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On the method of probability weighted moments in regional
frequency analysis

Jona Lilienthal *, Paul Kinsvater and Roland Fried

Abstract

In regional flood frequency analysis it is of interest to estimate high quantiles of a local river
flow distribution by gathering information from similar stations in the neighborhood. E. g., the
popular Index Flood (IF) approach is based on an assumption termed regional homogeneity,
which states that the quantile curves of those stations only differ by a site-specific factor, the
so-called index flood, and it is assumed that the station’s distribution is known up to some
finite-dimensional parameter. In this context the method of probability weighted moments (or
equivalently L-moments) is most popular for parameter estimation. While the observations
often can be regarded as independent in time, a challenge arises from the fact that river flows
from nearby stations are strongly dependent in space. To the best of our knowledge, none of the
approaches from the literature based on the IF-model and on L-moments is able to take spatial
dependence adequately into account. Our goal is to fill this gap. We present asymptotic theory
that does not ignore inter-site dependence, which, for instance, allows to evaluate estimation
uncertainty. As an application of this theory, a test procedure to check for regional homogeneity
under index-flood assumptions is given and reviewed in a simulation study.

1 Introduction

Probability weighted moments have been introduced by Greenwood et al. (1979). Since then
they have attracted a lot of attention in environmental science, for instance, in flood frequency
analysis, where it is of interest to estimate high quantiles of river flow distributions.

Let F' be a continuous distribution function on R with finite mean and let X1,...,X,, denote a
sample of i.i.d. observations from F. The k-th probability weighted moment (PWM) G of F,
k € Ng, and its sample version Bk,n are defined by

Br = fo-F‘f(x) dF(z) and By, = fo'F/f@) AFa(e) = = VX ERX), (1)
=1

respectively, with F,, denoting the empirical distribution of the sample. Hosking (1990) proved
that every distribution with finite first moment is uniquely determined by its sequence of prob-
ability weighted moments (S )ren,. In case of a parametric family F' = Fy, ¥ € © < RP, some
finite number of PWMs is enough in order to determine the parameter 6. As a typical example
we consider the family of generalized extreme value (GEV) distribution functions

z—p] Ve T —
Guoe(r) =exp | — {1 +£U] , 1 +£T >0,
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with parameters ¢ = (u,0,£) € R x Ry x R called location, scale and shape, respectively. If
we assume that £ < 1, we can apply the so-called method of PWMs: Hosking et al. (1985)
showed that the parameter vector ¥ = ¢(8) of the GEV is uniquely determined by the first
three PWMs 3 = (B0, f1, B2) of Gy, where ¢ is implicitly defined through an equation system.
Even more, if £ < 1/2 holds, Hosking et al. (1985) proved asymptotic normality of the canonical

~ ~ ~ ~ ~ ~ /
estimator 6,, = ¢(8,) computed from sample PWMs 3,, = (ﬁo,n, B, Bg,n> .

In some applications, where we observe variables at many sites j € {1,...,d} of a region with
site-specific distributions Fj, it is of interest to combine information in order to estimate a
target distribution, say, F' = Fj;. These pooling methods are based on certain assumptions
called regional homogeneity. As an important example, the so-called Index Flood (IF) method
(Dalrymple, 1960) considers the homogeneity hypothesis

Ho,rF : Fj_1 =5j- G;l forall j=1,...,d, (2)

where s; = s(F;) for some factor s (e.g. population mean or any location parameter) and where
Gy is a given parametric distribution with ¢ unknown (e.g. the GEV distribution).

Nowadays the most popular estimation method in regional flood frequency analysis considers
assumption (2) and applies the method of PWMs for parameter estimation (Hosking and Wallis,
2005). However, satisfactory results proving asymptotic normality of such regional estimators
based on PWMs and consistency of related tests of homogeneity (Hosking and Wallis, 2005,
Chap. 4.3) have not been available so far. We are going to present a new limit theorem that
allows us to fill these gaps. Our limit theorem enables us to estimate the variability of regional
PWM estimators consistently, without relying on parametric dependence models or re-sampling
schemes.

