.1.1 (Existence of solutions). Assume basic regularity conditions (i)-(ii) hold. If z? €
D, or the following condition holds:

(VC) 29 € C; and for some neighborhood W; of 2, for all x; € W; N Cy, Te,(x}) N fi(x}) # 0, then
there exists a solution x; to (2.1) with x;(0,0) = z¥ and dom z; # (0,0).

If (VC) holds for all ¥ € C; \ D;, then for any maximal solution x; at least one of the following
Statements is true:

1) z; is complete;

2) x; eventually leaves every compact subset of x;: for any compact K C x;, there exists (T,J) €
dom x; such that for all (t,j) € domx; with (T, J) < (t,7), x:(t,j5) & K;

3) for some (T, J) € domx;, (T,J) # (0,0), we have x;(T, J) ¢ C; U D;.

Case 3) above does not occur if additionally

(VD) for all 2?9 € D;, g;(z?) € C; U D,.

According to definition of tangent cone in Section 1.1.4, condition T¢,(z}) N f;(x}) # () means that
the vector f;(z}) points towards the set C;. This guarantees that we can construct a solution belonging
to the set C;.

The following proposition guarantees the uniqueness of a solution of a hybrid system of the form
(2.1) without internal and external inputs and follows from [62, Proposition S5] as a particular case.

Proposition 2.1.2 (Uniqueness of solution). Uniqueness of solutions holds for a hybrid system

(fi, 9i, Ci, D;) if and only if the following conditions hold:

1) For each initial point 29 € C; C x; there exists a unique maximal solution z; to the differential
equation %;(t) = f;(z(t)) satisfying z;(0) = 2V and z;(t) € C;;

2) For each initial point 2 € C; N D;, there are no nontrivial solutions to z;(t) = f;(2;(t)) satisfying
2(0) = 2% and 2;(t) € C..

For further discussions on existence and uniqueness of solutions and their continuous dependence on
initial conditions for hybrid systems we refer to [63], [62] and [97].

Let us now turn to interconnections of hybrid subsystems. We consider interconnections of the form
(2.1) as one large hybrid system

r = flx,u), (r,u)eC,

ot = glwu), (v,u) €D, 2:5)

with the state x and the input u defined above. It seems to be natural to define C' := NC};, D := UD,,
since a jump of any subsystem means a jump for the overall state x, and to define the function f :

C—RNby f:=(f,....,fF)T and functiong : D — yas g := (¢7,...,g>)T, where

~. . gi<x7ui>7 if (I,U) € Dia
gi(w,u) = { x;, otherwise . (2.6)

Note that, in general, we lose some solutions of individual systems by interconnection. Furthermore,
the solutions of (2.5) may have different hybrid time domains than the solutions of the individual sys-
tems (2.1), see [130]. The above choice of C' and D was also used in [130] considering interconnec-
tions of two hybrid systems. However, this choice has certain drawbacks, see Remark 2.4.7, see also
Remark 4.3 in [130]. The supremum norm of the hybrid signal « defined on [(0,0), (¢, 7)] € domu is
defined by

||| z,5):= max esssup  |u(s, )|, sup |u(s,l)] p,
(s,l)edomu\P(u), (s,))e®(u),
(s,1)<(t,k) (s,1)<(t,k)
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where ®(u) is the set of all (s,/) € domwu such that (s,! + 1) € domwu. If t + k — oo, then |||,k
is denoted by ||u|/~. This norm takes the maximum between the essential supremum of an input
function between the jumps and the supremum of a function over the jumps.
One of the most typical examples of the hybrid system is the bouncing ball.

Example 2.1.3. [Bouncing ball with air resistance] Consider a ball with unit mass that falls and
bounces from the floor. We assume that the floor and the ball are elastic, i.e., there is no loss of energy
of the ball during the bounce. However, there is an air resistance given by the coefficient v € (0, 1).
The dynamics of the ball can be described then as a hybrid system (2.5):

i = ( L ) = f(z,u), (z,u)€C, 2.7)
= ( _‘22 ) =: g(z,u), (z,u)€ D, (2.8)

where 1 denotes the vertical position and x5 the velocity of the ball, C' := {(z,u) € R*xU : z; > 0}
and D := {(z,u) € R? x U : z; = 0,25 < 0}, v is the gravitation force.

For a given initial condition x,(tg) = z1(0) = h > 0 and z2(ty) = x2(0) = 0 the solution can be
written in terms of the hybrid time domain as follows. The hybrid arc until the first jump (continuous
flow between ¢y and ¢;) is given by

z1(t,0) = —Te' =Tt +h+ 2,
29(t,0) = —Z(e —1),

14

where t; the time of the first touch with the ground and is a solution of z(¢,0) = 0, i.e., —%e*”“ -
Ity 4+ h 4+ 1 = 0. The states after the jump are

ZL‘i’—(tl,l) = 0,
5 (h,1) = (e —1).

The further states after the jump at ¢; are 7 (¢;,7) = 0 and 23 (t;,7) = —x2(t;, 5 — 1), 5 = 1,2,....
The arcs (between ¢; and ¢, 1) are given as solutions of the system of differential equations (2.7) with
initial conditions 1 (t;, ) = 0 and z5(;,j) = —x2(t;,5 — 1).

The trajectory of the ball released from the height 20 = 3, with the initial velocity 2 = 0, the
coefficient of air resistance v = 0.1, gravity acceleration v = 9.81 is shown in Figure 2.1. The time
domain of a solution is illustrated in Figure 2.2.

Remark 2.1.4. Hybrid systems are closely related to impulsive systems [67], switched [150] and
sampled-data systems [86]. In impulsive systems discontinuous jumps in the state occur only at given
time sequences. In switched systems a trajectory of the state is continuous but the right-hand side
of a differential equation describing its dynamics changes discontinuously. In sampled-data systems
the right-hand side of a differential equation changes at time instances calculated according to the
systems evolution. Impulsive, switched and sampled-data systems can be represented in a form of a
hybrid system. In particular, to describe impulsive systems we can introduce a variable that describes
the time and the set D that describes the jump times, see Remark 2.4.21. To describe switched systems
or sample-date systems as hybrid systems, a variable that determines the type of continuous dynamics
can be introduced [61]. However, systems of all these types are studied usually separately to stress
on their main features.

For an explicit discussion on hybrid systems, their solutions, stability, control and applications we
recommend tutorials [62], [162] and [35], and the references therein.

39



Chapter 2. Stability of interconnected hybrid systems

0 5 10 15 20 25 30 —

Figure 2.1: Trajectory of the bouncing ball. Figure 2.2: Time domain of the bouncing
ball.

2.2 Stability notions

Here we introduce different stability notions for hybrid systems and show the relations between them.
Furthermore, we give a more general formulation of input-to-state stability than those used in (1.10).

2.2.1 Input-to-state stability (ISS)

Consider a system of the form (2.5) with bounded inputs u. As these inputs are, in general, not equal
to zero we are interested in a stability notion that takes into account the values of u. Input-to-state
stability is a natural way to define such type of stability [27]:

Definition 2.2.1 (ISS). The system (2.5) is input-to-state stable (ISS), if there exist 3 € KLL ,v €
Koo U {0} such that for all initial values x° all solution pairs (z,u) € S,(2°) satisfy

| (t, k)| < max{B(|2°|, ¢, k), y([[ull 1))}, V(t, k) € domz. (2.9)
Function v is called ISS nonlinear gain.

In particular, the properties of 3 and  imply that an ISS system possesses a stable behaviour, where,
in general, the state at the beginning is bounded by the function (3 depending on the initial condition
2%, and then by the function  depending on the maximal value of the input u. The term "gain" here
originally comes from electric networks, where an influence of a circuit on an increase of a signal is
studied.

Remark 2.2.2. Note that the ISS property can be equivalently defined replacing the maximizations in
(2.9) by the sums:

2t k)| < B2t k) + (), (2.10)

where the comparison functions 3 € KLL and 7 € Koo U {0} may be different.

The consideration of this equivalent formulation may yield more sharp estimations of stability that im-
plies, for example, more sharp stability conditions for interconnections of hybrid systems, see Exam-
ple 2.3.5. More general formulations of 1SS, in terms of the so-called monotone aggregation functions
(MAFs), were considered in [126] for continuous systems.

We also consider the following stability notions from [28]:
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Definition 2.2.3 (O-input pre-stability). The system (2.5) is O-input pre-stable, if for each ¢ > 0 there
exists a § > 0 such that each solution pair (z,0) € S, (2°) with |2°| < ¢ satisfies |z(t, k)| < € for all
(t,k) € dom .

Definition 2.2.4 (pre-GS). The system (2.5) is globally pre-stable (pre-GS), if there exist 0,7 € Ko, U
{0} such that for all initial values x° all solution pairs (z,u) € S,(z°) satisfy

2t k)| < mas{o(|a"]), (lull )} (2, k) € doma. @.11)

The prefix "pre-" in the definitions above indicates that the maximal solutions of the system (2.5) are
not necessarily complete [131].

Remark 2.2.5. Note that pre-GS follows from ISS by taking o(|2°|) := £(|z°|,0,0) and 0-input
pre-stability follows from pre-GS by considering u = 0.

Definition 2.2.6 (AG). The system (2.5) has the asymptotic gain property (AG), if there exists 7 €
Koo U {0} such that for all initial values x° all solution pairs (x,u) € S,(z°) are bounded and, if
complete satisfy

limsup — |2(t, k)| < 5([Jull ) (2.12)
(t,k)Edom x t+k—o00

Note that in the definition of the AG property we take into account that the time ¢ or the number of
the intervals between the jumps &£ may be bounded, however the sum of them is not in the case of
complete solutions.

In [28, Theorem 3.1] the following relation between ISS and AG with O-input pre-stability was proved.

Theorem 2.2.7. Assume that the set {f(z,u) : u € U N B} is convex Ve > 0 and for any x € ¥.
Then system (2.1) is ISS if and only if it has the asymptotic gain property and it is O-input pre-stable.

We now intend to formulate ISS conditions for the subsystems of (2.1), where some conditions are in
the sum formulation as in (2.10) while other are given in the maximum form as in (2.9). Consider the
index set / := {1,...,n} partitioned into two subsets I, Iy such that [ = 1\ Is.

The ith subsystem (2.1) is ISS, if there exist 3; of class KKLL, 7;j, 7 € Ko U {0} such that for all
initial values 2 each solution pair (z;,v;) € S, () with v; from (2.2) satisfies:

n

i, k) < Billaflt k) + > vsllsllen) + vl p), V(t k) € doma, (2.13)
j=Li
1 E [237 and
ji(t, k)| < max{Gi(|z7]. ¢, k), max yi; (|25l ew) illlull o)}, ¥t k) € doma, (2.14)
1 € Inax-

Remark 2.2.8. Note that, without loss of generality, we can assume that I, = {1, ..., p} and I . =
{p+1,...,n} where p := |Ix|. This can be always achieved by a permutation of the subsystems in
(2.1).
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Chapter 2. Stability of interconnected hybrid systems

Similarly, the ith system of the form (2.1) is pre-GS, if there exist 0;, ¥;; € Ko U{0}, % € Koo U{0}
such that for all initial values z¥ each solution pair (z;,v;) € S,,(2?) satisfies

n

(k) < ol + D Auslllzsliem) + Falllull o p), V(E k) € doma, (2.15)
j=1,j#i
1 E [2, and
|24(t, k)| < max{o;(|z7 ) max i (|2l ), Fillleell .0y}, ¥(E K) € doma, (2.16)
1 € Inax-

And the ith system of the form (2.1) has the AG property, if there exist 7;; € K, U{0},7; € KoU{0}

such that for all initial values ¥ each solution pair (z;,v;) € S,,(x?) is bounded and, if complete

7

satisfies
timsup [t < 3 Ayl ) + Fulull). @17)
(t,k)edom z; ,t+k—o0 ik
1 € Is, and
limsup  [ai(t, k)] < max{men Ty (12 1), 7 (lull)} (2.18)
(t,k)€dom z,t+k— o0 JiJFe
1€ Lpax.

Remark 2.2.9. Note that using

_max {z;} < Zazz < n max {z;} (2.19)

=1,..,n e
b b . b b
=1

we can always pass to ISS-formulations with maximums or summations only, but with different gains
in general.

2.2.2 ISS in terms of Lyapunov functions

Another notion useful for stability investigations of nonlinear systems is the notion of an ISS-Lyapunov
function. In this section we give a definition of this function and recall the result showing that the exis-
tence of an ISS-Lyapunov function guarantees that the system is ISS. Thus we can use ISS-Lyapunov
functions to check ISS of a hybrid system.

We consider locally Lipschitz continuous functions V' : y — R, that are differentiable almost every-
where by the Rademacher’s theorem. In points where such a function is not differentiable we use the
notion of Clarke’s generalized gradient from Section 1.1.4.

Definition 2.2.10 (ISS-Lyapunov function). A locally Lipschitz continuous function V : x—R is an
ISS-Lyapunov function for the system (2.5), if
1) there exist functions 11,10y € K such that:

1 (Jz]) < V(z) < o(|z|) for any x € x; (2.20)

2) there exist a function vy € K, and continuous, positive definite functions c, A with \(s) < s for all
s > 0 such that:

V(z) 2 (lul) = V¢ € OV(x) : ((, f(z,u)) < —a(V(z)), (z,u) € C, (2.21)
V() 2 (Jul) = V(g(z,u)) < AMV(2)), (z,u) € D. (2.22)

Function -y is called ISS-Lyapunov gain corresponding to the input w.
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2.2. Stability notions

If V is differentiable at x, then (2.21) can be written as
Vi(z) 2 (Jul) = VV(2) - f(z,u) < —a(V(2)), (z,u) € C.

Note that this definition is different from the definitions of an ISS-Lyapunov function used in [28],
[46] and [110]. The equivalence between their existence for (2.5) is shown in Propositions 2.2.16 and
2.2.19. We will use such a formulation to show one of the main stability results in Section 2.4.

Remark 2.2.11. Relations between the existence of a smooth ISS-Lyapunov function and the ISS
property for hybrid systems were discussed in [28]: In particular, Proposition 2.7 in [28] shows that
if a hybrid system has an ISS-Lyapunov function, then it is ISS. Example 3.4 in [28] shows that the
converse is in general not true. In Theorem 3.1 [28] it was proved that if the system (2.5) is ISS with
f such that the set {f(z,u) : uw € U N eB} is convex Ye > 0 and for any x € , then it has an
ISS-Lyapunov function.

It turns out that the smoothness of an ISS-Lyapunov function is not necessary to guarantee the ISS
property of the system (2.5) as the following proposition shows.

Proposition 2.2.12. Ifthe system (2.5) has a locally Lipschitz continuous ISS-Lyapunov function, then
it is ISS.

Proof. The proof of Proposition 2.7 in [28] stated with o € K, works without change, if « is
continuous and positive definite. As well, this proof can be extended to the nonsmooth V' using the
Clarke’s generalized derivative. The assertion of the proposition follows then from this extension and
Proposition 2.2.16. 0

Remark 2.2.13. If the set C has a nonempty interior, then it is enough to consider the classical
derivative of V at the points of differentiability in (2.21). But for the set C with an empty interior it is
not enough, in general, to use the classical derivative of V, see the following example.

Example 2.2.14. Consider the hybrid system:

jrl = T,

Zt'g - O
forx € C' =R x {0}, i.e., line x5 = 0, and

i =0,

Ty =0

forx € D =R
The solution of this system corresponding to x(0,0) = (z9,0)7 is given by

fEl(t? 0) = :E[I)etv
J?Q(t, 0) = 0.

As x1(t, 0) is unbounded, the system is not ISS.

Consider now locally Lipschitz continuous function V(x) = |x1| + |zs|. Function V satisfies (2.20)
and (2.22). If we require for an ISS-Lyapunov function that its classical derivative has to satisfy (2.21)
at the points of differentiability only, then function V will satisfy this condition as the set C' is of zero
measure. Thus we will obtain a contradiction to our previous conclusion that the system is not ISS.
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Remark 2.2.15. Note that conditions (2.21) and (2.22) on an ISS-Lyapunov function require that the
continuous and discontinuous dynamics of a hybrid system has to be always stable. This requirement
implies some kind of conservativeness. Think of a hybrid system, where the continuous dynamics is
stable and the discontinuous dynamics is unstable, i.e. the jumps increase the magnitude of the state of
the system. Assume also that continuous dynamics stabilizes the system, i.e. the jumps occur so rarely,
that during the time between the jumps the magnitude of the state decreases greater than it increases
during the next jump. In this case, though the system is stable, we cannot apply Proposition 2.2.12
to establish this due to the violation of condition (2.22). The same is in the reverse case, when
the discontinuous dynamics is stable and the continuous dynamics is unstable, but the jumps occur
so often that the system is nevertheless stable. To the best of our knowledge, there are no general
approaches on ISS-Lyapunov functions that can be applied to show input-to-state stability in such
case. However, we are sure that the development of methods that allow establishing of stability of
such systems is of a great application importance. A possible starting point in this research may be
an extension of the known stability results obtained for a certain class of hybrid systems and for a
certain type of stability. In Section 2.4.4 we will discuss impulsive systems that are a subclass of a
hybrid system. In particular, we will recall the dwell-time condition introduced for such a system.
This condition restricts the time intervals between the jumps to guarantee input-to-state stability of
an impulsive system where the flow or the jumps may be unstable. Other stability results, known in
the literature, are obtained in the studying of asymptotic stability of hybrid systems. They are based
on the LaSalle’s invariance principle [132] and the nested Matrosov theorems [134].

Equivalent definitions of an ISS-Lyapunov function

Here we present alternative definitions of an ISS-Lyapunov function used in [28], [46], [110]. We
show that the existence of ISS-Lyapunov functions in terms of these definitions is equivalent to the
existence of an ISS-Lyapunov function in terms of Definition 2.2.10. Consider a function W : y —
R, W € Lip,,. that satisfies the following properties for the system of the form (2.5):

1) There exist functions 1, 1), € Ko such that:

Gi(Je]) < W(x) < Gy(fo]) forany 7 € . (2.23)

2) There exist a function ¥ € C, a continuous, positive definite function &; and a function s € K
such that:

[ = ([u))=VCeoW (2): (¢, f (2, u)) < — au(|2]), (z,u) € C, (2.24)
|z[ = A(Jul) = W(g(z,u)) = W(x)< = as(|z]), (z,u) € D. (2.25)

In [28] the conditions (2.23)-(2.25) with a; € K, were used to define an ISS-Lyapunov function for
a system of the form (2.5) and it was shown that existence of such a (smooth) function ¥ implies that
a system of the form (2.5) is ISS.

Proposition 2.2.16. A system of the form (2.5) has an ISS-Lyapunov function V satisfying (2.20)-
(2.22) if and only if there exists W € Lipy,. satisfying (2.23)-(2.25).

For the proof we need two auxiliary lemmas. The following lemma is an extension of [83, Lemma 2.8]
on the case with external inputs.

Lemma 2.2.17. Consider a system of the form (2.5) and assume that function V' € Lip,,. satisfies
(2.23), (2.25) with continuous, positive definite function aw. Then there exists a smooth K, function
p such that with W = p o V' it holds that

] = 3(Jul) = W(g(e,uv)) = W(z) < —a(|z]), V(z,u) exxU, (2.26)
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for some o € K.

Proof. Assume that |z| > 4(|u|). Then, applying [83, Lemma 2.8] we obtain a smooth function
p € K4 and a function W = p o V that satisfies (2.26). ]

Lemma 2.2.18. For any K.-function «, there is a K -function & such that the following holds:
* a(s) < afs), Vs > 0and
e id—acek.

See [84, Lemma B.1] for the proof.
Proof of Proposition 2.2.16
"=" Let V satisfy (2.20)-(2.22). Define

Y(ul) =1 oy (|ul). (2.27)

Let |z| > #(|u|). Then from (2.20), (2.27) it follows V' (x) > ~(|u|). Applying (2.22) it follows that
forall (x,u) € D

Vi(g(z,u)) < AV (2)) = V(z) - alx) = V(g(z,u)) = V(z) < —alz]), (2.28)

with &(r) := |Ir|1in a(s) that is a continuous, positive definite function, where a(s) := V(s)—A(V (s)).

From (2.28) and Lemma 2.2.17 there exist p, as € K., where p is smooth, such that W := po V
satisfies (2.25) with 7(|u|) defined in (2.27).

As V() satisfies (2.21), then W satisfies (2.24) with a; := p- « that is a continuous, positive definite
function, where p € dp(y), y = V().

Thus, function W satisfies (2.23)-(2.25) with 1 := p o ¢y, ¥y := p o by, F(|u|) := ;" o y(|u|) and
ay:=p-a.

"<"  Assume now that the function IV satisfies (2.23)-(2.25) and define V := W, ¢4 := ¢, and
o 1= 152. Then condition (2.20) is satisfied. Let

Y(Jul) = o 0 A (Jul). (2.29)

Consider V() > 7y(|ul|). Then from (2.29) and (2.23) it follows |z| > ¥(|u|). From (2.23) and (2.24)
it holds for all (z,u) € C'

V¢ € OW (2) : (C, f(w,u)) < —au(|z]) < —ay o9y (W(x)).
Thus V satisfies (2.21) with a := @y o ¢, . )
From Lemma 2.2.18 for any a, o ¢ ' € K, there exists & € K, such that & < @, o ¢, ' and

id — a € K. Applying (2.23) and (2.25) we obtain

Wlga,u) < Wiz)—as(a]) < W(x) - az 0 dy ' (W(2))
< W(a) - a(W(2)) = (id — 3)(W(x)) = AW (),

where \ := id — a. Hence, function V satisfies (2.20)-(2.22). O
The next proposition shows another way to introduce an ISS-Lyapunov function, used in [46], [110].
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Proposition 2.2.19. System of the form (2.5) has an ISS-Lyapunov function V' satisfying (2.20)-(2.22)
if and only if there exists V' € Lipy,. satisfying (2.20)-(2.21) and

V(g(e,u)) < max{A(V(2)),3(|u))}, (z,u) € D, (2.30)
with v € K and a continuous, positive definite < id.