The remainder of this article is organized as follows. Section 2 presents a new central limit
theorem for sample PWMs in a regional setting. As an immediate consequence, asymptotic
theory for regional estimation by the method of TL-moments is provided in Section 3. We
particularly focus on a new test of regional homogeneity and study its finite-sample properties
by simulation in Section 4. All technical details are deferred to an appendix.

2 Limit theorem for sample PWMs

Let X = (Xy,...,X4)" be a d-dimensional random vector whose continuous marginal distribu-
tion functions are denoted by Fj(z) = P(X; < z), j = 1,...,d. In the applications we will
consider river flow observations from d different measurement stations, where each margin Fj
represents a station’s local flow distribution. We stress out that we do not assume the com-
ponents to be independent. Let K € N be fixed. The first K PWMs of F} are denoted by

B] = (Bo,ja ﬁl,j7 s 7BK71,]')/7 where

5k,j=fx.Ff(x) dFj(z), k=0,1,...,K—1 and j=1,...,d.
R

All these local PWM vectors are summarized in 8 = (81,...,8) € RIK,
Suppose that X; = (X;1,...,X;4), ¢ = 1,...,n, denote independent copies of X, where i is
interpreted as a time index and with {1,...,n} covering the observation period. However, when

considering observations from different river stations, it is unlikely that the observation period
is (almost) the same for all d sites. Let n = n; > ng > ... > ng denote the local sample lengths,
which are rearranged by length for ease of representation. A more appealing scenario is that



we observe a scheme

X1, Xog, Xzq1, X4, X51, ..., Xpp,
Xa2+1,2> Xa2+2,27 Xa2+3,27 ERE Xn,?a

. : (3)
XadJrl,d; XadJrQ,da ey Xn,dy

with a; = n —n; and where each row contains only observations from the same station. It is
important to account for the structure of the scheme in order to be able to capture properly
the dependence between local estimates of probability weighted moments. For the asymptotic
results we let n — o0 and we assume that n;/n — r; € (0,1) in order to account for possibly
very different local sample lengths, i.e., we set n; = |nr;].

The sample version of 3 ; computed from those observations is given by

nj

. . 1
k k
ﬁlﬁj = Bk,j,rj,n = fR$ : F’j,aj—&-lzn(x) dFj,ajJrl:n(x) = ni XajJri : F‘j@j.t,_l;n(XajJri)a
Ji=1
where F 4., is the empirical distribution function of X ¢, X o11,..., X} . Sample counterparts
of B € RX and B € R*X are denoted by
. R . ' . . . /
By = (Bogs- s Bic1) and Br = (B, By - (4)

respectively, where r = (r1,...,ry) highlights the dependency on scheme (3).
Theorem 1. Suppose that X;, i = 1, is a sequence of independent copies of X = (X1,...,Xq),
whose PWMs are summarized in the vector B € RYE and with

E [Xij(Xj)XgF[”(Xg)] <o foral 1<jt<d and 0<km<K,

Suppose further that sup,er |2{Fj(x)(1 — Fj(x))}"| < o for all j = 1,...,d and some w €
[0,1/2). Then, for fized r € (0,1)¢ and n — oo, we have that

Vit (Brn—8) 2 N (0, 50,

where the limiting variance matriz X, € R s provided in Appendiz A.

Theorem 1 and a consistent estimator f]nn of ¥, (see Appendix A) allow us to develop asymp-
totically consistent methods for regional frequency analysis, which is summarized in the next
two sections.

3 Limit theorems for sample TL-moments and estimation of
GEV parameters

L-moments Ay = A\p(F), k € N, as defined by Hosking (1990) turn out to be useful summary
statistics of heavy-tailed distributions F', since their existence requires only a finite first mo-
ment and because they are interpretable analogously to summary statistics based on classical
product moments pp = Smk dF(x), for instance, with Aj, g, and 73 = A3/ representing loca-
tion, dispersion, and skewness of F', respectively. More generally, practitioners from hydrology
nowadays consider so-called Trimmed L-moments (TL-moments)

s 1S k-1
)‘k _ - Z (_1) ; E (Xk+sfi:k+s+t)
i=0

3



of I, with s,t € Ny interpreted as left- and right-trimming parameters, respectively, and )\,(CO’O) =

M. X1 < ... < X,,., denote order statistics of a random sample of size n drawn from F . It
is known that every TL-moment can be represented as a linear combination of a finite number
of PWMs, provided F' has finite mean. This fact, by referring to Theorem 1, allows us toderive
central limit theorems for sample TL-moments and related methods easily.

3.1 At-site statistics

Throughout this paper we will assume that F' has finite mean. The TL-moment of F' of order
k € N with trimming s,t € Ny is known to satisfy

(5.0 k+s+t—1 (5.0 (s.0) v/
N = Z 20 Bi=(270) B,
20

with B = (B, ... >Bk+s+t—1)/ being the vector of the first kK + s + ¢t PWMs of F' and z,(itl) =

(2050 L(s0)
k—=1,00 """ k=1 k+s+t—1

L5 _ El(k +s+t+1)! (—1)sHh+ k+t kH.
ki (k+1)(k+ s)!l(k +t)! i+ s k

)/ being a coefficient vector with components

P )/ denote the linear mapping such that A1) = Z(8) 3 with A =

ey Am—1]

Let Z(:) = (z((]s’t)
()\gs’t), e )\g,i’t))’ . For ease of notation we suppress the sample length n in the notation of the

estimators, i.e., ,é = ,én The first m sample TL(s, t)-moments At = (ng’t), .. .,Xﬁﬁ’t))’ and
the corresponding covariance matrix are given by

A6 = 7605 Var(AEY) = Z2EDvar(8)(Z2¢Y) .

Recall that nVar(3) 5 S for n — o0 and some matrix ¥. From Theorem 1 and the delta
method we obtain for n —

Vi (AGD = A60) 2y v (0, 2005200 ).

So far we have introduced TL-moments as summary statistics of distributions without restrict-
ing to any parametric family. In practice, however, one usually assumes that F' = Fyy for some
unknown parameter vector ¥ € © < RP. Relationships between TL-moments and the distri-
bution parameters are employed, which allows us to estimate these parameters by plugging in
sample TL-moments into the formulas.
More specifically, let g(>*) : R™ +— RP be a differentiable function that maps the first m TL(s, t)-
moments of Fy onto its parameter vector 9. From the delta method, for 9 = g5t (X)) and
n — o0, we immediately obtain that

\/ﬁ ("9 - 19) i’ N (O’ A(;(’st,)t)Z(&t)E(Z(S’t)),(Agf(f,)t)),) ’ (5)
where Ag\s’t) = %g(s’t)(/\) e RP*™ denotes the Jacobi matrix of g(*!) evaluated at XA € R™.
Relationships between GEV parameters and TL(0,0)-moments (resp. TL(0,1)-moments) with
. . (st) . . .
corresponding matrices AMM) are summarized in Appendix C.
In flood frequency analysis we are usually not interested in the estimation of parameters but
in quantiles ¢ = (q1,...,qz). Suppose that h(q) = (Fgl(ql), e ,Fﬂ_l(qk))’ is differentiable in



¥ and let By € RP**P denote the corresponding Jacobi matrix. Again, from the delta method
and for n — o0, we obtain

A D s, s s 4 s, I
Vi (@ —a) > N (0, BoAGD, 2005(209) (A50,)) By ) - (6)

Considering again the GEV (u, 0, ¢) family with quantile function h(g;) = Fy'(g;) = . — (1 -
(—log(g;))~%), the matrix By = (Béql), e Bq(;]k))/ is given row-wise by

1
(= log(g:))~¢—1

B(ql)
3
(€~ loa(a)~*(og(~ gl +€~)

o€

3.2 Joint estimation at multiple stations

We switch to a regional scale by considering multivariate observations as given in scheme (3).
Recall that 3, = By, from (4) contains sample PWMs of all d marginal distributions F}; involved
in scheme (3). In analogy to (4), the vector of all sample TL(s, ¢)-moments is denoted by