Proof. "<"  We can always majorize a continuous, positive definite function A <id from (2.30)
by a function p € K« such that A(r) < p(r) < r, for example, taking p(r) := 3 (maxp, A + id)(r),
r > 0. Then for (z,u) € D from (2.30) we have

V(g(z,u)) < max{A(V(2)), 7(|ul)} < max{p(V(x)), 7(|u])}. (2.3

Definey :=p'o5 >7and V := V. If V(z) > v(Ju

), then p(V'(x)) > 7(|u|) and using (2.31)

V(g(w,u)) = V(g(w,u)) < max{p(V(x)),7(|u])} = p(V(2)) = p(V (2)).

Thus, function V satisfies the condition (2.22) with A := p < id.
"="  From (2.22) for (z,u) € D, if V(z) > ~(|u|), then V(g(z,u)) < ANV (z)). Consider now
(x,u) € D such that V' (z) < 7(]u|) and define the set

Allul) = {(z,u) € D V(2) <~(Ju])}-

Let us take now

y(lul) == max V(g(x,u)).

(lul) i= | max V(gla.u)
Then V (g(x,u)) < (|u|) for (z,u) € A(|u|). Note that 4(0) = 0 as V(x) > 0 = ~(0).
Furthermore, as the function V' is nonnegative and V' € Lip;,. and the function g is continuous,
function 4 € Lipj,. is nonnegative. We can always majorize such function 4 by a function ¥ € K
such that 4 < 7.
Thus, for (z,u) € D we have obtained that V' (g(z, u)) < max{%¥(|u|), A(V (z))} and condition (2.30)
is satisfied with V' := V and ¥ := max{¥,v}. O

Now, to establish ISS of the hybrid system (1.55) we can use Proposition 2.2.12, i.e. we need to find
an ISS-Lyapunov function for the system (1.55). Note that the logistics network consists, in general
of many locations. Therefore, the procedure of the looking for an ISS-Lyapunov function may be very
sophisticated. In Section 2.4.2 we will show how this procedure can be facilitated by applying the
small gain condition. To this end we need a description of an ISS-Lyapunov function for individual
location, i.e. for subsystem (2.1).

ISS-Lyapunov functions for hybrid subsystems

Consider a system of the form (2.5) as an interconnection of n hybrid systems with several inputs.
By an appropriate choice of v;;,v; € K, that depends on the used norms, y(|v;|) can be written as
a sum or a maximum over 7;;(|z;|),j # i and v;(|w;|). If we assume that each subsystem ¢ has a
locally Lipschitz continuous ISS-Lyapunov function V;, then ~;;(|x;|) can be estimated from above
and below by 7;;(V;(z;)) and %;;(V;(x;)) with an appropriate choice of ¥;;,7;; € Ko. This follows
from (2.20). Thus we obtain the following formulation of the ISS-Lyapunov function V; for systems
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of the form (2.1):
1) There exist functions 1);1, ¥;0 € K4 such that:
Vi (|z]) < Vi(xs) < io(|ai]) for any z; € x;. (2.32)

2) There exist ;;,7; € K and continuous, positive definite functions «;, A;, with \;(s) < s for all
s > 0 such that for all (z,u) € C;

Vi(zi)> Z-;%‘j(Vj(xj))Jr%(M)ZWQG@W(%): (G filw, wi)) < = (Vi) (2.33)
1 € Iy,
Vi(zi) > max{%g{%j(vj(%))},%’(|U|)} = VG € OVi(w;) : (G, filz,ui)) < —ai(Vi(xs)),
’ (2.34)
i € Iax, and for all (z,u) € D;
Vi(w;) = Z;%j(‘/}(aﬁj)) +7%i([u]) = Vi(gi(z, wi)) < Xi(Vi(w:)), (2.35)
1€ ]2,
Vi(wi) 2 max{max{y;;(V;(2;))}, i([ul)} = Vilgi(w, w)) < Ai(Vilwa)), (2.36)
1€ Lpax.

Note that ~;; in (2.33)-(2.36) are equal. This can be always achieved by taking maximums of sepa-
rately obtained ~;;’s for the continuous and discrete dynamics.

Remark 2.2.20. Function V; can be defined equivalently by replacing (2.36) with
Vilgi(a, u)) < max{As(Vi(xi)), 7 (Vi(2;)), villul)}, (2.37)

for some continuous and positive definite \; < id using Proposition 2.2.19. Certainly, these changes
can lead to different Lyapunov gains.

An ISS-Lyapunov function provides a useful tool for checking ISS of a hybrid system as it does not
require knowledge about the solution of the system. Note, however, that an interconnection of hybrid
systems can be unstable, i.e., not ISS, even if each of its subsystems is ISS. In the following section
we introduce conditions that guarantee stability for interconnections of ISS hybrid systems.

2.3 Gains

To establish ISS of an interconnected hybrid system of the form (2.5) we are going to extend an
approach used for checking stability of interconnected continuous and discrete systems in [54], [52]
and [86] to hybrid systems. This approach utilizes information about the interconnection structure of
the network.

We assume that all subsystems that compose interconnection of the form (2.5) are ISS. We assume
also that ISS estimates (2.13), (2.14) or at least ISS-Lyapunov estimates (2.33)- (2.36) are known for
each subsystem. Function ~;; occurring in these estimates describes the influence of jth subsystem
on the ith one. We will call this function gain. We collect all the gains in a matrix I' = (%‘j)nm, with
the convention v;; = 0, © = 1,...,n. Then this matrix describes the mutual influence between the
subsystems of the interconnected hybrid system. We will call this matrix gain matrix and it will be the
basis of our stability analysis. In particular, we will impose the so-called mixed small gain condition
on the corresponding matrix operator that guarantees stability of an interconnected hybrid system.

In this section we will introduce this small gain condition and discuss its properties. Then we will
show how this condition can be applied to check stability of an interconnection.
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2.3.1 Gain operator
We define the gain operator I' : R — R’} by
I(s) := (Ty(s),...,u(s)", s €RY, (2.38)

where the functions I'; : R} — R, are given by I';(s) := vi1(s1) + -+ + Yin(sn) for ¢ € Iy and
[i(s) := max{vi1(s1),...,Yin(sn)} for i € Iyax. In particular, if Iy = {1,...,p} and Iy =
{p+1,...,n} we have

Y12(82) + -+ + Y1n(Sn)

_ Vi (1) + - + Ven(Sn)
L'(s) max{Yp4+1,1(51)s - s Vps1n(5n)} | ° (2.39)

maX{’Ynl(Sl% s 77n,n—1(5n—1)}

2.3.2 Mixed small gain condition

The small gain condition that we are going to use to establish stability of an interconnected hybrid
system of the form (2.5) originates from the corresponding small gain conditions for interconnections
of purely continuous systems, i.e. in case D = (), or interconnections of purely discrete systems, i.e.
in case C' = (). In [54] stability conditions of interconnected continuous systems are provided in terms
of small gain conditions, where the cases I, = I = {1,...,n}, respectively I,,., = I are considered.
In [126], [52] more general formulations of ISS are considered.

First, we recall the small gain conditions for the cases Iy, = I, resp. [ = I, which imply ISS of
an interconnected continuous system, [54]. If I, = I, we need to assume that there exists an operator
D := diag,,(id + «), @ € K such that

['oD(s) 2 s, Vs € RY\{0}, (2.40)
and if I,,x = I, then the small gain condition
I'(s) # s, Vs € RT\{0} (2.41)

is sufficient. The equivalence between the so-called cycle condition and the condition (2.41) was
shown in [126, Lemma 2.3.14]:

Lemma 2.3.1. Let the matrix I' be given. Then the small gain condition (2.41) is equivalent to the
cycle condition:

Vkika © Vhaks ©° " " © Vhp1ky < ld, (242)
forall (ky,.... k.)€ {1,...n}" with k = k,.

Since the matrix I describes the interconnection structure of a network, these conditions impose some
restriction on interconnection properties. We will see that this restriction guarantees stability of the
network. The intuitive meaning of (2.42) is that a signal going through the network is not amplified.
See also [54] for further interpretations of the small gain conditions (2.40) and (2.41).

In the case that both Iy, and I,,,, are not empty we can use (2.19) to pass to the situation with Iy, = ()
or I .. = (. But this can lead to more conservative gains. To avoid this conservativeness we are
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going to derive a new small gain condition for the case Iy, # [ # I,... As we will see, there are two
essentially equivalent approaches to do this. We can use the weak triangle inequality

a+b < max{(id+n)oa,(id+nt)ob}, (2.43)

which is valid for all functions a, b, € K to pass to a pure maximum formulation of ISS. However,
this method involves the right choice of a large number of weights in the weak triangular inequality
which can be a nontrivial problem. Alternatively, tailor-made small gain conditions can be derived.
The expressions in (2.40), (2.41) prompt us to consider the following small gain condition. For a
given o € K let the diagonal operator D : R”} — R’} be defined by

D(s) := (Dyi(s1),-.-,Dulsn))", seR:, (2.44)

where D;(s;) := (id + «)(s;) for i € Iy, and D;(s;) := s; for i € I;,ax. The small gain condition on
the operator I" corresponding to a partition [ = Iy, U I, is then

JdJaeKs : ToD(s)#s,VseRIN\{0}. (2.45)

We will abbreviate this condition as I' o D % id and will call it mixed small gain condition.
The following lemmas that describe the properties of o € K, were proved in [126].

Lemma 2.3.2. Let o € K. Then there exists a function & € K, such that (id + o)™ = id — a.

Lemma 2.3.3. For any o € K, there exist functions oy, an € K such that
id+ o = (ld+ 041) o (ld—|— CYQ).
Moreover, if o € K, then also o;, i = 1,2 can be chosen to be of class K.

The componentwise application of the last lemma implies the following property of the operator D.

Lemma 2.3.4. Let D be defined as in (2.44) for some o € K. Then there exist ay,as € Koo, such
that for D; defined as in (2.44) with corresponding «;

D:D10D2.

In the following example we highlight the advantage of the new small gain condition (2.45). In order
not to cloud the issue we keep the example as simple as possible.

Example 2.3.5. We consider an interconnection of n = 3 continuous systems, i.e. D = (), given by

&1 = —x1 + ms(|zs]) + i (ul)
iy = — o 4 max{ya1(|z1]), v23(|73]) } (2.46)
T3 = — x3 + max{ys2(|z2]), v3(Jul)}

where ~y;; and vy; are the given K, functions. Using the variation of constants method and the weak
triangle inequality (2.43) we see that the trajectories can be estimated by:

|21(2,0)| <B1(l21(0)],£,0) + ys(l|sll o)) + 7 (llull),
|%2(2, 0)| <max{B(|x2(0)].2,0), (id + n) 0 21 (|lx1ll o)), (id + 1) 0 as([sll o))}, (2.47)
|3(t, 0)] <max{s(|x3(0)[,¢,0), (id + ) o va2([|22l[(r0)), (id + 1) o ¥3([[ull o)},
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Chapter 2. Stability of interconnected hybrid systems

where [3; are appropriate KLL functions and n € K, is arbitrary. This estimation can be rather
sharp by choosing an appropriate 1 in the weak triangle inequality (2.43).
This shows that each subsystem is ISS. In this case we have

0 0 Y13
['=| (id+n)oyn 0 (id + 1) © Y23
0 (ld + 77) 0 Y32 0

Then the small gain condition (2.45) requires that there exists an o € K, such that

Y13(83) 51
max{ (id + 1) oy 0 (id + «)(s1), (id+m) o ya3(s3)} | 2 | s2 (2.48)
(id +m) o y32(s2) S3

forall s € R3\{0}.
If (2.48) holds, then considering s (r) := (y13 0 (id + 1) o y32(r), 7, (id + n) 0 y32(r))T, r > 0 we
obtain that the following two inequalities are satisfied

(id+ o) oyz3 0 (id 4+ ) o y3p 0 (id + n) 0 Y21 (1) < 1, (2.49)
(id + 1) 0723 © (id + 1) © 732(r) <7 (2.50)

It can be shown by a contradiction that (2.49) and (2.50) imply (2.48).

Thus, (2.48) is equivalent to (2.49) and (2.50).

Assume that the gains are linear and are given by ~13(1) 1= v21(r) 1= 7a3(r) := v32(r) = 0.97,
r > 0. Choosing o(r) = n(r) = 1/10r we see that the inequalities (2.49) and (2.50) are satisfied.
Thus, by Theorem 2.4.5 we can conclude that the system (2.46) is ISS. In this simple example we also
see that a transformation to the pure maximum case would have been equally simple. A two times
application of the weak triangle inequality for the first row with n = o« would have led to the pure

maximization case. In this case the small gain condition may be expressed as a cycle condition (2.42),
which just yields the conditions (2.49) and (2.50).

We would like to note that the application of the small gain condition from [54] will not help us to
prove stability for this example, as can be seen from the following example.

Example 2.3.6. In order to apply the results from [45] we could (e.g., by using (2.19)) obtain esti-
mates of the form

212, 0) < B2 (0)] 2, 0) + ms(llzsllt0) + 1 (llulle),
|22(t,0)] < B2(]22(0)],2,0) + 21 (l[21llit.0) + v2s(l|2sl] w0)),
23, 0)] < Bs(lws(0)],2,0) + vsa(l[z2]l(1,0) + v3(llull) -

With the gains from the previous example the corresponding gain matrix is

0 0 09
'=109 0 09],
0 09 0

and in the summation case with linear gains the small gain condition is p(I') < 1, [54]. In our
example p(I') > 1.19, so that using this criterion we cannot conclude ISS of the interconnection.
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The previous examples motivate the use of the refined small gain condition for the case of different
ISS characterizations of subsystems.

In particular, it will be shown that a mixed (or pure sum) ISS condition can always be reformulated
as a maximum condition in such a way that the small gain property is preserved.

The following lemma recalls a fact, that was already noted in [126, Lemma 2.2.12].

Lemma 2.3.7. For any o € K, the small gain condition D o I" # id is equivalent to " o D %# id.

Proof. Note that D is a homeomorphism with inverse

vis DY) = (D7 (0), -, Dy (o))

By monotonicity of D and D~ we have DoI'(v) # v if and only if I'(v) #? D~'(v). Forany w € R’
define v = D(w). Then I" o D(w) # w. This proves the equivalence. O

For convenience let us introduce 4 : R?, X R — R’ defined by
p(w, v) == (pa(wi,01), .., pin (W, v0)) " w0 ERY v € R (2.51)

where y; : R2 — R, is such that y;(w;, v;) = w; + v; for i € Iy, and p;(w;, v;) = max{w;, v;}
for i € Ihax. The following counterpart of Lemma 13 in [54] provides the main technical step in the
proof of main results.

Lemma 2.3.8. Assume that there exists an o € K., such that the operator I' as defined in (2.38)
satisfies I' o D % id for a diagonal operator D as defined in (2.44). Then there exists a ¢ € K, such
that for all w,v € R},

w < p(C(w),v) (2.52)

implies |w| < ¢(|v)).

Proof. Without loss of generality we assume Iy, = {1,...,p} and I,,x = I \ I, see Remark 2.2.8,
and hence I' is as in (2.39). Fix any v € R’}. Note that for v = 0 there is nothing to show, as then
w # 0 yields an immediate contradiction to the small gain condition. So assume v # 0.

We first show, that for those w € R’ satisfying (2.52) at least some components of w have to be

bounded. To this end let D : R? — R’ be defined by

~ _ _ T
D(s) == (s1+a " (s1),...,8p+a ' (Sp)s Spr1s- -5 5n)

for s € R’ and let s* := D(v). Assume there exists w = (wy,...,w,)" satisfying (2.52) and such
that w; > s7, 4 =1,...,n. In particular, for ¢ € I5, we have

and hence from the definition of s* it follows that
s7 = v+ a7 (v) < ya(wn) + o i (wn) + v
And so v; < a(yi(wy) + ... + Yin(wy,)). From (2.53) it follows
w; < vin(wy) + . Yin(wn) F v < (id + @) o (i (wy) + .o Fin(wy)). (2.54)
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Similarly, by the construction of w and the definition of s* we have for 7 € I«
v; = sf < w; < max{yi1(wi), ..., Yin(wpn), v}, (2.55)

and hence
w; < max{vi(wi), ..., Yin(wy)}. (2.56)

From (2.54), (2.56) we get w < Dol'(w). By Lemma 2.3.7 this contradicts the assumption ['oD % id.
Hence some components of w are bounded by the respective components of s! := s*. Iteratively we
will prove that all components of w are bounded.

Fix a w satisfying (2.52). Then w % s' and so there exists an index set I; C I, possibly depending
on w, such that w; > s}, € I; and w; < s}, fort € If = I\ I;. Note that by the first step I§ is
nonempty. We now renumber the coordinates so that

w; > s; and w; < il%j(wj)—l—vi,izl,...,pb (2.57)
iz
w; > s; and w; < max{mjaij(wj), vit,i=pi+1,...,nq, (2.58)
w; < sy and w; < zn:l%j(wj)—i—vi, Jd=n1+1,...,n1+ po, (2.59)
iz
w; < s; and  w; < max{mjaxyij(wj),vi} Jdi=ny+p+1,....n, (2.60)

where ny = |11], p1 + p2 = p. Using (2.59), (2.60) in (2.57), (2.58) we get

ni n
w; < ZWW(w])_‘_ Z P)/ij(s;)_FUh 1= 17---72917 (261)
j=1 j=n1+1
w; < max{ max 7;(w;), max y;(s)), vt i=pi+1,...,n. (2.62)
7j=1,...,n1 j=ni+1,...,n
Define v' € R} by
Uil = Z 'Yij(sjl)+vi, izl,...,pl,
j=n1+1
v} := max{ max Yij(s7), vy, i=p1+1,...,n
Jj=n1+1,...,n

Now (2.61), (2.62) take the form:

ni

w; < > vig(wy) + o7, i=1,...,p1, (2.63)
j=1

w; < max{ max Yii(wi),vi b, i=pi+1,...,n. (2.64)
j=1,..., ny

T I'; e _
Let us represent I' = ( Fi? Fi?c ) and define the maps I'7, 7, : R} — R}, Ty e : RY™ — RYY,
141 141

Crer, : RY — RY™ and T'pege - RYT™ — RY™ analogous to I'. Let

Dy, (s) := ((id + @) (1), ..., (id + @) (Sp,), Sprtts e > Sny ) -

From'oD(s) # sforall s # 0, s € R it follows by considering s = (27, 0) that 'y, ;, 0Dy, (2) # =
forall z # 0, z € R}". Using the same approach as for w € R’} it can be proved that some components
of w! = (wy,...,w,,)" are bounded by the respective components of s2 := Dy, (v').
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We proceed inductively, defining

]j-l—l ; Ij, ]j—i—l = {Z € Ij Twp > Sg+1}, (2.65)

with 5, := I\ I;;, and
Sj+1 = DI]- [¢) (M](FIJI]C(S‘}]C)a U[j)), (266)
where 151]. is defined analogously to D. The map [, I R} — R’ acts analogously to I" on

vectors of the corresponding dimension, s]}; = (sf )ie I is the restriction defined Section 1.1.4 and p/

is appropriately defined similar to the definition of L.
The nesting (2.65), (2.66) will end after at most n — 1 steps: there exists a maximal [ < n, such that

2022040
and all components of wj, are bounded by the corresponding

sc = max{s*, Ry (s%),..., Ry (s"™)}
max{(s*)1, (Rr, (s*)1, -, (Rp,(s")1}

max{ (), (R () -+ (Ry(s7 1))

where R;, denotes the anti-projection R‘ij . R’ defined in Section 1.1.2.
By the definition of y for all v € R’} it holds

0 <o < p(lid)(v) == pu(T'(v),v).

Applying D we have

0<v< D) < Do (ul,id))(v) < - - < [Do u(T,id)]"(v). (2.67)

From (2.66) and (2.67) for w satisfying (2.52) we have w < s, < [25 o u(I",id)]"(v). The term on the
right-hand side does not depend on any particular choice of nesting of the index sets. Hence every w
satisfying (2.52) also satisfies

w < [Dopu(,id)]" (|v]

max’ """ |U|maX)T

and taking the maximum-norm on both sides yields |w| . < ¢(|v| . ) for some function ¢ of class
KCoo. For example, ¢ can be chosen as

o(r) == max{([D o u(T,id)] (r,-..,7))1, -, (Do u(T,id)] (r,...,r))n}.
This completes the proof of the lemma. [

Remark 2.3.9. Note that if we use inequality w < I'(w)+v instead of w < p(I'(w), v) in Lemma 2.3.8,
then the assertion of lemma does not holds in general, see [126, Example 2.5.3].
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Chapter 2. Stability of interconnected hybrid systems

Q-path

We also introduce the important notion of €2-paths [52]. This concept is useful for the construction of
Lyapunov functions and will also be instrumental in obtaining a better understanding of the relation
between small gain conditions (2.41) and (2.40).

Definition 2.3.10 (§2-path). A continuous path o € K72 is called an Q)-path with respect to I, if
(i) for each i, the function o; Lis locally Lipschitz continuous on (0, 00);

(ii) for every compact set K C (0, 00) there are finite constants 0 < K1 < Ky such that for all
points of differentiability ofai_1 andi=1,...,n we have
0< K, <(o;Y)(r)< K, Vrek; (2.68)

(iii) for all r > 0 it holds that
[(o(r)) < a(r). (2.69)

By Theorem 2.3.11 the existence of an {2-path ¢ follows from the small gain condition (2.41) provided
that an irreducibility condition is satisfied. To define this notion we consider the directed graph
G(V, E) corresponding to I" with nodes V = {1,...,n}. A pair (i,7) € V x Vis an edge in the graph
if 7,; # 0. Then, I' is called irreducible, if the graph is strongly connected, see, e.g., the appendix in
[54] for further discussions on this topic.

We note that if I is reducible, then it may be brought into upper block triangular form by a permutation
of the indices

Ty T ... Tig
0 7T R
_ . 22 . ‘Qd (2.70)
0 c. 0 Tdd

where each block Y;; € (Ko U{0})%*% j =1,...,d, is either irreducible or 0.
Sufficient conditions for the existence of (2-paths were proved in [52], [128] for a more general gain
operator ['. We specify these conditions for our case with mixed operator I" in the following theorem:

Theorem 2.3.11. Let I" € (K U {0})"*" be a gain matrix and I" : R, — R’} be the corresponding
matrix operator defined as in (2.45). Assume that one of the following assumptions is satisfied

(i) ' is linear and the spectral radius of 1 is less than one;

(ii) T is irreducible and T" # id;

(iii) Imax = I;

(iv) alternatively assume that I is bounded, i.e., I' € (K \ Ks) U {0})"*", and satisfies I' > 0.
Then there exists an $)-path o with respect to I'. This path can be chosen piecewise linear.

For the proof see [52, Theorem 5.2]. Note that the construction of an (2-path is not explicit there.
Using the following lemma from [87] we can construct explicitly an (2-path for the case of (iii) in
Theorem 2.3.11 with a weaker property (2.69), i.e., such that an )-path satisfies:

L(o(r)) < o(r) forall r > 0. (2.71)

Lemma 2.3.12. Let I = Loy If T satisfies (2.41), then for all s € R, it holds that I'(s) < Q(s) :=
(Q1<8)7 EERE) Qn(s))T where

Qi(s) == max{s;, (T'(s))s, ..., (T"(s))i}. (2.72)
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2.3. Gains

For the proof see [87, Proposition 2.4]. For the construction we need the following lemma that shows
how a C..-function can be approximated by a smooth function.

Lemma 2.3.13. Consider a function 6 € K., and a bounded and continuous function 6 : R, — R
with §(0) = 0 and 6(r) > 0 for r > 0. Then there exists a function 0 € K., which is smooth on R,
and satisfies |0(r) — 0(r)| < 6(6(r)) for all v > 0 and L6(r) > 0 for all r > 0.

For the proof see [66, Lemma B.2.1].

Proposition 2.3.14. Let I' € (oo U {0})"*" be a gain matrix. Assume that I, = I and T satisfies
(2.41). Then there exists an 2-path o with respect to 1" satisfying (i), (ii) in Definition 2.3.10 and
(2.71). This path can be chosen piecewise linear.

Proof. Consider the map @ : R — R defined by Q(z) = (Q1(z),...,Qu(x))" with Q; from
(2.72). From Lemma 2.3.12 the inequality ['(Q(x)) < Q(z) holds for all x > 0. Fix any positive
vector ¢ > 0 and consider o(t) := Q(at) € R’. Obviously, I'(¢(t)) < o(t) and by the definition of Q)
it follows that o; € IC, forall - = 1, ..., n. Hence, o satisfies the condition (2.71). As we can always
estimate functions ;; by a smooth function applying Lemma 2.3.13 and as function o is obtained
through the composition of these functions, the condition (i) for an {2-path in Definition 2.3.10 is
satisfied. Furthermore, as o is strictly increasing and locally Lipschitz continuous on (0, co) function,
its inverse 0! is also strictly increasing and locally Lipschitz continuous on (0, c0). Thus (c7!) is
positive and bounded on some set A and condition (ii) in Definition 2.3.10 is also satisfied. Piecewise
linearity of o follows from [127, Proposition 5.2]. [

Remark 2.3.15. Note that it will be enough for a construction of an ISS-Lyapunov function for an
interconnected hybrid system to have an $)-path that satisfies (2.71) instead of (2.69), see Theo-
rem 2.4.11.

The following is an immediate corollary to Theorem 8.11 in [52], where the result is only implicitly
contained.

Corollary 2.3.16. Assume that 1" defined as in (2.38) is irreducible. Then 1" satisfies the small gain
condition if and only if there exists an )-path o for D o T

Proof. The implication that the small gain condition guarantees the existence of an {2-path is shown
in [52]. For the converse direction assume that an 2-path exists for D o I" and that for a certain
s € R, s # 0wehave Dol'(s) > s. By continuity and unboundedness of o we may choose a 7 > 0
such that o(7) > sand o(7) # s. Thens < DoTl'(s) < Dol (o(7)) < o(r). This contradiction
proves the statement. 0

2.3.3 From summation to maximization

Now, we use the previous considerations to show that an alternative approach is possible for the
treatment of the mixed ISS formulation, which consists of the transforming of this formulation in a
complete maximum formulation. Using the weak triangle inequality (2.43) iteratively, the conditions
in (2.13) may be transformed into conditions of the form (2.14) with

st )| < Bl £ K) + 3 vl l) + i) .73)
537
< mawc{ 3] k), mae (3 s ) . a0 @74
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Chapter 2. Stability of interconnected hybrid systems

for i € I. To get a general formulation we let ji, ..., j,, denote the indices j for which ~,;; # 0.
Choose auxiliary functions 7, . .., 7;,, € Ko and define x;o := (id + 7;0) and x; = (id + 771-51) o
...o(id + 77;(11_1)) o (id+nu), 1 =1,...,pi and Xi(p,41) = (id 41" ) 0 -+ o (id +n;,}). Choose a
permutation 7; : {0,1,...,p; +1} — {0,1,...,p; + 1} and define

Bz’ ‘= Xim;(0) © Bi, Vij, = Ximi(1) © Vijy » I=1,....pi Vi = Xim;(pi+1) © Vi » (2.75)

and of course ¥;; = 0, j ¢ {j1,..-,Jp, ;- In this manner the inequalities (2.74) are valid and a
maximum ISS formulation is obtained. Performing this for every ¢ € Ix, we obtain an operator
[': Rf — R defined by

(fl(s), . ,fn(s)>T , (2.76)

where the functions T; : R? — R, are given by [';(s) := max{%;(s1), ..., in(sn)} fori € Iy and
fi(s) = max{y1(s1),...,%Vin(sn)} for i € I, Here, the 7;;’s are given by (2.75), whereas the
7i;’s are the original gains.

As it turns out, the permutation is not really necessary and it is sufficient to peel off the summands one
after the other. We will now show that given a gain operator I with a mixed or pure sum formulation,
which satisfies the small gain condition D o I' # id, it is always possible to switch to a maximum
formulation, which also satisfies the corresponding small gain condition I' # id. In the following
statement p; is to be understood as defined just after (2.74).

Proposition 2.3.17. Consider a gain operator I of the form (2.38). Then the following two statements
are equivalent:

(i) the small gain condition (2.45) is satisfied,

(ii) for each i € Iy there exist 0, ..., N (p;+1) € Koo, Such that the corresponding small gain
operator 1 satisfies the small gain condition (2.41).

Remark 2.3.18. We note that in the case that a system of the form (2.1) satisfies the mixed 1SS
condition (2.45) with operator I, then the construction in (2.73) shows that the ISS condition is also
satisfied in the maximum sense with the operator I. On the other hand, the construction in the proof
does not guarantee that, if the ISS condition is satisfied with gains from the operator T, ie. in the
maximum formulation, then it will also be satisfied for the original I the in mixed formulation. To the
best of our knowledge, there is no sharp estimations, analogous to weak triangle inequality (2.43),
that allow to majorize maximizations by summations and to obtain equivalence between small gain
conditions corresponding to mixed and summation cases.

Proof. “=": We will show the statement under the condition that I" is irreducible. In the reducible
case we may assume that I' is in upper block triangular form (2.70). In each of the diagonal blocks
we can perform the transformation described below and the gains in the off-diagonal blocks are of no
importance for the small gain condition.

In the irreducible case we may apply Corollary 2.3.16 to obtain a continuous map o : [0,00) — R,
where o; € K, for every component function of ¢ and so that

Dol'oo(r)<o(r), forall 7>0. (2.77)

Define the homeomorphism 7" : R — R, T : s+ (01(s1),...,04(5,)). Then T"'oDol'oT #id
and we have by (2.77) fore = Y " | ¢;, that

T(re)=0(t) >Doloo(t)=Dol oT(re),
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2.3. Gains

so that forall 7 > 0
T 'oDoT oT(re) < Te.

(2.78)

We will show that 7-!oT oT(re) < Te foran appropriate choice of the functions 7;;. By the converse
direction of Corollary 2.3.16 this shows that 7~ o I" o T' ¢ id and hence I"  id as desired.
Consider now a row corresponding to ¢ € Iy, and let ji, ..., j,, be the indices for which 7;; # 0. For

this row (2.78) implies

o(id+a)o (Z%J o;(r ><7“, Vr >0,

J,J 70

or equivalently

(id+«)o (Z%Joa]oa )oai(r)<0,~(r), Vr >0.

Yk

This shows that

(id+ ) o (Z%joojoa 1><id, on (0, 00).

J:J#i

Note that this implies that (id — D) Vij © 05 © ai’l) € Ko because a € Koo

choose 4;; > v 00; 0 al._l,j = J1,...,Jp, in such a manner that
Pi
id—) 4y €Kw.

Now, define forl =1, ..., p;

N = (ld — Z ’%g,,) o ’A}/Z»;ll < ’Coo .

p,p<l

It is straightforward to check that

(ld + nzl <1d Z PY@];,) © ’A)/i;ll )

p,p<l

p,p<l p,p<l

With y;; := (id +n;;") o ... o (id + 77[(1171)) o (id + ;) it follows that

Xit ©Yij 00y 00, = (id+mn;') 0. o(id+nL,) o (id+ ) 0y 005 007

= Yij, ©%ij 005,00, < id.

This shows that it is possible to choose 7;;,7 € I, such that all the entries in 7~

than the identity. This shows the assertion.
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Chapter 2. Stability of interconnected hybrid systems

“«<": To show the converse direction let the small gain condition (2.41) be satisfied for the operator
I. Consideri € Is..

We consider the following two cases for the permutation 7 used in (2.75). Define

q := min{7(0), 7(p; + 1)}. In the first case {7 (0), 7(p; + 1)} = {pi,p: + 1}, ie, 7(l) < ¢,V €
{1,...,p;}. Alternatively, the second case is 3l € {1,...,p;} : 7(l) > ¢q. We define o; € K, by

Lm(l)>

1
Mg © > %ij(Z%'j> ;o if3je{l... p}im(j) > q,
q J

o = (2.82)

-1
Miq—1 © Vi,jw—l(qfl) ° (Z 72]) ; lfVJ € {17 s api}7 W(]) <q.
J

Consider the ith row of D o I' and the case 3j € {1,...,p;} : 7(j) > ¢. (Note that for no [ €
{1,...,p;} we have w(l) = ¢q).

(i[d+ai)od vy = vy +aod vy
J J J

—1
= Z Vij + 771’7;1 © Z Vi, © <Z %j) © Z Vij
J J J

1Lr(D)>q (2.83)
= Yvitng o X Vi
J Lm(l)>q .
= > g td+mng)o > v
Lr(l)<q Lr(l)>q

Applying the weak triangle inequality (2.43) first to the rightmost sum in the last line of (2.83) and
then to the remaining sum, we obtain

Z vij, + (id + T]Zq Z Vi < Z Vi, + max{(id + 9;g-1) © Viz-1(4-1);

lLr(l)<q l,m(l)>q lm(l)<qg—1
(i +nga) o (d+ 1) o max {(id+7;0,,) ©
77.(- q
O(ld + 772_77}(1)_1) o (ld + nm(l)) © ’yijl}} <...
< mlaX{Xm(l) vt (2.84)

The last expression is the defining equation for I';(s1, . . ., s,) = ZoX {Xir@ ©7i5(s5,)}. Thus, from

(2.83), (2.84) we obtain I'; > (D o T'),.
Consider now the case VI € {1,...,p;}, m(I) < ¢. A similar approach shows that I'; > (D o I'),.
Following the same steps as in the first case we obtain

(id + o) Z Yij = Z Yig + Mig—1 0 Vi 10y

- Z Vig T (1d + 15 g-1) 071y w=1(g-1)

lr(l)<q—1
< Z Vi, + max{(id + 7; 4_2) © Vidy-10q2)" (2.85)
lr(l)<q—2
(id + 772'_,(11—2) o (id + 1i(g-1)) © %}J’fl(q_l)}
< ... < mlaX{Xm(l) ° Yiji } -
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Again from (2.85), fz > (DoTl),.
Taking @« = mina; € K itholdsthatI' > Do I'. Thusif I' 2 id, then Do I 2 id. [

2.4 Stability conditions

Now, we are going to use the small gain condition (2.45) to establish stability of an interconnection of
hybrid systems. In particular, applying Lemma 2.3.8 we obtain that under the condition (2.45) ISS of
a system of the form (2.5) follows. Furthermore, in Theorem 2.4.13 we illustrate a construction of an
ISS-Lyapunov function of a system of the form (2.5) under the condition (2.45). Finally, we establish
ISS of particular subclasses of hybrid systems under the mixed small gain condition.

2.4.1 Small gain theorems in terms of trajectories

To prove the stability results we follow similar steps as in the case of continuous systems [54], [126].
We first show that an interconnection of hybrid systems has the AG-property and is pre-GS using the
result of Lemma 2.3.8. The following small gain theorems extend the results of [96], [126] and [54]
to the case of an arbitrary number of interconnected hybrid subsystems.

Theorem 2.4.1. Assume that all subsystems in (2.1) are pre-GS and a gain matrix is given by I' =
(Y4 )nxn With ;5 as in (2.15) and (2.16). If there exists a function o € Ko, such that I satisfies (2.45),
then the system (2.5) is pre-GS.

Proof. Let us take the supremum on both sides of (2.16) and (2.15) over (7,1) < (¢, k). Fori € Iy
we have
lesnllry < 02’ + 32 A lesen o) +Aillul ). (2.86)
337

and for ¢ € I, it follows

i ey < (12D, mas s ) i el ) 2.87)
_ T
where (7,1) := (T,lgIelggr{nmi(T7 [). Let us denote w := (H%(t,k)ﬂ(ﬁ), ) H(fi)) ,

pa (o1 (1)), 1 (llull - 7))
v o= 5 = u(o(l2°)), 4(llull =)
pin (0 (|2°]), A ([l 2 7))

where we use notations g and p; defined in (2.51), and denote o := (o, ..., 0,)%, % == (31, ..., %) L.

From (2.86), (2.87) we obtain w < p(I'(w), v). Then, by Lemma 2.3.8 there exists a function ¢ € K,
such that
[Nzremll gy - NTnemll i p) "]

Ao (12”1, A(llull ¢z )] (2.88)
A | *

=< z
< o2lo(l2DD) + eI lull - 5)1)

for all (¢, k) € domx. Hence, for every initial condition and essentially bounded input « the solution
of the system (2.5) exists and is bounded, since the right-hand side of (2.88) does not depend on ¢, k.
The estimate for pre-GS in terms of summations is then given by (2.88). 0
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Chapter 2. Stability of interconnected hybrid systems

As we check in Theorem 2.4.1 small gain condition (2.45) only, it seems that the theorem also holds
if all o; in (2.16) and (2.15) are given as summands or arguments of maximization with respect to the
rest of gains, i.e. in the case

n

it k) < aillf) + > Alsllem) + %llullp), ¥Vt k) € doma;,
J=1,j#i

1€ Iz, and
ot )1 < r(Ja21) + massomass 351 ), 3l ) 1 V(L ) € dom,

or
n

2t k)] < max{oi(22), S Al o) +illull )} Vit k) € doma,,
j=1,j#i

1 € Iy, and
|2i(t, k)| < max{o,(|a} )»%%%(H%H(t,k)),’%(HUH(t,k))}aV(ta k) € dom z;,

However, in this case we cannot apply Lemma 2.3.8 to obtain GS-estimation (2.88), see Remark 2.3.9.
Thus this question is still open.

Lemma 2.4.2. Let s : R, — R} defined on the time domain dom s be continuous between the jumps
and bounded. Then

lim sup S(t, k‘) = 1t1II; sup ||3[(t/2,[k/2}), (r.5)] ||Oo
+k—o00

lim
(t,k)edom s, t+k—o0 THi—eo
Proof. The proof goes along the lines of the proof of a similar result for continuous systems in
Lemma 3.2 in [54], but instead of the time ¢ we consider the points (¢, k) of the time domain.

Let lim sup s(t, k) = a € R and limsup [|Sj¢/2,(k/2)), tim (rj)]llc =0 € R
(t,k)edom s, t+k—o0 t+k—o0 T oo
Note that we have

s(t, k) < lIserziwran,_tim @l

for all ¢, £ > 0. Thus we obtain that @ < b by taking lim sup on both sides.
It remains to show that a > b. For all € € R, € > 0 there exist T}, T;, > 0 such that

Vi+k>T,: sup; >, (4 k) <a+e, (2.89)

Vt+k>1Ty: SUD; 4 k>, H8[(t/2’[k/z])’TJ]i-goo(T’j)} | <b+e. (2.90)

If s(f,j) < a+eforalli+j > t+k, then [|syz o). 1m (ryll < a+efori+j>2(t+k+1).
T+j—00

Thus we obtain a > b. ]

In the following small gain theorems we require additionally that all the subsystems have the same
jump set D; = D. According to (2.6), this additional condition implies that the subsystems can
jump only simultaneously. This means, in particular, that the gains v;; = 0 (resp. 7; = 0) for all
i€ {l...,n}. InRemark 2.4.7 and Example 2.4.8 we explain the necessity of this requirement.
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2.4. Stability conditions

Theorem 2.4.3. Assume that D; = D,7 = 1,...,n and that each subsystem of (2.1) has the AG
property and that solutions of the system (2.5) exist, are bounded and some of them are complete. Let
the gain matrix I' be given by I' = (7, )nxn With 7;; from (2.17) and (2.18). If there exists a function
a € Ko such that 1 satisfies (2.45), then system (2.5) satisfies the AG property.

If there is no complete solution of (2.5), then the system (2.5) is AG by definition.

Proof. Let (7,1) be an arbitrary initial point of the time domain. From the definition of the AG
property we have that any solution of (2.1) satisfies for 7 € Iy

fimsup [zt 0 < 3 Flasea, el +Flldl) @9
(t,k)edom z;,t+k—o00 jijti
and for ¢ € I, it follows
lmsup  [a;(t, k)] < max{maxTy (1200, wn eaylleo) T} 292)
(t,k)edom z;,t+k— o0 B THl—o0

Then, from Lemma 3.6 in [28] it follows for ¢ € I~ that

lim sup |z (t, k)| < Z%J hmsusz: (D), Jim z‘)]Hoo) + i(llull ) (2.93)
(t,k)edom z;,t+k—o0 i THl— F —»oo

and for i € I,y

lim sup |zi(t, k)| < max{mz;éx*yw(hmsup 12510, 1im opllee), Yilllullog) - (2.94)

(tvk)edom .Z’i,t-‘rk—)OO T+l—00 F+l—oo

Since all solutions of (2.1) are bounded and continuous between the jumps, the following holds by
Lemma 2.4.2:

hmsup |xz(t k)| - hmsup(”I Tl) hm Tl)]HOO) li(xl)
(t,k)edom z;, T4+l—00 —00
t+k—o0

By this property from (2.93) for ¢ € I5- it follows

< > Ful(ag) + Filllull)

J:JFi

and for ¢ € [, from (2.94) it follows
i) < max{max (1 (x;)), Yi(llull) -
Using Lemma 2.3.8 for I' = (3ij)nxn, w; := li(x;) and v; := 7;(||u]| ) we conclude

limsup  |z(t, k)] < o(|(Fa((lull)s- - Fnlllull )] (2.95)

(t,k)edom z,t+k— o0
for some ¢ of class K., which is the desired AG property. 0

Remark 2.4.4. Boundedness of solutions of (2.5) is essential, otherwise the assertion is not true, see
Example 14 in [54].
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Chapter 2. Stability of interconnected hybrid systems

The following theorem extends a result in [96]. In particular, in Theorem 1 in [96] it was shown that
an interconnection of two hybrid systems that are ISS in terms of maximizations is ISS under the
small gain condition (2.41). Here, we show that the same holds in terms of mixed formulation of ISS
under the small gain condition (2.45) for an arbitrary finite number of hybrid systems.

Theorem 2.4.5. Consider an interconnected system of the form (2.5). Assume that D; = D,i =
1,...,n and that the set { f (z,u) : u € U NeB} is convex for each x € X, € > 0. If all the subsystems
(2.1) are ISS and there exists a function o« € K, such that a corresponding gain matrix 1" satisfies
['oD(s) # s, Vs € R1\{0}, then the system (2.5) is ISS.

Proof. The proof follows the same steps as the proof of a similar theorem for continuous systems in
[54, Theorem 4.4].

By Remark 2.2.5 and Theorem 2.2.7, since each subsystem is ISS, they are pre-GS with gains 7;; <
7,; and have the AG property with gains 7;; < 7;; . By Theorem 2.4.1 the whole interconnection (2.5)
is pre-GS and thus all solutions are bounded.

Then Theorem 2.4.3 implies that the system (2.5) has the AG property. From global pre-stability of
(2.5) O-input pre-stability follows, see Remark 2.2.5.

ISS of (2.5) follows then by Theorem 2.2.7. ]

Remark 2.4.6. In comparison to Theorem 1 in [96], we require additionally the convexity of f(x,u)
in Theorem 2.4.5. This is due to the fact that we use in our proof that ISS is equivalent to O-input pre-
stability and the AG property. To the best of our knowledge this property holds under the convexity
assumption on f(z,u), see [28, Thereom 3.1].

Remark 2.4.7. If we drop the requirements D; = D in Theorem 2.4.3 and Theorem 2.4.5 the assertion
is not true, because otherwise it may happen for some (x,u) € C; that (z,u) ¢ C. According to our
definition of the interconnection (2.5) this allows for a situation that in one of the solutions one
subsystem undergoes infinitely many jumps and the subsystem i is "frozen". This implies that (3 never
tends to zero though k tends to infinity, see the following example.