1ri,mn d,rqg,n

(s { (s (s { (s !
A = A = (BB AR

/
with population counterpart A&t = (()\gs’t))’, e ()\Els’t))’) e R™?. By Theorem 1, the delta
method and for n — o0 we obtain that

Jn (5\5‘5,1:) _ )‘(s,t)) Doar <07 Z(s,t)zr(Z(s,t))’> 7

with ¥, being defined in Appendix A and with block-diagonal matrix

Zs0 0 0
Z(st) _ diag(Z(s,t)’Z(s,t)’ o Z(s,t)) _ 0 7(st)
6 Z(s:t)

Similarly, under the assumption that F; = Fy, for j = 1,...,d, with block-diagonal matrices

At = diag(A(;l’t), e ,Ag\sj)) and B = diag(By,, ..., Byg,) taken into account, one can easily

obtain the joint limiting distribution of parameter and quantile estimators for all d stations.

4 Test of regional homogeneity

When considering observations from multiple stations, e.g. scheme (3), in flood frequency
analysis mostly the Index Flood assumption Hg ;r stated in (2) is applied in order to decrease
the estimation variability. However, while a moderate amount of heterogeneity of the group may
still lead to an overall improvement compared to local estimation (Lettenmaier et al., 1987),
strong heterogeneity typically leads to a severe bias, which again increases the overall estimation
error. It is thus important to be able to identify serious sources of heterogeneity. We are going
to introduce a statistical test that proves to be advantageous in several aspects to competitive
procedures from the literature.



4.1 Test statistic

Suppose that we have observed scheme (3) with site-specific distribution functions F; = Fy,
and that Fy, = G, 5, ¢, 1s the GEV distribution function with parameters ¢; = (i, 05,&)".
In this case hypothesis (2) is equivalent to

Si=...=0;withd; = 2 and & =...=¢&. (7)

)

Let 9, = 19,"7” = (/11,6'1,51, . ,ﬂd,(}d,éd)’ denote an estimator of local parameters obtained
from scheme (3). We apply the TL(s, t)-moment estimator 9, of ¥ from Section 3. Let ¢ denote
the map ¢ — (01,&1,...,04,&3) with corresponding Jacobi-matrix C' = a%g(ﬁ). Again, from
the delta method, we immediately obtain that

N (g(ﬁ,,) - g(ﬂ)) D, N0, Ty) with T, = CAGDZEDT, (CAED 260y

as n — o0. In order to evaluate hypothesis Ho ;r, which is equivalent to R - g(¥) = 0 with

1P 0o -1 0 --- 0 0 O

0 1 o -1 --- 0 0 O
R= )

o --- 1 0 -1

we propose a Wald-type test statistic
N A .
T = n (R g(dr)) (RTw B)7(R g(9,)).

Under Hg ;r, for n — o0 and under the assumptions of Theorem 1, we have that 75, L, X%( d—1)’

while under fixed alternatives we have T, F .

4.2 Simulation study

To check the capability of the proposed homogeneity test a small simulation study is conducted
at a nominal level of @ = 5%. The data is generated from d = 6 dependent stations with
different local sample lengths (we refer to scheme (3)), with margins F; = GEV (4,05, &;) and,
for simplicity, with Gumbel-Hougaard copula Cz and dependence parameter 8 = 1.5.

Table 1 summarizes the particular choice of GEV parameters and local sample lengths. Note
that assumption Ho;r from (2) is satisfied only if ¢ = 30 and ¢ = 0.3. We conducted
10000 independent replications of the experiment for each scenario on the grid (&, &) €
{24.0,25.5,27.0,...,36.0} x {0.10,0.15,0.20,...,0.50}. These values are consistent with our
experience from real data applications. Corresponding rejection rates of the Wald type test
statistic with X, estimated by the check-version ilr,n from Appendix A.2 are summarized in
Figure 1.

The left panel of Figure 1 depicts the test’s rejection rate for a maximal sample length of
n = 100. The type-I-error of the test, i.e. when ¢ = 30 and §~ = 0.3, is 7.39% with a standard
error of roughly 0.26%. We observe that our proposed method captures deviations from #Hg ;p
in all possible directions and therefore, our test seems to be a suitable procedure for testing the
Index Flood assumption Hg ;r from 7.

Lastly, a closer look at the type-I-error rate is taken in Figure 1, right panel. There the rejection
rate under the null is depicted as a function of n. The plot indicates that the empirical level
approaches the nominal level of 5% with increasing sample length n.



station p o & length

1 10 5 03 10n
20 10 0.3 0.85n
30 15 0.3 0.70n
40 20 0.3 0.70n
50 25 0.3 0.85n

60 & & 10n

S TR W N

Table 1: Parameters of the marginal distributions used in the simulation study. The ¢ and ,§
parameters are allowed to vary in order to simulate different grades of deviation.
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Figure 1: Left: Rejection rates of the proposed test for n = 100. The position on the grid
defines the values of the varying parameters § and £. The contour lines are printed in 0.1-steps.
Right: Error rates of the proposed procedure under the null as a function of the observation
length n.



A Estimation of the variance matrix >,

The limiting variance matrix ¥, = lim,_,o Var <\/ﬁ (,é,q’n — B)) from Theorem 1 is defined
block-wise by

Hlin(’l"j ) ’I"g)

Tim Cov (v (B = B5) s Vi (Berin = Bt)) = -Cov(Z;, Zi) e RFK

Tj Ty
and where Z; = (Zo;,Z1,j,-..,ZK-1,7)', j = 1,...,d, are random vectors defined through

Zkvj = Xj ’ F]k(Xj) + wa k- F]k_1($> : ﬂ(Xj < .T) dFj(a:) (8)

In words, empirical probability weighted moments are asymptotically jointly normal with lim-
iting variance matrix obtained from that of the variables defined in (8).
A.1 Empirical estimator of X,

Suppose that we have collected an observation scheme given in (3). In practice the variance
matrices Cov(Z;, Zy) can be consistently estimated by their sample analogues: Let

s
. 1 &
k k—1
Zijj = Xij - Fja;1m(Xig) + — D Xy ke Fi L (Xe) - 1(Xay < Xoy) 9)
J =1
and ZZ] = (Ziojs Zing, - Zik-14),1=aj+1,...,n. For 1< j,¢,<d, the covariance matrix

Cov(Zj, Zy) is estimated by the empirical covariance matrix of the sample

{Zuustormrs Zoustosurins) oo (2 200 .

The resulting estimator of ¥, is denoted by ZA]TJL and is called empirical estimator.

Corollary 2. Under the assumptions of Theorem 1 and for n — oo we have that ﬁ]nn LN Y.

A.2 A parametric modification on the block diagonal

In typical applications we will assume that the margins F; = Gy, are known up to some finite
dimensional parameters 99;. For instance, considering the GEV family Gy, Hosking et al. (1985)
derived a parametric expression for the local covariance matrices Cov(Z;,Z;) = Var(Z;) =
¥(¥), 5 = 1,...,d, involved in X,. We thus may wish to replace the local part of S by
parametric estimates V%Lr(Zj) = Z(ﬁj), where 1§j are consistent estimates of ¥;, e.g., TL-
moment estimators of GEV parameters. The modified estimator of ¥, is denoted by ir,n.
Unsurprisingly, the check-version, which is also a consistent estimator of 3., is way more efficient
than the empirical estimator, especially when the sample length n < 100 is small. However, ir,n
is not necessarily a valid covariance matrix, contrary to inn. The mixture of non-parametric
and parametric parts involved in the check-version produces negative eigenvalues in some cases.
In the simulation study reported in Section 4.2 we observed negative eigenvalues in about 1%
of the repetitions.