Example 2.4.8. Consider an interconnection of two hybrid systems ¥ and Yo:

2 . 'jjl = —I _I_ %:132 = fl(x17aj2)7 (x17x2) S Cl - {(81782) S RZ LS5 2 ]-}7 (2 96)
! ' .Clji"_ = %1‘1 = gl($1,$2), (I’l,l’g) € D1 = {(Sl,Sg) < R2 .S S 1}, )

S, : Tg = —xg + %56’1 =: fox1,22), (w1,22) € Co = {(51,52) € R*: 59 > 1}, (2.97)
' xy = %xz =: go(w1,22), (21,22) € Dy = {(s51,82) € R? 1 5y < 1}. .

It can be easily shown that .1 and 3.5 have the AG-property with 15 = Vo1 = %id. Let us now
describe their interconnection Y. as in (2.5):

(&= (f1,f2)", 2e€C=C1NCy={(s1,52) €ER*: 51,50 > 1},

T
11 ) $1>17$2§17
312
¥ iz 2.98
= 21 1 <1,29>1 (2.98)
) b )
€2
Lo
(% 1>, 1 < 1,29 <1
\ _.IQ

The cycle condition (2.42) corresponding to the small gain condition (2.45) is satisfied: 12 © Vo1 =
%id < id. Now, if we take initial conditions x > 3 > 1, then the trajectories of x, and xo are at the

62



2.4. Stability conditions

0 05 y 15 2 25 3
time t

Figure 2.3: Trajectories of the subsystems >; and .

beginning continuous, see Figure 2.3 for 0 = 5, 23 = 3. At some time instant t*, the trajectory of x,
reaches Do, i.e. xo < 1 and subsystem Yo begins to jump infinitely many times according to (2.98),
ie, xf (t*,1) = a1 (t*,0) and x5 = (t*,1) = a3 (t*,1—1) for | > 1. Thus, with the number of jumps
[ tending to infinity, the trajectory of xs stays in Dy and tends to zero, and trajectory of x, stays in
C and is constant. Thus, the overall trajectory x = (x1,12)" does not have the AG property. Note,
however, that it is pre-GS.

Now, according to Theorem 2.4.5, to establish input-to-state stability of the logistics network de-
scribed as in (1.55) we need first to verify whether all logistics locations are ISS and to find their ISS
estimates (2.13)-(2.14). Then, if their cooperation structure given by the matrix ' satisfies the mixed
small gain condition I' 0 D(s) 2 s, Vs € R} \{0}, then the logistics network is ISS.

From the practical point of view, it is easier to find first an ISS-Lyapunov function for the individual
location. To establish ISS of the whole network in this case one needs a similar small gain theorem in
terms of ISS-Lyapunov function. In the following section we prove such a theorem.

2.4.2 Construction of ISS-Lyapunov functions for interconnected hybrid sys-
tems

In this section we show how an ISS-Lyapunov function for an interconnected system of the form (2.5)

can be constructed using the small gain condition (2.45). This allows to apply Proposition 2.2.12 to

deduce ISS of (2.5).

First, we recall some known auxiliary results. The following lemma shows a property of the Clarke’s
gradient in the case of maximization.

Lemma 2.4.9. Let q; be Lipschitz in some neighbourhood of x, and q(x) = max ¢i(x). Then

q is Lipschitz in this neighbourhood, with Oq(x) C conv {Uiel(x) 8qi(:v)}, where I(z) = {i €
{1,2...,n} : q;(x) = q(z)}.
For the proof see [34, p.83] and references therein.

Lemma 2.4.10. [The chain rule] Let ()1 : X — R"™ be Lipschitz near x, ()3 : R" — R be Lipschitz
near QQ1(x). Then the function () := Q)2 o Q)1 is Lipschitz near x, and the following holds:

9Q(x) C conv{d (w, Q1(x)) (x) - w € 9Qa(Qu (7))}
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Chapter 2. Stability of interconnected hybrid systems

where conu signifies the closed convex hull.

For the proof see [34, Thegrem 2.5].
Now, consider the matrix I" obtained from the matrix I" by adding external gains ~; as the last column
and let the map I : RTI — R be defined by:

T(s,7) :={T1(s,7),...,Tn(s,7)} (2.99)

fors € R? andr € R, where T; : R — R, is given by Ti(s,7) := 71 (s1) ++ - - +Yin(s0) +7%(r)
for i € Iy, and by T;(s,7) 1= max{;1(s1), .-, Yin(5n),vi(r)} fori € Is.

The following theorem establishes ISS of an interconnected hybrid system of the form (2.5) under the
existence of an )-path with respect to I" and shows a construction of an ISS-Lyapunov function.

Theorem 2.4.11. Consider a system of the form (2.5) that is an interconnection of subsystems (2.1).
Assume that D; = D1 = 1,...,n and that each subsystem i of (2.1) has an ISS-Lyapunov function
Vi with corresponding ISS-Lyapunov gains v;;,7vi, 1,7 = 1,...,nas in (2.33)-(2.36). Let T be defined
as in (2.99). Assume that there exists an ()-path o with respect to I" and a function ¢ € K, such that

T(o(r),o(r) <o(r), ¥r>0. (2.100)
Then the system (2.5) is ISS and an ISS-Lyapunov function is given by

V(z) = max o; ' (Vi(z;)). (2.101)

Proof. We apply the properties of an (2-path to show that the function V' constructed in (2.101) satis-
fies (2.20)-(2.22).
Without loss of generality, the gains ;; can be assumed to be smooth on R, see Lemma 2.3.13.

20y Ly

suitable positive constants Ly, Lo that depend on the the norm | - |. For example if | - | denotes the
maximum norm, then one can take L; = L, = 1. By this choice the condition (2.20) is satisfied.
Define the gain of the whole system by

Y(Jul) = max{é™ (3 (|ul)) }- (2.102)
Consider any x # 0, since the case x = 0 is obvious. Define by

I={ic{l,...,n}:V(x) =0 (Vi(z;)) > max o (V;(z;))} (2.103)

JJFi
the set of indices ¢ for whiAch the maxAimum in (2.101) is attained.
Note that x; # 0 fori € I. Fix i € I. If V/(z) > 7(|ul), then by (2.102) it holds ¢(V (z)) > 7;(|ul)
and from (2.100), (2.103) we have for i € I,
Vilz:) = 0i(V(2)) 2 max{maxy;(o;(V(2))), o(V ()}
> max{max y;(V;(z;)), v(Jul)}

and for 7 € ]Z
Vi(z;) = 03(V(x))

v

5% sV ) + 9V @)
> 7 (Vi () + 7 ul).

JriFi

v
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To show (2.21) assume (x,u) € C. As V is obtained through maximization (2.101), by Lemma 2.4.9
we have that

0V (z) C conv 4 | JO[o; ' o Vio P(x) o, (2.104)
icl
where P;(x) = x;. Thus, we can use the properties of o; and V; to estimate ((, f(x,u)), ¢ € OV. In
particular, by the chain rule for Lipschitz continuous functions in Lemma 2.4.10, we have
(o

i

o Vi) (i) C{cGiie € 9o (y), y=Vi(x:), G € OVi(w:)}, (2.105)
where c is bounded away from zero due to (2.68). Applying (2.34) we obtain for all (; € OV (z;) that
(G filw, u)) < —ai(Vi(w:). (2.106)

To get an estimate on the right-hand side of (2.106) independent on i, define for p > 0, &;(p) :=
cpicvi(p) > 0, where the constant ¢, ; := K3 with K corresponding to the set /X' := {x; € x; : p/2 <
|z;| < 2p} given by (2.68). And define &(r) := IIllIl{OéZ( (x| |z) =7 V(z) = o, (Vi(z:))} > 0
for r > 0. Thus, using (2.105), (2.106) for all ¢ € d[o; " o Vj](x;) we obtain

(¢ filz, u)) < —a(|z]). (2.107)

The same argument can be applied for all i € . Note that z; # 0 for i € I. Let us now return to C S
OV (z). From (2.104) for any ¢ € 0V (x) we have that = ) 0,¢;(; for suitable §; > 0, =1,

iel
and with ¢; € d(V; o P;)(x) and ¢; € do; ' (Vi(x;)). Using (2.107) and that ¢; > 0 due to (2.68), it
follows that

ZGI

(G flew)) = Y 6 le, fla,u)) =) 6 (ePAG), filw, )

ZEI zGI
< =) dia(lz)) < —a(lz]) < —do vy o V(x).
icl

Thus condition (2.21) is satisfied with o := & o ¥, .
To show (2.22) assume that (z,u) € D now. Define

At) = max{o; ' o \;jo0y(t)} (2.108)

for all t > 0. Note that o} ' o \; 0 0(t) < 0; ' 0 0;(t) =t forall t > 0as \;(t) < t. Thus A(t) < ¢ for
all ¢ > 0. Let us show that such \ satisfies (2.22). The condition (2.36) for an ISS-Lyapunov function
of subsystem ¢ implies for (z,u) € D;

V(g(z,u)) = maxo; " oVi(gi(w,u)) <maxo; " o Xi(Vi(x:))

= maxo; ‘o) oo; 00, (Vi(x;) = Xomaxa; ' (Vi(z;)) = AV (z)).

K3 K3

(2.109)

Thus (2.22) is also satisfied and hence V' is an ISS-Lyapunov function of the interconnected system
(2.5). O]

In the following theorem we show how for an irreducible I" and a corresponding 2-path a function
¢ € K can be constructed such that condition (2.100) is satisfied and thus the system is ISS.
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Chapter 2. Stability of interconnected hybrid systems

Theorem 2.4.12. Assume that D; = D,1 = 1,...,n and that each subsystem of (2.1) has an ISS-
Lyapunov function V; and the corresponding gain matrix is given by (2.99). If I is irreducible and
if there exists & € Ko, as in (2.44) such that T o D(s) # s forall s # 0,s > 0 is satisfied, then
the whole system (2.5) is ISS and an ISS-Lyapunov function is given by V (z) = _max o (Vi(xy)),

,,,,,

where o € K is an arbitrary Q)-path with respect to D o I'.

Proof. Recall that by Lemma 2.3.7 from I' o D % id it follows D o I'  id. Furthermore, from the
irreducibility of I" it follows the irreducibility of D o I'. Then by (ii) of Theorem 2.3.11 there exists
an ()-path o. From the structure of D it follows that

o; > (ld‘f‘Oé)OFz(O'), 1€ Iy,
o; > Fi(O'), 1 € Lnax.

The irreducibility of I ensures that (o) is unbounded in all components. Let ¢ € K, be such that
for all » > 0 the inequality

ol (o(r))) = max ~(6(r) (.10
holds for 7 € Iy, and
Li(o(r)) > max. ~i(p(r)) (2.111)

for i € I,.,. Note that such ¢ always exists and can be chosen as follows. For any v; € K we choose
Y; € Ko such that 7; > ;. Then ¢ can be taken as

1 ~—1
6(r) i= 5 min{ min_ 37T (), _min_ 3 (Cu(o(r)}.
Note that ¢ is a IC, function since the minimum over C, functions is again of class K... Then, using
(2.110), we have for all » > 0,7 € Iy, that

oi(r) > DioTi(a(r)) =Ti(a(r)) + a(li(o(r)))

> Li(o(r)) +7(o(r)) = Li(a(r), ¢(r))
and, using (2.111), forall » > 0,7 € I«

0i(r) > DioTy(a(r)) = Ti(o(r)) = max{Ty(a(r)), %(é(r))} = Ti(a(r), d(r)).
Thus o(r) > T'(a(r), ¢(r)) and the assertion follows from Theorem 2.4.11. O

The irreducibility assumption on I' means, in particular, that the graph representing the interconnec-
tion structure of the whole system is strongly connected. To treat the reducible case we consider
an approach using the irreducible components of I'. Recall that if a matrix is reducible, it can be
transformed to an upper block triangular form via a permutation of the indices.

Theorem 2.4.13. Assume that D; = D,i = 1,...,n and that each subsystem of (2.1) has an ISS-
Lyapunov function V; and the corresponding gain matrix is given by (2.99). If there exists a function
a € Ky asin(2.44) suchthat T'oD(s) % sforall s # 0,s > 0 is satisfied, then the whole system (2.5)
is ISS. Moreover; there exist an Q-path o, a function ¢ € K, satisfying T(a(r), ¢(r)) < o(r),¥r >0
and an ISS-Lyapunov function for the whole system (2.5) is given by

V(z) = max o TL(Vi(xy)).

i=1,...,n
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Proof. Again, by Lemma 2.3.7 we have that D o I'(s) # s for all s # 0,s > 0 holds. After a
renumbering of the subsystems we can assume that I' is of the form (2.70). Let D be the corresponding
diagonal operator that contains id or id 4+ « on the diagonal depending on the new enumeration of the
subsystems. Let the state = be partitioned into z; € R% where d; is the size of the ith diagonal block
Ti,1=1,...,d. Consider the subsystems >J; of the whole system (2.5) with the states

(T T T \T

S (xqj+17 Lgj42s- - 7x¢1j+1) ’
where ¢; = 327 d;, with the convention that ¢; = 0. So the subsystems ¥; correspond exactly to the
strongly connected components of the interconnection graph. Note that each Y;;,7 = 1,...,d satis-

fies the small gain condition of the form Y;; o D; # id, where D; : R% — R% is the corresponding
part of D.

For each ¥; with the gain operator Y,;,7 = 1,...,d and external inputs z;,...,24, u, Theo-
rem 2.4.12 implies that there is an ISS Lyapunov function

Wi(z)= max &, " (Vi(x,)) (2.112)
i:q]'+1 ..... qj+1

for X;, where (Gg,41,...,0,,,)" is an arbitrary Q-path with respect to T;; o D;. We will show by

induction over the number of blocks that an ISS-Lyapunov function for the whole system (2.5) of the

form V(z) = max o; '(V;(x;)) exists, for an appropriate o.

For one irreducible block there is nothing to show. Assume that for the system corresponding to
the first [ — 1 blocks an ISS-Lyapunov function exists and is given by V;_; = max oy L(Vi(2:)).
i=1,...,q

Consider now the first [ blocks with the state (z;_1, z;), where z;_1 := (z1,. .., zl_l)T. Then we have
the implication for (z,u) € C

Vici(Zie1) = Y- Wi(z) +Ji—ru(Jul) - =
VZior € OViei(Zicr) = (Gers fim1(Zier, 2, w) < —ag-1(Viea(Z1-1))
and for (z,u) € D

Vier(zie1) 2 YenanWi(2) + Yieu(llul]) - =
Vici(gi—1(Zi—1, zi,u)) < Nt (Vie(2i-1)) s
where 7;_;,7-1,, are the corresponding gains, ﬁ,l, Ji—1, g1, Xl,l are the right hand side and

dissipation rate of the first [ — 1 blocks.
The gain matrix corresponding to the block [ has the form

= (0 Y1 Ve
b= ( 00 . )
For T; by [52, Lemma 6.1] there exists an Q-path ¢! = (5},5})7 € K% and ¢ € K, such that

Ty(c',¢) < &' holds. Applying Theorem 2.4.11, an ISS-Lyapunov function for the whole system
exists and is given by

Vi = max{(3}) " (Vi-1), (35) " (W)}

A simple inductive argument shows that the final Lyapunov function is of the form
V(z) = lirllaxd(al_l(l/lfl(zl)) with W defined in (2.112), where for [ = 1,...,d — 1 we have (setting

77777

Ul_l = (5‘11_1)_1 0---0 (55)_1 o (65_1)_1



Chapter 2. Stability of interconnected hybrid systems

and o4 = 53!, This completes the proof. 0

Remark 2.4.14. In the case D = () we obtain the results from [50],[52], [51] and [53] as particular

cases.

These theorems provide a constructive method to derive Lyapunov functions for interconnected hybrid
systems. In the following example we illustrate the construction of such Lyapunov functions.

Example 2.4.15. We consider three interconnected hybrid systems:

2 2

. o x3+2z2 x3+a3 .

Tr1 = —Zp+max 60918 * Sxgtd + up Sl fl(l’l,l’g,xg,ul),

. 296%—&-:01 :c§+5x3 .

Ty = —Ty-+1max 8x1+5  3w3+11 +ux = fQ(xla T2, T3, u?)a (2113)
2 2

. o ri+x1  T5+3T2 .

T3 = —T3+max 501430 dagtT +uz = f3(w1, 72,73, u3),

for (xq, w9, T3, U1, Uz, uz) T €C;=C= {(31, S2, 83, W1, Wa, w3)T ERY xU:slzé max{s,, 33}} and

xi" = ixl—f—% max{xg,xg} = gl<x1,ZL‘2,ZE3)7
Ty = %xz =1 ga(1, 22, 73), (2.114)
1';_ - %ZEg = 93<x1,$2,$3),

for (x1, T2, T3, w1, Us, uz)T€D;=D={ (51, 52, 53, w1, wa, w3)"ERY x V51 <2 max{sy, 53} }.
Consider functions V;(x;) = |z;|, i = 1,2, 3 as ISS-Lyapunov function candidates for the subsystems.
With i1 (|2;]) = $|2i| and Wi (|2;|) = 2|2 the condition (2.32) is satisfied.

Consider (x1, o, 13, Uy, us, u3)’ € C.

ey T2+ - 2r@ril)
Taking ~i,(r) = Br+4)(1—¢) Yis(r) = (4r 4+ 2)(1 — €)’ Tlr) = (8r +5)(1—€)’
2 (r + 5) or(r+1) 2r(r + 3)

r) = y31(r) = , r) = ,

2= 0 —a) Y T G st 2 T G - e)
2
= ——|ul, = , = , €1 € O,l), € (0,%),

wllul) = el ) = =l sallu) = sl e € (0.4), e € (0.4)
e3 € (0, 1) one can easily check that the condition (2.34) is satisfied with o;(|x;]) = €, 1 =1,...,3.
Consider now (1, s, T3, Uy, ug, u3)’ € D;.
With ~¢ = —7r 7 = ——
A = 3. And for any (x,u) € D it holds that
Valga (w122, 23)) = Vi (42 ) = da| = Na(Va(2)),
Valgs(wr, w2, 25)) = Va (h2s) = Hlos| = Aa(Va(as).
Thus each subsystem is ISS and V,, Vs, V3 are ISS-Lyapunov functions for the corresponding sub-
systems with [ = I,... To verify the stability of their interconnection we apply Theorem 2.4.13
with D = diag(id, id, id)" and Proposition 2.2.12. To this end define z7 = (x, 39, 23)7 € R3,

ul = (ur,uz,us3)?, f = (f1, f2, f3)5, 9 = (91,92, 93)". Then the whole system is of the form (2.5).
Denote 15 := max{",, v}, 113 := max{~$,;, v }. Then the gain matrix T is given by

lu

r, the condition (2.36) is satisfied for i = 1 with

0 72 73
I'= Yo 0 a3
Y31 32 O
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2.4. Stability conditions

Figure 2.4: Trajectory of the whole system Figure 2.5: Trajectory of the whole system
when the small gain condition is satisfied. when the small gain condition is not satisfied

It can be easily checked for all the gains that vy;; < id holds, hence
I'(s) <s (2.115)

forall s # 0. It follows then that the small gain condition Dol'(s) = I'(s) # s is satisfied. Moreover
it follows that o can be taken as o = (id, id, id)" for construction of an ISS-Lyapunov function of the
interconnection (2.113), (2.114) according to (2.101):

V(z) = max{Vi(x1), Va(xs), Va(x3)} = max{zy, o, x3}.

Thus, by Theorem 2.4.13 and Proposition 2.2.12 the interconnection is ISS. The trajectory of the whole
system corresponding to the initial condition x(0) = (9; 3; )T, input u(t) = (0.5(1+sint); |2cos(t+
2)|; cos® t)T is shown in Figure 2.4. We see that the trajectory approaches a bounded domain around
the origin. However due the disturbances given by u it never reaches the origin and even do not
approaches it arbitrary close.

The next example shows that if the small gain condition is not fulfilled, the system may possess an
unstable behaviour.

Example 2.4.16. Consider the interconnection of three hybrid systems with the same g, C and D as
in the previous example, but with slight changes of the coefficients of the first subsystem describing
continuous behaviour

. 7x§+2x2 2x§+3x3

T1=— 1 T MaX | 50T g (T W

. 2$%+:E1 z§+5a¢3

Ty= — Ty +Mmax { o=, 3y [ T Uz (2.116)

2 2
s ritw1 T5+3T2
T3= — T3 + max e R + us

(x,u) € C.
Using the same approach as in the previous example it can be checked that all subsystems are still
ISS in terms of maximizations, i.e. I = L.y The gains v (1), v, Vo3, Y31, V1, Vo, V3 are the same
2r(7r 4 2) . 2r(r +3)
» Vis(r) = ,
2r+1)(1—¢) (5r +4)(1 — €2)

as in the example before and the gains {y(r) =
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Chapter 2. Stability of interconnected hybrid systems

’712(7ﬂ) = maX{VfQ(r)v’YiiQ(T)}’ ’713(7ﬂ> = max{'ﬁ?,(r%’ﬁi{i(r)}’ €1 € (O’ 1)’ €2 € (07 111) €3 € (07 %)
Let us check the small gain condition I'(s) 7 s, s # 0. Note that unlike the previous example not all
7i;’s are less than identity, in particular for r > 0, y12(r) > r. Thus (2.115) does not hold for the first
component of the inequality and we cannot use this property to prove the small gain condition. But
we can use the fact that T'(s) % s is equivalent to the cycle condition (2.42). However, for r > 0

Ar(2r +1)(14r(2r + 1) +2(8r + 5)(1 — €2))
(8r+5)(1 —e)(4r(2r+ 1)+ (8r+5)(1 —€2))(1 — €1)

2241 + (224 + 128(1 — €))7 + (56 + 144(1 — €2))r* + 40(1 — €9)r
(6473 + (72 4+ 64(1 — €2))r2 + (20 + 40(1 — €2))r +25(1 — €3)) (1 — €1)(1 — €2)
> T

Vip0N2(r) =

Hence, the cycle condition is also violated and consequently the small gain condition is not satisfied.
Figure 2.5 shows the trajectory of this interconnection corresponding to the initial condition x(0) =
(9;3; )T, input u(t) = (0.5(1 + sint);|2cos(t + 2)|;cos*t)T. We see that the trajectory grows
unboundedly.

In the following sections we show an application of the small gain condition (2.45) for establishing
stability of certain subclasses of hybrid systems.

2.4.3 Systems with stability of only a part of the state

In some applications one is interested in stability of only a part of the state. For example, one can use
variables that describe time, counters or logical variables that never tend to zero and from a practical
point of view there is no need in their stability, see [110], [131]. For such systems the definition of
ISS and conditions (2.32) and (2.20) for ISS-Lyapunov functions have to be modified. Furthermore,
we can adapt small gain theorem to study ISS of interconnection of such systems.

Assume that the system (2.1) can be represented as follows:

S e
Z:fz($,$,uz)
st _ 8(8 (2117)
T = g w) (x,u) € D;
o =gl (s 2t uy) TN ’
withmexfCRNsTx EXZCRt :(:cl,...,n) € x* C RV, x* =i x ...T><Xfl,
=SONs ot = (2t DT et CRY Xt = xix. . xyh, Nt =S NE o = (257, 21T e

Yy C RN, v = x*xxt, N = N°+ N, u;, € U, CRM’,u: (wf, ..., ul)T € U c RM,

U=U x...xU,, M = > M, Here z; is the part of the state x;, in stability of which we are
interested. The interconnection of these subsystems can be represented as:

:I'jt :ft(xs,ut) , (zu)eC
J]S+ — gS(ZES,U) (l’ u) . D .
ot =gt (2t ) N

where f°, f!, g%, ¢, C and D are constructed analogous to (2.5).
We define ISS of such a system by a slight abuse of notation as in [28, 110]:
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2.4. Stability conditions

Definition 2.4.17. The system (2.118) is ISS, if there exist 3 of class KLL, v € Ko U {0} such that
for all initial values xq each solution pair (x,u) € S, (o) satisfies

’xs(ta k)| < maX{ﬂ(‘xS‘ata k)a 7(”“”(1&,]@)}7 v<t7 k) € domx. (2119)
In the definition of an ISS-Lyapunov function we modify (2.20) only.

Definition 2.4.18. A locally Lipschitz continuous function V : x—R is an ISS-Lyapunov function
for the system (2.118) if
1) There exist functions 11, s € K such that:

i(|2°]) < Vi(z) < o(|2®])  foranyz € x. (2.120)
2) Conditions (2.21) and (2.22) are satisfied.

Thus, this definition is focused on the state x® that has to be stable.

System of the form (2.118) allows to model and then to investigate logistics networks, where some
of the parameters are not stable. For example, one can model logistics networks with switching
production rates, where the switching is determined by a logical variable. In this case we are not
interested in stability of this variable, but rather in stability of the variables describing the "physical"”
states, that we denote by z;.

For such a definition of ISS there was shown a similar connection between an ISS-Lyapunov function
and ISS in [28].

Remark 2.4.19. From Proposition 2.7 in [28] it follows that if there exists an ISS-Lyapunov function
satisfying (2.120), (2.21) and (2.22), then the system (2.118) is ISS.

In case of (2.117) an ISS-Lyapunov function V; satisfies:
1) There exist functions ;1, ¥;2 € Ko such that:

Yir(|x5]) < Vi(w) < io(]af]). (2.121)

2) Conditions (2.33)-(2.36) are satisfied.
Now, if we assume that the system of the form (2.118) is an interconnection of n hybrid ISS subsys-
tems, then we can show the following small gain result.

Corollary 2.4.20. Consider a system of the form (2.118) that is an interconnection of subsystems
(2.117). Assume that D; = D,1 = 1,...,n and that each subsystem i of (2.117) has an ISS-Lyapunov
function V; that satisfy (2.121) and (2.33)-(2.36) with the corresponding 1SS-Lyapunov gains v;;, ;.
Let T be defined as in (2.99). If there exists a € K, as in (2.44) such that D o I'(s) % s for all
s # 0,s > 0 is satisfied, then the hybrid system (2.118) has an ISS-Lyapunov function satisfying
(2.120), (2.21) and (2.22). Furthermore, an ISS-Lyapunov function for the whole system of the form
(2.118) can be constructed as in (2.101).

Proof. The proof goes along the lines of the proof of Theorem 2.4.13 with
Ur(|2°]) = mingmy o7 (i (La]2®]) and ¢ (|2°]) := max—y 07 (ia(La|2°])) in case of the

maximum norm used. [
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Chapter 2. Stability of interconnected hybrid systems

2.4.4 Impulsive dynamical systems

Impulsive systems are such hybrid systems that jump only at given time instances and between these
time instances they change continuously. We consider an interconnection of n impulsive subsystems
with inputs

&
=
I
=
g
=
5

3
=
=

i(t)), t 7_£ big (2.122)

ri (t) = gi(z1(t), ... a(t), ui(t)), t =ti,
keN,i=1,... n, where z;(t) € R is the state of the ith subsystem; u;(t) € R is a locally
bounded, Lebesgue-measurable input and z;(t) € R, j # i can be interpreted as internal inputs
of the ith subsystem. Given a sequence {#;_} and a pair of times s, ¢ satisfying o < s < t, Ni(t, s)
denotes the number of impulsive times ¢;_ in the semi-open interval (s, t] of the ith subsystem.

We assume that functions f;, g; are from RM x ... x RV x RM: — RYi and f; are locally Lipschitz
continuous. All signals (x; and inputs u;, ¢ = 1,...,n) are assumed to be right-continuous and to
have left limits at all times.

Wedefine N := Ny+...+N,, M =M, +...+ My, z:=(zF,... 2D) u:=(ul,. .. u)T, f:=
(fL, ..., fI)T and the impulsive time sequence of the whole system {#;,} := {t\t =ti, ke N} ke
N.

It may happen that at an impulsive time ¢; there is a jump of the ith subsystem but not of the jth
subsystem, j € {1,...,n}, j # i, for example. This circumstance may lead to a conservative con-
dition for stability of the whole system, obtained from the exponential Lyapunov functions of the
subsystems. Therefore, we define I}, := {i[t, = ti%}, which is the set of impulsive times of the ith
subsystem and the whole system; I, := {i[t; # t; }, which is the set of impulsive times of the whole
system, but not of the ith subsystem; and we denote A/ (¢, s) as the number of impulsive times in the
semi-open interval (s, ¢] for the whole system.

Then we define g := (97, ...,92)T, where

~ N gi(xvui)v Z S £k7
9i(,us) = { ) =

With these definitions the interconnected system (2.122) can be described as a system of the form

#(t) = f(x(t), ut), t # by, k €N,

zt(t) = g(z(t), ut), t =tr, k € N. (2.123)

Impulsive systems allow to consider time scheduling problems in logistics networks, i.e. the arrange-
ment of the impulsive times to achieve certain performance aims. For example, one can look for the
delivery times for certain locations that guarantee stable behaviour of the network.

Remark 2.4.21. Note that we can describe a system of the form (2.123) as a hybrid system in the

general form (2.5) by adding the time variable T, the flow set C = {(x,T) : T # ty, k € N}, the jump
set D = {(z,7) : 7 = ty, k € N} and equations that describe the dynamics of T:

=1, (z,7)€C,

™t =7 (x,7)€D.
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2.4. Stability conditions

Stability notions
We use the following notion of ISS adapted to impulsive systems in [72] as follows:

Definition 2.4.22. Assume that a sequence {t;} is given. We call a system of the form (2.123) ISS, if
there exist functions 3 € KL, v € K, such that for every initial condition x(0) and every input u the
corresponding solution to (2.123) exists globally and satisfies

[2(t)] < max{3([x(0)], 1), v([ullog)}, ¥ =0. (2.124)

The impulsive system (2.123) is uniformly ISS over a given class S of admissible sequences of impul-
sive times, if (2.124) holds for every sequence in S with functions 3 and -y that are independent of the
choice of the sequence.

Here the supremum norm of an input « on the interval [0, ¢] is defined by

s€[0,4] t1.€[0,4]

|0, := max {ess sup |u(s)|, sup |u(tk)\} )

For subsystems ISS can be formulated as follows:

Assume that a sequence {Z;_} is given. The ith subsystem of (2.123) is ISS, if there exist 3; € KL,
Yij» Vi € Koo U {0} such that for every initial condition x;(0) and every input u; the corresponding
solution to (2.122) exists globally and satisfies for all ¢ > 0

2s(0)] < max{Bi(la(0)], ), max i (o). 3 o)} (2.125)
fori € I,.x, and
jz:(t)] < Billz:(0). 1) + > vis(lzillo.) + ilullpg) (2.126)
JiJ e

fori € Is-.

The implzlzlsive system (2.122) is uniformly ISS over a given class S of admissible sequences of im-
pulsive times, if (2.125), (2.125) hold for every sequence in S with functions 3; and ;, 7;; that are
independent of the choice of the sequence.

For the stability analysis of impulsive systems we use exponential Lyapunov functions, see [72]. Here,
we assume that these functions are locally Lipschitz continuous.

Definition 2.4.23. We say that a function V : RN — R is an exponential ISS-Lyapunov function for
(2.123) with rate coefficients c,d € R if V is locally Lipschitz, positive definite, radially unbounded,
and the following holds:

V(z) > v(|ul) = VV(x) - f(z,u) < —cV(z) for almost all x, all u, (2.127)
V() > y(Ju]) = V(g(z,u) < eV (z) forall z,u, (2.128)

where v is some function from K.

Condition (2.127) states, that if ¢ is positive then the function V' decreases. On the other hand, if
¢ < 0 then the function V' can increase. Condition (2.128) states, that if d is positive, then the jump
(impulse) decreases the magnitude of V. On the other hand, if d < 0, then the jump (impulse) can
increase the magnitude of V.

Without loss of generality we use the same function 7 in (2.127) and (2.128). Choosing 7. € K, in
(2.127) and 4 € K in (2.128) and taking the maximum of these two functions, we get .
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Chapter 2. Stability of interconnected hybrid systems

Remark 2.4.24. Note that in [72] the conditions (2.127) and (2.128) are in dissipative form. By
Proposition 2.6 in [28] the conditions in dissipative form are equivalent to the conditions in implica-
tion form, used in Definition 2.4.23, but the coefficients c, d may be different.

In [72] the following theorem was proved, which establishes stability of a single impulsive system.

Theorem 2.4.25. Let V' be an exponential ISS-Lyapunov function for (2.123) with rate coefficients
¢, d € Rwith d # 0. For arbitrary constants p, A > 0, let S[u, \| denote the class of impulsive time
sequences {ty} satisfying

—dN(t,8) — (c = A\)(t —s) < p, YVt > 5> 0. (2.129)
Then the system (2.123) is uniformly ISS over S[u, .

The condition (2.129) is called average dwell-time conditon. If d = 0, then the jumps do not desta-
bilize the system and the whole system will be ISS, if the corresponding continuous dynamics is ISS.
This case was investigated in more detail in [72, Section 6], [153, Theorem 1].

Note that the condition (2.129) imposed on the intervals between the jumps guarantees stability of
the impulsive system even if the continuous or discontinuous behaviour is unstable. For example,
if the continuous behaviour is unstable, which means ¢ < 0, then this condition assumes that the
discontinuous behaviour has to stabilize the system (d > 0) and the jumps have to occur often enough.
Conversely, if the discontinuous behaviour is unstable (d < 0) and the continuous behaviour is stable
(¢ > 0), then the jumps have to occur rarely, which stabilizes the system.

Similarly, we define Lyapunov functions for subsystems:

Assume that for each subsystem of the interconnected system (2.122) there is a given function V; :
RY: — R,, which is continuous, proper, positive definite and locally Lipschitz continuous on
RM\{0}. Fori = 1, ..., n the function V; is called an exponential ISS-Lyapunov function for the ith
subsystem of (2.122) with rate coefficients c;,d; € R, if

Vi(z;)> max{m‘ix%j(%(xj)), Yi(lwi]) }=VVi(x;)- filz, u;) < — ¢;V;(x;) for almost all z, all u; and
DI7F

(2.130)

Vi) 2 maas{mas s (Vo) (D= Vi, ) Se Vi) for all @.131)
DI7

fori € I,.x, and

JJF
Vi(z;) > Z Yi; (Vi (@) + il lwi]) = Vi(gi(z,w;)) < e Vi(z;) for all x, u;, (2.133)
JJF

for i € I5~, where 5, ; are some functions from K .

Small gain theorems

In this section we show how an exponential ISS-Lyapunov function for an interconnected impul-
sive system can be constructed under the small gain condition (2.45) and the dwell-time condition
(2.129). Note that not for all interconnections with nonlinear gains 7;; one can construct the expo-
nential Lyapunov function for the whole system, even if the small-gain condition is satisfied. Thus
we will consider the case with linear gains +;;. By slight abuse of notation we denote v;;(r) = ~;;r,
where v;; > 0 and r > 0. Furthermore, as in Section 2.4.1 we assume that all subsystems jump
simultaneously, i.e. I, = {1...,n}, I; = 0.
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Theorem 2.4.26. Consider system (2.123) with I, = {1...,n}, I, = (. Assume that each subsystem
of (2.122) has an exponential 1SS-Lyapunov function V; with corresponding linear ISS-Lyapunov
gains v;; and rate coefficients c;, d;, d; # 0. Define ¢ = miin ¢ and d = miin d;. For arbitrary
constants j1, A > 0, let S|, A| denote the class of impulsive time sequences {ty} of the whole system.
If the following holds

i) S[p, A] satisfies the condition (2.129),

ii) I' = (7ij)nxn satisfies the small gain condition (2.45),

then the impulsive system (2.123) is uniformly ISS over S|, \|] and the exponential ISS-Lyapunov
function is given by

V() = max{LVi(z;)}. (2.134)

where s = (s1,...,5,)" is a linear Q-path with T'(s) < s.

Proof. From Theorem 2.3.11 there exists a linear (2-path (vector) s € R™, s > 0, with I'(s) < s, see
also proof of [52, Theorem 5.2]. Let us define V() := max;{LV;(z;)} and show that this function
is an exponential ISS-Lyapunov function for the system (2.123).

Define 7(r) := max; =7;(r), r > 0.

Consider = # 0, as the case © = 0 is obvious. Define I := {i € {1,...,n} : V() >

maxji .- V; (1)}
Note that z; # 0 fori € I. Fix i € I. Assume V' (z) > 7(|u|). Then

Vi(w;) = sV (z) > max{%gg%jsjv(l')aSﬂ(!u\)} > max{%%%jv}(%)’%(\UD},

and for i € Iy

V( = S; V > ZV@]SJ + 81’7 |U| > Z/VZJSJ ](:EJ) +’%(|u|)

j=1

Then from (2.130), (2.132) we obtain for almost all x
Viz)= S—IZVV;(xZ) iz, u;) < —siicﬂ/;(mi) = —¢V(x).

By the definition of ¢ := min; ¢; the function V' satisfies (2.127).
As d := min; d;, it holds

V(g(x, u)):mjax{sij‘/}(gj(ml, e T, u)) < rnjax{sije_djvj(azj)}ge_d mjax{sijl/}(xj)}:e_d‘/(x),

i.e., V satisfies condition (2.128).

All conditions of Definition 2.4.23 are satisfied and thus V' is the exponential ISS-Lyapunov function
of the system (2.123). By assumption i) there exist x, A > 0 such that —dN (¢, s) — c(t — s) <
uw— At —s), Vt > s > 0. Thus, applying Theorem 2.4.25 the overall system is uniformly ISS over
Sy A O

Remark 2.4.27. Note that in the case of nonlinear gains y;;, if the small-gain condition holds, then
we can construct non-exponential Lyapunov functions for the whole system as in Section 2.4.2. In
this case the results from [72] cannot be applied and one has to develop more general conditions that
guarantee ISS of the system.
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2.4.5 Comparison systems

Consider an interconnected system of the form (2.5). Assume that D; = D,7 = 1,...,n and that the
set {f(z,u) : u € UNeB} is convex for each x € x, e > 0. Assume also that all the subsystems (2.1)
are ISS.

Consider the following interconnected discrete subsystems:

sil+1) =31(s1(0) + ... + Yin(sn (D) + vi (1) (2.135)

fori € Iy~ and
si(l+ 1) = max{v;1(s1(0)), ..., Vin(sn(D), v:() } (2.136)

fori € Imax, where s; € R, v; € W; C R, v;; € K are from (2.13), (2.14), | € R,..
Their interconnection can be written as:

s(l4+1) = w(T(s(l)),u(l)), (2.137)

where 4. is defined in (2.51), I' is taken from (2.38) and v(I) € R’;.
Using the definition of ISS for discrete systems in [84] we can formulate ISS of the system of the
form (2.137) as follows:

Definition 2.4.28. The system (2.137) is ISS from v to s if and only if 33 € KL, v € K4 such that
for every s(0) € R, {v(l)}72, C R%, and every > 0

st 11 < g (30D, DA s D)) .13
For I.x = I and Is> = I it was shown in [128] that (2.137) is ISS if and only if (2.41) resp. (2.40)
hold. Thus, ISS of the hybrid system (2.5) can be established from ISS of the corresponding discrete
system (2.137). This property can be extended to the case of Iy, Iy # 0.

First, we need to combine Theorem 5.10 from [128] and Proposition 2.3.17 in [126] to adapt them to
the case of the mixed gains.

Theorem 2.4.29. Let I be defined as in (2.38) and (2.39). Assume that there exists o € K, such that
for D defined as in (2.44) the operator D o T satisfies (2.45). Then there exists D defined as in (2.44)
with @ € Koo, and 0 : Ry — R%, 0 : K2, such that T' o D(o(r)) < o(r) for all v > 0. Moreover, o
can be chosen to be piecewise linear on (0, 00).

Proof. The proof follows the same steps as the proofs of Theorem 5.10 in [128] for components
i € Iy~ of o and of Proposition 2.3.17 in [126] for ¢ € I,a using Lemma 2.3.4. L]

Now, we can show ISS of the systems of the form (2.137) under the small gain condition (2.45).
Theorem 2.4.30. System (2.137) is ISS from v to s if and only if (2.45) holds.

Proof. The proof follows exactly the same steps as the proof of Theorem IV.1 in [128].

"=": If (2.137) is ISS, then the origin is globally attractive with respect to autonomous dynamics.
From Proposition 4.1 in [127] it follows that I'(s) s for all s # 0. By assumption there exists
7 € K« such that for any s(0) € R and any input signal v we have

limsup|s(1)]1 < v(Jvh), (2.139)

l—o0
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2.4. Stability conditions

where the equivalence of norms on R™ was used. Define D as in (2.44) with a(r) := QL ryekK
Fix 7 > 0 and consider the set S, = {s € R} : |s|; = > s; = r}. By construction, for s € S, w
have Z

D(s) < s+ vy, (2.140)
where

TES % ), Z:EIZ’
" Oa (S Imax-

Observe that |v,|; < 377!(r), or equivalently, 7 > v(2|v,]) > ~v(|v,|1). Now (2.139) implies that
[(s+wv,) 2 s, forall s € S,. (2.141)

To prove this, assume the opposite. Then there exists s* € S, such that ['(s* 4+ v,.) > s*. Consider the
trajectory ¢ of the dynamical system w({+ 1) = I'(w(l) +v(l)) with initial value w(0) = s* and input
v(l) = v,. Assuming w(0) > s* we show inductively for [ > 0 that w(l + 1) = I'(w(l) + v(l)) >
['(s* 4+ v,.) > s*. Since |s*|; = r > v(|v.|1) we have a contradiction to (2.139). Thus (2.141) holds.
Consider again an arbitrary s € S,. By (2.141) there exists an index ¢ € {1,...,n} such that
s; > ([(s+v,)); > (I o D(s));, where the inequality (2.140) was used. This implies

['oD(s) # s, forall s € S,.
Since r > 0 was chosen arbitrary and U,~,5, = R} \ {0}, the claim follows.

"¢":
From Theorem 2.4.29 there exist 0; € K, and @ € K such that with o (r) = (o1(r),...,0,(r))T, r €
[0,00), and D as in (2.44) with corresponding &

DoT(o(r)) < o(r), forall r > 0. (2.142)
By Lemma 2.3.8 there exists K, function ¢ such that
w < p(l(w), v) = |w] < é(|v]). (2.143)

Let us show that bounded inputs yield bounded trajectories. To this end assume that v(l) < v € R}
for all [ > 0. For any such v and arbitrary s(0) € R’} by (2.142) there exists an 7 > 0 such that
o(r) > s(0) and p(o(r)) > v, where p : R} — R, p; := afori € Iy, p; :=id for i € Iyax. Now
assume that

s(l)y <Doo(r), Vi > 0.

This is obviously true for [ = 0. For [ + 1 we compute

s(l+1)

I
=
—

=
—~
»
—
o~
~—
~—
I~
—
o~
~—
~—

IA A

where (2.142) and Lemma 2.3.7 were used. Thus, by induction it follows that the trajectory s(-) is
bounded.
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Chapter 2. Stability of interconnected hybrid systems

Now, for a fixed initial condition s(0) and an input bounded by v(-) < v let

st = s*(s(0),v)

~ apel)

< sll;lg){s(o),u(F(S(l)%U(l))}
< max{s(0), u(I'(s*),v)}

< p(s(0),I(s%),0),

where (2.135) and (2.136) were used. By Lemma 2.3.8 we have |s*| < ¢(|u(s(0),v)]) < u(¢ o
m(]s(0)]), ¢ o m2(Jv])), where the weak triangle inequality (2.43) was used and 7;,; = (id + 7),
N := (id + 1~ ') with arbitrary n € K, n1; := id for i € Is~, 12 :=id for i € I;yax. Thus the GS
property of (2.137) is obtained.
For the AG property we obtain

= limsup s(1) = limsup u(T'(s(1)), v(1)) < w(T(s%), v).

l—0o0 l—0o0

By the weak triangle inequality (2.43) it follows that s* < ¢(|v|). This is the AG property. Then the
system (2.137) is ISS by Theorem 2 in [84], where AG is named K-asymptotic gain and GS is named
UBIBS. 0
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Chapter 3

Model reduction approach for large-scale
networks

Verification of the small gain condition I" o D(s) # s in (2.45) requires large amount of analytical
computations in the case of the large size of logistics network. This procedure can be facilitated by
reducing the size of the system (2.5), by applying a numerical method to verify (2.45) or applying a
method that reduces the size of the gain matrix I' used in condition (2.45).