B Proofs of Theorem 1 and Corollary 2

For sake of readability the proofs are given for d = 2. The derivation for arbitrary dimensions
d = 2 can be established at the cost of a more complex notation but without additional technical
difficulties. Even more, we assume the same beginnings and different end points, that is,
we compute the statistics purely from the variables X1,..., X, | and Y1,...,Y|,,,), where
(X;,Y;), i = 1, is a sequence of independent and identically distributed bivariate vectors with
margins F(z) = P(X; < z) and G(y) = P(Y < y), respectively. The corresponding first
K probability weighted moments of F' and G are denoted by a = («ag,aq,...,ax_1)" and
B = (Bo, B1,- -, Br_1), respectively, and we let v = (’, ") € R?K. We set

|nre] [nra]
i 1 ‘ : 1 )
i = o] 24 X g X0 300 B = g 3195 Gy (10

with F,, (resp. Gp,) denoting the empirical distribution function of the sample Xj,..., X,

(resp. Y1,...,Yn,). All these components are collected in Gy, Brym and Yy, = (&) > BA;WI)’.

Proof of Theorem 1.

Let &y, Brom and Yy, = (d;17n,,3;2,n)’ be defined analogously to the hat-versions but with

Fnr,) and G|y, Teplaced by their true counterparts F' and G, respectively. We write

\/’E ('S’T,n - '7) = Qr,n + Ar,n, (10)

where Qrpn, = vVn(Frpn —7y) and A, = /n(¥rn — Frn). The remainder of the proof is
organized in the following three steps:

a) Verify that Q. , L, Q,, where the limit is a zero mean normally distributed random
vector and show that the convergence holds jointly with that of the weighted empirical
processes U, , and V,, , defined below.

b) Show that A, , = R,, + op(1l) for n — o0, where all components of R, , can be rep-
resented as continuous functionals of either U,, ,, or V,, . Verify that R, , converges
weakly towards a zero mean normally distributed random vector R,..

c) Conclude that (10) is asymptotically normal with mean zero and compute the limiting
variance matrix ¥, = Var(Q, + R,.).

Step a) Let U,, ,, and V,, , be £*[0, 1]-valued processes defined by

B OO R T R . 43 HLG(Y) <) -0}
- {u(l —u)}® e {v(d =)}

for u,v € [0,1]. These are called weighted empirical processes and their weak convergence is
studied, e.g., in Genest and Segers (2009, Appendix G) and Kojadinovic and Naveau (2015,
Appendix B) in a more general context. The weighting is needed for step b) of the proof in
order to be able to express the components of R, , as continuous functionals of the empirical
processes. Without loss of generality let 1 < ro and note that

UTL”(U)

W'r‘ n = (Un,n)vrz,n) = (Um,navrl,n) + (O7V7"2,n - Vrl,n)

)



is a sum of two independent processes with V,., , =V, , D Vyy—ri . By the continuous mapping
theorem and by Genest and Segers (2009, Th. G.1), both summands on the right-hand side of
the previous equation converge weakly in (¢*°[0,1])? towards centered Gaussian processes and,
by independence of the summands, also does W,. ,,. Let W,. denote the limiting process.

In almost the same manner we can write v/n (¥, —7) as a sum of two independent random
vectors, where weak convergence of both summands towards centered normal distributions easily
follows from the central limit theorem for sums of i.i.d. random vectors. The limit is denoted
by v/n (Yrn — ) Z Q-. In fact, weak convergence of W, , and that of v/n (%, — =) holds
jointly as a random element in (£°[0,1]?) x R?X. The only thing left to verify is that the finite
dimensional convergence holds, which again follows from the central limit theorem for sums of
i.i.d. random vectors.