Model reduction of linear large-scale systems is already a well-developed area. The most efficient
approaches are balancing and moment matching (Krylov subspace methods), see [4]. In balancing
methods state variables that are hard to control/observe are eliminated from the model. An approxi-
mation norm is usually given in terms of H .- or Hy-norms. In moment matching methods a function
that matches certain moment of the Laurent series expansion is being looked for. These methods are
computationally efficient in comparison with balancing methods, however provide no approximation
error bounds. Usually, one uses a combination of both methods where first the large size is reduced
by the moment matching methods and then the balancing method is applied.

On the contrary, the methods for the reduction of nonlinear systems are still in the development. As of
today, there exist many different approaches that provide first steps in the direction of the reduction of
nonlinear systems. However, these approaches are applied only to certain subclasses of nonlinear sys-
tems. The most known methods are an extension of the balancing and moment matching methods to
nonlinear systems, proper orthogonal decomposition, singular perturbations theory, trajectory piece-
wise linear approach, Volterra methods and the theory of global attractors. The balancing methods
[138], [93] are applied to input-affine continuous-time nonlinear systems, and the moment match-
ing to single-input single-output systems [10] and bilinear systems [24]. In the proper orthogonal
decomposition (POD) [75], [11], [76] the original system is projected onto a subspace of a smaller
dimension using the known set of data (snapshots). POD methods are usually applied to models de-
scribing physical systems. Singular perturbations theory [22], [90] is used for the systems, where
parameters evolve in different time scales ("slow" and "fast" parameters). This approach assumes
aggregation of the variables evolving in the fast time scale. The trajectory piecewise linear approach
[124] is mostly applied to input-affine systems. The system is linearized several times along a tra-
jectory and the final model is constructed as a weighted sum of all local linearized reduced systems.
In Volterra methods [121] the reduction is performed by taking into account the first several terms of
the Polynomial expansion of a nonlinear function. In the theory of global attractors [88] one searches
for a slow-manifold, inertial manifold or center manifold, on which a restricted dynamical system
represents the "interesting" behaviour of the dynamical system.

Note that, if these methods will be directly applied to a logistics network, then information about the
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Chapter 3. Model reduction approach for large-scale networks

real physical objects of logistics network and of its structure will be, in general, lost. Therefore, a
reduction method that preserves the main structure of the network is needed.

Structure preserving model reduction was studied in [139], [92], [129]. However, it is also applied
only for particular classes of systems.

Another possibility to decrease the number of analytical computations in verifying the small gain
condition (2.45) is an application of numerical methods. A first attempt to perform this was done in
[126] by adapting the algorithm of Eaves [57]. There is considered a local version of ISS.

On the other hand, to the best of our knowledge, there exist no approaches on the reduction of the
size of the gain matrix ' in the small gain condition (2.45). In this chapter we make the first attempt
in this direction. To this end, we consider the gain operator " used in the small gain condition as the
gain model of the network that describes the interconnection between the subsystems of the network.
This model consists of the subsystems and their relations, given by the gains -;; that are collected in
the gain matrix I'. By the model reduction we understand reduction of the gain model, i.e. transition
from the gain matrix I" of size n to the matrix I" of size [ < n.

To obtain the matrix I' we propose to aggregate the subsystems and the gains ;; between the sub-
systems that belong to certain interconnection patterns. Aggregation of these patterns keeps the main
structure of the mutual influences between the subsystems in the network, i.e. between locations of
the logistics network. Thus the properties of the aggregated and the original models should be simi-
lar. This prompts us that ISS of the large-scale logistics network can be established by checking the
aggregated small gain condition corresponding to the gain matrix I'.

In this chapter we introduce three aggregation rules for the reduction of the gain model. These rules
are based on three interconnection patterns: sequentially connected nodes, nodes connected in parallel
and almost disconnected subgraphs. We establish that fulfillment of the reduced small gain condition
implies ISS of the large network. Furthermore, we show how an ISS-Lyapunov function for the large
network can be constructed using (2-path corresponding to the reduced small gain condition.

3.1 Gain model

Consider an interconnected hybrid system of the form (2.5). Without loss of generality, assume, for
convenience, that all its subsystems are ISS in terms of maximizations with gains ~;; collected in the
gain matrix [', i.e. I = I,,,. Note that we can always pass from the summation formulation to the
maximization one applying Proposition 2.3.17. Then, to establish ISS of the interconnection we can
use Theorem 2.4.5, i.e. we need to verify the small gain condition (2.41):

I'(s) # s,Vs € R\ {0},

with
max{y12(82), - -, Vin(sn)}
['(s) := : . (3.1)
max{¥n1(s1), -, Ynn-1(5n-1)}
Recall also that by Lemma 2.3.1 the small gain condition (2.41) is equivalent to the cycle condition
(2.42):
Virka © Vhoks © *** © Vhy_1k, < 1d,

for all (ki,...,k.) € {1,...,n}" with k; = k,. The largest possible number of cycles to be checked in

this condition can be calculated as ;' _, (Z) k!, where (Z) is the binomial coefficient.
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3.2. Aggregation rules

To reduce the size of the gain matrix in the small gain condition (2.41) we model the structure of the
logistics network described in (2.5) as a directed graph with weights G = (V, E,I'). The vertex set

V = {1,...,n} corresponds to the subsystems of the network, the edge set F to the interconnection
between subsystems, i.e.
_ 17 if 7ij ?_é 07
i = { 0, otherwise. (3.2)

The weight of the edge e;; from vertex 7 to j is given by ~y;; and describes the influence of subsystem
1 on subsystem j. All the weights are collected in the gain matrix I'. Note that the matrix I" is not
static, i.e. the weights are in general nonlinear functions. Such model we call gain model of the
interconnected system (2.5).

3.2 Aggregation rules

In our model reduction approach we propose to reduce the size of the gain matrix I' in the small
gain condition (2.41). In particular, we transform the graph G = (V| E,T") by introducing aggre-
gation rules for vertices for typical subgraphs occurring in the network. Such subgraphs we will
call motifs [103]. By aggregation of the vertices we understand the construction of a smaller graph
G = (V, E,T") in which the vertices may represent nonempty subsets of vertices in the original graph
G = (V, E,T"). We single out the following motifs: parallel connections, sequential connections of
vertices and almost disconnected subgraphs. These reduction rules are inspired by the properties of
motifs in [2].

3.2.1 Aggregation of sequentially connected nodes

The vertices of the set V; = {vq,...,u;} are called sequentially connected, see Figure 3.1, if there
exist vertices v, v’ € V'\ V; such that

and

The predecessor set P and successor set S were defined in Section 1.1.3.

—_— e e —

Figure 3.1: Sequential connection of vertices vy, . .., ;.
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Chapter 3. Model reduction approach for large-scale networks

The corresponding gain matrix is given by

0 0 0 0
0 Yyw O 0 0 0
.. 0 0 Yooy --- 0 0 0 ...
=1 ... : : : : : S (3.3)
0 0 0 coo Yow, 0 0
0 e 0 Yo' vy
0 0 0 0
The cycle condition (2.42) for the cycles that include nodes from {vy, ..., v;} looks as follows:
e O Yy Ot O Vg © Yoy - - < 1d. (3.4
Aggregation of gains
To obtain a graph of a smaller size we aggregate the nodes vy, . . ., v; with the node v. We denote the

new vertex by J. A cut-out of the new reduced graph is shown in Figure 3.2. So, we consider the
reduced graph G = (V| E,T"), where the vertices are given by

V=V\(Vyu{oh))uJ (3.5)
and the edges are given by

E =E \ ({(Ua w)a (wa U/)a (w17w2) FWw,wy, we € VJ} U (U’ U/))
U {(J,v")U (u,J): (u,v) € E}. (3.6)
The corresponding weighted adjacency matrix I of the dimension n— [ can be obtained from I, where

the rows and columns corresponding to the vertices v, vy, . . ., v; are replaced by a row and a column
corresponding to the new vertex .J. The weights are then given by

;?v’,J = maX{%/,w O 0 Yug,v1 © VYuy,v9 711’,1)}’ (37)
%J,v/ = %M)'? 5/:]7]‘ = ")/ij, :}//j”] = ’}/jJ, j € V \ (VJ U {U, U/}). (38)
O——@
—_—
Figure 3.2: Vertices vy, ..., v, v are aggregated.

Other gains stay the same, i.e.
Yij = Yij> 4 J # J. (3.9)

The small gain condition (2.41) corresponding to the reduced gain matrix I" has the following prop-
erties.
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3.2. Aggregation rules

Theorem 3.2.1. Consider a gain matrix I as in (3.3). If condition (2.41) holds for the matrix T with
gains defined in (3.7)-(3.9), then it holds also for the matrix .

Assume that there were p cycles that include one of the nodes v; from Vy. If v, # 0, then the
number of cycles to be checked in the cycle condition (2.42) corresponding to the reduced matrix [ is
decreased by p after the aggregation, otherwise it stays the same.

Proof. Let condition (2.41) for the gains defined in (3.7)-(3.9) hold. Then the cycle condition (2.42)
corresponding to these gains holds. In particular, for the cycles containing the gain 7, ; the following
inequality holds:

S Oy go... <id (3.10)

From the definition of the gain 7,/ ; in (3.7) condition (3.4) holds. Condition (2.42) on other cycles
corresponding to I is satisfied straightforwardly. Thus, the matrix I" satisfies (2.41).

If v, ; = 0, then, as the cycle containing one of the nodes {vy,...,v;} contains necessarily all
other nodes from {vy, ..., v;}, the number of cycles to be checked in the cycle condition is the same.
Otherwise, these cycles will "coincide" with the cycles that include gain ~,s,. Thus, the overall
number of the cycles will decrease by p. [

Thus, to show that a system of the form (2.5) is ISS, it is enough to verify the small gain condition
['(s) # s corresponding to the reduced gain matrix I'.

Corollary 3.2.2. Consider interconnected system (2.5) and assume that the set { f(x,u) : u € UNeB}

is convex for each x € x,e > 0. Assume also that D; = D1 = 1,...,n and that all the subsystems
in (2.1) are ISS with gains as in (2.14). If condition (2.41) holds for the gains defined in (3.7)-(3.9),
then the system (2.5) is ISS.

Proof. The assertion follows from Theorem 3.2.1 and Theorem 2.4.5. 0

Construction of an (2-path

To construct an ISS-Lyapunov function of the interconnected system (2.5), we can apply Theo-
rem 2.4.11. However, for this purpose we need to have an (2-path ¢ satisfying (2.71), i.e.

I'(o) <o.

It appears, that if an 2-path corresponding to the reduced gain matrix T is known, we can calculate
an ()-path for the large gain matrix I'.

Proposition 3.2.3. Consider a gain matrix I and the corresponding reduced gain matrix T with
gains defined in (3.7)-(3.9). Let an Q)-path o for U satisfying (2.71) be given. Then an )-path & for
the matrix I' can be constructed as

—~ . Yvsvic1 © Vvi—1,vi—0 O"'O’ngﬂjl O’le,voai(h ifw:vi,i S {L"'?l}y (3 11)
' Ow, otherwise . '

Proof. We assume that an (2-path o for the small gain matrix [ is known. In particular, by (2.71)
['(¢) < & holds. Let us check whether Q-path & defined in (3.11) is an Q-path for the large gain
matrix I'. To this end we need to check (2.71) for &.
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Chapter 3. Model reduction approach for large-scale networks

For the components I'(7),, w & {v1,...,v, v} the inequality (2.71) holds straightforwardly. Con-
sider now I'(7 ), w = v;,0 € {1,...,1}. Applying (3.7)-(3.9) and (3.11) we obtain:

F(O)Uz = ,Y’U-L',’Uifl © 0-1)1-,1 = ,Y’Ui,’l)ifl © ,7’1)1'71,117;72 © O-'Ui72

= = Yoo OO Y0 00

= Oy
(o), = max{'yv’,l(51)7 ce a'Vv’,vl(a'vl): ce a'yv’,n(an)}
= max{Yy1(01), - Yo', © O Vo0 O 5{, oY n(T0)}
T 1051
= max{Yy1(01),- -, Y7 001, Yo' n(On)
< Oy = Oy
Thus I'(6) < & and & is an 2-path corresponding to the large gain matrix I [

The proposition above implies the following result concerning the construction of an ISS-Lyapunov
function.

Corollary 3.2.4. Consider a system of the form (2.5) that is interconnection of subsystems (2.1).
Assume that D; = D,i = 1,...,n and that each subsystem i of (2.1) has an ISS-Lyapunov function
Vi with the corresponding ISS-Lyapunov gains v;j,7i,t,] = 1,...,n as in (2.34), (2.36). Let T be
defined as in (2.99) with I .. = {1,...,n}. Assume that there exist an Q-path & with respect to r
defined by (3.7)-(3.9) and a function ¢ € K, given by (2.100). Then the system (2.5) is ISS and an
ISS-Lyapunov function is given by (2.101) with o from (3.11).

Proof. The assertion follows from Theorem 2.4.11 and Proposition 3.2.3. [

3.2.2 Aggregation of nodes connected in parallel

Parallel connections are characterized by the vertices having the same predecessor and successor sets
consisting of a single vertex. Let the vertices V; := {vy,..., v} C V be connected in parallel, i.e.
every vertex has only one ingoing and one outgoing edge and the ingoing edges originate from one
vertex v € V and also the outgoing edges end in solely one vertex v' € V, see Figure 3.3. To be

precise, V; ={i eV : P(i) =v,5(i1) = v'}.

Vv ,:J/ xy‘vz v
Yo'

’yvlﬂx
Figure 3.3: Parallel connection of vertices vy, . .., v;.
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3.2. Aggregation rules

The corresponding gain matrix is given by

0 0 0
0 0 0 Yuw O
0 0 ... 0 Yy 0 ...
0 Yo'y oo Ty .
o ... 0 0
The cycle condition (2.42) for the cycles that include nodes from {vy, ..., v;} looks as follows:
e O Yyl © Yoy © - . < 1d. (3.13)

Aggregation of gains

Based on this structure a possibility to attain a graph of a smaller size is to aggregate the vertices
connected in parallel to a single vertex and to leave the structure of the remaining graph as it is. We
denote the new vertex by J. A cut-out of the new reduced graph is shown in Figure 3.4.

@

Yo' J

@

Figure 3.4: Aggregation of vertices vy, ..., v, v.

So, we consider the reduced graph G = (17, E , f), where the vertices are given by
V=WV\Vyu{v))uJ (3.14)

and the edges are given by

E =FE\ ({(vw),(w,v") : w e V;} U (v,0)) U(LJ) U {(u,J) : (u,v) € E}. (3.15)

The corresponding weighted adjacency matrix I" of the dimension n—[ can be obtained from I, where
the rows and columns corresponding to the vertices v, vy, ..., v; are replaced by a row and column
corresponding to the new vertex .J. The weights are then given by

:Y/v’,J = maX{fyv’,vl O Yorws -+ Yo © VYo, f}/v’,v}a (316)

Viw = Yow's  Vdg = Yoge Vi =Yg JE€VN(VyU{v,0'}). (3.17)

Other gains stay the same, 1.e.
Yij = Yijr 1, J # J- (3.18)

The small gain condition (2.41) corresponding to the reduced gain matrix I" has the following prop-
erties.
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Chapter 3. Model reduction approach for large-scale networks

Theorem 3.2.5. Consider a gain matrix I as in (3.12). If condition (2.41) holds for the matrix T with
gains defined in (3.16)-(3.18), then it holds also for the matrix I'.

Furthermore, if there were p cycles that include node v;, then the number of cycles to be checked in
the cycle condition (2.42) corresponding to the reduced matrix [ is decreased by p(l — 1 = 0y ),
where 0y, =1, if Vi # 0 and 6, , := 0 otherwise.

Proof. Let condition (2.41) for the gains defined in (3.16)-(3.18) hold. Then the cycle condition (2.42)
for these gains holds. In particular, for the cycles containing the gain 7,/ ; the following inequality
holds:

c Oy go... <id (3.19)

From the definition of the gain 7,/ ; in (3.16), condition (3.13) holds. Condition (2.42) on the other
cycles is satisfied straightforwardly. Thus I satisfies (2.41).

If there were p cycles that include node v; in the large graph, then the number of the cycles that include
anode from {vy,..., v} isp- L. If v, # 0, then the number of cycles with nodes {v;, ..., v} and
gain vy, ,, is p- (I +1). After the aggregation of the gains these cycles will "coincide", thus the number
of the cycles to be checked in the small gain condition (2.41) is decreased by p(Il — 1 — 0,/ ). ]

Again, to show that a system of the form (2.5) is ISS, it is enough to verify the small gain condition
corresponding to the reduced gain matrix.

Corollary 3.2.6. Consider interconnected system (2.5) and assume that the set { f (x,u) : u € UNeB}
is convex for each x € x,e > 0. Assume also that D; = D,i = 1,...,n and that all subsystems in
(2.1) are ISS with gains as in (2.14). If condition (2.41) holds for the gains defined in (3.16)-(3.18),
then the system (2.5) is ISS.

Proof. The assertion follows from Theorem 3.2.5 and Theorem 2.4.5. 0

Construction of an (2-path

Again we can calculate an (2-path for a large gain matrix having an {2-path corresponding for the
reduced one.

Proposition 3.2.7. Consider a gain matrix I and the corresponding reduced gain matrix T with gains
defined in (3.16)-(3.18). Let an Q-path ¢ for I satisfying (2.71) be given. Then an )-path & for the
matrix I can be constructed as

Gy = { Yww 0y Hfw € {vr, o ul, (3.20)
0w, otherwise .

Proof. We assume that an (2-path ¢ for the small gain matrix ¢ is known. In particular, by (2.71)

['(c) < o holds. Let us check whether an (2-path & defined in (3.20) is an (2-path for the large matrix

I'. To this end we need to check (2.71).

For the components I'(7).,,, w & {vy,...,v;,v'} the inequality (2.71) holds straightforwardly. Con-
sider now I'( ), w € {v1,...,v}. Applying (3.16)-(3.18) and (3.20) we obtain:

[(@)w = Y © Ty = Oy
[(@)y = max{y1(01), %0 (Fo)s s Vo0 (Tu)s - -+ Yorn(@n) }
= max{7y,1(01),... Yo n Oy w00, - - - ,%/’vlo%lmo'&{, ey Yorn(on)}
V1,051
= max{Yy1(01); -, Y7007, .., Vo' n(On)
< Gy =5y
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3.2. Aggregation rules

Thus I'(¢) < & and 7 is an {2-path corresponding to the large gain matrix I O

Corollary 3.2.8. Consider a system of the form (2.5) that is an interconnection of the subsystems
(2.1). Assume that D; = D,1 = 1,...,n and that each subsystem i of (2.1) has an ISS Lyapunov
function V; with corresponding ISS-Lyapunov gains v;;,7vi, 1, = 1,...,n as in (2.34), (2.36). Let T
be defined as in (2.99) with I,.. = {1,...,n}. Assume that there exists an Q-path & with respect to
r defined by (3.16)-(3.18) and a function ¢ € K, given by (2.100). Then the system (2.5) is ISS and
an ISS-Lyapunov function is given by (2.101) with o from (3.20).

Proof. The assertion follows from Theorem 2.4.11 and Proposition 3.2.7. [

3.2.3 Aggregation of almost disconnected subgraphs

A further structure in the network, that suggests itself to a reduction is given by subgraphs which
are connected to the remainder of the network through just a single vertex. So, we consider a set of
vertices V; = {vy,...,v;} and a distinguished vertex v* € V' \ V; such that any path from v;,i =
1,...,l to the remainder of the vertices in V' \ V;, and any path from V \ V; to V; necessarily
passes through the vertex v*. If we assume that the whole graph is strongly connected, this implies in
particular, that the subgraph induced by V; U {v*} is by itself strongly connected.

In Figure 3.5 an example graph is shown, where the vertices V; = {vq,..., v} are connected with
the rest of the graph only through the vertex v*.

\ /
\ /
N ’

N

e
e
=0

Figure 3.5: The subgraph consisting of the vertices V; = {vy, vo, v3} is almost disconnected from the
graph.

The cycles in (2.42) that include nodes only from {vy, ..., v;, v*} look as follows:
Vei,ka © Vhoks © " © Vip_y kb < ida (321)

forall (kq,..., k) € {v1, ..., v, v*}" with ky = k,..

Aggregation of gains

To reduce the network size we aggregate the vertices of the subgraph V; with vertex v* and do not
change the remainder of the graph. We denote the new vertex by J. For the example in Figure 3.5 the
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Chapter 3. Model reduction approach for large-scale networks

reduced graph is shown in Figure 3.6. So we consider the reduced graph G = (f/, E, fl), where the
vertices are given by

V=WV\(Vyu{v})uJ (3.22)
and the edges are given by
E=E \ {(wr, wy), (V7 w1), (wi,v") s wy, wy € Vi)
U{(J,u): ueV, @, u) € E}
U{(u,J): ueV, (uv*)e E}. (3.23)

‘&?j)/\o
O“o/
Figure 3.6: Subgraph V; and node v* are merged to vertex .J.
The corresponding weighted adjacency matrix I' of the dimension n — [ + 1 can be obtained from

I', where the rows and columns corresponding to the vertices vy, ..., v; are replaced by a row and
column corresponding to new vertex J. The weights are then given by

Ny 1= e 3.24
Viw o kr)e{vrl{l.%,}zfl,v*}*,kl:kr{%l’b O Vhyks © O Vhy_1 ki b (3.24)
Vo g = id. (3.25)
Other gains stay the same, i.e.
Yij = Vi 1 J # . (3.26)

Theorem 3.2.9. Consider a gain matrix . If condition (2.41) holds for the gain matrix T with gains
defined in (3.24)-(3.26), then it holds also for the matrix I'.

If there were p cycles that include nodes only from V; U {v*}, then the number of cycles to be checked
in the cycle condition (2.42) corresponding to the reduced matrix T is decreased by p — 1.

Proof. Let condition (2.41) for the gains defined in (3.24)-(3.26) hold. Then the cycle condition (2.42)
for these gains holds. In particular, for the cycles containing 7,+ s, 7.7, the following inequality holds:

%v*,J © :YJJ,U* <id. (327)

From the definition of the gains 7, and 7,~ ; in (3.24) and (3.25), condition (2.41) for the large
matrix [" holds. Conditions on the other cycles in (2.42) are satisfied straightforwardly.

As instead of p cycles with nodes only from V; U {v*} we consider only one cycle 7,+ j 0 7.,+, the
number of cycles corresponding to the small gain matrix I is decreased by p — 1. 0

Corollary 3.2.10. Consider interconnected system (2.5) and assume that the set {f(z,u) : u €
UnN EE} is convex for each x € x,e > 0. Assume also that D; = D,i = 1,...,n and that all
subsystems in (2.1) are ISS with gains as in (2.14). If condition (2.41) holds for the gains defined in
(3.24)-(3.26), then the system (2.5) is ISS.

Proof. The assertion follows from Theorem 3.2.9 and Theorem 2.4.5. [
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3.2. Aggregation rules

Construction of an ()-path

Again, we can calculate an (2-path for a large gain matrix having an (2-path corresponding for a
reduced one.

Proposition 3.2.11. Consider a gain matrix I and the corresponding reduced gain matrix T with
gains defined in (3.24)-(3.26). Let an Q-path o for I satisfying (2.71) be given. Then there exists an
Q-path & for the matrix T

Proof. Using definitions of the gains 7, ; and 7;,~ in (3.24)-(3.26) we obtain that all the cycles of
the large network satisfy the cycle condition (2.42). Thus, we can construct an {2-path for a large
system using Proposition 2.3.14. U

Corollary 3.2.12. Consider a system of the form (2.5) that is an interconnection of the subsystems
(2.1). Assume that D; = D,i = 1,...,n and that each subsystem i of (2.1) has an ISS-Lyapunov
function V; with the corresponding ISS-Lyapunov gains v;;, Vi, 1,7 = 1,...,nas in (2.34), (2.36). Let
T be defined as in (2.99) with L., = {1,...,n}. Assume that there exists Q-path & with respect to r
defined by (3.24)-(3.26) and a function ¢ € K, given by (2.100). Then the system (2.5) is ISS and an
ISS-Lyapunov function is given by (2.101).

Proof. The assertion follows from Theorem 2.4.11 and Proposition 3.2.11. [

3.2.4 Notes on application of the aggregation rules

The aggregation rules described in the previous subsections preserve the main structure of a logistics
network. Furthermore, in the case that there exist several motifs in one network, these rules can be
applied step-by-step to reduce the size of the gain matrix I'. The sequence of the application of these
rules may be arbitrary or depend on some additional information about the network topology. For
example, this sequence may depend on information about the most influential nodes of the network,
see [144, Algorithm 1].

We restrict us on the maximum formulation of ISS. However, this reduction approach can be extended
to more general formulations by applying, for example, Proposition 2.3.17.

The "quality" of the reduction is evaluated by the verifying, whether fulfillment of the small gain
condition corresponding to the reduced gain matrix implies fulfillment of the small gain condition
corresponding to the original gain matrix, and by comparing the number of cycles to be checked in
the corresponding small gain conditions.
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Chapter 4

Conclusion and outlook

Conclusion

The existing approaches to model logistics networks vary in their capabilities to describe network
dynamics and in applicability to study network performance. In Chapter 1 we have reviewed eleven
different approaches to model dynamics of logistics networks with application to stability analysis.
Each approach possesses one of the four types of dynamics: discrete, continuous, stochastic or hybrid
one. Comparison of the characteristics of these approaches is provided in Table 1.1.

Interconnected hybrid system of the form (1.55) provides a flexibility in the modelling of logistics
networks due to its ability to model continuous and discrete processes occurring in the network. In
the framework of this model, the state of the network is denoted by the variable = and the external
inputs by the variable u. The continuous dynamics is described by the function f(z,u) and the
discrete one by the function g(z,u). The set C' determines when the state of the network changes
continuously and the set D when the state of the network changes discretely. Complexity of the
cooperation structure of logistics networks, perturbation of external inputs, nonlinearity of dynamics
can lead to instability of the behaviour of logistics networks. The notion of input-to-state stability
(ISS) allows to describe stability of dynamical systems with external inputs. Furthermore, there
exists already a well-established method to study ISS of interconnected systems with only continuous
or only discrete dynamics. This method is based on the so-called small gain condition that serves as
a sufficient condition for ISS of an interconnection.

In Chapter 2 we have extended application of this condition to hybrid systems. Furthermore, we have
extended this condition to the case when some of the subsystems are ISS in terms of the maximization
formulation and other in terms of summations. Such mixed formulation can lead to more sharp
stability conditions, see Examples 2.3.5 and 2.3.6. To guarantee ISS of interconnected hybrid system
we require in Theorem 2.4.5 ISS of all its subsystems and that the condition I o D 7 id holds, where
the gain matrix I' describes the interconnection structure of the system and the diagonal operator D
has id on the ith component of the diagonal if the ¢th system is ISS in terms of maximizations and
id + « if the ¢th system is ISS in terms of summations. As well as in continuous or discrete systems,
ISS-Lyapunov functions provide a useful tool to establish ISS of hybrid systems. By imposing the
same small gain condition I' o D » id we have provided in Theorem 2.4.13 a construction of the
ISS-Lyapunov function for the interconnection. This function is given by a scaling of ISS-Lyapunov
functions for subsystems. Furthermore, we have presented application of this small gain condition
to certain subclasses of hybrid systems: impulsive systems, comparison systems and systems with
stability of only a part of the state. These subclasses of hybrid systems allow to model specific types
of logistics networks.
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In order to verify the small gain condition in the case of the large size of a logistics network, we have
presented a method of the reduction of the size of the gain matrix I' in Chapter 3. In this method we
consider the interconnection structure of the network as a weighted graph where the nodes describe
the subsystems and the weights describe the gains between the subsystems. Reduction of the gain
matrix is performed by an aggregation of the gains of the gain matrix that correspond to certain
interconnection motifs of the graph: sequentially connected nodes, nodes connected in parallel and
almost disconnected subgraphs. We have established that ISS of a large-scale interconnected system
can be concluded by the verifying the small gain condition corresponding to the reduced matrix I,
see Corollaries 3.2.2, 3.2.6 and 3.2.10.

Outlook

Flexibility of interconnected hybrid systems in modelling of complex dynamical behaviour enables
further extension and investigation of the dynamics and performance of logistics networks like con-
sidering of random effects, modelling of different production and service policies by adjusting the
functions f, g and the sets C' and D, and like imposing of control problems. Furthermore, the ob-
tained stability results can be applied in other types of networks with hybrid dynamics like telecom-
munication, artificial neural or biological ones.

To stabilize a network with hybrid dynamics, methods for feedback control can be developed using
the small gain condition and by extending the results from continuous systems, e.g. [80].

A restriction in the application of an ISS-Lyapunov function mentioned in Remark 2.2.15 suggests the
development of more sharp Lyapunov-like functions and of stability conditions to be able to establish
stability of hybrid systems with unstable continuous or discrete dynamics. We suppose to start by
considering some subclasses of hybrid systems or particular types of stability.

The convexity assumption on the function f in Theorem 2.4.5 is needed to use the equivalence be-
tween the asymptotic gain property and O-input pre-stability in the proof of Theorem 2.4.5 from [28,
Theorem 3.1]. We suppose that in some cases we can omit this assumption. To get rid of this restric-
tion one needs either to revise the proof of Theorem 2.4.5 or to prove the equivalence between the
asymptotic gain property and O-input pre-stability without the convexity assumption. Furthermore,
we suggest that the requirement [J; = D in the small gain theorems, see Theorem 2.4.5 for example,
can be weakened for some particular cases of interconnections.

In Chapter 3 we have performed only initial steps in the development of a model reduction approach
for large-scale networks with nonlinear dynamics. The next steps could be: extension of the aggre-
gation rules to other types of motifs, introduction and estimation of the error measure that compares
the reduced and the original models, and the development of a numerical algorithm that performs this
reduction. Further improvement of the approach may be performed by the adapting of the ranking
technique used in [142], [143] and [144] to identify the most influential logistic locations.

92



Bibliography

[1] A.A. Ahundov. Observability of linear hybrid systems. Vesci Akad. Navuk BSSR Ser. Fiz.-Mat.
Navuk, 5(139):53-57, 1975.

[2] A. Altman and M. Tennenholtz. Ranking systems: the pagerank axioms. In Proceedings of the
6th ACM conference on Electronic commerce, Vancouver, BC, Canada, pages 1-8, 2005.

[3] D. Angeli and A. Astolfi. A tight small-gain theorem for not necessarily ISS systems. Systems
& Control Letters, 56(1):87-91, 2007.

[4] A. C. Antoulas. Approximation of large-scale dynamical systems, volume 6 of Advances in
Design and Control. Society for Industrial and Applied Mathematics (SIAM), Philadelphia,
PA, 2005.

[5] P. Antsaklis, J. Stiver, and M. Lemmon. Hybrid system modeling and autonomous control
systems. Hybrid Systems, 736:366-392, 1993. Lecture Notes in Computer Science, Springer-
Verlag, London, UK.

[6] D. Armbruster, P. Degond, and C. Ringhofer. A model for the dynamics of large queuing
networks and supply chains. SIAM Journal on Applied Mathematics, 66(3):896-920, 2006.

[7] D. Armbruster and E.S. Gel. Bucket brigades revisited: Are they always effective? European
Journal of Operational Research, 172(1):213-229, 2006.

[8] D. Armbruster, E.S. Gel, and J. Murakami. Bucket brigades with worker learning. European
Journal of Operations Research, 176(1):264-274, 2007.

[9] D. Armbruster, D. E. Marthaler, C. Ringhofer, K. Kempf, and T.-C. Jo. A continuum model
for a re-entrant factory. Operations Research, 54(5):933-950, 2006.

[10] A. Astolfi. Model reduction by moment matching for linear and nonlinear systems. [EEE
Transactions on Automatic Control, 55(10):2321 2336, 2010.

[11] P. Astrid. Reduction of process simulation models: a proper orthogonal decomposition ap-
proach. PhD thesis, Technische Universiteit Eindhoven, 2004.

[12] P. Athanasios and S. Unnikrishna Pillai. Probability, Random Variables, and Stochastic Pro-
cesses. Mcgraw-Hill Higher Education, 2002.

[13] J.-P. Aubin. Viability Theory. Birkhduser Boston, 1 edition, 1991.

[14] J. Bang-Jensen and G. Gutin. Digraphs: Theory, Algorithms and Applications. Springer Mono-
graphs in Mathematics, 2009.

93



Bibliography

[15] J.J. Bartholdi, D.D. Eisenstein, and R.D. Foley. Performance of bucket brigades when work is
stochastic. Operations Research, 49(5):710-719, 2001.

[16] J.J. Bartholdi III, L.A. Bunimovich, and D.D. Eisenstein. Dynamics of two- and three-worker
"bucket brigade" production lines. Operations Research, 47(3):488-491, 1999.

[17] B.M. Beamon. Supply chain design and analysis: Models and methods. International Journal
of Production Economics, 55(3):281 — 294, 1998.

[18] R.E. Bellman. Dynamic Programming. Dover Publications, Incorporated, 2003.

[19] A. Bemporad, F. Borrelli, and M. Morari. Min-max control of constrained uncertain discrete-
time linear systems. IEEE Transactions on Automatic Control, 48(9):1600-1606, 2003.

[20] A.Berman and R. J. Plemmons. Nonnegative matrices in the mathematical sciences. Academic
Press [Harcourt Brace Publishers], New York, 1979.

[21] D.P. Bischak. Performance of a manufacturing module with moving workers. IIE Transactions,
28(9):723-733, 1996.

[22] E. Biyik and M. Arcak. Area aggregation and time-scale modeling for sparse nonlinear net-
works. Systems & Control Letters, 57(2):142—-149, 2008.

[23] R.N. Boute, S.M. Disney, M.R. Lambrecht, and B. Van Houdt. An integrated production and
inventory model to dampen upstream demand variability in the supply chain. European Journal
of Operational Research, 178(1):121-142, 2007.

[24] T. Breiten and T. Damm. Krylov subspace methods for model order reduction of bilinear
control systems. Systems & Control Letters, 59(8):443 — 450, 2010.

[25] L. Bunimovich. Dynamical systems and operations research: a basic model. Discrete and
Continuous Dynamical Systems. Series B, 1(2):209-218, 2001.

[26] J.A. Buzacott and J. G. Shanthikumar. Stochastic Models Of Manufacturing Systems. Prentice
Hall, 1992.

[27] C. Cai and A.R. Teel. Results on input-to-state stability for hybrid systems. In Proceedings of
the 44th IEEE Conference on Decision and Control (CDC) and European Control Conference
(ECC), pages 5403-5408, Seville, Spain, December 2005.

[28] C. Cai and A.R. Teel. Characterizations of input-to-state stability for hybrid systems. Systems
& Control Letters, 58(1):47-53, 2009.

[29] M. Chaves. Input-to-state stability of rate-controlled biochemical networks. SIAM Journal on
Control and Optimization, 44(2):704-727, 2005.

[30] F. Chen, J.K. Ryan, and D. Simchi-Levi. The impact of exponential smoothing forecasts on
the bullwhip effect. Naval Research Logistics, 47(4):269-286, 2000.

[31] H. Chen and H. Zhang. Stability of multiclass queueing networks under FIFO service disci-
pline. Mathematics of Operations Research, 22(3):691-725, 1997.

94



Bibliography

[32] H. Chen and H. Zhang. Stability of multiclass queueing networks priority service disciplines.
Operations Research, 48(1):26-37, 2000.

[33] M. Christopher. Logistics and supply chain management: creating value-added networks.
Financial Times Prentice Hall, Harlow, England, 3rd edition, 2005.

[34] EH. Clarke, Yu.S. Ledyaev, R.J. Stern, and P.R. Wolenski. Nonsmooth analysis and control
theory, volume 178 of Graduate Texts in Mathematics. Springer-Verlag, New York, 1998.

[35] J. Cortés. Discontinuous dynamical systems: a tutorial on solutions, nonsmooth analysis, and
stability. IEEE Control Systems Magazine, 28(3):36-73, 2008.

[36] C.F. Daganzo. A Theory of Supply Chains, volume 526 of Lecture Notes in Economics and
Mathematical Systems. Springer-Verlag, Berlin, 2003.

[37] C.E. Daganzo. On the stability of supply chains. Operations Research, 52(6):909-921, 2004.

[38] J. Dai. On positive Harris recurrence of multiclass queueing networks: A unified approach via
fluid limit models. Annals of Applied Probability, 5(1):49-77, 1995.

[39] J. G. Dai and G. Weiss. Stability and Instability of Fluid Models for Reentrant Lines. Mathe-
matics of Operations Research, 21(1):115-134, 1996.

[40] C. D’Apice, R. Manzo, and B. Piccoli. Modelling supply networks with partial differential
equations. Quarterly of Applied Mathematics, 67(3):419-440, 2009.

[41] S. Dashkovskiy, M. Gorges, M. Kosmykov, A. Mironchenko, and L. Naujok. Modelling meth-
ods and stability analysis of autonomous controlled production networks. Logistics Research,
3(2):145-157, 2011.

[42] S. Dashkovskiy, M. Gorges, and L. Naujok. Local input-to-state stability of production net-
works. In Hans-Jorg Kreowski, Bernd Scholz-Reiter, and Klaus-Dieter Thoben, editors, Dy-
namics in Logistics, pages 79-89. Springer Berlin Heidelberg, 2011.

[43] S. Dashkovskiy, H.R. Karimi, and M. Kosmykov. A Lyapunov-Razumikhin approach for sta-
bility analysis of logistics networks with time-delays. 7o appear in International Journal of
Systems Science. DOI: 10.1080/00207721.2010.528179.

[44] S. Dashkovskiy, H.R. Karimi, M. Kosmykov, A. Mironchenko, and L. Naujok. Application
of the LISS Lyapunov-Krasovskii small-gain theorem to autonomously controlled production

networks with time-delays. In Proceedings of the Conference on Control and Fault-Tolerant
Systems (SysTol’10), pages 765-770, Nice, France, October 2010.

[45] S. Dashkovskiy and M. Kosmykov. Input-to-state stability of interconnected hybrid systems.
Submitted to Automatica. Preprint: http://arxiv.org/abs/1012.5528.

[46] S. Dashkovskiy and M. Kosmykov. Stability of networks of hybrid ISS systems. In Proceed-
ings of the Joint 48th IEEE Conference on Decision and Control and 28th Chinese Control
Conference (CDC/CCC 2009), pages 3870-3875, Shanghai, PR. China, December 2009.

[47] S. Dashkovskiy, M. Kosmykov, and L. Naujok. Stability of interconnected impulsive systems
with and without time-delays using Lyapunov methods. Submitted to Nonlinear Analysis:
Hybrid Systems. http://arxiv.org/abs/1011.2865.

95



Bibliography

[48] S. Dashkovskiy, M. Kosmykov, and L. Naujok. ISS of interconnected impulsive systems with
and without time-delays. In Proceedings of the 8th IFAC Symposium on Nonlinear Control
Systems (NOLCOS), pages 831-836, Bologna, Italy, September 2010.

[49] S. Dashkovskiy, M. Kosmykov, and F. Wirth. A small gain condition for interconnections
of ISS systems with mixed ISS characterizations. In Proceedings of the European Control
Conference (ECC’09), pages 1083—1088, Budapest, Hungary, August 2009.

[50] S. Dashkovskiy, M. Kosmykov, and F.R. Wirth. A small-gain condition for interconnections
of ISS systems with mixed ISS characterizations. IEEE Transactions on Automatic Control,
56(6):1247 —1258, 2011.

[51] S. Dashkovskiy, B. Riiffer, and F. Wirth. A Lyapunov ISS small gain theorem for strongly

connected networks. In Proceedings of the 7th IFAC Symposium on Nonlinear Control Systems
(NOLCOS), pages 283-288, Pretoria, South Africa, August 2007.

[52] S. Dashkovskiy, B. Riiffer, and F. Wirth. Small gain theorems for large scale systems and con-
struction of ISS Lyapunov functions. SIAM Journal on Control and Optimization, 48(6):4089—
4118, 2010.

[53] S. Dashkovskiy, B.S. Riiffer, and F.R. Wirth. An ISS Lyapunov function for networks of ISS
systems. In Proceedings of the 17th International Symposium on Mathematical Theory of
Networks and Systems (MTNS), pages 77-82, Kyoto, Japan, July 2006.

[54] S. Dashkovskiy, B.S. Riiffer, and ER. Wirth. An ISS small gain theorem for general networks.
Mathematics of Control, Signals, and Systems, 19(2):93—-122, 2007.

[55] J. Dong, D. Zhang, and A. Nagurney. A supply chain network equilibrium model with random
demands. European Journal of Operational Research, 156(1):194 — 212, 2004.

[56] A. Dumrongsiri, M. Fan, A. Jain, and K. Moinzadeh. A supply chain model with direct and
retail channels. European Journal of Operational Research, 187:691-718, 2008.

[57] B.C. Eaves. Homotopies for computation of fixed points. Mathematical Programming, 3:1-22,
1972.

[58] L.C. Evans. Partial Differential Equations, volume 19 of Graduate Studies in Mathematics.
American Mathematical Society, 1998.

[59] J. W. Forrester. Industrial Dynamics. MIT Press, 1961.

[60] R. Goebel, J. Hespanha, A.R. Teel, C. Cai, and R. Sanfelice. Hybrid systems: generalized
solutions and robust stability. In Proceedings of the 6th IFAC Symposium on Nonlinear Control
Systems (NOLCOS), Stuttgart, Germany, September 2004.

[61] R. Goebel, R. Sanfelice, and A.R. Teel. Invariance principles for switching systems via hybrid
systems techniques. Systems & Control Letters, 57(12):980-986, 2008.

[62] R. Goebel, R.G. Sanfelice, and A.R. Teel. Hybrid dynamical systems: robust stability and
control for systems that combine continuous-time and discrete-time dynamics. IEEE Control
Systems Magazine, 29(2):28-93, 2009.

96



Bibliography

[63] R. Goebel and A.R. Teel. Solutions to hybrid inclusions via set and graphical convergence with
stability theory applications. Automatica, 42(4):573-587, 2006.

[64] S. Gottlich, M. Herty, and A. Klar. Network models for supply chains. Communications in
Mathematical Sciences, 3(4):545-559, 2005.

[65] S. Gottlich, M. Herty, and A. Klar. Modelling and optimization of supply chains on complex
networks. Communications in Mathematical Sciences, 4(2):315-330, 2006.

[66] L. Griine. Asymptotic behavior of dynamical and control systems under perturbation and
discretization, volume 1783 of Lecture Notes in Mathematics. Springer-Verlag, Berlin, 2002.

[67] W.M. Haddad, V.S. Chellaboina, and S.G. Nersesov. Impulsive and hybrid dynamical systems.
Princeton Series in Applied Mathematics. Princeton University Press, Princeton, NJ, 2006.