Step b) Let R, , = (S}, ,,.Tv. ) with Sy, » = (Sor1ms--->SKk—17r1n)"

T1,m7 T 1r2,n

Strin = oo [ @k PY1@) Uy n(F@) - {Pl)(1 - Pla)))" dP(a)
T JRrR

and analogously define T, , but with (r1, F, U) replaced by (r2, G,V). In order to show that
A, =R, + op(1) for n — o0, it suffices to consider each component separately by proving

\/ﬁ (&k,rl,n - dk,rl,n) = Sk’,rl,n + O]P’(l)

for each k = 0,..., K — 1 and analogously for the S-components. But this follows from (C.9)
in the proof of Proposition C.2 in Kojadinovic and Naveau (2015).
Let pp : £°[0,1] > R, k =0,..., K — 1, be defined by

er(g) = fo k- PPN @) {F(2)(1— F(2)}" - g(F(x)) dF (x)

and note that Sg,n = ©k(Upn). Since sup,eg |z k- FF¥1(2){F(z)(1 — F(z))}*| < o by
assumption, it follows that ¢ is a continuous map. Similarly we can define continuous maps
Y, k=0,...,K —1, such that T} ,, , = Yx(V}, ). Bringing things together we conclude that

Ryp = U(W,,) B U(W,,) = R,, where ¥ : (£2[0,1])? — R2K with

U(f,9) = (o(f)s--rox-1(f),v0(9), - r_1(9))

is continuous. Since each component of R, ,, is a sum of i.i.d. zero-mean random variables with
existing second moments, we conclude that the limit is a zero-mean normal distribution.

Step c) From steps a) and b) we obviously obtain the joint asymptotic normality of Q. , and
R, . By the continuous mapping theorem we conclude that

vV (Y n — ) L, N (0, ;) for n — oo,

where ¥, = Var(Q, + R,). The calculation of the variance matrix is a simple exercise since
each component of the random vector Q. , + R, , is a sum of i.i.d. random variables and

10



Yy = lim, e Var(Qy n, + Ry ). E.g., we have that

lim Cov (\/ﬁ(dkz,m,n - OZk;), \/ﬁ(Bﬁ,rg,n - BZ))

n—0o0

|nr ]

T k(x k— 1 )
= lim Cov Z X FR( + \f ek FF1(2)1(X; < 2) dF(z),
n'rg
(G (y)1(Y; < y) dG
2{ y )L(Y; < y) dG(y)
_min(ry,ra) o (Xle(Xl) + Jxk:Fk_l(m)Il(Xl < z) dF(z),
T -T9

MG ) + 6 e <y dG<y>)

Proof of Corollary 2.
Let

Zinw = Xi- FR(X,) + f ShFF (@) 1(X; < 2) dF(z),
R
Zisy = Vi GUYi) + f YIG () L(Y; < ) dG(y)
R

for k, 0 € No, t = 1,...,m and m = min{nry, nro}. We further let ZAZ;“; (resp. Zi,&y) be defined
analogue with F' (resp. G) replaced by its empirical counterpart Flom) (resp. Glnr,y))- We
denote by G ¢m (resp. G gm) the empirical covariance of the bivariate sample (Z; k2, Ziry),
i=1,...,m (resp. (Z,;”;, Zu&y) i = 1,...,m). From the strong law of large numbers we
immediately obtain that &y ¢, 5 Cov(ZLk,x, Z14,y) for n — oo. It thus remains to show that

Ok 0;m — Ok e;m] L,0 forn— . (11)

To make a long story short, (11) follows from the consistency of probability weighted moments
proven in Theorem 1, (C.12) in Kojadinovic and Naveau (2015) and from the consistency of the
empirical process W,. , defined in the proof of Theorem 1. A detailed presentation is omitted
for the sake of brevity. O

C Re-parametrization of the GEV distribution by TL-moments

This section recaps the equation systems used to calculate GEV parameters from TL(0,0)- and
TL(0,1)-moments, respectively. We also present the corresponding Jacobi matrices involved in
formulas (5) and (6).