[68] F. Harary. Graph Theory. Addison-Wesley, Reading, 1969.

[69] D. Helbing and S. Lammer. Supply and production networks: From the bullwhip effect to
business cycles. Networks of Interacting Machines: Production Organization in Complex In-
dustrial Systems and Biological Cells, pages 33—66, 2005. World Scientific, Singapore.

[70] D. Helbing, S. Lammer, T. Seidel, P. Seba, and T. Platkowski. Physics, stability and dynamics
of supply networks. Physical Review E, 70:066116.1-066116.6, 2004.

[71] M. Herty, A. Klar, and B. Piccoli. Existence of solutions for supply chain models based on
partial differential equations. SIAM Journal on Mathematical Analysis, 39(1):160-173, 2007.

[72] J.P. Hespanha, D. Liberzon, and A.R. Teel. Lyapunov conditions for input-to-state stability of
impulsive systems. Automatica, 44(11):2735-2744, 2008.

[73] J.P. Hespanha and A.S. Morse. Stabilization of nonholonomic integrators via logic-based
switching. Automatica, 35(3):385-393, 1999.

[74] L.M. Hocking. Optimal Control: An Introduction to the Theory with Applications. Oxford
Applied Mathematics and Computing Science. Clarendon Press, 1991.

[75] P. Holmes, J.L. Lumley, and G. Berkooz. Turbulence, coherent structures, dynamical systems
and symmetry. Cambridge University Press, 1998.

[76] C. Homescu, L.R. Petzold, and R. Serban. Error estimation for reduced-order models of dy-
namical systems. SIAM Review, 49(2):277-299, 2007.

[77] J. Honerkamp. Stochastic Dynamical Systems. Wiley-VCH, Weinheim, 1993.

[78] G.Q.Huang, J.S.K. Lau, and K.L. Mak. The impacts of sharing production information on sup-
ply chain dynamics: a review of the literature. International Journal of Production Research,
41:1483-1517(35), 2003.

[79] H. Ito. A degree of flexibility in Lyapunov inequalities for establishing input-to-state stability
of interconnected systems. Automatica, 44(9):2340-2346, 2008.

97



Bibliography

[80] Z.-P. Jiang and M. Arcak. Robust global stabilization with ignored input dynamics: an
input-to-state stability (ISS) small-gain approach. IEEE Transactions on Automatic Control,
46(9):1411-1415, 2001.

[81] Z.-P. Jiang, LM.Y. Mareels, and Y. Wang. A Lyapunov formulation of the nonlinear small-gain
theorem for interconnected ISS systems. Automatica, 32(8):1211-1215, 1996.

[82] Z.-P. Jiang, A.R. Teel, and L. Praly. Small-gain theorem for ISS systems and applications.
Mathematics of Control, Signals and Systems, 7(2):95-120, 1994.

[83] Z.-P. Jiang and Y. Wang. A converse Lyapunov theorem for discrete-time systems with distur-
bances. Systems & Control Letters, 45(1):49-58, 2001.

[84] Z.-P. Jiang and Y. Wang. Input-to-state stability for discrete-time nonlinear systems. Automat-
ica, 37(6):857-869, 2001.

[85] Z.-P. Jiang and Y. Wang. A generalization of the nonlinear small-gain theorem for large-scale
complex systems. In Proceedings of the 2008 World Congress on Intelligent Control and
Automation (WCICA), pages 1188—1193, Chongqing, China, 2008.

[86] I. Karafyllis and Z.-P. Jiang. A vector small-gain theorem for general nonlinear control systems,
2009. http://arxiv.org/pdf/0904.0755.

[87] I. Karafyllis and Z.-P. Jiang. A vector small-gain theorem for general nonlinear control systems.
In Proceedings of the Joint 48th IEEE Conference on Decision and Control and 28th Chinese
Control Conference (CDC/CCC 2009), pages 7996-8001, Shanghai, P.R. China, December
2009.

[88] N. Kazantzis, C. Kravaris, and L. Syrou. A new model reduction method for nonlinear dynam-
ical systems. Nonlinear Dynamics, 59(1-2):183—-194, 2010.

[89] H.K. Khalil. Nonlinear systems. Prentice Hall, New York, 2002.

[90] P.V. Kokotovi¢, R.E. O’Malley, Jr., and P. Sannuti. Singular perturbations and order reduction
in control theory - an overview. Automatica, 12(2):123-132, 1976.

[91] D.S. Laila and D. Nesi¢. Discrete-time Lyapunov-based small-gain theorem for parameterized
interconnected ISS systems. [EEE Transactions on Automatic Control, 48(10):1783—-1788,
2003.

[92] S. Lall, P. Krysl, and J.E. Marsden. Structure-preserving model reduction for mechanical
systems. Physica D, 184(1-4):304-318, 2003. Complexity and nonlinearity in physical systems
(Tucson, AZ, 2001).

[93] S. Lall, J.E. Marsden, and S. Glavaski. A subspace approach to balanced truncation for model
reduction of nonlinear control systems. International Journal of Robust and Nonlinear Control,
12(6):519-535, 2002.

[94] M. Laumanns and E. Lefeber. Robust optimal control of material flows in demand-driven
supply networks. Physica A, 363:24-31, 2006.

98



Bibliography

[95] H.L. Lee, V. Padmanabhan, and S. Whang. Information distortion in a supply chain: The
bullwhip effect. Management Science, 43(4):546-558, 1997.

[96] D. Liberzon and D. Nesic. Stability analysis of hybrid systems via small-gain theorems.
Springer, 3927/2006:421-435, 2006.

[97] J. Lygeros, K.H. Johansson, S.N. Simi¢, J. Zhang, and S.S. Sastry. Dynamical properties of
hybrid automata. IEEE Transactions on Automatic Control, 48(1):2—17, 2003.

[98] M. La Marca. Control Of Continuum Models Of Production Systems. PhD thesis, Arizona
State University, 2008.

[99] V.M. Matrosov. Vector Lyapunov functions in the analysis of nonlinear interconnected systems.
Symposia Mathematica, V1(1):209-242, 1971. (INDAM, Rome, 1970), Academic Press, Lon-
don.

[100] M. Meixell and V. Gargeya. Global supply chain design: A literature review and critique.
Transportation Research Part E: Logistics and Transportation Review, 41(6):531-550, 2005.

[101] A.N. Michel. Recent trends in the stability analysis of hybrid dynamical systems. IEEE Trans.
Circuits Systems I Fund. Theory Appl., 46(1):120-134, 1999. Darlington memorial issue.

[102] A.N. Michel and B. Hu. Towards a stability theory of general hybrid dynamical systems.
Automatica, 35(3):371-384, 1999.

[103] R. Milo, S. Shen-Orr, S. Itzkovitz, N. Kashtan, D. Chklovskii, and U. Alon. Network motifs:
Simple building blocks of complex networks. Science, 298:824-827, 2002.

[104] H. Min and G. Zhou. Supply chain modeling: past, present and future. Computers & Industrial
Engineering, 43(1-2):231 — 249, 2002.

[105] T. Nagatani and D. Helbing. Stability analysis and stabilization strategies for linear supply
chains. Physica A, 335(3-4):644-660, 2004.

[106] A. Nagurney. "Supernetworks", Handbook of Optimization in Telecommunications. Springer
US, New York, 2003.

[107] A. Nagurney, J. Cruz, and D. Matsypura. Dynamics of global supply chain supernetworks.
Mathematical and Computer Modelling, 37(9-10):963 — 983, 2003.

[108] A. Nagurney, K. Ke, J. Cruz, K. Hancock, and F. Southworth. Dynamics of supply chains: a
multilevel (logistical, informational, financial) network perspective. Environment and Planning
B: Planning and Design, 29(6):795 — 818, 2002.

[109] A. Nagurney and D. Zhang. Projected Dynamical Systems and Variational Inequalities with
Applications. International Series in Operations Research & Management Science. Springer,
1995.

[110] D. Nesic and A.R. Teel. A Lyapunov-based small-gain theorem for hybrid ISS systems. In
Proceedings of the 47th IEEE Conference on Decision and Control, pages 3380-3385, Cancun,
Mexico, December 2008.

99



Bibliography

[111] D. Nesic, L. Zaccarian, and A.R. Teel. Stability properties of reset systems. Automatica,
44(8):2019-2026, 2008.

[112] G.F. Newell. A simplified theory of kinematic waves in highway traffic, part I: General theory.
Transportation Research Part B: Methodological, 27(4):281-287, 1993.

[113] S. Nikitin. Control of manufacturing systems with re-entrant lines. Mathematical Models &
Methods in Applied Sciences, 6(2):195-215, 1996.

[114] J.M. Ortega. Stability of difference equations and convergence of iterative processes. SIAM
Journal on Numerical Analysis, 10(2):268-282, 1973.

[115] Y. Ouyang. The effect of information sharing on supply chain stability and the bullwhip effect.
European Journal of Operational Research, 182(3):1107 — 1121, 2007.

[116] Y. Ouyang and C. Daganzo. Characterization of the bullwhip effect in linear, time-invariant
supply chains: Some formulae and tests. Management science, 52(10):1544-1556, 2006.

[117] Y. Ouyang and C. Daganzo. Counteracting the bullwhip effect with decentralized negotia-
tions and advance demand information. Physica A: Statistical Mechanics and its Applications,
363(1):14 — 23, 2006.

[118] Y. Ouyang and C. Daganzo. Robust tests for the bullwhip effect in supply chains with stochastic
dynamics. European Journal of Operational Research, 185(1):340-353, 2008.

[119] K. Peters. Hybrid systems modeling manufacturing and front dynamics. PhD thesis, Georg-
August-Universitit Gottingen, 2003.

[120] K. Peters, J. Worbs, U. Parlitz, and H.-P. Wiendahl. Nonlinear Dynamics of Production Pro-
cesses, chapter Manufacturing systems with restricted buffer sizes, pages 39-54. Wiley-VCH,
Weinheim, 2004.

[121] J.R. Phillips. Projection-based approaches for model reduction of weakly nonlinear, time-
varying systems. IEEE Transactions on Computer-Aided Design of Integrated Circuits and
Systems, 22(2):171 — 187, 2003.

[122] C. Prieur and A. Astolfi. Robust stabilization of chained systems via hybrid control. IEEE
Transactions on Automatic Control, 48(10):1768—-1772, 2003.

[123] T. Reis and T. Stykel. A survey on model reduction of coupled systems. In Model order
reduction: theory, research aspects and applications, volume 13 of Journal of Mathematics in
Industry, pages 133—155. Springer, Berlin, 2008.

[124] M. Rewienski and J. White. Model order reduction for nonlinear dynamical systems based
on trajectory piecewise-linear approximations. Linear Algebra and its Applications, 415(2-
3):426-454, 2006.

[125] R.T. Rockafellar and R. J.-B. Wets. Variational Analysis. Springer, 1998.

[126] B. S. Riiffer. Monotone Systems, Graphs and Stability of Large-Scale Interconnected Systems.
PhD Thesis, Universitidt Bremen, Germany, 2007.

100



Bibliography

[127] B. S. Riiffer. Monotone inequalities, dynamical systems, and paths in the positive orthant of
Euclidean n-space. Positivity, 14(2):257-283, 2010.

[128] B. S. Riiffer. Small-gain conditions and the comparison principle. [EEE Transactions on
Automatic Control, 55(7):1732-1736, 2010.

[129] B. Salimbahrami. Structure Preserving Order Reduction of Large Scale Second Order Models.
PhD thesis, Technischen Universitdt Miinchen, 2005.

[130] R. Sanfelice. Interconnections of hybrid systems: Some challenges and recent results. Journal
of Nonlinear Systems and Applications, pages 111-121, 2011.

[131] R.G. Sanfelice. Robust Hybrid Control Systems. PhD Thesis, University of California, Santa
Barbara, 2007.

[132] R.G. Sanfelice, R. Goebel, and A.R. Teel. Invariance principles for hybrid systems with con-
nections to detectability and asymptotic stability. IEEE Transactions on Automatic Control,
52(12):2282-2297, 2007.

[133] R.G. Sanfelice, R. Goebel, and A.R. Teel. Generalized solutions to hybrid dynamical systems.
ESAIM Control Optim. Calc. Var., 14(4):699-724, 2008.

[134] R.G. Sanfelice and A.R. Teel. A nested Matrosov theorem for hybrid systems. In American
Control Conference, pages 2915-2920, Seattle, USA, June 2008.

[135] H. Sarimveis, P. Patrinos, C.D. Tarantilis, and C.T. Kiranoudis. Dynamic modeling and control
of supply chain systems: A review. Computers & Operations Research, 35(11):3530 — 3561,
2008.

[136] A.V. Savkin. Regularizability of complex switched server queueing networks modelled as
hybrid dynamical systems. Systems & Control Letters, 35(5):291-299, 1998.

[137] A.V. Savkin and J. Somlo. Optimal distributed real-time scheduling of flexible manufacturing
networks modeled as hybrid dynamical systems. Robotics and Computer-Integrated Manufac-
turing, 25(3):597 — 609, 2009.

[138] J.M.A. Scherpen. Balancing for nonlinear systems. Systems & Control Letters, 21(2):143—-153,
1993.

[139] W.H.A. Schilders, H.A. van der Vorst, and J. Rommes, editors. Model order reduction: theory,
research aspects and applications, volume 13 of Mathematics in Industry. Springer-Verlag,
Berlin, 2008. European Consortium for Mathematics in Industry (Berlin).

[140] B. Scholz-Reiter, M. Freitag, C. de Beer, and T. Jagalski. Modelling dynamics of autonomous
logistic processes: Discrete-event versus continuous approaches. CIRP Annals-Manufacturing
Technology, 54(1):413 — 416, 2005.

[141] B. Scholz-Reiter, M. Schonlein, M. Kosmykov, and T. Makuschewitz. A comparison of math-
ematical modelling approaches for stability analysis of supply chains. In Proceedings of Inter-
national Conference on Industrial Logistics ’Logistics and Sustainability’ (ICIL’ 2010), pages

297-305, Rio de Janeiro, Brazil, March 2010.

101



Bibliography

[142] B. Scholz-Reiter, F. Wirth, S. Dashkovskiy, M. Kosmykov, T. Makuschewitz, and M. Schon-
lein. Application of the PageRank algorithm for ranking locations of a production network. In
42nd CIRP Conference on Manufacturing Systems, Grenoble, France, June 2009. Proceedings
CD.

[143] B. Scholz-Reiter, F. Wirth, S. Dashkovskiy, M. Kosmykov, T. Makuschewitz, and M. Schon-
lein. An approach to model reduction of logistic networks based on ranking. In Hans-Jorg Kre-
owski, Bernd Scholz-Reiter, and Klaus-Dieter Thoben, editors, Dynamics in Logistics, pages
91-103. Springer Berlin Heidelberg, 2011.

[144] B. Scholz-Reiter, F. Wirth, S. Dashkovskiy, T. Makuschewitz, M. Schonlein, and M. Kos-
mykov. Structure-preserving model reduction of large-scale logistics networks - applications

for supply chains. The European Physical Journal B, to appear. DOI: 10.1140/epjb/e2011-
10894-6.

[145] B. Scholz-Reiter, F. Wirth, S. Dashkovskiy, M. Schonlein, T. Makuschewitz, and M. Kos-
mykov. Some remarks on stability and robustness of production networks based on fluid mod-
els. In Hans-Jorg Kreowski, Bernd Scholz-Reiter, and Klaus-Dieter Thoben, editors, Dynamics
in Logistics, pages 27-35. Springer Berlin Heidelberg, 2011.

[146] B. Scholz-Reiter, F. Wirth, S. Dashkovskiy, M. Schonlein, M. Kosmykov, and T. Makusche-
witz. A comparison of mathematical modelling approaches for stability analysis of supply
chains. International Journal of Logistics Systems Management, 10(2):208-223, 2011.

[147] B. Scholz-Reiter, F. Wirth, T. Makuschewitz, and M. Schonlein. Robust capacity allocation
in dynamic production networks. CIRP Annals - Manufacturing Technology, 60(1):445-448,
2011.

[148] B. Scholz-Reiter, F. Wirth, T. Makuschewitz, and M. Schonlein. An approach to supply
chain design based on robust capacity allocation of production locations. In Mark D. Hanna,
editor, Proceedings of the 21st Annual POMS Conference, Vancouver, Canada, May 2010.
http://www.pomsmeetings.org/ConfPapers/015/015-0639.pdf.

[149] T. Schurmann and I. Hoffmann. The entropy of ’strange’ billiards inside n-simplexes. Journal
of Physics A: Mathematical and General, 28(17):5033-5039, 1995.

[150] R. Shorten, F. Wirth, O. Mason, K. Wulff, and C. King. Stability criteria for switched and
hybrid systems. SIAM Review, 49(4):545-592, 2007.

[151] R. Sipahi, S. Ldmmer, S.-I. Niculescu, and D. Helbing. On stability problems of supply net-
works constrained with transport delay. Journal of Dynamic Systems, Measurement and Con-
trol, 131(2), 2009.

[152] E.D. Sontag. Smooth stabilization implies coprime factorization. /EEE Transactions on Auto-
matic Control, 34(4):435-443, 1989.

[153] E.D. Sontag and Y. Wang. On characterizations of the input-to-state stability property. Systems
& Control Letters, 24(5):351-359, 1995.

[154] J.D. Sterman. Modeling managerial behavior: Misperceptions of feedback in a dynamic deci-
sion making experiment. Management Science, 35(3):321-339, 1989.

102



Bibliography

[155]

[156]

[157]

[158]

[159]

[160]

[161]

[162]

[163]

[164]

J. P. Stinson and A. W. Smith. Heuristic programming procedure for sequencing the static
flowshop. International Journal of Production Research, 20:753-64, 1982.

S.V. Strel’cov. On necessary conditions for the optimality of the controls in hybrid systems.
Differencial’nye Uravnenija, 12(5):940-943, 1976.

S.H. Strogatz. Nonlinear dynamics and Chaos: With applications to physics, biology, chem-
istry, and engineering. Studies in nonlinearity. Perseus Books Group, 1 edition, January 1994.

S.H. Strogatz. Exploring complex networks. Nature, 410:268-276, 2001.

M. Tabbara and D. Nesic. Input-output stability with input-to-state stable protocols for quan-
tized and networked control systems. In Proceedings of the 47th IEEE Conference on Decision
and Control, pages 2680-2685, Cancun, Mexico, December 2008.

L. Tavernini. Differential automata and their discrete simulators. Nonlinear Analysis,
11(6):665-683, 1987.

J. Uffer, F. Cassim, J. Chastenet, and M. Laumanns. A stochastic optimal control model for
supply networks with correlated demand and transshipments. Technical report, Institute for
Operations Research, ETH Zurich, 2008. Preprint.

A. van der Schaft and H. Schumacher. An introduction to hybrid dynamical systems, volume
251 of Lecture Notes in Control and Information Sciences. Springer-Verlag London Ltd.,
London, 2000.

H.S. Witsenhausen. A class of hybrid-state continuous-time dynamic systems. /EEE Transac-
tions on Automatic Control, 11(2):161-167, 1966.

J. Zhang, K.H. Johansson, J. Lygeros, and S. Sastry. Zeno hybrid systems. [International
Journal of Robust and Nonlinear Control, 11(5):435-451, 2001.

103



Index

1,41

Is, 41
Lax, 41
D, 48

I', 18, 47
Liploc’ 9
N(t,s), 72
-path, 54
S,73

X, 36

Py, 7

Ry, 7
S.(29), 37
R.,7

R%, 7

-], 8

’ ’ ’maxa 8
|11, 8

I ks 39
9, 39

- oo

*#,7
B, 8
B, 8

Wif(ty,51),(t2,52)]> 37

adjacency matrix, 8

admissible sequences, 73

affine function, 9

aggregation
almost disconnected subgraphs, 87
nodes connected in parallel, 84
sequentially connected nodes, 81

anti-projection, 7

average dwell-time conditon, 74

bouncing ball, 39
bucket brigade, 12
bullwhip effect, 15, 20

chain rule, 63

Clarke generalized gradient, 9
comparison system, 76

cycle condition, 48

damped oscillator model, 19
decentralized supply chain, 14
dynamical system

continuous, 9

discrete, 10

hybrid, 10, 36

impulsive, 72

stochastic, 10

unforced, 10

equilibrium, 11

financial network, 20

fixed point, 11
asymptotically stable, 11
attractive, 11
globally attractive, 11
stable, 11
unstable, 11

fluid approximation, 30

gain, 47
ISS-Lyapunov, 42
nonlinear, 40

gain matrix, 47

gain model, 81

gain operator, 48

graph, 8
strongly connected, 8
weight directed, 8

104



Index

hybrid arc, 37

hybrid dynamical system model, 24
hybrid input, 37

hybrid signal, 37

hybrid time domain, 36

information network, 20
input, 6
external, 37
internal, 37
irreducible, 8
ISS, 11, 40
ISS-Lyapunov function, 42
exponential, 73

locally Lipschitz continuous, 9
location, 5
logistics network, 5

model reduction, 79

motifs, 81

multiclass queueing network, 30
multilevel network model, 20

ordinary differential equation model, 17

output, 6

partial differential equation model, 22

path, 8
Poincare’ map, 10
policy, 5

LTI 14

proper, 14
positive definite function, 9
predecessor, 8
primitive, 8
product line, 12
production function, 6
production network, 5
projection, 7

queue, 5
queueing system, 15

rate coefficient, 74
re-entrant line, 15
reducible, 8

relatively closed set, 8
restriction to interval, 37

small gain condition, 18, 48

solution of hybrid system, 37
complete, 37
maximal, 37

stability
O-input pre-stability, 41
asymptotic gain property (AG), 41
global pre-stability (pre-GS), 41
input-to-state (ISS), 11, 18, 40
uniformly ISS, 73

state of logistic location, 5

stochastic model, 28

successor, 8

supply chain, 5

switched system, 26

tangent cone, 9

weak triangle inequality, 49
weighted edge, 8

Zeno solution, 37

105