TL(0,0)

Let 9 = (u,0,&) with € < 1and X = (A1, A2, A3)’ denote parameters and untrimmed L-moments
of a GEV distribution, respectively. Hosking et al. (1985) proved that ¥ = ¢(\), where ¢ is a
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bijective function implicitly defined by equation system

2:35-3254+41  _ Az
261 P Mot
— 2
7 = Ta-9E-0)
poo =M+ I(1-T(1-6)

and with I' denoting the gamma function. However, there is no explicit expression for ¢ as a
function of A. Practitioners thus commonly replace the first line by

2 log 2
3+ X3/Ao  log3
based on a second order polynomial approximation in order to obtain an explicit solution.
Accordingly the Jacobi matrix A* = a%(b(}\) involved in the asymptotic distribution of L-
moment estimators is approximated by that of the explicit solution. For the latter we obtain

£ = —7.859z — 2.95542%, » =

1 a2 a3

A=10 azxn ax
0 a3y ass
with
b Jog(2) A (T(AL—m) —1) 27p0  Nevp(l—m) T(1—7)—1)pb
2T T ) (1-27)2 (1) (1-27)
)\gwo(l—ﬂ)pg F(l—ﬁ)—l
1—27 I'(1—n) (1—27)
e = Jog(2) A? (P(1—m) —1) 270 p¢* 22X Yo (1—m) (T(1—m)—1) pC* |
B T(1—7) (1 27) T—7n) (L—27)
200 o (1 =) p¢?
1—27
~ log(2) am27pf  Apb (Po(1—m)m+1) s
 T(1—7) (1-27)2 I'(1—m) (1-27) I(l1—mn)(1-27)
a Clog (2) AP m2™ p(? 2097 pC% (ho(1—m) T+ 1)
2T A -7 (1-27)? T(1—n) (1-27)

azp = —2X3 (2bkA3 —ad3+6bkAy —4by —3ad)
as3 =2Xo (2bk A3 —aX3 +6br Ay —4bla—3ad) ¢

and with a — —7.850, b= —2.9554, x = 282
log 3

¢ =1/(A3+3X), 0=(20—06XC?), n=(2X(—k), T=0bp’+an, p=2bn+a,
Yo(z) = T'(z)/T(x)

TL(0,1)

Considering trimmed L-moments A(®Y) of a GEV distribution with parameters 9 it is also
known that 9 = (A1), where again 1 is implicitly defined by

546-12.3649.2¢—2 _ AP
g e+l oot
326t 41 anen o)
. _ 2.2
3F(_€).(35_2§+1+1)
01 o oT(=9
It =AM e ey
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In order to obtain an explicit solution, the first line can by replacement by a second order

polynomial approximation

£ = —8.5674z + 0.676022, = =

10 ALY 2log 2 — log 3

The Jacobi matrix of 3 is approximated by

1 a2 a3
A=10 ax a|,
0 a3z as3

99000 1 \0D  3log3 — 2log4’

where

20 o (=) (<26 (C=m) (A ¢ =) —a(C—m) +2
M2 =~ 3m (=27t + 37 +1) y ()

225" (log (3) 137 — log (2) 127*1) (1 — (27 — 2) my(~7))

37 (=271 + 37 + 1)% g (—7)
_ 20 A log(2) APV 2mH 42 (27— 2)

372 (=27+L £ 37 + 1) v (—n) 3 (=271 + 37 +1)

a3 = — 2)\50’1) (log (2) 27" p —log (3) 37 p) (1 — (27 —2) m(~7))
3 (—271 + 37 4+ 1)% (—7)
20l m 2 log(2) < 1)
372 (=271 + 37 +1) y(—m)

20 o (=) (<26 (C—m) (A ¢ =) —a(C—m) +2
as = — 3 (_27r+1 4+ 37+ 1) 5 (_71-)

225"V (l0g (3) 137 — log (2) 127+

3(=27+ 437 +1)% y (—7)
= 228 (log () 27 p—log(3)37p)  2XM (=) p
3(—271 4+ 37 + 1)2y (—7) 3 (=271 437 +1) v (-m)
azo =1L
aszz = —p
2log?2 —log 3

d with @ = —8.5674, b= 0.6760, k= ——0°— 98°%
and Wit a ’ "7 3l0g3 — 210gd’

0 =300 + 220 ¢ =10/(30), n=200"Y/6, 7=

p=—bn5"C— k), 1 =20(C = m"C k) + alC —n)
do(w) = T'(2)/T ()
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